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Preface

The aim of this course is to provide general training in numerical series and integral calculus
for second-year science and technology students, and to know a new mathematical tools. This
course provides the fundamental concept of numerical series, multiple integrals, improper
integrals, differential equation and how to use Fourier transform and Laplace transform for

solving some differential equations.



Multiple integrals

This chapter shows how to integrate functions of two or three variables. All the basic concepts

related to the methods to compute such double integrals and triple integrals are discussed.

1.1 Double integrals

1.1.1 Double integrals on rectangular domains

Theorem 1.1. (Fubini’s Theorem on rectangular domains)

If f: D CR*> — R is continuous in D = [a,b] x [c,d], then

[ 1 @ vdody = f[ff(a:,y)dy]dw
- /cd[/abf(x,y)da:]dy.

Geometrical interpretation of double integral

Let f(z,y) > 0 for every (x,y) € D and f be continuous. We can consider the value
[ Jp f(x,y)dxdy as the volume of the solid S bounded by the planes z = a, * = b, y =
¢, y=d and the surface z = f(x,y). (See figure(1.1)).
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zZ=1xy)

Figure 1.1: Double integral

Example 1.1. Evaluate I = [ [, ze*dzdy, on the domain D = [0,1] x [1,2] C R2.

Solution:

17 2
]:// reVdxdy = / [/ xe’”ydy] dx
D o L)1
! Y12 ! 2z T
= /O[e ]lda::/o [e —e}dx
1, 1

_ {121‘ x]l_ 1+
= 26 (& 0—26 e 2

Corollary 1.1. Let D = [a,b] X [¢,d]. If f(x,y) = g(x)h(y) for some functions g : [a,b] —
R and h: [e,d] — R, then

//Dg@)h(y)dxdy = (/@bg(x) dfv) : </th(y) dy) -

Example 1.2. Evaluate I = [ [, zy*dzdy, on the domain D = [0,1] x [0,2] C R%.

Solution:

]://D.rdexdy . (/ledx>-(/02 2dy>
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1.1.2 Properties of double integrals
The properties of the double integral need and deserve attention.
Property 1.1.
1. Linearity: [ [, (f +g)dxdy = [ [, fdxdy + [ [, gdxdy.
2. Constant comes outside: [ [,af (z,y)dzdy =« [ [, f(z,y)dzdy.

3. D splits into Dy and Do (not overlapping): If D = Dy U Dy et D1 N Dy =0, then

//f:vydxdy—// xydxdy—i—// (x,y) dzdy.

1.1.3 Double integrals on non-rectangular domains (stronger form)

Theorem 1.2.
Iff: D CR* — R is continuousin D. If D = {(z,y) e R?/ a <z <b, gi(x) <y < go(n)},

with g1 and gy continuous functions on [a,b], then

[ [ty = [ [ 1] as

Figure 1.2

Theorem 1.3.
If f : D C R? — R is continuous in D. If D = {(x,y) € R?/ hy(y) < x < hy(y), c <y <d},

with hy and hy continuous functions on [c,d|, then

faydedy= [T [ F @,y de| dy.
/], L1
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Figure 1.3

Example 1.3. Find the integral of f(z,y) = x> + y*, on the domain

D:{(m,y)E]RQ/ngSl, xQSySm}.

Solution

The region D is presented by
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1.1.4 Plane Area and volume using double integral

Plane Area: If f(z,y) = 1, we get the area of the region D.

Example 1.4. Find the area bounded by the the parabola y = x% and the straight line
y=x+2.

Solution:

[ T O

y=x"2 y=x+2 |

Figure 1.5

The area of the region D in figure (1.5) becomes A = [° [%"2 dxdy.

We must find a and b, for that reason we put 22 = x + 2 and we calculate the roots of the

equation 22 —z — 2 = 0. We obtain a = —1 and b = 2. Then

2 z+2 2 9
R — J— 2 —_— —
A_/1</x2 dy)dx—/l(x—i-Z x)dm—2

Volume: If f is continuous and f(z,y) > 0 on the region D, we can consider the double
integral V' = [ [, f(z,y)dzdy as the volume of the solid under the surface z = f (z,y) above
the region D.

Example 1.5. Find the volume bounded by the planesx =0, y =0, z =0 andrx+y+2z = 1.

Solution:
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Figure 1.6

The solid goes from z = 0 up to the plane x +y + 2z = 1. On that plane z =1 —z —y
is the height function f(x,y) to be integrated. Figure (1.6) shows the domain D. To find its
sides, set z = 0. The sides of D are the linesx =0, x =1, y=0andy=1—x.

D={(zy) eR*: 0<a<1, 0<y<l-az}.

Then,
B 1 1-x o _ 1 B B ?Jj
V—/O (/0 (1—=z y)dy)dx—/o [y Ty 2]
1.1.5 Double integration in polar coordinates

Some Cartesian double integral cannot be integrated unless it is transformed to another
region of integration. Let f be a continuous function in a region D C R2. If a region D’ in
the fr-plane is transformed into the region D in the zy-plane by differentiable equation of
the form z = rcos(f), y =rsin(d), r > 0. Where r is the radial coordinate and 6 is the

polar angle. Then, the double integral of f(x,y) over D is defined by the equation :

//Df(%y) dxdy://D/f(rcos(ﬁ),rsin(Q))|J| drdd, (1.1)

where J is the determinate of partial derivative and it is called Jacobian of the coordinate

transformation.
J:a(“/): % % _ cos (0) —rsin(0) .
9 (r,0) % %4l Isin(#) rcos(0)
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Hence equation (1.1) becomes

// f(z,y)dedy = ///f(?" cos (0) ,rsin (0)) rdrdo.
D D
Example 1.6. Compute [ [, x? + y?dxdy, where

D={(zy) €eR*: 0<a<1, 0<y<1, 2®+y* <4},

Solution:
Polar coordinates have x = rcos (), y = rsin () where r > 0.

We have that: 2% + y* < 4 = r? (cos (0)* + cos (0)2) <4=0<r<2.

0<z<1=0<rcos(d) <1=0<cos(f) <1 }9 {0 W]
0<y<1=0<rsin(0) <1=0<sin(0) <1 ’

Then

1.2 Triple integrals

1.2.1 Triple integrals on parallelepiped domain

Theorem 1.4. (Fubini’s Theorem on parallelepiped domain)
If a function on three variables f(x,y,z) : V C R> — R is continuous on an domain

V = [al,ag] X [bl,bQ] X [61,62], then

[ [ s = [ [ fesds] ] as
P o] a]o
= /:2 [/: /:2 f(z,y,z) dx} dy} dz = ...

Geometrical interpretation of Triple integral

Let f(x,y,z) > 0 for every (z,y,2) € V C R3 and f be continuous. We can show the
geometrical interpretation of the triple integral [ [ [, f(z,y, z)dzdydz by
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Zh

<y

Figure 1.7: Triple integral

Example 1.7. Evaluate [ [ [, 2*2¢¥ dxdydz, where

V:{(x,y,z)G]R3: 1<z<2 0<y<l, —2§z§1}.

Solution:

We shall evaluate the integral in the order dydzdz.

2 1 gl
/// 2 zeVdrdydz = // /xQZeydydzdaz
1%

Corollary 1.2. Let V = [ay, as] X [by, ba] X [e1,¢0]. If f(x,y,2) = g1(x)g2(y)gs(2) for some

functions gy : [a1,as) — R, g2 : [b1,be] — R and g3 : [c1, 2] — R, then

///vf(x’y’ ?) dedydz = </a1 9 (x) dx) ' (/: 9 (y) dy) : (/1 g5 (2) dz) .

Example 1.8.

In this example, we are going to evaluate the same integral in example 1.7. Then
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| [ ] #*zevzaydz - ( / 2::2;@) - < / 1 e%ly);(l/ 12 zdz)
- (M) () (M )

1.2.2 Basic properties of triple integrals

Property 1.2.

1. Linearity: If functions fi and fy on an interval V and ¢y, co € R, then

///V(le(:v,y,z)—i—@f(:c,y,z))dxdydz = cl///vf(x,y,z)dxdydz
+ 02///‘/]”(35,3;,2) drdydz.

2. Additivity: If a function f is integrable on an interval V and intervals Vi and Vi
form a division of the interval V- (V =V, UV,, ViNV,y=0) , then

///Vf(x,y,z) d:cdydz:///Vlf(:c,y,z)dxdydz+///‘/Qf(:c,y,z)dxdydz.

1.2.3 Triple integrals over regular regions

Theorem 1.5. If a function of three variables f(x,y, z) is continuous on a reqular region of

the type
V= {(.T?y72> € ]R?) -a S X S b, gl(x) S Yy S 92(‘7:)7 hl(‘ray> S z S h2<x7y)}7

then

b g2(z) ha(2,y)
/// f(z,y,2)dxdydz = / (/ (/ f(z,y,2) dz) dy) dx.
1% a g1(x) hi(z,y)

Analogical propositions are valid also for the other types of reqular regions.
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Example 1.9. Evaluate [ [ [, zdxdydz, where

V:{(x,y,z)€R3: 0<z<1, 0<y<u, 0§z§\/1—y2}.

Solution:

///VZ dedydz = /1/:p/m

- [

- [ [5-%]

z dzdydx:// [] dydx
oJo [2],
1 37*
dydx:/ Y_ Y0 de
0o |2 6],

da::i.

24

1.2.4 Volume and mass using triple integral

Volume: If f(x,y,z) =1, we get the volume of the region V.

Mass: If f is continuous and f(z,y,2z) > 0 on the region V', we can consider the triple

integral V = [ [ [, f(z,y, z)dxdydz as the mass of the solid of V.

Example 1.10. Find the volume of the tetrahedron bounded by the coordinate planes and

TpYpi=],
Solution:

Volume= [ [ [, dxdydz, where

ogzgc@—x—y>,ogygb@—x>,ogx§w

a b

oz y
a b

L

dzdydx
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R (R
L) e

Here, if we take a =2, b=1 and c = 4. We obtain that V = %.

1.2.5 Using change of variable to calculate triple integrals

Cylindrical coordinates:
Cylindrical coordinates are convenient for representing cylindrical surfaces and surfaces for
which the z-axis is the axis of symmetry. We convert a triple integral from rectangular to

cylindrical coordinates (7,0, z) by writing
x=rcos(f), y=rsin(f),z =z, where r >0, 0 <60 < 2,

where
« (r,0) are a polar coordinates of the projection of M(x,y,z) € R? on the plane z =0 .
o 2 is the distance between M and the plane z = 0.

Then
///Vf(m,y,z) dxdydz = ///V/f(?"cos(e),rsin(ﬁ),z) || drdfdz. (1.2)

Where J is the determinate of partial derivative and it is called Jacobian of the coordinate

transformation.
Ge 0o 0\ cos(#) —rsin(f) 0
T 0(r,6,2) |or 96 oz sin(f) rcos(d) 0] =r.
0z Oz Oz
o 90 0= 0 0 1

Hence equation (1.2) becomes

///Vf(.%’,y, z) dxdydz = ///V/ f (rcos(0),rsin(0), z) r drdfdz,

where V' is a region in the frz-plane.

11
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Figure 1.8: Cylindrical coordinates

Example 1.11. Evaluate [ [ [, & (2® + y?) + z dadydz, where
V= {(x,y,z) €R3/ 2?24y <4, 0<2< 1}.

Solution:

Cylindrical coordinates

x = rcos(0),
y = rsin(0),
z = z

We have that 22 + 14> <4=0<r <2 and 0 <0 < 2x. Then

1/, ) 2 1l 2 (2
///f(x +y)+z dxdydz = / // — 42z | drdzdf
v 2 o Jo Jo \ 2
2r o1 [43 2
- | /O[GWL
2 /4 27 14 1
-/ (+2z>dzd9=/ [Z+z2} d
0 3 0 3 0

dzdf

Spherical coordinates:

Spherical coordinates represent a point M € R? in space by ordered triples (7,6, p) in which

12
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o 1 is the distance from M to the origin.
« 0 is the angle from cylindrical coordinates (0 < 6 < 27).

o pis the angle OM makes with the positive z-axis (0 < p < 7).

Since
x = rsin (p) cos (0),
y = rsin (p)sin (0) ,
z=rcos(p).

Then

///Vf(x,y, z) dxdydz:///vlf(rsin (p) cos (#),rsin (p)sin (), cos (p)) r?sin (p) drdfdp,

where V' is a region in the rp-plane.

Figure 1.9: Spherical Coordinates

13
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Example 1.12. Fvaluate fffvﬁ dzxdydz, where
24y’ +z

V= {(m,y,z) ERY/ 2+ +22<1, >0, 220}.
Solution: Let us transform this integral in spherical coordinates by taking

x = rsin (p) cos (),
y = rsin (p)sin (0),

z=rcos(p).

Hence:v2+y2+22§1:>0§r§1andx20:>—g§9§g, and from z > 0 we

obtain 0 < p < 7. Then

1 3 o 1 5 .
///V\/m drdydz = /—g/o /0 (ﬁ)r sin (p) drdpdf

- (/017’ dr)-(/_id@)-(/ogsin(p) dp)

1.3 Supplementary exercises

Exercise 01.

Evaluate the following integrals:
1. [ [pxcos(zy)drdy, where D = { (r,y) eR?:0<x <%, 0<y< 1}.

2. [ [p(x+y)dzdy, WhereD:{(x,y)eRQ:Ongl, O§y§2x}.

4. [ [ [, 2*dzdydz, where V = {(x,y,z) ER: 3<2<3 —V9—2a2<y<

V9 — 22, 0§z§9—x2—y2}.

Exercise 02.
 Find the volume of the solid bounded by the graphs z = 4 — 2% — y? and z = 2% + ¢2.

14
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« Find the volume of the region bounded above by z = 4 — 2% — 42, below by z = 0 and
laterally by z2 + y? < 1.

Exercise 03.
Evaluate [ [, (z* + y? + 1) dzy where D is the region inside the circle 2 + y* = 4.
Exercise 04.

Use spherical coordinates to evaluate

4— m2_
/ / / ! 2222 + y? + 22 dzdyda.

15



Improper integrals

In this chapter, we will extend the concept of definite integrals where one or both of the
boundaries is at infinity, and integrals with infinite discontinuity. This kind of integrals are

called improper integrals.

Definition 2.1. (Improper integral)

The integral f;’ f(z)dz is called an improper integral if
1. One or both integration limits is infinite, i.e, a = —o0 or b = oo or both.

2. f(x) is unbounded at one or more points of a < x < b.

2.1 Integration over a bounded interval

2.1.1 Half-open intervals

A half-open interval is an interval has the form [a,b[ or }a, b}, where a and b are a real

numbers.
Definition 2.2.

1. Let f(z): [a,b]— R be continuous and integrable on [a,b[. Then

/a " f(a)de = Tim / " bt

r—b—

16
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2. Let f(x): }a,b} — R be continuous and integrable on ]a, b}. Then

b b
/f@mznm F(t)dt.
a x%a"" €T
In each case, if the limit exists, then the improper integral is said to converge. If the limit

does not exist, then the improper integral is said to diverge.

Example 2.1. Let f : }0, 1} — R defined by f(z) = ﬁ Rewrite [ ﬁdx as a limit, we

obtain

dr = lim —=dt

z—0t \/_
= 1 [2v7] =2

z—0t

1
T

/

1
t

5=

The improper integral converges to 2.

Proposition 2.1. (Riemann integration at 0)

Let f : }O, 1} — R be a function defined by f(z) = . The integral fol I%dx, where a is a

x(X

constant, converges if a < 1 and diverges if o > 0.

2.1.2 Open intervals

An open interval is an interval has the form ]a, b[, where a and b are a real numbers.

Definition 2.3.
Let f - }a, b{ — R be continuous and integrable on }a,b[. If for some (and then for any)
cE ]a,b[, f is improperly integrable on semi-open intervals }a, c} and [c,b{. i.e [7 f(x)dx

and [° f(z)dx are exist. The integral of f is defined by

/abf(x)da; _ /acf(x)dx + /cbf(x)da:.

17
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2.2 Improper integrals over an infinite interval

2.2.1 Half-open intervals

Definition 2.4.

1. Let f: [a,+oo[—> R be continuous and integrable on [a,+oo|. Then

xT

/aoof(x)d:v: im [ f(t)dt.

T—+00 Jq
provided this limit exists.

2. Let f: } — oo,b} — R be continuous and integrable on} — oo,b}. Then

/b f@)de = Tim [ f(t)dt.

— 0 T—+00 Jop
provided this limit exists.

In each case, if the limit exists, then the improper integral is said to converge. If the limit

does not exist, then the improper integral is said to diverge.

Example 2.2. Determine whether the following integral converges or diverges [ e~ dt.

Solution: Vx > 0, we have
+oo T
/ e 'dt = lim e'dt = lim (1 — e’x) = 1.
0 rz——+00 J T——+00

Therefore the improper integral [,"> e~tdt converges.

Proposition 2.2. (Riemann integration) Let f : [1,+00[ a function defined by f(x) = =.

The integral [, x%d:c, where o is a constant, converges if a« > 1 and diverges if a < 1.
2.2.2 Open intervals

Definition 2.5.
Let f: }a, +oo{ — R be continuous and integrable on }a,+oo[. If for some (and then for

any) c € ]a, +oo[, f is improperly integrable on semi-open intervals }@, c} and [c, —1—00[. i.e

18
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IS f(x)dx and [ f(x)dz are exist. The integral of f is defined by

a

/ " f@)de = [ rwye+ | ™ fw)de.

Definition 2.6.

Let f(x) be continuous over} — oo,—l—oo{. Then

[ swde= [ gyirs [ paa

—00 —

provided that [°_ f(x)dx and [, f(z)dz both converge. If either of these two integrals

diverge, then [2° f(x)dx diverges.

Remark 2.1. Let f(x) be continuous over} — oo,+oo[. Then, it can be shown that, in

fact,
| r@e= " p@des [ s,

—00 —

for any value of a.

Example 2.3. The integral of the function f(x) = 1+1x2 on} — 00, —i—oo[ converges and

+oco 1
[
—oo 1+ ¢2

2.3 Properties of the improper integral
Let [a,b[, with —oco < a < b < +00.

1. Linearity. If f and g are integrable in every interval [a, 2] C [a, b], and their improper
integrals are convergent in [a, b[, then [’ (af(x) + Bg(z)) dz = converges for all o, § €
R, and

b b b
| @f@) +pg@)dr = a [ f@)dz+ 8 [ g(a)da.

2. Integration by parts. Let u,v : [a,b[— R be two functions of class C' such that
two of the following three integrals are convergent. Then the other integral will be

convergent as well, and

/ab w(x)v (z)de = lim (u(z)v(x)) — /ab u (z)v(z)dz.

r—b—
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3. Change of variable. Let f : [a,b[— R be continuous and let ¢ : [a, 5[— R be
of class C1, where —0o0 < a < < +o0, ¢(a) = a, h%l ¢(t) = b and the image
t—=p6—

¢ ([o, B]) = [a,b[ (the image of the interval [, B[ by ¢ is [a,b[). Then

b 8 /
/a f(x)d‘h/ f(e(t)¢ (t)dt.

«

4. Absolute convergence.

o Let f:[a,b[— R be a function that is integrable in every interval [a, z| C [a, b].
We say that the improper integral [’ f(z)dz converges absolutely if and only if

the improper integral [”|f(x)|dz converges.

o If the improper integral ff f(z)dz is absolutely convergent, then it is convergent

and

[ fwyie| < [17@)d

The reciprocal of this proposition is not true.
5. Quotient. Integrals with non-negative integrands

o If f(z) > 0and g(z) > 0 for a < z < b, andifiigég(x) = A # 0 or oo, then

9(z)
J2 f(x)dx and [? g(x)dx either both converge or both diverge.

o If A=0, then [’ g(z)dz converges, then [° f(z)dz converges.

o If A= oo, then [’ g(x)dx diverges, then [ f(z)dz diverges.

6. Let f,g: [a,b[— R integrable in every [a,z] C [a,b]. Suppose that 0 < f(x) < g(x)
for all € [a,b[. Then

o [P g(x)dx converges = [° f(x)dx converges, and we have that
b b
/ f(z)dx < / g(x)dx.

o [P f(x)dx diverges = [ g(z)dz diverges.
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2.4 Supplementary exercises

Exercise 01.

Evaluate:
L. fO ‘/g 2
2. [

(z-1)%

3. f (z+1)( m—fQ)(w—i—?)) )

+o00 dx
LS @

Exercise 02.

Test for convergence:

1. f3 dx.

1 dx
2 [h

3. [ ——__ (a<b).
4. [;*°Incos (%) dx .

Exercise 03.

Prove that [;"° =% cos (rz) dz = for @ > 0 and any real value of r.

_a
aZ+4r?
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Differential equations

In this chapter, we will describe the main ideas to solve certain differential equations. A
differential equation is an equation involving an unknown function and its derivatives.

The differential equation is an equation has the form

where y(z), y(2)", y(x)® - y(z)™ represent dy/dx, dy? /dx?, dy*/dx?, - - -, dy"™ /dx" respec-
tively. A solution of a differential equation in the unknown function y and the independent

variable z.

3.1 First-order differential equations

Definition 3.1. The first order differential equation is written as

F(r,y,y) =0, ory = f(z,y),

where f(x,y) can be any function.

Definition 3.2. (Solution)

We denote by y = ¢(z,c) a general solution of the differential equation y = f(x,vy), where ¢
is a constant. ¢ = ¢y can be obtained by using the initial condition y(x¢) = yo, in this case
y = ¢(x,co) is called a particular solution of the differential equation.

We conclude that any differential equation has a general solution which is the set of all
solutions, and a particular solution which is any one solution obtained when we use a given

initial condition.
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Example 3.1. Solve the initial value problem

y =sin(x), y(0)=2.

Solution:
Integrating both sides of this equation, we find
y =sin(z) = % =sin(v) = [dy = [sin (z) dz = y(z) = —cos () +c.

Using the initial condition y(0) =2 (y = 2 when x = 0), we obtain y(0) = —cos (0) + ¢ =2

—c=3.
Then, the general solution of the initial-value problem is y(x) = —cos(x) + ¢, and the
particular solution is y(x) = — cos (z) + 3.

3.1.1 Separable equations

A separable equation is an equation can be solved by integrating on both sides of the differ-

ential equation.

Definition 3.3. (Differential equation with separated variables)
A first-order differential equation is called an equation with separated variables if it can be
written in the form

M (x)dz + N(y)dy = 0,

where M(z) and N(y) are given functions.

The solution can be obtained by integrating on both sides

/M(m)dm + /N(y)dy =c.

where ¢ is an arbitrary constant.

Remark 3.1. A differential equation with separated variables can also be written as
y = f(x)-9(y).
Suppose that g(y) # 0, then, in this case the solution is defined by

= f(x)dx <= M (z)dx + N(y)dy = 0.
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Example 3.2. Solve y = 2%\/T + 2.

Solution: This differential equation is an equation with separated variables. So

dy 9 dy 1
A 14192 = v’ dr <= 2°dr — ———=dy =0
iz T +y T+ T dx r dx e Y

To find the solution of this equation, we integrate the equation on both sides

1
2 _
/xd:c—/ 1+y2dy—c.

We have [ \/G;Tdey =In ’y +Vy? + aQ‘. Then, the general integral is given by

y+/1+y?

Definition 3.4. (Separable differential equation)

=C

1
§$3 —1In

A first-order differential equation is separable if it can be written in the form
M, ()N (y)dx + My(x) No(y)dy = 0,

where M 5(x) and Nyo(y) are given functions.
We shall transform this equation to an equation with separated variables. Dividing it by

Ni(y)My(z) we obtain

Ml(SC) NQ(]))
@) ™ T M)

which is an equation with separated variables.

Example 3.3. Solve %dm +z/ydy = 0.
Solution:

Dividing the equation by xiy, we get

/§
— dx + _ldy =0,
(V) (V)

xdr + ydy = 0,
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which is an equation with separated variables. Its solution is
/xdaz+/ydy:c<:>x2+y2:2c.

We see that 2% +y? > 0, so we also have that 2c > 0 and we can rewrite this equation in the
form 2 + y? = k2, where k? = 2c.

This is an equation of the family concentric circles centered at the origin of radius k > 0.

3.1.2 Linear first order equations

Definition 3.5. A linear first-order differential equation is an equation has the form

y +p(z)y = q(), (3.1)

where p(z) and q(x) tow continuous functions.

Method of solution
Let

y(z) = u(x)v(z), (3.2)
be a solution of (3.1). We derive (3.2), we obtain

dy dv du

Substituting (3.2) and (3.3) in (3.1), we get

T pleu = a(e) = u [+ pla) + 05 = a(w)
u v+ plrjue = q(z ul o+ plv v =a(@).

We chose v such that 2 + p(z)v(z) = 0. Therefore, by integrating on both sides we get
D4 pa)(z) =0 =
—

v(z) g = q(2)

Then the solution of (3.1) becomes

y(z) = v(x) / géx;dm + cv(x).

X
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Example 3.4. Solve the differential equation xy — y = 3z°.
Solution:
We have

/ 3 ! 1 2
Yy —yY=31" =Yy —;y:?)x.

Substituting y(z) = u(z)v(z) and L = u + v in the differential equation above, we get

d 1 d
U (U — U) —|—v—u = 31

dr =z dr

So
1 1
dv—v(x):():/dvz/dx:lnvzlnx:v(x):x.
dr = v x
Substituting v(z) = x in v = 322, we get
xd—u =32 = du = 3z dx.
dx

Integrating on both sides, we get u(x) = %IQ + c. Then, the solution is giving by

ylx) ==z <2x2 + C) :

3.1.3 Bernoulli equations

Definition 3.6. The Bernoulli equation is an equation has the following form

y +p(2)y = q(z)y", (3.4)

where p,q are given continuous functions andn € R (n #0,1).

Method of solution
The idea here is to transform the Bernoulli equation into a linear differential equation. Divide

both sides of the Bernoulli equation (3.4) by y", we get

dy

e + p(x)y " = q().

Y
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Introduce z(z) =y~ and its derivative

dz _dy _dy 1 dz
o 1 n=J n=J _ haiad
dx (=n+1)y dx — Y de —n+1ldx

into the differential equation above, we get the following differential equation

Z 4 (ont Dp(e)2e) = (—n+ Dala), (3:5)

which is linear in z.

Example 3.5. Solve 3y + —=y = ay’.
Solution:

We have n = 3. Divide the differential equation above by y3, we get

s 1 _
y iy +——y =

r+1
Let z =y % and 2’ = —2y~%y = y 3y = —12', then our equation becomes
1., n 1 ) 2 5
——z z=ux z — 2= -2z
2 r+1 x+1 ’

which is linear in z. Introduce z = u(z)v(z) and % = u% + v2 in the equation above, we

o2 )t
Y dz x+1v Uda:_ o

obtain

By integrating on both sides, we get

%—x%lv:() - v(x):(x+1)2,
(z+1)2% = 27 = u(x):—%ﬂ—Zln(x—kl)qLc.

Thus,

(z) = (2 +1)° {—2( +In(z + 1)) —i—c].

T+

Then, the general solution becomes

1

(z+1)° {—2 (#1 +1In(z + 1)) + c} |

2(r) =y P = ylz) =
/
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3.1.4 Homogeneous equations

Definition 3.7. (Homogeneous function)

f(z,y) is called homogeneous function of degree n if for all X we have f (Az, A\y) = X" f (x,y).
Example 3.6. The following are homogeneous functions
1. f(x,y) = y\/ (22 +y*) homogeneous function of degree 2.

2. flz,y) = @ homogeneous function of degree 0.

3. f(z,y) = x* — 223y not homogeneous.

Definition 3.8. (Homogeneous equation)
The first-order differential equation

dy _

0, =@y, (3.6)

is called homogeneous equation if f(x,y) is a homogeneous function of degree 0.

Method of solution
To solve equation (3.6) we transform it into a separable equation. So, from the definition
above we have f(z,y) = f (Az,Ay). Introduce A = 1 into the differential equation (3.6) we
get
dy y)
—=f(1,= 3.7
P11y, (37)

Substituting t = ¥ = y = tz and % =t+ % .z in (3.7), we obtain

t+§;-x:f(l,t):[t—f(l,t)]dx—f—x dt =0,

which is a separable equation.

Example 3.7. Solve xy —y = x cos (%)
Solution:

Writing the differential equation in standard form, we obtain

,  xcCos (ﬂ) +vy  Axcos (%) + Ay

y= T - AT
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Let A = % Then our equation becomes

y = cos (i) + % (3.8)

Substituting t = Y = y = tx and % =t+ j—; -z in (3.8), we get

dt
t—i-%-:v:cos(t)—{—t. (3.9)

Now, we integrate both sides of the equation, we get

/ dt dx:>/ cos(t) gt = d£:> cos(t) gt = di:

cos(t)  J = cos®(t)  J =w 1 — sin?(t) T

Suppose sin(t) = u = cos(t)dt = du, the integral becomes

du dz 1 14+u
—Uu

1
T . 5 . >—|—c:ln|x|:>ln

2

<| 1 + sin(t)

1—Sin(t)'>+C:1n|x"

The solution is given by

3.1.5 Nonhomogeneous first-order differential equations

8 |8

Definition 3.9. An equation is called nonhomogeneous first-order differential equation if it

has the form
dy  az+by+a

= , 3.10
dr  asx + boy + ¢ ( )
where ay 2,012 and c; 2 are arbitrary constants.
Method of solution
If ¢; = ¢y = 0, the equation (3.10) becomes a homogeneous differential equation.
a
If ¢; # 0 or co # 0, for solve the equation (3.10), we calculate b7 We consider tow
a9 bg

cases for equation (3.10).
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ap b
Case 1: If # 0. Substituting

as bo

, and

posnh o dy
y = y+k dr  dxy

in (3.10), we obtian
dyn ez +hyp+ah+bk+a
dry  aswy + boyy + ash + bok + ¢

We chose h and k such that

(Ilh + blk +c = 0,
CLQh + bgk +cy = 0.
Then, equation (3.10) becomes

% _ o + by + 1
d;Ul AT + b2y1 + 627

which is a homogeneous differential equation.

dy _ xz—y+2

Example 3.8. Solve

de — xdy+4-
Solution:
1 —
We have =2 # 0. Suppose
11
r = x1+h dy d?/l
, and — = —.
y = y+k dr  dx,

Then, the equation can be rewritten as

%_$1—y1+h—k+2
dry  xi+yi+h+k+4

Choosing h and k such that

h—k+2 = 0 h o= -3
h+k+4 = 0 ko= —1.
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Therefore
@: T1 — W% _ ATy — Ay
dry x4+ Ari+ Ay

Introduce \ = i into the equation above we get

_u
dyr _ 11— 5,
Substitutmgt:%:ylztml and%:t—kﬁl-xl, we get
dt 1—1 141 dz,
t+—-x:—:>/7dt:
dr, "' 1+t 1— 2t — 12

Then

_21111(1—215—752) = In|z;| + In || = (1_2t_t2)_

x1

Since t = % — <1 —2 (%) — (y1)2>—§ = cxy.

. rT = x+3
Since

vy o= y+l1
Then the general integral is given by

N

(1-2(222) - (22))) "= e +9).

aq b1
Case 2: If = 0. Suppose

(05} b2
7:7:/\:>a2:)\a1762:>\b1.

Therefore, equation (3.10) can be rewritten as

dy  awmz+bhy+a
dr AN ayx +by) +co

1 dz

Substituting z = a1z + by and % = a; + bl% — dy _ 1dz_

dx by dx

dz_b<z—|—cl+a1>
dr "\ Mot b /)’

above, we get

31
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which is an equation with separated variables.

d, 3r—
Example 3.9. Solve ¥ = 6x—2yﬁ-5'
Solution:
We have =0 Then, the equation can be rewritten as
6 —2
dy 3r—y
dr 23z —y)+5
Suppose z = 3x — y and % =3-3 = dy =3 - —; in the equation above, we get
dz z 2245 2z 5
dr 245 e+ 15 ’ PR TR I T ‘
We have
soqsdz = In |52 + 15|,
5z2+215 £ = gf sl : 5/ 5Z;rzl+51515dz = %f (1 - 5z+15) dz = %Z 5 ln 52 +15].
Therefore

2z 15) 2 1
d / d :/d .- 15 =z +c.
/5z+15 z+ P15 z 33:>5z 511]5,2—1- Sbl=x+c¢

Since z = 3x — y, the general integral is given by

1 2 1
Sx—gy—gln]15(x+1)—5y\ = c.

3.2 Second order linear homogeneous differential equa-
tions with constant coefficients

A second order linear differential equation with constant coefficients is an equation of the

form:

y” + ay, + by =0, (3.11)

where a and b are a constant coeflicients.

To find the general solution of equation (3.11), we suppose that y = e** (A € R) is a
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particular solution of (3.11). Then, after replacing this solution in equation (3.11), we obtain
e (A2 4+ ah+b) =0.
We have e*® # 0. Then, we obtain the following characteristic equation
M +a\+b=0. (3.12)

To find the roots of the characteristic equation (3.12), we calculate A = a* —4b. We consider

three cases for equation (3.12)

o Case 01: If A > 0, we obtain tow real and distinct roots A\; and \y. Two particular

AT

solutions are y; = M and y; = e*2*. The general solution is

Yy = 1M 4 cpe?®,

Example: Solve y" — 5y + 4y = 0.

Solution:

The characteristic equation is A2 — 5\ +4 = 0. A = 9 > 0, since there exist tow real
and distinct roots A\; = 1 and Ay = 4. Then, the general solution is

y = cre’ + e,

A\x

o Case 02: A =0, we obtain one real root \. Tow particular solution are y; = e** and

yo = we*®. The general solution is

)\z:

y = 1™ + coxe e (c1 + o) .

Example: Solve y" — 2y +y = 0.
Solution:

The characteristic equation is A2 — 2\ + 1 = 0. A = 0, since there exist one real root

A =1 . Then, the general solution is

y=¢e"(c1+ cor).
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o Case 03: A < 0, we obtain tow complex and distinct roots A\;» = a £ i5. Two
particular solutions are y; = (@)% and y, = e(®~#)*  The general complex solution
is

y = € (¢ cos (fx) + cosin (Bz)) .

Example: Solve y” + 2y 4 5y = 0, with given conditions y(0) = 0, y(0) = 4.
Solution:
The characteristic equation is A> + 2\ +5 = 0. A = —16 < 0, since there exist tow

complex and distinct roots A\j o = —1 &£ 2. Then, the general solution is
y =e “(cqcos(2z) 4 cosin (2x)) .

We have y(0) =0 = ¢1 cos (0) + ¢28in (0) =0 = ¢; =0,
and ' (0) = 4 = —2¢; sin (0) + 2c5 cos (0) = 4 = ¢, = 2.

Then, y = 2sin (2z) is a particular solution.

3.3 Partial differential equations

3.3.1 General facts about PDE

Definition 3.10. (Partial differential equations)

Let u be a function dependent on n independent variables xy, x5...x,. Partial differential
equation is an identity that relates the independent variables x1, x5...x,,, the dependent
variable u, and the partial derivatives of u. An n-th order partial differential equation (PDE)

s an equation has the form

ou Ou 0"u 0"u

u, , y s y ooy = — —
0xy O oxYy Ox",0xy?, ..., 0z, *

F(xy, ma...xy, ) =g(x1, T9..xy,u), (3.13)

where 1 <k <n, m; +ms+ ... + mp =n. We denote the partial derivatives by g—; = Uy.

Definition 3.11. (Order partial differential equation)

The order of an equation is the highest derivative that appears.

Definition 3.12. (Homogeneous partial differential equation)

Equation (3.13) is called a homogeneous equation if g = 0.
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Definition 3.13. (Solution)
A solution of a PDE is a function u(xy, x, ...) that satisfies the equation identically, at least

in some region of the xy, xs, ... variables.

Example 3.10. Find the partial derivatives in order 2 of the following functions:

u(z,y) = 2*(x +y), uz,y) =™,

Solution:

1. u(z,y) = 2*(x +y), we have

ou ou
— =32° + 22y, — =2a°.
B r° + 2xy, oy T
0%u 0%u 0%u
22 brt2y, =0, = 2.
0x? Ty oy? 0xdy .
2. u(zx,y) = ", we have
ou ou
E ety ety
or U oy e
2 2 2
8u:y2€xy O u 2 zy Ou :exy_|_$yexy.

022 ’Ty?:ye’axay

3.3.2 First order partial differential equations

Definition 3.14.

The homogeneous first-order PDE in two independent variables can be written as

F(g:,y,u(:)s,y),Gux(x,y),ﬁuy(x,y)) = 0.

3.3.2.1 Some types of first order PDE
e Transport equation: u, + u, = 0.

 Shock wave equation: wu, + uu, = 0.

3.3.2.2 The constant coefficient equation

Let
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where a and b are constants not both zero.
Coordinate Method:

To solve the PDE, we change variables
r1 =ax + by, y1 =bxr — ay.

Replace all z and y derivatives by x; and y; derivatives, we obtain

8u ou 01y 4 Ou ou Oy B ou b@
or 5)901 Or Oy1 83/ 8901 oy’

and

Ou_ Oudy  Oudr ,0u  Ou
gy Oyi Oy Oz 0y Oxr  Oyr

au ou ou ou ou ou 5\ Ou
a ba—y <%+bay1>+b<b%— 0y1> (a? +b>8x1

Hence

So, since (a* + b%) # 0, the equation takes the form g—;l = 0 in the new variables. Thus the
solution is defined by

u(r,y) = f(y) = f(br —ay).

Example 3.11. Solve the following PDE

Solution: The general solution of the PDE is u(z,y) = f(—bx — 2y).

v2

Setting x = 0 yields the equation y* = f(—2y). Letting v = —2y, yields f(v) = =%

Therefore,

ulw,y) = 7 (5r +2y)*.

|

3.3.2.3 The variable coefficient equation

Consider the following partial differential equation in two independent variables,

ou ou
a(x,y,u)%—{—b(a:,y,u)a—y :g(l‘,y,U)
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The method of characteristics:
Let u = u(z,y) be a solution of this equation. It reduces the solution of the PDE to the

solution of the ODE. The curves in the zy plane as tangent vectors. Their equations are

dx dy du

E:aqaz’azc‘

This relation can be summarized in the form

Thus the integral surface formed by this characteristics of adequacy is the solution sought.

Every solution of the PDE is constant on the solution curves of the ODE.

Example 3.12. Find solutions of 3u, — 2u, +u = x.
Solution:

The standard form of the equation is 3u,2u, = v — u. The characteristic equations defined
by

de dy  du

3 -2 z—u

These equations imply that 2dx = 3dy. This implies that the characteristic curves (lines)
are 2x + 3y = c;.
1

and j—g = 3 (x —w). This is a linear first order differential equation, Z—Z + éu = %x It can

be solved using the integrating factor

1
pla) = exp(y [ dr) = e
d 1
z/3 _ =,.z/3
7d"[‘ (ue ) = SIS

1
ue? = g/xex/‘g’dx—l—cz:(x—3)61/3+02

u(z,y) = (z—3)+cpe

As before, we write ¢y as an arbitrary function of c; = 2x 4+ 3y. This gives the general
solution

u(z,y) =z — 3+ G2z 4 3y)e /3.
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3.3.3 Second order partial differential equations

Definition 3.15.
The general form of a second order PDE in two independents written as

0?*u 2 0?

u u ou ou

3.3.3.1 Classification of second order PDE

The type of second order PDE depends on A = b? — 4ac. We consider three types for the

equation
o The second order PDE is called hyperbolic if A > 0.

Example 3.13. Consider the equation 2., — :U2y4uyy =0. Herea =2, b =0 and

c = —2y*, and therefore A = 8z%y* > 0. Thus, the given equation is hyperbolic.

e The second order PDE is called parabolic if A = 0.

Example 3.14. We consider the equation Uz, + 2uyy +uy, = 0. We geta =1, b=2

and ¢ = 1. Therefore A = 0. Then, the given equation is parabolic.

o The second order PDE is called elliptic if A < 0.

Example 3.15. Let the equation ug, + y*u,, = 0. We have a =1, b= 0 and c = y?,

and therefore A = —y? < 0. Thus, the given equation is elliptic.
3.3.3.2 Main equations of physics
1. Laplace’s equation: u,, + c*u,, = 0. The equation is elliptic for ¢ = +1.

2. Poisson’s equation: VZu = 2 (z,y). The equation is elliptic.

3. Heat equation: u,, = %ut. The equation is parabolic.

4. Wave equation: u,, = a—lgutt. The equation is parabolic.
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3.3.3.3 The method of separation of variables

Consider the following second order EDP with constant coefficient
U ou
a=—+b—+a—+F—+yu=0. (3.14)
x x Y
We will look for a solution has the following form

u(r,y) = f(x)g(y), (3.15)

Substituting (3.15) into the equation (3.14), we obtain

1

af (2)g(y) +bf(2)g (y) + af (2)g(y) + Bf(x)g (y) +vf(x)g(y) = 0.

Suppose that f(z)g(y) # 0, we get

)y gy fx)
i) Vet T

Therefore, we get two EDO to solve

[ fla) _

af(x) +af(x) 4+c = 0,
9w, a9
bg(y) +ﬁg(y) o =0

which is equivalent to

af’(x) +af (x) +cf(z) = 0,

by" (y) + B9 (y) + (v = c)gly) = 0,
where c¢ is a constant. After that we solve these tow equations for obtain the tow solutions
f(x) and g(y).

Example 3.16. Solve the following equation

0*u  0%u
4 = =0. 1
92 + e 0 (3.16)
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Solution:
Let u(z,y) = f(x)g(y) be a solution of the EDP (3.16). Substituting this solution into the

equation (3.16), we obtain

—4f"(2)g(y) + f(2)g (y) = 0 = =l -

Therefore, we get the two following EDO

fl@)+fx) = 0,

g (y) +4cg(y) = 0.

These tow EDO have the following tow solutions

f(z) = cicos(cx) + cosin(cx),

g(y) = cscos(2cy) + cysin(2cy).
Then, the general solution of the EDP (3.16) is given by

u(z,y) = (c1 cos(cx) + cosin(ex)) (3 cos(2¢y) + ¢4 sin(2cy)) .

3.4 Special functions

3.4.1 The Gamma function

Definition 3.16. (Gamma function)

The Gamma function I is defined as

where z a complex number such that Re(z) > 0.

Definition 3.17. The Gamma function is the generalization of the factorial to complex

numbers is

F(n+1)=nl

40



3.4. SPECIAL FUNCTIONS Dr. Bendib El Ouahma

Remark 3.2. Integrating by parts, we get

L(z+1) = 2I'(2).

3.4.2 Bessel functions
3.4.2.1 Bessel functions of the first kind

Definition 3.18. The Bessel function is a solution of the following linear second-order
differential equation

22y +ay + (22 = Ny =0.
where A € C — {k/2|k € Z}.
Definition 3.19. (Bessel function) The Bessel function of the first kind of order X is a

function of the form:

1o 1 g
Ja(z) = — /_ ezsin(0)=29) gg — —/0 cos (xsin(0) — A\) .

™

Definition 3.20. Let A be a complex constant. Then, the series defining Bessel functions

of the first kind of order A and —\ are

Y

= (=" ) A2
Ilz) = nZ::O nT (A +n+1) (2)

and

N G EA T
Joa(x) = ;::Onlp(_)\jLnjL 1) <2> .

Example 3.17. The Bessel functions Jo(x) and Jo(x) of the first kind of orders 0 and 1 are

Wi - St (7 -E5F

) = ni) nllE (n)+ 2) <323)(2”H) B ;(M)Z_(nj—l) (§>(2n+1) .

Thus, for small values of x, Jo(xz) ~ 1 and Ji(z) ~ 5. Moreover, we have that for real values
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of x
zlino Jg(.ﬁlﬁ) = 17
J312)110 Ji(x) = 0.

3.4.3 Properties of the Bessel function
1 Ja(x) = (—1)M ().
2. Ju(z) + Joa(z) = 23 (w).
3. Jagi(x) — Jaoi(z) = —2J, ().
4. Jy(z) = 2J(z) = —Jy(2).
5. LA \(z) = A Ly (2) + AtV (2) = 2Nl (2).

6. oM h(z) =2 L () = A (2) = =2 M g (@),

Example 3.18. Prove the following inequality, for all x € C.

by
1 2
|x(z)] < N <|x|> elel/2” " ya ez,

2
Solution:
J o0 (_1)n 1\ (A+2n)
@)= gonv (A +n)! (2)
< i (_1)n <.7)) (A2n)
T oz nt (A +n)\2
B i 1 m (A2n)
nl(A+n)l\ 2
A o 2n
_ (B st (el
2 ) ZntA+n)l\ 2
e\ 5 1 ()™
- 2 ) ZnlA\ 2
Since ¥ = Y00 Lo then
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3.5 Supplementary exercises

Exercise 01.

Solve

o dy =2z (y*+9)dx.
. %:y2—2x+1.

o edr —ydy =0, y(0)=1.

Exercise 02.

Solve

oy —xy=—x y(0)=—4

e Ydy + dx + 2zdy = 0.

’

o Y —%y:$4y%

« Y =y+ 20
! 4 x4

] y = %
/ 2zy

sy =5
ey —2y =0.

y — 6y +25y =0, y(0)=1,y(0) =2.

Exercise 03.

State whether the following statements are True or False.

e Order of the differential equation representing the family of ellipses having center at

origin and force on x-axis is two.
o Degree of the differential equation /1 + % =7+ %.
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. % +y = 5 is a differential equation of the type % + py = q but it can be solved using

variable separable method also.
o flx,y) = % is a homogeneous function of degree 1.

o The general solution of the differential equation x(1 + y?)dx + y(1 + 2?)dy = 0 is
(14221 +9?) =k

Exercise 04.

o Find the partial derivatives in order 2 of the following functions:
1. u(z,y) = e* cos(y).
2. u(x,y) = (2% + y?) cos (zy).
3. u(z,y) = V1+ 222

o Solve the first-order equations:

1. 2u, + 3u, = 0, with the auxiliary condition u(0,y) = sin(y).
2. (1+ 2®)u, + u, = 0..
3. Tuy + yu, = 0.

4. \/122u, + u, = 0, with the condition u(0,y) = y.
e Solve the second-order equations:

L. Ugy + 4tgy + uyy = 0.
2. 3uy + Uzy = 0.

Exercise 05.

Prove the following relation

d J_x(z)  2sin()7)

de Ja(z)  am (@)

Deduce that Jy and J_) are linearly dependent if and only if \ € Z.
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Series

A series is the sum of the terms in a sequence. In this chapter, we will study a different

types of series and its convergence conditions.

4.1 Numerical series

Let (U )nZO be a sequence of real or complex numbers, we define the sequence (S,,) of partial

sums by
So = uo,
Sl = Ug + uy,

SQZU0+U1+U2,

The series for the general term u,, is denoted by

Zun, Zun or just Z“n
n=1

n>1

Definition 4.1. o If 1_1}13 S, = S, the series Y- u, converges and > o> u, = S. The

limit S is called the sum of the series.
o If 1_131 Sy does not have a finite limit, the series Y .2 | u, diverges.

Example 4.1. (Geometric series)
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Let u, = r™. The partial sums

1_,,,'7L+1

D A A
n+1 if r=0.

SoFoSu, converges if |r| < 1, and diverges if |r| > 1.

If the geometric series converges, then the sum of the series S = ﬁ

Example 4.2. (Harmonic series)
The general term of the harmonic series is defined by w, = % where n € N*. The series

oo 1
Yol converges, and

=1

Z*:—l—oo.

n=1 n

4.1.1 Necessary condition for convergence

Proposition 4.1. If 3" u, is convergent, then Er}rl U, = 0.

Remark 4.1. o The exchange of this condition is false.

o The condition 1_131 u, = 0 is not sufficient.

o In the practice, we use this condition in its contraposed form:

If nlj)rJPoo u, # 0, then Y u, is divergent.

Example 4.3. o The series 3,29 cos (1) s divergent because lim cos ( ) =1+#0.

n—-+o0o

o The series 329 eV™ is divergent because hm eV = 400 £ 0.

Property 4.1. o IfY % u, =U and > 23 v, =V are convergent, then 3120 (au, + Bu,), a, 8 €
R converge, and 3% (au, + Bu,) = aU + V.

o If S0, is convergent and 320w, is divergent, then Y19 (au, + fv,),q,B €
R, B # 0 is divergent.

. +oo (3 2 . +oo (3
Example 4.4. The series > > (2—” + m) is convergent, because Y > (2—”) converge,

and 39 (#H)) converge. And, we have

S (ot virn) =72 o) 22 () =2
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4.1.2 Positive term series

The series > u, is called positive term series if u,, > 0 for all n > Ny, Ny € N.

Proposition 4.2. Suppose Vn > 0, u, > 0, we have
> u, converges <= (S, (u)) bounded.

Theorem 4.1. (Comparison Tests)

Let (uy,) and (v,) be two sequences. Suppose 0 < u,, < v, for alln € N.
* Y v, converges = »_ U, CONVET]ES.
o Y u, diverges => > v, diverges.
Example 4.5. Consider Y129 sin (%n) and 3129 (2%)
We have 0 < sin (2%) < 2% and Z;ﬁ% (2%) is a geomelric series convergent, then the series

400 .- 1 .
n=0 S111 (27) 1S convergent.

Theorem 4.2. Let (u,,) and (v™) be two sequences with positive terms are equivalent to +oc.

. un
Uy R Uy <= lim — =1.
n—-+o0o Un

Then > u,, and > v, have the same behavior.

Example 4.6.

n?+3n+1

The general term of the series 3 5t

s equivalent to %, and we have that Z% s diver-
gent. Then % is divergent.

Theorem 4.3.

o If the sequence (n®uy), cn- converges to 0, and if a > 1, then 32,50 u, s convergent.

o If the sequence (n“u,) tends to +0o, and if o <1, then 3,50 u, is divergent.

neN*
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4.1.2.1 Riemann and Bertrand series

Definition 4.2. (Riemann series)

The series 7% L where n > 1, a € R is called Riemann series. We have

n=1 no

lim ;= = 0, if a>0.
n—-+0oo

= 1, ¢f a=0.

= 400, if a<0.

If a =1, we obtain an harmonic series.

Proposition 4.3. The Riemann series 3125 n% is
o Convergent if a > 1.
e Divergent if a < 1.

Example 4.7. o The Riemann series .29 ﬁ is divergent, because o = % <1

o The series Y, [(—1)" sin (%)r = sin® (%) oo Z—z converges and so by the comparison

Test with the Riemann series -, n%, a =2 > 1 which is convergent.

Definition 4.3. (Bertrand series)

The Bertrand series have the form

+o00 1

D

————— n>2 and o, €R.
nZsn (In (n))”

+o0 1 . is

Proposition 4.4. The Bertrand series Y25 o (n(m))?

o convergent if a > 1,V[3.
o divergent if o < 1,V[.
o Ifa=1,itis

— convergent if > 1.

— divergent if § < 1.

Example 4.8. Determine if the following series is convergent or divergent.

Zn%2 — 1.
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Solution:

Inn

a1
We have u,, = n=z2 —1 =c¢

obtain
Inn ln n 1

n?2  p2(nn)""

Then, the series Zn%2 — 1 is convergent by the comparison test with the Bertrand series
m which is convergent because o =2 > 1.
4.1.2.2 Ratio tests

Theorem 4.4. (Cauchy criterion)

Let Y~ u, be a positive term series. Let’s suppose ngr}rloo U, = ngl}rloo Yu, = 1. Then

e Ifl <1= > u, converges.
o Ifl>1= > u, diverges.
o Ifl =1, nothing can be concluded.

Example 4.9. Study the nature of the following series

n? —5n + 1)”2

Z<n2—4n—i—2

Solution:
We have /i, = (22m8)" = (1 22510)", andln g/, = nin (1 20) ~ (20) —
—1. Then

lim u, = lim "V =l <1 —= > u, converges.

n—-+o0o n—-+o0o

Theorem 4.5. (D’Alembert rule)

Let Y~ u, be a positive term series. Let’s suppose Er}rl “Z—Il =1[. Then
o Ifl <1= > u, converges.
o Ifl>1= > u, diverges.

o Ifl =1, nothing can be concluded.

Example 4.10. We will use D’Alembert rule to study the nature of some series Y. u,.
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nl
n

=, we have

unH:(n—l—l)! n" it 1) n" :< n >”:< 1 )

Un, n' (n+ 1)n+l (TL+ 1)n-‘r1 n+ 1 1 _i_%

1. u, =

As we also have lim (1 + %)n =e. So lim " = % < 1. Then, > u, is convergent.

n——+00 n—+oo Un
2. u, = ni’;n, we have
. Upt1 . n-+1 n + 2" 1
lim —* = lim =—-<1.
n—+oo 1y, nstoo n n+4+ 14 2ntl 2

Then, > u, is convergent.

S u, = i’;‘:, we have

Upyr SN +2 ntl
= 1 _>
Up, In—1mn+1) +1

In this case, we can’t apply D’Alembert rule to study the nature of the series. We will
use Riemman rule. Therefore, u, ~s 7?—3 which is convergent because 3 > 1. Then

> u, 18 convergent too.
Proposition 4.5. 1. If lim “* =1, # 0 and nl_lgloo Sup = lo # 0, then Iy = 5.

n
n—+oo Un

2. If lim ** = then lim 3/u, = 1. (The converse is not true).

n—-+oo “n n—-+0oo

4.1.3 Integral test

Theorem 4.6. Suppose that f(x) is a continuous, positive and decreasing function on the

interval [a,00 [ and that f(n) = u, then
1. If [°° f(x)dx is convergent s0 is 372 uy,.

2. If [7° f(x)dz is divergent so is 325 uy,.

4.1.4 Alternating series

Definition 4.4. (Alternating series)

An alternating series is any series Y u, for which the series terms can be written in one of

the following two forms.

u, = (=1)" v, or u, = (—1)"Jrl Uy, where v, > 0.
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Theorem 4.7. (Leibniz’s theorem)
Suppose that we have an alternating series > (—1)" v,. If
1. {v,} is a decreasing sequence. i.e (U1 < vy)
2. lim v, =0.
n—-+0o00

Then, the series is convergent.

Example 4.11. Let u, = sin (%ﬁ) We have

U, = sin [(n_l)ﬂ—'—nil} = (—l)nsin<nil>.

7T7’l2

n+1

_T

The series Y, sin ( =]

) an alternating series, where v,, = sin ( ) a decreasing sequence

which tends to zero. Then, the series Y u, is convergent.

4.1.5 Absolute convergence

Definition 4.5. (Absolute Convergence)

We call the series 3" u,, absolutely convergent if > |u,| is convergent.

Definition 4.6. (Conditionally convergent)

The series > u, is said conditionally convergent, if it is convergent and > |u,| is divergent.
Remark 4.2. If Y u, is absolutely convergent then it is also convergent. (The converse is
not true).

cos(n)
2

1 . . +oo 1
< -5 and the Riemann series 3_ > —5 are

Example 4.12. 1. The series 32

convergent. Then, Y125 002(2") is convergent.

+oo (="
n=1 n

“+oo
n=1

2. The series s convergent, but the series

n n=1 n

(1)”‘ = Yot Lys divergent.

4.2 Sequences and series of functions

4.2.1 Sequence of functions

Definition 4.7. (Sequence of functions)
Let I be a set in R. If there is a function f, : A — R for each n € N, we call {f,} a

sequence of functions.

o1



4.2. SEQUENCES AND SERIES OF FUNCTIONS Dr. Bendib El Ouahma

4.2.1.1 Pointwise convergence

Definition 4.8.

The sequence {f,} converges pointwise to a function f on I, if for each x € I we have

In other words, for each xy € I the sequence of numbers f,(x) converges to the function

().

Example 4.13. 1. Let {f,} defined by f,.(x) = lﬁfmg converges pointwise to the function

flz) = 0, of z=0.
= 1, if v #0.

2. Let f, : [0,7] — R be defined by f,.(x) = W, n € N converges pointwise to 0 on
0, 7].

4.2.1.2 Uniform convergence

Definition 4.9.

Suppose that {f,} is a sequence of functions f, : I — R and f : I — R. Then, f,

converges to uniformly to f on I if

(s (o) = 10 ) =0

zel

Example 4.14.

The sequence f,(x) = 11% converges pointwise to f(x) =z on [0,+00].
We have
na? x 1
sup |fu(x) — f(x)| = sup — x| = sup ‘ = —,
zE[O,-‘roo[‘ (@) (@) zef0,1oo[ | 1 + 12X zef0, o[ | L + Xl N
and

lim ( p |fn<x>—f<x>|)=o.

n—-+oo 1’6[0,-‘1—00[

nx?
1+nz

Then, the sequence f,(x) = converges uniformly to x on [0, +o0 .
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Remark 4.3. If the sequence {f,} converges uniformly, then it converges pointwise. (The

converse is not true).

4.2.1.3 Properties of uniform convergence

o Continuity

Theorem 4.8. If a sequence {f,} of continuous functions f, : I — R converges

uniformly on I C R to f, then f is continuous on I.

o Differentiability

Theorem 4.9. Suppose that { f,} is a sequence of differentiable functions f, : [a,b] —
R such that f, converges pointwise to f and f, converges uniformly to g for some

f.g:[a,b] = R. Then f is differentiable on [a,b] and f = g, and we write

’
’

lim fn(x)} = lim [fn(m)}

n—-+oo n—--+o0o

o Integration

Theorem 4.10. Let {f,} be a sequence of continuous functions on [a,b] and converges

uniformly to f, then we have

lim /b fo(x)dx = /b ngmkoo fo(z)dx = /bf(x)dx

n—>-+oo a

ne %42
n—+x

—x

Example 4.15. The sequence f,(x) =
on [0,1]. We have

pointwise convergence to f(x) = e

ne ® + z?

n+x

Y x? — ze”
— e S —

sup |fn(z) — f(z)| = sup

2€0,1] z€(0,1]

= sup

2
S )
x€[0,1] n

n+x

and iﬂi SUP,eo1) [fu(®) — f(z)] =0, then {f.} converges uniformly to f(x) =e~*.

Therefore by the previous theorem, we have

, 1 ne™® 4+ g2 T ne~* + x?
hm 7(1.1' = hm —
n—s-+o0 Jo n—+x 0 n—+too n—+x

1
dr = / e tdr=1—¢e'.
0

23



4.2. SEQUENCES AND SERIES OF FUNCTIONS Dr. Bendib El Ouahma

4.2.2 Series of functions

Definition 4.10. (Series of functions)
Let f, : 1 CR — R. Let {f}, be a sequence of real-valued functions defined on a subset I.

The series

+o0
n=0
1s called series of functions.

Definition 4.11. (Pointwise convergence )
Let f,, : I C R — R. The series Y fn(x) converges pointwise on I if the sequence of partial

sums {Sn(x)} converges pointwise on 1.

Definition 4.12. (Absolute convergence )
Let f, : I CR — R. The series Y fn(x) absolutely convergent on I if the series Y | fn(x)|

converges pointwise on 1.
Definition 4.13. (Domain of convergence)
o We say that the series Y fn(x) convergence on xo, if > fn(xo) is convergent.
o The series Y f, converges pointwise to f on (a,b) if > f, converges for all x € (a,b).

o The domain of convergence of the series Y. f, is defined by
D= {:U € (a,b): > fn con’ue’r‘ges}.

Example 4.16. Find the domain of convergence of the series >.,1° fu(x), where fo(z) = £

Solution:

We note that | f,(x)| =

z™
n

< Jx|™

. . L
For x €] — 1,1, the series 321 |z|" is convergent, then 312 %= is convergent.

n=1
+oo (=1
n

For x = —1, the series > %

is an alternating series which is convergent.

For x = 1, the series 329 % is an harmonic series which is divergent.

For |z| > 0, we have lim %~ = oo, then Y125 - is divergent for |x| > 0.
n—+oo " - n

+oo 1

Then, the domain of convergence of the series 272 ~ is D = [—1,1].

Definition 4.14. (Uniform convergence)

Let f, : I C R — R. Let {f.} be a sequence of real-valued functions defined on a subset
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I of R. We say that a series of functions Yo" fn(x) converges uniformly on I if for each

x € I, the sequence of partial sums {S,(x)} converges uniformly on I, where S,(z) =

fo(@) + fi(x) + faz) + - + fulz) = Xhoo fr(7).

Definition 4.15. (Normal convergence)
Let f, : I € R — R. The series Y fn(x) is called normally convergent if the series

5 ([ fu(@)ll., is convergent, where || (@), = supye |fula)]..-
Remark 4.4. The relationship between the different kind of convergence.
o Normal convergence = Uniform convergence.
e Normal convergence = Absolute convergence.
o Absolute convergence = Pointwise convergence.
o Uniform convergence = Pointwise convergence.

Example 4.17. Consider the following series Y729 -+, x € R.

n=1 n2+12 )
We have 1

n2+z2

< # and Z# is convergent. Then, the series > ﬁﬂa converges nor-

mally on R.

4.3 Power series

Definition 4.16. A power series (centered at 0) is a series of the form
+oo
> a,a" = ag+ a1 + asr® + azz’ + - apat + o
n=0

where the {a,} is a sequence of real numbers and r € R.

Remark 4.5. The series
+oo
n
> an(z—¢)",
n=0
s a power series centered at c.

Definition 4.17. (Domain of convergence)

“+o00

Let the power series Y. %} a,x", we define his domain of convergence by

+oo
D = {x € R such that Z anx" con'uerges} .
n=0
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Example 4.18. Consider 325 45

Using d’Alembert rule, we obtain

n+1

n+1 ’— lim |(

n—-+o0o

fn+1 (x) _

lim £ () | = n_}ﬂ@’

n—-+00

= [z].

1)
T
n+1
If |x| < 1, the series is absolutely convergent, and if |x| > 1 is divergent.

If || = 1, we have |f,(z)| = |— = L which is a Riemann series convergent.

Therefore the series S5 % is absolutely convergent. Then the domain of convergence is

n=1
D=[-11].

Theorem 4.11. (Abel’s Theorem)

Let 3~ a,x™ a power series. Suppose that for all zo € R the sequence (a,xy), bounded.
o The series Y a,a™ is absolutely convergent for |x| < |zo|.

n

o The series Y a,z™ is normally convergent for |x| < r, where 0 < r < |xo|.

4.3.1 Radius of convergence

Theorem 4.12. Let Y a,z" be a power series, There is an 0 < R < oo such that
o Y a,x™ is absolutely convergent in | — R, R|.
o Y ayx™ is divergent if |x| > R.

Definition 4.18. The number R = sup{r € RT : > a,a2™ converges} € R* U {+oo} is
called the radius of convergence of the series Y. a,x™

n

Remark 4.6. The radius of convergence of the series > a,x™ is characterized by

1. If || < R =Y a,a™ is absolutely convergent.
2. If |x] > R =Y a,a™ is divergent.
3. If |x| = R, nothing can be concluded.

4. If |[x] <7r < R(r > 0) = Y a,z™ is normally convergent .

Theorem 4.13. (Hadamard’s theorem )

The radius of convergence R of the power series Y a,x™ is given by
1 a
. +1 .
— = lim |-/~ | = lim {/|ay,|.
R n—=+oo| a, n——+o00
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Example 4.19. We will compute the radius of convergence of the following power series.

1. Let the series 37,5, (’;j;!x". We have a,, = (372;;!7 so R can be determined by the ratio
test
1 . a1 (n+1)>""2 (2n)! (n+1) <n + 1)2”
— = lim = = lim
R n—+too | @y, n—+too | (2n +2)! n?n n—too |2(2n+1) \ n
1 1 22 2
N UL (1+) _
n—+oo 2 (2n + 1) n 4

Then, the radius of convergence is R = ;%

. +oo z™
2. Consider 3% 5 .
1

We have a, = 5,

SO

3=
—_

Y e S (1> -

Therefore the radius of convergence is R = 2.

+oo z™

In this case, the series 3°° 55 converges absolutely for for every real number x such

that |x| < 2, and diverges for |x| > 2.

4.3.2 Properties of power series
o Differentiation

Property 4.2. Suppose that the power series . a,z™ has radius of convergence R.
Let f(x) = 32 a,z™ be a function defined on| — R, R]. Then f is differentiable and

fi(x) =X naa™".

Remark 4.7. The power series and the differentiated power series have the same

radius of convergence.

Example 4.20. Consider f(z) = Y1 #x” has a radius of convergence R = 1

wich is defined and continuous on | — 1,1[. For all x €] — 1, 1] we have

Fa) =y et oYty - Y =
n=1 n n=1 n=0 z+1
Then, for all x €] — 1,1] we have f(x) = f(0) + [y ﬁltdt = —In(1 + ).
Therefore Vax €] — 1,1], 49 %x” =In(1+2).
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e Integration

Property 4.3. Let Y a,z" be a power series has a radius of convergence R, and let

[ —1,1[— R defined by f(z) = 320 apx™. Then for all [0,z] C] — 1, 1] we have

/ > antdt = Zan / t"dt = "t
0 n=o

+1

The function f :] —1,1[— R defined by F(x) = 3125 ;252" has a radius of conver-

gence R, which is primitive of f , and F'(z) = f(z), Va €] — R, R].

4.3.3 Power series expansion

Definition 4.19. Let f be a real function. We say that f is a power series expansion at xg,
if there exist a sequence a, and R > 0 such that
+00
f(x) =" an(z — 20)", z €lzg— R,x0+ R|.
n=0
Example 4.21. Let f defined on] —1,1[ by f(z) =

-z’
The power series expansion of f on]| — 1,1[ is: S0 2"

4.3.4 Taylor’s series

Definition 4.20. Suppose that f € C™ (infinitely differentiable) on a neighborhood of 0,
then we can define its Taylor coefficients a,, = %(!0) at 0 for every n € N, and the Taylor
series of f :] — R, R[— R is given by > £ O)x .

Proposition 4.6. Let f ] — R, R[— R a C* function on a neighborhood of 0. If there
exist M > 0 such that Vn € N and Vx €] — R, R[, we have |f"(z)| < M. Then, the Taylor
series >0 fn( g of f is pointwise convergent on | — R, R[ and

f(z) = 4-2020 mx", Vr el — R, R|.

|
n=0 n:

Example 4.22. Consider f(z) =In (Hx)

xT

We will develop the function on power series. So, we have
f(z)=1In (1”) In(l14+2z)—1In(2—2).
In(l+z)=3% CU n , Ry =1.

n=1 n
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4.4. FOURIER SERIES Dr. Bendib El Ouahma

m@2-2) =m(2(1-%)) =m2+Il(1-%) and n(1-%) = =551 (2)", then
m(2—2)=mn2-y/51 (%)n, and Ry = 2. Therefore

f(w)=1n<;+x)=§:o( y 12++Z°°1()

-z n=1

Then, the power series expansion of f is

f( :_1n2+z n+1 1 :|‘,En7

and his radius of convergence is Ry = min (Ry, Ry) = min (1,2) = 1.

4.4 Fourier series

Definition 4.21. (Periodic function)
A function f(z) is said to be a periodic function of period T if there exists a positive real

number T such that f(x +T) = f(z) for all x € R.
Example 4.23. 1. cosf = cos (0 + 2m), T = 2.

2. sinwf = sin (wh + 2m), T = \%\

Definition 4.22. (Trigonometric polynomial)

A trigonometric polynomial of period T > 0 is an expression of the form.:

I 2 2
% + Z @y, COS (;nt) + by, cos ( %nt) ,

n=1

where t € R and a,,b, € C. Such a polynomial is said to be of degree n if either of the

coefficients a,, or b, is different from 0.

Definition 4.23. (Fourier series)
Let f : [-L,L] — R be a 2L—periodic function [f(x + 2L) = f(x)]. The Fourier series of
f(x) is of the form

SE(f)(x) = % +§ (an cos (71296) + b, sin (nzx)) ,
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where

w =1/,
1 L

a, = — cos(mm>d93 n=123---,
L
1

b, = 7/ sm<mm;>dx n=12,3,---

Definition 4.24. (Fourier series of 2mr—periodic function )

Let f be a 2m—periodic function. The Fourier series of f(x) is of the form

+o0o
204 > (ay cos (nz) + by sin (nx)),

SF(f)(e) =5

n=1

where

ag = i/ﬂ f(x)dx

1

ap = /f )cos (nx)dr, n=1,2,3,-
T
1

by, /f sin (nz)dr, n=1,2,3---
0

Example 4.24. Find the Fourier series of f(x) = 4_2“2 on [—2,2].
Solution:

f is a 4—periodic function. The Fourier series is defined by

SFE(f)(x —i—Z(ancos( 5 )—l—b sm(n;m)),

where
24— o? 8
= de = = 4.1
@ = [ —Sdr= (41)
24— o2 —1)nt1
a, = T cos <n7r:1:> dx = &, n>1, (4.2)
o 2 2 m2n?
b, = 0 (4.3)
Then, )
_]_ n+
SF(f)(x) = 7r2 Z ) cos <n72rx> , Vo e[-2,2].

Definition 4.25. (Fourier Cosine series)
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The coefficients of the Fourier cosine series of f : [0, L] — R is given by the coefficients of

the full Fourier series of the even extension of f:

9 L
agy = Z/ f(z)dz,
a, = T / ) cos <n7m:> dx,

b, = 0.

Definition 4.26. (Fourier Sine series)
The coefficients of the Fourier sine series of f : [0, L] — R is given by the coefficients of

the full Fourier series of the odd extension of f:

apg =
b, = L/ sm< x)da:.

Example 4.25. Decompose f(x) = x into its Fourier series on the interval [—1,1].
Solution.
We find the Fourier coefficients

ay: Since f(x) = x is odd, the a, coefficients are zero.

2(=1"

by = [}, xsin (nm2) = — —

The corresponding Fourier series of f(z)=x is given by

’I’L

sin (n7zx) .

o
SC—Z() sin (nmx) 221
n—

n=1
4.4.1 Convergence of Fourier series

4.4.2 Dirichlet’s theorem

Theorem 4.14. (Dirichlet)
Let f € R be a 2L—periodic function and xo € R such that:

o Lateral limits f(xzg), f(zd) exist and are real.

o Lateral derivatives f (xg), f (zf) exist and are real.
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Then, the Fourier series of f converges to Sf(xo) = f(xo) if f is continuous at xy , and it

converges to

SF(o) = 5 [7(a) + 7)),
if f is discontinuous at xg.
Example 4.26. Let f(t) =z be a 2mr—periodic function on | — m, 7).
1. Find the Fourier series of f. Does the series converge?

Solution:

e We have
SF(f)(z) = % + 3 (ay cos (nx) + b, sin (nz)) .

n=1

f is an odd function, so ay = a, =0, and

2 —1)"
b, = —/ zsin(nzx)dr = —2( ) :
7 Jo n
Then,
2 (-1 sin(nx
() =2y, U omne)
n=1 n
o The function f is not continuous over | —m,m| because f(m) = 7 but lim f(z) = —m.
T—>—T

Therefore, there is a discontinuity at x = +mn. Then, Dirichlet’s theorem affirms that
the series will converge to x over | —m, x|, and it will converge to § [f(z™) + f(z7)] at

Tr = *m.

4.5 Supplementary exercises

Exercise 01.

Study the nature of the following series

+oo _3n
Loyfes e

2. Y51 (—1)" cost.

2" 4n3
3. ¥ Ztny,

Exercise 02. (Cauchy criterion, D’Alembert rule and alternating series)

Study the nature of the following series
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2

1 Z n?—5n+1 n
: n2—4n+2
(3n)!In!54m

2. X (4n—1)1327237 -

3. 3 (=1)" e,

Exercise 03.

Study the pointwise and uniform convergence of the following sequence functions on [/

L fulz) =5, I =10,1] and I = [1,

2 fn( )_ 1+n2x27 I:R

Exercise 04.

« Prove that 3,,~; <) ig normally convergent.

n21 n(n+1)

o Study the pointwise, uniform, absolute and normal convergence of the following series

St Vnze "t r e RY

— Saerat (Ina)?, x € (0,1,

Exercise 05.

Compute the radius of convergence of the following power series.

L Y1 22n,/(2n)‘xn
2. Y51 (In(nl)) 2n

Exercise 06.

1. Develop the following functions on power series

o f(@) = g
e f(x) =In(x® — 5z +6).

o f(z) = [y cos(t?)dt.

2. Find the some of the following series:

2
+3n+2
o D1

2,..2n
o Dz nirtt
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3. Prove that: f01/2 (Zijg x”) dr =Y 1% m

Exercise 07.

Find the Fourier series of the following functions, and study its convergence:
1. f(z)=7—|z|, z €] — 7, 7.

2. f(x) =22 [0, 2n].
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Fourier transform

The Fourier transform is a useful tool for solving differential equations because it can refor-

mulate them as problems which are easier to solve.

5.1 Mathematical operator of Fourier transform

Definition 5.1. L'(R) is said to be a set of piecewise continuous functions f : R — R

such that [*2°|f(t)| dt exists.

Example 5.1. Let f : R — R defined by f(t) = 17z belongs to L'(R) because e e dt =

2 lim arctan(z) = 7.
T—+00

Definition 5.2. (Fourier transform)

Let f € LY(R). The Fourier transform F : R —s C of the function f(t) is defined as

TR (1) = F)= [ [0,

—00
where w € R.

Definition 5.3. (Specific cases)

o If f is an even function. The Fourier transform of f is defined as

+oo

TF(f) (1) = Fw) =2 [ f(t) cos (2mot) .
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o If f is an odd function. The Fourier transform of f is defined as

TF(f) (1) = Fw) = ~2 | " Ft) sin (2mwt) dt.

Example 5.2.
Let a > 0. Calculate the Fourier transform of the function f(t) = e~
Solution:

For all z,y € R, we have Le@tW! = (x4 iy)e™ W) We conclude that

0 ) 400 ) e(a—iw)t t=0 e—(a—l—iw)t t—+00
F(CU) :/ eate—zwtdt+/ e—ate—zwtdt — [ . ] - [‘|
—c0 0 a—ww |, . a+w |,
So lim e @t@E — Jim e %Re=@R — (. Therefore ‘e*"“R‘ =1 and lim e *F =0 for
R—+00 R—+o00 R—+o00
a>0. lim e@ =0, Then
R——o00
1 1 2a
F(w) = + =

a+iw  a—iw a4+ w?

Definition 5.4. (Inverse Fourier transform)

Let f: C — R. The inverse Fourier transform is defined as

£(t) = TF Y (F) (w) = — /+mF(w)6_i”tdw.

T 2w

5.2 Fourier transform table

We will present the Fourier transform table of some usual functions
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() TE(f) (t) = F(w) Conditions
f(=t) 2 F(w)
Flat) LE(®) aeC
e Teall a>0
el ey a>0
e~ %u(t) —= a>0
f() wk(w)
() (iw)* F(w)
tf(t) i F (W)
t2f(t) s F(w)
F(5) ke 0 F (kw)
(f * 9)(t) Fw)G(w)

Example 5.3. Prove that: TF(e ") = \/Ee*“Q/(‘m), a>0.

a

Solution:

We have:

400 .
Fw) = / e~ e dt
. +oo 1 00 .
— : e—zwte—at2 + = e—zwt(_2at)6—at2 dt
—wWw —o0 W J—o0
2a > —iwt ; —at?
= —— e (—it)e " dt
W J—o0
2a _,
= —ZF ().
(W)

We obtain the differential equation with separated variables

dF 1 1 2
C) =——w=mhF(w) = —4—w2 + 0 = F(w) = ke @ /09,
a

—2aF (w) = wF
al' (w) = wF(w) = 7 5

We suppose k = F(0) = [12° e=i0te=a® gt — \/g Then

TR ) = \Fe—uﬂ/(zxa)
a
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5.3 Properties of Fourier transform

Let f(t),g(t) € L' (R), TF the Fourier transform and TF~!. The Fourier transform possesses

the following properties:

Linearity. For any number A and p (real or complex), we have

TEAf + pg)(t) = AF(w) + pG(w).

Linearity of T 'F.

T FINF + uG)(w) = Af () + ().

Differentiation in time.

TF (Cy) (t) = (iw)" F(w).

Integration. Let f be a continuous function. Suppose that RliI}_l f(t)dt = 0. Then
— 400

for w # 0,

Conjugation. Let f accepted a Fourier transform. Then f : ¢t — f(t) accepted a

Fourier transform and
Time shifting.
Modulation.

Parseval’s Theorem

Theorem 5.1. Let f(t) € L?, and F(w) the Fourier transform of f(t). Then we have

[ 1R = [ )P do

—0o0 — 00
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« Plancherel’s Theorem

Theorem 5.2. Let f,g € S be a tow functions, we have

[ ;OO Ft)g(t)dt = [ ;OO F(w)G(w)dw.

5.4 Solving differential equations using Fourier trans-

form

5.4.1 Second order differential equation

Solving differential equations was Fourier’s original motivation for Fourier series and the use
of the Fourier transform to this end has continued to exercise a strong influence on the theory

and the applications. We will consider the following second order differential equation :

azy” (t) +ary () + aoy (t) = f(1).

The solution procedure is presented below:

First, we take the Fourier transform of both sides

TF{f(t)} = F(w),
TF{y()} = Y(),
b= wY(w),
b= (W)Y (w),

we obtain

(a2 (iw)” + ariw + ag) Y (w) = F(w),
= Y(w) = (a2 (iw)® + ayiw + ao)il F(w).

-1
Let G(w) = (a2 (iw)”® + ayiw + ao) , we then have a product of two Fourier transforms

Y(w) = G(w) x F(w).
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The inverse transform is
TF(Y)(w) = TF (G * F)(w) = y(t) = g(t) * f(1).
Example 5.4. Solve by the Fourier transform the following equation
— () +yt) =", teR.

Solution:

Apply Fourier transform on every term in the differential equation, we obtain

TF{—y"(t) +y(t)} = TF{c"”
+

— (i)"Y () + Y (w

(
Y (w)
(W +1)Y(w) = TF{e™
Y (w)

(w
Then, the solution is

5.5 Supplementary exercises
Exercise 01.
1. Let a > 0, and f a function defined on R by f(t) = e,

o Compute the Fourier transform of f.

o With a particular value of a, deduct the value of the integral

+oo t
/ cos(w )dw.
o 14w?

sin(aw)
w

a > 0.

2. Compute the Fourier transform of f(t) =

3. Find the Fourier transform of f(t) = te™**, a > 0.

70



5.5. SUPPLEMENTARY EXERCISES Dr

. Bendib El Ouahma

Exercise 02.

Prove the following Fourier transform

. TF{ L }:le—law\,aeR.

a?+t2 |al
2 2
. TF{e—a|t |} _ \/ge—fra,

1 ifft[ <L Lt
o If f(t) = , we have TF{f} =27,
0 ifl|t|>L

Exercise 03.

Solve the following differential equations
« Yy 2y () Fylt) =t

o —5y (&) +ylt) = f(t), w R
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Laplace transform

The Laplace transform is used in engineering and physics to simplify the computations
needed to solve some problems. In this chapter, we’ll use Laplace transform to solve differ-

ential equations.

6.1 Mathematical operator of Laplace transform

Definition 6.1. (Laplace transform)
Let f :[0,400[— R be a function defined fort > 0. The Laplace transform of the function
f(t) is defined as

2= [ e = F(s)
where s € R.

Example 6.1. Let’s calculate the Laplace transform of the function f(t) =

Ly = 2{r) = / =St dt
+o0
— |: i 2 _—st +/ —stdt
_ 1 2 —st] { —st] oo - oo z —st _ 3
= { S 82756 . /0 826 dt = =

6.1.1 Table of Laplace transform

Here, we will present the Laplace transform table of some usual functions.
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f(t) Z{ft)} = F(s) Conditions
1 % s>0
13 S% s> 0
t" 57?+!1 s>0
ekt p—r s>k
sin (kt) SQJFLICQ s>0
cos (kt) Pl s>0
sinh (kt) ey s> |kl
cosh (kt) == s > |k|

Example 6.2. Calculate the Laplace transform of f(t) = sin (3t).

Using the table of Laplace transform, we obtain: £ {f(t)} =

6.2 Laplace transform properties

_3
5249

In the following section, we will present a few important properties of the Laplace transform.

o Linearity. Let f and ¢ two functions for which the Laplace transform is defined, for

any constants «, 8 € R we have

LA{af(t)+Bgt)} = aZ {f(1)} + 5L {g(t)} -

proof.

Z {af(t) + Bg(t)}

= [T e ar + g

- a /0 T gt f(t)dt + Be /0 - g(t)dt
= aZ{f)}+ZL{g(t)}.

Example 6.3. Find Laplace transform of the function: f(t) = 2cos(t) — 5t3.

Solution.

Z {2 cos(t) — 5t3} = 2% {cos(t)} — 5% {t3}

2s

241

30

st
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o Scaling. If Z{f(t)} = F (s), then for any a > 0 we have £ {f(at)} = éF( )

Proof. We have .Z {f(at)} = [;F® e~*! f(at)dt. Using the change of variables at = u,

we obtain

u u

2y = [ etwa(t),

a

_ ! /Om e f(u)du

a
_1p (8>
a \a
Example 6.4. Perform the Laplace transform of the function: f(t) = sin (3t).

Solution. From the table of Laplace transform, we have £ {sin (t)} = ﬁ Then

) 1 S 1 1 3
L s (30)} = 3F <3> - §(§)2 Ly Y
3

« Shifting property.
1. If Z{f(t)} = F(s), then for any a € R, we have .Z {e®f(t)} = F (s — a).
Proof.
+00 +oo
2{ef)} = / ette=Stf (1) dt = / e~G-f(1)dt = F(s — a).
0 0
Example 6.5. Find & {e*t3}.
Solution. We have £ {t*} = 5§ = F (s), then

6
(5—1-4)4.

LM = F(s+4) =

2. Let Z{f(t)} = F(s). If for any a > 0,

0 t<a.

Then, £ {g(t)} = e **F(s).

 Differentiation. If f(¢) is continuous, and .Z {f(t)} = F(s). Then

(1)} = sF(s)— £ (0%).
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A recurrence relation for Laplace transform of higher order (n) derivatives of function

f(t) may be expressed as:
{0 = F(s) — 5 07) = 2 (07) - fU(0"),
« Laplace integral. If £ {f(t)}, then

.i”{/otf(a:)dx} = Fis)

Example 6.6. Let calculate & {fot e_&”dx}.
We have £ {e7 %} = F(s) = S0

=g

t F(s) 1 1 1
0 ¢ o S ss+6 s2+4+6s

 t-multiplication . If £ {f(t)}, then

Z{t"f)} = (=1)

o t-division. If Z{f(t)}, then

bz {ff)} - /:m Fu)du.

Example 6.7. Prove that [ = sin) g =

g.
Solution.

From the definition of the Laplace transform, we have £ {Sm } o et sin®) it

In the other side, we have £ {Sm(t } JF%° Zhqdu = arctan (u )roo = 7 —arctan (s).

From this equality, we get

/+oo efst sin (t)
0

dt = = — arctan (s).
t 2

Then, for s =0, we obtain

/+oo sin(t)
0

v
t 2
o Inverse Laplace transform
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6.3

6.3.1

1. Definition. Let F'(s) be the Laplace transform of the function f(t). The inverse

Laplace transform defined by:

LHF(s)} = f(1).

Example 6.8. Find the inverse Laplace transform of the following functions:

1 S
F(S): 5 F(S):m

£ 3] =
(b) £ {5214} = cos(2t).

2. Property.

— Linear. £ '{aF + 3G} = a L' {F} + L {G}.

— If f(t) = £ " {F(s)}, then for any a > 0, we have £~ {F(as)} = 1 f (z)
— If f(t) = L7 {F(s)}, then L {F(s+a)} = e % f(t).

— If f(t) = L1 {F(s)}, then ! {F’(S)} — —tf(1).

— If f(t) = £ {F(s)}, then 21 { [ F(u)du} = £

Solving differential equations using Laplace trans-

form

Second order differential equation

Laplace transform method is found to be effective in solving differential equations. Let the

following second order differential equation with the given conditions:

asy” (1) + ary (1) +agy (t) = (1), y(0) = o, y (0) = 5.

The solution procedure is presented below:
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o Apply Laplace transform on every term in the differential equation, we obtain

LB} = F(s),
2{yt)} = Y(s),

2{y )} = s¥(s)—y(0),
2{y'()} = $Y(s)—sy(0) =y (0).

o After apply the given values of the given conditions, we can obtain the expression:

F(s) = (s)

(azs? + ays + ag)’

(a28” + ays + ag) Y(s) + ¢ (s) = F(s) = Y (s) =

where ¢ (s) = —[(s+1)a+ 3.

o To find the solution of the differential equation we use the inverse Laplace transform

of Y(s), ie. y(t) = L1 (Y(s)).
Example 6.9. Solve the following differential equation with given conditions:
y =2 +y=tef,  y(0)=1, y(0)=0.

Solution.

Apply Laplace transform to every term in the differential equation, we obtain

f{y”—2y/+y} = .Z{tet}
{22 {yt+ 2y = 2{'}.

Apply the given conditions, we get

(=Y () = 8910) = (0)) =2(¥ () = O) + V() =
) B 1

(s*Y(s) = 5) = 2(sY(s) = 1) + Y(s) = P

(52—25+1)Y(3):—s—|—2 = (S_ll)Q
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Then, we obtain the expression:

1 [ 1
(s—1)* (s —1)
1 B 1 n 1
(5—1)4 (5—1)2 (s—1)

2+3—2},

The solution of this differential equation will be obtained by the inverse Laplace transform of

Y (s). So, the inversion of Y (s) in the above form is:

R (e R (e Rl (=i

The solution of the differential equation is obtained by:

y(t) :et[tg—t—l—l}.

6.4 Supplementary exercises

Exercise 01.

Find the Laplace transforms of the following functions:
1L fit)y=t*+t—e
2. f)y=(F+t+1)e ™.
3. f(t) = (cos(2t) —sin(t)) e .

Exercise 02.

Evaluate the following inverse Laplace transforms:

1. ¢! {(i}

s+3)(s+4)

2. {21

(s+5)

3. 2125 - %)

s+2

Exercise 03.
Use the Laplace transform method to solve the following differential equations with given

conditions:
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Loy +2y +2y=0, y(0)=1, y'(0)=1.
2.y +5y +4y=e? y(0)=1, y(0)=0.
3.y —4y=3e"t—12 y(0)=0, y(0)=1.

4.y +2y +5y=e'sin(t), y(0) =0, y'(0) =1
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