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Abstract

In this thesis, we study the existence, uniqueness and the stability of the solutions of
certain evolution problems where the dissipation is induced by the presence of delay. In
this regard, under some adequate assumptions, we examine three problems and arrive
at an exponential decay result. The first problem is concerned with the thermoelastic
system of swelling porous-elastic soils with a second sound and delay term, the second
one is related to the Von kdrmén beam with delay time and microtemperature effect,
while the last one is about the thermoelastic Bresse system with distributed neutral delay

and a second sound.
Using the semigroups theory, we establish the existence and uniqueness of solutions

of our problems. Then, we show its exponential stability by the energy method, which

depends on the construction of a suitable Lyapunov functional.
Keywords: Evolution problems, swelling porous system, Von kdrmén system, Bresse

system, delay term, semigroups theory, Lyapunov functional, exponential stability.



Résumé

Dans cette thése, nous étudions I’existence, I'unicité et la stabilité des solutions de certains
problemes d’évolution ou la dissipation est induite par la présence d’un retard. A cet
égard, sous certaines hypothéses adéquates, nous examinons trois problémes et arrivons
a un résultat de décroissance exponentielle. Le premier probléeme concerne le systeme
thermoélastique des sols poreux-élastiques gonflants avec un second son et un terme de
retard, le deuxiéme est lié a la poutre de Von Kdrmén avec un terme de retard et un effet
de microtempérature, tandis que le dernier concerne le systéme thermoélastique de Bresse
avec un retard neutre distribué et un second son.

En utilisant la théorie des semi-groupes, nous établissons ’existence et 1'unicité des
solutions de nos problémes. Ensuite, nous montrons sa stabilité exponentielle par la
méthode de I’énergie, qui dépend de la construction d’une fonctionnelle de Lyapunov
appropriée.

Mots-clés: Problémes d’évolution, systéme de poreux gonflé, systéme de Von kdrmén,
systéme de Bresse, terme de retard, théorie des semigroupes, fonctionnelle de Lyapunov,

stabilité exponentielle.
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Introduction

Partial differential equations (PDEs) which typically rely on time (evolution problems)
can be used to model many physics problems as swelling of soils, vibratory movements,
etc. Whereas many works in recent years have interestes on the study of the existence
and stability of development problems. In this thesis we were focused on the study of the
well-posedness and the stabilization of some evolution problems.

The goal of stabilization is to reduce vibrations through feedback, as a result, it entails
ensuring that a dissipation mechanism ensures that the energy of the solutions decreases
toward 0 in a more or less gradual manner.

More specifically, the stabilization problem that interests us entails determining the
asymptotic behavior of the energy that we note as F(t) (it is the norm solution in the
state space), studying its limit, if this limit is null providing an estimate of the rate
decrease to zero. It is possible to study different types of stabilization, we mention among
them:

» Strong stabilization:

E(t) — 0, as t — oc.

» Exponential (uniform) stabilization (where we are interested in the fastest decrease
of the energy):

E(t) <ce™® Vt>0, (¢,0 >0).

» Polynomial stabilization:

E(t)<ct™® Vt>0, (c,6 >0).
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To determine the system’s desired stability results, we use the multiplier technique
which mostly depends on the construction of an appropriate Lyapunov functional, where
in order to achieve the exponential decay, we should find that all energy terms are negative,
but as the energy is quadratic it will be difficult to use it that’s why we split the energy
and we obtain the Lyapunov functional L(t). Then, we prove the equivalence between
them L ~ E, we mean

CLE(t) < L(t) < CoE (1), Yt > 0. (1)

Where, C; and C are two positive constants. To prove the exponential stability, we

state and prove this main result

E(t) < ke ™™ ¥t >0,

where, kg and k; are two positive constants. Then, we show that L satisfies

L'(t)<aL(t) ,Vt>0, (2)

where, @ > 0. A simple integration of (2)) over (0, t) yields the desired exponential stability
result.

The asymptotically stable system may be almost destabilized under the effect of time
delay. As its effects appear in a wide range of processes both natural and manmade
including biology, chemistry, medicine, physics, economics, engineering, etc. (See [I]), as
a result the issue of good status and stability outcomes of delay systems is of practical
and theoretical importance to many physical systems.

We can take the phenomenon of lightning and thunder as an example about the time
delay, since they both occur at the same time but we hear lightning then we see the
thunder. Reforestation is another example in nature where a cut forest, after replanting,
will take at least 20 years before reaching any kind of maturity, it would be much longer
for certain species of trees as redwoods. Therefore, it is clear that time delays must be
included in any mathematical model of forest harvesting and regeneration. This is why
the most realistic model should include some of the system’s past history, where generally
Models incorporating past history include delay differential equations (DDEs), in which
the derivatives of some unknown functions at present time depend on the values of the
functions at previous times.

The control of partial differential equations with time delay effects has become an
active area of research see [21], 68, [69], where there are several types of delays. In this
thesis, we have focused on three of them, which are the constant delay, the distributed

delay and the neutral delay that occur in the second (upper) derivative. Many researchers
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have looked at the impact of the delay term on the asymptotic behavior of solutions, that
may lead to a wild-behaved system instead of a well one as Datko et al. [22] and Xu et
al. [67] whom demonstrated that the system uniformaly asymptotically stable in the lack
of delay may become unstable with an arbitrarily small delay.

In 2006 [58] Nicaise and Pignotti examined the wave equation with a delay term in the
boundary condition and considered the wave equation with a delayed velocity term and
mixed Dirichlet—-Neumann boundary condition in both cases, they demonstrated that the
energy is exponentially stable in the presence of delay (u, > 0), under the assumption
fy < fp. In contrast, in the opposite case (15 > ;) the solution is unstable. Then,
in 2008 (see [59]) they obtained an exponential stability result of the same system by

replacing the constant delay with a distributed delay.
Guesmia [33] in 2013, demonstrated that even in the presence of a small delay the

memory term’s unique dissipation is strong enough to exponentially stabilize the system
which is the second-order abstract linear equation with infinite memory as a dissipation
and constant delay. Also in [42] Khochemane et al., motivated by Apalara [5] examined
the porous elastic system with past history and nonlinear damping term and showed the
general decay of the problem in both equations of the system for the case of equal wave
propagation speed.

On the other hand, concerning the asymptotic behavior with neutral delay Tatar in
2017 [66] considered a damped wave equation with neutral delay and he proved that the
solution decays exponentially under some conditions on the kernel of distributed neutral

delay.
The objective of this thesis is to investigate the well-posedness and the stabilization of

certain hyperbolic systems (evolution problems) where the dissipation is introduced by the
presence of time delays and arrive at an exponential decay result for the one-dimensional

case.

The swelling porous-elastic system

It is well-known that swelling of soils, wood, fiber drying, plants, paper and other issues
are problems in relation to the theory of porous media. Several recent articles, such as
Payne et al. and various references therein have introduced continuum theories for fluids
entering elastic porous surfaces. In 1994 Eringen [24] proposed his theory in which it is
imposed using the second law of thermodynamics a continuous theory for viscous fluids,
elastic materials and gases. By underlining the balancing criteria for each component of
the combination, he was able to find the field equations for a heat-conducting mixture,
check [0] for further information about a complete history of the general theory of mixes
and an evaluation of its current state.

Heaving may occur if the soil pressure is greater than the main structure [46], where,

Contents
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the ability of soil to inflate due to capillary action induced by absorption of subsurface
water or shrink due to dryness caused by changes in the weather is proportional to its
initial dry density. As shown in figure 1

figurel: Swelling and shrinkage of soil

It is important to note that swelling soils contain clay minerals that attract and absorb
water potentially increasing pressure (see [35]), which can lead to major engineering issues
like cracking of buried pipes and buckling of pavements, particularly when it exceeds
10% in most expansive clays. To clarify this, we show this figure that represents, the
phenomenon of swelling and expasion of the soil when they absorb water
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Figure2: the soil swelling process

So to deal with this problem, it is necessary to evaluate the potential of swelling and
then propose several techniques to avoid such damage, such as the use of strong enough

structures, for more information about swelling soil the reader is directed to [3§].
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Karalis [39], looked at the asymptotic behavior of swelling (also known as expansive)
soils which had previously been investigated using porous media theory, for more detail
about the relation between the elasticity theory and the porous media theory we cite the
works of Cowin, S. C. and Nunziato, J. W. [20] in 1983 and Cowin, S. C. [I9] in 1985.

The original field equations for theory of swelling porous elastic soils is given mathem-

atically by the following two basic evolution equations (see [48]):

pr1py = Pz — G1+ Hy, (3)

The functions (P;, P,) represent the partial tensions, (G, G2) the internal body forces
and (H;, Hs) the external forces, the constituents ¢ and 1) represent the displacement of
the fluid and the elastic solid material respectively. The duo positive constant coefficients

p, and p, are the densitie of each constituent, where the partial tensions (P;, P») are given

by
(3)-+(2)
P2 pr

. .- . . ap Gz .
where M is the positive definite matrix ) , i.e., a3 < ajaz.
a2 as

Quintanilla [62] investigated (3|) by taking

G =Gy = 5(215 - Ut); Hy = agzzqr, Hy =0,

where ¢ is a positive coefficient, with initial and homogeneous Dirichlet boundary

conditions and obtained an exponential stability result.
The physical dilemma of the infinite speed of heat propagation is predicted by the

model using the classic Fourier’s law of heat conduction (which states that the heat
flux is proportional to the temperature gradient). To put it another way, any thermal
disruption in one part of the body has an immediate influence on the rest of the body.
Non-classical theories devoid of this flaw have been developed over the previous three
decades, these new theories employ modified versions of the classical Fourier’s law of heat
conduction, resulting in hyperbolic-type heat transport equations that accept finite speeds
for thermal signals. Heat transmission is considered as a wave phenomena rather than a
diffusion process, according to these ideas. Second sound refers to a wave like thermal

disturbance where the first sound being the ordinary sound and nonclassical theories that
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anticipate the existence of such disturbances are known as theories with finite wave speeds

or theories with second sound. This theory proposes replacing the classic Fourier’s law

ﬂq—i_91207

by a modified law of heat conduction called Cattaneo’s law

Yq: + Bq + 0, = 0.

As a result, instead of the typical diffusion, heat is transmitted by a wave propagation
process, resolving the physical dilemma of infinite heat propagation speed, for more on
Cattaneo’s law and thermoelasticity with second sound see [54], 4] and the references

therein.

The Von kirmdan beam system

The phenomenon of vibrations arises basically in all mechanical structures in the field
of engineering. However, certain types of these vibrations are undesired because they
have a negative effect on these structures, as they can cause fractures or even destroy
them, furthermore they may pose a threat to the user himself. The external environment,
atmosphere and water as well as a shock with other structures they are all sources of

dynamic excitations that causes these vibrations.
Many constructions in various sectors of engineering are made up of one or more beams.

Depending on the nature and type of vibrations, these beams have varied models. In con-
trast to other base models (such as the Timoshenko model or the Euler-Bernoulli), the
Von kidrmén model is more suitable because it considers both transverse and longitudinal
displacements when vibrating a narrow body with a significant deflection. As a result,
numerous strategies are employed to eliminate or reduce the consequences of these vibra-
tions, such as the Von kdrman beam stability problem which has attracted the interest of
many researchers, with a substantial range of literature addressing the issues of existence,
uniqueness and asymptotic behavior in time when damping effects are taken into account,
as well as other relevant aspects (see refs. [12, [47] and the references therein for more
information).

The controllability and stabilization of the Von kdrmén system were investigated by
Horn and Lasiecka in 1995 (see [37]). In 1990, Lagnese [44] investigated a one-dimensional
Von kdrméan beam with internal damping using nonlinear boundary feedback, they were
able to achieve model uniform stabilization. Furthermore, in 1998 Benabdallah and Teniou
stabilized the system by linking it to two heat equations: one for the longitudinal com-
ponent and the other for the transversal component (see [§]), in this regard we refer also
to the work of Benabdallah and Lasiecka [7].

Contents
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Green and Naghdi suggested three models that allow heat to be transmitted in the
form of thermal waves at constrained speeds, this happens when the beam is at a low

temperature, the reader is directed to [29] 30].
Many articles have looked into the stabilization of systems using boundary damping

(often in conjunction to internal damping), see Favini et al. [27], Lagnese and Leugering

[45], Puel and Tucsnak [61] and the references therein.
In 2013, Djebabla and Tatar [23] achieved an exponential stabilization result of the one-

dimensional full von Kdarmén beam using the dissipative effect through heat conduction
acting on the longitudinal component and the frictional damping acting on the transversal

component of the beam.
The stability of the wave equation with delay has lately become a hot topic of re-

search, where several authors demonstrating that delays can destabilize a system that is

asymptotically stable without them (see [68, 59| for more details).
Various sorts of dissipative mechanisms were examined by numerous writers in order

to get stability results, temperature and microtemperature elements were included into
the theory by Lesan [47], and Lesan and Quintanilla [49], we can refer to some references
in this topic [61), 40]. Furthermore, in 2005 another work [I6] demonstrated that mixing

temperature and microtemperature cause exponential stability.
Most phenomena are naturally dependent on their current state as well as previous

events, which is why time delay occurs in many applications. Introducing distributed
delay, varying delay or constant delay has been a important research topic in (PDEs) for
decades and has gotten a lot of attention (see for example [36, 50} 43], 4T], [T1]). We recall
that the delay term became a source of instability when it was demonstrated that a slight
delay in a boundary control may change a well-behaved hyperbolic system into a wild

one, resulting in instability.

The thermoelastic Bresse system

In 1859, Bresse [14] developed the circular arc problem which consists of three wave
equations where the main variables ¢, 1 and w represent the vertical, longitudinal and

shear angle displacements respectively. The following is the structure of this system:

P10y = Qz +IN + 1,
Pty = My — Q + F, (4)
P1W = N:J: - ZQ +F37

where F;, 1 = 1, 2, 3 determine the external forces exerted on the object and the
coefficients IV, () and M are used to signify respectively the axial force, the shear force

and the bending moment, which defined as follows

Contents
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N = ko (w, —16), Q =k (b, +lw+v), M =by,

The following figure represent the displacement of a particle in the axis of the beam

due to deformation.

Then, in 2014 Soriano et al [65] considered ({]) when Fi = a (z) g1 (¢,), Fo = g2 (¢,),
F3 =~(x) g3 (wy) , where a, v € L (0, L) and the functions g1, go and g3 are continuous
and monotone, on the same topic Alabau Boussouira et al [3] demonstrated that the

system is exponentially stable when

ﬁ:%andk:ko, (5)

P2

other than that, the system’s exponential stability is lacking. Later, in [25] Fatori and
Monteiro developed the result.

The Bresse system reduces to the well-known Timoshenko system where the longit-
udinal displacement w is not considered (I = 0), on the other hand, the energy associated
with this system remains constant when the time ¢ evolves, because it is an undamped
system. That’s why, different types of dampings should be added to the equations or at
the limit, in order to stabilize this system that has been studied by many authors (see
[34, O, B3]).

In 2009 Liu and Rao [5I] considered the thermoelastic Bresse system which describes

the motion of a linear planar, shearable thermoelastic beam, under initial and specific
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boundary conditions, they showed that the system is exponentially stable in the case of
equal wave speeds . Otherwise, they proved that the energy of the system decays
polynomially.

Later, in 2010 Fatori and Mufioz Rivera [26] found the same result as Liu and Rao in

[51] when they considered the same system without #; and the last equation.

Many research has looked at the impact of the delay term on the asymptotic behavior
of solutions that lead to instability in systems that are uniformly stable in the absence of
delay (for more discussions see [21]).

There are other types of delays as the neutral delay where in 2020 [64] Seghour et al.
studied the thermoelastic laminated system with distributed delay of neutral type and
they proved the exponentially stable of the system in the case of equal wave speeds, other
than that with an additional assumption on the kernel they demonstrated a polynomial
stability.

Objective of the thesis

In this thesis, we examine three problems. The first problem is a one-dimensional swelling
porous-elastic system with second sound and internal delay term, in the case of equal wave
speeds, we establish the well-posedness and the stability results of the system via the
semigroup theory and the energy method respectively and we find that the combination
of the frictional damping and the impact of the heat flux is strong enough to cause an
exponential decay of the system even if the delay is a source of instability.

The second is a one-dimensional Von kdrmé&n beam with delay term coupled to a
microtemperature equation. Under suitable assumptions on the weight of delay and a
microtemperature effect we prove the existence and uniqueness of the solution by using
the semigroup theory, then we study the exponential stability by using the energy method.

The last problem is about a one-dimensional thermoelastic Bresse system, with distrib-
uted neutral delay and a second sound. We prove that the system stabilize exponentially
although the presence of the delay under suitable assumptions on the kernel of neutral
delay term.

This thesis follows the following structure.

Chapter 1:

In this chapter, we recall some preliminaries notions, theorems and results.

Chapter 2:

In this chapter, we study the well posedness and energy decay of swelling porous elastic

system with a second sound and delay term. We first give the well-posedness of the system

Contents
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by using the semigroup method. Then, we show that the system is exponentially stable

under the assumption of equal wave speeds by using the energy method.

Chapter 3:

Chapter 3 focused on studying the one-dimensional Von kirman beam with delay term
coupled to a microtemperature equation. In the beginning we examine the well posedness
of the system by using the semigroup method, then we prove that the solution of the
system decay to zero exponentially. It is divided into three sections: preliminaries, well

posedness of the problem and the result of stability of this system.

Chapter 4:

In this last chapter, we establish an energy decay of one-dimensional thermoelastic Bresse
system with distributed neutral delay and a second sound. We show that the system is
well-posed by using the Faedo-Galerkin method then we prove that the system is expo-

nentially stable by introducing a suitable Lyaponov functional.

Publications

[1] Abdelli Manel and Bouzettouta Lamine. "Energy decay of one-dimensional ther-
moelastic Bresse system with distributed neutral delay and a second sound." Studies in
Engineering and Exact Sciences 5.1 (2024): 2932-2956.
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Chapter 1

Preliminaries

In this chapter, we introduce some fundamental definitions, theorems and properties in

functional analysis to be used throughout this thesis.

1.1 Fondamental spaces

1.1.1 Hilbert spaces

Hilbert spaces arise naturally and frequently in mathematics and physics, typically as

function spaces.

Definition 1.1 [I5] Let H be a vectorial space. A scalar product (u,v) is a bilinear form
on H x H with values in R such that

—~

£
<

~—

VueH (positive),
Vu # 0 (de finite).

(u, u) >
(u, u) #

S

= (v, u) Yu,v € H (symmetry),
0
0

Let us keep in mind that a scalar product achieve the Cauchy—Schwarz inequality

|(u,v)| < (u,u)*(v,0)Y?  Vu,v e H.

Definition 1.2 [I5] A Hilbert space is a vector space ‘H provided with a scalar product
(u,v) such that ||u]| = \/(u,u) is the norm that allows H to be complete.

11



Chapter 1. Preliminaries 12

1.1.2 Sobolev Spaces

Sobolev spaces are particularly functional spaces in mathematical analysis that can be
used to solve problems involving partial differential equations, it consists of the functions
of L* ().

We start with the Lebesgue spaces LP (2) .

The L? (Q2) spaces:

Definition 1.3 [I5] Let © be an open domain in R”, n € N and 1 < p < oo, we define
the standard Lebesgue space L* (2) as follows

LP(Q) = {f : Q — R; f is measurable and / |f (2)|P dx < oo}.
Q

If p = 0o, we obtain

L (Q) ={f:Q — R; fis measurable and there exists a constant C'
such that, |f(z)] < C a.ein Q}.

Notation 1.1 Spaces L? (Q) supplied with the following norms:

171, = (/Q|f<x>|pdx)’l’,

[flloe = nf{C, [f (2)] < C a.ein Q}.

and

Remark 1.1 for p = 2, L?(Q) is a Hilbert space equipped with the following inner
product

<f7g>L2(Q) Z/Qf(x)g(x) dzx.

The Sobolev spaces H™:
Definition 1.4 [I5] The Sobolev space H™ (2) (m € N) is defined as

H™(Q) = {u € L*(Q):D*u e L*(Q) forall o € N" with |a| € Zaj <m,

=1

where the derivatives D*u are taken in the weak sense} ,

that makes H™ (€2) a real Hilbert space with their usual scalar product

Uy V) gym oy = 0%ud“vdzx,
ey = X |

laf<m

1.1. Fondamental spaces
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with the norm

a 2
ullymy = | D (10%ull2)
|a|<m

Remark 1.2 This is how Hy" (2) is described

I

H?(Q):{UGH"Z(Q), u=u :...:u(m—”:omaﬂ}.

It is important to understand the difference between
Hg(Q):{UGHQ(Q), u:u,:()onaﬂ}.

and
H (Q)NH(Q) = {ueH* (), u=0o0n0Q}.

1.2 Some beneficial inequalities

In this part, we recall certain inequalities that will be used in the following chapters.

Theorem 1.1 [15] (Young’s Inequality) For all a,b € RT, we have

b2
b<ea®+ — 1.1
a,b < ea +4e’ (1.1)

where € is any positive constant.

Theorem 1.2 [15] (Poincaré’s inequality) Suppose Q) is a bounded interval. Then
there ezists a positive constant C' (depending on || < oco) such that

oy < ’ 1 5(9). 1.2
[ull3rq) < C Hu HL?(Q)7 for all u € Hy($2) (1.2)

Theorem 1.3 [15] (Héolder’s Inequality) Let 1 < p < oo, we denote by q the conjugate
of p i.e. % + % =1, assume that f € L? () and g € L9 () then, fg € L' () and

/Q Faldz < I£1L g, (1.3)

Lemma 1.1 [75] (Cauchy-Schwarz Inequality) Every inner product satisfies the
Cauchy-Schwarz inequality

(21, 9) <]} [ 2] - (1.4)

The equality sign holds if and only if x; and x5 are dependent.

1.2. Some beneficial inequalities
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Remark 1.3 The Cauchy-Schwarz inequality is a special case of the Holder inequality
in the case p =2, ¢ = 2.

Lemma 1.2 [28] There exists a positive constant ¢ such that the following inequality holds
for every (p,9,w) € [H}(0, L))

L L
/ (@2 + 12 + w?)de < c/ (092 + E(p, + ¥ + lw)? + ko(wx — 1p)?] da. (1.5)
0 0

1.3 Existence and uniqueness theorems

1.3.1 Semi-groups theorem

‘H denotes a Hilbert space, throughout this section.
The semi-groups is a theory used to establish the existence and uniqueness of solutions.

Typically, the first step in studying the solution’s well-posedness is to convert the evolution
system of partial differential equations into a Cauchy problem on a suitable Hilbert space

'H, also known as the energy space.

Where A is an unbounded operator on H. Then, in order to conclude the existence of
a solution in a specific Hilbert space, we demonstrate that A is the infinitesimal generator
of a Cy-semigroup of contractions {S (t)},., on H. So, to begin, we first introduce some

fundamental concepts about semigroups.

Definition 1.5 [I5] Let H be a Hilbert space with scalar product (.,.) and norm associ-
ated ||.|| and let A : D(A) C ‘H — H be an unbounded linear operator. We say that A is

monotone if

(Ag,¢) 20, Vo € D (A),

it is called maximal monotone if, as well
R(Zd+ A) ="H, ie.,
VfeH,3dp € D(A) such that ¢ + Ap = f.

Proposition 1.1 [15] Let A be a mazximal dissipative operator. Then D (A) is dense in
H.

1.3. Existence and uniqueness theorems
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Definition 1.6 [60] Let X be a Banach space. A one parameter family {S ()},., of
bounded linear operators defined from X into X is a strongly continuous semigroup of
bounded linear operators on X if:

e S (0) = I (I identity operator on X).

e S(t+s)=S5(t)S(s) for every t,s > 0.

e S(t)xr —z,ast — 0, Vx € X.

Such a semigroup is called a Ciy-semigroup.

Definition 1.7 [60] We call infinitesimal generator of the Cy-semigroup {S (t)},5, any
operator A defined on the set

t—0

D(A) = {x € X: limw exists} :

by
Az = limw, zeD(A.

t—0

Definition 1.8 A Cy-semigroup {S (t)},., on H is said to be of contractions if
I () cguze < 1.6 20

Now, we mention here Hille-Yosida Theorem: Lumer-Phillips form, which is a powerful
and fundamental tool linking energy dissipation properties of an unbounded operator
A : D(A) C H — H by the existence, uniqueness and regularity of the solutions of a
differential equation

Theorem 1.4 [75] (Hille-Yosida) Let A be a mazimal monotone operator. Then, given

any ¢, € D(A) there exists a unique function
¢ € C([0,00[, D (A)) N C [0, 00[, H),

satisfying
¢+ A(t)p =0 on [0,00],
{ ¢ (0) = .
Moreover,

d
6(0)] < 16nl, ¥t > 0 and |52 (5)] = |A6(0)] < |Ad,), ¥ > 0.

Theorem 1.5 [52] (Lumer-Phillips) Let A:D(A) C H — H a linear operator and
D (A) is dense in H. Then A is the infinitesimal generator of a Cy-semigroup of contrac-
tions if and only if

i) A is dissipative,

ii) There exists A > 0 such that Im(A — A) =H (A is mazimal).

1.3. Existence and uniqueness theorems
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1.3.2 Lax-Milgram theorem

Ordinary differential equations and linear partial differential equations can both be solved
using the Lax-Milgram theorem, which is a simple and effective method leading to a unique

solution to the weak formulation of the problem.

Theorem 1.6 [15] (Lax-Milgram theorem) Let a (-,-) be a bilinear form on a Hilbert

space H equipped with norm ||-||,, and the following properties:
i) a(-,-) is continuous, if

381 > 0 such that |a (u,v)| < By ||lullyy ||vlly, Yu,v € H.
ii) a(-,-) coercive (or H-elliptic), if
Ja > 0 such that a (v,v) > a|jv|f5,, Yv € H.
iii) L is a linear mapping on H (thus L is continuous), if
3By > 0 such that |L (v)| < By [jv|l,,, Yo € H.
Then there exists a unique u € 'H such that

a(u,v) =L (v), YveH.

1.3. Existence and uniqueness theorems
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Well-posedness and energy decay of swelling

porous elastic soils with a second sound and

delay term

2.1 Presentation of the problem

In the present chapter, we consider the swelling problem in porous elastic soils with an

internal delay term acting on the transverse displacement and a linear frictional damping,

where the heat flux is given by Cattaneo’s law, it has the form

(P10 — 1y — Aty + 1y apy(z,t—7) =0 in (0,1) x (0,00),
:02¢tt - a31/}xx — APy, + 5696 =0 in (07 1) X (Ov OO)?
pst: +qz + 0v,, =0 in (0,1) x (0,00),
vq: +Bq+60, =0 in (0,1) x (0,00),
¢ (2,0) =py (), ¢ (7,0) = ¢ (x), 0(2,0) =0 () =z €(0,1),

Y (,0) =g (x), ¥y (2,0) =9y (), ¢(2,0) =qo(z) z€(0,1),
L 0 (0,8) =9 (1,1) =, (0,8) =4, (1,¢) =6(0,¢) =0 (1,t) =0 in (0,00)

Here, the dependent variables ¢ = ¢ (z,t), ¥ = ¥ (z,t), 0 = 0 (z,t) and ¢ = ¢ (z,1)

represent the displacement of the fluid with density p,, elastic solid material with density

po, the difference temperature and the heat flux, respectively. The coefficients p;, p,,

ps, G1, G2, az, 3, 0, py, T are positive constants and ay € R* is satisfying the relation

a% < ajas, the term pu,¢, represents a frictional damping, p,p,(z,t — 7) represents the

time delay and 7 > 0 represents the respective retardation time, p, € R* is a real number

such that,

17
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Ho < Hy. (2:2)

Finally, ©,, ©1, ¥y, V1, 00 and qo are initial data and f; is history function belong to an

appropriate functional spaces.
This system (2.1 is a result of the two basic evolution equations for the theory of

swelling of one-dimensional porous elastic soils , where G7 = Gy =0,

Hy = —py0, — M290t(37at —7) and Hy = d0,,

with the second sound equations.

Our goal in this chapter is to study how the damping term and the time delay affect
the system’s ability to stabilize over time. We investigate the well-posedness result
via the semigroup method and the asymptotic behavior of the solution of in the case

of equal wave speeds

a a3

pr s
2.2 Well-posedness of the problem

In this section, we prove the existence and uniqueness of solutions for (2.5) using the
semigroup theory [60] by introducing the following new dependent variable to deal with
the delay feedback term, as in [59]

2(z, p,t) = oz, t —7p)in (0,1) x (0,1) x (0, 00), (2.3)

then, the above variable z satisfies

Tz(x, pt) + z,(x, p,t) =0in (0,1) x (0,1) x (0, 00). (2.4)

Therefore, the problem (2.1)) is equivalent to

2.2. Well-posedness of the problem
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( P1Pu — APy — a2¢xw + oy + N’QZ(I? 17t) =0 in (07 1) X (07 OO) )
p2¢tt - a3¢x:{: — 2P, + 5035 =0 in (07 1) X (O’ OO) )
p39t +qz + 6wta: =0 in (Oa 1) X (07 OO) )
g+ g+ 0, =0 in (0,1) x (0,00),
T2z, p,t) + 2,(z, p,t) =0 in (0,1) x (0,1) x (0,00),
¢($70)24P0 (:B)a Yt (ZB,O) =% (33), 0($70) = b (I) S (071)7
w(%o):%(m)» wt 3%0):%(35)7 q %O):%(ﬂ?) .1'6(0,1),
2 (0,8) = (1,1) =4, (0,£) = ¢, (1,£) = 0(0,£) = 0(1,£) =0 in (0,00),
| 2(%,p,0) = fo(z,—7p) in (0,1) x (0,1).
(2.5)
For any regular solution of (2.5 the energy F (t) defined by
1t a
B0 =3 [ {nettonitnt ool Cpt v @0
2 /o Vas
a2 1
+(CL1 - _2%03: + :u27_/ 22(1,’ P, t>dp} dz.
as 0
Now, we introduce the vector function
¢ = (807 u’ w? v? 97 q? Z)T Y
where,
U = Sota v = 77Dt7
then, the system (2.5)) can be written as,
9¢
— t)=0, t>0
g AN =0 1>0, 2.7)

¢ (0) = Cbo = (@07 ¢17¢07¢17007q07f0)T7

where, ¢ is the solution of (2.7)), ¢, is the initial condition and the operator A : D (A) C
‘H — 'H is the linear operator defined by

2.2. Well-posedness of the problem
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0 —I 0 0 0 0
SMge Mg _®p o
P1 P1 P1 P1
0 0 0 —1 0 0 0
)
2o B2 o 2o, 0 0
A= P2 P2 5 P2 .
0 0 0 —0, 0 —0, 0
P3 ] Pé
0 0 0 0 -0, =1 0
Y Y 1
0 0 0 0 0 0 =0,
T
where, I denotes the identity operator.
So,
—u
_ﬂgoa:ac - %w:m: + ﬂu + &Z(SC, 17t>
P1 P1 P1 P1
—v
a a o
== 2 1 2 5 2 )
p_QOc + ,O_Ux
3 3
1
1
_Zﬂ(Ia P t)

and H is the energy space given by

H = H}(0,1)x L2(0,1) x Hj (0,1) x L*(0,1) x L*(0,1) x L?(0,1) x L*((0,1) x (0,1)),

such that,

H!(0,1) = H"(0,1) N L2(0,1),
[2(0,1) = {weﬁ(o,n:/o w(x)dxzo},
H? (0,1) = {¢ € H*(0,1) : 9,(0) = 9,(1) = 0}.

2.2. Well-posedness of the problem
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- .. T
Let ¢ = (gp,u,w,v,e,q,z)T EH, o= (@,ﬂ,@b,f},@,cj, 2) € H, we equip the Hilbert
space ‘H with the inner product through

~ 1 ~ 2 pl 1
(6,3 = / (Ga b V) D + (01— ) / o Bade 1 py / wiids

\/a_z as
1 1 1 1 1
+ Py / vudx + p3/ 00dx + 7/ qqdx + MQT/ / z(x, p, t)Z(x, p, t)dpdz.
0 0 0 o Jo
(2.8)

The domain of A is given by,

peM: peH*(0,1)NH;(0,1), ¢ € HZ(0,1)NH} (0,1),
D(A) = u,0 € Hj (0,1), v,q € H!(0,1),
z,z,€ L*((0,1),(0,1)), 2 (z,0,t) =u
D (A) is dense in H.
We have now the following existence and uniqueness result.

Theorem 2.1 Let ¢, € H, then there exists a unique solution ¢ € C (R, H) of problem
(2.7). Moreover, if ¢o € D (A), then ¢ € C (R4, D (A)) N C* (R4, H).

Proof. To prove that the operator A generates a Cy-semigroup on H. First, we show
that A : D (A) — H is a maximal monotone operator. For any ¢ = (¢, u, 1, v,0,q,2)" €
D (A), we get

—u
a1 Ha
__Sprx_ ¢xm+_u+_z xalat
P1 P1 P1 ( ) ®
)
(Ao, ¢) = CIRNC I v
p_Q:c + —vy 0
3 3
1 q
éq + =0,
Y z
1
_Zp(x7p7 )
By using the inner product (2.8 @, we obtain
1 1
(Ao, ¢) = / u?dr + /3 2d:c + +u2/ uz(z,1,t)dx (2.9)

+uz// (z, p, t)2(z, p, t)dpdz.

2.2. Well-posedness of the problem
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For the last term of (2.9)), we have

[t 0ap= 3 [ 220 0a
Zp\T, P, 1)\ T, P, P =73 7 < T P P
o 2.Jo Op

then,

1
0

11
,uz/ / z,(x, p, t)z(x, p,t)dpdr = %/ [2%(z,1,t) — 2*(2,0,1)] da. (2.10)
o Jo

The use of Young’s inequality, gives

1 1 1
- u2/ u(z)z(z, 1, t)dr < % u? (x) dx + % 22(z,1,t)dz, (2.11)
0 0 0

substituting (2.11)) and (2.10)) into (2.9) and using the fact (2.3]), we obtain

1 1
(A, ¢)2 > 5/0 ¢dr + (pu, — ,MQ)/O u?dz.

From ([2.2), we conclude that (A¢, ¢), > 0, which implies that A is monotone.

Now, we prove that the operator I + A is surjective.

For any G = (g1, g2, g3, 9as G5, g6 97) . € H, we prove that there exists ¢ € D (A), such
that

(A+1)¢=G. (2.12)
That is,
(o —u=g,
(p1+ 1) U — a1, — A2y + p122(, 1, 1) = pygo,
Y —v=gs,
PaV — 3y, — A2, + 00, = pyga, (2.13)

P30 + @z + 6vy = p3gs,
(v+B8)q+ 0, = s,
TZ(Z‘, P, t) + Zp(x> P, t) =T47-

\

We note that the last equation in (2.13) with z(x,0,¢) = u has a unique solution

p
2(x, p,t) = e Pu+ Te_Tp/ e g7 (2, k) dk. (2.14)
0

From the sixth equation in (2.13)g, we deduce

0 =96 — (v + B) q, (2.15)

2.2. Well-posedness of the problem



Chapter 2. Well-posedness and energy decay of swelling porous elastic soils with
a second sound and delay term 23

0 :’Y/O godx — (7+/3)/0 qdz, (2.16)

then, 0 (0) = 6 (1) = 0. Inserting u = ¢ — ¢; and substituting (2.14)) into (2.13)2, we get

1
PLL—P1G1F 1 P41 §1— 1P — 2y F g€ O—[ig€ " G1+[ipTE / e g7 (x, k) dk = pygs,
0

then,

1
(p1 + 111+ p2e™") =1 =2ty = prgat(p1 + g1 + p12e™") G1—pipTe" / g7 (a, k) dk.
0
Now, by inserting v = ¢ — g3 and substituting (2.15)) into (2.13)4, we have

Path — Pags — a3, — A2, + 67gs — 6 (v + B) ¢ = paga,

S0,

pot) — agly — A2y, — 0 (Y + B) g = Py (94 + g3) — 6796-
In the same way, by substituting (2.16]) in (2.13))5, we obtain

x

—Qy + 0932 + p3 (7 + B) / qdz — 61, — pw/ g6dx = —p3gs,
0 0

then,
—Qe — 6%, + pg (v + 5)/ qdx = ps (7/ gedzr — 95) — 0932
0 0

Consequently, we get

01 Ppy — Qwaz + ny = h’l € L2<07 1)7
P2 — a3V 4y — AP, — 0 (v + B) q = hy € L7(0,1), (2.17)
—(e — 0, + p3 (Y4 B) [y qdx = hy € L*(0,1),

where,
p= g+ py A e,
S| -
hi = p1g2 + g1 — poTe fo gr (z, k) e™*dk,

(2.18)
ha = py (94 + 93) — 6796,
hs = —bg30 — ps (95 — 7 [ 96 () dy) -
To solve (2.17)) we consider this variational formulation
B((p.v.0). (2.0.4)) = F (2.9,4). (2.19)

2.2. Well-posedness of the problem
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where, B : [H} (0,1) x H} (0,1) x L2 (0, 1)]2 — R is the bilinear form
5 1 N 1 1 5
B(eta). (0:0.0)) = [ (0spet 00, )dotn [ opdntp, [ vids
0 0 0
1 1 1
var [Cepdntay [ vdde =664 0) [ aids
0 0 0

1 1
+(7+ﬁ)/0 qcida:+5(v+ﬁ)/0 Yidx

+p3(7+5)2/01 (/OIQ(y)dy/Oxd(y)dy) dz,

and, F': [Hg (0,1) x H!(0,1) x L?(0,1)] — R is the linear form

1 1 1 x
F(p.0u2) = [ hpdos [ haddss [T [ () dyde.
0 0 0 0
Now, for V' = Hj (0,1) x H! (0,1) x L?(0,1) equipped with the norm
10, s DIy = llpalls + 1115 + ez + 12115 + llalls

we can see that B and F' are bounded. Furthermore, using integration by parts, we obtain

1 1 1 1
B ((%w,q),(@,wﬁ»v =2a2/0 wmwxdm+u/0 soZd:sz/O w2d:c+a1/o prdx
2

1 1 1 x
vay [ ot (4 0) [ o p 0 | </ q<y>dy> dx

> c|l(p, 9, Q)7

thus B is coercive. On the other hand, using Cauchy-Schwarz and Poincare’s inequalities,

we obtain
B(e.v.0).(2.0.4)), <mle.v.aly | (20.4)], -
Similarly,
(i) < (p50),
Consequently, by Lax-Milgram theorem, system has a unique solution

p € Hy(0,1), ¢ € H(0,1), g € L7(0,1),

substituting ¢, and ¢ into 1, 3 and 6 respectively, we obtain
uw€ Hy(0,1),v€ H(0,1),0 € H}(0,1),

similarly, inserting u into and bearing in mind 7, we obtain

z,2, € L*((0,1),(0,1)).

2.2. Well-posedness of the problem
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Now, if (#,4) = (0,0) € Hj (0,1) x L2 (0,1), then, ([219) gives

as / ' aidotay / ddate, / i3 (14 5) / i / hadds, i € H1(0,1),
0 0 0 0 0 (2.20)
which implies,
pot) = g0, + 0 (v + ) g+ hy € L?(0,1), (2.21)
consequently, by the regularity theory for the linear elliptic equations, it follows that
Y€ H*(0,1)N H!(0,1).

Moreover, ([2.20) is also true for any ¢ € C* ([0,1]) C H} (0,1). Hence, we have

1 1
o2 / Péda + / (—aapss — 6 (v + B) g — ha) bdez =0,

for all » € C*(]0,1]). Thus, using integration by parts and bearing in mind (2.21)), we
obtain

v, (1) 6 (1) =, (0)¢(0) =0, Yo € C* ([0,1])
therefore, ¢, (0) =1, (1) = 0. So, we obtain

1Py = a2¢m¢ — pe + hl € L2 (07 1) s

—qx:ww—pg(wﬁ)/ gdz + hs € L2(0,1),
0

thus, we have
p € H*(0,1) N Hy (0,1), ¢ € H;(0,1).

Finally, by using the regularity theory to solve linear elliptic equations ensures the presence
of unique solution ¢ € D (A) such that (2.12)) is satisfied. Consequently, A is a maximal
operator. Hence, the result of Theorem follows from the Lumer-Phillips theorem. =

2.3 Stability results

In this section, we use the energy method to prove our stability result for the energy of

the solution of the system (2.5)). First, we state and prove the following lemma.

Lemma 2.1 Let (p,%,0,q,z) be the solution of and assume holds. Then, the
energy functional E (t), defined by (2.6) satisfies

1 1
E (t) < —ﬁ/ ¢ dz — mo/ ©idr, Vt>0, (2.22)
0 0

2.3. Stability results
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where mo = (1, — u2>

Proof. Multiplying (2.5)1, (2.5)2, ([2.5)3 and ([2.5)4 by ¢,, ¥, 0 and ¢ respectively, and
integrating over (0,1) and using integration by parts and the boundary conditions, we

obtain

p1 [y oupndr — ay [y @uporde — as [y Yppord + py [ gRda + py [ y2(z, 1, t)de =0,
Py Jy uthidr — as [} b, 0,dx — ay [ @, 0dx + 6 [ Osth,dr =0,

ps [2 0:0dx + [} q,0dx + 6 [ ,,0dx =0,

v [y awqdz + B [ qqdx + [ 0,.qdz = 0,

the integration par parts, gives

di fol 2dx + aq fol O P AT + ag fol VY, 0dx + 1y fol gofdm + [y fol o2(x, 1,t)dx = 0,
1
di f() wtdl‘ + CL3 f() ¢ ¢t:z:dx + az f(] wx¢txdw 5f0 0¢txdx = 07

(2.23)
Summing up the equations (2.23))1, (2.23))2, (2.23); and (2.23), member to member, we

obtain

1 d 1 1 1
S (P10} + P} + p3b” +7v¢*) dz + / PoPradT + as / (Vo Pra + Puthyy) d
0 0 0

1

1 1 1 1
o [ Vet [ @b+ 0y doem [ hnes [ ot [ paendn =0,
0 0 0 0

0

1 1

aq d 2

al/ PP dt = —— gozd:c,
0 K 2 dt

a /0 e = 2 / YR,

1
/ (VoPra + utlyy) dz = az g soxw dz,
0

noticing that,

/0(qxt9—|—9$q)dx:/0 di(qe)dx:qu,t)e(l,t)—q(o,t)e(o,t):o.

T

We obtain,

1 ! 2 2 2

3 / (P19} + 192 + potf + as? + psf” +7¢* + 2a0,0, } dx

0
1 1 1
i [ e =5 [ o -, [ gl 1, t)da,
0 0 0

we have,

2
as\ o

a
CLl(,D?U + a3¢;23 + 2a2(px¢x = (\/_2—3(201 + \/CL_3?/)I)2 + (al - a_§>g0x

2.3. Stability results
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Consequently, we obtain

2
s\ o

! 2 ot @)+ (a a—;m}dx (2.21)

1
5/ {Pl@t +P2¢t +P3‘92+7q +(
0

N
1 1 1
= —m/ pide — B [ ¢*dx— uzf o2(x, 1, t)dx.
0 0 0
Multiplying ([2.5))5 by gz, integrating the product over (0,1) x (0,1) and recalling that

2(x,0,t) = @, (z,t), (2.25)

gives,
T:U’2Zt(x7 Ps t)Z(l’, Ps t) = _:U’2Z(‘T7 Ps t)Zﬂ(mv Ps t)v

integrating over (0,1) x (0,1), gives

d 1 1 1 1
T/LQ—/ / 22<$,P,t)dpd$: _ﬂz/ / z(x,p,t)zp(x,p,t)dp dx
2dt 0 0 0 0
1 1 p=1
= _/JJ2/ —ZQ(QT,p, t) dx
0 2 p=0

1

S e N (2,1, t)do + =2 ] 2*(z,0,t)dw,
2 Jo 2 Jo
and recalling (2.25), we obtain
pQ / / (z, p,t)dpdz = Ry (z,1,t)dz 4 H2 oida. (2.26)
2 dt ’ 2 Jo T i

A combination of (2.24]) and (2.26)), gives

, L 1 1 1

1
M 2(z,1,t)dw.
2 Jo

Meanwhile, using Young’s inequality, gives

1
- ug/ oz(z, 1, t)dr < ,u; Zdx + ,u; 2(z,1,t)d. (2.28)
0 0

Inserting (2.28)) into (2.27)) and using (2.2)), we obtain (2.6 and (2.22)).

The proof is complete. =

Lemma 2.2 Let (,v,0,q, z) be the solution of . Then, the functional

2.3. Stability results
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1 1
a
Fi (1) :pl/ prpdr — —202/ Yypd,
0 as 0

satisfies, the estimate

, 1 1 1 1 1
Fy(t) < ——(al—@)/ widwrpl/ prdx + € w?dx+060/ pidr  (2.29)
2 as Jo 0 0 0

1 1
+0/ szx—i—C'O/ 22(z,1,t)dx.
0 0

Proof. Differentiating F} (¢) using (2.5)); and (2.5)2, gives

1 1
Fi(t)=p / prdr + / Qlarp,, + asth,, — po; — poz(x, 1,t)dr)dx
0 0
1

1
a
- [a’3wwx + 2Py — 59%]()0dx - a_zp2/ Q/thOtdI
0

as Jo

1 u ! 1
= / Zda:—(zl/ ©2dr — 21/ de—ug/ vz(z,1,t)dx
-2, / Yoz + 2 / 2y — 0% / .00,

, (12 1 1 1
0= -(-2) / Sdr+ py / S — i / (. 1, 1)dz
0

then,

)
-2, / Vol - 2 soxeda: (2.30)

using Young’s inequality in the terms in the right hand side of ([2.30)) gives:

1
— —p2/ Y da < 60/ Vide + C., / pidz, (2.31)
0
5 1 1 2 1 1
_ o, 0dr < —(a; — %)/ 2dx + C’/ 62dz, (2.32)
as Jo 4 as 0 0
by applying Cauchy-Schwarz’s, Young’s and Poincaré inequalities, we get
1 1 CL2 1 1
- ,u2/ wz(z,1,t)dr < —(a; — —2)/ 2dx + C'O/ 2(z,1,t)dx. (2.33)
0 4 as” Jo 0

Finally, by substuting (2.31] , and into we get the estimate ( - ]

Lemma 2.3 Let (¢,9,0,q, z) be the solution of (2.5). Then, the functional

2.3. Stability results
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1
Fa0) = paas [ o s - oy [ Tt ayia
0o Vs
11105 ' 2
—= d d
+2\/@ ¢ x+u1a2\/a_3/0 Yepdz,
satisfies, the estimate
Fi(t) < — “2”2“_/ wtdx+2cq/ dm—l—C’/ (2.34)

1
—l—Cq/za:,l,tdx—l—%/ O, + Yy,
i (2,1,1) v (— N Vagih,)’d
Proof. Differentiating F; (¢) using (2.5)); and 2, gives

1
/ as
F2 (t) = a2/ [algprx + a2w:px — 1Py — /LQZ(CL', 17t)](
0

N +Vazp)dx

1
a2
— \/ d
+p1a2\/(; got(\/a—gspt—i_ a3¢t) T

2 1 s
- [a?)wx:p + 2P, — 501](_

o ), \/a_sa + azy)dzx

2 1 1

HqGo 2
- —= + dr + —= dz
" |, %(\/—% Vaziy) Jas J, £

+ M1a2\/@ (/0 Yypdx +/0 Wtdaf)

1
= _a1a2/ pr(\;_z—ggom + \/a’_3¢m)dx
/ Wy sox +Vasy,)dr

[y a’
\/1_2 wtd:v [11G2+/a3 / R

_%/01 <x,1,t><ﬁo+¢—¢>dx+plf/
+p1a2\/_/ wtwtd:eraz/ Y, ( %Jr\/_w)

a%l

a
+2 | o (T + Vg, )do - L .

as “as az\/az Jo

Cl 1 1
2p”/_/ Wide +/“;_2 sosotdw+u1a2\/a_3/ Yypdz
0

T yasy/a / oy,
0
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next,
’ a% ! a2
Fy (t) = —az(ar — a—g) i %(\/——% + Vazy,)dx
1
—aapy [ Ao LS+ Va4 /
0 Vas \/_
1
50 azp
+pranas [ gl — 22 / T
0
1
+ sy [ vpds (2.35)
0
By using Young’s inequality in (2.35]), we obtain
=) [ oot i < [ Gk w20
—ag(ay — — — a r<e — a x .
2(¢1 as’ J, 2 \/a—3¢m 3Wx = €1 o \/a—390m 3%z
1
+C’€1/ 2dz,
0
3
(o029 292\/_
— dr < dr + C d 2.37
ag\/_/wt%x /wtx"i_l/(ﬁtm ( )
a a
pran /a3 / oy < i—ﬁ’ / Yido + Cy / G, (2.39)
0 as 0 0
using Young’s and Poincaré inequalities, yields
1 oo Jar 1 1
,ulaz\/a_g/ Yypdr < %\/_3/ wfda:+061/ 2dx (2.39)
0 as 0 0
applying Cauchy-Schwarz’s, Young’s and Poincaré inequalities, gives
1 s . )
0 Vas 0

Vi
1

—i—C’el/ 2(z,1,t)dx.
0

Finally, by substuting (2.36), (2.37), [2.38), (2.39) and (2.40)) into (2.35) we obtain the

estimate (2.34). m

Lemma 2.4 Let (p,v,0,q, z) be the solution of . Then, the functional

F5(t / Y dr + py / ppdr + él s02d:v,
0 0

satisfies, the estimate

2.3. Stability results
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, 1 az [t 1 (Y ay
Fy(t) < —=(a; — 2 2d —-/— %d 2.41
s <yl [t [Tt Va2
1
+CQ/ (92d513'
0

1 1 1
+:u1/ 22(1‘,1,t)d$+p1/ @3dm+p2 @Z)?dl‘
0 0 0

Proof. Taking the derivative of F3(t), using (2.5)); and (2.5)2 and integration by parts,
we obtain

!

1 1 1
Fy(t)=py | vidx+ / (a3, + azp,, — 00.]vdr + p, / pida
0 0 0

1 1
=+ / %O[algomz + a2wmx — U1¥Py — /1’2’2(1.7 17 t)]dl’ + IU; g02d£l§'
0 0

1 1 1 1 1
o [ s —ay [ e [ pdnrs [ udop [ e
0 0 0 0 0
1 1 u (! 1
—a / ©2dr — ag/ o dr — 2L [ pPde — ,uQ/ wz(z,1,t)dx
0 0 2 Jo 0

+ i <p2dx.
2 Jo

Using Young’s and Poincaré inequalities, establish the estimate (2.41]). m

Lemma 2.5 Let (,v,0,q, 2) be the solution of . Then, the functional

F4(t)—7p3/019</0xqw)dy> da,

satisfies the estimate

: 1y /!
F,(t) < - 5 / 0*dx + 62/ Yidr + c (1 + > / ¢*dz. (2.42)
0 €2/ Jo
Proof. Taking the derivative of F} (t), using the third and the fourth equations in ([2.5)),

gives

Fi(t)zws/Olﬁt(/owq(y)dy)dm+w3/ 9%(/96 (y)dy)dx
o [ cae=svi) ([Caway) et [0 [0 0 dute
:7/1q2dx+5fy/1wtqu—5/)3/19/quyd:c—p3/ /Gdydx

Now, we use Young’s and Cauchy-Schwarz’s inequalities to obtain (| - ]

2.3. Stability results
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Lemma 2.6 Let (¢,9,0,q,2) be the solution of (2.5). Then, the functional
1 1
t) :7'/ / e P22 (x, p, t)dpdz,
o Jo
satisfies the estimate,
, 1 1 1 1
F;(t) < —ml/ 2(x,1,t)dx — mlT/ / 2(z, p, t)dpdx—i—/ idx. (2.43)
0 o Jo 0
Proof. Differentiating F5 (¢) and using (2.5)s, gives
1 1
t) :27’/ / e Pz(x, p,t)z(z, p, t)dpdx
o Jo
1 1 1
= 27‘/ / e Pz (——zp(x,p, t)) dpdzx
2/ / P2z, p,t)2,(2, p, t)dpda
o Jo
1 1 d
/ / d_p e P2 (z, p,t)] dpda
7'/ / 022 (2, p, t)dpda
o Jo
1
/ 22w, 1,1) dx+/ 2(2,0,t)dz
0
—7'/ / 022 (x, p, t)dpda,
integration by parts and using the fact that z(x,0,t) = ¢, (z,t) and e77 < e 7? < 1, for

all p € [0,1], we get
, 1 11
F(t) < —ml/ 2(x,1,t)dr — mlT/ / 22(z, p, t)dpdx
0 o Jo

1
+/ pid.
0

Since —e™" is an increasing function, setting m; = e~ 7, we obtain (2.43). =

2.3. Stability results
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Now, we define the Lyapunov functional L (¢) by
5
L(t) = NE(t) + Y NiEi(), (2.44)
i=1

where N;, ©+ = 1,2, ...,5 are positive constants to be properly chosen later.

Lemma 2.7 there exists two positive constants Cy and Co such that the Lyapunov func-

tional L (t) satisfies

CLE () < L(t) < GE (1), ¥t > 0.

In other words, the functions F and L are equivalent.
Proof. Let
L(t)= NE((t) + NiFy + NoFy + 2F3 4+ N3Fy + N, F5,

1 a 1
L(t) — NE ()] < Nipy / fouel o — 31 25, / | do
0 0

1
+N2P1a2/
0
3 [
_ N,2 2
2a3p2/0 wt(\/a—390+\/a_3¢>

2l 1
H1G5 2
+ Ny—= dx + N \/ d
22\/a_3 A ¥ ar 241 G2 03/0 [Vl dx

1 1 1
+2p2/ Iwwtldw+2m/ Isosotlderul/ pdx
0 0 0

+N37p3/1 9(/09061(11)6@)

0
11
+N4T/ / e P22 (x, p,t)dpda.
o Jo

o~ + Jagy)| da

Jas

a2

dx

dx

(2.45)

2.3. Stability results
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Exploiting Young inequality, we get

N ! N L
|L(t)— NE(t)| < 12p1 / gafdx + 12p1 / o dx
0 0

Na Nia !
- 2/)2 / Vi 20, / prdz
0
N.
—I——QplaZ/ gofda:
2 0
NQPla2 /1
+ (—=v + Vasy)*d
\/_
t
N2a2 /1 as 5
— d
3o 0(\/a—390+¢a_31/}) .
1 N 1

2\/— 2 ;
N a 1 1

+ —2'%22\/_3 / oidr + pQ/ iz
0 0

1 1 1
O R e R
0 0
1 N. 1
_{_ul/ Qd + 3/7/)3/ 92d1'
0 2 0
N 1 x 2
+N4T/ / P22 (2, p, t)dpda.

With the fact that e~ < 1, for all p € [0, 1] and Poincaré’s inequality, we see that

1 1
/ O*dr < / 2de,
0 0

! 5) ! as
/O(\/—a—390+\/a_3¢)2dxﬁ/o (\/—a—3¢x+\/a_31/)x)2dx

/01 </qu(y)dy)2dx§/olq2dx7
/0 I@bzd:v < /0 1 Vida.
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So,
|L(t)— NE(t)] < = 5 (N1+N2a2—|—2)/ rdx

+&(N1a2 N2a2 )/ Vide
2 as

Vs
1
24y + 2py + Nopyasn/a3) / padz
0

2

1

+ 5 <N2p1a2 +
1 ',

+ 5 Ve +20) [ i
N. N.

X 3703/ 0%dxr + 3;P3/ Pdz

+N4T/ / 022 (2, p, t)dpda.

So,

1
|L<t>—NE<t>\so/ (¢4t + 0+

(= %ﬂr\/—w) +sox)

+C// (z, p,t)dpdx

< CE(t

where,

N Noa?
C = max &(N1+Nza2+2), o (12, 7203 4 9 ,
2 2 as as

DN |

Nias
<N1,01 + 22, Nl 2, 201 + 2p; + Nzulazx/a:«;) ,
as Vv as

Ny a2 1
3 <N2/01a2 + ) x (Napyazv/as +2p,)
as

Nsvps  N3yps &T
2 72 72 '

—_

Then,
[L(t) = NE(t)| < CE(t),

=) (ot v, e
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which yields,
(N-CYEX)<L{#t)<(N+C)E(1).

Consequently, By choosing N large enough, we obtain the estimate (2.45)). =
Now, we are ready to state and prove the main result of this section.

Theorem 2.2 Let (p,1,0,q, z) be the solution of . Then, the energy functional @

satisfies,

E(t) < ke ™™ V¥t >0, (2.46)

where, ky and k; are two positive constants.

Proof. by differentiating (2.44) and recalling (2.22), (2.29), (2.34), (.41)), ([2.42) and
(2.43)), we obtain

deE) N[ﬁ/ ¢*dr — (i — \Mz\)/glsofdx]
|

1 CL2 1 1 1
+N1 ——(&1——2)/ go?cdx—i—pl/ gO?diU‘i‘Go/
2 as Jo 0 0

Yidx
1 1 1
—i—CEO/ ?dx+C’/ 92dx+00/ zQ(m,l,t)dx}

0 0 0
+Nz{ “2p2\/_/ wtdw+20q/ %dx+c/ Qda

1 1
+C€1/ zx,l,tdx—l—Ze/ a2 T Va IQda:}
i (z,1,1) ! 0(\/a—390 Vasih,)

1 @2 1 L g
v2 |zl 2) [ o= [ ot vaw, e

1 1 1
+Cz/ 0*dx +,u1/ 22 (x, 1,t)dx - pl/ ©idx +p2/ wfdm}
0 0 0 0
_P3 2 1 1 2
+ Nj 0dx—|—62 wtdx—l—c 1+ — q dz
2 Jo €2/ Jo
1 1
+ Ny {—ml/ 22(x,1,t)dr — 7'/ / e P22 (x, p, t)dpdx +/ go?dx] :
0 o Jo 0
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Then, we obtain

L (t) < - [N (/h - |M2D — N1 (p; + Ceo) — CNy —2p; — N4]
1
/ @fda:
0

2 1
_ [MNQ —eoNy — 2py — ezNg} / V2dw
as 0

1 2 2 1
— [—(al — 2)Nl —2N,C,, + (al — %)} / <pidx
2 as as 0

a

1
—[1 =26, N. / 2, + az,) dx
[ 1N:] i (\/a—SSO Vasy,)
1 1
— [BN—C (1+—) N3‘| / ¢dx
€9 0
0 1
- |:—3N3 - CNl - 202] / QQdCL’
2 0
1
— [m1Ny — NoCoy — 24y — CoNl]/ 2(z,1,t)dx
11 "
—TN4/ / e P22 (x, p,t)dpda.
0o Jo

By setting,
1 1 1

€=~ 2=, €=,

N3
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we obtain,

L (t) [N (Hl - |M2|) - M (P1 + Oeo) — C1 Ny — 2p; — N4]

S_
1
/wfdx
0
2 1
QA 09 2
— Ny — 20, — 2 d
{4\/@ 2 P2 }/0 Yidw

1 2 2 1
— | =(ay — %)Nl —NoCo, + | ag — %2 / gpidw
2 as as 0

1 ! (25) 2
- 5/0 (\/—a—S%JF Vasp, ) dx

— [BN — ¢(1+ N3) N3] /0 ¢*dx

_ [%Ng _ON, — 202] /O ' de

1
- [m1N4 - NQC’Q - 2#1 - O()Nl] / 22(?[3, ]_,t)dZE
0

1 1
- TN4/ / e P22 (x, p,t)dpdz.
o Jo

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We choose N, large enough such that

2
QA504
a1 =

_4\/a_3

then, we choose N large enough such that,

Ny —2py —2 >0,

once N; is fixed, we choose N3 large enough such that,
g = %Ng _CN, —2C, > 0,
for any Ny, Ny and N3 choosing N, large enough that,
my Ny — NoCyop — 27 — CoNy > 0.
Finally, we choose N large enough (even larger so that remains valid) so that,
ag = N (g = [po]) = N1 (py + Cs) = C1N2 = 2py — Ny > 0,

045:BN—C(1+N3)N3>0,
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where, ag = 7 N4, we obtain
: ! 1
L0 - [ (onsd+ as? + a4 s+ 5(Sp, + VAL + )
N
/ / 022 (x, p, t)dpda.

By (2.6), we obtain

L' (t) < —0gE(t) , VYt >0, (2.47)
for some o¢ > 0. A combination of (2.45)) and ([2.47)) gives

L' (t) < =k L(t) , Vt>0, (2.48)
where k1 = ap/Cs. A simple integration of (2.48)) over (0, 1) yields

L(t) < L(0)e ™! vt >0. (2.49)

Finally, by combining (2.45)) and (2.49) we obtain, (2.46|) with ky = @L(O), which com-

pletes the proof. m

C1

2.3. Stability results



Chapter 3

Exponential stability of the Von Karman
beam with delay-time and

microtemperature effect

3.1 Presentation of the problem

In this chapter, we look at a one-dimensional Von kirman beam with internal delay acting

on the first equation coupled to a microtemperature equation

by — i [(uz + 1 (0,)%) ba), + dobppan + 1 Gy + oty (z,t — 7) =0,
we — dy [(uz + 1 (6,)%)], + dw, =0, (3.1)
cwy — kW + dug, + kow = 0,

in Q x(0,00), where Q = [0, L] and dy, ds, d, 11, ¢, k1 and ks are positive constants. The
quantities u(z, t) represent the longitudinal displacement, ¢(z,t) the transversal displace-
ment and w(x,t) the microtemperatures. We complement system (3.1) with boundary

conditions

uz(0,t) = uy(L,t) = ¢(0,t) = ¢(L,t) =0, t>0, (3.2)
$,(0,t) = ¢,(L,t) =0, t >0, '
and the initial data
u(.,0) = ug, w(.,0) = uq, xz € (0,L),
¢(70) = ¢0a ¢t('70) - ¢17 w(.,O) =Wy, TE€E (OvL)v (33)
Oy, t) = folw,1), z € (0,L).

40
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Here, we will prove the stability results for problems (3.1)—(3.3) under the assumption

Po < fiy- (3.4)

The purpose of this chapter is to prove that the microtemperature effect is powerful

enough to uniformly stabilize the system (3.1]) even when time delay is present.

3.2 Well-posedness of the problem

In this section, we prove the existence and uniqueness of solution of problem ({3.1)—(3.3)

using the semigroup theory by introducing the following new variable, as in [59]:

z2(x, p,t) = ¢y(x,t —7p), x € (0,L), pe(0,1), t € (0,00),

then, the above variable z satisfies

Tz(x, p,t) + 2,(x, p, 1) = 0, in (0, L) x (0,1) x (0, 00).

Therefore, problem (3.1)) takes the form

¢tt - dl [(ua: + % (¢m)2) d)m]x + d2¢:mcrx + :U’1¢t + /’L2Z($7 17 t) = 07
g — d [(us + 5 (0,)°)], + dw, =0,

(3.5)
cwy — k1 Wy + dug, + kow = 0,
th(ﬂf, P t) + Zﬂ($a P t) = 07
and the initial conditions
[ u(.,0) =up, wl.,0)= ze(0,L),
¢(-a0) = ¢0a ( O) ¢17 ’LU(.,O) =Wy, <TE (0>L)>
oz, t) = folx,t), x € (0,L), (3.6)

z(x, p,0) = fo(z,p,t) in (0,L) x (0,1),
2(x,0,t) = ¢,(x,t) in (0,L) x (0,00).

For U = (qﬁ,gbt,u,ut,w,z)T, then U; = (gzﬁt,qﬁtt,ut,utt,wt,zt)T, and we introduce two

new dependent variables

3.2. Well-posedness of the problem



Chapter 3. Exponential stability of the Von Karman beam with delay-time and

microtemperature effect 42
Y= ¢t7 ¢ = U,
then, the system (3.5)—(3.6)) can be written as
oUu
— =AU U
o ~AUHFU), : (3.7)
U(O) = (¢0,¢1,U/0,U17w0,f0) )
with the linear problem
ou
— =AU
o =~ ) (3.5)
U (0) - (¢07 ¢17 Ugp, U1, Wo, fO) .
Where, the linear operator A is defined as follow:
0 1 0 0 0
—dp0* —p I 0 0 0
0 0 0 I 0
A= 2
0 0 d0; O —do,
0 0 0 0 0
S0,
¥
_d2¢xmxa} — ¥~ /1’22(‘7;7 L, t)
(2
klwx:c - diﬂ;p - ka
e ,t)
sz x, p,
and,
0
dy [(ua+5(0,)°) 0],
0
F(U) = di (3.10)
0
0

3.2. Well-posedness of the problem
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The domain of A is given by

D(A) = {(6,u,0,w,2)" € [H(0,1) N HE (0, 1)
xHy (0,L) x [H*(0,L) N Hg (0,L)] x Hy (0, L)
xL?(0,L) x L* ((0,L) x Hy (0,L)),

o =2z(x,0) in (0,L)}.

Denote by H the Hilbert space

H={[H*(0,L)N H{ (0,L)] x Hy (0, L)
x [H?(0,L) N H{(0,L)] x Hy (0,L) x L*(0, L)
xL*((0,L) x Hy (0,L))}.

D (A) is dense in H.
We will show that A generates a Cy semigroup on H. For U = (¢, ¢, u, 9, w, z)T,

- - N T
U= <qb, ©, U, Y, W, 2) , the Hilbert space H, equipped with the following inner product

_ L L L L
<U, U>: / o@ds + / bibdz + ¢ / wivds + d / 6. &, dr
0 . 0 . 10 0
+d1/ uxﬂmd:ﬁuﬂ/ / z(z, p, 1)Z(z, p, t)dpdz.

0 0 0

We have the following existence and uniqueness result.

Theorem 3.1 ([12])Let (qﬁ,%u,w,w,z)T € H, For any initial datum Uy € H, there
exists a unique solution U € C (R*, H) of problem (3.8). Moreover, if Uy € D (A), then,
UeC®RYDA))NC (R H).

Proof. To show that the operator A generates a Cp-semigroup on H, firstly we prove

that the operator A is dissipative.

3.2. Well-posedness of the problem
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Let U = (¢, ,u, ¥, w,z)", then

v ¢
_d2¢mzx:p — P — MZZ(:I:? 17 t) @
(0 u
<AU, U> - dlu:px - dw:p ’ 'l/}
klwzx - d¢x - k2w w
—lz (x,p,t) z
- o\ZL, P,

L L L
=k / 902d:c - d2/ (bm:ngﬁdl' - /JJ2/ Z(l’, L, t)(pdl’
0 0 0

L L L
+d1/ Upedx — d / wxwdx—i-kl/ Wy wdx
0

—d/wwdx—kg/ de—u2/ /szp, 2(z, p,t)dpdx
/ qﬁmgomdx+d1/ U, d,
0

then, we obtain

L L L
(AU, U) = —#1/ ©?dr — Hz/ pz(z,1,t)dr — k’l/ w2dx (3.11)
0 0 0

L L 1
- kQ/ U}2d$ - #2/ / Zp(xapa t)Z(I’,p, t)dpdl’,

0 o Jo

by integrating by parts in p, we get
1 1 1 a )
t t)dp = = — t)d
/O ZP<xap7 )Z<(E,p, ) P 2/0 apz (I,p, ) 4
1
=5 [ZQ(ZL‘7 1,t) — z2(x,0,t)} ,

then,

L p1 L
,ug/ / z,(x, p, t)z(x, p,t)dpdx = % [2%(z,1,t) — 2*(2,0,1)] dz, (3.12)
o Jo 0
as result from (3.11)) and (3.12), we obtain
L L L
(AU, U) = — 4 / ©? (z) dx — ky / w?dx — kg/ w? (z) dx (3.13)
0 0 0

L

py " 7 .
-8 [ e+ 2 [ @de e, [0 (o1,0ds,
0 0 0

using Young’s inequality, the last term in (3.13), gives

L
_Mz/ o () 2(x,1,t)dx < “22 (@) dr+ 2 [ 2001, 0)da, (3.14)
0

0 2 0
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substituting (3.14)) into (3.13)), yields

L L L
(AU UY < — (py — MQ)/ ¢ (z) dx — ky / wdr — kzg/ w? () d.
0 0 0

It follows that (AU, U) < 0, which implies that A is dissipative.

Now, we prove that the operator A — A is surjective. For any G =
(91,92, 93+ 94, g5, J6). € H, we prove that there exists U = (¢, @, u, 1, w,2)’ € D (A)
satisfying

(M -AU=4aG, (3.15)
where ([3.15)) is equivalent to the following system
(N —p=a1,
)\(P + d2¢z:mcm =+ 1252 + /'622(557 17 t) = 02,
)\U - w = g3,
A — dyUgy + dw, = gy, (3.16)
Aw — klwaﬂx + d?/}x + k2w = Js,
1
L )\Z(.’E, P, t) + ;Zp(x7p7 t) = UJs,
from the first and third equations in (3.16]), we get
— \ob—
V= u— g3,

then, o € H}(0,L) and ¢ € H}(0, L), also, we have z(x,0,t) = ¢,(,t), then, by using
the last equation in (3.16]),

1
Nz(z, p,t) + ;Zp(z,p, t) =gs, x € (0,L),

we obtain,

Z—Z = —AT%,
then,

— = —A7dp,
therefore,

In|z| =-Atp+c¢
z=cq1 (z,p)exp (—A1p),
so, we have

2, = €1,€Xp (—ATp) — ATcy exp (—ATp)
= cypexp (—ATp) — ATz,
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furthermore,
2p(x, p,t) + AT2(z, p,t) = c1,exp (—ATp)
= T3e;
then, we get
= T/p e P ge (2, p, t) dp,
0

as a result, we note that the last equation in (3.16)) has a unique solution,

p
2(w, p,t) = e MPo(x,t) + Te’\Tp/ e P g (z, p, 1) dp. (3.18)
0
Substituting ¢ given by (3.17)), we get
p
2(z, p,t) = Ap(2)e NP — gre NP + Te_)‘”)/ e’ ge (2, p, t) dp, (3.19)
0

using (3.4) and (3.16|), the functions ¢, u satisfy the following system:

)‘2¢ + d2¢x:m::v + 5% + IUZZ(xa 17 t) = )‘gl + g2
N — ditg, + dw, = \gs + ga,

by solving (3.16)), we find (¢,u) € [H*(0, L) N HZ(0, L)] x [H*(0, L) N HZ(0, L)], where
fOL (>\2¢7] + d2¢anxa; + H1Pn + nﬂzz(x7 17 t)) dx = foL (/\gl + 92) dea
fOL (/\QUC — dyu,C, + dng) dr = fOL (Ag3 + g4) (dx,

for all (n,¢) € H}(0,L) x H}(0, L), from (3.19), we obtain

p
2(z,1,1) = Ap(z)e ™ — gi(z)e ™ + T€_>‘T/ e*Pgs (z, p, t) dp.
0

To solve (3.20]) we consider this equivalent variational formulation
B((w,u), (1.¢)) = An, ), (3.21)
where, B : [H3(0,L) x H}(0,L)]> — R is the bilinear form

L
B((w,u),(n,()) = /O (N0 + p1y0)1 + dotyy T + NAd(2)e ) da

(3.20)

L
+ / (Nu¢ + ,(dw — dyuy)) da,
0

and, A: H2(0,L) x H}(0,L) — R is the linear form
L

L L
A(n, ¢) = / (Ag + go)nda + / (\gs + 1) Cdz + 7 / ol 1),

so, B is continuous and coercive and A is continuous, by the Lax-Milgram theorem, we
obtain that problem admits a unique solution (¢,u) € H%(0, L) x H}(0, L) for all
(n,¢) € H}0,L) x H}(0,L). So by using the classical elliptic regularity it follows from
that (w,u) € H*(0,L) x HZ(0, L), as a result, the operator A\ — A is surjective for
any A > (. Hence, the result of follows from the Lumer Phillips theorem. m
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3.3 Stability results

In this section, we state and prove our stability result for the energy of the solution of
system (3.5)) by using the energy method. To achieve our goal, we need the following

lemma.

Lemma 3.1 Let (¢, u,w, z) be the solution of , and assume holds. then, the
energy functional E (t), define by

E(t)_l/L{¢2+u2+cw2+d¢2 +d ( 1 2>2]
- t t 2Wxx 1 Ug + (gbx) (322)
0

2 2
y 1
+—27'/ 22(x,p,t)dp} dz,
2 Jo
and satisfies
/ L L L
E (t) < —kl/ wgd:c—kz/ w2dx—m0/ prdx, Yt >0, (3.23)
0 0 0

where, mo = (ji; — ).
Proof. Multiplying equations in (3.5) by ¢,, u; and w respectively, integrating over
2 = [0, L] and using integration by parts and the boundary conditions, get

Jo budidr — dy fOL [(ux + % (¢x)2) ¢r]x b dx
+dy foL O —N

1 foL Pypydx + pig fOL 2(x, 1,t)p,dx = 0,
fOL ugudr — dy fOL [(ux I % (sz)z)]xutdx
+d fOL wyupdr = 0,

¢ foL wiwdr — ky fOL Wypwdr + d fOL Ugpwda

+ko fOL wwdxr = 0,

(

\
integrating par parts, gives

(

d
Q_dt fOL Qﬁdl’ + dl fOL [<u$ + % (¢x)2) d)x] Qbmdﬂf

+d2 fOL qba:xgbtx:cd‘r
+1u1 fOL ¢t2dx + 125) fOL Z(._'L', 17 t)gbtdx = Oa
d
T fOL uldx + dy fOL [(uy + 3 (QSI)Q)} Uppdx (3.24)

—d fOL wudr = 0,

d
g% fOL wdx + ky fOL widr +d fOL Uz WAT

+ko fOL w?dr = 0,

\
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Summing up the equations (3.24)),(3.24)); and (3.24)3 member to member, we obtain

1d [*,, L L
s | (0w +w?) de+ds / PuzbradT + i / prdx
0 0 0

v [ [(ne+ 3 00) 6] b

L 1 L L L
+d; /0 [(uw + 5 (%)2” U dr + Ky /0 wrdx + k2/0 widr + ug/o 2(x,1,t)p,dx = 0,

noticing that,

L L
dy d
? J, t 2 dt J,

then,
d/L_ e+ 2 (6,)7) 6| dradde +d / e+ 2 (0,)? ) | wada
1 o L x 9 T x tx 1 o T 2 x tx
_ d il 1 2 ] d
= [ (g 0r)] o+ o
L
= [ (w3007 [y 00+ v o
L
= [ (e gr)] [0t @
1d [* 1 2
= gai ) [(wrger)| @
So, we get

1

L
5/ {¢?+U?+w2+d2¢im+dl
0

(uz + % (%)2)2] } dx (3.25)

L L L L
= —,ul/ Prdx — k‘l/ w?dx — ]{32/ widx — ,u2/ ¢z(x, 1, t)dz.
0 0 0 0

Now, multiplying (3.5)5 by |us|z, integrating the product over (0,L) x (0,1) and
recalling that

Z(Qf,O,t) = ¢t(x7t)a (326)
gives,

7ol 2e(, p, t)2(@, p, t) = = || 2(z, p, 1) 2,(, p, 1),
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integrating over (0, L) x (0,1), gives

7l 2dt// (@, p,E)dpdz = = '“2|/ (/ 2(z,p, )a(asmi)dﬂ)dm
=1
_‘,u2|/ (522($,p,t) >d33
p=0
_ |M2|/ (2,1,8)d

|M2| /
and recalling (3.26)), we obtain

L
T |ty 2dt/ / (x,p,t)dpdr = —M/ 22(x,1,t)dx (3.27)

’/’62’/ ¢td'x
A combination of (3.25) and (3.27)) gives

E @) = ( |“2>/ qﬁtdx—ﬁ/ qu—MQ/ 62(z,1,t)dr  (3.28)
!uzl/ (2.1.1)d

Meanwhile, by using Young’s inequality, we get

—m/ ¢y, 1, t)da < ‘“2‘/ o3du +‘“2‘ 2(x,1,1)da. (3.29)

0

Inserting (3 into ( and using , we get (3.22)) and ( -

The proof is complete. [ ]

Lemma 3.2 Let (¢, u,w, z) be the solution of (3.5). Then, the functional

L
A= | (utu+ g+ kzcb) d

satisfies, the estimate

L 2

L 1 L
+ / (uf + —gzﬁf) dx + 61/ uZdx
0 0

L
s 2dm+C’1/ ¢dx+c2
481

1,t)dx. .
= 2,1, 1)dr (3:30)
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Proof. Differentiating F} (t) using (3.5)); and (3.5, gives

L L
F(t) = / 2dx + / upudz 4 = / P2dr + = / b Pda
_/ oo, dz,
= / 2dx + /0 (d1 {(um + % (gzﬁx)Q)L - dwx) udx
/ gbtdx
d L) d 1,t) ) ¢d
+ 5/0 ( 1 |:(u$ + 5 (¢CC) ) ¢x:|x - ngxx:c:r: - Mlgbt - ILLZZ(I, ) )) gb x

k("
+ ¢¢tdx>
4 Jo
L L 1
— / uldr — dl/ (uz + = (%)2) ugpda
0 0 2

L 1 L
—l—d/ wuydr + — ¢rdx
0 2 0
d [ 1 dy [*
—— (u + = (d)z)z) P2dx — —2/ ¢ du (3.31)
2 Jo 2 2 Jo

P
M2 / (o, 1, ) da,
2 ),

by using Young’s inequality, we find

L L d [t
d/ wuzdr < 51/ uldr + — w2dx, (3.32)
0 0 4:51
by applying Young’s and Poincaré inequalities, we get
u Cy, [*
-z (x, 1, t)pdx < C’l/ idr + — [ 2*(z,1,t)dz, (3.33)
2 0 461

we have, as well

|
=¥
=
/\
I
8
+

o, ) Upds — — / (u ., 2> P2 dx (3.34)
) (u +5 () ) dx
o, 2) dz.

Now, by substuting (3.32)), (3.33) and (3.34)) into (3.31)) we get the estimate (3.30)). m

Il
/\
N
8
+
|+—k N|,_. [\3|,_.

|
/\
IS
8
+
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Lemma 3.3 Let (¢, u,w, z) be the solution of (5.5). Then, the functional

F <t>=/OL (/Omwu,y)dy) ued,

satisfies, the estimate

0

where, L (g5) = (& +d + 4%

4eq

Proof. Differentiating F; (¢) using (3.5)2 and (3.5)s, gives

Fé(t)I/OL </Ox%w(t,y)dy> utd:v+/OLutt </Oxw(t,y)dy> de,
/OL (/Ox%w(t,y)dy) utdm:/oL (/Owwt(t,y)dy) wyd
d

kv [* d [*
=21 | wwyds — —/ uidzx (3.36)
¢ Jo ¢Jo
k L x
—_— ut/ wdydz,
¢ Jo 0

applying Young’s inequality, we obtain,

ke [ ke [ ke [
?1 i uswydr < 2 |, u? + 2 w?dz, (3.37)
k L x L L L x 2
— —2/ ut/ wdydr < ek uldx + = (/ wdy) dz, (3.38)
c Jo 0 c Jo 4des \ Jo

by substuting (3.37) and (3.38]) into (3.36)), we get
L/ ra L L L
d k1 ky d
/0 (/0 pri (t,y) dy) wdr < 5% J, u? + 2, w?dr — E/o uldr  (3.39)
k282

L k z 2
+ wlde 4+ — (/ wdy> dz,
C 0 482 0
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by recalling Cauchy—Schwarz inequality for the last term (3.39)), we find

/Oxw(t,y) dy < (/0 1dy) (/0 w? (t,y) dy) (3.40)
Sx(/oxw%t,y)dy)
< (/01w2dx),

by substituting (3.40) into (3.39), we obtain

L ? d d ki ke L
—w (t,y)d dr < |[—=+ — 4+ == 2 3.41
/ (AdﬂWJDy>W$ < (C+?C+(:>A?u (3.41)

ke [* ky [*
—i——l/ w?dx + Sk w?dr,
2 0 452 0

/OLutt (/Ozw(t,y)dy) dzx = /OL (d1 [(UI+%(¢I)2)L —dwx) (/Ozw(t,y)dy) dx
=—d; /OL [<um + % (%)2)] wdzx
+d/0Lw2dx,

by using Young’s inequality, we get

—d, /0 ' Kuﬁ%(%)?)} wdr < die /0 ’ <ux+%(¢x)2)2dx

d L
+— [ wida,
482 0

then, we obtain

L T L 1 ) 2
/0 Uy </0 w (t,y) dy) dr < dlsg/o (ux + 3 (h,) ) dx (3.42)
dy L
+ (4_52 + d) /0 wdz,

combining (3.41)) and (3.42), gives the estimate (3.35). =

Lemma 3.4 Let (¢,u,w, z) be the solution of . Then, the functional

L 1
BO)=r [ [ e tdpda,
0 0
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satisfies, the estimate

L L 1 L
Fy(t) < —ml/ 22(x,1,t)dr — mlT/ / 22(z, p,t)dpdr + / prdx. (3.43)
0 o Jo 0

Proof. Differentiating Fj (t), gives
, L 1
F5(t) = 27'/ / e "Pz(x, p,t)z(z, p,t)dpdx
o Jo
1

L 1
7—/ / 6—7’/)2(1.7p7 t) (__Zp(xapa t)) dpd[E
0o Jo T
L 1
= —2/ / e Pz(x, p,t)zy(x, p, t)dpdx
Loy 2
=— — (e7™2%(x, p, t)) dpdz
/0 /0 dp ( )
L 1
- 7'/ / e P23 (z, p, t)dpdx
o Jo
L L
= —/ 6_7—22($,1,t)d1‘+/ 22(z,0,t)dx
0 0

L 1
— 7'/ / e P22 (x, p, t)dpde,
o Jo

integration by parts and using the fact that z(x,0,t) = ¢, (z,t) and e < e " < 1, we
get for all p € [0,1]

I
b

L L 1 L
Fy(t) < —/ e T2 (x,1,t)dx — 7/ / e P22 (x, p, t)dpdr + / prdx.
0 o Jo 0

Since, —e™ 7 is an increasing function, setting m; = e, we obtain (3.43)). m
Now, we define the Lyapunov functional L (t) by

L(t)= NE(t) + N1Fy + NoFy + N3F3, (3.44)
where, N,Ny,N5 and N3 are positive constants.

Lemma 3.5 there exists two positive constants Cy and Cy such that the Lyapunov func-
tional L (t) satisfies,

CLE(t) < L(t) < CoE (), ¥t >0, (3.45)
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In other words, the functions F and L are equivalent.
Proof. Let
L(t) = NE(t) + N1 F\ + NoFs + N3 F3,

L N L Nk L
|L(t)—NE(t)\§N1/O yutu\dH?l/o |6,0| dx + “/O P2

4
L T
+N2/ (/ w(t,y)dy>ut
0 0
L oyl
+ NgT/ / e P22 (x, p, t)dpdz.
o Jo

Exploiting Young inequality, we get

N, [F N, [F Ny, [T
|L(t)—NE(t)|§71/ ufdx+71/ uzdx+71/ G2d
0 0 0

N L
+—1/ P*dx
2 Jo
Nk [F Ny [Lfre 2
11/ ¢2dx+—2/ (/ w(t,y)dy) dx
4 Jo 2 Jo 0
N. L
—l——2/ urdx
2 Jo
L 1
+N3T/ / e P22 (x, p, t)dpdz.
o Jo

By exploiting Poincaré inequality, and the fact that e=7” < 1, for all p € [0, 1] we see

dx

_|_

that,
L L
| o< [
0 0
N [E, Mk [*, N, [t 1. 5\’
— d dor < — — d
e PR AL
L x 2 L
/ (/ w(t,y)dy) d:z:ﬁ/ wdz,
0 0 0
So,

20

N2 L2 Nl L
_“ d _-
+2/wx+2/0

0
L 1
+ Ny1 / 22(z, p,t)dpdz.
o Jo
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So,

| A
Q

/ <¢ +ut+cw +d2¢x$+d1

0

L
+C /z x, p,t)dpdz,
o Jo
<CE(),
where,
c Ny Ny Ny Ny
max 5 15 5 57
then,

which yields,
(N-C)EW) <L) <(N+C)E(t).

Consequently, by choosing N large enough we obtain estimate (3.45]). =
Now, it’s time to state and demonstrate the section’s major result.

Theorem 3.2 Let (¢, u,w, z) be the solution of . Then, the energy functional
decays exponentially, i.e., there exist two positive constants ky and ki independent of the

matial data such that,

E(t) < koe™™ ¥t >0, (3.46)

where, kg and k; are two positive constants.
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Proof. by differentiating (3.44)) and recalling (3.23)), (3.30)), (3.35)) and (3.43)), we obtain
dL (t Nidy [*
e

L
<Nm0———N3) / prda
0
Nod  Noky  Nok L
<2 21_ 2282—N1)/u?dx
c 0

c

By setting,
_d c
€1 4N1 ) €2 = NQ’
we obtain,
dL (t) Nid, /L )
< — d
a = 2 (90,)" da

(Nmo———N3>/ ¢tdﬂf
Nod  Nik
_(2 2y — Nl)/ uydx
c 2c 0
dy ko 9
(ng—l—Q—Ngd—él—c>/ wdx
L 1 2
— (Nidy — Cdl)/ Ut 5 (%)2) dx
0
— (mlNg — @) / (.’L‘, 1,t)d
—Nngl/ / (x, p, t)dpdx.

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We choose N3 large enough, such that

C
m1N3—72>0
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then we choose N; large enough, such that
a1 = Nidy — cdy > O,

Once N, is fixed, we then choose N, large enough, such that

Nod  Noky
Qg = —— —
c 2c

Finally, we choose N large enough (even larger so that (3.45]) remains valid), so that

— ko — Ny > 0.

N
@3:Nm0—71—N3>0,

dq ko
=Nky—1——— Nod — —
Qg 2 e 2 Ac
Nid
where, ag = N37m, and a5 = 12 ,we obtain

L 2
L (t) < —/ <a5 (¢,)° d + 307 + au? + ayw® + oy (um + = (¢$)2> ) dx
0
L 1
—ap / 2(z, p,t)dpdz.
o Jo

By (3.22), we obtain

L' (t) < —0oE(t) , Vt>0, (3.47)
for some oy > 0. A combination of (3.45)) and (3.47) gives
L'(t) < =k L(t) , Vt>0, (3.48)

where k; = ap/Cs. A simple integration of (3.48)) over (0,t), yields

L(t) < L(0)e ™ vt >o0. (3.49)

O, E (0)

1

Finally, by combining (3.45)) and (3.49) we obtain, (3.46) with ky = , which

completes the proof. m
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Energy decay of one-dimensional
thermoelastic Bresse system with
distributed neutral delay and a second

sound

4.1 Presentation of the problem

In this chapter, we consider the following Bresse system with distributed neutral delay [2]

( P1Py — (?b +lw + ¢) — kol ( l¢) =0,

prwy — ko (wx —1l¢), + ki (qﬁm + lw +1p) =0,

p3b: + qu + Yy, =0,
\ QQt+BQ+9x:07

where, (z,t) € (0,1) x Ry, with the following initial and boundary conditions:

¢(z,0) = @o(z), ¢(2,0) = dy(z), 0(x,0) =0bo(x)  in (0,00),
U(x,0) = o(z), ¥y(2,0) = ¥y(2), ¢(z,0) = go(z), in (0,00),
w(z,0) = wo(x), wx,0) =wi(x) in (0,00),
¢(0,1) = ¢(1,t) = w(0,t) = w(1,t) =0, vt >0,
(0,t) =(1,¢) =0, vt >0,

where, py, P9, p3, K, [, ko, b, a, 7y, B are positive constants and the initial data

(hg, &1, g, ¥y, wo, w1, o, qo) belongs to a suitable Sobolev space, and the integral rep-

resents the neutral delay term where, k is the relaxation function already specified in the

preliminaries.

28
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In this section, we present our assumptions on both kernels and we are in need to
announce this Lemma, which will be used in the next sections, in order to make the

computations easier.
(H1) The kernel k is a non negative continuously differentiable and summable function

satisfying

k(t) <0, Vt >0, k:/ k(s)ds < 1.
0

(H2) exp (st) k (t) € L' (R,) for some ¢ > 0.
Note that if [ ek (s) ds < oo and Jim exp (st) k (t) < oo, then

+o0o
/ egs
0

+oo
—|—g/ e’k (s)ds < oo.
0

’

K (9)|ds = —/0+°°e<5k (5)ds = —ek (5)|F

Lemma 4.1 (1) For any function ¢ € C*([0,00); L?(0,1)), and any k € C* ([0, 00)),
we have the following identity

[oo([re-sua)a=-1 (o)
i

where,
<kmw>=/0 Bt —s) [ () — b (s) |P ds, ¢ > 0.

We also need the following parameters to establish an exponential stability results

k:k()v

and,

kpsa\ rp1 pa Vo
¢ < 01 ><k b) b 0

4.1. Presentation of the problem
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Lemma 4.2 There exists a positive constant ¢ such that the following inequality holds for
every (¢, v, w) € [H; (0, L))",

L 1
/ (¢ + 2 +w)dm<c/ [wi+(¢z+lw+w)2+(wx—l¢)2}d:zc
0 0

For completeness, we present the following existence and uniqueness result without

proof, which can be demonstrated using the Faedo-Galerkin method.

Theorem 4.1 Let [(¢g, ¢1) , (1o, 91) , (wo, wn) , (6o, 601) , (g0, 91)]° € Hg (0,1) x L*(0,1).
Assume that (H1) and (H2) are satisfied. Then, the problem (4.1 (-) {4-2) has a unique

solution (¢, v, w,0,q), such that,
<¢7 1/}7 w, 67 Q) € C(R+> H& (07 1)) n Cl (R+7 L2 (07 1)) :

Our purpose in this paper is to establish an exponential stability results although there

is a dissipation caused by the neutral delay when ¢ = 0, k = ky and [ is small enough.

4.2 Stability result

In this section, we state and prove our stability results for the energy of the solution
of system —, using the Lyapunov functional which is equivalent to the energy
functional. The following technical lemmas are required to fulfill our objective.

First, we introduce the energy associated to the system —. using the multiplier

technique.
Lemma 4.3 Let (¢,v,w,0,q) be the solution of —. Then, the energy functional,
define by

1 1
E(t) =3 / (0167 + pati + prwt + b5 + ps6° + ag? (4.3)
0

t
(64w + 0 o (v, — 107 + s [ k(t—swf(s)ds} dr,
0

satisfies,

2d + k Dwt) t)dz — 8 / (4.4)

where,

<kmw>=/0 Bt —s) [ () — b (s) |P ds, ¢ > 0.
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Proof. Multiplying (4.1] 1, .2, .3, 4 and .5 by ¢,, ¥, wy, 0, and g respect-

ively and integrating over (0, 1),

( P1 fol Pyydr —k fol ¢y (¢, + 1w + ), dx — kol fol ¢, (wy — l¢) dx = 0,
P2 fo Yy de + py fo [% (f (t—s)v,(s)d ) ] dx — bfol V) d

Tk ) by (b + lw + ) da 4 [ fad = 0,
Py Jo wawedz — ko [ wy (w, — 1), dz + kL [} b, (¢, + lw + ) dz =
ps i 00,dx + [ Ogudr + [ 0, dz = 0,

(@ fol qqdr + fol qqdz + fol q0.dx = 0,

using integration by parts and the boundary conditions, we obtain

(

2dtf0¢td +kfo¢tx</5 +lw+¢)df—kolf0¢t —l¢)dx =0,

v l% (Jo et = ) (s) ds)
+k fo VY, (¢, + 1w+ ) do + fol b, 0pdz =0,
&i Jrwide + ko [ wi, (w, — 16) da + K [Lwq (6, + lw + ) do = 0,
2 callt [y 0%dx + [ Oqudz — [y 0,0,dz = 0,

( 2dt fol "z + Bfo fol q.0dr =0,

I

dx +b f(} Vidr

we have also,

1 1 1
k/ ¢tx<¢x+lw+w>dx+k/ wt<¢$+5w+w>dx+lk/ wi (6 + lw + ) do
0 0 0
1
=k/ (60 + 10+ ) (b + Ly + 1,) da
0

1
:k/ (¢, + 1w+ 1) (¢, + lw+ ), dx
0

k d

1
_kd 2
=2t ), (¢, +lw+ )" dx

and,
1
lko/ &y (wy — 1) dx—l—k:o/ Wyt (W — @) dx
0

_ko/O < wy — 16) (w, — 1), dx

ko d

2
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Now, by summing them up, we get

1

2dt Jq

+p2/01 [wt (/Otk(ts)djt(s)ds),] dz = 0.

A simple integration, gives

I

(/;W—Sm(sws) —k<t>wt<o>+/Otk<t_s>%(s)d8

Then,

/Ol{wt /Okt—swt 5)d )]dm

O <k Ot (t—s)wtt(s)ds) do
= ook (1) 1wt<wtmpg/olwt(/Otmt—s)wms)ds)d:c.

By applying Lemma’s (1) result, we obtain

w {wt (/Otws)wt(s)ds)l] dr

1

= ok (1) | 0, () wdz — 2 (KOw,) (1)

0

p d 1 t
+?2d_ i (/Ok(t—s)qbf(s)dS)dx
pok

wtda:—pQ /wt )y

Inserting (4.6)) into (4.5]), gives
d [! )
2 9 5
2dt / [Pl¢t + Pt + prwi 4+ b2 + py0° + ag?
0

+k<¢x+m+w>2+ko<ww—z¢>+p2/k(t—sw?(s)ds] &

- p2 /wtd + 2 (Koy,) ( 5/

which complete the proof. m

(P17 + paiby + prw? + b2 + p36° + ag® + k (¢, + lw + ) + ko (w,

—1¢)%) da

(4.5)
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Lemma 4.4 Let (¢,1,w,0,q) be the solution of f. Then, the functional

1
Fi(t) = ap3/9 (/ q(y) dy) dz, (4.7)
J 0
satisfies, the estimate

Fl()S—%/@de+€1/wtda:+c(1+ )/1q (4.8)

where, £1 > 0.

Proof. Taking the derivative of (4.7)) and using the fourth and the fifth equations into

(1)), gives
1 1

Fi(t) = apg/et (/qu(y)dy) dx—l—ong/Q% (/ (y)dy) dx
(=G — V1) </0x Q(y)dy> dx

1 x
0 —Bq — 0,) dyd
/O(ﬁq ) dydzx

1
1 T
¢ dx +ya / Uyqdx — Bps / 0 / qdydz
0 / 0
—pg/é’/ 0,dydz.
0
0

Now, we use Cauchy-Schwarz and Young’s inequalities, we obtain

=

+ p3

n T T —e S— T

«

1

1 1 1

F'l(t)goz/ q2dm+7a51/ ¢?dm+§/ q2dx—p3/92dx
0 0 0
0
1
1 @ 2
+%/92d:c+%/ (/ qdy) dr,
J o \Jo

1
Fi(t) < (a+1—a+%>/q2duﬂc+(%—p3>/92dw
1 0

1
+yaey / Yidz.
0

then,
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Thus, we get the estimate (4.8). =

Lemma 4.5 Let (¢,,w,0,q) be the solution of {4.1)-{{-3). Then, the functional

By (t) = —py / (66, + wy) da, (4.9)

satisfies the estimate,
, 1 1 1
BO<-p [ ddo-p [ ubdsse| o2
0 0 0
1
+c/ (wy — 10)* da
0

1
+ c/ (¢, + lw + ) d, (4.10)
0

Proof. By differentiating (4.9) and using (4.1)); and (4.1))3, we obtain

’

1 1 1
Fy(t)=—p, | ¢ide - P1/ Pydr — /)1/ wydx
0 0 0
1

—pl/ wwydr
0
1 1
_ 2 2
—_Pl/ ?btdx_Pl/ widx
0 0

1
_/ ¢ (k (6, + lw 4 1) + ko (w, — 1¢)) dz
0
1
_/w(ko(wx—lé)x—kl(¢x+lw+¢))dﬂf
0
1 1 1
o1 [ otto—p, [ ubdost 0,0+ tor i)
1
— 1k . —l9)d
0/0 ¢(w ¢) T
1

1
+k;0/ wx(wx—lgb)dqukl/ (¢, + lw + ) wdx
0 0

1 1
+k:/ ¢(¢x+lw+w)da:—k/ U (p, + lw + 1) de,
0 0

then,
/ 1 1
Fz(t)—_ﬂl/ ¢?d$_P1/ widx
0 0
1
—i—k/ (¢, + lw + ) da
0

1 1
- k:o/ (wy — 1¢)* da — k/ Y (o, + lw+ 1) dx, (4.11)
0 0
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using Young’s and Poincaré’s inequalities, to estimate the last term, gives

—k/olw((berlerw)dx < cpk/olwidx (4.12)
+§/1 (¢ + lw + ) da
Now, by using the result of Lemma 2, we obtain :
cpk /01 Vidr < c/o1 (02 + (¢, + lw + ¥)? + (w, — lgb)ﬂ dr. (4.13)

By substituting (4.12)) and (4.13)) into (4.11]), we obtain the result. =

Lemma 4.6 Let (¢,,w,0,q) be the solution of (4.1)-(4.4). Then, the functional

&mz@ﬂﬁ(mlf<wwm<>)m, (414)

satisfies, for any €3 > 0 the estimate

@ws—(—@nu)/¢d4ﬁ”/wt

—l—g/ 92dx+53k/ (¢, + lw +)*d
0 0

+%’“/01 (/Otk(t—s)@bf(s)ds) dx.

Proof. Taking the derivative of , and using the second equation in (4.1)), gives

1 1 ¢
E0 =g [ wtesp, [o( [ k0-900)ds) ds
1 t '
b [0 (vt [ K= v do
1 1 t
:Pz/o ¢?dx+92/0 (eF < ; k(t_s)l/}t(S)dS) dx
1 1 t '
v [vvades [o([re=svi0ds) an
Integration by parts, yields
1 1 t
= [ s [ o[ re-sva)
1 t !
—/0 w(/o k(t—s)wt(s)ds> dx

1 1 1
J— 2 J—
b/o V2dx k/o w(¢$+lw+w)d:c+7/0 W, 0dz

+Kf¢(£7wr—@wxﬂdQQM- (115)
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Using Young’s and Cauchy-Schwarz inequalities, we obtain

/ b, (/t (t—s)@bt(s)ds) dx

t 2
< /@btd + = 2 (/k(t—s)@bt(s)ds) dz,
0
then,

/01 </Otk(t—s)@/)t(s)ds)

</ VE (= s)\VE(t = s), (s) )2;(;

/ 1
L[] ey

:/01 [(/Otk(t—s)ds) (/Otk(t—s)@bf(s)ds)}dx

As,
/tk(t—S)dsg/mk(t—s)ds:/},
we obtain, ' "
| (/ot’“(t‘swt(S)dS)QdﬂfS’f/Ol ([ be=sus)as)
So,

Also, by using Young’s and Poincaré’s inequalities, we get

B 1 % 1 ) 1 9
k:/o ¢(¢$+lw+¢)dl’§4€3/o wxd:c+s3lc/0 (¢, +lw+ ) du

/¢9dm< /¢d + = /6’2dx,

substituting into (4.15) leads to the estimate (?7). m
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Lemma 4.7 Let (¢,,w,0,q) be the solution of {4.1)-{{-9). Then, the functional

Fi(t) = —py / 60 (ws — 16) +wr (6 + I + )] do, (4.16)

satisfies the estimate,

/ 1 l,O 1
Fy (t) < —kol / (wy — 1¢)* da — 71 widx
0

0

1 1
+lp, | ¢idw + kl/ (¢, + lw + ) da
0 0

1
P1 2
— d

“5 | vido

Proof. By differentiating (4.16]) and using (4.1); and (4.1))3, we arrive at

1 1
—P1 /0 Oy (We — 19) dx — py /0 ¢y (we — 19), du

1 1
—m/o wtt<¢m+lw+w>dx—p1/0 wr (6, + lw + ), da
1 1
= / (P, + 1w+ 1), (wy lqb)da:—k:ol/ (wx—lqﬁ)Qdm
) 0
/@ m/ wn (B + lw + ), d
0
1
—ko/ (w, Z¢>$<¢x+5w+w>da~+kl/ (6, + L+ ) da
0 0

by exploiting the condition k& = ky, we obtain

Fé()z—ko/( —1¢) d:p+kl/ b+ lw+ ) d

0

1
- (6 + 1 d
P1/¢t P1/Ow¢+w+¢)x

which implies,

1

1 1
F,(t) = —kol/o (wy — 19)* dx + kl/o (¢, + lw +9)* do — sz/ widx

0

1 1 1 1
:01/ P wirdr + lpl/ ¢?d$ - Pl/ WPy dar — Pl/ wyth,d,
0 0 0 0

noticing that p, fol b wedr = —p; fol wip,,dr, gives
, 1 1 1
F, (t) = —kol / (wy — 19)* dz — Ip, / widr +1p, | ¢ldw
0 0 0

1 1
_plf wt¢tdx+kl/ (¢, + lw +)* da
0 0
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using Young’s inequalitie,

1
n [ wtwtda:<’;1 wid / Vida,
0

yields, estimate (?7). m

Lemma 4.8 Let (¢,v,w,0,q) be the solution of —. Then, under the condition
k = ko the functional

F5 (1) / Yy (¢, + lw + 1) dw+ / Vo dx (4.17)

_/01 (/Otk(t—s)¢§(s)ds) iz,

satisfies, for any €5 > 0 the estimate

F5(t)<—E/(¢ + lw + 1)° d:r;+—§/ (¢, + lw+ 1) dx

lb 1 1
/¢dm+e5/ wtdx—l—sg,/ (wy — lqb)
0
+(,02+—+— )/ V2da
E b 9
— 4+ — d
+(2+2,7X+45>/0qx

1
N (%XJF (P3kolbx) )/ 02dr. (4.18)
0

v 4(yp1)’ €5

Proof. By a simple differentiation of (4.17) and using (4.1)); and (4.1))2, we obtain

, 1 1
F5<t>=p2/0 wtt<¢x+lw+w>dx+p2/0 by (b + lw + 1), da

bp, [* bp, [*
o YRy
0 0

-/ (/Otw—s)w?(s)ds)’dm,
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then,
1 t '
F(t) = — k(t—s)v,(s)d l d
o-- [ {(/ (1= )0 (9)ds) (6,4 w+w>] :
1
o [ o+ i), da
1 1
—l—b/ wm(%—i-lw—l—w)dx—k/ (¢, + lw +1p)* da
01 0
—7/ e (@, + 1w+ 1) do
2 [ oin— [ [ra-9ut6)ds) ao
1
+b/ U0y +wt ), do+1b [ 0w, - 1) do
0 0
using integration by parts, gives
1 1 t '
F(t)=—k l Qd—(k—td>$l d
(0= [ Gt ipan= [ [Re=9u ) @+t v)d
1
+p2/ Y, (lw + ), dv — / e (@, + 1w+ 1) dx
Pl ! 2 I
a_r b,d k(t—s)y;(s)ds) d
2) [ asin = [ ([ k-9t 6)ds) as
b — 4.19
" / b, (w (4.19)
from 4, we obtain
1 1 1
/ Yyuda = _/ (_P3et—%) ¢ydx
0
_P3 e
— 075 t -_ - T td
), =2 [ s
1 1
—-2 [Cowde+ - [ go.d
Y Jo 7Y Jo
S0,
1
/ Vs =22 e¢tdx+ % [0,
1 [t 1 [t
— ) dr — — l d 4.
+7/0 0(0, + lw + ), da 7/0 qlw+),de,  (420)
then,
hol 0 (w, — 1¢) dx (4.21)

/G%M———/ ¢+m+wmwpl
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by using (4.1)5, we obtain

1

1/1 1d
— | q(¢, +lw+1),de=—— [ q(¢,+lw+)de
A ( ): St ), ( )

1
—%/O qt(%—l—lw—i—w)dw

1d
v dt J,
L 0 lw+1)d
), (=Bq — 0,) (¢, + lw T
_1d
= a
B 1
+7—a/0 q(¢, +lw+ 1)) dx
1 1
— | O, (o, +1 dz. 4.22
+WO (60 +lw + ) da (4.22)

substituting (4.21)) and (| into , we obtain

/wn(bt L

1 E\ [
+ (——”i> / 0, (6, + lw + 1) dz
Yy VP, 0

1
+p3k°l/ 0 (w, — 1¢) d
YP1 Jo

1! 1d [*
—;/Oq(lwth)d:c—k—% ¢ (6, + 1w+ ) du

Q(¢I+ZW+@/})d$

1
q (¢, + lw + 1) dx

5 1
L 12
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substituting ([4.23)) into (4.19)), leads to

! bpy d [ ' 2
Fo) ==L [ e — i / (6, + lw + ) da
4 dt 0 0
b3

b d 1 1
+;X£/0 q(¢x+lw+w)dx+7—ax/0 q (¢, +lw+1)de
1 1
s [ vttt )de = [0, (6,4 ot vy da

_/01 (/Otk(t_g)wf(s)ds) dx+lb/01wm(wx—l¢)d$

kolb (1 b
+p3—ox/ 9(wx—l¢)dm—;x/ q(lw+1), dx
0 0

YP1
b apsk\ /p1 ps Va /1
+704 {<1 P1 )(k b) b 09r<¢x+lw+¢)dx

_/01 (/Otk(t—s)wt(s)ds)/((bm—i-lw—l—w)dm.

By simplifying the last inequality, using Young’s and Cauchy-Schwartz inequalities and
the fact that k = kg, we get the desired result. =

Lemma 4.9 Let (¢,,w,0,q) be the solution of [(4.1)-(4.9). Then, the functional

1/ gt
Fs(t) = e_qt/ (/ e Hy (t — s)1? (s) ds) dr,
0o \Jo
satisfy, YVt > 0,

1 1/ gt
Fy (t) = —cFy (t) + Hy (0) / Yida — / (/ k(t —s)? (s) ds) dz, (4.24)
0 o \Jo
where, Hy (t) = [ e |k (s)| ds.
Proof. By a simple integration, we obtain
1 t t
Fy(t) = —cFs (t) + e_gt/ (/ et Hy (0) 42 +/ e eIk (t — 5) Y2 (s) ds) dx,
o \Jo 0

which gives the estimate (4.24]). =
Now, we define the Lyapunov functional L (¢) by

1
L (t) =NE (t) + NlFl + N2F2 + N3F3 + 7F4 + N5F5 + N6F6, (425)
where, N, N1, Ny, N5, and Ny are positive constants.

Lemma 4.10 Let (¢,¢,w,0,q) be the solution of {§.1)-(4-3), there exists two positive
constants C7 and Cy such that the Lyapunov functional L (t), satisfies
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Ci(E@)+ Fs(t) < L(t) <Cy(E(t)+ Fs(t)), Vt>0.
Proof. From , we have

|L(t) = NE(t) — NeFp ()|

< Nyopy / o ( [ 1w dy) d

1
+Napy [ (00, + wwo)] da
+/tk(t—s)¢t(s)ds dx

’)1/ 16, (s — 16) + w (6, + lw + )| do

b
+,o2/ ] (6 + T + )| da + "1/ 0, |y de

+/01 /Otw—sw?(s)dsd

Exploiting Cauchy-Schwarz’s, Young’s and Poincaré inequalities, gives

X.

L (t) = NE(t) — NeFs ()|
<C /0 1 [018% + P2, + prwi + b + pef” + ag”
(0t w0+ o =10+ [ K (1= )67 (5) | da
<CE({),
which yields,
(N—C)E(t)+ NoFs (t) < L(t) < (N+C)E(t) + NeFs () .
Consequently, by choosing N large enough, we obtain the estimate , with

C’lzmin{N—C’, Nﬁ},
ngmaX{N+C’, N6}

[ |
Now, we are ready to state and prove the main result of this section.

(4.26)
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Theorem 4.2 Let (¢,¢,w,0,q) be the solution of {{-1)-(4.3) and assume that (H1)-
(H2) hold, k = ko, and & = 0. Then, the energy functional satisfies,

E(t) < koe™™* ¥t >0, (4.27)

where, kg and k; are two positive constants.

Proof. by differentiating (4.25) and recalling (4.8), (4.10), (??), (??), (4.18) and (4.24),

we obtain

’

1
£ (£) < — (ko — ¢Ny — Nacs) / (w, — 16)* dz
0
1
— <M — ¢Ny — N3egk — k) / (¢, + lw + ) da
2 0

~ [ b
) 0 N 8 (2 5

1
N N. b kolby)?

B 1P3__37_N5 ﬁx_i_(Pg 0 ;() /92(13:
2 2 ¥ 4(vp)es ) ) )
—N, E+£ +ﬁ /1 2dx
(5 27)( 12X Oq

- (Nﬁ— N?’Qp?k) /01 (/Otk(t—swf(s)ds) dx

N i
+ % (k: D%) (t) dz — cNeFs (t) .

By setting,
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we obtain,
, 1
L (t) < — (ko — cNy — 1)/ (wy — 1¢)? da
0

1
- (NTM{;—CNQ—%)/O (6, + lw + ) do

1
p1 3Nsp, 2
(- )) [t
0

N pl b
—H Ng — N, _= 4+ —
1 (0) Ne 5 <P2 + ) + 27X>

1
<N3 (b N?’Cp 5) —¢N, — N5lb) / idy
Nipy @ Y %XJF N ng’olbx /92(11:
2 gl 4 (vpy)?

(B —cNy (1+ Ny) — Ns <§+%X+Nilbx)>/ ¢dx
0
1
(N6 N3p2 )/0 (/Otk(t—s)@bf(s)ds)dm

L P (k: DQ/}t) () dz — <NeFg (t) .

Next, we carefully choose our constants so that the terms inside the brackets are
positive.
We choose N, large enough, such that

a0 = ko — Ny —1> 0, 041:N2p1+%—1>0,

ag = Nopy — py > 0,
then, we choose Nj large enough, such that

N:k
a3:T5—CN2—2k>O

once Ny and Nj are fixed, then we choose N3 large enough, such that

Nyc,k Nslb
a4:N3<b— ' —%)—CNQ— o >0,
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also, we choose Ng large enough, so that

2

()é5ZN6— >0,

next, we choose N, large enough, such that

Qg

N N. b Ns (pakolby)?
— —12p3 — 737 — N5 &X—’_ 15 \P3MPPA) (p3 0 2X) > 0,
4 (vpy)

finally, we choose N large enough (even larger so that (4.26)) remains valid), so that

. { b 3N.
— H, (0) Ng — N <p2 + % + ZX) P1 302

_ Npyk (1)

(0%4 9

k b N5lb
CYS:ﬁN_CNl(l—i_Nl)_NS(Q‘i‘%X—l— 5 X)

All these choices, lead to

1
L)< / (0 d? + artf? + ayt0? + cah? + g + us?
0

tag (¢, + lw +¥)° + ag (w, — 19)* + 045/ k(t—s)vl(s) ds] dx
0

— §N6F6 (t) .

By (4.3), we obtain

!

L'(t) < —0oE (t) + Fs (t) , Vt >0, (4.28)
for some o¢ > 0. A combination of the right side of (4.26)) and (4.28]), gives

!

L'(t) < —kL(t) ,¥t>0, (4.29)

where k; = %. A simple integration of (4.29) over (0,¢), yields
2

L(t) < L(0)e ™ vt >o0. (4.30)

Finally, using the fact that Fs (¢) is positive and combining (4.26|) and (4.30f), we obtain
(4.27) which completes the proof. m
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