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ABSTRACT

The theory of geomtric mean is well established for positive matrices,with more then 40 years
old research heritage.In this thesis,we investigate this theory for accretive matrices,extending the
notion of geomtric mean from the context of positive matrices to that of accretive matrices.By
switching from positive to accretive matrices,it is possible to get new forms that are interest.The
main outcomes of this thesis include,but are not limited to,extening the concept of geomtric mean
to the context of accretive matrices,extending a number of well-known inequalities in a similar
manner,and investigating the numerical radius of accretive matrices.The latter topic is particularly
intriguing because it repreents a fresh approach to the discipline and is straightforward for positive
matrices.

Keywords: Geomtric mean, accretive matrices, numerical raduis, positive matrices, inequalities.
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RÉSUMÉ

La théorie de la moyenne géométrique des matrices remonte à plus de 40 ans dans le domaine
de la recherche, où les matrices positives ont été abordées. Cette thèse vise à étudier les matrices
ayant une partie réelle positive, en élargissant le concept de la moyenne géométrique en passant des
matrices positives aux matrices ayant une partie réelle positive. Ce passage permet de généraliser
des résultats connus et de nouvelles formes qui n’étaient pas importantes pour les matrices positives.
Les résultats principaux de cette thèse se concentrent, entre autres, sur l’élargissement du concept de
la moyenne géométrique des matrices aux matrices ayant une partie réelle positive, l’élargissement
de nombreuses inégalités courantes ainsi que l’étude du demi-rayon numérique des matrices ayant
une partie réelle positive. Il convient de noter que ce sujet revêt une grande importance car il s’agit
d’un sujet superficiel dans l’étude des matrices positives.

Mots clés : Moyenne géométrique, matrices ayant une partie réelle positive, demi-rayon numérique,
matrices positives, inégalités.
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Introduction

Let Mn stand for the algebra of all n × n complex matrices. Positive matrices

offer numerous desirable characteristics that are regarded extensions of the corresponding

characteristics of positive numbers. A matrix A ∈Mn is said to be positive if 〈Ax, x〉 > 0

for all non-zero vectors x ∈ Cn.

In this literature, numerous academics have expressed an interest in studying inequal-

ities among positive matrices. Due to its significance in the area of matrix theory and

its siblings, inequalities among geometric means in particular have drawn the attention

of many scholars.

A geometric means is a binary operation with a number of desirable qualities, as we

shall see later in this thesis. It is defined by

A]λB = A
1
2

(
A−

1
2BA−

1
2

)λ
A

1
2 ,

where A,B ∈Mn are positive.

When discussing the geometric mean, we have to mention the arithmetic mean and

the harmonic mean, which are defined as follows:

A∇λB = (1− λ)A+ λB,A!λB = ((1− λ)A−1 + λB−1)−1,

where 0 ≤ λ ≤ 1.

These three means are related via the relation

A!rB ≤ A]rB ≤ A∇rB; 0 ≤ r ≤ 1.



2

This inequality, also known as the arithmetic-geometric-harmonic mean inequality, is one

of the most fundamental in the theory of matrix means. The extension of the geometric

mean theory from the context of positive matrices to that of accretive matrices is the focus

of this thesis. Those matrices are the ones with positive real parts. That is, A ∈ Mn is

said to be accretive if <A is positive. The first difficulty in this transition is that even if A

and B are accretive, then A−
1
2BA−

1
2 is not strictly accretive and is not positive. Because

the definition of geometric mean for positive matrices depends on the fact that A−
1
2BA−

1
2

is positive when both A,B are positive. this problem is extremely difficult.

The integral representation of a geometric mean is used to get around this problem. In

a manner similar to positive matrices, this detour enables the extension of the geometric

mean definition to the context of accretive matrices and enables the discovery of other

intriguing inequalities.

It is also important to point out that this thesis helps as a survey of results involving

positive matrices, since these results follow as special cases of the new results involving

accretive matrices. In the sequel, we shall remind the reader frequently of this fact: where

positive versions are revealed from the accretive ones.

There are three chapters in this thesis. We introduce the necessary definitions and

attributes in the first chapter so that the reader may understand the thesis with ease. The

second chapter, which is where the body of the thesis is found, defines the geometric mean

of accretive matrices and covers a wide range of related subjects and inequalities. This will

involve the expansion of numerous well-known positive matrices results. The third chapter

will discuss inequalities for the numerical radius of accretive matrices will be covered in

the third chapter as a novel approach to this area of study. This method is particularly

interesting because it studies such inequalities for positive matrices is straightforward
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because the numerical radius of positive matrices is the same as their operator norm



CHAPTER 1

Basics on matrices
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Throughout this chapter we introduce some basic concepts and results. That will be

used frequently in this thesis. We refer the reader to (Bhatia, 1997) and (Simon, 1979).

1.1 Basic definitions in matrix theory

In this section, we give some basic properties of matrices.

Definition 1.1.1. If A ∈Mn, then the matrix A∗ :Mn →Mn that satisfies

〈Ax, y〉 = 〈x,A∗y〉 for all x, y ∈ Cn

is called the adjoint Hermitian conjugate of A.

Definition 1.1.2. Let A ∈Mn.

(a) If A∗ = A, then A is called Hermitian matrix.

(b) If A∗A = AA∗ = I, then A is called a unitary matrix.

(c) If 〈Ax, x〉 ≥ 0 for all x ∈ H, then A is called a positive semi−definite matrix.

(d) If A is positive semi−definite matrix and is invertible, it is called a positive matrix.

(e) If A∗A = AA∗, then A is called a normal matrix.

Throughout this thesis, the notationA ≥ 0 means that the matrix is positive semi−definite.

For two Hermition matrices A,B the notation B ≥ A or A ≤ B means B − A ≥ 0. On

the other hand, the notation A > 0 is used to mean that A is positive. The notationM+
n

is used to denote the class of all positive matrices.
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Theorem 1.1.3. Let A ∈Mn. If A ≥ 0, then there exists a unique matrix B ∈Mn such

that B ≥ 0 and B2 = A. Here B is called the positive square root of A and is denoted by

A1/2(or
√
A).

The following is a basic property.

Theorem 1.1.4. If A ∈Mn, then A∗A and AA∗ are positive semi−definite matrices.

Definition 1.1.5. If A ∈Mn, then the absolute value of A is the positive square root of

the positive matrix A∗A, i.e., |A| = (A∗A)1/2.

Definition 1.1.6. The Cartesian decomposition of matrix A ∈Mn, is given by

A = <A+ i=A, with <A =
A+ A∗

2
and =A =

A− A∗

2i
,

where <A is the real part of A and =A is the imaginary part of A.

Definition 1.1.7. The spectrum of a matrix A ∈Mn is the set

σ(A) = {λ ∈ C : A− λI is not invertible in Mn},

where I is the identity matrix in Mn.

Theorem 1.1.8. (Spectral Mapping Theorem) Let A ∈ Mn and let p be any poly-

nomial. Then

σ(p(A)) = p(σ(A)).

Remark 1.1.9. Let A ∈Mn. Then

σ(A∗) = {λ̄ : λ ∈ σ(A)}.
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where λ̄ is the complex conjugate of λ.

Moreover, if A is invertible, then

σ(A−1) = {λ−1 : λ ∈ σ(A)}.

Definition 1.1.10. Let λ1, λ2, ..., λn be the eigenvalues of matrix A. Then the trace of A

is given by

trA =
n∑
i=1

λi.

Definition 1.1.11. The singular values of a matrix A ∈Mn, denoted by s1 (A) , s2 (A) , · · · , sn(A),

are the eigenvalues of |A| arranged in decreasing order, and repeated according to multi-

plicity. That is, the singular values of A are the square roots of the eigenvalues of A∗A.
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1.2 Unitarily invariant norms

In this section, we study some classes of norms onMn that have the unitary invariance

property. These classes proved to be useful in different areas of science such as geometry,

physics, analysis, and applied mathematics.

Definition 1.2.1. A real valued function N : X → R, where X is real (or complex) vector

space is said to be a norm if for every scalar α, and x, y ∈ X we have:

(a) N(x) ≥ 0.

(b) N(x) = 0 if and only if x = 0.

(c) N(αx) = |α|N(x).

(d) N(x+ y) ≤ N(x) +N(y).

Definition 1.2.2. A norm ||| · ||| on Mn is said to be unitarily invariant if

|||UAV ||| = |||A|||,

for all unitary matrices U, V ∈Mn and all A ∈Mn.

Example 1.2.3. The usual operator (or the spectral) norm, which is denoted by || · || is

defined for any A ∈Mn by

||A|| = sup
||x||=1

||Ax|| = sup
||x||=||y||=1

|〈Ax, y〉| = s1(A).
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When A is Hermition, this norm is given by

||A|| = sup
||x||=1

|〈Ax, x〉| .

Example 1.2.4. The Schatten p-norm of matrix A , denoted by ||·||p , where 1 ≤ p <∞

is defined by

||A||p =

(
∞∑
j=1

spj(A)

)1/p

.

It is clear that ||A||p = (tr |A|p)1/p
= (tr |A∗|p)1/p

.

Proposition 1.2.5. Let A ∈Mn. Then ‖A‖ = limp−→∞ ‖A‖p = s1(A).

Here ||A||2 is called the Hilbert-Schmidt norm and ||A||1 is called the trace norm.

Proposition 1.2.6. Let A ∈Mn. Then

||A||2 =
(
tr |A|2

)1/2
and ||A||1 = tr |A| .

Example 1.2.7. The Ky Fan k-norm, denoted by ||·||(k) , are defined for any matrix

A ∈Mn, by

||A||(k) =
k∑
j=1

sj(A), k = 1, 2, · · · , n.

The following is an important property of unitarly invariant norm

Proposition 1.2.8. Let A ∈ Mn. We can easily prove the following properties for

unitarily invariant norms:

(a) |||A||| = |||A∗||| .
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(b) |||A||| =
∣∣∣∣∣∣∣∣∣(A∗A)1/2

∣∣∣∣∣∣∣∣∣ = ||| |A| ||| .

(c) |||A∗A||| = |||AA∗||| .

(d) |||AB∗||| = ||| |A| |B| ||| .

Theorem 1.2.9. Let A ∈Mn be invertible . Then

‖A‖−1 ≤ ‖A−1‖. (1.2.1)

Theorem 1.2.10. Let A,B ∈M+
n . Then

‖ AB ‖≤ 1

4
‖ (A+B)2 ‖ . (1.2.2)

For further results on unitarily invariant norms, we refer to (Bhatia, 1997) and (Simon,

1979).

1.3 Matrix monotone and matrix convex functions

In this part, we examine matrix monotone functions, a unique and significant class

of functions with a number of unique characteristics. These characteristics have a strong

connection to those of the matrix convex functions. We’ll study both courses.

First, we need to remind the reader of the meaning of f(A), when A is any matrix.

Let f : D → C be an analytic complex function on a complex domain D. The Cauchy

integral formula assures that for a ∈ D,

f(a) =
1

2πi

∫
Γ

f(z)

z − a
dz,
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where Γ is a simple closed curve in D that winds once around a. Extending this definition

to matrices is possible using the Dunford integral

f(A) =
1

2πi

∫
Γ

f(z)(zI − A)−1dz, (1.3.1)

where Γ is a simple closed curve in the definition of A that winds once around each

eigenvalue of A. Of course, Γ must lie in D.

For example, letting f : C\(−∞, 0]→ C be f(z) = zλ, 0 < λ < 1, we define

Aλ =
1

2πi

∫
Γ

zλ(zI − A)−1dz, (1.3.2)

where Γ is any closed curve avoiding (−∞, 0] in the resolvent of A, so that Γ winds once

around each eigenvalue of A.

So, fractional powers are not only defined for positive matrices. They can be defined

for any matrix whose eigenvalues are not in (−∞, 0].

Definition 1.3.1. Let f : J → R be a function where J ⊆ R is an interval. Then f

is called matrix monotone on J if for any two Hermition matrices A and B with spectra

contained in J, A ≤ B implies that f(A) ≤ f(B).

The following function is an example of a function that is not matrix monotone, but

it is monotone as a real function.

Example 1.3.2. Consider the function f(x) = x2, where x ≥ 0. Let A and B be the 2×2

matrices defined as A=

 1 1

1 1

and B =

 2 1

1 1

. It is clear that B−A =

 1 0

0 0

 ≥ 0

that is B ≥ A. But B2−A2 =

 3 1

1 0

 is not positive semi-definite, since it has a negative
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eigenvalue, so B2 � A2.

Definition 1.3.3. Let f : J → R be a function where J ⊆ R is an interval. Then f is

called matrix convex if for any Hermition matrices A and B with spectra contained in J,

we have

f(αA+ (1− α)B) ≤ αf(A) + (1− α)f(B)

for all α ∈ [0, 1].

The following function is an example of a function that is not matrix convex, but it is

convex as a real function.

Example 1.3.4. Consider the function f(x) = x3, x ≥ 0. Let A and B be the 2 × 2

matrices defined as A =

 1 1

1 1

and B =

 3 1

1 1

 . Then A and B are positive and

A3 +B3

2
−
(
A+B

2

)3

=

 6 1

1 0



which is not positive since it has a negative eigenvalue. So A3+B3

2


(
A+B

2

)3
, that is f is

not matrix convex, on [0,∞).

Example 1.3.5. The function f(x) = ax+b where a, b ∈ R and a ≥ 0 is matrix monotone

function. It is matrix convex for every a, b ∈ R.

Definition 1.3.6. Let f : J → R be a function where J ⊆ R is an interval. Then f is

called matrix concave if for any Hermition matrices A and B with spectra contained in

J , we have

f(αA+ (1− α)B) ≥ αf(A) + (1− α)f(B), (1.3.3)
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for all α ∈ [0, 1].

Remark 1.3.7. f is called matrix concave if and only if −f is matrix convex.

Although convex(concave) functions have no relations in generale with monotone func-

tions, the following proposition gives an interesting relation, when talking about matrix

convexity (concavity). See (Uchiyama, 2010) and (Ando and Hiai, 2011) for details.

Proposition 1.3.8. Let f : (0,∞)→ [0,∞) be continuous. Then

(i) f is matrix monotone decreasing if and only if f is matrix convex and f(∞) <∞.

(ii) f is matrix monotone increasing if and only if f is matrix concave.

1.4 Numerical range and numerical radius

Definition 1.4.1. The numerical range of matrix A ∈ Mn is the subset of the complex

plane C, given by

W (A) = {〈Ax, x〉 : x ∈ C, ‖x‖ = 1}.

Notice that when A ∈M+
n , then W (A) ⊆ (0,∞).

The following are basic properties of the numerical range.

Theorem 1.4.2. Let A,B ∈Mn, and let α, β ∈ C. Then

(a) W (αI + βA) = α + βW (A).

(b) W (A+B) ⊆ W (A) +W (B).

(c) W (A∗) = {λ̄ : λ ∈ W (A)}.

(d) W (UAU∗) = W (A) for all unitary matrices U ∈Mn.
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(e) The numerical range of matrix A ∈Mn is a compact set.

Theorem 1.4.3. (Toeplitz-Hausdorff) The numerical range of matrix A ∈ Mn is a

convex subset of C.

Theorem 1.4.4. (Spectral Inclusion) The spectrum of matrix A ∈ Mn is contained

in its numerical range. That is,

σ(A) ⊆ W (A).

It follows from the previous theorem that conv σ(A) ⊆ W (A) holds for any matrix

A ∈ Mn, where conv σ(A) is the convex hull of the set σ(A). The next theorem asserts

that this containment becomes an equality when A is normal.

Theorem 1.4.5. If A ∈Mn is normal, then

conv σ(A) = W (A).

Among the important scalar quantities related to matrices, is the so called numerical

raduis, defined as follows.

Definition 1.4.6. The numerical radius of matrix A ∈Mn is given by

w(A) = sup
λ∈W (A)

|λ| = sup
x∈Cn, ‖x‖=1

|〈Ax, x〉| .

It is well known that w(·) defines a norm on Mn that is equivalent to the operator

norm, via the relation see (Halmos, 1982).

1

2
‖A‖ ≤ w(A) ≤ ‖A‖, A ∈Mn. (1.4.1)
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It is easy to verify that w(·) defines a norm on Mn. This norm is weakly unitarily

invariant (i.e., w(A) = w(UAU∗) for all matrices A and all unitary matrices U inMn(C)

and satisfies w(A) = w(A∗) for all A ∈Mn.

The following useful theorem provides an alternative way to compute the numerical

radius of matrix.

Theorem 1.4.7. Let A ∈Mn. Then

w(A) = sup
θ∈R

∥∥<(eiθA)
∥∥

= sup
θ∈R

∥∥=(eiθA)
∥∥

Now we give some properties for the numerical radius.

Theorem 1.4.8. Let A,B ∈Mn. Then

(a) w(A+B) ≤ w(A) + w(B).

(b) w(AB) ≤ 4w(A)w(B).

(c) If AB = BA, then w(AB) ≤ 2w(A)w(B).

(d) If A is normal, then w(A) = ‖A‖.

(e) If A,B are normal, then w(AB) ≤ w(A)w(B).

(f) w(A) = w(UAU∗) for all matrice A and all unitary matrice U in Mn .

(g) w(A) = w(A∗) for all A ∈Mn.

Proposition 1.4.9. Let A,B ∈Mn be positive semi− definite. Then
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w


 0 A

B 0


 =

1

2
‖A+B‖. (1.4.2)

Proposition 1.4.10. Let A ∈Mn. Then

w(<A) ≤ w(A). (1.4.3)

Proof :

w(<A) = w(
A+ A∗

2
) ≤ w(A) + w(A∗)

2
= w(A).

1.5 Positive linear maps

In this section, we state some fundamental properties of possitive linear maps.

The definition of unital positive linear maps is as follows:

Definition 1.5.1. A map Φ :Mn →Mr is linear if it is additive and homogeneous, i.e.

Φ(λA+ µB) = λΦ(A) + µΦ(B) for any λ, µ ∈ C and for any A,B ∈Mn.

A linear map Φ :Mn →Mr is positive if it preserves the matrix order ≥, i.e. A ∈M+
n

implies Φ(A) ∈M+
r .

A linear map Φ :Mn →Mr is called unital if it preserves the identity matrix, i.e. if

Φ(I) = I.

Proposition 1.5.2. Let Φ :Mn →Mr be a positive linear map. Then
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A ≤ B implies Φ(A) ≤ Φ(B).

Φ(A∗) = Φ∗(A).

The following two propositions are given in (Furuta et al, 2005), (Bhatia, 2007), re-

spectively.

Proposition 1.5.3. Let Φ be a positive linear map. Then for any matrices A,B ∈M+
n ,

Φ(B)Φ(A)−1Φ(B) ≤ Φ(BA−1B). (1.5.1)

Proposition 1.5.4. Let A ∈M+
n and Φ be a positive linear map. Then

Φ(A−1) ≥ Φ−1(A). (1.5.2)

1.6 Geometric mean of positive matrices

In 1980, Kubo and Ando introduced the notion of a matrix means between two positive

matrices (kubo and Ando, 1980). A matrix mean σ on M+
n is a binary operation AσB

satisfying the following requirements:

• A ≤ C and B ≤ D imply AσB ≤ CσD; for any A,B,C,D ∈M+
n .

• C∗(AσB)C = (C∗AC)σ(C∗BC); for any A,B ∈M+
n and any invertible C ∈Mn.

• Ak ↓k A and Bk ↓k B imply (AkσBk) ↓k (AσB); for any Ak, Bk, A,B ∈M+
n .

• IσI = I.

Standard examples of matrix means are given by (Pusz and Woronowicz, 1975).

• The weighted arithmetic mean A∇λB = (1− λ)A+ λB,
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• The weighted Harmonic mean A!λB = ((1− λ)A−1 + λB−1)−1,

• The weighted geometric mean A]λB = A
1
2

(
A−

1
2BA−

1
2

)λ
A

1
2 ,

where A,B ∈M+
n and 0 ≤ λ ≤ 1. When λ = 1

2
, we drop λ from the above notations, and

we simply write ∇, ! and ].

In particular, we have !λ ≤ ]λ ≤ ∇λ, see (Ando, 1978). That is, if A,B ∈M+
n , then

A!λB ≤ A]λB ≤ A∇λB, 0 ≤ λ ≤ 1.

Proposition 1.6.1. Let A,B ∈Mn be positive, then

|||A]λB||| ≤ |||A|||]λ|||B|||. (1.6.1)

Proposition 1.6.2. Let A,B ∈M+
n , then for any unit vector x,

〈(A]λB)x, x〉 ≤ 〈Ax, x〉 ]λ 〈Bx, x〉 . (1.6.2)

Proposition 1.6.3. (Ando’s inequality) Let A,B ∈ M+
n and Φ be a positive unital

linear map. Then

Φ(A]λB) ≤ Φ(A)]λΦ(B). (1.6.3)

Proposition 1.6.4. Let A,B ∈M+
n . Then for any positive unital linear map Φ, it holds

Φ(A]λB) ≥ Φ(A)]λΦ(B), λ ∈ (−1, 0), (1.6.4)

providing a reversed version of (1.6.3).
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Proposition 1.6.5. Let A,B ∈ Mn be such that 0 < mI ≤ A,B ≤ MI, for some

positive scalars m,M , and let f, g ∈ m. Then for every unital positive linear map Φ,

Φ2(
A+B

2
) ≤ K(h)2Φ2(A]λB), (1.6.5)

where h = M
m

and k(h) = (h+1)2

4h
is the well known Kantorovich constant.

Proposition 1.6.6. Let A,B ∈M+
n . Then for λ ∈ (−1, 0),

(1− λ)A+ λB ≤ A]λB. (1.6.6)

The theory of geometric mean for positive matrices has been well developed and stud-

ied in the literature. We refer the reader to (Ando, 1978), (kubo and Ando, 1980),

(Nishio and Ando, 1976), (Mathias, 1992), (Ando, 1979), (Furuta, 2002) and (Furuta and

Yanagide, 1998) as a sample of articles treating this topic.



CHAPTER 2

Some new inequalities for geometric mean



19

2.1 Accretive matrices

Our goal in this section is about introducing means of a special class of matrices, that

is wider than that of positive ones. namely, accretive matrices.

Definition 2.1.1. A matrix A ∈ Mn is said to be accretive if its real part is positive

(i.e., <A > 0.)

When studying properties of accretive matrices, it is necessary to recall the definition

of sectorial matrices.

Definition 2.1.2. For 0 ≤ α < π
2
, we define the sector

Sα = {z ∈ C : <(z) > 0, |=(z)| ≤ tan(α)<(z)}.

A matrix A whose numerical range is a subset of a sector Sα, is called a sectorial matrix.

It is clear that a sectorial matrix is necessarily accretive, in this thesis, it will be implicitly

understood that the notions of Sα is defined only when 0 ≤ α < π
2
.

Remark 2.1.3. The numerical range W (A) of an accretive matrix A satisfies

W (A) := {〈Ax, x〉 : x ∈ Cn, ‖x‖ = 1} ⊂ the right half complex plane.

In the following, we list some properties of accretive (sectorial) matrices.

Proposition 2.1.4. The class of accretive matrices is

(1) a convex cone of Mn.

(2) invariant under inversion.
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It is well known that for any matrix A ∈ Mn, |||<A||| ≤ |||A|||, for any unitarily

invariant norm ||| · ||| on Mn. The following lemma presents a reversed version of this

inequality for sectorial matrices see (Zhang, 2015).

Proposition 2.1.5. Let A ∈Mn be accretive matrix such that W (A) ⊂ Sα and let ||| · |||

be any unitarily invariant norm on Mn. Then

cosα |||A||| ≤ |||<(A)||| ≤ |||A|||.

Other intersting needed properties of accretive matrices are given in (Lin, 2015),

(Drury, 2014), (Choi et al, 2019) and (Drury 2015) as follows.

Proposition 2.1.6. If A ∈Mn is accretive, then

<(A−1) ≤ (<A)−1

This inquality can be reversed as follows.

Lemma 2.1.7. If A ∈Mn is accretive with W (A) ⊂ Sα, then

sec2(α) <(A−1) ≥ (<A)−1

Lemma 2.1.8. Let A ∈Mn is accretive with W (A) ⊂ Sα and t ∈ (0, 1). Then W (At) ⊂

Stα.

Also note that W (A−t) ⊂ Stα. This follows because W (A−1) ⊂ Sα when W (A) ⊂ Sα.

2.2 Properties of geometric mean

In this section,we explore more properties of the geometric mean of accretive matrices.

Definition 2.2.1. let A,B ∈Mn be accretive matrices, then

A]λB =

∫ 1

0

A!tB dvλ(t) , 0 < λ < 1
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Where vλ is a probability measure on [0, 1] given by dvλ(t) =
sin(λπ)

π

tλ−1

(1− t)λ
dt

Corollary 2.2.2. Let A,B ∈Mn be accretive matrices. Then for λ ∈ (0, 1),

(A]λB)−1 = A−1]λB
−1.

Theorem 2.2.3. Let A,B ∈Mn be accretive matrices and 0 < λ < 1, then

<(A!λB) ≥ (<A)!λ(<B)

Proof : Consider the matrix convex function f(A) = (<(A−1))−1, then

f((1− λ)A+ λB) ≤ (1− λ)f(A) + λf(B)

(<((1− λ)A+ λB)−1)−1 ≤ (1− λ)(<A−1)−1 + λ(<B−1)−1

(<((1− λ)A−1 + λB−1)−1)−1 ≤ (1− λ)(<A)−1 + λ(<B)−1

<((1− λ)A−1 + λB−1)−1 ≥ ((1− λ)(<A)−1 + λ(<B)−1)−1

<(A!λB) ≥ (<A)!λ(<B),

this completes the proof.

Theorem 2.2.4. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα.

Then for 0 < λ < 1

<(A!λB) ≤ sec2(α)(<A)!λ(<B) (2.2.1)
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Proof : Let A,B be sectorial matrices, we have

<(A!λB) = <((1− λ)A−1 + λB−1)−1

≤ ((1− λ)<A−1 + λ<B−1)−1

≤ (cos2(α)(1− λ)(<A)−1 + cos2(α)λ(<B)−1)−1

≤ sec2(α) ((1− λ)(<A)−1 + λ(<B)−1)−1

= sec2(α) (<A)!λ(<B),

which complete the proof

Theorem 2.2.5. Let A,B ∈Mn be accrative matrices and let 0 < λ < 1,then

<(A]λB) ≥ (<A)]λ(<B)

Proof : By Definition 2.2.1, we have

A]λB =

∫ 1

0

A!λB dv(t)

<(A]λB) =

∫ 1

0

<(A!λB) dv(t) ≥
∫ 1

0

(<A)!λ(<B) dv(t) ≥ (<A)]λ(<B)

which complete the proof

Theorem 2.2.6. Let A,B ∈Mn be accretive matrices such that W (A),W (B) ⊂ Sα.then

for 0 < λ < 1

<(A]λB) ≤ sec2(α)(<A)]λ(<B)
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Proof : we have

<(A]λB) =

∫ 1

0

<(A!tB)dv(t) ≤
∫ 1

0

sec2(α)(<A)!t(<B)dv(t) = sec2(α)(<A)]λ(<B).

This completes the proof.

Theorem 2.2.7. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα,

then for 0 < λ < 1

|||A]λB||| ≤ sec2(α) |||A|||]λ|||B|||

Proof : Let A,B ∈Mn be sectorial matrices, then

|||A]λB||| ≤ sec(α) |||<(A]λB)||| ≤ sec3(α) |||(<A)]λ(<B)|||

≤ sec3(α) |||<A|||]λ|||<B||| ≤ sec3(α) |||A|||]λ|||B|||.

Finally we have,

|||A]λB||| ≤ sec3(α) |||A|||]λ|||B|||

Theorem 2.2.8. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα.

Then for 0 < λ < 1

cos2(α)<(A!λB) ≤ <(A]λB) ≤ sec2(α)<(A∇λB). (2.2.2)
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Proof : First,

<(A]λB) ≤ sec2(α)(<A]λ<B) ≤ sec2(α)<(A)∇λ<(B) = sec2(α)<(A∇λB).

Thus, we have shown the first inequality. To show the second inequality, we have

<(A]λB) ≥ <(A)]λ<(B) ≥ <(A)!λ<(B) ≥ cos2(α) <(A!λB).

This shows the second desired inequality, and the proof is complete.

Lemma 2.2.9. Let A,B ∈Mn be accretive matrices. Then for λ ∈ (0, 1),

cos3 α |||A]B||| ≤ |||Hλ(A,B)||| ≤ sec3 α

2
|||A+B|||, (2.2.3)

for any unitarily invariant norm on Mn.

2.3 Geometric mean with negative power

In this part, we discuss geometric mean, for λ ∈ (−1, 0).

Definition 2.3.1. Let A,B ∈Mn be accretive and let λ ∈ (−1, 0). Then

A]λB =

∫ 1

0

[
A

s
− 1− s

s
(A!sB)

]
dν(s)

=

∫ 1

0

(
(1− s)A−1BA−1 + sA−1

)−1
dν(s),

for some probability mesure ν(s) on [0, 1]

Now we have the reversed version of Theorem 2.2.5.
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Theorem 2.3.2. Let A,B ∈Mn be accretive and let λ ∈ (−1, 0). Then

<(A]λB) ≤ <A]λ<B. (2.3.1)

Proof : We have

<(A]λB) = <
(∫ 1

0

[
A

s
− 1− s

s
(A!sB)

]
dν(s)

)
(by Definition 2.3.1)

=

∫ 1

0

[
<A
s
− 1− s

s
<(A!sB)

]
dν(s)

≤
∫ 1

0

[
<A
s
− 1− s

s
(<A!s<B)

]
dν(s) (by Theorem 2.2.3)

= <A]λ<B, (by Definiition 2.3.1)

completing the proof.

Proposition 2.3.3. Let A,B ∈Mn be accretive matrices. Then for −1 < λ < 0

A]λB = A(A−1]−λB
−1)A (2.3.2)

Theorem 2.3.4. Let B ∈ Mn be accretive matrix such that W (B) ⊂ Sα and A ∈ M+
n .

Then for −1 < λ < 0

cos2λ α (<A]λ<B) ≤ <(A]λB). (2.3.3)
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Proof : For λ ∈ (−1, 0), we have for any vector x ∈ Cn,

〈<(A]λB)x, x〉 = <
〈
A(A−1]−λB

−1)Ax, x
〉

=
〈
<(A−1]−λB

−1)Ax,Ax
〉

≥
〈
(<(A−1)]−λ<(B−1))Ax,Ax

〉
(by Theorem 2.2.5)

≥
〈
((<A)−1]−λ cos2 α (<B)−1)Ax,Ax

〉
(by Proposition 2.1.6)

= cos2λ α
〈
(<A((<A)−1]−λ(<B)−1)<A)x, x

〉
(since A = <A)

= cos2λ α 〈(<A]λ<B)x, x〉 .

This completes the proof.

Next, we present an accretive verision of (1.6.6).

Theorem 2.3.5. Let B ∈ Mn be accretive matrix such that W (B) ⊂ Sα and A ∈ M+
n .

Then for −1 < λ < 0

cos2λ α <((1− λ)A+ λB) ≤ <(A]λB). (2.3.4)

Proof : By (1.6.6) and Theorem 2.3.4, we have

cos2λ α <((1− λ)A+ λB) = cos2λ α ((1− λ)<A+ λ<B) ≤ cos2λ α (<A]λ<B) ≤ <(A]λB),

completing the proof.
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2.4 geometric mean and positive linear maps

In this section, we present some inequalities related to the geometric mean and positive

linear maps of accretive matrices. For this purpose, we notice that if Φ is a unital positive

linear map and A is any matrix, then

<Φ(A) = Φ(<A). (2.4.1)

Now we state the sectorial version of (1.6.3).

Theorem 2.4.1. Let A,B ∈Mn be accretive matrices such that W (A),W (B) ⊂ Sα. and

let Φ be a unital positive linear map. Then for 0 < λ < 1

<Φ(A]λB) ≤ sec2 α < (Φ(A)]λΦ(B)) . (2.4.2)

Proof : Using the definition of A]λB, we get

cos2 α <Φ(A]λB) = Φ(cos2 α <(A]λB)) (by (2.4.1))

≤ Φ(<A]λ<B) (by Theorem 2.2.6)

≤ Φ(<A)]λΦ(<B) (by (1.6.3))

= <Φ(A)]λ<Φ(B) (by (2.4.1))

≤ <(Φ(A)]λΦ(B)) (by Theorem 2.2.5),

which completes the proof.

As an application of Theorem 2.4.1, we present the following accretive version of

Proposition 1.6.2.
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Corollary 2.4.2. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα,

then for any unit vector x, we have

< 〈(A]λB)x, x〉 ≤ sec2 α < (〈Ax, x〉 ]λ 〈Bx, x〉) . (2.4.3)

Proof : Letting Φ(A) = 〈Ax, x〉 in Theorem 2.4.1. Then Φ is a unital positive linear

map and

cos2 α <Φ(A]λB) ≤ < (Φ(A)]λΦ(B))⇒ cos2 α < 〈(A]λB)x, x〉 ≤ < (〈Ax, x〉 ]λ 〈Bx, x〉) ,

which completes the proof

Theorem 2.4.3. Let A,B ∈Mn be accretive matrices with W (A),W (B) ⊂ Sα such that

0 < mI ≤ <A,<B ≤MI. Then for every unital positive linear map Φ,

‖ Φ(<(A∇λB)Φ−1(<(A]λB)) ‖≤ sec4 α K(h), (2.4.4)

where K(h) =
(M +m)2

4Mm
and ‖ · ‖ denote the usual operator norm.

Proof : Since 0 < mI ≤ <A ≤MI,

we have

(MI −<A)(mI −<A)(<A)−1 ≤ 0,

which is equivalent to

<A+Mm(<A)−1 ≤ (M +m)I,
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since (<A)−1 ≥ <A−1, we have

(1− λ)<A+ (1− λ)Mm<A−1 ≤ (1− λ)(M +m)I. (2.4.5)

Similarly

λ<B + λMm<B−1 ≤ λ(M +m)I. (2.4.6)

Adding (2.4.5) and (2.4.6), we get

<(A∇λB) +Mm<(A!λB)−1 ≤ (M +m)I. (2.4.7)

By computation, we have

‖ sec4 α MmΦ(<(A∇λB))Φ−1(<(A]λB)) ‖

≤ 1

4
‖ sec4 α Φ(<(A∇λB)) +MmΦ−1(<(A]λB)) ‖2 (by Theorem 1.2.10)

≤ 1

4
‖ sec4 α Φ(<(A∇λB)) +MmΦ

(
(<(A]λB))−1) ‖2 (by (1.5.2))

≤ 1

4
‖ sec4 α Φ(<(A∇λB)) + sec2(α)MmΦ((<(A!λB))−1) ‖2 (by (2.2.2))

≤ 1

4
‖ sec4 α Φ(<(A∇λB)) + sec4 α MmΦ(<(A!λB)−1) ‖2

≤ 1

4
‖ sec4 α Φ(<(A∇λB) +Mm<(A!λB)−1) ‖2

≤ 1

4
sec8 α (M +m)2. (by(2.4.7))

That is

‖ Φ(<(A∇λB))Φ−1(<(A]λB)) ‖≤ sec4 α K(h),

which completes the proof.
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Now we can present the accretive version of (1.6.4).

Theorem 2.4.4. Let B be accretive matrices such that W (B) ⊂ Sα and A > 0 and let Φ

be a positive unital linear map. Then for λ ∈ (−1, 0),

cosα <(Φ(A)]λΦ(B)) ≤ <Φ(A]λB). (2.4.8)

Proof : By Theorem 2.3.4 and then (1.6.4), we have

<Φ(A]λB) = Φ(<(A]λB)) ≥ cos2λ α Φ(<A]λ<B) ≥ cos2λ αΦ(<A)]λΦ(<B).

This, with Theorem 2.3.2, yield

<Φ(A]λB) ≥ cos2λ α<(Φ(A)]λΦ(B)),

completing the proof.

When B ∈M+
n , then α can be taken as α = 0, which then retrieves (1.6.4) as a special

case of Theorem 2.4.4.



CHAPTER 3

The numerical radii of accretive matrices
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In this chapter, we present many new inequalities for the numerical radius of accretive

matrices. The importance of this study is the presence of a new approach that treats a

specific class of matrices, namely the accretive ones. While some of these inequalities can

be considered as refinements of other existing ones, others present new insights to some

known results for positive matrices.

3.1 Accretive versions of some known

numerical radius inequalities

First, we have the simple sectorial version of (1.4.1).

Proposition 3.1.1. Let A be accretive matrices such that W (A) ⊂ Sα. Then

cosα ‖A‖ ≤ w(A) ≤ ‖A‖ (3.1.1)

Proof : Noting that w(<A) = ‖<A‖, since <A > 0, Proposition 2.1.5 implies

cosα ‖A‖ ≤ ‖<A‖ = w(<A) ≤ w(A) ≤ ‖A‖.

This completes the proof.

Remark 3.1.2. Notice that when 0 < α < π
3
, cosα > 1

2
. This means that, for such α,

1

2
‖A‖ < cosα ‖A‖ ≤ w(A) ≤ ‖A‖,

providing a considerable refinement of the left inequality in (1.4.1).

While w(<A) ≤ w(A) for any matrix A, a reversed version can be found via sectorial
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matrices, as follows.

Corollary 3.1.3. Let A be accretive matrices such that W (A) ⊂ Sα. Then

w(A) ≤ secα w(<A). (3.1.2)

Proof : Let A be accretive matrices such that W (A) ⊂ Sα. Then w(<A) = ‖<A‖, since

<A > 0. Proposition 3.1.1 implies

w(A) ≤ ‖A‖ ≤ secα ‖<A‖ = secα w(<A).

Notice that when A is positive, then α = 0 and the above inequality becomes w(A) ≤

w(<A), which then implies w(A) = w(<A), as well known for positive matrices.

In the following result, we present a new submultiplicative inequality for the numerical

radius. Recall that for general A,B ∈ Mn, one has w(AB) ≤ 4w(A)w(B). When A and

B commute, the factor 4 can be reduced to 2, while it can be reduced to 1 when A and

B are normal, see (Halmos, 1982). The following result presents a bound when A and B

are sectorial with 0 < α < π
3
.

Theorem 3.1.4. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα.

Then

w(AB) ≤ sec2 α w(A)w(B). (3.1.3)
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Proof : We have

w(AB) ≤ ‖AB‖ (by (1.4.1))

≤ ‖A‖‖B‖

≤ sec2 α ‖<A‖‖<B‖ (by Proposition 2.1.5)

= sec2 α w(<A)w(<B)

≤ sec2 α w(A)w(B) (by Proposition 1.4.10),

which completes the proof.

When A,B are positive, then α = 0, and we obtain the well known inequality w(AB) ≤

w(A)w(B).

Proposition 3.1.5. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα.

Then W (A]λB) ⊂ Sα.

Proof : Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα. and notice

that Definition 2.2.1

A]λB =

∫ 1

0

(A!sB)dνλ(s)

for some positive measure νλ(s) on [0, 1]. Then for any unit vector x ∈ C, we have

〈A]λBx, x〉 =

∫ 1

0

〈(A!sB)x, x〉 dνλ(s)

=

∫ 1

0

h(s)dνλ(s) (where h(s) = 〈(A!sB)x, x〉)

= c+ id,
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where

c = <
∫ 1

0

h(s)dνλ(s), d = =
∫ 1

0

h(s)dνλ(s).

We notice that for each s ∈ [0, 1], W (h(s)) ⊂ Sα since W (A),W (B) ⊂ Sα. This is due to

the fact that Sα is invariant under inversion and addition. To show that W (A]λB) ⊂ Sα,

we need to show that 〈(A]λB)x, x〉 ⊂ Sα, or |d| ≤ tan(α)c. In fact, we have

|d| =
∣∣∣∣= ∫ 1

0

h(s)dνλ(s)

∣∣∣∣
≤
∫ 1

0

|=h(s)| dνλ(s)

≤
∫ 1

0

tan(α)<h(s)dνλ(s) (since W (h(s)) ⊂ Sα)

= tan(α)c.

This shows that A]λB is sectorial and completes the proof.

3.2 The numerical radius and geometric means

Now we present another new type of numerical radius inequalities, where the numerical

radius of geometric mean is discussed. When A,B ∈Mn are positive, then

A]B > 0⇒ w(A]B) = ‖A]B‖.

This makes the study of numerical radius inequalities of means of positive matrices trivial.

Theorem 3.2.1. Let A,B ∈ Mn be accretive matrices such that W (A),W (B) ⊂ Sα.
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Then for 0 < λ < 1

w(A]λB) ≤ sec3 α w(A)1−λw(B)λ. (3.2.1)

Proof : Noting Proposition 3.1.5, we have

w(A]λB) ≤ ‖A]λB‖

≤ secα ‖<(A]λB)‖ (by Proposition 2.1.5)

≤ sec3 α ‖<(A)]λ<(B)‖ (by Theorem 2.2.6)

≤ sec3 α (‖<(A)‖ ]λ ‖<(B)‖) (by Proposition 1.6.1)

= sec3 α (w(<A) ]λ w(<B))

≤ sec3 α (w(A) ]λ w(B)) (by Proposition 1.4.10)

= sec3 α w(A)1−λw(B)λ,

which completes the proof.

Theorem 3.2.2. Let B ∈ Mn be accretive matrix such that W (B) ⊂ Sα and A ∈ M+
n .

Then for −1 < λ < 0

cos6 α w−1(A−2)w−(λ+1)(A)wλ(B) ≤ w(A]λB). (3.2.2)
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Proof : Let x ∈ Cn be a unit vector. Then

w−1(A]λB) ≤ sec3 α w((A]λB)−1) = sec3 α w(A−1]λB
−1)

= sec3 α max
‖x‖=1

∣∣〈(A−1]λB
−1)x, x

〉∣∣
= sec3 α max

‖x‖=1

∣∣〈A−1(A−1]−λB
−1)−1A−1x, x

〉∣∣
= sec3 α max

‖x‖=1

∣∣〈A−1(A]−λB)A−1x, x
〉∣∣

= sec3 α max
‖x‖=1

{
‖A−1x‖2

∣∣∣∣〈(A]−λB)
A−1x

‖A−1x‖
,
A−1x

‖A−1x‖

〉∣∣∣∣}
≤ sec3 α max

‖x‖=1

〈
A−2x, x

〉
max
‖x‖=1

∣∣∣∣〈(A]−λB)
A−1x

‖A−1x‖
,
A−1x

‖A−1x‖

〉∣∣∣∣
= sec3 α w(A−2)w(A]−λB)

≤ sec6 α w(A−2)w1+λ(A)w−λ(B),

which completes the proof.

In a similar way, the Heinz mean satisfies similar property, as follows.

First, we define the Heinz mean of accretive matrices A,B by

Hλ(A,B) =
A]λB + A]1−λB

2
0 < λ < 1 (3.2.3)

Theorem 3.2.3. Let A,B ∈Mn be accretive matrices. Then for λ ∈ (0, 1),

w(Hλ(A,B)) ≤ sec3 α Hλ(w(A), w(B)). (3.2.4)
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Proof : Compute

w(Hλ(A,B)) = w

(
A]λB + A]1−λB

2

)
(by (3.2.3))

≤ w(A]λB) + w(A]1−λB)

2

≤ sec3 α

2

(
w1−t(A)wλ(B) + wλ(A)w1−λ(B)

)
(by (3.2.1))

= sec3 α Hλ(w(A), w(B)).

The proof is complete.

A Heinz-type inequality for the numerical radii of accretive matrices may be stated as

follows.

Theorem 3.2.4. Let A,B ∈Mn be accretive matrices. Then for λ ∈ (0, 1),

cos4 α w(A]B) ≤ w(Hλ(A,B)) ≤ sec4 α

2
w(A+B). (3.2.5)

Proof : We prove the first inequality.

w(A]B) ≤ ‖A]B‖ (by Proposition 3.1.1)

≤ sec3 α ‖Hλ(A,B)‖ (by Lemma 2.2.9)

≤ sec4 α w(Hλ(A,B)). (by Proposition 3.1.1)
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We now prove the second inequality.

w(Hλ(A,B)) ≤ ‖Hλ(A,B)‖ (by Proposition 3.1.1)

≤ sec3 α ‖A+B

2
‖ (by Lemma 2.2.9)

≤ sec4 α

2
w(A+B). (by Proposition 3.1.1)

The proof is complete.

Corollary 3.2.5. Let A,B ∈Mn be accretive matrices. Then for λ ∈ (0, 1),

cosα w
1
2 (AB) ≤ Hλ(w(A), w(B)). (3.2.6)

Proof : By Theorem 3.1.4, we get

cosα w
1
2 (AB) ≤

√
w(A)w(B) ≤ Ht(w(A), w(B)).
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