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Preface

He who never starts, never finishes

William Shakespeare (1564–1616)

Mathematics can be deemed as the language of science and technology due to the

fact that the mathematical concepts and tools form integral parts of the vocabulary of

several scholars working in various fields. For this, a knowledge of some basic

mathematical concepts and techniques is crucial for an increasing number of univer-

sity courses for a wide range of scientific disciplines such as mathematics, physics,

chemistry, computer sciences, engineering and life sciences. Indeed, for physics and

chemistry, mathematics has always been, and still is, one of the core tools since it

promotes rigorous thinking, problem solving ability and help in expressing ideas, for-

mulating theories, modelling and also getting a better understanding of a broad range

of phenomena that appear almost in every facet of our lives.

The red thread of this course which can be considered as a first step towards further

learning in mathematics, is to introduce some basic mathematical concepts that are

assumed to be mastered by students in chemistry and physics. Most of them are pre-

sented in their simplest but rigorous forms so that students that take their first steps in

the university can easily understand them especially those with little background in

mathematics and often no motivation to learn more.

This course is not proof-based but it provides a scaffolded approach to learning main

ideas and notions that will be required for applying mathematics in physics and chem-

istry. Whist it has been geared primarily towards first year students at the universities

whose speciality is precisely matter sciences, the actual audience may be all students

studying mathematics at the university whatever their speciality. Students are assumed

to have a little prior knowledge especially knowledge of high school mathematics

which should be a sufficient prerequisite. Furthermore, an acquaintance with some

basic concepts of mathematical logic and some types of mathematical proof is an ele-

ment of the knowledge required for this module.

The content here is divided into two main parts: The first part that is made up of

three chapters, deals with analysis whereas the second one is algebra. The first three

chapters cover a collection of topics such as sets, relations and functions while the

other three chapters focus on groups, rings, fields, vector spaces and linear transforma-

tions.



5

Finally, it is our aspiration that this course will greatly simplify the work of the stu-

dents and will also be a helpful resource for them - including those struggling with

their mathematics.
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PART 1: ANALYSIS 1



Sets, Relations, Functions

This chapter renders some notations, terminology and elementary operations of sets

which are fundamental in all branches of

tion of it is concerned with introducing a detailed discussion of two of the most impo

tant concepts in mathematics which are the relation and the function.

1.1. Sets

Definition 1.1. A set is a well

istics in common, called its elements

Remark 1.1.

1) Sets are usually denoted by capital letters

denoted by small letters ǡܾܽ ǡ

2) A set ܣ can be represented by listing

brackets (braces). For example

3) If ܽ is an element of a set

longs to ܣ or ܽ is in .ܣ If ܽ does

4) The elements could be anything (animals, plants, fruits, people, objects, etc.) but for

us they will be mathematical objects such as numbers, or sets of numbers.

1.1.1. Some important Sets

The fundamental sets of numbers

ing proper subset relationships

1. ℕ = {0,1,2,3,···}: The set of

2. ℤ = {· · · , −3, −2, −1, 0, 1

3. ℚ = ቄ
௣

௤
�ǡ݌ǡאݍ Ժǡ്ݍ Ͳቅ:

4. ℝ: The set of all real numbers.

5. ԧ ൌ ሼݔ൅ ݕǡݔ�ǡݕ݅ א Թሽ: The set of

These sets come equipped with the familiar arithmetic operations of sum and product.

Chapter 1

Sets, Relations, Functions

This chapter renders some notations, terminology and elementary operations of sets

which are fundamental in all branches of mathematics. In addition, a considerable po

tion of it is concerned with introducing a detailed discussion of two of the most impo

tant concepts in mathematics which are the relation and the function.

is a well-defined collection of objects that have some characte

elements or members.

) Sets are usually denoted by capital letters ���ǡܥǡܤǡܣǤwhile the elements are usually

ǡܿetc.

can be represented by listing all its elements between the conventional curly

. For example ܣ ൌ {1,2,3,4,5}.

is an element of a set ,ܣ then we write ܽ א ܣ and we can also

does not belong to ,ܣ we write בܽ .ܣ

The elements could be anything (animals, plants, fruits, people, objects, etc.) but for

us they will be mathematical objects such as numbers, or sets of numbers.

sets of numbers are contained in one another according to the follo

ing proper subset relationships ℕ ⊂ ℤ ⊂  ℚ ⊂  ℝ ⊂ ℂ where

: The set of all natural numbers.

1, 2, 3,· · ·}: The set of all integers.

ቅ: The set of all rational numbers (ratios of integers)

numbers.

: The set of all complex numbers.

come equipped with the familiar arithmetic operations of sum and product.

This chapter renders some notations, terminology and elementary operations of sets

mathematics. In addition, a considerable por-

tion of it is concerned with introducing a detailed discussion of two of the most impor-

tant concepts in mathematics which are the relation and the function.

that have some character-

elements are usually

the conventional curly

we can also say that ܽ be-

The elements could be anything (animals, plants, fruits, people, objects, etc.) but for

us they will be mathematical objects such as numbers, or sets of numbers.

contained in one another according to the follow-

(ratios of integers).

come equipped with the familiar arithmetic operations of sum and product.
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The letter Z comes from zahl (German for number) and the letter Q comes from quo-

tient. It is worth noting here that the aforementioned symbols for these sets can be

decorated with some superscripts such as ∗, +, and − to designate the corresponding 

subcollections of non-zero, positive, and negative numbers, respectively. For instance

ℕ∗ = {1,2,3,4,···},  ℤ∗ = {· · · , −3, −2, −૚,૚, 2, 3,· · ·},

 ℤା = {0,1,2, 3,· · ·} and ℤି = {· · · , −3, −2,0}.

1.1.2. Types of Sets

1.1.2.1. Null Set

Definition 1.2. The null empty set (or empty set or void set) is a set that contains no

elements. It is denoted a pair of curly brackets (braces) with nothing inside { } or by

using the symbol ∅.

Example 1.1. Sets whose definition contains a contradiction or impossibility are often

empty. For example, the set

ܣ = ݔ} ∈ ℕ: 3 < >ݔ 4},

is an empty set, since there is no natural number between 3 and 4.

Remark 1.2.

1) ∅ is unique.

2) We cannot use ∅ and { } together to denote an empty set since {∅} is not the null

set.

1.1.2.2. Singleton Set

Definition 1.3. A set having only one element is called a singleton.

Example 1.2. ܣ = {1}, ܣ = {∅}.

1.1.2.3 Finite Set

Definition 1.4. A finite set is a set that contains a finite number of elements or no

element.
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Example 1.3.

1) ܣ = {1,2,3,4}.

2) ܣ = {∅}.

3) ܣ = ∅.

4) ܣ = ݔ} ∈ ℤ: 1 < >ݔ 10} is a finite set because it has eight elements.

5) A set of all English alphabet is a finite set because it consists of 26 letters.

6) ܣ ={January, February, March, April, May, June, July, August, September, Octo-

ber, November, December}.

1.1.2.4. Infinite Set

Definition 1.5. An infinite set is a set that contains an infinite number of elements.

Example 1.4.

1) ܣ =  ℕ∗ = {1,2,3,···}: The set of all non-zero natural numbers.

2) A set of all points on a line.

1.1.2.5. Equal Sets

Definition 1.6. Two sets ܣ and ܤ are said to be equal, if every element of ܣ is an ele-

ment of ܤ and every element of ܤ is an element of .ܣ Mathematically, we write

ܣ = .ܤ

Example 1.5. If

ܣ = ݔ:ݔ} is a prime number and 2 < >ݔ 11},

and

ܤ = {7,3,5},

then ܣ and ܤ have exactly the same elements which means that ܣ = .ܤ

1.1.2.6. Subset, Super-set and Proper Subset

Definition 1.7. Let ܣ and ܤ be two sets. If every element of ܣ is an element of ,ܤ then

ܣ is called a subset of ܤ whereas ܤ is called a super-set of .ܣ We write ܣ ⊆ ܤ or

ܤ ⊇ .ܣ

If ܣ is a subset of ܤ and ܣ ≠ ,ܤ then ܣ is called a proper subset of ܤ and we write

ܣ ⊂ ܤ and for showing that ܣ ⊂ ,ܤ it suffices to prove that ܣ ⊆ ܤ but ܤ ⊈ .ܣ

Remark 1.3.

1) Every set is a subset of itself and the empty set is a subset of every set.

2) For showing that ܣ ⊆ ,ܤ it suffices to pick an arbitraryܽ ∈ ,ܣ then prove that

ܽ ∈ .ܤ
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3) If ܣ ⊆ ܤ and ܤ ⊆ ,ܥ then ܣ ⊆ .ܥ

4) ܣ = ܤ if and only if (iff) ܣ ⊆ ܤ and ܤ ⊆ .ܣ

5) A super-set can be considered as the parent set that at least contains all the elements

of the subset and may or may not contain some extra elements.

Example 1.6.

1) Let ܣ = {1,2,3,4} and ܤ = {2,3}.

Here B is a subset of ܣ since, all the elements of set the ܤ are contained in the set .ܣ

But ܣ is not a subset of ܤ since, all the elements of the set ܣ are not contained in the

set .ܤ

2) The set ℕ of natural numbers is a subset of the set ℤ of integers.

1.1.3. Venn Diagram

Definition 1.8. A Venn diagram is employed to highlight and give a pictorial repre-

sentation of the logical relationships between two or more sets of items where the sets

can be represented by any closed figure whether it be a circle, an oval shape, a rectan-

gle or any type of polygons but usually, the universal set is represented by a rectangu-

lar region and the other sets are represented by circles or oval shapes within this rec-

tangular region.

1.1.4. Operations on Sets

Let ܷ be a set and and let ܣ and ܤ be two subsets of it.

1.1.4.1. Union of Sets

Definition 1.9. The union of the sets ܣ and ,ܤ denoted by ܣ ∪ ܤ is the set of all ele-

ments that belong to ܣ or ܤ or both ܣ and ;ܤ that is

ܣ ∪ ܤ = ݔ} ∈ ܷ: ∋ݔ ܣ or ∋ݔ .{ܤ

The union of ܣ and ܤ can be represented by the following Venn diagram:

The shaded blue part indicates the set ܣ ∪ .ܤ

Remark 1.4.

1) ܣ ∪ ܤ = ܤ ∪ .ܣ

2) ܣ ⊆ ܣ ∪ ܤ and ܤ ⊆ ܣ ∪ .ܤ
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Example 1.7. If

ܣ = {1,2,3,4} and ܤ = {2,3,6,8},

then

ܣ ∪ ܤ = {1,2,3,4,6,8}.

1.1.4.2. Intersection of Sets

Definition 1.10. The intersection of the sets ܣ and ,ܤ denoted by ܣ ∩ ,ܤ is the set of

all elements that belong to both ܣ and ;ܤ that is

ܣ ∩ ܤ = ݔ} ∈ ܷ: ∋ݔ ܣ and ∋ݔ .{ܤ

ܣ and ܤ are said to be disjoint if ܣ ∩ ܤ = ∅; that is, if ܣ and ܤ have no elements in

common.

This intersection of ܣ and ܤ can be represented by the following Venn diagram:

The shaded blue part indicates the set ܣ ∩ .ܤ

Example 1.8. If

ܣ = {1,2,3,4} and ܤ = {2,3,6,8},

then

ܣ ∩ ܤ = {2,3}.

1.1.4.3. Complement of a Set

Definition 1.11. The complement of a set ܣ with respect to ܷ which can be denoted

by ௖ܣ or ܷ − ܣ is the collection of elements in ܷ that are not in ;ܣ that is

௖ܣ = :ݔ} ∋ݔ ܷ and ∌ݔ ,{ܣ

or more compactly as

௖ܣ = :ݔ} ∌ݔ .{ܣ

௖ܣ can be represented by the following Venn diagram:

The shaded blue part indicates the set .௖ܣ
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Example 1.9. Let

ܷ = { ,ܽ ,ܾ ,ܿ݀},

and

ܣ = { ,ܽ }ܾ.

The gray region represents ,ܣ whereas the blue one represents .௖ܣ So ௖ܣ = { ,ܿ݀}.

1.1.4.4. Difference of Sets

Definition 1.12. For two sets ܣ and ,ܤ the difference −ܣ ܤ is the set of all elements

of ܣ which do not belong to ;ܤ that is

−ܣ ܤ = ∋ݔ:ݔ} ܣ and ∌ݔ .{ܤ

−ܣ ܤ can be represented by the following Venn diagram:

The blue region represents the set −ܣ .ܤ

Example 1.10. Let

ܣ = {1,2,3,4} and ܤ = {2,4,6}.

We have

−ܣ ܤ = ∋ݔ:ݔ} ܣ and ∌ݔ {ܤ = {1,3},

and

ܤ − ܣ = ∋ݔ:ݔ} ܤ and ∌ݔ {ܣ = {6}.

Remark 1.5.

1) ௖(௖ܣ) = ܣ

2) ܣ ∩ ௖ܣ = ∅ andܣ ∪ ௖ܣ = U

3) If ܣ ⊂ ,ܤ then ௖ܤ  ⊂ ௖ܣ

4) ܷ௖ = ∅ and ∅௖ = ܷ

5) −ܣ ܤ ≠ ܤ − .ܣ
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1.1.4.5. Symmetric Difference of two Sets

Definition 1.13. For two sets ܣ and ,ܤ the symmetric difference of ܣ and ܤ is the set

−ܣ) (ܤ ∪ ܤ) − (ܣ and is denoted by ܤ߂ܣ where

ܤ߂ܣ = −ܣ) (ܤ ∪ ܤ) − (ܣ

= ∪ܣ) (ܤ − ܣ) ∩ .(ܤ

In other words it is the set of all those elements which belong either to A or to B but

not to both.

ܤ߂ܣ can be represented by the following Venn diagram:

The blue region represents the set .ܤ߂ܣ

Example 1.11. Let

ܣ = {1,2,3,4} and ܤ = {2,4,6}.

Since

−ܣ ܤ = ∋ݔ:ݔ} ܣ and ∌ݔ {ܤ = {1,3},

and

ܤ − ܣ = ∋ݔ:ݔ} ܤ and ∌ݔ {ܣ = {6},

then

ܤ߂ܣ = −ܣ) (ܤ ∪ ܤ) − (ܣ = {1,3} ∪ {6} = {1,3,6}.

1.1.4.6. Cartesian Product

Definition 1.14. Any two elements ܽ an ,ܾ written in the form ( ,ܽ )ܾ is called an

ordered pair.

Remark 1.6. In an ordered pair ( ,ܽ )ܾ, the order of the elements is significant, that is,

ܽ is the first coordinate and ܾ is the second coordinate. So, ( ,ܽ )ܾ is different from

( ,ܾ )ܽ unless ܽ= .ܾ

Definition 1.15. A cartesian product of two non-empty sets ܣ and ܤ is the set of all

possible ordered pairs where the first component of the pair is from ,ܣ and the second

component of the pair is from .ܤ The set of ordered pairs thus obtained is denoted by

×ܣ ܤ where

×ܣ ܤ = {( ,ܽ )ܾ ∶ ܽ ∈ ܣ and ܾ∈ .{ܤ
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Example 1.12. Let

ܣ = {1,2,3} and ܤ = {4,6}.

We have

×ܣ ܤ = {(1,4), (1,6), (2,4), (2,6), (3,4), (3,6)},

and

ܤ × ܣ = {(4,1), (4,2), (4,3), (6,1), (6,2), (6,3)}.

Remark 1.7. ×ܣ ܤ ≠ ܤ × ,ܣ unless ܣ = .ܤ

1.1.4.7. Power Set

Definition 1.16. The power set (ܣ)࣪ of a set ܣ is the family of all the subsets of .ܣ

Remark 1.8.

1) Notice that we always have ∅ ∈ (ܣ)࣪ and ܣ ∈ .(ܣ)࣪

2) If the original set consists of ݊ elements, then the power set consists of 2௡

elements.

Example 1.13. Let ܣ = { ,ܽ ,ܾ }ܿ. Then

(ܣ)࣪ = {∅, { }ܽ, { }ܾ, { }ܿ, { ,ܽ }ܾ, { ,ܽ }ܿ, { ,ܾ }ܿ, { ,ܽ ,ܾ }ܿ}.

1.1.4.8. Partition of a Set

Definition 1.17. A partition of a set ܣ is a subdivision of the set into subsets that are

disjoint and exhaustive, i.e., every element of ܣ must belong to one and only one of

the subsets.

1.1.4.9. Cardinal Number

Definition 1.18. The number of distinct elements in a finite set ܣ is called its cardinal

number. It is denoted by ܿܽ ݎ݀ (ܣ) and read as the number of elements of the set .ܣ

In the example 1.13,

ܿܽ ݎ݀ (ܣ) = 3 and ܿܽ ݎ݀ (ܣ)࣪ = 2ଷ = 8.

1.1.5. Distributive Properties of Union and Intersection of Sets

Theorem 1.1. Let ܷ be a set and let ,ܣ ܤ and ܥ be subsets of ܷ. Then

1) ܣ ∪ ܤ) ∩ (ܥ = ܣ) ∪ (ܤ ∩ ܣ) ∪ .(ܥ

2) ܣ ∩ ܤ) ∪ (ܥ = ܣ) ∩ (ܤ ∪ ܣ) ∩ .(ܥ
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Proof.

1) First, let us use a Venn diagram as a visual help in constructing our proof.

The shaded gray part indicates the sets ܣ ∪ ܤ) ∩ (ܥ and ܣ) ∪ (ܤ ∩ ∪ܣ) .(ܥ

To prove that ܣ ∪ ܤ) ∩ (ܥ = ∪ܣ) (ܤ ∩ ∪ܣ) ,(ܥ we will prove the following double

inclusion: ܣ ∪ ܤ) ∩ (ܥ ⊂ ܣ) ∪ (ܤ ∩ ܣ) ∪ (ܥ and ܣ) ∪ (ܤ ∩ ܣ) ∪ (ܥ ⊂ ܣ ∪ ܤ) ∩ .(ܥ

For the first inclusion, let ∋ݔ ܣ ∪ ܤ) ∩ ,(ܥ we have

⟹ ∋ݔ) (ܣ or ∋ݔ) ܤ ∩ ∋ݔ(ܥ ܣ ∪ ܤ) ∩ (ܥ

⟹ ∋ݔ) (ܣ or ൫(ݔ∈ (ܤ and ∋ݔ) ൯(ܥ

⟹ ൫(ݔ∈ (ܣ or ∋ݔ) ൯and(ܤ ൫(ݔ∈ (ܣ or ∋ݔ) ൯(ܥ

⟹ ∋ݔ) ܣ ∪ (ܤ and ∋ݔ) ܣ ∪ (ܥ

⟹ ∋ݔ ∪ܣ) (ܤ ∩ ܣ) ∪ .(ܥ

Therefore, ܣ ∪ ܤ) ∩ (ܥ ⊂ ∪ܣ) (ܤ ∩ ܣ) ∪ .(ܥ

For the second inclusion, let ݕ ∈ ∪ܣ) (ܤ ∩ ∪ܣ) ,(ܥ we get

⟹ ݕ) ∈ ܣ ∪ (ܤ and ݕ) ∈ ܣ ∪ ݕ(ܥ ∈ ∪ܣ) (ܤ ∩ ∪ܣ) (ܥ

⟹ ݕ) ∈ ܣ or ݕ ∈ (ܤ and ݕ) ∈ ܣ or ݕ ∈ (ܥ

⟹ ݕ) ∈ (ܣ or ݕ) ∈ ܤ and ݕ ∈ (ܥ

⟹ ݕ) ∈ (ܣ or ݕ) ∈ ܤ ∩ (ܥ

⟹ ݕ ∈ ܣ ∪ ܤ) ∩ .(ܥ

Therefore, ܣ) ∪ (ܤ ∩ ܣ) ∪ (ܥ ⊂ ܣ ∪ ܤ) ∩ .(ܥ

From these two inclusions, we infer that ܣ ∪ ܤ) ∩ (ܥ = ܣ) ∪ (ܤ ∩ ܣ) ∪ (ܥ as re-

quired.

2) Let us illustrate the required set using a Venn diagram:

The shaded gray part indicates the sets ܣ ∩ ܤ) ∪ (ܥ and ܣ) ∩ (ܤ ∪ ∩ܣ) .(ܥ
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To prove that ܣ ∩ ܤ) ∪ (ܥ = ∩ܣ) (ܤ ∪ ∩ܣ) ,(ܥ we will prove the following double

inclusion: ܣ ∩ ܤ) ∪ (ܥ ⊂ ܣ) ∩ (ܤ ∪ ܣ) ∩ (ܥ and ܣ) ∩ (ܤ ∪ ܣ) ∩ (ܥ ⊂ ܣ ∩ ܤ) ∪ .(ܥ

For the first inclusion, let ∋ݔ ܣ ∩ ܤ) ∪ ,(ܥ we have

⟹ ∋ݔ) (ܣ and ∋ݔ) ܤ ∪ ∋ݔ(ܥ ܣ ∩ ܤ) ∪ (ܥ

⟹ ∋ݔ) (ܣ and ൫(ݔ∈ (ܤ or ∋ݔ) ൯(ܥ

⟹ ൫(ݔ∈ (ܣ and ∋ݔ) ൯or(ܤ ൫(ݔ∈ (ܣ and ∋ݔ) ൯(ܥ

⟹ ∋ݔ) ܣ ∩ (ܤ or ∋ݔ) ܣ ∩ (ܥ

⟹ ∋ݔ ∩ܣ) (ܤ ∪ ܣ) ∩ .(ܥ

So, ܣ ∩ ܤ) ∪ (ܥ = ܣ) ∩ (ܤ ∪ ∩ܣ) .(ܥ

For the second inclusion, let ݕ ∈ ∩ܣ) (ܤ ∪ ∩ܣ) ,(ܥ we have

⟹ ݕ) ∈ ܣ ∩ (ܤ or ݕ) ∈ ܣ ∩ ݕ(ܥ ∈ ∩ܣ) (ܤ ∪ ܣ) ∩ (ܥ

⟹ ݕ) ∈ ܣ and ݕ ∈ (ܤ or ݕ) ∈ ܣ and ݕ ∈ (ܥ

⟹ ݕ) ∈ (ܣ and ݕ) ∈ ܤ or ݕ ∈ (ܥ

⟹ ݕ) ∈ (ܣ and ݕ) ∈ ܤ ∪ (ܥ

⟹ ݕ ∈ ܣ ∩ ܤ) ∪ ,(ܥ

which means that ܣ ∩ ܤ) ∪ (ܥ ⊂ ∩ܣ) (ܤ ∪ ∩ܣ) .(ܥ Finally, according to the above

inclusions, we conclude that ܣ ∩ ܤ) ∪ (ܥ = ∩ܣ) (ܤ ∪ ܣ) ∩  ■ .as required (ܥ

1.1.6. De Morgan's Laws for Sets

Theorem 1.2. Let ܷ be a set and let ܣ and ܤ be two subsets of ܷ. Then

1) ∪ܣ) ௖(ܤ = ௖ܣ ∩ ௖ܤ (which is a the De Morgan’s Law of union).

2) ܣ) ∩ ௖(ܤ = ௖ܣ ∪ ௖ܤ (which is a the De Morgan’s Law of intersection).

Proof.

1) Here we are going to see the proof of the De Morgan’s first law by a Venn diagram.

∪ܣ) ௖(ܤ ௖ܣ ∩ ௖ܤ
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Now, let us prove this law using algebra of sets.

⟺ ∋ݔ) ܷ) and ∌ݔ ∪ܣ) ∋ݔ(ܤ ܣ) ∪ ௖(ܤ

⟺ ∋ݔ) ܷ) and ൫(ݔ∉ (ܣ and ∌ݔ) ൯(ܤ

⟺ ൫(ݔ∈ ܷ) and ∌ݔ) ൯and(ܣ ൫(ݔ∈ ܷ) and ∌ݔ) ൯(ܤ

⟺ ∋ݔ) (௖ܣ and ∋ݔ) (௖ܤ

⟺ ∋ݔ ௖ܣ ∩ .௖ܤ

2) Here we are going to see the proof of the De Morgan’s second law by a Venn dia-

gram.

∩ܣ) ௖(ܤ ௖ܣ ∪ ௖ܤ

Now, let us prove this law using algebra of sets.

⟺ ∋ݔ) ܷ) and ∌ݔ ∩ܣ) ∋ݔ(ܤ ܣ) ∩ ௖(ܤ

⟺ ∋ݔ) ܷ) and ൫(ݔ∉ (ܣ or ∌ݔ) ൯(ܤ

⟺ ൫(ݔ∈ ܷ) and ∌ݔ) ൯or(ܣ ൫(ݔ∈ ܷ) and ∌ݔ) ൯(ܤ

⟺ ∋ݔ) (௖ܣ or ∋ݔ) (௖ܤ

⟺ ∋ݔ ௖ܣ ∪ .௖ܤ

This completes the proof. ■

1.2. Relations

Definition 1.19. A binary relation ℛ from a non-empty set ܣ to a non empty set ܤ is a

subset of the cartesian product ×ܣ .ܤ The subset is derived by describing a

relationship between the first element and the second element of the ordered pairs in

×ܣ ܤ and we writeܽℛܾor ( ,ܽ )ܾ ∈ ℛ if ܽ ∈ ܣ and ܾ∈ ܤ are related.

Moreover, the set of all first elements in a relation ℛ denoted by ݉݋ܦ  ℛ , is called the

domain of the relation ℛ, and the set of all second elements in a relation ℛ denoted

by ܴܽ݊  ݃ℛ, is called the range of ℛ whereas ܤ is the co-domain of ℛ. In short

݉݋ܦ  ℛ = ൛ܽ : ( ,ܽ )ܾ ∈  ℛൟand ܴܽ݊  ݃ℛ = ൛ܾ : ( ,ܽ )ܾ ∈  ℛൟ.
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One can also define relations on more than two sets. From now on, we will consider

only binary relations and refer to them simply as relations. Furthermore, if ܣ = ,ܤ

then we call ℛ a relation on .ܣ

Example 1.14.

1) Find the domain and the range of the relation ℛ defined as follows:

ℛ = {(45.5, 65.5), (48.2, 68.2), (41.8, 62.2), (46.6, 66.3), (50.4, 70.01)}.

We have

݉݋ܦ  ℛ = {45.5,48.2, 41.8, 46.6, 50.4},

and

ܴܽ݊  ݃ℛ = {65.5,68.2, 62.2, 66.3,70.01}.

2) Let ܣ = {2,3,4} and ܤ = {3,4,5,6,7}. Define the relation ℛ by

a ℛ b if and only if ܽ divides .ܾ

Write ℛ as a set of ordered pairs. Also find ݉݋ܦ  ℛ and ܴܽ݊  ݃ℛ .

We have

ℛ = {(2,4), (2,6), (3,3), (3,6), (4,4)}.

݉݋ܦ  ℛ={2,3,4} and ܴܽ݊  ݃ℛ={3, 4, 6}.

3) Find the domain and the range of the relation ℛ ��ϐ����by:

݉݋ܦ  ℛ={2,3, −7} and ܴܽ݊  ݃ℛ={9}.

1.2.1. Inverse Relations

Definition 1.20. Given a relation ℛ from ܣ to ,ܤ the inverse of ℛ (also called the

converse of ℛ), denoted by ℛ
ିଵ

is a relation from ܤ to ܣ defined by

ℛ
ିଵ

= ൛( ,ܾ )ܽ: ( ,ܽ )ܾ ∈ ℛൟ.

The inverse of a relation is formed by interchanging or swapping the components of

each of the ordered pairs in the given relation (ܾℛ
ିଵ

)ܽ.

Example 1.15.

1) If ℛ is the relation "being a son or daughter of", then ℛ
ିଵ

is the relation "being a

parent of".
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2) Let ܣ = {2,3,4} and ܤ = {3,4,5,6,7}. Define the relation ℛ by

a ℛ b if and only if ܽ divides .ܾ

Find ℛ
ିଵ

, Domain of ℛ
ିଵ

, Range of ℛ
ିଵ

.

According to example 1.14, we have

ℛ = {(2,4), (2,6), (3,3), (3,6), (4,4)} .

So

ℛ
ିଵ

= {(4,2), (6,2), (3,3), (6,3), (4,4)},

where

b ℛ
ିଵ

a if and only if ܾ is a multiple of .ܽ

Thus ݉݋ܦ  ℛ
ିଵ

= {3, 4, 6} and ܴܽ݊  ݃ℛ
ିଵ

= {2,3,4}.

1.2.2. Properties of Binary Relations

In this section, we would like to study different properties of relations on a set .ܣ

Definition 1.21. A relation ℛ on a set ܣ is called reflexive if for all ∋ݔ ,ܣ ݔℛݔ holds,

i.e.,

൫ℛ is ��ϐ������൯⟺ ൫∀ݔ∈ .൯ݔℛݔ:ܣ

In simple words, ℛ is reflexive if each element is related to itself.

Example 1.16.

1) The following relations: "is equal to" (equality:=), "is a subset of" (set inclusion:

⊆), "divides" (divisibility: ÷ or /), "is greater than or equal to" (≥), "is less than or

equal to" (≤) are reflexive relations.

2) Let ܣ = {1, 2, 3, 4} and let ℛ be a relation on ܣ defined as follows:

ℛ =  {(1, 1), (1,3), (2, 1), (2, 2), (3, 3), (3, 4), (4, 4)}.

Since

1ℛ1, 2ℛ2, 3ℛ3, and 4ℛ4,

then ℛ is reflexive.

Definition 1.22. A relation ℛ on a set ܣ is called symmetric if for all ݕ,ݔ ∈ ,ܣ ݕℛݔ

implies .ݔℛ ݕ i.e.,

൫ℛ is symmetric൯⟺ ቀ∀ݕ,ݔ ∈ ⟹൯ݕℛݔ൫:ܣ ൫ݕℛݔ൯ቁ.

In simple words, ℛ is symmetric if any element is related to any other element, then

the second element is related to the first one.
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Example 1.17.

1) On ℤ, the equality (=) is symmetric, but the strict inequality (<) is not.

2) (Parallelism: ∥) and (Perpendicularity: ⊥) are symmetric relations.

3) Let ܣ = {1, 2, 3, 4} and let ℛ be the relation on ܣ defined as follows:

ℛ =  {(1, 1), (2,3), (3, 2), (4, 4)}.

Since1ℛ1, 4ℛ4, 2ℛ3 and 3ℛ2, then ℛ is symmetric.

4) Let ܣ = {1, 2, 3, 4} and let ℛ a the relation defined by:

ℛ =  {(1, 1), (2,3), (3, 2), (4, 4), (1, 3)}.

We have 1ℛ3 but 3ℛ1 is not true which means that ℛ is not symmetric.

Definition 1.23. A relation ℛ on a set ܣ is called antisymmetric if for all ∋ ݕ,ݔ ,ܣ 

ݕℛݔ and ݔℛ ݕ implies ݔ = ,ݕ i.e.,

൫ ℛ is antisymmetric൯⟺ ቌ∀(ݕ,ݔ) ∈ ×ܣ :ܣ ቐ
ݕℛݔ
and

ݔℛݕ

� ⟹ =ݔ .ቍݕ

Example 1.18.

1) (The equality:=), (the set inclusion: ⊆), (the divisibility: ÷ or /), (≥) are antisym-

metric relations.

2) Let ܣ = {1, 2, 3} and let ℛ be a relation on ܣ defined by

ℛ = {(1, 1), (2,2), (3, 3)}.

ℛ is antisymmetric.

3) Let ܣ = {1, 2, 3} and let ℛ be the relation on ܣ defined by

ℛ =  {(1, 1), (1,2), (2, 1)}.

ℛ is not antisymmetric, because 1ℛ2 and 2ℛ1, but 1 ≠ 2.

4) The relation ℛ on the set ℕ of natural numbers given by

ݕ,ݔ∀ ∈ ℕ:ݔℛݕ⟺ +ݔ5 =ݕ4 15,

is antisymmetric.

Indeed, if ݕ,ݔ ∈ ℕ such that ݕℛݔ and ,ݔℛݕ then

+ݔ5 =ݕ4 15 … (1)

and

+ݕ5 =ݔ4 15 … (2)

The subtraction of equation (2) from equation (1) yields −ݔ =ݕ 0 and hence =ݔ .ݕ

So ℛ is antisymmetric.
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Definition 1.24. A relation ℛ on a set ܣ is called transitive if for all ݕ,ݔ ∈ ,ܣ ݕℛݔ

and ݖℛݕ implies .ݖℛݔ i.e.,

൫ℛ is transitive ൯⟺ ቌ∀ݖ,ݕ,ݔ∈ :ܣ ቐ
ݕℛݔ
and

ݖℛݕ

�⟹ .ቍݖℛݔ

In simple words, ℛ is transitive if any one element is related to a second and that sec-

ond element is related to a third one, then the first element is related to the third one.

Example 1.19.

1) (The equality:=), (the set inclusion: ⊆), (the divisibility: ÷ or /), (greater than or

equal to: ≥),) are transitive relations.

2) Let ℛ be a relation on ℕ given by

ݕ,ݔ∀ ∈ ℕ:ݔℛݕ⟺ ݔ is a multiple of .ݕ

If ∋ݖ,ݕ,ݔ ℕ such that ݕℛݔ and ,ݖℛݕ then

∃ ଵ݇ ∈ ℕ:ݔ= ଵ݇ݕ… (1)

and

∃ ଶ݇ ∈ ℕ:ݕ= ଶ݇ݖ… (2)

Substituting equation (2) into equation (1), we get

=ݔ ଵ݇( ଶ݇ݖ) = ( ଵ݇ ଶ݇)ݖ.

By taking ݇= ଵ݇ ଶ݇ ∈ ℕ, we get

=ݔ ݇,ݖ݇ ∈ ℕ.

So, ݔ is a multiple of .ݖ Therefore holdsݖℛݔ and hence ℛ is transitive.

1.2.3. Equivalence Relations

Definition 1.25. A relation ℛ on a set ܣ is said to be an equivalence relation if it is

reflexive, symmetric and transitive.

Example 1.20.

1) (The equality:=), (the set inclusion: ⊆), (the divisibility: ÷ or /), (greater than or

equal to: ≥) are equivalence relations.

2) Let beܮ the set of all lines in a plane and let ℛ be a relation in definedܮ as follows:

∀ ଵ݈, ଶ݈ ∈ :ܮ ଵ݈ℛ ଶ݈ ⟺ ଵ݈ is perpendicular to ଶ݈.

Determine whether ℛ is reflexive, symmetric, transitive, or it is an equivalence rela-

tion.

a) ℛ is not reflexive, because a line ݈can not be perpendicular to itself.
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b) ℛ is symmetric because ∀ ଵ݈, ଶ݈ ∈ :ܮ

ଵ݈ is perpendicular to ଶ݈ ⟹ ଶ݈ is perpendicular to ଵ݈.

So, ଶ݈ℛ ଵ݈. Thus ℛ is symmetric.

c) ℛ is not transitive. Indeed, if ଵ݈ is perpendicular to ଶ݈ and ଶ݈ is perpendicular to ଷ݈,

then ଵ݈ can never be perpendicular to ଷ݈. In fact, ଵ݈ is parallel to ଷ݈. So, ℛ is not an

equivalence relation.

3) The relation ℛ on the set ℤ given by

ݕ,ݔ∀ ∈ ℤ:ݔℛݕ⟺ 2 divides ݔ− ,ݕ

is an equivalence relation.

Indeed, by definition

൫ℛ is an equivalence relation൯⟺ ൮൞

������ℛ is ��ϐ (܉)

ℛ is symmetric (܊)

   ℛ is transitive (܋)

�൲ .

(a) ℛ is reflexive

൫ℛ is ��ϐ������൯⟺ ൫∀ݔ∈ ℤ:ݔℛݔ൯.

For ∋ݔ ℤ, we have 2 divides −ݔ =ݔ 0. In fact, there exists ݇= 0 such that

−ݔ =ݔ 0 = 2 ,݇݇ ∈ ℤ.

So .ݔℛݔ Thus ℛ is reflexive.

(b) ℛ is symmetric

൫ℛ is symmetric൯⟺ ቀ∀(ݕ,ݔ) ∈ ℤ × ℤ:൫ݔℛݕ൯⟹ ൫ݕℛݔ൯ቁ.

Let ݕ,ݔ ∈ ℤ. If ,ݕℛݔ then there exists ݇ ∈ ℤ such that

−ݔ =ݕ 2 ,݇

But

−ݔ =ݕ 2݇⟹ −ݕ =ݔ −2݇= 2(− )݇.

By taking ݈= −݇we get

−ݕ =ݔ 2 :݈ ݈∈ ℤ.

So .ݔℛݕ Thus ℛ is symmetric.

(c) ℛ is transitive

൫ℛ is transitive ൯⟺ ቌ∀ݖ,ݕ,ݔ∈ ℤ: ቐ
ݕℛݔ
and

ݖℛݕ

�⟹ .ቍݖℛݔ
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Let ∋ݖ,ݕ,ݔ ℤ. If ݕℛݔ and ݖℛݕ then there exist ଵ݇, ଶ݇ ∈ ℤ such that

−ݔ =ݕ 2 ଵ݇ … (1)

and

−ݕ =ݖ 2 ଶ݇ … (2)

Adding the two equations (1) to (2), we get

−ݔ =ݖ 2 ଵ݇ + 2 ଶ݇ = 2( ଵ݇ + ଶ݇).

By taking ݇= ଵ݇ + ଶ݇, we obtain

−ݔ =ݖ 2 ,݇݇ ∈ ℤ.

So .ݖℛݔ Thus ℛ is transitive.

Since ℛ is reflexive, symmetric and transitive, then ℛ is an equivalence relation on ℤ.

1.2.4. Equivalence Classes, Quotient Sets and Partitions

Definition 1.26. Given an equivalence relation ℛ on a set ܣ and an element ∋ݔ .ܣ

The set denoted by ሶofݔ all elements of ܣ that are related to ݔ is called the equivalence

class of .ݔ Mathematically, we write

=ሶݔ ൛ݕ ∈ :ܣ =ൟݔℛݕ ൛ݕ ∈ :ܣ .ൟݕℛݔ

The collection of equivalence classes, represented by

ℛ

ܣ
= ∶ሶݔ} ∋ݔ  ,{ܣ

is called the quotient set of ܣ by ℛ .

Remark 1.9.

1) Be mindful that ሶisݔ a subset of ܣ ⊇ሶݔ) ,(ܣ it is not an element of ܣ ∌ ሶݔ) .(ܣ

2) Typically, the set ሶcontainsݔ much more than just .ݔ The element ݔ is called a

representative of the equivalence class .ሶݔ Any element of an equivalence class can

serve as a representative.

3) Since ℛ is reflexive, then ݔℛݔ . Thus ∋ݔ .ሶݔ

Example 1.21. Let ℛ be a relation defined on ℝ as follows:

ݕ,ݔ∀ ∈ ℝ:ݔℛݕ⟺ ଶݔ + =ݔ2 ଶݕ + .ݕ2

(i) Show that ℛ is an equivalence relation on ℝ .

(ii) Find the equivalence classes 0̇ and 1̇.

(i) (a) ℛ is reflexive

൫ℛ is ��ϐ������൯⟺ ൫∀ݔ∈ ℝ:ݔℛݔ൯.

∋ݔ∀ ℝ:ݔଶ + =ݔ2 ଶݔ + ⟺ݔ2 .holdsݔℛݔ So ℛ is reflexive.
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(b) ℛ is symmetric

We have

൫ℛ is symmetric൯⟺ ቀ∀ݕ,ݔ ∈ ℝ:൫ݔℛݕ൯⟹ ൫ݕℛݔ൯ቁ.

Let ݕ,ݔ ∈ ℝ. Since the equality is symmetric, we get

⟺ݕℛݔ ଶݔ + =ݔ2 ଶݕ + ⟹ݕ2 ଶݕ + =ݕ2 ଶݔ + ⟹ݔ2 .ݔℛݕ

So ℛ is symmetric.

(c) ℛ is transitive

൫ℛ is transitive ൯⟺ ቌ∀ݖ,ݕ,ݔ∈ ℝ: ቐ
ݕℛݔ
and

ݖℛݕ

� ⟹ .ቍݖℛݔ

Let ∋ݖ,ݕ,ݔ ℝ. If ݕℛݔ and ݖℛݕ then

ଶݔ + =ݔ2 ଶݕ + ݕ2 … (1)

and

ଶݕ + =ݕ2 ଶݖ + ݖ2 … (2)

Adding the two equations (1) and (2) together, we get ଶݔ + =ݔ2 ଶݖ + .ݖ2 So ݖℛݔ

holds. Thus ℛ is transitive.

Since ℛ is reflexive, symmetric and transitive, then ℛ is an equivalence relation on ℝ.

(ii) We have

0̇ = ൛ݕ ∈ ℝ: ݕℛ0ൟ= ݕ} ∈ ℝ: ݕଶ + =ݕ2 0ଶ + 2(0)}

= ݕ} ∈ ℝ: ݕଶ + =ݕ2 0}.

ଶݕ + =ݕ2 +ݕ)ݕ 2) = 0 implies that =ݕ 0 or =ݕ −2, then

0̇ = {0, −2}.

1̇ = ൛ݕ ∈ ℝ: ݕℛ1ൟ= ݕ} ∈ ℝ: ݕଶ + =ݕ2 1ଶ + 2(1)}

= ݕ} ∈ ℝ: ݕଶ + =ݕ2 3}.

ଶݕ + =ݕ2 3 implies that =ݕ 1 or =ݕ −3, then

1̇ = {1, −3}.

Theorem 1.3. Let ℛ be an equivalence relation on a set .ܣ Then the equivalence

classes of ℛ form a partition of .ܣ

Example 1.22. Let ℛ be a relation on the set of integers ℤ defined as follows:

ݕ,ݔ∀ ∈ ℤ:ݔℛݕ⟺ 2 divides ݔ− .ݕ

ℛ is an equivalence relation, and partitions the set integers into two equivalence

classes, i.e., the even and odd integers.
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1.2.5. Partial Orders

Definition 1.27. A relation ℛ on a set ܣ is called a partial ordering or partial order

if it is reflexive, antisymmetric, and transitive. A set ܣ together with a partial ordering

ℛ is called a partially ordered set, or poset, and it is denoted by ,ܣ) ℛ). Members of

ܣ are called elements of the poset.

Example 1.23.

1) Let ℛ be the relation defined on ℤା such that

ݕ,ݔ∀ ∈ ℤା ∶ ⟺ݕℛݔ dividesݔ .ݕ

Show that ℛ is a partial ordering relation on ℤା .

By definition

൫ℛ is a partial ordering relation ൯⟺ ൮൞

������ℛ is ��ϐ (܉)

ℛ is antisymmetric (܊)

          ℛ is transitive (܋)

�൲ .

(a) ℛ is reflexive

One has

൫ℛ is ��ϐ������൯⟺ ൫∀ݔ∈ ℤା .൯ݔℛݔ:

∋ݔ ∀ ℤା : dividesݔ ⟺ݔ .ݔℛݔ Hence the reflexive property is proved.

(b) ℛ is antisymmetric

൫ ℛ is antisymmetric൯⟺ ቌ∀ݕ,ݔ ∈ ℤା : ቐ
ݕℛݔ
and

ݔℛݕ

� ⟹ =ݔ .ቍݕ

If ݕ,ݔ ∈ ℤା with ݕℛݔ and ݔℛݕ , then there exist ݉ ଵ,݉ ଶ ∈ ℤା such that

=ݕ ݉ ଵݔ … (1)

and

=ݔ ݉ ଶݕ … (2)

By multiplying equations (1) and (2) together, we get

=ݔݕ ݉ ଵ݉ ଶݕݔ.

So ݉ ଵ݉ ଶ = 1 . But ݉ ଵ,݉ ଶ ∈ ℤା implies ݉ ଵ = ݉ ଶ = 1 . Thus =ݔ ݕ and ℛ is anti-

symmetric.

(c) ℛ is transitive

൫ℛ is transitive ൯⟺ ቌ∀ݖ,ݕ,ݔ∈ ℤା : ቐ
ݕℛݔ
and

ݖℛݕ

� ⟹ .ቍݖℛݔ



26

Let ∋ݖ,ݕ,ݔ ℤା . If ݕℛݔ and ݖℛݕ , then there exist ݉ ଵ,݉ ଶ ∈ ℤା such that

=ݕ ݉ ଵݔ … (1)

and

=ݖ ݉ ଶݕ … (2)

The multiplication of equations (1) and (2) together, yields

=ݖݕ ݉ ଵ݉ ଶݕݔ.

So, =ݖ ݉ ଵ݉ ଶݔ. Putting ݉ ଵ݉ ଶ = ݉ ∈ ℤା gives =ݖ whichݔ݉ implies .ݖℛݔ Thus ℛ

is transitive.

Since ℛ is reflexive, antisymmetric and transitive, then ℛ is a partial ordering relation

on ℤା .

2) Let ℛ be a relation on ℝ defined by

ݕ,ݔ∀ ∈ ℝ ∶ ⟺ݕℛݔ ≥ݔ .ݕ

(a) ℛ is reflexive

One has

൫ℛ ��ϐ������൯⟺ ൫∀ݔ∈ ℝ:ݔℛݔ൯.

∋ݔ ∀ ℝ: ≥ݔ ⟺ݔ .ݔℛݔ So, ℛ is reflexive.

(b) ℛ is antisymmetric:

൫ ℛ is antisymmetric൯⟺ ቌ∀(ݕ,ݔ) ∈ ℝ × ℝ:ቐ
ݕℛݔ
and

ݔℛݕ

� ⟹ =ݔ .ቍݕ

If ݕ,ݔ ∈ ℝ such that ݕℛݔ and ݔℛݕ , then

≥ݔ ݕ … (1)

and

≥ݕ ݔ … (2)

In view of equations (1) and (2), we get =ݔ .ݕ Thus ℛ is antisymmetric.

(c) ℛ is transitive

൫ℛ is transitive ൯⟺ ቌ∀ݖ,ݕ,ݔ∈ ℝ: ቐ
ݕℛݔ
and

ݖℛݕ

� ⟹ .ቍݖℛݔ

Let ∋ݖ,ݕ,ݔ ℝ. If ݕℛݔ and ݖℛݕ , then

≥ݔ ݕ … (3)

and

≥ݕ ݖ … (4)

In view of equations (3) and (4), we get ≥ݔ .ݕ So .ݖℛݔ Thus ℛ is transitive.
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Since ℛ is reflexive, antisymmetric and transitive, then ℛ is a partial ordering relation

on ℝ.

1.2.6. Comparability

Definition 1.28. Let ݔ and ݕ be two elements belonging to the set .ܣ Assume that

൫ܣ, ℛ൯is a poset. We say that ݔ and ݕ are comparable if exactly one of ݕℛݔ and ݔℛݕ

holds. When ݔ and ݕ are elements of ܣ such that neither ݕℛݔ nor ,ݔℛݕ ݔ and ݕ are

called incomparable.

Definition 1.29. If ൫ܣ, ℛ൯is a poset and every two elements of ܣ are comparable, ܣ is

called a totally ordered or a linearly ordered set, and ℛ is called a total or linear

order. A totally ordered set is also called a chain.

Example 1.24.

1) Let ℛ be a relation on ℤା such that

ݕ,ݔ∀ ∈ ℤା ∶ ⟺ݕℛݔ dividesݔ .ݕ

We have 3, 7 ∈ ℤା , 3 does not divide 7 and 7 does not divide 3. So 3 and 7 are in-

comparable. Thus ℛ is not a total order.

2) Let ܣ = {2,4,8,16} and let ℛ be a relation on ܣ such that

ݕ,ݔ∀ ∈ ܣ ∶ ⟺ݕℛݔ dividesݔ .ݕ

We have all elements in ܣ are powers of 2. So, ݕ,ݔ∀ ∈ ,ܣ dividesݔ ݕ or dividesݕ .ݔ

Thus ℛ is a total order.

3) Let ℛ be a relation defined on ℝ such that

ݕ,ݔ∀ ∈ ℝ ∶ ⟺ݕℛݔ ≥ݔ .ݕ

ݕ,ݔ∀ ∈ ℝ, ≥ݔ ݕ or ≥ݕ .ݔ Thus ℛ is a total order.

1.3. Functions

Definition 1.30. Let ܺ and ܻ be two nonempty sets. A relation ݂ from a set ܺ to a set

ܻ is called function if every element of the set ܺ has one and only one image in the

set ܻ. In simple words, a function is a relation such that no two ordered pairs have the

same first coordinates and different second coordinates.

Remark 1.10.

1) The notation :݂ܺ ⟶  ܻ means that ݂ is a function from ܺ to ܻ. ܺ is called the

domain of ݂ and ܻ is called the co-domain of .݂
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2) Given an element ∋ݔ ܺ, there is a unique element ݕ ∈ ܻ that is related to .ݔ The

unique element ݕ to which ݂ relates ݔ is denoted by (ݔ݂) and is pronounced ݂ of ,ݔ or

the value of ݂ at ,ݔ or the image of ݔ under .݂

3) The set of all values of (ݔ݂) taken together is called the range of ݂ or image of ܺ

under .݂ Symbolically

ܴܽ݊ ݂݃= ݕ} ∈ ܻ: ∋ݔ∃ ܺ, (ݔ݂) = ݕ }

= { ݔ:(ݔ݂) ∈ ܺ }.

4) The definition of a function ݂ from a set ܺ to a set ܻ requires that a relation must

fulfill the following two conditions in order to qualify as a function:

(i) Every ∋ݔ  ܺ must be related to ݕ ∈ ܻ; that is the domain of ݂must be ܺ

and not merely a subset of ܺ.

(ii) The second requirement of uniqueness can be expressed as follows:

ݕ,ݔ∀ ∈ ܺ: ൝

ݔ݂ ݕ
and
ݔ݂ ݖ

�⟹ =ݕ .ݖ

5) An element of ܻ may have more than one element of ܺ associated with it.

6) Functions are sometimes also called mappings or transformations.

Example 1.25. Determine which of the relations define ݕ as a function of .ݔ

1) Let ܺ = {0,1,2,3} and ܻ = {1,2,3,4} and let ݂ be a relation from ܺ to ܻ given by

ݔ݂ ⟺ݕ =ݕ +ݔ 1.

In other words, :݂ܺ ⟶  ܻ and

(ݔ݂) = +ݔ 1.

For each ∋ݔ ܺ there is only one corresponding ݕ ∈ ܻ. Therefore, this relation is a

function. Moreover

݉݋ܦ ݂= {0,1,2,3},

and

ܴܽ݊ ݂݃= {1,2,3,4}.
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2)

- ݃ is not a function, because the element ଶݔ ∈ ܺ has no image in the set ܻ.

- ℎ is not a function, because the element ଷݔ ∈ ܺ has two different images ସݕ,ଷݕ ∈ ܻ

such that (ଷݔ݂) = ଷݕ and (ଷݔ݂) = .ସݕ

3) Let ܺ be the set of children and ܻ the set of fathers. The relation ݂ from ܺ to ܻ giv-

en by

ݔ݂ ⟺ݕ ݕ is the father of ,ݔ

is a function because no child has more than one father and no child has no father.

4) :݂ ℝ ⟶ ℝ, (ݔ݂) =
ଵ

௫
is not a function, because the element 0 ∈ ℝ has no image in

the set ℝ.

1.3.1. Some types of Functions

Let ܺ and ܻ be two nonempty sets and let :݂ܺ ⟶  ܻ be a function.

1) If ܺ = ܻ, the function :݂ܺ ⟶  ܺ defined by =ݕ ݂ (ݔ) = ݔ for each ∋ݔ ܺ is

called the identity function, and it is denoted by ௗࣻ . Symbolically ௗࣻ:ܺ ⟶  ܺ and

ௗࣻ(ݔ) = .ݔ Here, ݉݋ܦ ௗࣻ = ܴܽ݊ ݃ ௗࣻ = ܺ.

2) If ܺ = ܻ = ℝ, the function :݂ ℝ ⟶  ℝ defined by =ݕ ݂ (ݔ) = ,ܥ ∋ݔ  ℝ, where

ܥ is a constant in ℝ, is called the constant function. Here, ݉݋ܦ ݂= ℝ and

ܴܽ݊ ݃ ݂= .{ܥ}

3) If ܺ ⊆  ܻ , the function :݂ܺ ⟶  ܻ defined by =ݕ (ݔ݂) = ݔ for each ∋ݔ ܺ is

called the inclusion function from ܺ to ܻ.

4) Let ,ܣ ܤ be two sets, and let :݂ܺ ⟶  ܻ and ܣ:݃ ⟶ ܤ be two functions. We say

that ݂ is identically equal to ݃ (denoted by ݂≡ ݃) if the following requirements are

met: ܣ = ܺ, ܤ = ܻ and (ݔ݂) = (ݔ)݃ for all ∋ݔ  ܺ.

5) Given a set ܷ ⊆ ܺ , the restriction of ݂ to ܷ , denoted by /݂௎ , is the function

/݂௎ :ܷ ⟶  ܻ that is defined by

/݂௎(ݔ) = (ݔ݂) for all ∋ݔ ܷ.

Function ݂ is called an extension of /݂௎ over ܷ.
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6) If ܺ = ܻ = ℝ , the function :݂ ℝ ⟶  ℝ defined by

=ݕ (ݔ݂) = ଴ܽ + ଵܽݔ+ ଶܽݔ
ଶ + ଷܽݔ

ଷ + ⋯ + ௡ܽିଵݔ
௡ିଵ + ௡ܽݔ

௡,

where ݊ ∈ ℕ, and ଴ܽ, ଵܽ, ଶܽ,..., ௡ܽିଵ, ௡ܽ ∈ ℝ, for each ∋ݔ  ℝ, is called a polynomial

function.

7) A rational function is a fraction of polynomials. That is, if (ݔ)݌ and (ݔ)ݍ are

polynomials, then
௣(௫)

௤(௫)
is a rational function.

8) If ܺ = ܻ = ℝ , the function :݂ ℝ ⟶  ℝ defined by

=ݕ ݂ (ݔ) = |ݔ| = ൜
,ݔ ifݔ≥ 0
,ݔ− ifݔ< 0

�, ∋ݔ∀  ℝ,

is called the modulus function or absolute value function. Here, ݉݋ܦ ݂= ℝ and

ܴܽ݊ ݃ ݂= ℝା .

1.3.2. One to one, Onto, and Bijective functions

Definition 1.31. A function :݂ܺ ⟶  ܻ is called one to one, one-one, injection or in-

jective function if each element of ܻ is the image of at most one element of ܺ. In

brief, ݂ is said to be injective if

ଶݔ,ଵݔ∀ ∈  ܺ: ଵݔ ≠ ଶݔ  ⟹ (ଵݔ݂) ≠ ,(ଶݔ݂)

or

ଶݔ,ଵݔ∀ ∈  ܺ: (ଵݔ݂) = (ଶݔ݂) ⟹ ଵݔ = .ଶݔ

Definition 1.32. A function :݂ܺ ⟶  ܻ is called onto, surjection or surjective func-

tion if every element of ܻ is the image of some element of ܺ. This condition can be

expressed as

ݕ∀ ∈  ,ܻ ∋ݔ∃ ܺ: =ݕ .(ݔ݂)

Definition 1.33. A function :݂ܺ ⟶  ܻ is said to be bijective (or bijection or one to

one correspondence) if it is both injective and surjective.

)1.26.1Example
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2) Let :݂ ℝ ⟶  ℝ be a function defined by

(ݔ݂) = +ݔ2 1.

If ଶݔ,ଵݔ ∈  ℝ and (ଵݔ݂) = ,(ଶݔ݂) then

ଵݔ2 + 1 = ଶݔ2 + 1 ⟹ ଵݔ2 = ଶݔ2 ⟹ ଵݔ = .ଶݔ

Therefore, ݂ is injective.

For every ݕ ∈ ℝ we have to find a real number ∋ݔ ℝ such that (ݔ݂) = ,ݕ which

means that +ݔ2 1 = .ݕ Solving this equation for ݔ leads to

=ݔ
−ݕ 1

2
,

so

(݂
௬ିଵ

ଶ
) = .ݕ Therefore ݂ is surjective.

Since ݂ is one to one and onto, then it is bijective.

3) Let ݃: ℝ ⟶  ℝ be a function defined by (ݔ)݃ = .ଶݔ If ଵݔ = 1 and ଶݔ = −1, then

(ଵݔ)݃ = 1ଶ = (ଶݔ)݃ = (−1)ଶ = 1,

which proves that ݃ is not injective.

If y = −3, then for no real number weݔ can have (ݔ)݃ = ଶݔ =  −3, since the square

of a real number is never negative. Therefore, ݃ is not surjective.

Now, if we change the codomain of ݃ by putting ℝା instead of ℝ ,i.e., ݃: ℝ ⟶  ℝା ,

then ݃ still is not one to one, but now it is onto, since every positive real number is a

square number.

Remark 1.11. Let :݂ܺ ⟶  ܻ be a function. By solving the equation (ݔ݂) = withݕ

respect to the variable ,ݔ we get

1) If for any ݕ ∈  ܻ the equation (ݔ݂) = ݕ has at most one solution, then ݂ is injective.

2) If for any ݕ ∈  ܻ the equation (ݔ݂) = ݕ has at least one solution, then ݂ is surjec-

tive.

3) If for any ݕ ∈  ܻ the equation (ݔ݂) = ݕ has one and only one solution, then ݂ is

bijective.

1.3.3. Composition

Definition 1.34. Let ܺ, ,ܻܷ,ܹ be sets, and let :݂ܺ ⟶  ܻ and ݃:ܷ ⟶  ܹ be two

functions such that ܴܽ݊ ݃ ݂⊆ ݉݋ܦ  .݃

The composition of ݃ and ,݂ which is notated ݃ ∘ ,݂ is the operation which combines

them into the single function ݃ ∘ :݂ܺ ⟶  ܹ where

(݃ ∘ (ݔ)݂( = ݃൫݂ .൯(ݔ)

Remark 1.12: In the previous definition, ܴܽ݊ ݃ ݂⊆ ݉݋ܦ  ݃ implies ܻ ⊆ ܷ.
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Example 1.27. Let :݂ ℕ ⟶  ℕ and ݃: ℕ ⟶  ℕ be two functions defined by

(ݔ݂) = ଶݔ + 2 and (ݔ)݃ = .ଶݔ Then, ݃ ∘ ,݂݂ ∘ ݃: ℕ ⟶  ℕ such that

(݃ ∘ (ݔ)݂( = ݃൫݂ =൯(ݔ) ଶݔ)݃ + 2) = ଶݔ) + 2)ଶ,

and

(݂ ∘ (ݔ)(݃ = ݂൫݃ =൯(ݔ) (ଶݔ݂) = ଶ(ଶݔ) + 2 = ସݔ + 2.

1.3.4 Inverse Functions

Definition 1.35. Let :݂ܺ ⟶  ܻ be a function. We say that ݂ is invertible if there is a

function ݃:ܻ ⟶  ܺ such that

݃൫݂ =൯(ݔ) ௗࣻ(ݔ) = ݔ for all ݔ ∈ ܺ,

and

݂൫݃ =൯(ݕ) ௗࣻ(ݕ) = ݕ for all ݕ ∈ .ܻ

In other words

∋ݔ∀  ܺ, ݕ∀ ∈  ܻ: (ݔ݂) = ⟺ݕ =ݔ .(ݕ)݃

Function ݃:ܻ ⟶ ܺ is called the inverse of :݂ܺ ⟶ ܻ and denoted by ݂ିଵ.

Theorem 1.4. Let :݂ܺ ⟶  ܻ be a function, ݂ is invertible if and only if ݂ is a bijec-

tion.

Example 1.28. Let :݂ ℝ ⟶  ℝ a function which is defined by (ݔ݂) = +ݔ2 1. In view

of example 1.26, ݂ is bijective. Consequently, ݂ is invertible and ݂ିଵ: ℝ ⟶  ℝ where

݂ିଵ(ݕ) =
௬ିଵ

ଶ
,

Often we write ݂ିଵ(ݔ) =
௫ିଵ

ଶ
to denote the inverse function (also called anti function).

1.3.5. Functions and Subsets

Definition 1.36. Let ܺ, ܻ be two sets, and let :݂ܺ ⟶  ܻ be a function. Given a subset

ܷ ⊆  ܺ and a subset ܸ ⊆  .ܻ

(i) We define the image of ܷ in ܻ, denoted by (݂ܷ), to be the subset of ܻ given by

(݂ܷ) = ݕ} ∈ ܻ: ∋ݔ∃ ܷ, (ݔ݂) = ݕ } = { ∋ݔ:(ݔ݂) ܷ }.

If ܷ = ܺ, the image of ܷ in ܻ is also called the range of .݂

(ii) We define the preimage of ܸ under ,݂ denoted by ݂ିଵ(ܸ), to be the subset of ܺ

given by

݂ିଵ(ܸ) = ∋ݔ} ܺ: (ݔ݂) ∈ ܸ }.
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Example 1.29.

1) Define :݂ ℤ ⟶  ℕ by

(ݔ݂) = |ݔ| + 1,

and let ܷ = {−1,0,1,2,3 }. We have

(݂−1) = 2, (݂0) = 1, (݂1) = 2, (݂2) = 3 and (݂3) = 4.

So

(݂ܷ) = {1,2,3,4 }.

2) Define ݃: ℤ ⟶  ℕ by (ݔ)݃ = |ݔ2| and let ܸ = {0,1,2,3,4 }. The preimage of ܸ is

all those elements in ℤ that map to 0,1,2,3 and 4; that is, it is all possible values of ݔ

for which

(ݔ)݃ = |ݔ2| = 0 ⟹ =ݔ 0,

(ݔ)݃ = |ݔ2| = 1: There are no such elements,

(ݔ)݃ = |ݔ2| = 2 ⟹ =ݔ =ݔ,1 −1,

(ݔ)݃ = |ݔ2| = 3: There are no such elements,

(ݔ)݃ = |ݔ2| = 4 ⟹ =ݔ =ݔ,2− 2.

Hence

݃ିଵ(ܸ) = {−2, −1,0,1,2 }.

Theorem 1.5. Let ܺ,ܻ be sets, ଵܣ and ଶܣ be subsets of ܺ, ଵܤ and ଶܤ be subsets of ܻ

and let :݂ܺ ⟶  ܻ be a function. Then

૚) ଵܣ݂) ∪ (ଶܣ = (ଵܣ݂) ∪ .(ଶܣ݂)

૛) ଵܣ݂) ∩ (ଶܣ ⊂ (ଵܣ݂) ∩ .(ଶܣ݂)

૜)݂ିଵ(ܤଵ ∪ (ଶܤ = ݂ିଵ(ܤଵ) ∪ ݂ିଵ(ܤଶ).

૝)݂ିଵ(ܤଵ ∩ (ଶܤ = ݂ିଵ(ܤଵ) ∩ ݂ିଵ(ܤଶ).

૞) ଵܣ ⊂ ଶܣ ⟹ (ଵܣ݂) ⊂ .(ଶܣ݂)

૟) ݂ିଵ(ܻ− (ଵܤ = ܺ − ݂ିଵ(ܤଵ).

1.4. The Order Structure of the Real Numbers

Remark 1.13.

1) As we have seen before, the set of real numbers ℝ contains all of the following sets:

ℕ, ℤ and ℚ, such that

ℕ ⊂ ℤ ⊂ ℚ ⊂ R.

2) An important property of the real numbers is that they are totally ordered, so we

can compare any two real numbers, ݔ and ,ݕ and make a statement of the form ≥ݔ ݕ

or ≥ݕ ,ݔ with a strict inequality if ≠ݔ .ݕ
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1.4. 1. Upper and Lower Bounds

Definition 1.37. Let ܣ ⊂ ℝ be a set of real numbers.

(i) We say that ܣ is bounded from above if there exists a real number ܯ ∈ ℝ, called

an upper bound of ,ܣ such that ≥ݔ ܯ for every ∋ݔ .ܣ In simple words

ܯ∃ ∈ ℝ:  ݔ≤ ܯ , ∋ݔ∀ .ܣ

(ii) We say that ܣ is bounded from below if there exists a real number ݉ ∈ ℝ, called

a lower bound of ,ܣ such that ≤ݔ ݉ for every ∋ݔ .ܣ In simple words

∃݉ ∈ ℝ:  ݔ≥ ݉ , ∋ݔ∀ .ܣ

1.4. 2. Supremums and Infimums

Definition 1.38. Let ܣ ⊂ ℝ a set of real numbers.

(i) The supremum of a set ܣ is its least upper bound. We denote the supremum of ܣ

by .ܣ݌ݑݏ Mathematically

ܯ = ܣ݌ݑݏ ⟺ ൝
∋ݔ∀ :ܣ ≥ݔ ܯ

and
<ߝ∀ 0, ఌݔ∃ ∈ :ܣ ܯ − >ߝ ఌݔ

�.

In other words, no element of the set ܣ exceeds ܯ , but if isߝ any positive quantity,

however small, there is a element that exceeds ܯ − .ߝ

(ii) The infimum of a set ܣ is its greatest lawer bound. We denote the infimum of ܣ

by ݅݊ .ܣ݂ Mathematically

݉ = ݅݊ ܣ݂ ⟺ ൝
∋ݔ∀ :ܣ ≤ݔ ݉

and
<ߝ∀ 0, ఌݔ∃ ∈ :ܣ ݉ + <ߝ ఌݔ

.�

In other words, no element of the set is less than ݉ , but if isߝ any positive quantity,

however small, there is always one element that is less than ݉ + .ߝ
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1.4.3. Maximums and Minimums

Definition 1.39. Let ܣ ⊂ ℝ be a set of real numbers and ݉ ܯ, ∈ ℝ.

i) We say that ܯ is a maximum of ܣ if it is an element of ,ܣ (i.e., ܯ ∈ (ܣ such that ܯ

is also the supremum. In simple words, if ܣ݌ݑݏ ∈ ,ܣ then we call it the maximum of ܣ

and we denote it by ݉ .ܣݔܽ

ii) We say that ݉ is a minimum of ܣ if it is an element of ,ܣ (i.e., ݉ ∈ (ܣ such that ݉

is also the infimum. In simple words, if ݅݊ ܣ݂ ∈ ,ܣ then we call it the minimum of ܣ

and we denote it by ݉ ݅݊ .ܣ

Remark 1.14. Note that not all sets that are bounded above have maximums and that

not all sets that are bounded below have minimums.

Take a look at some examples.

Example 1.30. Let ܣ = [−2,5], ܤ = ]−2,5], ܥ = [−2,5[ and ܦ = ]−2,5[. We have

1) ݅݊ ܣ݂ = ݉ ݅݊ ܣ = −2.

2) ݅݊ ܤ݂ = −2. Since −2 ∉ ,ܤ then ܤ has no minimum.

3) ܥ݌ݑݏ = ݉ ܥݔܽ = 5.

4) ܦ݌ݑݏ = 5. Since 5 ∉ ,ܥ then ܤ has no maximum.

1.4.4. Absolute Value

Definition 1.40. The absolute value of a number ,ݔ denoted by ,|ݔ| is a positive num-

ber describing the distance from zero that a number ݔ is on the number line, without

considering direction where

|ݔ| = ቄ
ݔ if ≤ݔ 0
ݔ− if >ݔ 0

�.

Example 1.31.

1) Suppose ≤ݔ 3.

a) Rewrite −ݔ| 1| without using the absolute value sign. Since ≤ݔ 3, then

−ݔ 1 > 0. So,

−ݔ| 1| = −ݔ 1.

b) Rewrite |1 − |ݔ without using the absolute value sign. Since ≤ݔ 3, then

1 − >ݔ 0. So, |1 − |ݔ = −(1 − (ݔ = −ݔ 1.



2) Rewrite (ݔ݂) = |͵െ |ݔʹ

So,

Thus,

(ݔ݂) = |͵െ ݔʹ

1.4.5. Intervals

Definition 1.41. Given any two points

points between ݔ and ݕ an interval

Remark 1.15.

1) When discussing intervals, it is important to indicate whether we are including one

or both endpoints.

2) We also have the concept of intervals that extend to the ends of the number line

and +∞.

1.4.5.1. List of Notations for

[ ǡܾܽ ] = אݔ} Թǣ��ܽ ൑ ൑ݔ }ܾ

] ǡܾܽ [ = אݔ} Թǣ��ܽ ൏ ൏ݔ }ܾ

[ ǡܾܽ [ = אݔ} Թǣ��ܽ ൑ ൏ݔ }ܾ

] ǡܾܽ ] = אݔ} Թǣ��ܽ ൏ ൑ݔ }ܾ

[ ǡܽ൅λ [ = אݔ} Թǣ��ܽ ൑ ,{ݔ

] ǡܽ൅λ [ = אݔ} Թǣ��ܽ ൏ ,{ݔ

]െλ ǡܾ ] = אݔ} Թǣݔ��൑ }ܾ,

]െλ ǡܾ [ = אݔ} Թǣݔ��൏ }ܾ.

without using the absolute value sign. We have

͵െ ݔʹ ൌ Ͳ฻ ͵ൌ ฻ݔʹ ൌݔ
ଷ

ଶ
.

| = ቐ
−(͵െ ൒ݔ������ǡ(ݔʹ

ଷ

ଶ

͵െ ൏ݔ��������������ǡݔʹ
ଷ

ଶ

�= ቐ
−3 + 2

3 − ݔ2

Given any two points ݔ and ݕ on the real line, we call the set of

interval.

) When discussing intervals, it is important to indicate whether we are including one

) We also have the concept of intervals that extend to the ends of the number line

otations for Intervals

},

},

},

},

}

}

}

}
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without using the absolute value sign. We have

�
൒ݔ������ǡݔ2

ଷ

ଶ

൏ݔ����������ǡݔ
ଷ

ଶ

�.

on the real line, we call the set of

) When discussing intervals, it is important to indicate whether we are including one

) We also have the concept of intervals that extend to the ends of the number line −∞
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1.5. Mathematical Induction

The mathematical induction (or just induction for short) is a powerful and elegant tool

for proving a mathematical proposition, theorem or formula which is thought to be

true, for each and every natural number .݊ We see here the most frequently used kind

of induction which is called simple induction or weak induction. There are other vari-

ants of induction such as double induction and strong induction which work on the

same principle as simple induction, but are generally easier to prove theorems with.

The principle of mathematical induction

The principle can be stated as follows:

A property of integers is called hereditary if, whenever any integer ݊ has the property,

its successor has the property. If the integer 0 or 1 has a certain property and this prop-

erty is hereditary, every positive integer has the property.

Theorem 1.6. Suppose that ܲ( )݊ is a proposition that it either true or false for any

given natural numbers .݊ If

(i) ܲ(0) is true and,

(ii) Given any ݇≥ 0, if ܲ( )݇ is true, then ܲ(݇+ 1) is also true which means

that the statement ܲ( )݇ ⇒ ܲ(݇+ 1) is true.

It follows by mathematical induction that ܲ( )݊ is true for any natural number.

In other words

Let P be a property (or conjecture) of positive integers such that:

▶ Basis step: ܲ(0) is true. (or ܲ( )݊ is true for the smallest possible value).

▶ Inductive step: if ܲ( )݇ is true, then ܲ(݇+ 1) is also true.

Then ܲ( )݊ is true for all positive integers.

Example 1.32. Using induction, prove that

1 + 2 + ⋯ + ݊=
ଵ

ଶ
(݊݊+ 1).
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Let ܲ( )݊ is the statement

1 + 2 + ⋯ + ݊=
1

2
(݊݊+ 1).

Basis step: Observe that if ݊= 1, this statement is 1 =
ଵ

ଶ
(1)(1 + 1) , which is obvi-

ously true. So ܲ(1) is true.

Inductive step: We must now prove ܲ( )݇ ⇒ ܲ(݇+ 1) for any ݇≥ 1.

That is, we must show that ܲ( )݇ is true, i.e.,

1 + 2 + ⋯ + ݇=
1

2
(݇݇+ 1), … (∗)

then ܲ(݇+ 1) is also true.

By virtue of (∗), one has

1 + 2 + ⋯ + ݇+ (݇+ 1) =
1

2
(݇݇+ 1) + (݇+ 1) =

1

2
൫݇ (݇+ 1) + 2(݇+ 1)൯

=
1

2
(݇+ 1)(݇+ 2),

and so we have shown that if ܲ( )݇ is true then ܲ(݇+ 1) is also true.

It follows by mathematical induction that ܲ( )݊ is true for all ݊≥ 1.
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This chapter further explores the concept of a function of one real variable where the

terms "function", "map", "mapping" and "transformation" mean the same thing; the

choice of which word to use is usually determined by tradition and the mathematical

background of the person using the term.

2.1. Basic Notions

2.1.1. Real-ValueFunction,

Definition 2.1. A real-valued function

are real numbers. The set ܯ

set

is called the range of ݂�and is denoted by

Remark 2.1.

1) The set of images is inside

of ℝ, i.e., ௙ܦ ⊆ ℝ.

2) When a function is given in the form

domain is; rather, we find out a largest subset of

example,

Polynomial function: ௙ܦ = ℝ

Rational function: ௙ܦ is all real numbers except

equal zero.

Absolute value function: ௙ܦ =

Square root function: If (ݔ݂)

(the value under the radical sign) is not negative, i.e.,

Chapter 2

Functions of one Real Variable

chapter further explores the concept of a function of one real variable where the

terms "function", "map", "mapping" and "transformation" mean the same thing; the

choice of which word to use is usually determined by tradition and the mathematical

d of the person using the term.

Function, Domain, and Range

valued function ݂ǣܯ ⊆ ℝ ⟶ ℝ is a function whose values

ܯ is the domain of ,݂ denoted by ݉݋ܦ ݂

൛݂ (ݔ) ൌ אݔ׷ݕ ௙ൟܦ

and is denoted by ܴܽ݊ ݃�݂ .

The set of images is inside ℝ, i.e., ܴܽ݊ ݃�݂ ك Թ and the domain

When a function is given in the form ൌݕ ,(ݔ݂) we do not say explicitly what its

rather, we find out a largest subset of ℝ which may serve as its domain

ℝ all real numbers.

is all real numbers except those that cause the

= ℝ all real numbers.

( ) = ݔ√ , then ௙ܦ is the values of ݔ for which the radicand

(the value under the radical sign) is not negative, i.e., ൒ݔ Ͳ.
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Radical function: A radical expression is an expression that includes a radical symbol

and the domain of a radical function is the values of ݔ for which the radicand (the val-

ue under the radical sign) is not negative. In other words, if (ݔ݂) = ඥ݃(ݔ), then ௙ܦ is

all values of ݔ value such that (ݔ)݃ ≥ 0.

Root function: If (ݔ݂) = ݔ√
೙

, then ௙ܦ is all real numbers if ݊ is odd or all nonnegative

real numbers if ݊ is even.

Exponential function: Domain of an exponential function is ℝ.

Logarithmic function: Domain of logarithmic function lnݔ is any ݔ value for which

<ݔ 0. Moreover, ln (ݔ݂) is defined only when the input is positive ( (ݔ݂) > 0).

Sine and cosine functions: The domain of the sine and cosine functions is all real

numbers.

Example 2.1.

1) Find the domain of each of the following functions given by

(܉ ଵ݂(ݔ) =
1

−ݔ 2
, (܊ ଶ݂(ݔ) = ඥ25 − ,ଶݔ (܋ ଷ݂(ݔ) =

3

3 − ݔ√
,

(܌ ସ݂(ݔ) = ln(ݔ− 1), (܍ ହ݂(ݔ) =
1

√1 − cosݔ
.

We have

(܉ ௙భܦ = ∋ݔ} ℝ:ݔ− 2 ≠ 0}. Since −ݔ 2 = 0 ⟺ =ݔ 2, then

௙భܦ = ℝ − {2}.

(܊ ௙మܦ = ∋ݔ} ℝ: 25 − ଶݔ ≥ 0}. Since 25 − ଶݔ ≥ 0 ⟺ (5 − 5)(ݔ + (ݔ ≥ 0, then

௙మܦ = [−5,5].

(܋ ௙యܦ = ൛ݔ ∈ ℝ: 3 − ≠ݔ√ 0 and ݔ≥ 0ൟ. Since 3 − =ݔ√ 0 ⟺ =ݔ 9, then

௙యܦ = [0,9[ ∪ ]9, +∞[.

(܌ ௙రܦ = ∋ݔ} ℝ:ݔ− 1 > 0}. Since −ݔ 1 > 0 ⟺ <ݔ 1, then

௙రܦ = ]1, +∞[.

(܍ ௙ఱܦ = ൛ݔ∈ ℝ: √1 − cosݔ≠ 0 and 1 − cosݔ≥ 0ൟ. Since −1 ≤ cosݔ≤ 1, then

1 − cosݔ≥ 0. So,

௙ఱܦ = ൛ݔ∈ ℝ: √1 − cosݔ≠ 0 ൟ.
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We have

√1 − cosݔ= 0 ⇔ 1 − cosݔ= 0 ⇔ cosݔ= 1 ⇔ =ݔ ߨ2 ,݇݇ ∈ ℤ.

Thus

௙ఱܦ = ℝ − ߨ2} ,݇݇ ∈ ℤ}.

2) Find the range of each of the following functions given by

ଵ݂(ݔ) = sinݔ , ଶ݂(ݔ) = cosݔ , ଷ݂(ݔ) = tanݔ=
sinݔ

cosݔ
.

We have

ܴܽ݊ ݃ ଵ݂ = ܴܽ݊ ݃ ଶ݂ = [−1,1].

The domain of the function ଷ݂ is all real numbers except those where cosݔ≠ 0.Since

cosݔ= 0 ⇔ =ݔ
గ

ଶ
+ ݇,ߨ݇ ∈ ℤ,

Then,

௙యܦ = ℝ − ቄ
ߨ

2
+ ݇,ߨ݇ ∈ ℤቅ.

The range of ଷ݂ is, obviously, all real numbers from ℝ, i.e., ܴܽ݊ ݃ ଷ݂ = ℝ.

2.1.2. Monotone Functions

Definition 2.2. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable and let

ܯ ⊆ .௙ܦ

૚) ݂ is said to be increasing (also monotonically increasing or non-decreasing) on ܯ ,

if

ଶݔ,ଵݔ∀ ∈ ܯ : ଵݔ < ଶݔ ⟹ (ଵݔ݂) ≤ .(ଶݔ݂)

If (ଵݔ݂) < (ଶݔ݂) the function is said to be strictly increasing.

2) ݂ is said to be decreasing (also monotonically decreasing or non-increasing) on ܯ ,

if

ଶݔ,ଵݔ∀ ∈ ܯ : ଵݔ < ଶݔ ⟹ (ଵݔ݂) ≥ .(ଶݔ݂)

If (ଵݔ݂) > (ଶݔ݂) the function is said to be strictly decreasing.

3) ݂ is said to be monotone (or monotonic) on ܯ , if ݂ is increasing or decreasing on

ܯ .
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4) ݂ is said to be strictly monotone on ܯ , if ݂ is strictly increasing or strictly decreas-

ing on ܯ .

5) ݂ is said to be constant on ܯ , if

ଶݔ,ଵݔ∀ ∈ ܯ : (ଵݔ݂) = .(ଶݔ݂)

Remark 2.2.

Functions that are strictly monotone are one-to-one. This is because, in such a situa-

tion, for ଵݔ ≠ ,ଶݔ either ଵݔ < ଶݔ or ଵݔ > ,ଶݔ either (ଵݔ݂) < (ଶݔ݂) or (ଵݔ݂) > (ଶݔ݂)

which means that (ଵݔ݂) ≠ .(ଶݔ݂)

Example 2.2.

1) Let ଵ݂ be the function defined by

ଵ݂(ݔ) = ݁௫.

One has ௙భܦ = ℝ. Let ଶݔ,ଵݔ ∈ ℝ and assume that ଵݔ < .ଶݔ We have

݁௫మ = ݁௫మି௫భା௫భ = ݁௫భ݁௫మି௫భ.

But

ଵݔ < ଶݔ ⟹ ଶݔ − ଵݔ > 0 ⟹ ݁௫మି௫భ > 1.

So,

ଵ݂(ݔଵ) = ݁௫భ < ଵ݂(ݔଶ) = ݁௫మ.

Thus ଵ݂ is strictly increasing on ℝ.

2) Let ଶ݂ be the function that is defined by

ଶ݂(ݔ) = .ଶݔ

On has ௙మܦ = ℝ. If ଵݔ = −3 and ଶݔ = 2, then ଵݔ < ଶݔ and

ଶ݂(ݔଵ) = (−3)ଶ = 6 > ଶ݂(ݔଶ) = (2)ଶ = 4.

So, ଶ݂ is nonincreasing on ℝ.

2.1.3. Bounded Functions

Definition 2.3. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a function of a real variable and let ܯ ⊆ .௙ܦ

1) We say that function ݂ is bounded from above on ܯ if

ܭ∃ ∈  ℝ: (ݔ݂) ≤ ܭ .

2) We say that function ݂ is bounded from below on ܯ if

∃݇ ∈  ℝ: (ݔ݂) ≥ .݇
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3) The function ݂ is said to be bounded if it is bounded from below and above.

4) Let ܽ ∈ ܯ  , ݂ has a minimum on ܯ at the point =ݔ ܽ if

(ݔ݂) ≥ (݂ )ܽ, ∋ݔ∀ ܯ  .

The value of the minimum is (݂ )ܽ.

5) Let ܾ∈ ܯ  , ݂ has a maximum on ܯ at the point ݔ = ܾ if

(ݔ݂) ≤ (݂ )ܾ, ∋ݔ∀ ܯ  .

The value of the maximum is (݂ )ܾ.

Remark 2.3. If ݂ has a maximum (minimum) on ܯ , then ݂ is bounded from above

(below) on ܯ . If ݂ is not bounded from above (below) on ܯ then ݂ has no maximum

(minimum) on ܯ .

2.1.4. Even, and Odd Functions

Definition 2.4. A domain ௙ܦ of a function ௙ܦ݂: ⊆ ℝ ⟶ ℝ is said to be symmetric

with respect to the origin if

∋ݔ ௙ܦ ⟺ ∋ݔ− .௙ܦ

Definition 2.5. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable defined on a

symmetric domain .௙ܦ

1) We say that function ݂ is even if

∋ݔ∀ :௙ܦ (ݔ−݂) = .(ݔ݂)

2) We say that function ݂ is odd if

∋ݔ∀ :௙ܦ (ݔ−݂) = − .(ݔ݂)

Remark 2.4.

1) The graph of an even function is symmetric with respect to the .axis-ݕ

2) The graph of an odd function is symmetric with respect to the origin.

Example 2.3.

1) ଵ݂(ݔ) = ଶݔ + 5. We have ௙భܦ = ℝ which is a symmetric domain and

ଵ݂(−ݔ) = ଶ(ݔ−) + 5 = ଶݔ + 5 = ଵ݂(ݔ).

So, ଵ݂ is an even function.
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2) ଶ݂(ݔ) = cosݔ. We have ௙మܦ = ℝ which is a symmetric domain and

ଶ݂(−ݔ) = cos(−ݔ) = cosݔ= ଶ݂(ݔ).

So, ଶ݂ is an even function.

3) ଷ݂(ݔ) =
ଵ

௫
. We have ଷ݂ = ℝ − {0} which is a symmetric domain and

ଷ݂(−ݔ) = −
1

ݔ
= − ଷ݂(ݔ).

So, ଷ݂ is an odd function.

4) ସ݂(ݔ) = sinݔ. We have ௙రܦ = ℝ which is a symmetric domain and

ସ݂(−ݔ) = sin(−ݔ) = − sinݔ= − ସ݂(ݔ).

So, ସ݂ is an even function.

5) ହ݂(ݔ) = ଷݔ + 1. We have ௙ఱܦ = ℝ which is a symmetric domain and

ହ݂(−ݔ) = ଷ(ݔ−) + 1 = ଷݔ− + 5 ≠ ହ݂(ݔ) ≠ − ହ݂(ݔ) = ଷݔ− − 1.

So, ହ݂ is neither odd nor even.

2.1.5. Periodic Functions

Definition 2.6. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable. The function

݂ is called periodic if there exists ܶ > 0 such that

(i) ∋ݔ ௙ܦ ⇒ +ݔ ܶ ∈ .௙ܦ

(ii) ∋ݔ∀ :௙ܦ +ݔ݂) ܶ) = .(ݔ݂)

The number ܶ is called a period of .݂ The smallest amongst all periods is called the

fundamental (primitive) period.

Example 2.4.

The functions cos߱ݔ and sin߱ݔboth have periods equal to ܶ =
ଶగ

ఠ
. Indeed, we have

cos߱(ݔ+ ܶ) = cos߱ ൬ݔ+
ߨ2

߱
൰= cos(߱ݔ+ (ߨ2 = cos߱ݔ,

and

sin߱(ݔ+ ܶ) = sin߱ ൬ݔ+
ߨ2

߱
൰= sin(߱ݔ+ (ߨ2 = sin߱ݔ.



45

2.1.6. Arithmetic Operations on Functions

Definition 2.7. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ and ௚ܦ:݃ ⊆ ℝ ⟶ ℝ be real functions of one real

variable. If ௙ܦ ∩ ௚ܦ ≠ Φ, then ݂+ ݃, ݂− ݃, and .݂݃ are defined on ௙ܦ ∩ ௚ܦ by

1) (݂+ (ݔ)(݃ = (ݔ݂) + .(ݔ)݃

2) (݂− (ݔ)(݃ = (ݔ݂) − .(ݔ)݃

3) ( (ݔ)(݂݃. = .(ݔ)݃.(ݔ݂)

4) The quotient
௙

௚
is defined by

൬
݂

݃
൰(ݔ) =

(ݔ݂)

(ݔ)݃
,

for ݔ in ௙ܦ ∩ ௚ܦ such that (ݔ)݃ ≠ 0.

Example 2.5. Let

(ݔ݂) = √4 − ଶݔ and (ݔ)݃ = −ݔ√ 1.

We have

௙ܦ = ∋ݔ} ℝ: 4 − ଶݔ ≥ 0} = [−2,2] and ௚ܦ = ∋ݔ} ℝ:ݔ− 1 ≥ 0} = [1, +∞[.

So,

௙ܦ ∩ ௚ܦ = [1,2] ≠ Φ.

Consequently, ݂+ ݃, ݂− ݃, and .݂݃ are defined on [1,2] by

(݂+ (ݔ)(݃ = ඥ4 − ଶݔ + −ݔ√ 1, (݂− (ݔ)(݃ = ඥ4 − ଶݔ − −ݔ√ 1,

and

( (ݔ)(݂݃. = ቀඥ4 − ଶݔ ቁ൫ξ −ݔ 1൯= ඥ(4 − −ݔ)(ଶݔ 1).

The quotient
௙

௚
is defined on ]1,2] by

൬
݂

݃
൰(ݔ) =

√4 − ଶݔ

−ݔ√ 1
.

2.2. Limits of Functions

In what follows, we will introduce the concept of limits which can be considered as

one of the cornerstones of modern calculus. For instance, they are used to find out the
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particle state at a particular position, and they can be used to calculate the time a

chemical reaction takes to complete. Various physics concept s also use calculus limits

as the base approach to solve complex equations. Even in the study of quantum con-

trol problems we can find many neat limits.

What is a limit and how a function behaves when the independent variable ݔ ap-

proaches a certain value?

2.2.1. Limit of a Function at a Point

Definition 2.8. A neighbourhood of a point ∋ݔ ℝ is an open interval containing .ݔ

Definition 2.9. Let ݂ be a real function of a real variable, defined on a neighbourhood

of a point ,଴ݔ but not necessarily at ଴ݔ (except perhaps at ,଴ݔ itself) and let ℓ be a real

number. We say that ℓ is the limit of ݂ as ݔ approaches (goes to) ,଴ݔ and we write

lim
௫→௫బ

(ݔ݂) = ℓ if

<ߝ∀ 0, (ߝ)ߜ∃ > 0: ቀݔ∈ ௙ܦ and 0 < −ݔ| |଴ݔ < ⟹ቁ(ߝ)ߜ (| (ݔ݂) − ℓ| < .(ߝ

The limit is sometimes denoted by a right arrow as in

(ݔ݂) → ℓ as →ݔ ,଴ݔ

is read as ݂ of ݔ tends to ℓ as ݔ tends to ݔ sub zero (also ݔ subscript zero or ݔ –

naught).

Remark 2.5. If the domain of ݂ is ℝ, we can omit ∋ݔ ௙ܦ on the above definition.

Example 2.6.

1) Let (ݔ݂) = +ݔ2 2. We will prove that

lim
௫→ଵ

(ݔ݂) = 4.

Given <ߝ 0, we must find (ߝ)ߜ > 0 such that

| (ݔ݂) − ℓ| < ifߝ −ݔ| |଴ݔ < .(ߝ)ߜ

A useful general rule is to write down (ݔ݂) − ℓ and then to express it in terms of

−ݔ ,଴ݔ as much as possible generally, for example (by writing =ݔ −ݔ ଴ݔ + .(଴ݔ To

prove this, we write

| (ݔ݂) − ℓ| < ⟺ߝ +ݔ2)| 2) − 4| = −ݔ|2 1| < ⟺ߝ −ݔ| 1| <
ߝ

2
.

This yields

| (ݔ݂) − 4| < ifߝ −ݔ| 1| < ,(ߝ)ߜ
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where (ߝ)ߜ is any number such that (ߝ)ߜ ≤
ఌ

ଶ
.

2) Let (ݔ)݃ = sinݔ
ଵ

௫
. We will prove that

lim
௫→଴

(ݔ)݃ = 0.

We have ௚ܦ = ℝ − {0}. Even though ݃ is not defined at ଴ݔ = 0, we have

(ݔ)݃| − ℓ| = ฬݔsin
1

ݔ
− 0ฬ= ฬݔsin

1

ݔ
ฬ≤ .|ݔ|

This yields

(ݔ)݃| − 0| < ifߝ |ݔ| < ,(ߝ)ߜ

where (ߝ)ߜ is any number such that (ߝ)ߜ = .ߝ

Theorem 2.1. If lim
௫→௫బ

(ݔ݂) exists then it is unique.

2.2.1.1. Basic Properties of Limits

Theorem 2.2. If

lim
௫→௫బ

(ݔ݂) = ℓଵ and lim
௫→௫బ

(ݔ)݃ = ℓଶ,

then

૚) lim
௫→௫బ

(݂+ (ݔ)(݃ = ℓଵ + ℓଶ.

૛) lim
௫→௫బ

(݂− (ݔ)(݃ = ℓଵ − ℓଶ.

3) lim
௫→௫బ

( (ݔ)(݂݃. = ℓଵ. ℓଶ.

4) If ℓଶ ≠ 0, and (ݔ)݃ ≠ 0, then

lim
௫→௫బ

൬
݂

݃
൰(ݔ) =

ℓଵ
ℓଶ

.

Example 2.7.

1) By using the sum and difference rules we obtain

lim
௫→ଵ

ଷݔ) + ଶݔ4 − 3) = lim
௫→ଵ

(ଷݔ) + lim
௫→ଵ

(ଶݔ4) − lim
௫→ଵ

(3)

       = 1 + 4 − 3 = 2.

2) By using the quotient rule, we obtain

lim
௫→ଵ

ଷݔ + ଶݔ4 − 3

2 + ଶݔ4
=

lim
௫→ଵ

ଷݔ) + ଶݔ4 − 3)

lim
௫→ଵ

(2 + (ଶݔ4
=

2

6
=

1

3
.
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Theorem 2.3 (The sandwich or squeeze theorem). Let ,݂݃ and ℎ be functions such

that

(ݔ݂) ≤ (ݔ)݃ ≤ ℎ(ݔ),

for all numbers ݔ in some open interval containing ,଴ݔ except possibly at ଴ݔ itself. If

lim
௫→௫బ

(ݔ݂) = lim
௫→௫బ

ℎ(ݔ) = ℓ,

then

lim
௫→௫బ

(ݔ)݃ = ℓ.

Example 2.8. We will show that

lim
௫→଴

sinݔ

ݔ
= 1.

Using the inequality

sinݔ< >ݔ tanݔ, for 0 < >ݔ
గ

ଶ
,

we get

sinݔ< >ݔ tanݔ⟺ 1 <
ݔ

sinݔ
<

1

cosݔ
⟺ cosݔ<

sinݔ

ݔ
< 1.

By virtue of the sandwich theorem and lim
௫→଴శ

cosݔ= 1 we get

lim
௫→଴శ

sinݔ

ݔ
= 1.

In the case when >ݔ 0, it suffices to take =ݔ forݐ− <ݐ 0. Then

sinݔ= sin(−ݐ) = − sinݐ.

So,

lim
௫→଴ష

sinݔ

ݔ
= lim

௫→଴ష

−sinݐ

ݐ−
= 1.

Theorem 2.4. Let ,݂݃ be functions such that

(ݔ݂) ≤ ,(ݔ)݃

for all numbers ݔ in some open interval containing ,଴ݔ except possibly at ଴ݔ itself.

Then

lim
௫→௫బ

(ݔ݂) ≤ lim
௫→௫బ

.(ݔ)݃
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2.2.1.2. One-sided Limits ( Left- and Right-hand Limits)

Definition 2.10.

1) Let ݂ be a real function of a real variable, defined for all ݔ in an interval of the form

,଴ݔ[ [ܾ, and let ℓ be a real number. We say that ℓ is the limit of ݂ as ݔ approaches ଴ݔ
from the right, and we write lim

௫→௫బ
శ

(ݔ݂) = ℓ if

<ߝ∀ 0, (ߝ)ߜ∃ > 0:൫ݔ଴ < >ݔ ଴ݔ + ⟹൯(ߝ)ߜ (| (ݔ݂) − ℓ| < .(ߝ

2) Let ݂ be a real function of a real variable, defined for all ݔ in an interval of the form

] ,]଴ݔܽ, and let ℓ be a real number. We say that ℓ is the limit of ݂ as ݔ approaches ଴ݔ
from the left, and we write lim

௫→௫బ
ష

(ݔ݂) = ℓ if

<ߝ∀ 0, (ߝ)ߜ∃ > 0: ଴ݔ) − (ߝ)ߜ < >ݔ (଴ݔ ⟹ (| (ݔ݂) − ℓ| < .(ߝ

Example 2.9.

1) Let

(ݔ݂) = ൝
0, >ݔ 0
1,         0 ≤ >ݔ 1
+ݔ2 1, ≤ݔ 1

�.

We will prove that

lim
௫→ଵశ

(ݔ݂) = 3.

We want to show that for any <ߝ 0, we can find a (ߝ)ߜ > 0 so that if

1 < >ݔ 1 + ,(ߝ)ߜ

then

| (ݔ݂) − 3| < .ߝ

If ≤ݔ 1, then

(ݔ݂) = +ݔ2 1 ⟹ (ݔ݂) − 3 = −ݔ2 2.

So, we have

| (ݔ݂) − 3| < ⟺ߝ −ݔ2| 2| < ⟺ߝ −ݔ2 2 < ⇔ߝ >ݔ2 +ߝ 2 ⟺ >ݔ 1 +
ߝ

2
,

Therefore, we need to satisfy 1 < >ݔ 1 +
ఌ

ଶ
, and it is clear that if we choose (ߝ)ߜ =

ఌ

ଶ
,

then we will satisfy the right-hand limit condition.
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2) Let

(ݔ)݃ =
+ݔ 1)|ݔ| + (ݔ

ݔ
sin

1

ݔ
.

We will prove that

lim
௫→଴ష

(ݔ)݃ = 0.

If >ݔ 0, then

(ݔ)݃ =
+ݔ 1)|ݔ| + (ݔ

ݔ
sin

1

ݔ
=
−ݔ 1)ݔ + (ݔ

ݔ
sin

1

ݔ
= sinݔ−

1

ݔ
.

We want to show that for any <ߝ 0, we can find a (ߝ)ߜ > 0 such that if

0 − (ߝ)ߜ < >ݔ 0, then (ݔ)݃| − 0| < .ߝ We have

(ݔ)݃| − 0| = ቚ−ݔsin
ଵ

௫
ቚ≤ .|ݔ|

Thus we need to satisfy 0 − (ߝ)ߜ < >ݔ 0. Likewise, if we choose (ߝ)ߜ = ,ߝ then we

will satisfy the left-hand limit condition.

Theorem 2.5. A function ݂ has a limit as ݔ approaches ଴ݔ if and only if it has both a

left- and a right-hand limit as ݔ approaches ଴ݔ and these one-sided limits both equal

the same value. More specifically,

൬lim
௫→௫బ

(ݔ݂) = ℓ ൰⟺ ൬ lim
௫→௫బ

ష
(ݔ݂) = lim

௫→௫బ
శ

(ݔ݂) = ℓ൰.

2.2.2. Finite Limits as the variable tends to infinity

Definition 2.11.

1) Let ݂ be a real function whose domain contains an interval of the form ] ,ܽ +∞[. We

say that ℓ is the limit of ݂ as ݔ approaches +∞, and we write lim
௫→ାஶ

(ݔ݂) = ℓ if

<ߝ∀ 0, ܣ∃ > 0: <ݔ) (ܣ ⟹ (| (ݔ݂) − ℓ| < .(ߝ

2) Let ݂ be a real function whose domain contains an interval of the form ]−∞, [ܽ. We

say that ℓ is the limit of ݂ as ݔ approaches −∞, and write we lim
௫→ିஶ

(ݔ݂) = ℓ if

<ߝ∀ 0, ܣ∃ > 0: >ݔ) (ܣ− ⟹ (| (ݔ݂) − ℓ| < .(ߝ

Remark 2.6. When

lim
௫→ାஶ

(ݔ݂) = ℓ or lim
௫→ିஶ

(ݔ݂) = ℓ,

the line =ݕ ℓ is called a horizontal asymptote of the graph =ݕ .(ݔ݂)
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Example 2.10. We will show that

lim
௫→ାஶ

1

ݔ
= lim

௫→ିஶ

1

ݔ
= 0.

Let <ߝ 0. We have

ቚ
ଵ

௫
− 0ቚ< ⟺ߝ ቚ

ଵ

௫
ቚ< ⟺ߝ

ଵ

|௫|
< ⟺ߝ |ݔ| >

ଵ

ఌ
.

Choose ܣ =
ଵ

ఌ
.

If <ݔ ,ܣ then <ݔ 0 and |ݔ| >
ଵ

ఌ
⟺ <ݔ

ଵ

ఌ
⟺

ଵ

௫
< .ߝ Hence, lim

௫→ାஶ

ଵ

௫
= 0.

On the other hand, if >ݔ ,ܣ− then >ݔ 0 and |ݔ| >
ଵ

ఌ
⟺ <ݔ−

ଵ

ఌ
⟺ −

ଵ

௫
< .ߝ Hence,

lim
௫→ିஶ

ଵ

௫
= 0.

2.2.3. Infinite Limits

Definition 2.12.

(a) Let ݂ be a real function of a real variable, defined for all ݔ in an interval of the

form ,଴ݔ[ [ܾ.

1) We say that (ݔ݂) approaches +∞ as ݔ approaches ଴ݔ from the right, and we write

lim
௫→௫బ

శ
(ݔ݂) = +∞ if

ܣ∀ > 0, <ߜ∃ 0: ଴ݔ) < >ݔ ଴ݔ + (ߜ ⟹ ( (ݔ݂) > .(ܣ

2) We say that (ݔ݂) approaches −∞ as ݔ approaches ଴ݔ from the right, and we write

lim
௫→௫బ

శ
(ݔ݂) = −∞ if

ܣ∀ > 0, <ߜ∃ 0: ଴ݔ) < >ݔ ଴ݔ + (ߜ ⟹ ( (ݔ݂) < .(ܣ−

(b) Let ݂ be a real function of a real variable, defined for all ݔ in an interval of the

form ] .]଴ݔܽ,

1) We say that (ݔ݂) approaches +∞ as ݔ approaches ଴ݔ from the left, and we write

lim
௫→௫బ

ష
(ݔ݂) = +∞ if

ܣ∀ > 0, <ߜ∃ 0: ଴ݔ) − >ߜ >ݔ (଴ݔ ⟹ ( (ݔ݂) > .(ܣ

2) We say that (ݔ݂) approaches −∞ as ݔ approaches ଴ݔ from the left, and we write

lim
௫→௫బ

ష
(ݔ݂) = −∞ if

ܣ∀ > 0, <ߜ∃ 0: ଴ݔ) − >ߜ >ݔ (଴ݔ ⟹ ( (ݔ݂) < .(ܣ−
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(c) Let ݂ be a real function whose domain contains an interval of the form ] ,ܽ +∞[.

1) We say that (ݔ݂) approaches +∞ as ݔ approaches +∞, and we write

lim
௫→ାஶ

(ݔ݂) = +∞ if

ܣ∀ > 0, ܤ∃ > 0: <ݔ) (ܤ ⟹ ( (ݔ݂) > .(ܣ

2) We say that (ݔ݂) approaches −∞ as ݔ approaches +∞, and we write

lim
௫→ାஶ

(ݔ݂) = −∞ if

ܣ∀ > 0, ܤ∃ > 0: <ݔ) (ܤ ⟹ ( (ݔ݂) < .(ܣ−

(d) Let ݂ be a real function whose domain contains an interval of the form ]−∞, [ܽ.

1) We say that (ݔ݂) approaches +∞ as ݔ approaches −∞ and and we write

lim
௫→ିஶ

(ݔ݂) = +∞ if

<ߝ∀ 0, ܣ∃ > 0: >ݔ) (ܤ− ⟹ ( (ݔ݂) > .(ܣ

2) We say that (ݔ݂) approaches −∞ as ݔ approaches −∞ and we write

lim
௫→ିஶ

(ݔ݂) = −∞ if

<ߝ∀ 0, ܣ∃ > 0: >ݔ) (ܤ− ⟹ ( (ݔ݂) < .(ܣ−

Remark 2.7.

1) We have

൬lim
௫→௫బ

(ݔ݂) = +∞൰⟺ ൬ lim
௫→௫బ

శ
(ݔ݂) = lim

௫→௫బ
ష

(ݔ݂) = +∞൰.

So,

൬lim
௫→௫బ

(ݔ݂) = +∞൰⟺ ൫∀ܣ > 0, <ߜ∃ 0: (0 < −ݔ| |଴ݔ < (ߜ ⟹ ( (ݔ݂) > .൯(ܣ

2) We have

൬lim
௫→௫బ

(ݔ݂) = −∞൰⇔ ൬ lim
௫→௫బ

శ
(ݔ݂) = lim

௫→௫బ
ష

(ݔ݂) = −∞൰.

So,

൬lim
௫→௫బ

(ݔ݂) = −∞ ൰⟺ ൫∀ܣ > 0, <ߜ∃ 0: (0 < −ݔ| |଴ݔ < (ߜ ⟹ ( (ݔ݂) < .൯(ܣ−
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Theorem 2.6 (End behaviour and asymptotes of rational functions). Suppose that

(ݔ݂) =
(ݔ)݌

(ݔ)ݍ
,

is a rational function, where

(ݔ)݌ = ଴ܽ + ଵܽݔ+ ଶܽݔ
ଶ + ଷܽݔ

ଷ + ⋯ + ௠ܽ ିଵݔ
௠ ିଵ + ௠ܽ ݔ

௠ ,

and

(ݔ)ݍ = ଴ܾ + ଵܾݔ+ ଶܾݔ
ଶ + ଷܾݔ

ଷ + ⋯ + ௡ܾିଵݔ
௡ିଵ + ௡ܾݔ

௡,

with ௠ܽ ≠ 0 and ௡ܾ ≠ 0.

1) If the degree of the numerator is less than the degree of the denominator, i.e,

݉ < ,݊ then

lim
௫→∓ஶ

(ݔ݂) = 0,

and =ݕ 0 is a horizontal asymptote of .݂

2 If the degree of the numerator equals the degree of the denominator. i.e, ݉ = ,݊

then

lim
௫→∓ஶ

(ݔ݂) =
௠ܽ

௡ܽ
,

and =ݕ
௔೘

௔೙
is a horizontal asymptote of .݂

3) If the degree of the numerator is greater than the degree of the denominator, i.e,

݉ > ,݊ then

lim
௫→∓ஶ

(ݔ݂) = ∓∞,

and ݂ has no horizontal asymptote.

Example 2.11.

lim
௫→∓ஶ

ଷݔ2 + ଶݔ − 1

ସݔ− + ଷݔ2 + 2
= 0.

lim
௫→∓ஶ

ଷݔ2 + ଶݔ − 1

ଷݔ− + ଷݔ2 + 2
= −2.

lim
௫→∓ஶ

ସݔ2 + ଶݔ − 1

ଷݔ− + ଷݔ2 + 2
= ∓∞.
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2.2.4. Indeterminate Forms

The indeterminate form is a mathematical expression that means that we cannot be

able to determine the original value even after the substitution of the limits. The possi-

ble indeterminate forms are given below:

1)
଴

଴
, 2)

ஶ

ஶ
, 3) ∞ − ∞, 4) 0. ∞

Remark 2.8. The forms 0଴, ∞଴, and 1ஶ can be converted to one of the previous

forms.

2.2.5. Some Sstandard Limits

There are many fascinating mathematical limits that simplify calculations and are im-

portant to learn. Here are some basic limit formulas tabulated below.

1) lim
௫→଴

ୱ୧୬௫

௫
= 1. 2) lim

௫→଴

ଵିୡ୭ୱ௫

௫
= 0,

3) lim
௫→∓ஶ

ቀ1 +
௔

௫
ቁ
௫

= ݁௔,ܽ ∈ ℝ, 4) lim
௫→௔

௫೙ି௔೙

௫ି௔
= ݊ܽ௡ିଵ,ܽ ∈ ℝ,

5) lim
௫→଴

(1 + (ݔ
ೌ

ೣ = ݁௔,ܽ ∈ ℝ, 6) lim
௫→଴

୪୬(ଵା௫)

௫
= 1,

7) lim
௫→଴

௘ೣିଵ

௫
= 1, 8) lim

௫→଴

ଵିୡ୭ୱ௫

௫మ
=

ଵ

ଶ
,

9) ߙ∀ > 0: lim
௫→ାஶ

୪୬௫

௫ഀ
= 0, 10) ߙ∀ > 0: lim

௫→଴
=ݔఈlnݔ 0.

2.3. Continuous Functions

2.3.1. Continuity

2.3.1.1. Continuity at a Point

Definition 2.13. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable and let

଴ݔ ∈ .௙ܦ We say that ݂ is continuous at ଴ݔ if

lim
௫→௫బ

(ݔ݂) = ,(଴ݔ݂)

or, more precisely,

<ߝ∀ 0, (ߝ)ߜ∃ > 0: ቀݔ ∈ ௙ܦ and −ݔ| |଴ݔ < ⟹ቁ(ߝ)ߜ (| (ݔ݂) − |(଴ݔ݂) < .(ߝ

Remark 2.9. If ݂ is continuous at ,଴ݔ then ݂ is defined at .଴ݔ
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Definition 2.14.

1) Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable, defined on a domain ௙ܦ of

the form ,଴ݔ] ]ܾ or ,଴ݔ] [ܾ or ,଴ݔ] +∞[. We say that ݂ is continuous at the left end-

point ଴ݔ if

lim
௫→௫బ

శ
(ݔ݂) = ,(଴ݔ݂)

or, more precisely,

<ߝ∀ 0, (ߝ)ߜ∃ > 0: ൫0 ≤ −ݔ ଴ݔ < ⟹൯(ߝ)ߜ (| (ݔ݂) − |(଴ݔ݂) < .(ߝ

2) Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable, defined on a domain ௙ܦ of

the form [ [଴ݔܽ, or ] [଴ݔܽ, or .[଴ݔ,∞−[ We say that ݂ is continuous at the right end-

point ଴ݔ if

lim
௫→௫బ

ష
(ݔ݂) = ,(଴ݔ݂)

or, more precisely,

<ߝ∀ 0, (ߝ)ߜ∃ > 0: ൫0 ≤ ଴ݔ − >ݔ ⟹൯(ߝ)ߜ (| (ݔ݂) − |(଴ݔ݂) < .(ߝ

Theorem 2.7.

(݂ is continuous at (଴ݔ ⟺ ൭ lim
௫→௫బ

ష
(ݔ݂) = lim

௫→௫బ
శ

(ݔ݂) = .൱(଴ݔ݂)

Example 2.12.

1) ଵ݂(ݔ) =
ଵ

௫ିଶ
. Since ௙భܦ = ℝ − {2}, then ଵ݂(2) is not defined ଴ݔ) = 2 ∉ .(௙ܦ Thus ଵ݂

is discontinuous at ଴ݔ = 2.

2) Let

ଶ݂(ݔ) = ൝
+ݔ2 1 if 0 ≤ >ݔ 2
7 − if 2    ݔ ≤ >ݔ 4
if 4             ݔ ≤ ≥ݔ 6

.�

At ଴ݔ = 2, ଶ݂(2) = 5 and the left and right limits are equal:

lim
௫→ଶష

ଶ݂(ݔ) = lim
௫→ଶష

+ݔ2) 1) = 5 and lim
௫→ଶశ

ଶ݂(ݔ) = lim
௫→ଶష

(7 − (ݔ = 5

and their common limit matches the value of the function at ଴ݔ = 2:

lim
௫→ଶ

ଶ݂(ݔ) = 5 = ଶ݂(2).

So, ଶ݂ is continuous at ଴ݔ = 2.
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At ଴ݔ = 4, ଶ݂(4) = 4, but the left and right limits are not equal:

lim
௫→ସష

ଶ݂(ݔ) = lim
௫→ସష

(7 − (ݔ = 3.

and

lim
௫→ସశ

ଶ݂(ݔ) = lim
௫→ସశ

(ݔ) = 4.

So ଶ݂ is not continuous at ଴ݔ = 4. (We can, however, say that ଶ݂ is continuous from

the right at ଴ݔ = 4).

2.3.1.2. Continuity on an Interval

Definition 2.15. A function ݂ is continuous over an interval ifܫ it is continuous at

every point in the interval. More precisely,

1) ݂ is continuous on the open interval ] ,ܽ [ܾ if ݂ is continuous at every point in ] ,ܽ [ܾ.

2) ݂ is continuous on the closed interval [ ,ܽ ]ܾ if ݂ is continuous on ] ,ܽ [ܾ, continuous

from the right at ,ܽ and continuous form the left at .ܾ

Example 2.13.

1) Every polynomial function is continuous on ℝ.

2) Every rational function is continuous on its domain.

3) The sine (sinݔ) and cosine (cosݔ) functions are continuous on ℝ.

4) The tangent (tanݔ) and cotangent (cotݔ) are continuous at all points in their re-

spective domains.

5) Let ݂ be defined on [0,2] by

(ݔ݂) = ൜ݔ
ଶ        if 0 ≤ >ݔ 1

+ݔ 1   if 1 ≤ ≥ݔ 2
�,

We have (݂0) = 0, (݂1) = 2, (݂2) = 3,

lim௫→଴శ (ݔ݂) = lim௫→଴శ(ݔଶ) = 0 = (݂0),

lim௫→ଵష (ݔ݂) = lim௫→ଵష(ݔଶ) = 1 ≠ (݂1) = 2,

lim௫→ଵశ (ݔ݂) = lim௫→ଵశ(ݔ+ 1) = 2 = (݂1) = 2,

and

lim
௫→ଶష

(ݔ݂) = lim
௫→ଶష

+ݔ) 1) = (݂2) = 3.



57

So, ݂ is continuous from the right at 0 and 1 and continuous from the left at 2, but not

at 1. Therefore, ݂ is continuous on the interval [0,1[ ∪ ]1,2].

2.3.2. Properties of Continuous Functions

Theorem 2.8. Let (ݔ݂) and (ݔ)݃ be functions continuous at ଴ݔ and let ݇ ∈ ℝ. Then

1) ݂+ ݃, ݂− ݃, .݇݃, and .݂݃ are continuous at .଴ݔ

2)
௙

௚
is continuous at ଴ݔ provided that (଴ݔ)݃ ≠ 0.

3) If ݃ is continuous at ,଴ݔ (଴ݔ)݃ ∈ ௙ܦ and ݂ is continuous at .(଴ݔ)݃ Then (݂ ∘ ݃) is

continuous at .଴ݔ

Example 2.14. Let

(ݔ݂) = ቤ
+ݔ2) 1) cosݔ

ସݔ + ଶݔ3 + 2
ቤ.

We have

ଵ݂(ݔ) = +ݔ2 1,

is continuous on ℝ as a polynomial function and

ଶ݂(ݔ) = cosݔ,

is continuous on ℝ.

Thus

ଷ݂(ݔ) = +ݔ2) 1) cosݔ= ଵ݂(ݔ). ଶ݂(ݔ),

is continuous on ℝ.

Furthermore, ସ݂(ݔ) = ସݔ + ଶݔ3 + 2, is continuous on ℝ as a polynomial function that

cannot equal to 0. So,

ହ݂(ݔ) =
+ݔ2) 1) cosݔ

ସݔ + ଶݔ3 + 2
=

ଷ݂(ݔ)

ସ݂(ݔ)
,

is continuous on ℝ.

Since ଺݂(ݔ) = ,|ݔ| is continuous on ℝ. Then,

(ݔ݂) = ቤ
+ݔ2) 1) cosݔ

ସݔ + ଶݔ3 + 2
ቤ= ( ଺݂ ∘ ହ݂)(ݔ),

is continuous on ℝ.
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2.3.3. Discontinuity

Definition 2.16. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable and let

଴ݔ ∈ .௙ܦ We say that ݂ is discontinuous at ଴ݔ if ݂ is not continuous at .଴ݔ

2.3.3.1. Types of Discontinuities

There are three main types of discontinuity:

- Removable discontinuity,

- Jump discontinuity,

- Infinite discontinuity.

Definition 2.17. Let ௙ܦ݂: ⊆ ℝ ⟶ ℝ be a real function of a real variable and let

଴ݔ ∈ ℝ (the point ଴ݔ may or may not belong to (௙ܦ

1) We say that the function ݂ has a removable discontinuity at ଴ݔ if lim
௫→௫బ

(ݔ݂) exists

but

lim
௫→௫బ

(ݔ݂) ≠ ,(଴ݔ݂)

or (଴ݔ݂) is not defined.

2) We say that the function ݂ has a jump discontinuity at ଴ݔ if

lim
௫→௫బ

ష
(ݔ݂) ≠ lim

௫→௫బ
శ

.(ݔ݂)

That is, the left-hand and the right-hand limits exist but are not equal.

3) We say that the function ݂ has an infinite discontinuity at ଴ݔ if

lim
௫→௫బ

ష
(ݔ݂) = ∓∞ or lim

௫→௫బ
శ

(ݔ݂) = ∓∞.

Example 2.15.

1) Let ݂ be a function defined by

(ݔ݂) = ൝
ଶݔ − 4

−ݔ 2
if ≠ݔ 2

0 if =ݔ 2

�.

We have ௙ܦ = ℝ and

lim
௫→ଶష

(ݔ݂) = lim
௫→ଶష

ቆ
ଶݔ − 4

−ݔ 2
ቇ= lim

௫→ଶష

−ݔ) +ݔ)(2 2)

−ݔ 2
= lim

௫→ଶష
+ݔ) 2) = 4,
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lim
௫→ଶశ

(ݔ݂) = lim
௫→ଶశ

ቆ
ଶݔ − 4

−ݔ 2
ቇ= lim

௫→ଶశ

−ݔ) +ݔ)(2 2)

−ݔ 2
= lim

௫→ଶష
+ݔ) 2) = 4.

So,

lim
௫→ଶష

(ݔ݂) = lim
௫→ଶశ

(ݔ݂) = 4.

Thus lim௫→ଶ (ݔ݂) = 4 exists. Since

(݂2) = 0 ≠ 4,

then ݂ has a removable discontinuity at ଴ݔ = 2.

2) Let ݃ be a function defined by

(ݔ)݃ = ቄ
+ݔ 1 if ≥ݔ 3
ଷݔ if <ݔ 3

,�

We have ௚ܦ = ℝ and

lim
௫→ଷష

(ݔ)݃ = lim
௫→ଷష

+ݔ) 1) = 4,

lim
௫→ଷశ

(ݔ)݃ = lim
௫→ଶశ

(ଷݔ) = 27.

So,

lim
௫→ଷష

(ݔ)݃ = 4 ≠ lim
௫→ଷశ

(ݔ)݃ = 27.

Thus ݃ has a jump discontinuity at ଴ݔ = 3.

3) Let ℎ be a function defined by

ℎ(ݔ) = ൝
1

ݔ
if ≠ݔ 0

0 if =ݔ 0

.�

We have have ௛ܦ = ℝ and

lim
௫→଴ష

ℎ(ݔ) = lim
௫→଴ష

൬
1

ݔ
൰= −∞,

and

lim
௫→଴శ

(ݔ)݃ = lim
௫→଴శ

൬
1

ݔ
൰= +∞.

Thus ℎ has an infinite discontinuity at ଴ݔ = 0.
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Theorem 2.9. Let beܫ an interval, ଴ݔ ∈ andܫ let ݂ be a real function defined on

−ܫ {଴ݔ} such that lim (ݔ݂)
௫→௫బ

exists and equal ℓ (ℓ ∈ ℝ), i.e.,

lim
௫→௫బ

(ݔ݂) = ℓ,

then

ሚ݂(ݔ) = ൜
(ݔ݂) if ∋ݔ −ܫ {଴ݔ}

ℓ           if ݔ= ଴ݔ
,�

is continuous at ଴ݔ and called an extension of .݂ Moreover ሚ݂is defined at .଴ݔ

Example 2.16.

1) The function

(ݔ݂) = sinݔ
1

ݔ
,

is not defined at ଴ݔ = 0, and therefore certainly not continuous there, but

lim
௫→଴ష

(ݔ݂) = lim
௫→଴శ

(ݔ݂) = 0.

So, lim௫→଴ (ݔ݂) = 0. Consequently, ݂ has a removable discontinuity at 0. Moreover,

ሚ݂(ݔ) = ൝ݔsin
1

ݔ
if ≠ݔ 0

0 if =ݔ 0

,�

is defined and is continuous at 0.

2) The function

(ݔ)݃ = sin
1

ݔ
,

is not defined at 0 and its discontinuity is not removable, since lim
௫→଴

(ݔ)݃ does not ex-

ist.

3) The function

ℎ(ݔ) =
ݔ

|ݔ|
,

is not defined at ଴ݔ = 0, and therefore certainly not continuous there, Furthermore,

lim
௫→଴ష

ℎ(ݔ) = −1 ≠ lim
௫→଴శ

ℎ(ݔ) = 1.

Consequently, the discontinuity of ℎ at 0 is not removable.
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2.3.4. Continuous Functions on Closed Intervals

Theorem 2.10. Let ݂ be a continuous function on a closed bounded interval [ ,ܽ ]ܾ.

Then

1) (݂[ ,ܽ ]ܾ) is a closed bounded interval of ℝ. In other words,

ߚ,ߙ∃ ∈ ℝ: (݂[ ,ܽ ]ܾ) = { ∋ݔ:(ݔ݂) [ ,ܽ ]ܾ} = .[ߚ,ߙ]

2) ݂ is bounded on [ ,ܽ ]ܾ and ݂ attains its maximum and minimum values on [ ,ܽ ]ܾ. In

other words, if ߙ = ݅݊ ௔݂ஸ௫ஸ௕ (ݔ݂) and ߚ = ௔ஸ௫ஸ௕݌ݑݏ ,(ݔ݂) then ߙ and ߚ are respec-

tively the minimum and maximum of ݂ on [ ,ܽ ]ܾ; that is there are points ଵݔ and ଶݔ in

[ ,ܽ ]ܾ such that

(ଵݔ݂) = ߙ and (ଶݔ݂) = .ߚ

Example 2.17.

1) Define the function :݂ [1,2] ⟶ ℝ by (ݔ݂) = ଶݔ − 2. The function ݂ is continuous

on the closed bounded interval [1,2]. Since ݂ is strictly increasing, (݂2) = 2, and

(݂1) = −1, then

(݂[1,2]) ⊆ [−1,2].

Using the above theorem, we conclude that

(݂[1,2]) = [−1,2].

Moreover,

݅݊ ஸ݂௫ஸଶ (ݔ݂) = (݂1) = −1 and ଵஸ௫ஸଶ݌ݑݏ (ݔ݂) = (݂2) = 2.

2) Define the function ݃: ]0,1[ ⟶ ℝ by (ݔ)݃ = .ݔ We have

݅݊ ଴݂ஸ௫ஸଵ݃(ݔ) = 0, (ݔ)଴ஸ௫ஸଵ݃݌ݑݏ = 1,

but (ݔ)݃ ≠ 0 and (ݔ)݃ ≠ 1 for all ∋ݔ ]0,1[. Thus, even if a continuous function on a

non closed bounded interval is bounded, it needn't attain its supremum or infimum.

3) Define a function ℎ: [0,1]  ⟶ ℝ by

ℎ(ݔ) = ൝
1

ݔ
if ≠ݔ 0

0 if =ݔ 0

.�

Then ℎ is unbounded on the closed bounded interval [0,1] and has no maximum value

since ℎ is discontinuous at 0.
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2.3.4. 1. Intermediate Value Theorem

Theorem 2.10. Let ݂ be a continuous function on a closed bounded interval [ ,ܽ ]ܾ. If

(݂ )ܽ > 0 and (݂ )ܾ < 0, or (݂ )ܽ < 0 and (݂ )ܾ > 0, then

∃ܿ∈ ] ,ܽ [ܾ: (݂ )ܿ = 0.

Remark 2.9: Theorem 2.11 fails for discontinuous functions.

Example 2.18.

1) We will show that the equation ହݔ − +ݔ3 1 = 0 has at least one root in ]0,1[. For

this, we define the continuous function :݂ [0,1] ⟶ ℝ as follows:

(ݔ݂) = ହݔ − +ݔ3 1.

It follows that,

(݂0) = 1 > 0 and (݂1) = −1 < 0. So, as a result of the intermediate value theorem,

∃ܿ∈ ]0,1[: (݂ )ܿ = ܿହ − 3ܿ+ 1 = 0.

As a consequence, equation ହݔ − +ݔ3 1 = 0 has at least one root in ]0,1[.

2) Define a function ݃: [−1,1] ⟶ ℝ by

(ݔ)݃ = ቄ
−1        if − 1 ≤ >ݔ 0

1         if 0 ≤ ≥ݔ 1
.�

Then (݂0) = −1 < 0 and (݂1) = 1 > 0, but there does not exist a ܿ∈ ]0,1[such that

(݂ )ܿ = 0 due to the fact that ݃ is not continuous on [−1,1]. Indeed,

lim
௫→଴ష

(ݔ)݃ = −1 ≠ lim
௫→ଵశ

(ݔ)݃ = 1.

Which proves that ݃ is not continuous at 0 and hence ݃ is not continuous on [−1,1].

2.3.5. Continuous Inverse Theorem

Theorem 2.12.

1) If ⊃ܫ ℝ is an interval and ⟶ܫ݂: ℝ is monotone and not constant, then (ܫ݂) is an

interval if and only if ݂ is continuous.

2) If ⊃ܫ ℝ is an interval and ⟶ܫ݂: ℝ is a strictly monotone and continuous function,

then the inverse function ݂ିଵ: (ܫ݂) ⟶ existsܫ and it is continuous.
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Range

[−1,1]

[−1,1]

ℝ

ℝ
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ૡ) sinߙ+ sinߚ = 2sin൬
+ߙ ߚ

2
൰ cos൬

−ߙ ߚ

2
൰

ૢ) sinߙ− sinߚ = 2 cos൬
+ߙ ߚ

2
൰ sin൬

−ߙ ߚ

2
൰

૚૙) cosߙ+ cosߚ = 2cos൬
+ߙ ߚ

2
൰ cos൬

−ߙ ߚ

2
൰

૚૚) cosߙ− cosߚ = 2sin൬
+ߙ ߚ

2
൰ sin൬

−ߚ ߙ

2
൰.

3.1.3. Solution of Trigonometric Equations

1) If ߙ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ, then sinݔ= sinߙ ⟹ =ݔ +ߙ 2 ߨ݇ or =ݔ −ߨ +ߙ 2 ݇,ߨ݇ ∈ ℤ.

2) If ߙ ∈ ,[ߨ,0] then cosݔ= cosߙ ⟹ =ݔ 2 ±ߨ݇ ݇,ߙ ∈ ℤ

3) tanݔ= tanߙ ⟹ =ݔ +ߨ݇ ݇,ߙ ∈ ℤ

4) If sinଶݔ= sinଶߙ or cosଶݔ= cosଶߙ or tanଶݔ= tanଶߙ, then =ݔ ±ߨ݇ ݇,ߙ ∈ ℤ

3.2. Inverses of Trigonometric Functions

The inverse trigonometric functions (also called arcus functions, antitrigonometric

functions, inverse trig functions https://en.wikipedia.org/wiki/Inverse_trigonometric_functions -

cite_note-Hall_1909-6 or cyclometric functions) are the inverse functions of

the trigonometric functions on suitably restricted domains.

3.2.1. The arcsine Function

Definition 3.1. The restriction of the sine function to ቂ−
గ

ଶ
,
గ

ଶ
ቃis continuous and strict-

ly increasing and takes values on [−1,1], i.e.,

sinቀቂ−
గ

ଶ
,
గ

ଶ
ቃቁ= [−1,1].

As a result, it has an inverse function defined on [−1,1] that takes values on ቂ−
గ

ଶ
,
గ

ଶ
ቃ,

called the arcsine function and denoted by .ܖܛܑ܋ܚ܉

arcsin: [−1,1] → ቂ−
ߨ

2
,
ߨ

2
ቃ,

where

∋ݔ∀ [−1,1]: =ݕ arcsinݔ⟺ ൞
ݕ ∈ ቂ−

ߨ

2
,
ߨ

2
ቃ

and
sinݕ= ݔ

.�



65

In addition, this inverse function is strictly increasing and continuous on [−1,1].

Example 3.1.

1) We have

arcsin 0 = ⟺ݕ ൞
ݕ ∈ ቂ−

ߨ

2
,
ߨ

2
ቃ

and
sinݕ= 0

�⟺ ൞
ݕ ∈ ቂ−

ߨ

2
,
ߨ

2
ቃ

and
=ݕ ݇,ߨ݇ ∈ ℤ 

.�

Since ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ, then =ݕ 0. Thus arcsin 0 = 0.

2) We have

arcsin1 = ⟺ݕ ቐ
ݕ ∈ ቂ−

గ

ଶ
,
గ

ଶ
ቃ

and
sinݕ= 1

�⟺ ൞

ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ

and

=ݕ
గ

ଶ
+ 2 ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ, then =ݕ

గ

ଶ
. Thus arcsin1 =

గ

ଶ
.

3) We have

arcsin
√3

2
= ⟺ݕ

⎩
⎪
⎨

⎪
ݕ⎧ ∈ ቂ−

ߨ

2
,
ߨ

2
ቃ

and

sinݕ=
√3

2

�⟺

⎩
⎪
⎨

⎪
ݕ⎧ ∈ ቂ−

ߨ

2
,
ߨ

2
ቃ

and

=ݕ
ߨ

3
+ 2 ߨ݇ or

ߨ2

3
+ 2 ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ, then =ݕ

గ

ଷ
. Thus arcsin

√ଷ

ଶ
=

గ

ଷ
.

Remark 3.1.

1) We have

∋ݔ∀ [−1,1]: sin(arcsinݔ) = .ݔ

2) The function arcsin is not the inverse function of the sine function but of its restric-

tion to ቂ−
గ

ଶ
,
గ

ଶ
ቃ. So, we don't always have arcsin(sinݕ) = ,ݕ but
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ݕ∀ ∈  ቂ−
ߨ

2
,
ߨ

2
ቃ: arcsin(sinݕ) = .ݕ

For example,

a) Since
గ

଺
∈  ቂ−

గ

ଶ
,
గ

ଶ
ቃ, then arcsinቀsin

గ

଺
ቁ=

గ

଺
. Indeed, we have

arcsinቀsin
గ

଺
ቁ= arcsin

ଵ

ଶ
,

and

arcsin
ଵ

ଶ
= ⟺ݕ ൞

ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ

and

sinݕ=
ଵ

ଶ

�⟺ ൞

ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ

and

=ݕ
గ

଺
+ 2 ߨ݇ or

ହగ

଺
+ 2 ߨ݇ ,݇ ∈ ℤ 

�.

Since ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃ, then =ݕ

గ

଺
. Thus arcsinቀsin

గ

଺
ቁ= arcsin

ଵ

ଶ
=

గ

଺
.

b) One has arcsin(sinߨ) = 0 ≠ .ߨ Here, ߨ ∉  ቂ−
గ

ଶ
,
గ

ଶ
ቃwhich gives

arcsin(sinߨ) = arcsin0 = 0.

3) arcsin is an odd function.

∋ݔ∀ [−1,1]: arcsin(−ݔ) = −arcsinݔ.

4) If =ݕ arcsinݔ, then ∋ݔ [−1,1], ݕ ∈ ቂ−
గ

ଶ
,
గ

ଶ
ቃand sinݕ= .ݔ We have

ݕ ∈ ቂ−
ߨ

2
,
ߨ

2
ቃ⟹ cosݕ≥ 0,

and

cosଶݕ+ sinଶݕ= 1 ⟹ cosݕ= ඥ1 − sinଶݕ.

Since =ݕ arcsinݔ and sinݕ= ,ݔ we get

∋ݔ∀ ]−1,1[: cos(arcsinݔ) = ඥ1 − .ଶݔ

Similarly, we get

∋ݔ∀ ]−1,1[: tan(arcsinݔ) =
ݔ

√1 − ଶݔ
.

5) arcsin is differentiable and has a derivative not null on ]−1,1[ where
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∋ݔ∀ ]−1,1[: (arcsinݔ)ᇱ=
1

sinᇱ(arcsinݔ)
=

1

cos൫(arcsinݔ)൯
=

1

√1 − ଶݔ
.

Or

∋ݔ∀ ]−1,1[: (arcsinݔ)ᇱ=
1

(sinݕ)ᇱ
=

1

cosݕ
=

1

√1 − ଶݔ
.

More generally,

∋ݔ∀ ]−1,1[:ቀarcsin൫݂ ൯ቁ(ݔ)
ᇱ

=
൫݂ ൯(ݔ)

ᇱ

ට1 − ൫݂ ൯(ݔ)
ଶ

.

3.2.2. The arccosine Function

Definition 3.2. The restriction of the cosine function to [ߨ,0] is continuous and strict-

ly decreasing and takes values on [−1,1], i.e.,

cos([0,ߨ]) = [−1,1].

As a result, it has an inverse function defined on [−1,1] that takes values on [ߨ,0]

called the arcsine function and denoted by .ܛܗ܋܋ܚ܉

arccos: [−1,1] → ,[ߨ,0]

where

∋ݔ∀ =ݕ:[1,1−] arccosݔ⟺ ൝
ݕ ∈ [ߨ,0]

and
cosݕ= ݔ

�.

In addition, this function is strictly decreasing and continuous on [−1,1].
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Example 3.2.

1) We have

arccos0 = ⟺ݕ ൝
ݕ ∈ [ߨ,0]

and
cosݕ= 0

�⟺ ൞

ݕ ∈ [ߨ,0]

and

=ݕ
ߨ

2
+ 2 or ߨ݇ −

ߨ

2
+ 2 ݇,ߨ݇ ∈ ℤ 

.�

Since ݕ ∈ ,[ߨ,0] then =ݕ
గ

ଶ
. Thus arccos0 =

గ

ଶ
.

2) We have

arccos1 = ⟺ݕ ൝
ݕ ∈ [ߨ,0]

and
cosݕ= 1

�⟺ ൝
ݕ ∈ [ߨ,0]

and
=ݕ 2 ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ,[ߨ,0] then =ݕ 0. Thus arccos1 = 0.

3) We have

arccos
√ଷ

ଶ
= ⟺ݕ ቐ

ݕ ∈ [ߨ,0]

and

cosݕ=
√ଷ

ଶ

�⟺ ቐ

ݕ ∈ [ߨ,0]

and

=ݕ ∓
గ

଺
+ 2 ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ,[ߨ,0] then =ݕ
గ

଺
. Thus arccos

√ଷ

ଶ
=

గ

଺
.

Remark 3.2.

1) We have

∋ݔ∀ [−1,1]: cos(arccosݔ) = .ݔ

2) The function arccos is not the inverse function of the cosine function but of its re-

striction to .[ߨ,0] So, we don't always have arccos(cosݕ) = ,ݕ but

ݕ∀ ∈ :[ߨ,0]  arccos(cosݕ) = .ݕ

For example,

a) Since
గ

଺
∈ ,[ߨ,0]  then arccosቀcos

గ

଺
ቁ=

గ

଺
. Indeed, we have

arccosቀcos
గ

଺
ቁ= arccos

√ଷ

ଶ
=

గ

଺
.

b) One has

arccos(cos (ߨ2 = 0 ≠ .ߨ2

Indeed, ߨ2 ∉ ,[ߨ,0]  and

arccos(cos (ߨ2 = arccos1 = 0.
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3) We have

arccos
1

2
= ⟺ݕ ൞

ݕ ∈ [ߨ,0]

and

cosݕ=
1

2

�⟺ ൞

ݕ ∈ [ߨ,0]

and

=ݕ 2 ∓ߨ݇
ߨ

3
+,݇ ∈ ℤ 

.�

Since ݕ ∈ ,[ߨ,0] then =ݕ
గ

ଷ
. Thus arccos

ଵ

ଶ
=

గ

ଷ
. On the other hand

arccos൬−
1

2
൰= ⟺ݕ ൞

ݕ ∈ [ߨ,0]

and

cosݕ= −
1

2

�⟺ ൞

ݕ ∈ [ߨ,0]

and

=ݕ 2 ±ߨ݇
ߨ2

3
,݇ ∈ ℤ 

�.

Since ݕ ∈ ,[ߨ,0] then =ݕ
ଶగ

ଷ
. Thus arccosቀ−

ଵ

ଶ
ቁ=

ଶగ

ଷ
. So

arccos
ଵ

ଶ
=

గ

ଷ
≠ −arccos

ଵ

ଶ
= −

గ

ଷ
≠ arccosቀ−

ଵ

ଶ
ቁ=

ଶగ

ଷ
.

Thus arccos is neither an odd nor even function.

4) If =ݕ arccosݔ, then ∋ݔ [−1,1], ݕ ∈ [ߨ,0] and cosݕ= .ݔ

We have

ݕ ∈ [ߨ,0] ⟹ sinݕ≥ 0,

and

cosଶݕ+ sinଶݕ= 1 ⟹ sinݕ= ඥ1 − cosଶݕ.

Since =ݕ arccosݔ and cosݕ= ,ݔ we get

∋ݔ∀ [−1,1]: sin(arccosݔ) = √1 − .ଶݔ

Similarly, if ≠ݔ 0, we can get

∋ݔ∀ ]−1,1[: tan(arccosݔ) =
√1 − ଶݔ

ݔ
.

5) We have

∋ݔ∀ −ߨ:[1,1−] arccosݔ= arccos(−ݔ).

Indeed, if ∋ݔ ]−1,1[, then −ߨ arccosݔ∈ [ߨ,0] and arccos(−ݔ) ∈ .[ߨ,0] Further-

more

cos(ߨ− arccosݔ) = cos(ߨ) . cos(arccosݔ) + sin(ߨ) . sin(arccosݔ) = ,ݔ−
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and

cos൫arccos(−ݔ)൯= .ݔ−

Thus,

cos(ߨ− arccosݔ) = cos൫arccos(−ݔ)൯⇒ −ߨ  arccosݔ= arccos(−ݔ).

6) arccos is differentiable and has a derivative not null on ]−1,1[ where

∋ݔ∀ ]−1,1[: (arccosݔ)ᇱ=
1

cosᇱ(arccosݔ)
=

1

− sin(arccosݔ)
= −

1

√1 − ଶݔ
.

Or

∋ݔ∀ ]−1,1[: (arccosݔ)ᇱ=
1

(cosݕ)ᇱ
=

−1

sinݕ
= −

1

√1 − ଶݔ
.

More generally,

∋ݔ∀ ]−1,1[:ቀarccos൫݂ ൯ቁ(ݔ)
ᇱ

= −
൫݂ ൯(ݔ)

ᇱ

ට1 − ൫݂ ൯(ݔ)
ଶ

.

3.2.3. The arc tangent Function

Definition 3.3. The restriction of the tangent function to ቃ−
గ

ଶ
,
గ

ଶ
ቂis continuous and

strictly increasing and takes values on ℝ, i.e.,

tanቀቃ−
గ

ଶ
,
గ

ଶ
ቂቁ= ℝ.

As a result, it has an inverse function defined on ℝ that takes values on ቃ−
గ

ଶ
,
గ

ଶ
ቂcalled

the arc tangent function and denoted by .ܖ܉ܜ܋ܚ܉

arctan: ℝ → ቃ−
ߨ

2
,
ߨ

2
ቂ,

where

∋ݔ∀ ℝ:ݕ= arctanݔ⟺ ቐ
ݕ ∈ ቃ−

గ

ଶ
,
గ

ଶ
ቂ

and
tanݕ= ݔ

�.

In addition, this function is strictly increasing and continuous on ℝ.
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Example 3.3.

1) We have

arctan0 = ⟺ݕ ቐ
ݕ ∈ ቃ−

గ

ଶ
,
గ

ଶ
ቂ

and
tanݕ= 0

�⟺ ቐ
ݕ ∈ ቃ−

గ

ଶ
,
గ

ଶ
ቂ

and
=ݕ ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ቃ−
గ

ଶ
,
గ

ଶ
ቂ, then =ݕ 0. Thus arctan0 = 0.

2) We have

arctan1 = ⟺ݕ ൞
ݕ ∈ ቃ−

ߨ

2
,
ߨ

2
ቂ

and
tanݕ= 1

�⟺

⎩
⎪
⎨

⎪
ݕ⎧ ∈ ቃ−

ߨ

2
,
ߨ

2
ቂ

and

=ݕ
ߨ

4
+ ݇,ߨ݇ ∈ ℤ 

.�

Since ݕ ∈ ቃ−
గ

ଶ
,
గ

ଶ
ቂ, then =ݕ

గ

ସ
. Thus arctan1 =

గ

ସ
.

3) We have

arctan√3 = ⟺ݕ ൞

ݕ ∈ ቃ−
గ

ଶ
,
గ

ଶ
ቂ

and

tanݕ= √3

�⟺ ൞

ݕ ∈ ቃ−
గ

ଶ
,
గ

ଶ
ቂ

and

=ݕ
గ

ଷ
+ ߨ݇ ,݇ ∈ ℤ 

�.

Since ݕ ∈ ቃ−
గ

ଶ
,
గ

ଶ
ቂ, then =ݕ

గ

ଷ
. Thus arctan√3 =

గ

ଷ
.

Remark 3.3.

1) We have

lim
௫→ି∞

arctanݔ= −
ߨ

2
and lim

௫→ା∞
arctanݔ=

ߨ

2
.

2) We have

∋ݔ∀ ℝ: tan(arctanݔ) = .ݔ
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3) The function arctan is not the inverse function of the tangent function but of its re-

striction to ቃ−
గ

ଶ
,
గ

ଶ
ቂ. So, we don't always have arctan(tanݕ) = ,ݕ but

ݕ∀ ∈  ቃ−
ߨ

2
,
ߨ

2
ቂ∶ arctan(tanݕ) = .ݕ

For example,

a) Since
గ

ସ
∈  ቃ−

గ

ଶ
,
గ

ଶ
ቂ, then arctanቀtan

గ

ସ
ቁ=

గ

ସ
. Indeed, we have

arctanቀtan
గ

ସ
ቁ= arctan(1) =

గ

ସ
.

b) One has

arctan(tanߨ) = 0 ≠ .ߨ

Indeed, ߨ ∉  ቃ−
గ

ଶ
,
గ

ଶ
ቂ, and

arctan(tanߨ) = arctan(0) = 0.

4) arctan is odd as it is the inverse function of an odd function.

∋ݔ∀ ℝ: arctan(−ݔ) = −arctanݔ.

5) If =ݕ arctanݔ, then ∋ݔ ℝ, ݕ ∈ ቃ−
గ

ଶ
,
గ

ଶ
ቂand tanݕ= .ݔ We have

ݕ ∈ ቃ−
ߨ

2
,
ߨ

2
ቂ⟹ cosݕ> 0,

and

cosଶݕ+ sinଶݕ= 1 ⟹
cosଶݕ

cosଶݕ
+

sinଶݕ

cosଶݕ
=

1

cosଶݕ
⇒ 1 + tanଶݕ=

1

cosଶݕ

                                                   ⟹ cosݕ=
1

ඥ1 + tanଶݕ
.

Since =ݕ arctanݔ and tanݕ= ,ݔ we get

∋ݔ∀ ℝ: cos(arctanݔ) =
1

√1 + ଶݔ
.

Similarly, we can get

∋ݔ∀ ℝ: sin(arctanݔ) =
ݔ

√1 − ଶݔ
.
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6) arctan is differentiable and has a derivative not null on ℝ where

∋ݔ∀ ℝ: (arctanݔ)ᇱ=
1

tanᇱ(arctanݔ)
=

1

1 + (tan(arctanݔ))ଶ
=

1

1 + ଶݔ
.

Or

∋ݔ∀ ℝ: (arctanݔ)ᇱ=
1

(tanݕ)ᇱ
=

1

1 + (tanݕ)ଶ
=

1

1 + ଶݔ
.

More generally,

∋ݔ∀ ℝ:ቀarctan൫݂ ൯ቁ(ݔ)
ᇱ

=
൫݂ ൯(ݔ)

ᇱ

1 + ൫݂ ൯(ݔ)
ଶ.

3.2.4. The arc-cotangent Function

Definition 3.4: The restriction of the cotangent function to ]ߨ,0[ is continuous and

strictly decreasing and takes values on ℝ, i.e.,

cot(]0,ߨ[) = ℝ.

As a result, it has an inverse function defined on ℝ that takes values on ]ߨ,0[ called

the arc tangent function and denoted by .ܜܗ܋܋ܚ܉

arccot: ℝ → ,]ߨ,0[

where

∋ݔ∀ ℝ:ݕ= arccotݔ⟺ ൝
ݕ ∈ ]ߨ,0[

and
cotݕ= ݔ

�.

In addition, this function is strictly decreasing and continuous on ℝ.
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Example 3.4.

1) One has

arccot0 = ⟺ݕ ൝
ݕ ∈ ]ߨ,0[

and
cotݕ= 0

�⟺ ቐ

ݕ ∈ ]ߨ,0[

and

=ݕ
గ

ଶ
+ ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ,]ߨ,0[ then =ݕ
గ

ଶ
. Thus arctan0 =

గ

ଶ
.

2) We have

arccot1 = ⟺ݕ ൝
ݕ ∈ ]ߨ,0[

and
cotݕ= 1

�⟺ ቐ

ݕ ∈ ]ߨ,0[

and

=ݕ
గ

ସ
+ ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ,]ߨ,0[ then =ݕ
గ

ସ
. Thus arccot1 =

గ

ସ
.

3) We have

arccot√3 = ⟺ݕ ቐ

ݕ ∈ ]ߨ,0[

and

cotݕ= √3

�⟺ ቐ

ݕ ∈ ]ߨ,0[

and

=ݕ
గ

଺
+ ߨ݇ ,݇ ∈ ℤ 

�.

Since ݕ ∈ ,]ߨ,0[ then =ݕ
గ

଺
. Thus arccot√3 =

గ

଺
.

Remark 3.4.

1) We have

lim
௫→ିஶ

arccotݔ= ߨ and lim
௫→ାஶ

arccotݔ= 0.

2) We have

∋ݔ∀ ℝ: cot(arccotݔ) = .ݔ

3) The function arccot is not the inverse function of the cotangent function but of its

restriction to .]ߨ,0[ So, we don't always have arcot(cotݕ) = ,ݕ but

ݕ∀ ∈ ]ߨ,0[  ∶ arcot(cotݕ) = .ݕ

For example,

a) Since
గ

ସ
∈ ,]ߨ,0[  then arcotቀcot

గ

ସ
ቁ=

గ

ସ
. Indeed, we have

arcotቀcot
గ

ସ
ቁ= arcot(cot 1) =

గ

ସ
.
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b) One has

arccotቀcotቀ
ଷగ

ଶ
ቁቁ=

గ

ଶ
≠

ଷగ

ଶ
.

Indeed,
ଷగ

ଶ
∉ ,]ߨ,0[  and

arccot൬cot
ߨ3

2
൰= arccot0 =

ߨ

2
.

4) We have

arccot
1

√3
= ⟺ݕ ൞

ݕ ∈ ]ߨ,0[

and

cotݕ=
1

√3

�⟺ ൞

ݕ ∈ ]ߨ,0[

and

=ݕ
ߨ

3
+ ݇,ߨ݇ ∈ ℤ 

.�

Since ݕ ∈ ,]ߨ,0[ then =ݕ
గ

ଷ
. Thus arccot

ଵ

√ଷ
=

గ

ଷ
. On the other hand

arccotቀ−
ଵ

√ଷ
ቁ= ⟺ݕ ቐ

ݕ ∈ ]ߨ,0[

and

cotݕ= −
ଵ

√ଷ

�⟺ ቐ

ݕ ∈ ]ߨ,0[

and

=ݕ −
గ

ଷ
+ ݇,ߨ݇ ∈ ℤ 

�.

Since ݕ ∈ ,]ߨ,0[ then =ݕ
ଶగ

ଷ
. Thus, arccotቀ−

ଵ

√ଷ
ቁ=

ଶగ

ଷ
. So

arccot
ଵ

√ଷ
=

గ

ଷ
≠ −arccot

ଵ

√ଷ
= −

గ

ଷ
≠ arccotቀ−

ଵ

√ଷ
ቁ=

ଶగ

ଷ
.

Thus arccot is neither an odd nor even function.

5) If =ݕ arccotݔ, then ∋ݔ ℝ, ݕ ∈ ]ߨ,0[ and cotݕ= .ݔ We have

ݕ ∈ ]0, [ ⟹ sinݕ> 0,

and

cosଶݕ+ sinଶݕ= 1 ⟹
cosଶݕ

sinଶݕ
+

sinଶݕ

sinଶݕ
=

1

sinଶݕ
⇒ cotଶݕ+ 1 =

1

sinଶݕ

                                                   ⟹ sinݕ=
1

ඥ1 + cotଶݕ
.

Since =ݕ arccotݔ and cotݕ= ,ݔ we get

∋ݔ∀ ℝ: cos(arccotݔ) =
1

√1 + ଶݔ
.
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6) arccot is differentiable and has a derivative not null on ℝ where

∋ݔ∀ ℝ: (arccotݔ)ᇱ=
1

cotᇱ(arccotݔ)
= −

1

1 + (cot(arccotݔݔ))ଶ
= −

1

1 + ଶݔ
.

More generally,

∋ݔ∀ ℝ:ቀarccot൫݂ ൯ቁ(ݔ)
ᇱ

= −
൫݂ ൯(ݔ)

ᇱ

1 + ൫݂ ൯(ݔ)
ଶ.

3.3. Hyperbolic Functions

3.3.1. Hyperbolic sine and cosine Functions

Definition 3.5.

1) The hyperbolic sine function, denoted by ܐܖܛܑ is defined for all real values of ݔ by

the relation

sinhݔ=
݁௫ − ݁ି௫

2
.

2) The hyperbolic cosine function, denoted by ܐܛܗ܋ is defined for all real values of ݔ

by the relation

coshݔ=
݁௫ + ݁ି௫

2
.

Remark 3.5.

1) We have

sinhݔ+ coshݔ=
݁௫ − ݁ି௫

2
+
݁௫ + ݁ି௫

2
= ݁௫.

Thus

݁௫ = sinhݔ+ coshݔ.

2) We have

coshݔ− sinhݔ=
݁௫ + ݁ି௫

2
−
݁௫ − ݁ି௫

2
= ݁ି௫.

Thus

݁ି௫ = coshݔ− sinhݔ.
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3) We have

coshଶݔ− sinhଶݔ=
݁ଶ௫ + ݁ିଶ௫ + 2

4
−
݁ଶ௫ + ݁ିଶ௫ − 2

4
= 1.

Thus

coshଶݔ− sinhଶݔ= 1.

4) sinh and cosh are continuous and differentiable on ℝ where

∋ݔ∀ ℝ: (sinhݔ)ᇱ=
݁௫ + ݁ି௫

2
= coshݔ and (coshݔ)ᇱ=

݁௫ − ݁ି௫

2
= sinhݔ.

5) For all ∋ݔ ℝ, we have

sinh(−ݔ) =
݁ି௫ − ݁௫

2
= −

݁௫ − ݁ି௫

2
= − sinhݔ,

and

cosh(−ݔ) =
݁௫ + ݁ି௫

2
=
݁ି௫ + ݁௫

2
=
݁௫ + ݁ି௫

2
= coshݔ.

So, sinh is odd, while cosh is even.

6) We have

(sinhݔ)ᇱ> 0, lim
௫→ିஶ

sinhݔ= −∞, lim
௫→ାஶ

sinhݔ= +∞,

and

(coshݔ)ᇱ= 0 ⟺ =ݔ 0, (coshݔ)ᇱ> 0 ⟺ <ݔ 0, (coshݔ)ᇱ< 0 ⟺ >ݔ 0,

cosh 0 = 1, lim
௫→ିஶ

coshݔ= +∞, and lim
௫→ାஶ

coshݔ= +∞. 

So

Rang (sinhݔ) = ℝ,

and

Rang (coshݔ) = [1, +∞[.

7) sinh is strictly increasing on ℝ while cosh is strictly decreasing on ]−∞, 0] and

strictly increasing on [0, +∞[.
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3.3.2. Hyperbolic tangent and cotangent Functions

Definition 3.6.

1) The hyperbolic tangent function, denoted by ܐܖ܉ܜ is defined for all real values of ݔ

by

tanhݔ=
sinhݔ

coshݔ
.

2) The hyperbolic cotangent function, denoted by ܐܜܗ܋ is defined for all real values of

≠ݔ 0 by

cothݔ=
coshݔ

sinhݔ
.

Remark 3.6.

1) We have

sinhݔ

coshݔ
=

௘ೣି௘షೣ

ଶ
௘ೣା௘షೣ

ଶ

=
݁௫ − ݁ି௫

௫݁ + ݁ି ௫
=
݁௫(݁௫ − ݁ି௫)
௫݁( ௫݁ + ݁ି ௫)

=
݁ଶ௫ − 1
ଶ݁௫ − 1

.

Thus

tanhݔ=
݁ଶ௫ − 1
ଶ݁௫ + 1

.

2) For ≠ݔ 0, we have

cothݔ=
1

tanhݔ
=
݁ଶ௫ + 1
ଶ݁௫ − 1

⟹ cothݔ=
1 + ݁ିଶ௫

1 − ݁ି ଶ௫
.

4) tanh is continuous and differentiable on ℝ where

(tanhݔ)ᇱ= ൬
sinhݔ

coshݔ
൰
ᇱ

=
coshଶݔ− sinhଶݔ

coshଶݔ
=

1

coshଶݔ
= 1 − tanhଶݔ.

5) coth is continuous and differentiable on ℝ − {0} where

(cothݔ)ᇱ=
sinhଶݔ− coshଶݔ

sinhଶݔ
= −

1

sinhଶݔ
= 1 − cothଶݔ.

6) Since sinh is odd and cosh is even, then tanh and coth are odd functions

tanh(−ݔ) = − tanhݔ , ∋ݔ ∀ ℝ and coth(−ݔ) = − cothݔ , ∋ݔ ∀ ℝ − {0}.

7) For all ∋ݔ ℝ, we have

(tanhݔ)ᇱ> 0, lim
௫→ିஶ

tanhݔ= −1, lim
௫→ାஶ

tanhݔ= 1,
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and

݁ଶ௫ − 1 < ݁ଶ௫ + 1 ⟹ tanhݔ< 1.

On the other hand

tanh(−ݔ) = − tanhݔ< 1 ⟹ tanhݔ> −1.

So, −1 < tanhݔ< 1, ∋ݔ ∀ ℝ and

Rang(tanhݔ) = ]−1,1[.

8) For all ∋ݔ ℝ − {0}, we have (cothݔ)ᇱ< 0 and

lim
௫→଴ష

cothݔ= −∞, lim
௫→଴శ

cothݔ= +∞, lim
௫→ିஶ

cothݔ= −1, lim
௫→ାஶ

cothݔ= 1.

So

Rang(cothݔ) = ]−∞, −1[ ∪ ]1, +∞[.

9) tanh is strictly increasing on ℝ while coth is strictly decreasing on ℝ − {0}.

3.3.3. Hyperbolic Function Identities

૚) sinh(ݔ+ (ݕ = sinh(ݔ) cosh(ݕ) + cosh(ݔ) sinh(ݕ)

૛) sinh(ݔ− (ݕ = sinh(ݔ) cosh(ݕ) − cosh(ݔ) sinh(ݕ)

૜) cosh(ݔ+ (ݕ = cosh(ݔ) cosh(ݕ) + sinh(ݔ) sinh(ݕ)

૝) cosh(ݔ− (ݕ = cosh(ݔ) cosh(ݕ) − sinh(ݔ) sinh(ݕ)

૞) tanh(ݔ+ (ݕ =
tanh(ݔ) + tanh(ݕ)

1 + tanh(ݔ) tanh(ݕ)

૟) tanh(ݔ− (ݕ =
tanh(ݔ) − tanh(ݕ)

1 − tanh(ݔ) tanh(ݕ)

ૠ) 1 − (tanhݔ)௫ =
1

(coshݔ)ଶ
.

ૡ) sinh(ݔ) + sinh(ݕ) = 2 sinh൬
+ݔ ݕ

2
൰ coshቀ

−ݔ ݕ

2
ቁ

ૢ) sinh(ݔ) − sinh(ݕ) = 2 cosh൬
+ݔ ݕ

2
൰ sinhቀ

−ݔ ݕ

2
ቁ

૚૙) cosh(ݔ) + cosh(ݕ) = 2 cosh൬
+ݔ ݕ

2
൰ coshቀ

−ݔ ݕ

2
ቁ
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૚૚) cosh(ݔ) − cosh(ݕ) = 2 sinh൬
+ݔ ݕ

2
൰ sinhቀ

−ݔ ݕ

2
ቁ.

3.4. Inverses of Hyperbolic Functions

3.4.1. Inverse Hyperbolic sine Function

Definition 3.7. The hyperbolic sine function is a bijection from ℝ to ℝ as it is conti-

nuous and strictly increasing from ℝ to ℝ, i.e.,

sinh(ℝ) = ℝ.

Thus it has an inverse function defined on ℝ that takes values on ℝ called inverse

hyperbolic sine and denoted by ܐܖܛܑܚ܉ or ૚ିܐܖܛܑ

arsinh: ℝ → ℝ,

where

∋ݔ∀ ℝ: ݕ= arsinh(ݔ) ⟺ ൝

ݕ ∈ ℝ           
and

sinh(ݕ) = ݔ
.�

In addition, this function is strictly increasing and continuous on ℝ.

Remark 3.7.

1) We have

∋ݔ∀ ℝ: sinh൫arsinh(ݔ)൯= ,ݔ

and

ݕ∀ ∈ ℝ: arsinh൫sinh(ݕ)൯= .ݕ

2) arsinh is odd

∋ݔ∀ ℝ: arsinh(−ݔ) = −arsinh(ݔ).

3) If =ݕ arsinh(ݔ), then ∋ݔ ℝ, ݕ ∈ ℝ and sinh(ݕ) = .ݔ We have coshݕ> 0 and

coshଶݕ− sinhଶݕ= 1 ⟹ coshݕ= ඥ1 + sinhଶݕ.

Since =ݕ arsinh(ݔ) and sinh(ݕ) = ,ݔ we get

∋ݔ∀ ℝ: cosh൫arsinh(ݔ)൯= ඥ1 + .ଶݔ

4) arsinh is differentiable on ℝ where

∋ݔ∀ ℝ:൫arsinh(ݔ)൯
ᇱ

=
1

sinhᇱ൫arsinh(ݔ)൯
=

1

cosh൫arsinh(ݔ)൯
=

1

√1 + ଶݔ
.
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Or

∋ݔ∀ ℝ:൫arsinh(ݔ)൯
ᇱ

=
1

(sinhݕ)ᇱ
=

1

coshݕ
=

1

√1 − ଶݔ
.

5) If =ݕ arsinh(ݔ), then ∋ݔ ℝ, ݕ ∈ ℝ and sinh(ݕ) = .ݔ

Since coshy = √1 + ,ଶݔ then

݁௬ = sinhݕ+ coshݕ= ඥ1+ݔ + ଶݔ ⇒ ln(݁௬) = =ݕ lnቀݔ+ ඥ1 + .ଶቁݔ

So,

∋ݔ∀ ℝ:ݕ= arsinh(ݔ) ⟺ =ݕ lnቀݔ+ ඥ1 + .ଶቁݔ

3.4.2. Inverse Hyperbolic cosine Function

Definition 3.8. The restriction of the hyperbolic cosine function to [0, +∞[ is conti-

nuous and strictly decreasing and takes values on [1, +∞[ , i.e.,

cosh([0, +∞[) = [1, +∞[.

Thus it has an inverse function defined on [1, +∞[ that takes values on [0, +∞[ called

inverse hyperbolic cosine and denoted by ܐܛܗ܋ܚ܉ or ૚ିܐܛܗ܋

arcosh: [1, +∞[ → [0, +∞[,

where

∋ݔ∀ [1, =ݕ:]∞+ arcoshݔ⟺ ൝
ݕ ∈ [0, +∞[

and
coshݕ= ݔ

�

In addition, this function is strictly decreasing and continuous on [1, +∞[.

Remark 3.8.

1) We have

∋ݔ∀ [1, +∞[: cosh൫arcosh(ݔ)൯= .ݔ

2) The function arcosh is not the inverse function of the cosh function but of its re-

striction on [0, +∞[. So,

ݕ∀ ∈  [0, +∞[: arcosh(coshݕ) = .ݕ

3) The domain of arcosh is non symmetric. Thus, arcosh is neither an odd nor even

function.

4) If =ݕ arcoshݔ, then ∋ݔ [1, +∞[, ݕ ∈ [0, +∞[ and coshݕ= .ݔ We have
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coshଶݕ− sinhଶݕ= 1 ⟹ sinhݕ= ඥcoshଶݕ− 1.

Since =ݕ arcoshݔ and coshݕ= ,ݔ we get

sinhݕ= sinh(arcoshݔ) = ඥݔଶ − 1.

5) If =ݕ arcoshݔ, then ∋ݔ [1, +∞[, ݕ ∈ [0, +∞[ and coshݕ= .ݔ

Since sinhݕ= ξ ଶݔ − 1, then

݁௬ = sinhݕ+ coshݕ= +ݔ ξ ଶݔ − 1 ⟹ ln(݁௬) = =ݕ ln൫ݔ+ ξ ଶݔ − 1൯.

Consequently,

∋ݔ∀ [1, =ݕ:]∞+ arcosh(ݔ) ⟺ =ݕ lnቀݔ+ ඥݔଶ − 1ቁ.

6) arsinh is differentiable on ]1, +∞[ where, ∋ݔ∀ ]1, +∞[

൫arcosh(ݔ)൯
ᇱ

=
1

coshᇱ൫arcosh(ݔ)൯
=

1

sinh൫arcosh(ݔ)൯
=

1

ξ ଶݔ − 1
.

Or

∋ݔ∀ ]1, +∞[:൫arcosh(ݔ)൯
ᇱ

=
1

(cosݕ)ᇱ
=

1

sinhݕ
=

1

ξ ଶݔ − 1
.

3.4.3. Inverse Hyperbolic tangent Function

Definition 3.9. The hyperbolic tangent function is a bijection from ℝ to ]−1,1[ as it is

continuous and strictly increasing from ℝ to ]−1,1[, i.e.,

tanh(ℝ) = ]−1,1[.

Thus it has an inverse function defined on ]−1,1[ that takes values on ℝ called inverse

hyperbolic tangent and denoted by ܐܖ܉ܜܚ܉ or ૚ିܐܖ܉ܜ

artanh: ]−1,1[ → ℝ,

where

∋ݔ∀ ]−1,1[: =ݕ artanh(ݔ) ⟺ ൝

ݕ ∈ ℝ            
and

tanh(ݕ) = ݔ
.�

In addition, this function is strictly increasing and continuous on ]−1,1[.
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Remark 3.9.

1) We have

∋ݔ∀ ]−1,1[: tanh൫artanh(ݔ)൯= ,ݔ

and

ݕ∀ ∈ ℝ: artanh൫tanh(ݕ)൯= .ݕ

2) artanh is odd as it is the inverse function of an odd function.

∋ݔ∀ ]−1,1[: artanh(−ݔ) = −artanh(ݔ).

3) If =ݕ artanh(ݔ), then ∋ݔ ]−1,1[, ݕ ∈ ℝ and tanh(ݕ) = .ݔ We have coshݕ> 0

and

coshଶݕ− sinhଶݕ= 1 ⟹
coshଶݕ− sinhଶݕ

coshଶݕ
=

1

coshଶݕ
⟹ 1 − tanhଶݕ=

1

coshଶݕ

                                               ⟹ coshݕ=
1

ඥ1 − tanhଶݕ
.

Since =ݕ artanh(ݔ) and tanh(ݕ) = ,ݔ we get

∋ݔ∀ ]−1,1[: cosh൫artanh(ݔ)൯=
1

√1 − ଶݔ
.

4) artanh is differentiable on ]−1,1[ where

∋ݔ∀ ]−1,1[:൫artanh(ݔ)൯
ᇱ

=
1

tanhᇱ൫artanh(ݔ)൯
=

1

1 − ቀtanh൫artanh(ݔ)൯ቁ
ଶ

=
1
ଵ

ୡ୭ୱ୦మ௬

=
1

1 − ଶݔ
.

Or

∋ݔ∀ ]−1,1[:൫artanh(ݔ)൯
ᇱ

=
1

(tanhݕ)ᇱ
=

1

1 − ଶݔ
.

5) If =ݕ artanh(ݔ), then ∋ݔ ]−1,1[, ݕ ∈ ℝ and tanh(ݕ) = .ݔ We have

=ݔ tanh(ݕ) ⟺ =ݔ
݁ଶ௬ − 1
ଶ݁௬ + 1

⇔ ݁ଶ௬(ݔ− 1) = −1 − ⟺ݔ ݁ଶ௬ =
1 + ݔ

1 − ݔ
.
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So,

ln(݁ଶ௬) = ln൬
1 + ݔ

1 − ݔ
൰⟹ =ݕ

1

2
ln൬

1 + ݔ

1 − ݔ
൰.

Thus,

∋ݔ∀ =ݕ:]1,1−[ artanh(ݔ) ⟺ =ݕ
1

2
ln൬

1 + ݔ

1 − ݔ
൰.

3.4.4. Inverse Hyperbolic cotangent Function

Definition 3.10. The hyperbolic cotangent function is a bijection from ℝ∗ to

]−∞, −1[ ∪ ]1, +∞[ as it is continuous and strictly decreasing from ℝ∗ to ]−∞, −1[ ∪

]1, +∞[, i.e.,

coth(ℝ∗) = ]−∞, −1[ ∪ ]1, +∞[.

Thus it has an inverse function defined on ]−∞, −1[ ∪ ]1, +∞[ that takes values on

ℝ∗ called inverse hyperbolic cotangent and denoted by ܐܜܗ܋ܚ܉ or ૚ିܐܜܗ܋

arcoth: ]−∞, −1[ ∪ ]1, +∞[ → ℝ∗,

where

∋ݔ∀ ]−∞, −1[ ∪ ]1, +∞[: =ݕ arcoth(ݔ) ⟺ ൝
ݕ ∈ ℝ∗

and
coth(ݕ) = ݔ

.�

In addition, this function is strictly decreasing and continuous on ]−∞, −1[ ∪ ]1, +∞[.

Remark 3.10.

1) We have

∋ݔ∀ ]−∞, −1[ ∪ ]1, +∞[: coth൫arcoth(ݔ)൯= ,ݔ

and

ݕ∀ ∈ ℝ∗: arcoth൫coth(ݕ)൯= .ݕ

2) arcoth is odd as it is the inverse function of an odd function.

∋ݔ∀ ]−∞, −1[ ∪ ]1, +∞[: arcoth(−ݔ) = −arcoth(ݔ).

3) If =ݕ arcoth(ݔ) , then ∋ݔ ]−∞, −1[ ∪ ]1, +∞[ , then ݕ ∈ ℝ∗ and coth(ݕ) = .ݔ

We have

coshଶݕ− sinhଶݕ= 1 ⟹
coshଶݕ− sinhଶݕ

sinhଶݕ
=

1

sinhଶݕ
⟹ cothଶݕ− 1 =

1

sinhଶݕ
.
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So,

sinhݕ=
1

ඥcothଶݕ− 1
.

Since =ݕ arcoth(ݔ) and coth(ݕ) = ,ݔ we get

∋ݔ∀ ]−∞, −1[ ∪ ]1, +∞[: sinh൫arcoth(ݔ)൯=
1

ξ ଶݔ − 1
.

4) arcoth(ݔ) is differentiable on ]−∞, −1[ ∪ ]1, +∞[ where

∋ݔ∀ ]−∞, −1[ ∪ ]1, +∞[:

൫arcoth(ݔ)൯
ᇱ

=
1

cothᇱ൫arcoth(ݔ)൯
=

1

1 − ቀcoth൫arcoth(ݔ)൯ቁ
ଶ =

1

−
ଵ

ୱ୧୬୦మ௬

=
1

1 − ଶݔ
.

Or

∋ݔ∀ ]−∞, −1[ ∪ ]1, +∞[:൫arcoth(ݔ)൯
ᇱ

=
1

(cothݕ)ᇱ
=

1

1 − ଶݔ
.

5) If =ݕ arcoth(ݔ) , then ∋ݔ ]−∞, −1[ ∪ ]1, +∞[ , then ݕ ∈ ℝ∗ and coth(ݕ) = .ݔ

We have

=ݔ coth(ݕ) ⇔ =ݔ
݁ଶ௬ + 1
ଶ݁௬ − 1

⟺ ݁ଶ௬(ݔ− 1) = +ݔ 1 ⇔ ݁ଶ௬ =
+ݔ 1

−ݔ 1
.

So,

ln(݁ଶ௬) = ln൬
+ݔ 1

−ݔ 1
൰⟺ =ݕ

1

2
ln൬

+ݔ 1

−ݔ 1
൰.

Thus,

∋ݔ∀ ]−∞, −1[ ∪ ]1, =ݕ:]∞+ artanh(ݔ) ⟺ =ݕ
ଵ

ଶ
lnቀ

௫ାଵ

௫ିଵ
ቁ.
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PART 2: ALGEBRA 1



Groups, Rings and Fields

To the best of our knowledge, the concept of groups have a history of more than three

centuries where it appeared for the first time in the nineteenth century in connection

with the solution of equations. Recently this concept can be found in a bewildering

number of subjects in various disciplines including physics and chemistry. So, the key

aim of this chapter is to help students to master the primary concepts of groups, rings

and fields.

4.1. Internal Binary Operations

Definition 4.1. Let ܵbe a nonempty set. An internal binary operation

tion from ܵൈ ܵ to .ܵ So, ∗ assigns to each ordered pair of elements of

determined element of .ܵ The element assigned to the ordered pair

is denoted by .ݕכݔ Notationally,

Example 4.1.

1) Addition, " + ", multiplication,

lowing sets: ℕ, ℤ, ℚ, ℝ, ℂ. While,

the set ܵൌ {1,2,3}. For example,

2) Subtraction, " − " is an internal binary operation on each of the following sets:

ℤ, ℚ, ℝ, ℂ, but not an internal binary operation on

ൌݔ ͷא Գ, ൌݕ ͹א Գ, but ݔ

3) The vector product or the cross product

(the inputs are two vectors in

scalar product on ℝଶ is not an internal binary operation on

tors in ℝଶ but the output is a real number).

4) In ℝ − {2}, we define an operation

ݕǡݔ׊ א ℝ

We will determine whether ∗
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a nonempty set. An internal binary operation

assigns to each ordered pair of elements of

. The element assigned to the ordered pair

. Notationally, ǣܵכ ൈ ܵื ܵ such that

אݕכݔ ǡܵݔ׊ǡݕ א Ǥܵ

ultiplication, ". " are internal binary operations on each of the fo

. While, " + ", and ". " are not internal binary operations on

. For example, אʹ ,ܵ א͵ ,ܵ but ʹ൅ ͵ൌ ͷב ܵ and

is an internal binary operation on each of the following sets:

, but not an internal binary operation on ℕ. For example, we have

െݔ ൌݕ െʹב Գ.

or the cross product on ℝଶ is an internal binary operation on

two vectors in ℝଶ and the output is another vector in

is not an internal binary operation on ℝଶ (the inputs are

but the output is a real number).

an operation ∗ by

ℝ − {2}ǣݕכݔ��ൌ െݕ�ݔ ൅ݔʹ) (ݕ + 6.

∗ is an internal binary operation on ℝ −
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Clearly, if ݕ,ݔ ∈ ℝ, then ∗ݔ ݕ ∈ ℝ. But to prove ∗ݔ ݕ ∈ ℝ − {2} we have to prove

∗ݔ ≠ݕ 2. To this end, we take two elements ݕ,ݔ ∈ ℝ such that ≠ݔ 2, ≠ݕ 2 and dis-

cuss whether the value ∗ݔ =ݕ 2 or not. By contradiction, suppose that ∗ݔ =ݕ 2,

then

∗ݔ =ݕ 2 ⟺ −ݕݔ  +ݔ)2 (ݕ + 6 = 2

                  ⟺ −ݕݔ  −ݔ2 +ݕ2 6 = 2

              ⟺ −ݕ)ݔ  2) = −ݕ)2 2)

                                ⟺ =ݔ 2
−ݕ 2

−ݕ 2
= 2 (since ≠ݕ 2).

This contradict the fact that ≠ݔ 2.Therefore, our assumption is wrong. So, ∗ݔ ≠ݕ 2.

Thus

∗ݔ ݕ ∈ ℝ − {2}, ݕ,ݔ∀ ∈ ℝ − {2},

and hence ∗ is an internal binary operation on ℝ − {2}.

Remark 4.1. It's worth mentioning that a nonempty set ܵ can be equipped with more

than one internal binary operation.

4.2. Groups

Definition 4.2. Let ܩ be a nonempty set and let ∗ be an internal binary operation on .ܩ

Then (∗,ܩ) is a group if the following axioms are fulfilled:

(G1) Associativity:

∋ݖ,ݕ,ݔ∀ ∗ݔ:ܩ ∗ݕ) (ݖ = ∗ݔ) (ݕ ∗ .ݖ

(G2) Identity element: ܩ has exactly one identity element, which means that

∃ ݁∈ ,ܩ ∋ݔ ∀ :ܩ ∗ݔ ݁= ݁∗ =ݔ .ݔ

(G3) Inverse: Every element of ܩ has exactly one inverse, which means that

∋ݔ ∀ ,ܩ ଵିݔ ∃ ∈ ܩ ∶ ∗ݔ  ଵିݔ = ଵିݔ ∗ =ݔ .݁

Remark 4.2. In the above definition

1) The fact that ∗ is an internal binary operation is an essential part of the definition.

2) The identity element ݁∈ ܩ is called also a neutral element, unit element, two-sided

identity or identity for short and ଵିݔ ∈ ܩ is said to be the inverse of ∋ݔ .ܩ Note that

(G2) must precede (G3) because (G3) refers back to the identity element .݁
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Remark 4.3. If the internal binary operation ∗ is commutative, which means that

ݕ,ݔ∀ ∈ ∗ݔ:ܩ =ݕ ݕ ∗ ,ݔ

then (∗,ܩ) is called an abelian group, or simply a commutative group.

Remark 4.4. Let ܩ be a nonempty set and let ∗ be an internal binary operation on .ܩ

1) ݁∈ ܩ is said to be the left identity element for the internal binary operation ∗ if

݁∗ =ݔ ,ݔ ∋ݔ ∀ .ܩ

2) ݁∈ ܩ is said to be the right identity element for the internal binary operation ∗ if

∗ݔ ݁= ,ݔ ∋ݔ ∀ .ܩ

3) Let ݁∈ ܩ be the identity element for the internal binary operation ∗, then ଵିݔ ∈ ܩ

is said to be left inverse of ∋ݔ ܩ if

ଵିݔ ∗ =ݔ ,݁ ∋ݔ ∀ .ܩ

4) Let ݁∈ ܩ be the identity element for the internal binary operation ∗, then ଵିݔ ∈ ܩ

is said to be right inverse of ∋ݔ ܩ if

∗ݔ ଵିݔ = ,݁ ∋ݔ ∀ .ܩ

5) For commutative internal binary operations, every left identity element is also a

right identity element. So, it suffices to use one of the two aforementioned conditions

݁∗ =ݔ ݔ or ∗ݔ ݁= ݔ for determining the identity element of .ܩ

Likewise, it suffices to use ଵିݔ ∗ =ݔ ݔ or ∗ݔ ଵିݔ = ݔ for determining the inverse of

each element ∋ݔ .ܩ

Example 4.2.

1) (ℤ, +), (ℚ, +), (ℝ, +) and (ℂ, +) are abelian groups.

2) In ℝ − {2}, we define an operation ∗ by

ݕ,ݔ∀ ∈ ℝ − {2}: ∗ݔ =ݕ −ݕݔ +ݔ)2 (ݕ + 6,

is (∗,ܩ) an abelian group.

We have ℝ − {2} ≠ ϕ and ∗ is an internal binary operation on ℝ − {2} (see example

4.1).

Commutativity

We will try to prove

ݕ,ݔ∀ ∈ ℝ − ∗ݔ:{2} =ݕ ∗ݕ .ݔ

If ݕ,ݔ ∈ ℝ − {2}, then

∗ݔ =ݕ −ݕݔ +ݔ)2 (ݕ + 6 = −ݔݕ +ݕ)2 (ݔ + 6 = ∗ݕ .ݔ

Therefore, ∗ is commutative.
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Associativity

We will try to prove

∋ݖ,ݕ,ݔ∀ ℝ − ∗ݔ:{2} ∗ݕ) ᇣᇧᇧᇤᇧᇧᇥ(ݖ
ெ భ

= ∗ݔ) (ݕ ∗ ᇣᇧᇧᇤᇧᇧᇥݖ
ெ మ

.

If ∋ݖ,ݕ,ݔ ℝ − {2}, then

ଵܯ = ∗ݔ ∗ݕ) (ݖ = ∗ݔ −ݖݕ) +ݕ)2 (ݖ + 6)

= −ݖݕ)ݔ +ݕ)2 (ݖ + 6) − +ݔ)2 −ݖݕ +ݕ)2 (ݖ + 6) + 6

= −ݖݕݔ −ݕݔ2 −ݖݔ2 +ݖݕ2 +ݔ4 +ݕ4 −ݖ4 6,

and

ଶܯ = ∗ݔ) (ݕ ∗ =ݖ −ݕݔ) +ݔ)2 (ݕ + 6) ∗ ݖ

= −ݕݔ) +ݔ)2 (ݕ + 6) −ݖ −ݕݔ)2 +ݔ)2 (ݕ + 6 + (ݖ + 6

= −ݖݕݔ −ݖݔ2 −ݖݕ2 +ݕݔ2 +ݔ4 +ݕ4 −ݖ4 6.

Since ଵܯ = ,ଶܯ then ∗ is associative.

Identity element

We will try to prove

∃ ݁∈ ℝ − {2}, ∋ݔ ∀ ℝ − {2}: ∗ݔ ݁= ݁∗ =ݔ .ݔ

Since ∗ is commutative it suffices to solve ∗ݔ ݁= .ݔ We have

∗ݔ ݁= ⟺ݔ ݔ݁ − +ݔ)2 )݁ + 6 = ⟺ݔ −ݔ݁) 2) = −ݔ3 6

                               ⟺ ݁=
−ݔ3 6

−ݔ 2
= 3

−ݔ 2

−ݔ 2
= 3 (it is possible since ≠ݔ 2).

Thus, there exists an identity element ݁= 3 ∈ ℝ − {2} for the internal binary opera-

tion ∗.

(G3) Inverse

∋ݔ ∀ ℝ − {2}, ଵିݔ ∃ ∈ ܩ ∶ ∗ݔ  ଵିݔ = ଵିݔ ∗ =ݔ .݁

Since ∗ is commutative it suffices to solve ∗ݔ ଵିݔ = .݁ We have

∗ݔ ଵିݔ = ݁⟺ ଵିݔ.ݔ − +ݔ)2 (ଵିݔ + 6 = 3

                                               ⟺ −ݔ)ଵିݔ  2) = −ݔ2 3 ⟺ ଵିݔ  =
−ݔ2 3

−ݔ 2
.

Clearly, ଵିݔ =
ଶ௫ିଷ

௫ିଶ
∈ ℝ. We show that ଵିݔ =

ଶ௫ିଷ

௫ିଶ
≠ 2. By contradiction, suppose

that ଵିݔ = 2, then

ଵିݔ =
−ݔ2 3

−ݔ 2
= 2 ⟺ −ݔ2 3 = −ݔ)2 2) = −ݔ2 4 ⟺ 3 = 4.
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This a contradiction. Then, our assumption is wrong and hence

ଵିݔ =
−ݔ2 3

−ݔ 2
≠ 2.

Thus, every element ݔ of ℝ − {2} has an inverse ଵିݔ =
ଶ௫ିଷ

௫ିଶ
∈ ℝ − {2} for ∗.

Since ℝ − {2} ≠ ϕ, ∗ is an internal binary operation on ℝ − {2}, ∗ is commutative, ∗

is associative, there exists an identity element ݁= 3 for ∗ in ℝ − {2}, and every ele-

ment ݔ of ℝ − {2} has an inverse ଵିݔ =
ଶ௫ିଷ

௫ିଶ
∈ ℝ − {2} for ∗. Then (ℝ − {2},∗) is an

abelian group.

Theorem 4.1. Let (∗,ܩ) be a group. Then

1) The identity element is unique.

2) The inverse of any element ∋ݔ ܩ is unique.

Example 4.3.

1) 0 is the unique identity element of ℝ where the internal binary operation ∗ is the

addition, i.e.,(∗= +) and ݔ– is the unique inverse of every element ∋ݔ ℝ.

2) 1 is the unique identity element of ℝ − {0} where the internal binary operation ∗ is

the multiplication, i.e., (∗=.) and
ଵ

௫
is the unique inverse of every element

∋ݔ ℝ − {0}.

4.2.1. Subgroups

Definition 4.3. Let (∗,ܩ) be a group. A nonempty subset ܪ of ܩ is called a subgroup

of ܩ if the following conditions are satisfied:

(a) ݕ,ݔ∀ ∈ ܪ ∗ݔ: ݕ ∈ ܪ .

(b) ݁∈ ܪ , where ݁ is the identity of .ܩ

(c) ∋ݔ∀ ܪ ଵିݔ: ∈ ܪ .

Remark 4.5. We do not need to check the associative property in ܪ , because it is in-

herited directly from .ܩ

Example 4.4.

1) (ℤ, +) is a subgroup of (ℚ, +), (ℚ, +) is a subgroup of (ℝ, +) and (ℝ, +) is a sub-

group of (ℂ, +).
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2) Consider the group (ℝଷ, +) where the the internal binary operation + is defined by:

,(ଵݖ,ଵݕ,ଵݔ)∀ (ଶݖ,ଶݕ,ଶݔ) ∈ ℝଷ:

(ଵݖ,ଵݕ,ଵݔ) + (ଶݖ,ଶݕ,ଶݔ) = ଵݔ) + ଵݖ,ଵݕ+ଵݕ,ଶݔ + .(ଶݖ

Let ܪ a subset of ℝଷ given by

ܪ = (ݖ,ݕ,ݔ)} ∈ ℝଷ:ݔ− +ݕ =ݖ2 0}.

Show that (H, +) is a subgroup of (ℝଷ, +).

(a) Let ܺ = ܻ,(ଵݖ,ଵݕ,ଵݔ) = (ଶݖ,ଶݕ,ଶݔ) ∈ ܪ . We have

ܺ = (ଵݖ,ଵݕ,ଵݔ) ∈ ܪ ⟹ ଵݔ − ଵݖଵ+2ݕ = 0 … (1)

and

ܻ = (ଶݖ,ଶݕ,ଶݔ) ∈ ܪ ⟹ ଶݔ − ଶݖଶ+2ݕ = 0 … (2)

Adding these two equations together, we get

ଵݔ + ଶݔ − (ଵݕ+ଵݕ) + ଵݖ)2 + (ଶݖ = 0.

So, ܺ + ܻ = ଵݔ) + ଵݖ,ଵݕ+ଵݕ,ଶݔ + (ଶݖ ∈ ܪ .

(b) ݁= (0,0,0) is the identity of (ℝଷ, +). So, ݁∈ ܪ since 0 − 0 + 2(0) = 0.

(c) Let ܺ = (ݖ,ݕ,ݔ) ∈ ℝଷ, then ܺିଵ = ,ݔ−) ,ݕ− .(ݖ− If ܺ ∈ ܪ , then

−ݔ +ݕ =ݖ2 0.

Since

−ݔ− (ݕ−) + (ݖ−)2 = −ݔ)− +ݕ (ݖ2 = 0,

then ܺିଵ ∈ ܪ .

From (a), (b), and (c), ܪ) , +) is a subgroup of (ℝଷ, +).

4.2. Rings

Definition 4.4. Let ܴ be a nonempty set and let ∗ and ⊥ be two internal binary opera-

tions defined on ܴ. Then (ܴ,∗, ⊥) is a ring if the following axioms are satisfied:

(A1) (ܴ,∗) is an abelian group; that is,

(i) ∋ݖ,ݕ,ݔ∀ ∗ݔ:ܴ ∗ݕ) (ݖ = ∗ݔ) (ݕ ∗ .ݖ

(ii) ∃ ݁∈ ܴ, ∋ݔ ∀ ܴ: ∗ݔ ݁= ݁∗ =ݔ .ݔ

(iii) ∋ݔ ∀ ܴ, ଵିݔ ∃ ∈ ܴ ∶ ∗ݔ  ଵିݔ = ଵିݔ ∗ =ݔ .݁

(iv) ݕ,ݔ∀ ∈ ∗ݔ:ܴ =ݕ ∗ݕ .ݔ



93

(A2) ⊥ is associative:

∋ݖ,ݕ,ݔ∀ ⊥ݔ:ܴ ⊥ݕ) (ݖ = ⊥ݔ) (ݕ ⊥ .ݖ

(A3) ⊥ is distributive over ∗:

∋ݖ,ݕ,ݔ∀ ܴ:൝
⊥ݔ ∗ݕ) (ݖ = ⊥ݔ) (ݕ ∗ ⊥ݔ) (ݖ

and
∗ݕ) (ݖ ⊥ =ݔ ⊥ݕ) (ݔ ∗ ⊥ݖ) (ݔ

.�

Remark 4.6.

1) We say that (ܴ,∗, ⊥) is a commutative ring if the internal binary operation ⊥ is

commutative, which means that

ݕ,ݔ∀ ∈ ⊥ݔ:ܴ =ݕ ⊥ݕ .ݔ

2) We say that (ܴ,∗, ⊥) is a unital ring if there is an identity element ૚ோ for ⊥, which

means that

∃ ૚ோ ∈ ܴ, ∋ݔ ∀ ܴ: ⊥ݔ ૚ோ = ૚ோ ⊥ =ݔ .ݔ

3) We denote by ݁∈ ܴ the identity element for the internal binary operation ∗ and by

૚ோ the identity element for the internal binary operation ⊥.

Example 4.5. (ℤ, +, . ) , (ℚ, +, . ) , (ℝ, +, . ) and (ℂ, +, . ) are all commutative rings

where

݁= 0 : is the identity element for the addition operation,

and

૚ோ = 1: is the identity element for the multiplication operation.

4.2.1. Basic Properties of Operations in a Ring

Theorem 4.1. Suppose that (ܴ,∗, ⊥) a ring. Then

1) ݁⊥ =ݔ ⊥ݔ ݁= ,݁ ∋ݔ∀ ܴ.

2) ଵିݔ ⊥ =ݕ ⊥ݔ) ଵି(ݕ = ⊥ݔ ,ଵିݕ ݕ,ݔ∀ ∈ ܴ.

3) ଵିݔ ⊥ ଵିݕ = ⊥ݔ ,ݕ ݕ,ݔ∀ ∈ ܴ.

Proof.

1) Since ݁= ݁∗ ݁we have

݁⊥ =ݔ (݁∗ ݁) ⊥ =ݔ (݁⊥ (ݔ ∗ (݁⊥ (ݔ

⟹ ݁⊥ =ݔ .݁
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In the same way, we get

⊥ݔ ݁= ⊥ݔ (݁∗ ݁) = ⊥ݔ) )݁ ∗ ⊥ݔ) )݁ ⟹ ⊥ݔ ݁= .݁

2) To show that ଵିݔ ⊥ =ݕ ⊥ݔ) ,ଵି(ݕ it suffices to prove that

⊥ݔ) (ݕ ∗ ଵିݔ) ⊥ (ݕ = .݁

We have

⊥ݔ) (ݕ ∗ ଵିݔ) ⊥ (ݕ = ∗ݔ) (ଵିݔ ⊥ =ݕ ݁⊥ =ݕ .݁

Likewise, we have

⊥ݔ) (ଵିݕ ∗ ⊥ݔ) (ݕ = ⊥ݔ ଵିݕ) ∗ (ݕ = ⊥ݔ ݁= .݁

3) Using the second property twice, we obtain the last property as follows:

ଵିݔ ⊥ ଵିݕ = ⊥ݔ) ଵ)ିଵିݕ = ⊥ݔ .ݕ █

4.2. 2. Subring

Definition 4.5. Let (ܴ,∗, ⊥) be a ring. A nonempty subset ܵof ܴ is called a subring of

ܴ if the following axioms are satisfied:

(a) ( ,ܵ∗) is a subgroup of (ܴ,∗).

(b) ⊥ݔ ݕ ∈ ,ܵ ݕ,ݔ∀ ∈ .ܵ

4.3. Field

Definition 4.6. Let ܨ ne a nonempty set and let ∗ and ⊥ be two internal binary opera-

tions defined on .ܨ Then ,∗,ܨ) ⊥) is a field if the following axioms are satisfied:

(F1) ,∗,ܨ) ⊥) is a ring.

(F2) ܨ) − { }݁, ⊥) is a group, where ݁ is the identity element for ∗.

Example 4.6.

1) (ℝ, +, . ) is a field.

2) In ℝ, we define two internal binary operations ∗ and ⊥ as follows:

ݕ,ݔ ∀ ∈ ℝ ∶ ∗ݔ  =ݕ +ݔ −ݕ
1

2
,

and

ݕ,ݔ ∀ ∈ ℝ ∶ ⊥ݔ  =ݕ +ݔ −ݕ .ݕݔ2

Then (ℝ,∗, ⊥) is a field.



The concept of a vector space dates back to the year 1844. The first timid attempts

have been made by the German mathematician Hermann Grassmann but it has became

well-established with the work of the Polish mathematician Stephan Banach. this co

cept which appears in many contexts is an algebraic structure consisting of a set on

which are defined a binary operation referred to as addition, and an operation of mu

tiplication by scalars.

This chapter introduces vector spaces, their basic properties and the associated notions

such as linear combinations, linear i

5.1. External Binary Operations

Definition 5.1. Let ܨ and ܸ

on ܸ is a function from ܨ ൈ

ܨ ൈ ܸ a uniquely determined element of

(ݕǡݔ) with אݔ ݕǡܨ א ܸ is denoted by

5.2. Vector Space

Definition 5.2. Let ሺܨǡכǡ٣ሻbe a field. A nonempty set

called a linear space) over ܨ

called vector addition and an external binary operation

called scalar multiplication, such that the following properties are satisfied:

(V1) (ܸǡ൅) is an abelian group, that is,

(i) אݖǡݕǡݔ׊ ܸǣݔ൅ (

(ii) ݁�׌ א ܸǡאݔ�׊ ܸ:

(iii) אݔ�׊ ܸǡିݔ�׌ଵ ∈

(iv) אݕǡݔ׊ ܸǣݔ൅ ݕ

Chapter 5

Vector Spaces

The concept of a vector space dates back to the year 1844. The first timid attempts

the German mathematician Hermann Grassmann but it has became

established with the work of the Polish mathematician Stephan Banach. this co

cept which appears in many contexts is an algebraic structure consisting of a set on

operation referred to as addition, and an operation of mu

This chapter introduces vector spaces, their basic properties and the associated notions

as linear combinations, linear independence, bases and dimension.

perations

be two nonempty sets. An external binary operation

ܸ to ܸ. So, ∗ assigns to each ordered pair of elements of

a uniquely determined element of ܸ. The element assigned to the ordered pair

is denoted by .ݕכݔ Notationally, ܨǣכ ൈ ܸ

אݕכݔ ܸǡ׊(ݔǡݕ)א� ܨ ൈ ܸǤ

be a field. A nonempty set ܸ is called a

ܨ if there is an internal binary operation

൅ǣܸ ൈ ܸ ื ܸ,

and an external binary operation

ܨ׷�ڄ ൈ ܸ�ื ܸǡ

, such that the following properties are satisfied:

is an abelian group, that is,

൅ݕ) (ݖ = ൅ݔ) (ݕ ൅ .ݖ

൅ݔ�: ݁ൌ ݁൅ ൌݔ .ݔ

∈ ܸ ൅ݔ�׷ ଵିݔ ൌ ଵିݔ ൅ ൌݔ .݁

ൌݕ ൅ݕ .ݔ
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The concept of a vector space dates back to the year 1844. The first timid attempts

the German mathematician Hermann Grassmann but it has became

established with the work of the Polish mathematician Stephan Banach. this con-

cept which appears in many contexts is an algebraic structure consisting of a set on

operation referred to as addition, and an operation of mul-

This chapter introduces vector spaces, their basic properties and the associated notions

ndependence, bases and dimension.

external binary operation ∗

assigns to each ordered pair of elements of

. The element assigned to the ordered pair

ܸ�ื ܸ such that

is called a vector space (also

internal binary operation

, such that the following properties are satisfied:
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(V2) ߚ,ߙ∀ ∈ ,ܨ ∋ݔ∀ ܸ, ߙ) ∗ (ߚ ⋅ =ݔ ߙ) ⋅ (ݔ + ߚ) ⋅ .(ݔ

(V3) ߙ∀ ∈ ,ܨ ݕ,ݔ∀ ∈ V,ߙ ⋅ +ݔ) (ݕ = ߙ) ⋅ (ݔ + ߙ) ⋅ .(ݕ

(V4) ߚ,ߙ∀ ∈ ,ܨ ∋ݔ∀ ܸ, ߙ) ⊥ (ߚ ⋅ =ݔ ߙ ⋅ ߚ) ⋅ .(ݔ

(V5) ∋ݔ∀ ܸ,૚ி ⋅ =ݔ ݔ (૚ி is the identity element for the operation ⊥).

Remark 5.1.

1) A vector space needs two nonempty sets ܸ and ,ܨ and four operations (two internal

operations for the field ܨ and two operations, internal and external for the vector space

ܸ).

2) Let ܸ a vector space over the field .ܨ The elemens of ܸ are called vectors, while

the elements of ܨ are called scalars.

3) A vector space over the field ℝ is called a real vector space and a vector space

over the field ℂ is called a complex vector space.

Example 5.1. The set (ℝ௡, +,⋅) of all ordered n-tuples ,ଶݔ,ଵݔ) … (୬ݔ, where

,ଶݔ,ଵݔ … ୬ݔ, are all real numbers is a vector space over the field ℝ where the operation

vector addition " + " is defined as follows:

∀ ଵܺ = ,ଶݔ,ଵݔ) … ୬),ܺଶݔ, = ,ଶݕ,ଵݕ) … (୬ݕ, ∈ ℝ
௡

:

,ଶݔ,ଵݔ) … (୬ݔ, + ,ଶݕ,ଵݕ) … (୬ݕ, = ଵݔ) + ଶݔ,ଵݕ + ,ଶݕ … ୬ݕ, + ,(୬ݕ

and the operation scalar multiplication " ⋅ " is defined as follows:

ߙ∀ ∈ ℝ, ∀ܺ = ,ଶݔ,ଵݔ) … (୬ݔ, ∈ ℝ
௡

:

ߙ ⋅ ,ଶݔ,ଵݔ) … (୬ݔ, = ߙ) ⋅ ߙ,ଵݔ ⋅ ,ଶݔ … ߙ, ⋅ .(୬ݔ

An n-tuples ,ଶݔ,ଵݔ) … (୬ݔ, is called a vector of the vector space ℝ௡, and ,ଶݔ,ଵݔ … ୬ݔ,
are called components of the vector.

The identity element of this vector space (for the operation of vector addition ’+’) is

0
ℝ
೙ = (0,0, … ,0)ᇣᇧᇧᇤᇧᇧᇥ

୬ ୲୧୫ ୱୣ

.

5.3. Subspaces

Definition 5.3. Let (ܸ, +,⋅) be a vector space over a field .ܨ A subset ܹ of ܸ is a sub-

space of ܸ if

(a) ܹ ≠ Φ.

(b) ݕ,ݔ∀ ∈ ܹ +ݔ: ݕ ∈ ܹ .

(c) ߙ∀ ∈ ,ܨ ∋ݔ∀ ܹ : ߙ ⋅ ∋ݔ ܹ .
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Theorem 5.1. Let (ܸ, +,⋅) be a vector space over a field .ܨ A subset ܹ of ܸ is a sub-

space of ܸ if

(a) ܹ ≠ Φ.

(b) ߚ,ߙ∀ ∈ ,ܨ ݕ,ݔ∀ ∈ ܹ : ߙ) ⋅ +ݔ ߚ ⋅ (ݕ ∈ ܹ .

Remark 5.2. Let (ܸ, +,⋅) be a vector space over a field ܨ and let 0௏ be the identity

element of ܸ, i.e., the identity element for the operation of vector addition ’+’.

1) ܸ and {0௏} are subspaces of ܸ.

2) If ܹ is a subspace of ܸ, then 0௏ ∈ ܹ . In other words, if ܹ ≠ Φ and 0௏ ∉ ܹ , then

ܹ is not a subspace of ܸ.

Example 5.2.

1) In ቀℝ
ଶ

, +, .ቁwe define a subset ܹଵ by

ܹଵ = ቄܺ = ,ݔ) 0) ∈ ℝ
ଶ

∋ݔ: ℝቅ.

(a) We have 0
ℝ
మ = (0,0) ∈ ܹଵ (since the second component is zero). Thus ܹଵ ≠ Φ.

(b) Let ߚ,ߙ ∈ ℝ and ଵܺ = ଶܺ,(ଵݕ,ଵݔ) = (ଶݕ,ଶݔ) ∈ ܹଵ. Then

ଵܺ = (ଵݕ,ଵݔ) ∈ ܹଵ ⟹ ଵݕ = 0,

and

ܺଶ = (ଶݕ,ଶݔ) ∈ ܹଵ ⟹ ଶݕ = 0.

We have

ߙ ⋅ ଵܺ + ߚ ⋅ ܺଶ = ߙ ⋅ (ଵݕ,ଵݔ) + ߚ ⋅ (ଶݕ,ଶݔ)

= ߙ) ⋅ ߙ,ଵݔ ⋅ (ଵݕ + ߚ) ⋅ ߚ,ଶݔ ⋅ (ଶݕ

= ߙ) ⋅ ,ଵݔ 0) + ߚ) ⋅ ,ଶݔ 0)

= ߙ) ⋅ ଵݔ + ߚ ⋅ ,ଶݔ 0) ∈ ܹଵ.

From (a) and (b), ܹଵ is a subspace of ℝ
ଶ
.

2) In ቀℝ
ଶ

, +, .ቁwe define a subset ܹ ଶ by

ܹ ଶ = ቄܺ = ,ݔ) 1) ∈ ℝ
ଶ

∋ݔ: ℝቅ.

We have 0
ℝ
మ = (0,0) ∉ ܹ ଶ. So ܹ ଶ is not a subspace of ℝ

ଶ
.
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5.3.1. Intersection of Subspaces

Theorem 5.2. Let (ܸ, +,⋅) be a vector space over a field .ܨ If ܹଵ and ܹ ଶ are two sub-

spaces of ܸ, then ܹଵ ∩ ܹ ଶ is a subspace of ܸ.

Proof.

(a) We have 0௏ ∈ ܹଵ and 0௏ ∈ ܹ ଶ, so 0୚ ∈ ܹଵ ∩ ܹ ଶ. Thus ܹଵ ∩ ܹ ଶ ≠ Φ.

(b) Let ݕ,ݔ ∈ ܹଵ ∩ ܹ ଶ, then ݕ,ݔ ∈ ܹଵ and ݕ,ݔ ∈ ܹ ଶ. Since ܹଵ and ܹ ଶ are two sub-

spaces of ܸ, then

ߚ,ߙ∀ ∈ :ܨ ߙ) ⋅ +ݔ ߚ ⋅ (ݕ ∈ ܹଵ,

and

ߚ,ߙ∀ ∈ :ܨ ߙ) ⋅ +ݔ ߚ ⋅ (ݕ ∈ ܹ ଶ.

So

ߚ,ߙ∀ ∈ ,ܨ ݕ,ݔ∀ ∈ ܹଵ ∩ ܹ ଶ: ߙ) ⋅ +ݔ ߚ ⋅ (ݕ ∈ ܹଵ ∩ ܹ ଶ.

From (a) and (b), ܹଵ ∩ ܹ ଶ is a subspace of ܸ. █

5.3.2. Union of Subspaces

Remark 5.3. Let (ܸ, +,⋅) be a vector space over a field .ܨ The union ܹଵ ∪ ܹ ଶ of two

subspaces ܹଵ and ܹ ଶ of ܸ is not necessarily a subspace of ܸ. Indeed, in ቀℝ
ଶ

, +, .ቁwe

define two subspaces ܹଵ and ܹ ଶ by

ܹଵ = ቄܺ = ,ݔ) 0) ∈ ℝ
ଶ

∋ݔ: ℝቅ and ܹ ଶ = ቄܺ = (ݕ,0) ∈ ℝ
ଶ

ݕ: ∈ ℝቅ.

(a) We have 0௏ ∈ ܹଵ and 0௏ ∈ ܹ ଶ, so 0୚ ∈ ܹଵ ∪ ܹ ଶ. Thus ܹଵ ∪ ܹ ଶ ≠ Φ.

(b) Let ߙ = ߚ = 1 ∈ ℝ, ଵܺ = (2,0) and ܺଶ = (0,4). We see that ଵܺ ∈ ܹଵ ∪ ܹ ଶ and

ܺଶ ∈ ܹଵ ∪ ܹ ଶ (since ଵܺ ∈ ܹଵand ܺଶ ∈ ܹ ଶ), while

ߙ ⋅ ଵܺ + ߚ ⋅ ܺଶ = 1 ⋅ (2,0) + 1 ⋅ (0,4) = (2,0) + (0,4) = (2,4).

Since (2,4) ∉ ܹଵ and (2,4) ∉ ܹ ଶ, then (2,4) ∉ ܹଵ ∪ ܹ ଶ.

So, ܹଵ ∪ ܹ ଶ is not a subspace of ℝ
ଶ
.

5.3.3. Sums and Direct Sums of Subspaces

Definition 5.4. Let ܹଵ and ܹ ଶ be two subspaces of a vector space (ܸ, +,⋅). The sum

of ܹଵ and ܹ ଶ is defined by

ܹଵ + ܹ ଶ = ଵݔ} + ଵݔ:ଶݔ ∈ ܹଵ,ݔଶ ∈ ܹ ଶ}.
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Theorem 5.3. If ܹଵ and ܹ ଶ are two subspaces of a vector space (ܸ, +,⋅), then

ܹଵ + ܹ ଶ is a subspace of ܸ.

Definition 5.5. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ܹଵ and ܹ ଶ be sub-

spaces of ܸ. Then ܸ is said to be the direct sum of ܹଵ and ܹ ଶ, and we write

ܸ = ܹଵ⨁ܹ ଶ, if

1) ܸ = ܹଵ + ܹ ଶ.

2) ܹଵ ∩ ܹ ଶ = {0௏}.

Theorem 5.4. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ܹଵ and ܹ ଶ be sub-

spaces of ܸ. Then ܸ = ܹଵ⨁ܹ ଶ if and only if for every ∋ݔ ܸ there exist unique vec-

tors ଵݔ ∈ ܹଵ and ଶݔ ∈ ܹ ଶ such that =ݔ ଵݔ + .ଶݔ

Example 5.3. In the vector space ቀℝ
ଶ

, +, .ቁover ℝ we define two subspaces ܹଵ and

ܹ ଶ by

ܹଵ = ቄܺ = ,ݔ) 0) ∈ ℝ
ଶ

∋ݔ: ℝቅ,

and

ܹ ଶ = ቄܺ = (ݕ,0) ∈ ℝ
ଶ

ݕ: ∈ ℝቅ.

(1) Let ܺ = (ݕ,ݔ) ∈ ℝ
ଶ
. Then

ܺ = (ݕ,ݔ) = ,ݔ) 0)ᇣᇤᇥ
∈ௐ భ

+ ᇣᇤᇥ(ݕ,0)
∈ௐ మ

.

So, ܸ = ܹଵ + ܹ ଶ.

(2) We have

ܹଵ ∩ ܹ ଶ = ቄܺ = (ݕ,ݔ) ∈ ℝ
ଶ

: (ݕ,ݔ) ∈ ܹଵ and (ݕ,ݔ) ∈ ܹ ଶቅ.

But

(ݕ,ݔ) ∈ ܹଵ ⟹ =ݔ 0 and (ݕ,ݔ) ∈ ܹ ଶ ⟹ =ݕ 0

So

ܹଵ ∩ ܹ ଶ = {(0,0)} = ቄ0
ℝ
మቅ.

From (1) and (2), ℝ
ଶ

= ܹଵ⨁ܹ ଶ.
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5.4. Linear Combination

Definition 5.6. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, and ݔ

be vectors in ܸ. We say that ݔ is a linear combination of ,ଶݔ,ଵݔ … ௡ݔ, if

,ଶߙ,ଵߙ∃ … ௡ߙ, ∈ :ܨ =ݔ ଵߙ ⋅ ଵݔ + ଶߙ ⋅ ଶݔ + ⋯ + ௡ߙ ⋅ .௡ݔ

We call ,ଶߙ,ଵߙ … ௡ߙ, the coefficients of the linear combination.

Remark 5.4. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be vec-

tors in ܸ. If 0௏ is the identity element of ܸ (for the operation of vector addition ’+’).

Then 0௏ is always a linear combination of ,ଶݔ,ଵݔ … .௡ݔ, Indeed,

ଵߙ∃ = ଶߙ = ⋯ = ௡ߙ = 0ி ∈ :ܨ 0௏ = 0 ⋅ ଵݔ + 0 ⋅ ଶݔ + ⋯ + 0 ⋅ .௡ݔ

5.4.1. Span

Definition 5.7. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be

vectors in ܸ. The span of ,ଶݔ,ଵݔ … ,௡ݔ, denoted span(ݔଵ,ݔଶ, … (௡ݔ, is the set of all

linear combinations of ,ଶݔ,ଵݔ … .௡ݔ, Notationally,

span(ݔଵ,ݔଶ, … (௡ݔ, = ଵߙ} ⋅ ଵݔ + ଶߙ ⋅ ଶݔ + ⋯ + ௡ߙ ⋅ ,ଶߙ,ଵߙ:௡ݔ … ௡ߙ, ∈ ܨ }.

Remark 5.5. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be vec-

tors in ܸ.

1) span(ϕ) = {0௏}.

2) span(ݔଵ,ݔଶ, … (௡ݔ, is a subspace of ܸ.

3) ,ଶݔ,ଵݔ} … {௡ݔ, ⊆ span(ݔଵ,ݔଶ, … .(௡ݔ,

4) If ܹ is any subspace of ܸ, then

,ଶݔ,ଵݔ} … {௡ݔ, ⊆ ܹ ⟹ span(ݔଵ,ݔଶ, … (௡ݔ, ⊆ ܹ .

In other terms, span(ݔଵ,ݔଶ, … (௡ݔ, is the smallest subspace of ܸ which contains

,ଶݔ,ଵݔ} … .{௡ݔ,

Definition 5.8. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be

vectors in ܸ. We say that the set ,ଶݔ,ଵݔ} … {௡ݔ, spans or generates ܸ if

span(ݔଵ,ݔଶ, … (௡ݔ, = ܸ.

Example 5.4.

1) In the vector space ቀℝ
ଶ

, +, .ቁ over ℝ we consider the vectors ଵ݁ = (1,0) and

ଶ݁ = (0,1). On the one hand,

span( ଵ݁, ଶ݁) ⊆ ℝ
ଶ

.
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On the other hand, if (ݕ,ݔ) ∈ ℝ
ଶ
, then

(ݕ,ݔ) = ,ݔ) 0) + (ݕ,0) = ݔ ⋅ (1,0) + ݕ ⋅ (0,1).

So,

∀ܺ = (ݕ,ݔ) ∈ ℝ
ଶ

, ଵߙ∃ = ଶߙ,ݔ = ݕ ∈ ℝ: (ݕ,ݔ) = ଵߙ ⋅ ଵ݁ + ଶߙ ⋅ ଶ݁.

Thus ℝ
ଶ

⊆ span( ଵ݁, ଶ݁). Consequently,

span( ଵ݁, ଶ݁) = ℝ
ଶ

,

which means the set { ଵ݁, ଶ݁} spans ℝ
ଶ
.

2) Similarly, if ଵݔ = (1,1) and ଶݔ = (2,0), then span(ݔଵ,ݔଶ) ⊆ ℝ
ଶ
. Furthermore, if

(ݕ,ݔ) ∈ ℝ
ଶ
, then

(ݕ,ݔ) = ଵߙ ⋅ ଵݔ + ଶߙ ⋅ ଶݔ ⟺ (ݕ,ݔ) = ଵߙ ⋅ (1,1) + ଶߙ ⋅ (2,0)

                                    ⟺ (ݕ,ݔ) = ଵߙ) + ,(ଵߙ,ଶߙ2

which implies that

൜
ଵߙ + ଶߙ2 = ݔ
ଵߙ = ݕ

�⟹ ቊ
ଶߙ =

ݔ

2
−
ݕ

2
ଵߙ = ݕ

.�

So,

∀ܺ = (ݕ,ݔ) ∈ ℝ
ଶ

, ଵߙ∃ = ଶߙ,ݕ =
ݔ

2
−
ݕ

2
∈ ℝ: (ݕ,ݔ) = ଵߙ ⋅ ଵݔ + ଶߙ ⋅ .ଶݔ

Thus ℝ
ଶ

⊆ span(ݔଵ,ݔଶ). Consequently, span(ݔଵ,ݔଶ) = ℝ
ଶ

,and the set {ଶݔ,ଵݔ} spans

ℝ
ଶ
.

Remark 5.6. Usually there are many different subsets which are able to generate the

same vector space.

5.4.2. Linear Independence

Definition 5.9. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be

vectors in ܸ. We say that vectors ,ଶݔ,ଵݔ … ௡ݔ, are linearly independent if for all

,ଶߙ,ଵߙ … ௡ߙ, ∈ ܨ the equation

ଵߙ ⋅ ଵݔ + ଶߙ ⋅ ଶݔ + ⋯ + ௡ߙ ⋅ ௡ݔ = 0௏ ,

can only be satisfied if ଵߙ = ଶߙ = ⋯ = ௡ߙ = 0ி.
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Remark 5.7. All set consists of a single vector ≠ݔ 0௏ is linearly independent.

Example 5.5.

1) In the vector space ቀℝ
ଷ

, +, .ቁ over ℝ , we consider the vectors ଵ݁ = (1,0,0) ,

ଶ݁ = (0,1,0) and ଷ݁ = (0,0,1).

Let ଷߙ,ଶߙ,ଵߙ ∈ ℝ . If

ଵߙ ⋅ ଵ݁ + ଶߙ ⋅ ଶ݁ + ଷߙ ⋅ ଷ݁ = 0
ℝ
య,

then

ଵߙ ⋅ (1,0,0) + ଶߙ ⋅ (0,1,0) + ଷߙ ⋅ (0,0,1) = (0,0,0) ⟺ ( (ଷߙ,ଶߙ,ଵߙ = (0,0,0).

So,

ଵߙ = ଶߙ = ଷߙ = 0.

Hence, ଵ݁, ଶ݁ and ଷ݁ are linearly independent.

2) In the vector space ቀℝ
ଷ

, +, .ቁover ℝ, we consider the vectors ଵݒ = (0,1, −1),

ଶݒ = (1,0, −1) and ଷݒ = (1,1,0). Let ଷߙ,ଶߙ,ଵߙ ∈ ℝ . If

ଵߙ ⋅ ଵݒ + ଶߙ ⋅ ଶݒ + ଷߙ ⋅ ଷݒ = 0
ℝ
య,

then

ଵߙ ⋅ (0,1, −1) + ଶߙ ⋅ (1,0, −1) + ଷߙ ⋅ (1,1,0) = (0,0,0),

gives

ଶߙ) + ,ଷߙ ଵߙ + ,ଷߙ ଵߙ − − (ଶߙ = (0,0,0).

So,

൝

ଶߙ + ଷߙ = 0
ଵߙ + ଷߙ = 0

ଵߙ − − ଶߙ = 0
⟹ ଵߙ  = ଶߙ = ଷߙ = 0.�

Thus ଶݒ,ଵݒ and ଷݒ are linearly independent.
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5.4.3. Linear Dependence

Definition 5.10. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be

vectors in ܸ. We say that vectors ,ଶݔ,ଵݔ … ௡ݔ, are linearly dependent if they are not

linearly independent; that is, if there exists ,ଶߙ,ଵߙ … ௡ߙ, ∈ ܨ such that at least one

≠௜ߙ 0, ݅= 1,݊തതതതതand

ଵߙ ⋅ ଵݔ + ଶߙ ⋅ ଶݔ + ⋯ + ௡ߙ ⋅ ௡ݔ = 0௏ .

Example 5.6.

In the vector space ቀℝ
ଶ

, +, .ቁover ℝ we consider the vectors ଵݒ = (1,0) , ଶݒ = (0,1)

and ଷݒ = (2,3). Let ଷߙ,ଶߙ,ଵߙ ∈ ℝ . If

ଵߙ ⋅ ଵݒ + ଶߙ ⋅ ଶݒ + ଷߙ ⋅ ଷݒ = 0
ℝ
మ,

then

ଵߙ ⋅ (1,0) + ଶߙ ⋅ (0,1) + ଷߙ ⋅ (2,3) = (0,0),

leads to

( ଵߙ + ଶߙ,ଷߙ2 + (ଷߙ3 = (0,0).

So,

൜
ଵߙ + ଷߙ2 = 0
ଶߙ + ଷߙ3 = 0

�⟹ ൜
ଵߙ = ଷߙ2−
ଶߙ = ଷߙ3−

�.

If ଷߙ = 1, then ଵߙ = −2, ଶߙ = −3 and

ଵߙ ⋅ (1,0) + ଶߙ ⋅ (0,1) + ଷߙ ⋅ (2,3) = −2 ⋅ (1,0) − 3 ⋅ (0,1) + 1 ⋅ (2,3)

= (0,0).

Thus ଶݒ,ଵݒ and ଷݒ are linearly dependent.

Remark 5.8. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be vec-

tors in ܸ.

1) If one of the vectors ,ଶݔ,ଵݔ … ௡ݔ, equals 0௏ then ,ଶݔ,ଵݔ … ௡ݔ, are linearly depen-

dent.

2) ,ଶݔ,ଵݔ … ௡ݔ, are linearly dependent if and only if at least one of the vectors

,ଶݔ,ଵݔ … ௡ݔ, can be written as a linear combination of the remaining vectors of

,ଶݔ,ଵݔ … .௡ݔ,
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Example 5.7.

In the vector space ቀℝ
ଷ

, +, .ቁover ℝ we consider the vectors

ଵݒ = (2, −2, −1) , ଶݒ = (1,1,1), ଶݒ = (1,2,3), and ସݒ = (2, −1,1).

We have

(2, −2, −1) = 1 ⋅ (1,1,1) − 1 ⋅ (1,2,3) + 1 ⋅ (2, −1,1).

So, ଵݒ is a linear combination of ,ଶݒ ଷݒ and .ସݒ Hence, the set {ସݒ,ଷݒ,ଶݒ,ଵݒ} is linear-

ly dependent.

5.5. Bases and Dimension

5.5.1. Bases

Definition 5.11. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ,ଶݔ,ଵݔ … ௡ݔ, be

vectors in ܸ. We say that the set ,ଶݔ,ଵݔ} … {௡ݔ, forms a basis of the vector space ܸ if

1) ,ଶݔ,ଵݔ} … {௡ݔ, is linearly independent.

2) ,ଶݔ,ଵݔ} … {௡ݔ, generates ܸ, i.e.,

span(ݔଵ,ݔଶ, … (௡ݔ, = ܸ.

Example 5.8.

In the vector space (ℝ௡, +,⋅), the set

ℬ = { ଵ݁ = (1,0, … ,0), ଶ݁ = (0,1,0, … ,0), … , ௡݁ = (0,0, … ,0,1)},

forms a basis of ℝ௡. Indeed,

1) Let ,ଶߙ,ଵߙ … ௡ߙ, ∈ ℝ . If

ଵߙ ⋅ ଵ݁ + ଶߙ ⋅ ଶ݁ + ⋯ + ௡ߙ ⋅ ௡݁ = 0ℝ೙ ,

then

ଵߙ ⋅ (1,0, … ,0) + ଶߙ ⋅ (0,1,0, … ,0) + ⋯ + ௡ߙ ⋅ (0,0, … ,1) = (0,0, … ,0),

which implies that

( ,ଶߙ,ଵߙ … (௡ߙ, = (0,0, … ,0).

So,

ଵߙ = ଶߙ = ⋯ = ௡ߙ = 0.

Thus { ଵ݁, ,݁ … , ௡݁} is linearly independent.

2) Since { ଵ݁, ,݁ … , ௡݁} ⊂ ℝ௡, then

span( ଵ݁, ,݁ … , ௡݁) ⊆ ℝ௡.
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On the other hand, if ,ଶݔ,ଵݔ) … (௡ݔ, ∈ ℝ௡, then

,ଶݔ,ଵݔ) … (௡ݔ, = ,ଵݔ) 0, … ,0) + ,ଶݔ,0) 0, … ,0) + ⋯ + (0,0, … (௡ݔ,

= ଵݔ ⋅ (1,0, … ,0) + ଶݔ ⋅ (0,1,0, … ,0) + ⋯ + ௡ݔ ⋅ (0,0, … ,1).

So, for all ,ଶݔ,ଵݔ) … (௡ݔ, ∈ ℝ௡, ଵߙ∃ = ଶߙ,ଵݔ = ,ଶݔ … ௡ߙ, = ௡ݔ ∈ ℝ such that

ଵߙ ⋅ ଵ݁ + ଶߙ ⋅ ଶ݁ + ⋯ + ௡ߙ ⋅ ௡݁ = ,ଶݔ,ଵݔ) … .(௡ݔ,

Thus ℝ
௡

⊆ span( ଵ݁, ,݁ … , ௡݁).

Since span( ଵ݁, ,݁ … , ௡݁) ⊆ ℝ௡ and ℝ
௡

⊆ span( ଵ݁, ,݁ … , ௡݁), then

span( ଵ݁, ,݁ … , ௡݁) = ℝ
௡

,

and the set { ଵ݁, ,݁ … , ௡݁} spans ℝ
௡

.

Since { ଵ݁, ,݁ … , ௡݁} is linearly independent and generates ℝ
௡

, then { ଵ݁, ,݁ … , ௡݁} forms

a basis of the vector space ℝ
௡

.

Remark 5.9. The basis

ℬ = { ଵ݁ = (1,0, … ,0), ଶ݁ = (0,1, … ,0,0), … , ௡݁ = (0,0, … ,0,1)},

of the vector space ℝ
௡

is called the standard basis (also canonical or natural basis)

for ℝ
௡

.

Remark 5.10.

1) Usually there are many different subsets which are able to form a basis of the same

vector space.

2) If a vector space ܸ has a basis consisting of ݊ elements, then any other basis for ܸ

has ݊ elements.

Example 5.9.

According to Example 5.4., if ଵݔ = (1,1) and ଶݔ = (2,0), then the set {ଶݔ,ଵݔ} spans

ℝ
ଶ
. Furthermore, if ,ଶߙ,ଵߙ … ௡ߙ, ∈ ℝ then

ଵߙ ⋅ ଵݔ + ଶߙ ⋅ ଶݔ = 0ℝమ ⇔ ଵߙ ⋅ (1,1) + ଶߙ ⋅ (2,0) = (0,0),

And hence

ଵߙ) + (ଶߙ,ଶߙ2 = (0,0) ⟹ ଵߙ = ଶߙ = 0.

So, {ଶݔ,ଵݔ} is linearly independent. Since {ଶݔ,ଵݔ} is linearly independent and gene-

rates ℝ
ଶ
, then ℬଵ = {ଶݔ,ଵݔ} forms a basis of the vector space ℝ

ଶ
.
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According to Example 5.4., if ଵ݁ = (1,0) and ଶ݁ = (0,1), then

ℬଶ = { ଵ݁, ଶ݁},

form a basis of the vector space ℝ
ଶ
.

Thus

ℬଵ = and ℬଶ {ଶݔ,ଵݔ} = { ଵ݁, ଶ݁},

are two different basis of the same vector space ℝ
ଶ
.

5.5.2. Dimension

Definition 5.12. Let (ܸ, +,⋅) be a vector space over a field ܨ and let ℬ be a basis for

ܸ. The dimension of the vector space ܸ , denoted by dim(ܸ), is the number of the

vectors of ℬ.

Remark 5.11. Let (ܸ, +,⋅) be a vector space over a field .ܨ We have

dim {0௏} = 0.

Remark 5.12. According to Remark 5.9., even if a vector space ܸ has more than one

basis, the dimension does not change.

Example 5.10.

dimቀℝ
௡
ቁ= .݊

Theorem 5.5. Let (ܸ, +,⋅) be a vector space of dimension ݊ (dim(ܸ) = )݊ over a

field .ܨ

1) Every linearly independent subset of ܸ with ݊ elements is a basis for ܸ.

2) If ܸ is generated by a subset of ܸ with ݊ elements, then this subset is a basis for ܸ.

Example 5.11.

In the vector space ቀℝ
ଶ

, +, .ቁ let the set

ℬ = ଵݑ} = ଶݑ,(2,0) = (−1,1)}.

Since {(2,0), (−1,1)} ⊂ ℝଶ, then

span(ݑଵ,ݑଶ) ⊆ ℝଶ.

On the other hand, if (ଶݔ,ଵݔ) ∈ ℝଶ, then

(ଶݔ,ଵݔ) = ଵߙ ⋅ ଵݑ + ଶߙ ⋅ ଶݑ ⟺ (ଶݔ,ଵݔ) = ଵߙ ⋅ (2,0) + ଶߙ ⋅ (ݕ,ݔ)(1,1−)

                                                                 ⟺ (ଶݔ,ଵݔ) = ( ଵߙ.2 − .(ଶߙ,ଶߙ
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Consequently

൜
 2 ⋅ ଵߙ − ଶߙ = ݔ
ଶߙ = ݕ

�⟹ ൝ߙଵ =
+ݔ ݕ

2
ଶߙ = ݕ

.�

So,

(ଶݔ,ଵݔ)∀ ∈ ℝଶ, ଵߙ∃ =
+ݔ ݕ

2
ଶߙ, = ݕ ∈ ℝ: (ଶݔ,ଵݔ) = ଵߙ ⋅ ଵݑ + ଶߙ ⋅ ଶݑ

Therefore,

ℝ
ଶ

⊆ span(ݑଵ,ݑଶ).

Since span(ݑଵ,ݑଶ) ⊆ ℝଶ and ℝ
ଶ

⊆ span(ݑଵ,ݑଶ), then

span(ݑଵ,ݑଶ) = ℝ
ଶ

,

and the set {ଶݑ,ଵݑ} generates ℝ
ଶ
.

Since {ଶݑ,ଵݑ} generates ℝ
ଶ

and dimቀℝ
ଶ
ቁ= 2 then

ℬ = ଵݑ} = ଶݑ,(2,0) = (−1,1)},

is a basis of ℝ
ଶ
.

In on the other way, let ଶߙ,ଵߙ ∈ ℝ . If ଵߙ ⋅ ଵݑ + ଶߙ ⋅ ଶݑ = 0
ℝ
మ, then

ଵߙ ⋅ (2,0) + ଶߙ ⋅ (−1,1) = (0,0) ⟺ ( ଵߙ.2 − (ଶߙ,ଶߙ = (0,0).

So,

൜
ଵߙ.2 − ଶߙ = 0
ଶߙ = 0

�⟹ ଵߙ  = ଶߙ = 0.

Thus {ଶݑ,ଵݑ} is linearly independent.

Since {ଶݑ,ଵݑ} is linearly independent and dimቀℝ
ଶ
ቁ= 2 then

ℬ = ଵݑ} = ଶݑ,(2,0) = (−1,1)},

is a basis of ℝ
ଶ
.
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5.5.3. Coordinates Relative to a Basis

Definition 5.11. Let (ܸ, +,⋅) be a vector space over a field ܨ and let

ℬ = ,ଶݔ,ଵݔ} … ,{௡ݔ,

be a basis of ܸ. If ∋ݔ ܸ then ݔ has a unique representation

=ݔ ଵߙ ⋅ ଵݔ + ଶߙ ⋅ ଶݔ + ⋯ + ௡ߙ ⋅ ,ଶߙ,ଵߙ:௡ݔ … ௡ߙ, ∈ .ܨ

The coefficients ,ଶߙ,ଵߙ … ௡ߙ, are called the coordinates of withݔ respect to the basis

ℬ = ,ଶݔ,ଵݔ} … .{௡ݔ,

Example 5.12.

We consider the basis

ℬ = ଵݑ} = ଶݑ,(2,0) = (−1,1)},

of the vector space ቀℝ
ଶ

, +, .ቁ. Find coordinates of the vector ܺ = (−3,1) relative to

the basis ℬ.

According to Example 5.11. we have

(ଶݔ,ଵݔ)∀ ∈ ℝଶ, ଵߙ∃ =
+ݔ ݕ

2
ଶߙ, = ݕ ∈ ℝ: (ଶݔ,ଵݔ) = ଵߙ ⋅ ଵݑ + ଶߙ ⋅ .ଶݑ

So

ܺ = (−3,1) =
−3 + 1

2
⋅ ଵݑ + 1 ⋅ ଶݑ = ଵݑ− + .ଶݑ

Hence, the coordinates of ܺ relative to the basis ℬ are (−1,1).

Theorem 5.6. Let (ܸ, +,⋅) be a vector space of dimension ݊ (dim(ܸ) = )݊ over a

field ܨ and let ܷ and ܹ be subspaces of ܸ. Then

dim(ܷ + ܹ ) = dim(ܷ) + dim(ܹ ) − dim(ܷ ∩ ܹ ).

Theorem 5.7. Let (ܸ, +,⋅) be a vector space of dimension ݊ (dim(ܸ) = )݊ over a

field ܨ and let ܷ and ܹ be subspaces of ܸ.

1) If ܷ ⊆ ܹ , then dim(ܷ) ≤ dim(ܹ ).

2) If ܷ ⊆ ܹ and dim(ܷ) = dim(ܹ ), then ܷ = ܹ .

Corollary 5.1. Let (ܸ, +,⋅) be a vector space of dimension ݊ (dim(ܸ) = )݊ over a

field ܨ and let ܷ be subspace of ܸ. If dim(ܷ) = dim(ܸ), then ܷ = ܸ.
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Example 5.13.

In the vector spaces ቀℝ
ଷ

, +, .ቁ let

ܷ = ቄܺ = (ݖ,ݕ,ݔ) ∈ ℝ
ଷ

+ݔ: =ݕ −ݔ =ݖ 0ቅ,

and

ܹ = ቄܺ = (ݖ,ݕ,ݔ) ∈ ℝ
ଷ

+ݔ: +ݕ =ݖ 0ቅ,

two subspaces of it

1) Find a basis of ܷ and ܹ .

2) Find ܷ ∩ ܹ and calculate dim(ܷ ∩ ܹ ).

3) Conclude that ℝ
ଷ

= ܷ⨁ܹ .

One has

1) a) If ܺ = (ݖ,ݕ,ݔ) ∈ ܷ, then

ቄ
+ݔ =ݕ 0
−ݔ =ݖ 0

�⟹
=ݕ ݔ−
=ݖ ݔ

,

which gives

ܷ = ቄܺ = (ݖ,ݕ,ݔ) ∈ ℝ
ଷ

+ݔ: =ݕ −ݔ =ݖ 0ቅ

= ቄܺ = ,ݔ) (ݔ,ݔ− ∈ ℝ
ଷ

∋ݔ: ℝቅ= ቄܺ = ݔ ⋅ (1, −1,1) ∈ ℝ
ଷ

∋ݔ: ℝቅ.

So, ܷ ⊆ span൫(1, −1,1)൯. On the other hand,

1 + (−1) = 1 − (1) = 0 ⟹ (1, −1,1) ∈ ܷ

                                                              ⟹ span൫(1, −1,1)൯⊆ ܷ.

Thus ܷ = span൫(1, −1,1)൯.

Since (1, −1,1) ≠ (0,0,0), then (1, −1,1) is linearly independent.

Because ܷ = span൫(1, −1,1)൯and (1, −1,1) is linearly independent, then

ℬଵ = ଵݑ} = (1, −1,1)},

forms a basis of ܷ. Hence, dim(ܷ) = 1.

b) If ܺ = (ݖ,ݕ,ݔ) ∈ ܹ , then

+ݔ +ݕ =ݖ 0 ⟹ =ݖ −ݔ− ,ݕ
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which implies that

ܹ = ቄܺ = (ݖ,ݕ,ݔ) ∈ ℝ
ଷ

+ݔ: +ݕ =ݖ 0ቅ

= ቄ(ݕ,ݔ, −ݔ− (ݕ ∈ ℝ
ଷ

ݕ,ݔ: ∈ ℝቅ

= ቄ(ݔ, 0, (ݔ− + ,ݕ,0) (ݕ− ∈ ℝ
ଷ

ݕ,ݔ: ∈ ℝቅ

= ቄ1,0)ݔ, −1) + ,0,1)ݕ −1) ∈ ℝ
ଷ

ݕ,ݔ: ∈ ℝቅ.

So, ܹ ⊆ span൫(1,0, −1), (0,1, −1)൯. On the other hand,

ቄ
1 + 0 + 1 = 0
0 + 1 + 1 = 0

�⟹ {(1,0, −1), (0,1, −1)} ⊆ ܹ

                                                      ⟹ span൫(1,0, −1), (0,1, −1)൯⊆ ܹ .

Consequently ܹ = span൫(1,0, −1), (0,1, −1)൯.

If ଷߙ,ଶߙ,ଵߙ ∈ ℝ , then

ଵߙ ⋅ (1,0, −1) + ଶߙ ⋅ (0,1, −1) = 0
ℝ
య ⟺ ( ,ଶߙ,ଵߙ ଵߙ − − (ଶߙ = (0,0,0).

It follows that

൝

ଵߙ = 0
ଶߙ = 0

ଵߙ − − ଶߙ = 0
⟹ ଵߙ  = ଶߙ = ଷߙ = 0.�

Thus {(1,0, −1), (0,1, −1)} is linearly independent.

Because ܹ = span൫(1,0, −1), (0,1, −1)൯and {(1,0, −1), (0,1, −1)} is linearly inde-

pendent, we infer that

ℬଶ = ଶݑ} = (1,0, ଷݑ,(1− = (0,1, −1)},

forms a basis of ܹ . Thus, dim(ܹ ) = 2.

2) If ܺ = (ݖ,ݕ,ݔ) ∈ ܷ ∩ ܹ , then

൝
+ݔ =ݕ 0
−ݔ =ݖ 0
+ݔ +ݕ =ݖ 0

�⟹ =ݔ =ݕ =ݖ 0.

So,

ܷ ∩ ܹ = ቄ0
ℝ
యቅ= {(0,0,0)},

and dim(ܷ ∩ ܹ ) = 0.
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3) Since

dim(ܷ + ܹ ) = dim(ܷ) + dim(ܹ ) − dim(ܷ ∩ ܹ ),

then

dim(ܷ + ܹ ) = 1 + 2 − 0 = 3.

Now,

൞

dim(ܷ + ܹ ) = 3 = dimቀℝ
ଷ
ቁ

and

ܷ + ܹ ⊆ ℝ
ଷ

�⟹ ܷ + ܹ = ℝ
ଷ

.

Because ܷ + ܹ = ℝ
ଷ

and ܷ ∩ ܹ = ቄ0
ℝ
యቅ, then ℝ

ଷ
= ܷ⨁ܹ .
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This chapter treats some elementary properties of a special class of functions, known

as linear transformations, that map vectors in one vector space to those in another.

6.1. Linear Transformation

Definition 6.1. Let ܸ and ܹ

transformation from ܸ to ܹ if

1) ൅ݔ)ܶ (ݕ ൌ (ݔ)ܶ ൅ ,(ݕ)ܶ for all

2) (ݔߙ)ܶ ൌ ,(ݔ)ܶߙ for all ݔ

Theorem 6.1. Let ܸ and ܹ �be vector spaces over

transformation from ܸ to ܹ if

൅ݔߙ)ܶ (ݕߚ

Example 6.1.

1) Define ଵ݂: ℝ ⟶ ℝ by

ଵ݂(ݔ)

Show that ଵ݂ is a linear transformation

Let ߚǡߙ א Թ and ݕǡݔ א Թ . We have

ଵ݂(ݔߙ൅ (ݕߚ ൌ ݉ (

Thus ଵ݂ is a linear transformation

2) Define ଶ݂: ℝଶ ⟶ ℝ by

Show that ଶ݂ is a linear transformation

Let ߚǡߙ א Թ and ,(ଵݕଵǡݔ) ݔ)

(ଵݕଵǡݔ)ߙ ൅ (ଶݕଶǡݔ)ߚ =

Chapter 6

Linear Transformations

This chapter treats some elementary properties of a special class of functions, known

as linear transformations, that map vectors in one vector space to those in another.

ransformation

be vector spaces over .ܨ A function :ܶ

if

( ), for all ݕǡݔ א ܸ.

א ܸ, ߙ א .ܨ

be vector spaces over .ܨ A function ܶ

if

) ൌ (ݔ)ܶߙ ൅ ݕǡݔ׊ǡ(ݕ)ܶߚ א ܸǡߙ׊ǡߚ ∈

( ) ൌ ǡ݉ݔ݉ �����������ϐ�����������Ǥ

linear transformation.

. We have

൅ݔߙ) (ݕߚ ൌ ൅ݔ݉ߙ ൌݕ݉ߚ ߙ ଵ݂(ݔ) +

linear transformation.

ଶ݂(ݔǡݕ) ൌ െݔ Ǥݕ

linear transformation.

) (ଶݕଶǡݔ) ∈ ℝଶ. We have

) (ଵݕߙଵǡݔߙ) + (ଶݕߚଶǡݔߚ) = ଵݔߙ) + ݔߚ
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This chapter treats some elementary properties of a special class of functions, known

as linear transformations, that map vectors in one vector space to those in another.

:ܸ ՜ ܹ is a linear

ܶǣܸ ՜ ܹ is a linear

∈ Ǥܨ

( ) + ߚ ଵ݂(ݕ).

ଵݕߙଶǡݔߚ ൅ .(ଶݕߚ
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So,

ଶ݂൫ߙ(ݔଵ,ݕଵ) + =൯(ଶݕ,ଶݔ)ߚ ଶ݂(ݔߙଵ + ଵݕߙ,ଶݔߚ + (ଶݕߚ

= ଵݔߙ + ଶݔߚ − ଵݕߙ) + (ଶݕߚ = ଵݔ)ߙ − (ଵݕ + ଶݔ)ߚ − (ଶݕ

= ߙ ଶ݂(ݔଵ,ݕଵ) + ߚ ଶ݂(ݔଶ,ݕଶ).

Thus ଶ݂ is a linear transformation.

3) Define ଵ݂: ℝ ⟶ ℝ by

ଷ݂(ݔ) = ݉ ଵݔ+ ݉ ଶ,݉ ଵ,݉ ଶ are real ϐ����numbers.

Show that ଷ݂ is not a linear transformation.

Let ߚ,ߙ ∈ ℝ and ݕ,ݔ ∈ ℝ. We have

ଷ݂(ݔߙ+ (ݕߚ = ݉ ଵ(ݔߙ+ (ݕߚ + ݉ ଶ = ݉ߙ ଵݔ+ ݉ߚ ଵݕ+ ݉ ଶ.

However

ߙ ଷ݂(ݔ) + ߚ ଷ݂(ݕ) = ݉)ߙ ଵݔ+ ݉ ଶ) + ݉)ߚ ଵݕ+ ݉ ଶ) = ݉ߙ ଵݔ+ ݉ߚ ଵݕ+ +ߙ) ݉(ߚ ଶ.

Since ߙ and ߚ are arbitrary numbers, then +ߙ ߚ ≠ 1 is not always true. So,

ଷ݂(ݔߙ+ (ݕߚ ≠ ߙ ଷ݂(ݔ) + ߚ ଷ݂(ݕ).

Thus ଷ݂ is not a linear transformation.

4) Let

ℬ = { ଵ݁ = (1,0,0), ଶ݁ = (0,1,0), ଷ݁ = (0,0,1)},

and

ℬᇱ= { ଵ݁
ᇱ= (1,0), ଶ݁

ᇱ = (0,1)},

the standard basis of ℝଷ and ℝଶ respectively and define a linear transformation

ସ݂: ℝଷ ⟶ ℝଶ by

ସ݂( ଵ݁) = (1,1), ସ݂( ଶ݁) = (1,3), ସ݂( ଷ݁) = (2,1).

Give the expression of ସ݂.

Let ܺ = (ݖ,ݕ,ݔ) ∈ ℝଷ, we have

(ݖ,ݕ,ݔ) = ,ݔ) 0,0) + ,ݕ,0) 0) + (ݖ,0,0)

= (1,0,0)ݔ + (0,1,0)ݕ + (0,0,1)ݖ

= ݔ݁ ଵ + ݕ ଶ݁ + ݖ݁ ଷ,
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so

ସ݂(ݖ,ݕ,ݔ) = ସ݂(݁ݔ ଵ + ݕ ଶ݁ + ݖ݁ ଷ).

Since ସ݂ is a linear transformation then

ସ݂(݁ݔ ଵ + ݕ ଶ݁ + ݖ݁ ଷ) = ݔ ସ݂( ଵ݁) + ݕ݂ ସ( ଶ݁) + ݖ݂ ସ( ଷ݁)

= (1,1)ݔ + (1,3)ݕ + (2,1)ݖ = +ݔ) +ݕ +ݔ,ݖ2 +ݕ3 .(ݖ

Remark 6.1.

1) Let ܸ and ܹ be vector spaces over .ܨ If :ܸܶ → ܹ is a linear transformation from

ܸ to ܹ , then

ܶ(0௏) = 0ௐ ,

where 0௏ and 0ௐ are the identity elements of ܸ and ܹ respectively (with respect to

the vector addition operation). In other words, if ܶ(0௏) ≠ 0ௐ , then ܶ is not a linear

transformation. For example, if :݂ ℝଶ ⟶ ℝଶ is a function given by

(ݕ,ݔ݂) = +ݔ2) ,ݕ −1 − −ݔ .(ݕ

We have

(݂0ℝమ) = (݂0,0) = ൫2(0) + (0), −1 − (0) − (0)൯= (0, −1) ≠ (0,0) = 0ℝమ.

Thus ݂ is not a linear transformation.

2) (ݔ−)ܶ = (ݔ)ܶ− for all ∋ݔ ܸ. Indeed, we have

(ݔ−)ܶ = ܶ൫(−1)ݔ൯= (ݔ)ܶ(1−) = .(ݔ)ܶ−

6.2. Kernel and Image

Definition 6.2. Let ܸ and ܹ be vector spaces over ܨ and suppose that :ܸܶ → ܹ is a

linear transformation.

1) The kernel of ܶ is the set of all elements ݔ ∈ ܸ such that (ݔ)ܶ = 0ௐ . We denote

this set by .ࢀܚ܍۹ In other words,

Kerܶ = ݔ} ∈ (ݔ)ܶ:ܸ = 0ௐ } = ܶିଵ{0ௐ }.

2) The range (or image) of ܶ is the set of all elements ݕ ∈ ܹ that have the form

=ݕ (ݔ)ܶ for some ∋ݔ ܸ. We denote this set by ܕ۷ .ࢀ In other words,

Imܶ = ݕ} ∈ ܹ : ∋ݔ∃ =ݕ,ܸ {(ݔ)ܶ = ∋ݔ:(ݔ)ܶ} ܸ}.

Theorem 6.2. Let ܸ and ܹ be vector spaces over ܨ and suppose that :ܸܶ → ܹ is a

linear transformation. Then

1) Kerܶ is a subspace of ܸ.

2) Imܶ is a subspace of ܹ .
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Example 6.2.

1) Find Ker ଵ݂ and Im ଵ݂ , where ଵ݂ ∶ ℝଶ ⟶ ℝଶ is a linear transformation defined by

ଵ݂(ݔଵ,ݔଶ) = ଵݔ) + ଵݔ,ଶݔ − .(ଶݔ

Ker ଵ݂: By definition

Ker ଵ݂ = (ଶݔ,ଵݔ)} ∈ ℝଶ: ଵ݂(ݔଵ,ݔଶ) = 0ℝ૛}.

We have

ଵ݂(ݔଵ,ݔଶ) = 0ℝ૛ ⟺ ଵݔ) + ଵݔ,ଶݔ − (ଶݔ = (0,0).

For the left-hand side to be equal to the right-hand side, we have

൜
ଵݔ + ଶݔ = 0
ଵݔ − ଶݔ = 0

⟹ ଵݔ2 = 0 ⟹ ଵݔ = 0 ⟹ ଶݔ = 0.�

Thus

Ker ଵ݂ = {(0,0)} = {0ℝ૛}.

Im ଵ݂: By definition

Im ଵ݂ = (ଶݕ,ଵݕ)} ∈ ℝଶ: (ଶݔ,ଵݔ)∃ ∈ ℝଶ, (ଶݕ,ଵݕ) = ଵ݂(ݔଵ,ݔଶ)}

= { ଵ݂(ݔଵ,ݔଶ): (ଶݔ,ଵݔ) ∈ ℝଶ}.

We have

ଵ݂(ݔଵ,ݔଶ) = (ଶݕ,ଵݕ) ⇔ ଵݔ) + ଵݔ,ଶݔ − (ଶݔ = .(ଶݕ,ଵݕ)

For the left-hand side to be equal to the right-hand side, we have

ቄ
ଵݔ + ଶݔ = ଵݕ
ଵݔ − ଶݔ = ଶݕ

.�

Thus

Im ଵ݂ = ଵݔ)} + ଵݔ,ଶݔ − ଶݔ,ଵݔ:(ଶݔ ∈ ℝ} = (ଵݔ,ଵݔ)} + ,ଶݔ) ଶݔ,ଵݔ:(ଶݔ− ∈ ℝ}

= ଵ(1,1)ݔ} + ,ଶ(1ݔ ଶݔ,ଵݔ:(1− ∈ ℝ} = span൫(1,1), (1, −1)൯.

2) Find Ker ଶ݂ and Im ଶ݂ , where ଶ݂ ∶ ℝଷ ⟶ ℝଷ is a linear transformation defined by

ଶ݂(ݔଵ,ݔଶ,ݔଷ) = ଵݔ) − ଶݔ + ,ଷݔ ଵݔ2 + ଶݔ − ,ଷݔ ଵݔ− − ଶݔ2 + .(ଷݔ2

Ker ଶ݂: By definition

Ker ଶ݂ = (ଷݔ,ଶݔ,ଵݔ)} ∈ ℝଷ: ଶ݂(ݔଵ,ݔଶ,ݔଷ) = 0ℝయ}.

We have

ଶ݂(ݔଵ,ݔଶ,ݔଷ) = 0ℝ૜ ⇔ ଵݔ) − ଶݔ + ,ଷݔ ଵݔ2 + ଶݔ − ,ଷݔ ଵݔ− − ଶݔ2 + (ଷݔ2 = (0,0,0).
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For the left-hand side to be equal to the right-hand side, we have

ቐ

ଵݔ − ଶݔ + ଷݔ = 0 … (1)

ଵݔ2 + ଶݔ − ଷݔ = 0 … (2).

ଵݔ− − ଶݔ2 + ଷݔ2 = 0 … (3)

�

Adding equations (1) and (2) together we get ଵݔ3 = 0 ⟹ ଵݔ = 0.

By substituting the value of ଵݔ into the third equation we obtain

ଶݔ = .ଷݔ

So,

Ker ଶ݂ = ଶݔ,(ଶݔ,ଶݔ,0)} ∈ ℝ} = ଶݔ,ଶ(0,1,1)ݔ} ∈ ℝ} = span൫(0,1,1)൯.

Im ଶ݂: By definition

Im ଶ݂ = (ଷݕ,ଶݕ,ଵݕ)} ∈ ℝଷ: (ଷݔ,ଶݔ,ଵݔ)∃ ∈ ℝଷ, (ଷݕ,ଶݕ,ଵݕ) = ଶ݂(ݔଵ,ݔଶ,ݔଷ)}

= { ଶ݂(ݔଵ,ݔଶ,ݔଷ): (ଷݔ,ଶݔ,ଵݔ) ∈ ℝଷ}.

If ଶ݂(ݔଵ,ݔଶ,ݔଷ) = ,(ଷݕ,ଶݕ,ଵݕ) then

ଵݔ) − ଶݔ + ,ଷݔ ଵݔ2 + ଶݔ − ,ଷݔ ଵݔ− − ଶݔ2 + (ଷݔ2 = .(ଷݕ,ଶݕ,ଵݕ)

For the left-hand side to be equal to the right-hand side, we have

ቐ

ଵݔ − ଶݔ + ଷݔ = ଵݕ … (1)

ଵݔ2 + ଶݔ − ଷݔ = ଶݕ … (2).

ଵݔ− − ଶݔ2 + ଷݔ2 = …ଷݕ (3)

�

By subtracting equation (1) from the sum of equations (1) and (3), we get

(2) + (3) − (1) ⟹ ଵݕ− + ଶݕ + ଷݕ = 0 ⟹ ଵݕ = ଶݕ + .ଷݕ

Thus,

Im ଶ݂ = ଶݕ)} + ଷݕ,ଶݕ:(ଷݕ,ଶݕ,ଷݕ ∈ ℝ} = ,ଶݕ,ଶݕ)} 0) + ,ଷݕ) ଷݕ,ଶݕ:(ଷݕ,0 ∈ ℝ}

= ଶ(1,1,0)ݕ} + ଷݕ,ଶݕ:ଷ(1,0,1)ݕ ∈ ℝ} = span൫(1,1,0), (1,0,1)൯.

6.3. Dimension Formula

Theorem 6.3. Let ܸ and ܹ be vector spaces over ܨ and suppose that :ܸܶ → ܹ is a

linear transformation. Then

dim(ܸ) = dim(Kerܶ) + dim(Imܶ).
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Example 6.3.

Find Ker݂ and Im ,݂ where ݂ ∶ ℝ૛ ⟶ ℝ is a linear transformation defined by

(ଶݔ,ଵݔ݂) = ଵݔ − .ଶݔ

Ker :݂ By definition

Ker݂= (ଶݔ,ଵݔ)} ∈ ℝଶ: ଵ݂(ݔଵ,ݔଶ) = 0ℝ}.

We have

(ଶݔ,ଵݔ݂) = 0ℝ ⇔ ଵݔ − ଶݔ = 0 ⟹ ଵݔ = .ଶݔ

So,

Ker݂= ଵݔ:(ଵݔ,ଵݔ)} ∈ ℝ} = ଵݔ:ଵ(1,1)ݔ} ∈ ℝ} = span൫(1,1)൯.

Thus

dim(Ker )݂ = 1.

Im :݂ By means of the dimension formula we get

dim(Im )݂ = dim(ℝଶ) − dim(Ker )݂ = 2 − 1 = 1.

So

൝
dim(Im )݂ = dim(ℝ) = 1

and
Imf ⊆ ℝ                             

�⟹ Im݂= ℝ.

6.4. Injective and Surjective Linear Transformations

Theorem 6.4. Let ܸ and ܹ be vector spaces over ܨ and suppose that :ܸܶ → ܹ is a

linear transformation. Then

1) ܶ is injective if and only if Kerܶ = {0௏}.

2) ܶ is surjective if and only if Imܶ = ܹ .

Example 6.4.

Let ݂ ∶ ℝଶ ⟶ ℝଶ be a linear transformation defined by

(ଶݔ,ଵݔ݂) = ଵݔ) + .(ଵݔ,ଶݔ

Determine whether ݂ is injective or surjective.

Ker ;݂ By definition

Ker݂= (ଶݔ,ଵݔ)} ∈ ℝଶ: ଵ݂(ݔଵ,ݔଶ) = 0ℝ૛}.
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We have

(ଶݔ,ଵݔ݂) = 0ℝ૛ ⇔ ଵݔ) + (ଵݔ,ଶݔ = (0,0).

For the left-hand side to be equal to the right-hand side, we have

൜
ଵݔ + ଶݔ = 0
ଵݔ = 0

�⟹ ଵݔ = ଶݔ = 0.

So,

Ker݂= {(0,0)} = {0ℝ૛}.

and

dim(Ker )݂ = 0.

Im :݂ By means of the dimension formula we get

dim(Im )݂ = dim(ℝଶ) − dim(Ker )݂ = 2 − 0 = 2.

So

൝
dim(Im )݂ = dim(ℝଶ) = 2

and
Imf ⊆ ℝଶ

�⟹ ܫ݉ ݂= ℝଶ.

Since Ker݂= {0ℝ૛}, then ݂ is injective.

Since ܫ݉ ݂= ℝଶ, then ݂ is surjective.
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