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Preface

He who never starts, never finishes

William Shakespeare (1564-1616)

Mathematics can be deemed as the language of science and technology due to the
fact that the mathematical concepts and tools form integral parts of the vocabulary of
several scholars working in various fields. For this, a knowledge of some basic
mathematical concepts and techniquesis crucial for an increasing number of univer-
sity courses for awide range of scientific disciplines such as mathematics, physics,
chemistry, computer sciences, engineering and life sciences. Indeed, for physics and
chemistry, mathematics has always been, and still is, one of the core tools since it
promotes rigorous thinking, problem solving ability and help in expressing idess, for-
mul ating theories, modelling and also getting a better understanding of a broad range
of phenomenathat appear almost in every facet of our lives.

The red thread of this course which can be considered as afirst step towards further
learning in mathematics, isto introduce some basic mathematical concepts that are
assumed to be mastered by students in chemistry and physics. Most of them are pre-
sented in their simplest but rigorous forms so that students that take their first stepsin
the university can easily understand them especially those with little background in
mathematics and often no motivation to learn more.

This course is not proof-based but it provides a scaffolded approach to learning main
ideas and notions that will be required for applying mathematics in physics and chem-
Istry. Whist it has been geared primarily towards first year students at the universities
whose speciality is precisely matter sciences, the actual audience may be al students
studying mathematics at the university whatever their speciality. Students are assumed
to have alittle prior knowledge especially knowledge of high school mathematics
which should be a sufficient prerequisite. Furthermore, an acquaintance with some
basic concepts of mathematical logic and some types of mathematical proof isan ele-
ment of the knowledge required for this module.

The content hereis divided into two main parts. The first part that is made up of
three chapters, deals with analysis whereas the second one is algebra. Thefirst three
chapters cover a collection of topics such as sets, relations and functions while the
other three chapters focus on groups, rings, fields, vector spaces and linear transforma-
tions.



Finally, it isour aspiration that this course will greatly simplify the work of the stu-
dents and will also be a helpful resource for them - including those struggling with
thelr mathematics.



PART 1. ANALYSIS1
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This chapter renders some notations, terminology and elementary operations of sets
which are fundamental in all branches of mathematics. In addition, a considerable por-
tion of it is concerned with introducing a detailed discussion of two of the most impor-
tant concepts in mathematics which are the relation and the function.

Sets, Relations, Functions

1.1. Sets

Definition 1.1. A set is awell-defined collection of objectsthat have some character-
Istics in common, called its elements or members.

Remark 1.1.

1) Sets are usually denoted by capital letters A, B, C, etc. while the elements are usually
denoted by small letters a, b, c, etc.

2) A set A can be represented by listing all its elements between the conventional curly
brackets (braces). For example A = {1,2,3,4,5}.

3) If ais an element of a set A, then we writea € A and we can aso say that a be-
longsto A or aisin A. If a does not belong to 4, wewritea & A.

4) The elements could be anything (animals, plants, fruits, people, objects, etc.) but for
us they will be mathematical objects such as numbers, or sets of numbers.

1.1.1. Someimportant Sets

The fundamental sets of numbers are contained in one another according to the follow-
ing proper subset relationshipsN c Z ¢ Q € R < C where

1.N ={0,1,2,3,-}: The set of al natural numbers.
2Z=4{--,-3,-2,—-1,0,1,2,3, - -}: Theset of al integers.

3.Q= {g ,0,q EZL,q # 0}: The set of al rational numbers (ratios of integers).

4. R: The set of al real numbers.
5 C={x+iy,x,y € R} Theset of all complex numbers.
These sets come equipped with the familiar arithmetic operations of sum and product.



The letter Z comes from zahl (German for number) and the letter Q comes from quo-
tient. It is worth noting here that the aforementioned symbols for these sets can be
decorated with some superscripts such as *, +, and — to designate the corresponding
subcollections of non-zero, positive, and negative numbers, respectively. For instance
N*={1,2,3,4,}, 2" ={--,-3,-2,—-1,1,2,3,- - -},
Z* ={0,1,2,3,--}andZ” = {---,-3,—2,0}.

1.1.2. Typesof Sets
1.1.2.1. Null Set

Definition 1.2. The null empty set (or empty set or void set) is a set that contains no
elements. It is denoted a pair of curly brackets (braces) with nothing inside{ } or by
using the symbol @.

2 G ell=HEE Sets whose definition contains a contradiction or impossibility are often
empty. For example, the set

A={x€eN:3 <x <4},
IS an empty set, since there is no natural number between 3 and 4.

Remark 1.2.

1) @ isunique.

2) We cannot use @ and { } together to denote an empty set since {@} is not the null
Set.

1.1.2.2. Singleton Set

Definition 1.3. A set having only one element is called a singleton.
SEREEA 4 = (13, A = {0},

1.1.2.3 Finite Set

Definition 1.4. A finite set is a set that contains a finite number of e ements or no
element.



Example 1.3)

1) A = {1,2,3,4}.
2) A = {0}.
34=0.

4 A={x€eZ1<x<10}isafiniteset becauseit has eight elements.

5) A set of all English alphabet isafinite set because it consists of 26 |etters.

6) A ={January, February, March, April, May, June, July, August, September, Octo-
ber, November, December} .

1.1.2.4. Infinite Set

Definition 1.5. Aninfinite set is a set that contains an infinite number of e ements.

Example 1.4)

1)A = N*"={1,2,3,--}: The set of al non-zero natural numbers.
2) A set of all pointson aline.

1.1.2.5. Equal Sets

Definition 1.6. Two sets A and B are said to be equal, if every element of A isan ele-
ment of B and every element of B isan element of A. Mathematically, we write
A = B.

Example 1.5

and

A = {x:x is a prime number and 2 < x < 11},

B ={7,3,5},
then A and B have exactly the same elements which meansthat A = B.

1.1.2.6. Subset, Super-set and Proper Subset

Definition 1.7. Let A and B be two sets. If every element of A is an element of B, then
Ais caled a subset of B whereas B is called a super-set of A. We write A € B or
B 2 A.

If Aisasubset of Band A + B, then Ais called a proper subset of B and we write
A c B and for showing that A c B, it sufficesto provethat A € B but B £ A.

Remark 1.3.

1) Every set isasubset of itself and the empty set is a subset of every set.

2) For showing that A € B, it sufficesto pick an arbitrary a € A, then prove that
a€B.



3)IfAcBandB < C,thenA < C

4) A =Bifandonlyif (iffy A € Band B c A.

5) A super-set can be considered as the parent set that at |east contains al the elements
of the subset and may or may not contain some extra elements.

1) LetA={1,23,4}andB = {2,3}.

Here B is a subset of A since, all the elements of set the B are contained in the set A.
But A is not a subset of B since, al the e ements of the set A are not contained in the
set B.

2) Theset N of natural numbersis asubset of the set Z of integers.

1.1.3. Venn Diagram

Definition 1.8. A Venn diagram is employed to highlight and give a pictorial repre-
sentation of the logical relationships between two or more sets of items where the sets
can be represented by any closed figure whether it be a circle, an ova shape, arectan-
gle or any type of polygons but usually, the universal set is represented by a rectangu-
lar region and the other sets are represented by circles or oval shapes within this rec-
tangular region.

1.1.4. Operations on Sets
Let U beaset and and let A and B be two subsets of it.
1.1.4.1. Union of Sets

Definition 1.9. The union of the sets A and B, denoted by A U B is the set of all ele-
ments that belong to A or B or both A and B; that is

AUB={x€U: xe Aorx € B}.

Theunion of A and B can be represented by the following Venn diagram:

U

(0

AUB

The shaded blue part indicatesthe set A U B.

Remark 1.4.
1) AUB =B UA.
2J)ACSAUBandB € AUB.

10



Example 1.7 4]

then

A=1{1,234}and B = {2,3,6,8},

AUB ={1,2,3,4,6,8}.
1.1.4.2. Intersection of Sets

Definition 1.10. The intersection of the sets A and B, denoted by A N B, is the set of
al elements that belongto both A and B; that is

ANB={x€U: x€ Aand x € B}.
A and B are said to be digoint if An B = @; that is, if A and B have no elements in
common.

Thisintersection of A and B can be represented by the following Venn diagram:

U

CO-

ANB

The shaded blue part indicatesthe set A N B.

Example 1.8 1ij

then

A =1{1,234}and B = {2,3,6,8},

ANnB ={23}.
1.1.4.3. Complement of a Set

Definition 1.11. The complement of a set A with respect to U which can be denoted
by A€ or U — A isthe collection of elementsin U that are not in 4; that is

A ={x:x € Uand x ¢ A},
or more compactly as
A¢ ={x:x & A}.

A° can be represented by the following Venn diagram:

>

The shaded blue part indicates the set A€.

U

11



Example 1.9 | Rz

and

U={ab,c,d},

A ={a, b}.

e A

The gray region represents A, whereas the blue one represents A€. So A€ = {c, d}.
1.1.4.4. Difference of Sets

Definition 1.12. For two sets 4 and B, the difference A — B is the set of all e ements
of A which do not belong to B; that is

A—B ={x:x € Aand x € B}.
A — B can be represented by the following Venn diagram:

The blue region representsthe set A — B.

Let
A=1{1234}and B = {2,4,6}.

We have

A—B={x:x€Aand x ¢ B} = {1,3},
and

B—A={x:x€Bandx & A} = {6}.
Remark 1.5.
1) (A=A

2)ANA°=@andAU A =U
3) If A c B,then B¢ c A€

4 U =Qand @° =U

5 A—-B+#*B—A.

12



1.1.4.5. Symmetric Difference of two Sets

Definition 1.13. For two sets A and B, the symmetric difference of A and B is the set
(A—B) U (B — A) and isdenoted by AAB where

AAB = (A—B)U(B—-A)
= (AUB) — (ANB).
In other wordsiit is the set of al those elements which belong either to A or to B but
not to both.

AAB can be represented by the following Venn diagram:

The blue region represents the set AAB.

Example 1.11 JRzi

A=1{1234}and B = {2,4,6}.

Since

A—B={x:x€Aand x ¢ B} = {1,3},
and

B—A={x:x€Bandx & A} = {6},
then

AAB=(A—B)u (B -A)={1,3}u{6} ={1,3,6}.
1.1.4.6. Cartesian Product

Definition 1.14. Any two elements a an b, written in the form (a, b) iscalled an
ordered pair.

Remark 1.6. In an ordered pair (a, b), the order of the elementsis significant, that is,
a isthefirst coordinate and b is the second coordinate. So, (a, b) isdifferent from
(b,a) unlessa = b.

Definition 1.15. A cartesian product of two non-empty sets A and B is the set of all
possible ordered pairs where the first component of the pair is from A, and the second
component of the pair is from B. The set of ordered pairs thus obtained is denoted by
A X B where

AXB ={(a,b):a€Aandb € B}.

13



Example 1.12 JRz;

We have

A={123}and B = {4,6}.

AXxB=1{(14),(1,6),(2,4),(2,6),(34),(3,6)},
and
B x A =1{(41),(4,.2),(4,3),(6,1),(6,2),(6,3)}.

Remark 1.7.A X B # B X A, unlessA4 = B.
1.1.4.7. Power Set
Definition 1.16. The power set P(A) of aset A isthe family of all the subsets of A.

Remark 1.8.

1) Notice that we alwayshave ® € P(A) and A € P(A).

2) If the original set consists of n elements, then the power set consists of 2"
elements.

Let A = {a, b, c}. Then
P(A) ={0,{a},{b},{c},{a, b}, {a,c},{b,c},{a b, c}}.

1.1.4.8. Partition of a Set

Definition 1.17. A partition of aset A is a subdivision of the set into subsets that are
digoint and exhaustive, i.e., every element of A must belong to one and only one of
the subsets.

1.1.4.9. Cardinal Number

Definition 1.18. The number of distinct elementsin afinite set 4 is called its cardinal
number. It is denoted by card(A) and read as the number of elements of the set A.

In the example 1.13,
card(A) = 3 and cardP(A) = 23 = 8.

1.1.5. Distributive Properties of Union and I ntersection of Sets

Theorem 1.1. Let U beaset and let A4, B and C be subsets of U. Then
DAUBNC)=(AUB)N(AUC).
2AN(BUC)=((ANB)UANC).

14



Pr oof.
1) First, let us use a Venn diagram as a visual help in constructing our proof.

The shaded gray part indicatesthesets AU (BNnC)and (AUB) N (AU C).

To provethat AU (BN C)=(AUB) N (AU C), wewill prove the following double
incluson: AU(BNC)c (AUuB)Nn(AuC)and(AUB)N(AUC)cAU(BNC).
For thefirst inclusion, let x € AU (B N C), we have

x€EAUBNC) = (x€Aor(xe€BNC)

= (xEA)or((xEB)and(xEC))

= ((x€A)or(x € B))and ((x € 4) or (x € ()
= (x€AUB)and (x e AU C)
=x€(AUB)N (AU ).

Therefore, AU(BNC)c (AUB)N (AU Q).
For the second inclusion, lety € (AU B) N (AU C), we get
yEAUB)N(AUuC) = (yeAUB)and(y€eAUC)

= (y€Aory€eB)and(y€Aory€e()
= (y€A)or(yeBandy€ ()

= (yeA)or(yeBNC(C)

= y€eAU(BNC).

Therefore, AUB)N(AuC) c Au (BnNC(C).

From thesetwo inclusions, weinferthat AU (BNC) =(AUB)N(AUC) asre-
quired.

2) Let usillustrate the required set using a Venn diagram:

The shaded gray part indicatesthesetsAN (BuC)and (AN B)U (AN C).

15



To provethaa AN (BUC) =(ANnB)U (AN C), wewill prove the following double
inclusonnAN(BUC)c(AnB)u(AnC)and(ANB)U(ANC)cAn(BUDC).
For thefirst inclusion, let x € An (B U C), we have

x€EAN(BUC) = (x€A)and(x e BUC)

= (x € A) and ((xEB) or(xeC))
= ((xEA) and (xEB)) or ((xEA) and (xEC))
= (x€ANB)or(x€eANC)
=x€(ANB)U(ANC).

S0, AN(BUC)=(ANB)U(ANC).

For the second inclusion, lety € (AN B) U (AN C), we have
yeEANB)UMANC) = (yeANB)or(yeEANC)

= (y€eAandy€eB)or(y€eAandy € C)
= (y€A)and(y€Borye()
= (y€A)and (y e BUC)
= yeANn(BUCL),
which meansthat AN (BUC) c (AN B) U (AN C). Finaly, according to the above
inclusions, we concludethat AN (BU C) = (AN B) U (AN C) as required. m
1.1.6. DeMorgan'sLawsfor Sets

Theorem 1.2. Let U beaset and let A and B be two subsets of U. Then
1) (AU B)¢ = A° n B¢ (whichisathe De Morgan’s Law of union).
2) (An B)¢ = A€ U B¢ (which isathe De Morgan’'s Law of intersection).

Pr oof.
1) Here we are going to see the proof of the De Morgan’sfirst law by a Venn diagram.

u

((

(AU B)¢ A n B¢

16



Now, let us prove this law using algebra of sets.
x€(AUB) & (x€eU)andx ¢ (AUB)

< (x € U) and ((x ¢ A) and (x ¢ B))

& ((x€U)and (x € A)) and ((x € U) and (x € B))
& (x € A°) and (x € BY)

& x € A° N BS.

2) Here we are going to see the proof of the De Morgan’s second law by a Venn dia-
gram.

/)

C(

(AN B)¢ A° U B¢
Now, let us prove this law using algebra of sets.
x€E(ANB) & (xelU)andx € (ANB)

< (x € U) and ((x ¢ A)or(x ¢ B))

& ((x€U)and (x & A)) or ((x € U) and (x € B))
< (x € A°) or (x € BY)
& x € A° U B€.

This completes the proof. m

1.2. Relations

Definition 1.19. A binary relation R from a non-empty set A to anon empty set B isa
subset of the cartesian product A x B. The subset is derived by describing a
relationship between the first e ement and the second element of the ordered pairsin

A X B andwewriteaRb or (a,b) € Rifa € Aand b € B arerelated.

Moreover, the set of all first elementsin arelation R denoted by Dom R , is called the
domain of therelation R, and the set of all second elementsin arelation R denoted
by Rang R, is caled the range of R whereas B is the co-domain of R. In short

Dom R = {a: (a,b) € R}and Rang R = {b: (a,b) € R}.

17



One can also define relations on more than two sets. From now on, we will consider
only binary relations and refer to them simply as relations. Furthermore, if A = B,

then we call R arelation on A.

Example 1.14.

1) Find the domain and the range of the relation R defined as follows:

R = {(45.5,65.5),(48.2,68.2),(41.8,62.2),(46.6,66.3),(50.4,70.01)}.
We have

Dom R = {45.5,48.2,41.8,46.6,50.4},
and

Rang R = {65.5,68.2,62.2,66.3,70.01}.
2) Let A ={2,3,4} and B = {3,4,5,6,7}. Definetherelation R by
aRbif andonly if a divides b.

Write R as aset of ordered pairs. Also find Dom R and Rang R .
We have

R =1{(24),(2,6),(33),(3,6), (44)}.
Dom R={2,3,4} and Rang R={3, 4, 6}.
3) Find the domain and the range of the relation R defined by:

Dom R={2,3,—7} and Rang R={9}.
1.2.1. Inverse Relations

Definition 1.20. Given a relation R from A to B, the inverse of R (also called the
converse of R), denoted by R_l Isarelation from B to A defined by

-1
R ={(b,a):(a b) € R}.
The inverse of arelation is formed by interchanging or swapping the components of

each of the ordered pairs in the given relation (bR_la).

Example 1.15.

1) If R is the relation "being a son or daughter of", then R_l IS the relation "being a
parent of".

18



2) Let A ={2,3,4}and B = {3,4,5,6,7}. Define the relation R by
aRbif andonly if a divides b.

FindR ", Domanof R . Range of R
According to example 1.14, we have

R =1{(2,4),(2,6),(3,3),(3,6),(44)} .
So

R = {(42),(62),(33),(6,3), (4.4)},
where

bR aif and only if b isamultiple of a.
ThusDom R = {3,4,6) and Rang R = = {2,3,4}.

1.2.2. Properties of Binary Relations

In this section, we would like to study different properties of relations on a set A.

Definition 1.21. A relation R on aset A iscalled reflexiveif for al x € A, xRx holds,
I.e.,

(R is reﬂexive) = (Vx € A: xRx).
In ssmple words, Risreflexiveif each element isrelated to itself.

Example 1.16.

1) Thefollowing relations:. "is equal to" (equality:=), "is a subset of" (set inclusion:
<), "divides' (divisibility: = or /), "is greater than or equal to" (=), "islessthan or
equa to" (<) arereflexiverelations.
2 LetA = {1,2,3,4} and let R be arelation on A defined as follows:

R =1{1,1),(13),(21),(22),(3,3),(3,4),(44)}.
Since

1R1,2R2,3R3,and 4R4,

then R isreflexive.

Definition 1.22. A relation R on a set A is called symmetric if for al x,y € A, xRy
impliesy Rx. i.e.,
(R is symmetric) < (Vx, y € A: (xRy) = (ny)).

In ssimple words, Ris symmetric if any element is related to any other element, then
the second element is related to the first one.
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Example 1.17.
1) On Z, the equality (=) is symmetric, but the strict inequality (<) is not.
2) (Paralelism: [I) and (Perpendicularity: 1) are symmetric relations.
3)Let A = {1,2,3,4} and let R betherelation on A defined as follows:
R = {(1,1),(2,3),(3,2),(4,4)}.

SincelR1,4R4, 2R3 and 3R2, then R is symmetric.
4) LetA = {1,2,3,4} and let R atherelation defined by:

R = {(1,1),(2,3),(3,2),(4,4),(1,3)}.
We have 1R3 but 3R1 isnot true which means that R is not symmetric.

Definition 1.23. A relation R on aset A iscalled antisymmetricif for all x,y € A4,
xRy and y Rx impliesx = y,i.e,
xRy
(R is antisymmetric) < | V(x,y) EAXx A: {and = x =1y |
YRx

1) (The equality:=), (the set inclusion: <€), (the divisibility: + or /), (=) are antisym-
metric relations.
2) Let A ={1,2,3} and let R bearelation on A defined by
R=1{(1,1),(22),(3,3)}
R is antisymmetric.
3) Let A ={1,2,3} and let R betherelation on A defined by
R ={(1,1),(12),(2 1)}
R isnot antisymmetric, because 1R2 and 2R1, but 1 # 2.
4) Therelation R on the set N of natural numbers given by
Vx,y € N: xRy & 5x + 4y = 15,
IS antisymmetric.
Indeed, if x, y € N such that xRy and yRx, then
5x +4y =15..(1)
and
5y +4x =15...(2)

The subtraction of equation (2) from equation (1) yieldsx —y = 0 and hencex = y.

So R is antisymmetric.
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Definition 1.24. A relation R on aset A iscalled transitiveif for al x,y € A, xRy
and yRz implies xRz. i.e.,
xRy
(R is transitive) < | Vx,y,z€ A: { and = xRz |.
YRz
In simple words, Ris transitive if any one element is related to a second and that sec-
ond element is related to athird one, then the first element is related to the third one.

Example 1.19,

1) (The equality:=), (the set inclusion: ©), (the divisibility: = or /), (greater than or
equal to: >),) are trangitive relations.
2) Let R be arelation on N given by
Vx,y € N: xRy < x is a multiple of y.

If x,y,z € N such that xRy and yRz, then

dk; ENix =kyy...(1)
and

dk, e Niy = k,z...(2)
Substituting equation (2) into equation (1), we get

x = ky(kp2) = (kik3)z.
By taking k = k,k, € N, we get
x =kz k € N.

S0, x is a multiple of z. Therefore xRz holds and hence R istransitive.

1.2.3. Equivalence Relations

Definition 1.25. A relation R on a set A is said to be an equivalence relation if itis
reflexive, symmetric and transitive.

1) (The equality:=), (the set inclusion: ©), (the divisibility: = or /), (greater than or

equal to: >) are equivalence relations.

2) Let L bethe set of al linesin aplaneand let R bearelation in L defined as follows:
Vi, l, € L: [y Rl, < [ is perpendicular to [,.

Determine whether R is reflexive, symmetric, transitive, or it is an equivalence rela-

tion.

a) R isnot reflexive, because aline [ can not be perpendicular to itself.
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b) R is symmetric because V1, [, € L:
l, is perpendicular to [, = [, is perpendicular to ;.
So, [,RI;. Thus R is symmetric.
C) R isnot transitive. Indeed, if [, is perpendicular to [, and [, is perpendicular to l5,
then [, can never be perpendicular to 5. Infact, [, isparadlel to l5. So, R isnot an
equivaence relation.
3) Therelation R on the set Z given by
Vx,y € Z: xRy < 2 divides x — y,
Is an equivalence relation.
Indeed, by definition
(a) R is reflexive
(IR is an equivalence relation) < | { (b) R is symmetric |-

(c) R is transitive

(a) Risreflexive

(R is reﬂexive) = (‘v’x € Z: xRx).
For x € Z, we have 2 divides x — x = 0. Infact, there exists k = 0 such that
x—x=0=2kk€Z.
So xRx. Thus R isreflexive.
(b) R is symmetric
(Ris symmetric) =3 (‘v’(x, y) € Z X L: (xRy) = (yin)).
Let x,y € Z. If xRy, then there exists k € Z such that
x—y =2k,

But
x—y=2k=y—x=-2k=2(-k).
By taking [ = —k we get
y—x =2 l€eL.
S0 yRx. Thus R is symmetric.
(c) Ristransitive

xRy
(IR is transitive) = | Vx,y,z€Z: { and = xRz |.

YRz
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Letx,y,z € Z. If xRy and yRz thenthereexist k4, k, € Z such that

x—y=2k; ..(1
and

y—z=2k, ..(2)
Adding the two equations (1) to (2), we get

X —2z=2ky+ 2k, = 2(ky + k).

By taking k = k; + k,, we obtain

x —z =2k, k €Z.
S0 xRz. Thus R istransitive.
Since R isreflexive, symmetric and transitive, then R is an equivalence relation on Z.

1.2.4. Equivalence Classes, Quotient Setsand Partitions

Definition 1.26. Given an equivalence relation R on a set A and an element x € A.
The set denoted by x of all elements of A that are related to x is called the equivalence
class of x. Mathematically, we write

X = {y € A: ny} = {y € A: ny}.

The collection of equivalence classes, represented by

R
Z={5C: x € A},

Is called the quotient set of A by R .

Remark 1.9.

1) Bemindful that x isasubset of A (x € A), itisnot an element of A (x & A).

2) Typicaly, the set x contains much more than just x. The element x is called a
representative of the equivalence classx. Any element of an equivalence class can
serve as arepresentative.

3) Since R isreflexive, then xRx . Thusx € x.

2. E) AR et R be arelation defined on R as follows:
Vx,y € RixRy © x2 + 2x = y? + 2y.
(i) Show that R isan equivalencerelationon R .
(i) Find the equivalence classes 0 and 1.
(i) (a) Risreflexive

(R is reflexive) = (‘v’x € R: xRx).
Vx € R:x2 + 2x = x% + 2x © xRx holds. So R isreflexive.
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(b) R issymmetric
We have

(R is symmetric) < (Vx, y € R: (xRy) = (yin)).
Let x, y € R. Since the equality is symmetric, we get
xRy & x% 4+ 2x = y? + 2y = y? + 2y = x? + 2x = yRx.
So R is symmetric.
(c) Ristransitive

xRy
(R is transitive) = | Vx,y,z€ R: {and = xRz |.
YRz
Letx,y,z € R. If xRy and yRz then
x2+2x=y%2+2y ..(1)
and
y2+2y=2z2+2z ..(2)
Adding the two equations (1) and (2) together, we get x? + 2x = z2 + 2z. S0 xRz
holds. Thus R istransitive.
Since R isreflexive, symmetric and transitive, then R is an equivalence relation on R.
(i) We have
0 ={y e RiyR0} = {y € Riy? + 2y = 02 + 2(0)}
={y e R:y?+ 2y =0}
y2+ 2y =y(y+2)=0impliesthaty = 0 or y = —2, then
0 = {0,-2}.
1={yeRiyRl}={y e Riy? +2y =12+ 2(1)}
={y e R:y? + 2y = 3}.
y? + 2y = 3 impliesthat y = 1 or y = —3, then
1={1,-3}

Theorem 1.3. Let R be an equivalence relation on a set A. Then the equivalence
classes of R form a partition of A.

Let R be arelation on the set of integers Z defined as follows:

Vx,y € Z: xRy < 2 divides x — y.
R is an equivalence relation, and partitions the set integers into two equivaence
classes, i.e., the even and odd integers.
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1.2.5. Partial Orders

Definition 1.27. A relation R on aset A is called a partial ordering or partial order
If it is reflexive, antisymmetric, and transitive. A set A together with a partial ordering

R iscalled apartially ordered set, or poset, and it is denoted by (4, R). Members of
A are called elements of the poset.

Example 1.23.

1) Let R betherelation defined on Z* such that
Vx,y € Z* : xRy < x divides y.
Show that R is apartia ordering relation on Z* .
By definition
(a) R is reflexive
(IR is a partial ordering relation ) & | { (b) Ris antisymmetric |.
(c) R is transitive
(a) Risreflexive
One has

(R is reflexive) & (Vx € Z*: xRx).
V x € Z*: x divides x & xRx. Hence the reflexive property is proved.
(b) R is antisymmetric

xRy
(R is antisymmetric) < [ Vx,y € Z*: {and = x =1y |.
YRx
If x,y € Z* with xRy and yRx , then there exist m,, m, € Z* such that
y=mx ..(1)
and
x=myy ..(2)

By multiplying equations (1) and (2) together, we get
YX = mym,Xxy.
Somym, =1. But m;,m, € Z* impliesm; =m, = 1. Thusx =y and R is anti-
symmetric.
(c) Ristransitive

xRy
(R is transitive) &S| Vx,y,z€Z:{and = xRz |.
YRz
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Let x,y,z € Z*. If xRy and yRz , then there exist m,, m, € Z* such that

y=mx ..(1)
and

z=my ..(2)
The multiplication of equations (1) and (2) together, yields

VZ = mymyXy.
S0, z = mym,x. Putting mym, = m € Z* gives z = mx whichimplies xRz. Thus R
Istrangitive.
Since R is reflexive, antisymmetric and transitive, then R is a partial ordering relation
onZ®.
2) Let R bearelation on R defined by
Vx,yER: xRy & x < y.

(a) Risreflexive
One has

(fR reﬂexive) =N (Vx € R; x?%x).
Vx €ER: x <x & xRx. S0, Risreflexive.
(b) R is antisymmetric:

xR
(R is antisymmetric) S| V(x,y) E RXR: anc}ll =x=1y |
YRx
If x,y € R suchthat xRy and yRx , then
x<y ..(1)
and
y<x ..(2)

In view of equations (1) and (2), we get x = y. Thus R is antisymmetric.
(c) Ristransitive

xRy
(R is transitive) = | Vx,y,z€ R: {and = xRz |.
YRz
Letx,y,z € R. If xRy and yRz , then
x<y ..(3)
and
y<z ..(4)

In view of equations (3) and (4), weget x < y. SO xRz. Thus R istransitive.
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Since R is reflexive, antisymmetric and transitive, then R is a partial ordering relation
on R.

1.2.6. Compar ability

Definition 1.28. Let x and y be two elements belonging to the set A. Assume that
(A, R) isaposet. We say that x and y are compar able if exactly one of xRy and yRx

holds. When x and y are elements of A such that neither xRy nor yRx, x and y are
called incompar able.

Definition 1.29. If (4, R) is a poset and every two elements of 4 are comparable, 4 is

called atotally ordered or alinearly ordered set, and R is called a total or linear
order. A totally ordered set isalso caled achain.

Example 1.24.

1) Let R beareation on Z* such that

Vx,y € Z* : xRy < x divides y.
We have 3,7 € Z*, 3 does not divide 7 and 7 does not divide 3. So 3 and 7 are in-
comparable. Thus R is not atotal order.
2) Let A ={2,4,8,16} and let R be arelation on A such that

Vx,y € A: xRy & x divides y.
We have al elementsin A are powers of 2. So, Vx,y € A, x divides y or y divides x.
Thus R isatotal order.
3) Let R be arelation defined on R such that

Vx,yER: xRy = x <y.

Vx,y ER,x <yory <x. ThusR isatotal order.

1.3. Functions

Definition 1.30. Let X and Y be two nonempty sets. A relation f from a set X to a set
Y is called function if every element of the set X has one and only one image in the
set Y. In simple words, a function is a relation such that no two ordered pairs have the
same first coordinates and different second coordinates.

Remark 1.10.
1) The notation f: X — Y means that f is a function from X to Y. X is called the
domain of f and Y iscaled the co-domain of f.
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2) Given an element x € X, there is a unique element y € Y that is related to x. The
unique element y to which f relates x is denoted by f(x) and is pronounced f of x, or
thevaue of f at x, or theimage of x under f.
3) The set of al values of f(x) taken together is called the range of f or image of X
under . Symbolically
Rang f={yeY:Ixe X, f(x) =y}
={f(x):xeX}

4) The definition of a function f from a set X to a set Y requires that a relation must
fulfill the following two conditionsin order to qualify as a function:

(i) Every x € X must be related toy € Y; that is the domain of f must be X
and not merely a subset of X.

(if) The second requirement of uniqueness can be expressed as follows:

xfy
Vx,y € X: jand = y = z.

xfz
5) An element of Y may have more than one element of X associated with it.
6) Functions are sometimes also called mappings or transformations.

Determine which of the relations define y as a function of x.
DLetX ={0,1,2,3}andY = {1,2,3,4} and let f bearelation from X to Y given by
xfy e y=x+1.
In other words, f: X — Y and
f(x)=x+1.

For each x € X thereisonly one corresponding y € Y. Therefore, thisrelationisa
function. Moreover
Dom f ={0,1,2,3},
and
Rang f = {1,2,3,4}.
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2)

- g isnot afunction, because the element x, € X hasnoimageinthesetY.
- h is not a function, because the element x; € X has two different imagesys,y, €Y
suchthat f (x3) = y3 and f(x3) = ys.
3) Let X be the set of children and Y the set of fathers. The relation f from X to Y giv-
en by

xfy < y is the father of x,
Is afunction because no child has more than one father and no child has no father.

4) f:R—>R,f(x) =% Is not a function, because the element 0 € R has no image in
the set R.

1.3.1. Sometypes of Functions

Let X and Y be two nonempty setsand let f: X — Y beafunction.
1) If X=1Y, the function f: X — X defined by y =f (x) = x for eechx € X is
called the identity function, and it is denoted by i,;. Symbolically i,: X — X and
iy(x) = x. Here, Dom iy = Rang i, = X.
2) If X = Y =R, the function f:R — R defined by y = f (x) = C,x € R, where
C isaconstant in R, is called the constant function. Here, Dom f = R and
Rang f = {C}.
3) If X< Y, the function f: X — Y defined by y = f(x) = x for each x € X is
called theinclusion function from X to Y.
4) Let A, B be two sets, and let f: X — Y and g: A — B be two functions. We say
that f isidentically equal to g (denoted by f = g) if the following requirements are
met: A=X,B=Yandf(x) =g(x)fordl x € X.
5) Given a set U < X, the restriction of f to U, denoted by f,, , is the function
fu:U — Y that is defined by

fru(@) =f(x)fordl x € U.
Function f is called an extension of f,,; over U.
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6) If X = Y =R, thefunction f: R — R defined by

y=f(x)=ag+a;x+ ax®+azx3+ -+ an_x" 1+ ax,
wheren € N, and a,, a4, a,,..., a,_1,a, € R, for each x € R, is called a polynomial
function.
7) A rational function is a fraction of polynomias. That is, if p(x) and q(x) are
p(x)
acx)
8)If X =Y =R, thefunction f: R — R defined by

y=f == T2l ver

Is caled the modulus function or absolute value function. Here, Dom f = R and
Rang f = R*.

polynomials, then isarationa function.

1.3.2. Oneto one, Onto, and Bijective functions

Definition 1.31. A function f: X — Y is called one to one, one-one, injection or in-
jective function if each element of Y is the image of a most one element of X. In
brief, f issaid to beinjectiveif

Vxy,X; € Xixg # x; = f(xq) # f(xz),
or
Vxi, %, € X: f(x1) = f(x) = x; = Xs.
Definition 1.32. A function f: X — Y is caled onto, surjection or surjective func-

tion if every element of Y is the image of some element of X. This condition can be
expressed as

vVye Y,ax € X:y = f(x).

Definition 1.33. A function f: X — Y issaid to be bijective (or bijection or oneto
one correspondence) if it is both injective and surjective.

Example 1.26 N
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2) Let f: R — R beafunction defined by
f(x) =2x+1.
If x;,x, € Rand f(x;) = f(x,), then
2x1+1=2x,+1= 2x; =2x, = x; = X,.
Therefore, f isinjective.
For every y € R we haveto find areal number x € R such that f(x) = y, which
meansthat 2x + 1 = y. Solving this equation for x leads to
y—1
S
so
f (yT_l = y. Therefore f issurjective.
Since f isoneto one and onto, then it is bijective.
3) Let g: R — R beafunction defined by g(x) = x2. If x; = 1 andx, = —1, then
gx) =12 =g(x) = (-1)* =1,
which provesthat g isnot injective.
If y = —3, then for no real number x we can have g(x) = x? = —3, since the square
of areal number is never negative. Therefore, g isnot surjective.
Now, if we change the codomain of g by putting R* instead of R ,i.e,, g: R — R*,
then g still is not one to one, but now it is onto, since every positive real number is a
square number.

Remark 1.11. Let f: X — Y beafunction. By solving the equation f (x) = y with
respect to the variable x, we get

1) If for any y € Y theequation f(x) = y has at most one solution, then f isinjective.
2) If for any y € Y the equation f(x) = y has a least one solution, then f is surjec-
tive.

3) If for any y € Y the equation f(x) = y has one and only one solution, then f is
bijective.

1.3.3. Composition

Definition 1.34. Let X, Y, U, W besets,andlet f: X — Y and g: U — W betwo
functions such that Rang f € Dom g.

The composition of g and f, which is notated g o f, is the operation which combines
them into the single function g o f: X — W where

(o) =g(f(x)).

Remark 1.12: In the previous definition, Rang f € Dom g impliesY € U.
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eyl Let f: N — Nand g: N — N betwo functions defined by
f(x) =x*+2andg(x) =x2.Then,go f,f o g:N — N such that

(go ) =g(f(x) = g(x* +2) = (x* +2)%,

and

(Fog)(®) =f(g(x) = f(x?) = (x?)? +2 = x* + 2.
1.3.4 Inver se Functions

Definition 1.35. Let f: X — Y be afunction. We say that f isinvertible if thereisa
function g: Y — X such that

g(f(x)) =1i4(x) =xfordlx € X,
and
flg(») =i4(y) =yforadlyey.
In other words
Vx e X,Vye Y:f(x) =y = x=g(y).
Function g: Y — X iscaledtheinverseof f: X — Y and denoted by f~*.

Theorem 1.4. Let f: X — Y be afunction, f is invertible if and only if f is a bijec-
tion.

SRRz Let f: R — R afunction which isdefined by f(x) = 2x + 1. In view
of example 1.26, f is bijective. Consequently, f isinvertibleand f~1: R — R where

i) =%
Often we write f ~1(x) = xT_l to denote the inverse function (also called anti function).

1.3.5. Functions and Subsets

Definition 1.36. Let X, Y be two sets, and let f: X — Y be afunction. Given a subset
UC XandasubsetV C Y.

(i) We definetheimage of U inY, denoted by f(U), to be the subset of Y given by
fO)=yeY:axel,f(x)=y}={f(x):xeU}
If U = X,theimageof U inY isalso called therange of f.

(ii) We define the preimage of V under f, denoted by f~1(V), to be the subset of X
given by

AW ={xeXx:f(x) eV}
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1) Define f:Z — N by
f0) = Ixl +1,

andlet U = {—1,0,1,2,3 }. We have

fCD=2,f0)=1f1) =2 f(2)=3andf(3) =4
So

f)=1{1,234}

2) Defineg:Z — N by g(x) = |2x| and let V = {0,1,2,3,4 }. The preimage of V is
al those elements in Z that map to 0,1,2,3 and 4; that is, it is al possible values of x
for which

gx)=12x|=0=>x =0,

g(x) = |2x| = 1: There are no such e ements,

gx)=12x|=2=>x=1,x= -1,

g(x) = |2x| = 3: There are no such e ements,

gx)=12x|=4=x=-2,x=2.
Hence

g t(V)=1{-2,-101,2}.

Theorem 1.5. Let X,Y be sets, A; and A, be subsets of X, B; and B, be subsets of Y
andlet f: X — Y beafunction. Then

1) f(AL UA,) = f(A) U f(4y).

2)f(A1 NAy) < f(A) N f(Ay).

3)f'(B1UBy) = f'(B) U f(By).

4)f~*(B; N By) = f~1(B1) N f~1(By).

5) A; € A; = f(4y) € f(Ay).

6) f'(Y—By) =X—f"(By).

1.4. The Order Structure of the Real Numbers
Remark 1.13.

1) Aswe have seen before, the set of real numbers R contains al of the following sets:
N, Z and Q, such that

NcZcQcR.

2) An important property of the real numbers is that they are totally ordered, so we
can compare any two real numbers, x and y, and make a statement of theformx <y
ory < x,with astrict inequality if x # y.

33



1.4.1. Upper and Lower Bounds

Definition 1.37. Let A < R be a set of rea numbers.

(i) We say that A is bounded from above if there exists area number M € R, called
an upper bound of A, suchthat x < M for every x € A. In ssmple words

AM eR: x < M,Vx € A.

(ii) We say that A is bounded from below if there exists areal number m € R, called
alower bound of A, suchthat x > m for every x € A. In ssimple words

dmeR: x >m,Vx € A.
1.4. 2. Supremumsand Infimums

Definition 1.38. Let A < R a set of real numbers.

(i) The supremum of aset A isitsleast upper bound. We denote the supremum of A
by supA. Mathematically
VxEA: x <M
M = supA & { and :
Ve>0,Ix, €EA: M — e < x,
In other words, no element of the set A exceeds M, but if € is any positive quantity,
however small, there is a element that exceeds M — ¢.

(i1) The infimum of aset A isits greatest lawer bound. We denote the infimum of A
by infA. Mathematically
Vx EA: x=>m
m=infA & { and :
Ve>0,ax, € A: m+¢e > x,
In other words, no element of the set is less than m, but if € is any positive quantity,
however small, thereis always one element that islessthan m + «.

inf 4 sup 4

4

— R

lower bounds upper bounds
of 4 of 4
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1.4.3. Maximums and Minimums

Definition 1.39. Let A c R be aset of real numbersand m, M € R.

1) We say that M isamaximum of A if itisan element of A, (i.e., M € A) such that M
Is also the supremum. In simple words, if supA € A, then we call it the maximum of A

and we denote it by maxA.

1) We say that m isaminimum of A if it isan element of A4, (i.e.,, m € A) such that m
Is aso the infimum. In simple words, if infA € A, then we call it the minimum of A

and we denote it by minA.

Remark 1.14. Note that not all sets that are bounded above have maximums and that

not all setsthat are bounded below have minimums.

Take alook at some examples.

el Let A =[-2,5],B =]-2,5],C =[-2,5[and D = ]—-2,5[. We have

1) infA = minA = —2.
2) infB = —2. Since —2 & B, then B has no minimum.
3) supC = maxC = 5.

4) supD = 5. Since5 & C, then B has no maximum.

1.4.4. Absolute Value

Definition 1.40. The absolute value of a number x, denoted by |x|, is a positive num-
ber describing the distance from zero that a number x is on the number line, without

considering direction where

x| = {x ifx >0
—x ifx<O

1) Suppose x = 3.
a) Rewrite |x — 1| without using the absolute value sign. Since x > 3, then
x—1>0. S0,

|x — 1| = x — 1.
b) Rewrite |1 — x| without using the absolute value sign. Since x > 3, then
1-x<0.9,|[1—-x|=—((1—-x)=x-—1.
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2) Rewrite f(x) = |3 — 2x| without using the absolute value sign. We have

3—2x=0<=>3=2x<=>x=§.

o,
X —00 +co
|3 — 2x]| 3—2x O -(3 —2x)
Thus,
~(3-2x), ifx>> (-3+2x ifx>2
Fx) = 13— 2x] = =
3 —2x, ifx<5 3 —2x, ifx<z

1.4.5. Intervals

Definition 1.41. Given any two points x and y on the rea line, we call the set of
points between x and y an interval.

Remark 1.15.

1) When discussing intervals, it is important to indicate whether we are including one
or both endpoints.

2) We also have the concept of intervals that extend to the ends of the number line —oo
and +co.

1.45.1. List of Notations for Intervals
[a,b] ={x ER: a < x < b},

ab[={x€R: a<x<b}
a,b[={x€R: a<x<b}
a,b] ={x eR: a<x < b},

={x €R: x < b},

|
[
|
[a,+oo[ ={x €ER: a <x},
|
|
] ={x € R: x < b}.

[

a,+o[ ={x €R: a < x},
]
[
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1.5. Mathematical I nduction

The mathematical induction (or just induction for short) is a powerful and elegant tool
for proving a mathematical proposition, theorem or formula which is thought to be
true, for each and every natural number n. We see here the most frequently used kind
of induction which is called simple induction or weak induction. There are other vari-
ants of induction such as double induction and strong induction which work on the
same principle as ssmple induction, but are generally easier to prove theorems with.

The principle of mathematical induction

The principle can be stated as follows:

A property of integersis called hereditary if, whenever any integer n has the property,
Its successor has the property. If theinteger O or 1 has a certain property and this prop-
erty is hereditary, every positive integer has the property.

Theorem 1.6. Suppose that P(n) is a proposition that it either true or false for any
given natural numbers n. If
(i) P(0) istrue and,

(ii) Givenany k = 0, if P(k) istrue, then P(k + 1) is also true which means
that the statement P(k) = P(k + 1) istrue.

It follows by mathematical induction that P(n) istrue for any natural number.

In other words
Let P be aproperty (or conjecture) of positive integers such that:
P(0) istrue. (or P(n) istrue for the smallest possible value).
if P(k) istrue, then P(k + 1) is also true.
Then P(n) istruefor al positive integers.

2l Using induction, prove that
1+2+---+n=%n(n+1).
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Let P(n) isthe statement
1
1+2+---+n=§n(n+1).

Observe that if n = 1, this statement is 1 =% (H(1 + 1), which is obvi-
oudly true. So P(1) istrue.
We must now prove P(k) = P(k + 1) forany k > 1.
That is, we must show that P(k) istrue, i.e.,

1
1424tk =ck(k+1), .()

then P(k + 1) is also true.

By virtue of (*), one has

1+2+---+k+(k+1):%k(k+1)+(k+1):%(k(k+1)+2(k+1))

= %(k + 1)(k + 2),

and so we have shown that if P(k) istruethen P(k + 1) isaso true.
It follows by mathematical induction that P(n) istrueforaln > 1.
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Real Functions of one Real Variable

This chapter further explores the concept of a function of one real variable where the

terms "function”, "map", "mapping" and "transformation” mean the same thing; the

choice of which word to use is usually determined by tradition and the mathematical
background of the person using the term.

2.1. Basic Notions
2.1.1. Real-ValueFunction, Domain, and Range

Definition 2.1. A real-valued function f: M € R — R isafunction whose values
arereal numbers. The set M isthe domain of f, denoted by Domf or Dy, while the
Set

{(fG)=y:xeD]
Is called therange of f and is denoted by Rang f.
Remark 2.1.

1) The set of imagesisinsideR, i.e, Rang f S R and the domain Dy is also a subset
of R,i.e, Df € R.

2) When afunctionisgivenintheformy = f(x), we do not say explicitly what its
domain is; rather, we find out alargest subset of R which may serve as its domain. For
example,

Polynomial function: D =R al rea numbers.

Rationa function: Dy isall real numbers except those that cause the denominator to
equal zero.

Absolute value function: D =R al rea numbers.

Square root function: If £(x) = /x , then Dy isthe values of x for which the radicand
(the value under the radical sign) is not negative, i.e., x = 0.
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Radical function: A radical expression is an expression that includes a radical symbol
and the domain of aradical function is the values of x for which the radicand (the val-

ue under the radical sign) is not negative. In other words, if f(x) =/ g(x), then Dy is

all values of x value such that g(x) = 0.

Root function: If f(x) = Vx, then Dy isall real numbersif n isodd or al nonnegative

real numbersif n iseven.

Exponential function: Domain of an exponentia functionis R.

Logarithmic function: Domain of logarithmic function Inx is any x value for which

x > 0. Moreover, Inf (x) isdefined only when the input is positive (f (x) > 0).

Sine and cosine functions: The domain of the sine and cosine functionsis all real
numbers.

1) Find the domain of each of the following functions given by

1
a)fix)=—=, b)) =v25-x? ¢ fz:(x)=

x—2 3_\/§’
1
d x)=In(x—1), e X) = —.
We have
a) Dy, ={x eRix—2#0}.Sincex —2 =0 < x = 2, then
DfI:]R{—{Z}.

b) Dy, = {x € R:25 —x* > 0}. Since25 —x* > 0 & (5 —x)(5 + x) = 0, then
Df2=[—5,5]
) Dy, ={x e R:3—+x # 0and x > 0}. Since3 —vVx =0 < x =9, then
Dy, =[0,9[U ]9, +oo].
d) D, ={x € Rix—1>0}.Sincex—1>0 & x >1,then
Df4, =]1,+00[

e) Dy, = {x €ER:vVl1—cosx#0and1—cosx > 0}.Since—1 < cosx < 1, then
1—cosx = 0. So,

Df5 ={x€ R: V1 —cosx # 0}.
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We have
Vli—cosx=0<1—-cosx=0<cosx =1 x =2nk,k € Z.
Thus
Di. =R — {2rk, k € Z}.
2) Find the range of each of the following functions given by

sin x

fi(x) =sinx, fo(x) = cosx, f3(x) =tanx = p—
We have

Rang f; = Rang f, = [—1,1].
The domain of the function f5 isall real numbers except those where cos x # 0.Since

cosx=0®x=%+kn,k€l,

Then,

Dy,

3

- R—{z+kn,k e z).

2
Therangeof f; is, obvioudy, all real numbersfrom R, i.e., Rang f; = R.
2.1.2. Monotone Functions

Definition 2.2. Let f: D € R — R beareal function of areal variable and let
M c Dy.

1) f issaid to be increasing (also monotonically increasing or non-decreasing) on M,
if

VX, X, € M:x; < x5 = f(x1) < f(xy).
If f(x;) < f(x,) thefunctionissaid to be strictly increasing.

2) f is said to be decreasing (also monotonically decreasing or non-increasing) on M,
if

VX, X, € M:ixy < x5 = f(x1) = f(x3).
If f(x;) > f(x,) thefunctionissaid to be strictly decreasing.

3) f is said to be monotone (or monotonic) on M, if f isincreasing or decreasing on
M.
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4) f issaid to be strictly monotoneon M, if f isstrictly increasing or strictly decreas-
ingon M.
5) f issaid to be constant on M, if

Vx1, X, € M: f(x1) = f(x2).

Remark 2.2.

Functions that are strictly monotone are one-to-one. This is because, in such a Situa-
tion, for x; # x,, either x; < x, or x; > x,, either f(x;) < f(xy) or f(xy) > f(xy)
which meansthat f(x;) # f(x,).

Example 2.2.
1) Let f; bethe function defined by

filx) = e*,
Onehas Dy, = R. Lét x4, x, € R and assumethat x; < x,. We have
X2 = pX2=X1HX1 — oX1pX2— X1
But
X1 <Xy =Xy, —x; >0=e*27%1 > 1.
30,
filxy) = e < fi(x;) = €2,
Thus f; isstrictly increasing on R.
2) Let £, bethe function that is defined by
fa(x) = x2.
OnhasDy, = R. If x; = =3 and x, = 2, then x; < x, and
f20e) = (=3) =6 > fo(x;) = (2)? = 4.

So, f, isnonincreasing on R.
2.1.3. Bounded Functions

Definition 2.3. Let f: D € R — R be afunction of area variableand let M < Dy.
1) We say that function f is bounded from aboveon M if

JK € R: f(x) <K.
2) We say that function f is bounded from below on M if

dk € R: f(x) = k.
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3) The function f is said to be bounded if it is bounded from below and above.
4)Leta € M, f hasaminimumon M at thepoint x = a if
f(x) = f(a),Vx € M.
The value of the minimum s f'(a).
5 Letb € M, f hasamaximum on M at thepointx = b if
f(x) < f(b),Vx € M.

The value of the maximum is f(b).

Remark 2.3. If f has a maximum (minimum) on M, then f is bounded from above
(below) on M. If f is not bounded from above (below) on M then f has no maximum
(minimum) on M.

2.1.4. Even, and Odd Functions

Definition 2.4. A domain D of afunction f:Dr € R — Ris said to be symmetric
with respect to the origin if

X € Df & —x € Dy.
Definition 2.5. Let f: D € R — R be area function of area variable defined on a
symmetric domain Dy.
1) We say that function f iseven if

Vx € Dy: f(—x) = f(x).
2) We say that function f isodd if

Vx € Dy: f(—x) = —f (x).

Remark 2.4.

1) The graph of an even function is symmetric with respect to the y-axis.

2) The graph of an odd function is symmetric with respect to the origin.

1) fi(x) = x* + 5. We have D, = R which is asymmetric domain and

filt=x) = (=x)* +5=x*+5 = fi(x).
So, f; isan even function.
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2) f>(x) = cosx. We have Dy, = R which is asymmetric domain and

fo(—=x) = cos(—x) = cosx = f,(x).

So, f, isan even function.

3) f3(x) = % We have f; = R — {0} which is a symmetric domain and

[ = 2 = ().
o, f; isan odd function.
4) fo(x) = sinx. We have D¢, = R which is a symmetric domain and
fa(=x) = sin(—x) = —sinx = —f,(x).
So, f, isan even function.
5) fs(x) = x*> + 1. We have Dy, = R which isasymmetric domain and
fs(x) = (=x)°* +1==x"+5# fs(x) # —f5(x) = —x* - 1.
o, f: isneither odd nor even.
2.1.5. Periodic Functions
Definition 2.6. Let f: D € R — R be area function of areal variable. The function
f iscalled periodic if there exists T > 0 such that
()x €Ds = x+T € Dy.
(i) Vx € Df: f(x + T) = f(x).

The number T iscalled aperiod of f. The smallest amongst all periodsis called the
fundamental (primitive) period.

Example 2.4.
2

The functions cos wx and sin wx both have periods equal to T = ==. Indeed, we have

w

2T
cosw(x+T) =cosw (x + E) = cos(wx + 2m) = cos wx,

and

21
sinw(x +T) = sinw (x + Z) = sin(wx + 2m) = sin wx.
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2.1.6. Arithmetic Operations on Functions

Definition 2.7. Let f: D € R — Rand g: D, € R — R berea functions of one real
variable. If D n D, # &, then f + g, f — g, and f. g are defined on D N D, by

D) (f+9)) = fx) +gx).

2) (f —9)x) = f(x) —g ().

3) (f- 9)(x) = f(x). g(x).

@T%mﬂ@ﬂ?aﬁﬂﬂw

(g) = %

for x in D N D, such that g(x) # 0.

Example 2.5 JRei
f(x)=v4—x?andg(x) =vx —1.
We have

Df ={x ERi4—x?>>0}=[-22]and D, = {x € Rix —1 > 0} = [1, +ool.
So,
D; N D, = [1,2] # ®.
Consequently, f + g, f — g, and f. g aredefined on [1,2] by
FHO@=Vi-x2+Vx—1 (F-g@)=V4-22-Vx—1,

and

(f-9)0) = (Va—x2 ) (Va=1) = /= x)(x - 1.

The quotient gisdefined on ]1,2] by

2.2. Limits of Functions

In what follows, we will introduce the concept of limits which can be considered as
one of the cornerstones of modern calculus. For instance, they are used to find out the
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particle state at a particular position, and they can be used to calculate thetime a
chemical reaction takes to complete. Various physics concept s aso use calculus limits
as the base approach to solve complex equations. Even in the study of quantum con-
trol problems we can find many neat limits.

What is alimit and how afunction behaves when the independent variable x ap-
proaches a certain value?

2.2.1. Limit of a Function at a Point
Definition 2.8. A neighbourhood of apoint x € R isan open interval containing x.

Definition 2.9. Let f beareal function of areal variable, defined on a neighbourhood
of apoint x,, but not necessarily at x, (except perhaps at x,,, itself) and let £ be aredl
number. We say that £ isthelimit of f asx approaches (goes to) x,, and we write
lim f(x) = ¢ if

X—Xq

Ve > 0,36(g) > 0: (x € Drand 0 < |x — x| < 6(3)) = (If(x) = | < é&).

The limit is sometimes denoted by aright arrow asin

f(x) - ?asx — x,
Isread as f of x tendsto ¢ asx tends to x sub zero (also x subscript zero or x —
naught).

Remark 2.5. If the domain of f isR, we can omit x € D, on the above definition.
1) Let f(x) = 2x + 2. We will prove that
3lci_r)1}f(x) = 4,
Given e > 0, we must find (&) > 0 such that
If(x) — 2| < eif |[x — x| < 6(e).

A useful genera ruleisto write down f(x) — £ and then to expressit in terms of
X — Xo, @ much as possible generally, for example (by writing x = x — xy + x,). TO
provethis, we write

£
|f(x)—£’|<e(=)|(2x+2)—4|=2|x—1|<s<=>|x—1|<§.

Thisyields
If(x) —4| <eif [x —1| < 6(¢),
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where §(¢) isany number such that §(¢) < %

2) Let g(x) = xsin % We will prove that
lim g(x) = 0.
x—0

Wehave D, = R — {0}. Even though g isnot defined at x, = 0, we have

lg(x) —£| = < |x|.

1
X sin—
X

X sin— — 0| =
X

Thisyields
19(x) — 0] < eif |x] < 8(e),
where §(¢) isany number such that §(¢) = ¢.

Theorem 2.1. If lim f(x) existsthenit is unique.

X—Xg
2.2.1.1. Basic Propertiesof Limits

Theorem 2.2. If
lim f(x) = ¢, and lim g(x) = 45,
X—2Xg

X—>Xg

then
1) xh—>r9rcl0(f +g)(x) =41+ 4,

2) xh_)r)rcl f—9g)x) =14, — 4,
3) ggrgo(f-g)(x) = {1.%3.
4)1f £, # 0,and g(x) # 0, then

lim (g) (x) = {)—1

X% £,
1) By using the sum and difference rules we obtain
chi_r)I}(x3 +4x?—-3) = }Cilr%(x3) + chi_r)r}(élxz) — Jlci_r>1}(3)
=1+4-3=2.
2) By using the quotient rule, we obtain

x3 + 4x2 — 3 lirr}(x3 +4x*-3) o

1' =2 = - =

T 2+ 4x? lim (2 + 4x7) 6
X—

1
3
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Theorem 2.3 (The sandwich or squeeze theorem). Let f, g and h be functions such
that
f(x) < g(x) < h(x),
for all numbers x in some open interval containing x,, except possibly at x, itself. If
lim f(x) = xllrjrcl h(x) = ¢,
—Xo

XX
then
lim g(x) = *.
X—>Xq
=S ElEast We will show that
sin x
lim
x-0 X

Using the inequality
sinx < x < tanx, for 0 <x<§,

we get

_ X 1 sinx
sinx<x<tanx = 1< < S cosx <

. <1
sinx cosx

By virtue of the sandwich theoremand lim cosx = 1 we get

x—0
sin x

lim =1
x-0t Xx

Inthe casewhen x < 0, it sufficestotakex = —t fort > 0. Then

sinx = sin(—t) = —sint.
0,
~sinx ~ —sint
lim = lim =
x—=0" X x—=0" —¢

Theorem 2.4. Let f, g be functions such that
f(x) < gx),

for all numbers x in some open interval containing x,, except possibly at x, itsalf.
Then

lim f(x) < lim g(x).
XX XX
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2.2.1.2. One-sded Limits ( Left- and Right-hand Limits)

Definition 2.10.

1) Let f beareal function of areal variable, defined for all x in an interval of the form
]xo, b[, and let £ be a real number. We say that ¢ is the limit of f as x approaches x,,
fromtheright, and we write lim+f(x) =7Zif

X—Xg
Ve >0,36(e) > 0:(xp <x <xy+6(8)) = (If (x) — ] < &).
2) Let f beareal function of areal variable, defined for al x in aninterval of the form

]a, x,[, and let £ be a real number. We say that ¢ is the limit of f asx approaches x,,
from the left, and we write lim f(x) = ¢ if

X-oXg
Ve > 0,36(e) > 0:(xg —6(e) <x < xp) = (If(x) — 2] < ¢&).
Example 2.9.
1) Let

0, x<0
f(x) =41, 0<x<1.
2x+1, x=>1

We will prove that
Jim £ =3
We want to show that for any ¢ > 0, wecanfindad(e) > 0 so that if
1<x<14+6(e),

then
If(x) 3] <e.
If x > 1, then
fx)=2x+1= f(x) —3 =2x—2.
So, we have

£
|f(x)—3|<£<=>|2x—2|<e(=)2x—2<e<:)2x<e+2<=>x<1+z,

Therefore, we need to satisfy 1 < x < 1 + g, and it is clear that if we choose §(¢) = g,
then we will satisfy the right-hand limit condition.
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2) Let

x+x|(1+x) 1
= si

g(x) -
We will prove that
lim g(x) = 0.
x—0~
If x <0, then
x+|x|(1+x) 1 x—x(1+x) 1 1
gx) = sin— = sin— = —x sin—.
X X X X

We want to show that for any € > 0, we can findad(e) > 0 such that if
0—-4(e) <x<0,then|g(x) — 0] < e. We have
lg(x) — 0] = |—xsin%| < |x|.

Thuswe need to satisfy 0 — 6 (e) < x < 0. Likewise, if we choose §(¢) = ¢, then we
will satisfy the left-hand limit condition.

Theorem 2.5. A function f has alimit as x approaches x, if and only if it has both a
left- and a right-hand limit as x approaches x, and these one-sided limits both equal
the same value. More specificaly,

(hm Flr) = 19) o (xligla f) = lim, () = 1?).

X—Xg
2.2.2. Finite Limitsasthe variable tendsto infinity

Definition 2.11.
1) Let f beareal function whose domain contains an interval of the form ]a, +oo[. We
say that £ isthelimit of f as x approaches +oo, and we write lir+n f(x)=71if

X—>+00

Ve>0,3A>0:(x > A) = (|f(x) — | < ¢).

2) Let f bearea function whose domain contains an interval of the form |—oo, a[. We
say that £ isthelimit of f as x approaches —co, and writewe lim f(x) = 2 if

X——00

Ve>0,3A>0:(x < —4) = (|f(x) = ¥| < ¢).
Remark 2.6. When
lim f(x) =for lim f(x) =14,
X—>—00

X—+00

theliney = ¢ iscaled ahorizontal asymptote of thegraphy = f(x).
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2 EaE2ie]l We will show that
1 1

lim —= lim —=0.
X—>+o00 X X—>—00 X

Let £ > 0. We have

1

1 1 1
|——0|<s<=>|—|<s<=> <eseo x| >-
x X | x| €

Choose 4 = g .

Ifx>A,thenx>0and|x|>§(=)x>§(=)§<s.Hence, lim = = 0.

X—=>+00 X

On the other hand, if x < —A, then x < 0 and || >§=> _x >§<=> —§< e. Hence,

lim == 0.

X—>—00 X

2.2.3. Infinite Limits

Definition 2.12.

(@) Let f be area function of a real variable, defined for al x in an interval of the
form ]x,, b.

1) We say that f(x) approaches +oo as x approaches x,, from the right, and we write
lim f(x) = +oo if

X=X
VA> 0,38 >0:(xg <x < x5+ 96) = (f(x) > A).

2) We say that f(x) approaches —oo as x approaches x, from the right, and we write
1im+f(x) = —oo if

X—X

VA > 0,36 > 0: (xg <x < xy+9) = (f(x) < —A).
(b) Let f be a real function of areal variable, defined for all x in an interval of the
form]a, x,|.

1) We say that f(x) approaches +oo as x approaches x, from the left, and we write
lim f(x) = 4o if

XX,
VA > 0,38 > 0:(xyg — 6 <x <xp) = (f(x) > A).

2) We say that f(x) approaches —oo as x approaches x, from the left, and we write
lim f(x) = — if

X—Xq
VA > 0,36 > 0:(xyg — 6 <x <x9) = (f(x) < —A).

51



(c) Let f be areal function whose domain contains an interval of the form |a, +oo|.

1) We say that f(x) approaches +oo as x approaches +oo, and we write
lim f(x) = 4o if

X—+00
VA > 0,3B > 0:(x > B) = (f(x) > A).
2) We say that f (x) approaches —oo as x approaches +oo, and we write
lim f(x) = —oo if

X—+00

VA > 0,3B > 0:(x > B) = (f(x) < —A).

(d) Let f be areal function whose domain contains an interval of the form ]—oo, af.

1) We say that f(x) approaches +oo as x approaches —oo and and we write
lim f(x) = 4ooif

Ve > 0,34 > 0:(x < —B) = (f(x) > A).
2) We say that f(x) approaches —oo as x approaches —oo and we write
lim f(x) = —oo if

X—>—00

Ve> 0,34 > 0:(x < —B) = (f(x) < —A).
Remark 2.7.
1) We have

<lim f(x) = +00) = (xliglj(x) = ,}l‘,%f(x) = +00).

X—Xq

0,

(9}1_{;1 f(x) = +oo> = (VA >0,36>0:(0< |x —x0| < 6) = (f(x) >A)).

2) We have

(Jm (9 = ) = (Jim 1) = Jim 09 = ).

X—Xq

0,

(lim Flx) = —oo) o (VA> 0,35 > 0:(0 < |x — xo| < 6) = (F(x) < —A4)).

X—Xq
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Theorem 2.6 (End behaviour and asymptotes of rational functions). Suppose that

x
fo =25
isarational function, where

p(x) = ag + ayx + azx® + azx® + -+ ap_1x™ 1 + a,,x™,
and
q(x) = by + byx + byx? + byx® + -+ b, x™ 1 + bx",
with a,, # 0 and b,, # 0.

1) If the degree of the numerator is less than the degree of the denominator, i.e,
m < n, then

lim f(x) =0,
X—+00
and y = 0 isahorizontal asymptote of f.
2 If the degree of the numerator equals the degree of the denominator. i.e, m = n,

then

1m X)=——
x—Foo f an'

andy = Z—m isahorizontal asymptote of f.
3) If the degree of the numerator is greater than the degree of the denominator, i.e,
m > n, then

lim f(x) = +oo,

x—+0oo

and f has no horizontal asymptote.

Example 2.11.

o 2x3+4x%-1
xodeo —x* +2x3+2
o 2x3+x% -1
xl—lgloo X3 +2x3+2 2
2x*+x2 -1 _
lim = +o00.

x—>Foo —x3 + 2x3 + 2
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2.2.4. Indeter minate Forms

The indeterminate form is a mathematical expression that means that we cannot be
able to determine the original value even after the substitution of the limits. The possi-
ble indeterminate forms are given bel ow:

1)2, 2)2, 3)c0—oo, 4) 0.

Remark 2.8. Theforms 0°, o0?, and 1* can be converted to one of the previous
forms.

2.2.5. Some Sstandard L imits

There are many fascinating mathematical limits that ssimplify calculations and are im-
portant to learn. Here are some basic limit formulas tabulated below.

sin x 1—cosx

1) lim = 1. 2) lim =0,
x->0 X x—0 X
) a\* . xN—qgn
3) lim (1 + —) =e%a €R, 4) lim =na"1,a eR,
X—+ oo X x-a X—a
5 lim (1 + x)x =e% a € R, 6) lim In+x) _ 1,
x—-0 x—0 X
7)lim <2 =1, 8) lim ==X — 1
x=0 X x=0 X 2
9) Va > 0: “T T—; =0, 10) Va > 0: lin(l)xalnx = 0.
X—>+ 00 X—

2.3. Continuous Functions
2.3.1. Continuity
2.3.1.1. Continuity at a Point

Definition 2.13. Let f: D € R — R be ared function of areal variable and let
xo € Df. We say that f is continuous at x, if

lim £ = £(xo)
or, more precisely,
Ve > 0,36(¢) > 0: (x € Dr and [x — x,| < 6(5)) = (If(x) — f(xg)] < &).

Remark 2.9. If f iscontinuous at x,, then f isdefined at x,,.
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Definition 2.14.

1) Let f: D < R — R bearea function of areal variable, defined on a domain Dy of
the form [x,, b] or [x,, b[ or [x,, +oo[. We say that f is continuous at the left end-
point x, if

lim £() = £(xo),

or, more precisely,
Ve > 0,36(e) > 0: (0 < x — x5 < 8(e)) = (If (x) — f(xo)] < &).

2) Let f: D € R — R bearea function of area variable, defined on adomain Dy of

the form [a, x,] or ]a, x,] or | —o0, x,]. We say that f is continuous at the right end-
point x, if

Jlim_£() = f(xo),
or, more precisely,
Ve > 0,36(e) > 0: (0<x, —x < 8(e)) = (If (x) — f(xo)] < &).

Theorem 2.7.
(f is continuous at x,) < ( lim f(x) = lim f(x) = f(x0)>.
xX—xg x-xg

Example 2.12.

1) f,(x) = —. Since Dy, = R — {2}, then f; (2) is not defined (x, = 2 & Dy). Thus f;
Isdiscontinuous at x, = 2.
2) Let

2x+1if0<x<?2
L(x)={7—x if2<x<4.
X if4<x<6

At x, = 2, f,(2) = 5 and theleft and right limits are equal:
lim f,(x) = lim (2x+1) =5 and lim f,(x) = lim (7 —x) =5
x—2~ x—2~ x—27F x—2~
and their common limit matches the value of the function at x, = 2:
}Ci_fgfz(x) =5=f,(2).

So, f, iscontinuous at x, = 2.
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At x, = 4, f,(4) = 4, but the left and right limits are not equal:

lim f,(x) = lim (7 —x) = 3.

x4~ xX—4~
and

lim f>(x) = lim (x) = 4.

o £, isnot continuous at x, = 4. (We can, however, say that f, is continuous from
theright at x, = 4).
2.3.1.2. Continuity on an Interval

Definition 2.15. A function f is continuous over an interval I if it is continuous at
every point in theinterval. More precisdly,

1) f iscontinuous on the open interva ]a, b[ if f iscontinuous at every pointin ]a, b|.

2) f is continuous on the closed interval [a, b] if f is continuous on Ja, b[, continuous
from theright a a, and continuous form the left at b.

Example 2.13.

1) Every polynomial function is continuous on R.
2) Every rational function is continuous on its domain.
3) Thesine (sin x) and cosine (cos x) functions are continuous on R.

4) The tangent (tan x) and cotangent (cotx) are continuous at all points in their re-
spective domains.

5) Let f be defined on [0,2] by

_(x? fo<x<1
f(x)_{x+1 ifl1<x<?2

Wehave f(0) =0, f(1) =2, f(2) = 3,
limy o+ f(x) = lim, o+ (x*) = 0 = £(0),
lim,_s- f(x) = lim,,-(x*) =1 # f(1) = 2,
lim, .+ f(x) =lim,,+(x+1)=2=f(1) =2,
and
lim £(x) = lim (c+ 1) = f(2) = 3.

56



So, f iscontinuous from theright a 0 and 1 and continuous from the left at 2, but not
at 1. Therefore, f is continuous on theinterval [0,1[ U ]1,2].

2.3.2. Properties of Continuous Functions

Theorem 2.8. Let f(x) and g(x) be functions continuous at x, and let k € R. Then
Hf+g,f—g,k.g, adf.g arecontinuous at x.

2) g Is continuous at x,, provided that g(x,) # O.

3) If g iscontinuous at x,, g(x,) € D and f iscontinuousat g(x,). Then (f o g) is
continuous at x,,.

Example 2.14 JiRzi

(2x + 1) cosx
f) = x*+3x2+2])
We have
filx) =2x+1,

Is continuous on R as a polynomial function and
f>(x) = cosx,
IS continuous on R.
Thus
f3(x) = 2x + 1) cosx = f1(x). f>(x),
Is continuous on R.

Furthermore, f,(x) = x* + 3x2 + 2, is continuous on R as a polynomial function that
cannot equal to 0. So,

(2x + 1) cosx  f3(x)

x*+3x2+2  f(x)

fs(x) =

IS continuous on R.
Since f,(x) = |x|, is continuous on R. Then,

(2x+ 1) cosx
x*+3x%+ 2

f(x) = = (fe © fs) (),

IS continuous on R.

57



2.3.3. Discontinuity

Definition 2.16. Let f: D € R — R be ared function of areal variable and let
xo € Dr. We say that f is discontinuous at x,, if f isnot continuous at x,.

2.3.3.1. Types of Discontinuities

There are three main types of discontinuity:
- Removable discontinuity,
- Jump discontinuity,
- Infinite discontinuity.

Definition 2.17. Let f:Df € R — R be a red function of a real variable and let
Xo € R (the point x, may or may not belong to D)

1) We say that the function f has a removable discontinuity at x, if xll_)r)rcl f(x) exists
but 0
Jim £() # £ (xo),

or f(x,) isnot defined.
2) We say that the function f has a jump discontinuity at x,, if

lim f(x) # lim _f (x).

XX x-xd
That is, the left-hand and the right-hand limits exist but are not equal .

3) We say that the function f has an infinite discontinuity at x,, if

lim f(x) =+ or lim, f(x) = Foo.
X=X

XX
Example 2.15.
1) Let f be afunction defined by
x?—4
f(x):{x_z ifx #2
0 ifx =2

We have D =R and

<9;2__ 4> _ lim (x—2)(x+2) _ Jirg_(x t2) =4

S £6) = Jim =

xX—2~
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S = ) T T

<x2—4>  (x=2)(x+2)
30,
lim fGo) = lim f(x) = 4
Thuslim,_,, f(x) = 4 exists. Since
f(2)=0+4,
then f has aremovable discontinuity at x, = 2.
2) Let g be afunction defined by

g(x):{x+1 ifx <3

x3 ifx >3’
Wehave D, = R and

Jim 9 = Jim e +1) = 4,

Jim, 9() = lim (%) =27.
30,

Jirsr’l_g(x) =4+ xlir;&g(x) = 27.

Thus g has ajump discontinuity at x, = 3.
3) Let h be afunction defined by

h(x)={% ifx#0
0 ifx=20
We have have D;, = R and
Jip b = Jig () = =
and
lim g(x) = lim (1) = 400,
x—-0* x-0t \Xx

Thus h has an infinite discontinuity at x, = 0.

= lim = lim (x + 2) = 4.
X2~
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Theorem 2.9. Let I beaninterval, x, € I and let f be area function defined on
I — {x,} such that lim f(x) existsand equal ¢ (¥ € R), i.e,,

X—>Xg

lim f(x) =4,

X—Xq

then

o (f(x) ifxel—{xy}
f(x)—{{) if x = x

is continuous at x, and called an extension of f. Moreover f isdefined at x,.

Example 2.16.

1) The function

)

f(x)=x sin—,
Isnot defined a x, = 0, and therefore certainly not continuous there, but
Jim 760 = lim, ) = 0,
So, lim,._,¢ f(x) = 0. Consequently, f has aremovable discontinuity at 0. Moreover,
flx) = xsin% ifx # 0,
0 ifx=20
is defined and is continuous at 0.
2) The function
1
g(x) = sin g
isnot defined at 0 and its discontinuity is not removable, since }Ciir(l) g(x) does not ex-
ist.
3) The function
X
T;T
isnot defined at x, = 0, and therefore certainly not continuous there, Furthermore,
lim h(x) = -1 # xlir(r)1+ h(x) = 1.

x—-0"

h(x) =

Consequently, the discontinuity of h at 0 is not removable.
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2.3.4. Continuous Functionson Closed Intervals
Theorem 2.10. Let f be a continuous function on a closed bounded interval [a, b].
Then
1) f([a, b]) isaclosed bounded interval of R. In other words,

da, B € R: f([a,b]) = {f(x):x € [a,D]} = [a, B].
2) f isbounded on [a, b] and f attains its maximum and minimum values on [a, b]. In
other words, if @ = inf,<,<;,f(x) and f = sup,<,<pf(x), then a and B are respec-

tively the minimum and maximum of f on [a, b]; that is there are points x; and x, in
[a, b] such that

f(x1) = aand f(x;) = B.

1) Definethe function f:[1,2] — R by f(x) = x? — 2. Thefunction f is continuous
on the closed bounded interval [1,2]. Since f is strictly increasing, f(2) = 2, and
f(1) = -1, then
f(12]) < [-1,2].
Using the above theorem, we conclude that
f(12]) =[-1.2].
Moreover,
infexsaf(x) = f(1) = =1 and supy <y f (x) = f(2) = 2.
2) Define the function g:10,1[ — R by g(x) = x. We have

Mfocx<19(x) = 0, SUpp<r<19(x) = 1,

but g(x) # 0 and g(x) # 1 for al x € ]0,1[. Thus, even if a continuous function on a
non closed bounded interval is bounded, it needn't attain its supremum or infimum.

3) Define afunction h: [0,1] — R by

1

0 ifx=20
Then h is unbounded on the closed bounded interval [0,1] and has no maximum value
since h is discontinuous at 0.
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2.34. 1. Intermediate Value Theorem

Theorem 2.10. Let f be a continuous function on a closed bounded interval [a, b]. If
f(a) >0and f(b) <0,0r f(a) <0and f(b) > 0, then

dc € ]la,b[: f(c) = 0.

Remark 2.9: Theorem 2.11 fails for discontinuous functions.

Example 2.18.

1) We will show that the equation x> — 3x + 1 = 0 has at least one root in ]0,1[. For
this, we define the continuous function f: [0,1] — R asfollows:

f(x) =x°—=3x+1.
It follows that,
f(0O)=1>0andf(1) = —1 < 0. So, asaresult of the intermediate value theorem,
3c €]0,1[: f(c) =c>—3c+1=0.
As a consequence, equation x> — 3x + 1 = 0 hasat least one root in ]0,1].
2) Defineafunction g: [—1,1] — R by

IX =11 ifo<x<1

Then f(0) =—-1<0and f(1) =1 > 0, but there does not exist ac € ]0,1[such that
f(c) = 0 dueto thefact that g isnot continuous on [—1,1]. Indeed,

Jim g(x) =—-1# lim g(x) = 1.
Which provesthat g isnot continuous at 0 and hence g is not continuous on [—1,1].
2.3.5. Continuous I nver se Theorem

Theorem 2.12.
1) IfI c Risaninterval and f: I — R is monotone and not constant, then f(I) isan
interval if and only if f is continuous.

2)If I c Risaninterva and f: I — R isastrictly monotone and continuous function,
then theinverse function f~1: f(I) — I existsand it is continuous.
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4t

I nver ses of Trigonometric and Hyperbolic Functions

Inverse trigonometric and hyperbolic functions are defined as the inverse functions of
the basic trigonometric and hyperbolic functions that have major applications in phys-
ics and chemistry. For instance, they play a crucia role in the study of molecular ge-
ometry, many vibratory phenomena, sound, light, electricity, etc. Due to their promis-
ing applications in many areas, this chapter treats the most important properties and

relations among trigonometric and hyperbolic functions.

3.1. Overview

3.1.1. Domain and Range of Trigonometric Functions

Function Notation Domain Range
sine function sin R [—1,1]
cosine function cos R [—1,1]
tangent function tan R — {E n kn} k€T R

2 ’ '
cotangent function cot R — {km}, k € Z. R

3.1.2. Some Formulae regar ding Compound Angles

1) sin(a + ) = sina cosf + cosa sinf

2)sin(a — ) = sina cosf —cosa sinf

3) cos(a + ) = cosa cosf —sina sinf

4)cos(a — ) = cosa cosf + sina sinf

tana + tanf

5)tan(a + p) = 1

6)tan(a — pB) =

—tana tanpf

tana —tan

1+tana tanf

7) sina + cos?a = 1




8)sina + sinf = Zsin<a:'8) cos<a;'8)

9)sina — sin 8 =2cos<a;ﬁ) sin(a;ﬁ)
a—p

a+p
10)cosa+cos,8=2cos< > )cos( > )

7) sn(47°)

3.1.3. Solution of Trigonometric Equations

a
11)cosa —cosf = Zsin<

Diface [—%,E],then sinx =sina =>x=a+ 2knorx=m—a+ 2km, k € Z.
2) Ifa € [0,],thencosx = cosa = x =2kn+ a,k € Z
)tanx =tana = x =kn+ o,k €Z

4) If sin?x = sin?a or cos?x = cos?a or tan’x = tan®a,thenx = kn + a,k € Z
3.2. Inverses of Trigonometric Functions

The inverse trigonometric functions (also called arcus functions, antitrigonometric
functions, inverse tl’ig functions https://en.wikipedia.org/wiki/Inverse trigonometric functions -
cite_note-Hall 1909-6 OF Cyclometric functions) are the inverse functions of

the trigonometric functions on suitably restricted domains.

3.2.1. The arcsine Function

Definition 3.1. The restriction of the sine function to [— % , %] is continuous and strict-
ly increasing and takes valueson [—1,1], i.e,,

an([-2.) =11

As aresult, it has an inverse function defined on [—1,1] that takes values on [— %%]
called the arcsine function and denoted by arcsin.

_ T T
arcsin: [—1,1] - > 2],
where
T T
 frel-z4l
Vx € [-1,1]: y = arcsinx & and :

siny = x

64



In addition, thisinverse function is strictly increasing and continuous on [—1,1].

1) We have
c[-2T e[-2 T
arcsin) =y & g 2'2 g 2'2
Bk and and
siny =0 y=knk€Z
Sincey € [—g,%], then y = 0. Thusarcsin 0 = 0.
2) We have
w1
vel-34 (vel-%d
arcsinl =y < and = ar71Td
siny =1 y=;+2k7r,kEZ

Sincey € [—%,%], theny = % Thus arcsinl = %

3) We have
(vel-t T ([ T
V3 2’2] ye[ 2’2]
arcsin— =y < and = and
2
l- V3 L T okmor 24 2kmk ez
siny = —- Y =3 mor — T,
. . V3
Sincey € [—%,%],theny = % ThUSarcsm7 = g
Remark 3.1.
1) We have

Vx € [—1,1]: sin(arcsinx) = x.
2) The function arcsin is not the inverse function of the sine function but of its restric-
tion to [

T T
__,;

]. So, we don't always have arcsin(siny) = y, but
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Vy € [—E E] :arcsin(siny) =
For example,
a) Since = € [—E,E], then arcsin (sin E) =2 Indeed, we have
6 22 6 6

. . T .1
arcsin (sm g) = arcsin E’

and
T T w1
. vel-33] vel-33]
arcsinz =y & and = and .
siny=l y=£+2knor5—n+2kn,k€Z
2 6 6

Sincey € [— %,%], theny = %. Thus arcsin (sin %) = arcsin% = %.
b) One hasarcsin(sinm) = 0 # m. Here, m ¢ [—%,%] which gives
arcsin(sinm) = arcsin0 = 0.
3) arcsin isan odd function.
Vx € [—1,1]:arcsin(—x) = —arcsinx.

4) If y = arcsinx, thenx € [-1,1], y € [—%,%] and siny = x. We have

T I
y E [_E’E] = cosy = 0,

and

cos?y +sin?y = 1 = cosy = /1 — sin?y.

Since y = arcsinx and siny = x, we get

Vx € |—1,1[: cos(arcsinx) = /1 — x2.
Similarly, we get
X

Vx € |—1,1[: tan(arcsinx) = :
1— x?

5) arcsin is differentiable and has a derivative not null on |—1,1[ where



1 1 1
sin’(arcsinx) cos( (arcsinx)) V1-xZ

Vx € |—1,1[: (arcsinx)’ =

Or

: 1 1 1
Vx € |—1,1[: (arcsinx)’ = =

(siny)’ cosy - V1—2x2

More generaly,
(F@)
J1- @Y

Vx € |-1,1[: (arcsin(f(x)))’ =

3.2.2. The arccosine Function
Definition 3.2. The restriction of the cosine function to [0, 7] is continuous and strict-
ly decreasing and takes valueson [—1,1], i.e,,

cos([0,m]) = [-1,1].

Asaresult, it has an inverse function defined on [—1,1] that takes values on [0, ]
called the arcsine function and denoted by arccos.

arccos: [—1,1] - [0, ],
where

y € [0,7]
Vx € [-1,1]: y = arccosx & and
Cosy = x

In addition, this function is strictly decreasing and continuouson [—1,1].
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1) We have

y € [0,7] v € 0.m]
arccos0 = y @{ and < - and - .
cosy =0 y=5+2knor—§+2kn,k€Z

Sincey € [0, 7], theny = % Thus arccos0 = %
2) We have

yelor] (y€l0,n]
arccosl =y & { and & { and :
cosy=1 y = 2km, k € Z

Sincey € [0, 7], theny = 0. Thusarccos1 = 0.

3) We have

arccos\/?§ =y and o andn _
cosy=§ y=¢g+2kn,kez

Sincey € [0, 7], theny = %. Thus arccosg = %.

Remark 3.2.
1) We have

Vx € [—1,1]: cos(arccosx) = x.

2) The function arccos is not the inverse function of the cosine function but of its re-
striction to [0, r]. So, we don't always have arccos(cos y) = y, but

vy € [0,m]:arccos(cosy) = y.

For example,

a) Since % € [0, ], then arccos (cos %) = %. Indeed, we have

T V3
arccos | cos—) = arccos — =

|

b) One has
arccos(cos 2m) = 0 # 2m.
Indeed, 2t ¢ [0, 7], and

arccos(cos 2m) = arccos1l = 0.
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3) We have

Yy € [O'TC] y € [O,TC]

1 and PN and

arccosz =y 1 o .
cosy =z y=2kn+§+,k€Z
Sincey € [0, 7], theny = g Thus arccos% = g On the other hand
y € [0,7] y € [0, 7]
arccos (— E) =y and 1S and

— o+ ker
cosy = > y =2k £+ 3
Sincey € [0, 7], theny = 2?71 Thus arccos (— %) = %n S0

arccos% = % + —arccos% = —g # arccos (— %) =—,
Thus arccos is neither an odd nor even function.
4) If y = arccosx, thenx € [-1,1],y € [0,] and cos y = x.
We have
y € [0,n1] = siny =0,

and

cos?y + sin?y = 1 = siny = /1 — cos?y.
Since y = arccosx and cosy = x, we get

Vx € [—1,1]: sin(arccosx) = V1 — x2.

Similarly, if x # 0, we can get

V1 —x2

Vx € ]—1,1[: tan(arccosx) =

5) We have
Vx € [-1,1]: ™ — arccosx = arccos(—x).

Indeed, if x € |—1,1[, then m — arccosx € [0, ] and arccos(—x) € [0, ]. Further-
more

cos(m — arccosx) = cos(m) . cos(arccosx) + sin(rm).sin(arccosx) = —x,
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and
cos(arccos(—x)) = —x.
Thus,
cos(m — arccosx) = cos(arccos(—x)) = 7 — arccosx = arccos(—x).

6) arccos is differentiable and has a derivative not null on |—1,1[ where
1 1 1

Vx € |—1,1[: (arccosx)’ =

Or

1 —1 1
Vx € |—-1,1[: (arccosx)’ = = —

(cosy)’ - siny V1—x2

More generaly,
(Fx)
J1- ()’

vx € |-1,1[: (arccos(f(x))), = —

3.2.3. Thearc tangent Function

cos'(arccosx)  —sin(arccosx) 1 — x2

Definition 3.3. The restriction of the tangent function to]—g,g[ IS continuous and

strictly increasing and takes valueson R, i.e,,

an(]-22) =

As aresult, it has an inverse function defined on R that takes values on ]—gg[ called

the arc tangent function and denoted by arctan.

t R ] TL'T[[
arctan: R - |— =, =],
2°2
where
mw T
vel-3al
Vx € R:y = arctanx < ] :
tany = x

In addition, this function is strictly increasing and continuous on R.
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1) We have
m T T T
~ vel-33  (vel-34
arctan0 =y & and = and
tany =0 y=knk€Z
Sincey € ]—%,%[, then y = 0. Thusarctan0 = 0.
2) We have
T T __ =
arctanl =y & and = ar&d
tany =1 ky=Z+k7r,kEZ
Sincey € ]—%,%[, theny = %. Thus arctanl = %
3) We have
vel-3dl_ [rel
arctany3 = y &
tany \/— =—+k7r k €z
Sincey € ]—— —[ theny = - Thusarctan\/_ = %
Remark 3.3.
1) We have
T s
lim arctanx = —— and lim arctanx = —.
X——o0 2 X—+o0 2
2) We have

Vx € R:tan(arctanx) = x.
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3) The function arctan is not the inverse function of the tangent function but of its re-
striction to ]— %, %[ So, we don't dways have arctan(tan y) = y, but

Vy € ]—%,%[ : arctan(tany) = y.
For example,

a) Since = € ]—E,E[, then arctan (tan E) =2 Indeed, we have
4 2° 2 4 4

arctan (tan %) = arctan(1) = %.

b) One has

arctan(tanm) = 0 # .
Indeed, 7 ¢ |-Z,2[, and

arctan(tanm) = arctan(0) = 0.
4) arctan is odd asit isthe inverse function of an odd function.

Vx € R:arctan(—x) = —arctanx.

5) If y = arctanx,thenx e R, y € ]—%,%[ and tany = x. We have

T I
y E ]_E’E[:) cosy > 0,

and
cos?y  sin? 1 1
cos?y +sin’y =1= Y Y _ = 1 + tan?y =
cos?y  cos?y cos?y cos?y
1
= C0Sy = ——.
1+ tan?y
Sincey = arctanx and tany = x, we get
1
Vx € R:cos(arctanx) = ———.
V1 + x?
Similarly, we can get
X

Vx € R:sin(arctanx) = :
1— x?
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6) arctan is differentiable and has a derivative not null on R where

1 1 1
tan’(arctanx) 1+ (tan(arctanx))? 1+ x2’

Vx € R: (arctanx)’ =

Or
_ , 1 1 1
Vx € R: (arctanx)’ = tany) ~ 1+ (tany)?  1+xZ
More generaly,
(@)
Vx € R:(arctan(f(x))) = ———.
( ( )) 1+ (f(x))

3.2.4. The arc-cotangent Function

Definition 3.4: The redtriction of the cotangent function to ]0, [ is continuous and
strictly decreasing and takesvalueson R, i.e.,
cot(]0, [) = R.

As a result, it has an inverse function defined on R that takes values on |0, [ called
the arc tangent function and denoted by arccot.

arccot: R - ]0, 7|,
where

y €10,m[
Vx € R:y = arccotx & and
coty =x

In addition, this function is strictly decreasing and continuous on R.
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1) One has

y €10, x| y €10,x[
arccot) = y { and < aT}Td .
coty =0 y=;+kn,kEZ

Sincey € 10, [, theny = % Thus arctan0 = %

2) We have

y €10, x| y €10,x[
arccotl =y & { and < annd .
coty =1 y=z+kn,kEZ

Sincey € 10, [, theny = %. Thus arccotl = %.

3) We have
y €10, 7| y €10,x|
arccotV3 =y & and = a171td .
coty =+/3 y=—-+kn,k€Z

Sincey € ]0, [, theny = %. Thus arccoty3 = =

Py

Remark 3.4.
1) We have
lim arccotx = wand lim arccotx = 0.
X—>—00 xX—+00
2) We have

Vx € R: cot(arccotx) = x.

3) The function arccot is not the inverse function of the cotangent function but of its
restriction to ]0, [. So, we don't dways have arcot(coty) = y, but

Vy € ]0,m[ : arcot(coty) = y.
For example,

a) Since % € ]0, [, then arcot (cot%) = %. Indeed, we have

arcot (cot %) = arcot(cot1) = %.
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b) One has
arccot (cot (37")) =2z 37”
Indeed, = ¢ 10, [, and

t( t3n)— tO—n
arccot| cot—-) = arccot) = 5

4) We have
y €10,x[ y €10, 7[
1 and and
arccot\/—§ =y 1 & - .
coty = — y==—+knk€Z
3 3
Sincey € 10, [, theny = g Thus arccot\/i§ = g On the other hand
y €10, 7[ y €10, 7[
_1) = and
arccot( \E)—y@ t __i(:) —aridz.pk ceq
coty = — = y =3 T,
. 2T 1 2T
Sincey € ]0, [, theny = 5 Thus, arccot (— ﬁ) == So
1 T 1 T 1 2T
E:II'CCOt\/—§ =3 * —aI'CCOt\/—§ =3 # arccot (— \/_§) =3

Thus arccot is neither an odd nor even function.

5) If y = arccotx, thenx € R, y € ]0, [ and coty = x. We have
y €]0,[ = siny > 0,

and

cos? sin? 1 1
4 Y = cot’y +1 =

cos?y +sin’y =1 =

sin?y ' sin?y  sin?y sin?y

1
J1+ cotzy'

Sincey = arccotx and coty = x, we get

= siny =

1
VIt x2

Vx € R: cos(arccotx) =
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6) arccot is differentiable and has a derivative not null on R where

1 1 !
€ R: tx)' = - T .
Vx (arccotx) cot’ (arccotx) 1 + (cot(arccotxx))? 14 x2
More generally,
(F&)

Vx € R: (arccot(f(x)))l = —m.
X

3.3. Hyperbolic Functions
3.3.1. Hyperbolic sine and cosine Functions

Definition 3.5.

1) The hyperbolic sine function, denoted by sinh is defined for al real values of x by
therelation
ex _ e—x

2

2) The hyperbolic cosine function, denoted by cosh is defined for all real values of x
by the relation

sinhx =

hy = e*+e™*
coshx = >
Remark 3.5.
1) We have
ex _ e—x ex + e—x
sinh x + coshx = + = e*,
2 2
Thus
e* = sinh x + cosh x.
2) We have
h - _ex+e‘x ex—e‘x_ y

coshx — sinhx = > > =e X

Thus

e ™ = coshx — sinh x.
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3) We have

eX e X 12 e pe2Xx_)

cosh?x — sinh?x = 2 2 =1.

Thus

cosh?x — sinh?x = 1.
4) sinh and cosh are continuous and differentiable on R where

Vx € R:(sinhx)' = # = cosh x and (coshx)' = # = sinh x.

5) For dl x € R, we have

=X _ ¥ eX — g%

sinh(—x) = —y =T =- sinh x,
and
cosh(—x) = erte” = e te = erte” = cosh x.

2 2 2
So, sinh isodd, while cosh is even.
6) We have

(sinhx)’" > 0, xl_i)r_noo sinhx = —oo, xl—l)rlloo sinhx = +oo,
and
(coshx) =0 x =0, (coshx) >0 x> 0,(coshx) <0 x <0,
cosh0 =1, xl_i)r_noo cosh x = +o0,and xl_i)grnoo coshx = oo,
So
Rang (sinhx) = R,

and

Rang (coshx) = [1, +oo.

7) sinh is strictly increasing on R while cosh is strictly decreasing on ]—oo, 0] and
strictly increasing on [0, 4+oo|.
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3.3.2. Hyperbalic tangent and cotangent Functions

Definition 3.6.

1) The hyperbolic tangent function, denoted by tanh is defined for all rea values of x
by
sinh x

tanhx = )
coshx

2) The hyperbolic cotangent function, denoted by coth is defined for all real values of
x # 0 by

cosh x
cothx = — :
sinh x
Remark 3.6.
1) We have
sinhx : —2e e¥—e™* e¥le¥-e™¥) e**-1

coshx ete™ ex4ex eX(eX4eX) e2X—1

Thus
e?* —1
tanhx = )
T T e
2) For x + 0, we have
1 e?* +1 14e7%%
cothx = tanh x = o2x — | = cothx = m

4) tanh is continuous and differentiable on R where

(tanh )’ = (sinhx)' B cosh?x — sinh?x 1 | tanh2
anhx) = coshx/) cosh2x "~ cosh2x anhex.
5) coth is continuous and differentiable on R — {0} where

(cothx)' = sinh?x — cosh?x B I . 2

cothx) = sinhZx ~ sinh?x cortx.

6) Since sinh is odd and cosh is even, then tanh and coth are odd functions
tanh(—x) = —tanhx,V x € Rand coth(—x) = —cothx,V x € R — {0}.
7) For dl x € R, we have

(tanhx)' > 0, lim tanhx = —1, lim tanhx =1,
xX—

—00 X—>+oo
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and
X —1<e?+1=tanhx < 1.
On the other hand
tanh(—x) = —tanhx < 1 = tanhx > —1.
So,—1 <tanhx <1, Vx € Rand
Rang(tanhx) = |—-1,1].
8) For dl x € R — {0}, we have (cothx)" < 0 and

lim cothx = —oo, llm cothx = 400, lim cothx = —1, lim cothx = 1.

x—-0" x—0 X——00 X—+00

So
Rang(cothx) = ]—o0, —1[ U |1, +oo[.
9) tanh is strictly increasing on R while coth is strictly decreasing on R — {0}.

3.3.3. Hyperbolic Function Identities

1) sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y)
2) sinh(x — y) = sinh(x) cosh(y) — cosh(x) sinh(y)
3) cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y)
4) cosh(x — y) = cosh(x) cosh(y) — sinh(x) sinh(y)

tanh(x) + tanh(y)
1 + tanh(x) tanh(y)

5)tanh(x + y) =

tanh(x) — tanh(y)

6) tanh(x —y) = —— tanh(x) tanh(y)

7) 1-— (tanh X)x = W

xX+y
8) sinh(x) + sinh(y) = 2 sinh(

) cosh(
)Smh( 2
+y) cosh (*—

>)
)

x+y
9) sinh(x) — sinh(y) = 2 cosh(

X
10) cosh(x) + cosh(y) = 2 cosh(
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+ —
11) cosh(x) — cosh(y) = 2 sinh (x > y) sinh (x y).

3.4. Inver ses of Hyperbolic Functions
3.4.1. Inverse Hyperbolic sine Function

Definition 3.7. The hyperbolic sine function is a bijection from R to R as it is conti-
nuous and strictly increasing fromRto R, i.e.,

sinh(R) = R.

Thus it has an inverse function defined on R that takes values on R called inverse
hyperbolic sine and denoted by arsinh or sinh~!

arsinh: R - R,
where

y€eER
Vx € R: y = arsinh(x) & { and :
sinh(y) = x

In addition, this function is strictly increasing and continuous on R.

Remark 3.7.
1) We have

Vx € R: sinh(arsinh(x)) = X,
and
Vy € R:arsinh(sinh(y)) = y.

2) arsinh isodd

Vx € R:arsinh(—x) = —arsinh(x).
3) If y = arsinh(x), then x € R, y € R and sinh(y) = x. We have coshy > 0 and

cosh?y — sinh?y = 1 = coshy = /1 + sinh?y.

Sincey = arsinh(x) and sinh(y) = x, we get

Vx € R: cosh(arsinh(x)) = m
4) arsinh is differentiable on R where

1 1 1

y R. inh / _ — = .
x € R: (arsinh(x)) sinh’(arsinh(x))  cosh(arsinh(x)) V1 +x2
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Or
R: inh(x)) = S /—1
vx € R: (arsinh(x)) = Ginhy) — coshy ~ vi—=2

5) If y = arsinh(x), then x € R, y € R and sinh(y) = x.
Since coshy = V1 + x?2, then

e¥ =sinhy +coshy =x ++1+ x2 = In(e?) :yzln(x+ 1+x2).
30,

Vx € R:y = arsinh(x) & y =1In (x +1+ xz).

3.4.2. Inverse Hyperbolic cosine Function

Definition 3.8. The restriction of the hyperbolic cosine function to [0, +oo[ is conti-
nuous and strictly decreasing and takes valueson [1, +o[ , i.e,,
cosh([0,+o[) = [1, +oo].

Thus it has an inverse function defined on [1, +oo[ that takes values on [0, +oo[ called
inverse hyperbolic cosine and denoted by arcosh or cosh™!

arcosh: [1, +oo[ - [0, +oo],

where
y € [0, +0oo[
Vx € [1,+[:y = arcoshx & and
coshy =x

In addition, this function is strictly decreasing and continuous on [1, +oof.

Remark 3.8.
1) We have

Vx € [1,+oo[: cosh(arcosh(x)) = X.

2) The function arcosh is not the inverse function of the cosh function but of its re-
striction on [0, +oo]. So,

Vy € [0, +oo[:arcosh(coshy) = y.

3) The domain of arcosh is non symmetric. Thus, arcosh is neither an odd nor even
function.

4) If y = arcoshx, thenx € [1,+o[, y € [0, +oo[ and cosh y = x. We have

81



cosh?y — sinh?y = 1 = sinhy = /cosh?y — 1.

Sincey = arcoshx and cosh y = x, we get
sinhy = sinh(arcoshx) = \/ﬁ
5) If y = arcoshx, then x € [1,4+oo[, y € [0, 4+oo[ and coshy = x.
Since sinhy = Vx2 — 1, then
e¥ =sinhy +coshy=x+Vx2—1=In(e¥) =y = In(x + m)
Consequently,
Vx € [1,4[:y = arcosh(x) & y =In (x + v x?% — 1).

6) arsinh is differentiable on |1, +oo[ where, Vx € |1, +oo]
1 B 1 1
cosh’(arcosh(x)) a sinh(arcosh(x)) CVxZ—1

(arcosh(x))’ =

Or

1 _ 1 _ 1
(cosy)’ sinhy xZ_—1

3.4.3. Inverse Hyperbolic tangent Function

Vx € ]1,4ool: (arcosh(x))’ =

Definition 3.9. The hyperbolic tangent function is abijection from R to |—1,1[ asitis
continuous and strictly increasing from R to |—1,1[, i.e.,

tanh(R) = ]—1,1[.

Thus it has an inverse function defined on |—1,1[ that takes values on R called inverse
hyperbolic tangent and denoted by artanh or tanh~?!

artanh: |-1,1[ - R,
where

y ER
Vx € |-1,1[: y = artanh(x) & { and :
tanh(y) = x
In addition, this function is strictly increasing and continuouson |—1,1].
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Remark 3.9.
1) We have
vx € |-1,1[: tanh(artanh(x)) = X,
and
Vy € R: artanh(tanh(y)) =y.
2) artanh isodd asit isthe inverse function of an odd function.

Vx € |—1,1[: artanh(—x) = —artanh(x).

3) If y = artanh(x), then x € |-1,1[, y € R and tanh(y) = x. We have coshy > 0

and
cosh?y — sinh?y 1 1
h?y —sinh?y =1 = 1 — tanh?y =
costy — Sy = cosh?y cosh?y = iy cosh?y
1
= coshy = :
1 —tanh?y
Sincey = artanh(x) and tanh(y) = x, we get
vx € |-11][: cosh(artanh(x)) =
1— x?
4) artanh is differentiable on |—1,1[ where
/ 1 1
vx € |-1,1[: (artanh(x)) = , = >
tanh’(artanh(x)) 1 — (tanh(artanh(x)))
1 1
cosh2y
Or
vx € ]-1,1[: (artanh(x)) = r !
X ,1[: (artanh(x)) = Ganhy)y ~ 1—xZ
5) If y = artanh(x), then x € ]-1,1[, y € R and tanh(y) = x. We have
tanh() e?y —1 2 (5 — 1) . 2y _ 14X
= Lo = Lot — = —]1 — Lo = .
x = tanh(y x= 1ok X & e T
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In(e?) = | <1+x)=> _11 <1+x>
A VI A A R V)

Thus,

1 1+x
Vx € |-1,1[:y = artanh(x) & y = Eln (1 — x)'

3.4.4. Inverse Hyperbolic cotangent Function

Definition 3.10. The hyperbolic cotangent function is a bijection from R* to
]—o0, —1[ U |1, +oo[ asit is continuous and strictly decreasing from R* to |—co, —1[ U
11, +oof, i.e,

coth(R*) = |—o0,—1[ U ]1, +oo].

Thus it has an inverse function defined on |]—oo, —1[ U |1, +oo[ that takes values on
R* called inverse hyperbolic cotangent and denoted by arcoth or coth™!

arcoth: ]—oo, —1[ U ]1, +oo[ - R*,
where

y € R*
Vx € |—00,—1[ U ]1,4+oo[: y = arcoth(x) & { and :
coth(y) = x

In addition, this function is strictly decreasing and continuous on |—co, —1[ U |1, +oo|.

Remark 3.10.
1) We have

Vx € |—o0,—1[ U |1, 4oo[: coth(arcoth(x)) = X,
and
Vy € R*: arcoth(coth(y)) = y.
2) arcoth isodd asit isthe inverse function of an odd function.
Vx € |—o0,—1[ U ]1, +oo[: arcoth(—x) = —arcoth(x).

3) If y = arcoth(x), then x € | —oo0,—1[ U ]1, 4+ o[, then y € R* and coth(y) = x.
We have

cosh?y — sinh?
4 Y _ = coth?y — 1 =

cosh?y —sinh?y =1 =

sinh?y ~ sinh2y sinh2y’
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1
coth?y — 1

sinhy =

Sincey = arcoth(x) and coth(y) = x, we get

1
Vx € |—o0,—1[ U ]1, +oo[: smh(arcoth(x)) = Nroauey
4) arcoth(x) isdifferentiableon | —co, —1[ U |1, +oo[ where
Vx € |—00,—1[ U |1, +oo[:
1 1 1

1

(arcoth(x))’ = =

coth’(arcoth(x)) 4 _ (Coth(arcoth(x)))2 B Sinizy 1—x?2

Or

, 1 1
Vx € ]—00,—1[ U]1, +oo: (arcoth(x)) = (cothy)’ 1-—ax2

5) If y = arcoth(x), then x € |-, —1[ U ]1,+[, then y € R* and coth(y) = x.

We have
x=coth(y)@xziiiii(:}ezy(x—l)=x+1@e2y=it1
30,
In(e?Y) =ln<x+1) <=>y=lln<x+1>.
x—1 2 x—1
Thus,

Vx € |—00,—1[ U ]1,+0oo[:y = artanh(x) & y = %ln (x—ﬂ)

x—1
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PART 2: ALGEBRA 1



ﬂ |

Groups, Ringsand Fields

To the best of our knowledge, the concept of groups have a history of more than three
centuries where it appeared for the first time in the nineteenth century in connection
with the solution of equations. Recently this concept can be found in a bewildering
number of subjects in various disciplines including physics and chemistry. So, the key
aim of this chapter is to help students to master the primary concepts of groups, rings
and fields.

4.1. Internal Binary Operations

Definition 4.1. Let S be a nonempty set. An internal binary operation * on S is a func-
tion fromS X St0S. So, * assigns to each ordered pair of elements of S a uniquely
determined element of S. The element assigned to the ordered pair (x, y) withx,y € S
Isdenoted by x * y. Notationally, *: S X § — S such that

x*y €S§,Vx,y €S.

1) Addition, " + ", multiplication, "." are internal binary operations on each of the fol-
lowing sets: N, Z, Q, R, C. While," + ", and"." are not internal binary operations on
theset S = {1,2,3}. Forexample,2 € S,3 € S,but2+3=5¢ Sand2.3 =6 ¢&S.
2) Subtraction, " — " is an interna binary operation on each of the following sets:
Z,Q, R, C, but not an internal binary operation on N. For example, we have
x=5eN,y=7€eN,butx—-—y=-2¢N.
3) The vector product or the cross product on R? is an internal binary operation on R?
(the inputs are two vectors in R? and the output is another vector in R?), whereas the
scalar product on R? is not an internal binary operation on R? (the inputs are two vec-
torsin R? but the output is area number).
4) In R — {2}, we define an operation * by

Vx,yER—-{2} xxy=xy—2(x+y)+6.
We will determine whether * is an internal binary operation on R — {2}.

87



Clearly, if x,y € R, thenx =y € R. But to provex =y € R — {2} we have to prove

x *y # 2. Tothisend, we take two elementsx, y € R such that x # 2,y # 2 and dis-
cuss whether the value x x y = 2 or not. By contradiction, suppose that x * y = 2,
then
xxy=2 xy—2(x+y)+6=2
S xy—2x—2y+6=2
S x(y—-2)=2(y—-2)

@ J— J— i .
y 1

This contradict the fact that x # 2.Therefore, our assumption iswrong. So, x * y # 2.
Thus

x+*y €R—-{2},Vx,y € R — {2},
and hence * is an internal binary operation on R — {2}.

Remark 4.1. It's worth mentioning that a nonempty set S can be equipped with more
than one internal binary operation.

4.2. Groups

Definition 4.2. Let G be anonempty set and let * be an internal binary operation on G.
Then (G,*) isagroup if the following axioms are fulfilled:

(G1) Associativity:
Vx,y,Z€G:x*(y*z) =(x*Yy)*z.
(G2) Identity element: G has exactly one identity element, which means that
JeeG,VxEG: x*xe=exXx = X.
(G3) Inverse: Every element of G has exactly one inverse, which means that
VxEGIxTeEG: xxx T=xTxx=¢.
Remark 4.2. In the above definition
1) The fact that * is an internal binary operation is an essential part of the definition.

2) Theidentity element e € G is called also a neutral element, unit e ement, two-sided
identity or identity for short and x™1 € G is said to be the inverse of x € G. Note that
(G2) must precede (G3) because (G3) refers back to the identity element e.
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Remark 4.3. If the internal binary operation * is commutative, which means that
VX, yEG:x*xy =Yy *X,

then (G,*) is called an abelian group, or ssmply a commutative group.
Remark 4.4. Let G be anonempty set and let * be an internal binary operation on G.

1) e € G issaid to be the left identity element for the internal binary operation x if
exx =x,Vx€QG.

2) e € G issad to betheright identity element for the internal binary operation * if
x*e=x,Vx€AQG.

3) Let e € G be the identity element for the internal binary operation *, thenx™! € G
Issaid to be left inverse of x € G if

xl+xx=eVxE€EQG.

4) Let e € G be the identity element for the internal binary operation , thenx™! € G
Issaid to beright inverseof x € G if

x*x 1=e¢Vx€ERQ.

5) For commutative internal binary operations, every left identity element is also a
right identity element. So, it suffices to use one of the two aforementioned conditions
e *x = x Or x * e = x for determining the identity element of G.

Likewise, it sufficesto usex™1 x x = x or x x x~1 = x for determining the inverse of
each element x € G.

1 (Z,+),(Q+), (R,+) and (C, +) are abelian groups.
2) InR — {2}, we define an operation * by
Vx,yER—-{2} xxy=xy—2(x+y)+6,
is (G,*) an abelian group.
We haveR — {2} #+ ¢ and = is an interna binary operation on R — {2} (see example
4.1).
Commutativity
We will try to prove

Vx,y ER—{2}:x*xy =y =*x.
If x,y € R— {2}, then
xxy=xy—2x+y)+6=yx—-2(y+x)+6 =y*x.
Therefore, * is commutative.
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Associativity
We will try to prove

Vx,y,Zz€E R—{2}hx*x(y*xz)=(x*y) *z.
M, M,

If x,y,z € R — {2}, then
Mi=xx(y*xz)=x*x(yz—2(y+2)+6)
=x(yz—2(y+2z)+6)—2(x+yz—-2(y+2z)+6)+6
=xyz—2xy—2xz—2yz+4x+4y +4z— 6,
and
M,=(x*xy)xz=(xy—2(x+y)+6)*z
=xy-2x+y)+6)z—-2(xy—2(x+y)+6+2)+6
= xyz—2xz—2yz—2xy+4x +4y + 4z — 6.
Since M; = M,, then * is associative.

| dentity element

We will try to prove
dJee R—{2},VxeR—-—{2}xxe=e*xx = x.
Since * is commutative it sufficesto solve x * e = x. We have
xxe=xoxe—2(x+e)+tb6=x=e(x—2)=3x—6
3x—6 x—2

=3
x—2 x—2

Se = = 3 (it is possible since x # 2).

Thus, there exists an identity element e = 3 € R — {2} for the interna binary opera-
tion .

(G3) Inverse

VxeR—-{2},3x1eG: xxxt=x1xx=c
Since * is commutative it sufficesto solve x * x~1 = e. We have

xxx l=eox.x1-2x+x1)+6=3

© x (x—-2)=2x-3 = x71 :2x—3.
xX—2
Clearly, x1 = 2;__23 € R. We show that x~! = 2;__23 #+ 2. By contradiction, suppose
that x~1 = 2, then
x1 =2x_3=2<:>2x—3=2(x—2)=2x—4<:)3=4.

x—2
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This a contradiction. Then, our assumption iswrong and hence

. 2x—3 £ 9
X o= x—2
Thus, every element x of R — {2} hasaninverse x! = 2;__23 € R — {2} for =.

SinceR — {2} # ¢, = isan internal binary operation on R — {2}, * is commutative, *
is associative, there exists an identity elemente = 3 for x in R — {2}, and every ele-

2273 € R — {2} for . Then (R — {2},%) is an

ment x of R — {2} hasaninversex™! = —

abelian group.
Theorem 4.1. Let (G,*) beagroup. Then
1) Theidentity element is unique.

2) Theinverse of any element x € G isunique.

1) 0 is the unique identity element of R where the interna binary operation * is the
addition, i.e.,(*= +) and - x isthe unique inverse of every element x € R.

2) 1 isthe unique identity element of R — {0} where the internal binary operation * is
the multiplication, i.e., (*=.) and i iIsthe unique inverse of every element
x € R—{0}.

4.2.1. Subgroups

Definition 4.3. Let (G,*) be a group. A nonempty subset H of G is called a subgroup
of G if the following conditions are satisfied:

(@ Vx,yEeEH:x+xy€H.
(b) e € H, where e isthe identity of G.
(c)Vx EH:x ' €H.

Remark 4.5. We do not need to check the associative property in H, because it isin-
herited directly from G.

1) (Z,+) isasubgroup of (Q,+), (Q, +) isasubgroup of (R, +) and (R, +) isasub-
group of (C, +).
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2) Consider the group (R3, +) where the the internal binary operation + is defined by:
V(xy,91,21), (x3,¥,2,) € R3:
(X1, ¥1,21) + (X2, V5, 25) = (X1 + X0, V1+V1, 21 + 2Z5).
Let H asubset of R3 given by
H={(x,y,z) ER%:x—y+ 2z =0}
Show that (H, +) isasubgroup of (R3, +).
(@) Let X = (xq,y1,21),Y = (x3,¥2,2,) € H. We have
X=(4,Y1,21) EH = x; —y;+22z; = 0...(1)
and
Y =(x,,9,,2,) EH = x, —y,+22, = 0...(2)
Adding these two equations together, we get
X1+ x, — (Y1+y1) + 2(z; + 2) = 0.
So, X+Y =(x; +x5,y:+y1,21 +2,) € H.
(b) e = (0,0,0) istheidentity of (R3,+). So, e € H since0 — 0 + 2(0) = 0.
(c)LetX = (x,y,z) € R3, thenX™ ! = (—x,—y,—2).I1f X € H, then
x—y+2z=0.
Since
—x—(=y)+2(-2)=-(x—y+22) =0,
thenX~! € H.
From (a), (b), and (c), (H, +) isasubgroup of (R3,+).
4.2. Rings

Definition 4.4. Let R be a nonempty set and let * and L be two internal binary opera-
tionsdefined on R. Then (R,*, L) isaring if the following axioms are satisfied:

(A1) (R,*) isan abelian group; that is,
(DVx,y,zER:x*x(y*xz) = (x*y) *Zz.
(il)3e€RVXER:x*xe=e*xx =X.
lil)Vx€eRAxTeER: xxx1=x1xx=C.
(iV)Vx,y ER:x *xy =y x x.
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(A2) Ll isassociative:
Vx,y,ZzER:x L (yLz)=(xL1y)lz
(A3) L isdistributive over *:

xLly*z)=(@xly)*(xlz)
Vx,y,Z € R: and .
y*xz) Lx=(Q Lx)*(zLlx)

Remark 4.6.

1) We say that (R,*, 1) is a commutative ring if the internal binary operation L is
commutative, which means that

Vx,yER:x Ly=y 1 x.

2) We say that (R,*, L) isaunita ring if thereisan identity element 1 for L, which
means that
d1, ERVXxER:x L1=15 1L x = x.

3) We denote by e € R the identity element for the internal binary operation * and by
1, theidentity element for the internal binary operation L.

SEqlElsy (Z,+,.), (Q+,.), (R,+,.) and (C,+,.) are al commutative rings
where
e = 0 : istheidentity element for the addition operation,

and

1, = 1:istheidentity element for the multiplication operation.
4.2.1. Basic Properties of Operationsin a Ring

Theorem 4.1. Suppose that (R,*, L) aring. Then
lelx=xle=¢eVx€ER.
xlly=@xLy)t=x1Lylvx,y€eR.
Hxt1lylt=x1yVx,y€ER.

Pr oof.

1) Sincee = e * e we have
elx=(exe)lx=(eLlLx)*(elx)

= e lx=ce.
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In the same way, we get
xle=xl(exe)=(xle)x(xle)=>xLle=ce.
2) Toshow that x™ 1Ly = (x L y)™1, it sufficesto prove that
xLly)«xtLly =e

We have

xLly*sxtTlyy=@x+xxHly=ely=e.
Likewise, we have

(xLlyDxxly)=xL @ lxy)=xle=e.
3) Using the second property twice, we obtain the last property as follows:

xt1lytl=(xlLy D l=x1ly. |

4.2. 2. Subring

Definition 4.5. Let (R,*, 1) bearing. A nonempty subset S of R is called a subring of
R if the following axioms are satisfied:
(@) (S,*) isasubgroup of (R,*).

(b)x Ly €eS,Vx,y €S.
4.3. Fidd

Definition 4.6. Let F ne a nonempty set and let * and L be two internal binary opera
tionsdefined on F. Then (F,x, 1) isafidd if the following axioms are satisfied:

(F1) (F,*, 1) isaring.

(F2) (F — {e}, L) isagroup, where e is theidentity element for x.

1 (R, +,.) isafied.
2) In R, we define two internal binary operations = and L as follows:
1

Vx,yeER: x*y=x+y—§,

and
Vx,yeER: x Ly=x+7y—2x).
Then (R, L) isafield.
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L

Vector Spaces

The concept of a vector space dates back to the year 1844. The first timid attempts
have been made by the German mathematician Hermann Grassmann but it has became
well-established with the work of the Polish mathematician Stephan Banach. this con-
cept which appears in many contexts is an algebraic structure consisting of a set on
which are defined a binary operation referred to as addition, and an operation of mul-
tiplication by scalars.

This chapter introduces vector spaces, their basic properties and the associated notions
such as linear combinations, linear independence, bases and dimension.

5.1. External Binary Operations

Definition 5.1. Let F and V be two nonempty sets. An external binary operation *

onV is afunction fromF X V toV. So, * assigns to each ordered pair of elements of

F XV auniquely determined element of V. The element assigned to the ordered pair

(x,y) withx € F,y € V isdenoted by x * y. Notationaly, *: F X V — V such that
xxy€eV,¥(x,y) EFXV.

5.2. Vector Space

Definition 5.2. Let (F,*, 1) beafield. A nonempty set IV is called avector space (also
called alinear space) over F if thereis an internal binary operation

+: VXV -V,
called vector addition and an external binary operation
- FXV >V,

called scalar multiplication, such that the following properties are satisfied:
(V1) (V,+) isan abelian group, that is,

D Vx,y,zeVix+(y+2z)=(x+y)+z

(i3eeV,VxeV:ix+e=e+x =x.

iiDVxeV,3xteV: x+xt=x1t+x=ce.

(iV)Vx,yeVix+y=y+x.
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(V2)Va,B EF,VxeV,(axpB) -x=(a-x)+ (B x).
(V3)VaeF,Vx,yeV,a:-(x+y) =(a-x)+ (a-y).

(VA Va,BEF,VxeV,(a LB) - x=a- (B x).

(V5) Vx € V,1; - x = x (1 isthe identity element for the operation L).

Remark 5.1.

1) A vector space needs two nonempty sets IV and F, and four operations (two internal
operations for the field F and two operations, internal and external for the vector space
).

2) Let V a vector space over the field F. The elemens of IV are called vectors, while
the elements of F are called scalars.

3) A vector space over the field R is called a real vector space and a vector space
over thefield C is called acomplex vector space.

2 EERNE The set (R™, +,-) of al ordered n-tuples (x4, x5, ..., x,) Where
X1, X9, ..., X, @readl real numbersis avector space over the field R where the operation
vector addition " + " is defined as follows:

n
VX]_ = (xl,xZ, ...,xn),XZ = (yl,yz, ""yl’l) €ER:
(1, X2, e X0) + V1, Y2 s Y0) = (01 + Y1, %2 + Y2, o0, Yo + V0,

and the operation scalar multiplication " - " is defined as follows:

n
Va € R, VX = (xq, %3, ...,X,) ER :
A (x1,%5, 0, xy) = (@ X1, Q" X,y o) A+ Xpy)-

An n-tuples (x4, x5, ..., x,) is called a vector of the vector space R", and x4, x5, ..., Xp,
are called components of the vector.

The identity element of this vector space (for the operation of vector addition '+’') is
0.» = (0,0, ...,0).

n times

5.3. Subspaces

Definition 5.3. Let (V, +,-) be avector space over afield F. A subset W of V isasub-
spaceof V if
@ W + o.

(b)Vx,yeW:x+yeW.
(OVaeF,VxeW:a-xeW.
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Theorem 5.1. Let (V, +,-) be a vector space over afield F. A subset W of V is a sub-
space of V if
@ W + o.

(b)Va,B EF,Vx,yeW:(a-x+L-y)EW.

Remark 5.2. Let (V, +,-) be a vector space over a field F and let 0, be the identity
element of V,i.e, theidentity element for the operation of vector addition’+’.
1) V and {0, } are subspaces of V.

2) If W is asubspace of V, then 0, € W. In other words, if W # ® and 0, &€ W, then
W isnot asubspace of V.

1) In (]RZ, +,.) we define asubset W; by

W, ={X=@0)e R*:x € R},
(a) We have 0.2 = (0,0) € W; (since the second component is zero). Thus W, # &.
(b) Leta,f € Rand X; = (x1,¥1), X, = (x2,y,) € W;. Then
X1 = (x,y1) EWy =y, =0,
and
Xy, = (x3, ;) EW, =y, = 0.
We have
a- X1 +B-Xy=a (x,y1)+ B (x2,¥2)
= (a-xp,a-y)+(B-x2,8-y2)
= (a-x1,0) + (B - x2,0)
=(ax-x; 4+ x,0) €W,.

From (a) and (b), W, is asubspace of ]RZ :

2) In (]RZ, +,.) we define a subset W, by
W, ={X=@1)e R :x € R},

We have 02 = (0,0) & W,. So W, is not a subspace of R,
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5.3.1. Intersection of Subspaces

Theorem 5.2. Let (V, +,-) be avector space over afield F. If W, and W, are two sub-
spaces of V, then W; n W, isasubspace of V.

Pr oof.

(a) Wehave 0, e W, and 0y € W,, 00y € W, N W,. ThusW; N W, # &.

(b) Letx,y e W, nW,, thenx,y € W; and x,y € W,. Since W; and W, are two sub-
spaces of V, then

Va,F EF:(a-x+p-y) EW,,

and
Va,BEF:(a-x+ L -y) €W,

So
Va,B EF,Vx,yeW NnW,:(a-x+ B -y) €W, nW,.

From (a) and (b), W; n W, isasubspaceof V. R

5.3.2. Union of Subspaces

Remark 5.3. Let (V, +,-) be avector space over afield F. The union W, U W, of two
subspaces W, and W, of V' is not necessarily a subspace of V. Indeed, in (Rz, +, ) we
define two subspaces W, and W, by

Wy={X=x0)€eR :xeR} andW, = {X = (0,y) eR:y € R}
(&) Wehave 0, e W, and 0y, € W,, 00y € W; UW,. ThusW; U W, # &.

X, e W, UW, (sinceX; € W,and X, € W,), while

a-X,+p-X,=1-2,0)+1-(0,4) =(2,0)+(0,4) =(2,4).
Since (2,4) ¢ W, and (2,4) & W,, then (2,4) ¢ W, U W,.
So, W; U W, is not a subspace of RZ.
5.3.3. Sums and Direct Sums of Subspaces

Definition 5.4. Let W, and W, be two subspaces of a vector space (V, +,-). The sum
of W; and W, is defined by

Wl + Wz = {Xl +XZ:X1 € Wl,XZ € Wz}
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Theorem 5.3. If W, and W, are two subspaces of avector space (V, +,-), then
W, + W, isasubspaceof V.

Definition 5.5. Let (V, +,-) be avector space over afield F and let W, and W, be sub-
spacesof V. Then V issaid to be the direct sum of W, and W,, and we write

V =W, ®W,, if

DV =W, +W,.

Wi nW, = {0y}.

Theorem 5.4. Let (V, +,-) be a vector space over afield F and let W, and W, be sub-

spaces of V. ThenV = W, @W, if and only if for every x € V there exist unique vec-
torsx; € W, and x, € W, suchthat x = x; + x5.

S Ehnelleisied In the vector space (RZ, +, ) over R we define two subspaces W; and
W, by

W, ={X=@0)e R*:x € R},
and

W, ={X=(0y)eR:yeR}.
(1) LetX = (x,y) € R”. Then

X=xy)=(x0)+ ().
ew; EW,

So,V =W, +W,.
(2) We have
w,nw, = {X = (x,y) € IRZ: (x,y) e W;and (x,y) € Wz}-
But
(x,y) EW;, =x=0and (x,y) eW, =y =0

W, n W, = {(0,0)} = {ORZ}.

From (1) and (2), R* = W, @W,.
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5.4. Linear Combination

Definition 5.6. Let (V, +,-) be a vector space over afield F and let x4, x5, ..., x,, and x
be vectorsin V. We say that x isalinear combination of x;, x5, ..., x,, if

daq, ay, ...,y EF:x = a1 - X1 +ay - Xy + -+ ay - Xp.
Wecdl a4, a5, ..., a, the coefficients of the linear combination.
Remark 5.4. Let (V, +,-) be avector space over afield F and let x4, x5, ..., x,, be vec-
torsinV. If 0, is the identity element of V (for the operation of vector addition ' +’).

Then 0, isaways alinear combination of x,, x,, ..., x,,. Indeed,
da,=a, ==a,=0€F:0,=0-x;+0-x, +--+0-xp,.

5.4.1. Span

Definition 5.7. Let (V,+,') be a vector space over a field F and let x4, x,, ..., x,, be
vectors inV. The span of x4, x5, ..., x,,, denoted span(x4, x5, ..., x,,) IS the set of al
linear combinations of x4, x,, ..., x,,. Notationally,

span(xy, Xo, .o, Xp) = {01 Xy +ay x5 + -+ ay X101, Ay, ., 0, EF L

Remark 5.5. Let (V, +,-) be a vector space over afield F and let x4, x5, ..., x,, be vec-
torsinV.

1) span(¢) = {0y }.
2) span(xy, X,, ..., X,) iSasubspace of V.
3) {x1, x5, ..., xp} € span(xq, x5, ..., Xp).
4) If W isany subspace of I/, then
{x1,%5, ..., X} €W = span(xq, x5, ..., x,) € W.
In other terms, span(xy, x5, ..., x,,) is the smallest subspace of VV which contains

{x1; X2y wees xn}'

Definition 5.8. Let (V,+,') be a vector space over a field F and let x4, x,, ..., x,, be
vectorsin V. We say that the set {x,, x5, ..., x,,} Spansor generates V' if
span(xy, X, ..., x,) = V.

2 .
1) In the vector space (R +) over R we consider the vectors e; = (1,0) and
e, = (0,1). On the one hand,
span(e;, e,) S R,
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On the other hand, if (x,y) € R, then

(x,y) =(x,0)+ (0,y) =x-(1,0) +y-(0,1).
So,

VX =(x,y) € [Rz,Elal =x,a,=y€ER: (x,y) =a; e, +a, - e,.
Thus ]RZ C span(e,, e,). Consequently,
span(e,, e;) = Rz,
which means the set {e;, e, } spans RZ.

2) Similarly, if x; = (1,1) and x, = (2,0), then span(x;,x,) S R’ Furthermore, if
(x,y) € ]RZ, then
xy)=a-xm+a-x, e xy)=a-(L1)+a,-(2,0)
S (x,y) = (ag + 2a3,a4),
which implies that

<Nl R
NS

{a1+2a2:x=> a,
ap =Yy

K
=
I

0,

X
VX =(x,y) E[Rz,Elal =y, =5- ER: (x,y) =a; - x1 + ay - xs.

N[

2 2
ThusR < span(x,,x,). Consequently, span(x;,x,) = R ,and the set {x;, x,} spans
2

R .

Remark 5.6. Usually there are many different subsets which are able to generate the
same vector space.

5.4.2. Linear Independence

Definition 5.9. Let (V,+,') be a vector space over a field F and let x4, x5, ..., x,, be
vectors in V. We say that vectors x;, x,, ..., x,, ae linearly independent if for all
aq, a,, ..., 0, € F the equation

a; X1 +ay -x, +-+a, x, =0y,

canonly be satisfied if ¢; = a, = - = a,, = 0.
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Remark 5.7. All set consists of asingle vector x # 0y islinearly independent.

1) In the vector space (]R3,+,.) over R, we consider the vectors e; = (1,0,0) ,
e, = (0,1,0) and e5 = (0,0,1).

Letay, ay, a3 € R.If
a1'€1+a2'€2+a3'€3=0R3,

then
a,-(1,0,0) + a, - (0,1,0) + a3 - (0,0,1) = (0,0,0) & (aq,a,, az) = (0,0,0).
30,
a; =a, =az =0.
Hence, e, e, and e; are linearly independent.

2) In the vector space (Rg, +, ) over R, we consider the vectorsv; = (0,1, —1),

vV, = (1,0,_1) and V3 = (1,1,0) Let aq,ay, a3 ER. If

al’vl+a2’v2+a3’v3=0R3,

then
a; - (0,1,—-1) + a, - (1,0,—1) + a5 - (1,1,0) = (0,0,0),
gives
(a, + a3, a; + a;,— a; — ay) = (0,0,0).
30,

a2+a3=0
a1+a3=0 :a1:a2=a3=0.
_al_OfZ:O

Thus v,, v, and v are linearly independent.
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5.4.3. Linear Dependence

Definition 5.10. Let (V, +,-) be a vector space over a fidd F and let x4, x5, ..., x,, be
vectors in V. We say that vectors x4, x,, ..., x,, are linearly dependent if they are not
linearly independent; that is, if there exists a4, a,, ..., a,, € F such that at least one
a; #0, i =1,nand

a;-x1+ay - -x,+-+a, x,=0y.
In the vector space (RZ, +, ) over R we consider the vectors v, = (1,0) , v, = (0,1)
andv; = (2,3).Leta;,a,, a; E R . If

al’vl+a2’v2+a3’v3=0R2,

then
a; - (1,0) + a, - (0,1) + a3 - (2,3) = (0,0),
leads to
(ay + 2a3,a, + 3a3) = (0,0).
0,

{a1+2a3=0 {a1=_2a3
a2+3a3 =0 az =—36¥3'

If a; =1,then a; = -2, a, = —3 and
a; - (1,0)+a,- (0D +a3-23)=-2-(1,00—3-(0,1) +1-(2,3)
= (0,0).
Thus v,, v, and v are linearly dependent.
Remark 5.8. Let (V, +,-) be avector space over afield F and let x4, x5, ..., x,, be vec-
torsinV.

1) If one of the vectors x4, x,, ..., x, equals 0y, then x;, x,, ..., x,, are linearly depen-
dent.

2) x4, X5, ..., X, &elinearly dependent if and only if at least one of the vectors
X1, X9, ..., X, CaN be written as alinear combination of the remaining vectors of
X1y X2, ey Xpe
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3 .
In the vector space (IR , 7+, ) over R we consider the vectors

v,=02,-2,-1),v,=(1,1,1),v, =(1,2,3),and v, = (2,—1,1).
We have
(2,-2,-1)=1-(1,1,1)—1-(1,23) +1-(2,-1,1).

So, v, isalinear combination of v,, v; and v,. Hence, the set {v,, v,, v3, v,} islinear-
ly dependent.
5.5. Basesand Dimension

5.5.1. Bases

Definition 5.11. Let (V, +,-) be a vector space over afield F and let x4, x5, ..., x;,, be
vectorsin V. We say that the set {x,, x,, ..., x,,} forms abasis of the vector space V if
1) {x4, x5, ..., x, } islinearly independent.

2) {x1, x5, ..., X, } generates V, i.e.,
span(xq, X,, ..., X,) = V.

In the vector space (R™, +,), the set
B = {e; = (1,0, ...,0),e, = (0,1,0, ...,0), ..., e,, = (0,0, ...,0,1)},

forms abasis of R™. Indeed,
1) Leta;,ay,...,a, ER.If
a;-e;+ay-e;,+--+a,- e, =0gn,
then
a; - (1,0,..,0) + a, - (0,1,0,...,0) + -+ a,, - (0,0, ...,1) = (0,0, ...,0),
which implies that
(ag,ay,...,a,) = (0,0, ...,0).
30,
a,=a, =-=a, =0.
Thus{e,,e, ..., e, } islinearly independent.
2) Since{ey, ¢, ..., e,} € R™, then

span(ey, e, ...,e,) S R™.
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On the other hand, if (x4, x5, ..., x,) € R™, then
(%1, %5, e, %) = (x4,0,...,0) + (0,x,,0,...,0) + -« + (0,0, ..., x,,)
=x, -(1,0,..,0) +x,-(0,1,0,...,0) + -+ x,, - (0,0, ...,1).
So, for al (x4, x5, ..., x,) € R, Ja; = xq,a, = Xy, ..., &, = X, € R such that
a et ay e+t ay e, = (X, Xy, ., Xn).
ThusR" < span(ey, e, ..., e,).

. n
Sincespan(ey, e, ...,e;) €S R*and R < span(ey, e, ..., e,), then

n
span(ey, e, ...,e,) = R,

andtheset {e,, ¢, ..., e, } Spans R".

Since{e,e, ..., e,} is linearly independent and generates R, then {ey, e, ..., e,} forms
abasis of the vector space R".

Remark 5.9. The basis
B ={e, =(1,0,..,0),e, =(0,1,...,0,0),...,e, = (0,0, ...,0,1)},

of the vector space R" is called the standard basis (also canonical or natural basis)
forR".
Remark 5.10.

1) Usually there are many different subsets which are able to form a basis of the same
vector space.

2) If avector spaceV has a basis consisting of n elements, then any other basis for V
hasn elements.

Example5.9.
According to Example 5.4., if x; = (1,1) and x, = (2,0), then the set {x;, x,} spans
]RZ. Furthermore, if a4, a5, ..., a, € R then

X +ay x, =0z ©ay-(1,1) +a,-(2,0) =(0,0),
And hence

(a, + 2a,,a,) = (0,0) = a; = a, = 0.

So, {x4,x,} is linearly independent. Since {x;, x,} is linearly independent and gene-
rates ]RZ, then B, = {x,, x,} forms abasis of the vector space R,
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According to Example 5.4.,if e; = (1,0) and e, = (0,1), then
B, = {e1, €2},
form abasis of the vector space RZ.

Thus
B; = {x1,x;} and B, = {ey, e,},

are two different basis of the same vector space ]RZ.
5.5.2. Dimension

Definition 5.12. Let (V, +,-) be a vector space over afield F and let B be a basis for
V. The dimension of the vector spaceV , denoted by dim(V), is the number of the
vectors of B.

Remark 5.11. Let (V, +,-) be avector space over afield F. We have

Remark 5.12. According to Remark 5.9., even if a vector space V has more than one
basis, the dimension does not change.

dim (Rn) =n.

Theorem 5.5. Let (V,+,") be a vector space of dimension n (dim(V) = n) over a
field F.
1) Every linearly independent subset of V withn elementsisabasisfor V.

2) If VV is generated by a subset of V with n elements, then this subset isabasisfor V.

Example5.11.

In the vector space (IRZ, +,. ) let the set
B ={u, =(2,0),u, = (—1,1)}.
Since {(2,0), (—1,1)} c R?, then
span(u;, u,) € R2,
On the other hand, if (x;,x,) € R?, then
(x1,x) = a1 Uy +ay Uy & (x,x,) = a7 - (2,0) +a, - (—1,1)(x,y)

S (x1,x3) = (2.1 — ay, ay).
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Consequently

. _ . xX+y
{2 G- =x_ )a = 5
“2 =Y a =Yy
So,
X
V(xy,%,) € R?,3q, = > =Y ER:(x,%,) = ay - Uy +ay - Uy
Therefore,

R C span(uq, u,).
Since span(uy, u,) € R? and R C span(uy, u,), then

span(uy, u;) = Rz.
and the set {u,, u,} generates RZ.
Since {u,, u,} generates R” and dim (]R{Z) = 2 then

B ={u, =(2,0),u, = (=11},
isabasisof R".
In on the other way, let @, a, ER . If a5 -uy +ay - u, = ORz,then
a;-(20)+a,-(—1,1) =(0,0) & (2.a; —a,,a,) = (0,0).

0,

{2'a1_a2=0=> a; =a, =0.

a2=0

Thus {u,, u,} islinearly independent.
Since {u,, u,} islinearly independent and dim (IRZ) = 2 then
B = {ul = (2,0),“2 = (—1,1)},

. . 2
isabasisof R .
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5.5.3. Coordinates Relativeto a Basis

Definition 5.11. Let (V, +,-) be avector space over afield F and let
B = {x1,X5, .., Xp},
beabasisof V. If x € IV then x has a unique representation
X=Q1 X1 +ay X+ +ay, x,:qq,a,..,a, EF.

The coefficients a4, a5, ..., a,, are called the coor dinates of x with respect to the basis
B = {xl, Xy, ...,xn}.

Example5.12.

We consider the basis
B={u; =(20),u, =(-11)}
of the vector space (RZ, +) Find coordinates of the vector X = (—3,1) relative to
the basis B.
According to Example 5.11. we have

X +
2

V(x1,x;) € R?, 3y = 0, =y €ERi(x,x5) = a1 - Uy + @y - Uy

X =(-31)=

> Uy +1-u, = —uy +u,.

Hence, the coordinates of X relative to the basis B are (—1,1).

Theorem 5.6. Let (V,+,") be a vector space of dimension n (dim(V) = n) over a
field F and let U and W be subspaces of V. Then
dim(U + W) = dim(U) + dim(W) — dim(U n W).

Theorem 5.7. Let (V,+,") be a vector space of dimension n (dim(V) = n) over a
field F and let U and W be subspaces of V.
DIfU c W, thendim(U) < dim(W).

2)If U € W and dim(U) = dim(W), then U = W’.

Corollary 5.1. Let (V,+,") be a vector space of dimension n (dim(V) =n) over a
field F and let U be subspace of V. If dim(U) = dim(V),thenU = V.
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Example 5.13.

3
In the vector spaces (IR +) let

U={X= (x,y,z)ERg:x+y=x—Z=0},
and
3
W={X= (x,y,z) ER :x+y+z=0},
two subspaces of it

1) Find abasisof U and .
2) Find U n W and calculate dim(U N W).

3) Condludethat R° = U®W.
One has

Dalf X =(xy,2) € U,then

{x+y=0=>y=—x
x—z=20 Z=X

which gives

U={X=(x,y,z)ERs:x+y=x—Z=0}

={x=(x-xx) € R:x € R}={X=x (1,-11)€ R:x € R},

So, U < span((1,—1,1)). On the other hand,

1+(-1)=1-1)=0= (1,-1,1) €U

= span((l, —1,1)) cU.
ThusU = span((l, —1,1)).
Since (1,—1,1) # (0,0,0), then (1, —1,1) islinearly independent.
Because U = span((1,—1,1)) and (1, —1,1) islinearly independent, then
B, ={u, =(1,-11)},
formsabasisof U. Hence, dim(U) = 1.
b)If X = (x,y,z) € W, then
x+y+z=0=>z=-x-—Y,
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which implies that

W={X= (x,y,2) E[R{g:x+y+z=0}
:{(x,y,—x—y) E]R3:x,yE]R}
= {(x, 0,—x)+(0,y,—y) € ]R3:x,y € ]R}

= {x(1L0,~1) +y(0,1,-1) € R:x,y € R},

So, W ¢ span((1,0,—1), (0,1, —1)). On the other hand,

{1+0+1=0
0+1+1=0

= {(1,0,—-1),(0,1,-1D}c W
= span((1,0,—1),(0,1,—-1)) c W.
Consequently W = span((1,0,—1),(0,1,—1)).
If @y, a5, a3 € R, then

a, - (1,0,-1)+a, - (0,1,-1) = OIR3 = (aq,a,,—a; —ay) = (0,0,0).
It follows that

a1=0
a2=0 :a1:a2=a3=0.
_al_OfZ:O

Thus {(1,0,—1), (0,1, —1)} islinearly independent.
Because W = span((1,0,—1),(0,1,—1)) and {(1,0,—1),(0,1,—1)} is linearly inde-
pendent, we infer that
B, ={u, = (1,0,—1),u3 = (0,1,-1)},
formsabasisof W. Thus, dim(W) = 2.
X =(x,y,z) e UnW,then

x+y=0
x—z=0 =x=y=z=0.
x+y+z=0

unw ={o.} =000}

and dim(U N W) = 0.
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3) Since
dim(U + W) = dim(U) + dim(W) — dim(U n W),
then
dim(U+W)=14+2-0=3.

Now,

dim(U + W) = 3 = dim (R3) 3

and =U+W=R.
U+WCR

3 3
BecauseU + W = R andUnW:{ORa},thenR - UDW.
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Linear Transformations

This chapter treats some elementary properties of a specia class of functions, known
as linear transformations, that map vectors in one vector space to those in another.

6.1. Linear Transfor mation

Definition 6.1. Let V and W be vector spacesover F. A functionT:V — W isalinear
transformation fromV to W if
DT(x+y)=T(x)+T(y),fordl x,y €V.

2) T(ax) = aT(x),fordl x eV,a €F.
Theorem 6.1. Let V and W be vector spaces over F. A functionT:V — W is alinear

transformation from V to W if

T(ax + By) = aT(x) + BT(y),Vx,y € V,Va, S € F.

1) Define f;: R — R by
f1(x) = mx,mis areal fixed number.
Show that f; isalinear transformation.
Leta,f € Rand x,y € R. We have
fulax + By) = m(ax + By) = amx + fmy = af, (x) + Bf;(¥).
Thus f; isalinear transformation.
2) Define f,: R? — R by
falx,y) =x—y.
Show that £, isalinear transformation.

Let a, B € Rand (xg,y,), (x5, ¥,) € R%. We have
a(xy,y1) + L(x2,¥2) = (axy, ayy) + (Bx,, fy2) = (ax; + Bxy, ay; + By,).
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0,
f2 (“(x1;3’1) + ﬂ(XZJyZ)) = falax; + fxy, ay, + By,)

= axy + fx; — (ayr + y2) = a(xy —y1) + B(x2 — ¥2)

= afy(x1,y1) + Bfa(x2, y2).
Thus £, isalinear transformation.
3) Define f;: R — R by

fz(x) = myx + m,, my, m, are real fixed numbers.
Show that £; isnot alinear transformation.
Leta, € Rand x,y € R. We have
fz(ax + By) = my(ax + fy) + m, = am;x + fmy + m,.

However
af;(x) + Bfs(¥) = a(myx + my) + B(myy + my) = amyx + fmyy + (a + f)m,.
Since « and f are arbitrary numbers, then « + f # 1 isnot always true. So,

falax + By) # afs(x) + Bfz(¥).
Thus f; isnot alinear transformation.
4) Let

B = {e; = (1,0,0),e, = (0,1,0), e5 = (0,0,1)},
and
B' ={e; = (1,0),e; = (0,1)},

the standard basis of R® and R? respectively and define alinear transformation
fa: R® — R? by

fa(er) = (L), fu(ex) = (1,3), fu(es) = (2,1).
Give the expression of f,.
Let X = (x,v,2) € R3, we have
(x,y,z) = (x,0,0) + (0,y,0) + (0,0,2)
= x(1,0,0) + y(0,1,0) + 2(0,0,1)

= Xxe; + ye, + zes,
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fa(x,y,2) = fu(xes + ye, + zes).
Since f, isalinear transformation then

fa(xeq + ye, + zes) = xfy(eq) + yfa(ez) + zf4(e3)
=x(1,1)+y(1,3)+z(21)=(x+y+2zx+ 3y + 2).

Remark 6.1.

1) Let V and W be vector spaces over F. If T:V — W is a linear transformation from

V to W, then

T(0y) = Oy,
where 0,, and 0, are the identity elements of V and W respectively (with respect to

the vector addition operation). In other words, if T(0y) # 0y,, then T is not a linear
transformation. For example, if f: R — R? isafunction given by

f,y)=Q@2x+y,-1-x—y).
We have
f(Og2) = £(0,0) = (2(0) + (0), =1 = (0) — (0)) = (0,—1) # (0,0) = Oe.
Thus f isnot alinear transformation.
2) T(—x) = —T(x) for al x € V. Indeed, we have

T(—x) =T((-1x) = (-D)T(x) = -T(x).
6.2. Kernel and Image

Definition 6.2. Let V and W be vector spaces over F and supposethat T:V —» W isa
linear transformation.

1) The kernel of T is the set of al elementsx € V such that T(x) = 0,,. We denote
this set by KerT. In other words,

KerT = {x € V:T(x) = 0y} = T"1{0y }.

2) The range (or image) of T is the set of al elementsy € W that have the form
y = T(x) for some x € V. We denote this set by ImT. In other words,

ImT ={yeW:3xeV,y=Tx)} ={T(x):x € V}.
Theorem 6.2. Let IV and W be vector spaces over F and suppose that T:V — W is a

linear transformation. Then
1) KerT is asubspace of V.

2) ImT isasubspace of W.
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1) Find Kerf; and Imf; , where f; : R? — R? isalinear transformation defined by
f1(x1,%2) = (%1 + X2, %1 — X3).
Kerf; : By definition
Kerf; = {(x1,x2) € R?: fi(x1, %) = Opa}.
We have
f1(x1,x3) = Oz & (x1 + %2, %1 — x3) = (0,0).
For the left-hand side to be equal to the right-hand side, we have

{xl +x2=0

x1_x2:0:>2x1=0:x1=0:x2=0.

Thus
Kerf; = {(0,0)} = {Op2}.
Imf, : By definition
Imf; = {(y1,y2) € R*:3(xy,x3) € R?, (31, ¥,) = f1(x1,%2)}
= {f1 (1, x2): (x1,x,) € R*}.
We have
fi(x1,%2) = (71, ¥2) © (1 + x3,x1 — %) = (Y1, ¥2)-
For the left-hand side to be equal to the right-hand side, we have
{x1 + X =)
X1 — X2 = Yo
Thus
Imf; = {(x1 +x2, %1 —x3): %1, %, € R} = {(xq,x1) + (%2, —%3): x4, x, € R}
= {;(1,1) + x,(1, —1): %1, x, € R} = span((1,1), (1,—1)).
2) Find Kerf, and Imf, , where f, : R3> — R3 isalinear transformation defined by
f2(X1,X2,X3) = (xl — Xy + X3, 2x1 + Xy — X3, —X1 — 2x2 + 2x3).
Kerf,: By definition
Kerf, = {(x1,x2,x3) € ]R3:f2(x1,x2,x3) = Ops}.
We have

f2(x1,%9,%3) = Og3 © (X1 — X5 + X3, 2%y + X3 — X3, —X1 — 2%, + 2x3) = (0,0,0).
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For the left-hand side to be equal to the right-hand side, we have

xl—x2+x3=0 (1)
2x1+x, —x3=0 ..(2).
—x1 - sz + 2x3 == 0 (3)

Adding equations (1) and (2) together weget 3x; = 0 = x; = 0.
By substituting the value of x; into the third equation we obtain
X, = X3.
30,
Kerf, = {(0,x,,x,),x, € R} = {x,(0,1,1),x, € R} = span((O,l,l)).
Imf,: By definition
Imf, = {(y1,¥2,¥3) € R®:3(x1, %3, x3) € R%, (¥1,¥2,¥3) = f2(1, %2, X3)}

= {201, %2, x3): (x4, %3, x3) € R},
If f2(x1, %2, %3) = (¥1,¥2,¥3), then

(1 — x5 + X3, 2%; + x5 — X3, —X1 — 2% + 2x3) = (Y1, Y2, ¥3)-
For the left-hand side to be equal to the right-hand side, we have

X1 =X+ x3=y;  ..(1)
2x1+ %X, —x3 =y, ..(2).
—x1 — 2x; + 2x3 = y3 ... (3)

By subtracting equation (1) from the sum of equations (1) and (3), we get

R)+B) - D)=y +y,+ty3=0=>y; =y, +ys.
Thus,

Imf, = {(y2 + ¥3,¥2,¥3):¥2,¥3 € R} = {(32,2,0) + (¥3,0,¥3): 2, ¥3 € R}
= {y,(1,1,0) + y5(1,0,1): y,, y; € R} = span((1,1,0), (1,0,1)).
6.3. Dimension Formula

Theorem 6.3. Let IV and W be vector spaces over F and suppose that T:V — W is a
linear transformation. Then

dim(V) = dim(KerT) + dim(ImT).
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Find Kerf and Imf, where f : R*> — R isalinear transformation defined by
f(xy,25) = x1 — x3.
Kerf: By definition
Kerf = {(x1,x,) € R?: f(x1,x,) = Og}.
We have
f(x1,%) =0 © x; —x;, = 0= x; = x5.
0,
Kerf = {(xy,x1):x; E R} ={x;(1,1):x; E R} = span((l,l)).
Thus
dim(Kerf) = 1.
Imf: By means of the dimension formula we get
dim(Imf) = dim(R?) — dim(Kerf) =2 —1 = 1.
So

dim(Imf) = dim(R) = 1
and = Imf = R.
Imf € R

6.4. Injective and Surjective Linear Transfor mations

Theorem 6.4. Let IV and W be vector spaces over F and suppose that T:V — W is a
linear transformation. Then

1) T isinjectiveif and only if KerT = {0y }.
2) T issurjectiveif and only if ImT = W.

Let f : R?2 — R? bealinear transformation defined by

f(x1,x2) = (x1 + x5, %7).
Determine whether f isinjective or surjective.
Kerf": By definition
Kerf = {(x1,x2) € R%: f;(x1, ;) = Opz}.
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We have
f(x1,x3) = Oz & (x1 + x2,x1) = (0,0).
For the left-hand side to be equal to the right-hand side, we have

{3;11:%2 - 0=>x1 =x, = 0.
o,
Kerf = {(0,0)} = {Og2}.
and

dim(Kerf) = 0.
Imf: By means of the dimension formula we get
dim(Imf) = dim(R?) — dim(Kerf) =2 — 0 = 2.
So

dim(Imf) = dim(R?) = 2
and = Imf = R2.
Imf € R?
Since Kerf = {0g2}, then f isinjective.

Since Imf = R?, then f is surjective.
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