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THESIS ABSTRACT

This thesis focuses on the study of the well-posedness and the stability of the solutions
to some evolution problems with the presence of different mechanisms of damping and
various types of delay. We are interested in proving the existence and uniqueness of
solutions using the semi-group theory and showing the exponential stability using the
energy method by constructing a suitable Lyapunov functional equivalent to the system’s
energy. In this regard, we study the following three problems: The first is concerned
with a transmission problem for waves with history, time varying delay, and non-constant
weights, the second is related to the thermoelastic system of swelling porous elastic soils
with second sound and distributed delay term, and the last is devoted to the study of the

Bresse system with microtemperature effects and a delay term.

Keywords: Evolution problem, Transmission problem, Swelling porous system, Bresse

system, Semi-group theory, Lyapunov functional, Exponential stability.



RESUME

Cette these se concentre sur 1’étude de ’existence, I'unicité et la stabilité des solutions
pour les problemes d’évolution en présence de différents mécanismes d’amortissement et
sous les effets de différents types de retard. Nous nous intéressons a l’existence et a I'unicité
des solutions en utilisant la théorie des semi-groupes et a I’établissement de la stabilité
exponentielle a 'aide de la méthode d’énergie par la construction d’une fonctionnelle de
Lyapunov appropriée équivalente a 1’énergie du systeme. A cet égard, nous étudions les
trois problemes suivants : Le premier concerne un probleme de transmission pour des
ondes avec un terme de mémoire, un terme de retard variable et des poids non constants,
le deuxieme est lié au systeme thermoélastique de gonflement des sols poreux élastique
avec un deuxieme son et terme de retard distribué, et le dernier est consacré a 1’étude du

systeme de Bresse avec effets de microtempérature et terme de retard.

Mots-clés: Problemes d’évolution, Retard, Systemes poreux gonflés, Probleme de
transmission, Systeme de Bresse, Théorie des semi-groupes, Fonctionnelle de Lyapunov,

Stabilité exponentielle.
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CHAPTER 1

INTRODUCTION

Mathematical thinking permeates virtually every scientific field, from physics and chem-
istry to biology and economics. It serves as a universal language for enabling scientists to
model complex phenomena. Furthermore, employing mathematical descriptions becomes
imperative for delivering reliable predictive analyses for the underlying process of nature.
Consequently, mathematical models have been meticulously formulated to understand

complex processes was set up.
Many of those mathematical models are described by a (system of) partial differential

equation(s) (PDEs). Well established laws of nature and their mathematical counter-
parts have led to most of the development of suitable PDEs, exemplified in domains like
heat conduction, fluid dynamics, or the deformation of solids. Within this framework,
hyperbolic-type problems emerge as a class of PDEs that model propagation phenomena.
A perfect example of this category is the wave equation, which defines the behavior of
waves generated when a vibrating source disturbs the medium. To control and restrain
these vibrations, various damping mechanisms can be introduced, including second sound,
time delay, and past history damping, (see [14, 15, 36, 37, 38]).

In this thesis, we are interested in studying the behavior of solutions of certain hyper-
bolic systems where the dissipation is induced by the presence of different mechanisms of
damping and under the effects of various types of delay. A time delay refers to the lag
or interval between an event or action and its corresponding effect or response within the
system. It represents the time it takes for an influence to propagate through the system,
influencing its state or behavior. The presence of time delays introduces a unique set of
challenges and behaviors in evolutionary problems. These effects can significantly impact
the system’s dynamics, stability, and overall behavior.

The delay differential equations (DDEs) are differential equations in which the deriva-



Chapter 1. Introduction 2

tives of some unknown functions at present time depend on the values of the functions at
previous times. Mathematically, we mention some types of delay for a simple differential

equation where the time delay is denoted by 7:

Constant time delay

A constant delay refers to a fixed time lag between an event and its effect within a dynamic

system, it is denoted by a constant 7, its equation is written as follows:

Ex(t) = f(t,x(t —71)).

Varying Time Delay

Varying delay refers to a time delay that changes dynamically with time. It is often
represented as 7(t), indicating that the delay can vary as the system evolves, its equation

is written as follows:

d
00 = ft, 2t = 7(2))).

Distributed Time Delay

Distributed time delay refers to a situation where the system’s current state depends on
a range of past states, each with a different time lag. Unlike a constant delay, where a

fixed time lag is considered, its equation is written as follows:

Go0) =10t [ uate = 5)as)

Another type of delay called neutral delay is referred to in earlier research [58, 21].

Recently, there has been a surge in research activity regarding partial differential equa-
tions (PDEs) with time delay effects, this can be observed in works such as [1, 56] and
the associated references. The presence of delay may be a source of instability, as demon-
strated in studies [20], where it was proved that an arbitrarily small delay may destabilize
a system, which is uniformly asymptotically stable in the absence of delay.

Regarding the wave equation system with a linear frictional damping and a constant

delay on the boundary:

vp(z,t) — Av(z,t) =0, z€Q,t>0,
v(z,t) =0, x€lyt>0, (1.1)
Ov(w,t)

=5 = —pave(x,t) — povy(z,t —7), 1w € Lot > 0.

In the case where p; is positive and po is null, meaning that there is no delay, several

researchers [10, 60] have verified that the system (1.1) is exponentially stable.
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In 2006, Serge Nicaise and Cristina Pignotti [11] demonstrated based on the hypothesis
that uo < p1, that the energy is stable in the exponentially sense for the wave equation
with a delay term in the boundary or internal feedbacks. On the contrary, they showed
instability in the case ps > pq, for the problem (1.1). In 2008, they obtained exponential
stability results in the case where the distributed delay replaces the constant delay in the

system’s (1.1) in [15]:

/  a(s) (.t — $)ds.

T1

provided that

/ﬂﬁm@)<uy

T1
They verified the well-posedness of the analyzed problem using semigroup theory and
achieved exponential stability. They also provided an example of instability when the

following assumption was not verified:

ol [ patshds <.

T1
On the other hand, in collaboration with J. Valein [17], they obtained a similar result
when we replace the constant delay term in (1.1) on the boundary with a varying delay

term of the form:
povy(z,t —7(t)),

assuming that

po < V1—d p, (1.2)

where d is a constant such that

t)y<d<1, ¢>0. (1.3)

For further information on the same case with conditions (1.2,1.3) in one space dimen-
sion, the reader can refer to reference [16], where the authors studied the exponential

stability of the wave equations with time-varying delays.

Results Description

The objective of this thesis is to establish the well-posedness of solutions and demonstrate
exponential decay by using the energy method. The specific systems addressed in this

study are:
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The transmission problem for waves

The transmission problem for waves is a mathematical and physical concept that deals
with the behavior of waves as they travel within a domain containing two or several
materials. This problem focuses on the study of how waves interact with boundaries or
interfaces between different media, involving the analysis of wave equations and boundary

conditions.
Recently, researchers have been interested in transmission problems, particularly in the

realm of material component design, as seen in their applications in analyzing damping
mechanisms within the metallurgical industry and the development of smart materials
technology, for instance, the authors in [8] presented an application to an automotive
floor panel and in [54] they described how to control noise and vibration in vehicles and
commercial airplanes. More applications in [33, 51] and the references therein. As far
as our knowledge extends, the initial contribution in the literature regarding transmis-
sion problems with a time delay was made by A. Benseghir in [12], he addressed the

transmission problem with delay:

U (x, 1) — auge (2, t) + pug(z, t) + poug(z,t — 7) = 0 in Qx]0, +00],
Vit — bFUI‘fE =01in ]Ll, LQ[X]O, +OO[,

with constant weights g1, e and time delay 7(¢) > 0 was studied, under an appropriate

assumption on the weights of the two feedbacks (p1 < u2), and under this condition

a Li+Ls— Ly
1, —} _—, 14
ma‘x{ b 2(Ly— L) (14)
it was proved the well-posedness of the system and they established an exponential decay
result.
In [19], the authors studied a transmission problem for waves with non-constant delay

and non-constant weights:

Ut (2, 1) — auge (2, 1) + py (O (2, t) + po(t)u(x, t — 7(t)) = 0 in Qx]0, 00|,
Vit — b'U;m; =01in ]Ll, LQ{X](), +OO[,

under suitable assumptions on 4 (t), p2(t) and 7(¢), and using semigroup arguments
by Kato, they obtained a well-posedness result, and established exponential stability by

introducing a suitable Lyapunov functional.
A similar result has been shown in [59], where the authors examined the following
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transmission problem in the presence of infinite history and varying delay

+o0
(1) — aug,(x,t) + / 9($)Uyy(z,t — 5)ds
0

+ pug(x, t) + pou(z, t — 7(t)) = 0 in 2x]0, +o00],
Vit — b'Uxx =0in ]Ll, LQ[X]O, +OO[,

under suitable assumptions on the weight of the damping and the weight of the delay, for
more informations see [5].

Our main results in this part can be summarized as follows: we consider the transmis-
sion problem for the wave equation in the presence of history, non-constant delay, and

non-constant weights terms

(2, 1) — auge(z,t) + f;oo 9(8) Uz (x,t — s)ds
S (E)us(, 1) + pa(B)n(, £ — 7(8)) = 0 in Qx]0, +oo,
Vit — b’l)xx =01in ]Lla LQ[X]O, +OO[

We use some semigroup theory techniques based on Kato’s variable norm technique to
prove well posdeness then we give an exponential stability result for the energy using a

suitable Lyapunov functional. This work has been recently published in [7].

The swelling porous-elastic system

Research on the behavior of swelling soils, falling under porous media theory during
fluid saturation has attracted significant attention. Porous elastic soil undergoes notable
volume changes based on moisture fluctuations expanding when gaining moisture and
contracting when losing it. This phenomenon results from unique clay minerals with
a high capacity for attracting and retaining water molecules. As these minerals absorb
water, they cause the surrounding soil to swell, see [9, 13, 30, 31, 32] for a brief description
of the development details/historical insights related to the general theory of mixtures.
Moreover, Eringen [25] established a relationship between the continuum theory of swelling
porous elastic soils and classical diffusion theories.

Numerous studies have explored the asymptotic behavior of the mathematical model
describing this theory. Tesan [28] initially formulated this model, which can be summarized
as follows:

PP — 1P — A2t = 0, in (0, L) x (0, 00),

P2y — A3yy — A2y + 00, =0, in (0, L) x (0, 00),
with ¢ and v representing respectively, the displacement of the fluid and the elastic solid
material. The parameters p; and p, are the densities of each constituent, which are

assumed to be strictly positive constants. The other coefficients are positive constants
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that have a physical meaning, defining the coupling between the different components of
the materials.

Among the many studies that discuss the influence of the time delay on the asymptotic
behavior of solutions of the swelling porous elastic system we have the work [53], where
the authors established the exponential stability of the swelling porous elastic soils with

fluid saturation and delay time terms

P1P1 — A1Pap — AWy + 1y + pape(z,t — 7) =0, in (0, L) x (0, 00),
{ P2y — a3y — APy + 00, = 0, in (0, L) x (0,00).
M. Douib and S. Zitouni [22] obtained the well-posedness of swelling porous-heat system
with single time delay, based on the semi-group method and Lumer-Philips theory , and
used the energy method and construct Lyapunov functional to prove the exponential
stability. For more results concerning the study of the asymptotic behavior of solution
for the swelling porous elastic system under effects of other types of dissipation, we refer
the reader to [3, 27, 52] and the references therein
We briefly mention that our main results in this part are as follows: we consider a
one-dimensional swelling porous-elastic system with second sound and distributed delay
term
P1ow — 1Py — alue + 1y + [T pa(s)ipr (7,6 — s)ds = 0 in (0,1) x (0,00),
Pt — a3y + AoPrs + 00, = 0, in (0,1) x (0, 00),
p3bs — @ + 6, = 0, in (0,1) x (0, 00),
T + Bq+ 0, =0, in (0,1) x (0,00).
(1.5)
We prove that the combination of the frictional damping with the heat flux effect is
strong enough to provoke an exponential decay of the energy even if the delay is a source

of destabilization. This work has been recently published in [0].

The Bresse system

The Bresse system referred to as the problem of the arc and the linearly shearable curved
beam serves as a mathematical model for capturing the vibration phenomena in planar
structures. These elastic structures have diverse applications in technical field, structural

design, naval engineering, Aeronautics and other relevant disciplines (see [11]).
The Bresse system takes into account the deformations that occur in the circular arc

when it is subjected to the vertical shear angle and longitudinal displacements represented

by ¢, 1 and w, respectively. In 1859 Bresse [17] initially formulated this model as follows:

prow — k (0p + ¥ +lw), — lko (wy — lp) = Fy in (0,1) x (0, 00),
p2¢tt - b¢a}m + k: (9036 + 1/} + lw) - F27 in (07 1) X (07 00)7 (16>
P1Wi — kO (w:c - ZSO)x + Ik (9096 + @ZJ + lw) = F?n in (07 1) X (07 00)7
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where F; = 1,2, 3 denote the external forces exerted on the object and the coefficients

p1, P2, k, ko, [, b reflecting various physical parameters.
We mention that it has been observed that the system described by (1.6) is conservative

and do not represent a stable system when F; =0 for : =1 — 3.
Researchers have shown significant interest in the mathematical modeling of the Bresse

system in recent years. Many authors have explored the use of flexible systems to effec-

tively control dissipation within the Bresse system.

Concerning to asymptotic behavior of solutions for Bresse systems, we mention in the
following some important results. In 2010, Santos and Almeida Jinior [55] proved the
exponential decay of the solution for the Bresse system with frictional dissipative terms
without imposing any constraints on the coefficients. They achieved this by setting F; =
Y1p: , Fo = Y910y and F3 = 73wy, under initial and Dirichlet boundary conditions.

Another significant reference [13], Zhuangyi Liu and Bopeng Rao demonstrated that
in a thermoelastic Bresse system with two dissipative processes, the solution decays ex-

ponentially to zero if and only if the conditions on wave propagation velocities satisfied

k

Additionally, in [1] the authors presented more precise findings, they showed that the
Bresse system with Fy = F3 = 0 and F», = v, lacks exponential stability, when the
condition (1.7) is not verified.

Regarding the asymptotic behavior of solutions within a Bresse system in the presence
of delay, the authors in [10] establish the global existence of solutions by employing
semigroup theory in Sobolev spaces under a condition between the weight of the delay
terms in the feedbacks and the weight of the terms without delay, and the multiplier

method for energy decay in the following system:

prow =k (0x + ¢+ 1w), — lho (we — @) + paspr (2, 1) + paspr (2,6 — 1) = 0,
P2t — Dy + K (0 + 0 +lw) + ity (2, 1) + flothy (2,8 — 72) = 0,
prwy — ko (wy — 1), + 1k (@ + 9 + lw) + we (T, ) + flowy (2,6 —73) =0,
where (z,t) € (0,1) x (0, 00).
Our main results in this part can be summarized as follows: The primary objective of
our study is to investigate the thermal effects and demonstrate the efficacy of microtem-
peratures in achieving stability for the following Bresse system with micro-temperatures

and delay term

prou — k(g + 1 + lw), — ko (we — 19) 4 poy (@,1) + popy (2,6 — 7) = 0,
p2ss — We + k (o + 0 4+ lw) + dy, = 0,

prw — ko (Wx - ZSD)QC + 1k (9% + 1+ l‘*’) =0,

QY — MYz + dhrz + 72y =0,
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where (x,t) € (0,1) x (0, 00), we examine the well-posedness of the system and we prove

exponential stability when the speeds of wave propagation are equal.

Thesis structure

The rest of this thesis is divided as follows:

Chapter 2: Preliminaries

We recall some basic notions which will be useful to us later.

Chapter 3: Transmission problem for waves with history, time-varying delay

and non-constant weights

We study the existence, uniqueness and asymptotic stability of a Transmission problem
for waves with history, time-varying delay and non-constant weights. It consists of three
sections: preliminaries, result of existence and uniqueness and result of general stability

of this system.

Chapter 4: Well-posedness and exponential stability of swelling porous elastic

soils with a second sound and disrtibuted delay term

Chapter 4 deals with energy decay for a swelling porous elastic soils with a second sound

and disrtibuted delay term, where the thermal conduction is given by Cattaneo’s law.

Chapter 5: Well-possedness and energy decay for Bresse system with mi-

crotemperatures and delay term

we consider a one-dimensional Bresse system with microtemperatures and delay term,
and we will show that the system is exponentially stable if and only if when the speeds

of wave propagation are equal.
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CHAPTER 2

PRELIMINARIES

This chapter is devoted to the reminders of some notions and preliminary results
which will be used throughout the rest. Although it will be stated without proof, but we

will provide the relevant references.

2.1 Some reminders on functional spaces
In what follows, we will denote by {2 an open domain in R”, n € N.

Definition 2.1 (Hilbert Space) [19] A Hilbert space H is a vectorial space equipped with
inner product (u,v), and is complete with respect to the norm

1
Jull = (u,u)? .

Definition 2.2 (L”(Q2) spaces) [19] Let p € R with 1 < p < 400, we set

LP (Q) = {u : @ — R; is measurable and / |ul” dz < +oo} ,
Q

1
= | [ 1]
Q

L¥(Q)={u: Q= R;/3C € R, |u(z)| < C ae. inQ}.

with

Definition 2.3 [19] We set

For u € L>(2), we define the norm

||u||Loo(Q) = inf{C’ € R*;|u(z)] < C,a.e. on Q} )

10
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The Sobolev Space W5?(Q)

Definition 2.4 [29] For all k € Nand 1 < p < +o0, the Sobolev space W*P(Q) is defined

as
WkP(Q) ={u € LP(Q); D*u € LP(R) for 1 <|a| < k}.
With this definition, the Sobolev spaces W*?(Q) equipped with the following norm

1

P

lullwesey = | 32 I1D%ulB,q |+ for p < +oo.

1<]a|<m

Definition 2.5 [19] Whene p = 2, we denote by
Wh2(Q) = HH(9)
the H* inner product is defined in terms of the L? inner product:

(U, V) () = Z (D%u, D) 120 -

|| <k

The H} spaces
We define the HY by the following set

{fue H*(Q),u=u=..=u*Y =0o0n 00}, (A)
the characterization (A) it is essential to notice the distinction between
{ue H*(Q), u=u =0 on 09},

and
H*(Q)NH) (Q)={uec H*(Q), u=0on dN}.

2.2 Some useful algebraic inequalities

In this section, we present the inequalities used throughout this work:

Young’s inequality
Let a,b € R and p,q € |1,00] such that %—l— % = 1. Then
ab? b

ab < — + —.
p q

Specifically, if u,v € L*(Q) , then
|uv]

1
/ dxgs/|u|2dx+—/|v|2dx,‘v’s>().
Q Q e Jo

2.2. Some useful algebraic inequalities
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Holder’s inequality

Let p,q € ]1,00][ such that % + % = 1. Assume that v € LP(Q) and v € L7 (). Then
uwv € L' (Q) and
fwvlly < flull, o]l -

If p = g = 2, we obtain the Cauchy-Schwarz inequality:

/Q|u.v]dx§ (/Q|u|2dx>% (/Q|v|2dx>§

Poincaré’s inequality

There exists a constant C' such that

ftll 0y < C 1l gy for all w € H (1). (21)

2.3 Lax Milgram theorem

Theorem 2.1 [19] Let H be a real Hilbert space, B a bilinear form on H, and La linear
form on H. Suppose that:

1. B is continuous:

Vu,v € H,|B (u,0)] < G llull ol . Cy > 0.

2. B s coercive: there exists Cy > 0 such that

B (u,u)| > Cy ||ull3,, Yue H.

3. L is continuous:
IL(v)] < Csllv]ly, YveH.

Then, there exists a unique u € H that satisfies

Vv € H, B (u,v) = L (v).

2.4 M-dissipative operator

Definition 2.6 [18] An unbounded linear operator in X is a pair (A, D(A)), where D(A)
is a subspace of X and A is a linear mapping from D(A) to X. The subspace D(A) is
the domain of A.

2.3. Lax Milgram theorem
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Definition 2.7 [18] An unbounded linear operator (A, D(A)) on X, is said to be m-

dissipative if
1. A is dissipative.

2. The operator (A — A) is surjective i.e:

VifeX, VA>0, 3Jzxre D(A)such that Az — Az = f.

M-dissipative operators in a Hilbert space

In this section, we assume that X is a Hilbert space.

Definition 2.8 [23] An unbounded linear operator (A, D(A)) on X, is said to be dissi-
pative if and only if
(Az,z)x <0, Vze D(A).

Theorem 2.2 [27] If A is m-dissipative, then D(A) is dense in X .

2.5 Semigroups of unbounded linear operators
Let X be a Banach space.

Definition 2.9 [50] A family (S(¢))i>0 of bounded linear operations in X is called a

semigroup if it satisfies the following properties:
e S(0) = I (Iis the identity operator on X).
o S(t+s)=295(t)S(s), Vt,s>0

Remark 2.1 When the second property is true for all £, s in R, then we say that (S(¢)):>o

is a group.
Definition 2.10 [50] A family of operators (S(t)):>0 is a strongly continuous semigroup
in X if

lim [|S(t)z — z|| = 0, for all x € X.

t—0

Definition 2.11 [50] The linear operator A defined on the set

D(A) = {x € X: lim w exists } :

t—0t
by
Az = lim M, Vo € D(A),
t—0+ t

2.5. Semigroups of unbounded linear operators
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is called the infinitesimal generator of the semigroup (S(t)):>0, and D(A) represents the
domain of A.

Theorem 2.3 (See Theorem 2.2 in [50]) A Cy-semigroup (S(t))i>0 on X is said to be of
contractions if

I1S(t)]] < 1,Vt >0

Definition 2.12 [19] An unbounded linear operator A : D (A) C H — H is said to be
monotone if it satisfies

(Au,u) >0, Vu € D (A),

It is called maximal monotone if, in addition R (Z + A) = H, i.e.,

VfeH,Jue D(A) such that u + Au = f.

Hille-Yosida theorem

Theorem 2.4 Let A be a maximal monotone operator. Then, given any ug € D(A) there

exists a unique function
u € CY([0, 00, H) N C([0,00[, D (A))

satisfying
w4+ Au=0 on[0,00],
u (0) = wp.

Moreover,

d
u(t)] < |uol, and !d—?(t)\ = [Au(t)] < [Auol, V1 > 0.

Theorem 2.5 [2/](Hille-Yosida 2) An unbounded linear operator (A, D(A)) in X is the
infinitesimal generator of a strongly continuous contraction semigroup on X if and only

if A is m-dissipative and has a dense domain in X.

Lumer-Phillips theorem

Theorem 2.6 [70/(Lumer-Phillips) Let A be a unbounded linear operator with dense do-
main D(A) in X.

a. If A is dissipative and there is a Ao > 0 such that the range R(Al — A) = X, then

A is the infinitesimal generator of a Cy semigroup of contractions on X.
b. If A is the infinitesimal generator of a Cy-semigroup of contractions on X then
RN —A) =X, VA>0,

and A is dissipative.

2.5. Semigroups of unbounded linear operators
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Consequently, A is maximal dissipative on a Hilbert space H if and only if it generates a
Co-semigroup of contractions on H, and thus the existence of the solution is justified by

the following corollary which follows from Lumer-Phillips theorem.

Corollary 2.1 Let H be a Hilbert space and let A be a linear operator defined from
D(A) C H into H. If A is mazimal dissipative, then the initial value problem (Cauchy
problem) has a unique weak solution U € C([0,400); H), for each initial data Uy € H.
Moreover, if Uy € D(A), then U € C*([0,+00); H) N C([0,+00); D(A)).

2.5. Semigroups of unbounded linear operators



CHAPTER 3

LTRANSMISSION PROBLEM FOR WAVES WITH HISTORY, TIME-VARYING

DELAY AND NON-CONSTANT WEIGHTS

3.1 Presentation of the problem

In this chapter, we investigate the asymptotic behavior of a transmission problem
for the wave equation with history, non-constant delay and non-constant weights terms,
we intend to extend further the result in [59] where, for constant weights pu; = pq(t),
pi2 = pia(t).

In fact, the appearance of the past history term simultaneously with non-constant
weights and time-varying delay makes the problem more difficult, which requires a detailed
study in order to determine the appropriate assumptions on the weight of the damping
and the weight of the delay, we prove the existence and the uniqueness of the solution
using the Kato’s variable norm technique together with semigroup theory to show that
the system is well-posed. Also, we show the exponential stability of the solution by

introducing a suitable Lyapunov functional.
We consider the following problem:

+o00
() — aug,(x,t) + / 9(8)ugy(x,t — $)ds
0

+ pr(B)ug(w,t) + pa(t)ug(w,t — 7(t)) = 0 in 2x]0, +o0],
vy — vy, = 0in | Ly, Lo[x]0, 400],

(3.1)

where 0 < Ly < Ly < L3, Q =|0, L1 [U] Lo, L3[ and a, b are positive constants, g € C}(R.)
is a positive function, 7(¢) > 0 is a time-varying delay and p(t), pe(t) are non-constant

weights.

16
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The boundary and transmission conditions given by

u(0,t) = u(Ls, t) =0,

U(Lz,t) = ’U(Li, t), Z = 17 2, (3 2)

“+o0
au,(L;,t) — / g(S)ug(Liyt — s)ds = bv, (L, t), i=1,2,
0

and the initial conditions
u(z,0) = ug(x), us(x,0) = uy(z) on £,
u(z,t —7(0)) = fo(x,t — 7(0)) in 2x]0,7(0)], (3.3)
v(x,0) = vo(x), v4(x,0) = v1(z) on | Ly, Laf.

As in [18] | we assume that
7(t) € W2+>(]0, 7)), for T > 0, (3.4)
and there exist positive constants 7y, 71 and d satisfying
0<7<7(t)<m, Vt>0, (3.5)

and
() <d<1, Vt>D0. (3.6)

For the problem (3.1)-(3.3), we are interested in demonstrating the exponential stability,

in order to get this we will suppose that

[ Li+Ls— Lo
1, - = .
max{ ,b}< 2(Ls—L1) (3.7)

hold, as described in [12], the assumption (3.7) gives the relationship between the bound-
ary regions and the transmission permitted.

The structure of this chapter is as follows:

In section (3.2), we introduce some assumptions and transformations related to our
problem, in section (3.3), we use semigroup theory techniques based on Kato’s variable
norm technique to prove well-posedness. Finally, in section (3.4), we establish an expo-

nential stability result for the energy by using a suitable Lyapunov functional.

3.2 Assumptions and transformations

This section will introduce some assumptions necessary for getting our results. Addition-
ally, we will transform (3.1)-(3.3) into an equivalent problem through the introduction of

new variables.

3.2. Assumptions and transformations
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We assume the following assumptions:
(H1) py : Ry —]0, +00[ is a non-increasing function of class C'(R, ) satisfying

) i (t)
()

where ag and M; are constants such that M; > 0.
(H2) ps: Ry — R is a function of class C'(R, ), which is not necessarily positives or

‘ng, 0<ap<m(t), V>0, (3.8)

monotones, such that

|2 (t)] < Bpa(t), (3.9)
and

|1 (t)] < Mopun (), (3.10)

for some 0 < f < /1 —d and My > 0.
We assume also that the function g satisfies the following:
(H3) g: R, — R, is of class C'! such that:

g(0) >0, a—/ gt)dt =a—go=1>0. (3.11)
0
(H4) There exists a positive constant §
g'(s) <dg(s), VseR,. (3.12)

We add the new variable, similar to Nicaise and Pignotti [18]:

z2(x, p,t) = w(z,t —7(t)p), x€Q,pe€0,1],t>0, (3.13)
then
T(t)ze(z, p, t) + (1 = 7'(t)p)z,(x, p, t) = 0. (3.14)
We set
n'(z,s) = u(z,t) —u(x,t —s), x€Qt>0s>0, (3.15)
then
ni(z,s) +nt(z, s) = u(w, t). (3.16)

Proof. we have
Z(xapat) :Ut(x7t_7—(t)p)’ I’€Q7p6]071[,t>0,

taking the derivative of z(z, p,t) with respect to ¢, we obtain

e p.1) = e = 7(0)
= uy(z, t — 7(t)p)(1 — 7' (t)p). (3.17)

3.2. Assumptions and transformations
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then, taking the derivative of z(x, p,t) with respect to p, we obtain

0
Zp(ma P, t) = a_p[ut(xat - T<t)p)}
= uu(z,t = 7(t)p)(—7(t)). (3.18)
Multiplying the equations (3.17) and (3.18) by 7(¢) and (1 — 7/(t)p) respectively, we get
T2z, p,t) = T(t)(1 — 7' (t)p)un(z,t — 7(t)p),
and
(1 =7'(t)p)zp(x, p,t) = =7 (t)(1 = 7' () p)up(x, t — 7(t)p),

by addition the last two equations, we get the results (3.14).
Then, we have

n'(x,s) =u(x,t) —u(z,t —s), z€Qt>0s>0, (3.19)

taking the derivative of n'(z, s) with respect to ¢, we obtain

(r,9) = gl 9] = prlu(r,t) — (et - o)

- ut(‘T?t) - ut('rat - 5)7

taking the derivative of n'(z, s) with respect to s, we obtain

(,5) = 5[0 5)] = ol ) — et~ 5)
=0— (—w(z,t —9))
= u(x,t — s),

by addition we obtain the results (3.16).
Also

/ T (Yl t — 5)ds = / " () taals 1) — 1 (2, 0)] ds
’ 0+oo 400
_ / 98t £)ds — / g8y (2, 1) ds

([ oot st = [ sttt s

take [ =1 — 0+°Og(3)ds. |

3.2. Assumptions and transformations
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Thus the system (3.1) becomes
+o00
walont) =l t) = [ glopia(e.s) ds
0
+ /“(t)ut(x’ t) + pg(t)Z(l‘, L t) =0, in QX]Oa +OO[7
0 (1, £) — bgg(,1) = 0, in | Ly, Lo[]0, +00], (3:20)
F(®)2(, 1) + (1= 7'(0)9) 25, p,8) = 0, in ©x]0, 1[x]0, +00],
m(x,5) +1,(x,5) = w(2,), in ©x]0, +-00[x]0, +oo.
The boundary and transmission conditions (3.2) become
u(0,t) = u(Ls, t) = 0 on |0, +o0l,
U(Li7t) = U(Liat)7 1=1,2, (3 21)
+oo
lug (L, t) —/ g(s)n(Li, 8)ds = bvg(L;,t), i = 1,2, in (0, 00),
0
and the initial conditions (3.3) become
u<x7 0) ( ) ut(xa O) = ul(x) on Qa
v(x,0) =vo(z), wv(x,0) =v1(x) on |Ly, Lsl,
“(0,.0) = (e, ~r0)) = o, —7O0) mROTOL

3.3

n'(z,0) =0 on Q,
nt(ov S) =" (LSv ) =0, on ]07 +OO[,
n°(x,s) =no(s) in 2x]0,4o0[.

Well Posedness of the problem

In this section, we will prove the existence and uniqueness of the solution to problem

(3.20)-(3.22), using semigroup theory techniques based on Kato’s variable norm technique.

To do this, we begin by transforming the system (3.20)-(3.22) into a Cauchy problem.

Indeed, we let u; = ¢, v; = ¢ and ' = w, which leads to writing the system (3.20)-(3.22)

as follows:
U, = A(t)U,
t ) (3.23)
U(0) = Uy = (uo,vo,u1,v1, folw, —T(O)P)ﬂ?o)T-
3.3. Well Posedness of the problem
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Where U = (u,v, ¢, v, z, w)T and the operator A defined by
¥
(G
[ty ex(S)ds — t)p — t 1.t
A= | + Jo ™ 9(8)waa(s)ds — pa (1) — pa(t)2(x, 1,1) (3.24)
bv;tz
1—7/(¢
- T(t())p‘zp
_ws + (p
So
0 1 0 0
0 0 1 0
0 0  —p()I 0  —pa(t)I fo 8)Opzds
A =
0 b0y 0 0 0
0 0 0 0 -5k, 0
0 0 1 0 0 —0s
We define the energy E(t) by
1 IR
E(t) = 5/[ut(m t) + lui(z,t)] dz + 2/ [0F (, t) + bvi(z,t)] do
Q
// (x,p,t)dp do + = // s)|nk(z, s)|* ds dz, (3.25)
where (t) is a non-increasing function of class C'(R. ) such that
E(t) = Em(t), (3.26)
and ¢ is positive constant satisfying
s = 5
<E<2-— , 3.27
1—d ¢ 1—d ( )
and we will show later in section (4.4) how to calculate this quantity.
We define the phase space as
H =X, x L*(Q) x L*(]Ly, Ly[) x L*(2x]0, 1[) x LZ(R+,H1(Q)), (3.28)

where

X, = {(u,v) € HY(Q) x H'(|Ly, Lo[) : w(0,t) = w(Ls,t) = 0,u(L;, t) = v(L, 1),

lug(Ls, t) —|—/ g(s)nt(Ly, s)ds = bv(L;, t),i = 1,2},
0

3.3. Well Posedness of the problem
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and L2(R,, H'()) denotes the Hilbert space of H'-valued function on R . equipped with

the inner product

Set U := (u, v, p, 1, z,w)T U = (u,0,,,%,0)T, we define the inner product in H

Lo +o00
<U, U>,H / (lugtiy, + @) dx + /L (bvpUy + Y1) da + T(t / / 2zdpdx
1 (3.29

/ / (s)dsda.

The domain of A(t) is

)

U= (u,v,0,0,z,w) € H:(u,v) € {(H*(Q) x H*(|L1, L)) N X, },
D(A(t)) =4 ¢ € H'(Q),¢ € H'(|Ly, Lo[),w € LRy, H*(Q) N H'(Q)),

ws € L2(Ry, H'(Q)), 2, € L* (10, 1[, L*()) ,w(z,0) = 0, 2(x,0) = ¢(x)
( .30)
Notice that the domain of the operator A(t) does not dependent on time t.i.e

D(A(t)) = D(A(0)),  ¥t>0. (3.31)

Next, we will introduce and prove the existence and uniqueness of the solution to
problem (3.20)-(3.22) in the following theorem:

Theorem 3.1 (see [34, 35]) Assume that
(1) Y = D(A(0)) is a dense subset of H.
(i) D (A(t)) = D (A(0)), Vit > 0.

(iii) For all t € [0,T], A(t) generates a strongly continuous semigroup on H and the
family A = {A(t) : t € [0,T]} is stable with stability constants C' and m independent

of t.
(iv) OLA belongs to L°([0,T), B(Y,H)), the space of equivalent classes of essentially
bounded, strongly measurable functions from [0,T] into the set B(Y,H) of bounded

operators from'Y into H.

Then, problem (3.23) has a unique solution U € C([0,T],Y)NC([0,T],H)) for any initial
datum in D(A(0)).

Using the time-dependent inner product (3.29) and the Theorem 3.1, we get the following

result of existence and uniqueness of global solutions to the problem (3.23)

3.3. Well Posedness of the problem
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Theorem 3.2 For any initial datum Uy € H there exists a unique solution U satisfying
U € C(]0,+[,H) for the problem (3.20)-(3.22). Moreover, if Uy € D(A(0)), then
U € C([0,+oo[,D(A(0)) N CHU € C([0, +o00[, H).

Proof. Let (u,v,5,1,%,@)T be orthogonal to D(A(0))
(

T (— — — T — —\T
0=((wvpv,20) @55.57%5))
LQ L2 _
:/luxﬂxdx+/ bvxﬂxda:%—/gogodx—k YV, dx (3.32)
L
+o0 1
+ 7(t)E(t) // 2Z dpdx—i—// S)wy(s)w,(s)dsdz,

(0)).
For u = v = ¢ = ¢ z = 0and w € DR,Q), then w, € D(R,Q). As
n

(0,0,0,0,0,w) € D(A(0)) , then from (3.32), we get

[ sepentompists =0

Since D(Ry, Q) is dense in L3 (R, H' (2)) equipped with the inner product (., .) 12, g1 (o)
we deduce that w = 0.
Foru=v=¢p=19¢=w=0and z € D(2x]0,1[). As (0,0,0,0,2,0) € D (A(0)), we

obtain
/ / 2z dpdx = 0.

Since D (£2x]0, 1]) is dense in L? (2 x (0, 1)), we deduce that z = 0.
Foru=v=1¢Y=z=w=0and ¢ € D(Q) . As (0,0,¢,0,0,0) € D (A(0)), by (3.32)

we have
/ ppdr = 0.
Q

Since D() is dense in L*(€2), we deduce that p = 0.
In the same way, by taking 1) € D(]Ly, Lo[) in (3.32) we get

for all (u,v, @, 1, z,w)" € D(A

Lo .
Wb da = 0.

Ly

The density of D(]Ly, Lo[) in L?(]L1, Ly[) implies that ¢ = 0.
Finally, for (u,v) € D(Q x (] L1, Ls[)), then (u,, v,) € D(Q2 X (] L1, Ls[)), we obtain from

(3.32) that
Lo
/ luyw, dr + / bv, U, dx = 0.
Q Ly

Since D(2X]Ly, Ly[) is dense in L*(2x|Ly, Ly[), we deduce that (u,,v,) = (0,0).

3.3. Well Posedness of the problem
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Consequently,

D (A(0)) is dense in H. (3.33)
Let U = (u,v,p,v, z,w)" € D(A(t)), then

(AU, U), :/ lpguzde +/ Ity —|—/ 9(8)waz(s)ds — pr(t)p — pa(t)z(x, 1,t))pdz
Q

L2 1— 7/
+ / bu ), dx +/ bugphdr + 7( / / < ) p> zdpdx
L1
/ / —Wws + p), wedsdz.

Integrating by parts we obtain

(AWDU.U), = — pt) / Sz — palt) / oz, 1, t)pdz + bug]2

+{lum<,0—l—( /0 9(s)we(s ds) LQ / / §)wgswadsda
/ / (1-r 2(x, p)dpde.

(1- r'<t>p>§pzz<x,p> - a% (1= 7(0)p)2 (@, ) + /() (. )

Since

we get

| =700 o = (1= 7O 1) = 2e0) 4 70) [ )i

so we have

(AU, U), = — i (t )/gp dz — pio t)/Q z, 1)pdr + = // Ywidsdx
+$/22<x,0)d:€ §()(1 — ())/ (5 1)dz

(x, p)dpdzx.

By using (3.61) and (3.02) e hiowe
(ADU,U), <~ () (1 S, A=) [ o
it (E(l (1) le——d) [ o
3 i
t) /Q /0 2(z, p)da

3.3. Well Posedness of the problem
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Then, we conclude that

AOU.D), = k) OO, < = (o) (1-§ - A=) [ as

—te) (- D20 [,

/ / 2dsdm <0,

where k(t) = ¥ 1;(2) . Thus the operator A(t) = A(t) — k(t)I is dissipative.
Next, we will prove that A\l — A(t) is surjective for fixed ¢ > 0 and A > 0.
Let F' = (f1, fo, f3, f1, f5, f6)T € H. Welook for U = (u, v, ¢, 1, z,w)T € D (A(t)) solution

of

(M — A(t) U = F,

satisfying,
(
Au — Y= fla
AU — ’l/} = f2,
— lugy — $)Waz (S t)p — paz(z,1,t) = f3,
fo ,Ul( )90 2 ( ) f3 <3'34>
MD - bv;vac = f4a
Az 4 e = f5,
\)\w—i—ws—go—fﬁ.
Assume that we have found v and v with the the appropriated regularity, then
©=Au— fi. (3.35)
Y= Av— fo (3.36)

It is not hard to see that ¢ € H'(Q) and ¢» € H'(L;, Ly) . Furthermore we can find z
such that
2(z,0) = p(x) ,x € . (3.37)

From the fifth equation in (3.34), we find if 7/(¢) # 0

p
— o(pt) o(pyt) f5(z,s) —o(s,t)
z(z, p) = p(x)e +7(t)e T 87_/(8)6 ds, (3.38)
where,
7(t) :
= In(1 — .
0lp.1) = AL (1 = ()

3.3. Well Posedness of the problem
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If 7/() = 0

2(z,p) = (x)e 0P L 1 (t)e A Or /P fs(z,5)erDsds, (3.39)
Then we have, if 7/(¢) # 0 0
2(2,1) = Mue?™) — feed0 4 r(t)eedt) 1 Me’g(s’t)ds, (3.40)
o 1—s7(s)
and if 7(t) =0
2(z,1) = Mu(x)e™O — fi(z, 1)e® 4 7(t)e O /1 fs(z, )3 ds. (3.41)
0

From the last equation in (3.34), we get

stors) = ([ (o) + oty ) e

. (3.42)
= ([ e ato + ) = ey ) e
0
From (3.34), (3.35), (3.36) and (3.42), the functions u and v satisfies
(/\2 + )\,ul(t) + )\Nl) u — ZUmI = ,ul(t)fl + ,MQ(t)NQ + /\f1 + f3 (3 43)
N0 = buge = f1+ Ao, '
where - .
=1+ )\/ g(s)e™ </ e)‘ydy> ds,
0 0
and
et T(t) #£0
v "(1) #
e—)\T(t)’ 7"(75) — 07
and
free® — 7 (t)eett) fl 1f5‘“ e(s:t) g 7'(t) £ 0
N2 — s7/(s) ’
fle—Ar(t) _ (t —A7(t) fo f5 x75> A7 ( t)SdS, T’(t) = 0.
The problem (3.43) is equivalent to
B((u,v), (7,7)) = L(z, 7). (3.44)

where the bilinear form @ : (X,, X,) — R and the linear form L : X, — R are defined
by

B((u, v), (7,7)) = /Q [+ An () + ANt + Ty (@),] de

— [Zulﬂ} 00 —i—/L ()\2UU+ bu, (D), )dx — [bv, T ]L27

1,

3.3. Well Posedness of the problem
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and

Lo

L@, ) = (ua(t)fu + jualt) No) e + / (Jo + A )adz + / (f1 + Aa)vde.

le

It is easy to see that ® continuous and coercive and L is continuous. Applying the Lax-
Milgram theorem the problem (3.23) has unique solution (u,v) € X,. It follows from the
classical elliptic regularity and (3.43) that

(u,v) € H*(Q) x H*(]L1, Ly]).

Therefore the operator A\I — A(t) is surjective for any A > 0 and ¢ > 0. Since x(t) > 0,
then

M — A(t) = (A + k(t))I — A(t) is surjective, for all A > 0, and ¢ > 0. (3.45)

Let U = (u,v, 0,9, z,w)T, then

L2 L2
||\I/||f—/lu d:zc+/ vadac+/ 2dx + Vidw

+o0o
// (z,p,t dpdx+// s)dsdzx.

Lo

For all ¢,r € [0,T], we have

W] |2 — [|®]]2 expro "] :(1—exp%'t*7“') X (/ zugdx+/ bvgdx+/<p2dx
Ly Q

+oo
+ ¢2d$+// dsd:v)
Ly

+ (e~ s ™) [ [ 20 p s

It is claire that 1 — exp%lt_r| <0.
Moreover, we have

() =7(r)+7(0)(t —7),0 € (r,t).
Since & positive and non increasing function , we get
§)7(t) < &(r)r(r) + ()" ()t — ),

so that

& < |4—
<1+ —ft—s| <expnl™,
70

which implies

EW)7(t) = &(r)r(r) expn <0,

3.3. Well Posedness of the problem
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Thus I
L < expnol ", (3.46)
]2
which proves condition (7ii) in Theorem (3.1).
Furthermore, since /() = ——W=H__ _ T © 3 L0 is bounded on 0, 7], for all
27(t)y /147 (t)2 (1)
T >0, and
0
0
d i (D) — ()21
Ay = () — ps(t)z(1) ’
dt 0
"=’ O ()p-1)
T+7(2)2 P
0
with T"(t)T(t)pl:T/((f))gT/(t)p_l) bounded on [0; T] by (3.4) and (3.27). Thus
d ~
5 A®) € LE(0. ], B(D(A(0)), 1)). (3.47)

The space of equivalence classes of essentially bounded, strongly measurable functions
from [0, 7] into B(D(A(0)), H).

Then, (3.46), (3.34) and (3.45) imply that the family A= {A(t) : ¢ € [0,4]} is a stable
family of generators in H with stability constants independent of ¢, by theorem 1.9 from
[34]. Therefore, the assumptions (i) (iv) of Theorem (3.1) are verified by (3.31), (3.46),
(3.34), (3.47), (3.45) and (3.33), and thus, the problem

0, = Am0,
U(O) = UO = (UQ,’U[),Ul, U1, fO(:E7 _T(O)p)aWO)Ty

has a unique solution U € C([0, +oo[,D(A(0)) N C*([0, +oo[, H) for Uy € D(A(0)). The
solution of (3.23) is then given by

00 = ([ oras) 000,

(3.48)

then

= A(t) exp ( /0 t m(s)ds) ()
=A@®)U(t),

which complete the proof. m

3.3. Well Posedness of the problem



Chapter 3. Transmission problem for waves with history, time-varying delay and
non-constant weights 29

3.4 Stability result of solution

This section is dedicated to study of the asymptotic behavior. The main goal of this
section is to study the stability of solutions to the system (3.20)-(3.22). This is the
content of Theorem (3.3) where we show that the solution of problem (3.20)-(3.22) is
exponentially stable. Our effort consists in building a suitable Lyapunov functional by

the energy method. For this goal we present several technical lemmas.

Lemma 3.1 Let (u,v,n,2) be a solution to the system (3.20)-(3.22). Then the energy

functional satisfies

%E(t) < — () (1 - g — 2\/%1) /Qu,? dx
o (E(l—f’(t)) B ﬂﬂ) /ng(mj) .

2 2
1 too ' 2
+ = g'(s) |n$(x, s)‘ ds dx
2 Ja Jo
<0

(3.49)

Proof. Multiplying the first equation in (3.20) by w,(z,t) and integrating on €2, we get

([ stomtatons) s utay o

+/Qul(t)uf(x,t) dx —l—/ng(t)z(x, L t)u(z,t) de = 0. (3.50)

/Qutt(a:,t)ut(x,t) dx = %{%/Qu?(x,t) dx},

and by using integrating by parts in the second term in (3.50)

1
/uw(:v,t)ut(x,t) dr = i{ - = / ui(x,t)} dx, (3.51)
0 dt 2 Jq
by replacing (3.4) and (3.51) in (3.50), we obtain

%{%/ﬂu?(m,t) d:v+é/9ui(m,t) dx} :/Q(/()Jroog(s)n;x(x,s) ds)ut(x,t) dz

- ,ul(t)/guf(x,t) dx — ,ug(t)/ﬂz(m, L t)u(z,t) de. (3.52)

/Q e, g (2. 1) s — 1 /Q o (2, )1, 1) e — /

Q

Since

Again by multiplying the second equation in (3.20) by v,(z, t), integrating on | Ly, L[ and
by using integrating by parts, we get

Lo

Lo
/ v (x, vz, t) de — b[vx(x,t)vt(a:,t)]ﬁ + b/ Uz (2, ) v (x, t)dx = 0,
L

1 Ly

3.4. Stability result of solution
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we obtain the result

%% R ) — Mo o, B, ]2+ 2 | enas=o. (@5
%{% /le (vF (z,t) + bvi(z,t)) dx} = blv.(z, t)vy(z, t)]f? (3.54)

Now we multiply the third equation in (3.20) by £(¢)z(x, p, t) and integrating on 2 x (0, 1)

+o0
/ / (@, p, V) ze(, p, t)dpdz

/ / (1—7( 2(z, p,t)z,(z, p,t)dpdr = 0, (3.55)

we get

SO

A // e //
T(t // 5ot dpdﬁ_// (1—7 2(, p,t))2dpda = 0,
and

%{%/9/122 (x,p,t)d dx} = T/(t)g(t)
5/ // (z, p, t)dpdz

—#{ [ (1= ronepni+ [ 17'(t>z2<w,p,t>)dx},
then

%{%/S)/Ole(x,p,t)dpdx} 5/ // (z,p,t)dpdx

_%M(@ (1)) #2(3, p, ) — (a:,O,t))d:c],

22(35, p, t)dpdx

we find

%{M//lz% tddx} 5/ // t)dpdzx

dpdx%—%/@( 2(1,0,t) — 2*(x,1,t))dx. (3.56)
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Finally by mutiplying the fourth equation in (3.20) by f (s)n%,.(z, s)ds, and integrat-

ing over (), we get

L stmtategas syt [[([ st i) e s

-~ -~

I Iz

+o0
= / (/ g(s)nt (z, s)ds) w(x, t)dzr, (3.57)
Q \Jo
using integrating by parts, we find

n=(f e o)ds) o) ] (/ e $)ds ) o (o, 9)do
[ sontsrasad. (359)

= [([ ookt sas ) e ol - [(] ) ) o)
3 [ ([ st oras) w3 [ [ s rass

- _%/Q [9(3>|77§c($73)|2}300 dx+§/g/0 mg,(3)|ni(x,s)|2dsdx, (3.59)

thus

S L[ st spasast = 1 [ [ gsnttenopasas
~ /Q ( /0 g(s)nt. (x, s)ds)utdx. (3.60)

From (3.52),(3.54),(3.56) and (3.60) together with conditions (3.26) and (3.27), we have

since z(z,0,t) = us(z,t)

d f(t) 2 £<t> 2
%E(t) :T/Qutdx_7/92 (x,1,t)dx

+%/Q 2(x,1,t)dx 5/ //W (2, p,t)dpdx 1)
_Ml(t)/gufdx_m(t)/gz(x,l,t)utd:p
w5 [ St Fas
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Due to young’s inequality , we obtain

|112(1))
=il
|#2 |V1— /

uldz

,ug(t)/z(x,l,t)utdx <
“ (3.62)
’]"t

Inserting (3.62) into (3.61), we get

i €0l Y [
G50 <~ (o - - J2OL) [ as

(f(t) T’(t)é’(t) Iz ()Ivl— )/22(I71,t)d5(7 (3.63)
Q

+oo
// (z, p, t)dpdx
“+oo
+—// ¢()ln(z, ) *dsda.
2 Ja Jo

Take in account (3.26) and (3.27), then (3.49) is verified. m
We define the functional

Lo
D(t) —/uutdt—l—/ vudt. (3.64)
Q L

1

Lemma 3.2 The functional D(t) satisfies

d 1 Le
—Dt)<([1+— / fdx + (e+ 2e1p3(0)c® — 1) / uldr + / vidx
dt 4e; Q L

' (3.65)

1
—b/ 2dx+ // s) [nt(z, s | dsdr + — | 2*(x,1,t)dx.
de1 Jq

Proof. Taking the derivative of D(t) with respect to t and using (3.20)

d Lo Lo
—D(t) = /ufdx—k/uuttdx—i-/ vfdx—l—/ vugde
dt Q Q Ly Ly

= [uttr [t [T ot s)ds - - palo)z(e1.0)

LQ L2
—l—/ de:c—i—/ v(bvy,)de,
Ly Ly

3.4. Stability result of solution
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under the boundary conditions, an integration by parts gives

o0 = [ it fatius [T oot

—l/udaz‘—/uz/ nxxsdsdx—ul(t)/uutdx
Q

Lo
— pa(t) / uz(z,1,t)dx +/ vidr + [bvvx]ﬁ2 - b/ vidx

/ 2dx — [bvxvt] —l/u d:c—/ux/ s)nt(x, s)dsdx

Lo
— 11 (t) / uugdr — po(t) / uz(z, 1, t)dz —i—/ vidr — b/ vidz.
Q Q Ly Ly

Where we use that

i+ [T oo as)| =l 0+ [ ok

o0N

—w@¢xw4M¢y+Amm@%@%@@)(3%)
- - [bvmvt]ﬁ )

then

im)l/(m4/2m+

/uz/ s)nt (x, s)dsdx
ul(t)/uutdx + ,ug(t)/uz(x,l,t)dx
Q Q

Lo Lo
+/ Ut?dx—b/ vidr.  (3.67)
L L
By applying Young’s inequality, we have

/2m+—// () |0z, 5)|" dsdz.  (3.68)

From (H1), (H2) and (H4) together, we have

,ul(t)/uutdx +
Q

we replace (3.68) and (3.69) in (3.67), we obtain

dD() /ufdx—l/uidque/ 2dm+ // ‘nma:s‘ dsdz

Lo
+ p1(0 /|uut|dx+ﬁ,u1 /|uz x,l,t)|dx—|—/ dx—b/ vidx.
L1 Ll
(3.70)

+

s)nt (z, s)dsdx| <

uac

< 11(0) /Q |uug| dx + By (0) /Q luz(z, 1,t)(|3d;;>

,ug(t)/Quz(a:,l,t)dx

3.4. Stability result of solution
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By the boundary condition (3.21), we have

x 2 x
u?(x,t) = (/ ux(x,t)dx) < Ll/ u?(z,t)dz, x€l0,L],
0 0

L3
W(a,1) < (Ly — Ly) / 2 (x, )dr,
Lo
which 1mplies
/uz(x,t)dx < cz/ui(x,t)dx, x €, (3.71)
Q Q

where ¢ = max{Ly, Ly — Ly} is the Poincarés constant. Using Young’s inequality and
(3.71), we have .

1
M1(0>/ |uug| do < el,uf(O)cQ/uidx—l—— urdz, (3.72)
Q Q 4e1 Jo
and
ﬁ2
5u1(0)/ luz(z,1,t)| dx §elu%(0)02/uidx+—/22(33,1,75)(1:1:. (3.73)
Q Q der Jo

Substituting (3.72) and (3.73) in (3.70) we get (3.65). =
Now, we introduce the functional

;

SC—%, xG[O,Ll],
alr) = 4 5 = BEEEE (o~ L), @ € (L, L) (3:74)
\x - —LZ;LS, T € [LQ, Lg]

It is easy to see that ¢(x) is bounded, i.e. |¢(z)| < M, where

M:max{&,LS_LZ}.
2 2
We define the functionals
Fi(t) = —/ q(z)uy (luw +/ g(s)ni(:v,s)ds) dz, (3.75)
Q 0
Lo
Fo(t) = —/ q(x)vvde, (3.76)
Ly

then we have the following results.
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Lemma 3.3 The functionals Fy(t) and Fy(t) satisfy

SR < [%?(wf+/mm>m@smﬁzm

+ (90 + 2g0€1) // ‘779@ T,s ‘ dsdz

2 461 Q

&/ 22,1, 1) — {Z—EQOQ(x)ufdx]

461
. 2
461 // ‘nw(:c,s)‘ dsdx,

d Li+Ls—Ly ([ [, /L2 200 ) 4 L1y
() < - 2L 2 d bvzd —u; (L
dt]-"z()_ L~ 1) </L1 vidr + . vadx 4vt( 1)
Ls— L b
"’—4 2 2(L2)+Z ((Ls = La)vi(La,t) 4+ Lyv2(Ly, t)) .

+ (I + 21%¢;) / uldr
Q

o0

o0

and
(3.78)

Proof. Differentiating F;(¢) with respect to ¢ and using (3.20), we get

%]—"1( t) = /Qq(a:)utt (lux + /0009(5)77;(1" 3)d5> dx

_/Qq(a:)ut (luﬂ?t_'_/ooog(S)’nfct(,%’s)ds) de

——A«mc%ﬁ-wmw&umw—m@m@w—mmAmuQ

X (luz +/ g(s)nt(x, s d8> dx — / q(z)uy (lumt +/ g(s)nt,(x, 8)d5> dx,
0 Q 0

(3.79)
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Integrating by parts the first term in (3.80), we obtain

_/Qq(x) (luzz+/omg(8)nim(fv, 8)d8> (luz+/ooo 9(8)n2($78)d5) dr

. [@ (z% + /Ooo g(s>n;(x,s)ds)2dx] (3.81)

o0

1 00 2
+—/q/(l’) (lugﬂr/ g(s)n;(x,s)ds> dx.
Similarly for the last term
_/q( ) (luxtjt/ g(s)nt,(z, s)ds) dz
Q
= l/ T) Uty dr — / / s)nk,(z, s)dsd.

Using (3.16), (3.11) and integration by parts, thus the equation (3.83) becomes

— = [guteyias| w5 [ gtonian— [ oy [ o) (=) dso

:—{Q(Mmﬂ +5 [dnia

— qo / ) Uty dr + / / s)nL, dsdx

=— [%q( )utzdx} +§/Qq( r)uldr — [920 (w)thdw]aQ—F% ¢ (z)ujdx (3.83)

Q
/ / s)ntdsdx

z z
= || [ s
Q
/ / s)ntdsdz,

where we use that -
- | [atogtontas] =0
Q 0

(3.82)
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Inserting (3.81) and (3.83) in (3.80), we get

SE() = [@ (1 [ aopio.s)as) ] .

+%/Qq/(x) (wx + /Ooog(s)ni(:c,s)ds)de

[ ) GOl ) + a0, 1) (104 [ gl (o9 ) d
- [Pt T [ i

/ / s)ntdsdz.

Using Minkowski and Young’s inequalities, we have

1 > ?

_/ (lux—k/ g(s)n;(x,s)ds) dx

2 Ja 0

< l2/u§dx—|—go// g(s) |n§,(x,s)|2dsdx.
Q aJo

Young’s inequality gives us that for any ¢; > 0,

[atwrmtonte.t) (1 [~ oot es)ds) do

< 1 (0) / e / o(s)iklo,5)ds ) do

ut x,t) (luw (s)nt(z, 3)ds> dx

< 1261/ 2(z,t)dx + 4—)/(2ut2(x t)dx

€1

—I—ggel// g(s) }né(as,s)ﬁdsda:,
aJo

[ dwalt)ste 11 (zum / “g<s)n;<x,s>ds) dr

< Bu1(0 ‘/ z(x,1,t) (luz + /Oog(s)ni(x,s)d,S) dx
0
< Bui(0 ’/ (x,1,1) (lum / g(s)n;(x,s)ds) dx

3213 (0) 2
§l261/u§(x,t)dx+—/z (2,1,t)
Q 461 Q

+9061// g(s)’ni(m,s)’zdsdx.
aJo
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(3.84)

(3.85)

< i (0)M

(3.86)

and

(3.87)
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It is clear that

s)nt(x, s)dsdx

§61M2/u2d —4—61// )‘ni(x,s)ﬁdsdm.

Then by (3.85), (3.86), (3.87) and (3.88), we have (3.77).
Taking the derivative of F5(t) and following the same arguments as in Fi(t), we obtain

S =5 |- [ s

1

Lo Lo
= —/ q(z)vyv.dx —/ q(x)vvde,
L

1 Ly

(3.88)

using (3.20) and integration by parts, we get

d L Ly
_FZ( ) / Q(x)vxbvxazdx - / q(x)vtvxtdx
dt . g

1 1

b S B 1 o1t
= |-jateras] 5 [Cwtantae |<Gatent] " [ @t
L L

L1 1 Ly 1
then by (3.74), we obtain

d Li+ Ly — Ly /M 2 /L2 2 L ,

— _ = d bvzd —v; (L

a7 =" T (Ll et e ) ety
+ 4 (Lz) 4 ((Lg — LQ)'UI(LQ,t) +L1UI<L1,t)) .

Which complete the proof of Lemma 3. m
We define the functional

1
=¢ér t)// e 2070 2z, p, t)dpde, (3.89)
o Jo

then we have the following estimate.

Lemma 3.4 (see [79]). The functional F3(t) satisfies

d

afd( )< —2F3+ € / uldz. (3.90)

Proof. Taking the derivative of F3(t) with respect to ¢ , we obtain

—-7:3 =Er'(t // =207 22, p, t)dpda

— 287 (t) // ~20m0) 22 (1, p, t)dpda (3.91)
+2g7—(t)// 6_2pT(t)Zt<x7p7 t)z<x7p7 t)dpd$,
aJo
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by using the third equation in (3.20), the last term in (3.91) can be rewritten as follows

1
267 (t) / / e 0z (x, p,t)2(x, p, t)dpdx
QJ0O
1
— % / / e~ ((1)p — 1)z, (5, p )2 (. p, t)dpd
QJ0
1
=& [ [ 00~ 1262, pot)3(a, . i, (3.92)
QJOo
also, one can see that
_ 1
% [ [ et~ 1)z e, )2(a. . )
QJO

= 5/ /I(T’(t)p —1) l 0 (e727 0 22(z, p, 1)) + 27(t)e "D 22 (2, p, )| dpda
aJo

ap
1
= 0
= 5/ / (T/(t)p — ]_)a_p (6_2P7(t)22(x7 D, t)) dpde'
Q 0
+¢ / / (7'(t)p — 1)27(t)e >0 22(x, p, t)dpdz, (3.93)
aJo

SO

1
QE/Q/ e*2p7(t)(7"(t)p— 1)z,(x, p,t)z(z, p, t)dpda
0
— 6\/@/ T’(t)pa_p (e—QpT(t)ZQ(I’p’ t)) dpdl‘
0
_ L g
— f/Q/ a_p (6_2p7(t)z2(q;7 D, t)) dpdx (3.94)
0
— 1
+ 257-’(15)7'(25) / / pe*2pr(t)22(m’p’ lf)dpdx
QJo

1
~%r(t) [ [ e p. tydpds
QJO
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using (3.92) and (3.94), equation (3.91) takes the form

—f3 =7t // “20702(g, p, t)dpda

— 267(t) // 2070222, p, t)dpda

g f / F (e (72w, 1)) dpda
QJo P

1
¢/ / 55 (€02, 1) dpd
+ 267 (¢ // pe= 2702 (., p, t)dpda+

—227(15)// e’zPT(t)zQ(x,p,t)dpdx,
aJo

by integration by parts, we find

—]:3 =& (t // —207® 22z, p, t)dpda

—1—{7"(15)/Q [p(e_2’”()z (z, p, t)]odm

1
— &7'(t) / / e 20 2 (x, p, t)dpda
. —2p7’(t
ef / 2(z,p,1) dpda

~%r(t) [ / e 0:2(z, p,t)dpd,
QJOo
d

— F3(t) ET()/ —2r(M) 4 2(x,1,t)dx

dt
- f/ *(x, 1,t)dpdx—|—§/ (x,0,t)dpdx
using (3.13), we find

~%r(0) [ / e 0:2 (5, p,t)dpi,
QJOo
d

d—t]-"3( y=—E(1—T7(1)) /Q e 20222, 1, t)dx

SO

+E/ u?(x, t)dpds
0

1
— 267 (1) / / e 2022 (2, p, t)dpd,
QJO
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then

d

GF ==E0=70) [ 021,00

—l—E/uf(x,t)dpdx
Q
— 2F(t),

then, we obtain the following result (3.90)

d
afg <§/ut (x,t)dpdx — 2F5(t).

n
We define the functional

- [ [ gte)ate) = ute - s)yasd (395)

Then we have the following estimate.

Lemma 3.5 The functional Fy(t) satisfies

d
E}Q( ) <6212/u§dx—|— (]2 (0))” & —go+62)/ufdx
Q
(20 g, 4 P00 900 // $) it (z, 5)[ dsda (3.96)
4e €9 462
+ B |M1(0)|2€2/ *(z,1,t)dx // )’ni(ﬁ,s)‘zdsdx.
0

Proof. Differentiating F4(t) with respect to t, we find

%H(t) :% [— / ” / " g(9) (u(t) —u(t—s))dsdm]
/utt/ )= ult — 5)) dsdx—/ut/ D) — w(t — s))dsdz,

(3.97)

using (3.20), we get

70 == [ (1 [ oteitatos)ds ey t) - a0,

< ( / " () (u(t) — u(t - s))ds) dz — / " / " g(s) (walt) — it — 5))dsd,
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then

%]—“4( t) = /Q [ty ( /0 ) g(s)(u(t) —u(t — s))ds) dx

1()u(z, 1) (/Ooo g(s)(u(t) — u(t — 3))ds> dx (3.98)

g/udx—i—/ / s)nt(z, s)dsdz.

Using Young’s inequality and (3.71), we obtain for any e > 0

/ht(/mﬂ$WAﬂ—uA%-Dd>dx
< el? /u dx—i——/ (/ )dS))de (3.99)
<e€ Z/Qudx—l—z/ﬂfo ]77 xs]dsdx

/udﬂ(ﬁﬂ(/mﬂ$W@%ﬂK »dm)

mO)F ¢ / 2d$+_/(/ )d8)> " (3.100)
< |11 (0)] ez/ud$+—// s) |t (x, s)|" dsdx

m(0) e / dx+goc // Lz, )| dsda.

and
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Similarly
LuﬂOdLLﬂ(Awgﬁxwﬂ—u@—snﬁmg
< Blm(0)[* e /Q 2w, 1, t)da + % (/OO g(s)(u(t) — u(t — S)dS))2 dx

< PO [ - mum—// (5) |1, )| dsd

Q 462

< PO e [ 210+ 25 [ 7 o6 o) dsd
Q dey Jq 0

Notice that

/Q(/Owg(s)(ux(t)—uz(t—S))dS) dx_/(/ VI 9(5) (wa() — wa(t — 5))ds )de

< /Q /0 g(s)ds ( /0 9(s) (. 5)|? ds) da
<o " 95) |t () dsd,

(3.101)

(3.102)

and

/ut/ g(s)nk(s)dsdr = — /ut/ s)dsdx
o Jo
eg/ufd:z;— // g'(s)‘ni(x,s)‘gdsdx.
Q 4e3 Ja Jo

Inserting (3.99), (3.100), (3.101), (3.102) and (3.103) in (3.98), we get (3.96). m
Now we are in position to prove our results of stability.

(3.103)

Theorem 3.3 Let U = (u,v,p, 1, z,w) be the solution of (3.20)-(3.22) with initial data
Uy € D(A(0)) and E(t) the energy of U. Assume that the hypothesis (3.4), (3.5), (3.6),
(H1), (H2) , (H3), (H4) and

l Li+ Lz — Ly
1, - —_ 104
max{ ,b}< 2Ly — L) (3.104)

hold. Then there exist positive constants ¢; and o such that
E(t) < ciE(0)e ™, Vit >0. (3.105)
Proof. We define the Lyapunov functional

L(t) = NE(t) + NiD(t) + Fi(t) + NoFo(t) + Fa(t) + NaFa(t), (3.106)

3.4. Stability result of solution
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where N, Ny, Ny, Ny are positive real numbers which will be chosen later. By the Lemma

(3.1), there exists a positive constant R such that

CZE()<—RUQu§dx+/Q (x,l,tdx} //+OO $) (@, 5)[* dsdz.  (3.107)

It follows from the transmission conditions (3.21) that
Pul(Lg,t) = b*02(Ly, t), i=1,2. (3.108)

Using the estimates (3.49), (3.65) (3.77), (3.78), (3.90) and (3.96), we obtain
d d d d d d d

L) S N B() + Ni D) + - Fu(t) + No o Fa(t) + - Fs(t) + Na Fa(t)

gN{—R (/Qufdx+/9 2(x,1,1) dx) //+OO () [0, 5) | dsdx]

1
+ M [(1 + —) / fdr + (€4 2e13(0)c® — 1) / ulde +/ vidr
4eq Q Ly
1
—b/ 2da:—i— // s) [nt(z, s | dsdx + — ZQ(x,l,t)dx}
461 Q

M2
+ Klzg” +e M2+—(4€) )/Uf(x,t)dx+(l2+2l261)/Uid$
1 Q Q

o+ 2er) [ [ o) o) oo+ T [ a1
461 // (5) [0 (. )| dsda — (l zgoq(x)u?dm)aﬂ

- (@ (zuz T / " (e, s)ds)gdx) 89]

N {_H ( /L L v2da + /L L bvgdx) + i)

+L3 . Ly 02 (Ly) + Z((L3 — Ly)v2(Ly, t) + Lyv3(Ly, ))}

1

+ [—2 (ET(t)// e 2702z p, t)dpdx) +Z/u?dm]

aJo Q
+ Ny [EQZQ/uida:—l— (|u1(0)|262—go+62)/ufda:

Q Q
a0 e [ Pt 0d
Yo 90 Bgoc® t 2

+<4€2+g0+ e a )// () |z (x, 5)| dsdx

IO [ 76 o s
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then,

d 1 L+ 90 ) | 130)

— L) <—|NR—Ny |1+ — ] — M+ ———

dtc( ) - |: i ! ( + 461) ( 2 te * 461

&t oo = O e - )] [ uds
Q
2,,2 2
__hR_%_@ﬁﬂﬂi_Nwmmw%4/£@¢ow
1 Q

— [V (1= e — epi(0)c?) — (1P + 21%€1) — Naeol?] / uidr
Q

[ Ly — Ly — Ly 9
— Ny — No——————1| b d
T (L - L) } /va !
[ Ly —Ls— Ly / 9
N+ Ngy————— d
+ _ 1+ Vg 1Ly — L)) ] Qvt x
N c c?
+ 1go+(90+29061)+N4 —+90+go—+ B90 // )(‘n;(x,s)fdsdx
L 4e 4e €9 462 462
L Ly — L
(a8 [ + B )

w—MﬂH@rmg(@J+gMgJﬂ

—2 (ET // ~207) 22 (2, p, )dpdx)
N
+ [5 461 — 4 462 ]// ‘nx x,s ‘ dsdzx.

We observe that under assumption (3.104), we can always find real constants N; and N

(3.109)

in such way that
Lo — Ly — Ly

N, + N.
1 2 4(Ly — Ly)

<0, a—Ny >0, b—Ny>0,

{
Nl > max {1, 5} Ng.
After that, we pick positive constants ¢; and €; small enough and e, < 3o such that

9 5 302
Ny (I — € — epui(0)c?) — 21 1>

Now, we choose N large enough in (3.109) such that £ L(¢) satisfy
d
dtﬁ() - Bt +’72// )(‘ni(:c,s)fdsdm

-1 E(t) — —// s)(|nt(z, s | dsdzx (3.110)
0 JaJo
< —mEB(t) — '),

IA
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for some positive constants 7;, 2 and 3. Thus we have

S +25B(0) < ~nE(), (3111)

Let
G(t) = L(t) + L), (3.112)

then it is not hard to see that
G(t) ~ E(t), (3.113)

this implies that there exists tow positive constants a; and ay such that
a1 E(t) < G(t) < anE(t). (3.114)

Combining (3.111) and (3.114), we get

dg(t
9 < _ag), (3.115)
dt
for some constant a > 0, which gives
G(t) < G(0)e™, (3.116)

Using estimates (3.114)and (3.116), we obtain
E(t) <1'G(0)e™™,

which complete the proof. m

3.4. Stability result of solution



CHAPTER 4

LWELL—POSEDNESS AND EXPONENTIAL STABILITY OF SWELLING POROUS

ELASTIC SOILS WITH A SECOND SOUND AND DISRTIBUTED DELAY TERM

4.1 Presentation of the problem

In this section, we are concerned with the following thermoelastic system of swelling
porous elastic soils with second sound and distributed delay term, where the heat flux is

given by Cattaneo’s law:

PLP1 = Q1 Par — Aoy + s + [ pra(s) s (2,8 — 5)ds = 0 in (0,1) x (0, 00),
Poy — A3y — A2pze + 00, = 0, in (0,1) x (0, 00),

p30: + ¢z + 0y, =0, in (0,1) x (0, 00),

Tq + Bqg+ 6, =0, in (0,1) x (0,00),

@ (2,0) = ¢o (), (2,0) = @1 (2) ,0(z,0) = bo(x) in (0,1),

¥ (2,0) = o (), 1 (2,0) =91 (), ¢ (,0) = qo (x) in (0,1),

©(0,1) = ¢(1,1) = ¥(0,1) = ¥5(1,1) = 6(0,¢) = 0(1,¢) = 0 in (0, 00),
o(x,—t) = fo(z,t) =0 in (0,1) x (0, 72),

\

4.1

where the functions ¢,1,0 and ¢ are the displacement of the fluid, the elastic ioli(;
material, the difference temperature and the heat flux, respectively, the parameters p;
and p, are densities of each constituent, the constants ps, a1, as, a3, 7,9 and 3 are positive
constants, reflecting various physical parameters, 7, and 7, are two real numbers with
0 < 7 < T, up is a positive constant, ps : [11,72] — R is L function, pus > 0
almost everywhere and the initial data g, 1, ¥, 11, 6o, qo and fy belongs to the suitable
functional space.

We prove the well-posedness and stability results for problem on the following param-

47
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eter, under the assumption p; > f:f |2 ()] ds.
The remainder of this chapter is organized as follows. In section (4.2), we introduce

some transformations and assumptions needed in this chapter. In Section (4.3), we use
the Lumer-Phillips theorem to prove the well-posedness of problem (4.1). Next, in Sec-
tion (4.4), we present the result of exponential stability based on the energy method by
constructing an appropriate Lyapunov functional equivalent to the system’s energy using

the multipliers method.

4.2 Assumptions and transformations

In this section, we present some materials needed in the proof of our results.
We will assume that

mz [ " ()] ds. (4.2)

T1

We transform (4.1) into an equivalent problem by introducing the new variable, as in

[45]
2(x, p,s,t) =y (x,t — ps) in (0,1) x (0,1) x (11, 72) x (0,00). (4.3)

Taking the derivative of z(z, p, s,t) with respect to ¢, we obtain
(.p.5.8) = 2 [r (.t ps)
zi(x, p,8,t) = — x,t— ps
t\ T, P ot ' p
= @y (z,t — ps), (4.4)

taking the derivative of z(x, p, s,t) with respect to p, we obtain

Zp(x>p> S7t) = (% [9015 (ﬂf,t - pS)]
= u (x, 1 = ps) (—s), (4.5)

multipling (4.4) by s, and by combining it with (4.5), it is straight forward to check that

z satisfies

sz(x, p, s, t) + z,(x, p,s,t) =0 in (0,1) x (0,1) x (71, 72) x (0, 00).

4.2. Assumptions and transformations
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Consequently, problem (4.1) is equivalent to the following system

P18t — A1 Pze — AoWps + 101 + fﬁ pa(s)z (x,1,s,t)ds =0, in (0,1) x (0, 00),
p2th — 3Vpe — A2Pge + 66, = 0, in (0,1) x (0, 00),

P30t + gz + 0tpr, = 0, in (0,1) x (0, 00),

Tq: + fq+ 6, =0, in (0,1) x (0, 00),

sz(x, p, s, t) + zp(x, p,s,t) =0, in (0,1) x (0,1) x (14, 72) x (0, 00),

p (2,0) = po (7), ¢ (,0) = @1 () ,0(2,0) = bp(z) in (0,1),

U (2,0) = o (), i (2,0) =1 (2), ¢(2,0) =g (z) in (0,1),

0(0,1) = ¢(1,1) = ¥3(0,8) = 15 (1,¢) = 0(0,¢) = 6(1,£) = 0 in (0, 00),

2 (2,0,t,8) = ¢ (x,t) in (0,1) x (0,00) X (71, 72),

2 (2,0,0,8) = fo(z,p,s) in (0,1) x(0,1) x (71, 72).

(4.6)

4.3 Well-posedness of the problem

In this section, we will study the existence and uniqueness of the solution to the problem
under consideration, based on the theory of semigroups and more precisely the Lumer-
Phillips theorem. To do this, we begin by transforming the system (4.6) into a Cauchy

problem. Indeed, we pose u = ¢; and v = v, which leads to writing the system (4.6) as
follows:

{ ¢'(t) + Ag (t) = 0, t>0, )

gb(()) = ¢ = (SOO,UO,%,%,QO,QO, Zo)Ta

where ¢ = (p,u,¥,v,0,q,2)" and A: D(A) C H — H is an unbounded linear operator
on H defined by the following expression

—U

le <_a190xx — GQwQXE + M1t + ,_[:;2 MZ(S)Z (.75, ]-7 S, t) dS)
—v

Aqb == p%(_a3¢xx — Q2Pzy + 60x)

L (qu + 0v,)

_ 99:

—~(Bq +6,)

1
7P

4.3. Well-posedness of the problem
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So
0 —I 0 0 0 0 0
- 1
Bowe 2 20,, 0 0 0 = [Pps(s)ds
p1 P Pl p1 Tt
0 0 0 -1 0 0 0
- % amt 0 —%8 63?33 0 iam 0 0
A= P2 P2 5 P2 )
0 0 0 p—@x 0 ;836 0
3 3
1
0 0 0 0 — 0y é 0
T T 1
0 0 0 0 0 0 0

With H is the energy space of the system (4.6), which is obtained after computing the energy

using the multiplicative method.
So, we define the energy of our system as follows:

1
a2
/{msot + potf + p3b® + 7¢* + (al 2) 02

as
2
( Yz + \/@d&) } dz

1
1
2/// |/L2 (x,p,s,t)dsd,odx, (48)
0

and we will show later in section (4.4) how to calculate this quantity.
We have reserved the following spaces

L2(0,1) = {w e L?(0,1) : /Olw(w)dx:()},

H, (0,1) = H'(0,1) N L (0,1),

*

H?(0,1) = { € H*(0,1) : ¢,(0) = (1) = 0},
and H is the energy space given by

H = H0,1) x L*(0,1) x H!(0,1) x L*(0,1) x L*(0,1)
xL2(0,1) x L? ((0,1) x (0,1) x (11, 7)).

For any

¢ = (@7u7wavveaqu)T7

4.3. Well-posedness of the problem
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we equip H with the inner product defined by

1 1 1
pl/u dx—i—pg/vvd:c—&—p /99+T/q(7+ (al—zg)
3
0 0

1 ’ 1
/@x@af d$+/< ‘Pm"‘\/»wx) (\j%@x'i‘\/@l;x) dx
0
11
+/// slpa(s)|z(x, p, s)z(x, p, s)ds dp dx, (4.9)
0 0

for which H is a Hilbert space.
The domain of A is

peEH:pe H*0,1)NHL0,1),v € H2(0,1) N HL(0,1),
D(A) = v,q € Hi(0,1),u,0 € Hy(0,1),
z,2p € L? ((0,L) x (0,1) x (11,72)),u(x) = (x,0,s) in (0,L).

Clearly, D(.A) is dense in H.
Next, we will introduce and prove the existence and uniqueness of the solution to problem

(4.6) in the following theorem:

Theorem 4.1  Let ¢ = (p,u,,v,0,q,2)" be a solution to problem (4.6), and assume that
(4.2) hold. Then, if ¢9 € H there exists a unique solution of problem (4.6) ¢ € C (]0,00),H).
Moreover, if o € D(A) there exists a unique solution of problem (4.6)

¢ € C([0,00), D(A)) N C[0,00),H).

The demonstration is divided into two parts. In the first one, we show that operator A is

monotone and in the second one, we show that operator A + I is surjective.

Lemma 4.1 The operator A defined by (4.6) is monotone.

Proof. we show that

For this purpose, we use formula (4.9) to calculate the following inner product.

—u @
pil (—als%:c — aozy + p1u + f:lz pa(s)z (z,1,s) ds> u
v "

(Ag, )y = < p%(_a?)wmm — a2z + 00,) Ao > ,
p%(qufc + dvg) 0
;(ﬁq +0;) q
%zp (z,p,s) z

4.3. Well-posedness of the problem
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we use integration by parts, taking into account the boundary conditions, which yields the

following result:

1 1 1 1 ™
(Ap, )y = — al/ Ozt dT — ag/ Yepth dx + ul/ u? dx —|—/ u/ u2(s)z(z,1,s) ds dx
0 0 0 0 m

1 1 1 1 1
—ag/ wmvdx—ag/ gpmvdzc+5/ Hxvdx—i—/ qw9d$+5/ v.0 dx
0 0 0
1
+ﬁ/ q d:U—I—/ 0.q dz — (a1 — )/ Ugp Py dT
0

NG s
/ / ‘/"L2 ‘/ [E y Py S Zp Z,p,S ) dp ds dzx,
using integrating by parts, we obtain
1 1 1 T2
(A9, d)3 = 5/ 7 +M1/ u? dx —i—/ u/ pa(s)z (z,1,s)ds dz
0 0 0 T
1 T 1 '
+/ / |M2 (S)|/ Z(%P,S) Zﬂ (xvp’s) dp ds dx
0 Jr 0
1 1 1 1 P
:5/ q2—|—u1/ u2dx+/ u/ pa(s)z (z,1,s)ds dz
/ / 2 ()| 2% (z,1,5) ds dx—/ / s ()| 2% (2,0, s) ds du,

Acbch—ﬁ/ ¢+ 5 / / 2 (s)|2%(x, 1, 5) ds dx
1
+ <H1 —2/ |2 (s)] ds)/ U d$—|—/ / pa(s)z (z,1,s)ds du. (4.10)
T1
Using Young’s inequality, the last term in (4.10), we have
/ / wa(s)z(x,1,s) ds dx
1
< 2/ lp2(s)] ds/ u? dr + = / / lp2(s)|2%(x, 1, 5) ds dz, (4.11)

substitute (4.11) in (4.10) yield,

1 T2 1
(A9, d)y > 5/0 ¢* dx + <M1 —/ | (s)] ds)/o u? de.

By (4.2), (A¢, ¢),, > 0, then we conclude that A is monotone. m

then

4.3. Well-posedness of the problem
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Lemma 4.2 The operator A+ I is surjective

Proof. It is sufficient to prove that A is maximal:
A is maximal & R(A+ 1) = H < VG = (¢1,92,93,94,95,96,97) € H, I ¢ € D (A) such
that
(A+1)¢=G. (4.12)

We can write (4.12) as follows:

/

Y —u=4gi,

PIU = Q1P — Qotyy + pru+ [12 pa(s)2 (2,1, 5,1) ds = pige,

w — UV =gs,

P2V — a3y — A20zx + 00z = paga, (413)

p30 + gz + dvz = p3gs,
(T+B)Q+9I:Tgﬁa
Z+ %Zp (ﬁ,p,t) = g7

Suppose we have found u and v. Therefore, the first and the third equation in (4.13) given

{ v=v-g (4.14)
v =1 — gs.

It is clear that u € H}(0,1),v € H(0,1).
Following the same approach as in [15], the seventh equation in (4.13) together with (4.14)
and the fact that
2(z,0,8) =u(z), if z € (0,1),s € (11,72), (4.15)
yield
2 (w,p,8) + 5 12, (x,p,8) = g7 (,p,5), if z € (0,1),5 € (11, 72) . (4.16)

Then by (4.15) and (4.16),
P
z(z,p,s) = e Pu(z) + seps/ g7 (x,7,5) €"*dr. (4.17)
0

From (4.13)g we have
0, =796 — (B+ 7). (4.18)

Integrating (4.18), we obtain

o—r /0 " gol) dy — (B +7) /0 " 4(y) dy. (4.19)

Then 0(0) = 6(1) = 0.
Using (4.14) and (4.19) in (4.13), we get

—a1Pzx — a2¢mc + MSO =h1 € L2(0’ 1)’
_a3wxw — A2Pzx + pr - (6 + T)(Sq = h? € LQ(O’ 1)7 (420>
—qu + p3(B+7) [y aly) dy — 6. = hz € L*(0, 1),

4.3. Well-posedness of the problem
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where
M=+ p1 + f —° ds,
hi = Mg1 + prg2 — [? spa(s fo e*Tg7(x,7,5) dr ds, (4.21)

he = pa(gs + 94) — 709s,
hs = —0g3: — p3(gs — 7 [y 96(y) dy).
To demonstrate that the system (4.20) admits a unique solution, we consider the following

variational formulation.

B((p..0), (7.9,3)) = F (%.0.4) (4.22)
such that B : V2 — R is the bilinear form, and F : V — R is the linear form where

V = [H}(0,1) x H!(0,1) x L¥(0,1)] .

To obtain B and F', we multiply (4.20)1, (4.20)2, (4.20)3, respectively, by ¢, 1, ¢ and integrate
them by parts over (0, 1), resulting in:

B ((% ¥, q), (@ﬂ;,fj)) = p1 /1 p@dr + ay /1 2 Prdr + as /1 (wmx + cpxd?x) dzx
01 ° 1 0 1
+ 2 /0 oiuda + as /0 iz — 6 (y + B) /0 e

1 1
+(T+B)/O qc]d:v+5(r+5)/0 vide

o2 [ ([Cawar) ([ away) as
F(@,J,@):/ h1¢dx+/ hot da + (7 + f) / hg/ ) dy da.

Now, we equip the space V with the following norm:

and

(e, ¥, allyy = llpwll3 + lvall3 + %Jr\/ 3o +||¢J||2+IIQIIQ,

where ||.|| is the usual norm, using integration by parts, we have for C' > 0

1 2 1 1
B ((p,%,q), (0,9, q))y =p1/0 prdr + <a1 — %)/0 ¢§d$+p2/o Y

as

+p3(ﬁ+7)2/01 (/Olqw) dy)Qdm+<ﬁ+f>/Olq2dx

> Cll(¢: ¥, 9)ll},

thus B is coercive.
To show that B is continuous, it suffices to prove that B is bounded on V. This is due to

the fact that hi, he, hg € L?(0,1) and ¢, %, q, @,TZJ, G € V, then a simple application of Young’s

4.3. Well-posedness of the problem
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inequality leads to the desired result. We can establish that F' is bounded on V by the fact that
p,,q € V. According to the Lax-Milgram theorem, there exists a unique solution ¢, ,q €
H}(0,1) x HL(0,1) x L2(0,1) satisfied

B ((p.,a), (5,0,3)) = F (#.9,3) ¥ (8:,4) e V- (4:23)

Therefore, according to the Lax-Milgram theorem, the system (4.20) admits a unique solu-
tion
¢ € HL(0,1), 1 € H}(0,1) and ¢ € L3(0,1).

By replacing ¢ in (4.13)1, ¢ in (4.13)3 and ¢ in (4.18) we get
u € HE(0,1), v e HY0,1), 6 € H}(0,1).
Similarly, the compensation of w in (4.17) with (4.13)7, gives
2,2, € L*((0,1) x (0,1) x (11,72)) .
If we take (¢,q) = (0,0) € HL(0,1) x L2(0,1), then (4.22) becomes
1 1 1 1
p1/ gogf)da:+a1/ gox@deraQ/ Yy Prdr :/ h1p dx ¥y € H(0,1), (4.24)
0 0 0 0
which implies
1 1
/ (a19z + a2iy) Qpdr = —/ (prp — h1) @ dx V@ € H(0,1). (4.25)
0 0
The latter is also true for any function ¢, € C''(0,1) which is in HZ(0,1), then
a1Pzrx + azlb:w = p1Y — hl S L2<O, 1). (4.26)
If we take (@, §) = (0,0) € H}(0,1) x L?(0,1), we obtain from (4.22)
1 1 1 1
po [0 deta [ i dovan [ e de-b(540) [ adds
0 0 0 0
1
= / hot) dz, Vi € HL(0,1), (4.27)
0
or
1 B 1 B B
/ (a3t + a2ps) Yodr = —/ (P2t + 0 (B+7) g — ha) e, ¥ip € HL(0,1). (4.28)
0 0

The latter is also true for any function ¢; € C(0,1), ¥1(0) = 0, which is in H!(0,1), this leads

to

a3¢xz + 2P xx = pr +0 (6 + T) q— hQ € L2(Oa 1) (429)

4.3. Well-posedness of the problem
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By combining (4.26) and (4.29), using the fact that ayas—a2 # 0 and by the theory of regularity

for linear equations, it follows that
p € H*(0,1) N Hy(0,1), <€ HZ(0,1)NHL(0,1).

If we take (¢, %) = (0,0) € HA(0,1) x HL(0,1), equation (4.22) is written as follows

w49 [ (g 00)qd = — / 1 a0 ([t ) -+ ooma]| ([ atway).

or again
(r+ B)(a + ) = —pa(r + B)? ( [t dy) T (r+ B)ha,

from where

do = 0 — p3(7 1 ) (/qu@) dy) T hy € L2(0,1).

This is equivalent to saying that
g € H{(0,1).

From relation (4.18), we conclude that
0 € Hy(0,1).

Finally, we ensure the existence of unique ¢ € D(A) such that (4.12) is satisfied.
Consequently, the operator A is a maximal monotone, and according to the Lumer-Phillips

theorem (see [12] and [50]), we deduce that A is an infinitesimal generator of a Cp-semigroup
on H, the result of Theorem (4.1) follows. m

4.4 Exponential Stability

In this section, we show that, under the assumption u; > f:f 2 (s) ds, the solution of problem
(4.6) decays exponentially to the study state. For this purpose, we need some necessary results

that will help us later to achieve our goal.

Lemma 4.3 Let (p,1,0,q,2) be a solution (4.6) and assume (4.2) holds. Then the energy
functional defined by (4.8) satisfied

1
(1) < =B fy *dw — (n — [72 |ua(s)| ds) [ etdz <0. (4.30)

Proof. Multiplying the first equation of (4.6) by ¢; and we integrate along [0.1], we find

1 1 1 1
p1 / orppdr — ay / Ot Pradr — ag / Otgzdr + 11 / prdz
0 0 0 0

1 T2
+/ th/ /~L2(5)Z (:Uv 1, 5, t) dsdx = 07
0 T1
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using integration by parts and the boundary conditions in (4.6) allow to write the last equality

in the form

P d <pd Lad ! Y2da +a /lgo Yoda + /1<p2dz
~ . (V2 2 xt W 1
2 dt 2dt 0 o !

+/ got/ pa(s)z (z,1,s,t)dsdx = 0.
0 1

In addition, multiplying the second equation of (4.6) by v, and we integrate along [0.1], we find

(4.31)

1 1 1 1
o / Getbyda — as / Vitbeads — a3 / Gipaad + 0 / Viboda = 0,
0 0 0 0

and thanks to the formula of integration by parts with the boundary conditions in (4.6), we

Wd/lw +a3d/1¢2d$+a /1¢ dw+5/lz/}9 dz =0 (4.32)
2 dt 0 t 2dt T 2 0 xtPx 0 tVx — V. .

Similarly, multiplying the third equation of (4.6) by 6 and we integrate along [0.1], we obtain

deduce

1 1 1
03 / 00,dx + / 0qudx + 6 / Oypd = 0, (4.33)
0 0 0

the formula of integration by parts and the boundary conditions imply

03 d 1 1 1
/ 92d:n+/ quda:—é/ O 1pedr = 0. (4.34)

Multiplying the fourth equation of (4.6) by q and we integrate along [0.1], we find

1 1 1
7'/ qqidx + B/ ¢>dx + / q0.dxr =0,
0 0 0

then, by integrating by parts the term fol q0.dx, we deduce that

/01 qz0dx = 2dac + B/ (4.35)

By replacing (4.35) in (4.34), we obtain

_ 2 Ta 2
(5/ O 1)pdx = 2dt Hd +2dt da:+ﬁ/

then, we replace the last equality in (4.32), we find

d d 1 1
_e2 / Wde+ 32 / W2da + as / -
0

2 dt 2 dt
p3 d 24 ! 2 ! 2

+ —— 0 +ff q“dr + q“dzx, (4.36)
2 dt 0
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by adding (4 31) and (4.36), we arrive at
pd 2 2 2 as &
2 dt d+2dt/¢td+2dt d+2dt/w"”d$

P3 d Td 2
— 4.
+a2/ (Patthe + Yarpz) dz + > 5 d1 6 dr + 5 di q dx (4.37)

+,u1/ d:c—i——i—ﬂ/ 2dw+/ cpt/ pa(s)z (z,1,s,t) dsdx = 0,
0

58

SO

d 1 12

PO [ 2dpy P28 de+ 22 [ Q2qp 4+ B2 d
2dt J, ¥ +2dt/wtw+2dt +2dt/w’“"x

2 2

+u1/ wfd:rJrﬂ/ quer/ sat/ a(5)2 (2,1, 5,) dsdz = 0,
0 0 0 T1

then

1d | 2 2

a a9
Qd/{m% + ot + p30 + 7¢* + (al §> 02+ <\/@¢z+\/@%> }d$
0
1 o
= —B/q dm—m/ 2dx /gpt/ ua(s)z(x, 1, s,t)dsdz, (4.39)
T1

where

a2 a 2
2021/)95901; + al‘P?: + a3¢;% = (al - az) 9033 + (\/2—39096 =+ \/@d]ﬂc) . (4'40)

Now, multiplying the fifth equation in (4.6) by |u2(s)|z, integrating the result over (0, 1)
(0,1) x (11, 72), with respect to p and z respectively, we have

/// slua(s)|zzi(x, p, s, t)dsdpdx

+/// slpa(s)|zzp(z, p, s, t)dsdpdz = 0, (4.41)
0 0 T
then

:_/ / lp2(s)| [22(x, 1, 5, 1) — 2° (a:,(),s,t)] dsdz,

and recall that z(z,0,s,t) = ¢i(x,t) ,

2dt/// s|ua(s)|z” :cﬂ,st)dsdpdm_—// 2 (8)22(x, 1, 5, t)dsda

‘ /0 / () @ (@, dsde. (4.42)
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Summing (4.39) and (4.42), we have
1d | 3 2
2 2 2 2 az\ 2 a2
a 1. 9 - =¥ x
th/{ p1¢; + p2y + p3f” +7q” + <a1 a3> vy + <\/@g0 + Vasy >
0
1 T2
[ s|u2<s>z2<x,p,s,t>dsd,o}dx
0 T1
1
1 1 )
= ﬁ/qux 2/ / lp2(s)|2%(x, 1, 5, t)dsdx
0 1
1
/(m —/ |pa(s |ds> cptdx—/got/ u2(s)z(x, 1, s,t)dsdz, (4.43)
0 T1
which gives (4.8), and its derivative verify
1
1 1 To
"(t) = —ﬁ/q2d:z - 2/ / lp2(s)|2%(x, 1, 5, t)dsdz
s 0 1
1
/(,ul - / |pa(s |ds> gptdaz/gpt/ pa(s)z(x, 1, s,t)dsdz. (4.44)
0 T1
On the other hand, applying Young’s inequality to the last term in (4.44), we find
1 T2 1 1 9 T2
/ O </ uz(s)z(z,l,s,t)ds> dr < 2/ ©; (/ | (s )]ds) dz
0 T1 0
/ / |2 (s (x,1,s,t)dsdz. (4.45)

Inserting (4.45) in (4.44), we get (4.30). m

In order to construct the Lyapunov functional to achieve our objective, we need the following

lemmas

Lemma 4.4 Let (,v,0,q,z) be the solution of (4.6). Then the functional

1

1
a
Zpl/sotsodfv— 2p2/¢t¢dfc,
as
0

0

satisfies the estimate

1 1
Fq(t) §—%<a1 )f%%dx‘f‘ (1 +Cs) {¢d$+€00f¢t2dx

1 7
—|—C0f02d:z—|—00f lp2 (8)ds [ [ |p2 ()] 22 (x,1, s,t) dsdx.
T1 07

(4.46)

(4.47)
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Proof. Multiplying (4.6); by ¢ and we integrate along [0.1], we find

1 1 1 1
p1 / ppdr — ar / PPrzdr — az / OYgzdx + 11 / ppdx
0 0 0 0

1 T
+/ <p/ pa(s)z (z,1,s,t) dsdx = 0.
0 T1

After the formula of integration by parts, and under the boundary conditions in (4.6), we deduce
that

1 1 1 1
P1 / ppdr + a / p2dr + a2/ PaPedr + 1 / ppidr
0 0 0

0
1 T
—I—/ (,0/ pa(s)z (z,1,s,t)dsdx = 0,
0 T
therefore

d 1 1 1
p1— / wprdr = py / prdr + p1 / ppudr
dt Jo 0 0

2 1 1 1
=p1 / prdr — ay / prdr — 02/ Pozdr — 1 / pprdx (4.48)
0 0

/ / pa(s)z (z,1, s,t) dsdx.

Multiplying (4.6)2 by ¢ and we integrate along [0.1], we find

1 1 1 1
P2 / PYpdr — ag / PYgrdr — as / PPpzdr + 0 phydx =0,
0 0 0 0

using first the integration by parts, then, we use the boundary conditions, we conclude that

1 1 1 1
P2 / pydr + az / Pa¥zdr + as / gpid:p — 60 | @zfdx =0,
0 0 0 0

the result is that

a9 d

1 a 1 s 1
—*02* Wﬁtdﬂc =——p2 | ©Yudr — —p2 | @iidx
a3 0 az 0

dt
1 2 1 1 1
a ag a9
o / ortbads + 2 / PR — 225 / oufdz — 2 / orindz,
0 as Jo as 0 as 0

(4.49)
by adding (4.48) and (4.49) , on obtain
d 1 as d 1 1 1 1
prg | e - fpzf wl}td:v:pl/ s0§dfv—a1/ widfﬂ—m/ pipyda
/ / pa(s)z (xz, 1, s,t) dsdx (4.50)

+ a2/ 2dx — pg/ pehrda — 5/ o 0dx.
as 0
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Now, we estimate the terms in the right hand side of (4.50). Using Young’s inequality, we

have
1 . N 1
—(126/<p$0dx < = <a1 — (12) /(pidl’—i—Co/dix, (4.51)
as 4 as
0 0 0
1 1 1
a2 2 2
—aspQ/wtcptd:c < Eo/1/1t da?+C'aO/cptda:. (4.52)
0 0 0

By using the Cauchy-Schwarz’s, Young’s and Poincaré inequalities, we obtain

1 T2
—/gp /,ug(s)z(a:,l,s,t)ds dr < Co/lug ]ds//\,ug 2(x,1,s,t) dsdx
0 T1
1 2\ [
as 2
- — = dx. 4.
+4<a1 ag)/%”x (4.53)
0
We deduce then that
, d (! d (!
Fi(t) = p1— drx — —pog— d
1(t) pldt ) pprar det oYidx

1

1 1
1
—= (a —Zz>/gpmdw+ (p1+ Cs) /<p dx—l—eo/wtgd:v
3
0

0

+C’0/0 dw—l—Co/]ug ]ds//mg 2(x,1,s,t) dsdz,

from where (4.47). m

IN
DO

Lemma 4.5 Let be the solution of (4.6). Then the functional

1 1
_ ay a3 as
ra(t) = plaZO/sot(\@w@w)dm agpgo/wt<\@¢+¢m)dx

1 1
2
+5\1/C%/g02da:+u1ag\/@/wapdx, (4.54)
0 0

satisfies the estimate

1
0

+Csl/|uz 5 Ids/ /qu > (v,1,s,t)ds | do (4.55)

dz.

+3€1/I< %+xﬁ¢x>
0
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Proof. we have

1 1
Fo(t) :P1a2/<ﬂtt (\;Q—W + @10) dx + ﬂ1a2/<ﬁt <\;2—3‘Pt + \/@1%) dx
0

—pg/wtt< w+\ﬁ¢) x—P2/¢t< %DH'\ﬁ@Z)t) (4.56)

[N

1a

%

1
/sosotd:v+u1a2\/£/wtsodx+u1az\/@/wtdx,
0 0 0

we replace (4.6); and (4.6)2 in (4.56)

T2

1
’ a
Fo(t) = a2/ al@xx+a2¢m—ulﬁﬂt—/u2 (s)z(x,1,s,t)ds <2<,O+\/a31/1> dx
0 a

T1

2

1 1
a a
+praz / @t (V%sot + \ﬁawt) da — ;j [a3% 0z + a2prs — 060,] X
0 0

1
<P+\ﬁ¢> iﬁ—pz/wt( ¢t+\r¢t>d$+u12 pprdx

(& ]

+prazy/a3 /¢t</9d33+/¢%d93 ,
0 0

using the integration by parts and the boundary conditions, we find

1
’ a
FQ (t) = —alago/cpx <\/273§0x + \/@1/@;) dx

T2

a2/1<\/@90+\ﬁ¢)> /,ug(s)z(m,l,s,t)ds dx

0 T1
a3

P1—F—
3

+
IS

o _

prdx + P1a2\/a3/90t¢td$
0

1 1
+‘12/ <a2 +\/a7p>d:e—“%5/e(a2 +ﬁw>dx
a30 P \/@@x 3V a3 / \/@Sox 3V

1 1 1
3 2
asP2 a3p2 2
— dx — d d
as\/@()/wt% x \/@0/% 95+M1a2\/a30/1/1t¢ x,

then,
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o L
/ Qa a9
P = (0= 2) [ (S VA, ) di
a a
3/ Vvas
1 2
a
—a2/<@+\/@w> /,ug (s)z(x,1,s,t)ds | dx
a
0 \/73 T1
+p1/ ©7 ﬂf+p1azf/@t¢tdx—5 9( ¢x+\ﬁ¢x>
vas as
0 0
a3
—a32§%/¢t¢tdl'— 2[)2/1[Jtd:p—|—u1a2\ﬁ/¢tgpdx (4.57)
0
using Young’s and Poincaré inequalities in (4.57), we get
) 1
az a9
—ag | ag — —= z | —— 0 + az, | do
(o ﬁ)o/*” (oo Vi)
1 ) 1
< 61/ (\j%apz—&—\/@wm) dm—I—Cel/chdx (4.58)
0 0
1 1 1
“5/9 + \/asy < o /92d:v+s/ 2 e+ g 2dx (4.59)
a3 @:c :1: = 481&% 1 \/@SO:U 3Vx ) .
0 0 0
5 1 1
asp2 / azpz
— Weprdr < /wt d:):—l—C’l/(ptdx (4.60)
as.\/a
31/a3 ) /
1 1
plag\/ﬁ/wtwtd:n < a2p2 /@Z)tdm—i—Cl/cp?dac, (4.61)
0 0
1 ) 1
as02 2 2
: de < -2 dz +C dz. 4.62
M1a2\/@0/¢t90$_4\/@0/1/}t1‘+ 1/90x$ (4.62)

0

By using the Cauchy-Schwarz inequality and those of Young and Poincaré in (4.57), we

obtain:

T2

a/l( ¢+\F¢) /,ug(s)z(x,l,s,t)ds da
0

71

IN

2

/1 2
€1 < Oz + \/71;Z)x>

0

1 T2
c., / iz ()] ds / / 2 (8)) 2% (2,1, 5, ) ds
T1 0 T1

dx.

(4.63)
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Finally, substuting (4.58),(4.59), (4.60), (4.61), (4.62) and (4.63) in (4.57), we obtain the
estimate (4.55). m

Lemma 4.6 Let (p,1,0,q,z) be the solution of (4.6). Then the functional

1 1
1
Fs(t) = po /wwtda: + 1 / podr + ,u21/ ordz, (4.64)
0
0 0

satisfies

/ 1 a% / 2 1 l 2
F3(t) < D) al_aig /‘Pzdl’ / ¢x+r¢$
0 0
+CQ/0 d$+|,u1|/ /|u2 2(x,1,s,t)ds | dx

1
+p1 / ©2dx + ps /wt dx. (4.65)
0 0
Proof. By differentiating F3, taking in account the second and the third equations in (4.6), and
integrating by parts, we obtain
1

1 1
1 1
F5(t) = pg/zﬂfdx—ag/wzd:r—ag/o Wm¢md$+5/0 Gwmd:):—i—pl/(p?dx
0 0

0

\H

1
1
—oq de - a2/§0m¢xdx - Nl/ pprdx
0
0

T2

1
1

/ / z(x,1,s,t)ds dx+,u1/ ppid,
0

1

1 1 1
1
Fg (t) = p2/¢fdx+p1/cp?dx—a3/¢§dx—2a2/0 goxszdx—al/goidx
0 0 0

0

then

1 T2

1
—|—5/0 0¢$dm—0/<,0 /,u2 (s)z(x,1,s,t)ds | dz, (4.66)

71

by using Young’s and Poincaré inequalities, we obtain

1 1 1 1
5/ O)pdr < 02/ sz:r—l—ag/ Yida,
0 0 2 ")

1 T2 1 1 T2
1
/<p /,u,g (s)z(z,1,s,t)ds | do < 2a1/g02dm+]u1]/ /]ug (8)| 2% (z,1,8,t)ds | dz,
0 1 0 0 T1

Finally, the estimate (4.65) is established. m
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Lemma 4.7 Let (p,1,0,q,z) be the solution of (4.6). Then the functional

Fa(t)= Tp3/19 </Ox q(y) dy) dz, (4.67)
0

satisfies the estimate

1

1 1
1
) < ‘;/ dz + ez/w?dx +ec (1 + 6) /q2dm- (4.68)
2
0 0

0

Proof. Differentiating Fy, using the equation in (4.06) and integrating by parts, we obtain

B = Tpg/let (/0 0y >dy) dx+Tp3/195t (/ <y)dy> dx
0
. < I q(y)dy) oo [ Ky | oo
q2da:+57'/0 Prqda ﬁpgo/le (/Ox qdy> dr — pgo/le/ox O dydz. (4.69)

Now we use Young’s inequalities

Il
S -
o _ O\H

1 1 st [l
57’/ Prgdr < 52/ Yide + / ¢’dz, (4.70)
0 0

_/gpg,/le(/oquy) g‘;/ 24z +/ </qudy>2dx, (4.71)
0

By Cauchy-Schwartz inequality, it is clear that

(o) = ([ o)

by replacing (4.70), (4.71) and (4.72) in (4.69), we get

1
! ! 2 ! 2 ot [ 2 2
Fut) < 7| ¢°dx+eo 1/Jtdx+4—€2 q“dr — p3 | 6°dx
0 0 0 J
1
1
+”23/02dx+/322/ Fdz, (4.73)
0
0

1
Fi(t) < ( +452+ﬁ22>/0 2olach /02dx+52/¢§dm. (4.74)
0

Thus we get the estimate (4.68). m

2

1
< / ¢*dy, (4.72)
0

then
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Lemma 4.8 Let (p,1,0,q,z) be the solution of (4.6). Then the functional

1 mn

/ / / 5P |ua(s)| 22 (z, p, 5, t)dsdpdz, (4.75)

satisfies, for some positive constant my, the following estimate

1 m

Fg (t) < _ml//‘,lLQ x,l,s t)dsdx

1 7

1
—ml/// |2 (s)] 22 (z, p, s, t)dsdpda:—k,ul/gofdaz. (4.76)
0

Proof. Differentiating F5 with respect to t and using (4.6)5, we obtain

1 17
) / // TP pa(s)| z(x, p, 5, t)2p(2, p, 5, t)dsdpda
0 0 ™

S

Ty
/Q_Sp |2 (s)] 22(35, p, 8, t)dsdpdz
2

se”* |pua(s)| 2*(x, p, s, t)dsdpdz,

O\H O\H
G\j O\H

|
o _

and thus
1 n
FL(t) = // \p2(s)| [e$22(x, 1, s,t) — 22(z,0, s,t)] dsdx
0 72
1 1
—///se_Sp|u2(s)\zz(x,p,s,t)dsdpdx.
0 0 7

Since z(x,0,s,t) = ¢y and e=® < e % < 1, for all p € [0.1], we get

T2

1
2
—//es |\ ()] 22 (m,l,s,t)dsdz—i—/ |2 (3)\d3/gofda:
T1
0 71

1 1 7

—///86S”qu(S)\22(w7p,8,t)d8dpd:v-

0 0 7
Using the fact that —e™° is an increasing function, we have —e™* < —e™ ™ for all s € [y, 7] .
Finally, setting m; = e~ and by (4.2), we obtain ( 4.76).
Which completes the proof. m

Now we define the Lyapunov functional L (t) as follows:

L(t)=NE(t)+ N1Fi(t) + NoFy(t) + 2F3(t) + N3Fy(t) + NaF5(t), (4.77)
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where N, N1, Na, N3 and Ny are positive constants.
Before establishing the result of exponential stability, we first demonstrate the relationship

between the Lyapunov functional and the energy functional.

Theorem 4.2 Let (p,1,0,q, z) be the solution of (4.6). Then, there exist two positive constants
m and ne such that the Lyapunov functional L(t) satisfies:

mE(t) < L(t) <nE(t), vt >0, (4.78)

and

L'(t) < —agE(t), 0o >0. (4.79)
Proof. From equation (4.77), we can write:
[L(t) = NE (&) < Ny [Fy()] + N [Fo(t)] + 2[F5(8)] + N3 [Fa(t)| + Na [F5(2)]

1 1
a
< Nipy / el |0 dz -+ N1 == po / x| || de
0 as 0

1
ag
+N2,01a2/ lot| | —=¢ + Vasy| dx
o T Vas
a2
+N22p2/ e [ + V| da

a
+ Nog s 2/ |” |dCC+N2N1a2\/>/ 1| |l dx

+2pz/0 lelwtldﬂf+2p1/0 le\sotdvarm/o |¢?| da

1 T
+N37'p3/ dx
0

q(y)dy

0
1 1
+N4/ // |se™* g (s)| 2%(x, p, 5, t) | dsdpdzr.
0 Jo Jr

Applying Young’s, Poincaré’s, Cauchy-Schwarz inequalities, and the fact that e™* > 1 for all

p € [0,1], gives

1 2
\L(t)—NE(t)|<ff/ (wt+¢t+92+q +<\/»¢x+\rwx> +<p§>

+/<;/ / / slug (s)] 2°(x, p, s, t)dsdpdz.
< kE(t

this leads to
(N—r)E(t) S L(H) < (N +r) E(1).

Consequently, by choosing N large enough, we obtain (4.78).
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By differentiating L(t) and recalling (4.30), (4.47), (4.55), (4.65), (4.68) and (4.76), we find

68

B 1
U < = |N (= [l ©lds ) = N+ o) = Ve = 21 = Nuga | [ s
T1 0

1
[1 a3
—|=1la —— Nl_N2C€1+ al—— (pdiL’
2 as
0

— [1 — 3€1N2]

a2 2 1 h 9
(\/@tpx +\/CT31/1J;> dx — [5N—Ngc (1+ @)] O/q dx

S

P3 a§152 / 2 2P2 / 2
— |:2N3 — CyN, — 205 — ] /9 dx — { Ng —eoN1 — 2p2 — est] /wt dx
0

451a3
0

T2

— [N1Cop1 — Cey Nopg — 211 + mq Ny //|M2 s)| z (a:,l,s,t) dsdx

0 71
m1N4/// |2 (s (z,p, s,t) dsdpdz.
We take
1 1 1
€0 =——F, 1= —7, ,E2= .
0 Aﬁv 1 4Ab7 3 €2 A&
We get

T2 1
L't < —|N Ml—/|uz(8)|d8 = N1 (p1+ Cs) = C1N2 — 2p1 — Ny /@fdw
0

T1
- 2 1
1
— | = <a1—aZ>N1—N2051+ (a1—>]/g0 dzx
_2 as
0
1

116L2
= ——y + /a3y, | dr— [BN — Nsc(1+ N3)] [ ¢°d
/OWMW)W 1+ ) | P

2
0
! 1
- |:p23N3—C()N1 — 20y — 2 ] /62d$— [ 4302 N~ 20 —2] /O V2dx
0
1 7
— [N1Copr — Cey Nopy — 241 + my Ny // |2 ()] 2 (2,1, 5, 1) dsda
0 7

—m1N4/// |2 (s (x, p, s,t) dsdpdz.

4.4. Exponential Stability



Chapter 4. Well-posedness and exponential stability of swelling porous elastic
soils with a second sound and disrtibuted delay term

69

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We choose N, large enough such that

o= SN 950
1 4./ 2 P2 .
Next, we select N7 large enough such that
N a3 a3
Qg = ! (a1 — 7) Nzcgl + <a1 — 2) > 0.
2 as as
Then, we choose N3 sufficiently large so that
452
:%Ng—CoNl—QCQ ¢ N2 > 0.

a3
After that, we pick N4 very large so that

ay = N1Copy — Cey Nopiy — 2p1 +mi Ny > 0.

Finally, we choose N large enough (even larger so that (4.78) remains valid) so that

a5 =N [ —/lm )| = Ny (o1 + Cuy) — CLNa — 201 — Najur > 0,

and
aGZﬂN—C(l-i-Ng) > 0.

Take, ag = m1 Ny, we obtain

’ 1 1 2
L) < —/ a5} + a1t} + azh? +asd® + 3 |~ + Vazds |+ azg? | da
0 2\ Vas
1 1 m
—Oé[)/// |M2 (xvp,sat) dede‘
0 0

T1

We get to

1
L) < sl/ (wt+wt+02+q+< oo V) +90§)dx

1 7

Vas

_¢ / / / 2 (8)| 22 (2, p, 5, 1) dsdpda. (4.80)

Where & = min {ag, a1, ag, ag, aq, as, ag} > 0.

2
a
We assume that & = max{%l, 2,8, %,% (a1 — —2> ,%, %} > 0. Then

1
/0 (s0t+wt+92+q +<\F<px+f%) + 2
1 7

// 12 (5)] 22 (2, p, 5, 1) dsdp | dw > L E(8),
5
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hence
1
—51/ (sot + 97+ 62+ ¢ +(\F<px+\ﬁ%) +s0§> dx
1 7
—51/// |2 (s)] 2% (2, p, 8, 1) dsdpdr. < — 2 (t),
by (4.80), we get (4.79) with g = & > 0. m
Now, we can state and prove the result of exponential stability.
Lemma 4.9 Let (¢,v,0,q,2) be the solution of (4.6). Assume that p; > f w2 (s)ds hold.
Then, for every ¢o € D(A), there exist two positive constants v1 and o such that
E(t) < ype MVt > 0. (4.81)
Proof. According to (4.79), we have
L'(t) < —agE(t),t > 0. (4.82)
Taking into account the equivalence between E(t) and L(t), we can write
L'(t) < —mL(t), t >0, (4.83)
where v; = % A simple integration of (4.83) yields
L(t) < L(0)e™™, ¢ <0, (4.84)

which leads to the desired result (4.81) with vo = @ and using once again the left-hand side

of the equivalence relation (4.78). m
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CHAPTER b

LWELL—POSSEDNESS AND ENERGY DECAY FOR BRESSE SYSTEM WITH

MICROTEMPERATURES EFFECTS IN THE PRESENCE OF DELAY

5.1 Presentation of the problem

In this chapter, we are concerned with the Bresse system with microtemperatures and delay

term which has the form

prow — k (pz + 9 +lw), — lko (wz — lp) + e (x,t) + pogs (x,t —7) =0, in (0,1) x (0,00),
P21t — 0z 4k (@ 4 + lw) 4 dy. = 0, in (0,1) x (0, 00),
prwy — ko (we — 1), + 1k (02 + ¢ + lw) =0, in (0,1) x (0,00
Yt — VYzz + Atz + y2y = 0, in (0,1) x (0, 00),
(5.1)
with initial and boundary conditions
[ 0(@,0) = ¢o(z), ¢i(2,0) = p1(), y(x,0) = y(z) @€ (0,00),

11)(90’0) = 1/10(@7 wt(xv 0) = 1#1(:6) T e (07 OO) )

w(z,0) = wo(x), wi(x,0) =wi(x) x € (0,00), (5.2)

©(0,t) = 12(0,t) = w,(0,t) = y(0,¢) =0 vt > 0,

@m(lat) :w(lat) _W(Lt) :y(lvt) =0, vt > 0,

th(l’,t - T) = fO(xvt - T)'

The variables ¢, w and 1 correspond to the vertical, longitudinal and shear angle displace-
ments of the beam, respectively. Additionally, the microtemperature vector is represented by y.
The positive constants p1, p2, k, ko, 1, b, a, 71,72 and d are utilized as coefficients in the system
reflecting various physical parameters. Moreover, 7 > 0 is a the time delay , and p; represent
positive constant and uso is a real number. Furthermore, the initial data g, ©1, fo, Yo, Y1, wo, w1
and gy are assumed to belong to an appropriate functional space.

The remainder of the chapter is structured as follows: in section (5.2), we provide specific

assumptions and transformations, in section (5.3) we prove by using the semigroup theory the

71
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existence and uniqueness of the solution. Section (5.4) focuses on examining the exponential

stability of the system if and only if
k
—=—, k=ko, (5.3)

holds, and using Lyapunov functionals.

5.2 Assumptions and Transformations

This part presents the assumptions and transformations required later to demonstrate our main
result, we convert problem (5.1)-(5.2) into an equivalent problem by adding a new variable, also

the following hypothesis will be used

2| < 1. (5.4)
We present the next new variable as in [14]
2(z,p,t) = (x,t —7p),z € (0,1),p€ (0,1),t>0, (5.5)
then, we find
T2¢(x, pyt) + 2p(z, p,t) = 0in (0,1) x (0,1) x (0,00). (5.6)

Hence, by substituting (5.5) and (5.6) in problem (5.1)-(5.2), we get

;

p1ow — k (pz + 9 + lw), — lko (we — lp) + pir (x,t) + poz(x,1,t) = 0, in (0,1) x (0,00),
T2(z, p,t) + 2p(z, p,t) = 0, in (0,1) x (0, 00),
P2t — bzx + k (¢z + 9 + lw) + dy, = 0, in (0,1) x (0, 00)
prwy — ko (we — 1), + 1k (02 + ¢ + lw) =0, in (0,1) x (0, 00)
Yt — V1Yzz + Atz + 72y =0, in(0,1) x (0, 00)
(5.7)

with the initial and boundary conditions

90('7:70 = SOU(x)v th(a?,O) = 901(56)7 y(x,()) = yl(‘r) YIS (07 OO)?

Y(2,0) = Yo(z), Yi(x,0) =P1(z) z € (0,00),

w(x,0) = wo(x), wi(z,0) =wi(x) z € (0,00),

£(0.8) = 5(0.1) = ,(0.1) = y(0.) = 0 >0 .
ea(1,1) =9(1,t) = w(1,t) = y(1,t) =0, vt > 0,

oi(z,t —71) = folx,t — 1)

or(x, —t) = folx,t) in (0,1) x (0,7),

z(x,1,t) = folx,t — ) in (0,1) x (0,7).

5.2. Assumptions and Transformations
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5.3 Well-posedness of the problem

Using a semigroup method, we dedicate this section to the existence and uniqueness result of
system (5.7)-(5.8). By the vector function U = (¢, ¢, 2z, w,wt,w,wt,y)T, where ¢, = u, ¥y = v,

w; = w, we transform (5.7)-(5.8) to

{ U'(t)— AU (t) =0,  t>0, 59)

U(O) = (@078017f0 ('_77) 7w071/}17w07w17y0)7

where A : D(A) C H — H an unbounded linear operator on H defined by the following

expression:

u
lko

pﬁl(%)x+¢+lw)x+p—l(wx—lg0)—%u—%z(l‘,l,t)

- (%) Zp
_ v : (5.10)

p%¢zm - p% (90:1: +¢+lw) - %¢:p
w

B (we = 19), = B (@ + 4 + )

P1
d 2
Yy %ymx — oV — %y

g € @ €& v 2 6

=

where H is the energy space of the system (5.7)-(5.8), which is obtained after computing the

energy using the multiplicative method.
So, first we define the energy of our system as follows:

1 1
E(t) = 5 /0 [,014/73 + [)2%2 + ,01wt2 + b?/)g + ay?
i (@0 + lw +1)% + ko (we — 1p)? | da (5.11)

1 1
+7 !uzl/ / 2% (x, p,t) dpda,
0 0

and we will show later in section (4.4) how to calculate this quantity.
We suppose the following spaces

H; (0,1) = {f € H'(0,1) : f(0) = 0},
H{ (0,1) ={f € H'(0,1) : f(1) = 0},
HZ(0,1) = H?(0,1) N H, (0,1),
H?(0,1) = H*(0,1) N H{ (0,1),
and H is the energy space given by
H = H}(0,1)x L*(0,1) x L* ((0,1), L*(0,1))
xH{ (0,1) x L*(0,1) x Hj (0,1) x L*(0,1)
xL%(0,1).
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For any

we define the inner product on H by the following form
— 1 -
(U.0), = k/ (Pr + ¥+ W) (Pa + & + @) da
0

1
+k0/ (wy — o) (Wy — lp) dz
0

1 1 1
+p1 / uudx + po / vodx + p1 / wwdz
0 0 0

1 1 1,1
+b/ Ypthpda + a/ yydr + T / / zzZdpdzx. (5.12)
0 0 0 0

It is clear that H is a Hilbert space.
The domain of A is given by

UeH /pecH0,1);¢,we H(0,1);y € H*(0,1) N Hy (0,1),u € H} (0,1);
D(A) = v,weHTl (0,1),2, € L*((0,1); L* (0, 1)),
Pz (1) =0,wy (0) =y (0) = 0.
(5.13)
and it is dense in H.
Now, we present and prove the result of existence and uniqueness of the solution of the

problem (5.7)-(5.8) in the following theorem.

U € (0, 00), D(A)) N CL0, 00), H).

The demonstration is divided into two parts. In the first one, we show that operator A is

dissipative and in the second one, we show that operator A + I is surjective.

Lemma 5.1 The operator A is dissipative.

Proof. we show that
(AU,U),, < 0.
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To do this, we use formula (5.12) to calculate the following scalar product

u

E (g +4p 4 lw), + B0 (w — lp) — By — 225 (5, 1,1)

—(3) %
(AU, U) < !
VI T b k d )
pjw:m: - pj (‘PJ: + w + lCL)) - pjyx
w

8 (we = 1p), —d% (Pz + 9 + lw)

gl 72
Sz — g — Y

€ § € ¢ €& v g %
\/

for any U € D (A), we find
1 1
(AU, U),, = k:/ (ux+v+lw)(¢x+w+lw)dx+k:g/ (e — lu) (wy — lp) dx
0 0
1 1 1
+k/ (o + ¢ +lw), udl‘-l—lk:o/ (wz — 1) udaz—ul/ u?de
0 0 0
1 1 1 1
—ug/ z(x,1,1) udx—l—b/ vx¢$d$+b/ ¢mvd$—kz/ (pz + ¥ + lw) vdx
0 0 0 0

1 1 1
—d/ ygvdr + ko/ (wg — lp), wdz — kl/ (pz + ¥ + lw) wdx
0 0 0

1 1 1 1 1
+m / YYzedr —d / Yvzdr — 72 / ydx — iy / / zzpdpdz,
0 0 0 0 0

by integrating by parts, taking into account the boundary conditions, which yields the following

1 1 1
(AU U), = — <u1 - W;’) / u?dx — 'yl/ y2dx — 72/ y2dz (5.14)
0 0 0

|12 ! 2 !
- 2%(z, 1, t)dx — po z (z,1,t) udz,
2 Jo 0

result:

using Young’s inequality, the last term in (5.14) gives

! 2| [ 2 |12 ! 2
—ug/ z(z,1,t) udr < 2/ u dw+2/ 2% (x,1,t) dx (5.15)
0 0 0

Substituting (5.15) into (5.14) we obtained

1

1 1
(AU, U),, < — (1 — |pa]) / e — / y2di — / yde.
0 0

0
Assume that (5.4) hold, we deduce that
(AU7 U>7-[ S 0>

that is, the operator A is dissipative. m
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Lemma 5.2 The operator I — A is surjective.

Proof. It is sufficient to prove that A is maximal:
A is maximal < R(I — A) =H <= VG = (gl,gg,g3,g4,g5,96,g7,gg) eH, AU €D (A) such
that
(I-A)U=aG. (5.16)

we can write (5.16) as follows:

—u+@ =g € H(0,1)

—k (e + ¥+ lw), — lko (wy — lp) + pru+ pu+ poz (z,1,t) = p1ga € L?(0,1)
z+42z,=g3€ L?((0,1),L%(0,1))

—v+1 =gs € H (0,1)

—bhee + k (Pr + U + lw) 4 dvg + dy, + p2v = pags € L?(0,1)

—w +w=gs € H (0,1)

—ko (we — lp), + Kkl (pz + ¢ + lw) + prow = p1gr € L*(0,1)

~NYae + dvy + Y2y + ay = ags € L2 (0,1) .

(5.17)

Assuming that ¢, and w are obtained with the appropriate regularity, we can deduce from
equations (5.17)1, (5.17)4 and (5.17)¢ the following:

u = p-—g, (5.18)
vo= Y —g, (5.19)
w = w-— g (5.20)

Inserting (5.18), (5.19) and (5.20) into (5.17)2, (5.17)s, (5.17)7, we get

—k (pz + ¢ +w), — ko (wz — ) + (p1 + p1 + poe™ ™) o = by € L*(0,1),
~bgy + k (z + Y + lw) + p2tp + dy, = hy € L2(0,1),

5 (5.21)
—ko (wg — 1), + kl (2 + ¢ + lw) + prw = hg € L*(0,1),
(a + 72) Y= NYzz + d¢m = h57
where
hi = p1 (91 + g2) + (H191 + p2zo) ,
ho =
2=p2(94+95), (5.22)
hs = p1 (g6 + 97) ,
hs = ags + dgez-
As in [14], the third equation in (5.17) with z (x,0) = u(z) has a unique solution given by

P
2z, p) = u(x)e"™ + 1" / g3(x, p)e~Pdp,
0

from (5.17), we get

P
2(z,p) = p(x)e” ™" — g1’ + 1P / g3(x,p)e”PPdp,
0
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then,
2(@,1) = p(a)e™ + 2(a),

such that .
20(x) = —gr1e” 7 + TG_T/ g3(z,p)e™Pdp. (5.23)
0

Taking the form of the variational formulation associated with (5.21)
o (0.0, (8.9,0.5)) = L (#.9.5,5) (5.24)

2
where a represents the bilinear form of [Hi (0,1) x HTl (0,1) x H]L1 (0,1) x H}(0,1)] — R
defind by

1 1 1 1
L (@,¢,@,g> - / higdz +/ hotda +/ ha@dz +/ hsijde.
0 0 0 0
To show that the problem (5.24) admit a unique solution, we must prove that a is continuous

and coercive and that L is continuous.
Now, let V' = H; (0,1) x H} (0,1) x H{ (0,1) x H?(0,1) with the norm

2 2 2 2 2 2
(e, 90, w0, W)y = [[(pa + & + 1)l + [[(we = L)l + [[Yellz + [lyellz + [yl
and using the following lemma

Lemma 5.3 [20] There exists a positive constant ¢ such that the following inequality holds for
every (io,,w) € [H(0, L))"

L L
/ (@2 + 2 +wlde < ¢ / (092 + k(9o + ¥ + wa)® + ko(ws — lp)?] da, (5.25)
0 0

where ¢ is a positive constant.
we can see that the forms a and L are bounded for [ small enough. In addition, for ¢y > 0,

we find
1 1 1
a((p, ¥, w,y), (¢, ,w,y) = k/ (wx+w+lw)2dx+ko/ (wx—lso)zdwrb/ Prda
0 0 0

1 1 1
+,02/ Y2 dx + py / w?dz + (p1 + p1 + poe™ ") / prda
0 0 0

1 1 1
+d/ Yywydx + (a + y2) / yidr + " / yidm,
0 0 0

2
C2 ‘|(¢?¢aw7y)‘|\/7

v

hence, a is coercive.
As a result, using the Lax-Milgram Lemma, we can conclude that system (5.21) has a unique
solution
@€ Hy(0,1),¢ € H{ (0,1),w e H{ (0,1) and y € Hj (0,1).
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By substituting the values of ¢, ¥ and w from (5.23), (5.18), (5.19) and (5.20), respectively we

obtain
we H}(0,1),veH! (0,1), we H} (0,1) and z,2, € L* ((0,1); L* (0, 1)) .

Furthermore, if we take (15,&), gj) = (0,0,0) in (5.24), then for any ¢ € H} (0,1)

k/ol (0r + 1 + lw) gpdx = /01 [kol (we — lp) — @ (p1 + p1 + p2e™ ™) + hy] @dx, ¢ € H}(0,1),
which yields
kpze = —kibg — L (k — ko) wy — (p1 + 1 + poe™ " + kol?) o — hy € L?(0,1).
Hence, according to the regularity theory for linear elliptic equations, it can be concluded that
o€ H2(0,1).
Similarly, if we put (¢,@,7) = (0,0,0) in (5.24), we find
¢ € HY (0,1).

If (@,ﬂ?,g) — (0,0,0), then
w e HF (0,1).

In a similar manner, when (@,1&,@) = (0,0,0), we get
y € HZ(0,1).

Finally, we have shown that there exists a unique U € D(.A) such that (5.16) is satisfied.
Consequently, the operator A is maximally dissipative, and according to the Lumer-Phillips

theorem, the operator A generates a strongly continuous contraction semi-group.

5.4 Exponential Stability

In this section, we show that, given the assumption (5.3) and (5.4), then the solution to problem
(5.7)-(5.8) decays exponentially. To accomplish this objective, we employ the energy method to

produce an appropriate Lyapunov functional.
To prove this result, we will state and prove in the following some useful lemmas.

Lemma 5.4 Let (¢,v¢,w,y, z) is the solution of (5.7)-(5.8) and assume (5.4) holds. Then, the
energy functional given by (5.11) satisfies:

1 1 1
B ()< - /0 (i1 — lpal) 2z — /0 y2dz — o /0 Y2z < 0. (5.26)

5.4. Exponential Stability
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Proof. When (5.7)1,(5.7)3,(5.7)4 and (5.7)5 are simply multiplied by ¢y, 1y, w; and y, respec-
tively, and by integrating over the interval (0, 1) using the technique of integration by parts and
(5.8), we find

d
2dt

1 1 1 1
= - / 1 prds — / w2z (z,1,t) pydr — 7 / y2dr — vo / yid. (5.27)
0 0 0 0

1
/ (162 + p2t? + prf + b2 + o + (00 + b + )’ do + o (we — U)? ) da
0

Multiplying equation (5.7)2 by |us|z with respect to p and x, and integrating the resulting

equation over the interval (0,1) x (0,1), we get

1 1
‘M2|7—2dt/ / (z,p,t)dpdx = _|M2|/ / Z(CE,p,t)Zp(l',p,t)d,Odl'

= |u2l/ (@, p, t)dpdx

:[ bzl (7 201 P + ";2| (m,(),t)d:c}
0

_ el / Dz + 220 [ 2, (5.28)
2 Jo
When adding (5.27) with (5.28), we get

d 1
2dt

1
+7 |M2!/ zQ(fv,p,t)dpdfv>
0

! 2 ! 2 ! ’M2’
= —71/ yxdfﬂ—w/ yd:v—uz/ iz (x,1,t)d / z,1,t)d
0 0 0
1
AL
0

it results in (5.11) and

E/<t) _ _ ’NQ‘ ! 2d _ ! 2d _ ! 2d _ |N2’ ! 2 1.8)d
= - prde —m | ypde =2 | yide— == | 2 (z,1,t)dx
0 0 0 0

1
—,u,g/ oz (z,1,t) dz, (5.29)
0

(pup? + P20} + prof b3+ ay® + k(0o lw + ) da + ko (o — Lp)?

in the last term of (5.29), we apply the inequality of Young, we find
! |pa| 2 ||
_M2/ oz (x,1,t) dx < / vde + —— 5 22(x,1,t)dx. (5.30)
0 0

We obtain (5.26) by substituting (5.30) into (5.29). The proof is finished. m
To create the Lyapunov functional for the purpose of achieving our goal, we require the

subsequent lemmas.
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Lemma 5.5 The functional

1
P (1) = po /O Dby, (5.31)

verify

b 1 1 k?2 1 1
—2/ Vidx +p2/ Vide + b/ (pz + 1+ lw)* + c/ y?dr.  (5.32)
0 0 0 0

Proof. By using the third equation from (5.7), finding the derivative of Fj, and using the
technique of integration by parts and (5.8) , we get

F(t) = p2/ wtdm—b/ - /¢¢x+¢+lw +d/ Yoy, (5.33)

Using Young’s inequalities to establish (5.32). m

Lemma 5.6 The functional

b
Fy ( —pg/ U (o + U+ lw) de + Zl O da —|— / Ywidr, (5.34)

for any 1,9 > 0, (5.3/) satisfies

k 1
FQ/(t) < _<2+b>/0 (¢x+¢+lw)2dm+<p2+>/¢t
1 b1 d
+251/ Wide + (k + m)/ Y2 + / y2da (5.35)
; ok

2 ol 1
+— [ pidr+ u%/ 22(x,1,t)dx.
452 0

Proof. By differentiating F5, using (5.7)1, (5.7)3 and k = ko, we find

1

1 1
) = b/o wm(%www)dx_k/ (%+w+zw)2dx_d/o (0o + 0+ ) yoda

0
1

1 1
+p2 wt (cpx + ¢+ lw), dx + b/ (pz +¢ + lw)x Vedx + bl/ (We — 1) Ypda
0

b b
—ﬂ pibadz — 22 / (2,1, + 21  ortends
0

/wtwtdx—l—bl/w —1p) dx—i—le/wgD—i—w—l—lw)
by integration by parts, we find
1 1 1
Fi(t) = —k/ (@:c+1/)+lw)2dx—d/ (SOx-l-i/J—Flw)yxdx—Fpg/ Yide
0 0
by bH2
+ | p2 + — wtwtdaz — T P dr — ? z(x, 1, t)pdx
0

0

b 1
_612/0 Y (pz + ¢+ lw)de + <p2 — Zl> /0 Y Ped,
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under the conditions pkl p% we get
1 1 1
Fi(t) = —k/ (@x+1/)+lw)2d:z—d/ (Sﬂz+¢+lw)yxdx+p2/ Yide
0 0 0

b 1 b b
+l <p2 + ) / Yrwrdx — dad] gothda: 2Kz / z(z, 1, t)ydx  (5.36)
kpi) Jo k kJo

0
1
—512/0 Y (pr + 9+ lw) dx

By using Young’s inequality, we obtain

1

1 1
k d
—d/ (¢x+¢+lw)ymd:v§/ (wm+w+lw)2dx+/ Y2,
) 2 2% J,

0

b 1
! (/?2 + ) / Yrwpdr < 251/ 2dx + / Prda
kp1) Jo

where x = (pz + %).

1 2 1
—bu—l Yihpdr < b/ go?dx + —= ,u1 2 / wxd:c
0 452 0

k
b,u2 272 1 5
_H2 1, ) pds < ——— d 1, t)dz,
2 [ oot e < [ tae s [ 200,00
272 1

1
bl2/ Y (pr + 0+ lw)de < — 320 wgdx—i-bz/ (pz + 9 + lw)? d.
0

We obtain the result by inserting these 1nequahties in (5.36). m

Lemma 5.7 The functional

1 1
F5(t) := —pl/ ot (wy — lp) dz — ,01/ wt (Yz + ¢ + lw) dx
0 0
satisfies
/ Ik ! l ! 2 ! 2
Fit) < —— | (we—lp)?de— "= | wlde+c | @idx
2 Jo 2 Jo 0
1 1
+lk:/ (z + lw + ) dx + c/ Yidx + % 22(z,1,t)dx.
0 0 0
Proof. By differentiating F3 and using (5.7); and (5.7)4, we get
1 1
Fi(t) = —k/ (pz + ¥ +lw),, (wy — lp) dx — k:ol/ (we — lo)? da
0 0

1 1
+ 1 / ot (we — L) dz + ,uz/ z(x,1,t) (wy — lp) dx
0 0
1 1
—p1 / ot (wy — lp), dox — kg/ (We — 1), (Y2 +lw+ 1) dz
0 0

1 1
—i—lk/ (<pm+lw+¢)2dx—p1/ w (g +lw+1), dx
0 0

(5.37)

(5.38)
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using integration by parts and k = kg, we find
1 1 1 1
Fit) = —kl/ (wx—lgo)zdx—pll/ wfdx+plz/ gpfda:+lk/ (pz + lw + ) dx
0 0 0 0
1 1 1
b [ wn 1) dn s [ (w10 @~ 1) do = [ wdide, (5.39)
0 0 0
using Young’s inequality, we find
1
Ml/ ot (we — L) dq:</ d:c—|—4 idr,
0
1 ki 1
Mg/ z(ﬂs,l,t)(wx—lcp)da:§4/ (wy — L) +/ (x,1,t)d
0
! p1l
—pl/ wihpdr < 7 2d + = / wt dx,
0
by substituting these inequalities in (5.39), we get the result. m
Lemma 5.8 The functional
_a
Fy(t) = p2 (/ Y (y, 1 dy> (5.40)
0
satisfies, for any e3,e4 > 0
2 1 1 by
F4 < wtd + JTderc 1+ —+— y dx
0 € &/ Jo
+e3 / Vida + ¢4 / (@0 + 9 + lw)? da. (5.41)

Proof. Taking the derivative of Fy(t), using (5.7)5, (5.7)3, and by integration by parts, we

obtain

1 x
Fy(t) = —% Y (/ wt(y,t)dy> dw—f (/ Yy (y,t dy) dx
= e , yxwtdx—m/ wtdx+”p2/ (/ e (y,t dy)dw

1
- ywxd:r—i-/ y/ (ﬂpz+1b+lw)dydx+oa2/ yida.
d d 0 0 0

0
By using Young’s inequality, we obtain

npz ywtda«”l/ dx+/ P2z,
d Jo d Jo

ab (ab)2 / 2 /1 2
- d d d

and

’Y2p2 </ wt y7 dy) dx < d 2d + </ ,Z/Jt y7 dy) CC,
0

(5.42)
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ok 1 T (ak)2 1 ) 1 T 2
- y (pz + 1 +lw)dy | de < % Yy dr + &4 (pr + 0 +lw)dy | du.
0 0 €4 Jo 0 0

Applying Cauchy-Schwartz inequality,

(/:%(y,t)dy)2 < </011/1t($,t)d:1:)2 < /Olwf (z,1) da,
2

</Ow(%+¢+lw> (yvf)d?/>2 < (/01 (e + 9+ ) (I,t)dw) < /01 (0o + 1 + lw)? (2,t) da,

by inserting these inequalities in (5.42), we obtain the estimates (5.41). m

Lemma 5.9 The functional

11
F5(t) = T/ / e P22 (2, p, t) dpde, (5.43)
0 JO

satisfies,

1 11 1
FL(t) < —nl/ 22(x,1,t)dx — an/ / 22(x, p, t)dpdx +/ wrd. (5.44)
0 0o Jo 0

Proof. Differentiating (5.43), with respect to ¢ and employing (5.6) , we get

1
/ e "Pzzy(x, p, t)dpdx

1 1,1
0
= —/ / B [e‘”’zg(m,p,t)] dpdx—T/ / e P22 (x, p, t)dpdz
o Jo ©Op o Jo
1 1,1
= —/ [e_Tz2(:L‘, 1,t) — zg(x,O,t)] dr — 7'/ / e P22 (x, p, t)dpdx
0 o Jo
1 1 1,1
= —/ e_TzQ(m,l,t)dm+/ zQ(x,O,t)da:—T/ / e P22 (x, p, t)dpdz.
0 0 o Jo
Using for all p € [0, 1], the fact that
z2(x,0,t) = ¢ (z,1),
and e77 < e 7 <1, we obtain
1 1,1 1
FL(t) < —nl/ zQ(x,l,t)dx—an/ / zQ(x,p,t)dpdx—i—/ ©dr,
0 o Jo 0

where ny = e~ 7 is a positive constant. m
We proceed to establish the Lyapunov functional L(t) in the following form:

Lemma 5.10 We present a Lyapunov functional by
5
L(t)= NE(t) + > _ N;Fi(t), (5.45)
i=1

where N;, i = 1,2,3,4,5 are positive constants to be selected later and for N > 0 large enough,
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Before to proving the exponential stability result, we first show the relation between the

Lyapunov functional and the energy functional.

Theorem 5.2 Let (p,1,w,y,z) be the solution of (5.7)-(5.8). So, there exist two positive
constants, §1 and 92, such that the Lyapunov functional L(t) satisfies

0 E(t) < L(t) < 62E(1) (5.46)
and
L'(t) < —nE(), 1 >0. (5.47)
Proof. We put
5
L(t)=> NiFt). (5.48)
=1

From (5.31), (5.34), (5.37), (5.40) and (5.43), we have
1 1 bor [
L) < N1p2/ !wwtldx+N2pz/ |14 (<Px+¢+lw)dx+N2k/ lrthy| da
0 0 0
bl 1 1 1
+N2k0/ |¢wt|d:c+N3p1/ |t (ww—lgp)|d:v—|—]\73p1/ lwe (0o + 9 + lw)| dx
0 0 0

1 y</0xwt(y,t)dy>

Using for all 0 < p < 1 Young’s, Poincaré’s and Cauchy-Schwartz inequalities, as well as the
fact that e < 1, we find

1 1
dx + N57'/ / e P22 (z, p,t) dpdz.
0o Jo

)| < M/ B+ R+ R+ R+ (ot 6+ 1) + (0 — 1))

—l—M// (x,p,t) dpdex,

<

where

b « bl

M = maxqp1 | Nor+ N3 |,po (Nl + N2 +N4*) No— + N3p1,
k d ko
bl b Q
(N1P2 + NQk + Ny Zl> Ny 52 Naps + N3P1,N3P1,N5T} :

Thus,

|L(t) — NE(t)| < ME(t),
that is

(N — M) E(t) < L(t) < (N + M) E(t). (5.49)

By selecting a sufficiently large value for N such that N — M > 0, we get (5.46).
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We differentiate (5.45), and we use the estimates (5.26), (5.32), (5.35), (5.38), (5.41), (5.
and by setting N3 = 1, we find

r b2 1
O < - [Nl - N —c- 8] [ oo
I €2 0

[ Ix* p2] [t 5
—[~Nip2 =Ny (2t 5 ) —e+ N2 | wida
L 0

261
) b22 £ 1
[N =N (m*”ézQ)‘NmU Yads
L 0
- , .
— | —2Nseq + p1:| / wtgdx
L 2 0

k2 k !
— —N1?+N2 <2+b> —lk‘—N464:| / (cpx—i—lw—i—w)gd:c
L 0

(k] (1
_ } / (wg — lo)? da
L 2 0

[ 11 !
— |Nv2 — Nic — Nyc (1 + —+ ﬂ / yidx
L €3 &4 0

[ d ’Y% /1 2
— |Nvy — No— — Ny— d
_ 7 2% 4d} Oya;fU

- 1
— | —=Nopu3 — % + n1N5} / 22(x,1,t)dx
- 0
1,1
—Njs |:’I’L1T/ / 22(x, p, t)dpdx} .
0 JO

o ko 1 kN2 b
27 8Ny’ N, - ~ 6k

Now, by introducing

&1 = 8N27
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we get

/ [ 2b2 2 ! 2
L 0

[ b 4y
_ 6k‘N2p2_N2 (p2+N2> +N4—c:| / ¢td33

_b2 /11[
—_16k(1—1) 2——1]/1/)2@;

2] f o 5] -

i 5k 1
— N2(24+b>—lk:}/ (0o + lw + ) dz (5.50)
L 0
I be 8N, 1
Ny — Ny = Nye [1+ Ny + 222 2
_ V2 ok 2 46( + 4+kN2>}/ y dw

r d 2 l2
— |N No— — N, d
_ Y1 — 2% 4d}/oyxl’

- 1
— —Ngluz - 'u; + n1N5] / ($, 1,t)d

—Nj5 [nﬂ/ / (z,p,t dpda:] .

Now, we must carefully select the constants, we begin by choosing [ > 0 small enough and

selecting Ny large enough that

5k
Oé():N2<24-|—b>—lk‘>0, (5.51)
o = 16k(1_l)N_87_1>0 (5.52)

We fixed N large enough, then we selected N5 suffciently large so that
o = n1 N5 — Nopl — % > 0. (5.53)

Following that, we fixed No, before selectding N, sufficiently large so that

b 42
—N———N — N. —Ns | — . .54
s 175 ok 202 2<2—|—p1 2) c>0 (5.54)

Finally, we fixed N2, N4y and N5 before selecting N sufficiently large.

bc 8Ny
= N~y — —Ny — N, 1+ N, — 0, 5.55
QY Y2 ok 2 4C< + 4+k‘NQ> > ( )
d 2

=N No— — N .

Y1 — sz 14— d > 0, (5 56)
202,

a6:N( ],u2|) Ik N —c— N5 > 0. (5.57)
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Therefore, the relations (5.50) and these choices, result in

/ lp1 2 Lk 2 ! 2 ! 2
L'(t) < —[4]/0 ;dz [2]/0 (wy — L) da:—ozg/o cptdx—ag/o Yidx

1 1 1
—a / Vide — ag/ (pp + lw + ) dx — a4/ y2dr — a5/ y2dr  (5.58)
0

—042/ 22(x,1,t) dx—aﬂ'/ / (z, p,t)dpdz.
0

We take, a7 = 11 Ns.

Therefore, the relations (5.50) and these choices, result in

1
L'(t) < —51/ (w$+(wm—l<p)2+go§+w§+w§+(¢x+lw+¢)2+y2+y§)dx
0

1 1
& /0 /0 22(x, p, t)dpdz, (5.59)

where {; = min {ag, a1, a2, a3, 04, a5, a6, a7} > 0.

— 1 p2 b a k ko T
we put {&o = max < 5,2 2.5 2 % T4 > 0. Then

1
/(w?+(wm—lso)2+so$+w3+w§+<¢x+lw+w>2+y2+y§)dw
0

1 1
—I—/ / 22(z, p, t)dpdx
0o Jo
> B

i

2

hence

1
6 [ (04 n =1 4 U+ R (et lo+ ) 042 o

—51/ / (z, p,t)dpdx

< —gE( ),

By (5.59), we get (5.47) with v = &. =
Now we can state and prove the result of exponential stability.

Lemma 5.11 Let (¢, 1, w,y, z) be the solution of (5.7)-(5.8). Suppose that (5.3) and (5.4) are
hold. Then, there exists positive constants k1 and ko such that the energy E(t) associated with
problem (5.7 )-(5.8) satisfies

E(t) < koe ™ vt > 0. (5.60)

Proof. According to (5.47), we have

L'(t) < —nE(t),t >0, (5.61)
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Taking into account the equivalence between E(t) and L(t), we can write
L'(t) < —k1L(t),t >0, (5.62)
where k1 = 3. A simple integration of (5.62) yields

L(t) < L(0)e "'t <0, (5.63)

which leads to the desired result (5.60) with ko = %10) and using once again the left-hand side

of the equivalence relation (5.46). m

5.4. Exponential Stability



CONCLUSION

In the present work, a qualitative study of three evolution problems under the effect of
damping mechanisms and various types of delay has been presented in an efficient and regurgi-
tative way under suitable assumptions and by using mathematical tools involved in the theory
of semi-groups concerning the study of existence and uniqueness. On the other hand, the be-
haviour was analysed asymptotic by the energy method based on an appropriate construction
of the Lyapunov functional by exploiting the multiplicative method. This, leads to prove the

exponential decrease of energy.
We intend in the future to make numerical simulations of the different problems studied in

this thesis.
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