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I 

Abstract 

In this paper, forced convection and entropy generation in a shell/tube heat 

exchanger are studied numerically. We ran the computations for various hybrid 

nanofluids. The finite element method has been used to solve the equations 

governing the flow and heat transfer. To compute the flow and temperature 

fields, the Nusselt number, and the entropy production, a COMSOL 

Multiphysics algorithm has been built. In-depth research is done on the effects 

of Rayleigh and Reynolds numbers, the nanofluid type and volume percentage, 

the various tube radius effects, the average Nusselt number, and entropy 

generation. The findings demonstrate that the application of nanofluids enhances 

heat transmission while lowering entropy production. Lastly, a numerical 

analysis in three dimensions of laminar forced convection in a shell/tube heat 

exchanger containing various nanofluids is showcased. 

 

Keywords:  Forced convection, Shell/tube heat exchanger, Entropy generation, 

Nanofluid. 

 

 

 

 

 

 

 



 
II 

Résumé 

Le but de cette étude est d'analyser numériquement la convection forcée et la 

production d'entropie dans un échangeur de chaleur à calandre/tube. Les calculs 

ont été effectués pour différents nanofluides hybrides. On a résolu les équations 

de l'écoulement et du transfert de chaleur en utilisant la méthode des éléments 

finis. Un code commercial dans COMSOL Multiphysics a été utilisé pour 

calculer les champs d'écoulement et de température, le nombre de Nusselt et la 

production d'entropie. Les effets des nombres de Rayleigh et de Reynolds, de la 

fraction volumique du nanofluide, du type de nanofluide, des différents effets de 

rayon du tube, du nombre de Nusselt moyen, et de la production d'entropie sont 

étudiés en détail. Les résultats montrent que l'utilisation de nanofluides améliore 

le transfert de chaleur et réduit la production d'entropie. Enfin, L'analyse 

numérique de la convection forcée laminaire dans une étude tridimensionnelle 

un échangeur de chaleur tube / calandre rempli de différents nanofluides est 

présenté.  

Mots-clés : Convection forcée, échangeur de chaleur tube / calandre, Génération 

d'entropie, Nanofluide. 
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 ملخص

 المبددد د  فددد  الانتيوبيددد  وت ليددد  القسدددي  الحددديار  للحمددد  الع ديددد  ال راسددد  هددد  العمددد  هددد ا مددد  الهدد  

 حددددد  تددددد . مختلفددددد  هجينددددد  ن ن يددددد  لسددددد ا   الحسددددد ب   إجددددديا  تددددد . الأنبددددد ب  /الصددددد ف  الحددددديار 

 كددد د تطددد يي تددد . المحددد ود  العن صدددي طييقددد  ب سدددتخ ا  الحددديار  وانتقددد   التددد ف  تحكددد  التددد  المعددد دلا 

 وت ليدددد  ن سدددديل   وعدددد د الحدددديار   ودرجدددد  التدددد ف  مجدددد لا  لحسدددد   فيزيدددد  ميلتدددد  ك مسدددد   فدددد  

 ونددد   النددد ن    للسددد    الحجمددد  والجدددز  ورين لددد    رايلددد  أعددد اد تدددراييا  دراسددد  تمددد . الإنتيوبددد 

 الإنتيوبيددد  وت ليددد  ن سددديل   عددد د ومت سددد  المنتشدددي  الأنبددد   قطدددي نصددد  وتدددرايي النددد ن    السددد   

 ت ليددد  مددد  ويقلددد  الحددديار  انتقددد   مددد  يحسّددد  الن ن يددد  الم ا ددد  اسدددتخ ا  أن النتددد    تظُهدددي. ب لتفصدددي 

ا . الإنتيوبيددد   فددد  الصدددفح  القسدددي  الحددديار  للحمددد  الأبعددد د الاايددد  ع ديددد  دراسددد  تقددد ي  تددد  أخيدددي 

. مختلف  ن ن ي  بس ا   ممل   أنب  /غلا  حيار  مب د     

 الإنتيوبدددد   ت ليدددد  وأنبدددد ب   صدددد ف  حدددديار  مبدددد د  القسددددي   الحدددديار  الحمدددد  : البحااااث كلمااااات

ن ن   م     
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GENERAL INTRODUCTION 

 

 
1 

GENERAL INTRODUCTION 

 

These days, solar energy is the energy of the future and the only way for the underprivileged 

to substitute petroleum-based goods. Heat exchangers find widespread use in several 

applications, including solar thermal energy storage systems, water heating systems, solar 

collectors, and other small heat exchanger uses. Materials like aluminum, iron, copper, steel, 

bronze, ceramic and glass PTFE, and graphite, as well as non-metallic materials, are related to 

heat exchanger efficiency. The coefficient of heat transfer varies among different materials. 

when a result, when the heat transfer coefficient rises, so does the heat exchange capacity.  

This is accomplished by modifying the geometric shape of the heat exchangers. With 

rising demand, the value of heat exchangers varies from field to field; their use is intended to 

lower costs and save energy. The heat exchanger is consequently a crucial component of all 

energy management plans, which in turn protects the environment. A heat exchanger is a 

crucial tool for thermal engineers and is necessary for energy management since a significant 

portion of the energy utilized in the various sectors flows through it at least once [1,2]. Heat 

exchangers [3] are typically used to accomplish heat exchange between the two fluids, and 

they have a varied application in a variety of industries for both heating and cooling [4]. The 

essential demand for natural energy sources has made energy guidance a prominent aim for 

scientists as research and technology have advanced. Regenerative heat exchangers are 

becoming a weapon of the times, used by factories and companies to rationalize energy 

consumption and save massive quantities of wasted energy. Its ability to absorb waste heat 

allows it to warm up cold gasses that are often heated in thermal furnaces and motors that 

burn fossil fuels for fuel. As a result, these motors utilize less energy and precious fossil fuel. 

Utilizing geothermal heat from the earth, subsurface heat exchangers have also been utilized 

to cool and heat fluids for use in agriculture, industry, and residential settings. The researchers 

carried out numerical and experimental tests regarding the characteristics of the fluids 

involved (physico-chemical properties) and the nature of the systems in which they occur in 

order to enhance the heat transfer utilizing convection as a cooling strategy. There are various 

kinds of heat exchangers, therefore choosing the appropriate one for a given process is crucial 

because a bad choice can cause the equipment to malfunction or the system to operate 

improperly. The tube and shell varieties of heat exchangers are the most widely utilized in a 

number of process industries [3,5] among the various forms [6]. This is because high-pressure 
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applications are made possible and these parts are simple to replace and clean. It is utilized in 

numerous industries, including feed water heaters, condensing units, chemical processing, oil 

refineries, and the electrical sector. Consequently, depending on the application, there is a 

constant need for the creation of small heat exchangers. Researchers are constantly keeping an 

eye on advancements in heat exchange efficacy in order to meet these needs. In addition to 

altering the geometry of the heat transfer surfaces or units, including single- or multi-type 

nanoparticles into the heat transfer fluids is a strategy that shows promise for increasing heat 

transfer efficiency. The phrase "nanofluid" or "hybrid nanofluid" refers to the combination of 

these nanoparticles and heat transfer fluid. Research has demonstrated that, in comparison to a 

pure assembled fluid, the addition of nanoparticles to a carrier liquid matrix can enhance heat 

transmission.  

In the present work, we devoted the first chapter to the generalization of nanofluids. 

we have devoted the second chapter to a bibliographic synthesis of previous work on 

nanofluids and natural, forced, and mixed convection in cavities, as well as entropy 

generation. This chapter also presents a study listing the thermophysical parameters 

encountered during the study of nanofluids in order to better specify the different quantities 

associated with a nanofluid. 

The third chapter then presents the mathematical formulation that leads to the solution of the 

forced and natural convection issue in the given configuration (Shell/ Tube Heat Exchanger), 

under the scenario where the nanofluid is assimilated into an incompressible fluid with 

specific thermophysical properties. Then, for the two cases two-dimensional (2-D) and three-

dimensional (3-D). we detail the boundary conditions used, the numerical resolution 

technique used, and the convergence criteria.  

The fourth chapter is devoted to presenting and discussing the results obtained (Isotherms, 

Streamlines and Entropy), and four applications have been launched. 

 this chapter is devoted to the presentation of the results obtained in configuration (2-D) of 

convection flow in heat exchangers, filled with nanofluid, and of entropy generation. After the 

first validation step, focusing on the impact of certain parameters such as Rayleigh and 

Reynolds numbers, the solid volume fraction of the nanofluid, and the type of the nanofluids. 

also, presentation of the results obtained the laminar flow of hybrid nanofluid (MgO- 
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SWCNT/water) in a 2D zigzag cavity. The results of the numerical simulation allowed us to 

make several observations on the effects of the presence of nanoparticles in the base fluid. 

 And devoted to the presentation of the results obtained in configuration (3D) of convection 

flow in heat exchangers, filled with nanofluid, and of entropy generation. Following the initial 

validation stage, attention is paid to the effects of certain factors, including the kind of 

nanofluid, the solid volume percentage, and the Rayleigh and Reynolds numbers. 

Finally, we will conclude with a general conclusion that will be accompanied by a set of 

perspectives for future developments.    
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I.1. INTRODUCTION:  

One of the most significant industrial processes is heat transfer. Heat must be effectively 

handled in all industrial systems by adding, removing, or shifting heat in the appropriate 

places. Because of their inadequate thermal performance, conventional heat transfer fluids, 

including water, ethylene glycol (EG), pump oil, etc., have not proven to have enough 

capacity for cooling applications. It has previously been demonstrated that the thermal 

performance of these conventional fluids could be enhanced by the addition of solid particles. 

For high-tech applications like microelectronics, data centers, and microchannels, these 

solutions with particles larger than a micrometer are ineffective. Consequently, the cooling 

industries have made the development of highly effective heat transfer fluids a top priority in 

order to overcome the drawbacks of conventional fluids. The introduction of nanofluids over 

the past ten years by nanoscience and nanotechnology has provided a new solution by 

enhancing the performance of heat transfer fluids, especially in high-tech applications. 

This chapter presents general information on nanofluids.  to the study of natural, forced, and 

mixed convection in cavities, as well as a study of entropy generation in different enclosures.  

I.2. BASIC CONCEPTS: 

Convection characterizes the propagation of heat in a fluid, gas, or liquid whose molecules are 

in motion. Two types of convection are distinguished below. In natural convection, the 

movement of fluid particles is caused by differences in density induced by an imposed 

temperature gradient in the presence of a gravitational field.  

In forced convection, the movement of fluid particles is triggered by a mechanical process 

(pump, fan, etc.) that is independent of thermal phenomena, i.e., an external pressure gradient.  

Mixed convection corresponds to the coupling of the two preceding phenomena (natural and 

forced convection) when the fictitious flow velocities due to the two types of convection are 

considered separately and of the same order of magnitude.  
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I.3. GENERALITIES ABOUT NANOFLUIDS:  

I.3.1. Definition:  

Colloidal solutions made up of particles the size of nanometers suspended in a fluid are called 

nanofluids. These particles are called nanoparticles. Ever since its unique thermal properties 

were discovered, this kind of solution has generated a lot of interest. 

The term "nanoparticle" is used when the particle has at least one of its dimensions less than 

100 nm. Since the typical radius of an atom is about 0.1 nm, a nanoparticle can consist of a 

few dozen to several hundred atoms. For example, the most famous nanoparticles, fullerenes, 

are made up of only 60 or 70 carbon atoms. Their very small size gives nanoparticles very 

significant, specific surfaces [7].  

 

 

Figure (I. 1): Nanofluids seen through an electron microscope: ethylene glycol + 0.5% 

copper; water + alumina; water + gold 2 nm, [8] 

I.3.2. Classification of nanofluids:  

The classification of nanofluids depends essentially on the classification of nanoparticles in 

suspension. Nanoparticles can be classified according to various criteria, the most common of 

which are listed below: 

I.3.2.1. Nanoparticle size classification: 

Based on the dimensions of nanoparticles, Buzea et al. [9] proposed to classify them into three 

distinct classes: 

 Class 1: This class includes thin films and surface coatings smaller than 100 nm. 

 Class 2: Thick coatings and nanoporous filters. 
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 Class 3: Nanoparticles in compact form with a polyhedral or spheroid structure. This 

structure may be simple, such as a free nanoparticle, or more complex, forming 

aggregates (agglomerates of nanoparticles). Nanoparticles generally have a crystalline 

structure and are often spherical in shape. 

I.3.2.2. Classification according to the chemical nature of nanoparticles:  

From a chemical point of view, two main categories of nanoparticles can be distinguished:  

 Organic nanoparticles: These include nanoparticles based on carbon atoms, such as 

carbon nanotubes, fullerenes, carbon black, graphene nanosheets, carbon nanofibers, 

and carbon nanofoams.  

 Inorganic nanoparticles: A distinction is made between metallic nanoparticles (Au, 

Ag, Al, Zn, Fe, Cu), metal oxide nanoparticles (CuO, TiO2, ZnO, SiO2, Al2O3), and 

quantum dots. [10] 

I.3.3. Preparation of nanofluids : 

There are several ways to create nanofluids, including first-stage, second-stage, and other 

methods. A surfactant can be added to stop the sedimentation of nanoparticles while the 

device is operating. The process starts with the preparation of the nanofluid. Because of this, 

researchers ought to concentrate more on attaining a high degree of stability. According to 

colloid theory, sedimentation in suspensions stops when particle size falls below a critical 

radius because Brownian forces balance the gravitational forces. For some uses, smaller 

nanoparticles might be more appropriate. Their large surface area, however, causes 

agglomerates to grow between them [11, 12]. As a result, scientists view the creation of a 

stable nanofluid with ideal particle diameter and concentration as a significant task. There are 

two popular processes for creating nanofluids: the two-step 

I.3.3.1. One-step method: 

The one-step process combines the synthesis of nanofluids with the manufacture of 

nanoparticles, wherein the nanoparticles are directly created using either the liquid chemical 

method or the physical vapor deposition (PVD) technique. In this method, the processes of 
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storage via desiccation, transit, and discrete distribution of nanoparticles are prevented, such 

that nanoparticle accumulation is decreased and the stability of the fluids is increased. 

In a single step, the synthesis and dispersion of nanoparticles in the base fluid happen 

concurrently. As an illustration, Argonne has created a one-step method for producing 

nanofluids that allows nanoscale vapor from a metallic source material to be distributed in 

fluids at low vapor pressure [13]. This novel one-step procedure was created to generate 

stable Cu nanoparticle suspensions devoid of dispersants by overcoming the van der Waals 

forces between nanoparticles.  

The one-step chemical technique is evolving quickly since the one-step physical method is not 

appropriate for large-scale nanofluid synthesis and is very expensive. To create stable metal 

nanofluides. Zhu et al. [14] and Liu et al. [15] employed chemical reduction techniques in one 

step. Phuoc and colleagues [16] have also produced water-soluble nanoparticles on Ag by 

employing optical ablation as a step in a liquid. The main benefit of the step-by-step process 

is that the nanoparticles are more uniformly sized and relatively pure. Also, there are a few 

drawbacks to the method in stages. The most crucial aspect is that residual reactive substances 

remain in nanofluids due to incomplete stabilization or a reaction. Moreover, this process is 

only compatible with fluids with a base at low steam pressure. 

I.3.3.2. Two-step method:  

In a two-step procedure, inert gas condensation and chemical vapor deposition are two 

examples of physical or chemical techniques used to initially create nanoparticles in dry 

powder form. The synthesis of ultrafine metal particles has made extensive use of inert gas 

evaporation-condensation technology since the 1930s (nanoparticles are created by the 

evaporation of a metal source in an inert gas). Furthermore, the fundamental chemical process 

for creating nanoparticles involves combining a molecule usually a halide that contains a 

metal atom with a reducing agent to extract the remaining components of the complex. This is 

followed by the dispersion of the powder in the liquid. The primary benefit of the two-step 

approach is that it allows for the low-cost mass production of nanoparticles since they may be 

made independently in an industrial manner. Rather than metal nanoparticles, oxide 

nanoparticles are a good fit for this technique. The two-step procedure's main issue is the 

aggregation of nanoparticles. Particles aggregated strongly both before and after dispersion in 

ethylene glycol with nine hours of sonication, as demonstrated by Kwak and Kim [17]. The 
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majority of researchers purchase powdered nanoparticles and combine them with a liquid 

base. These nanofluids are not stable, though pH can be adjusted and surfactant can be added 

to boost stability. A few researchers buy commercially produced nanofluids. However, these 

nanofluids are tainted with contaminants and contain nanoparticles that are not the exact size 

specified by the provider. 

I.3.3.3. Other methods: 

In order to produce nanofluids with comparatively high features and increased stability, 

several researchers are developing new techniques. Wei et al. [18] have developed a method 

for making copper nanofluids. This method can be created by further converting the 

precursors with microwave and ultrasonic irradiation [19]. Chen et al. [20] created 

monodisperse noble metal colloids using phase transfer. Aqueous-organic phase transfer was 

employed by Feng et al. [21] to create water-soluble nanoparticles of platinum, silver, and 

gold. Stable kerosene-based Fe3O4 nanofluids are also made by the phase transfer technique 

[22]. As mentioned before, research has shown that the chemical solution method can produce 

nanofluids with higher conductivity and higher stability [23]. 

I.3.4. Nanofluid Types: 

The term "nanofluids" refers to fluids that contain particles dispersed on a nanometric scale. 

These can include single-element nanoparticles (Cu, Fe, and Ag), single-element oxides 

(CuO, Cu2O, Al2O3, and TiO2), alloys (Cu-Zn, Fe-Ni, and Ag-Cu), multi-element oxides 

(CuZnFe4O4, NiFe2O4, and ZnFe2O4), metal carbides (SiC, B4C, and ZrC), metal nitrides 

(SiN, TiN, and AlN), and carbon particles (graphite, carbon nanotubes, and diamond) 

suspended in water, ethanol, EG, oil, and coolants. They fall into two primary categories: 

hybrid nanofluids and monomaterial nanofluids. [24, 25, 26] 

I.3.4.1. Single material nanofluids: 

This kind of nanofluid was first proposed by Choi in 1995 [27] This is regarded as the 

traditional sort of nanofluid utilized, in which a single kind of nanoparticle is employed to 

create the suspension by various techniques of production. Numerous writers have noted that 

because these nanofluids thermophysical characteristics are far better than those of their base 

fluid, they perform better. 
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I.3.4.2. Hybrid nanofluids: 

An advanced class of nanofluids called hybrid nanofluids is made up of multiple types of 

nanoparticles suspended in a base fluid.The goal of Jana et al. [28] experimental investigation 

into this kind of fluid was to increase its thermal conductivity over that of a typical nanofluid 

made of a single substance. They investigated Cu, Au, and carbon nanotube (CNT) 

nanoparticles dispersed in water, as well as the hybrids of these particles (CNT - Cu / H2O 

and CNT - Au / H2O). The findings demonstrated that Cu / H2O nanofluids had the highest 

thermal conductivity of all the samples examined and that this conductivity rose linearly as 

particle concentration increased. However, compared to other forms of nanofluid, the stability 

of the CNT – Cu / H2O nanofluid has led to a longer stabilizing time. As a result, the fluid's 

thermal conductivity can be maintained for a significantly longer time before declining. 

[29,30] 

 

 

 

 

Figure (I. 2): Graphical representation of Hybrid nanofluid.  

I.3.4.3. Tri Hybrid Nanofluids: 
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Figure (I. 4): Flow chart of Tri Hybrid Nanofluid and Hybrid Nanofluid 

 

I.3.5. Nanofluid applications:  

The various applications of nanofluids are presented as follows: transport (cooling 

management/heat engine vehicle), electronic cooling, space, nuclear systems cooling, heat 

exchangers, biomedicine, solar water heating, domestic refrigerators, drilling, lubricants, 

thermal storage, etc. 

I.3.6. Advantages of Nanofluids: 

It's undeniable that a good nanofluid boosts the efficiency of any liquid cooling system 

without making more noise or consuming more energy. On the contrary, since overall 

efficiency has improved, you might think of reducing ventilation or getting a less powerful 

pump while keeping the same level of performance if quiet operation is the priority. However, 

nanofluids offer the following advantages: 
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 A large surface area for heat transmission between particles and fluids due to its high 

specific surface area. 

 Strong dispersion stability characterized by a predominately Brownian particle 

motion. 

  less pumping power needed to obtain an equivalent intensification of heat transfer 

when compared to a pure liquid. 

  less particle clogging than with traditional slurries, which allowed for system 

downsizing. 

 Variable particle concentrations can be used to achieve adjustable qualities, such as 

surface wettability and thermal conductivity, to suit various applications. 

I.3.7. Disadvantages: 

Surface erosion and sedimentation are effects that can be neglected with a nanofluid. 

Corrosion remains a point to be checked, but if it's well chosen by taking something inert or 

adapting it to your circuit, then there won't be any worries. But it does have a number of 

disadvantages : 

 Stability of nanoparticle dispersion.  

 Greater pumping power and pressure drop.  

  Lower specific heat and higher viscosity.  

 High cost of nanofluids.  

 Challenges within the manufacturing procedure. 

 

I.5. CONCLUSION: 

In this chapter, a presentation of generalities and basic notions on natural, forced, and mixed 

convection, as well as a general description of nanofluids, has been carried out. Analysis of 

these studies has enabled us to identify the various parameters that can influence the thermal 

behavior of nanofluids. 
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II.1. INTRODUCTION: 

The conductivity and thermal capacity of the heat transfer fluids are the primary determinants 

of heat transfer intensity. The nanofluid is a novel class of fluid that has been developing in 

recent years. Nanofluids are heat-transfer fluids, like water, glycol water, or oil, that have had 

metallic or non-metallic oxides (SiO2, Al2O3, TiO2) or metal nanoparticles (Al, Cu, Ag, etc.) 

added to them. By drastically changing the carrier fluid's thermal conductivity, these 

nanofluids may enhance heat transmission in comparatively modest amounts as compared to 

traditional fluids. The performance of different heat exchangers can be enhanced thanks to 

this improvement in heat transmission, which makes nanofluids a viable new heat transfer 

technology.  

The scientific literature on the study of Hybrid nanofluid in various enclosures including 

natural, forced, and mixed convection is reviewed in this chapter. A lot of theoretical and 

experimental work has been done on the study of natural, forced, and mixed convection in 

Heat exchangers and cavities because of its implications for many industrial phenomena, 

including metallurgy, building insulation (in the case of double glazing), cooling electrical 

circuits and nuclear reactors, etc.  

II.2. BIBLIOGRAPHIC SYNTHESIS: 

Given the significance of nanofluids, a number of investigations into their thermal behavior 

and physical attributes, including dynamic viscosity and heat transfer coefficient, have 

demonstrated how distinct nanofluids are from base fluids in terms of thermophysical 

properties and improved heat transfer. In their early research, Choi [27] discovered that 

adding a tiny quantity of nanoparticles (volume concentration ranging from 1% to 5% Al2O3) 

increased thermal conductivity in carbon nanotubes by 20%.  

Hybrid nanofluids have unique chemical and physical characteristics, such as strong thermal 

conductivity [31–35]. In-person experiments and their analysis are typically costly and time-

consuming. Wide variations are therefore also inappropriate for the parametric analysis of the 

prototypes [36-37]. Therefore, in order to provide a clear study of these thermal devices, 

computational analysis is preferred. The literature on heat exchangers and heat transfer 

improvement analysis is extensive [38]. A heat exchanger's accurate modeling was examined 
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by Zaversky et al. [39]. In order to increase the Nusselt number and the convective coefficient 

of heat transfer, Shahdad and Fazel [40] discussed the use of perforated fins as an alternative 

to simple fins. The improved heat transmission employing honeycomb tubes over smooth 

tubes was studied by Xie et al. [41]. The heat transmission of circular and elliptical tubes (12 

numbers) under varied Re values was compared by Matos et al. [42, 43]. Nouri-Borujerdi and 

Lavasani [44,45] investigated the thermo-fluid flow properties of basic conduits with a cam 

form. A 2D study was conducted in an elliptical circular tube heat exchanger by Mohanty et 

al. [46]. The magnetic dipole effect on a radiative ferromagnetic liquid was explored 

numerically by Dharmaiah et al. [47]. Li et al.'s study [48] examined the heat transmission 

and frictional losses in a heat exchanger with an elliptical tube.An elliptical tube-based heat 

exchanger's frictional losses were examined by Bouris et al. [49], who discovered that a larger 

heat transfer area results in a greater pressure drop. An experimental study on forced 

convective heat transfer across a spiral tube-based heat exchanger's surface was carried out by 

Moawed [50]. Reduced temperature differences improve heat exchanger performance, 

according to research by Rosen and Dincer [51]. According to Khan et al.'s analysis [52] of 

the forced convective processes in elliptical-shaped tubes, heat transfers more readily as the 

air-water flow increases. The impact of the angle of attack on the total thermal performance of 

a heat exchanger with an elliptical tube was investigated by Harris and Goldschmidt [53]. An 

elliptical-shaped tube finned heat exchanger was numerically investigated by Teo et al. [54]. 

Thirty percent more heat transfer was detected than with circular tubes. Thermal behavior was 

calculated by Li et al. [55] using elliptical-shaped tubes that had axial ratios of 0.3, 0.5, and 

0.8. Experimental work on tube and shell heat exchangers with split baffles at varying angular 

orientations of the baffles 0◦, 15◦, 30◦, and 45◦ from the horizontal was carried out by Kumar 

and Jhinge [56]. Raj and Ganne [57] looked into the effects of three different baffle tilt angles 

0, 10, and 20 with a deflector cut of 36% on the heat transmission properties of a tube/shell 

heat exchanger. A simulation of a shell/tube heat exchanger with overlapping non-continuous 

intermediate helical baffles (30, 40, and 50 helix angles) was carried out by Zhang et al. [58]. 

A numerical simulation of a continuous spiral baffle tube/shell heat exchanger was carried out 

by Sivarajan et al. [59]; the results showed that the spiral baffle tube/shell heat exchanger has 

better flow performance and better heat transfer than the conventional shell and tube baffle 

heat exchanger. Kwon et al. [60] demonstrated that the use of ZnO nanoparticles and Al2O3 

leads to an increase in the coefficient of heat transfer to 30% at a concentration of 6% Al2O3. 
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Albadretal. [61] investigated heat transfer through a heat exchanger using the nanofluid Al2O3 

at different concentrations. The forced convection heat transfer coefficient is slight higher 

than that of the base liquid at the same inlet temperatures and mass flow rate. Asadi et al. [62] 

conducted an experimental investigation on the heat transfer capabilities of an oil-based 

hybrid nanofluid, Al2O3-MWCNT, and discovered improved heat transmission. Using Al2O3 

nanoparticles, Ghazanfari et al. [63] conducted a numerical analysis of the overall 

performance of a twisted-tube-based shell-type heat exchanger. They discovered a 20% 

increase in heat transfer and a 40% increase in pressure drop.  

Refers [64–66] provide a thorough analysis of the performance enhancement in heat 

exchangers. 

On the other hand, In the presence of an external magnetic field, Mebarek-Oudina et al. [67] 

quantitatively studied free convection in a grooved porous enclosure filled with MgO – Ag / 

H2O hybrid nano-liquid. Using the Galerkin finite element method, the problem's governing 

equations are solved. They found: Convective heat transfer coefficient increases with 

increasing Rayleigh number; the fluid flow force accelerates significantly with increasing 

Rayleigh number and decelerates with increasing magnetic field strength; and the maximum 

and minimum values of the flux function increase with increasing Rayleigh number value. 

Heat transmission and stable magneto-hydrodynamic natural convection in a cold corrugated 

thin-walled porous enclosure with a hot elliptical inner cylinder populated by a Fe3O4 - 

MWCNT / H2O hybrid nanofluid have been statistically studied by Mourad et al. [68]. 

The Galerkin finite element method (GFEM) is used to verify the governing equations. The 

researchers discovered that: the intensity of nanofluid flow circulation increases with 

increasing amplitude or number of corrugations; maximal heat transfer constraint occurs at 

high concentrations and high Rayleigh numbers. 

Heat transmission by natural convection in the limited annular region between two 

homocentric cylinders was quantitatively investigated by Mebarek-Oudina et al. [69]. A 

titanium nanofluid consisting of water and ethylene glycol was poured into the annular gap. 

Using the TDMA and SIMPLER algorithms in conjunction with the finite volume method 

yields the numerical solution. They discovered that for the nanofluid (φ = 3%), the values of 

the flow function increase when the volume ratio of EG in the base fluid increases. The use of 

TiO2-ethylene glycol/water nanofluid improves natural convection inside the annular space 
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better than the pure ethylene glycol/water mixture. In contrast, a different pattern of behavior 

is evident for (φ = 0%). 

The effects of the hybrid nanofluid MWCNT - Fe3O4 / H2O and the variable magnetic field on 

an exponentially contracting porous sheet with sliding boundary conditions were investigated 

by Swain et al. [70]. They found: Schmidt number and chemical reaction parameters increase 

mass transfer rate, while Prandtl number and radiation parameter increase heat transfer rate; 

hybridity improves temperature profiles as well as concentration profiles. 

 

Titanium nanofluids filled in a cylindrical ring have been the subject of hydrodynamic and 

thermal properties studied numerically by Mebarek-Oudina [71]. Using the SIMPLER 

algorithm in conjunction with the finite volume method yields the numerical solution. Water, 

motor oil, and ethylene glycol are the basis fluids.  It is found: Rayleigh number and 

nanoparticle volume fraction affect thermal efficiency; Impact of TiO2 nanofluids on heat 

transmission is correlated with base fluid types; For a small Rayleigh number, the 

nanoparticle effect appears clearly on heat transfer; heat transfer growth rate with nanoparticle 

volume fraction and Rayleigh number; The average Nusselt number depends on the base fluid 

change. 

Abu-Libdeh et al. [72] have investigated a novel type of cavity filled with Ag - MgO / H2O 

nanofluids and porous media that are compatible with total entropy and natural convection 

under a continuous magnetic field. The problem is expressed in the dimensionless form of the 

governing equations and is solved by the finite element method. They discovered that when 

the Hartmann number increases, the rate of heat transfer decreases, and the magnetic field 

may be employed as a superb heat transfer controller. 

Mebarek-Oudina et al. [73] studied the laminar flow of a nanofluid in a trapezoidal cavity and 

also measured the convective exchanges taking place within it. The cavity is geometrically 

trapezoidal at right angles, containing a Cu - Al2O3 / H2O hybrid nanofluid. They found: when 

free convection is minimal, the impact of raising the hybrid nanofluid's volume fraction 

becomes noteworthy; compared to a nano liquid, a hybrid nano-fluid collected from equal 

amounts of Al2O3 and Cu suspended in a H2O-based liquid has no significant improvement on 

the average Nusselt number; Convective heat transport is decreased and conductive heat 

transport is increased when internal heat generating rate is raised. 
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The effects of the volume percentage of Cu - H2O nanoparticles and the Hartmann number 

caused by an inclined magnetic field on heat transport and irreversibility in a porous medium 

with a saturable nanofluid Darcy-Brinkman-Forchheimer couvercle have been studied by  

Marzougui et al. [74] They discovered: For all Hartman numbers, the generation of thermal 

entropie decreases almost linearly through the volume fraction of nanoparticules; the angles at 

which the generation of magnetic entropie is minimal correspond to the angles at which the 

generation of thermal entropie is maximal, and vice versa. As the volume percentage of 

nanoparticles increases, the irreversibility of heat decreases, and the generation of magnetic 

entropy increases at a constant angle of the magnetic field. 

Mebarek-Oudina and Bessaïh [75] studied numerically the heat transfer by natural convection 

of Cu - H2O nanofluid in a vertical cylindrical annular enclosure with two discrete heat 

sources of different lengths. Using the SIMPLER algorithm in conjunction with the finite 

volume method yields the numerical solution. They found: The volume percentage of 

nanoparticles increases with heat transmission; maximum temperature decreases with 

increasing nanoparticle volume fraction; Heat transfer and heating element temperature 

depend on Rayleigh number, nanoparticle volume fraction, and heating element length. For all 

Rayleigh numbers, Nanoparticles have an impact on heat transmission. Heating element size 

has a significant influence on heat transfer rate. 

Stable laminar mixed convection inside a square cavity loaded with various kinds of 

nanoparticles was statistically investigated by Zaydan et al. [76]. They found: the presence of 

nanoparticles always increases heat transfer, irrespective of the type of nanoparticles or the 

type of base fluid; an improvement in heat transfer using spherical nanoparticles compared 

with cylindrical nanoparticles. 

The impact of MoS2 molybdenum disulfide nanoparticles on the MHD flow of a nanofluid 

channel with increasing walls was investigated by Raza et al. [77]. They discovered that: 

increasing the solid volume percentage improved the heat transfer rate; spherical 

nanoparticles raised the local Nusselt number more than other nanoparticles taken into 

consideration. 

Mourad et al. [78] studied the stable laminar natural convective flow and heat transfer of a Cu 

- H2O nanofluid between a cold corrugated porous enclosure and a hot elliptical cylinder. 
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They found: It was observed that whenever a high-volume fraction of nanoparticles was 

associated with a high level of Rayleigh number, maximum heat transfer enhancements took 

place; convective thermal energy flux increased with increasing Rayleigh and Darcy volume 

fractions. 

The buoyant convective flow and heat transport increase of Cu - H2O nanofluid in a 

differentially heated vertical ring with a thin baffle were studied statistically by Pushpa et al. 

[79]. They discovered that when the volume proportion of nanofluid and Rayleigh increases, 

heat transmission also increases. Heat transfer for nanofluids is superior to that of base fluids 

at low Rayleigh; the rate of heat transport rises as the volume fraction of nanofluids increases; 

and the flow circulation rate of nanofluids is superior to that of the base fluid. 

Double-diffusive transport and entropy generation in a wavy cylindrical enclosure containing 

a Cu-H2O Casson nanofluid under the effects of thermal radiation and a magnetic field were 

statistically investigated by Alomari et al. [80]. The finite element approach with a Galerkin 

formulation was used to numerically solve the governing equations. They discovered that the 

Rayleigh number (Ra) had a major impact on mass and heat transmission. As Ra rose from 

10³ to 10⁶, the Nusselt number increased by around 60%, suggesting improved convective 

transport. 

The Entropy Generation (EG) caused by buoyant Al2O3-H2O nanofluid convective flow in a 

square shape with a fin was investigated by Bouchoucha et al. [81]. The bottom border is 

maintained at a higher temperature (TH), the top wall of the closed space is kept at a cool 

thermal condition (TC), and the remainder of the area is subject to adiabatic limitations, 

treating it as conductive. A handmade computer code is used to discretize the model equations 

from the finite volume approach. They discovered that at higher Ra (Ra = 105), the NPs 

significantly contribute to the lowering of entropy by improving thermal transport from the 

heater to the cold boundary and creating a uniform thermal distribution within the enclosure, 

which lowers the formation of total entropy. 

Mebarek-Oudina et al [82] investigated the effects of geometrical factors on free convective 

heat transfer in a hollow with zigzag walls that contained a hybrid nanofluid made of water-

suspended single-walled carbon nanotubes (SWCNT) and magnesium oxide (MgO).  

Applying multiphysics software that has been tested and is based on the Galerkin finite 

element method to calculate. They found that A balance between efficiency and irreversibility 
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is shown by higher nanoparticle volume fractions, which raise thermal irreversibility and the 

average Nusselt number; Heat transmission efficiency is significantly impacted by both Ra 

and the volume fraction of nanoparticles; differences result in observable changes in 

performance. 

Mixed convection motion was examined by Rashidi et al. [83] in a heated container that was 

subjected to a horizontal magnetic field and had a lid saturated with a hybrid Al2O3 –Cu / H2O 

nanosuspension. They discovered that while the addition of Cu nanoparticles to the nanofluid 

at a lower Ri was very successful and had no discernible effect at a higher Ri, the inclusion of 

Al2O3 nanoparticles increased energy transfer performance for all Ri and Ha examined. The 

application of hybrid nanoparticles did not always result in an increase in the rate of heat 

transfer; thus, the existence of hybrid nanoparticles may depend on other factors, such as the 

Richardson number. 

Asogwa et al. [84] examined the Al2O3 – CuO / H2O hybrid nanofluid via an exponentially 

accelerating Riga plate. They found: with increasing nanoparticle volume fraction, the higher 

density of cupric nano-fluid is improved over alumina through a decrease in velocity 

distribution; with an exponential increase in radiation, CuO nanofluid behaves better than 

Al2O3, since CuO nanofluid is a better heat conductor and non-acidic. 

Said et al. [85] Numerical analysis was performed on mixed convection in a two-dimensional 

enclosure filled with a nanoliquid Cu/H2O through a porous medium.  The Brinkman-

Forchheimer model is used to designate the nanoliquid flow.  While the other walls are 

thermally insulated, the top and bottom horizontal walls are regarded as hot (Th) and cold 

(Tc), respectively. They found that Heat transmission was noticeably improved by raising the 

Reynolds number to Re ≥ 250; The heat transmission of NFs was strongly impacted by the Ha 

number; higher Ha values caused the immobilization of nanoparticles as a result of Lorentz 

forces, which in turn affected Nusselt number plots and highlighted the significance of the 

magnetic field in changing heat transport. 

Natural convection in a hollow filled with an electrically conductive Cu / H2O nanofluid 

controlled by a periodic temperature profile along the vertical wall was quantitatively 

explored by Hussam et al. [86]. They found that the maximum Nusselt number increased as 
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the hot wall forcing amplitude increased, indicating a significant improvement in heat transfer 

for larger amplitudes. 

Alhashash and H. Saleh [87] studied the natural convection of a hybrid NEPCM nanofluid in 

a corrugated enclosure caused by a thermal difference between a cold and a warm corrugated 

wall. The finite element approach was used to solve the equations. They found that overall 

heat transfer improved further by adjourning the NEPCM particle volume fraction, and latent 

heat modification of corrugated surface temperatures enhanced NEPCM success in terms of 

improved thermal performance. 

Asmadi et al. [88] examined the performance of an alumina-copper/water hybrid nanofluid in 

buoyancy-driven heat transfer of a U-shaped cavity with a heated wavy wall. A three-node 

triangular finite element method is used to solve the system by considering the Galerkin 

weighted residual algorithm. They found that copper-alumina/water hybrid nanofluid 

enhances the ther- mal performance within a U-shaped lid compared to pure water up to 16% 

for all cases; In the Cu-Al2O3/pure water hybrid nanofluid, the ratio of 1:9 between Cu and 

Al2O3 yields the largest gain in thermal performance rate when compared to other ratios. 

Fares et al. [89] numerically studied the flow of an Ag / H2O nanoliquid within a porous 

square enclosure under the action of an external magnetic field with different inclination 

angles and different nanoparticle volume fractions. The Lorentz force law emerges to frame 

the magnetic field efficiency, while the Darcy-Forchheimer model provides a mathematical 

formulation of the porosity issues. They found: cavity thermal efficiency is enhanced by 

increasing fluid inertia; inserted nanoparticles generally increase heat transfer; The average 

Nusselt number rises sharply as the volume percentage of nanoparticles rises; Thermal 

performance falls with rising Hartmann number and rises with increasing Rayleigh number 

and volume fraction. 

Al2O3 and TiO2 nanoparticles in EG fluid flowed unsteadily through a saturated porous 

medium confined by two vertical surfaces with heat generation and no-slip boundary 

conditions, according to research by Hazarika et al. [90]. They found: Al2O3 and TiO2 

nanoparticles are generated with increasing volume fraction values; all nanoparticle velocity 

profiles are very high for TiO2 nanoparticles compared to Al2O3; and nanoparticle velocities 

and temperatures are strongly depressed with high heat generation compared to no heat 

generation. 
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Heat transfer and entropy formation in Cu-Al2O3/water hybrid nanofluid flow generated by an 

elastic curved surface were investigated by Afridi et al. [91]. They found: As the volume 

fraction grows, so does the development of entropy; When flowing on a flat surface as 

opposed to a curved surface, the rate of entropy generation is lower; and less entropy is 

generated in the regular nanofluid flow compared to the hybrid nanofluid. 

Shah et al. [92] examined the effects of a constant heat source and magnetic field on a porous 

cylinder with a free convective Fe3O4 –MWCNT /H2O Magnetized non-darcy nanofluid. 

They found that the hybrid nanofluid's rising inter-particle collision causes the hot wall 

temperature to rise with a bigger Hartmann number. At lower Darcy numbers, this 

temperature increase with higher Hartmann numbers is more pronounced. 

Abu Bakar et al. [93] investigated the flow and heat transfer behavior of mired convection 

with the appearance of Ag -TiO2 /H2O hybrid nanofluid in a porous medium, heat generation, 

surtion/injection, thermal radiation, and magneto-hydrodynamics. They found: The hybrid of 

two different nanoparticles between Ag and TiO2 exhibits greater boundary layer flow 

performance than the impact of mono-titanium dioxide TiO2 nanoparticles; friction coefficient 

factor and velocity profile improve positively alongside hybrid nanofluid nanoparticles. 

Wahid et al. [94] studied the magneto-hydrodynamic radiative flow of a hybrid nanofluid 

Al2O3 – Cu /H2O in front of a permeable vertical plate with mixed convection. They found: It 

has been observed that physical quantities of interest decrease and boundary layer separation 

speeds up with volume increases and copper concentration; For the feasible solution, the 

mixed convection parameter globally reduced friction and increased the specific heat transfer 

rate. 

Wahid et al. [95] numerically investigated a three-dimensional radiative flow of Cu -Al2O3 

/H2O hybrid nanofluid in front of a permeable shrink plate. They found: heat transfer rate is 

increased with intensification of the thermal radiation parameter and reduced with 

intensification of the volumetric copper concentration parameter; intensification of the 

volumetric copper concentration slowed boundary layer separation; Skin friction coefficients 

can be improved with an intensification of the volumetric copper concentration. The 

temperature profile is intensified with an increment in the volumetric copper concentration 

parameter but reduced with an intensification of the suction and thermal radiation parameters. 



CHAPTER II: BIBLIOGRAPHIC SYNTHESIS 

 
  

 
22 

Khashi'Ie et al. [96] investigated the conventional flow and heat transfer characteristics of an  

Al2O3 – Cu /H2O hybrid nanofluid in front of a stretch/shrink foil. They found that hybrid 

nanofluids with an appropriate combination of nanoparticles have the best heat transfer 

performance compared to traditional nanofluids; For bigger values of the shrinkage 

parameter, the heat transfer rate increases as d increases; for all values of the stretch 

parameter, the opposite outcome is obtained. 

The magneto-hydrodynamic natural convection and entropy formation of a Cu/H2O nanofluid 

in a porous ring between a heated Koch snowflake and a lower-temperature corrugated 

cylinder have been studied numerically by Mourad et al. [97]. The numerical algorithm relies 

on the finite element method developed by Galerkin. They found that Increasing the Rayleigh 

number causes the flow in the ring to become more intense, which increases the enclosure's 

free convective flow and speeds up heat transfer and irreversibility because of fluid friction. 

Gul et al. [98]. investigated the Cu-Al2O3/H2O nanofluid's natural convections into a 

permeability chamber.  The control volume method has been used to approach the analysis 

numerically, and the magnetic field is also performed on the fow feld.  Numerous metrics of 

hybrid nanofluid fractions, Rayleigh numbers, Hartmann numbers, and porosity factor were 

added to the research of hybrid nanofluid heat in terms of the transfer flux. They found that 

Fluid (Cu + Al2O3/H2O) velocity diminishes significantly around the center of the channel 

due to a strengthening of Ra, Ha, and φ, according to the explanations; In comparison to 

traditional fluids, the hybrid nanofluid’s temperature profile appears to be consistently higher. 

Saeed et al. [99] have numerically investigated the Darcy-Forchheimer flow solution for TiO2 

-Al2O3 /H2O hybrid nanofluid using slip conditions. To regulate the heat transfer of the flow 

system, a swirling disk creates the fluid flow, which is then subjected to thermal stratification 

and nonlinear thermal radiation. They found: Nusselt number parameters have the potential to 

improve mass transfer rate in magnitude, while nanofluid factors have the opposite result; 

heat transfer rate amplitude increases with R factors while it decreases with Prandtl and 

Nusselt factors. 

Ahmadian et al. [100] studied a three-dimensional (3D) numerical solution of an unsteady Ag 

– MgO /H2O hybrid nanofluid flow with heat and mass transfer caused by the up/down 

motion of a corrugated rotating disk. They found that the use of hybrid nanofluid is more 
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effective in overcoming low energy transmission, and the up/down motion of the rotating 

corrugated disk positively affects fluid temperature and velocity. 

The Ag-MgO/H2O hybrid nanofluid flow over the conical space between the disk and the 

cone has been examined by Alrabaiah et al. [101]. The method used is parametric 

continuation (PCM). They found: fluid velocity increases with increasing amounts of 

nanoparticles (Ag and MgO); The magnetic impact significantly enhanced the thermal energy 

profile; addition of nanoparticles to the base fluid. 

The Falkner-Skan problem has been studied by Dinarvand et al. [102]. The two-dimensional 

laminar incompressible boundary layer flow of a hybrid nanofluid of TiO2-CuO/H2O on a 

stationary or moving wedge was explored semi-analytically. 

 They found: Skin friction and the hybrid nanofluid's local heat transfer rate both improve 

with an increase in the mass of the first and second nanoparticles; In comparison to other 

nanoparticle shapes, a spherical nanoparticle will have a small local Nusselt number. 

Gul et al. [103] examined and compared the heat transfer effect in single Cu /H2O and Cu - 

Al2O3 /H2O hybrid nanofluids, which were permitted to move over a foil spreading surface. 

They found: As with the addition of nanoparticles, concentration of the volume fraction 

increases the temperature field while viscosity reduces the velocity field; the heat transfer 

effect in the hybrid Cu - Al2O3 /H2O nanofluid is more effective than the single Cu /H2O 

nanofluid. 

Tlili et al. [104] numerically investigated the flow of 3D nonlinear radiative CuO -MgO 

/Methanol nanofluid through an irregularly dimensioned sheet with the slip effect. They 

discovered that compared to CuO –MgO / Methanol hybrid nanofluid, CuO / Methanol 

nanofluid had superior convective properties; The combination of CuO, MgO, and methanol 

has an insulating property. 

Waini et al. [105] examined flow from the stagnation point to a stretching/shrinking cylinder 

in hybrid Cu -Al2O3 /H2O nanofluids. They found: Increased heat transfer rate when hybrid 

nanofluids were present; As Reynolds number climbed, so did the Nusselt number; The 

Reynolds number effect was more dominant for the stretching surface case. 

On a three-dimensional stretched foil, Abid et al. [106] investigated the comparative impact 

study of two distinct nanoparticles: copper Cu and copper oxide CuO. The fluid flows 
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analyzed were magneto fluid, partly ionized water, and kerosene mixed with copper or copper 

oxide. They found: When it comes to the temperature of the partially ionized nanofluid, 

copper nanoparticles have a stronger effect than copper oxide nanoparticles; The CuO-water 

nanofluid has a partially ionized fluid velocity that is higher than that of the other nanofluids 

when velocity increases, and the Cu-kerosene oil nanofluid exhibits a dramatic fall in fluid 

velocity whenever velocity decreases; In comparison to the other three partially ionized 

nanofluids, the temperature is highest when copper nanoparticles are disseminated in the 

partially ionized water-based fluid under the influence of major parameters. 

 

Ramzan et al. [107] studied the hydrodynamic and thermal characteristics of two hybrid nanofluids: 

grapheme -Ag/H2O and grapheme –CuO /H2O with different particle shapes in a porous medium. 

They found that the entropy profile improves as the Brinkman number reaches higher and higher 

levels. The amount of heat released in grapheme –Ag /H2O is greater than in grapheme –CuO /H2O. 

Due to the increased irreversibility of grapheme –Ag /H2O, it will be inefficient in solar thermal 

systems; grapheme –Ag /H2O is important for temperature enhancement. 

Jawad et al. [108] studied the magnetohydrodynamic flow of Al2O3 –Cu /H2O hybrid 

nanofluid to an extension/shrinkage foil with thermal radiation. They found that increases in 

the fluid's thermal efficiency are due to increases in the volume percentage of nanoparticles, 

when compared to conventional fluids, and hybrid nanofluids are the most successful at 

raising the thermal conductivity of second-grade fluids. 

Bilal et al. [109] examined the heat and flow characteristics of the magneto-hydrodynamic 

hybrid nanofluid CNT -Fe3O4 /H2O flowing in a horizontal parallel channel with heat 

radiation through squeezing and expanding porous walls. They found: Though a contrary 

result is observed for single- and multiwall CNT, increasing the volume fraction of Fe3O4 

nanoparticles can accelerate heat transmission to the walls; When the thermal radiation 

parameter is large, the local heat flux drops. For ferro-nanofluids, it is greater, while for 

hybrid nanofluids, its values are lower. 

Saeed et al. [110] studied irreversibility analysis for the flow of torque-stressed hybrid 

nanofluid passed over a stretching surface. The hybrid nanofluid was prepared by suspending 

solid nanoparticles of SWCNT and MWCNT in pure human blood. They found an increase in 

the rate of heat transmission with a higher volume fraction of nanoparticles; The result 
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demonstrates that the most effective way to raise the flow's rate of heat transfer is through 

hybrid nanofluids. 

In order to find an effective heat transfer fluid to replace conventional fluids and cutting-edge 

nanofluids, Jamshed et al. [111] investigated a novel hybrid nanofluid.  

utilizing a hybrid hyperbolic tangent combination of nanofluids, consisting of a blend of 

titanium dioxide (TiO2) and non-Newtonian ethylene glycol (EG) as the basis fluid. 

They performed collective numerical calculations of parametric analysis employing governing 

equivalencies, utilizing the Keller-Box approach. They discovered that the progressive kind of 

nanofluid shown a promising improvement in the thermophysical and hydrodynamic 

properties associated with heat transmission. 

Riaz et al. [112] studied a new model of entropy generation effects measured in the Cu-blood 

nano-fluid flow under the effect of ciliary-oriented motion. They discovered that when there 

is a viscous dissipation term, the nanofluid performs at a faster rate of heat transfer. 

Albqmi and Sivanandam [113] have investigated the impact of thermal radiation and entropy 

generation on the magneto-hydrodynamic nanofluid Al2O3 /H2O in a porous Darcy-

Forchheimer medium with variable heat flux when subjected to an electric field. The resulting 

dimensionless model is solved numerically in Matlab using the bvp4 command. They found: 

This study is salutary to thermal science applications because it discusses the factors that lead 

to functioning hybrid nanoliquid thermal enhancement; the study can be extended with 

different nanoparticles and base fluids to explore enhancement techniques. 

Alhashash [114] numerically investigated convective heat transfer in two composite 

enclosures. Both enclosures switch to nanofluid-clear Al2O3 /H2O enclosures. A finite 

difference method that is iterative is used to obtain numerical solutions. It is found that heat 

transfer improvement is indicated with higher thermal conductivity ratios; an increase in NuI 

values is obtained when the nanoparticle concentration is increased. 

The convective heat transfer performance of Al2O3/H2O nanofluid through the shell/tube heat 

exchanger was numerically studied by Barik et al. [115]. They found that Alumina 

nanoparticles had a very high intrinsic thermal conductivity, which increased the heat transfer 

coefficient overall; As flux mass decreases, the overall coefficient of heat transfer also 
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decreases; These investigations demonstrated that when the Reynolds number rises, the 

Nusselt number also rises and achieves its maximum value. 

In a porous enclosure filled with a Cu-Al2O3/water hybrid nanofluid and featuring a 

corrugated wall heated from below, Kadhima et al. [116] investigated buoyancy-driven flow. 

The Galerkin finite element method is used to solve the equations for non-dimensional fluid 

flow and heat transfer. They found: When compared to pure fluid, the usage of Cu-

Al2O3/water hybrid nanofluid enhances temperature gradients, which in turn leads to 

enhanced heat transfer rates; Heat transfer and fluid flow are impacted differently by the 

number of corrugations; with N = 4, the best heat transfer performance is attained. 

 

Alsabery et al. [117] numerically studied natural convection inside a porous cavity partially 

layered with a heated corrugated solid wall. Al2O3 -water nanofluid is deposited in the cavity. 

The finite element approach is used to solve the problem, which is stated in the dimensionless 

form of the governing equations. They discovered that corrugation of the solid wall reduces 

the total entropy generation rate and raises the average Nusselt number. 

The influence of many parameters on heat transfer rate, flow behavior, and entropy generation 

in a MoS2-GO/water hybrid nanofluid inhabiting a porous trapezoidal enclosure with a 

revolving inner tube was quantitatively examined by Maneengam et al. [118].  

Using COMSOL Multiphysics, the governing equations were discretized and solved using the 

finite element method. They found: Fluid thermal conductivity rises with increasing 

concentration of nanoparticles; Fluid fluidity is related to entropy formation caused by fluid 

friction. It rises in proportion to the amount of nanoparticles. 

 

Gumir et al. [119] have numerically analyzed heat transfer by natural convection in a square 

porous cavity with a solid corrugated finite wall filled with Fe3O4 –MWCNT /water hybrid 

nanofluid. The governing equations were solved using COMSOL Multiphysics modeling 

software and the Galerkin finite element method.  

They found: Since the addition of nanoparticles raises the fluid's dynamic viscosity, the flow 

function drops as φ increases; The mean Nusselt number is influenced by nanoparticle 

concentration and rises with concentration; The flux function's maximum values fall as wave 

amplitude increases, while its minimum values increase. 
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Barman and Rao [120] have numerically investigated natural convection performed on the 

flow of different types of nanofluids (Al2O3 -H2O, Cu -H2O, and TiO2 -H2O) and buoyancy 

heat transfer through porous media packed inside a corrugated cavity. The finite difference 

approach is used to solve the dimensionless governing equations for nanofluid flow via the 

Darcian porous medium iteratively. They discovered that the convection process can be 

regulated by the presence of nanoparticles. It seems that the wall's corrugation was a 

regulating factor in the convection process. 

Khan et al [121] have numerically analyzed the mixed convection of Al2O3 –Cu /H2O hybrid 

nanofluide inside a trapezoïdale cavity with a fendu couvercle. A cold barrier in the shape of a 

triangle is positioned inside the cavity. This system, which has physical boundary constraints, 

is digitally resolved using Galerkin's method of final elements. They found that Reynolds and 

Richardson's formula for calculating the Nusselt number is the percentage of solid 

nanoparticle volume; the highest local Nusselt number is found at the level of the obstacle's 

living arêtes. 

Mohd Hashim et al. [122] have numerically investigated the effect of hybrid nano-fluid Al2O3 

–Cu /H2O in a trapezoidal cavity with a heated left wall and a cold right wall for heat transfer. 

An inclined wall, a high Rayleigh number, and high concentration Al2O3 –Cu nanoparticles 

are effective in enhancing the heat transfer rate. Additionally, they created a new association 

between the Rayleigh number, viscosity, angle, effective thermal conductivity, and average 

Nusselt number. 

By utilizing the Lattice Boltzmann technique, Ferhi et al. [123] statistically studied 

magnetized conjugate heat transport in a split L-shaped heat exchanger (HE) filled with eco-

nanofluid, which is functionalized graphene nanoplatelets (GnPs) dispersed in water. They 

found that increasing temperature increases heat transport and entropy production in HE. 

Increasing temperature increases the rate of heat transport and reduces Sgen.  

The flow and heat transfer properties of an Al2O3-SiO2/water hybrid nanofluid in a partially 

heated square porous cavity have been studied by Aneja and Sharma [124].  

The dimensionless nonlinear coupled partial differential equations of the flow issue are solved 

by the finite element method with a penalty parameter. They found that 1% and 2% of the 

hybrid nanoparticle volume fraction are relevant for the intensity of isothermal profiles and 
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contours; Little change is seen when the volume percentage of nanoparticles in streamlines 

and isotherms is increased further; As the hybrid nanofluids' volume fraction, Rayleigh 

number, and Darcy number increase, so does their average Nusselt number.  

 

The formation of thermodynamic irreversibility and thermal convection for a double-lid flow 

in a partially porous laminated hexagonal enclosure was studied by Ahlawat et al. [125]. A 

micropolar Ag –MgO / water hybrid nanofluid was filled in the hexagonal cavity. 

The finite difference method (FDM) in conjunction with successive over-relaxation (SOR), 

successive under-relaxation (SUR), and Gauss-Seidel iteration strategies was used to solve the 

dimensionless system of equations. The necessary results were generated using a problem-

specific program in the MATLAB code. They found: the thermal conductivity of the base 

fluid is improved when φ hybrid nanofluid, leading to an increase in Nu avg and S Total; an 

increase in pressure directly increases wall velocity, which has a positive impact on heat 

convection and entropy generation processes. 

Taking into consideration the Brownian effect of nanoparticles, Islam et al. [126] investigated 

the effects of heat generation or absorption on free convective flow and temperature transport 

in a triangular corrugated enclosure filled with Cu -H2O nanofluid. 

Dimensionless nonlinear PDEs are performed numerically using Galerkin's weighted residual 

type finite element technique. They found that, through increases in Rayleigh number and 

nanoparticle volume, both fluid flow and temperature flow change remarkably; The greater 

Rayleigh number and lower Hartmann number correspond to convective heat transfer; A 

major factor in thermal transport is the small size of nanoparticles; The rate of heat transport 

increases as nanoparticle diameter decreases. 

Kadhim et al. [127] have numerically investigated buoyancy-driven flow in a porous 

enclosure with a corrugated wall heated from the bottom and filled with Cu -Al2O3 /water 

hybrid nanofluid. The Galerkin finite element method is used to solve the equations for non-

dimensional fluid flow and heat transfer. They found: The usage of Cu -Al2O3 /water hybrid 

nanofluid enhances temperature gradients, resulting to higher heat transfer rates than pure 

fluid. 

Alsabery et al. [128] studied a heated corrugated solid wall enclosed in a partially stratified 

porous cavity through natural convection; Compact heat exchangers come into contact with 
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the geometry. Alumina nanoparticles are put in the water to increase the heat exchange 

process.Results are computed numerically using Galerkin's weighted residual element 

technique. They found: nanofluid volume fraction increases the mean Nusselt number and decreases 

the overall rate of entropy generation; while confounding circulations within the porous layer, solid 

wall corrugation increases the mean Nusselt number and minimizes the overall rate of entropy 

generation. 

Islam et al. [129] have numerically analyzed heat transfer in a closed cavity using 

magnetohydrodynamic natural convection. heat transfer consequences based on hybrid 

nanofluid (Cu -TiO2 /H2O) natural convective hexagonal heat exchangers. The infinite 

Galerkin element method is utilized to construct a numerical solution that encompasses the 

complex phenomenon. The statistical methodology called RSM is used to study the sensitivity 

of the output function for a thorough evaluation of the heat transport mechanism. They found 

that the results of the sensitivity study indicate that whereas Ha has a detrimental impact on 

heat transfer from heated surfaces, Ra and φ have a positive impact on Nu avg. 

Convection flow of a cross fluid with water and carboxymethyl cellulose over a stretching 

sheet with convection heating was investigated by Ali et al. [130].  It uses a cross nanofluid 

with Al2O3, Cu nanoparticles, and CMC water as its base fluid.  The present analysis 

considers minimizing of entropy generation. With the right conversion, the system of PDEs is 

changed into a collection of ODEs. They found that entropy generation and Bejan number of 

Cu, Al2O3, and Cu+Al2O3 are quite similar trends for We and δ; Temperature distribution, 

entropy generation, and Bejan number Cu, Al2O3, and Cu+Al2O3 are enhanced as increases 

the value of thermal radiation Rd. 

Tayebi and Chamkha [131] have examined the natural convection of the Al2O3 -Cu /water 

hybrid nanofluid in a cavity with a corrugated conductive cylinder centered under a constant 

horizontal magnetic field.  The finite volume discretization approach is used to solve the 

fundamental equations in their non-dimensional form numerically. They found that enhancing 

the free convective flux in this configuration with suspended copper and alumina 

nanoparticles in water is more effective when dominating the convection mechanism. 
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Soleimani et al. [132] numerically investigated boiling in a highly subcooled flow of HFE-

7100 with various alumina nanoparticle concentrations in a microchannel heat sink by 

computational fluid dynamics simulations in three dimensions. 

 They found the application of nanofluids at a volumetric concentration of 4% increased the 

overall heat transfer coefficient by 3%, They concluded that the enhancement in heat transfer 

brought about by the use of nanofluids pales in comparison to the enhancement brought about 

by the use of two-phase flow.  

Islama et al. [133] examined natural convection phenomenon in what is regarded as a 

mechanical chamber, a triangle cage. The flow is unstable, and the bottom of the triangle has 

a sinusoidal heat source that is filled with nanofluid CNT-water. The Galerkin finite element 

method (GFEM) is used to verify the governing equations. They found the thermal and fluid 

acts of the fluid, such as temperature gradients, pressure gradient amplitude, overall 

temperature, mean fluid temperature, and velocity amplitude, all increase significantly as Ra 

increases. 

Hamida and Hatami [134] have examined a finned microchannel's geometry and made it more 

numerically applicable for nanofluid LED cooling. Al2O3-water was selected as the working 

fluid and employed as the nanofluid cooling flow in the commercial code COMSOL-

Multiphysics. numerically utilizing the finite element method (GFEM) of Galerkine-weighted 

residual. They found fin length had the greatest effect on the number of Nusselt nanoparticles, 

and Al2O3 with φ = 0.05 reported the greatest heat transfer value; The temperature of the 

nanofluid increased by up to 6.5% as a result of various fin device designs, improving the 

LED cooling process. 

Ishak et al. [135] used the finite element method to quantitatively analyze mixed convection 

and entropy generation in a trapezoidal cavity containing an Al2O3-water nanofluid with a 

localized solid cylinder.They found Increasing Richardson and Reynolds numbers increase 

the heat transfer rate as well as the nanoparticle volume fraction due to increased buoyancy 

and viscous forces; maximum mean Nusselt values are obtained for high R values. 

Hamzah et al. [136] investigated, in a magnetic field, mixed convection with entropy 

formation in a porous corrugated lid enclosure filled with CNT-water nanofluid. using the 

Galerkin finite element method, or GFEM. They found that Because of the natural convection 
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effect, raising the Ri greatly raises the Nu number; Additionally, a higher Darcy number 

results in a more porous effect on heat transport, which raises the Nu number; Heat transfer is 

reinforced by the presence of a corrugated wall, which raises the Nusselt number. This 

reinforcement rises as the number and amplitude of corrugations increase.  

Khan et al. [137] have numerically calculated stable hybrid alloy nanoparticles AA7075 and 

AA7072 whose Boundary layer flow is considered towards a thinly moving needle under 

Dufour and Soret limitations and severe radiation consequences. The MATLAB software's 

built-in function, bvp4c, is used to solve the converted ordinary differential equations 

numerically. They found a Nusselt number increase in the presence of hybrid nanoparticles. 

The convection of carbon nanotube-water nanofluid in a three-dimensional cavity under a 

magnetic field has been numerically explored by Gal et al. [138]. 

 The finite element approach is applied to solve the three-dimensional governing equations. It 

is based on Galerkin's weighted residue methodology. They found the use of nanoparticles 

can improve the heat transfer rate by 100% and increase entropy production by 30%; Viscous 

entropy is reduced when the fin angle is increased, while thermal and magnetic entropies are 

increased; The temperature and flux fields alter significantly when the fins angle is increased. 

Karagiannakis et al. [139] have numerically examined the natural laminar and convective 

flow of a nanometer of Al2O3 -water in a rectangular porous container with a magnetic field 

present.Darcy-Brinkman momentum equations with buoyancy and advective inertia are 

applied in the suggested model. They found that magnetic field strength is important for 

temperature and temperature distributions; Under certain circumstances, the presence of 

nanoparticles reduces the efficiency of heat transfer. 

Munawar et al. [140] discussed the mixed convection of Ag -MgO /water hybrid nanofluid 

under a uniform magnetic field in a square enclosure with a circular heater. The governing 

equations are normalized using an appropriate set of variables and solved with the finite 

element method. We find: Increasing concentrations of nanoscopic hybrid particles lead to an 

increase in Nuavg at the central heater for mixed convection; heat transport increases as the 

percentage volume fraction of nanoscopic hybrid particles improves in the case of forced 

convection, but there is no sign of free convection. 
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Lu et al. [141] studied the heat flux, entropy production, and heat transfer properties of a 

dissipative Fe3O4–CuO /H2O nanofluid in the presence of boundary transpiration effects. The 

problem is mathematically modeled using the concept of Tiwari and Dass. We find: The solid 

volume fraction (φ) and the Eckert number are intimately correlated with the entropy 

generation number; Entropy generation by non-conservative forces is higher in the Fe3O4 -

H2O nanoliquid than in the CuO -H2O nanoliquid; the velocity of the CuO -H2O nanofluid is 

greater than that of the Fe3O4 -H2O nanofluid; Compared to the CuO-H2O nanoliquid, the 

Fe3O4-H2O nanoliquid has a wider thermal boundary layer.  

Mukherjee et al. [142] studied Heat transfer by turbulent forced convection and formation of 

entropy in an Al2O3-glycol (EG) nanofluid in a circular tube with a constant wall temperature. 

The main goal of the study is to create an analytical framework for simulating the properties 

of nanofluids in the thermal system in question using mathematical models. We find: 

Increasing nanoparticle addition increases entropy generation; by increasing Re, entropy 

generation increased.  

Islam et al. [143] numerically studied the uneven free convective heat transfer between copper 

and water in a square container where the non-uniform horizontal periodic magnetic effect 

predominates. The Galerkina-type FEP model was used in monetary analyses of nonlinear 

PDEs. They found The nanoparticle size significantly improves the heat transfer rate; The 

stability of the nanoparticle is significantly influenced by its diameter; The heat transfer rate is 

greater for smaller nanoparticle sizes.;The highest heat transfer is obtained for Fe3O4-water 

and Cu-water nanofuids compared to nano-water nanofuids.  

Asmadi et al. [144] have numerically investigated the buoyancy heat transfer of Cu -Al2O3 

/water hybrid nanofluid in a U-shaped housing under the influence of cavity tilt. The problem 

is calculated and solved using Galerkin's weighted residual approach in conjunction with the 

finite element method. The Newton-Raphson method is used as the convergence criterion for 

each iteration. They found the replacement of some metal oxide nanoparticles by metal 

nanoparticles increases the heat transfer performance inside the enclosure; The enclosure's 

internal heat transmission rate is enhanced by the hybrid nanofluid. 

Barhoi et al. [145] have numerically investigated the natural convection method of heat 

transport in a square enclosure filled with nanofluid. The enclosure's inside is designed to 
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mimic natural convection using the nanofluids Cu-water, Al2O3-water, and TiO2-water. This 

numerical issue was solved using the commercial CFD program ANSYS-FLUENT, with the 

governing differential equations discretized using a control volume technique. They found 

that with a Heat transmission rate increases as flow rate increases due to an increased volume 

fraction of nanoparticles; the flow patterns are nearly identical with a constant Rayleigh 

number and an increasing volume fraction; however, the Nusselt number rises.  

Islam et al. [146] studied A Cu-H2O nanofluid-loaded right-angled triangular cavity with two-

dimensional time-independent free convective flow and temperature flow. Galerkin's 

weighted residual finite element method's robust PDE solver was utilized to numerically solve 

the dimensionless nonlinear PDEs. With the weighted residual finite element analysis of 

Galerkin. They found that additional nanoparticles significantly enhance the temperature flux; 

the Rayleigh number has a major impact on the flow field and temperature transfer value. 

Ali et al. [147] numerically studied mixed convection in a rectangular cavity with a lid filled 

with Al2O3 –Cu /Water hybrid nanofluid utilizing the SIMPLE algorithm and the finite 

volume approach. They found that heat transfer is higher in nano-fluids than in pure water and 

is maximal in the case of Al2O3 -Cu / Water hybrid nanofluids; Heat transfer is increased 

when the volume fraction is raised; increasing the Reynolds number increases heat transfer.  

Transient forced HNF flow and heat transfer in a three-dimensional annulus with hot and cold 

rods were studied by Goldanlou et al. [148]. via symmetry simulation.  The study's primary 

objective is to model the geometry using a symmetry scheme and investigate how the thermal 

and hydraulic properties are affected by different Reynolds numbers, emissivity coefficients, 

and nanoparticle volume fractions. They found that for the model at Re = 3000 and φ1 = 0.05, 

all studied cases with different base fluids have similar behavior. For all studied cases, the 

total Nuave reduces firstly by an increment of the volume concentrations of Cu nanoparticles 

until φ2 = 0.01 or 0.02 and then, the total Nuave rises by an increment of the volume 

concentrations of Cu nanoparticles; By increment of Reynolds numbers, the Nuave augments. 

Al-Farhany et al. [149] numerically investigated natural convection in a square enclosure with 

a vertical baffle fixed to the bottom wall and nanofluid Cu-water subjected to sinusoidal 

temperature on the vertical walls. They found Because of the enhanced buoyant strength and 

thermal conductivity caused by the higher Rayleigh number and nanofluid concentration, the 
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Nusselt number increased; At large Rayleigh numbers, the circulation cores corresponding to 

nanofluids exhibited greater strength than those of pure water; Because of the strong heat 

transfer via the baffle, which could be transported to the cavity without the baffle's influence, 

the Nusselt number grew as the thermal conductivity ratio increased. 

II.3. Conclusion: 

We provide a review of recent works that are available in the literature in this chapter. in 

order to comprehend the study of forced, mixed, and natural convection with hybrid 

nanofluid. We have been able to determine the different parameters that can affect the thermal 

behavior of heat transfer by analyzing these investigations, and the inclusion of nanoparticules 

within heat transfer fluids has shown an appreciable improvement in heat transfer. 
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III.1. INTRODUCTION: 

Despite the long history of research on convection heat transfer, this form of heat transfer is 

still the most popular due to its numerous industrial uses. However, because of their elegant 

thermal characteristics, nanofluids are gaining a lot of attention for their application as heat 

transfer fluids.  

To evaluate the potential for enhancing heat transfer in such thermal conditions, a full 

scientific knowledge of the mechanisms involved in temperature gradient-induced flows in 

confined spaces in the presence of nanofluids is therefore necessary. The dependency of the 

dynamic and thermal fields on the confinement effect and the thermodynamic parameters of 

the nanofluid make these flows appear simple, but they are actually very complex. It takes the 

application of numerical instruments designed for the study of such events to master these 

intricate flows. 

The first part, we present a two-dimensional (2-D) (Heat Exchanger) investigation with 

COMSOL Multiphysics in this chapter. We first discuss the general forms of the equations 

regulating the flow. Then, creating the required mesh, and selecting the proper boundary 

conditions.  

The second part describes the steps involved in creating a (3-D) geometric model (Shell/ Tube 

Heat Exchanger), creating the required mesh, and selecting the proper boundary conditions. It 

also describes the finite element method that the "COMSOL Multiphysics" software utilized 

to resolve the equation system. This software was used to do a three-dimensional numerical 

simulation.  
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III.2. BASIC MATHEMATICS: 

Differential equations, which serve as models for physical phenomena, are frequently used to 

formulate any given physical phenomenon. The behavior of a phenomenon in space must be 

expressed in a model. These equations are based on the concepts of mass conservation, 

momentum conservation (Navier-Stokes equations), energy conservation, and entropy 

generation.  

III.2.1. Continuity equation: 

This equation expresses the mass conservation principle. Tensorily, it can be expressed as 

follows: [150] 

∂(ρuj)

∂xj
= 0                                                                                                                            III.1 

III.2.2. Equation of momentum: 

The principle of conservation of momentum establishes the relationship between the 

characteristics of the fluid as it moves and the causes that produce it. It asserts that the total of 

all external forces acting on the control volume equals the rate of change of momentum in the 

control volume. It can be written in tensor form as follows: [150] 

∂(ρuivj)

∂xj
= ρgi −

∂p

∂xi
+

∂

∂xj
(µ

∂ui

∂xj
)  III.2 

∂(ρuivj)

∂xj
  ∶ Represents the net rate of momentum transport in direction i per fluid movement. 

ρgi ∶ Represents volume forces in the i direction. 

∂p

∂xi
∶ Represents forces due to pressure. 

∂

∂xj
(µ

∂ui

∂xj
) ∶ Represents net viscosity forces 

(j : indice de somme, = 1∼3).  

(i : indice de direction, = 1∼3). 
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III.2.3. Energy equation: 

The fundamental principle of thermodynamics yields the equation for energy conservation for 

an incompressible Newtonian fluid [150]. This is how the energy equation is represented:  

𝜌𝑐𝑝
𝜕(𝑢𝑗𝑇)

𝜕𝑥𝑗
=

𝜕

𝜕𝑥𝑗
(𝑘

𝜕𝑇

𝜕𝑥𝑗
) + 𝑞̇ + µΦ                                                                               III.3 

 𝒌:  Thermal conductivity 

𝐶𝑝: Heat capacity  

𝜌: Fluid density  
𝑞̇: Volumetric heat density 
µ: Dynamic viscosity 

Φ: Viscous dissipation 

III.3. NUMERICAL METHODOLOGY: 

This section describes the numerical method used to investigate the constrained natural 

convection problem, in which a nanofluid serves as the energy vector. The primary goal of 

numerical CFD (computational fluid dynamics) simulations of flow and heat transfer has been 

to measure the rate at which nanofluids promote heat transfer. The simulation is implemented 

via the COMSOL Multiphysics calculation code, which offers a wide range of options for 

setting up the cases to be studied (calculation and post-processing).  

 

Using the Galerkin finite element method, the conservation equations are discretized across 

the computation domain (FEM). The domain of computing is divided into a suitable smaller 

mesh structure. By using piecewise cubic polynomials in the function space, the 

computational domain is discretized. All of the relevant hydrothermal boundary layers that are 

closer to the walls are accurately represented since the necessary mesh components are placed 

in this way. The mesh independence research is used to choose the element size.  

The iterative method of computing the elemental equations yields a final solution with a 

convergence criterion of 10−8. The solved data is then stored for post-processing, which 

creates the local and global data. 
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III.3.1. Finite element method (FEM):  

One of the best techniques for the numerical solution of partial differential equations is the 

Finite Element Method (FEM). The majority of real-world issues, whether they are stationary 

or time-dependent, linear or non-linear, are described in a complicated geometric domain, and 

regardless of the operational circumstances, they can be addressed by it. As seen in the 

graphic below, the finite element method discretizes space using basic geometric elements, 

such as triangles or quadrangles in general. Next, the equations' strong form is swapped out 

for their weak form, where the unknowns are represented by a linear combination of basis 

functions whose support is one of the elements [151–153]. 

Figure (III.1): Discretization and calculation elements using the finite element method 

III.3.2. Advantages and disadvantages: 

Even in complex geometries and in real working conditions, the finite element method is a 

powerful tool for solving partial differential equations. Using simple geometric elements 

(triangles or quadrangles in general), the finite element technique discretizes space. Then, the 

weak form of the equations replaces the strong form, and the unknowns are approximated by 

a linear combination of functions, one of which is the support. This method's delicate 

implementation is its drawback [154].  

III.3.3. Synthesis: 

Fortunately, advancements in computer science have corresponded with the growth of 

numerical techniques (finite differences, finite volumes, finite elements, boundary integrals, 

etc.). Programs that once needed sophisticated, costly computers can now be run on 
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inexpensive PCs. This has made software development easier. In this work, there was a 

temptation to use COMSOL Multiphysics software to solve the partial differential equations 

using the finite element method because the global problem resolution is very complex due to 

the interactions between different phenomena occurring within the aqueous electrolyte to be 

desalinated. This software's multiphysics capability was built in from the ground up, enabling 

the user to quickly and simply mix models that depict various physical phenomena however 

they see fit. In certain situations, the user will need to model and integrate his program into 

the basic software, but in other situations, this can be accomplished by utilizing the built-in 

features of the program [154].  

III.4. CONFIGURATION 2-D: 

III.4.1. Case 1: 2D Shell / Tube Heat Exchanger 

III.4.1.1. Geometry 1: 

Figure (II.2) depicts a schematic representation of a two-dimensional typical tube/shell heat 

exchanger. The real perspective of a tube/shell heat exchanger part from RA2K 

SONATRACH Skikda, Algeria is depicted in Figures (III.3) and (III.4). Figure (III.3) also 

displays an expanded image of a tube together with its several modified shapes (circular, 

square, rectangular, and diamond). The fundamental form, which is circular, is used to 

compare any improvements in heat transport that may have occurred. A quarter of the two 

tubes and half of a tube bundle make up the computational domain. The tube bundles are 

thought to be made of aluminum. The water-based Al2O3-MWCNT hybrid nanofluid transfers 

heat from the heated fluid passing through the variously shaped tubes by passing through the 

spaces between the tube bundles. The goal of this work is to use the hybrid nanofluid Al2O3-

MWCNT to model a shell and tube heat exchanger in order to enhance the cooling fluid's heat 

transfer. 
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Figure (III.2): Schematic representation of a conventional tube/shell heat exchanger. 

 
 

Figure (III.3):  Tube/shell heat exchanger section from Refinery 2 Sonatrach Skikda 

RA2K 
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Figure (III.4): Tube/shell heat exchanger from Refinery 2 Sonatrach Skikda RA2K  

 
 

 

 
 

Circular tube Square tube Rectangular tube Diamond tube 

 

Figure (III.5): Mesh of a Tube/Shell Heat Exchanger with Different Shapes of 

Manufacturing Tubes 
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III.4.1.2. Geometry 2: 

In this work, a Shell / Tube Heat Exchanger filled with a Cu-Fe3O4-MWCNT/Water             

Tri hybrid nanofluid was studied numerically for heat transmission and regular turbulent 

forced convection. The governing equations are checked using Galerkin's finite element 

method (GFEM). 

 

      (a) (b) 

 Figure (III.6): The computational domain (a) 2D view of the geometry, (b) 

grid mesh. 

III.4.1.3. Mathematical model and equations:  

Numerical solutions are found for the leading equations pertaining to continuity, momentum, 

and energy. This mathematical model is solved using the k-ԑ turbulent flow model [155–156], 

and the expression is as follows: 

𝜕𝑢

𝜕𝑡
+ 𝜌(𝑢. 𝛻)𝑢 = 𝛻. [−𝑝𝐼 + 𝐾] + 𝐹                                                                            III.4 

𝜕𝜌

𝜕𝑡
+ 𝛻. (𝜌𝑢) = 0  III.5 
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where: 

𝐾 = (µ + µ
𝑇
)(𝛻𝑢 + (𝛻𝑢)𝑇) −

2

3
(µ + µ

𝑇
)(𝛻. 𝑢)𝐼 −

2

3
𝜌𝑘𝐼                                               III.6 

ρcp (
∂T

∂t
+ u .  ∇T) + ∇. (q + qr) = βT (

∂𝑝

∂t
+ u .  ∇p) + τ: ∇u + Q                                  III.7 

β = −
1

ρ

∂ρ

∂T
                                                                                                                         III.8 

Q𝑝 = βT (
∂𝑝

∂t
+ u .  ∇p)                                                                                                          III.9 

  The fluid's viscous dissipation is represented by the second term: 

Q𝑣𝑑 =  τ: ∇u                                                                                                                         III.10 

We can write the following for the turbulent kinetic energy: 

𝜌
𝜕𝑘

𝜕𝑡
+ 𝜌(𝑢. 𝛻)𝑘 = 𝛻. [(µ +

µ𝑇

𝜎𝑘
) 𝛻𝑘] + 𝑝𝑘 − 𝜌ℰ III.11 

For dissipation: 

𝜌
𝜕ℰ

𝜕𝑡
+ 𝜌(𝑢. 𝛻)ℰ = 𝛻. [(µ +

µ𝑇

𝜎ℰ
) 𝛻ℰ] + 𝐶ℰ1

ℰ

𝑘
𝑝𝐾 − 𝐶ℰ2𝜌

ℰ2

𝑘
 III.12 

where:    ℰ = 𝑒𝑝 

For turbulent viscosity: 

µ
𝑻

= 𝜌𝐶µ
𝑘2

ℰ
                                                                                                                  III.13 

Les constates utilisées dans les équations de viscosité turbulente, d’énergie cinétique 

turbulente, et de dissipation sont fixé :𝐶ℰ1 = 1.44, 𝐶ℰ2 = 1.92, 𝛿𝑘 = 1, 𝐶µ = 0.09, 𝛿ℰ = 1.3 

La production d’énergie cinétique turbulente peut être exprimée comme suit : 

The following are fixed coefficients for turbulent kinetic energy, dissipation, and viscosity: 

 



CHAPTER III: MATHEMATICAL MODEL AND NUMERICAL PROCEDURE 

 
  

 
44 

𝐶ℰ1 = 1.44, 𝐶ℰ2 = 1.92, 𝛿𝑘 = 1, 𝐶µ = 0.09, 𝛿ℰ = 1.3 

 The turbulent kinetic energy output can be stated as: 

𝑃𝐾 = µ
𝑻
[𝛻𝑢: (𝛻𝑢 + (𝛻𝑢)𝑇) −

2

3
(𝛻. 𝑢)2] −

2

3
𝜌𝑘𝛻. 𝑢                                              III.14 

The Reynolds number is used to nondimensionalize the flowing fluid's velocity:  

𝑅𝑒 =
𝜌𝑢𝐷

µ
    III.15 

Both local and global heat transfer are used to assess the heat transfer properties using the 

Nusselt number (Nu): 

𝑁𝑢𝑙𝑜𝑐 =
𝑘ℎ𝑛𝑓

𝑘𝑏𝑓

𝜕𝑇

𝜕𝑦
    III.16 

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢𝑙𝑜𝑐𝑑𝐿

𝐿

0
                                                                                                       III.17 

III.4.1.4. Modeling of hybrid nanofluid: 

The working fluid used in this study (Geometries 1) is an Al2O3-MWCNT hybrid nanofluid, 

which is essentially a suspension of MWCNT and Al2O3 nanoparticles in water, the base 

fluid, in accordance with the mixture rules [156]. For the current thermal-hydrodynamic 

study, a hybrid nanoparticle mixture consisting of MWCNT and Al2O3 has been used.  

Overall, Al2O3 exhibits lower thermal and electrical conductivities in comparison to 

MWCNT. However, Al2O3 has lower conductivities than MWCNT. As a result, greater 

conductivities much higher than the base liquid are produced through the combination 

(hybrid) production of MWCNT and Al2O3 nanoparticles. In this regard, it's important to note 

that the flow of hybrid nanofluids in heat exchanger devices is a relatively new field; as such, 

further study can provide a deeper comprehension of it, which is necessary for practical 

implementations [156]. The thermo-physical characteristics of the base fluid (water) and the 

Al2O3 and MWCNT nanoparticles are listed in Table (III.1). However, a number of recent 

studies have examined MWCNT-Al2O3-water hybrid nanofluid, suggesting a broad range of 

its potential uses and dependability. It encourages us to select MWCNT-Al2O3-water hybrid 

nanofluid as the study's working fluid. The volume fraction of the hybrid nanoparticles is 
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represented by the sign φ. The standard correlations, which can be written as follows, are used 

to estimate the parameters of the hybrid nanofluid: 

 

𝜑 = 𝜑𝐴𝑙2𝑂3
+ 𝜑𝑀𝑊𝐶𝑁𝑇 

 

𝜌𝑛𝑝 =
𝜑𝐴𝑙2𝑂3

𝜌𝐴𝑙2𝑂3
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝜌𝑀𝑊𝐶𝑁𝑇

𝜑
 

(𝐶𝑝)𝑛𝑝
=

𝜑𝐴𝑙2𝑂3
(𝐶𝑝)

𝐴𝑙2𝑂3
+𝜑𝑀𝑊𝐶𝑁𝑇(𝐶𝑝)

𝑀𝑊𝐶𝑁𝑇

𝜑
                                                                       III.18 

𝛽𝑛𝑝 =
𝜑𝐴𝑙2𝑂3

𝛽𝐴𝑙2𝑂3
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝛽𝑀𝑊𝐶𝑁𝑇

𝜑
 

𝑘𝑛𝑝 =
𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝑘𝑀𝑊𝐶𝑁𝑇

𝜑
 

𝜎𝒏𝒑 =
𝜑𝐴𝑙2𝑂3

𝜎𝐴𝑙2𝑂3
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝜎𝑀𝑊𝐶𝑁𝑇

𝜑
 

Hybrid Nanofluid : 

𝜎ℎ𝑛𝑓 = (1 − 𝜑)𝜎𝑏𝑓 + 𝜑𝜎𝑛𝑝 

𝜌ℎ𝑛𝑓 = (1 − 𝜑)𝜌𝑏𝑓 + 𝜑𝜌𝑛𝑝 

(𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜑)(𝜌𝛽)𝑏𝑓 + 𝜑(𝜌𝛽)𝑛𝑝 

(𝜌𝐶𝑝)ℎ𝑛𝑓
= (1 −  𝜑)(𝜌𝐶𝑝)𝑏𝑓

+ 𝜑(𝜌𝐶𝑝)𝑛𝑝
 

𝛼ℎ𝑛𝑓 =
𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(12) 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑛𝑝 + (𝑛 − 1)𝑘𝑏𝑓 − (𝑛 − 1)(𝑘𝑏𝑓 − 𝑘𝑛𝑝)𝜑

𝑘𝑛𝑝 + (𝑛 − 1)𝑘𝑏𝑓 + (𝑘𝑏𝑓 − 𝑘𝑛𝑝)𝜑
 

µℎ𝑛𝑓 =
µ𝑏𝑓

(1 − 𝜑)2.5
 



CHAPTER III: MATHEMATICAL MODEL AND NUMERICAL PROCEDURE 

 
  

 
46 

𝜎ℎ𝑛𝑓

𝜎𝑏𝑓
= 1 +

3(𝜎𝑛𝑝 − 𝜎𝑏𝑓)𝜑

(𝜎𝑛𝑝 + 2𝜎𝑏𝑓) − (𝜎𝑛𝑝 − 𝜎𝑏𝑓)𝜑
 

Tri hybrid nanofluid: 

𝜌𝑡ℎ𝑛𝑓 = (1 − 𝜑1){(1 − 𝜑2)[(1 − 𝜑3)𝜌𝑓 + 𝜌3𝜑3] + 𝜌2𝜑2} + 𝜌1𝜑1 

 

 µ
𝑡ℎ𝑛𝑓

=
µ𝑓

(1−𝜑1)2.5(1−𝜑2)2.5(1−𝜑3)2.5 

 
𝑘𝑡ℎ𝑛𝑓

𝑘ℎ𝑛𝑓
=

𝑘1+2𝑘ℎ𝑛𝑓−2𝜑1(𝑘ℎ𝑛𝑓−𝑘1)

𝑘1+2𝑘ℎ𝑛𝑓+𝜑1(𝑘ℎ𝑛𝑓−𝑘1)
 

Where:  

 
𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
=

𝑘2+2𝑘𝑛𝑓−2𝜑2(𝑘𝑛𝑓−𝑘2)

𝑘2+2𝑘𝑛𝑓+𝜑2(𝑘𝑛𝑓−𝑘2)
 

 

 And:  

 
𝑘𝑛𝑓

𝑘𝑓
=

𝑘3+2𝑘𝑓−2𝜑3(𝑘𝑓−𝑘3)

𝑘3+2𝑘𝑓+𝜑3(𝑘𝑓−𝑘3)
 

 

(𝜌𝐶𝑝)𝑡ℎ𝑛𝑓
= (1 − 𝜑3) {(1 − 𝜑2) [(1 − 𝜑1)(𝜌𝐶𝑝)𝑓

+ 𝜑1(𝜌𝐶𝑝)𝑆1
] + 𝜑2(𝜌𝐶𝑝)𝑆2

}

+ 𝜑3(𝜌𝐶𝑝)𝑆3
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Table (III.1): Thermo-physical proprieties of the Al2O3-MWCNT/water Hybrid nanofluid 

[157-158]. 

 ρ (kg/𝑚3) k (W/m k) 𝐶𝑝  (J/kg k) 𝞼(s/m) 

         Water 997.1 0.613 4179 5.5*10^-6 

𝑀𝑊𝐶𝑁𝑇 2100 3000 711 10^-7 

𝐴𝑙2𝑂3 3950 36.96 785.02  

We looked at the heat transfer characteristics of the hybrid nanofluid (Cu-Fe3O4-

MWCNT/water) in the Shell/Tube Heat Exchanger (Geometries 2). Heat transport was 

examined in relation to various characteristics, including Rayleigh number and volume 

fraction. We also looked at isotherms, rationalities, and the mean Nusselt number. Table 

(III.2) reports the thermo-physical properties of the Cu+Fe3O4 + MWCNT nanoparticles and 

the base fluid (water). 

Table (III.2): Thermo-physical properties of Nanoparticules Ag-Cu-Fe3O4-MWCNT/Water 

[159,160] 

 ρ(kg/𝑚3) k (W/m k) 𝐶𝑝  (J/kg k)  𝞼(s/m) 

 

Water 997.1 0.613 4179 5.5*10^-6 

𝑀𝑊𝐶𝑁𝑇 2100 3000 711 10^-7 

𝐹𝑒3𝑂4 5180 9.6 670 25,000 

Cu 8954 400 385 59.6*10^-6 

Ag 10500 429 235  

 

III.4.1.5. The Total Entropy and Efficiency: 

The entropy generation technique integrates the ideas of thermodynamics, the fundamental 

laws of heat transfer, and fluid mechanics. Entropy generation, a measure of a system's 

imperfections, is defined as a combination of the entropy produced by viscous fluid effects 

and that produced by thermal effects.  

𝑆𝑡𝑜𝑡 = 
𝑘

(𝑇𝑎𝑣𝑔)
2 [(

𝜕𝜃

𝜕𝑥
)
2

+ (
𝜕𝜃

𝜕𝑦
)
2

] +
µ𝑛𝑓

𝑇𝑎𝑣𝑔
[
ℰ𝑝

𝑘
(𝑢2 + 𝑣2) + 2 (

𝜕𝑢

𝜕𝑥
)
2

+ 2(
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)
2

] +

𝜎𝑛𝑓

𝑇𝑎𝑣𝑔
𝛽2𝑣                                                                                                                     III.19 
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𝑇𝑎𝑣𝑔 =
𝑇𝑖𝑛𝑙𝑒𝑡 + 𝑇𝑡𝑢𝑏𝑒

2
 

ℰ =  
𝑞

𝑞𝑚𝑎𝑥
=

𝑞

𝐶𝑚𝑖𝑛(𝑇𝑖𝑛𝑙𝑒𝑡−𝑇𝑡𝑢𝑏𝑒)
                                                                                    III.20 

𝑞 = 𝑈𝐴𝛥𝑇𝑚𝑙                                                                                                      III.21 

𝛥𝑇𝑚𝑙 =
𝛥𝑇1 − 𝛥𝑇2

𝑙𝑛(𝛥𝑇1 𝛥𝑇2⁄ )
 

𝜟𝑻𝟏 =  𝑻𝒉𝒐𝒕,𝒊𝒏 − 𝑻𝒄𝒐𝒍𝒅,𝒐𝒖𝒕      𝜟𝑻𝟐 =  𝑻𝒉𝒐𝒕,𝒐𝒖𝒕 − 𝑻𝒄𝒐𝒍𝒅,𝒊𝒏 

 

III.4.1.6. Simplifying hypotheses: 

In order to establish the simplified mathematical model governing natural convection in a 

nanofluid, we have adopted the following assumptions:  

1: Nanofluid flow is assumed to be time dependent, turbulent, and two-dimensional. 

2: The nanofluid is assimilated into an incompressible Non-Newtonian fluid. 

III.4.1.7. Boundary conditions: 

The following are the boundary conditions used in this study: 

 

 Symmetry (insulation against heat) at the boundaries of the area.  

 Fixed inlet temperature T = 285 K with speed v = 0.01 m/s.  

 T=278K, the set temperature at the tube's inner surfaces. 

 Convection dominated movement at the exit. 

 Tube material: aluminum 

III.4.2. Case 2: Zigzage walled cavity  

III.4.2.1. Geometry 3: 

In this work, natural convection heat transport has been studied numerically in a zigzag-

walled enclosure with a cylinder occupied by a MgO-SWCNT/water hybrid nanofluid. 
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 (a) (b) 

 Figure (III.7): The computational domain (a) 2D view of the geometry, (b) 

grid mesh. 

 

III.4.2.2. Simplifying hypotheses: 

In order to establish the simplified mathematical model governing natural convection in a 

nanofluid, we have adopted the following assumptions:  

1: It is considered that the flow of nanofluids is two-dimensional, laminar, and stationary. 

2: The nanofluid is assimilated into an incompressible Non-Newtonian fluid. 

III.4.2.3. Mathematical model and equations:  

Continuity equation: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                                                                    III.22 

 

X-momentum: 
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𝜌𝑛𝑓 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝜐

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑃

𝜕𝑥
+ µ𝑛𝑓 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2)                                   III.23 

Y-momentum: 

𝜌𝑛𝑓 (𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑃

𝜕𝑦
+ µ𝑛𝑓 (

𝜕2𝜐

𝜕𝑥2 +
𝜕2𝜐

𝜕𝑦2) + 𝜌𝑛𝑓𝛽𝑛𝑓𝑔(𝑇 − 𝑇𝑐) − 𝛿𝑛𝑓𝐵
2𝜐  III.24 

 

Energy equation: 

(𝜌𝐶𝑝)𝑛𝑓
(𝑢

𝜕𝑇

𝜕𝑥
+ 𝜐

𝜕𝑇

𝜕𝑦
) = 𝑘𝑛𝑓 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2)                                                         III.25 

 

𝑋 =
𝑥

𝐿
 ; 𝑌 =

𝑦

𝐿
 ; 𝑈 =

𝑢

𝑈0
 ; 𝑉 =

𝑣

𝑈0
  ; 𝑃 =

𝑝

𝜌𝑛𝑓𝑈0
2 ; 𝑝𝑟 =

𝜐𝑏𝑓

𝛼𝑏𝑓
 

𝑅𝑎 =
𝛽𝑏𝑓𝑔(𝑇ℎ−𝑇𝑐)𝐿

3

𝛼𝑏𝑓𝜐𝑏𝑓
                                                                                                 III.26 

    

𝑁𝑢𝑙𝑜𝑐 =
𝑘ℎ𝑛𝑓

𝑘𝑏𝑓

𝜕𝑇

𝜕𝑦
                                                                             III.27 

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢𝑙𝑜𝑐𝑑𝐿

𝐿

0
                                                                                      III.28 

Nanofluid: 

𝜑 = 𝜑𝑀𝑔𝑂 + 𝜑𝑆𝑊𝐶𝑁𝑇  

 III.29 

𝜌𝑛𝑝 =
𝜑𝑀𝑔𝑂𝜌𝑀𝑔𝑂 + 𝜑𝑆𝑊𝐶𝑁𝑇𝜌𝑆𝑊𝐶𝑁𝑇

𝜑
 

 

(𝐶𝑝)𝑛𝑝
=

𝜑𝑀𝑔𝑂(𝐶𝑝)
𝑀𝑔𝑂

+𝜑𝑆𝑊𝐶𝑁𝑇(𝐶𝑝)
𝑆𝑊𝐶𝑁𝑇

𝜑
                              

𝛽𝑛𝑝 =
𝜑𝑀𝑔𝑂𝛽𝑀𝑔𝑂 + 𝜑𝑆𝑊𝐶𝑁𝑇𝛽𝑆𝑊𝐶𝑁𝑇

𝜑
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𝑘𝑛𝑝 =
𝜑𝑀𝑔𝑂𝑘𝑀𝑔𝑂 + 𝜑𝑆𝑊𝐶𝑁𝑇𝑘𝑆𝑊𝐶𝑁𝑇

𝜑
 

𝜎𝒏𝒑 =
𝜑𝑀𝑔𝑂𝜎𝑀𝑔𝑂 + 𝜑𝑆𝑊𝐶𝑁𝑇𝜎𝑆𝑊𝐶𝑁𝑇

𝜑
 

Hybrid nanofluid: 

𝜎ℎ𝑛𝑓 = (1 − 𝜑)𝜎𝑏𝑓 + 𝜑𝜎𝑛𝑝 

𝜌ℎ𝑛𝑓 = (1 − 𝜑)𝜌𝑏𝑓 + 𝜑𝜌𝑛𝑝 

(𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜑)(𝜌𝛽)𝑏𝑓 + 𝜑(𝜌𝛽)𝑛𝑝 

(𝜌𝐶𝑝)ℎ𝑛𝑓
= (1 −  𝜑)(𝜌𝐶𝑝)𝑏𝑓

+ 𝜑(𝜌𝐶𝑝)𝑛𝑝
 

𝛼ℎ𝑛𝑓 =
𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)ℎ𝑛𝑓

 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑛𝑝 + (𝑛 − 1)𝑘𝑏𝑓 − (𝑛 − 1)(𝑘𝑏𝑓 − 𝑘𝑛𝑝)𝜑

𝑘𝑛𝑝 + (𝑛 − 1)𝑘𝑏𝑓 + (𝑘𝑏𝑓 − 𝑘𝑛𝑝)𝜑
 

µℎ𝑛𝑓 =
µ𝑏𝑓

(1 − 𝜑)2.5
 

𝜎ℎ𝑛𝑓

𝜎𝑏𝑓
= 1 +

3(𝜎𝑛𝑝 − 𝜎𝑏𝑓)𝜑

(𝜎𝑛𝑝 + 2𝜎𝑏𝑓) − (𝜎𝑛𝑝 − 𝜎𝑏𝑓)𝜑
 

We looked into the heat transfer characteristics of the hybrid nanofluid (MgO-SWCNT/water) 

in the square cavity.Heat transport was examined in relation to various characteristics, 

including Rayleigh number and volume fraction. We also looked at isotherms, rationalities, 

and the mean Nusselt number. Table (III.3) reports the thermo-physical properties of the MgO 

+ SWCNT nanoparticles and the base fluid (water). 

 

 ρ(kg/𝑚3) k (W/m k) 𝐶𝑝  (J/kg k) 𝞼(s/m) 

Water 997.1 0.613 4179 5.5*10^-6 

𝑆𝑊𝐶𝑁𝑇 2600 6600 425 2.54^4 

MgO 3560 45 955 5.392*10^-6 

Table (III.3): Thermophysical properties of MgO-SWCNT /Water nanofluids [161,162] 
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III.5. CONFIGURATION 3-D: 

III.5.1. Geometries: 

This study's convective motion is regarded as laminar, three-dimensional, and steady. 

The computational domain and related boundary conditions are depicted in Figure (III.9), 

which also contains media saturated with hybrid nanoliquids. The lateral sides are made of 

Aisi steel, and the tube material is aluminum. Ag, Fe3O4 and MWCNT nanoparticles are 

combined with water, which serves as the basis liquid for the working suspensions. Table 

(III.2) provides a summary of the thermo-physical properties of the fluide base and 

nanoparticles. 

 

  

 (a) (b) (c) 

Figure (III.9): The computational domain (a) 3D view of the geometry, (b) grid mesh 

and (c) 2D view of the geometry. 

III.5.2. Simplifying hypotheses: 

In order to establish the simplified mathematical model governing natural convection in a 

nanofluid, we have adopted the following assumptions:  

1: It is assumed that the flow of nanofluid is three-dimensional, Turbulent. 

2: The nanofluid is assimilated into an incompressible Non-Newtonian fluid. 
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III.5.3. Boundary conditions: 

The following are the boundary conditions used in this study: 

 Symmetry (insulation against heat) at the boundaries of the area.  

 Fixed inlet temperature T = 330 K with speed v = 0.05 m/s.  

  A constant temperature of T=385K at the tube's inner surfaces.  

 Convection dominated movement at the exit. 

 Tube material: aluminum 

III.5.4. Mathematical model and equations:  

The problem was solved by applying the laminar flow model. The Navier-Stokes equations 

are the fundamental equations used by COMSOL Multiphysics to solve fluid flow models 

[164–166] in the following ways: 

The equation of momentum: 

𝜌
𝐷𝑉⃗⃗ 

𝐷𝑡
= 𝛥. 𝜎 + 𝐹                                                                                                            III.30 

𝞼 the stress tensor, where F is the total of the many gravitational forces influencing the cube 

𝑉⃗ = 𝑢𝑖 + 𝑣𝑗 + 𝑤𝑘⃗   fluid velocity vector. On the other hand, the stress tensor is a symmetrical 

rank-two tensor, and its covariant components the shear stresses and the normal stresses, 𝛔 

can be described mathematically as follows: 

 

𝜎𝑖𝑗 = (

𝜎𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦𝑦 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧

)       III.31 

 

𝜎𝑖𝑗 = (

𝜎𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦𝑦 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧

) = −(
𝑝 0 0
0 𝑝 0
0 0 𝑝

) + (

𝜎𝑥𝑥 + 𝑝 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦𝑦 + 𝑝 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧 + 𝑝
) 

−(
𝑝 0 0
0 𝑝 0
0 0 𝑝

) + (

𝜎𝑥𝑥 + 𝑝 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦𝑦 + 𝑝 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧 + 𝑝
) = −𝑝𝐼 + Ŧ 
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𝑝 = −
1

2
(𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧) III.32 

 

𝐼 = (
1 0 0
0 1 0
0 0 1

) 

 

Ŧ = (

𝜎𝑥𝑥 + 𝑝 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜎𝑦𝑦 + 𝑝 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧𝑧 + 𝑝
) 

 

Navier-Stokes equation: 

𝜌
𝐷𝑉⃗⃗ 

𝐷𝑡
= −𝛻𝑝 + 𝛻⃗ .Ŧ + 𝐹 III.33 

demonstrates how to describe the deviatoric stress tensor Ŧ as follows: 

 

Ŧ = 𝜇 [𝛻𝑉⃗ + (𝛻𝑉⃗ )
𝑇
] −

2

3
𝜇(𝛻.⃗⃗  ⃗ 𝑣 ) III.34 

 

𝛻⃗ =
𝜕

𝜕𝑥
𝑖 +

𝜕

𝜕𝑦
𝑗 +

𝜕

𝜕𝑧
𝑘⃗  III.35 

For the purpose of steady-state analysis, the momentum equation for fluid flow can thus be 

streamlined to:  

 

𝜌(𝑉⃗ . 𝛻⃗ )𝑉⃗ = 𝛻. {−𝑝𝐼 + 𝜇 [𝛻𝑉⃗ + (𝛻𝑉⃗ )
𝑇
] −

2

3
𝜇(𝛻.⃗⃗  ⃗ 𝑉⃗ )𝐼} 𝐹 III.36 

 

The continuity equation: 

The mass flow per second for the three directions, assuming that density and velocity are 

functions of space and time, is represented as follows in order to obtain the equation: a 

differential control volume of sizes , 𝑑𝑦, 𝑑𝑧 : 
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−
𝜕

𝜕𝑥
(𝜌𝑢)𝑑𝑦𝑑𝑧 

−
𝜕

𝜕𝑦
(𝜌𝑣)𝑑𝑥𝑑𝑧 III.37 

−
𝜕

𝜕𝑧
(𝜌𝑤)𝑑𝑦𝑑𝑧 

For the x,y and z directions respectively. According to the principle of conservation of matter, 

the sum of the three must be equal to the temporal rate of mass change, 
𝜕

𝜕𝑡
(𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧). The 

𝑑𝑥, 𝑑𝑦, 𝑑𝑧 terms can be ignored or eliminated among the other terms because a control 

volume is independent of time. As a result, the resultant equation can be reduced as follows: 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥
(𝜌𝑢) +

𝜕

𝜕𝑦
(𝜌𝑣) +

𝜕

𝜕𝑧
(𝜌𝑤) = 0 III.38 

Gradient vector can be used to further simplify the aforementioned equation, making it as 

simple as this: 

𝜕𝜌

𝜕𝑡
+ 𝛻⃗ . 𝜌𝑉⃗ = 0 III.39 

 

Energy equation: 

𝜌𝐶𝑝𝑢𝛻𝑇 = 𝛻⃗ . (𝑘𝛻𝑇) + 𝑄 III.40 

 

Total entropy and efficiency: 

𝑆𝑡𝑜𝑡 = 
𝑘

(𝑇𝑎𝑣𝑔)
2 [(

𝜕𝜃

𝜕𝑥
)
2

+ (
𝜕𝜃

𝜕𝑦
)
2

] +
µ𝑛𝑓

𝑇𝑎𝑣𝑔
[
ℰ𝑝

𝑘
(𝑢2 + 𝑣2) + 2 (

𝜕𝑢

𝜕𝑥
)
2

+ 2(
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)
2

] +

𝜎𝑛𝑓

𝑇𝑎𝑣𝑔
𝛽2𝑣                          II.41 

 

𝑇𝑎𝑣𝑔 =
𝑇𝑖𝑛𝑙𝑒𝑡 + 𝑇𝑡𝑢𝑏𝑒

2
 

ℰp = 
q

qmax
=

q

Cmin(Tinlet−Ttube)
  

 

𝑞 = 𝑈𝐴𝛥𝑇𝑚𝑙  
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𝛥𝑇𝑚𝑙 =
𝛥𝑇1 − 𝛥𝑇2

𝑙𝑛(𝛥𝑇1 𝛥𝑇2⁄ )
 

 

Where 𝑉⃗ = 𝑢𝑖 + 𝑣𝑗 + 𝑤𝑘⃗  refers to velocity filed (m/s) 

Reynolds Number: 

Re =
ρuD

µ
   III.42 

Richardson Number: 

Ri =
Gr

Re2                                                                                                                              III.43 

Nusselt Number: 

𝑁𝑢𝑙𝑜𝑐 =
𝑘ℎ𝑛𝑓

𝑘𝑏𝑓

𝜕𝑇

𝜕𝑦
    III.44 

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢𝑙𝑜𝑐𝑑𝐿

𝐿

0
                                                                                                         III.45 

Nanofluid: 

𝜑 = 𝜑𝐹𝑒3𝑂4
+ 𝜑𝑀𝑊𝐶𝑁𝑇  

 

𝜌𝑛𝑝 =
𝜑𝐹𝑒3𝑂4

𝜌𝐹𝑒3𝑂4
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝜌𝑀𝑊𝐶𝑁𝑇

𝜑
 

 

(𝐶𝑝)𝑛𝑝
=

𝜑𝐹𝑒3𝑂4(𝐶𝑝)
𝐹𝑒3𝑂4

+𝜑𝑀𝑊𝐶𝑁𝑇(𝐶𝑝)
𝑀𝑊𝐶𝑁𝑇

𝜑
                                                                 II.46 

𝛽𝑛𝑝 =
𝜑𝐹𝑒3𝑂4

𝛽𝐹𝑒3𝑂4
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝛽𝑀𝑊𝐶𝑁𝑇

𝜑
 

𝑘𝑛𝑝 =
𝜑𝐹𝑒3𝑂4

𝑘𝐹𝑒3𝑂4
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝑘𝑀𝑊𝐶𝑁𝑇

𝜑
 

𝜎𝒏𝒑 =
𝜑𝐹𝑒3𝑂4

𝜎𝐹𝑒3𝑂4
+ 𝜑𝑀𝑊𝐶𝑁𝑇𝜎𝑀𝑊𝐶𝑁𝑇

𝜑
 

Hybrid Nanofluid : 
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𝜎ℎ𝑛𝑓 = (1 − 𝜑)𝜎𝑏𝑓 + 𝜑𝜎𝑛𝑝 

𝜌ℎ𝑛𝑓 = (1 − 𝜑)𝜌𝑏𝑓 + 𝜑𝜌𝑛𝑝 

(𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜑)(𝜌𝛽)𝑏𝑓 + 𝜑(𝜌𝛽)𝑛𝑝 

(𝜌𝐶𝑝)ℎ𝑛𝑓
= (1 −  𝜑)(𝜌𝐶𝑝)𝑏𝑓

+ 𝜑(𝜌𝐶𝑝)𝑛𝑝
 

𝛼ℎ𝑛𝑓 =
𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)ℎ𝑛𝑓

 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑛𝑝 + (𝑛 − 1)𝑘𝑏𝑓 − (𝑛 − 1)(𝑘𝑏𝑓 − 𝑘𝑛𝑝)𝜑

𝑘𝑛𝑝 + (𝑛 − 1)𝑘𝑏𝑓 + (𝑘𝑏𝑓 − 𝑘𝑛𝑝)𝜑
 

µℎ𝑛𝑓 =
µ𝑏𝑓

(1 − 𝜑)2.5
 

𝜎ℎ𝑛𝑓

𝜎𝑏𝑓
= 1 +

3(𝜎𝑛𝑝 − 𝜎𝑏𝑓)𝜑

(𝜎𝑛𝑝 + 2𝜎𝑏𝑓) − (𝜎𝑛𝑝 − 𝜎𝑏𝑓)𝜑
 

III.6. CONCLUSION:  

We have attempted to present the two geometric configurations (2-D) and (3-D) shell/ tube 

heat exchanger, respectively, that have been investigated with these related presumptions 

within this section. Our goal is to present a comprehensive understanding of the mathematical 

formulation utilized and the creation of the physical domain mesh, followed by an 

examination of the various numerical resolution techniques applied. 
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Ⅳ.1. Introduction: 

Over the years, the development of computers has encouraged scientists to solve increasingly 

complex problems for which analytical solutions cannot be found.  These types of problems 

are generally modeled by non-linear partial differential equations. This chapter is dedicated to 

the modeling of flow and heat transfer in geometries. The study of these geometries is dealt 

with mainly using COMSOL Multiphysics software, which is specially designed for 

computational fluid dynamics (CFD). CFD is a collection of numerical techniques for solving 

heat transfer and fluid dynamics problems roughly. 

In this chapter of our study, we are interested in the numerical results acquired for the 

evolution of dynamic and thermal convection flow in the geometries mentioned above. 

(Chapter Ⅳ) representation of streamline, isotherms, and entropy generation for the different 

cases studied. 

Ⅳ.2. Validation: 

A validation study based on Roy and Mondal's published work [166] is carried out following 

the mesh structure's finalization. Using the isotherms, Figure Ⅳ.1 compares the current 

findings with the published work of Roy and Mondal [166]. The two outcomes are nearly 

identical, according to the comparison [166]. 
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 (a) (b) 

Figure (Ⅳ.1): Validation of our results with ref.[166]. (a) Results of ref.[166]; (b) our results. 

Ⅳ.3. CONFIGURATION 2-D: 

Ⅳ.3.Case 1: 2D Shell / Tube Heat Exchanger 

Ⅳ.3.1. Geometries 1: 

The current study focuses on enhancing the tube/shell heat exchanger to increase efficiency, 

either by adding nanoparticles to the heat transfer fluid or by changing the tube's geometrical 

shape. This heat transfer fluid uses a water-based Al2O3-MWCNT hybrid nanofluid. The fluid 

flows at a steady speed and high temperature, while the tubes of different forms are kept at a 

low temperature. The finite-element-based computational tool solves the related transport 

equations numerically. The results are displayed using Nusselt number profiles for varied 

nanoparticle volume fractions of 0.01≤ ϕ ≤ 0.04 and Reynolds numbers 2400 ≤ Re ≤ 2700 for 

the variously shaped heat exchanger tubes, as well as streamlines, isotherms, and entropy 

generation contours. 
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Ⅳ.3.1.1. Grid Test: 

Prior to carrying out the thorough examination of the current issue, Taking into account the 

circular tube bundle, a thorough grid independence analysis is conducted. In this case, six 

distinct mesh sizes, extra coarse, very coarse, coarse, normal, fine, and very fine, are utilized 

with number elements of 1398, 3501, 5487, 13,108, 32,128 and 42,948. The average Nusselt 

number which is displayed in Figure Ⅳ.2 and Table Ⅳ.1 is used to compare the two. The 

middle value (with a fine mesh structure) is used to save computational time and produce the 

proper results since Figure Ⅳ.2and Table Ⅳ.1 show that the average Nusselt's last three 

values are near to one another. 

 

 

Figure (Ⅳ.2):  Grid test, variation of the average via element number. 

 

Mesh Element Number  Average Nusselt Number 

Extra coarse 1398 0.6011 

Very coarse 3501 0.84613 
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Coarse 5487 1.0666 

Normal 13108 1.13758 

Fine 32128 1.14863 

Very fine 42948 1.15084 

Table (Ⅳ.1): Mesh comparison 

Ⅳ.3.1.2. RESULTS AND DISCUSSION: 

The goal of the current study is to optimize the efficiency of the tube/shell heat exchanger by 

changing the tubes' geometrical shape and/or by including nanoparticles into the fluid used for 

heat transfer. Here, a water-based hybrid nanofluid for heat transfer called Al2O3-MWCNT is 

used. The streamline, isotherms, entropy contours, and average Nusselt number for the two 

primary parameters are used to present the results: the volume fraction (0.01 ≤ φ ≤ 0.04) and 

the Reynolds number (2400 ≤ Re ≤ 2700) in order to analyze the heat exchanger's heat 

transfer efficiency. To get the optimal shape, the heat exchanger tube's shape which might be 

square, rectangular, diamond, or round is altered from a standard circular shape. 

Ⅳ.3.1.2.1. Effect of Nanofluid Volume Fraction: 

Figure Ⅳ.3, for Re = 2600, illustrates the impact of the rising hybrid nanofluid volume 

fraction (0.01 ≤ φ < 0.04) on the heat transmission for each of the four tube bundle shapes. 

According to the illustration, the Nuavg for the circular, rectangular, and diamond-shaped 

tubes rises monotonically with increasing φ, whereas the Nuavg for the square-shaped tubes 

stays constant. The increase in φ signifies a rise in the heat transfer fluid's effective thermal 

conductivity relative to the base fluid, hence improving the heat transfer rate. It should be 

noted that these characteristics lead to an improvement in the working fluid's thermal 

conducting qualities [156–167]. As a result, the average Nu correlates with the concentrations 

of the nanoparticles, and this relationship enhances convective transfer. Because of the altered 

tube form, which permits more heat to be removed from the tube bundles, the Nuavg has 

improved even further. All other shapes of tubes are inferior in heat transfer when compared 

to the performance of a diamond-shaped tube. 
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Figure (Ⅳ.3): Variation of the Nu avg with the increasing φ(℅) for 

Re=2600. 

Ⅳ.3.1.2.2. Reynolds Number Effect: 

As demonstrated in Figures Ⅳ.4 and Ⅳ.5, the isotherm and streamline contours provide 

insight into the cause of the Nuavg's improvement, For the various time intervals (t = 0 to 100 

s), the Al2O3-MWCNT/water hybrid nanofluid at Re = 2600 and φ = 0.02 was used, 

respectively. This analysis also includes the impact of the Reynolds number (2400 ≤ Re < 

2700) on the formation of entropy, streamlines, and isotherms.  

Because of the thermal buoyancy brought on by the temperature differential between the 

shell/tube heat exchanger's intake and exit walls, the fluid moves through the narrow gaps in 

the convoluted path. It is important to note that the flows initially start at the intake of the 

flow route and proceed to the next intricate and constricted path between the tube bundle 

gaps. The temperature and other thermal parameters within the chamber are replicated by the 

isotherms. The concentration of isotherm lines is concentrated at the bottom of the fluid as it 

is heated from below, and it gradually diminishes as it moves upwards in the direction of the 

flow passage's outlet. When time passes, heat is taken up from the bottom by the working 
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fluid and eventually dissipated as it rises to an exit. The convection fluxes are very modest at 

the lower flow regime (Re = 2600), and the domain is filled with uniformly distributed 

temperature lines. Consequently, the thermal behavior is determined by the thermal 

conduction modes. As one moves from the hot wall to the cold wall, the isothermal line 

values progressively rise. Heat transport is facilitated by thermal diffusion in this topology, 

known as thermal stratification. The isotherm contours spread evenly along the flow passage 

over time, and the diamond-shaped tube bundle exhibits this uniformity more than any other 

tube shape. It is evident from the streamline contours (Figure Ⅳ.5) that the flow channel 

contains multi-cellular vortices. 

 As time passes, these vortices' positions, sizes, and shapes alter. In reality, the flow via the 

very thin gaps is the reason for the results, which show a linear rise in the flow functions over 

time. Figure Ⅳ.5 illustrates how the eddies at the entry wall grow stronger and larger over 

time before heading upward and enabling significant free convection, which increases the 

flow velocity and quickens the fluid flow. The isotherms were blown to the edge by the 

growing Re as the flow passed through the entrance at increased Re values. Furthermore, 

because the intake and outflow of the flow domain have shaped corners, the fluid in 

rectangular and square tubes encounters greater resistance in its flow path. The circular and 

diamond fluids, on the other hand, encounter less resistance, which raises the rate of heat 

evacuation. 
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Figure (Ⅳ.4): Isotherms in a tube/shell heat exchanger with different shape of 

manufacturing tubes for Re = 2600, φ = 0.02 
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Figure (Ⅳ.5):  Streamlines in a tube/shell heat exchanger with different shape of 

manufacturing tubes for Re = 2600, φ = 0.02 

The Nuavg is plotted for the varied Re in Figure Ⅳ.6 to help comprehend the overall effect of 

the various shaped tube bundles on the overall heat transfer. When the flow velocity of the 

Al2O3-MWCNT/water hybrid nanofluid increases, the heat transmission efficiency improves 

as well, amplifying the thermal convection effect. A higher heat transfer is correlated with a 

higher fluid Re. Additionally, for all Re values, the greater heat transmission is correlated 

with the diamond-shaped tube bundles. 
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Figure (Ⅳ.6): Variation of the Nuavg as a function of change in the Re at φ = 0.02. 

Ⅳ.3.1.2.3. The Effect of Tube Shape: 

Through the analysis of streamlines and isotherms, as depicted in Figure Ⅳ.4 and Figure 

Ⅳ.5, Compared to diamond-shaped tubes, the flow velocity is reduced in square, circular, and 

rectangular-shaped tubes because of the flow separation, This, since it offers the biggest flow 

function values, promotes the transfer of heat. The vortex is actually dispersed between the 

outlet and input walls, giving the moving fluid a larger surface area and accelerating the rate 

of heat transfer. Additionally, temperature change greatly enhances buoyant forces, which 

promote natural convection. Furthermore, the pipe's diamond form enhances heat transfer, as 

seen by Figures Ⅳ.3 and Ⅳ.6, which display the largest peak of average Nu values when 

compared to the other shapes. Moreover, the diamond's geometric properties and the 

homogeneous region surrounding it permit hybrid nanofluid dispersion. By doing this, heat 

convection and the Nuavg number are both improved. 
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Ⅳ.3.1.2.4. Entropy Generation: 

Inthissection, When entropy generation is computed (Figure Ⅳ.8), weaker isotherms near the 

hot wall cones are the reason for the low entropy that is shown there.More fluid circulation is 

therefore necessary. With the exception of the circulating cells' oval form, the distribution is 

likewise bicellular. This suggests a stronger induced flow. The isotherms show that thermal 

convection is dominant as a result. The latter suggests increased convection, supporting the 

convection mechanism over the conduction process. Furthermore, Figure Ⅳ.7 demonstrates 

how the diamond tube shape outperforms the other shapes in terms of heat exchanger efficacy 

by displaying the largest entropy drops. 
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Figure (Ⅳ.7): Entropy generation (S) variation as a function of effectiveness of the heat                 

exchanger (εp) for Re = 2600 and φ = 0.02 
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Figure (Ⅳ.8):  Entropy in a tube/Shell heat exchanger with different shape of 

manufacturing tubes for Re = 2600 and φ = 0.02. 

Ⅳ.3.2. Geometries 2: 

The impacts of φ, Re, and nanofluid types on heat transfer rate are the main topics of this 

work. We have reported and gone into further detail on the results of a numerical simulation 

of 2D turbulent forced convection in a shell/tube heat exchanger loaded with three different 

types of hybrid nanofluids (Cu-Fe3O4-MWCNT/water; Fe3O4-MWCNT/water; and 

MWCNT/water). The study focused on convective heat transfer in the turbulent regime, 

examining the relationship between heat transfer efficiency by the volume fraction of the 

hybrid nanofluid with a value between 0.02 and 0.04 and heat transfer efficiency by Reynolds 

number change. The outcomes were displayed as entropy contours, streamlines, and 

isotherms. in addition to the mean Nusselt number for the two primary parameters: Reynolds 

number and volume fraction and different tube radius. 
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Ⅳ.3.2.1. Mesh test: 
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Figure (Ⅳ.9): variation in average Nu number as a function of element number 

 

Mesh Element Number Average Nusselt Number 

Extra coarse 1828 0,5932 

Very coarse 8329 0,7956 

Coarse 9481 1,0452 

Normal 18053 1,15983 

Fine 61350 1,16764 

Very fine 97562 1,17392 

Table (Ⅳ.2): Mesh comparison 
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Ⅳ.3.2.2. Effect of Nanofluid Volume Fraction: 

The mean Nuavg values for three types of nanofluids parameterized by Re and φ are shown in 

Figure Ⅳ.10 and Figure Ⅳ.14. For the same nanofluid, and throughout the range of Re 

values, the average nude increases monotonously with the increase φ. For the same nanofluid, 

at a fixed φ = 0.02, Nuavg increases as Re increases, as expected.  

Figure Ⅳ.8 and Figure Ⅳ.14 display the average Nu values for the heat exchanger using three 

different types of nanofluids that are parameterized by Re and φ. As φ increases, Nu avg rises 

monotonically. We now want to introduce the situation Re = 2600, which forms the basis of 

the current investigation because the Nu results exhibit intriguing patterns. Nu increases 

observably for MWCNT, Fe3O4, and Cu as φ increases, with a little peak emerging at φ = 

0.04.  

A Re = 2600 Figure Ⅳ.10 provides further comparisons for the variation in the number of 

Nusselt due to the addition of different nanofluids. In all three cases, we recorded an increase 

in the average number of Nusselt. Nuavg seems to increase with the volume fraction, but we 

notice that when three nanoparticles (Cu, Fe3O4, and MWCNT) are added, it increases more. 

These findings corroborate the precision attained using the numerical approach presented in 

this work.  

An increase in the hybrid nanofluid's concentration is correlated with an increase in 

nanoparticle presence, both Fe3O4 and MWCNT and Cu, which have improved thermo-

physical characteristics compared to conventional fluids, as shown in Table (III.2), especially 

the way they conduct heat. It is important to note that these characteristics raise the hybrid 

nanofluid's surface area and enhance its thermal conductivity. 

It can be observed that the values of the average number of Nusselts increase with the 

increase in volume fraction. Sound also increases with the increase of particles. We note that 

when adding Fe3O4 and Cu to the nanofluid MWCNT/water. 

 

 



CHAPTER Ⅳ: RESULTS AND DISCUSSION 

  

 
74 

1,0 1,5 2,0 2,5 3,0 3,5 4,0

0,0

0,2

0,4

0,6

0,8

1,0

N
u

 A
v
g

j (%)

 Fe3O4 - MWCNT / Water

 Cu - Fe3O4 - MWCNT / Water

 MWCNT / Water

 

Figure (Ⅳ.10): Variation of the average Nusselt number based on fraction φ(%) for three 

types of nanofluids, Re = 2600 

 

Figure Ⅳ.11, Figure Ⅳ.12, and Figure Ⅳ.13, respectively, illustrate the isotherm, 

streamlines, and entropy for the various time intervals (t = 0 to 100 s) utilizing the nanofluids 

MWCNT/water, Fe3O4-MWCNT/water, and Cu-Fe3O4-MWCNT/water at Re = 2600. 

The distribution of streamlines, isotherms, and entropic lines for various nanofluid for φ = 

0,02 and Re = 2600 is displayed in Figure Ⅳ.11, Figure Ⅳ.12, and Figure Ⅳ.13. The 

rationalizations expand downward with increasing time, as Figure Ⅳ.11, Figure Ⅳ.12, and 

Figure Ⅳ.13 illustrate. Multicellular patterns start to show up at the top and bottom of the 

wall as time goes on. as a result of the chilly surroundings. At high temperatures and speed 

gradients, the irreversibility of heat transfer and the irreversiality of nanofluid flow form the 

entropy zones. The isentropic lines show a development of concentrated entropy near three 

locations: the tube's surface, the top and bottom right corners of the enclosure, and these three 
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areas. For isentropic lines at a shorter time, no change was seen. But when the lines started to 

form on the wall's sloping surfaces and the tube, they somewhat altered the isentropic lines. 

Furthermore, Figure Ⅳ.11, Figure Ⅳ.12, and Figure Ⅳ.13 demonstrate how the windshields 

close to the entrance wall grow stronger and larger over time, moving quickly upward to 

permit strong free convection, which quickens and enhances the fluid's flow. The isotherms 

blew up as Re grew, and the flow passed past the input for higher Re values. Because of the 

thermal floatability brought on by the temperature differential between the tube/candy heat 

exchanger's input and output walls, the fluid flows through the narrow gaps in the 

complicated path. It is important to note that the flows first leave the input (flow passage) and 

proceed to the next intricately designed tiny route between the tube beam spaces. Isotherms 

replicate the chamber's overall thermal conditions, or temperature. As the fluid heats up from 

the bottom, the concentration of the isothermal lines gathers at the bottom and decreases as it 

stretches vertically towards the flow passage's output.  

As the heat spreads upward over time, It is dispersed as it ascends to an exit after being 

absorbed by the working fluid from the bottom. Convection flows are very low at the lowest 

flow regime (Re = 2600), and the entire range is occupied by uniformly distributed 

temperature lines. Thermal behavior is therefore determined by thermal conduction modes. 

The isothermal lines values progressively rise from the hot wall to the cold wall. Heat 

transport is caused by thermal diffusion in this topology, which is known as thermal 

stratification.  
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Figure (Ⅳ.11): Isothermal, Stream line, Entropy in a Shell/ Tube Heat Exchanger for this 

Nanofluid MWCNT/water  φ = 0,02, Re = 2600 
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Figure (Ⅳ.12): Isothermal, Stream line, Entropy in a Shell/ Tube Heat Exchanger for this 

Hybrid Nanofluid  Fe3O4 − MWCNT/water φ = 0,02; Re = 2600 
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Figure (Ⅳ.13): Isothermal, Streamlines, Entropy in a Shell/ Tube Heat Exchanger for this  

Hybrid Nanofluid Cu − Fe3O4 − MWCNT/water, φ = 0,02; Re = 2600 

Ⅳ.3.2.3. Reynolds Number Effect: 

A variation in the average number of Nusselts depending on the number of Reynolds for 

different nanofluids on the shell/tube heat exchanger for the three configurations studied 

above is represented in Figure Ⅳ.14.  

Figure Ⅳ.14 illustrates the effect of the Reynolds number on the average Nusselt number. As 

Re increases, the average number of Nusselt also increases for any fluid nano. It was noticed 
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that the better performance of the average Nusselt number was at higher nanoparticles (Cu, 

Fe3O4, and MWCNT). A higher volume fraction of nanoparticles produced the optimal 

entropy production outcomes in contrast to a lower volume fraction of nanoparticles (Figure 

Ⅳ.15). 
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Figure (Ⅳ.14): Variation of the average Nusselt number on the change of the Reynolds 

number Re, φ = 0,02                 

Ⅳ.3.2.4. Entropy Generation: 

The frictional entropy generation characteristics of the Shell/Tube heat exchanger with the εp 

efficiency at a Reynolds number of Re = 2600 are presented in Figure Ⅳ.15. As you can see, 

the viscous entropy generation decreases slightly by increasing the efficiency of the heat 

exchanger. When the nanoparticle increases from 1 to 3, entropy generation decreases 

slightly. But to a lesser extent than the other two cases, where the particles are less than 3 

nanoparticles, The high volume fraction of nanoparticles increases entropy generation and 

improves heat transfer performance. This is because concentration related changes in 

viscosity exacerbate the production of friction entropy and pressure decrease. Variations in 

the creation of frictional entropy and pressure drop are mostly determined by the contribution 

of the developing area. 
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Figure (Ⅳ.15): Entropy generation 𝑆𝑡𝑜𝑡 variation as a function of effectiveness of the heat                 

exchanger (εp) for Re = 2600 and φ = 0.02. 

 

Ⅳ.3.2.5. Different Tube Radius Effect: 

Figure Ⅳ.16 with Re = 2600 and φ = 0.02. As the tube radius increases, the passage width 

between the tube and the top and bottom walls decreases. Consequently, cell size decreases as 

tube radius increases.  Consequently, extending the tube revealed highly intense isothermal 

lines at the cavity's top and bottom. 

It was also shown that changes in tube radius size affected the average number of Nusselt as 

shown in Figure Ⅳ.17. The average Nusselt number increased as the radio tube size 

increased. Moreover, All radius sizes have high Nusselt numbers. 
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Figure (Ⅳ.16): Isothermal, Streamlines, Entropy in a Shell/ Tube Heat Exchanger for this  

Hybrid Nanofluid 𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑀𝑊𝐶𝑁𝑇/𝑒𝑎𝑢 and different Tube Radius, φ = 0,02, Re = 2600 
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Figure (Ⅳ.17): Variation of the average Nusselt number with changing Reynolds number Re, 

and different Tube radius R ; φ = 0,02 

Ⅳ.4.Case 2: Zigzage walled cavity 

In this chapter, a numerical study has been carried out for natural convection heat transfer in a 

zigzag-walled enclosure with a cylinder occupied by a MgO-SWCNT/water hybrid nanofluid. 

The current study uses COMSOL multi-physics software. The governing equations are 

verified using the Galerkin finite element method (GFEM). The effect of many factors is 

detailed, including Rayleigh number (104≤ Ra ≤106), nano-fluid volume percentage (0.01 ≤ φ 

≤ 0.04) and ripple number 1≤ N ≤8. Our numerical conclusions are expressed in terms of 

isotherm distributions, the Nusselt number, and the all-important rationalizations of the 

control parameters for heat convection and flow in the enclosure. The results show that Nu 

avg increases with increasing Ra and N, and the best cylinder shape is the diamond shape. 
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Ⅳ.4.1.Mesh test:  

0,0 2,0x104 4,0x104 6,0x104 8,0x104 1,0x105

2,4

2,6

2,8

3,0

3,2

3,4

N
u

 a
v
g

Element Number

 

Figure (Ⅳ.18): variation in average Nu number as a function of element number 

 

 

Mesh Element Number Average Nusselt Number 

Extra coarse 1446 2.4573 

Very coarse 4358 2.7284 

Coarse 5139 3.0215 

Normal 10634 3.3151 

Fine 53481 3.3487 

Very fine 89938 3.3542 

Table (Ⅳ.3):  Mesh comparison 
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Ⅳ.4.2.Rayleigh Number Effect: 

Figure Ⅳ.19 shows the current lines, isotherms and entropy at different Ra, N= 2, φ = 0.02. A 

primary recirculation cell revolving clockwise may be seen. As Ra increases, the vortex 

intensity increases and the current lines move closer together. The isothermal lines become 

less congested as the volume fraction of nanoparticles increases. Isothermal lines are packed 

around isothermal walls, indicating that temperature gradients are particularly substantial in 

these places. 

In order to evaluate fluid flow behavior, it (Figure Ⅳ.19) displays schematics of the water-

based MgO-SWCNT at Ra 104, 105, and 106. Heat transfer occurs at the heated surface, where 

fluid at the higher surfaces decreases and fluid at the hot surface increases. In addition, the 

streamlines' density is far from the core, and the two vortices' size and amplitude are increased 

when Ra is raised to 105. However, the number of vortices increases for Rayleigh number 106. 

In the fluid domain, there is a large clockwise vortex on the right side, two vortices: one in the 

lower right corner and one on the left side, both rather small counterclockwise vortices. shows 

how the Ra impact affects isotherms where the nanofluid volume fraction (φ = 0.02) is varied. 

For comparatively. 

Concentrated entropy creation inside the hollow and surrounding the solid cylinder is 

indicated by isentropic lines. The irreversibility of heat transmission and the irreversibility of 

the nanofluid resulting from buoyancy and shear forces cause these zones of entropy. The 

isentropic lines become less intense as Ra rises, especially in the vicinity of the solid cylinder. 

Because of the dominating shear force at the top of the wall, which increased with Ra, Only at 

Ra = 106 do isentropic lines begin to form at the top and bottom of the wall. 

The influence of φ and Ra on Nu avg is explained in Figure Ⅳ.20 as it can be understood. Nu 

average will rise with rising φ and Ra. this is due to the fact that adding nanoparticles to the 

fluid will increase both the temperature and viscosity of the nanofluid. Figure Ⅳ.20 shows 

how Ra affects the rate of heat transmission. Because of the higher buoyancy forces, it is 

evident that increasing the volume fraction of MgO and SWCNT raises Nu avg. Heat 

transmission is subsequently improved by the addition of nanoparticles, which also increase 
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the nanofluid's characteristics. Actually, increasing the MgO-SWCNT volume fractions from 

0.01 to 0.04 nearly doubles the Nu average. 

It was shown that at increasing nanoparticle volume fractions, the average Nusselt number 

performed best. the irreversibility of the heat transfer was dominant over the irreversibility of 

the nanofluid in the system. The value of Ra was shown at folds for the entire volume fraction 

of nanoparticle above is shown in Figure Ⅳ.20. 

Figure Ⅳ.20 shows how Ra affects the rate of heat transmission. Because of the higher 

buoyancy forces, it is evident that increasing the volume fraction of MgO and SWCNT raises 

Nu avg. Heat transmission is subsequently improved by the addition of nanoparticles, which 

also increase the nanofluid's characteristics. Actually, increasing the MgO-SWCNT volume 

fractions from 0.01 to 0.04 nearly doubles the Nu average. 
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Figure (Ⅳ.19): isotherms, Streamlines and Entropy evaluated by Ra number for φ = 0.02, N 

= 2. 
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Figure (Ⅳ.20): Variation of the Nuavg with the increasing Ra for different φ . 

Ⅳ.4.3. The effect of the various undulations (N): 

To investigate the impact of N oscillations (ranging from 1 to 8) on the thermal and dynamic 

properties within the enclosure, we provide the rationalisms, solid phase isotherms, and 

nanofluid phase isotherms at φ = 0.02, Ra = 105 in Figure Ⅳ.21.  

The distribution of isotherms close to corrugated walls and the geometric structure of flow 

cells are both impacted by the presence of corrugations on vertical walls, as this image 

illustrates. Fluid accelerates in these regions when current lines are applied to wave crests. 

 Furthermore, a considerable rate of heat transfer happens close to cold vertical walls because 

as the number of oscillations grows, the temperature gradient rises as well, especially in the 

upper portion of these walls. 

Figure Ⅳ.21 shows Streamline and Isotherm contours for N at Ra = 105 and at fixed values of  

φ = 0.02. Different waveforms result in different temperature distributions and flux function 

patterns inside the cavity. Increasing Ra thus contributes to both enhancement and free 

convection, improving the flux function.  For Ra = 105, as N increases from 1 to 4, while an 
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increase in (N) leads to an increase in convection flow. It was noted that the increasing 

number of waves decreases both the strength of heat and fluid flow. 

in Figure Ⅳ.22, at φ = 0.02 and N = (1, 2, 3, 4 and 8). The impact of N also improves with 

increasing Ra. Ra rises with increasing wave number, and heat transfer rises as well. (Figure 

Ⅳ.22), where we observe a direct correlation between the mean Nu and the number of ripples 

for low Ra (Ra = 104), However, at higher Ra (Ra = 106), where N = 4 is the optimal choice, 

this link breaks off. 
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Figure (Ⅳ.21):  Streamlines, isotherms and Entropy evaluated by undulations number (N) for 

Ra = 105, φ = 0.02. 
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Figure (Ⅳ.22): Variation of the Nuavg with the increasing Ra for different N. 

Ⅳ.4.4.The effect of Different Obstacles:   

The rationalizations, isotherms, and entropy created and depicted in Figure Ⅳ.23 examine the 

impact of various impediments on the flow distribution in the geometry under consideration. 

The results show that the square and rectangular obstructions appear to slow the flow by 

producing small vortices compared to the diamond obstacle, which increases heat transfer 

since it provides the largest flux function values. This cylinder is surrounded by both vortices, 

which increases the area available for the flux distribution and improves heat transfer. 

Changes in temperature also have a major impact on the increased buoyant forces that propel 

and encourage natural convection. 
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Figure (Ⅳ.23):  Streamlines, isotherms and Entropy evaluated by Different Obstacles  for Ra 

= 105, φ = 0.02. 

Figure Ⅳ.24 shows that the diamond barrier improves heat transfer efficiency by exhibiting 

greatest peak Nu average in relation to other cylinders. The diamond's geometric properties 

and the even area surrounding it make it easier for the hybrid nanofluid to disperse, This can 

influence convective transfer by amplifying and changing the average Nu number. 
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Figure (Ⅳ.24): Average Nusselt values for different Obstacles ; Ra = 105, and  φ = 0.02. 

Ⅳ.4.5.Entropy Generation: 

Figure Ⅳ.25 shows how different nanoparticle volume fractions affect the average Nusselt 

number, or the total entropy generation with Rayleigh number.  

The mean generation for all nanoparticle volume fractions rises with Ra. An increase in 

entropy generation was noted. The best overall entropy generation results were obtained with 

a bigger nanoparticle volume percentage compared to a smaller one. This is because as 

concentration rises, viscosity rises as well, causing a greater production of frictional entropy 

and pressure drop. Variations in the creation of frictional entropy and pressure drop are 

mostly determined by the contribution of the developing area. 
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Figure (Ⅳ.25): Variation of the STot with the increasing Ra for different φ. 
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Ⅳ.4. CONFIGURATION 3-D: 3D Shell / Tube Heat Exchanger 

In this section, we examine in detail the outcomes of the computational simulations carried 

out in this work. The results obtained from the numerical simulation of three-dimensional 

laminar mixed convection in a shell/tube heat exchanger filled with Tri hybrid nanofluid Ag-

Fe3O4-MWCNT/water have been presented and discussed in more detail. The results were 

given in terms of streamlines, isotherms and entropy, as well as the average Nusselt number 

Given the two primary variables, the volume fraction and the Reynolds number, to examine 

the convective heat transfer in the laminar regime, to study the relationship between the heat 

transfer efficiency by the volume fraction of the hybrid nanofluid with a value between 0.02 

and 0.04 and the heat transfer efficiency by Reynolds number change in the range 10 and 100, 

and to evaluate the presence of nanoparticles in heat exchangers and study their efficiency. 

Ⅳ.4. 1.Mesh test : 
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Figure (Ⅳ.26): variation in average Nu number as a function of element number  

Mesh Element Number Average Nusselt Number 

Extra coarse 15349 15,43 

Coarser 37491 19,71 

Coarse 52983 21,42 
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Normal 149074 22,349 

Fine 275631 22,67 

Finer 431892 22,83 

Table (Ⅳ.4): Mesh comparison 

Ⅳ.4. 2. The impact of the volume fraction of nanofluid:  

The use of a tri hybrid nanofluid Ag-Fe3O4-MWCNT/water in a heat exchanger was 

considered in order to examine the impact of tri hybrid nanofluid on flux natural convection 

and heat transfer. Numerous studies have discussed the effect of additional nanoparticles in 

detail, and almost all have concluded that a high the concentration of nanoparticles increases 

the host's heat conductivity [168-172]. 

The simulation of three-dimensional flux and heat transfer of nanofluids occurs within the 

range of 10 to 100 Reynolds numbers, while the volume fractions of nanoparticles, denoted as 

φ, range from 2% to 4%.  

The mean number of Nu appears to rise with the volume fraction at Re = 100 (Figure Ⅳ.27), 

when natural convection predominates. The presence of nanoparticles, both Ag, Fe3O4 and 

MWCNT, increases with increasing concentrations of tri hybrid nanofluide. These 

nanoparticles have better thermo-physical properties than the classic fluids, as shown in Table 

III.2, especially their thermal conductivity. Noteworthy is the fact that these characteristics 

raise the surface area of the nanoparticles and enhance the thermal conductivity of the tri 

hybrid nanofluid. As a result, Nu average is correlated with the volume fraction and presence 

of tri hybrid nanofluid, demonstrating the relationship between the volume fraction and the 

mean number of Nusselt in the heat exchanger for a range of values. We can observe that the 

values of as the volume fraction increases, so does the average Nusselt number. It’s also 

increases with the increase of the particles we note that when adding Fe3O4 and MWCNT to 

nanofluid Ag /water. 

By providing the solid particle concentration and aspect ratio in a tri hybrid nanofluid, one 

can ascertain the fluid's physical characteristics and the unique scale of the channel. 
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Figure (Ⅳ.27): Variation of the average Nusselt number as a function of volume fraction φ 

(℅); Re = 100 

 

Figure Ⅳ.28 illustrates how heat transfer properties, isotherms, and current lines are affected 

by the tri hybrid concentration of nanoparticules. With a small shift in the value of the 

observed flux function, it is demonstrated that increasing there is no effect from the volume 

proportion of nanoparticles. On the streamlines and isotherms. Increasing the volume fraction 

results in improved heat transfer qualities, however, it also raises the formation of entropy, 

which lowers the rate of heat transmission and decrements flow function values. The goal of 

the presence of nanofluid is to promote convection, but as their concentration rises, so does 

the development of entropy. As a result, when raising φ, balance needs to be considered.  
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Figure (Ⅳ.28): Three-dimensional surface plot to show the effect of volume fraction on 

Isotherms and Streamline and Entropy. 

Ⅳ.4. 3. Reynolds number effect: 

 

We studied the effects of Reynolds number on streamlines, isotherms and entropy production. 

The results of this review are presented in Figure Ⅳ.31. In such structures, the flow force 

inside the cavity occurs due to the thermal push brought on by the shell/tube heat exchanger's 

temperature gradient between the inlet and output walls. 

For 2% of the tri hybrid nanofluid, Figure Ⅳ.29 shows how the number of Re affects the 

current lines. The findings show that the flow functions grow linearly as Re increases. Figure 

Ⅳ.29 illustrates how the vortices around the cylinder get bigger and stronger as the number of 

Re increases. This greatly increases the ability to take advantage of free convection, which 

quickens and increases flow velocity. Consequently, buoyancy forces are able to mount the tri 

hybrid nanofluid and concentrate the flow as a result of the tri hybrid nanofluid heating and 

becoming less dense. Heat transfer is consequently a trend in Reynolds number since a higher 

number indicates better heat transport. 

Figure Ⅳ.29 illustrates the flow behavior and thermal aspects in the schematic chamber for 

the Reynolds number (Re) across the current lines and isotherms (T) of the tri hybrid 

nanofluid Ag-Fe3O4-MWCNT/water, respectively. The new shape on the father side for 
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higher Re values was aided by the flows for lower flows starting to travel closer to the 

entrance and deeper into the chamber. Within the chamber, isotherms replicate the 

temperature. The heat concentration is most noticeable at the bottom, where it is heated from 

below, and it diminishes as it rises vertically to an outlet. The isotherm acts as a perfect 

duplicate of the thermal stresses inside the chamber. The image shows how the vortices are 

created in the hollow and how they congregate in the left corner as Re increases. As the 

Reynolds number rises, the heat transfer increases along the channel's whole length, although, 

as the figures illustrate, the increase is greater for the channel's area than for the cavity. 

When heated from below, heat builds up at the bottom and releases as it rises to an outlet. The 

isotherms were blown towards the edge due to Reynolds number affects as the flow goes 

through the entrance for the higher Re values. The rate of heat transfer by the number of 

Nusselt (Nu) in Figure Ⅳ.33 was used to quantify the number of Nusselt tracked for Re and 

Ri. For larger concentrations of Re and Ri, the Ag-Fe3O4-MWCNT/water tri hybrid nanofluid  

enhanced heat transmission efficiency results in increased flow and convection rate, 

respectively. 

The effects of Reynolds number (Re), fractional volume (φ), and Richardson number (Ri) on 

the rate of heat transfer are displayed in Figure Ⅳ.30 and Figure Ⅳ.31 of the document. The 

tri hybrid nanofluid Ag-Fe3O4-MWCNT/water thermal transfer efficiency increased with 

particle fraction; however, with higher Reynolds numbers (Re), the heat transfer rate is 

subject to variation based on the Richardson number (Ri). The Reynolds number, which 

shows how the flow rate improves as Re increases, has a major impact on improving heat 

transmission. 
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Figure (Ⅳ.29): Three-dimensional surface plot to show the effect of Reynolds number on 

Isotherms and Streamline and Entropy. 
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Figure (Ⅳ.30): Variation of average Nusselt number versus Reynolds Re number with 

different volume fraction (Tri Hybrid Nanofluid  Ag − Fe3O4 − MWCNT/water ) 

 

 

 



CHAPTER Ⅳ: RESULTS AND DISCUSSION 

  

 
102 

 

Ⅳ.4. 4. The effect of Richardson’s number: 

 Figure (Ⅳ.31) and Figure (Ⅳ.32) represent variation of Nusselt average on function of 

Richardson number with different Renolds number , We noticed that as the Richardson 

number increases , Nusselt average increases. 
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Figure (Ⅳ.31): Variation of the average Nusselt number as a function of volume fraction 

Richardson number Ri with different Reynolds number (Tri Hybrid Nanofluid 𝐴𝑔 − 𝐹𝑒3𝑂4 −

𝑀𝑊𝐶𝑁𝑇/𝑤𝑎𝑡𝑒𝑟 ) φ = 2% 
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Figure (Ⅳ.32): Variation of the Nusselt number as a function of Richardson number Ri with 

different nanofluids  φ = 2% 

 

Removal aim this endeavour is to examine the convective mixed facets of Ag-Fe3O4-

MWCNT/water tri hybrid nanofluid. The Richardson number (Ri) plays a vital part in the 

manipulation of the convection characteristics of the flux. Isothermal curves and variations 

(T) for the Richardson number (Ri) have been shown in Figure Ⅳ.32, the currents in the 

chamber reach two contours, one dominating the other to propagate wider and narrowing the 

outer contour, This could be due to crucial changes in buoyancy across (Ri) in the tri hybrid 

nanofluid Ag-Fe3O4-MWCNT/water. These coiled flows tend to sweep the chamber 

temperature which is evident through the spiral isotherms at the furthest end of the chamber. 

Initially, for lower Ri values, the isotherms were raised vertically towards the outlet. 
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Figure (Ⅳ.33): Three-dimensional surface plot to show the effect of Richardson number on 

Isothermal and Streamline and Entropy. 

Ⅳ.4. 5. The entropy effect:  

Figure Ⅳ.34 represents Entropy variation S as a function of heat exchanger efficiency ℰ𝑝 (Tri 

Hybrid Nanofluid Ag-Fe3O4-MWCNT/water) Re =100, φ = 0.02. 

It is noted that with the increase in heat exchanger efficiency ℰ𝑝 entropy decreases, and 

Figure Ⅳ.28 shows that the Entropy is produced in proportion to an increase in their 

concentration. As a result, when raising φ, balance needs to be taken into account. 
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Figure (Ⅳ.34): S entropy variation as a function of heat exchanger efficiency ℰ𝑝 (Tri Hybrid 

Nanofluid  Ag − Fe3O4 − MWCNT/water) Re =100, φ = 0.02. 

Ⅳ.5. Conclusion: 

In this chapter, a 2-D and 3-D numerical study of heat transfer by forced and natural 

convection of a heat exchanger filled with different hybrid nanofluid (Ag,Cu, Fe3O4, MgO, 

Al2O3, MWCNT, and SWCNT) base fluid waterwith different volume fractions was 

performed   0.01 ≤ φ ≤.0.04 A thorough analysis was performed in which the equations of 

mass, motion, energy conservation, and entropy generation were solved using the COMSOL 

Multiphysics calculation code.  

The effects of Reynolds number, The effects of Rayleigh number, The effects of Richardson 

number, volume fraction of nanoparticles and nanofluid type on fluid flow, thermal 

performance and entropy generation are studied in detail. The results lead to the following 

conclusions: 
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 We notice that the heat transfer rate increases with the increase of the solid volume 

fraction of the nanoparticles and the increase of the Reynolds number.   

 Entropy generation increases with increasing Reynolds number and decreases with 

increasing values of the volume fraction of the nanofluids    

 The nano fluide volume fraction increases the mean Nusselt number and increases the 

overall rate of entropy generation. 

 Increased tube radius promotes increased heat transfer
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GENERAL CONCLUSION 

The present thesis work consists of a numerical characterization of the dynamic and thermal 

flow by natural, forced convection of a nanofluid immersed in a shell/tube heat exchanger. 

The numerical simulation is implemented using the COMSOL Multiphysics finite element 

code. 

To compute the flow and temperature fields, the Nusselt number, and the entropy production, 

a COMSOL Multiphysics algorithm has been built. In-depth research is done on the effects of 

Rayleigh and Reynolds numbers, the nanofluid type and volume percentage, the various tube 

radius effects, the average Nusselt number, and entropy generation.  

In the first part, we studied the turbulent flow of nanofluid hybrid water- (Al2O3/MWCNT) in 

a 2D shell/tube heat exchanger. The results of the numerical simulation allowed us to make 

several observations on the effects of the presence of nanoparticles in the base fluid. The main 

results are summarized as follows:  

 As fluid velocity increases, so does the heat transmission (function of Re). 

 As the concentration of nanoparticles increases, so does the heat transfer. At a 

particle concentration of 2%, the heat transfer enhancement increases to 103.07% in 

comparison to the circular tubes. 

 When it comes to heat transfer, the diamond-shaped tube outperforms all other tube 

shapes.  

 Out of all the shapes, the diamond tube shape shows the greatest decreases in 

entropy, which enhances heat exchanger performance. 

In the second part, we studied the turbulent flow of different  hybrid nanofluids (Cu, Fe3O4, 

and MWCNT) - water in 2D shell/tube heat exchanger flow. The results of the numerical 

simulation allowed us to make several observations on the effects of the presence of 

nanoparticles in the base fluid. The main results are summarized as follows:  

 Convective thermal energy is increasing with the rise Re, φ higher Reynolds number 

values improve fluid flow, temperature distribution, and heat transfer and minimize 

the contribution of heat transfer to total entropy production. 
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 Heat transport is facilitated by an increase in volume fraction φ, but entropy 

production is also increased by an increase in their concentration. As a result, when 

raising φ, balance needs to be taken into account. 

 The increase of nanoparticles promotes an increase in heat transfer; Cu-Fe3O4-

MWCNT/water is the best nanofluid. 

 An increased tube radius promotes increased heat transfer. 

In the third part, we studied the laminaire flow of hybrid nanofluid (MgO/SWCNT)-water in a 

2D zigzag cavity. The results of the numerical simulation allowed us to make several 

observations on the effects of the presence of nanoparticles in the base fluid. The main results 

are summarized as follows:  

 Nanofluid flow circulation intensity increases with amplitude or number of ripples. 

 In convection modulation, the Rayleigh number and the volume percentage of 

nanoparticles are important parameters. 

 Using diamond obstacles can increase thermal transmission. 

 The nanofluid volume fraction increases the mean Nusselt number and increases the 

overall rate of entropy generation.  

In the fourth part, we studied the laminaire flow of   hybrid nanofluid (Ag-Fe3O4- MWCNT / 

water) in 3D shell/tube heat exchanger. The results of the numerical simulation allowed us to 

make several observations on the effects of the presence of nanoparticles in the base fluid. 

The main results are summarized as follows: 

 Convective thermal energy is enhanced with rising Re, Ri, and φ. 

 It has been observed that whenever a high volume of nanoparticle fractions is 

associated with a high Reynolds number, maximum improvements in heat transfer 

occur. 

 Higher Reynolds number values improve fluid flow, temperature distribution, and heat 

transfer and minimize the contribution of heat transfer to total entropy production.  

 The increase in volume fraction φ promotes an increase in heat transfer, however the 

increase in their concentration also boosts entropy production. As a result, when 

raising φ, balance needs to be taken into account. 
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