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Abstract

In this paper, we investigate the existence of weak solutions for various types of fractional dif-
ferential problems. The study begins by applying fixed point theory to establish the existence
and uniqueness of solution for nonlinear fractional elliptic problem. Then, we study the non-
linear fractional elliptic system. In the final part, we present nonlinear elliptic system in both
resonance and non-resonance cases, employing the Leray—Schauder topological degree theory
to prove the existence of solutions for such system.
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Titre: Sur la résolution des problémes elliptiques fractionnaires non linéaires

Résumé

Dans cet article, nous étudions I'existence de solutions faibles pour divers types de problemes
différentiels fractionnaires. L’étude commence par ’application de la théorie du point fixe pour
établir I'existence et I'unicité de la solution d’un probleme elliptique fractionnaire non linéaire.
Nous étudions ensuite le systeéme elliptique fractionnaire non linéaire. Dans la derniere partie,
nous présentons un systeme elliptique non linéaire dans les cas de résonance et de non-résonance,
en utilisant la théorie du degré topologique de Leray-Schauder pour prouver 'existence de
solutions pour un tel systeme.
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Systemes elliptiques, solution faible, degré topologique, homotopie, Laplacien fractionnaire,
valeurs propres.
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Notations

o — designates the strong convergence.

o — indicates the weak convergence.

« < indicates the continuous embedding.

« V stands for the gradient operator.

e div is the divergence operator.

o A?® is the fractional Laplace operator of order s.

o sp denotes the spectrum of an operator.

o N the set of positive integers, that is N = {0,1,2,---}.
o R the set of real numbers.

o R™ is the real space of dimension n.

o Q< R” open set in R™.

« Q and 09 denote respectively the closure and the boundary of domain €.
e < .,.> denotes the scalar product.

o C™(Q) space of m times continuously differentiable functions on Q, m € N.



Cr(Q) the space of C*(2) functions with compact support in .
LP(Q2) Lebesgue space with norm | - ||,

Lp

loc

(Q) the space of local p-integrable functions on §2.
W™P(Q) Sobolev space with norm | - ||, -

WP (Q) the local Sobolev space.

Wy"P(Q) is the closure of C°(2) in W™P(Q).

W= (Q) is the dual of WhP(€Q).

H™(Q) = Wm™2(Q).

W#P(Q) fractional Sobolev space with norm || - |,.

W5 P(€2) denote the closure of Ci°(£2) in the norm ||.||ys»(q)-
W2 (R") = HY(R"), Wy (R") = H3(R").

U = WyP() x Wy?(Q) endowed with the norm
Il = 1 + 60100y

V = LP(Q) x LP(Q).
D*%(Q) = {u € H*(R"), such that u = 0 in R"\Q}.

~

U = D**(Q) x D**(2), with the norm, that we will denote by ||.||v

%5,2(9) + v %512(9)

1, )1 = Nl



V = L%(Q) x L*(Q).

B(0, R) open ball centered at the point 0 with the radius R.
0B(0, R) sphere centered at the point 0 with the radius R.
I is the usual Gamma function.

P.V. is an abbreviation for “in the principal value sense”.
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Introduction

Fractional differential equations have attracted increasing attention in recent years due to

their ability to model nonlocal phenomena and memory effects that naturally arise in many
scientific and engineering contexts. For details, see [25], [50]. In particular, nonlinear fractional
elliptic problems play a crucial role in describing the steady state behavior of complex systems
influenced by nonlocal interactions we refer the readers to [4], [41].
Fractional calculus is a natural generalization of classical calculus, extending the concept of
differentiation and integration to non-integer (arbitrary) orders. The origins of this idea can
be traced back to 1695, when Gottfried Wilhelm Leibniz posed the question of how to define a
derivative of fractional order an idea that laid the conceptual foundation for what would later
become known as fractional calculus.[37]

Over the years, numerous definitions of fractional derivatives have been proposed. Among the
most commonly used and practically significant are the Riemann—Liouville and Caputo defini-
tions, each offering distinct advantages depending on the nature of the problem being studied
[47]. In the past two decades, the application of fractional derivatives to model physical phe-
nomena has grown rapidly, driven by their ability to capture memory dependent dynamics,
nonlocal interactions, and anomalous diffusion in a wide range of disciplines [46].

This development has led to the formulation of fractional partial differential equations (PDEs),
especially of the elliptic type, which generalize classical elliptic models by incorporating oper-
ators of fractional order.

A key operator in this context is the fractional Laplacian, which extends the classical Laplace
operator to a nonlocal framework. It plays a central role in modeling nonlocal diffusion and
has found applications in diverse fields such as mathematical physics, probability theory, and
image processing. Although several definitions exist for the fractional Laplacian, one of the
most widely used is given by the singular integral:

(~A)*u(z) == C(n, s) lim u(z) —uly)

dy VzreR".
e=0% Jrm\B(z.¢) |z — gyl +2s

To tackle nonlinear fractional elliptic problems, various analytical techniques have been de-
veloped, including fixed point theorems, semigroup theory, sub-supersolution methods, and
topological degree theory. Among these, topological degree methods particularly those de-
veloped by Brouwer and Leray—Schauder have proven to be exceptionally powerful. These
methods are especially valuable for studying nonlinear partial differential equations, as they

1



INTRODUCTION 2

provide conditions under which solutions exist, even in infinite dimensional settings.

The Leray—Schauder degree, in particular, generalizes classical degree theory to Banach spaces,
enabling the treatment of compact mappings in infinite dimensions. Its fundamental properties
such as homotopy invariance and additivity make it a versatile tool in the study of nonlinear
problems [3],[10], [13],[24].

The aim of this thesis is to investigate the existence and uniqueness of solutions to non-
linear fractional elliptic problem and systems involving the fractional Laplacian operator. The
analysis relies on topological methods, with particular emphasis on fixed point theory and de-
gree theory, including the Leray—Schauder degrees. Additionally, the thesis explores systems
under resonance and nonresonance conditions, and provides a priori estimates for the corre-
sponding solutions.

The thesis is structured into four main chapters:

o In chapter 1, we introduces the necessary mathematical preliminaries, including functional
spaces, the fractional Laplacian operator, and topological degree theory.

o Chapter 2 focuses on a nonlinear fractional elliptic problem, we examine the existence of
weak solution to problem . To establish the existence result, we employ fixed point
theory.

{(—A)su(x) = f(z,u(z))  ing, (1)

u=0 in R™\Q,

o Chapter 3 extends the analysis to system of nonlinear fractional elliptic equations, we use
fixed point theory to establish the existence of weak solution for system .

-

(=A)u(z) = f(z,u(z),v(z)) n Q

2 (=AYu(z) = g(x,u(x),v(x)) in Q, (2)

u=v=0 on R™M{,

where 2 < R" is a bounded open set with Lipschitz boundary, s €]0,1[ and f,g :
2 xR xR — R are two continuous functions satisfying the Caratheodory conditions
and also verifying the growth restriction. As far as this result is new and represent frac-
tional version of the classical theorem see [21].
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o Chapter 4 presents an application of the Leray-Schauder degree theorem to demonstrate
the existence of weak solutions for the nonlinear fractional elliptic systems at resonance
and nonresonance of the type .

((—A)u(z) = f(z,u(z),v(@)) + Ai(z) in Q,

1 (=8)0(x) = g(z, u(z),v(@)) + folr) n €, (3)

u=v=0 on R™Q,

with s € (0,1) on a bounded domain @ < R", n > 2, f and g are continuous functions.
see [30].



Chapter 1

Preliminaries

This chapter is divided into three sections. First, we review several general results from
functional analysis that have been utilized throughout this thesis. In the second section, we
introduce the topological degree method. Finally, we define and distinguish between the phe-
nomena of resonance and non-resonance.

For more detailed discussions, the reader is referred to the relevant literature, e.g., [1f,[3],(7],[20],
[24],]27].

1.1 Functional spaces

Here we define the essential notions on functional spaces, LP spaces, Sobolev spaces,fractional
sobolev spaces and Fractional Laplacians operator.

Let 2 be an open subset of R”, n > 1, we note

C(Q) ={f:Q— R, [ continuous} ,

and

C™(2) The space of functions m times continuously differentiable on €2,

where

C*°(Q) = A C™(Q).

meN
C(Q)={f e C(); f(x) =0, Ve Q\K, where K is compact},

and D(Q2) the space of functions C* on € with compact support in € (also called the space of
test functions).
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1.1.1 The L?(Q2) spaces

Let 1 < p < oo and 2 be an open subset in R”. We define the standard Lebesgue space LP(2) by

LP(Q)) = {f : Q — R : fis measurable and {,|f(z)[Pdz < o0 } ,

with the norm

D=

1£llee = 1fllp = (ol f(@)[Pdz)>,

if p = oo, we define

L*(Q) = {f : Q > R : f is measurable and there is a constant C' s.t |f(x)| < C a.e. on Q}

s.t= such that.
with the norm

I fllee = Inf{C;|f(z)| < C a.e. on Q}.

Remark 1.1.1. In particularly, when p = 2, L*(Q) is a Hilbert space for the inner product

(f,9) = §o f(z)g(x)d.
Recall that L3, .(2) denotes the set of locally integrable functions on 2, i.e.

p
Lloc

= {f : Q — R measurable such that : YKcompact < Q, §,.|f(x)Pde < oo}.

In particular

LP(Q) & Lie (D).

Proposition 1.1.1. .9/
1. for 1 < p <o, (LP(Q),||.]l,) is a Banach space.
2. for 1 <p < oo, (LP(Q), ||.|l,) is a separable space.

3. for 1 <p < oo, (LP(Q),||-|l,) is a reflexive space.

Notation: Let 1 < p < o0; we denote by p' the conjugate exponent,
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Some useful inequalities

In this part, we give some inequalities which will be used in the subsequent chapters.

Theorem 1.1.1. (Hélder’s inequality). 7] Assume that f € LP() and g € LPI(Q) with
1<p<o. Then

fge LY(Q) and || fglly < I fll,llgll, -

Theorem 1.1.2. (Minkowski inequality). |7/ Let f,g € LP(Q2) and p = 1, then

f+gelr(€) and |[f + gll, < [[fllp + llgllp -

Some results about integration and duality

Theorem 1.1.3. (Dominated convergence of lebesgue). |/
Let (f,) be a sequence of functions in L*(2) that satisfy

1. fu(x) = f(z) a.e. on $,

2. there is a function g € L*(Q2) such that for alln > 1, |f.(x)] < g(z) a.e. on Q.

Then fe LY Q) and || f, — f|l1 — 0.

Lemma 1.1.1. [7] Let (f,,) be a sequence in LP(Y) and f € L*(Q2) such that || f,, — f||, — 0.
Then, there ezist a subsequence (fy,) and a function h € LP(2) such that

1. fo.(x) = f(x) a.e. onQ,

2. | fu. (@)| < h(z) Yk, a.e. on .

Theorem 1.1.4. (Riesz representation theorem). |7/
Let1 < p < o and let p € (LP(Q)). Then there exists a unique function u € LP (Q) such that

lo, [y =Squfde,Vfe LP(Q).
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Moreover,

lully = ¢l gy

Definition 1.1.1. (Weak derivative). [29] Assume that f€ L}, () and let o« € N" be a

loc

multi-index. Then g € L}, .(Q) is the ath weak partial derivative of f, written D*f = g, if

§o fDYpdx = (=1)l1 §, gpda,

for every test function ¢ € C(Q).

Warning: if such a g exists, it is unique, however it doesn’t always exist.

1.1.2 Sobolev spaces

A Sobolev space is a vector space of functions endowed with a norm that combines the L” norms
of a function and its derivatives up to a specified order. Sobolev spaces form the foundation of
the theory of weak (or variational) formulations of partial differential equations.

The concept of Sobolev space is introduced by the Russian mathematician Sergei Sobolev in
the 1930s.

Let €2 be an open set of R" we define a functional ||.|,,, ,, where m is a nonnegative in-
teger and 1 < p < o0, as follows;

p
1o ={ 3 10712}, i1 <p <o

0<|a|<m

Hf”moo = max [|[Dfl«;

0<|al<m
for any functions f that gives meaning to this writing.

We define the space W™P(Q2) as being the space of measurable functions f € LP(§2) such
that the derivative in the weak sense D*f (0 < |a| < m) belongs to LP(Q2) and the space
WP () is the closure of C°(Q2) in W™P(Q).

We associate the space WP (€2) with the norm ||. ||, then have the following proposition

Proposition 1.1.2. . (9] Let Q be an open subset of R™;
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1. For1 < p< oo, W™P(Q) is a Banach space.

2. For 1 <p <o, W™P(Q) is a separable space.
3. For 1 <p <o, W™P(Q) is a reflexive space.
Remark 1.1.2. If p = 2, we usually write

H™(Q) = W2(Q), Hy' () = W5 ().

Theorem 1.1.5. . [27] Let us assume that ) is an open subset of R" (n > 1), me N, 1 < p < o

and p* = P .Then
n—p
1 m m . 1 1 m
1. If = — — >0, we have W;"*(Q) — L), with q € [p,p*],- — — = —
p n p p* n

1
2. [f; - % =0, we have Wg"?(Q2) — L%(Q), Vg € [p, +oo[.

1
3. [f;? — % < 0, we have Wy'P(2) < L*().

Remark 1.1.3. The space W'P(Q) is equipped with the norm

I fllwrey=[1fllLo@+ IV fll 2o -

Definition 1.1.2. . [16] Let u: Q — R be a measurable function with real value.
We can consider the map

A:QOxR->R
u(z) — f(u)(z);
Where A(u) is a function with real value defined on 2 by :

Alu)(x) = f(z,u(z)),

such a map is called the Nemitski operator associated to f.

Theorem 1.1.6. ./3] Let ., 5 = 1. Suppose that f: Q x R — R satisfies
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1. f(x,t) is a measurable with respect to x € Q for all t € R and continues with respect t € R
for a.e. x €.

2. There exists g € L’(Q) and a > 0 such that

f(z,u)| < g(2) + alul?, V(z,t) e QxR , (a, B = 1).

then the Nemytskii operator A is continuous and compact from L*(Q) to LP(L).

Remark 1.1.4. Condition is called the Caratheodory condition and a function f(x,t) sat-
isfying is called a Caratheodory function.

1.1.3 Fractional Sobolev spaces

Fractional Sobolev spaces have long been a classical subject in functional and harmonic anal-
ysis, and are thoroughly addressed in several comprehensive references, such as [31]. In recent
years, these spaces and their associated nonlocal equations have found remarkable applications
across a wide range of disciplines. Notable examples include the thin obstacle problem [33],
optimization [17], mathematical finance |L1], elliptic problems involving measure data [26], and
gradient potential theory [34], among others.

Let Q be an open set in R™. For any real s > 0 and for any p € [1,00) we define the
fractional Sobolev space W*P(Q). In the literature, fractional Sobolev-type spaces are also
referred to as Aronszajn, Gagliardo, or Slobodeckij spaces, named after the researchers who
introduced them independently and nearly simultaneously (see [6], [19], [43]).

We begin by fixing a fractional exponent s € (0,1). For any p € [1, ), the space W*P(Q) is
defined as follows:

WeP = {u e LP(Q) : Jutz) = uw)l LP(Q x Q)}; (1.1)

|z — y|v "

i.e., an intermediary Banach space between L?(Q) and W'?(Q), endowed with the natural norm

1
[ullwr@) = (lullog) + [ul,)7,

where the term

1

([ [ ) Y
[l = ( | | et dy> ,
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is the so-called Gagliardo (semi) norm of u.

Remark 1.1.5. The definition in can not be plainly extended to the case s = 1. Suppose
that € is a connected open set in R™, then any measurable function u : Q0 — R such that

dxdy < +o0,

J |u(z) — u(y)]”

o lv—ylmter

is actually constant (see |§], Proposition 2). This fact is a matter of scaling and it is strictly
related to the following result that holds for any w in W*P(Q) :

S =

lim (s — 1)

s—1—

_ p
f Ju@) = w)” ) 0 = ¢ f VulPdr,
Q Q

o lz—y[mr

for a suitable positive constant C depending only on n and p.

When s > 1 and it is not an integer we write s = m + o, where m is an integer and
oge (0,1).
In this case the space W*P(Q2) consists of those equivalence classes of functions v € W™P()
whose distributional derivatives D%u, with |a| = m, belong to W7P(£2), namely

WeP(Q) = {ue W™P(Q) : D e WP(Q) for any |a| = o},

and this is a Banach space with respect to the norm

1
P
[ullwer@) = <||U||€Vm,p(§z) + Z||Dau||%/w(9)> :

lal

Clearly, if s = m is an integer, the space W*P(2) coincides with the Sobolev space WP (Q).

Theorem 1.1.7. [1j] For any s > 0, the space C$(R"™) of smooth functions with compact
support is dense in W*P(R™).

Let W;?(€2) denote the closure of Ci°(Q2) in the norm ||.|lyys» ). Note that, in view of
Theorem [1.1.7], we have

Wo(R") = W=P(R"),
but in general, for Q < R™, W*P(Q) # W5P(Q2), i.e. CF(Q) is not dense in WP(Q).
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Remark 1.1.6. For s <0 andp € (1,00), we can define W*P?(Q) as the dual space of W—*7(2)
where 1/p + 1/q = 1. Notice that, in this case, the space W*P(Q) is a actually a space of dis-
tributions on S, since it is the dual of a space having C°(2) as density subset.

Proposition 1.1.3. [129] Let Q be an open set of R™ and s € (0,1), then
1. For 1 <p< oo, W*P(Q) is Banach space.
2. For 1 < p < oo, W*P(Q) is a separable space.
3. For 1 <p <o, W*P(Q) is a reflexive space.

Corollary 1.1.1. [12] Let s € (0,1) and let p €]1,00[. Let Q2 be a Lipschitz open set of R™.
Then we have :

1. If sp < n, then W*P(Q2) — L%(Q) for every ¢ < np/(n — sp).
2. If n = sp, then W*P(Q) — L%(Q) for every q < 0.

3. If sp > n, then W*P(Q) — L® and more precisely,

WP (Q) < COs—1/p(Q).

Theorem 1.1.8. (Compact embeddings). [12] Let Q2 be a bounded Lipschitz open subset of
R™. Let s€ [0,1], let p > 1, and let n = 1. Then we have:

1. If sp < n, then the embedding of W*P(2) into L* is compact for every k < np/(n — sp).
2. If sp = n, then the embedding of W*P(Q) into L9 is compact for every q < co.

3. If sp > n, then the embedding of W*P(Q) into C,?’)‘(Q) is compact for A < s —n/p.
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1.1.4 Fractional Laplacian operator

Before giving the definition of fractional laplaction operator we will first giving the definition

of gamma function and the Fractional Sobolev spaces H*.

Gamma Function
Definition 1.1.3. The function z — I'(z), Rez > 0, defined by
[(z) =§; t*texp tdt, Rez > 0.
is called the Gamma function.

Properties of Gamma function

Here the most important properties of the Gamma functions:

2.T(n)=(n—-1), neN.
3. T'(z4+ 1) =2I'(z), zeRt.

Now we will give the definition of the fractional laplacian operator.

Definition 1.1.4. Let s € (0,1) and for any u e S(R™),

(—A)°u(x) := C(n,s) lim u(x) — uly) dy YreR",

e—0* R7™\B(z,e) ||ZE - y||n+2s
Where

s4*I'(s + %)

C(n,s) = ET(=s)

Remark 1.1.7. C(n,s) is following two identities:

1. lim (=A)°u = u and lim (=A)’u = —Au

s—07t s—1—

2. Moreover
C(n,s) ~s(1—s),as,s > 0"and s— 1~

(1.2)

(1.3)

(1.4)



1.1. FUNCTIONAL SPACES 13

For more details on the asymptotic behavior of C(n,s), the interested reader is referred to

[[14],Section4] (see also [[35],Sectionl.3.1]).

We recall that by definition:

P.V.J ulw) = uly) b gy u(x) —uly)

o[l =yl =0 Jrn\B(a,e) 1€ — yll" 2

P.V. stands for the "Cauchy principal value". Since then, we can write

(—A)*u(x) := C(n, S)P.VJ Mdy VzeR" (1.5)

re [l =yl

The following theorem (see for instance[[44], Theorem1]) shows that we can do without using
the "Cauchy principal value" in (1.5)) if s(0, 3).

)2

Theorem 1.1.9. Let ue S(R™) and x € R™. The integral

) ~ ()
e e

is absolutely convergent if and only if s € (0, %)
So we have

(—AYulz) = Cn,5) f,, 2D =)y

R Hx _ yHn+2s
for s €(0,3)

We symbolize the space Hi(Q2) by D**(Q2) where D*?(Q) = C’go(Q)H”HS (D*2(9Q) is the
completion of CP(€2) compared to the H*(€2) norm), if 2 is a bounded Lipschitz open set (see
116]), then

D*? = {u e H*(R") such that u = 0 in R"\Q},
such that
R = fue L2®) : MO =Wl ¢ poga, gy,
[z —y|? +s

thus D*2(2) is a Hilbert space with respect to the scalar product

<U,U> _ C(n, S)Jf (u(‘r) — ri(y))(v(x) — U(y))dydx

_ y’n+2s
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The norm in D%2(0) is

1
2

Ju() - u(y>rzdydx] |

|z —y[re

[l p2(€2) = [
Proposition 1.1.4. [42] Let s € (0,1) and Q be a bounded Lipschitzian subset of R" such that

n > 2s. Let u : 2 > R be a measurable function compactly supported. Then, there exists a
positive constant cemp > 0 (embedding constant) depending on n and s such that

||u||L2(Q) < Cemb”u| Ds2(Q)-

1.2 Topological degree

In this section, we present the concept of the topological degree, a fundamental tool for ad-
dressing nonlinear elliptic problems. Originally introduced by L. Brouwer in the context of
finite-dimensional spaces, the theory was later extended to infinite-dimensional settings by J.
Leray and J. Schauder (see [20] and [32]).

We begin by discussing the existence and uniqueness of the topological degree in finite
dimensional spaces.

1.2.1 The Brouwer degree and its properties

Let 2 be an open subset of R", n > 1 (or a bounded open of a banach space E). Let
fedC (Q,R”) and y € R™. The application call topological degree show the existence of
solutions of the equation f(x) = y such that z € Q.

Definition 1.2.1. . [32] Let Q be a bounded open subset of R™ and f : Q@ — R", f €
CHQ) N C(Q), xg € Q is called regular point if Jp(zo) # 0 (or Ji(xo) = detDf(zy) with

Df(xg) = (Sﬁ;)i,j(fﬁo)), Otherwise, xq is called critical point or singular point.

Let us designate by :

Sr(Q) = {xg e Q: Jy(zg) = 0},

the set of singular points of f on €.
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Definition 1.2.2. . (Regular case) [32] Let Q = R™ be a bounded open and f € C1(Q) n C(Q)
a defined function of Q with value in R™, for y ¢ f(02) a regular value, we define the degree of
f at the point y by

deg(f,y) = >, sen(det Dyf ()

f(@i)=y;i=1n

Definition 1.2.3. . [20/ Let N > 1. We note by A the set of triplets (f,y) Where Q is an
open bounded of RN, f e C(Q,RY) and y € RN such that y ¢ {f(z);x € 0Q}.

Theorem 1.2.1. (Brouwer, 1933) . [20] Let N > 1 and A given by the definition (1.2.3).
Then there exists an application d of A in Z called "topological degree’, verifying the following
three properties:

(P1) Normalization: d(1Q,y)=1 if y € Q.

(P2) Degree of an union: d(f,Q,y) = d(f,Q,y) +d(f,Q2,y) if ©1uQcQ, QN Q=
and y ¢ {f(x),z € Q\Q U Qu}.

(P3) Homotopy invariance: Ifh e C([0.1]xQ,RN), y € C([0,1],RY) and y(t) ¢ {h(t,z),x €
o} (for all t € [0,1]), we have then:

d(h(t,.), 2, y(t)) = d(h(0,.),Q,y(0)) for all t € [0,1].

Brouwer’s fixed point theorem, 1912
Brouwer’s fixed point is the first consequence of the "topological degree" that we are giving
NOW.

Theorem 1.2.2. . 20/ Let N > 1, R > 0 and f € C(Bg, Br) with Bp = {x € RV ||z|| < R}
(we provided RN with a norm noted ||.|). Then f admits a fized point, that is to say it exists
x € Br such that f(x) = x.

Theorem was generalized (from 1934) in infinite dimension by Leray and Schauder
under a hypothesis of compactness that we give now.

1.2.2 The Leray-Schauder degree and its properties

In infinite dimensions it is impossible to define a degree like in finite dimensions. This is why
Leray and Schauder have been generalized under compactness assumptions.
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Definition 1.2.4. . (2] Let E be a Banach space (real), B be a part of E and f an application
from B to E. We said that f is compact (the terminology of Leray-Schauder is different, they
use the expression "completely continuous") if f satisfies the following two properties

1. fis continuous.

2. {f(x),x € C} is relatively compact in E for any bounded C of B.

Remark 1.2.1. We can notice, in the previous definition, that if f is linear (and B = E) the
second condition leads to the first one. But this is not true for non-linear applications.

Now we are giving the main results of this part, which states the exictence of the Leray-
Schauder degree along with its main properties.

Definition 1.2.5. . 20 Let E be a Banach space (real). We note A the set of triplets (I - f,y,82)
where Q is an open bound of E, fis a compact application from Q into E (which is equivalent to
say that fis continuous and { f(x),x € Q} is a relatively compact part of E) and y € E such that :

y ¢ {r — f(z);x € 0Q}.

Theorem 1.2.3. (Leray-Schauder, 1934) |20 Let E be Banach space (real) and A given by
the definition . Then there exists an application d of A in Z called "topological degree’,
verifying the following three properties:

(P1) Normalization: d(1d,Q,y) =1 ify € Q.

(P2) Degree of an union:d(I — f,y,Q) =d(I — f,y, Q) +d(I — f,y,Q) if Qusc
QU Q= andy ¢ {x— f(x);2e N U Q.

(P3) Homotopy invariance: If h is a compact application of [0,1]xQ in E, y € C(|0.1], E)
and y(t) ¢ {x — h(t,x),x € Q} (for all t € [0,1]) we have then :

d(I — h(t,.),y,Q2) =d(I — h(0,.),y(0),Q2) for all t €[0,1].
Definition 1.2.6. . [20/ An application of the form

f:I_hJ

where I is the identity application and h is a compact application is called compact perturbation
of the identity (or Leray-Schauder application).
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Remark 1.2.2. The essential proprety of the topological degree is:
If (I —f.Qu)e A and d(I — f,Q,y) # 0, then there exists x € Q such that x — f(x) = y.

Schauder’s fixed point theorem

As in finite dimension, a first consequence of the existence of the topological degree is the
obtaining of a fixed point theorem that we give now.

Theorem 1.2.4. . [20] Let E be a Banach space, R > 0, B(0,R) = {x € E,||z|| < R} and [ a
compact application from B(0,R) to B(0,R) (that is to say f continuous and {f(z),z € B(0, R)}
relatively compact in E). Then f admits a fized point that is, there exists x € B(0, R) such that

flz) = .

1.3 Resonance and non-resonance

Resonance is a phenomenon where some physical systems (Electrical,Mechanical...) are sensi-
tive to certain frequencies.

1.3.1 Mathematical
Let the Dirichlet probleme

—div(|VulP2Vu) = f(z,u) + h in Q,
(1.5)
u=20 on 0f2.

where (2 is a bounded domain of R" with regular boundary, 1 < p < o and h is given in
W1 (Q). suppose that

F(z,s)

|s[?

Fy = Sgripoosup D ) (1.6)

where F(x,s) = {; f(z,t)dt.

Definition 1.3.1. . /5] We say that the problem s mon-resonance under an eigenvalue
if Fi(z) <A\ and F_(z) < A, ace. © € Q, where Fy and F_ are defined by ([1.6) and A, is an
eigenvalue of the problem:

—div(|VulP2Vu) = NulP~?u in €,
(1.7)
u=20 on 0fL.
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Definition 1.3.2. . [/5] We will say that the problem ([1.5]) presents a resonance under an
eigenvalue Ny, if Fy () < A\, and F_(z) < A\, a.e. x € Q and if at least one of the two inequalities
is an equality on a subset of € of non-zero measure.

Remark 1.3.1. . [45] We note:

We establish several existence results under different conditions on the report pF|(Sl|";f) when

§ — Foo. Because we always have Fy < fi, the condition we consider are more general than
those relating to the report L&

Is|P=2s "




Chapter 2

Existence and uniqueness of solution
for a nonlinear fractional elliptic
problem

In this chapter, we investigate the existence and uniqueness of weak solutions to a class
of nonlocal problems governed by the fractional Laplacian operator. We use the fixed point
theory to prove the existence and uniqueness of solutions under suitable assumptions on the
non linearitie.

2.1 Position of the problem and the main result

We use the fixed point theory to confirm the existence of a weak solutions to the Dirichlet
problem for the fractional Laplacian, given by

(=A)*u(z) = fx,u(x)) in €, (2.1)
u=0 in R™MQ, '

where 2 ¢ R™ is a bounded open set with Lipchitz boundary, s €]0,1[ and f: 2 x R — R is

continuous function satisfying the Catheodory condition (i.e : f(.,w) is measurable for w € R

and f(z,.) is continuous for almost every x € 2),
and also verifying the growth restriction defined below

|f(,8)| < r(x) + alg]’. (2.2)
(We are employed the notation that |.| stands for absolute value in R).
Where § €]0, 1[ and r € L?*(€2) nonnul function; a is nonnegative constant.

We recall that the fractional Laplacian (—A)® in its nonlocal representation defined as

(—AYo(x) = Cn, )PV, f ple) =y,

T — y|n+25

n

19
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along ¢ € C°(R™), where s €]0, 1[, P.V. denotes the integral in the sense of the principal value
and

72 I(l—s)

Throughout the chapter, without futther mention, we always assume that n > 2s, and the
main result is

Theorem 2.1.1. Under hypothese , problem has at least one solution u € D**(Q).

2.2 Fixed point formulation of the problem

From the definition of the fractional Laplacian (—A)*, the problem ({2.1)) is weakly formulated
as follows:

(u(z) —u(y)) (@) — ¢(y))

|z —y[re

C(n,s) § §zon

dydl' = SQ f(.?l', u(x))cp(w)dx,

for p € D*2(Q).

Let us define

where

Lu(p) = C(n, S)H (u(x) = T‘;y_))y(’%i(i) —2W) 4o

and

Sule) = Lﬂx,u(x))w(w)dw,

Lemma 2.2.1. The operators L and S are continuous linear functionals on the space D%?(2).
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Since D*?(Q) is a Hilbert space, by the Riesz representation theorem (see Chapter 1 Theo-
rem [1.1.4)) there exists uniquely determined elements L(u), S(u) € D**(Q)

We have also

Lu(p) = (Lus 0) 2y pezy = (L), 9)ps2 Do),
and

gu(‘P) = <§a 90><(D572)’,D5ﬁ2> = (S(u), )ps2,ps2y
for all p € D%?(Q).

The standard norms of L(u) and S(u) are defined by:

|| L %512(9) = [[Z(uw)[[Bse,
1SullDe 20y = 1S (@),
where
IL(w)|[ps2 = || Lull(ps2y = supjgj<il{Lu, ),
and

15 (w)]

Ds2 = ||Su||(Ds,2)’ = Sup||¢\\<1|<5(u)790>| )

To prove that the Dirichlet problem ([2.1]) has at least one weak solution, it is necessary and
sufficient to prove that the operator equation

L(u) = S(u), (2.3)

has at least one solution in the space D*?(Q).

There are several equivalent inner products defined on D*?(Q). If we choose

(u(z) — u(y))
u = C(n, S)JJWdydw’
R2n
then L defined by ([2.3) is just an identity on D*?(Q).

Hence (2.3)) is equivalent in D*?(€2) to the operator equation
u=S(u) (2.4)
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2.3 Proof of the main result

In this section, we will use the application of the Schauder fixed point theorem to get the

existence and the uniqueness of a weak solution of problem ([2.1)).
Lemma 2.3.1. The operator S is continuous in D%*(Q).

Proof. Let u, — u in D*?(2), then we have

[S(un) = S(u)|lpse = supjp)<1l{S(un) — S(u), ¥l

where

1S (un) = S(u)|| psz = supjg<al§o(f (@, un) — f(z,u))p(x)dx],
then

15 (un) = S(w) || ps2 < supyg<t (§ol f (@ = wn) = f(x, w)[*dw) 2 (§, |0 (2) Pda) 2,

and

1S (un) = S(u)|[ps2 < supjp<all f(x — un) — f(z, W)zl @llz2,

since
1S (un) = S(u)|ps2 < supygp<i|| fx = un) = f(@, u)||L2cembl @l ps2,

thus

15 (un) = S(u)

2st2 < Cgmbe(maun) - f(l',U)H%Q

The right-hand side approaches zero as n — oo it follows from the continuity of the Nemytski

operators from L?(Q) in L*(€). This proves the continuity of S.

Lemma 2.3.2. The operator S is compact.

Proof.
S compact < M € D%?* = S(M) relativement compact.

S(M) relativement compact < S(M) compact.
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S(M) compact = {w,} = S(M), we have {w,} — w e S(M).
Let M < D*? {w,} < S(M) c S(M).
Let (u,) © M, so S(u,) = wy,.

we have, S(u,) — S(u), we get

wy, — S(u), in D*?

This proves the compactness of S(M), i.e., S is a compact operator.
Lemma 2.3.3. The operator S maps the closure of the ball B(0; R) = D**(Q) into itself.

Proof. For all u € D%*(Q2), we have from Section 2.2 that

15 (w)]

using the Cauchy-Schwarz inequality, we obtain

ps2(@) = sup|y)<1[<S(w), ©)l,

1

pe2 < supjjp<1 (§ol f (2, u(x) )[2dz) (§|p(x)|%dr)?,

15 (w)]

and

pe2 < supjgl<t ($o f(z, u())[Pdx) 2 com|| )|

15 (w)]

Ds:2,

and

D2 < Com(§o) f (@, ulx)) Pdz)?,

15 (w)]
From the hypothese (2.2), we get

1S ()l pee < comp(§glr(z) + alu(z)’Pdx)z,

and

Do < Comn((Jolr(@)17)2 + (folalu(@)’?)2),

15 (w)]
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and

15 (w)]

poa < o7z + a | fule)Pda)?), (2.5)
Q

where the last estimate is due to the Minkowski inequality for p = 2.
Applying the Holder inequality, we have

1-6

(olu(@)Pde)s < (§olu(z) 3 da)? (mes(2) =

and
(Solu(@)Pdr)s < (§,lu(z)Pdz)? (mes(Q)) 7,
and
(Solu(@)|Pdz)s < (mes(Q))F u(@)[|S.,
and

(] Ju@) o) < conplmes(@) 5 fule) [ (26)

Now, (2.5)) and ({2.6]) yield

-5
1S(wW)[ e < Cemp(I7]l 2 + acd,y, (mes(Q)Z) [[ulldez)
we have
1—6
1S(u)|[pe2 < el 2 + aci(mes(Q) 72 )|l -
Let
k= achy(mes(Q)'7)
then

15 (w)]

D52 < C’embHrHLQ +kj”ul|(l§3372 )
SY—

C
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Where upon, we have

IS()llp=2 < C + klfu|
It follows from (22.7) that for any u € B(0; R) € D**(Q)

8. (2.7)

|S(u)|| < R; with C + kR° < R,
hence S maps B(0; R) into itself if R is large enough.
Now, we can prove our main result.

Proof. (Theorem [2.1.1) To prove Theorem [2.1.1] we can apply the Schauder fixed point theo-
rem. It follows from lemma that there is at least one fixed point u € D*?(Q) of S (which
mean the problem (2.1) have a weak solution in D*?(Q)).

This completes the proof.

2.4 Particular case

Let us assume that f is Lipschitz continuous functions with respect to the second variable, i.e.,
there exists constants ¢ € RT for almost every x € 2 and for any w = (wy,ws), z = (21,22) €
R? x R?,

1f (@, w1) = f(z, w2 22(0) < c1llwr — wallr2(a)xr20), (2.8)

We can apply the contraction principle to get the following result.

Theorem 2.4.1. Let the Caratheodory functions f be Lipschitzian continuous with respect to

the second variable with constant ¢ > 0 such that |¢| < c,2,. Then, there is a unique fized point
u e D¥2(Q), i.e., u is a unique weak solution of .

2.4.1 Proof of the theorem

To prove Theorem [2.4.1] we need the following contraction principle.

1. Theorem (Contraction principle). |2] Let ¢ be a contraction mapping from Y to Y.
Then ¢ admits a unique fixed-point in Y.

So to use the contraction principle we must prove that the operator S is contrac-
tion.
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Lemma 2.4.1. The S operator is a contraction.

Proof. For any u € D*?(Q2) we also have u € L*(Q), then f(z,u) € L*(Q2).
Then, for all uy,us € D*%(2), we have

15 (u1) = S(us)|

D2 = supW||<1|<S(U1) - S(UQ)a 90>|7

this means that

15 (ur) = S(us)|

pe2 = supjgl<i| o f (@, u1) — f(2, ug)]p(z)dz|,
then

[S(u1) — S(uz)

Ds2 S Cemb”f(maul) - f(m7u2)||L2a

and

15 (u1) — S(uz)||pse < Cempel|ur — uzl| L2,

we use Cauchy-Schwarz inequality, we obtain

15 (u1) — S(uz)|

D52 < CompClempl|ts — Us|| ps2

We get,

15 (1) = S(u)l[fper < pelltn = ual[fas,
Consequently S is a contraction if ¢2,,c <1 .
Now, we can prove Theorem [2.4.1]
Proof. According to Lemma that S is a contraction if ¢, ,c < 1, Since this condition

is satisfied, we can apply the contraction principle to get that there is a unique fixed point
u € D¥2(2) of the operator S. That is, u is the unique weak solution of (2.1]).



Chapter 3

Existence and uniqueness of solution
for a nonlinear fractional elliptic
system

This chapter is devoted to the investigation of the existence of weak solutions for a system
of nonlocal equations governed by the fractional Laplacian. Under suitable conditions on the
nonlinearities, we apply fixed point theory to demonstrate both the existence and uniqueness
of solutions.

3.1 Position of the problem and the main result

Fractional differential equations, characterized by the presence of derivatives of fractional or-
der, have emerged as effective tools for modeling complex phenomena in fields such as image
processing, natural sciences, and various branches of engineering and applied mathematics (see
[[21],[23]]). Recent research highlights the growing relevance of these equations, with significant
developments reported in [|3§],[40],[41],[49]].

Among the most studied problems is the Dirichlet problem associated with the fractional
Laplacian, which has been approached from probabilistic, potential-theoretic, and analytical
perspectives, and has garnered substantial attention (see [[6],[18]]). In this chapter, we focus
on establishing the existence of weak solutions to a coupled system involving the fractional
Laplacian, utilizing fixed point theory under appropriate conditions.

-

(=A)u(z) = f(z,u(x),v(x)) n Q

u=v=0 on R™M,

27
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where Q0 < R™ is a bounded open set with Lipschitz boundary, s €]0,1[ and f,g: @ xRxR — R
are two continuous functions satisfying the Caratheodory conditions (i.e : f(.,w),g(., z) are
measurables for each w, z € R? and f(x,.), g(y,.) are continuous for almost every x,y € Q),
and also verifying the growth restriction defined below

|f (2,61, 8)| < 71(x) + al&|™ + bl&a|™,
(3.2)

lg(, 1, m2)| < ra() + c|m|® + dle| .
(We are employed the notation that |.| stands for absolute value in R).

Where 8y, 0, €]0,1[ and r = (r1,75) € V nonnul functions; a, b, ¢ and d are nonnegative con-
stants.

We recall that the fractional Laplacian (—A)® in its nonlocal representation defined as

(-8 (@) = Clus) PV | pla) —eW)

ge |T — y[" T2

along ¢ € C°(R™), where s €]0, 1[, P.V. denotes the integral in the sense of the principal value
and

45 +s) s

Clns) = — T =g

This study explores a new extension of a well established result by considering it within the
framework of fractional calculus (see |[16]). While several studies have addressed the classical
and linear forms of the problem, the fractional setting remains relatively unexplored.

In the rest of the chapter we will study: In Section 2, we provide the necessary defini-
tions and formulate the main result. Section 3 is devoted to reformulating problem (j3.1f) within
the framework of fixed point theory. Section 4 presents the detailed proof of the main theorem.
In Section 5, we examine a specific case as an illustrative example.

Throughout this chapter, unless otherwise specified, we assume that n > 2s, Under this
standing assumption, we proceed to state the main result

Theorem 3.1.1. Under hypothesis , problem has at least one solution (u,v) € U.
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3.2 Fixed point formulation of the problem

From the definition of the fractional Laplacian (—A)*, the problem ({3.1)) is weakly formulated
as follows:

C(n, s) SSR% (u(z) —u(y))(p(x) - Sp(y))dydx _ SQ F,u(@), v(z))pe()dz,

|ZE _y|n+25

C(n, S) SSR% (’U(:L’) B 'U(y))(gb(!)ﬁ) B gb(y”dydm _ Sﬂg(x7 u(x)7 U(ZE))(ZS(CL‘)dCL’,

|z — g2
for (p,0) €

Let us define

where
(p(x) — )
C(n,s ﬂi! |x — y’n+25 dydz,
— ¢
L( C(n,s Jf |x — |n(+2 (y))dydx ,
and

Lemma 3.2.1. The operators L and S are continuous linear functionals on the space U.

Since U is a Hilbert space, by the Riesz representation theorem (see Chapter 1 Theorem
1.1.4) there exists uniquely determined elements L(u,v), S(u,v) € U such that

L(u,v) = (L(u), L(v)) and S(u,v) = (S1(u,v), Sa(u,v)).

We have also
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Lu(@) = <Lua 80><(Ds,2)’,Ds,2> = <L(U), (p><DS,27Ds,2>’

[A/U(¢) = <[Afva ¢><(Ds,2)’7D5,2> = <L(U), ¢><DS,Z’D5,2>7

and

gl (90) = <’§17 (P><(Ds,2)’7Ds,2> = <Sl (U, U), (’0><DS,27DS,2>’

5'2(¢)) = <S2; ¢><(DS,2)/7D5,2> = <Sg(u, U), ¢><Ds,27Ds,2>7
for all (¢, ¢) e U.

The standard norms of L(u,v) and S(u,v) are defined by:

2
Ds:2s

[, )l = 1 L(w)]

D2+ [[L(v)]

2
I

1S (u, )17 = [1S1(w, V) Bez + 1152w, 0)[[ s,

where

[L(w)]

pr2 = [ Lull(psey = supjpi<iKLu, @)l

IL(v)]

ps2 = || Lol (pezy = supjgy<iKLv, 6|,

and

151 (u, v)]

D=2 = HSlu(DSa?)' = sup|<1[<S1(u, v), @)l

152 (u, )|

Ds2 = ||§2||(D5,2)/ = sup|g|<1{S2(u, v), d)l.

To prove the existence of at least one weak solution to the Dirichlet problem ({3.1), it is both
necessary and sufficient to prove that the operator equation

L(u,v) = S(u,v), (3.3)

has at least one solution in the space U.

There are several equivalent inner products defined on D*?(Q). If we choose

<U,U> _ C(n, S)Jf (u(‘r) — ri(y))(v(x) — U(y))dydx,

_ y’n+2s
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then L defined by ([3.3) is just an identity on U.

Hence (3.3)) is equivalent in U to the operator equation

(u,v) = S(u,v) (3.4)

3.3 Proof of the main result

In this section, we establish a series of lemmas to demonstrate the existence and uniqueness of
the weak solution to Problem (3.1). The proof relies on the application of the Schauder fixed
point theorem.

Lemma 3.3.1. The operator S is continuous in U.
Proof. Let (uy,v,) — (u,v) in U, then we have

Hsl(unyvn) - Sl(uyv)HDS’2 = SuthpHélKSl(umvn) - Sl(ua U)u 90>|7

||52(un7 Un) - SQ(“? ’U)|

pDs2 = Sup||¢H<1|<SQ(Un, Un) - SQ(U, ’U), ¢>|7

then

) 1/2
sup](Slmh“vn)——510h10>h%2 < sup (JWj(x,un,vnﬂzdx>

lell<1 lell<1

1/2
= sup ( | |f<m,u,v>|2dx)
el <1

1/2 1/2
sup 1St o) — Sa(ty 0] < SUD ( | |g<x,un,vn>|2dx) |¢<x>|2dm)
o<1 |o<1

1/2 1/2

= aup ( [totz.. v>|2dx) |¢<:c>|2d:c)
lol<1

and
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1/2
sup [(S1(un,vn) = S1(u,v))|p,, < sup (Jlf(w,umvn)lzdw’) Cembllellg

lell<1 lell<1

1/2
ﬂwaWW@ Comsliellg

lell<1

1/2
sM@mmwmwM@wame)%mm
)

[ol<1 loll<1
1/2
ﬂWUWWW@ Coml9ll5

\ o<1
since

SupH(pHélKSl(U’na Un) - Sl(u7 U)? 90>| < Cemb”f(w, U, UTL) - f(xa u, U)HL2

SUP| g <1[(S2(tn, vn) — Sa(u, v), §)| < Cempl|g(@, Un, va) — gz, u, V)| 2,
thus

||S(unavn) - S(U’U)H?} < czmbe(xvunavn) - f($’u7 U)H%? + szb||g(w7umvn) - g(xauav)n%?'

The right-hand side approaches zero as n — oo it follows from the continuity of the Nemytski
operators from L?(Q) in L?(Q). This proves the continuity of S.

Lemma 3.3.2. The operator S is compact.

Proof. Let M < U be a bounded set and {w,}*_, = {w , wyn}2_, = S(M) be an arbitrary
sequence.
Let {un,v,}2 ; € M be such that

S(un7 vn) = (wlna an)-

The reflexivity of U implies that (u,,v,) — (u,v) in U at least for a subsequence. As a result
of the compact injection of D*?(2) in L?(Q) (proposition 3.15) that (u,,v,) — (u,v) in V.

(Wi, Wayp) — S(u,v), in U

(at least for a subsequence). This proves the compactness of S(M), i.e., S is a compact operator.

Lemma 3.3.3. The operator S maps the closure of the ball B(0, R) U into itself.
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Proof. For all (u,v) € U, we have from Section 3.2 that

151 (u, v)]

Ds2 = Sup||¢H<1’<S1(UaU)a ©)l,

152 (u, v)]

Ds2 = Sup||goH<1|<S2(u7U)7 ©l,

Using the Cauchy-Schwarz inequality, we obtain

151 (s 0) [ Dz < Comp(Jo | f (w, u(x), v(x)) Pder)?,

192, 0) ez < cem(Jlg (2, ulx), v(x)) Pd).

From the hypothesis (3.2)), we get

151(w, 0) [ ez < comp(§glri(x) + alu(@)|™ + blo()| Pdz)?,
152(u, 0) [ Do < comp(§g|ra() + clu(@) | + dlo(z)|*2dx)?,
and
11 (s 0) [ Do < cmp(llr |z + al§o ul@)[?rda)> + b(§,|o(x)[* dx)?),
(3.5)
1S2(u, v) || ps2 < Cemp([|72]l 22 + c(§|u(x )|252dx 2+ d(§,|v(x) |252dx)%)
where the last estimate is due to the Minkowski inequality for p = 2.
Applying the Holder inequality, we have
1 0 -4 1 1-4y 1
(Solu(@)?rdz)? < (§olulz)Pdz) (mes(2)) = < gy (mes(2)) 2 [[ul Bozgqy,
(3.6)

1 2 16y 5 1-63 5
(folv(@)[?2dx)2 < (§olo()Pdr)  (mes(2)) 2 < 2, (mes(Q) =2 [[v]|%. 20y

Now, and . 3.6) yield

1-48;

1-6

151 (w, 0)II* < Teemp 7]l + actyy! (mes(€2) 72 ull™ + begiy! (mes () 7= [|v]|T?,
1-6 1—

152 (u, 0)II* < Leempllrall + ey (mes(92)) 72" [|ull + degiy! (mes () =" [|v]|*]?,

if we put
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1-5,
k= ac)ly (mes(Q) =,
I = bt (mes(Q))%,
<
j = cch mes(Q) 2,
[ h = del25 (mes(Q) 7,
then
151 (w, ) [1* < [Cempllro|| + maz(k, D)([[ull® + [Jo]*)]?,
1S2(w, 0)[|* < [cempllrall + maz(j, h)(|Jull®> + ||lv]|*)]?,
thus
151 (w, v)[|? < 2¢2,llm1 1> + dmaz® (k, D([Jul " + ||v][*),
192 (u, ) I < 2,72l + 4maz (5, h)([[ul|** + [Jv]**).
Where-upon, we have
1S (u, v)[> < 2¢, |7 + 4(maz?(k, 1) + maz?(j, b)) max (|| (u, v)[*", | (u, v)[**). (3.7)
H/_/ (- )

v

=C =D

It follows from (3.7) that for any (u,v) € B(0;R) c U

1S (u, v)|| < R, with 4/C + Dmaz(R»", R??) < R,
hence S maps B(0; R) into itself if R is large enough.

Now, we can prove our main result.

Proof of Theoram (3.1.1) to establish Theorem (B.1.1)), we apply the Schauder fixed point
theorem. From Lamma ‘3.3.3|), it follows that the operator S admits at least one fixed point

(u,v) € U, which implies that the system (3.1)) has a weak solution in U.

This completes the proof.
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3.4 Particular case

Let us assume that f and g are Lipschitz continuous functions with respect to the second vari-
able, i.e., there exists constants c;,co € R* for almost every x € Q and for any w = (wy, ws),
2 = (21,2) € R? x R?,

[f (2, wi) = f(@,wa) 120y < crllwr — wallL2)xr2@)
(3.8)

lg(z, 21) = 9(x, )| L2y < c2ll21 = 22ll (@) p2@)-

We can apply the contraction principle to get the following result.

Theorem 3.4.1. Let the Caratheodory functions f,q be Lipschitzian continuous with respect

to the second variable with constants ¢; > 0 (i = 1,2) such that |c| < ¢,2,(c = (c1,¢2)). Then,

there is a unique fived point (u,v) € U, i.e., (u,v) is a unique weak solution of .
3.4.1 Proof of the theorem
To prove Theorem 3.4.1 we need the following contraction principle.

we need Theorem of Contraction principle [1].

So to use the contraction principle we must prove that the operator S is contraction.

Lemma 3.4.1. The S operator is a contraction.

Proof. For any (u,v) € U we also have (u,v) € V, then (f(z,u,v), g(x,u,v)) e V.
Then, for all (uy,v1), (ug,vs) € U, we have

HSl(Ub"Ul) - Sl(uz,v2)|

Ds2 = 3UP||¢H<1’<51(U1,U1) - 51(U2, U2)7 90>’a

[|S2(u1, v1) — Sa(us, v2)||psz = SUP||¢H<1|<52(U17U1) — Sa(ug, v2), )|,

this means that

151 (ug, v1) — S1(ug, v2)|

pez = supjp<t| o[ f (@, u1, v1) — fz, ug, v2)]p(x)da],

|2 (ur, v1) — Sa(ug, vo)]

po2 = supjgj<il§olo(z, ui, v1) — g2, u, v2)|d(x)d].
We get,
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HSl(uhUl) Sl(u2,U2)\

Doz < Gl (w1, v1) — (ug, v2)||%,

|52 (w1, v1) — 52(U2av2)||2Ds,2 < Cgcgmb”(uhvl) - (u2,U2)||20-

cl<1.

Consequently S is a contraction if ¢, ;|

Now, we can prove Theorem [3.4.1]
Proof. From Lemma [3.4.1] it follows that the operator S is a contraction if c2 ,|c| < 1.

Therefore, by applying the contraction principle, we obtain the existence of a unique fixed
point (u, v) e U of the operator S. This implies that (u,v) is the unique weak solution of (3.1] .



Chapter 4

Existence of solution for a nonlinear
fractional elliptic system at resonance
and nonresonance

This chapter is devoted to the study of the existence of solutions for a nonlinear fractional
elliptic system under both resonance and nonresonance conditions. Our work contributes to
the development of existence results for certain classes of nonlinear systems involving fractional
operators. We apply the Leray-Schauder degree theorem to establish the existence of a weak
solution to the system under consideration.

4.1 Position of the problem

This study is concerned with the existence of solutions to nonlocal equations involving the
fractional Laplacian. We apply the Leray—Schauder degree theorem to establish the existence
of a weak solution to the system under consideration.

(=A)u(@) = flz,u(x),v(x)) + filz) n

1 (=AY u(z) = g(z,u(x),v(x)) + fo(z) in €Q, (4.1)

lu=v=0 on R™MQ,

with s € (0,1) on a bounded domain 2 = R", n > 2, f and g are continuous functions defined
inQxRxRand h=(f, fz)eV.

This result is novel and is a fractional variant of a traditional theorem derived from the
study of Laplcian equations.

37
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We assume that the nonlinear functions f and g are expressed in the following form:

fz,u,v) = au + fo(z,v),
g(x,u,v) =bv + go(x,u),

where a, b are real positive constants.In this work we will see 3 class of systems considering the
constants a and b.

We begin by recalling the fractional Laplacian (—A)® is a defined as

(~8) (@) = Clusypv. | AD=2y,

R™ ‘33 _ y|n+25

along ¢ € CP(R"™), where s € (0,1), P.V. denotes the integral in the sense of the principal
value, C'(n, s) is a positive constant of normalization and its spectrum in L*(Q) is formed by
the sequence (\y)x € R* such that [A\y| — +o0 .

We assume that f; and gy are Caratheodory functions defined on 2 x R — R. Let \;

denote the first eigenvalue of the fractional Laplacian operator (—A)®, and let 7 be the corre-
sponding normalized eigenfunction associated with A;.

Let A\; € R* be defined as

|u(z)
J\J\ y|n+2s d d.’E

AL = inf )

ueZ;z(Q) J |u|? dx
or equivalently as
= inf{C(n,s) ud dr : | |u|?dex =1, ue D*2(Q),u # 0}
’n+23 Y ’ Q - ’ ’
if
v(z) —v
C(n,s fj 2l ))|i+(25) (y))dyd:v = Alfgwl(:c)v(:c)dx, for all v e D*2(Q) .

R2n
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The current chapter’s goal is to apply the findings of [[36].[41]] to the system (4.1]) while keeping
in mind the following conditions for the functions f, and go:

(67,81 € L*(Q)
and
By (z) < folz,t) < B (z) ae Q

\ where (4.2)
tli)l_noofo(',t) =07() ae

@Einoofo("t) =67() ae Q

and

(55,85 € L*(Q)
and
By (x) < go(z,t) < B3 (x) ae.
where (4.3)

2
lim go(.,t) = B5(.) ae Q.

\ t——+00

4.2 Preliminaires and the main results

Firsty, we provide a definition of a weak solution.

Definition 4.2.1. We say (u,v) € U is a weak solution of the system if for any w =
(w1, W) € U, we have

(u(z) — u(y)) (W (x) — wi(y))

|z —y["+?

C(n, s) §zon dydz = §, awirdz + §g, fo(x, v)urde + §, f1(x)wdr,

(v(z) = v(y)) (wa(x) — wa(y))

‘l’ _ y‘n+28

C(n, s) {§zen dydz = §, buwadz + §, go(z, v)wadz + §, fo(a)wadz.

For a fixed (u,v) € U, it is evident that
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A

Aupw (w1, Wa) = (Au(w1)7Av(w2))7

such that

P Cn,s ” ) (wn () — wl(y))dydx,

£u(02) = G, [[ L= HON) ~ ),

R2n

Lemma 4.2.1. f/, S and A are continuous linear functionals on the space U.

As in the precending chapter,since U is a Hilbert space, the Riesz representation theorem
(see to chapter 1, Theorem (1.1.4)) guarantees the existence of uniquely determined elements
L(u,v), S(u,v) and A(u,v) € U such that

L(u,v) = (Ly(u), La(v)), S(u,v) = (S1(v), S2(u)) and A(u,v) = (A;(u), Az(v)),

we have also that
ZA-/u(ujl) = <f/u; ujl><(Ds,2)'7Ds,2> = <L1 (U), w1><Ds,27Ds,2>7

ﬁv(w2) = <zva u72><(Ds,2)'7Ds,2> = <L2(’U), w2><Ds,27Ds,2>7

Sv(wl) = <§m U71><(stz)’,Ds,2> = (Si(v), “71><DS»2,DS72>a

gu(wZ) = <§u7 w2><(D5,2)”D5,2> = <SQ(U), w2><D512,D512>7

and
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Au(wl) = <121u> /(171><(DS,2)'7DS,2> = <A1 (u), u71><Ds,27DS,2>,

Av(w2) = <Ay7 w2><(Ds,2)/,Ds,2> - <A2(U), 2[)2><Ds,27Ds,2>,

for all (w0, ;) € U .

We can define L as an identity on U and it is evident that S and A are compact and
continuous operators.

For t € [0,1] and (u,v) € U we define the following homotopy

Ty (t, u,v) u—aAi(u) —tS1(v) — (1 —t)eA;(u)
T(t,u,0) = ( ) = (v—bAg(v) —tSy(u) — (1 —t)eAg(v))

Equivalently,

T(t,u,v) = (u,v) — BA(u,v) —tS(u,v) — (1 —t)C(e)A(u,v), Ve >0,

where

B= (8 2) and C(g)za((l) (1))

It is clear that

BA—tS—(1-t)C(e)A:[0,1] xU - U,

is a compact and continuous operator, then the existence of at least one solution of the system
(4.1f) would follow from

deg(I — BA— S, B(0, R),0) # 0.

Let’s now present the main result of this chapter.

Theorem 4.2.1. Assume that and are fulfilled. Then has at least one solution
(u,v) e U.
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4.3 A first class of systems

In this section, the class of systems under consideration is defined by taking functions.

flz,u,v) = au + fo(z,v),
g(x,u,v) =bv + go(x,u),

and

where a,b ¢ sp((—A)?).

In light of the notation above (4.1)) reads as

(—AYu(x) = au + fo(z,v) + hi(z) in Q,
(=4)

AYo(z) =bv + go(z,u) + he(z) in Q, (4.4)
=v=0 on R™Q.

To prove the existence of solution for (4.4)), we have to define an admissible homotopy 7', the
simplest way to do it is to follow Section 4.2. Define
T(t,u,v) = (u,v) — BA(u,v) —tS(u,v) — (1 —t)C(e)A(u,v),

Ve >0, te [0,1] and (u,v) € U. T is a compact homotopy connecting I(.) — BA(.) — S(.) and
I(.) — BA(.).

4.3.1 A priori bounds for solutions

To complete the proof, we must demonstrate the existence Ry > 0 such that, for all (u,v) € U,
|(u,v)||7 = Ry and t € |0, 1], we obtain

T(t,u,v) # 0. (4.5)
We use the indirect proof to establish (4.5]).

Lemma 4.3.1. There exists Ry > 0 such that

| (u,v)||g = R1, Vtel0,1],V(u,v) e U
T(t,u,v) # 0.
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Proof. Let ¢ > 0 such that [a,a+e]nsp((—A)°) = & and [b,b+e]nsp((—A)°) = . Assume
that no such Ry > 0 exists, i.e., we can find sequences {(uy,,v,)}; < U and {t,}>_; < [0,1]
such that ||(un, vn)||g — © (i-e ||(un, v,)|lg = n) and

(Un, V) — BA(tp, vy) — t,S (Un, vn) — (1 — t,)C(e) A(up,v,) = 0. Ve >0 (4.6)
Set

Unp, Un

Unp, Un)HU7 H(um Un)”f]

),

w?’L = (wl,Twa,n) = (||(
then it follows that ||w,|; = 1.

Divide by || (tn, v) |l to obtain

S(ty, vy)

w, — BA(w,) — (1 —t,)C(e)A(w,,) — t, =0,Ye >0 (4.7)
[[(n, va)

this is equivalent to

() ) () )
O(n,s)ﬂg T dyde = [a+(1—1,) ]L Ltind

7]‘}3(1’,%)1&1 T T)w1dx

'“Qm%mmﬁi+LM()”’

(Wo,n () — won(y)) (Wa(z) — Wa(y)) _ el wo aiada

C(n, s) Rﬂ T dyde = [b+(1—t,) ]L ytind
790(%%)@2 T ) wodx
* | e+ | s

for any (w, ;) € U.Now, passing to suitable subsequences still denoted by (¢, w15, wan), We
can assume that ¢, — t € [0, 1] and (wy ,, wa,) — (w1, w2) in U.At the same time

|f0(xvvn)|

2)l |wi|de -0 n— o0,
o [l (tn, vn)| I

] B (
’W“ngm%wm

and
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+
Q H(umvn)n Q H(umvn)n

In summary, we possess

S, vn)
Mmols (48)
A(w,) — A(w). (19)

(According to the compactness of A, see [[16]] Proposition 2.2.4(iii)).Thus, combining (4.7)-
(4.9), we also get that

w, — w* in U.
But w* = w by virtue of w,, — w. Now, passing to the limit in (4.7, we arrive at

w—[B+ (1 - HC(e)]A(w) = 0, (4.10)

and w € U satisfies ||w|| = 1 (it is the strong limit of elements w, which satisfy ||w|| = 1).

Then

(—A)Swl = [CL + (]. - t)€]w1,

(—A)swz = [b + (1 — '[Z)E]wg.
But this goes against what we assumed [a, a+c]nsp((—A)®) = & and [b, b+e|nsp((—A)*) = .
It demonstrates that (4.5) holds,i.e. the homotopy 7" is admissible. This complete the proof.
4.4 A second of systems

In this section, we let

fz,u,v) = au + fo(z,v),
g(x,u,v) =bv + go(x,u),

and
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where a = X\ € sp((—A)*) and b = A\; which is the first eigenvalue of the fractional Laplace
operator.

We obtain the following system

A

—A)*u(x) = M+ folx,v) + hi(z) in Q,
—A)*v(z) = Mo + go(z,v) — ha(z) in  Q, (4.11)
u=v=0 on R™Q.

Proposition 4.4.1. Assume that and are fulfilled. Let (p,p1) € Ny x Ny, A1 >0
be the first eigenvalue of the fractional Laplace operator subject to the homogeneous Dirichlet
boundary condition and py the associate eigenfunction normalized by

[
Q

Then the problem (4.11]) has at least one weak solution if and only if

L | Aretade < | mpadr <= oo

2. By < Lh2<x>¢1<m>dm < B;.

A

with (hy, hy) € V.

Proof. We proceed using a method similar to that in Section (4.3). For ¢ > 0 so small
such that |\, A + €] n sp((—A)%) = &, A\; + € < Ay we define the homotopy

T(t,u,v) = (u,v) — BA(u,v) —tS(u,v) — (1 —t)C(e)A(u,v) te[0.1] (u,v)eU

here
A0
(5 )

Following the same procedure as in the proof of Section (4.3), we arrive at an analogue of

[E-10), namely,

w—[B+(1-t)CE)]Aw) =0, |w|=1 forall te[0,1] (4.12)

This is a contradiction if ¢ # 1 since A+ (1—t)e and \;+(1—t)e are not an eigenvalues and w # 0.

Let us assume t = 1, i.e., t, — 1. Now, we have no contradiction since A and \; are
eigenvalues and
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w — BA(w) =0,

has a solution with ||w| = 1. Another step is necessary to reach a contradiction and to prove
that the homotopy T is admissible. We have to revise the last step when passing to the limit
in

S (U, vy) ~

w, — BA(w,) — (1 —t,)C(e)A(w,) — t, T o)l =0, tel0,1] (u,v)eU

and employ special properties of S. We mean,

(Un, V) — BA(tp, vy) — t,S(Un, vn) — (1 — t,)C(e) Aup,v,) =0, Ve >0

is equivalent to the integral identity

C(n, S)JJ (tn () = u”g)iz/’fff;s(x) — (y))dydx = M+ (1- tn)E]Lun’Lﬁ1d$ (4.13)

+ J fO(ma vn)wldx + J hl(x)zﬁldx,
Q Q

Cln. s ff () — v (y)) — (1&;@) - wz(y))dydx = [m+(1- tn)g]J Vo d (4.14)
J) Ix — oyl @

+ J go(x, up)Wodr  — f ho(x)wadz,
Q Q

for all (w0, wy) € U. We take (i, 1) = (@, @1) in (4.13)) - (4.14) and using the fact that

Cln S” Un (%) = un(y )—(w(x)—w(y))dydx:AJ wod,

|z — gyt Q

R2n

and

O [ 222 =20 = () = 00D 1, [

|$ — y[rr Q
R2n
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we obtain

(1— tn)efﬂungodm + fﬂfo(m, vy )pdx + Jﬂhl(x)godx =0, (4.15)

and

(1-— tn)sf Uprdr + J go(z, up)prde = f ho(z)p1de. (4.16)
Q Q Q
Uy, Up

H(unavn)HU’ H(Umvn)HU

. kﬁl . Y2 0
= ()= (6 2)

such that k; # 0. Assume that k; > 0, using Theorem 1.2.26 and Remark 1.2.18 in [16], we
get (at least for a subsequence) (un,vn) — o0. Passing to the limit in and ([£.16) with
t, — —1 and the Lebesgue dominated convergence theorem, we obtain

th( J By

2. 8f < Lhmml(x)dx,

) = w = (w,wy) in U and w = km

We have, w,, = (W, ws,) = (

with a

this contradicts one of the inequalities in (4.4.1). A similar argument applies when k£ < 0,
leading to a contradiction with the other inequality in (4.4.1).

To prove that conditions and (2) are also necessary, we take (ug,vo) as a weak solu-
tion of (4.11)), i.e. for any (wy, wg) € U we have

Cln, s jf uo(z) — uo(y )(wig ) — w1(?/))dydx = )\J upwdx —i—f fo(z, vo)wrdz —i—f hy (x)w dz,
o = g . . )
R2n
{
Cln, s Jf vo(z) — vo(y))(w 2(295) - wz(y))dyd:c = )\1f vowadx + f go(z, up)wadr — J hy (2 )1iadz.
|z —y|"r2 o 0 .

Set (w1, ws) = (@, ¢1). Then
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$o, folz,vo)pda + §, hy(z)pdz = 0,

SQ go(x, up)prde = SQ ho(z)prde.
From conditions (4.2) and (4.3|) respectively, we obtain

—{o Bl p(x)de < §o hi(x)p()de < =, By p(r)da.

By < §qho(x)pr(x)de < B

4.5 A third class of systems

In the last system, we put a = A' and b = A\? where A, \? € sp((—A)*)\{\1} and

{fl(:v) = (),
folx) = ho(a),

we obtain the following system
AYsu(z) = Mu+ fo(z,v) + hi(z) in Q,

)
A)v(z) = N2v + golz,u) + ho(x) in Q, (4.17)
=v=0 on R™.

o~ o~

IS

Proposition 4.5.1. Assume that and are fulfilled. Let 0; € Ni(i = 1,2). Then the
problem has at least one weak solution if and only if

—§o, B 0;(x)dx < §, hi(2)0;(x)dx < = §, 57 0:(x)dx,
with h; € L*(Q) fori=1,2.

Proof. Let (ug, ) be a weak solution of (4.17)), i.e. for any @ = (wy, ) € U, we have

(uo(x) — uo(y)) (w1 (x) — i (y))

‘iL‘ _ y‘n+2s

C(nv S) SSRQ"

dydz = X' § ugwrdz + § fo(x, vo)wrdr + §, hi(x)wdz,

(vo() — vo(y)) (Wa(x) — wa(y))

|£L' _ y‘n+23

C(n,s) {{zon dydz = N* { vowsdx + §, go(, uo)wadx + §, ho(x)wedz.
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The choice of (wy,wsy) = (01, 06,), gives
SQ fo(l‘, Uo)eldl’ + SQ hl(l’)gldl‘ = 0,

$o, 90(x, wg)b2dx + §, ho(x)b2dx = 0.
From conditions (4.2) and (4.3]) respectively, we obtain

_ Lg;rgi(x)dx < Lhi(x)ei(m)dm < —Lﬁjﬁi(:p)dm

4.5.1 A priori bounds for solutions

Lemma 4.5.1. There exists Ro > 0 such that

| (u,v)||g = Re, Vtel0,1],V(u,v) e U
T(t,u,v) # 0.

Proof. Let ¢ > 0 so small such that |\, X\ + ] nsp((—A)*) = & (i =1,2) .
Recall the proof of the previous lemma with

A0
B— (0 AQ).
Taking (u?l,'zﬁg) = (91,62).

By the same method, we get

_J Brbilw)de < f hi(z)bi(z)dz < —f B 0:(w)dw, i = 1,2
Q Q Q
This contradicts Proposition

Now we present the proof of Theorem which give the existence of solutions for system

().
Proof. (of Theorem |4.2.1)). Let

B(0, R) = {(u,v) € U, ||(u,v)ll5 < R}

We can define the topological degree and by invariance of the homotopy, we have
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d(T(t,.,.), B(0, R),0) = d(T(0, ., ), B(0, R), 0),

which is equivalent to

d(I — BA—tS,B(0,R),0) = d(I — BA, B(0, R),0).

In particular if t =1 :

d(I — BA— S,B(0,R),0) = d(I — BA, B(0, R),0).

On the other hand, for t = 0 the system has a unique solution. Then

d(I — BA() — S(.), B(0, R),0) = d(I — BA(.), B(0, R),0) # 0,

whereupon ther exists (u,v) € B(0, R) such that :

T(1,u,v)=0,

Hence, the system (4.1)) admits a weak solution.



Conclusion

In conclusion, our thesis addressed the existence of solutions for nonlinear elliptic problems
involving fractional derivatives. We start our thesis by applying fixed point theory to establish
the existence and uniqueness of solution for nonlinear fractional elliptic problem. Then, we
study the nonlinear fractional elliptic system. These system were studied using fixed point
theory and for nonlinear elliptic systems in resonance and nonresonance, we use the Leray-
Schauder topological degree.

Finally, this line of research can be extended to more general boundary value problems

involving fractional derivatives, including the development of suitable numerical methods. Ad-
ditionally, potential applications of these models in image processing may be explored.

ol
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