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| Abstract in English

For long time fixed point theory has been used extensively in nonlinear differ-
ential equations to investigate the properties of solutions both quantitatively
and qualitatively. One of the most significant qualitative features of differen-
tial equations is the determination of their periodicity. The main objective
of this thesis is to investigate the existence of bounded positive periodic so-
lutions for a class of first-order nonlinear neutral differential equations with
iterative terms and impulsive effects. In the process, we convert the given
equation into an equivalent integral equation. Then, we construct a suitable
mapping and use a hybrid technique that combines Shauder’s fixed point
approach, Green’s functions method, and some functional analysis tools to
achieve our purpose. FEasily verifiable sufficient conditions are established.
The equation considered is more general and incorporates as special cases
various problems widely studied in different literature. In our applications,
two examples are analyzed to demonstrate the real power of our results.

Keywords: Fixed-point theorems, impulses, delay equations, integral equa-

tions, existence of the solutions, neutral equations, periodic solutions.
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| Abstract in French

Depuis longtemps, la théorie du point fixe est largement utilisée dans ’étude
des équations différentielles non linéaires afin d’analyser les propriétés de
leurs solutions, aussi bien d’un point de vue quantitatif que qualitatif. Parmi
les caractéristiques qualitatives les plus importantes des équations différen-
tielles figure la détermination de leur périodicité. L’objectif principal de cette
these est d’examiner 'existence de solutions périodiques bornées et positives
pour une classe d’équations différentielles neutres non linéaires du premier
ordre comportant des termes itératifs et des effets impulsifs. Dans cette
optique, nous transformons I’équation considérée en une équation intégrale
équivalente. Nous construisons ensuite une application appropriée et met-
tons en ceuvre une technique hybride combinant I"approche du point fixe de
Schauder, la méthode des fonctions de Green et certains outils de ’analyse
fonctionnelle afin d’atteindre notre objectif. Des conditions suffisantes, aisé-
ment vérifiables, sont établies. L’équation étudiée est plus générale et inclut,
comme cas particuliers, divers problémes largement analysés dans la littéra-
ture. Enfin, deux exemples sont présentés afin de démontrer la portée et
lefficacité de nos résultats.

Mots-clés: Théorémes de point fixe, impulsions, équations a retards, équa-
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tions intégrales, existence de la solutions, équations neutres, solution péri-

odiques.
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| Introduction

he development and analysis of mathematical models of dynamic processes
Thave been of great importance in bettering our understanding of na-
ture and the world around us. Since the invention of differential and integral
calculus by many authors in past decades, differential equations have aided
the investigation of a wide variety of problems in the physical, biological,
and social sciences. However, the situation is quite different in many phys-
ical phenomena that have a sudden change in their states, which can be
used to model many practical problems that arise in the areas of mechanical
systems with impact, population dynamics, mathematical economy, chem-
ical technology, electric technology, chemistry, engineering, ecology, control
theory, medicine, and so on ( see [, [2], [4], [8], [24], [37], [45], [73], [53]).
The theory of impulsive differential equations is a new and important branch
of differential equations. The first papers in this theory are related to the
names of A. D. Mishkis and V. D. Milman in 1960 and 1963, ( see [48] ).
The last decades have seen major developments in this theory (for example,
[32, [70, [71] and references related). This dual focus not only enriches the
theoretical study of dynamical systems but also supports the development of

effective models for real-world problems.
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On the other hand, the realization that differential equations, in general,
and indeed impulsive delay differential equations are very important models
for describing the true state of several real-life processes/phenomena may
have been the tonic. The simultaneous presence of time delays and impul-
sive effects, as modeled by delay differential equations with impulse effects,
introduces significant analytical challenges while also providing a more ac-
curate representation of many real-world systems. These hybrid dynamical
systems exhibit complex behaviors that necessitate a thorough investigation
of both their qualitative properties and quantitative characteristics-such as
stability, boundedness, the existence of periodic or almost periodic solutions,
convergence rates, and sensitivity to initial conditions.

The great interest in applications during these and later years has cer-
tainly contributed significantly to the rapid development of the theory of
impulsive delay differential equations, and recently these theories have been
elaborated to a considerable extent. The analysis of these kinds of equations
plays a critical role in advancing both the theoretical foundations and applied
methodologies of modern dynamical systems theory. Numerous advanced of
sophisticated analytical techniques have been developed and employed to ex-
plore the qualitative properties of their solutions. Among the most widely
adopted analytical tools are Lyapunov functionals, fixed point theory, and
comparison principles, which are commonly employed to investigate these
properties, particularly in the context of stability, periodicity, and oscilla-
tion of solutions, see for instance [35] 60, [61) [72] [69, [73]. Collectively, these
methods provide a rigorous framework for analyzing the dynamics of im-
pulsive delay equations and contribute significantly to the broader theory of
functional differential equations.

Fixed point theory is essential in mathematics, significantly influencing
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theoretical and applied fields. It began with Henri Poincar ‘e in 1886, who
introduced the foundational concepts. Maurice Fréchet [30] expanded on
this in 1906 by proving a fixed point theorem through the concept of met-
ric spaces. Stefan Banach [7] further advanced the field in 1922 with the
Banach contraction principle, establishing a fundamental criterion for the
existence of fixed points in complete metric spaces. Since then, researchers
have extended these principles to discover new fixed point theorems, broad-
ening their applications. This theory is vital in various scientific disciplines,
such as economics for equilibrium models, engineering for control systems,
biology for population dynamics, and computer science for algorithm devel-
opment. Nowadays, fixed point theory stands as one of the most powerful
and efficient tools in modern mathematics, with a wide range of applications
not only in nonlinear analysis but also across numerous other mathematical
disciplines, where it serves as a foundational framework for solving complex
problems and establishing the existence and uniqueness of solutions in vari-
ous contexts, ( see [74], [77], [79]). Although a substantial number of definite
results have been discovered, a few questions lying at the heart of the remain
open. Some of these questions are merely tantalizing while others suggest
substantial new directions of research.

In many mathematical settings, one often seeks to find a solution u* € D
to a given class of equations, where D denotes the domain and the solution is
required to satisfy certain desired properties. In many cases these properties
might be difficult to express. Sometimes, even given a solution u* there is no
obvious way to verify that this is actually a solution. A common way to over-
come these difficulties is to express the solutions as fixed points of an easily
described function. More formally we can define a function f : D — D such

that the solution point u* € D satisfies f(u*) = u*. This way of expressing
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solutions is very common in a lot of scientific areas. Because of the impor-
tance of such a representation, a lot of interesting and important questions
arise. Given a function f : D — D, is there any fixed point? Is there a pro-
cedure that converges to this fixed point? Theses questions, can be handled
from important theorems, some of the most known ones are : Schauder’s
fixed point Theorem, Banach’s fixed point Theorem, Krasnosel’skii’s fixed
point Theorem and others [63]. Thus, when we deal with the solvability of a
certain functional equation (impulsive delay differential equation, fractional
differential equation, integral equation, matrix equation, etc), we are refor-
mulating the problem in terms of investigating the existence and uniqueness

of a fixed point of a mapping.

This thesis is segregated into four chapters, each chapter is further scattered
into different subsections depending on the variety of the subject matter.
Examples are discussed in each chapter to illustrate our main results.

The first chapter provides a brief review of some general concepts
and fundamental results that serve as essential tools throughout the thesis.
Among these are Leibniz’s formula and the Ascoli-Arzela theorem, which play
a foundational role in various proofs and arguments presented later. The core
of the chapter is dedicated to the exposition of well-known fixed point theo-
rems, specifically those formulated by Banach, Schauder, and Krasnosel’skii
, which will be instrumental in establishing the main existence results in
subsequent chapters.

Second chapter is divided into two main sections. The first section
begins with a general introduction and recalls some basic notions concerning
impulsive differential equations, including key definitions and fundamental

properties of their solutions. These preliminary concepts lay the groundwork
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for the theoretical results developed later. This section also presents several
illustrative examples drawn from real-life contexts, especially in biology and
medicine, supported by appropriate graphical representations. The second
section turns to the application of fixed point theorems in the context of
impulsive differential equations with parameter. The focus is on proving the
existence of single and multiple positive periodic solutions.

In the third chapter, we present fundamental definitions and key prop-
erties that form the basis for the study of delay differential equations (DDEs).
Several important observations are provided in the form of remarks to en-
hance clarity and offer deeper theoretical insight. To emphasize the distin-
guishing features of DDEs, we include illustrative examples that demonstrate
their structure and dynamics, along with comparisons to classical ordinary
differential equations (ODEs). These comparisons serve to underline the
additional complexities introduced particularly by the presence of memory
effects. In addition, we introduce the method of steps, a standard technique
employed to derive explicit solutions of delay differential equations.

Chapter Four presents the main contributions of this thesis. It is struc-
tured into three distinct sections, each serving a specific purpose. In the
initial section, we delve into a comprehensive introduction, setting the stage
by conducting a thorough literature survey on the key topics related to it-
erative differential equations. The second section includes a review of the
results published in [27], which deal with the following first-order iterative

differential equations with impulsive effects.

W' (t) = —a(t)f (¢, u))ut) + g (¢, (1), ul (1), ..., ul (t))
+%h(t,um(t), ul(t), ..., u" (1)), t # ty, k € N¥,
u(t) —u(ty) = Ie (tr, ulY (), ul® () , ol (8)) ,t = by, k € N7,

where ul(t) = t, ulll(t) = u(t), uP(t) = u(u(?)), «®(t) = P (y@)), ...,

5
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ulM(t) = ul"=1(u(t)) are the iteratives of the state u, a € C (R,R¥), and f
ECRxR"RY), g C(RxR"R"), h € C(RxR"R).

The impulsive condition is expressed as
Au(ty) =u(tf) —u(ty) = I (b u () ,ul? (), o ul™ (1)

where u(t;) and u (¢;,) denote the right and left limits of u (¢) at the impulsive
moment t; respectively and I (+,-) € C' (R x R",R"), k € N*.

By using Shauder’s fixed point theorem as well as some properties of a
suitable Green function, a set of sufficient conditions for the existence of
at least bounded positive periodic solutions is obtained. Some well-known
results are improved and generalized. More precisely, our model contains as
a particular case the one analyzed in Bouakkaz et al. [12], and Zhao and Liu
[79]. In third section, two examples are exhibited to show the efficiency and
application of our findings, which are completely new and enrich the existing

literature.




CHAPTER 1

Primary concepts

Contents
[1.1 Tools and fundamental concepts| . ... .. ... 7
[1.2  Basic fixed point theorems|. . . . .. ... .... 15

his chapter presents the essential concepts and basic elements neces-
Tsary for the development of the thesis. It is structured in two sections.
The first provides a brief overview of the key tools of functional analysis, in-
cluding fundamental definitions, lemmas, and results that will be frequently
referenced in subsequent chapters. The second section is devoted to impor-
tant theorems of fixed-point theory, which will be extensively used in the

later stages of this thesis.



Chapter 1. Primary concepts

1.1 Tools and fundamental concepts

In this section, we review fundamental concepts from functional analysis,
including essential tools, definitions, lemmas, and associated results, and

examples that are pertinent to our discussion.

1.1.1 Banach space

Let E be an arbitrary nonempty set.

Definition 1.1 [20]Let E be a vector space. A metric, or distance function,

on F is an application

d: Ex E—R,

that satisfies:

i) d(u,v) > 0 for all u,v € E, and d(u,v) = 0 if and only if u = v;
ii) d(u,v) = d(v,u), for all u,v € E, (symmetry);

i) d(u,v) < d(u, z) + d(z,v), for all u,v,z € E, (triangle inequality).
A metric space (E,d) is a set F equipped with a metric d.

Example 1.1 The set of real numbers R with the distance defined by d(u,v) =
|u — v| is a metric space. The set of complex numbers C with the distance

function d(z,w) = |z — w| is also a metric space.

Definition 1.2 [20] Let (£, d) be a metric space and let {u,,} be a sequence
of points in FE.

- We say that {u,} is a Cauchy sequence if
Ve > 0, dng € N such that d(u,,u,) < e, Vp,q > ny.

- A sequence {u,} is called a convergent if there exists u € E such that
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lim d(u,,u) = 0. This means that

n—oo

Ve > 0, In* € N such that d(u,,u) <e, Vn >n".

- In metric space (E,d), if sequence {u,} is not convergent, it is termed

divergent.

Definition 1.3 [20] A metric space (E,d) is said to be complete if every

Cauchy sequence in F converges to a point u in F.

Proposition 1.1 FEvery convergent sequence in a metric space is a Cauchy

sequence. But the converse is not true in general.

Definition 1.4 [20] Let E be vector space. A map ||.|| : E — R is called a
norm on F if

a) |lu|| >0, for all uw € E, ( nonnegative );

b) |Ju|| = 0 if and only if u = 0;

c) ||pul| = |pl||u||, for all w € E and p € k, (k =R or C) ( homogeneous);

d) ||u+ || < |u|] + ||v||, for all u,v € E ( triangle inequality);

The couple (E,|.||) is called a normed space.

As an illustration, we consider the following examples:

Example 1.2 The set of real numbers R with the absolute value norm ||u|| =
|u| is a one dimonsionel real normed linear space. More generaly, R", where
n =1,2,..., is an n-dimensionel linear space. A famous example of norms on
R™ includes:

1) |lull, = Z:T |ui|, for all u = (uy ug, ..., u,) € R™;

)
2) ||ull, = [Z;l |uz|2] * forallu= (ug,ug, ..., u,) € R™;
)

3) |ull, = max |u;|, for all u = (uy ug,...,u,) € R". More generally the ¢,

1
norm is defined by [Juf|, = [Z'_l ]ui\p} "forp>1.

8
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Example 1.3 For the space of continuous functions on a bounded interval
[a, b], denoted C([a, b], R), there are famous norms commonly used:
b
D7l = [ It
b , 3
2) 1= ([ rora)
3) I flloe = sup [F(2)].
a<t<b
Among these norms, the supremum norm is particularly important, as it is
widely used to define the standard metric on function spaces a concept we

will used later.

Theorem 1.1 J20] Let (E.||.||) be a normed vector space. The distance

associated with the norm ||.|| on E is:
d : ExE—R"
(U,U) — d(u,v) = HU’_'UH»

which s called the metric induced by the norm. Then, the normed space is a

metric space. However, the converse is not always true.

Definition 1.5 [20] Every complete normed space is called a Banach space,

i.e. if every Cauchy sequence in E converges to a point u in FE.
Example 1.4 For w > 0, the set
C,={ueC(R,R):u(t+w)=u(t)},

of all continuous and periodic functions with period w endowed with the

supremurn norm

|lul]| = sup|u(t)| = sup |u(t)|, for u € C,,
teR te[0,w]

is a Banach space.
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Corollary 1.1 [22] Every finite-dimensional normed vector space is com-

plete (Banach space).

1.1.2 Arzela Ascoli theorem

The Arzela-Ascoli Theorem was proven in the late 19th century by Italian
mathematicians Cesare Arzela and Giulio Ascoli. The theorem was first
proved as a tool for studying the properties of continuous functions on com-
pact intervals, but it has become one of the fundamental results in mod-
ern mathematics. It performs a vital role in understanding the convergence
and compactness of function sequences in various areas, including functional

analysis, differential equations, and approximation theory.

Proposition 1.2 [53] Let 2 be a subset of a complete metric space E. Then
we have the following:

i) Q is compact if and only if ) is closed and totally bounded.

ii) Q is compact if and only if Q0 is totally bounded.

Definition 1.6 [49] Let (E,d) is metric space, 2 C E is compact if every

sequence {un}, .y € € has a convergent subsequence {u,, },.y and also its

neN
limit in Q. Also © is said to be relatively compact if its closure Q C E be

compact.

Proposition 1.3 Let 2 be a closed subset of a complete metric space. Then

Q 1s compact if and only if it is relatively compact.

Corollary 1.2 (General Heine-Borel Theorem) [49] Let E be a finite dimen-
sitonal normed space and let Q2 C E. Then ) is compact if and only if  is

closed and bounded.

10
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Definition 1.7 [49] The mapping A: (E,dg) — (F,dp) is said to be a

continuous at ug € F if for Ve > 0 there exists 6 > 0 such that
dp(A(u), A(ug)) < e, as dg(u,up) < 9.

If the function A is continuous at every point of E, it is said to be continuous
on F. Also it is said to be uniformly continuous if for all € > 0 there exists

0 > 0 such that
Vu,w € E,dg(u,w) < § yields dp(A(u), A(w)) < €.

Definition 1.8 [59] Let (E, ||.||z) and (£, |.||) be two normed spaces, and

let A: E — F be an operator is compact if only if
VQ C E, (2 bounded) = (A(Q) compact> :

Equivalently, A is compact if and only if for every bounded sequence (u, )nen

in E, the sequence (Au,),en has a convergent subsequence in F.
Remark 1.1 If A is linear, then A is completely continuous < A compact.

Corollary 1.3 Let (E,||.||z) and (F,||.||z) be two normed spaces, and let
A E — F be a continous operator. If Q C FE is a compact set, then
A(Q) C F is a compact. More specifically, if the image A()) is bounded and

every sequence in A(2) has a convergent subsequence, we conclude that:
A(Q) is compact in F.

Let Q2 be a compact subset of a normed vector space (X, ||.||) and let C(Q2,R)
be the normed vector space of real valued continuous functions on Q0 with the

sup-norm
[flloo = sup | f(x)].
€N

Let F be a collection of functions in C(§2,R).

11
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Definition 1.9 [I4] The collection F is said to be equicontinuous if for every

e > 0 there exists 0 > 0 such that for all z,y € Q with ||z — y|| < J, we have
|f(z) — f(y)| <e, for every f € F.

Definition 1.10 [I4] The collection F is said to be uniformly bounded if
there exists M > 0 such that

|fllo =sup|f(x)] < M, for all f e F.
=9

One of the most important results that arises when dealing with theory
of operators is the Arzela-Ascoli Theorem. The following theorem is very

important and shall use to prove the main results later.

Theorem 1.2 [20] If F is a collection of uniformly bounded and equicontin-
uous functions in C(Q,R), then F is relatively compact in C(2, R).

Corollary 1.4 A collection F C C(2,R) be compact if and only if it be

closed, equi-continuous and uniformly bounded.

Remark 1.2 For F > 0, and ¢ > 0, the set
P = {’LL eC ([aa b] >R> ) HUHOO < 67 |U(CL2) - u(&1>’ < F ’a2 - a1| 7va1>a2 € R} )
is compact. This result is a direct consequence of Arzela-Ascoli Theorem.

The next result follows as an immediate consequence of Arzela-Ascoli
Theorem, which offers an alternative means to prove that every collection
F CC'([a,b] ,R) is relatively compact, when working with specific sequences

in F as below.

Corollary 1.5 Let (1 and {5 be two strictly positive real numbers. The subset

F CC*([a,b] ,R) that satisfy

Vin€F, | fu(t)|< by, and | f)(t) |< b, for allt € [a,b], n €N,

12
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is relatively compact in C ([a,b] ,R).
Indeed, the Mean value theorem shows that, for all n and u,v € [a,b], there

exists ¢ € (u,v), such that

|[fa(w) = fa()] < £y ()] Ju—v].

It follows | fn(u) — fn(v)| < lo|lu — v|. Hence for any e > 0, and d = €£; we
2

have,
Vu,v € [a,b], |u—v| <6 = |fulu) — fulv) <€, n=1,2,...

This proves that the family F is equicontinuous. Moreover, since there exists
6 > 0] fult) |< by for all t € [a,b], n € N, which implies that F uni-
formly bounded. Finally, since F s uniformly bounded and equicontinuous,

the Arzela-Ascoli theorem ensures that F s relatively compact.

1.1.3 Differentiation under the integral sign

Fisrt of all, we should point out that if an integral like / bh(u,t)dt is a
function u, which is independent of the integration variable (Edenoted t), so
we can ask about its u—derivative, provided h(u,t) suitable conditions hold.
The rule is the u— derivative of the integrale h(u,t) is the integral of the
u-derivative of h(u,t):

%/@ h(u’t>dt_/a ?(u,t)dt. (1.1)

u

This operation, called differentiating under the integral sign, was first
used by Leibniz, one of the inventors of calculus. It can be applied as
a technique for solving integrals, popularized by Richard Feynman in his
book [2§]. The rule allows differentiation and integration operations to be

interchanged under certain conditions.

13
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Theorem 1.3 ( Fundamental Theorem of Calculus) [17] LetheC ([a,b],R).
Define the function H : [a,b] — R by

Hu) = / Bt e fa,b]

then H is continuous on [a,b], differentiable on (a,b), and H (u) = /l\z(u) for

all w € [a, b].

Remark 1.3 Let h [a,b] — R be a piecewise continuous function. Define

the function

then the following properties hold:

1) H is well defined and continuous on [a, b].

2) H is differentiable at all points uy € [a,b], where D is continuous, and
H' (ug) = h(ug).

3) If % is not continuous in ug, then H may not differentiable at uqg.

Let us now, recall Leibniz’s Rule which is used to differentiate an integral

with respect to a parameter:

Theorem 1.4 Leibniz integral rule [29] Let fi, fo : R — R be continu-
ously differentiable functions, and let h : R?> — R be continuous, and suppose

h
— also exists and is continuous. Then the function

ou

fa(u)
o) = [ h(u. oyt
J1(u)

1s differentiable, and its derivative is given by:

d W () op

h(u, t)dt = h(u, fg(U))%fg(U)—h(u, fl(u))%fl(u)jt/f( ) a(u,t)dt.

du.J f, )
In the special case where the functions f1 and fs are constants fi(u) = a and

fa(u) = b with the values that do not depend on u, this simplifies to equality

given by .

14
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1.2 Basic fixed point theorems

It has been 100 years since Banach published the first metric fixed point
theorem. Today, metric fixed point theory is one of the hottest research topics
not only in applied mathematics but also in nonlinear functional analysis and
topology. In qualitative sciences, almost all questions can be transferred into

the metric fixed point problem
A(u) = u,

for some suitable function A The main goal of the fixed point theory is to un-
derstand the existence of a fixed point first. After guaranteeing the existence
of a fixed point, they look for its uniqueness. For instance, the existence
and uniqueness of certain differential equations, under suitable conditions,
can be reduced to the existence and uniqueness of a fixed point. Based on
these discussions and observations, we underline the fact that metric fixed
point theory is one of the most useful and effective mathematical analysis
tools to construct the existence and uniqueness of various problems modeled
by nonlinear relations. This is why the metric fixed point theory has been
so densely studied in qualitative sciences, in particular, computer science,
engineering, physics, etc. Metric fixed points have begun to take shape and
sharply develop in different senses. With the invention of several new con-
traction mappings, various new abstract spaces have been discovered and
studied. In connection to the advances in metric fixed point theory, several
new results (dealing with fixed point theory) in many disciplines have been
recorded. We recommended that anyone interested in fixed point theorems
browse through the book [63] by Smart where additional results and many
more references can be found.

In this section, we introduce some fixed point theorems, one of which we
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will use to prove the intended results. But before that, let us introduce the

definition of a fixed point.

Definition 1.11 [63] ( Fixed point ) Let (£, ||.||;) be a Banach space, and
let A: E — FE be a mapping. We call fixed point of A any point u € E such
that A(u) = u. This is equivalent to saying that the equation A(u) —u =0

has a solution.

Example 1.5 In mathematics, a fixed point of a function is a value x such
that A(u) = u . The existence of fixed points depends on the nature of the
function. For instance, the identity function A(u) = u has every point as a
fixed point. In contrast, the fixed point does not exist in translation mapping
the form A(u) = u + a, where o # 0, since the equation v + « = u has no

solution.

1.2.1 Banach’s fixed point theorem

In 1922, in Banach’s PhD thesis, a remarkable fixed point theorem well known
as the Banach contraction principle was initiated. The Banach contraction
mapping principle is one of the most important theorems in classical func-
tional analysis. Owing to its simplicity, practical utility, and ability to ensure
both existence and uniqueness of solutions in a wide range of metric spaces,
the Banach Contraction Principle is widely recognized as a central tool in
various areas of mathematical analysis and applied sciences. It is perhaps
one of the most widely used fixed point theorems in all analysis. The beauty
of the Banach contraction principle is that it requires only completeness and
the contraction condition on the underlying metric space and mapping, re-

spectively. With these conditions it provides the following assertions:
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e The existence and uniqueness of a fixed point.

e The method to compute the approximate fixed points.

e The error estimates for approximate fixed points.

To date, a substantial body of research has been devoted to extensions and
generalizations of the Banach Contraction Principle, with numerous papers
published in the mathematical literature ( see [7, [16, [55]).

Now, we have the definition of Lipschitz mapping.

Definition 1.12 [63] Let (E,dg) and (F,dr) be metric spaces. A map A :
E — F is said to be Lipschitz continuous if there exists a constant m > 0,
with

dr (Au, Av) < mdg (u,v), for all u,v € E.

In this case, the constant m is referred to as the Lipschitz constant of A.

A is said to be a contraction mapping if, in the above inequality, m < 1,
and it is nonexpansive if m = 1. Finally, A is said to be a contractive

mapping if, for all u,v € E and u # v,
dp (Au, Av) < dg (u,v) .

Based on the relationships described above, we can summarize the following

implications as follows:

contraction = contractive = nonexpansive = Lipschitz,

and all such mappings are continuous.
Stefan Banach [7] stated the following theorem in 1922, which is also known

as the “Banach contraction principle".

Theorem 1.5 [65] Let (E,dg) be a complete metric space, and let A : E —

E be a contraction mapping with 0 < m < 1. Then, A has a unique fized

17
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point u* € E, i.e., A(u*) = u*. Moreover, any recurrent sequence defined by
uy € E and A (uny1) = u, converges to uy and satisfies the following bound:

n

dg (U07U1)7

where dg represents the distance in the metric space, and m s the contraction

constant with 0 < m < 1.

Theorem 1.6 [63] If Q) is a closed subset of a Banach space (E,|.||z) and

A Q — Q is a contraction, then A admits a unique fixed point in €.

Here’s an example that illustrates how contraction mappings in incom-

plete metric spaces can fail to have fixed points.

Example 1.6 Consider the space (E,d) where £ = ]0,1] and d(u,v) =

lu —v|, u,v € E, the usual Euclidean distance. This is a metric space but
1 1

it is not complete ( because — is a Cauchy sequence in (E,d), but lim — =
n

n—oon
0 ¢ ]0,1] ). Define the map A : ]0,1] — |0, 1] as follows:
u
A(U) - 57

for all w € ]0,1]. It is easy to verify that A is a contraction. For any u,v €

10, 1], we have
1

= —|u—l.

5

| Alu) = A(v) |= |

u v
5 5
This confirms that A is a contraction mapping with constant m = % Looking
for fixed points of A must satisfy A (u*) = w*. That is: u* = 0. However, the
space (E, dg) is incomplete, and the fixed point u* = 0 lies outside £ = ]0, 1].
Despite being a contraction, A cannot have a fixed point within the space

(E,dg) because it is incomplete. This example illustrates how contraction

mappings in incomplete metric spaces may not have fixed points.
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Banach’s flxed point theorem can be generalized in the following way.

Theorem 1.7 [63] Let (E,||.||) be a Banach space and A : E — E be a

mapping such that for some integer p,

A" =AoAo..0 A,

p times

A™ is a contraction mapping. Then A has a unique fixed point.

Proof. Let u € E be the fixed point of A™.i.e., A™ (u) = u. Then,
Au) = AA™ (u)) = A" (u) = A™ (A(u)

which implies that A (u) is a fixed point of A™. By uniqueness, we have
u = A(u), that is u is also a fixed point of A. To prove the uniqueness of
the fixed point of A, let v be some other fixed point of A. Then, v = A(v) =
A(A(v)) = ... = A™(v), that is, v is also a fixed point of A™. Hence v = u.

1.2.2 Schauder’s fixed point theorem

Brouwer’s Fixed Point Theorem is a fundamental result in topology, origi-
nally proven by L.E.J. Brouwer in 1912. The core idea of Brouwer’s Fixed
Point Theorem is the existence of stationary points under continuous trans-
formations. In the context of finite-dimensional spaces, specifically in R",
the theorem guarantees that any continuous mapping of a compact convex
set in R™ to itself has at least one fixed point. Due to its elegance and gener-
ality, the Theorem continues to have a profound impact on diverse fields of
mathematics, including topology and mathematical analysis. It underscores

the concept of invariance in mathematical transformations and has inspired
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the development of many other fixed-point theorems and related concepts in
mathematics and its applications.

In 1930, Schauder [52], first established an infinite-dimensional general-
ization of the Brouwer fixed point theorem, now well known as the Schauder
fixed point theorem. It asserts that any continuous function from a com-
pact convex subset of a Banach space into itself has at least one fixed point,
thereby extending the applicability of Brouwer’s original result to broader
classes of spaces, including those of infinite dimension, and facilitating its
use in more general and complex mathematical contexts. Today, this theo-
rem is one of the most powerful tools in dealing with nonlinear problems in
analysis, and in particular, it has played a major role in the development of
fixed point theory and the theory of differential equations, underscoring its

significance in modern mathematical research.

Definition 1.13 [22] A set 2 in E is said to be convex if, for all u,v € Q
and ¢t € (0,1), then the line segment (1 — t)u + tv € .

We start by formulating Brouwer fixed point theorem as follows:

Theorem 1.8 [65/ (Brouwer’s fixed point theorem) Let Q0 be a nonempty
closed bounded convex subset of a finite-dimensional normed space (E, ||.||)
and suppose A is a continuous function from § to itself. Then there exists

an element u* € Q such that A(u*) = u*, i.e., u* is a fived point of A.

We now turn to Schauder’s fixed point theorem, which generalizes Brouwer’s

fixed point theorem to infinite-dimensional Banach spaces

Theorem 1.9 [65] Let M be a non-empty compact convex subset of a Ba-
nach space (E,|.||z), and let A: M — M be a continuous function. Then
A has at least one fized point in M.

20



Chapter 1. Primary concepts

There is also a version of the Schauder fixed-point where compactness of

the image is required (in infinite dimensions) which can expressed as:

Theorem 1.10 [65] Let M be a non-empty, bounded, closed, convex sub-
set of a Banach space (E,|.||z), and let A : M — M be a compact and

continuous mapping. Then A possesses a fized point in M.

Note that it does not follow from Schauder fixed point theorem that the

fixed point is unique.

Example 1.7 The given example shows a case where Schauder’s Fixed Point
Theorem is applicable but the Contraction Mapping Principle is not. We can

use the nonlinear integral equation mentioned below.

1 e%(tfs)
U(t) = /0 Tu(s)d& t e [O, ]_] .

Schauder’s Fixed Point Theorem is applicable here because the associated

operator is compact

1 L)
(Au) (t) = /0 Tu(s)ds’ telo,1],

It defines bounded sets in the Banach space C([0,1]) ( the space of contin-
uous functions on [0, 1] is convex and closed). Schauder’s theorem ensures
the existence of a fixed point for this operator. However, the Contraction
Mapping Principle is not applicable because the operator is not a contrac-

%(t—s)

e
tion. The kernel T() does not satisfy a Lipschitz requirement with a
u(s

constant lower than 1, which is necessary for contraction.

1.2.3 Krasnoselskii’s fixed point theorem

In 1955, Krasnoselskii [39] established the most famous fixed-point solving
Equation

Aiu+ Ayu = u,u € M,
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where M is a closed convex set (a ball of radius r in practice), of a functional
Banach space. His result states that if A, is a contraction, 4;(M) is rela-
tively compact and M is left invariant by the operators sum A; + As, then
the above Equation admits a solution in M. The theorem was motivated
by an observation that the inversion of a perturbed differential operator may
yield the sum of a compact and contraction operator. His theorem actu-
ally combines both the Banach contraction principle and the Schauder fixed
point theorem, and is useful in establishing existence theorems for perturbed
operator equations. The importance of this kind of results relies on, among
other things, its many applications in nonlinear analysis. For instance, it has
a wide range of applications to nonlinear integral equations of mixed type
for proving the existence of solutions. Accordingly, Krasnoselskii offered the

following fixed point theorem.

Theorem 1.11 [63] Let M be a closed convex non-empty subset of a Banach
space (E,||.||z) and let Ay, Ay : M — E be two mappings such that

1) Ayu+ Av € M, Yu,v € M,

1) A is continuous and compact,

iit) A, is a contraction mapping.

Then there exists v € M such that
.Al’U + .AQU = .

Proof. Assume that the mapping A, satisfles the hypothesis (iii) of the

theorem. Thus, there exists a ¢ € [0,1) such that

[ Azu = Agvl| < cllu—vl|, u,0 e M.
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This yields

(I — A2)u— (I — A)v|| = [[(u—v)— (Au— Av)||
< lu = vl + | A2u — Agv|
< lu =l +cllu—vl
= (1+c)|lu—v,

and

(I = A2)u— (I — A)v|| = [[(u—v)— (Au— Agv)||
> lu — vl = [[A2u — Agv|
> lu =l = clju -
= (1-¢)llu—n|.

It follows that
(I =) lu—=o| <[[( = A)u — (I — A)v[| < (1 +¢)[[u—2|.

This inequality shows that (I —Ay) : M — (I —.A) M is continuous and one
to one. Thus, (I — A;)~! exist and is continuous. Let us the set F := (I —
As) 1A Tt is clear that Fis compact mapping, because Fisa composition
of a continuous mapping with a compact. Finally under Schauder’s fixed

point theorem yields the conclusion of the theorem, F has a fixed point, i.e.
32* € M such that (I — Ay) 1A 2" =2".
This is equivalent to z*= A;2*+Ax2*. =

Remark 1.4 It should be noted that when A; = 0, the theorem reduces
to Banach’s fixed-point theorem. Conversely, when A; = 0, the theorem

coincides with Schauder’s fixed-point theorem.
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Now, we present an application of Krasnoselskii Theorem. It illustrates
the proof of the existence of the solution to a certain type of mixed nonlinear

integral functional equations.

Example 1.8 The purpose of the present example is to illustrate the appli-
cation of the Krasnoselskii Fixed Point Theorem in studying the existence of

solutions to the following nonlinear functional integral equations.

©(t)
u (t) =f(t’U(Oé(t)))+g(t,U(5(t)))/O h(t, s, u(y(s)))ds. (1.2)

We note that to apply Krasnoselskii’s fixed point theorem we need to define a
Banach space of continuous functions on the interval [0, a] (noted, C([0, a])),
equipped with the supremum norm
[[ul] = sup fu(t)],
te(0,a]
a closed convex subset B,, C C([0,a]), where B,, is the closed ball of radius
ro centered at the origin, and construct two mappings, A; is compact and
A, is a contraction (see below). In view of this idea, we write equation (|1.2)

as follows:

(Tw) () = (Aru) (t) + (Azu) (1),

where both of A; and A; are mappings from B,, to C([0,al]), and these

mappings are defined as follows:

()
(As) (£) = gt u(B(1))) / B(t, s, u(v(s)))ds,

and

(Azu) (t) = f(, u((t))).

We point out that establishing the existence of a fixed point for the operator
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T is equivalent to showing the existence of a solution to the proposed equation
(1.2)). Before stating our main result related to the existence of solutions of
equation , we suppose the conditions below hold:

S1) The functions «, 8 : [0,a] — [0,a], ¢ : [0,a] — Ry and v: R, — R, are
continuous.

Sz) The functions f, g : [0,a] x R — R are continuous and for all ¢t € [0, a]

and u,v € R there exist positive constants d;, ds such that

[f(tu) = f(Ev)] < difu—vl,
\g(t,u)—g(t,v)\ < dg‘u—U|.

As a consequence of condition (S;) there is positive constant 7" such that
e(t) < T, Vt€[0,q].

Under the Lipschitz condition (S;), for all t € [0,a], there exist positive

constants f*, ¢g* such that

S3) The function v : [0,a] x [0,7] x R — R is continuous. Moreover, for all
t €10,a], s €[0,7] and u € R there exist a function 2* : Ry — R, which is

nondecreasing on R, such that
|h(t, s, u)| < B*(|2)).
S4) There exists a positive solution 7y that satisfies the inequality

le(] + f* + T(dg?”() + g*)h*(”f’o) S To.-

For proving the compactness of A;. We need to verify the following two
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points: A; is continuous and A; maps any bounded subset of B,, into a
relatively compact subset of B,,. We first show that .4; is continuous in the
supremum norm. For ¢ > 0 and any u,v € B,, such that |ju —v|| <€, we

have

|(Aru)(t) — (Ar)(1)]
o(t) o(t)
g(t,u(ﬁ(t)))/0 h(t,s,u(v(s)))ds—g(t,v(ﬁ(w))/o h(t, s, u(v(s)))ds

©(t)
+ (lg@t, v(B(¢))) — g(£,0)| + |g(t70)!)/0 |h(t, 5,u(y(s))) — h(t, s, v(7(s)))| ds
dy [u(B(t)) — v(B(t))| Th"(ro) + (d2 [0(B(£))| + %) T'x,, ([0, a] , €)
Tdy [Ju—v[[ h*(ro) + T (d2 [|v][ + g%) X, ([0, ] €)

T (deh*(ro)e + (daro + g%) X, ([0, 0] ,€)) ,

IAN - IA

IN

where

X ([0, 0], €)

= sup{|h(t,s,u) — h(t,s,v)| : t €1[0,a],s €[0,T],u,v € [—ro,ro],|u—v| <e€}.

Due to the uniform continuity of A on compact sets [0, a] x [0, T] x [—rg, ro],
it follows that x, ([0,a],€) — 0 as € — 0. Then operator A, is continuous on
B,, under above assumptions.

To show that the map A; is completely continuous, we will show that A;(B,,)
is relatively compact in C([0,a]). Let 1,2 € [0,a] with 0 < #; < ty. If
u € By, by (S1) — (S4), we have

|(Aru)(t1) — (Aru)(t2)]
o(t1)
< lgltnu(B(t))) — gt u(B(t2)))| / h(tr, 5, u(7(s)))] ds

o(t1)
gt u(B(t2))) — g(ta, u(B(t2)))| / by, 5, u(y(s)))] ds

26



Chapter 1. Primary concepts

o(t2)
+ |g(t2, u(B(t2)))| /O h(t1, s, u(v(s)))ds

+

o(t1) o(t1)
/ Mn»mww»Ms—/ Bta, 5, u(~(s)))ds

(t2) p(t2)

w(t1)
< (da [u(B(t1)) — u(B(t2))] + x4 ([0, a] ,6))/0 |h(t, s, u(y(s)))] ds
+ (|g(t2, u(B(t2))) — g(t2,0)| + |g(t2, 0)])
w(t2)
X(A Bt 5,u(3(3)) = hlta, s, u(3(s))] ds
o(t1)
h(ti,s,u(y(s)))ds
—rém)<t () )
S [d2X (CL‘, X (ﬁa 6)) + Xg([07 CL] >€)] dgh*(’l“o) + (dQTO + g*)
X [Xv1 ([07 a] ) E) + X (@7 6) h*(TO)} )
where

X(ui, €) = sup {|u;(t1) — u;(t2)| : t1,t2 € [0,a] and |t; —ta] < €},

for i = 1,2,3 such that uy = u, uy = f, us = . Hence we write x(3,¢) —
0, x(u,e) — 0,x(p,e) — 0 as ¢ — 0 the from above estimate by using
uniformly continuity of these functions on the set [0,a]. Similarly, we get
X,([0,a] ,€) and x,, ([0,a],e) — 0 as ¢ — 0O since functions g and v are
uniformly continuous on the sets [0, a] x [—7¢, 7] and [0, a] x [0, T] X [—rg, 7]
respectively. On the other hand for any v € A;(B,,) and all t € [0,a] we
have |u(t)| < 7. This means that the set A;(B,,) is uniformly bounded
and uniformly equicontinuous. So A;(B,,) is a relatively compact subset of
C([0,a]) from Ascoli-Arzela Theorem.

We now show that 4, is a contraction. For any u,v € B,,, by using (As),
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we have

(A2u)(t) = (A20) ()] = | (t, u(e(t)) — f(E, v(a(t)))]
dy |u(a(t)) = v(a(?))]

< leU_U”7

IN

since dy < 1. So we infer that A, is a contraction on B,,.
Finally, we check that 7'(B,,) C B,,. For u € B,, and any t € [0,qa], we

estimate
|(Aru)(t) + (A2u)(?)]
o(t)
= 'f(t,U(Oé(t)))+9(t,U(6(t)))/0 h(t,s,u(y(s)))ds
|f(tu(a(t))) — f(2.0)] + [£(2,0)]
+ (lg(t, u(B(1))) — g(¢,0)| + |g(t, 0)])

o(t)
x / (Bt 5, u(3(s))] ds

< dyro+ fF+ T (daro + g*) W (ro) < 70.

IN

Then A, (B,,) + As(B,,) C By,. Therefore, on the set B,,, the conditions of
Krasnoselskii’s fixed point theorem hold. Hence, we conclude that Eq. (1.2)
has at least one fixed point u in B,, such that A;u + Ayu = u.

1.2.4 Guo-Krasnoselskii fixed point theorem in cones

The Guo-Krasnoselskii Fixed Point Theorem, independently developed by
Mark Krasnoselskii in the 1950s and Yong Zhou Guo in the 1970s, provides
a framework for determining the existence of fixed points of compact opera-
tors in cones within Banach spaces. Krasnoselskii’s pioneering work laid the
groundwork for fixed point theory in ordered Banach spaces, while Guo later

refined the theorem to specifically address nonlinear differential equations

28



Chapter 1. Primary concepts

and boundary value problems. By leveraging the principles of expansion and
compression on the boundaries of two open subsets, the theorem is partic-
ularly effective in demonstrating the existence of single or multiple positive
solutions to such problems. This result extends classical fixed point theory
by incorporating the structure of cones, thereby enhancing its applicability in
nonlinear analysis. As such, the Guo-Krasnoselskii theorem plays a pivotal
role in advancing the study of boundary value problems and other areas of

nonlinear functional analysis.

Definition 1.14 ( see, [29], [32] ) Let £ be a Banach space and let A be a
closed, nonempty subset of E. A is said to be a cone if:
i) au+ pv € A for all u,v € A and all o, 5 > 0.

ii) u,—u € A imply v = 0.

Theorem 1.12 ( Guo-Krasnoselskii, [33]) Let E be a Banach space, and let
A C FE be a cone in E. Assume that )1 and Qs are open subsets of E with
0€Q and Qy C Qs and let

P:AN (52\91) — A,

be a completely continuous operator such that either

i) |Pul| < ||u|| forw e ANOQ and ||Pu| > ||ul| for u e AN OQy; or
i) |Pul| > ||u| for u e AN O and ||Pu| < |ul| for u € AN OQNs.
Then P has a fixed point in A N (ﬁg\Ql) .
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Impulsives differentials equations

Contents
2.1 Review of impulsive differential equations| . . . 31
2.2 Application of fixed point methods|. . . . . . .. 53

n the present chapter, our goal is to introduce the basic concepts con-
Icerning this theory and present some fundamental results found in the
literature. This chapter is divided in two sections. In the first one, we
present an overview of impulsive differential equations, highlighting funda-
mental definitions and concepts. We conclude this chapter by applying some
fixed point theorems to deal with the existence of single and twin periodic
solutions of a class of nonlinear differential equations with impulsive effects.
Most of the definitions and results from this section are based on the books

[6] and [43].
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2.1 Review of impulsive differential equations

Impulsive differential equation is a kind of differential equation used to de-
scribe the discontinuous development process with jump points (impulses). It
has a very wide application background, such as biology, cybernetics, physics

and mechanics [[23], [31], [41], [47], [58], [65], [76]].

2.1.1 Mathematical description of impulsive differen-

tial equations

Impulsive Differential Equations model dynamic systems that experience
both continuous evolution and sudden, discontinuous state changes. These
hybrid systems combine ordinary differential equations, governing smooth be-
havior between events, with and instantaneous state jumps called impulses.
This approach is particularly valuable for modeling real-world phenomena
where continuous processes are interrupted by brief but significant events,
such as mechanical impacts, electrical pulses, or medical treatments.

The mathematical formulation of an impulsive differential equation typ-
ically consists of three main components. Each of these components plays
a critical role in describing how the system evolves both continuously and
through abrupt changes. Let’s break down why each is essential:

1. Continuous Dynamics (Differential Equation): This component
governs the evolution of the system’s state during intervals between the im-
pulsive events (when no impulses are present). It is expressed as an ordinary
or functional differential equation that describes how the system behaves
under normal (non-impulsive) conditions. Let Y C R™ and {t;}32, be a se-

quence such that t; < t;1. Then, for t € R, u € Y, we can describe such a
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system. Mathematically, this is often written as

= Jtur), 14t
wheret e R, u € Y CR™, f:R" x Y — R™ (Y is an open set).

2. Impulse Moments (Discontinuity Times): These are the spe-
cific times {4}, k € N*, at which the system experiences sudden changes
(impulses). Determines when impulses occur, either at fixed/variable times
(time-dependent) or when the state satisfies specific conditions (state-dependent).
The impulsive moments t;, k = 1, 2, ..., are solutions of the previous equation.

3. Impulse Function: The effect of an impulse on the system is cap-
tured by an impulsive function, which defines how the state changes at spe-

cific moments t,. Describe the instantaneous change in state at t,. Mathe-

matically, this is represented as:
Au(ty) = I(te, u(ty)), k=1,2,...,

where
Au(ty) = u(t]) — u(t;) : represents the jump in the state at time ¢,

u(ty) =limu(s) : is the right-hand limit (state after the impulse),

setz

u(t, ) = limu(s) : is the left-hand limit (state before the impulse),

s—t,

I, € C(R™,R™), k € N*| is called impulsive and it is defined and continu-

ous in the phase space of the considered impulsive system.

2.1.2 Classes of impulsive differential equations

Different types of impulsive differential equations, depending on the way of
determining the moments of impulsive effects. There are a variety of types
of impulsive differential equations, but we will focus on equations with fixed

moments of impulse effect.
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Impulsive differential equations can be divided into three classes according
to the type of impulse moments [43]:

Class I : An impulsive differential equation with fixed moments and time-
dependent dynamics is a system in which the state evolves continuously
according to a differential equation, but undergoes instantaneous changes

(impulses) at a predefined sequence of time moments {#;}. It is written as:

d
d—?:f(t,u), t%tlmkEN*a

Au o= ult) —uty) = Lilulty)), £ = t.

(2.1)

where
f R x R"™ — R" defines the continuous dynamics,
{tx} is a strictly increasing sequence of fixed impulse times,
I, : R® — R™ is the impulse function at moment %,
u(ty ) and u(t;)) are the left and right limits of u at t.
The following example shows the behavior of solutions is influenced by

the impulsive effect.

Example 2.1 Consider, the impulsive differential equation

u'(t) = =bu(t),t#kt>0k=12,..,
Au = —80u,t =k (2.2)
u (0) = 10.

Between impulses, that is, ¢t € (k,k + 1), the solution evolves according to

the ODE:

!

u (t) = =bdu(t),

whose solution is

u(t) =wu (k") e PR t e (kk+1).
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At each impulse time ¢t = k, the jump condition implies

U (k’+) =u (k_) +Au=u (k_) — 80u (k_) = —T%.

We define:
u (k%) = (=79)" upe ™, where ug = 10.

The full solution, for ¢t € (k,k + 1) is
u(t) = upe R =10 x (=79)" e
The final expression is

w(t) = upe > =10 x (—79)[t] e 5t t>0.

where [t] denotes the greatest integer less than or equal to ¢. The following

figure presents a numerical simulation of the solution u(t) over the interval

t € [0, 3.5], clearly demonstrating its piecewise exponential behavior and the

discontinuities occurring at each impulse t;, k € N.

1

|
— 4

o0

o5

—
=

LS .0 2.5 a0 25

Fig 2.1 Solution of (2.2) at impulse ¢t = 1,2,3, ...
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Example 2.2 We will consider the following example:

, k
W (t) =1+, t;éf,k;:1,2,...,

k
Au=u(tt)—u(t")=-1 t= Iﬂ (2.3)
u(0) = 0.
This equation describes a system that evolves continuously according to the
nonlinear ODE ' (t) = 1 + u? except at discrete times t, = %,k € N¥

where the solution experiences a jump of size —1. The continuous solution

between impulses, for each t € (ty, tx11) is

u(t) =tan (t + Cy) , k € N*

The constant C is determined by the initial value at the beginning of each

interval, which resets after each impulse. Using the initial condition u(0) = 0,

we construct the solution on successive intervals, for ¢t > 0,

( tan (t), fort e [0,%[,

: (t 7r) " te[ﬂﬁ
n(t—— r —, =
a 4 Y o 47 )

tan(t—2x%>, fort €

\ -

This is the summary for any k£ € N*,

tan(t—k%), for t € {k—ﬁ M{

4"’ 4

This is the corresponding figue of the given model, (see Figure 2.2)
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= Segment 0
4 4 Segment 1
—— Segment 2
= Segment 3
— Segment 4

(]
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\
\
\
lIl
\
.\
\
\
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o &

_4.

00 03 10 13 20 25 10 35 40
t

Fig 2.2 Solution of (2.3)

.Class II: System of impulsive differential equations with state-dependent

impulse times
du
— = f(t,u), t# tr(u),
R (RN N0 o
Au = Ip(u), t=tg(u),

where

f : RxR" — R"” is a continuous function describing the continuous
dynamics.

tr(u) are impulse moments that depend on the state, i.e., impulses occur
when the state satisfies a condition ¢, (u (t)) = 0 or t = I(u).

I : R™ — R” the jump function at impulse time ¢, describing the jump
(or discontinuity) in the state at the impulse times.

tr(u) < tgr1(u), (k € N*) and Jir{}otk(u) = 0.

This differs from classical impulsive systems where impulse times ¢, are

fixed. Here, impulses occur when the state hits certain manifolds or thresh-

36



Chapter 2. Impulsives differentials equations

olds, this introduces a hybrid dynamic that combines continuous flow and
discrete jumps, governed by triggering conditions.

The following example illustrates the several situations that arise.

Example 2.3 Consider the following impulsive differential equation with
state-dependent moments:

u' =0, t # ti(u),

Au=u?sgn(u) —u, t=t(u), ke N (2.5)

t(u) = u+ 6k for |u| <3, wheret > 0,u € R,
wheret > 0, u € R .
For initial conditions |ug| > 3, the trajectory u(t) evolves linearly without
entering the region |u| < 3, where impulse effects are defined. Therefore, the
solution does not intersect the hypersurfaces o, = {(t,u) : t = u + 6k}, and
no impulses occur during the motion, (see Figure 2.3).
e For ug = 4, Time interval: ¢ € [0,50], Plot jump lines: ¢t = u + 6k,
for k = 1,2,3,4,5, u(t) = ug, based on our description, if the blue yellow
(representing the trajectory u(t) = ug) doesn’t intersect the red dashed lines
(representing the hypersurfaces ¢t = u+ 6k), then your observation is correct:
the trajectory never hits the jump region and thus does not trigger any jumps.

lul<3 {(jump zone)

40 uo=4

30F
20F
10

u(t)

or e —— ST - -
—10}

—20

=30

Time t

Fig 2.3 The solution of the impulsive differential equation (2.5)

has no impulse effect for |ug| > 3.
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e At each impulse moment, the solution experiences a sudden jump deter-
mined by

Au = u?sgn(u) — u.

Analysis of the Jump Condition
1. Foru>0:
Au=u(u—1).

o If 0 < u < 1: the jump Au < 0, so u decreases toward zero.
o If uw = 1: the jump Au = 0, hence u = 1 is an equilibrium.
o If 4 > 1: the jump Au > 0, so u increases further.
2. For u < 0:

Ay = — (u2 + u) :

o If -1 < u < 0: the jump Au > 0, so u increases toward zero. This
generates the so-called beating phenomenon.

o If u = —1: the jump Au = 0, hence u = —1 is an equilibrium.

o If u < —1: the jump Au < 0, so u decreases further (becomes more
negative).

3. For u =0:

Au = 0, hence u = 0 is also an equilibrium.

Behavior of the Solutions

e The solution u(t) that starts from a point (0, ug) with 1 < |ug| < 3 is subject
to an impulsive effect only finitely many times. As an illustration, consider
the case u(0) = v/2. The corresponding trajectory intersects the impulsive
surface o three time. At the first intersection, occurring at t; = wuq (since

k =0) , the solution undergoes an impulse

Au = ulsgn(ug) — ug = V2 — V2.
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The new initial condition immediately after the impulse is therefore
w(t) = u(ty) + Au = V2 + (f— \/5) V2.

When the integral curve intersects the hypersurface a second time, at ¢, it

is subject to a second impulse,
Au = u(ty ) sgn(ulty)) — u(ty) =2 — V2,
so that the solution immediately after the impulse satisfies
u(th) = V2 + (2—\/5) =2

At the third intersection, t3, the solution jumps once more, giving u(t;) =
4 > 3, Since this value lies outside the interval (—3,3), no further impulses
occur and the trajectory remains constant thereafter. In this example the so-
lution experiences exactly three impulses before leaving the impulsive region
(see Figure 2.4).

Jul<3 (jump zone)

10— wl=1.4142135623730951

1%
st

U

—10

—20 |

—30

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time t

Fig 2.4 Finite number of impulses for 1 < uy < 3. Example
up = V/2: the trajectory hits the hypersurface finitely many

times and then settles .

e The solution u(t) that starts from a point (0,up) with 0 < ug < 1 is

subject to an infinite sequence of impulses. At each impulsive moment the
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state decreases but remains positive. Consequently, the solution experiences

infinitely many jumps as time progresses. More precisely, if ¢ denotes the
sequence of impulsive moments, then

k—oo

lim ¢, — oo, klim u(ty) = 0.
Thus, although impulses occur indefinitely, the state converges monotonically

to zero as t — oo. For example, let ©(0) = 0.5. At the first impulsive moment
we obtain

Au=(0.5)—-0.5=-0.25 u=05-025=0.25
At the next impulse,

Au = (0.25)* — 0.25 = —0.1875, u = 0.25 — 0.1875 = 0.0625.

Hence, the successive impulses reduce the state as

0.5 —0.25 — 0.0625 — ...,
demonstrating concretely how the solution approaches zero through an infi-
nite sequence of impulsive effects (see Figure 2.5).

ul<3 (jump zone)
uwd=0.5
10

ult)

—10Fr

=201

—30F

r.s 10.0 12.5
Time t

Fig 2.5 Infinite impulses with decay to zero for 0 < ug < 1.

The trajectory experiences infinitely many jumps while u(t)
tends to zero.
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e Starting at a point (0,ug) with —1 < ug < 0, the solution is subject to
an impulse effect infinitely many times. At each impulsive moment the state
increases while remaining negative. . Consequently, the solution experiences
infinitely many jumps as time progresses, but the values of u approach zero

from below. More precisely, if ¢, denotes the sequence of impulsive moments,

then
lim u(ty) = 0, lim ¢}, = 6.
k—oo k—oo
For example, with u(0) = —0.5 , the sequence of impulses can be computed

by the same method as before, and one finds that the solution increases step
by step toward zero while never becoming positive. This behavior is known
as the beating phenomenon (see Figure 2.6).

e In addition, the points (0,0), (0,1) and (—1,0) also intersect the impulsive
surfaces o}, infinitely many times, but they remain unchanged under the jump
condition u%sgn(u) —u. These points are therefore fixed points of the system

(see Figure 2.6).

10 |-

uft)

—10}

E
A

—20F <= 3 (jump zone)

EEEE
o000

Hlnnnn
N}

-
wm GLLU.

—30

0.0 2.5 5.0 7.5 10.0 12.5 15.0 20.0

Fig 2.6 Beating and fixed points( — 1 < ug < 0 and uy € {0, £1}).
Beating for ug = —0.5 : jump times accumulate near ¢t = 6. Fixed
points ug = 0, +1: the trajectory meets the hypersurfaces without

changing value.
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Class I11: Autonomous impulsive differential equations describe systems
whose state evolves continuously according to a differential equation, but
undergoes sudden changes (impulses) when the state reaches a specific region

of space, rather than at predefined times. These systems take the form:

du
E = f(u)’ u ¢ g,
Au = Ix(u), u€o. (2.6)

Here: u € R™ is the state vector,

f:R™ — R" is a smooth vector field describing the continuous evolution
of the system,

o C R™ is an (n — 1)-dimensional manifold, often called the impulse
surface, which defines the set of states where impulses occur.

I, : 0 — R" is a function that determines the magnitude and direction of
the impulse at each point on the manifold.

This system is autonomous, meaning that the dynamics do not explicitly
depend on time ¢, and state-dependent u, as the impulses are triggered by

the state entering the manifold o, not by a fixed sequence of times.

2.1.3 Space of piecewise continuous functions

Since the solutions to an impulsive differential equation are piecewise contin-
uous, the natural functional space for these solutions is the space of piecewise

continuous functions, which is defined as follows:

{U YCR—-R, ue C ((tk,tk+1) ,R) , (tk>tk+1) CcY,
te , is a sequence of discontinuities,
PC(Y,R) = {tr}i q
at each discontinuity point

the one sided limits u(t;) and u(t;) exist, with u(t;) = u(ts)} -
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For convenience, we denote the space of piecewise continuous functions as
PC(Y) instead of PC(Y,R), under the assumption that the codomain is
understood from the context.

Let us define a piecewise continuous function.

Definition 2.1 [3] Let t = (tx)ren be a strictly increasing sequence of real

numbers in Y = (g, 00) such as
|tx] — oo, when k — oo, k € N*.

We say that the function f:Y — R belongs to the space PC(Y,R) if:
- f is continuous on each interval (ty,tg.1) .

- For each k, the right hand limit

ft)) = lim f(2),

t—tf

and the left hand limit
f(t,) = lim f(t),
t—>tk

exist, and satisfy

fte) = fte).
Similarly, a function f is said to belong to the space PC*(Y,R) if both f and
its derivative f’ belong to PC(Y,R).

Theorem 2.1 [6] LetY C R be an interval, and let (PC(Y,R), ||.|| pc) be the
space of real-valued piecewise continuous functions on J, is a Banach space

when equipped with the norm:
Jull e = sup .
where each uy, = U |(44,, 1), and

lupllo = sup |u(t)].
tG(tk,t]H_l)
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2.1.4 Existence and uniquencess results

The existence and uniqueness of solutions to impulsive differential equations
(IDEs) are an extension of the classical results from ordinary differential
equations (ODEs), with added considerations due to the presence of impulses,
i.e., sudden changes (discontinuities) in the state at specified times. Let
to € R, and let t; < tx1 (k€ N¥), khjgotk = o0o. Consider the impulsive

differential equation:

ul<t> - f(tau(t))v l 7é lk,
A iy, = u(ty) —uty) = L(u(ty)), t =t (2.7)

u(t(J)r) = Up,

where f: D C R x R — R is continuous (or satisfies a Lipschitz condition).

- I, : R — R is the impulse functions.

To start, we define the solution to the impulsive differential equation,
specifying that it is continuous and differentiable on the subintervals between

the impulse moments.

Definition 2.2 [43] A function u : R — R™ is said to be a solution of (2.7)),
if the following conditions are satisfied:

1) u is absolutely continuous on each (¢, tx11) -

2) C;—TZ = f(t,u(t)) hold everywhere in R\ {#;} and the jump condition is
satisfied u(t;) — u(ty) = I(u(ty)), t = t.

3) For each k € N*, u(t)) and u(t;) exist and u(ty ) = u(ty), i.e., u is left-

continuous at impulse times.

The following theorem guarantees that, for a finite impulse effect, a solu-

tion exists after the impulse.
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Theorem 2.2 [/5] Let f : R x Y — R" be a function that is continuous on
each interval |tg, t41] X Y, k € N* (Y C R™). Assume that for every u € Y,
the limit
lim  f(t,v).
(t,fu)—»(t;r,u)

t>tp,

exists and finite. Then, for each (ty,ug) € R X Y, there exists 0 > tg and a
solution

2 (t[)?e) — R"

to the initial value problem .

Lemma 2.1 [6] A function u € PC(Y) is a solution of the problem
forteY C R if and only if

—UQ—I-/fSU d8+ Z [k tk

to<tp<t

Proof. Suppose u is a solution of (2.7)), t # t. Then, for ¢ € [to, 1], we get

u(t) = f(t,ult :>/ ds-/fsu

= = U +/ f S, u
For ¢t <t <t;, we have
¢ ¢
d(t) = fltu)= [ u(s)ds= | f(suls))ds
t1+e t1+e
t
= u(t) —u(ty +e¢) = f(s,u(s))ds
t14e¢
t
= Ell,%lJr [u(t) —u(ty +¢)] = Elir(% - f(s,u(s))ds
t
. _ + .
= Elir(r)1+u(t) =u(t]) + EILI(% . f(s,u(s))ds

After the impulse (u(t]) — u(t]) = I (u(t1)), we get

u(t) = u(ty) + I (u /fsu
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Since u(t] ) = u(ty), so
t1
u(ty) = uo +/ f(s,u(s))ds.
to
This yiels, If ] < t < t;, the solution is
t
u(t) = uleh)+ [ Flsuls)is
t
t1 ' t
= wug+ / f(s,u(s))ds + / f(s,u(s))ds + I (u(ty)).
to t1
This means that

u(t) :uo—i—/ f(s,u(s))ds + I (u(ty)).

to

Similarly, for ¢t € (¢, txs1] ,

u(t):uo—{—/t fls,u(s))ds + > I(u(ty)).

to<tp<t
Thus,
t
U(t)=uO+/ f(s,u(s))ds+ > I(u(ty)), Vt € J.
to to<tp<t
|

Theorem 2.3 [/5] Let the assumptions of Theorem 2.2 hold. Moreover,

suppose that the function f is locally Lipschitz continuous with respect to u

in R X Y. Then for any (t,u) € R XY there exists a unique solution of the

initial value problem )

Example 2.4 We consider the following linear impulsive diffrential equation

u (t) = au(t), if t € Jty, tr], k €N,
u(ty) =u(ty) + 8, with a, 8 € R,
u(0) = up.
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To find the explicit solution of the system ([2.8)), it is necessary to solve the
equation on each sub interval |¢y, tx11] . Let’s build the solution step by step:

—if t €]0,t1], no jump before 1, so
u(t) = upe™.
Now, we apply the jump at ¢}
u(ty) = ulty) + B = uoe™ + 5.
—if t €]t1, 5], we get the solution of (ODE) with initial value at ¢],
u(ty) = upe™ + B,
S0,

ult) = u(tf)e

= upe®™ 4 Bt 1 €]ty t).
We apply the jump at ¢ :
u(t) = u(ty) + B = uge™™ + Feol=1) 4 g,
— if t €]ty, t3], we solve again (EDO) with initial value at ¢]
u(t) = uge™® + Bl 4 g,
S0,

u(t) = u(t)et

_ uoeatl +ﬁ€a(tz_tl) +6€a(t_t2).
This is the summary for any k£ € N*,

u(t) = u(tf_y)e®tt-1) 1 geclt=t) ¢ ity 04].

47



Chapter 2. Impulsives differentials equations

In a version of the model in reference , we consider two parameter values,
a = 0.02, =100, ( u(0) = 10 initial condition), and impulse times ¢; = 0,
to =5, t3 = 10, t4, = 15, t5 = 20. As a result, the solution shows piecewise
exponential growth with discrete jumps (impulses) at the specified moments.
A clear illustration of the resulting behavior can be found in Figure 2.7,

where the discontinuities can be clearly seen at each impulse point.

600

|
|
|
!
| 1
i |
=00 | /
|

400

uitl

304

200

oo e 5.0 73 .0 1.5 15.0 17.5 20.0
Timet

Fig 2.7 Numerical solution with parameters (2.8) for v = 0.02,

f =100, and initial condition u(0) = 10.

2.1.5 A survey of examples

Here, two examples are presented to demonstrate the natural occurrence of
impulsive differential equations in the study of concrete processes. In gen-
eral, these equations are utilized to model systems that undergo abrupt and
instantaneous changes at specific time intervals, making them a powerful
tool for modeling such phenomena. In 1954, Cunningham introduced the

foundational concept through a nonlinear differential equation for popula-
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tion growth. Since then, IDEs have been utilized in numerous ecological
modeling challenges, including fish population dynamics, pest control, and
resource harvesting. In recent decades, their use has expanded in biomedical
disciplines, especially in the modeling of drug dosing regimens where med-
ication is administered at discrete time intervals. By capturing the sudden
pharmacological effects of drug intake, these models are suitable for analyz-
ing treatment strategies and optimizing therapeutic outcomes. Using these
models is a good way to evaluate treatment plans and maximize therapeu-
tic results because they accurately depict the sudden pharmacological effects
of drug consumption. For appropriate literature, we can refer to [[I5], [19],

[46], [49]].

A Fish Population Model with Impulsive Differential Equations

The fish population dynamics are modeled by an impulsive differential equa-
tion that combines continuous logistic growth with instantaneous population
changes at fixed times due to harvesting. Between the impulsive moments
t # ty, the population u(t) evolves according to the logistic growth model:

du (t)
dt

_ u(t)
= ru(t) (1= 22,

where 7 is the intrinsic growth rate and K is the environmental carrying
capacity.
At the impulsive times ¢ = t, the population experiences an instanta-

neous reduction due to harvesting, described by the impulsive condition:

u(ty) = (1= hulty),
where h represents the fraction of the population harvested, and u(t; ), u(t;)

denote the population immediately before and after the impulse, respectively.
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These impulsive effects cause discontinuities in the population trajectory, re-
flected as sharp drops in population size at harvesting times ;. This model-
ing approach effectively describes the real-world dynamics of fish populations
under human intervention, highlighting the impact of harvesting schedules
on population sustainability and recovery.

Here are the values of the parameters used in the simulation: Intrinsic
growth rate (r = 0.5), Harvesting fraction (h = 0.3), (u(0) = 50) Initial fish
population, Carrying capacity (K = 100), Duration of the simulation (30

units).

100 T - T - T - T T
—— Fish Populabion [ - ‘__;.T 1
- -~
%0 {arvest 1 f/:".‘ a5k 2 / LAk /“!I' st 4 / Hargest 5
B0

mn

Fopulation Size

&0

Tirne
Fig 2.8 Fish population model with impulsive Harvesting.

Over 30 units of time, the above graph displays fish population dynamics
combining continuous logistic growth and periodic impulsive harvesting. The
population grows smoothly between harvesting times (marked by red dashed
lines), approaching the environmental carrying capacity of 100. A sudden
decrease in population occurs during each harvesting cycle (discontinuity),

which corresponds to the removal of 30% of the population. These sharp ver-
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tical drops illustrate the impulsive effect of harvesting on the population. The
pattern repeats cyclically: population growth followed by harvesting-induced
reductions, emphasizing how periodic interventions impact fish population

stability and recovery.

Modeling Drug Dosing with Impulsive Differential Equations

Pharmacokinetic Model with Intermittent Dosing

The impulsive differential equations are essential for modeling the discon-
tinuous nature of drug concentration changes due to discrete dosing events.
These equations describe the sharp increase in drug concentration immedi-
ately following a dose and the subsequent gradual decline due to absorption
and elimination processes. The alterations in drug concentration are con-
tingent on whether a dose is administered, as represented by the following

equations:

Let R(t) represent the drug concentration in the body at time t. The

dynamics of R(t) are governed by the following system:

dR

= = _4.R, tH£t,

Ri, if a dose is taken
AR = t =t
0, if no dose is taken

By the definition of an impulsive effect, the solution exhibits a discontinuity

at the dosing time tj, such that:
R(t)) = R(t;,) + R,

where
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d, : is the drug elimination rate.

R : represents dose size.

R(t)) : is the concentration immediately after dosing.

R(t,) : is the concentration just before dosing.

We illustrate this with a graph of the drug concentration in the body
(or bloodstream) over a 72-hour period, assuming a once - daily dose. The
model is based on the following parameters: R, = 10 (dose size), d, =
0.2 (elimination rate),Time resolution At = 0.1 hour and a 24-hour dosing

interval, R (0) = 10 units Initial dose given at time 0.

10 Drug Concentration

—

Dirug Concentration

Tima (hours)

Fig 2.9 Impulsive differential equation model: drug concentration

over 3 days with dosing.

From the graph above, we observe the behavior of drug concentration in
the body over a 72-hour period. The drug is administered once every 24
hours, resulting in four doses at time points 0h, 24h, 48h, and 72h. At each
dosing time, the dose R’ is added, causing a sudden increase (discontinuity)
in the concentration. Between doses, the concentration gradually decreases

due to drug elimination. When a dose is missed, no increase occurs, and the
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concentration continues to decline. This pattern reflects the impulsive nature
of drug administration and highlights the effect of adherence on maintaining

therapeutic drug levels.

2.2 Application of fixed point methods

One of the fundamental and initial questions in the study of differential equa-
tions, whether ordinary, functional, hybrid, impulsive, or of other forms is
establishing the existence and uniqueness of their solutions. This fundamen-
tal question forms the basis of any meaningful qualitative or quantitative
study, as it ensures that the mathematical model under study is well for-
mulated. Over the years, a variety of fixed point theorems and analytical
techniques have been developed to address these issues, providing power-
ful tools for studying nonlinear phenomena in both theoretical and applied
contexts.

The aim of this work is to study the existence of periodic solutions for a
nonlinear impulsive differential equations with parameter . In the process,
we transform the given model into an equivalent integral equation. Then, we
construct an appropriate mapping on Banach space. Three distinct theorems
are applied to the proposed equation: Schauder’s fixed point theorem is
employed to establish the existence of at least one periodic solution, while
Krasnosel’skii’s fixed point theorem index in cones is used to demonstrate
the existence of twin positive periodic solutions. To ensure uniqueness, the

contraction mapping principle is applied.

2.2.1 Periodic functions

Let w > 0, and let y be a function defined on a nonempty set €.
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Definition 2.3 The function y is said to be w-periodic function if

y(t +w) =y(t),
for all ¢t € Q.

Corollary 2.1 The derivative of w-periodic function is also a w-periodic

function.

Proof. Let y be a periodic function with period w that is differentiable at ¢.
Then

d yt) —ylte) . ylttw) —yltotw) d
gV (o) = Jin ==— £ t—to AR

Remark 2.1 Let y be w-periodic function, then

[ s = [t

for all ¢ € R ( This result is derived through a change of variables, where we

define v =s—1).

A periodic solution in a dynamical system is a solution where the system’s

state repeats itself after a constant period of time.

Definition 2.4 A solution 7 of an equation is called a periodic solution if
there exists a positive real number w such that v(t +w) = v(¢) for all ¢t € R.
If the solution v has a period w, then it also has periods 2w, 3w, etc. If w
is the smallest period among all the periods of v, then this solution is called

w-periodic.
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2.2.2 Existence of periodic solutions in impulsive dif-

ferential equations

A typical result derived from fixed-point theory involves a series of arguments
tailored to the specific structure of the equation in question. Each fixed-point
theorem produces a distinct result, governed by its own conditions, with each
theorem offering particular advantages in different contexts. Many different
kinds of problems can be solved by means of fixed point theory. Generally,
to solve a problem with fixed point theory is to find:

1) a set E consisting of points which would be acceptable solutions;

2) a mapping P : E — E, with the property that a fixed point solves the
problem;

3) a fixed point theorem stating that this mapping on this set will have
a fixed point.

The most interesting applications of fixed point theorems arise in connec-
tion with function spaces. The theorems then yields existence and uniqueness
results for differential equations, as we will now see in the following example:

Consider the following functional differential equation with impulsive ef-

fects.

u'(t) = a(tyu(t) — Ag(t, u(t)), t # t,
u(t™) —u(t™) = L(ty, u(ty)), t = ty, (2.9)

where the functions a : R — (0,00), g : RXxR - R, I : Rx R — R are
continuous function and A > 0, and for a positive integer w, the functions
a, g, I are w-periodic functions in . We assume that there exists an integer
q > 0 such that tj., = t) + w, Terq(thrg W(tsqg)) = Ik(te, u(ts)), (K € N¥),
where 0 < t; <ty < ... < t, <w, (w> 0 1is a given positive constant).

Throughout this section, we assume that
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(A;) Functions a and ¢(t,u) are periodic in ¢ of period w:
a(t +w) = a(t) with [*a(¢)d¢ > 0,
gt +w,u) = g(t,u).

(As) The function g¢ is assumed Lipschitz in their composents. i.e., there

exist positive constant L, such that for all u,v € R
|g(t7u) - g(t,U)| < Lg |U - Ul .

(A3) The function I is assumed Lipschitz in their composents. i.e., there

exist positive constants L such that for all u,v € R
|k (t,u) — I.(t,v)| < Ly |u —v|, k € N*.

Before stating the main result, we derive an equivalent integral formulation
of equation ([2.9). The expression for the equivalent equation of our model
is provided below and can be derived as shown in [78]. Hence, we omit the

details.

u(t) = )\/t wg(ta $)g(s,u(s)ds + Y Gt ) (b, u(ty),  (2.10)

<t <t-+w
where
eli al¢)d¢
G(t,s) = [Pk
It is straightforward to verify that G(t + w, s + w) = G(t, s) and
e_ f(;u a(C)dC 1
Gl=———<G(t,s) < ————— =0, forall s € [t,t + w].

] — e JoaQd¢ = =1 — e JoalQ)dc

(2.11)
The right hand side of the above equation defines a mapping P on
a function space. We then proceed to decide which Banach space (E, ||| )
could be a good candidate for our purposes. Then we restrict P to the space

(E, ||l z) and then we try to make P map (E, ||.|| ) to itself. P : (E,|.|)
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— (E,||.llz)- The mapping in general must not be something as obvious
as for example, integrating directly. The mapping will be built to exploit
properties useful for us. The solution to the functional equation will be
given by the fixed point of the mapping.

Before attempting to prove our desired results, we start by defining

PCR,R) = {ueC(R,R):ueC((tg,tr+1), R) such that

u(ty), u(ty) exist and u(ty) = u(ty), k € N*}.
For w > 0, let (P,,].||) a Banach space of w-periodic continuous functions
P, ={ue PC(R,R),u(t +w) = u(t),t € R},
equipped with the norm

|[u|| = sup |u(t)| = sup |u(t)], for u € P,.
teR te[0,w]

Based on equation ([2.10]), we define an operator P : P, — P, by

t+w
(Pu)(t) ::)\/t G(t,s)g(s,u(s))ds + Z G(t,tn) I (th, u(ty)). (2.12)

t<tp<t+w
Let u € P, from (2.12)), it is easy to verify that (Pu)(t) is continuous in
(tky tey1), (Pu)(tf) and (Pu)(t;) exist, and (Pu)(t;) = (Pu)(t) for each
k € N* and, (Pu)(t +w) = (Pu(t). These conditions shape our approach as
we progress through the example.

The first result is based on Banach’s fixed point theorem.
Theorem 2.4 If (A;) — (A3) and and the following estimate
|)\| gngg + GaqLy, < 1,

hold. Then equation has a unique periodic solution.
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Proof. We will show that P : P, — P, is a contraction, let u,v € P,

[(Pu)(t) = (Pu)(®)]

q

< NG / “lo(s,u(s)) — g, 0()| ds + G Tilti ulti)) — Teltis v(ts))

k=1
< (MGawLy + GoqLy) lu — ]|

According to [N GowLy + GaqLy < 1 and the Banach fized point theorem, P

1s a contraction and hence P has a unique fixed point which is the unique

solution of .

The second result relies on the Schauder fixed-point method:

Theorem 2.5 Let Eg = sup |g(t,0)| and L, = sup |I(ty,0)|. Suppose
te0,w] t€[0,w]
(Ag) — (As) hold. Let ¢ be a positive constant satisfying the inequality

A Gowo (Lo + Ly) + Gog (Lne+ Li)) < (2.13)

Let Q,(c) = {u € P, : ||lu|]| < ¢}. Then equation has at least one
periodic solution in Q,(c).
Proof. First, we show that if u € Q,(c), we have ||Pul|| < c¢. Observe that

in view of (As) and (Az) we have
gt u()] = [g(t,u(t)) —g(t,0) + g(t,0)|
< lg(t, u(t)) — g(t,0)] +[g(t, 0)]|

< Ly ull + |g(z,0)], (2.14)

and

i (te, u(te))| = [Le(tr, u(ts)) — T(tr, 0) + Lx(ty, 0)]
< | (te, ulte)) — Lx(tr, 0)] + [Tx(ty, 0)]
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we notez = sup |g(¢,0)| and Ly = sup |11 (t, 0)| .
te[Ow} te0,w]

Let u € Q,(c). From, (m we get

(Pu)(®)] < IA\/ G(t, )l lg(s,u(s))lds+ D 1G] Lt ult)]

t<tp<t+w
< W gg/ (Lo lull +Zo) ds+G 37 (Lifull + L)
t t<tp<t+w
< A Gaw (Lgc + Zg> + Goq (ch - fk> <c

Thus, P maps P(Q,(c)) into itself, i.e P(Q,(c)) C Qu(c). Now, we shall

prove that P is continuous. Let the sequence {u,} € ,(c) such that

lim ||u, —ul| =0.
n—oo

Since Q,(c) is closed, we have u € Q,(c). Since the function g, I are globally
Lipschitz in u, by de nition of P we have

[P, — Pul
t+w
< max |\ G(t,s) (g(s,un(s)) — g(s, u(s))) ds
te[0,w] t
+max | > Gt t) (Te(te, un(te)) — Ik(tk,un(tk)))'
Ll PE

t+w
< Gohmax [ lg(s,ua(s) ~ gls.u(s)| ds
tel0,w] Jy
+Gomax Y | T(te, un(tr)) — In(te, u(ty))],
te[0,w] t<tr<ttw

which converge to 0 as n — oo by the Lebesque convergence theorem. This
show that P is continuous. To show that the map P is completely continuous,
we will show that P(,(c)) is relatively compact. We know that P (2,(c)) C
0, (c), which means P (,(c)) is uniformly bounded because €,(c) is uni-

formly bounded. Moreover, a direct calculation shows that

(P'un)(t) = —a(t)P (un(t)) + Ag(t, un(t))-
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Thus, the above expression yields (P'u,)(t) < O, for some positive constant
©. Therefore the set P (£,(c)) is equicontinuous, and hence by ArzelaAs-
coli’s theorem, it is relatively compact. By Schauder’s fixed point theorem,

we conclude that there exists u € §,(c) such that u = P(u). m

The third result is derived using the Guo-Krasnoselskii fixed

point theorem in cone, where

Vu € RT )Vt € R: g(t,u(t)) > 0, Iy(ty, u(ty)) >0, k € N*.

Define A as a cone in P, by
A:={ue P, :u(t) > pllu| foraltel0,w},

where

. g_: _ o J i (2.16)

We begin by verifying that the operator P is well defined on K, i.e.,P(A) C A,

where \ > 0.

From and , we get
(Pu)(t) = )\/t wg(t, s)g(s,u(s))ds + Z G(t, ty) I (tr, u(ty))

t<tp<t+w

> G [A / (s, u(s))ds + > Tulteulty))

1<ty <t+w

g
> g—l |Pul| = p||Pull,
2

P is continuous on 2, (c) and the cone A is asubset of €, (c). Then P is
continuous on A. The proof that P is completely continuous is similar to the

corresponding work in Theorem 2.5, hence we omit it here.
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Next, in preparation for the existence theorem, we introduce the following
notations:

For a positive constant r and u € A, we set

L e S Mt ut) o i > et <t Tt u(te))

- ek, |[ulj=r u T ueK Jul=r u ’
< g(s,u(s))ds " g(s,u(s))ds

o — inf Jo 9(s,u(s)) F= s Jo 9(s,u(s)) . (2.17)

=r ueK [|ul|=r u uEK ||ul|=r u

Theorem 2.6 Assume the conditions , hold. Moreover, assume

there are positive constants Ry, Ry, R3 with Ry < Ry < R3 such that:

Go (N, + 1) < 1.
glp()\gR2+lR2> 2 ]-7
G (i, + i) < 1

Then, possesses two positive w-periodic solutions uq, us with Ry < uy <

Ry < wuy < Rs.

Proof. Without loss of generality, we assume R; < Ry. We define Qp, =

{u € P, : ||ul| < Ri}. Then, for any u € AN Qg,, we have

s, u(s)) Ly (t, u(te))

t+w
9(
Pu) (t Sg)\/ u(s)ds + G u(t
( )( ) 2 \ 'LL(S) ( ) QtSt;+w u(tk) ( k?)
< G (Ngi, + T, ) ull < ]
this yields
|Pul| < ||lu||, for any u € ANQg,. (2.18)

Set Qr, = {u € P, : ||ul]| < R3}. Then, for any u € A N Qg,, we obtain the

result ||Pu|l < ||lu||, by applying the same procedure given above. Set

QRQZ{UEPWZ||U||<R2},
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for all w € K N Qg,, then pRy < u < R,. Hence, by virtue of and
, we obtain
t+w I t t
(Pu)(t) > )\Ql/ Q(t,s)wu(s)ds—kgl Z Mu(tk)
: u(s) L2 i

> Gip (Mg, +Ln, ) Iull = [l

This yields
|(Pul| > ||u||, forany u € ANQg,. (2.19)

Since R; < Ry < R3, by Guo-Krasnosselski theorem the mapping has at least
two fixed points u; € AN (Qp,\Qr,) and up € AN (Qg,\Qp,). It follows
that possesses at least two positive periodic solutions of (2.9). That is R;

< < Ry<us < R;. m

62



CHAPTER 3

Delayed differential equations

Contents

3.1 Basic concepts of delay differential equations|. . 64

his chapter presents the essential background material required for the
Tremainder of the thesis. We introduce delay differential equations
(DDEs) and the related mathematical concepts in a way that aims to be
as accessible and clear as possible. Delay differential equations are a specific
type of functional differential equation where the behavior depends on past
values. Like ordinary differential equations, they have certain features that
make their study more difficult. A comprehensive overview of the theory on
delay differential equations is available, for example, in [5], [9], [T1], [25], [34],
[30], [42], [51], [54], [56], [57], [62], and [68].

63



Chapter 3. Delayed differential equations

3.1 Basic concepts of delay differential equa-

tions

3.1.1 A Mathematical viewpoint on the concept of so-

lution

If we open a search engine and type in the research bar "why do we use
delay differential equations?", many other questions arise such as: "What
are the real life applications of delay differential equations?", "Is it possible
to approximate a delay differential equation?" or even "How do we solve a
delay differential equation?". These questions are mostly written by gradu-
ate students who have started for the first time studying the complex world
of infinite-dimensional dynamic systems. When we look at the proposed an-
swers, they are often very long and sometimes unclear. Working with such
equations brings new challenges. In particular, questions of existence and
uniqueness of solutions must be addressed, as they are essential for under-
standing the system and ensuring that the model is well-defined. Time delays
occur in many real-world systems and are especially common in areas such as
control theory, electrodynamics, neutron transportation and population dy-
namics. Due to their widespread presence, delay differential equations offer
a suitable mathematical framework for describing such systems. An example
will be presented later to illustrate how these equations can be applied in
practice.

There exists a fundamental distinction between initial value problems
for ordinary differential equations (ODEs) and those for delay differential
equations (DDEs). Consider the delay differential equation of the form

du (t)
dt

= gu (t — 1), where 7 > 0. (3.1)
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When the delay parameter is zero (7 = 0), Equation (3.1]) reduces to a clas-
sical first-order ODE. In such a case, a solution defined on an interval [0, 7]
is uniquely determined by specifying the initial value u(0). The classical ex-
istence and uniqueness theorems are invoked with reference to the function’s
value at a specified initial time, as defined by the initial condition of the
problem.

However, when 7 > 0, the equation includes a delay term, and the clas-
sical theory is no longer applicable. For ¢ € [0,7), the term involves values
of the function before the initial time t = 0. Therefore, the equation is not
well-defined unless the function is specified on an interval before the origin.
This makes it necessary to adjust the initial condition accordingly.

To find a solution for times before ¢t = 0, one must provide a value at
time —7. However, assigning a value only at that point is not enough, since

for 7 = 1, equation (3.1]) admits multiple solutions as follows:

wi(t) = sin [g (t+%>}

and

o = wals1+3)]

both satisfying u;(0) = ug(0), yet clearly distinct. This indicates that, in
delay equations, providing a condition at just one point does not ensure the
uniqueness of the solution on [0, ~].

Typically, solving a delay differential equation involves defining the initial
state of the system over a full interval, not just at a single point. Specifically,
to set up a well-defined initial value problem at time ¢y, one must provide
an initial function ¢ belonging to C([ty — 7, %], R), where 7 > 0. This initial
history function ¢ supplies the necessary information to evaluate the delayed

terms for all ¢ > 3. Provided certain regularity and Lipschitz conditions

65



Chapter 3. Delayed differential equations

are met, each initial function corresponds to a unique solution on an interval
[to, to + A], which may be extended further. When the initial functions are
taken to be continuous, the resulting space of solutions has the same infinite
dimensionality as C([to — 7,to],R). This highlights how crucial the initial
history is in determining the behavior of solutions. The existence of a solution
to an infinite-dimensional equation leads to much more difficulties compared
to finite-dimensional problems since there does not exist any on-the-shelf
Cauchy theorem.

To clarify more, we give a biological system in which the present rate
of change of some unknown function depends upon past values of the same

function.

3.1.2 Mathematical modeling with delay differential

equations

To introduce the main ideas of delay differential equations (DDEs), we begin
with a classical model from population dynamics. This example, originally
introduced in [5], illustrates the effect of time delays on system dynamics and
helps the reader understand the essential aspects of DDEs. We first consider
the classical logistic growth model, also known as the Verhulst model, which

describes the evolution of a population u(t) over time ¢ > 0 in the absence

du(t) u(t)
— o =ru(t) (1 - 7) : (3:2)

of delay:

where
u(t): population size at time t.
r > 0: intrinsic (natural) growth rate.

K > 0: carrying capacity.
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The solution of (3.2)), obtained by separation of variables, is given by

UOK
t) = vVt >0, u(0) = up.

This explicit formula shows that the positive equilibrium u* = K of the
logistic equation is globally stable, that is, tli)nolo u(t) = K for solution
u(t) of with any initial value u(0) = uo, and

If ug < K, the population increases and converges to K as t — oo.

If ug > K, the population decreases and converges to K as t — oo.

If ug = K, the population remains in time at v* = K.

This is illustrated in the following figure.

8r Uug=2
UOZB

? -
—— Up=5

--- K (carrying capacity)

Population u(t)
LA
|
|
|

0.0 2.5 5.0 7.5 10.0 12,5 15.0 17.5 20.0
Time t

Fig 3.1 Numerical simulation of the logistic model without delay.

While the logistic equation captures the general growth behavior, it does
not account for time delays inherent in real biological systems. For example,
in certain species such as Daphnia, reproduction depends not on the current

population size but on the population at an earlier time when resources were
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consumed and eggs were formed. Such biological observations motivate the
inclusion of delay terms in population models.

The delayed logistic model, also known as the Hutchinson equation (1948)
[5], modifies by introducing a constant delay 7 > 0:

W) = ru(r) (1 - @) , (3.3)

where » and K have the same meaning as in the logistic equation , and
the initial condition is given by a continuous history function ¢(¢) on [—, 0],
ie., u(f) = ¢(0) > 0.

Unlike the classical model, equation accounts for the time required
for eggs to develop before hatching, thereby introducing a memory effect into
the population dynamics. For small values of 7 (e.g., 7 = 0.5), the solution
remains close to the logistic behavior, converging smoothly to equilibrium.
However, for larger delays, the system may exhibit oscillatory dynamics, as

illustrated in Figure 3.2.

14} —— 1=0.5
—_— T=2
12} =4
-— K
_1of
=
s 8r
ki
=
(=1
=]
(=5 — -
O_
0 10 20 30 40 50

Time t

Fig 3.2 Numerical simulation of the solution of equation (3.3) with
r = 0.5 for different values of 7 ,and the initial condition u(t) =1

on the interval [—7,0].
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The stability of the equilibrium v* = K depends critically on the product
r7. According to Theorem 1 in [5], the equilibrium is asymptotically stable
if r7 < 7/2 and unstable if r7 > 7/2. Importantly, the loss of stability at
this threshold occurs through a Hopf bifurcation, leading to the emergence
of periodic oscillations. This phenomenon is further demonstrated in Figures
3.3 and 3.4, which show numerical solutions of both in the time domain

and in the phase plane.

Stable case - K
5.4 5.4
- K

5.2
B ] O I et e 5.0 =mmmmmmm e e
=
]
S48 =48
T =
24.6f 4.6
=]
<

4.4 a.4

4.2 4.2

4.0 9

o] 20 40 60 80 100 2.0 a2 a4 a6 a8 5.0 52 5.4

Time t u(t-t)

Fig 3.3 Solution of (3.3) when r7 < g with 7 = 0.5 and K = 5 with
the initial u(¢) =4 on [—7,0] in the (¢,u) plane (left) and in the phase

plane (right).

Unstable case —_—— u" =K

N
=]

20

,_.
u

15

ult)

Population u(t)
=
5]

10

]

o] 20 40 60 80 100

Time t ] 5 10 15 20

u(e-t)

Fig 3.4 Solution of (3.3) when r7 > g with r = 0.5 and K = 5 with
the initial u(¢) =4 on [—7,0] in the (¢,u) plane (left) and in the phase

plane (right).

This example highlights two fundamental aspects of DDEs:
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1. Infinite-dimensional nature: The state space of a DDE is not R"
as in ODEs, but a function space C([—7, 0], R), since the system depends on
entire history segments.

2. Qualitative behavior: Even simple models may display oscillations,
discontinuities in derivatives, and bifurcations phenomena that do not occur
in their ODE counterparts.

Thus, the delayed logistic model illustrates how the introduction of delays
transforms a simple ODE into a functional differential equation with much
richer qualitative behavior. This motivates the systematic study of DDEs

and their generalizations, which we develop in the following sections.

3.1.3 Initial value problem

To analyze these systems, we consider the Banach space C([a, b], R"), which
consists of all continuous functions from the interval [a, b] into R™ equipped
with the topology of uniform convergence. Let 7 > 0 be a fixed real number
called the delay. In particular, we define the space C = C([—7,0],R™). For a

function u € C, the continuous norm ||.|| . is given by

[ull, == sup_|u(6)].
—7<6<0

Let 0 € R, A > 0, then for any v € C([oc — 7,0 + A],R"), and for each

t € [o,0 + A], we define the history segment of u, denoted by u, as:
u = u(t+0) for —7<6<0.

Since the derivative u" depends on the function’s history wu,, it is natural
to set an initial condition in terms of a function rather than a single point.
Therefore, we consider an initial condition of the form u, = ¢, where (o, ¢) €
d CRxC.

We then consider the initial value problem for delay differential equations.
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Definition 3.1 [34] If ® is a subset of R x C. Let f : & — R" is a given

A AYM
/

function, and represents the right-hand derivative. We say that the rela-

tion
u'(t) = f(t,w), t > o,
(6) = f(t.w) -
Uo = P,
is a delayed functional differential equation on ® and will denote this equation

by DDEs.
Definition 3.2 [34] Let (0,¢) € R x C. A function
uel(lo—T1,0+A,R"), A>0,

is called a solution of through (o, ¢) if

1. v (t) = f(t,w) for t € [o,0 + A], and

2. u, = ¢

In such a case we say that u is a solution of on [0, 0+ A]. More precisely,
for a given (0,¢) € R x C, a solution of through (o, ) is a function
u € C([o — 7,0 + A],R") such that u (t) = f(t,u;) fort € [c — 7,0 + A] and

ug(0, ) = .

3.1.4 Some kind of delay differential equations

When studying functional differential equations, one of the key aspects is
the manner in which delays occur. Delays can take different forms, such as a
constant, a distributed contribution over a past interval, an explicit function
of time, or even a function of the system’s state itself. This classification is
crucial, since each type of delay leads to distinct mathematical challenges and
corresponds to different modeling capabilities. The following section outlines

the primary categories of delay differential equations (DDEs).
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Differential equations with constant delay

The most straightforward class of DDEs arises when the delay is a positive

constant, 7 > 0. In their simplest form, it is written as follows:

’

w(t) = ft,u®),u(t = 7)),

where f : R® — R is a continuous function, and the derivative at time ¢
depends on the state at a single, previous time, ¢t — 7. Constant delays are
widely used in models with fixed reaction times, such as population dynamics

or control systems with communication lags.

Differential equations with distributed delay

In this type, the present rate of change depends on the influence of states
over an entire past interval rather than on a single delayed value. A common

form is

0

o (1) = / g(0)u(t + 0)do,

-7

where g (0) specifies how each point in the interval [—7, 0] contributes to the
present. Such models are particularly relevant in population dynamics (where
reproduction depends on the age distribution), in viscoelasticity (where stress
depends on the entire history of strain), and in economics (where decisions

depend on past averages).

Variable delay differential equations

The delay in this case varies in the time variable or depends on the state.
1) Time-varying delay differential equations:
This class of DDEs is characterized by a delay that is an explicit function

of time, 7(¢). In their simplest form, this kind of equation is written as
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follows:

!

w(t) = ft,u(t), ult = 7(1))),

where f is a given function. A well-known example is the pantograph equa-

tion, given by

’

u (t) = au(t) +bu(At), t>0, 0<A<1, abeR.
which means the delay is
Tt =1 — At.

Here the delay depends proportionally on time. Such models are important
in electrodynamics, number theory, and control engineering.

2) State-dependent variable delay differential equations:

A highly complex and significant class of DDEs arises when the time delay
itself is governed by the state of the system, rather than being a constant
or an explicit function of time. These are known as State-Dependent Delay

Equations (SDDEs). Such models are expressed as

!

w(t) = f{t,u(t), ult = 71(u(t))), .., u(t = p(u(?)))),

where the delays 7;(t) satisfy 0 < 7;(t) < 7 for i =1, ..., p.

As a specific illustration, if
T(t) =t — u(t),
then the delay term becomes
u(t —7(t)) = u(u(t)),
which corresponds to the second iterate of u, denoted by

uPl(t) = u(u(t)).
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By repeating this process, one can obtain higher-order iterates, leading to an

iterative differential equation of the form

!

u (t) = f(u[O] (t)v ul (t)a ul? (t)v ) ul” (t)),

where the iterate ul™ (t) stands for u composed with itself n times, i.e.,
ull(t) = ¢, ull(t) = u(t), u(t) = u(u(t)), uB(t) = ul?(u(t)), and so on.
What distinguishes IDEs from other classes of delay equations is the in-
trinsic combination of differentiation with functional iteration. This interplay
introduces a fundamentally nonlinear and self-referential structure, which of-
ten leads to highly nontrivial dynamics such as oscillations, bifurcations, or
even chaotic behavior. From a mathematical standpoint, the analysis of IDEs
is considerably more demanding, since many of the classical methods devel-
oped for standard delay differential equations cannot be applied directly.
Questions concerning existence, uniqueness, stability, and long-term asymp-
totic behavior therefore require new approaches, often drawing simultane-
ously on techniques from dynamical systems theory and functional iteration.

For further details see [26], [39], [50], [64], [66], [74], and [79].

3.1.5 Notion of iterations

To formalize the construction of iterative differential equations, we recall

some basic definitions from iteration theory.

Definition 3.3 The composition u o v of the function u with the function v
is

(uowv)(t) = u(v(t)),
The domain of u o v is the set of all ¢ in the domain of v such that v(¢) is in

the domain of w.
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Definition 3.4 For v : E — E, the n'" iterate of function u, denoted by

ul™ for some nonnegative integer n, is defined recursively by
ul® = Idp,

and

where Idg is the identity map on E.

We now present and prove a crucial lemma that will serve as a key tool

in establishing the main results of this thesis.
Remark 3.1 For n; > 0, and n,, W > 0, let
Co(niynes W) ={u € Cyymy < u <y, fulaz) —u(ar)| < Wlag — ai],Vay,az € R}.

1) Cy(nq,my, W) is a closed, convex and bounded subset of C,,.

2) It follows from conditions n; < u(t) < ny and |u(az) — u(ar)| < Wlag — a4},
in the definition of C,,(n,,n,, W), that this subset is equicontinuous and uni-

formly bounded. Hence, as a consequence of the Arzela-Ascoli theorem, we

conclude that the closed subset C,, (1,15, W) is compact.

Lemma 3.1 ( see, [T7]) For any u,v € Cy(ny,n5, W), we have,
-1
[l — oW <> W lu—vl|, 1=1,2,..,n.
=0

Proof. We will demonstrate this estimate by induction. So, the proof can
be given in two steps:

The basis step: for j = 1, we have

lu = ol < Ju =]l
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then, the estimate holds for j =1
The inductive step: Now, we suppose that the estimate holds for a given
j =1 and we want to prove that it also holds for j =1+ 1. Assume that
-1
[l =P <Y "W flu -],
§=0

then

[ =01 < fu (00) —w () u (0] =0 (0(0)

< W) — o) | + Ju (W1(2)) — v (v1(1))

Y

SO

Hu[l-&-l] . ,U[l-&-l]H < W ||u[l] . U[Z]H + Hu . UH
-1
< WY WY [lu—vf +|lu—wv]
j=0
L
< (Z WA 1) Ju— |
j=0
<

l
S W ju -
=0
By induction we infer that
-1
Hum - v[l]” < ZWj lu—wv|, VIeN,
=0

which finishes the proof. m

3.1.6 Existence and uniqueness results

In what follows we present some classic results on the existence and unique-
ness of solution of the equation(3.4), which can be found in [5] and [34].
We now state the basic theory of DDEs.
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Lemma 3.2 [3)] Let 0 € R and ¢ € C be given, and let f be continuous on
the product R x C. Then, finding a solution of equation through (o, )

15 equivalent to solving the integral equation:

u(t) =p(o) + /t f(s,us)ds fort > o, and x, = ¢

Lemma 3.3 [3] Ifu € C([o — 7,0+ A],R"), then u; is a continuous function

of t fort €lo— 1,0+ Al

Proof. Since u is continuous on [0 — 7, 0+ A], it is uniformly continuous, and
thus Ve > 0, 30 > 0, such that |u(t) — u(s)| < e if |t — s| < 4. Consequently,
fort, sin [o,0+ A], [t —s| < §, we have |u(t+0) —u(s+0)| < &, V0 € [—7,0].
|

The existence and uniqueness of the solutions of DDEs are given by the

following theorems.

Theorem 3.1 (Local existence, [3]] ) Suppose ® is an open subset in

RxC and f: ® — R" is continuous. For any (o,p) € ®, there exists a

solution of equation through (o, ¢).

Definition 3.5 (Lipschitizian, [34]) We say f (¢,¢) is Lipschitz in ¢ in
a compact set B of R x C if there is a constant d > 0 such that, for any
(tagoz) € B? L= 1727

|f (1) — f(t,02)] < dlpy — g .

Theorem 3.2 (Existence and uniqueness, [3] ) Suppose ® is an open
set in R x C, f: ® — R" is continuous, and f(t,p) is Lipschitzian in ¢
in each compact set in ®. If (to,p) € @, then there is a unique solution of

FEq. through (to, ¢).
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Proposition 3.1 (Global existence, [5]) If f is at atmost affine i.e. f(t,p) <
a+blp| , with a,b > 0, then there exists a global solution of the equation
i.e. Yo, the solution u(o,p) is defined on [A, col.

3.1.7 Primary discontinuities

Among the key features of delay differential equations, primary discontinu-
ities emerge as sudden and non-continuous changes in the solutions or their
derivatives. These discontinuities arise due to the system’s dependence on

past values, which leads to abrupt transitions across time intervals.

Definition 3.6 [10] If the solution of a DDE and its derivatives of order k
are continuous at some point in the time interval, but the derivative of order
k + 1 is not, then such a point is called a primary discontinuity of the given

problem.

Theorem 3.3 [10] If ¢, is a primary discontinuity point where the function
u(t) has continuous derivatives up to order k — 1, then u(t) is continuously

differentiable of all orders.

Proof. Note that, as t increases, the solution becomes smoother. In fact, at
the initial point ¢ = 0, the first derivative u (¢) has a primary discontinuity,

since the integrable equation

u'(t) = f(tu(t), ¥t 7)), t € [0,7],

may satisfy the condition u(0) = (0), but it is unlikely to satisfy the
additional condition u (0%) = ¢'(07). Only for special choices of the ini-
tial function () is it possible to guarantee continuity of the derivative

of the solution at point 0, for such a function must satisfy the condition

!

¥ (07) = £(0,4(0), ¢(=7)). =
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Example 3.1 Consider the equation

w(t) =u(t—1), t >0 (35)
u(t) =1, t<0. '

Since u (07) = 0 and u (0F) = 1, the derivative function '(¢) has a jump
at t = 0. At t = 1, the first derivative remains continuous, but a dis-
continuity in the second derivative appears. In general behavior, for each
interval [k, k + 1], the solution is a polynomial of degree k + 1. At t = k, the
(k+ 1) — th derivative exhibits a jump discontinuity. Specifically:

- At t = 0 : Discontinuity in .

- At t = 1 : Discontinuity in u .

- At t = 2 : Discontinuity in um,

whose solution is depicted in Fig. 3.5.

20,0
o
17.5 — it
15.0
125

100

Value

7.5

" /
=
.5

0.0 l

Time ¢

Fig 3.5 Solution of (3.5).

where
- The solution u(t) is represented by a continuous curve with square markers
at integer points.

- The derivative u (t) is shown with circular markers.
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- The graph illustrates how discontinuities in higher-order derivatives prop-
agate through the solution, leading to changes in concavity and sharp tran-

sitions in slopes at specific points.

3.1.8 Neutral differential equations

Neutral differential equations (NDEs) constitute a special class of functional
differential equations in which delayed terms involve not only the state itself
but also its highest-order derivatives. This feature makes their analysis con-
siderably more challenging than that of delay differential equations (DDEs)
and gives rise to richer dynamical behaviors. Such equations naturally occur
in various domains, including mechanical vibrations [18], electrical systems

[9], control engineering [40], and biological models [5].

Definition 3.7 [34] Suppose ® C R X C is open with elements (¢,¢). A
function D : & — R" is said to be atomic at 6 on ® if D is continuous
together with its first and second Fréchet derivatives with respect to ¢, and

D,, the derivative with respect to ¢, is atomic at 6 on ®.

Definition 3.8 [34] Let us consider a Banach space C and ® C R x C. Then

a neutral delay differential equation can be written in the form

dD

a (t,up) = f(t,u), (3.6)

where f : ® — R" and D : & — R" are given continuous functions, with D

assumed to be atomic at zero. The function D is called difference operator

for NDE (D, f).

Example 3.2 If 7 > 0, u is a scalar, D(u) = u(t) —e*®™) and f : ® — R"
is continuous, then the pair (D, f) defines an NDE,

d u(t—r o
p [u(t) e )] = f(t,uy).
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Example 3.3 The following equations

u(t) = —bu(t—2),

d() = ut—1)+ [ t—3)+1],

are neutral delay differential equations. However, this equation
" t 7 ,
u (t):u(§)+u (t—=7)—u (t—3),
doesn’t consider as an example of NDEs, since the hightest degree of deriv-

ative independent of the delay.

3.1.9 Existence and uniqueness

In this part, we consider the questions of existence and uniqueness of solutions

of NDEs. This results can be found in [34]

Definition 3.9 [34] A function u is said to be a solution of (3.6) on [0 —
7,0 + A] if there are ¢ € R and A > 0 such that

wel(lo—7,0+ALR"), (t,u)) €P, te€]o,0+A],

D(t, ;) is continuously differentiable and satisfies equation onlo—7,0+
Al. For a given tg € R, ¢ € C, and (o, ) € @, we say u(t, o, ) is a solution
of equation (3.6 with initial value ¢ at o or simply a solution through (o, ¢)
if there is an A > 0 such that u(¢,0,¢) is a solution of equation on
[0 — 7,0+ A] and u,(0,9) = @, we say u(t,o, ) is a solution of on
[0 — T,00), if for every A > 0, u(t,o, ) is a solution of equation on
[0 — 7,0+ A] and u, (0, ) = ¢.

Theorem 3.4 (Existence [3]]). If ® is an open set in RxC and (o, p) € P,
then there exists a solution of the NDE (D, f) through (o, ).

81



Chapter 3. Delayed differential equations

Theorem 3.5 (Uniqueness [3])] ). If ® C R x C is open and f: & — R”
is Lipschitz in ¢ on compact sets of ®, then, for any (o, ¢) € ®, there exists
a unique solution of the NDE (D, f) through (o, p).

3.1.10 Method of steps

The Method of Steps, also referred to as the Method of Successive Integra-
tions, is a classical approach for solving delay differential equations (DDEs)
that involves dividing the time domain into successive intervals equal to the
delay 7. On the initial interval [0, 7], the solution is determined using a pre-
scribed history function, which specifies the system state prior to t = 0. For
each subsequent interval [k7, (k+1)7], where k is a non-negative integer, the
DDE is reduced to an ordinary differential equation (ODE) by treating the
delayed terms as known functions derived from solutions on previous inter-
vals. This stepwise procedure effectively transforms the original DDE into a
sequence of ODEs, each solvable with standard methods, and the solution on
one interval serves as the history function for the next, allowing iterative ad-
vancement through the entire time domain. Introduced by Bellman in 1965
for constant delays, the method was subsequently generalized by El’sgol’ts
and Norkin in 1973 to accommodate variable delays, under the assumption
that the delay remains strictly positive. Although conceptually straightfor-
ward and relatively easy to implement, the Method of Steps necessitates
careful management of past solutions, including accurate storage and inter-
polation, particularly in cases involving variable or multiple delays or stiff
systems. Nevertheless, it remains a fundamental and widely used technique
for analyzing the influence of past states on delayed dynamical systems. To

fix the ideas, we explain the steps as follow:
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Consider the following delay differential equation

u'(t) = ft,ut),u(t —7),u (t —71)), t>tg
u(t) = po(t), Vit € [ty — 7, to) .

For such equations the solution is constructed step by step as follows:
Step 1: Given that a function ¢, (t) continuous on [tg — 7,t], so one
can obtained the solution in the next step interval [ty, to + 7] by solving the

following equation:

ul<t) = f(tvu(t)7 SOO(t o 7—)7 902)@ - T))v vt e [to,to + T] )
with the initial condition wu(tg) = ¢y(to). If we consider o, (t) is the desired
first step solution, which exists by virtue of continuity hypotheses.

Step 2: On the interval [ty, to + 7|, the function u(t) is the given function
¢4 (t), therefore one can find the solution ¢, () to the equation:

() = f(tult), it =), 00t = 7)), VEE [t + 7,0 + 27],
with initial condition u(ty + 7) = ¢4 (to + 7).

These steps may be continued for subsequent intervals.

In general, by assuming that ¢, _,(¢), V(k =1,2,...) is defined on the
interval [ty + (k — 2) 7,to + (k — 1) 7] , then, one can find the solution ¢, (%)

to the equation:
u (t) - f(tau(t)v 901:71(75 - 7—)7 QO;g_l(t - T))? vt € [tO + (k - 1) T, to + ]’CT} )

with the initial condition: u(ty + (kK —1)7) = ¢,_1(to + (k — 1) 7). We can
continue this process indefinitely, showing that the uniquely defined wu(t)
exists on [tg — 7, 00) .

We illustrate the method in the following example.
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Example 3.4 Let us consider the following simplest delay differential equa-
tion:

’

u(t)=—u(t—r7), t>0, (3.7)

where 7 > 0 is called the delay. When 7 = 0, this reduces to the simple

ordinary differential equation
W (t) = —ult), (3.8)

whose general solution is u(t) = u(0)e™", , which decays monotonically to
Zero.

To solve ([3.7)), we must prescribe initial data on the entire interval [—7,0].
For instance, let

u(t) =1, —7<t<0, (3.9)

as “initial data” for ([3.7)).
On the first interval 0 <t < 7, we have t — 7 < 0, so

!

u(t)=—ult—71)=-1,
which integrates to
t
ul(t) = u(0) +/ (~D)ds=1—1,0<t<7. (3.10)
0

On the next interval 7 < t < 27, substituting the solution from (3.10)) gives

!

w(t)=—-u(t—7)=—(1-(t-7))),
which integrates to

u(t) = u(r)+/ —(1—=(s—71))ds

= 1—T+<—S+%(S—7)2)

S=T

= 1t r<t<or (3.11)
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In the same way, on the interva (n — 1) 7 < ¢t < n7 we obtain a polynomial

of degree n :

k=1
Thus, u(t) is a polynomial of degree n on each subinterval of the form
[(n — 1)7,n7), It follows that u(t) is a smooth function, except at each nr,
n > 0.
To illustrate this approach, we compute numerical solutions for various val-
ues of the delay parameter 7 and examine their behavior for ¢ > 0. The

corresponding results are presented in Figure 3.6.

1.0} — r=0.z5
0.8
= o8
S o.a
0.2

0.0 fpom—gomee

1.00 )
0.75
= 0.50

0.z5 |

000

20t

1o |

10

=1+ 3

Time t

Fig 3.6 Numerical simulation of the solution of equation (3.7)

with initial data (3.8) for various 7.

Notice that when 7 = 0.25, the solution behaves similarly to the ODE case,
decaying smoothly to zero without oscillations. When 7 = 0.6, oscillations
appear, and in fact the solution repeatedly changes sign. One can rigorously
prove that all solutions oscillate whenever 7 > e~!. For larger values, such as
T = 2, oscillations persist but remain damped, with the amplitude decreasing

over time.
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CHAPTER 4

Existence and positivity of periodic solutions in

iterative neutral differential equations with impulses
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he goal of this chapter is to present a very recent work published in
T[Q?], namely, Amel Elbahi, Mimia Benhadri, Amel Boulfoul. Positive
periodic solutions of a kind of nonlinear iterative differential equations with
impulse effects. Rendiconti del Circolo Matematico di Palermo Series 2:
74:62(2025), https://doi.org/10.1007 /s12215-024-01169-2.

In this chapter, we investigate the existence of bounded positive periodic
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solutions for a class of impulsive neutral differential equations with iterative
terms. By applying Schauder’s fixed point theorem, we derive new sufficient
conditions that guarantee the existence of such solutions. We also provide
two numerical examples to demonstrate the conditions of the obtained results
can be satisfied and applied. A comparison between the obtained results
and some existing results is given. The results of this research have new
contributions to the qualitative theory of NDEs with impulsive effects, and
we improve and extend some results that are available in the literature for
the iterative differential equations.

Keywords. Fixed-point theorems, impulses, delay differential equations,

existence, neutral equations, positive periodic solutions.

4.1 Introduction

Iterative differential equations are a particular type of functional differential
equation involving time and state-dependent delays. This kind of equation
arises in the modeling of a wide range of natural phenomena, including cell
biology, structured population models, infectious diseases, and position con-
trol, see [[39], [50], [64], [66]]. Despite the appearance of this equation, which
dates back to the beginning of the 19th century, the development of their the-
ory has been slow and tedious because of their complicated dynamics, and
there are very few works available in the literature that discuss it. Several re-
searchers face challenges when studying these equations, which have recently
become more popular and led to several recent contributions ( see [13], [26],
[38], [50], [66]). Recently, the problem of positive periodic solutions of delay
differential equations with or without impulse effects has always been one of

the active areas of research and has attracted much attention. However, in
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the best of our literature survey there are no published papers have discussed
the existence of positive periodic solutions for nonlinear neutral iterative dif-
ferential equations with impulse effects. To this end, this work makes the
first attempt to fill this gap. The results of this work have new extensions
and contributions to the theory of the existence of positive periodic solutions
to impulsive nonlinear neutral iterative differential equations. The existence
of periodic solutions to neutral functional differential equations plays a very
important role in solving these practical problems. In recent years, a great
deal of work has been performed on the existence of periodic solutions for
iterative differential equations. We refer to [[38],[66]] and the recent stud-
ies [[12],]79]] as inspiring studies on this topic. For example, the nonlinear

iterative differential equation of the form

u'(t) = f (u(u(t))), (4.1)

is handled by [3§].
In 1998, Si, Wang [64] and Hou, have discussed the existence of solutions

for the following the iterative differential
u (t) = ey ()ul (1) + co()uP (t) + ... + e (t)ul(2). (4.2)

In 2017, Zhao and Liu [79], the authors considered the following iterative

functional differential equations with variable coefficients:

U (1) = co(®)u () + e () uM (2) + o (OulP(t) + ...+ cu()ul () + F(t), (4.3)
where ¢; € C(RT,R"),i = 0,...,n are common periodic functions with re-
spect to the time variable. By using fixed point methods, the authors derived
some verifiable sufficient conditions for the existence and uniqueness of peri-

odic solutions to (4.3).
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In [12], the authors generalized the results of [79] and studied the existence
of periodic solutions of the following nonlinear iterative differential equations

in the case where no impulses are taken into account.

%u(t) = —a()u(t) + ft,uV @), u?(t), ... " (1))
+%g(t, ultl(t), uP (1), ..., ul"(1)). (4.4)

By using Schauder’s fixed point theorem, sufficient conditions are pre-
sented for the existence of periodic solutions of nonlinear iterative differential
equations with periodic coefficients.

Motivated by these works, we consider the following class of impulsive

neutral differential equation with iterative terms,

W (t) = —a(t) f (tu®) ut) + g (6, u(t), u (2), .., ul" (1))
-I—%h(t,u[l](t),um(t), o ul (), # e, k€ N¥,
w(ty) —u(ty) = I (te, u (t), u® () , oo ul () ,t = ty, k € N7,
(4.5)

where ulll(t) = t, u(t) = u(t), ul?(t) = w(u(?)), uPt) = ulP(u(t)), ..,
ul(t) = ul"~U(u(t)) are the iteratives of the state u, a € C(R,R") is
a w—periodic function, and f € C(RxR" R"), g € C(RxR"R), h €
C (R x R",R).

The expression Au (t,) = u () —u (t;) = I (te,w (), ul? (8) , ..., ul (1))
denotes the impulse at moment ¢, u(t;) and u (t,;) stand for the right-hand
and the left-hand limits of w (¢) at the impulsive moment ¢ respectively
and Iy, (-,-) € C(R x R",R), k € N*. We assume that there exists an integer
q > 0 such that tjy, = te+w, Lprg) Errgs U (Errg) s U (Erig) ooy ul™ (thpy)) =
I (trow () ,u® (k) , ooy u™ (t4)), k € N*, where 0 < t <ty < ... < t; < w,
(w > 0 is a given positive constant ).

Since we are searching for the existence of periodic solutions to Eq. (4.5),
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it is natural to assume that

fit+w,u) = f(tu),
h(t + w, uy, ug, ...,uy) = h(t,u1,ys, ..., Uy),

gt +w,up, ugy oy tty) = gt ur, Yz, .o, Up). (4.6)

In the study of iterative differential equations there are fundamental ques-
tions: is there a periodic solution? And what is it? One of the most elegant
ways to prove that an equation has a periodic solution is to pose it as a
fixed-point problem. Since many problems in real life, we need to consider
the properties of its periodicity. This need serves as a motivation for research
in these practical field. It is well known that studying the periodicity of an
equation using a fixed point technique involves the construction of a suitable
fixed point mapping. Thus, to construct a mapping A, we begin by trans-
forming into a more tractable, but equivalent, equation, which we will
then invert to obtain an equivalent integral equation from which we derive
a fixed point mapping ( see below). After that, we use a suitable Banach
space defined below by (P, ||.||). The main difficulty of this approach is to
define a convex and compact subset of Banach space when the mapping is
well defined, which is necessary for using a Shauder’s fixed-point theorem.

In 2017, Zhao and Liu have successfully applied Krasnoselskii’s fixed point
theory to overcome these problems. Their study was the first to discuss
the existence of periodic solutions for first order linear iterative differential
equations. In addition, by virtue of the Banach contraction principle, the
uniqueness and stability of the solution are also analyzed. In that work, they
established sufficient conditions for the existence of such solutions. Recently,
a vast body of literature has focused on the existence of solutions using fixed-

point methods (see [12], 13, 26l 68, [77, [79]). In particular, many authors
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have obtained new results for iterative differential equations through the
application of these methods. Most of the equations considered in these
articles have involved the iterative termes, while impulsive effects have been
less frequently addressed. The analysis of iterative differential equations with
impulse effects is often linked to the various applications of calculus, which
support all mathematical sciences.

The rest of this chapter is organized as follows. Section 2 contains relevant
definitions, notation, and an auxiliary lemma. In Section 3, by using the
theory of Shauder’s fixed point theorem, we obtain sufficient conditions that
ensure the existence of bounded positive periodic solutions to the equation
(4.5). The chapter ends with illustrative examples to demonstrate the results

obtained in the previous sections.

4.2 Preliminaries and equation transforma-
tion

Before proceeding to our main objective, we introduce the necessary nota-
tions and hypotheses. We define the space of piecewise continuous functions

with impulses as

PCR,R) = {ueC(R,R):ueC((tg,tr+1),R) such that

u(ty ), u(ty) exist and u(ty) = u(ty), k € N*}.
Let P, denote the Banach space of all w-periodic continuous functions
P, ={ue€ PC(R,R) : u(t + w) = u(t)},
endowed with the norm

||u|| = sup|u(t)| = sup |u(t)|, for u € P,.
ter t€[0,w]
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Moreover, For n; > 0, and ns, ng > 0, let

Po(ni,mg,m3) = {u€ Py,n <wu(t) < ng,lu(az) — u(ar)| < nglag — aqf,

Vai,ay € R}.

Then P, (n1,n2,n3) is a closed convex and bounded subset of P,,. since the
uniform boundedness and equicontinuity of P, (n1,ns,ng) follow from its de-
finition, and it follows from the Arzela-Ascoli theorem that it is compact.

Throughout this chapter, we impose the following hypotheses:

(H;) The function h (t,uy,us, ..., u,) is globally Lipschitz in ¢, uy, ug, ..., Uy.
That is, there are w— periodic functions L; € C (R,R*") and a positive con-

stant Ly such that for all t,s € R, u;,v; e R, 1 =1,2,...,n,

| (t, 1, ua, o tin) = B (5,01, 0, 00)| < Lolt—s|+ Y Li(t)]Ju;—vi] | (4.7)

i=1
(H3) There exist w— periodic functions C; € C (R, R™) such that for all ¢ € R,

U, U; € R, 1= 1,2, ., n,

n

lg (£, ur, v, i) — g (801,02, 00)] <> Colt)||us — v (4.8)

i=1
(H3) There exist positive functions N;; € C (R, R") such that for all ¢t € R,

u;,v; € R 1 =1,2,...,n,

n

[Tty 1, iz, ooy 1) = T (801,02, 0, 00)| <) N8| Jus— il k € N*. (4.9)

=1

For convenience, we also introduce the following notations:

p trgoyg}a( ),0 tg[lgg]a()

(4.10)

Lr = max L;(t), Cf = max Ci(t),i = 1,2, ...,n.
te0,w] te0,w]
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In order to be able to construct a new fixed mapping, we transform the

equation into an equivalent equation.

Lemma 4.1 Suppose @ holds. For u € P, NC'(R,R), there is a w—
periodic solution for equation , if and only if there is a w— periodic

solution of the integral equation
u(t) = h(tuM@), um(t),...,u["}(t))
/ Gt ) [~a(@) (2, w(@)h (2, W (2), e (@), ... '™ ()

+9g(z um( ) [2]( ) ...,u["](x))} dx
+ Y Gt (b ul (), uP (), (k) (4.11)

{k:tpelt,t+w]}

where
eff a(s)f (s,u(s))ds

€f0 s)f(s,u(s))ds _ q

G(t,z) = (4.12)

)

and

efo f(sus)ds%l

Proof. Unlike the procedure carried out in (see [I2]), where the authors
used the variation of constants formula to rewrite the original equation as an
integral equation, we have to proceed in a very different way, which is moti-
vated and justified by the appearance of the impulsive terms in our problem.
The technique for constructing a mapping for a fixed point argument comes
from an idea in (see [21], [44]).

i) If u is a w— periodic solution of the equation (4.5)). Firstly, from for

t # ti, k € N*, we rewrite
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—a(t) f(t, u(t)h(t, uH (1), u? (1), ..., ul"(t)
+g(t,u(t), u?(2), ..., ul" (1)). (4.13)

Multiply both sides of the above equation by eJo a(s)f(s:u(s))ds , we obtain
d ¢
= [(u(t) — bt ul (), u (2), ... ul) (2))) eo o) sue))ds

= eloa@GulNds [_q() £(¢, u(t))h(t, ul (1), WP (1), ..., ul™ (£))

+g(t, u (@), ul?(t), ., ul(#))] t # t, k€ N".
Let us denote

U (tu) = —a(t)f(t,u(t))h(t,um(t),up](t),...,u[”](t))

+g(t,u(t), u?(t), ..., u" (1)). (4.14)
If t € (tg,trs1], k € N*, we have

(u@)—h@nw%wnﬂuwwwuwuw»eﬁ“@ﬂ““”“
— (U(tZ)—h(t;,um(t;),um(t;),..., [n] ( ))) efo s)f(s,u(s))ds

t
n / i AN s g% (3l
ty

On the other hand

L N n - nj(+— bk a(s) fs,u(s))ds
(u(ty) — hity, ulV (t7), ulB (£, oo ulm (1)) ) elo” @ (s
= (u(t ) = bt ), uP (), ul (g ) o™ )i sl ds

t
. / U D g (g

te—1
Thus, if t € (tx, trs1], k € N*, we obtain
(ult) — At u(0), (), ., ") (1)) s s

= (u(ty) — h(ty,u(t), uP(ty), ... u["( ) e Jo* a(s)f(su(s))ds
—|—effka s) f(s,u(s) dsﬁ*(x u)dx + efo Y (s, u(s))dsI (tk u[ ](tk)7 ...,u["](tk))
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ke 1 S,u(s
= (u(tf_y) = bt a2 ), (g )) e e uts)ds

th t
+/ efo s)f(s,u(s)) dsﬁ*(x U)dl’—i—/ efoxa(s)f(s’u(s))dsfﬁ*<x7’U,)dﬂ?

tk—1 173

el e (g (1), (1)
te—1 S S,u(s S
= (u(tiy) = R () P (L), ul () el e et

t
+/ eJo a(5)f (su(s)) By* (2, u)dr

te—1

Lol al)fulds g (1), ul (#). (4.15)

For every t € R, there exists a k € N* such that ¢t € (tx,tg1], then t +w €
(tr + w, thr1 + w] =1t € (tpag, tht14q - So, from (4.15) we obtain

(u(t + w) — h(t +w, u(t + w), uP (¢ + w), ..., ul )t + w))) o™ @@ (sule)ds
= ( (tlj—l—q 1) h(tz—l—q 17 [1](¢+q—1) []<tk++q 1) [n](t;r-‘rq 1))) X

t+w
ef0k+q—1 a(s) f(s,u(s))ds +/ €f0 a(s) f(s,u(s) ds,ﬁ*(x U)dI

thpq—1
tk+q

+ef ) (s, u(s))dS[kJr (thrqa u[l] (tk+q)v u[2] (tk+q)7 ] u[n} (thrq))'

In consequence,

(u(t +w) = h(t +w,ul(t +w), ulP (¢ + W), ., ul It + w))) efo @I GrulsDds
n tht1 a(s)f(s,u(s))ds
= (ultiyy) =t (), uP (), ol (E ) elom @ sutend

tw
+/ elo alo) (suleDdsg* (1 4,)da:

tht1

tk:+q als S, ul(s S n
+ Z eJo T als) f(su(s))d Dia (b M (tos ), P (Big) s ooy ) (Frig))
{k:tke[tk+1,t+w]}

— — - - n - tk+l S S < ul s
= (ultpn) - h(tk—i-lvum (tk+1)>u[2] (eg1)s -+ ul ](tk—i-l))) eh (e))ds

t+w
+/ elo AT (sulDds g (1 )y

tet1

tk+q als S,u(s S n
+ Z elo ()] el Totq(thq, ull (tk:-i-q)?u[z] (Tetq), - ul ](tk—irq))
{k:tr€lt,t+w]}
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~ (mo——Muumu»uM@xnwwﬂa»)+qa*mﬁﬁwm“

t+w
n / e AN (0 )iy 3 el s
t

{k:tp€lty,t+w]}
Fevaltsar i bprg), 0 by, o 6 151) (116)

Then from (4.16), we get

(U(t -+ CU) - h(t + w, u[l] (t =+ w) U[Z} (t + w) u["} (t + w))) eft-!—w s)f(s,u(s))ds
— (u(t) — h(t,u[l](t),u[z](t), ...,u ( ))) efo s) (s))ds

t+w
_ / 6foas)fsu(s dsﬁ*(l_ U)dl’
t

tk al\s S, u(s S n
Y et T Y () u () s st ()
{k:trelt,t+w]}

By dividing both sides of the above equation by elo al)f (s:u(s)ds e obtain

u(t) — h(t,u (), ul?(t), ..., u (1))

1 T I () (s u()d
_ ¢ a(s)f(su(s))ds g : d
eft+wa $)f(s,u(s))d 1 |:/t € (.73 u) x

+ Z ft a(s)f(s,u(s))ds

{k:tp€lt,t+w]}
X Ik+q(tk+q, U[l} (tk+q), U[2] (tk+q), ceny u[n] (tk+q))j| . (417)

Make substitution of (4.14]) into (4.17)), we get

ut) = h(t,uM(@t), u? (@), . ul (1))

/H‘w fz a(s)f(s,u(s))ds
+ "
0 6ft+ a(s)f(su(s))ds _

x [—a(z) f(z, u(z))h(z, ult(z), u?(z), ..., ul"(z))
+ g(z,u(z), u?(2), ..., ul(z )] dx
_ftk s) f(s,u(s))ds

eft+w a(s)f(s,u(s))ds _

_l’_
{k:tpelt,t+w]}

1
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Thus

u(t) = ( ), ul(2), ..., ul" (1))
/ G(t,x) a(w)f(w,u(:c))h(x,u[l](a:),u[z](:c), Lul(z)
+ g(z, uM(z), m(x), ...,u[”](x))} dx

+ Y Gttt ul (), uP (), ul (1),

{kst €[t t+w]}

It is straightforward to verify that is clear, for all ¢, u € R?, we have

Glt+w,t) —G(t,t) = 1,G(t +w,u+w)=G(t,u),

0OLT) — aw st u(t)G(t. ) (4.18)

ii) Next, we prove the converse. If u is a w—periodic solution of equation

(4.5)), then by (4.11)) and (4.12f), we obtain

u(t )efo 8)J (s,u(s))ds
= eloa@IsulNdsp g 1) u2(1), .. ult(2))

t+w 6foas)fsus))
+/ o [—a(@) f (@, u(@)h(z, (@), o (@), ... u ()
I A e a()ds

—1
+ g(z, (), m(w) Jull(2))] de
fotk' a(s) f(s,u(s))ds
(&
+ > o Le(t, ul (), ul (), o ul (1), (4.19)
elo T a(e) f(su(s)ds _ 1
{k:tp€lt,t+w]}

For t;, # t, differentiating (4.19)), we have

(u, (t) +al(t) f(t, U(i))) efo 5) (s))ds
— e a@IuNds [a() £(¢, u(t))h(t, ull (1), uP(E), ..., ul (£))

d
+ bt a0, ), ... (t))]
eft+w 8) f(s,u(s))ds

t Eamreams —p At T @ w ult +w)
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xh(t +w,ull (t + w), u? (t + w), ..., u"(t + w))
+ g(t +w,ul(t + w), uP (t + w), . ul (t + w))]
—eo O Guds g (1) £ (4, u(t))h(t, ul) (8), u (2), ..., ul (1))
+ g(t, ul (), u® (1), ..., u ()]
— e @@ uNds [q) £(¢,u(t))h(t, ull (1), Wl (t), ..., ul (£))
+ jth(t ul(t), ul? }(t),...,u["](t))l

€f0 s)f(s,u(s))ds 0 . .
t I e feuends _ | [_“(t)f(’fau(t))h<t>u (), u(t), ..., u™(1))

+ gt u (), u®(2), ..., ul(2))] (efo ) F(siu(s))ds _ 1) |

hence

w(t) = —alt)f(t,u(t)) + g(t, ul (t),up] (1), .l (1))

d 1 n

It follows from (4.11)) that for t = ¢;, [ € N*, we obtain

u(t)”) = ult;)
= > Gt Itk ul (), uP (1), ol ()

tf <tk <t +w

— > Gt Itk ul (), uP (1), - ul (t))

t) <ti<t; +w

= Gt tr+ w) L+ w, )t +w), uPl(t + w), -l (G + w))
—G(tr )t ul (1), P (1), .. ul™ (#))
= [l(tla Um (tl), u[z] (tl), ceey u["] (tl))

Hence, u is a positive w—periodic solution of (4.5). Thus, the proof of Lemma

4.1 is completed. m
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4.3 Main results

The primary goal of this section is to investigate the existence of positive pe-
riodic solutions to equation by utilizing Schauder’s fixed point theorem.
To this end, we prove three main theorems, which form the central results of
this study. These theorems provide new and meaningful sufficient conditions
ensuring the existence of such positive periodic solutions.

By looking at the three cases h (¢, ul", ul@, .. ul™) >0, h (¢, uM, ul?, . ul)
<0, and A (t,ul uP, . ul") =0, for all t € R, u € P,, we can prove the
existence of positive periodic solutions of the equation (4.5)).

To apply Theorem 1.9 we need to define a Banach space (X, ||.||), a closed
convex compact subset M of X and construct one mapping. Thus, we let
(P, |I1) = (X, ||.]]) and M=P,,(n1,n2,n3). From Lemma 4.1, we define the

operator A : P,(ny,ng,n3) — B, as follows:

(Au)(t) = ulh (1), u® (1), ..., u" (1))

/G —a(2)f(z,

x,u(x) h(m,u[l](x),um(x),...,u["](m))
+ g (z,ul (2), [2]( pR—

z))
(ZE))} dx
+ 0> Gt (b ul (t), uP (), ul (1)) . (4.20)

{k:tpelt,t+w]}

Before presenting the main results, we start by defining the following condi-

tions:

(H4) There exist nonnegative constants @ and « such that for all ¢ € R,
u e Pw(nh na, n3)7

a< f(t,u) < a. (4.21)

(H;) There exist nonnegative functions 7,7y, € C (RT,RT) such that for all
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te R, u < Pw(n17n27n3)7

~

e () u < T(t,u w? ) uly <~ () u, ke N*. (4.22)

To simplify our description, we let

1< ~ I
Ap = 52% () s A = ;Z% (k) -
k=0 k=0

It is easy to see that for u € [¢,t + w], thanks to (4.12) and (4.21)), for t € R,

we have

1 <c < o0 Jo als)ds
0< eOéng a(s)ds __ 1 =m= (t7x) — M = W' (423)

Case 1: Now, we start with the case h (t,ul!, vl .. ul") > 0, t € R,
u € P,(n1,ng,n3), and we will prove a set of preparatory lemmas in order
to use them in the proof of the main existence results. For this reason, we
assume that (Hy) and (Hs) hold, and further assume that:

(Hg) There exist nonnegative constants B and (3 such that,

Bu < h(t,u™ W ully < Bu, for all t € [0,w], u € Py(ny,na, ns).

(4.24)
(H;) For all t € [0,w], u € P,(n1,n2,n3),
0<T, <g (t,u[” (), ul? (t), ..., ul™ (t)) < 7Ty, (4.25)
where
T, = <1n:w5) ny + M:fpng — anl, T, = (1]\25))7@ — Ao (4.26)

Lemma 4.2 Suppose that the conditions - are satisfied. Then the
operator A defined by is continuous and compact on P, (ny,ng,ng).
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Proof. Since P, (ny,nz,n3) is a uniformly bounded and equicontinuous sub-

set of the space of continuous functions on the compact [0,

w], it follows

from the Arzela-Ascoli theorem that P,(ni,ng,n3) is a compact subset of

this space.

Moreover, since any continuous operator transforms compact

sets into compact sets, to show that A is a compact operator, it suffices to

show that it is continuous.

Let us prove that A is continuous. Take u, v € P, (ny,n2,n3), t € R, then

we have

IA

|(Au)(t) — (Av)(?)]

| (t, (@), uP (1), ..., ul (2) — A (t, ol (2), vB(R), ..., (1))
+/tt+w|G(t 2)|| = a(@)] | (@, u(@)h (2, (@), (@), ..., ) (2))
— (@, v(@)h (2,00 (2), 0 (@), ..., o) (2)) | da

+/tt+w G(t,2)||g (x,u[l](x),um(a:), .._,u[”](a:))
—g(z,oW(z), 0P (), .. 0" (@) dz+ Y |Gt 1) x

{k:tp €t t+w]}
| T (t, u (), P (80), ooy ul (80)) = T (s 0 (), 0P (8), o 01 (1)) |

In view of conditions (4.7)-(4.9) and (4.21)),(4.23), we have

I(Au)( ) — (Av)(t)]
ZL Hu[l—vH—l—praZL ()] [u? — o)

=1

—l—wMZC ()] — )| 4 M Z ZNi(tk)Hum—va.

0<tp<w i=1
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From Lemma 3.1 and notations (4.10)), it follows that

n —1 n
Z ||u—v||+praZZL*n3||u—v||
i=1 j=0 i=1 5=0
n -1 ) n 1—1 ¢q ‘
ZZCJnéIIu—vIHMZZZM (t) [ — o],
i=1 j=0 i=1 j=0 k=1
then
Ay — Av|| < T1fju — vl (4.27)
where
n 1—1 . n -1 A
I, = (l—l—pra)ZZL:né—i—MwZZC’;né
i=1 j=0 i=1 j=0
+MZZ ik,
=1 j7=0
and

q
Nji=> Ni(t),i=12..n
k=1

This shows that the operator A is Lipschitz continuous and hence continuous.

Therefore, the compactness of A follows from its continuity. m

Lemma 4.3 For all ay, a0 € Rt € [0,w],
a1tw
/ |G (g, t) — G(ag, t)|dt < pwaM|ay — aq), (4.28)
a1

and

G(ag, ty) — Glag, ty) < pMalag — aq|, k € N, (4.29)

where, p, a, M are respectively given by (4.10), (4.21), (4.23).
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Proof. For all as, a; € R with a; < as, we have

|G(O€2, tk) - G<a17 tk)| = efo $)f(s,u(s))ds -1 efg ) f(s,u(s))ds —1

ef;g a(s) f(s,u(s))ds ef;’f a(s)f(su(s))ds '
| 2 al) f(su()as

ik als)f(su(s))ds
eJo als)f(su(s))ds _ 1

- €

By using the Mean value theorem on the function

g = ela’ al®)f(suls)ds

in the interval [ag, as], it is easy to see that ¢ is defined and continuous in

the interval [o, 3] and differentiable in the interval |ay, as[, hence:

*2 q(s) f(s,us))ds “2 q(s) f(s,u(s))ds
g(a2) — g(al) =1— efal (8)f (s;us))d = CL(C)f(C,U(C))GfC 2 a(s)f(s,u(s))d (012 _ al)’
thus

|Gz, t) — G(au, ty)|

< efég a(s)f(&u(s))dsa(c)f(c7 u( ))ef 2 a(s) (s,u(s))ds(OQ . Oq)
o efo s)f(s,u(s))ds -1
eftk a(s)f(s,u(s))ds
< _
- €f0 $)f(s,u(s))ds __ 1 |Oég Oé1|
el fo
s pa g —

e'df(;” a(s)ds _ 1
paM |y — o).

Similarly, we derive the following result

a1 +w
/ |G, t) — G(ay, t)|dt <wpaM|og — ay] .

1
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Lemma 4.4 Suppose @, and — hold. If
n 1—1

'y = Lo+ Z Z Lfngﬂ + 2M pafing + wM p*a®Bnsy
i=1 j=0

+ (2 + wpa) MYy + 3w M pang < ng, (4.580)
then Au € P,(ny,ng,n3) for all u € P,(ny,ng,ng).

Proof. From (4.20), it is easy to verify that (Au)(t + w) = (Au)(t),
and (Au)(.) is continuous in (tx,tx41), (Au)(t)) and (Au)(t,) exist and
(Au)(t;) = (Au)(t) for k € N*.

Let ay, ay € [0,w] with oy < g, we have

|(A(u))(az) = (A(u)) ()]
| (o, ut (ag), ul (), ..., u[”}(ag)) — h (au, ut (o), ul (o), ..., u[”}(al))|

/aﬁw Glag, z) [—a(z) f(z, u(z))h (z, ul(z), ul? (z), ..., ul (2))] da

2

IN

_ /an G(ar,2) [—a(@) f(z,u(z)h (z,u (2), u?(2), ..., u"(2))]| dz

1

+ /a2 wG(ag,x)g (x,u[l](a:),um(:c),...,u["](x))

2

a1+w
- / Glon,7)g (w,ul)(z), uP (@), .., " (2)) | do

1

+ Z Glag, t) L (b, u (), ul (1), ..., ul) (t))

{k:tp€laz,a+w]}

— G(Oél,tk)fk tk,um(tk),um(tk), ,u["}(tk) .
( )

{k:tke[ahal—l—w}}

It follows from (4.7) and Lemma 3.1, that
|h (a27 u[l](a2)7 u[?](a2)7 s u[n}<a2)) —h (Oél, u[l](al)v u[z](al)v sy u[n}<a1)) |

< Lolas — ag| + > Lift) [ul(az) — u(an)]
=1
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n -1
< (Lo + Z Z Lf[n%“) |y — ). (4.31)

i=1 j=0

From (4.21)), (4.23), (4.24) and Lemma 4.3, we get

/a2 i Glag, z) [—a(z) f(z, u(z))h (z, ul(z), ul? (z), ..., ul ()]

2

_ /a”“ G(ar, ) [—a(@) f(z, u(@))h (z,u(z),u?(2), ..., ul"(2))] dw

1

< | [ Glan)alo) fauo)h (00, 020, ol 0) d
+| " Gl 2)ale) o ulw)h (2,0 (@), w2 ), ..l (2) d
a1 tw
+ /al+w (G(ag,z) — Glag,x)) a(x) f(x,u(x))h (1:, ul! (x), ul? (), ..., ul™ (.CL’)) dx
< MpaBnglas — ai| + Mpafng|as — ay| + wM p®a®Bng|as — ay]
< (2Mpafing 4+ wp® Mo fny)|as — aq|. (4.32)

In view of (4.22)), (4.25) and Lemma 4.3, we obtain

/az i G(ay,x)g (a:,um (x), ul? (), ..., u["}(a:))

2

a1 +tw
= [ Glang (o), ).l )
ai
< [ Glos2)g (@ @), B @), ...t (@) | da
OQ ag+w
+ / G(ag, )g (:C,u[l](x),u[z](x), ...,u[”](:c)) dx
a1tw
(111+w
[ G000 — Glan 0] (5,00 02 0), ol @)
a1
< MTYs|ag — | + MTalag — ag| + wMpaTa|as — as
< (2MTYs +wMpaYsy)|ag — aql. (4.33)
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In view of (4.22), (4.23) and Lemma 4.3, we obtain

IA

IN

G(Oég, tk)fk tk, u[l] (tk), U[z] (tk), vy u[”] (tk)
( )

{k:tp€|az,az+w]}

— ) Glon, ) (b ul (tk), uP (t), oy ul (1)

{k:ti€lar,1+w]}

Z G(a, ty) I (l‘k, ul(ty), P (ty), .., ul (tk))

{k:tpE€laz,a1+w]}

+ > G (e, ti) I (L ul (1), ul (21, oo ul™(21)

{k:t €[ar+w,az+w]}

— Y Glon, te) I (e, ul (1), uP (1), . ul (1)

{k:tr€lar,a2]}

— G(Oél, tk)Ik tk, um (tk), U[Q] (tk), ceuy u["} (tk)
( )

{k‘:tk S [042 ,01 +w}}

> (Glan, t) — Glan, t)) T (tr ul™ (t), ul (1), oy ul(2)

{k:tké[ag,a1+w]}

+D T (Glag,t) = Glon, t) I (te ul (1), ul® (8), .., ul™ (1))

{k:tke[al,ag]}

33 1(Glaa, t) = Glon, t))| i (b, (t) (t))]

3wpMalgns|as — aql. (4.34)

Thus, it follows from (4.31))-(4.34) that

[(A(u))(aa) = (A(u))(a1)| < Tafag — aa| < nslag — aql, (4.35)

where I'y is as in (4.30)).

Let us show n; < Au < ny, for all u € P, (ny,ns, n3).

It follows from (4.21)-(4.25) and (4.23), then for u € P,(ny,n2,n3), and
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t € R, we get

(Au)(t) = b (t,u(t), uP (), ..., u" (1))
+/t ) G(t,z) [—a(z) f(z,u(@))h (v, (2),u? (2), ..., ul" (2))
+ g (=, ul(z), ul?(z), ..., u[”](x))] dx
+ Y Gt (b ul (1), (8), -l (1)

{k:tp€lt,t+w]}
ttw

< pu+ M [ g (e @) u?(@), u (@) do
t
1
M3 ) )
k=0
t+w
< Bu(t)+ M g (v,uM(2),uP (2), ..., ul" (2)) dz + N\ Mwn,
t
1—
< ﬁng—i—Mw << /B)RZ_)\kHQ) —i—Mw)\kng
Mw

On the other hand,
(Au)®) = h(t, @), u? (@), ..., u" (@)
—/t CuG(t, ) la(z) f(z,u(z))h (:L’,um (), ul?(z), ..., ul" (2))] da

t+w
+/t G(t,z)g (=, ultl(z), u® (z), ..., ul” (z)) dz

tm Y L (b ul (1), uPl (8, ul (8))
{k:t€lt,t+w]}

. t+w

> Bu(t) — MaBpu(l) +m/ g (z,ul(2), ul (), ..., ul" ()
t
1 q
+mw52% (tr) u(ty)
k=0

~ ni (1 - B) M ~ ~

> [Bny — MaBpns + mw + aﬁpnz — A, | + mwng A

mw mw

= N,
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which leads to
ny < Au < ny, for all u € P, (ny,ng, n3). (4.36)

Since A is well defined, i.e. Au € P, for all u € P,(ny,n2,n3), we conclude

that A(P,(n1,n2,n3)) C P,(n1,n2,n3). m

Theorem 4.1 Suppose that conditions {4.7)-[{-9), (4-21)-{4-23), (4.55) and
hold. Then equation has at least one positive w— solution u in

Pw<n17n27n3) .

Proof. By virtue of Lemma 4.2 and Lemma 4.4, all the requirements of
Schauder’s fixed point theorem are fulfilled. So, Au = v has at least a fixed
point u on P,(ni,ns,ng). Finally, via Lemma 4.1, equation possesses
at least one positive w -periodic solution satisfying ny <u <ny. m

Cas 2. To treat the case h (¢,ul!, ul?, ... ul") <0, € R, u € P,(nq,n2,n3),
we replace (Hy), by the following condition.
(Hg) There exist nonpositive constants 6 and 9 such that for all ¢ € 0, w],

u < Pw(nlan%n?))v

fu<h (t, (1), ul?(t), ...,u[”](t)) < Qu. (4.37)

Theorem 4.2 Suppose that {{-9)-(4-9), (4-21), (4-29), [4-37) hold, and fur-

ther assume that:

(Hy) For allt € [0,w], u € P,(ny,ng,ns),

I, <yg (t,um (), u?(t), ..., ul" (1)) <1, (4.38)
where N
) - -
H1 = u — )\knl, H2 = ﬂ + 906,0712 — )\kng.
mw Mw

Then the equation has at least a solution u € P, (ny,ng,ng).
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Proof. Let us start by proving that Vu € P,(ny,na,n3), Au € P,(nq,n2,n3).
It follows from (4.21)), (4.22)), (4.37)), (4.38)) and (4.23)), then for u € P, (n1,ns, n3),
and t € R, we get

(Au)(?)

IA

IN

v

AV

(t, ultl(t), p](t),.“,ithﬂ(t))
/ G(t,z) |—a(z) f(x,u(z))h (x,u[l](x),up](a:), ...,u[”](a:))
+ g (=, ulll(z), um (x), ...,u["](x))] dx

+ Y Gt (b ul (), uP (1), -l (1))

{k:tp€lt,t+w]}
tH+w
—Mwp a0 u(t) + M/ g (m,u[l] (), ul?(z), ..., u[”](x)) dx
¢

M= (1) ulte)

k=0

—Mwp « () ne + Mw (]\Z—Q + pa@ Ng — Akng) + A Mwns
w

Ng.

ot ul (), uP (@), ..., ul(t))
+/t i G(t, ) [—a(x)f(x, u(z))h (a:, um(£), ul? (x), ..., ul (:L‘))
+ g (=, ull(z), u®(z), .., u[”](x))] dx

+ > Gt I (b ul (), uP (1), -l (1))

{k:tp €[t t+w]}
Hu +m/ ), [2](x),...,u[”](x)) dx
k 0
~ ny — /9\’)12 ~ ~
6)7?,2 +mnmw | ——— — /\knl + mw)\knl
mw

ny,
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which leads to
ny < Au < ng, for all u € P,(ny, ng, n3). (4.39)

The remaining steps of the proof are similar to the corresponding work in
Lemma 4.4 hence we omit the details. Also, we conclude from Lemma 4.2 that
A is continuous and compact on P, (n1,ny,n3). We deduce from Schauder’s
fixed-point theorem ( see, [63] ) that the operator A has at least one fixed
point u € P, (n1,n2,n3) which is a solution to ([£.7). As a result of Lemma
4.1, u is a solution to problem (4.5)). This completes the proof

]

Cas 3: The case h (¢, ul!, ul?, ... ul") =0, for t € R, u € P,(n1,n2,n3).

Theorem 4.3 Suppose that —, , hold, and further as-

sume that:

(Hyo) For allt € [0,w], u € P,(ny,ns,ng),

ny o~ n
m_iu — ey < g (tu(), uPl(1), ..., u(1)) < M_2w — Agna. (4.40)

Then the equation has at least a solution u € P,(ny,ng, ng).

Proof. The proof follows along the lines of the proof of Theorem 4.1 and

hence we omit. m

Remark 4.1 Notice that when f(t,u) = 1 and I, (¢, ul,u®, . ul") =0,
k€ N* for all t € R, uw € P,(ny,n2,n3), then the Eq. reduces to
equation ([4.4)), which was studied in [12]. Thus, our results are more general
than those obtained in [I2]. When a(t) = 0 and A (¢,u, ul . ul") =
P (tk,um,um,...,u["}) =0, k € N*, g(t,u u . ul)y =570 ei(t)yll +
ﬁ(t), for all ¢ € R, then the Eq. turns into , which was studied

in [79). Our results are more general than those obtained in [[12], [79]].
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We should point out that some authors [[12], [79]] have imposed hypotheses
and employed fixed point methods to some classes of periodic equations of
iterative differential equations (without impulses), which however seem to
only guarantee that a periodic, rather than positive solution must exist. The
research method of this paper is different from the existing research methods

(see [[12], [T9]]).

4.4 Applications

In this section, we present an analysis of two examples to exemplify two facts.
Firstly, we will show how to apply our main result in this paper, Theorem 4.1.
More importantly, we highlight the significance of our findings by showing
that the existing theory developed by Bouakkaz et al. cannot be applied to
Example 4.2.

Example 4.1 We consider the equation

—u(t) = —a®)f tu@®)u®)+ gt (@), u? @)

d 1
+h (t, ul (), ul? (1))t £t = gT+ (k= Dm k eN,

u(th) —u(ty) = I (tk,u(ty), u? (1)) ,t =ty k € N". (4.41)

0.1

Corresponding to equation 1D weletn =2, w=2m, a(t) = o ft,u(t)) =
T
~0.0005 0.0005

0.5 |cos(t)|4+0.5, h(t, ult(t), u?(t))
0.0005

|cost sin |+ x (|cost| + 1) ultl(t)+

1 )
ul (1), I (te, u (ty,), uP(t,)) = 3000 (|sin(2t)] + ) ull, g(¢, ul(t), ul? (1)) =

: I
|sin ult(£)] + 500 |sin ul/(t)].

1 |cos t|

500 ' 500
By letting ny = 0.1, ny = 1, ng = 10, i.e., P,(n1,ng,n3) = P2,(0.1,1,10).
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If uy, ug, v1,v2 € Por(0.1,1,10), t € [0,w], we have

\h(t,ul,vl) — h(S,Ug,Ug)’ < L(] |t — 8‘ + L1<t)H’LL1 — UQH + Lg(t)Hvl — 'UQH,
lg(t, ur,v1) — g(t, uz,v2)| < Cr(t)]|ur — ua| + Co(t)]Jvr — v,
[T (t, ur,v1) — I (t, ug, v2)| < Nig(t)]|ur — ual| + Nog(t)||vr — vel],

where
0.0005 0.0005 0.0005
Lo = T7L1(t) = (Jcost| +1), Lo(t) = —3
Nig(t) = 3000 (Isin(2tg)| + ), Nax(t) =0,
]cost 1
B2 Gyt) = —.

~ 1
For g =0.005 and § = 3 x 0.00005, we have

~ 1
Bu < 2 % 0.00005 < h(t, ulY ul?) < 0.0005 < Bu, ¥t € [0,27],

u € Py(0.1,1,10).

Since |sin(2t)| < |2t| and |cos(t)| < 1, for ¢ € [0,27], u € P»,(0.1,1,10), we
obtain

0.5=a< f(tu) <a=1, (4.42)
and

B (th—i—ﬂ)

ke N,
3000 FEN

™ ~
3000% = Tk (k) u < L (t, ut aPy < () w
Choosing q = 2, we have tyq = t, + w, L) (tirg, U (terg) , u? (triy)) =
[k(tk:a um (tk) u[2 (tk)) ke N* and

O<tk<w k:—l
1 2
- = t =
Z Vi (L) = Z’Yk( k) 3000
O<tk<w k:—l
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It is easy to see that for u € [¢,t+ 27|, thanks to (4.12)), (4.42), for t € R, we
have m < G(t,z) < M, where

1 0.1

el _ 1’ e0.05 _ 1°
For all t € [0,w], u € P2,(0.1,1,10), we get
0.00182 ~ Y < g (¢, ul(t),ul?(t)) < Yo ~ 0.00634,

where YT, T5 are given as in (4.26) by

<1 - B) M ~ _
Tl = N1+ aﬁpng—nl)\k ~ 000182, TQ = ( )ng—/\kng >~ 000634,
mw
and
) 0.1
= Imnax a = —.
p t€[0,27] 2m

On the other hand for ¢ € [0, 27|, u € P,,(0.1,1, 10),
Y1 <0.002 < g (t,ul(t), u? (2)) <0.006 < T,

and
n i1—1

Ty = Lo+ n3>. S Ling + 2M pafing + wM p*a?Bn,
i=15=0

+ (2 + wpa) MYy 4 3w, M pangy ~ 0.31752 < 10,

Since all the conditions of Theorem 4.1 are satisfied, and hence the equation

(4.41)) has at last a positive 2r—periodic solution u in P»,(0.1, 1, 10).

Example 4.2 We consider the following neutral differential equation with

iterative terms and impulsive effects

%u(t) = —a)u () +g tu @), u? (1) + %h (t, uld (), u(®)) ,t #
wth) —ulty) = Leltru™ (), u® (t), ty = 0.4k, k € N*. (4.43)

Corresponding to equation (4.5), welet n = 2, w = 0.8, a(t) = 1+0.02sin (107t) ,

.005 0.005
f(t,u(t) =1, h(t,ul(t),ul (1)) = 3 |sin 30007t | |cos 30007rt|+Tum (t)+
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0.005
3

Ik(tk, um (tk) ,UD] (tk)) = 1074(

ull(t), g(t,ut(t), ul (t)) = 0.33 + 0.01 sinultl(¢) + 0.3 sin ul?(2),

Jul'l (1) -

For some non negative consatnt ng > 0, and ny = 0.1, ny = 1.

2 |sin 107t
|sin 107t L8
m

At first, the functions a, f, h, g are 0.8—periodic in ¢t. Furthermore, the Lip-
schitz conditions given in (H;) — (H3) can be easily verified for the functions
f, g and I, k € N*, with the following constants

0.0005 0.0005

Lo=5nm, L= Li(t) = ——, L= Lo(t) = ——

0 T, Ly tgl[g%] 1(t) 3 0 e tg}gff] 2(t) 3

2 |sin 107ty
T

le(t) = 10_4( +8), Ngk(t) = 0, ke N*,

C} = max Cy(t) = 0.01, C5 = max Cy(t) = 0.3.

te[0,w] t€[0,w]

By direct calculation, we obtain

1 60'8
m = 6048 1 ~ 08160, M = m ~ 18160,
= t) =1.02.
R

For g = 0.05 and B = % x 0.2, we have

0.005 0.005

5 x02u < —=x02< h(t, ul, u®) < 0.005 < 0.05u, Vt € [0,0.8],
u € Py(ny,na,ng).

Since [sin(107t)| < |107ty|, for ¢t € [0,0.8], u € P,(0.1, 1, n3), we obtain

/’?k (tk) u S Ik(tk,u[l},um) S Vi (tk) u, ]C < N*

where

i (tr) =8 x 1074, v, (tx) = 107%(2 x 10t + 8).

Choosing q = 2, we have tyq =t + w, g (trrg W (terg), u? (thyy)) =
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Li(ty, ul' (ty) , ul (1)), k € N*, and
~ 1 . 1 . 2
A = 5 Z Ve (th) = @Z% (tr) = 1000

1 1 5
A = » Z Vi (te) = @Z% (tx) = 1000

0<tp<w k=1

For all t € [0,0.8], u € P,(0.1,1,n3), we get

0< Y1 <g(tul(t),ul?(t)) < To,

(1-8) m X i
Y, = g+ :fpng—ngk ~ 02664, Ty = .

— )y s =~ 0.6489.
On the other hand

Y1 <0.33 < g (t,uld(t), ul?(t)) < 0.64 <.
Under condition of Lemma 4.4, we get the following second degree

inquality:
0.005

n3 — 0.9983n3 + 19.2886 < 0,

which is satisfied for any ns € [19.9885,578.9915]. We see that all the con-
ditions of Theorem 4.1 are satisfied, and hence the equation has at last
one positive 0.8—periodic solution w in P, (0.1, 1, n3), for ng € [19.9885,578.9915].
However, the corresponding inequality (10) in [Theorem 3.3, [12]] used by
Bouakkaz et al. in the case no impulses are taken into account ( i.e. Iy =0,
k€ N*) is

0.005
n3 + 0.1877n3 + 18.1979 < 0,

which does not hold for any n3 > 0. In this case, the existence of periodic

solutions of the equation (4.43) in P,(0.1,1,n3) cannot be proved using |
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[12], Theorem 3.3], since the crucial condition (10) is not satisfied for any
ng > 0. Thus, in this study, we not only propose an alternative technique
to discuss the existence of positive periodic solutions to generalized iterative

differential equations but also improve the existing literature.
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p to now, the study of qualitative and quantitative aspects of neu-
Utral impulsive differential equations that include iterative terms has
remained a challenging topic for many researchers. These difficulties mainly
arise from the complex and layered structure of such equations. The pres-
ence of neutral terms, impulsive effects, and iterative terms together creates
mathematical difficulties that are not easy to overcome using standard tech-
niques. As a result, this area continues to attract attention and remains an
active subject of ongoing investigation within the field of differential equa-
tions. Here, the results obtained in this thesis contribute significantly to the
fields of the application of Shauther’s fixed-point theory to a class of func-
tional impulsive differential equations not addressed before. Our findings
have served as a new contribution for further expanding knowledge in the
existence of bounded positive periodic solutions. Specifically, the results ob-
tained can be extended in several directions: applying them to different types
of equations. Extending our work to other complete metric spaces may un-
cover new insights and applications, while broadening new conditions could
lead to the development of more comprehensive fixed-point methods. Addi-

tionally, improving the efficiency of the fixed-point methods could optimize
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practical applications, making the theoretical advancements more applicable
to real-world problems. This work emphasizes again the potential for on-
going research to build upon our results, advancing the understanding and
practical application of fixed points. We expect that future studies will make
use of fixed point methods to explore further qualitative properties of this
class of equations damped with stochastic perturbation, especially focusing
on the asymptotic and exponential stability of solutions. This remains an

open problem for future studies.

118



BIBLIOGRAPHY

[1]

Ahmad, S., Stamov, G. Tr.: Almost periodic solutions of N-dimensional
impulsive competitive systems. Nonlinear Analysis: Real World Appli-

cations. 10, 1846-1853, (2009).

Ahmad, S., Stamova, I. M.: Asymptotic stability of an N-dimensional
impulsive competitive system. Nonlinear Analysis: Real World Applica-

tions. 8, 654-663 (2007).

Akhmet, M., Yilmaz, E.: Neural networks with discontinuous/impact

activations, Chapter 3. (2014).

Andronov, A. A., Vitt, A. A., Haykin, S. E.: Oscillation theory. Nauka,
Moscow (in Russian). (1981).

Arino O., Hbid M. L., Ait Dads E.: Delay differential equations and
Applocations. Published by Springer, P. O. Box 17, 1300 AA Dordrecht,
The Netherlands. (2002).

119



Bibliography

[6]

[10]

[11]

[12]

[13]

Bainov, D. D., Simeonov, P. S.: Impulsive differential equations Peri-
odic solutions and applications (1st ed.). Longman Scientific Technical.

(1993).

Banach, S.: Sur les opérations dans les ensembles abstraits et leur appli-
cation aux équations intégrales. Fundamenta Mathematicae. 3(1), 133~

181: (1922).

Bautin, N.: The theory of point transformations and dynamical the-
ory of clockworks. In Qualitative Methods in the Theory of Non-linear
Vibrations. Proceedings of the International Symposium on Non-linear
Vibrations II (pp. 29-54). Academy of Sciences of Ukraine SSR, Kiev.
(1963).

Bellman, R., Cooke, K. L.: Differential-Difference Equations. Academic
Press. (1963).

Bellen, A., Zennaro, M.: Numerical methods for delay differential equa-

tions. Oxford University Press. (2003).

Bogolyubov, N. N., Mitropolskii, Y. A.: Asymptotic methods in the

theory of nonlinear variations. Nauka, Moscow (in Russian). (1974).

Bouakkaz, A., Ardjouni, A., Djoudi, A.: Periodic solutions for a nonlin-
ear iterative functional differential equation. Electronic Journal of Math-

ematical Analysis and Applications. 7, 156-166 (2019)..

Bouakkaz, A., Ardjouni, A., Khemis, R.: Positive periodic solutions
for a class of second-order differential equations with state-dependent

delays. Turkish Journal of Mathematics. 44, 1412-1426 (2020).

120



Bibliography

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

Brown, R. F.: A topological introduction to nonlinear analysis (3rd ed.).

Springer International Publishing, Birkh&user. (2014).

Castro-Santis, R., Cérdova, F., Chambio, W.: Feasibility of a fishery
regulation model: A pulse quota fishing policy with environmental sto-

chasticity. (2014).

Ciri¢, L. B.: Generalized contractions and fixed-point theorems. Publi-

cations de I'Institut Mathématique. 12(26), 19-26. (1974).

Collins, P. J.: Differential and integral equations. Oxford University

Press Inc, New York. (2006).

Cooke, K. L., Grossman, Z.: Discrete Delay, Distributed Delay and
Neutral Type Functional Differential Equations in Oscillating Systems.
Journal of Differential Equations. (1977).

Cérdova-Lepe, F.: Del Valle, R., Robledo, G. A pulse fishery model with

closures as function of the catch: Conditions for sustainability. (2011).

Daniel, L.: Cours d’analyse fonctionnelle avec 200 exercices corrigés.

Ellipses Edition Marketing S.A. (2013).

Dib, Y. M., Maroun, M. R., Raffoul, Y. N.: Periodicity and stability in
neutral nonlinear differential equations with functional delay. Electronic

Journal of Differential Equations. 2005, 1-11 (2005).

Dieudonné, J.: Foundations of modern analysis. Treatise on Analysi. 1,

10-I. Academic Press. (1969).

Dishliev, A., Dishlieva, K., Nenov, S.: Specific asymptotic properties of
the solutions of impulsive differential equations. Methods and applica-

tions. Academic Publication. (2012).

121



Bibliography

[24]

[25]

[26]

[27]

28]

[29]

[30]

31]

32]

[33]

D’onofrio, A.: Stability properties of pulse vaccination strategy in SEIR
epidemic model. Mathematical Biosciences. 179, 57-72 (2002).

Driver R. D.: Ordinary and delay differential equations, Springer Verlag,
New York. (1977).

Eder, E.: The functional differential equation z/(t) = x(x(t)). Journal
of Differential Equations. 54, 390-400 (1984).

Elbahi, A., Benhadri, M., Boulfoul, A.: Positive periodic solutions of
a kind of nonlinear iterative differential equations with impulse effects.

Rendiconti del Circolo Matematico di Palermo Series 2. 74(62) (2025).

Feynman, R. P.; Leighton, R.: Surely you’re joking, Mr. Feynman: Ad-
ventures of a curious character. W. W. Norton & Company. (1985).

Fridman, E.: Introduction to time-delay system: Analysis and control.

Springer. (2014).

Fréchet, M.: Sur quelques points du calcul fonctionnel. Rendiconti del

Circolo Matematico diPalermo, 22, 1-72 (1906).

Gao, Y., Zhou, W., Ji, C., Tong, D., Fang, J.: Globally exponential
stability of stochastic neutral-type delayed neural networks with impul-
sive perturbations and Markovian switching. Nonlinear Dynamics. 70(3),

2107-2116 (2012).

Guo, D. J.: Nonlinear functional analysis. Shandong Science and Tech-

nology Press. (In Chinese). (2001).

Guo, D., Lakshmikantham, V.: Nonlinear problems in abstract cones.

Academic Press. (1988).

122



Bibliography

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

Hale, J. K., Verduyn Lunel, S. M.: Introduction to functional differential

equations. Springer-Verlag. (1993).

Huo, H. F., Li, W. T., Liu, X. Z.: Existence and global attractivity
of positive periodic solution of impulsive delay differential equations.

Applied Analysis. 83, 1279-1290 (2004).

Jiang, D., Wei, J.: Existence of positive periodic solution of nonau-

tonomous delay differential equation. Chinese Annals of Mathematics,

Series A. 20, 715-720 (in Chinese) (1999).

Jin, Z., Maoan, H., Guihua, L.: The persistence in a Lotka—Volterra
competition systems with impulsive perturbations. Chaos Solitons Frac-

tals. 24, 1105-1117 (2005).

Ke, W.: On the equation z'(t) = f(x(2(t))). Funkcial. Ekvac, 33(1990),
405-425 (1990).

Krasnoselskii, M. A.: Some problems of nonlinear analysis. American

Mathematical Society Translations, Series 2. 10(2), 345-409 (1958).

Kolmanovskii, V., Myshkis, A.: Applied Theory of Functional Differen-
tial Equations. Kluwer Academic Publishers. (1992).

Krylov, N. M., Bogoliubov, N. N.: Introduction to non-linear mechanics

(AM-11, Vol. 11). Princeton University Press. (2016).

Kuang, Y.: Delay differential equations with applications in population

dynamics. Academic Press. (1993).

Lakshmikantham, V., Bianov, D. D., Simeonov, P. S.: Theory of im-
pulsive differential equations. World Scientific Publishing Co. Pte. Ltd.
(1989).

123



Bibliography

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

Li, X., Zhang, X., Jiang, D.: A New existence theory for positive pe-
riodic solutions to functional differential equation with impulse effects.

Computer. Math. Appl. 51, 1761-1772 (2006).

Liu, H., Yu, J., Zhu, G.: Global behaviour of an age-infection-structured
HIV model with impulsive drug-treatment strategy. J. Theor. Biol. 253,
749-754 (2008).

Liu, X.: Impulsive stabilization and applications to population growth

models. Rocky Mountain Journal of Mathematics. 25(1), 381-395 (1995).

Ma, X., Shao, Y., Wang, Z., Luo, M., Fang, X., Ju, Z.: An impul-
sive two-stage predator—prey model with stage-structure and square root
functional responses. Mathematics and Computers in Simulation. 119,

91-107 (2016).

Milman, V. D., Myshkis, A. D.: On the stability of motion in the pres-
ence of impulses. Sibirsk Matematicheskii Zhurnal. 1, 233-237 (1960).

Miron, R. E., Smith, R. J.: Modeling imperfect adherence to HIV in-
duction therapy. BMC Infectious Diseases, 10, 6, 1471-2334 (2010).

Nicola, O.: Numerical solutions of first order iterative functional-
differential equations by spline functions of even degree. Sci. Bull. Petru

Maior University of Tirgu Mures XXIII, 34-37 (2009).

Oksendal, B.: Stochastic differential equation. Springer-verlag Heidel-
berg, New York. (2000).

Pathak, H. K.: An introduction to nonlinear analysis and fixed point

theory. Springer. (2018).

124



Bibliography

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

Qiao, M., Liu, A., Forys, U.: Qualitative analysis of the SICR epidemic
model with impulsive vaccinations. Mathematical Methods in the Ap-

plied Sciences. Sci. 36, 695-706 (2013).

Raffoul, Y.: Existence of positive periodic solutions in neutral nonlinear
equations with functional delay. Rocky Mountain Journal of Mathemat-

ics. 42, 1983-1993 (2012).

Rhoades, B. E.: A comparison of various definitions of contractive map-
pings. Transactions of the American Mathematical Society. 226, 257-290
(1977).

Riedle, M.: Stochastische differential gleichungen mit unendlichem

Gedichtnis. PhD thesis, Humboldt-Universitét zu Berlin. (2003).

Razumikhin, B. S.: On the Stability of Systems with Delay. Prikladnaya
Matematika i Mekhanika, 20, 500-512 (1956).

Roup, A. V., Bernstein, D. S., Nersesov, S. G., Haddad, W. M.,
Chellaboina, V.: Limit cycle analysis of the verge and foliot clock es-
capement using impulsive differential equations and Poincaré maps. In-

ternational Journal of Control. 76(17), 1685-1698 (2003).

Rynne, B. P., Youngson, M.: Linear functional analysis. Springer Un-

dergraduate Mathematics Series. (2008).

Saker, S. H.: Oscillation and global attractivity of positive hematopoiesis
model with delay time. Applied Mathematics and Computation. 136,
27-36 (2003).

125



Bibliography

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

Saker, S. H., Agarwal, S.: Oscillation and global attractivity of a pe-
riodic survival red blood cells model. J. Dyn. Contin. Disc. Impulsive

Syst. Ser. B, 12, 429-440 (2005).

Saldivar Marquez, M. B., Boussaada, 1., Mounier, H., Niculescu, S. L.:
Neutral-type time-delay systems: Theoretical background. In Analysis
and Control of Oilwell Drilling Vibrations Springer. 57-82 (2015).

Smart, D. R.: Fixed point theorems. Cambridge Tracts in Mathematics.
no. 66. Cambridge University Press. London-New York. (1974).

Si, J.G., Wang, X.P.: Smooth solutions of a nonhomogeneous itera-
tive functional differential equation with variable coefficients. Journal of

Mathematical Analysis and Applications. 226, 377-392 (1998).

Stamov, G. T., Alzabut, J. O., Atanasov, P., Stamov, A. G.: Almost
periodic solutions for an impulsive delay model of price fluctuations
in commodity markets. Nonlinear Analysis: Real World Applications.

12(6), 3170-3176 (2011).

Stanek, S.:On global properties of solutions of functional differential
equations ' (t) = x(z(t)) + z(t). Dynamic Systems and Applications,
4(1995), 263-278 (1995).

Wang, Y., Tu, Q., Wang, Q., Hu, C.H.: Positive periodic solution of im-
pulsive functional differential equations with a parameter. Acta. Math.

Univ. Comenianae LXXX, 31-38 (2011)

Wu, J.: Theory and applications of partial functional differential equa-
tions. Applied Mathematical Sciences, 119, Springer-Verlag, New York,
x+429 (1996).

126



Bibliography

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

Wu, J., Xia, H.: Self-sustained oscillations in a ring array of coupled
lossless transmission lines. J. Differential Equations. 124(1), 247-278
(1996).

Yan, J.: Existence of positive periodic solutions of impulsive functional
differential equations with two parameters. J. Journal of Mathematical

Analysis and Applications. 327, 854-868 (2007).

Yan, J. R.: Existence and global attractivity of positive periodic solution
for an impulsive Lasota—Wazewska model. J. Math. Anal. Appl. 279,
111-120 (2003).

Yan, J. R., Zhao, A.: Oscillation and stability of linear impulsive delay
differential equations. Journal of Mathematical Analysis and Applica-

tions, 227, 187-194 (1998).

Yan, P.: Impulsive SUT epidemic model for HIV/AIDS with chronologi-
cal age and infection age. Journal of Theoretical Biology., 265, 177-184
(2010).

Yang, D., Zhang, W.: Solutions of equivariance for iterative differential

equations. Applied Mathematics Letters, 17, 759-765 (2004).

Yao, B. G., Liu, Y. J.: Global attractivity for certain impulsive delay
differential equations. Nonlinear Analysis, 35, 725-736 (2003).

Zavalishchin, S., Sesekin, A. N.: Dynamic impulse systems: Theory and

applications (Vol. 394). Springer Science Business Media (2013).

Zhang, X., Yan, J., Zhao, A.: Existence of positive periodic solutions for
an impulsive differential equation. Nonlinear. Analysis: Theory, Meth-

ods, Applications, 68, 3209-3216 (2008).

127



Bibliography

[78] Zhengo, L.,: Multiple positive periodic solutions for functional differ-
ential equations with impulses and a parameter. Hindawi Publishing

corporation Abstract and Applied Analysis,2014,1-13 (2014).

[79] Zhao, H. Y., Liu, J.: Periodic solutions of an iterative functional differ-
ential equation with variable coefficients. Mathematical Methods in the

Applied Sciences, 40, 286-292 (2017).

128



	Abstract in English
	Abstract in French
	Abstract in Arabic
	Dedication
	Acknowledgements
	Acronyms
	List of symbols
	List of Figures
	Introduction
	Primary concepts
	Tools and fundamental concepts
	Banach space
	Arzelà Ascoli theorem
	Differentiation under the integral sign

	Basic fixed point theorems
	Banach's fixed point theorem
	Schauder's fixed point theorem
	Krasnoselskii's fixed point theorem
	Guo-Krasnoselskii fixed point theorem in cones


	Impulsives differentials equations
	Review of impulsive differential equations
	Mathematical description of impulsive differential equations
	Classes of impulsive differential equations
	Space of piecewise continuous functions
	Existence and uniquencess results
	A survey of examples

	Application of fixed point methods
	Periodic functions
	Existence of periodic solutions in impulsive differential equations


	Delayed differential equations
	Basic concepts of delay differential equations
	A Mathematical viewpoint on the concept of solution
	Mathematical modeling with delay differential equations
	Initial value problem
	Some kind of delay differential equations
	Notion of iterations
	Existence and uniqueness results
	Primary discontinuities
	Neutral differential equations
	Existence and uniqueness
	Method of steps


	Existence and positivity of periodic solutions in iterative neutral differential equations with impulses
	Introduction
	Preliminaries and equation transformation
	Main results
	Applications

	Conclusion and perspective
	Bibliography

