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Wbstract

In this thesis, we are interested in the study of exponontial stability and the
existence and uniqueness of a Timoshenko system incorporating distributed
delay and thermodiffusion effects. Using the semigroup method, first we
establish the well-posedness of the system under suitable assumptions on the
weight of the distributed delay, Then by emploing the energy method, we
design an appropriate Lyapunov functional to demonstrated exponontial
decay of the solution.

Key words: Exponontial stability, Timoshenko system,destibuted delay,
thermodiffusion, semigroup method, Energy method, Lyapunov functional.



Résumé

Dans ce memoire, nous nous interressons a I'étude de la stabilité
exponontielle et a I'existence et I'unicité d’'un systéme de Timoshenko
incorporant un retard distribué et des effets de thermodiffusion. En utilisant la
methode des semigroupes,nous etablissons tout d’abord que le systéme est
bien posé sous des hypothéses appropriées sur le poids du retard
distribué.Ensuite, en utilisant la méthode de I'énergie, nous concevons une
fonctionnelle de Lyapunov appropriée pour demontrer la décroissance
exponontielle de la solution.

Mots clés:Stabilité exponontielle, systéme de Timoshenko, retard distribué,
thermodiffusion, méthode des semigroupes,methode de I'énergie, fonction de
Lyapunov.
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0.1 Introduction

In last years, the study of Timoshenko-type systems has gained considerable attention
in structural mechanics, especially. due to their ability to mode thermomechanical
interactions in elastic materials. Unlike the traditional Euler-Bernoulli theory, which
neglects shear deformation and rotational effects, the Timoshenko model provides a
more comprehensive description of beam dynamics . It does so through a system of
coupled partial differential equation that incorporate both mechanical and thermal
influences, making it particullary suitable for analyzing long-term behavior and energy
dissipation in complex structures.

The governing dynamics are described by

p Uy (z,t) = Sz, t)

p Vi (z,t) = My(z,t) — S(x,t)

where U(z,t) and V(x,t) represent transverse displacement and cross-sectional
rotation, respectively, defined for (z,t) € (0, L) x R™.

Here , p; = pA and p, = pl incorporate geometric and material properties, with
p denoting density, A the cross-sectional area, and I the area moment of inertia.

The constitutive relations

S(x,t) = k(U (x,t) + V(2,t)), M(x,t) =bV,(2,1),

introduce stiffness parameters b = FEI (flexural rigidity) and k& = kGA (shear

stiffness), where E' and G are Young’s and shear moduli, and x is the shear correction



factor.

Substituting these into the governing equations yields the complete Timoshenko

system

plutt — k(blx + V)x =0

This formulation extends classical beam theory by rigorously addressing shear
deformability, making it indispensable for modern applications in composite materials,

micro- and nano-structures, and high-frequency vibration analysis.

Regarding the asymptotic behavior of the thermodiffusive Timoshenko beam, sev-
eral important results have been documented, notably in the work of Aouadi et al.
2].

In their study, the authors developed a novel Timoshenko beam model, which
incorporates both temperature and mass diffusion phenomena, and is described by

the following system

;

Uy — k(Uy + V), + uldy = 0,
P Vi — Vo + (U, + V) — 710, — v, Px =0,

cly + dP; — KBy — Y1 Ve = 0,

dﬁt +7’Pt — BPEIE — VQVtr = O,

in (0, L) x (0, 00),



where:

are physical positive constants.

The authors established the well-posedness of the system through semigroup
analysis, proving that exponential stability holds precisely when the wave propagation

speeds
are matched. In the opposite case, when the mechanical wave speeds vary, the
study reveals a deficiency in exponential stability, they demonstrated that exponential

stability is lacking for Neumann boundary conditions when g = 0, while also

establishing exponential stability for (1) without any restrictions on the coefficients
if p # 0.
Furthermore, they provided numerical results for both cases of ;= 0 and p # 0.

In their recent work, Ramos et al. [19] investigated a truncated Timoshenko beam

model with thermodiffusion effects, replacing the second equation in (1)

with

—polhyte — AV + k(Uy + V) — 410, — 7o Pz = 0.

They proved the existence and uniqueness of global solutions via the Faedo-Galerkin

method while notably establishing exponential stability without equal wave speed

assumptions. Recently, Djellali et al. [21] introduced a new Timoshenko beam model



with thermal and mass diffusion effects given by

(

plutt - k]_(]/{x + V)q; - 71933 - PYQPI = 0, Zn (O, L) X R+,
P Vi — bVpr + k1 (Uy + V) + 74,0 + v, P =0, in (0,L) x Ry,
ey + dP; — KOy — v (U, + V) =0, in (0,L) x Ry,

dO; + 1P, — hP — v (U, + V), = 0, in (0,L) x Ry,

\

The authors proved that the system is exponentially stable if and only if the wave
speeds of the system are equal. When the speeds of the mechanical waves are different,
they showed a lack of exponential stability. For more details about the thermoelastic
diffusion problem, see [1, 14].

The significance of the delay term arises in numerous studies because many phe-
nomena depends on their past states Furthermore, its impact on the asymptotic
behavior of solutions for the Timoshenko system has been documented in several
sources [3, 20, 5, 7, 8]. Motivated by the aforementioned works, in this work, we
intend to investigate the question of stabilization for the following one-dimensional

thermodiffusion Timoshenko beam with distributed delay

(

/)1Z/{tt - kl(uw + V)ac - 710:): — fYQPx = 07 m (0, L) X R+’

PVt — Wao + ki (Uy + V) + 710 + 79 P + 11 Vi + f: pa(8)Vi(t — s)ds =0, in (0,L) x Ry,

Cet + dPt — ’%01‘1‘ — ,Y]_(Z/{CC + V)t = O, m (07 L) X R+,

A0, + 1P — hPyy — Yy (Uy + V), = 0, in (0,L) x R,




with initial and boundary conditions

U(x,0) =Uy(x),Us(x,0) = Ui (x),V(x,0) = Vo(x), x € (0,L),

Vi(x,0) = Vi(x),0(x,0) = 0g(x), P(x,0) = Py(z), x € (0,L),

U, (0,1) = V(0,1) = 0(0,£) = P(0,£) =0, >0,

U, (L,t) = V(L,t) = 6(L,t) = P(L,t) =0, t>0.

and additional condition:
Vi(z, —t) = fo(z,1), (z,t) € (0,1) x (0, 72), (5)

where U is the transverse displacement of the beam, )V is the rotational angle of a
filament, 6 is the difference temperature. The coefficients p;, ps, k1,0, 71,79, ¢, d, K, T
and h are physical positive constants. Working only on rotational angle of a filament,
by employing semigroup theory, we first established the well-posedness of the system,

then rigorously analyzed the asymptotic decay properties of when

fy > / |l15(5)] ds and er — d* > 0. (6)

1

Unlike previous studies in the literature, such as [2, 1, 7], the presence of both
distributed delay and thermodiffusion effects in the system leads to a non-standard
energy functional. While we established that the system is dissipative, proving expo-
nential decay stability presented significant challenges. To overcome these difficulties,
we carefully selected functionals that provided the necessary estimates for terms aris-

ing from the infinite memory and the delay time. These functionals were then used



to construct the Lyapunov functional £, which was instrumental in our analysis.
Notably, the conditions in (6) played a pivotal role in achieving our result.

This thesis is organized as follows: chapterl: is just some fundamental properties
definitions , and some theorems useful in the other chapters. chapter2 establishes the
well-posedness of problem (2)-(5) through the Lumer-Phillips theorem in semigroup
theory . chapter3 : subsequently proves exponential stability under equal wave

speed conditions via energy method techniques.



Chapter 1

preliminaries

1.1 Fundamental spaces

In this section we introduce some fundamental definitions, theorems and properties

in functional analysis to be used throughout this thesis. see [10].

1.1.1 Complete space

Definition 1 A normed space (E, ||.||p) is complete if any Cauchy sequence inside

E converges to a point of the space .

1.1.2 Hilbert space

Hilbert spaces arise naturally and frequently in mathematics and physics, typically

as function spaces.

Definition 2 A Hilbert space is a vector space provided with a scalar product (u,v)

9
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such that \/(u,v) is the norm that allows E to be complete.

1.1.3 Sobolev spaces

Sobolev spaces are particulary functional spaces in mathematical analysis that can
be used to solve problems involving partial deferential equations, it consists of the

functions of LP(€2).We started with Lebesgue spaces:

The L?(f)) spaces

Definition 3 Let ) be an open domain in R",n € N and 1 < p < oo,we define the

standard Lebesque space LP(Q)) as follows :

LP(Q) = {f : Q —; f is mesurable and / |f ()" do < oo}
Q

if p = oo,we obtain :

LP(Q) = {f :— R; f is mesurable and there exists a constant C' such that , |f(z)| < C in Q}

Notation 4 Spaces LP(Q)) supplied with the following norms:

i1, = ( [ |f<a:>|pdx)’lj

and

[/l = inf{C, [f(z)] < C in O}
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Remark 5 For p = 2 |, L*(Q) is a Hilbert space equipped with the following inner

product:

<f7g>L2(Q) = /f(x)g(x)d:v

Q

The Sobolev spaces H™ (1) :

Definition 6 [10] The Sobolev spaces H™(2) and ( m € N ) is defined as:

u e L*(Q): D™u e L*(Q) for all m € N with |a| € Z m; < m, where the derivative
H™(Q) = j=1

D™y are taken in the weak sense

that’s why H™ (§2) a real Hilbert space with their usual scalar product

(U, V) gy = Z /aaua%dx

lo|<m

with the norme:

D=

a, 112
lall gy = | D (10%ul) 2

laj<m

Remark 7 This is how HJ' () is described

g () ={ue H"(Q),v=1u=.u"" =0on o0}
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Notation 8 There is a difference between

H}(Q)={uec H™(Q),v =1 =0 on 90}

and

H*(Q)NHy () ={ue H*(Q),u=0o0ndQ}

1.2 some useful inequalities

In this section , we shall recall some inequalities which will be used in the subsequent

chapters.

1.2.1 Young inequalities

Theorem 9 [10] Let 1 < p,q < oo, i + é = 1,then:

poobp
abga—+—,a,b>0
p q

Theorem 10 (Young’s inequality with € ) Let 1 < p,q < oo, % + % = 1,then:

P 1
abgsa—+—q—,a,b>0
D er g

The Young inequality has several variants in the following.
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Corollary 11 Let 1 < p,q < o0, % + % = 1.Then:
1.1
1. arbs <
11 i
2. arbs < 4 + bETP,Vg > 0.

3. V' <aa+ (1 —a)h0<a<l.

1.2.2 Holder inequalities

Theorem 12 [10] Let 1 < p,q < oo, ]lo + % = 1,then if f € LP(Q),g € L), we have

19l i) < 1Al oy 191 Loy

Remark 13 We have the corresponding weighted Holder inequality of the inequality

of the integral form.

Letl < p,q < oo, é + % =1,f€ LP(Q),g € LYQ),w(x) >0 on . Then:

=

/Ifglw(w)drvﬁ /If(fv)lpw(fﬂ)dw /Ig(x)lqa)(fc}dfc
Q Q

Q

or

[ 1731dz < gl o,
Q
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1.2.3 Minkowski inequality

Theorem 14 [10] Assume 1 < p < oo, f,g € LP(Q), then:

1f+ 9l o) < 1 llogq) + 119l ooy -

if 0 # p < 1, then:

1+ 9l 2 1oy + 19l 2o

In the applications, the integral form of the Minkowski inequality is used fre-

quently.

1.2.4 Cauchy-Schwarz Inequality

The Cauchy-Schwarz inequality is a special case of the Holder inequality in the case

p=2and q=2.

1.2.5 Poincaré inequality

In this subsection,we shall recall the Poincaré¢ inequality in different forms. see [10]
Let ©Q be a bounded domain in R" and f € Hj(2).Then there is a positive

constant C such that
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1l 2@y < ClIV 2. Vf € Hy(Q

1.3 Existence and uniqueness theorems

In this section, we recall some basic knowledge in semigroups,most of which will be

used in the subsequent chapters.

1.3.1 (y—semigroups of Linear Operators

The semigroups is a theory used to establish the existence and uniqueness of the

solutions.
Definition 15 (semigroups).

Let H be a Banach space , the one-parameter family S(¢) 0 <t < oo from H to

H is called a semigroup if:
e S(0) =1 (I is the identity operator on H)
o S(t+s)=S5(t) oS(s) for every t,s > 0 (the semi group property)

Definition 16 [18] The linear operator A defined by:

D(A) = {;1: € H,lim (S(t)x — z)/t ,exists}

t—0t

and
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Az = lim (S(t)z — x)/t = d(S(t)z

t—0t dt

|i=o for all x € D(A)

Is called the infinitesimal generator of the semigroup S(t), D(A) is called the

domain of A.
Definition 17 (Cy—Semigroups)

A semi group S(t),0 < t < oo, from H to H is called a strong continuous semigroup

of bounded linear operator if:

lim (S(t)x) = x,for all x € H

t—0t

or

lim||S(t)x — x| =0,for all z € H

t—0t+

Definition 18 A semi group S(t),0 <t < oo, from H to H is called a semigroup of

contraction if there exists a constant o > 0, (0 < o < 1) such that for all t > 0,

IS(t)x — S(t)y|| < allz —y|,for all z,y, € .H
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M-dissipative operator

Definition 19 An unbounded linear operator in X is a pair (A, D(A), where D(A)
is a subspace of X and A is a linear mapping from D(A) to X .The subspace D(A)

is the domain of A. see [9]

Definition 20 An unbounded linear operator (A, D(A)) on X , is said to be m-

dissipative see[9] if

e A is dissipative

o The operator (A\I — A) is surjective if:

Vfe X, YA>0, Jdoe D(A) such that Aoz — Az = f.

M-dissipative operator in a Hilbert space

In this section ,we assume that X is a Hilbert space

Definition 21 [13] An unbounded linear operator (A, D(A)) on X is said to be dis-

sipative if and only if

(Az,7)x <0, Va € D(A).

Theorem 22 [13] If A is m-dissipative ,then D(A) is dense in X.
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1.3.2 Hille-Yoshida Theorem

Definition 23 [10] An unbounded linear operator A : D(A) C H — H' is said to be

monotone if it satisfies

(Av,v) >0 for all v € D(A)

It is called maximal monotone if R(I +.A) = H
Vfe H,3Jue D(A) such that u + Au = f
Proposition 24 Let A be a maximal monontone operator. Then:

1. D(A) is dense in H
2. A is closed operator.

3. For every A > 0, (I + 1)) is bijective from D(A) to H, (I + AA)~! is a bounded

operator, and (1 + M) gy < 1.

Theorem 25 (Hill-Yosida) Let A be a mazximal monotone operator. Then, given
any uy € C1([0,+00), H) N C([0, +0), D(A)).
satisfying

4w 4 Ay =0 on [0,+00)

u(0) = g
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1.3.3 Lumer-Phillips

For more details about it see [17]

Theorem 26 Let A : D(A) C H — H a linear operator and D(A) is dense in

H.Then A is the infinitesimal generator of a Cy-semigroup of contractions if and

only if
o A is dissipative

o There exists A > 0 such that Im(A\] — A) = H (A mazimal).

1.3.4 Lax-Miligram theorem

Ordinary differential equations and linear partial differential equation can both be
solved by using the Lax-Miligram theorem, which is a simple and effective method

leading to a unique solution to the weak formulation of the problem.

Theorem 27 [10] (Lax-Miligram theorem) Let a(.,.) be a linear form on a Hilbert

space H equipped with the norm||.||,; and the following properties:
e a(.,.) is continuous , if
3B, > 0 such that |a(u,v)| < B, ||ully - vy , Yu,v € H.
e af.,.) coercive (or H—elliptic),if
Ja > 0 such that a(v,v) > a|v|3 , Vv € H.

e [ is a linear mapping on H (thus L is continuous), if:
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385 > 0 such that :

[L()] < Ba vl -

Then there exists a unique u € H such that

a(u,v) = L(v),Yv € H

1.4 Lyapunov stability theorems

The investigation of stability for hereditary systems is often related to the construction
of Lyapunov functionals.The general method of Lyapunov functionals construction
which was proposed by V.Kolmanovski and L.Shaikhet see [11] and successfully used
already for functional differential equations , for difference equations with discrete
time , for difference equations with continuous time , is used here to investigate the

stability of delay evolution equations , in particular differential equations.

1.4.1 Notations and definitions :

Let U and H be two real separable Hilbert space such that U ¢ H = H* C U

*,where the injection are continuous and dense , Let ||| and ||, || and ||||;. be the
norms in U, H and H respectively, and ((.,.)), (.,.) be the scalar products in U and

H respectively,and (.,.) the duality product between U and U *. We assume that:

ful < B Jull Y € U. (L.1)
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Let C(—h,0, H) be the Banach space of all continuous functions from [—h, 0] to
H , z, € C(—h,0,H) for each t € [0,00) , be the function defined by z:(s) = z(t + s)
for all s € [—h,0].The space C(—h,0,H) is similarly defined . Let A(t,.) : U —
U*, fie,y + C(=h,0,H) — U* and fs(t,.) : C(—h,0,H) — U* be three families
nonlinear operators defined for ¢ > 0, A(¢,0) = 0, f1(¢,0) =0, fo(¢,0) = 0.

Consider the equation:

du(t)
dt

= A(t,u(t)) + fi(t,u) + fo(t,u),t >0 (1.2)

u(s) = ¢(s),s € [—h,0]

Let us denote by u(., ) the solution of equation (1.2) corresponding to the initial

condition ).

Definition 28 The trivial solution of equation ( 1.2)is said to be stable if for any

e > 0 there exists 6 > 0 such that:

lu(t, )| > e forall t>0,if [¢(s)], = sup [|¢(s)] <.

SE€[—h,0]
Definition 29 the trivial solution of ( 1.2) is said to be exponentially stable if it is
stable and three exists a positive constant A such that for any ¢ € C(—h,0,U) there

exists C' (which may depend on 1)

Such that

lu(t, )| < Ce ™ for t > 0.
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1.4.2 Lyapunov type stability theorem
Let us now prove a theorem which will be crucial in our stability investigation.

Theorem 30 Assume that there exists a functional L(t,u;) such that the following

conditions hold for some positive numbers ci,co and A :

lu(t; uy)| < cre™ u(t)]?,t >0 (1.3)
|u(0; uo)| < 2 [l (1.4)
% <0,t>0 (1.5)

Then the trivial solution of ( 1.1)is exponentially stable.
Note that the previous theorem implies that the stability investigation of (1.1)can
be reduced to the construction of appropriate Lyapunov functionals.

A formal procedure to construct Lyapunov functionals is described below:

procedure of Lyapunov functionals construction

stepl: To transform (1.1) into the form:

dz(t, uy)

S0 = Ay(tut) + Aat ) (1.6)

where z(t,.) and Ay(t,.) are families of nonlinear operators , z(¢,0) =0 ,
Ay(t,0) = 0, operator A;(t,.) only depends on ¢ and u(t) , but does not

depend on the previous values u(t + s),s < 0.
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step2

Assume that the trivial solution of the auxiliary equation without memory .

WO _ at.o) (1.7)

is exponentially stable and therefore there exists a Lyapunov function v(t, y(t)),which

satisfies the conditions of the last theorem.

step3

A Lyapunov functional £(t,u;) for eq(1.6) is constructed in the form
L=L+L

, where L(t,us) = v(t,2(t,us)).Here the argument y of the functional v(t,y) is

replaced on the functional z(t, z;) from the left-hand part of eq (1.6)

step4

Usually, the functional £ (t,u,;) almost satisfies the conditions of the Lyapunov the-
orem .In order to fully satisfy these conditions, it is necessary to calculate %El(t, Uy
and estimate it.Then, the additional functional £5(¢, u;) can be chosen in a standard
way.

Note that the representation (1.6) or different ways of estimating <% £:(t, uy), to
construct different Lyapunov functionals and ,as a result, to get different sufficient

conditions of exponential stability.



24



Chapter 2

Existence and uniqueness of

solution

In this section, we want to establish the existence, uniqueness and smoothness of

solutions for problem (2)-(5) by employing the principles of semi-group theory.see[6]

2.1 Assumptions and transformations :

e Firstly, we present the assumptions and transformations required by the nature

of our problem.

e Commencing with the new variable:
W<I7 Q,S,t) = Vt(xat - QS),I’ € (07 1)7 o€ (07 ]-)7 s € (7—177—2)7t > 07

as in [15].

25
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e Through a simple derivation, we verify that W satisfies:

SWi(x, 0,8,t) + Wy(z, 0,8,t) =0,0 € (0,1),s € (T1,72),t > 0.

e Consequently, system (2)-(5) becomes like this :

.

prlhe — Ky (U + V) — 710 — 2P =0, in (0,L) x Ry,

p2vtt - bVCCCL‘ + kl(ux + V) + ")/19

+ 7P+ Ve + f: pa(s)W(x, 1,5, 8)ds =0, in (0,L) x Ry,

SWt(xa Qasat) + Wg(xa Q757t) = 07 in (O,L) X (07 1) X (7—177-2) X RJr?
cly +dP; — K0y — v, (Us + V) = 0, in (0,L) x Ry,
| 0y + 7P — hPoy — 75Uz + V) = 0, in (0,L) x R,
(2.1)

Under identical boundary and initial conditions, only the additional one (5)

should be replaced with:

W(z, 0,5,0) = fo(z,0s),z € (0,1),0€ (0,1),s € (0,72). (2.2)

We proceed by introducing the following assumptions:
Following the approach in [12], and in order to guarantee the stability of the

system when both thermal and diffusion effects are present, we assume that the
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physical constants ¢, and d achieves the following assumption:

cr —d* >0 (2.3)

Concerning the weight of the delay, in agreement with [4, 16], we only assume

that:

5=y / " Jals)] ds > 0 (2.4)

T1

e Secondly, Let’s start by equipping the phase space of system (2.1)-(2.2)

H = H}0,L)xL2(0, L)x Hy (0, L)x L*(0, L)< L*((0, L)x (0, 1) x (11, 72))x L*(0, L) x L*(0, L)

with the following inner product:

_ L L L L L
<U,U> _ pl/ m’zdx+b/ Vmedx—l—QQ/ vﬁdm+c/ 09da:—|—7"/ PPdz
H 0 0 0 0 0

L L
+hy / Uy + V) (U, + V)dz + d/ (ep + P@) dz
0 0

L 1 T2 5
+/ / / s o ()| Wiz, 0, s, t)W(x, 0, s, t)dsdodz,
0 0 T1
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where:

(

u:L{t, U:Vt,

L2(0,L) = {u € 12(0,L) : [FU(x)da = o}

H(0,L) = H'(0,L) N L2(0, L)

H2(0,L) = {U € H2(0,L) : U,(0) = Uy, (L) = 0} .

The spaces L? (0, L), H' (0, L) and H? (0, L) represent the classical Sobolev spaces

equipped with the standard inner product. Then, noticing system (2.1)-(2.2) takes

the form of a Cauchy problem as follows :

Ut:AU

U(0) = Uy = (Up,Ur, Vo, V1, 00, Po)7,

\

where the linear operator A is defined by

(2.5)



AU(t) =

(

o (kU +V)o + 7,00 + 7, P

P2

—%WQ(JU, 0,8,1)

% [1KOe — hd Py + (17, — dys) (uz + v)]

1 [hePyy — KdOyy + (cv5 — dyy) (Ug + )]

Here \ := cr — d?. The domain of A is given by

UeH|UeH2(0,L)NH(0,L);V € H*(0,L) N HL (0, L)

we H(0,L);ve H(0,L); PO € H*(0,L)N HE (0, L)

W e L*((0,L) X (71,72); H* (0,1)), W(x,0,5,") = v

oo | WVao = k1(Us + V) =110 = 72 P — v = [[7 pa(s)W(2, 1, 5, t)ds

\

29

. (2.6)
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2.2 Well-posedness

In this part of the chapter which is the most important part in it ,we use the Lumer-
Philips theorem and Lax-Miligram theorem (see [10] for mor details) to prove the
existence and uniqueness of solution .

This theorem constitutes the first main objective of this work.:

Theorem 31 Assume that yy, iy are subject to (2.4), then for any initial datum Uy €
H there exists a unique solution U € C (]0,00), H) for problem (2.5). Furthermore,

if Up € D(A), then
UeC(0,00),D(A)NC([0,00), H).

Proof. First, we will prove that operator A generates a C-semigroup on H.
We begin by showing that is dissipative.
Take U = (U, u,V,v,W,0, P)", then
L
(AU, U) /0 [kl »+ 7,0z + ’yQPx] udx + b/o Vv, dx
[me — k(U + V) — 710 — v P — pyv — /T2 o ()W (2,1, s, t)ds| vdx

(16030 — hd Py + (171 — dyy) (uy + v)] Odx

hcpm: - 'Lide:c:r: + (CP)/Z - dﬁ)/l)(uﬂﬁ + U)] Pdl’

+
=
N
h
>/I>—l >/|>—l >/|*—‘

rﬁea}x - thxx + (T’yl - d’72)(u$ + ’U)] PdI

1
3 [hePyy — KdOyy + (¢yy — dyy)(ug + v)] Odx

L 1 T2
- / / / |to(8) | Wy(z, 0, 8, t)W(z, 0, 5, t)dsdodzx.
0 0 T1
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By applying integration by parts followed some simplifications, we get:

L L
(AU, U) = —ul/ v2dr — K 92d1: — h/ Pidx (2.7)

0

/ / po($)W(z, 1, s, t)dsdx
—/ //|M@wm%mwmm@@mmmx
0 0 T1

Regarding the final term in the right-hand side of equation (2.7), we have

L 1 T2 1 I 7'2 ) 5
_/ / / |M2(5)’Wg(x’g’s’t)Wde‘de:__/ / / |19 (8)] =W?(z, 0, 8, t)dodsdx
0 0 T1 2 0 ” 0 ag
IR AE
= —5/ / 1o (s)| W2 (2,1, 5, t)dsdx
0 T1
1 L T2
w5 [ [ el 0.5, dsis
0 T1
IR e
= —5/ / 1o (s)| W2 (2,1, 5, t)dsdx
0 T1
1L,
) / v’ / |11 (s)| dsda (2.8)
0 T1

while using Young’s inequality on the penultimate term, we get

L T2 1 L T2 1 L T2
—/ v/ o ()W (2, 1, s, t)dsdx < 5/ v2/ |15 (3)] dsdx+§/ / |1 (8)| W3 (2, 1, 5, t)dsdx
0 T1 0 T1 0 T1

(2.9)

Substituting (2.8) and (2.9) into (2.7), we can conclude that

T2 L L L
(AU U) < — (,ul - / o ()] ds) / vidx — li/ 02 dr — h/ P2dx.
T1 0 0 0

Observe that from (2.4), (AU, U) < 0, which means that the operator A is dissi-
pative.
Now, we will demonstrate that the operator A is maximal.To establish this, it

suffices to prove that the operator I — A is surjective.
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For this purpose, let F' = (f1, fa, f3, fa, [5, f6)T € H, we prove that there exists

U=U,u,V,0,W,0, P)T € D (A) satisfying

(I-AU=F (2.10)

which it is straightforward equivalent to following system:

(

U—u=f € HY0,L)

pr— ki (Uy +V)o — 7,0 — v, P = p1fo € L¥(0, L)

V—U:fgeHé(O,L>

PV — bVip + oy (U + V) + 710 + 7, P

(2.11)

+ M1V + f:lz M2<S)W(SL’, 17 S, t)dS = p2f4 S L2(07 L)

SW 4+ W,(x,0,8,t) = sfs € L*((0, L) x (0,1) x (11, 72))

N — 1604y + hdPyy — (ryy — dysy)(ug +v) = Mg € L0, L)

AP — hePyy + kdf gy — (cyy — dryy)(ug +v) = Mfr € L2(0, L).

\

Assume we have identified U with the requisite regularity. Then, we can determine
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W. In fact, according to (2.6), (2.11), W is the unique solution of

(

SW +W,(x,0,s,t) = sfs

W(x,0,s,t) =,

\

which is
0
W (x,0) = Ve *¢ — fze *¢ + 36_59/ f5 (x,0)e*do. (2.12)
0

Substituting u =U — f1, v =V — f3 and W into (2.11), and (2.11)4, we get

plu - kl(ux + V):B - '7109[: - /YQP:E =01 S Li(oa L)
NV — Wew + k1(Uy + V) + 7,0 + 7, P = g2 € L*(0, L)
(2.13)

N — 1604y + hdPyy — (ry, — dys) (U, + V) = g3 € L*(0, L)

AP — hePyy + kdf 4y — (79 — dryy) (U, + V) = g4 € L*(0, L)
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where

.

n=py+py+ f:f fis(s)e~ds

g1=p1 (fr + f2)

g2 = Nfs+ pofs— f:f se~° lig(5) fol f5 (z,0,s) e 7dods

g3 = Mo — (ry1 —dys) (fs = (f1),)

ga = M7 — (ev —dvy) (fs = (f1),) -

To address the solution of the problem (2.13), we multiply (2.13); by U, (2.13); by

) ) _ d - d-
V, (2.13); by %9, (2.13)4 by %P, (2:13); by P and (2.13) by 1, we then integrate

the sum of these products over (0, L) to derive the following variational formulation:

B(U,V,0,P),U,V,0,P)) = F(U,V,0,P)) (2.14)

where B : [H!(0,L) x HL(0,L) x HL(0,L) x H:(0,L)]> — R is the bilinear form
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given by

L L L
B(U,V,0,P), (U, ,H,P)):pl/ leldx—l—kl/ U, +V) (ux+v) dx+77/ Vda
0 0 0
L B L 5 L B
+b/ vamdx—kc/ %dx—f-r/ PPdx
0 0 0
L 5 B L B L 5
+d / (9P+P9) dz + K / 0,0,dx + h / P,P,dx
0 0 0

+ /OL (7,0 4+ 72 P) <L~Ia; + f/) dx — /OL <719 + 72]5> (U, +V)dx

and F : [H!(0,L) x H (0,L) x H} (0,L) x H} (0,L)] — R is the linear functional

defined by :

&S|
—~
\.Ql
sz
\.%2

el

T I I c o
) :/ glbldx—l—/ gQVdQH——/ g30dx
0 0 A Jo
O d (* - d [t -
Now, for V = H} (0, L) x H} (0, L) x H (0,L) x H} (0, L) equipped with the norm
1@V, 0, P)lly = U5+ 11U+ V)5 + [Vell3 + 10115 + [ Pel5

applying the Cauchy-Schwarz and Poincaré inequalities, it follows directly that both
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B and F' are continuous operators. Furthermore, we obtain

L L L
B((U,V,0,P),(U,V,0,P)) zm/ L{2dx+l<:1/ (U$+V)2d:1:+b/ Vide
0 0

0

L L 2 L
+n/ Hid:chh/ PZdx + (c——>/ 0*dx
0 0 r 0

d2 L
+ <r — —) / P%dz,
¢ 0

by (2.3), it follows that
B(U,v,0,P),U,V,0,P))>C|U,V,0,P)|,,

for some positive constant C'. Thus B is coercive. As a consequence, the Lax-Milgram

lemma ensures the existence of a unique solution
UeH!0,L),VeH0,L),0 e Hy0,L),P e Hy(0,L),

for the system (2.13). To establish that the solution obtained belongs to D (A), we
will proceed with the following steps. Substituting & and V in (2.11);, (2.11)3, it
remains clear that

u€ H!(0,L),ve Hy (0,L).

Similarly, inserting v in (2.12) and bearing in mind (2.11)5, we get
W e L*((0,L) x (11, 72); H* (0,1)).
Now, if (f},é,ﬁ) = (0,0,0) € (H{ (0, L))?, then (2.14) reduces to :

L L L
o1 / Uldx + ky / Uy, + V) Uydx = / gilldz, YU € H (0,L), (2.15)
0 0 0
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which implies
—k\Uyy = k1 Vo — pid + g1 € L*(0, L).
Applying standard regularity theory for linear elliptic equations, we consequently
obtain
UcH* (0,L)NH!(0,L).
Furthermore, the result (2.15) remains valid for all ¥ € C*([0, L]) € H}(0, L). Hence,
by using integration by parts we obtain
U, (L)Y (L) — U, (0)¥(0) =0.
Therefore, U, (0) = U, (L) = 0, and so we get
UecH2(0,L)NH.(0,L).
Also, by setting (L?,é,f?) = (0,0,0), (uv 13) = (0,0,0) and <uv9> = (0,0,0)
in (2.14) we can respectively derive the following equations
—bVew = —kally — (k1 + 1)V — 7,0 — 7, P + g2 € L*(0, L),
—kblp = —cl —dP + v, (U, + V) + Egg + gg4 € L*(0, L)

A A

and
d r 9
—hP,, = —df —rP +’y2(um + V) + ng + Xg4 €L (O,L)
Arguing analogously to the previous case, we can show that
V,0,Pc H*(0,L)N Hy (0,L),

Thus we establish the existence of a unique solution U € D (.A) satisfying (2.10).
This result confirms that A is maximal dissipative, and consequently, follows directly

from the Lumer-Phillips theorem (see [18]). =
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Chapter 3

Exponential Stability

In this section, our aim is to prove an exponential stability result for the problem (2.1)-
(2.2). for more details see([6]) by employing the energy method on the basis of the
multiplier thechnique ,we design an appropriate Lyapunov functional to demonstrate

exponontial decay of the solution.

3.1 The associated energy of the problem

We assume (2.3) and (2.4), the associated energy of this problem is defined by:

1 L
E(t) =5 / (U + k1 Uy + V) + p V7 + bVE + b + rP? + 2d0P) dx
0

1 (Lol o
+ 5/ / / s | ()| W (2, 0, 5, t)dsdod. (3.1)
o Jo Jrg

Without a doubt, this energy is greater than the standard :

1 L
B / (U + ks U + V)? + VP +DVE + c0” + 7 P? + 2d0P) da
0

39
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and it contains supplementary term arising from the distributed delay. Neverthe-
less, it is evident from the next lemma that the system is dissipative, meaning that
the energy functional is decreasing. Although this result does not imply exponential
decay towards the equilibrium. It is necessary to construct an equivalent functional

L that satisfies

and such that

%E(t} < —CE(t)

for all £ > 0 and some positive constants ay, as, C.

In this section, we articulate and demonstrate our stability theorem concerning

the energy of the solution to system (2.1)-(2.2), employing the multiplier technique.

To attain our objective, we rely on the following lemmas.

Lemma 32 Let (U, V, W, 0, P)" be the solution of (2.1)-(2.2), then the energy func-

tional defined by (3.1) satisfies

L L L
E'(t) < —5/ Vfda:—ﬁ/ eida;—h/ Pdx (3.2)
0 0 0

Proof. We multiply equations (2.1)1, (2.1)s, (2.1)4, and (2.1)5 by U, V;, 0, and

P, respectively,

then integrate over the domain (0, ). Applying integration by parts while incor-
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porating the boundary conditions (4), and summing the results yields:

1d [*

s [ [P+ R @Ue V) 4 VP BV 0 + 0P 4 2d0P] da
0

L L L
:—n/ eida;—h/ P,fdx—ul/ Vidx
0

0 0
L T2
— Vt/ po(s)W(x, 1, s, t)dsdx (3.3)
0 T1

e By multiplying (2.1)3 with |uy(s)| W and integrating over (0,1) x (0, 1) X (71, 72),

while considering (2.8), yield

1d L 1 T2 L 1 T2
5@/ / / s | o (s)| W2dsdoda = —/ / / o (8) | Wy(z, 0, 5, t)W(z, 0, 5, t)dsdodx
0 0 T1 0 0 T1

1 L T2
— 5 [ ] s W15, tdsda
2 0 T1

1 L T2
—1—5/ Vtz/ o (s)| dsdz. (3.4)
0 T1
e A combination of (3.3) and (3.4) gives

L L L L 72
E'(t) = —ﬁ/ 0dr — h/ Pidx — Ml/ Vidr — / Vt/ po(s)W(x, 1, s, t)dsdx
0 0 0 0 n

1 L T2 1 L T2
- 5/ / 1o ()| W2 (2, 1, s, t)dsda + 5/ Vf/ |po(8)| dsdz. (3.5)
0 T1 0 T1

e By substituting (2.9) with v =V} into (3.5), and employing the assumption

given in (2.4), we deduce (3.2), thereby concluding the proof.

Remark 33 The energy functional E(t), as defined in (3.1) is non-negative. Indeed,
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o by using (2.3) we can easily show that :

cb* + rP? + 2d0P > ¢10* + r, P?

2 2
whereclz%<c—d7) and@z%(r—%).

e Consequently

1 L
B(t) > 3 / (U2 + k(U + V) + poVE+ DVE + c10% + 1 P? d
0

1 L 1 T2
+ 5/ / / s o (8)| W2(x, 0, 5, )dsdodz > 0.
0 0 T1

Remark 34 e So, E(t) is non-negative.

3.2 Construction of Lyapunov functional:

3.2.1 Functional [,
Lemma 35 Let (U, V,W,0, P)" be the solution of (2.1)-(2.2), then the functional

L L T
WO =p, [ Vvde—p, [t [ Vi.0)dds,
0 0 0

satisfies the following estimate

d b [* 2 P1 g 2 g 2
—[1(t) < —— dex—l—— Ut dx+(p2+01) thfﬂ

L2 T2 L p72
o [ @ [ [ W1, tydsds (3.6)
T1 0 T1

for some positive constant C.
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Proof. A simple differentiation of I; gives

d L L L z
%Il(t) = p2/ VuVdzr + p2/ Vid — ,01/ L{t/ Vi(y, t)dydx
0 0 0

0

L T
_pl/ utt/ V(y, t)dydz.
0 0

From the first two equations of system (2.1), we establish

d L T2
%Il(t) = / {bVw — k(U +V) — 7,0 — v P — Vi — / o (s)W(z, 1, s,t)ds | Vdx
0

T1

L L T
+ Pz/ Vide — P1/ Uy (/ Vt(y,t)dy> dx
0 0 0

+ /OL (k1 (Us + V)2 = 7102 — 72 P (/Ox V(y, t)dy> da,

integrating by parts and considering the boundary conditions (4), we arrive at

d L L L @
—Li(t) = _b/ Vidz + P2/ Vide — P1/ Uy (/ Vt(y,t)dy> dx
dt 0 0 0 0

L T2
- / y / ()W, 1, 5, D)dsda. (3.7)
0 T1

Now, by employing Young’s, Poincaré, and Cauchy-Schwarz inequalities to esti-

mate the terms on the right-hand side of (3.7), we find for some positive constant

G

L x L L
—pl/ Uy </ Vt(y,t)dy) dzx < % Uldz + C’l/ Vido (3.8)
0 0
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and

L T2 2
_/ V/ pa(s)W (2,1, 5,t)dsdr < 2L2/ Vidz +—/ (/ s (s \W(m,l,s,t)d) dx
0 T1

(3.9)

b L?
§—/ Vide + = ]/12 |// |15 ()| W23 (2,1, 8, t)dsdz.
2/, 2%

The estimate (3.6) is obtained by substituting (3.8)—(3.9) into (3.7). =

3.2.2 Functional [,

Lemma 36 Let (U, V,W,0,P)" be the solution of (2.1)-(2.2), then the functional

L
L(t) = —pl/ Ul dz
0

satisfies, for any €5 > 0, the estimate

d L L k2 L
—1Iy(t) < —pl/ Z,{Edm + 62/ Vidl’ + (62 + —1> / U, + V)QdJ?
dt 0 0 €2 0

L2 2 L2
+= / 2dy + 2 / P2dx (3.10)
0 0

€9 €9
Proof. A simple differentiation of I3, using (2.1)s, then integrating by parts,

yields

d L L
d—]g( ) = —pl/ Uldz — pl/ UnlUdx
t 0 0

L L L L
0 0 0 0
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Using Young’s with appropriate constants and Poincaré inequalities, we get the

estimates

2

L € L k L
Ky / U, + V), < n Ulde + > / U, + V)*dx,
0 0

0 €2

L L 2.2 L
L
71/ ou,, g% ugd:c+l/ 0% da
0 0

€T )
0 €2

L L 2.2 L
L
72/ PU, g% Z/{ﬁderﬂ/ P2dx
0 0

0 €2

true for any €; > 0. Finally, by using the following inequality
1
S U+ V- V) < (U +V)? +V?

the estimate (3.10) is established. m

3.2.3 Functional I3

Lemma 37 Let (U,V,W,0, P)T be the solution of (2.1)-(2.2), then the functional

L

L(t) = —2—1 L0+ dp = U+ V) (/:ut(y,t)dy) dx

satisfies, for any €3 > 0, the estimate

d ky [* 5 Lo
0 0
L2 L L2 L
+ (751 + é) / 0 dx + 753/ P2dx (3.11)
€3 0 0
1 L 2 cy k2p? 1 dk 2 cy
where £, = H (2—11—71> +Tf+d+c,52: F?l and &5 = k_1 <7—11—72> —l—ﬁ—l—
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Proof. Through a direct differentiation of I3 with respect to ¢, using (2.1)s,
applying integration by parts, considering the boundary conditions stated in (4), and

since fOLU (x)dx = 0 it follows that:

d 1 [E
Ejg(t) = —7 [0 +dp — vy U, + V)] [k1 Us + V) + 7,0 + 7, P dx
1Jo

L T
+m/ - (/ Ut(yi)dy) dzx
Y1 Jo 0

L L L L
- —kl/ (U, + V) dz + c/ 02dx + @/ Pz — " [ 91 de
0 0 Y1 Jo Y1 Jo

k L dk L
+(Q—%>/ G(Z/lirV)da:Jr(—l—’yQ)/ P (U, +V)da
71 0 71 0

L
+ (% +d) / 0Pdx (3.12)
0

71

The estimation of the last four terms on the right-hand side of (3.12) proceeds as

follows:

L L 2 L

1

P g tde < es | UPdr+ (ZPY) 2 @Rda, (3.13)

t x
Y1 Jo 0 27y, €3 Jo

k L W k Tt
(&_%)/ 0 U, +V)de < = (ux+v)2dx+(&—vl) —/ Orda,
0 4 71 2k1 Jo

(3.14)
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dk, )/L ki [F ) dk, 2 72 (L )
— 7 PU,+V dajﬁ—/ U, +V)de+ | — — v —/ Pdz,
(’71 2 0 ( ) 4 Jo ( ) 71 ? 2k1 Jo

(3.15)

and

L 12 L 2 L
(% + d) / OPdr < = (ﬂ + d) / 02dr + — (% +d> / Pldz. (3.16)
Y1 0 4 71 0 4 1 0

Estimate (3.11) follows by substituting (3.13)-(3.16) into (3.12). =

3.2.4 Functional I,

Lemma 38 Let (U,V,W,0, P)T be the solution of (2.1)-(2.2), then the functional

L 1 T2
Lo = [ [ st o) Wie, 0.5, 0dsdoda
0 0 T1

satisfies, for some positive constant Cy, the following estimate

I L r1 prr2
. ;it) = _04/ / / s |ua(s)| W3 (, o, s, t)dsdodz
0 0 T1

L To L
_ C4/ / o (8)] W2(Q:, 0, s, t)dsdodz + p, / VE (3.17)
0 T1 0

Proof. Sec [4] =

3.3 The Lyapunov functional £

The next step involves defining a Lyapunov functional £ and proving its equivalence

to the energy functional F.
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Lemma 39 Let (U, V,W,@,P)T be the solution of (2.1)-(2.2), then for N, N3 and

Ny sufficiently large, the functional defined by :
£Z: NE+11+[2+N3[3+N4[4 (318)

satisfies

aE(t) < L(t) < bE(t),Vt >0, (3.19)

for some positive constants a and b.

Proof. We have

L L
L(t) — NE(t)] < p, / ViVl de + py /
0 0

x L
U / V(y, H)dy| dz + p, / U] de
0 0

0/ U (y,t)dy dx
0

L
C
+ pLNg/
Y1 0

L
+ 0171N3/
0

d L
71 0

p/ Uy, t)dy
0

dx

W, +V) / Uiy, 0)dy

L 1 pro
+ N4/ / / se™5¢ |y (5)| W2(z, 0, 5, t)dsdoda
0 0 Jrp

Arguing as in previous proofs and using the same inequalities, (3.1), the fact that

e ® < 1,Vp € [0,1], it is not difficult to show that
|L(t) — NE(t)| < CE(t).

Consequently,

(N-C)E({t) < L(t) < (N+C)E(t)
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By choosing a sufficiently large N, we achieve the estimate (3.19) m

Having rigorously developed and verified all the essential techical lemmas required
for our analysis , we are now in a position to advance to the core contribution of this
section , namely the precise formulation and detailed proof of the main theorem that

encapsulate the fundamental result of our study.

Theorem 40 Assume that (2.3), (2.4) hold and let (U, V, W, 0, P)T be the solution
of (2.1)-(2.2). Then, for any Uy € D (A), there exist two positive constants, o and

B, such that the energy functional defined by (3.1) satisfies

E(t) < ae ™ Vvt >0, (3.20)
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Proof. By differentiating (3.18) and taking in account (3.2), (3.6), (3.10), (3.11),

(3.17), we get

— [N — (py + C1) — Nupuy] Vf

oo e

2,2 2
- {NK_L% — N3 <%§1+§)}9§

€2 €3

L2 2 L2
- {Nh -2k Nggfg} P2

€2

L2 L T2
—[N4C4—%} / / 15(8)| W2 (s 0, 5, t)dsdoda
0 T1

L 1 T2
e / / / s y(5) W2 (2, 0, 5, ) dsdodz
0 0 T1

Now, we proceed to carefully choose all the constants. Primarily, we pick €5 so

small that

b
€2<§,

then we choose N3 large enough so that



o1

and we select €3 so small that

€3 < =

2N3'
Finally, when N, and N are large enough such that

L2

N -
7 0y

1 1 (L2 L? 1 (L*3 L?
N > max —(p2+01+N4IU1),_ n +N3 _51“‘@ y 7 72 +N3_€3 )
) K € 2 €3 2

2 h €9

it is straightforward to verify that for some positive constant 3, the functional £
satisfies:

L'(t) < =ByE(t), Vt>O0. (3.21)

A combination of (3.19) and (3.21) gives
L(t) < —BL(t), V>0,
where 5 = % Thus, a direct integration over (0,t) yields
L'(t) < L0)e P, Vt>0. (3.22)

Finally, by combining (3.19) and (3.22), we arrive at the result given in (3.20) with

a = 2 F(0), which completes the proof. m

T a
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conclusion

In this work, we have studied the exponotial stability of one-dimensional
thermo-diffusion Timoshenko beam model with distributed delay, passing by
proving the well-posedness (Existence and uniqueness of solution) of our problem;
by using some essential and important theorems such as: Lumer-Philips and

Semigroup theory.
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