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Preface

This course book serves as an introduction to dynamical systems, focusing on ordi-

nary differential equations (ODEs), their stability, periodic solutions, and bifurca-

tions. It is aimed at students in mathematics, particularly those in the first year of

their Master’s degree.

The book is structured into five main chapters, each addressing important aspects of

dynamical systems. The first chapter, Preliminaries of Ordinary Differential

Equations, begins with a review of differential systems, followed by their classifica-

tion, and linear differential systems, including homogeneous and nonhomogeneous

cases.

The second chapter, General Theory of ODEs, introduces the fundamental as-

pects of ordinary differential equations, initial value problems, and solutions. It

includes key existence and uniqueness theorems, different proof methods, and exam-

ples. Additionally, the continuation of solutions and maximal intervals of existence

are discussed in detail.

The third chapter, Stability in Linear and Nonlinear Systems, explores the

concept of stability, starting with linear systems and extending to nonlinear systems.

It covers important tools such as Lyapunov’s method and the analysis of conservative

and dissipative systems, which are fundamental for understanding system behavior

over time.

In the fourth chapter, Periodic Solutions and Their Stability, we delve into

the nature of periodic solutions, limit cycles, and their stability. Concepts such

as Poincaré maps, Bendixson’s and Dulac’s criteria, and the Poincaré-Bendixson

theorem are explored, offering a deep understanding of the behavior of dynamical

systems in the long term.

Finally, the fifth chapter, Introduction to Local Bifurcations, introduces the
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concept of bifurcation, focusing on one-dimensional and two-dimensional systems.

Key bifurcations, including saddle-node, pitchfork, transcritical, and Hopf bifur-

cations, are explored, laying the foundation for further study and applications in

complex systems.

In this book, my objective was to collect the most important definitions, informa-

tion, and tools from the most significant references such as [[12], [14], [15], [10], [5]],

and the references therein, to help students focus on the essential notions of dy-

namical systems. Throughout the book, a formal and clear approach is taken, with

numerous examples and illustrations. The topics covered are foundational for the

study of dynamical systems and provide the necessary tools to tackle more advanced

subjects in mathematical modeling, control theory, and applied mathematics.

It is my hope that this book serves as a learning resource for students and a reference

for those seeking to deepen their understanding of dynamical systems.
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Chapter 1

Preliminaries of Ordinary

Differential Equations

Differential systems play a central role in various branches of mathematics and their

applications, providing a framework to model and analyze dynamic processes in

science and engineering. These systems describe the relationships between functions

and their derivatives, capturing how quantities evolve over time or interact with one

another. The study of differential systems encompasses both linear and nonlinear

dynamics, offering insights into stability, control, and long-term behavior. In this

chapter, we present a concise review of key concepts and results in the theory of

differential systems.

1.1 General Definition of an Ordinary Differential

System

An ordinary differential system (ODS) is a set of equations involving one or more

functions and their derivatives with respect to a single independent variable, typi-

cally time (t). Formally, such a system can be expressed as

dY

dt
= F (t, Y ), (1.1.1)

where Y = [y1(t), y2(t), . . . , yn(t)]
T is a vector of unknown functions, and F (t, Y ) =

[f1(t, Y ), f2(t, Y ), . . . , fn(t, Y )]T is a vector-valued function that determines the sys-
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tem’s dynamics.

1.2 Classification of differential systems

Differential systems can be classified based on various criteria, including their order,

linearity, and whether they are autonomous. In this subsection, we provide the

following primary classifications:

1. Order

- First-order systems: These involve only the first derivatives of the unknown

functions.

- Higher-order systems: These include derivatives of order greater than one.

Such systems can often be transformed into equivalent first-order systems by

introducing additional variables.

2. Linearity

- Linear systems: These are systems where the unknown functions and their

derivatives appear linearly. A general linear system can be written as:

dY

dt
= A(t)Y +B(t), (1.2.2)

where A(t) is a matrix and B(t) is a vector.

- Nonlinear systems: These involve nonlinear terms in the unknown functions

or their derivatives. Examples include:
dx

dt
= x2 + y,

dy

dt
= sin(x)y.

3. Autonomy

- Autonomous systems: The system does not explicitly depend on the indepen-

dent variable (e.g., time t):
dY

dt
= F (Y ).
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- Non-autonomous systems: The system explicitly depends on the independent

variable:
dY

dt
= F (t, Y ).

4. Homogeneity

- Homogeneous systems: All terms involve the unknown functions or their

derivatives, with no independent terms (e.g., B(t) = 0 in the linear case

(1.2.2)).

- nonhomogeneous systems: The system includes independent terms or external

inputs (e.g., B(t) ̸= 0).

5. Dimensionality

- Single-variable systems: These involve a single unknown function.

- Multi-variable systems: These involve multiple interdependent unknown func-

tions.

6. Special Types

- Coupled systems: Systems where the equations are interconnected and cannot

be solved independently, as in many physical or biological models.

- Decoupled systems: Systems where the equations can be solved independently

of each other.

1.2.1 Examples

Example 1.2.1. (First-order Linear System)
dx

dt
= −2x+ y,

dy

dt
= 3x− 4y.

This system describes the linear interaction of two variables x and y.
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Example 1.2.2. (Nonlinear System)
dx

dt
= x(1− x)− xy,

dy

dt
= −y + xy.

This system could represent a predator-prey model with logistic growth for the prey

x.

Example 1.2.3. (Autonomous System)
dx

dt
= x2,

dy

dt
= y − y3.

The system does not explicitly depend on time.

Example 1.2.4. (Non-autonomous System)
dx

dt
= t− x,

dy

dt
= cos(t)− y.

Here, time t explicitly appears in the equations.

Example 1.2.5. (Homogeneous system)
dx

dt
= −x+ y,

dy

dt
= −2x− 3y.

This system is homogeneous because all terms involve the variables x and y without

any independent forcing terms or constants.

Example 1.2.6. (nonhomogeneous system)
dx

dt
= 3x+ 4y + sin(t),

dy

dt
= −x+ 2y + et.

This system includes independent forcing terms (sin(t), et).
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Example 1.2.7. (Coupled System)
dx

dt
= x+ y,

dy

dt
= −x+ y.

This system describes two interdependent variables often found in physics or engi-

neering contexts, such as coupled oscillators.

Example 1.2.8. (Decoupled System)
dx

dt
= 2x,

dy

dt
= −y.

Each equation can be solved independently of the other.

1.3 Linear differential system

Definition 1.3.1. A linear system is a system of differential equations of the form



ẋ1 = a11x1 + · · ·+ a1nxn + f1,

ẋ2 = a21x1 + · · ·+ a2nxn + f2,
...
... · · · ......

ẋm = am1x1 + · · ·+ amnxn + fm,

(1.3.3)

where ˙= d/dt. The functions aij(t) and fj(t) are defined on some interval a < t < b

with 1 ≤ i ≤ m and 1 ≤ j ≤ n. The unknowns are the functions x1(t), . . . , xn(t).

1.3.1 Homogeneous linear systems

The system (1.3.3) is called homogeneous if all fj = 0, otherwise, it is called non-

homogeneous. Here we consider the system (1.3.3) where fj = 0.

Definition 1.3.2. (Matrix notation for homogeneous linear systems). A homoge-

neous system of linear differential equations (1.3.3) with fj = 0 is written as the
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equivalent vector-matrix system ẋ = A(t)x, where

x =


x1
...

xn

 , A =


a11 · · · a1n
... · · · ...

am1 · · · amn

 .

The fundamental theorem of Picard and Lindelöf applied to the matrix system

ẋ = A(t)x says that a unique solution x(t) exists for each initial value problem and

the solution exists on the common interval of continuity of the entries in A(t).

Two particular results are highlighted here to illustrate the application of Picard

theory to linear systems.

Theorem 1.3.1. (Unique Zero Solution). Let A(t) be an m × n matrix with con-

tinuous components on a < t < b. Then the initial value problem

ẋ = A(t)x, x(0) = 0

has unique solution x(t) = 0 on a < t < b.

Theorem 1.3.2. (Existence-Uniqueness for Constant Linear Systems). Let A(t) =

A be an m× n matrix with constant components and let x0 be any m-vector. Then

the initial value problem

ẋ = Ax, x(0) = x0

has a unique solution x(t) defined for all values of t.

Theorem 1.3.3. (Linear Structure). Let ẋ = A(t)x have two solutions x1(t),x2(t).

If k1, k2 are constants, then x(t) = k1x1(t)+k2x2(t) is also a solution of ẋ = A(t)x.

The standard basis {wk}nk=1:

The Picard-Lindelöf theorem applied to initial conditions x (t0) = x0, with x0 suc-

cessively set equal to the columns of the n×n identity matrix, produces n solutions

w1, . . ., wn to the equation x′ = A(t)x, all of which exist on the same interval

a < t < b.

The linear structure theorem implies that for any choice of the constants c1, . . . , cn,
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the vector linear combination

x(t) = c1w1(t) + c2w2(t) + · · ·+ cnwn(t) (1.3.4)

is a solution of ẋ = A(t)x.

Conversely, if c1, . . . , cn are taken to be the components of a given vector x0, then the

above linear combination must be the unique solution of the initial value problem

with x (t0) = x0. Therefore, all solutions of the equation ẋ = A(t)x are given by the

expression above, where c1, . . . , cn are taken to be arbitrary constants. In summary:

Theorem 1.3.4. (Basis). The solution set of ẋ = A(t)x is an n-dimensional sub-

space of the vector space of all vector-valued functions x(t). Every solution has a

unique basis expansion (1.3.4).

Definition 1.3.3. (Augmented matrix). Let u1(t), u2(t), . . . , un(t) be vector func-

tions, where ui(t) ∈ Rn. The augmented matrix formed by these vectors is defined

as

aug(u1(t), u2(t), . . . , un(t)) =


u1,1(t) u2,1(t) · · · un,1(t)

u1,2(t) u2,2(t) · · · un,2(t)
...

...
. . .

...

u1,n(t) u2,n(t) · · · un,n(t)

 ,

where each ui(t) =


ui,1(t)

ui,2(t)
...

ui,n(t)

 is a column vector.

Theorem 1.3.5. (Abel’s formula and the Wronskian). Let xh(t) = c1u1(t) + · · ·+
cnun(t) be a candidate general solution to the equation ẋ = A(t)x. In particular, the

vector functions u1(t), . . . ,un(t) are solutions of ẋ = A(t)x. Define the Wronskian

by w(t) = det (aug (u1(t), . . . ,un(t))) . Then Abel’s formula holds

w(t) = e

∫ t

t0

trace(A(s))ds
w (t0) .

In particular, w(t) is either everywhere nonzero or everywhere zero, accordingly as

w (t0) ̸= 0 or w (t0) = 0.
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Theorem 1.3.6. (Abel’s Wronskian test for independence). The vector solutions

u1, . . . ,un of ẋ = A(t)x are independent if and only if the Wronskian w(t) is nonzero

for some t = t0.

Clever use of the point t0 in Abel’s Wronskian test can lead to succinct independence

tests. For instance, let

u1 =


et

et

et

 , u2 =


et

et

et

 , u3 =


e2t

2e2t

4e2t

 .

Then w(t) might appear to be complicated, but w(0) is obviously zero because it

has two duplicate columns. Therefore, Abel’s Wronskian test detects dependence of

u1,u2,u3.

To illustrate Abel’s Wronskian test when it detects independence, consider the col-

umn vectors

u1 =


et

et

−e−t + 4e2t

 , u2 =


e−t

et

2e−t

 , u3 =


0

e2t

−2e2t

 .

At t = t0 = 0, they become the column vectors

u1 =


1

1

3

 , u2 =


1

1

2

 , u3 =


0

1

−2

 .

Then w(0) = det (aug (u1(0),u2(0),u3(0))) = 1 is nonzero, testing independence of

u1,u2,u3.

Definition 1.3.4. (Equilibria). An equilibrium point x0 of a linear system x′ =

A(t)x is a constant solution, x(t) = x0 for all t. Mostly, this makes sense when A(t)

is constant, although the definition applies to continuous systems. For a solution x

to be constant means x′ = 0, hence all equilibria are determined from the equation

A(t)x0 = 0 for all t.
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This is a homogeneous system of linear algebraic equations to be solved for x0. The

solution x0 must not depend on t; otherwise, it does not represent an equilibrium.

The theory for a constant matrix A(t) ≡ A states that either x0 = 0 is the unique

solution, or there exist infinitely many solutions for x0, corresponding to the case

where the nullity of A is positive.

Matrix Exponential

The problem

ẋ(t) = Ax(t), x(0) = x0

has a unique solution, according to the Picard-Lindelöf theorem. Solve this problem

n times, where x0 is chosen as each column of the identity matrix. Denote the re-

sulting n solutions by w1(t), . . . ,wn(t). Define the matrix exponential by packaging

these n solutions into a matrix:

eAt ≡ aug
(
w1(t), . . . ,wn(t)

)
.

By construction, any solution of ẋ = Ax can be uniquely expressed in terms of the

matrix exponential eAt using the formula

x(t) = eAtx(0).

Properties of Matrix Exponential

Here are various formulas and identities for the matrix exponential eAt.

1. Derivative property

(
eAt
)′
= AeAt, Columns of eAt satisfy ẋ = Ax.

In fact. Let x0 denote a column of the identity matrix. Define x(t) = eAtx0. Then

(
eAt
)′
x0 = x′(t) = Ax(t) = AeAtx0.

Because this identity holds for all columns of the identity matrix, then
(
eAt
)′

and

AeAt have identical columns, hence we have proved the identity
(
eAt
)′
= AeAt.
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2. Commutativity with another matrix

If AB = BA, then

BeAt = eAtB.

Define w1(t) = eAtBw0 and w2(t) = BeAtw0. Calculate w′
1(t) = Aw1(t) and

w′
2(t) = BAeAtw0 = ABeAtw0 = Aw2(t), due to BA = AB. Because w1(0) =

w2(0) = w0, then the uniqueness theorem implies that w1(t) = w2(t). Because w0

is any vector, then eAtB = BeAt.

3. Addition of exponents

If AB = BA, then

eAteBt = e(A+B)t.

Let x0 be a column of the identity matrix. Define x(t) = eAteBtx0 and y(t) =

e(A+B)tx0. We must show that x(t) = y(t) for all t. Define u(t) = eBtx0. We will

apply the result eAtB = BeAt, valid for BA = AB. We have

x′(t) =
(
eAtu(t)

)′
(1.3.5)

= AeAtu(t) + eAtu′(t) (1.3.6)

= Ax(t) + eAtBu(t) (1.3.7)

= Ax(t) +BeAtu(t) (1.3.8)

= (A+B)x(t) (1.3.9)

We also know that y′(t) = (A + B)y(t) and since x(0) = y(0) = x0, then the

uniqueness theorem implies that x(t) = y(t) for all t. This completes the proof.

4. Time addition property

eAteAs = eA(t+s), since A(t) and A(s) commute.

Let t be a variable and consider s fixed. Define x(t) = eAteAsx0 and y(t) = eA(t+s)x0.

Then x(0) = y(0) and both satisfy the differential equation u′(t) = Au(t). By the

uniquenes theorem, x(t) = y(t), which implies eAteAs = eA(t+s) .

Theorem 1.3.7. (Picard Series Expansion) The matrix exponential can be expressed
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as the infinite series

eAt =
∞∑
n=0

An t
n

n!
.

Special Formulas for eAt

(a) ediag(λ1,...,λn)t = diag
(
eλ1t, . . . , eλnt

)
, where λ1, . . . , λn are real or complex constants.

(b) e

 a b

−b a

t

= eat

(
cos(bt) sin(bt)

− sin(bt) cos(bt)

)
, where a, b are real constants.

(c) If A = diag (B1, . . . , Bk) and each ofB1, . . . , Bk is a square matrix, then

eAt = diag
(
eB1t, . . . , eBkt

)
.

Putzer’s spectral formula

The spectral formula of Putzer applies to a system x′ = Ax to find the general

solution, using matrices P1, . . . , Pn constructed fromA and the eigenvalues λ1, . . . , λn

of A, matrix multiplication, and the solution r(t) of the first order n×n initial value

problem

r′(t) =



λ1 0 0 · · · 0 0

1 λ2 0 · · · 0 0

0 1 λ3 · · · 0 0
...

0 0 0 · · · 1 λn


r(t), r(0) =


1

0
...

0

 .

The system is solved by first-order scalar methods and back-substitution. We will

derive the formula separately for the 2 × 2 case (the one used most often) and the

n× n case.

Putzer’s 2× 2 spectral formula

The general solution of ẋ = Ax is given by the formula

x(t) = (r1(t)P1 + r2(t)P2)x(0),
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where r1, r2, P1, P2 are defined as follows.

The eigenvalues r = λ1, λ2 are the two roots of the quadratic equation

det(A− rI) = 0

Define 2× 2 matrices P1, P2 by the formulae P1 = I, P2 = A− λ1I.

The functions r1(t), r2(t) are defined by the differential system

ṙ1 = λ1r1, r1(0) = 1,

ṙ2 = λ2r2 + r1, r2(0) = 0.

Proof: The Cayley-Hamilton formula (A− λ1I) (A− λ2I) = 0 is valid for any 2×2

matrix A and the two roots r = λ1, λ2 of the determinant equality det(A− rI) = 0.

The Cayley-Hamilton formula is the same as (A− λ2)P2 = 0, which implies the

identity AP2 = λ2P2. The following computation

ẋ(t) = (ṙ1(t)P1 + ṙ2(t)P2)x(0)

= (λ1r1(t)P1 + r1(t)P2 + λ2r2(t)P2)x(0)

= (r1(t)A+ λ2r2(t)P2)x(0)

= (r1(t)A+ r2(t)AP2)x(0)

= A (r1(t)I + r2(t)P2)x(0)

= Ax(t),

proves that x(t) is a solution. Because Φ(t) ≡ r1(t)P1 + r2(t)P2 satisfies Φ(0) = I,

then any possible solution of ẋ = Ax can be represented by the given formula. The

proof is complete.

Based on the eigenvalues λ1 and λ2 we distinguish the following cases:

Real distinct eigenvalues. Suppose A is 2 × 2 having real distinct eigenvalues

λ1, λ2 and x(0) is real. Then

r1 = eλ1t, r2 =
eλ1t − eλ2T

λ1 − λ2
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and

x(t) =

(
eλ1tI +

eλ1t − eλ2t

λ1 − λ2
(A− λ1I)

)
x(0).

The matrix exponential formula for real distinct eigenvalues:

eAt = eλ1tI +
eλ1t − eλ2t

λ1 − λ2
(A− λ1I) .

Real equal eigenvalues. Suppose A is 2×2 having real equal eigenvalues λ1 = λ2

and x(0) is real. Then r1 = eλ1t, r2 = teλ1t and

x(t) =
(
eλ1tI + teλ1t (A− λ1I)

)
x(0).

The matrix exponential formula for real equal eigenvalues:

eAt = eλ1tI + teλ1t (A− λ1I) .

Complex Eigenvalues. Suppose A is 2×2 having complex eigenvalues λ1 = a+bi

with b > 0 and λ2 = a− bi. If x(0) is real, then a real solution is obtained by taking

the real part of the spectral formula. This formula is formally identical to the case

of real distinct eigenvalues. Then

Re(x(t)) = (Re (r1(t)) I +Re (r2(t) (A− λ1I)))x(0)

=

(
Re
(
e(a+ib)t

)
I +Re

(
eat

sin bt

b
(A− (a+ ib)I)

))
x(0)

=

(
eat cos btI + eat

sin bt

b
(A− aI)

))
x(0).

The matrix exponential formula for complex conjugate eigenvalues:

eAt = eat
(
cos btI +

sin bt

b
(A− aI)

))
.

How to remember Putzer’s 2× 2 formula. The expressions

eAt = r1(t)I + r2(t) (A− λ1I) ,

r1(t) = eλ1t, r2(t) =
eλ1t − eλ2t

λ1 − λ2
. (*)

are enough to generate all the previous three formulae. The fraction r2(t) is a
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difference quotient with limit teλ1t as λ2 → λ1, therefore the formula includes the

case λ1 = λ2 by limiting. If λ1 = λ̄2 = a + ib with b > 0, then the fraction r2 is

already real, because it has for z = eλ1t and w = λ1 the form

r2(t) =
z − z̄

w − w̄
=

sin bt

b
.

Taking real parts of expression (*) then gives the complex case formula for eAt.

Putzer’s n× n spectral formula

The general solution of ẋ = Ax is given by the formula

x(t) = (r1(t)P1 + r2(t)P2 + · · ·+ rn(t)Pn)x(0).

where r1, r2, . . . , rn, P1, P2, . . . , Pn are defined as follows.

The eigenvalues r = λ1, . . . , λn are the roots of the polynomial equation

det(A− rI) = 0

Define n× n matrices P1, . . . , Pn by the formulae

P1 = I, Pk = Pk−1 (A− λk−1I) , k = 2, . . . , n.

More succinctly, Pk =
k−1∏
j=1

(A− λjI). The functions r1(t), . . . , rn(t) are defined by

the differential system

ṙ1 = λ1r1, r1(0) = 1,

ṙ2 = λ2r2 + r1, r2(0) = 0,
...

ṙn = λnrn + rn−1, rn(0) = 0.

Proof: The Cayley-Hamilton formula (A− λ1I) · · · (A− λnI) = 0 is valid for any

n× n matrix A and the n roots r = λ1, . . . , λn of the determinant equality det(A−
rI) = 0. Two facts will be used: (1) The Cayley-Hamilton formula implies APn =

λnPn; (2) The definition of Pk implies λkPk + Pk+1 = APk for 1 ≤ k ≤ n − 1.
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Compute as follows.

x′(t) = (r′1(t)P1 + · · ·+ r′n(t)Pn)x(0)

=

(
n∑

k=1

λkrk(t)Pk +
n∑

k=2

rk−1Pk

)
x(0),

=

(
n−1∑
k=1

λkrk(t)Pk + rn(t)λnPn +
n−1∑
k=1

rkPk+1

)
x(0)

=

(
n−1∑
k=1

rk(t)(λkPk + Pk+1) + rn(t)λnPn

)
x(0)

=

(
n−1∑
k=1

rk(t)APk + rn(t)APn

)
x(0)

= A

(
n∑

k=1

rk(t)Pk

)
x(0)

= Ax(t).

This proves that x(t) is a solution. Because Φ(t) ≡
∑n

k=1 rk(t)Pk satisfies Φ(0) = I,

then any possible solution of ẋ = Ax can be represented. The proof is complete.

The eigenanalysis method

The general solution x(t) = eAtx(0) of the linear system x′ = Ax,

where ′ = dt/dx, can be fully determined through the eigenanalysis of the matrix A).

A particularly practical scenario arises when the n×n matrix A possesses n indepen-

dent eigenvectors associated with its eigenpairs: (λ1,v1) , (λ2,v2) , . . . , (λn,vn) .

The eigenvalues λ1, . . . , λn need not be distinct and may be either real or complex.

The eigenanalysis method when A is a 2× 2 matrix

Suppose that A is 2 × 2 real and has eigenpairs (λ1,v1), (λ2,v2) , with v1,v2 in-

dependent. The eigenvalues λ1, λ2 can be both real. Also, they can be a complex

conjugate pair λ1 = λ̄2 = a+ ib with b > 0.

It will be shown that the general solution of x′ = Ax can be written as

x(t) = c1e
λ1tv1 + c2e

λ2tv2.
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Because we have

x′ = c1
(
eλ1t
)′
v1 + c2

(
eλ2t
)′
v2 Differentiate the formula for x.

= c1e
λ1tλ1v1 + c2e

λ2tλ2v2

= c1e
λ1tAv1 + c2e

λ2tAv2 Use λ1v1 = Av1, λ2v2 = Av2.

= A
(
c1e

λ1tv1 + c2e
λ2tv2

)
Factor A left.

= Ax Definition of x.

Let’s rewrite the solution x in the vector-matrix form

x(t) = aug (v1,v2)

(
eλ1t 0

0 eλ2t

)(
c1
c2

)
.

Since the eigenvectors v1 and v2 are assumed to be linearly independent, the matrix

aug(v1,v2) is invertible. Setting t = 0 in the previous equation yields(
c1
c2

)
= aug (v1,v2)

−1 x(0).

Since the constants c1 and c2 can be chosen to produce any initial condition x(0),

it follows that x(t) represents the general solution of the system x′ = Ax.

The general solution, expressed as x(t) = eAtx(0), leads to the following exponential

matrix relation

eAt = aug (v1,v2)

(
eλ1t 0

0 eλ2t

)
aug (v1,v2)

−1 .

This formula becomes particularly useful when the eigenpairs are real.

λ1 and λ2 Complex Conjugate Eigenvalues: First, the eigenpair (λ2,v2) is

never computed or used, since Av1 = λ1v1 implies Av1 = λ̄1v1, which leads to the

result that λ2 = λ̄1 has eigenvector v2 = v1.

If A is real, then eAt is also real. Taking the real parts of the formula for eAt will

yield a real formula. Due to the complexity of the complex algebra, we will report

the real answer and justify it with minimal use of complex numbers.
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Define the symbols a, b, P for the eigenpair (λ1,v1) as follows

λ1 = a+ ib, b > 0, P = aug (Re(v1), Im(v1)) .

Then the solution for eAt is

eAt = eatP

(
cos bt sin bt

− sin bt cos bt

)
P−1. (1.3.10)

Justification of formula (1.3.10). The formula is established by showing that

the matrix Φ(t) on the right satisfies Φ(0) = I and Φ′(t) = AΦ(t). Therefore, by

definition, eAt = Φ(t). For exposition, let

R(t) = eat

(
cos bt sin bt

− sin bt cos bt

)
, Φ(t) = PR(t)P−1.

We verify Φ(0) = I as follows

Φ(0) = PR(0)P−1 = Pe0IP−1 = I.

Next, we expand the eigenpair relation

A (Re(v1) + i Im(v1)) = (a+ ib) (Re(v1) + i Im(v1)) ,

which, when expressed in real and imaginary parts, shows that

AP = P

(
a b

−b a

)
.

Now, we compute Φ′(t)

Φ′(t)Φ−1(t) = PR′(t)P−1PR−1(t)P−1 = PR′(t)R−1(t)P−1 = P

(
aI +

(
0 b

−b 0

))
P−1.

Simplifying, we get Φ′(t) = AΦ(t). Thus, the proof of Φ′(t) = AΦ(t) is complete.
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The formula for eAt implies that the general solution in this special case is

x(t) = eat aug (Re(v1), Im(v1))

(
cos bt sin bt

− sin bt cos bt

)(
c1
c2

)
.

The values c1, c2 are related to the initial condition x(0) by the matrix identity(
c1
c2

)
= aug (Re(v1), Im(v1))

−1 x(0).

The eigenanalysis method when A is a 3× 3 matrix

Suppose that A is 3 × 3 real and has eigenpairs (λ1,v1), (λ2,v2), (λ3,v3) , with

v1,v2,v3 independent. The eigenvalues λ1, λ2, λ3 can be all real. Also, there can be

one real eigenvalue λ3 and a complex conjugate pair of eigenvalues λ1 = λ̄2 = a+ ib

with b > 0.

The general solution of x′ = Ax can be written as

x(t) = c1e
λ1tv1 + c2e

λ2tv2 + c3e
λ3tv3.

The verification of the previous solution is similar to the 2× 2 case.

The solution x is written in vector-matrix form

x(t) = aug (v1,v2,v3)


eλ1t 0 0

0 eλ2t 0

0 0 eλ3t




c1

c2

c3

 .

Because the three eigenvectors v1,v2,v3 are assumed independent, then aug (v1,v2,v3)

is invertible. Setting t = 0 in the previous equation gives
c1

c2

c2

 = aug (v1,v2,v3)
−1 x(0).

The constants c1, c2, c3 can be chosen to produce any initial condition x(0), therefore

x(t) is the general solution of the 3 × 3 system x′ = Ax. There is a corresponding
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exponential matrix relation

eAt = aug (v1,v2,v3)


eλ1t 0 0

0 eλ2t 0

0 0 eλ3t

 aug (v1,v2,v3)
−1 .

This formula is normally used when the eigenpairs are real. When there is a complex

conjugate pair of eigenvalues λ1 = λ̄2 = a+ ib, b > 0, then as was shown in the 2× 2

case it is possible to extract a real solution x from the complex formula and report

a real form for the exponential matrix

eAt = P


eat cos bt eat sin bt 0

−eat sin bt eat cos bt 0

0 0 eλ3t

P−1,

where P = aug (Re (v1) , Im (v1) ,v3) .

The eigenanalysis method for an n× n Matrix

The general solution formula and the formula for eAt generalize easily from the 2×2

and 3× 3 cases to the general case of an n× n matrix.

Theorem 1.3.8. (The Eigenanalysis Method). Let the n × n real matrix A have

eigenpairs

(λ1,v1) , (λ2,v2) , . . . , (λn,vn) ,

with n independent eigenvectors v1, . . . ,vn. Then the general solution of the linear

system x′ = Ax is given by

x(t) = c1v1e
λ1t + c2v2e

λ2t + · · ·+ cnvne
λnt.

The vector-matrix form of the general solution is

x(t) = aug (v1, . . . ,vn) diag
(
eλ1t, . . . , eλnt

)
c1
...

cn

 .
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This form is real provided all eigenvalues are real. A real form can be made from a

complex form by following the example of a 3× 3 matrix A.

The plan is to list all complex eigenvalues first, in pairs, λ1, λ̄1, . . ., λp, λ̄p. Then the

real eigenvalues r1, . . . , rq are listed, 2p+ q = n. Define

P = aug (Re (v1) , Im (v1) , . . . ,Re (v2p−1) , Im (v2p−1) ,v2p+1, . . . ,vn) ,

Rλ(t) = eat

(
cos bt sin bt

− sin bt cos bt

)
, where λ+ a+ ib, b > 0.

Then the real vector-matrix form of the general solution is

x(t) = P diag
(
Rλ1(t), . . . , Rλp(t), e

r1t, . . . , erqt
)

c1
...

cn

 and

eAt = P diag
(
Rλ1(t), . . . , Rλp(t), e

r1t, . . . , erqt
)
P−1.

Jordan form and eigenanalysis

Generalized eigenanalysis

The fundamental result in generalized eigenanalysis is Jordan’s theorem, which

states that for any real or complex square matrix A, there exists an invertible matrix

P such that:

A = PJP−1,

where J is an upper triangular matrix known as the Jordan form of A.

In what follows, we describe the procedure to compute the invertible matrix P , whose

columns consist of generalized eigenvectors of A, and the corresponding Jordan form

J :

J =


λ1 J12 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · λn−1 Jn−1 n

0 0 0 · · · 0 λn

 .

The entries Ji i+1 of J along its super-diagonal are either 0 or 1, while the diagonal

entries λi correspond to the eigenvalues of A. Consequently, the Jordan form J is a
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band matrix with nonzero entries restricted to its diagonal and super-diagonal.

The geometric multiplicity of an eigenvalue λ, denoted as g(λ), is given by the nullity

of A − λI i.e. dim ker(A − λI). This represents the number of basis vectors in the

solution space of (A− λI)x = 0, or equivalently, the number of free variables in the

system.

The algebraic multiplicity of λ, denoted as a(λ), is the largest integer k such that

(r − λ)k divides the characteristic polynomial det(A− rI).

Theorem 1.3.9. (Algebraic and geometric multiplicity). Let A be a square real or

complex matrix. then

1 ≤ g(λ) ≤ a(λ). (1.3.11)

In addition, there are the following relationships between the Jordan form J and

algebraic and geometric multiplicities.

1. g(λ) equals the number of Jordan blocks B(λ,m) that appear in J ,

2. a(λ) equals the number of times λ is repeated along the diagonal of J .

The relation A = PJP−1, which is equivalent to AP = PJ , can be interpreted in

terms of the columns of the matrix P . When J consists of a single Jordan block

B(λ,m), the columns v1, . . . ,vm of P satisfy the following system of equations

Av1 = λv1,

Av2 = λv2 + v1,
...

Avm = λvm + vm−1.

These equations demonstrate how each vector vk in the chain relates to the eigen-

value λ and its predecessors.

Chains of Generalized Eigenvectors For a given eigenvalue λ of the matrix A,

generalized eigenanalysis identifies a Jordan block B(λ,m) in J by constructing an

m-chain of generalized eigenvectors v1, . . . ,vm, which form the columns of P in the

relation A = PJP−1. The first vector v1 in the chain is an eigenvector, satisfying
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the equation

(A− λI)v1 = 0.

The subsequent vectors v2, . . . ,vm are generalized eigenvectors, not eigenvectors

themselves. They satisfy the following relations

(A− λI)v2 = v1, . . . , (A− λI)vm = vm−1.

The term m-chain implies that the equation (A− λI)x = vm has no solution. The

size of the chain, m, is constrained by the inequality 1 ≤ m ≤ a(λ).

The Jordan form J may contain several Jordan blocks for one eigenvalue λ. To

illustrate, if J has only one eigenvalue λ and a(λ) = 3, then J might be constructed

as follows:

J = diag(B(λ, 1), B(λ, 1), B(λ, 1)) or J =


λ 0 0

0 λ 0

0 0 λ

 ,

J = diag(B(λ, 1), B(λ, 2)) or J =


λ 0 0

0 λ 1

0 0 λ

 ,

J = B(λ, 3) or J =


λ 1 0

0 λ 1

0 0 λ

 .

The three generalized eigenvectors for this example correspond to

J =


λ 0 0

0 λ 0

0 0 λ

 ↔ Three 1-chains,

J =


λ 0 0

0 λ 1

0 0 λ

 ↔ One 1-chain and one 2-chain,
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J =


λ 1 0

0 λ 1

0 0 λ

 ↔ One 3-chains.

Computing m-chains. Let us focus on an eigenvalue λ of the matrix A. Define

N = A− λI and let p = a(λ) denote the algebraic multiplicity of λ.

To compute an m-chain, begin with an eigenvector v1, and then iteratively solve the

equation Nvj+1 = vj using row-reduction (rref) methods until no further solutions

exist. This process must be repeated for each possible choice of v1. The search for

m-chains concludes when p independent generalized eigenvectors are found.

If A has a unique eigenpair (λ,v1), the process terminates immediately with an

m-chain of length m = p. This chain corresponds to a single Jordan block B(λ,m),

and the generalized eigenvectors v1, . . . ,vm form the columns of the matrix P .

In the case where two eigenvectors, u1 and u2, form a basis for the eigenspace of A

corresponding to λ, the equation Nx = 0 will have two free variables. Here, the task

is to find two chains, m1 and m2, such that m1 +m2 = p. These chains correspond

to two Jordan blocks, B(λ,m1) and B(λ,m2).

To better understand the process, consider the matrix

N = diag (B(0,m1), B(0,m2), . . . , B(0,mk)) ,

where N is in row-reduced echelon form. The system Nx = 0 has k free variables

since N is already in row-reduced echelon form. This implies that if there exists a

k-dimensional basis of eigenvectors of A corresponding to λ, the problem reduces to

finding mi-chains, where 1 ≤ i ≤ k, such that m1 + · · ·+mk = p.

These chains correspond to k Jordan blocks, given by B(λ,m1), . . . , B(λ,mk).

A common naive approach for computing generalized eigenvectors can be illustrated

using the following example

A =


1 1 1

0 1 0

0 0 1

 , u1 =


1

−1

1

 , u2 =


0

1

−1

 .



24

The matrix A has a single eigenvalue λ = 1 and two eigenpairs, (1,u1) and (1,u2).

Starting a chain calculation with v1 equal to either u1 or u2 gives a 1-chain. This

naive approach results in only two independent generalized eigenvectors. However,

to compute the full set of generalized eigenvectors, the calculation must continue

until three independent vectors are found.

To resolve this, we keep the 1-chain, say the one generated by u1, and start a new

chain calculation by setting v1 = a1u1 + a2u2. We adjust the values of a1 and a2

until a 2-chain is obtained. This gives the following augmented matrix

aug(A− λI,v1) =


0 1 1 a1

0 0 0 −a1 + a2

0 0 0 a1 − a2

 ≈


0 1 1 a1

0 0 0 0

0 0 0 0

 ,

where the condition a1 − a2 = 0 must hold. By choosing a1 = a2 = 1, we make

v1 = u1 + u2 ̸= 0, and we solve for v2 = (0, 1, 0)T . Thus, u1 forms a 1-chain, and

v1,v2 form a 2-chain. The generalized eigenvectors u1,v1,v2 are independent and

form the columns of the matrix P . The Jordan form of A is then

J = diag(B(λ, 1), B(λ, 2)),

where λ = 1. To justify the relation A = PJP−1, we check the condition AP = PJ

using the formulas

J =


λ 0 0

0 λ 1

0 0 λ

 , P =


1 1 0

−1 0 1

1 0 0

 .

Jordan blocks

An m×m matrix B(λ,m) is called a Jordan block provided it is a Jordan form, all

m diagonal elements are the same eigenvalue λ and all super-diagonal elements are
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one:

B(λ,m) =


λ 1 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · λ 1

0 0 0 · · · 0 λ

 (m×m matrix ).

The Jordan block form of J: Given a square matrix A, a Jordan form J for A

is built from Jordan blocks, more precisely,

J = diag (B (λ1,m1) , B (λ2,m2) , . . . , B (λk,mk)) .

where λ1, . . . , λk are eigenvalues of A and m1 + · · · + mk = n. The k − 1 zeros

on the super-diagonal of J result from adjacent Jordan blocks. For example, no

super-diagonal zeros means there is just one Jordan block. A complete specification

of how to build J from A is done in generalized eigenanalysis.

Theorem 1.3.10. (Exponential of a Jordan block matrix). If λ is real and

B =


λ 1 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · λ 1

0 0 0 · · · 0 λ

 (m×m matrix )

then

eBt = eλt


1 t

t2

2
· · · tm−2

(m− 2)!

tm−1

(m− 1)!
...

...
...

...
...

...

0 0 0 · · · 1 t

0 0 0 · · · 0 1

 .

The equality also holds if λ is a complex number, in which case both sides of the

equation are complex.
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The real Jordan form of A

Given a real matrix A, generalized eigenanalysis aims to find a real invertible matrix

P and a real upper triangular block matrix R such that

A = PRP−1.

This decomposition ensures that eAt can be expressed in terms of R, which is par-

ticularly useful when A is real, leading to a real-valued solution for eAt.

If λ is a real eigenvalue of A, then a real Jordan block is a matrix

B = diag(λ, . . . , λ) +N, where N =


0 1 0 · · · 0
...

...
... · · · ...

0 0 0 · · · 1

0 0 0 · · · 0

 .

If λ = a+ ib is a complex eigenvalue of A, then the symbols λ, 1, and 0 are replaced

respectively by the following 2× 2 real matrices:

Λ =

[
a b

−b a

]
, I = diag(1, 1), O = diag(0, 0).

The corresponding 2m× 2m real Jordan block matrix is given by

B = diag(Λ, . . . ,Λ) +N ,

where

N =


O I O · · · O O
...

...
...

...
...

...

O O O · · · O I
O O O · · · O O

 .

Nilpotent matrices: A matrix N is called nilpotent if there exists a positive

integer m such that Nm = 0. Similarly, for a block matrix N , if Nm = 0, then

N is also nilpotent. The smallest integer m for which Nm = 0) is known as the

nilpotency of N .
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One important property of a nilpotent matrix N is that its matrix exponential can

be expressed as a finite sum:

eNt = I +Nt+
N2t2

2!
+ · · ·+ Nm−1tm−1

(m− 1)!
.

This truncated series holds because higher-order terms vanish beyond m− 1 due to

the nilpotency condition Nm = 0.

Computing P and R: Generalized eigenvectors corresponding to a real eigen-

value λ are arranged in the matrix P according to the order prescribed by the

corresponding real Jordan block in R. In the case where λ = a + ib is a complex

eigenvalue with b > 0, the real and imaginary parts of each generalized eigenvector

are grouped together in P , while the conjugate eigenvalue λ̄ = a − ib is excluded.

The result is a real matrix P and a real upper triangular block matrix R that satisfies

the relation

nA = PRP−1.

Theorem 1.3.11. (Real block diagonal matrix, eigenvalue a + ib ). Let Λ =(
a b

−b a

)
, I = diag(1, 1) and O = diag(0, 0). Consider a real Jordan block

matrix of dimension 2m× 2m given by the formula

B =


Λ I O · · · O O
...

...
...

...
...

...

O O O · · · Λ I
O O O · · · O Λ

 .

If R =

(
cos bt sin bt

− sin bt cos bt

)
, then

eBt = eat


R tR t2

2
R · · · tm−2

(m−2)!
R tm−1

(m−1)!
R

...
...

...
...

...
...

O O O · · · R tR

O O O · · · O R

 .
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When solving x′ = Ax, the solution x(t) = eAtx(0) must be real if A is real. The

real solution can be expressed as x(t) = Py(t) where y′(t) = Ry(t) and R is a real

Jordan form of A, containing real Jordan blocks B down its diagonal. Theorems

above provide explicit formulas for eBt, hence the resulting formula

x(t) = PeRtP−1x(0),

contains only real numbers, real exponentials, plus sine and cosine terms, which are

possibly multiplied by polynomials in t.

1.3.2 Nonhomogeneous linear systems

Definition 1.3.5. (Matrix notation for nonhomogeneous linear systems). A non-

homogeneous system of linear equations (1.3.3) is written as the equivalent vector-

matrix system

ẋ = A(t)x+ f(t),

where

x =


x1
...

xn

 , f =


f1
...

fn

 , A =


a11 · · · a1n
... · · · ...

am1 · · · amn

 .

The following theorem establishes the uniqueness of solutions for a class of non-

homogeneous linear systems and highlights the impossibility of solution crossings

within the given interval.

Theorem 1.3.12. (Uniqueness and Solution Crossings). Let A(t) be an m × n

matrix with continuous components on a < t < b and assume that f(t) is also

continuous on a < t < b. If x(t) and y(t) are solutions of u̇ = A(t)u + f(t) on

a < t < b and x (t0) = y (t0) for some t0, a < t0 < b, then x(t) = y(t) for a < t < b.

Remark 1.3.1. (Superposition). Linear homogeneous systems exhibit a fundamen-

tal linear structure, and the solutions of nonhomogeneous systems satisfy the prin-

ciple of superposition.

Theorem 1.3.13. (Superposition Principle). Let ẋ = A(t)x + f(t) have a partic-

ular solution xp(t). If x(t) is any solution of ẋ = A(t)x + f(t), then x(t) can be
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decomposed as homogeneous plus particular solutions, i.e.

x(t) = xh(t) + xp(t).

The term xh(t) is a certain solution of the homogeneous differential equation ẋ =

A(t)x, which means arbitrary constants c1, c2, . . . have been assigned certain values.

The particular solution xp(t) can be selected to be free of any unresolved or arbitrary

constants.

Theorem 1.3.14. (Difference of Solutions). Let ẋ = A(t)x + f(t) have two solu-

tions x = u(t) and x = v(t). Define y(t) = u(t) − v(t). Then y(t) satisfies the

homogeneous equation y′ = A(t)y.

General solution. We explain a general solution by the following example

If a formula x = c1e
t + c2e

2t is called a general solution, then it means that all

possible solutions of the differential equation are expressed by this formula.

In particular, it means that a given solution can be represented by the formula,

by specializing values for the constants c1, c2. We expect the number of arbitrary

constants to be the least possible number.

The general solution of ẋ = A(t)x + f(t) is an expression involving arbitrary con-

stants c1, c2, . . . and certain functions. The expression represents all solutions of the

differential equation is given in the following sense:

1. Every assignment of constants produces a solution of the differential equation.

2. Every possible solution is uniquely obtained from the expression by specializing

the constants.

Due to the superposition principle, the constants in the general solution are identified

as multipliers against solutions of the homogeneous differential equation.

Theorem 1.3.15. (General Solution) Let A(t) be an n × n matrix and f(t) an

n× 1 vector, both continuous on an interval a < t < b. The general solution of the

nonhomogeneous linear system

ẋ = A(t)x+ f(t)
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is given by

x(t) = xh(t) + xp(t).

Here, xh(t) represents the general solution of the associated homogeneous system ẏ =

A(t)y, containing n arbitrary constants c1, . . . , cn. The term xp(t) is a particular

solution of the nonhomogeneous system, which contains no arbitrary constants.

Recognition of homogenous solutions terms An expression x for the general

solution of a nonhomogeneous equation ẋ = A(t)x+f(t) involves arbitrary constants

c1, . . . , cn. It is possible to isolate both terms xh and xp by a simple procedure. To

find xp, set to zero all arbitrary constants c1, c2, . . .; the resulting expression is free

of unresolved and arbitrary constants.

To find xh, we find first the vector solutions y = uk(t) of ẏ = A(t)y, which

are multiplied by constants ck. Then the general solution xh of the homogeneous

equation ẏ = A(t)y is given by

xh(t) = c1u1(t) + c2u2(t) + · · ·+ cnun(t).

Use partial derivatives on expression x to find the column vectors uk(t) = ∂
∂ck

x.

This technique isolates the vector components of the homogeneous solution from

any form of the general solution, including scalar formulas for the components of

x. In any case, the general solution x of the linear system ẋ = A(t)x + f(t) is

represented by the expression

x = c1u1(t) + c2u2(t) + · · ·+ cnun(t) + xp(t).

In this expression, each assignment of the constants c1, . . . , cn produces a solution

of the nonhomogeneous system, and conversely, each possible solution of the nonho-

mogeneous system is obtained by a unique specialization of the constants c1, . . . , cn.

To illustrate the ideas, consider a 3×3 linear system x′ = A(t)x+f(t) with general

solution

x =


x1

x2

x3


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given in scalar form by the expressions

x1 = c1e
t + c2e

−t + t,

x2 = (c1 + c2) e
t + c3e

2t,

x3 = (2c2 − c1) e
−t + (4c1 − 2c3) e

2t + 2t.

To find the vector form of the general solution, we take partial derivatives uk =
∂x

∂ckwith respect to the variable names c1, c2, c3 :

u1 =


et

et

−e−t + 4e2t

 , u2 =


e−t

et

2e−t

 , u3 =


0

e2t

−2e2t

 .

To find xp(t), set c1 = c2 = c3 = 0 :

xp(t) =


t

0

2t

 .

Finally,

x = c1u1(t) + c2u2(t) + c3u3(t) + xp(t).So

x(t) = c1


et

et

−e−t + 4e2t

+ c2


e−t

et

2e−t

+ c3


0

e2t

−2e2t

+


t

0

2t

 .

The expression x = c1u1(t)+ c2u2(t)+ c3u3(t)+xp(t) satisfies required elements (i)

and (ii) in the definition of general solution. We will develop now a way to routinely

test the uniqueness requirement in (ii).

Independence: Constants c1, . . . , cn in the general solution x = xh + xp appear

exactly in the expression xh, which has the form xh = c1u1 + c2u2 + · · ·+ cnun.

A solution x uniquely determines the constants. In particular, the zero solution of

the homogeneous equation is uniquely represented, which can be stated this way:

c1u1 + c2u2 + · · ·+ cnun = 0 implies c1 = c2 = · · · = cn = 0.
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This statement is equivalent to the statement that the vector-valued functions

u1(t), . . . ,un(t) are linearly independent.

It is possible to write down a candidate general solution to some 3× 3 linear system

ẋ = Ax via equations like

x1 = c1e
t + c2e

t + c3e
2t,

x2 = c1e
t + c2e

t + 2c3e
2t,

x3 = c1e
t + c2e

t + 4c3e
2t.

This example was constructed to contain a classic mistake, for purposes of illustra-

tion.

How can we detect a mistake, given only that this expression is supposed to represent

the general solution? First of all, we can test that u1 = ∂x/∂c1,u2 = ∂x/∂c2,u3 =

∂x/∂c3 are indeed solutions. But to ensure the unique representation requirement,

the vector functions u1,u2,u3 must be linearly independent. We compute

u1 =


et

et

et

 , u2 =


et

et

et

 , u3 =


e2t

2e2t

4e2t


Therefore, u1 = u2, which implies that the functions u1,u2,u3 fail to be independent

.

Initial value problems and the Reduced row echelon form method An

initial value problem is the problem of solving for x, given

ẋ = A(t)x+ f(t), x (t0) = x0.

If a general solution is known, x = c1u1(t) + · · ·+ cnun(t) + xp(t),

then the problem of finding x reduces to finding c1, . . . , cn in the relation

c1u1 (t0) + · · ·+ cnun (t0) + xp (t0) = x0.
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This is a matrix equation for the unknown constants c1, . . . , cn of the form Bc = d,

where

B = aug (u1 (t0) , . . . ,un (t0)) , c =


c1
...

cn

 , d = x0 − xp (t0) .

The reduced row echelon form (rref) method applies to find c. This method

is used to perform swap, combination, and multiply operations to C = aug(B,d)

until rref(C) = aug(I, c).

To illustrate the method, consider the general solution

x1 = c1e
t + c2e

−t + t,

x2 = (c1 + c2) e
t + c3e

2t,

x3 = (2c2 − c1) e
−t + (4c1 − 2c3) e

2t + 2t.

We shall solve for c1, c2, c3, given the initial condition x1(0) = 1, x2(0) = 0, x3(0) =

−1. The above relations evaluated at t = 0 give the system

1 = c1e
0 + c2e

0 + 0

0 = (c1 + c2) e
0 + c3e

0

−1 = (2c2 − c1) e
0 + (4c1 − 2c3) e

0 + 0.

In standard scalar form, this is the 3× 3 linear system

c1 + c2 = 1,

c1 + c2 + c3 = 0,

3c1 + 2c2 − 2c3 = −1.

The augmented matrix C, to be reduced to rref form, is given by

C =


1 1 0 1

1 1 1 0

3 2 −2 −1

 .
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After the rref process is completed, we obtain

rref(C) =


1 0 0 −5

0 1 0 6

0 0 1 −1

 .

From this display, we read off the answer c1 = −5, c2 = 6, c3 = −1 and report the

final answer

x1 = −5et + 6e−t + t

x2 = et − e2t

x3 = 17e−t − 18e2t + 2t.

Variation of Parameters

The method of variation of parameters is a general technique used to solve a linear

nonhomogeneous system of the form x′ = Ax+ F(t).

Historically, this method originated as a trial solution approach, where the nonho-

mogeneous system is solved by assuming a particular form for the solution, known

as an ansatz. The ansatz takes the form

x(t) = eAtc(t),

where eAt is the solution to the corresponding homogeneous system, and c(t) is an

unknown function to be determined through substitution and further analysis. This

method effectively finds the particular solution of the nonhomogeneous system by

varying the parameters of the homogeneous solution.

Conceptually, the method is derived by allowing x0 to vary in the general solution

x(t) = eAtx0 of the homogeneous system x′ = Ax, which gave rise to the terms

variation of parameters and variation of constants .

Theorem 1.3.16. (Variation of parameters for systems). Let A be a constant n×n
matrix and F(t) a continuous function near t = t0. The unique solution x(t) of the

matrix initial value problem

x′(t) = Ax(t) + F(t), x (t0) = x0
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is given by the variation of parameters formula (Duhamel’s formula)

x(t) = eAtx0 + eAt

∫ t

t0

e−rAF(r)dr. (1.3.12)

Proof. Define

u(t) = x0 +

∫ t

t0

e−rAF(r) dr.

To establish that (1.3.12) holds, i.e. x(t) = eAtu(t), we verify that x(t) satisfies the

given differential equation.

First, the function u(t) is differentiable, with a continuous derivative given by

u′(t) = e−tAF(t),

which follows from the fundamental theorem of calculus applied componentwise.

Applying the product rule, we obtain

x′(t) =
(
eAt
)′
u(t) + eAtu′(t)

= AeAtu(t) + eAte−AtF(t)

= Ax(t) + F(t).

Thus, x(t) satisfies the differential equation x′ = Ax + F(t). Furthermore, since

u(t0) = x0, it follows that x(t0) = x0, ensuring that the initial condition is satisfied.

This completes the proof.

Undetermined coefficients

The method of undetermined coefficients, a trial solution approach, can be applied

to vector-matrix systems of the form x′ = Ax+F(t), when the components of F(t)

consist of sums of terms of the form

(polynomial in t)eat(cos(bt) or sin(bt)).

Such terms are referred to as atoms.

A practical approach is to express F(t) in terms of the columns e1, . . . , en of the
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n× n identity matrix I, writing

F(t) =
n∑

j=1

Fj(t)ej.

This allows the solution to be decomposed as

x(t) =
n∑

j=1

xj(t),

where each xj(t) satisfies the simpler equation

x′(t) = Ax(t) + f(t)c, f = Fj, c = ej.

To construct an initial trial solution for x′(t) = Ax(t) + f(t)c, we follow the initial

trial solution rule (assuming that f(t) is a sum of atoms):

� Identify the independent functions whose linear combinations produce all deriva-

tives of f(t).

� Form an initial trial solution as a linear combination of these functions, with

undetermined vector coefficients {cj}.

In the well-known scalar case, the trial solution must be modified if it overlaps with

the general solution of the homogeneous equation. When f(t) is a polynomial, this

issue can be avoided by assuming that A is invertible. This assumption ensures that

r = 0 is not a root of det(A − rI) = 0, thereby preventing polynomial terms from

appearing in the homogeneous solution.

Finally, substituting the initial vector trial solution into the differential equation

allows us to determine the undetermined coefficients {cj}, thereby obtaining a par-

ticular solution.
Theorem 1.3.17. (Polynomial solutions). Let

f(t) =
k∑

j=0

pj
tj

j!

be a polynomial of degree k, and assume that A is an n×n constant invertible matrix.

Then the differential equation u′ = Au+f(t)c, admits a polynomial solution of degree
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k of the form

u(t) =
k∑

j=0

cj
tj

j!
,

where the vector coefficients {cj} are determined by the recurrence relation

cj = −
k∑

i=j

piA
j−i−1c, 0 ≤ j ≤ k.

Proof. Substituting u(t) =
k∑

j=0

cj
tj

j!
into the differential equation, we obtain

k−1∑
j=0

cj+1
tj

j!
= A

k∑
j=0

cj
tj

j!
+

k∑
j=0

pj
tj

j!
c.

To satisfy this equation, the terms on the right-hand side for j = k must sum to

zero, while for other values of j, the coefficients of
tj

j!
on both sides must match,

leading to the relations

Ack + pkc = 0, cj+1 = Acj + pjc.

Solving these relations recursively yields the formulas

ck = −pkA−1c,

ck−1 = −
(
pk−1A

−1 + pkA
−2
)
c,

...

c0 = −
(
p0A

−1 + · · ·+ pkA
−k−1

)
c.

These relations can be summarized as

cj = −
k∑

i=j

piA
j−i−1c, 0 ≤ j ≤ k.

Since substituting u(t) =
∑k

j=0 cj
tj

j!
into the differential equation yields matching

left-hand and right-hand sides, the proof is complete.
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Theorem 1.3.18. (Polynomial × exponential solutions). Let

g(t) =
k∑

j=0

pj
tj

j!

be a polynomial of degree k, and assume that A is an n × n constant matrix such

that B = A− aI is invertible. Then the differential equation

u′ = Au+ eatg(t)c

admits a polynomial-exponential solution of the form

u(t) = eat
k∑

j=0

cj
tj

j!
,

where the vector coefficients {cj} are determined by the recurrence relation

cj = −
k∑

i=j

piB
j−i−1c, 0 ≤ j ≤ k.

Proof. Let u(t) = eatv(t). Then, differentiating both sides, we obtain

u′ = aeatv(t) + eatv′(t) = eat (v′(t) + av(t)) .

Substituting into the given differential equation

u′ = Au+ eatg(t)c,

we obtain

eat (v′ + av) = Aeatv + eatg(t)c.

Canceling eat from both sides, this simplifies to v′ = (A− aI)v + g(t)c.

Setting B = A− aI, we recognize that this equation is of the form

v′ = Bv + g(t)c.
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By Theorem (1.3.17), the solution takes the form

v(t) =
k∑

j=0

cj
tj

j!
,

where the vector coefficients cj satisfy

cj = −
k∑

i=j

piB
j−i−1c, 0 ≤ j ≤ k.

Thus, substituting v(t) back into u(t) = eatv(t), we obtain

u(t) = eat
k∑

j=0

cj
tj

j!
.

Since the coefficients cj satisfy the required formula

cj = −
k∑

i=j

piB
j−i−1c,

the proof is complete.

1.4 Exercises

Exercice 1.4.1. Explain the difference between an ordinary differential equation

(ODE) and a partial differential equation (PDE). Give an example of each.

Exercice 1.4.2. Identify whether the following equations are ODEs or not. If it is

an ODE, determine its order.

1. y′ + y = x2.

2.
∂u

∂x
+
∂u

∂y
= 0

3. y′′′ − xy′ + y = 0.

Exercice 1.4.3. Determine whether the following ODEs are linear or nonlinear. If

nonlinear, justify your answer.
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1. y′′ + y′ + y = 0.

2. y′ = y2 + x.

3. y′′ + sin(y) = x3.

Exercice 1.4.4. Identify whether the following ODEs are autonomous or non-

autonomous.

1. y′ = y2 − 3y.

2. y′ = x+ y.

Exercice 1.4.5. Determine whether the following ODEs are homogeneous or non-

homogeneous.

1. y′′ − 3y′ + 2y = 0.

2. y′′ + 4y = cosx.

Exercice 1.4.6. Verify that y = e2x is a solution to the equation

y′′ − 4y′ + 4y = 0.

Exercice 1.4.7. Solve the first-order linear differential equation

y′ − 2y = ex.
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Chapter 2

General Theory of ODEs

We begin with the general theory of ordinary differential equations (ODEs). Sec-

tion 2.1 introduces ODEs, initial value problems (IVPs), and their solutions. In

Section 2.2, we discuss the existence and uniqueness of solutions to IVPs. Section

2.3 addresses the continuation of solutions, focusing on conditions under which a

local solution extends to a maximal interval of existence.

2.1 ODEs, IVPs, solutions

2.1.1 Ordinary differential equation, initial value problem

Definition 2.1.1. An nth order ordinary differential equation (ODE) is a functional

relationship taking the form

F

(
t, x(t),

d

dt
x(t),

d2

dt2
x(t), . . . ,

dn

dtn
x(t)

)
= 0,

that involves an independent variable t ∈ I ⊂ R, an unknown function x(t) ∈
D ⊂ Rn of the independent variable, its derivative and derivatives of order up to n.

For simplicity, the time dependence of x is often omitted, and we in general write

equations as

F
(
t, x, x′, x′′, . . . , x(n)

)
= 0, (2.1.1)

where x(n) denotes the nth order derivative of x. An equation such as (2.1.1) is said

to be in general (or implicit) form.



42

An equation is said to be in normal (or explicit) form when it is written as

x(n) = f
(
t, x, x′, x′′, . . . , x(n−1)

)
.

Note that it is not always possible to write a differential equation in normal form,

as it can be impossible to solve F
(
t, x, . . . , x(n)

)
= 0 in terms of x(n).

Definition 2.1.2. (First-order ODE). In the following, we consider for simplicity

the more restrictive case of a first-order ordinary differential equation in normal

form

x′ = f(t, x). (2.1.2)

Note that the theory developed here usually holds for nth order equations. The

function f is assumed continuous and real-valued on a set U ⊂ R× Rn.

Definition 2.1.3. (Initial value problem). An initial value problem (IVP) for equa-

tion (2.1.2) is given by x′ = f(t, x),

x (t0) = x0,
(2.1.3)

where f is continuous and real-valued on a set U ⊂ R× Rn, with (t0, x0) ∈ U .

Remark 2.1.1. An IVP for an nth order differential equation takes the formx(n) = f
(
t, x, x′, . . . , x(n−1)

)
x (t0) = x0, x

′ (t0) = x′0, . . . , x
(n−1) (t0) = x

(n−1)
0

i.e., initial conditions have to be given for derivatives up to order n− 1.

We have already seen in the previous sections that the order of an ODE is the order

of the highest derivative involved in the equation, and an equation is then classified

as a function of its linearity. A linear equation is one in which the vector field f

takes the form

f(t, x) = a(t)x(t) + b(t).

If b(t) = 0 for all t, the equation is linear homogeneous; otherwise, it is linear

nonhomogeneous. If the vector field f depends only on x, i.e., f(t, x) = f(x) for all
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t, then the equation is autonomous; otherwise, it is nonautonomous. Thus, a linear

equation is autonomous if a(t) = a and b(t) = b for all t. Nonlinear equations are

those that are not linear. They too, can be autonomous or nonautonomous.

2.1.2 Solutions of an ODE

Definition 2.1.4. A function ϕ(t) is a solution to the ODE (2.1.2) if it satisfies

this equation, that is, if

ϕ′(t) = f(t, ϕ(t)),

for all t ∈ I ⊂ R, an open interval such that (t, ϕ(t)) ∈ U for all t ∈ I.

Definition 2.1.5. (Integral form of the solution). The function

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s))ds, (2.1.4)

is called the integral form of the solution to the IVP (2.1.3).

Theorem 2.1.1. If x(t) is a solution of the IVP (2.1.3) in an interval |t− t0| < α,

then

∥ϕ(t1)− ϕ(t2)∥ ≤M |t1 − t2|,

whenever t1, t2 are in the interval |t− t0| < α.

Proof. Let us begin by considering t ≥ t0. On t0 ≤ t ≤ t0 + α,

ϕ(t1)− ϕ(t2) = x0 +

∫ t1

t0

f(s, ϕ(s)) ds− x0 −
∫ t2

t0

f(s, ϕ(s)) ds.

This simplifies to

ϕ(t1)− ϕ(t2) = −
∫ t1

t2

f(s, ϕ(s)) ds if t2 > t1,

and

ϕ(t1)− ϕ(t2) =

∫ t2

t1

f(s, ϕ(s)) ds if t1 > t2.
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Theorem 2.1.2. Suppose f is continuous on an open set U ⊂ R×Rn. Let (t0, x0) ∈
U , and ϕ be a function defined on an open set I of R such that t0 ∈ I. Then ϕ is a

solution of the IVP (2.1.3) if, and only if,

(i) ∀t ∈ I, (t, ϕ(t)) ∈ U .

(ii) ϕ is continuous on I.

(iii) ∀t ∈ I, ϕ(t) = x0 +
∫ t

t0
f(s, ϕ(s))ds.

Proof. (⇒) Let us suppose that ϕ′ = f(t, ϕ) for all t ∈ I and that ϕ (t0) = x0. Then

for all t ∈ I, (t, ϕ(t)) ∈ U
. (i). Also, ϕ is differentiable and thus continuous on I
(ii). Finally,

ϕ′(s) = f(s, ϕ(s))

so integrating both sides from t0 to t,

ϕ(t)− ϕ (t0) =

∫ t

t0

f(s, ϕ(s))ds

and thus

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s))ds

hence (iii).

(⇐) Assume (i), (ii) and (iii). Then ϕ is differentiable on I and ϕ′(t) = f(t, ϕ(t))

for all t ∈ I. From (iii), ϕ (t0) = x0 +
∫ t0
t0
f(s, ϕ(s))ds = x0.

Note that Theorem 2.1.2 states that ϕ should be continuous, whereas the solution

should of course be C1, for its derivative needs to be continuous. However, this is

implied by point (iii). In fact, more generally, the following result holds about the

regularity of solutions.

Theorem 2.1.3. (Regularity). Let f : U → Rn, with U an open set of R × Rn.

Suppose that f ∈ Ck. Then all solutions of (2.1.2) are of class Ck+1.

Proof. The proof is obvious, since a solution ϕ is such that ϕ′ ∈ Ck.
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Geometric interpretation

The function f is the vector field of the equation. At every point in (t, x) space,

a solution ϕ is tangent to the value of the vector field at that point. A particular

consequence of this fact is the following theorem.

Theorem 2.1.4. Let x′ = f(x) be a scalar autonomous differential equation. Then

the solutions of this equation are monotone.

Proof. The direction field of an autonomous scalar differential equation consists of

vectors that are parallel for all t (since f(t, x) = f(x) for all t ). Suppose that a

solution ϕ of x′ = f(x) is non monotone. Then this means that, given an initial

point (t0, x0), one the following two occurs, as illustrated in Figure 2.1.

i) f (x0) ̸= 0 and there exists t1 such that ϕ (t1) = x0.

ii) f (x0) = 0 and there exists t1 such that ϕ (t1) ̸= x0.

Figure 2.1: Situations that would lead to a scalar autonomous differential equation
having nonmonotone solutions.

Suppose we are in case i), and assume we are in the case f (x0) > 0. Thus, the

solution curve ϕ is increasing at (t0, x0), i.e., ϕ
′ (t0) > 0. As ϕ is continuous, i)

implies that there exists t2 ∈ (t0, t1) such that ϕ (t2) is a maximum, with ϕ increasing

for t ∈ [t0, t2) and ϕ decreasing for t ∈ (t2, t1]. It follows that ϕ
′ (t1) < 0, which is a

contradiction with ϕ′ (t0) > 0.

Now assume that we are in case ii). Then there exists t2 ∈ (t0, t1) with ϕ (t2) = x0

but such that ϕ′ (t2) < 0. This is a contradiction.
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Remark 2.1.2. If we have uniqueness of solutions, it follows from this theorem

that if ϕ1 and ϕ2 are two solutions of the scalar autonomous differential equation

x′ = f(x), then ϕ1 (t0) < ϕ2 (t0) implies that ϕ1(t) < ϕ2(t) for all t.

Remark 2.1.3. Theorem 2.1.4 is only true for scalar equations.

2.2 Existence and uniqueness theorems

Several approaches can be used to show the existence and/or uniqueness of solutions.

2.2.1 Successive approximations method

Picard’s successive approximation method consists of using the integral form (2.1.4)

of the solution to the IVP (2.1.3) to construct a sequence of approximation of the

solution, that converges to the solution. The steps followed in constructing this

approximating sequence are the following.

Step 1. Start with an initial estimate of the solution, say, the constant function

ϕ0(t) = ϕ0 = x0, for |t− t0| ≤ h. Evidently, this function satisfies the IVP.

Step 2. Use ϕ0 in (1.4) to define the second element in the sequence:

ϕ1(t) = x0 +

∫ t

t0

f (s, ϕ0(s)) ds.

Step 3. Use ϕ1 in (1.4) to define the third element in the sequence

ϕ2(t) = x0 +

∫ t

t0

f (s, ϕ1(s)) ds.

. . .

Step n. Use ϕn−1 in (1.4) to define the nth element in the sequence:

ϕn(t) = x0 +

∫ t

t0

f (s, ϕn−1(s)) ds.

At this stage, there are two major ways to tackle the problem, which use the same

idea: if we can prove that the sequence {ϕn} converges, and that the limit happens

to satisfy the differential equation, then we have the solution to the IVP (2.1.3).



47

The first method uses a fixed point approach. The second method studies explicitly

the limit.

2.2.2 Local existence and uniqueness - Proof by fixed point

theorem

Here, we present two slightly different formulations of the same theorem, which

establishes that if the vector field is continuous and Lipschitz, then the solutions

exist and are unique. We provide the proof for the second formulation.

Definition 2.2.1. (Uniform Continuity). Let (X, dX) and (Y, dY ) be two metric

spaces, and let E ⊂ X and F ⊂ Y . A function f : E → F is said to be uniformly

continuous on the set E ⊂ X if, for every ε > 0, there exists δ > 0 such that

dY (f(x), f(y)) < ε whenever x, y ∈ E and dX(x, y) < δ.

In other words,

f : E ⊂ (X, dX) → F ⊂ (Y, dY ) is uniformly continuous on E if and only if

∀ε > 0, ∃δ > 0,∀x, y ∈ E, dX(x, y) < δ =⇒ dY (f(x), f(y)) < ε.

Definition 2.2.2. (Lipschitz function). A map f : U ⊂ R×Rn −→ Rn is Lipschitz

in x if there exists a real number K such that for all (t, x1) ∈ U and (t, x2) ∈ U ,

∥f(t, x1)− f(t, x2)∥≤ K∥x1 − x2∥,

where K is independent of x1 and x2.

The following definition is a weaker version of Lipschitz functions.

Definition 2.2.3. (Locally Lipschitz function). A map f : U ⊂ R × Rn −→ Rn is

locally Lipschitz in x if for all (t0, x0) ∈ U , there exists a neighborhood V ⊂ U of

(t0, x0) and a real number K such that for all (t, x1) and (t, x2) ∈ V ,

∥f(t, x1)− f(t, x2)∥≤ K∥x1 − x2∥.

In other words, f is locally Lipschtiz if the restriction of f to V is Lipschitz.
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Thus, a locally Lipschitz function is Lipschitz if there exists a uniform Lipschitz

constant L for all points in U . Another equivalent definition of a locally Lipschitz

function is given below.

Definition 2.2.4. A function f : U ⊂ Rn+1 → Rn is locally Lipschitz continuous

if, for every compact set V ⊂ U , the number

L = sup
(t,x) ̸=(t,y)∈V

∥f(t, x)− f(t, y)∥
∥x− y∥

is finite, with L depending on V .

Property. Let f(t, x) be a function. The following properties hold.

1. f is Lipschitz ⇒ f is uniformly continuous x.

2. f is uniformly continuous ⇏ f is Lipschitz

3. f(t, x) has continuous partial derivative
∂f

∂x
on a bounded closed domain D

⇒ f is locally Lipschitz on D.

Proof. 1. Suppose that f is Lipschitz, meaning there exists a constant L > 0 such

that

∥f(t, x1)− f(t, x2)∥ ≤ L∥x1 − x2∥, ∀x1, x2.

Recall that f is uniformly continuous if, for every ϵ > 0, there exists δ > 0 such that

∥x1 − x2∥ < δ ⇒ ∥f(t, x1)− f(t, x2)∥ < ϵ.

Given ϵ > 0, we choose δ = ϵ
L
. Then, for ∥x1 − x2∥ < δ, we obtain

∥f(t, x1)− f(t, x2)∥ ≤ L∥x1 − x2∥ < Lδ = ϵ.

Hence, f is uniformly continuous.

2. This case is left as an exercise. Consider, for instance, the function

f(x) =
1

lnx
, x ∈

(
0,

1

2

]
, with f(0) = 0.



49

3. If
∂f

∂x
is continuous on D, then the function

∥∥∥∥∂f∂x
∥∥∥∥ is also continuous on the

compact domain D. Consequently, it attains a finite upper bound on D. Define

L = sup
(t,x)∈D

∥∥∥∥∂f∂x (t, x)
∥∥∥∥ .

Applying the mean-value theorem, for any (t, x1), (t, x2) ∈ U , there exists ξ ∈ [x1, x2]

such that

f(t, x2)− f(t, x1) = (x2 − x1)
∂f

∂x
(t, ξ).

Since ξ ∈ U , it follows that ∥∥∥∥∂f∂x (t, ξ)
∥∥∥∥ ≤ L,

leading to

∥f(t, x2)− f(t, x1)∥ ≤ L∥x2 − x1∥.

This confirms that f is Lipschitz on U .

Lemma 2.2.1. (Gronwall’s lemma). Suppose that

(i) The function g(t) is continuous for t0 ≤ t ≤ t1.

(ii) For t0 ≤ t ≤ t1, the function g(t) satisfies the inequality

0 ≤ g(t) ≤ K + L

∫ t

t0

g(s) ds.

Then, it follows that

0 ≤ g(t) ≤ KeL(t−t0), for all t0 ≤ t ≤ t1.

Proof. Define

v(t) =

∫ t

t0

g(s) ds.

Then, differentiating both sides, we get

v′(t) = g(t),

which allows us to rewrite the given inequality as

0 ≤ v′(t) ≤ K + Lv(t).
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The right-hand side forms a linear differential inequality. Using the integrating

factor

µ(t) = e−L(t−t0),

we multiply both sides by µ(t) to obtain

d

dt

(
e−L(t−t0)v(t)

)
≤ Ke−L(t−t0).

Integrating from t0 to t and using v(t0) = 0, we get

e−L(t−t0)v(t) ≤ K

L

(
1− e−L(t−t0)

)
.

Multiplying by eL(t−t0),

v(t) ≤ K

L

(
eL(t−t0) − 1

)
.

Since g(t) ≤ K + Lv(t), it follows that

g(t) ≤ K + L · K
L
(eL(t−t0) − 1) = KeL(t−t0).

Thus, the result is proven.

Definition 2.2.5. (Contraction Mapping). Let (X, d) be a metric space, and let

S ⊂ X. A mapping f : S → S is called a contraction on S if there exists K < 1

such that, for all x, y ∈ S,

d(f(x), f(y)) ≤ Kd(x, y).

Every contraction is uniformly continuous on X.

Theorem 2.2.1. (Contraction Mapping Principle). Let (X, d) be a complete metric

space. Every contraction mapping f : X → X has a unique fixed point x ∈ X such

that f(x) = x.

Proof. Existence: We use successive approximations. Let x0 ∈ X. Define the

sequence x1 = f(x0), x2 = f(x1), . . . , xn = f(xn−1), . . ., which defines an infinite

sequence of elements of X. Since f is a contraction, we have

d(x2, x1) = d(f(x1), f(x0)) ≤ Kd(x1, x0).
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Similarly,

d(x3, x2) = d(f(x2), f(x1)) ≤ Kd(x2, x1) ≤ K2d(x1, x0).

Iterating this process gives

d(xn+1, xn) ≤ Knd(x1, x0).

Therefore,

d(xn+p, xn) ≤ d(xn+p, xn+p−1) + d(xn+p−1, xn+p−2) + · · ·+ d(xn+1, xn)

≤ (Kp−1 +Kp−2 + · · ·+K + 1)Knd(x1, x0)

≤ Kn

1−K
d(x1, x0).

Thus, d(xn+p, xn) tends to 0 as n→ ∞, so {xn} is a Cauchy sequence. Since X is a

complete space, it follows that {xn} converges to some limit ℓ ∈ X. As lim
n→∞

xn = ℓ,

and since f is continuous, we have

lim
n→∞

xn+1 = f(ℓ).

But xn+1 also converges to ℓ, so f(ℓ) = ℓ, meaning that ℓ is a fixed point of f .

Uniqueness: Suppose ℓ1 and ℓ2 are two fixed points of f . Then we must have

d(ℓ1, ℓ2) ≤ Kd(ℓ1, ℓ2) < d(ℓ1, ℓ2),

if d(ℓ1, ℓ2) ̸= 0. Therefore, d(ℓ1, ℓ2) = 0, so ℓ1 = ℓ2.

Theorem 2.2.2. (Cauchy-Lipschitz-Picard theorem). Assume f : U ⊂ R × Rn →
D ⊂ Rn is continuous, and that f(t, x) satisfies a Lipschitz condition in U with

respect to x. Then, given any point (t0, x0) ∈ U , there exists a unique solution of

(2.1.3) on some interval containing t0 in its interior.

Theorem 2.2.3. (Picard’s local existence and uniqueness theorem). Consider the

IVP (2.1.3), and assume f is continuous in t and satisfies the Lipschitz condition

∥f (t, x1)− f (t, x2)∥ ≤ L ∥x1 − x2∥ ,
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for all x1, x2 ∈ D = {x : ∥x− x0∥ ≤ b} and all t such that |t− t0| ≤ a. Then

there exists 0 < δ ≤ α = min

(
a,

b

M

)
such that (2.1.3) has a unique solution in

|t− t0| ≤ δ.

To set up the proof, we proceed as follows.

Define the operator F by

F : x 7→ x0 +

∫ t

t0

f(s, x(s))ds.

Note that the function (Fϕ)(t) is a continuous function of t. Then Picard’s successive

approximations takes the form ϕ1 = Fϕ0, ϕ2 = Fϕ1 = F 2ϕ0, where F
2 represents

F ◦ F . Iterating, the general term is given by

ϕk = F kϕ0, for k = 0, . . .

Therefore, finding the limit limk→∞ ϕk is equivalent to finding the function ϕ, solu-

tion of the fixed point problem

x = Fx,

with x a continuously differentiable function. Thus, a solution of (2.1.3) is a fixed

point of F , and we aim to use the contraction mapping principle to verify the

existence (and uniqueness) of such a fixed point.

Proof. (See [11], p. 56-58). We now proceed to demonstrate the result for the

interval t − t0 ≤ δ, with the proof for the interval t0 − t ≤ δ being analogous. Let

X denote the space of continuous functions defined on the interval [t0, t0 + δ], i.e.,

X = C ([t0, t0 + δ]), which is endowed with the sup norm, defined for x ∈ X as

∥x∥c = max
t∈[t0,t0+δ]

∥x(t)∥.

This norm represents the uniform convergence norm. Next, define

S = {x ∈ X : ∥x− x0∥c ≤ b} .

Clearly, S ⊂ X. Furthermore, S is closed, and since X is a complete metric space

with the sup norm, we have the necessary properties for the application of further
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results. It is important to note that we have transformed the problem into one in-

volving the space of continuous functions, which places us in the infinite-dimensional

setting. The proof unfolds in three steps.

Step 1. We begin by showing that F : S → S. From equation (2.1.4),

(Fϕ)(t)− x0 =

∫ t

t0

f(s, ϕ(s)) ds =

∫ t

t0

((f(s, ϕ(s))− f(s, x0)) + f(s, x0)) ds.

By the triangle inequality, we get

∥Fϕ− x0∥ ≤
∫ t

t0

(∥f(s, ϕ(s))− f(s, x0)∥+ ∥f(s, x0)∥) ds.

Since f is (piecewise) continuous, it is bounded on [t0, t1], and there exists a constant

M = maxt∈[t0,t1] ∥f(t, x0)∥. Thus, we obtain

∥Fϕ− x0∥ ≤
∫ t

t0

(∥f(s, ϕ(s))− f(s, x0)∥+M) ds ≤
∫ t

t0

(L∥ϕ(s)− x0∥+M) ds,

since f is Lipschitz. For all ϕ ∈ S, we have ∥ϕ− x0∥ ≤ b, so

∥Fϕ− x0∥ ≤
∫ t

t0

(Lb+M) ds ≤ (t− t0)(Lb+M).

Since t ∈ [t0, t0 + δ], we have t− t0 ≤ δ, and thus

∥Fϕ− x0∥c = max
t∈[t0,t0+δ]

∥Fϕ− x0∥ ≤ (Lb+M)δ.

Choose δ such that δ ≤ b

Lb+M
, i.e., for t sufficiently close to t0. Then we have

∥Fϕ− x0∥c ≤ b,

which implies that for ϕ ∈ S, Fϕ ∈ S. Hence, F : S → S.

Step 2. We now show that F is a contraction. Let ϕ1, ϕ2 ∈ S. We have

∥(Fϕ1)(t)− (Fϕ2)(t)∥ =

∥∥∥∥∫ t

t0

(f(s, ϕ1(s))− f(s, ϕ2(s))) ds

∥∥∥∥ .
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Using the triangle inequality and the Lipschitz condition, we get

∥(Fϕ1)(t)− (Fϕ2)(t)∥ ≤
∫ t

t0

∥f(s, ϕ1(s))− f(s, ϕ2(s))∥ ds ≤
∫ t

t0

L∥ϕ1(s)−ϕ2(s)∥ ds.

Thus,

∥Fϕ1 − Fϕ2∥c ≤ Lδ∥ϕ1 − ϕ2∥c ≤ ρ∥ϕ1 − ϕ2∥c for δ ≤ ρ

L
.

Therefore, by choosing ρ < 1 and δ ≤ ρ

L
, we see that F is a contraction. Since, by

Step 1, F : S → S, the contraction mapping principle (Theorem 2.2.1) implies that

F has a unique fixed point in S, and equation (2.1.3) has a unique solution in S.

Step 3. It remains to show that any solution in X is actually in S, as the result

is to be shown in X. Consider a solution starting at x0 at time t0. The solution

leaves S if there exists a t > t0 such that ∥ϕ(t) − x0∥ = b, i.e., the solution crosses

the boundary of D. Let τ > t0 be the first such time. For all t0 ≤ t ≤ τ , we have

∥ϕ(t)− x0∥ ≤
∫ t

t0

(∥f(s, ϕ(s))− f(s, x0)∥+ ∥f(s, x0)∥) ds

≤
∫ t

t0

(L∥ϕ(s)− x0∥+M) ds

≤
∫ t

t0

(Lb+M) ds.

Therefore,

b = ∥ϕ(τ)− x0∥ ≤ (Lb+M)(τ − t0).

Let τ = t0 + µ, for some µ > 0. It follows that if

µ >
b

Lb+M
,

then the solution ϕ remains within D.

Note that the condition x1, x2 ∈ D = {x : ∥x− x0∥ ≤ b} in the statement of the

theorem refers to a local Lipschitz condition. If the function f is Lipschitz, then the

following theorem holds.

Theorem 2.2.4. (Global existence). Suppose that f is continuous in t and is Lip-

schitz on U = I ×D. Then (2.1.3) admits a unique solution on I.
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2.2.3 Local existence and uniqueness - Proof by successive

approximations method

Using the method of successive approximations, we can prove the following theorem.

Theorem 2.2.5. (Existence and Uniqueness via Picard Iteration). Suppose that

f is continuous on a domain R of the (t, x)-plane defined, for a, b > 0, by R =

{(t, x) : |t− t0| ≤ a, ∥x− x0∥ ≤ b}, and that f is locally Lipschitz in x on R. Let

then, as previously defined,

M = sup
(t,x)∈R

∥f(t, x)∥ <∞ and α = min

(
a,

b

M

)
.

Then the sequence defined by

ϕ0 = x0, |t− t0| ≤ α

ϕi(t) = x0 +

∫ t

t0

f (s, ϕi−1(s)) ds, i ≥ 1, |t− t0| ≤ α

converges uniformly on the interval |t− t0| ≤ α to ϕ, unique solution of (2.1.3).

Proof. See ([16], p. 3-6).

Existence:

Assume that |t− t0| ≤ α. Then, we have

∥ϕ1 − ϕ0∥ =

∥∥∥∥∫ t

t0

f (s, ϕ0(s)) ds

∥∥∥∥ .
Applying the bound on f , it follows that

∥ϕ1 − ϕ0∥ ≤M |t− t0| ≤ αM ≤ b.

By the definitions of M and α, we conclude that ∥ϕ1 − ϕ0∥ ≤ b, ensuring that the

integral
∫ t

t0
f (s, ϕ1(s)) ds is well-defined for |t− t0| ≤ α. Consequently,

∥ϕ2(t)− ϕ0∥ =

∥∥∥∥∫ t

t0

f (s, ϕ1(s)) ds

∥∥∥∥ ≤
∫ t

t0

∥f (s, ϕ1(s))∥ ds ≤ αM ≤ b.
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By induction, it follows that for all k = 1, . . . , n and for |t− t0| ≤ α,

∥ϕk(t)− ϕ0∥ ≤ αM ≤ b.

Now, For |t− t0| ≤ α, we obtain

∥ϕk+1(t)− ϕk(t)∥ =

∥∥∥∥x0 + ∫ t

t0

f (s, ϕk(s)) ds− x0 −
∫ t

t0

f (s, ϕk−1(s)) ds

∥∥∥∥
=

∥∥∥∥∫ t

t0

(f (s, ϕk(s))− f (s, ϕk−1(s))) ds

∥∥∥∥ .
By the Lipschitz continuity of f in x on R, we conclude that

∥ϕk+1(t)− ϕk(t)∥ ≤ L

∫ t

t0

∥ϕk(s)− ϕk−1(s)∥ ds.

We now prove that, for all k,

∥ϕk+1 − ϕk∥ ≤ b
(L |t− t0|)k

k!
for |t− t0| ≤ α. (2.2.5)

Indeed, (2.2.5) holds for k = 1, as previously established. Assume that (2.2.5) holds

for k = n. Then

∥ϕn+2 − ϕn+1∥ =

∥∥∥∥∫ t

t0

f (s, ϕn+1(s))− f (s, ϕn(s)) ds

∥∥∥∥
≤
∫ t

t0

L ∥ϕn+1(s)− ϕn(s)∥ ds

≤
∫ t

t0

Lb
(L |s− t0|)n

n!
ds for |t− t0| ≤ α

≤ b
Ln+1

n!

|t− t0|n+1

n+ 1

∣∣∣∣∣
s=t

s=t0

≤ b
(L |t− t0|)n+1

(n+ 1)!

and thus (2.2.5) holds for k = 1, . . ..
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Thus, for N > n we have

∥ϕN(t)− ϕn(t)∥ ≤
N−1∑
k=n

∥ϕk+1(t)− ϕk(t)∥ ≤
N−1∑
k=n

b
(L |t− t0|)k

k!
≤ b

N−1∑
k=n

(Lα)k

k!
.

The rightmost term in this expression tends to zero as n → ∞. Therefore, the

sequence {ϕk(t)} converges uniformly to a function ϕ(t) on the interval |t − t0| ≤
α. Since the convergence is uniform, the limit function is continuous. Moreover,

ϕ(t0) = x0. In fact, we can write

ϕN(t) = ϕ0(t) +
N∑
k=1

(ϕk(t)− ϕk−1(t)) ,

which implies that

ϕ(t) = ϕ0(t) +
∞∑
k=1

(ϕk(t)− ϕk−1(t)) .

The fact that ϕ is a solution to (2.1.3) follows from the following result. If a sequence

of functions {ϕk(t)} converges uniformly, and each ϕk(t) is continuous on the interval

|t− t0| ≤ α, then

lim
n→∞

∫ t

t0

ϕn(s) ds =

∫ t

t0

lim
n→∞

ϕn(s) ds.

Thus, we have

ϕ(t) = lim
n→∞

ϕn(t),

= x0 + lim
n→∞

∫ t

t0

f (s, ϕn−1(s)) ds,

= x0 +

∫ t

t0

lim
n→∞

f (s, ϕn−1(s)) ds,

= x0 +

∫ t

t0

f(s, ϕ(s)) ds,

which means that

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s)) ds for |t− t0| ≤ α.

Since the integrand f(t, ϕ) is continuous, ϕ is differentiable with respect to t, and
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its derivative is given by

ϕ′(t) = f(t, ϕ(t)),

which shows that ϕ is a solution to the initial value problem (IVP) (2.1.3).

Uniqueness:

Let ϕ and ψ be two solutions of (2.1.3), i.e., for |t− t0| ≤ α,

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s))ds,

ψ(t) = x0 +

∫ t

t0

f(s, ψ(s))ds.

Then, for |t− t0| ≤ α,

∥ϕ(t)− ψ(t)∥ =
∥∥∥∫ t

t0
f(s, ϕ(s))− f(s, ψ(s))ds

∥∥∥
≤ L

∫ t

t0
∥ϕ(s)− ψ(s)∥ds.

(2.2.6)

We now apply Gronwall’s Lemma to this inequality, using K = 0 and g(t) = ∥ϕ(t)−
ψ(t)∥. First, applying the lemma for t0 ≤ t ≤ t0 + α, we get 0 ≤ ∥ϕ(t)− ψ(t)∥ ≤ 0,

that is,

∥ϕ(t)− ψ(t)∥ = 0

and thus ϕ(t) = ψ(t) for t0 ≤ t ≤ t0+α. Similarly, for t0−α ≤ t ≤ t0, ∥ϕ(t)−ψ(t)∥ =

0. Therefore, ϕ(t) = ψ(t) on |t− t0| ≤ α.

Example 2.2.1. Let us consider the initial value problem (IVP)

x′ = −x, x(0) = x0 = c, c ∈ R.

For the initial solution, we choose ϕ0(t) = c. Then,

ϕ1(t) = x0 +

∫ t

0

f (s, ϕ0(s)) ds

= c+

∫ t

0

−ϕ0(s) ds

= c− c

∫ t

0

1 ds

= c− ct.
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To find ϕ2, we use ϕ1 in (2.1.4):

ϕ2(t) = x0 +

∫ t

0

f (s, ϕ1(s)) ds

= c−
∫ t

0

(c− cs) ds

= c− ct+ c
t2

2
.

Continuing this method, we find a general term of the form

ϕn(t) =
n∑

i=0

c
(−1)iti

i!
.

This is the power series expansion of ce−t, so we conclude that

ϕn(t) → ϕ(t) = ce−t (and the approximation is valid on R),

which is the solution to the initial value problem.

It is important to note that the method of successive approximations is highly ver-

satile and can be extended to much broader contexts; see ([4], p. 264-269).

2.2.4 Local existence (non Lipschitz case)

The following theorem is frequently referred to as Peano’s Existence Theorem. Since

the vector field is not required to satisfy the Lipschitz condition, it is important to

note that uniqueness of the solution may not hold.

Theorem 2.2.6. (Peano’s theorem). Suppose that f is continuous on some region

R = {(t, x) : |t− t0| ≤ a, ∥x− x0∥ ≤ b}

with a, b > 0, and let M = maxR ∥f(t, x)∥. Then there exists a continuous function

ϕ(t), differentiable on R, such that

(i) ϕ (t0) = x0,



60

(ii) ϕ′(t) = f(t, ϕ) on |t− t0| ≤ α, where

α =

{
a if M = 0

min
(
a, b

M

)
if M > 0.

Before proving this result, we must introduce a number of preliminary notations and

results. The definition of equicontinuity and a statement of the Ascoli lemma are

provided below. In order to construct a solution without the Lipschitz condition, we

approximate the differential equation by another one that satisfies the Lipschitz con-

dition. The unique solution of this approximate problem serves as an ε-approximate

solution, which is formally defined in [4].

Definition 2.2.6. (Equicontinuous Set). A set of functions F = {f} defined on

a real interval I is said to be equicontinuous on I if, for every ε > 0, there exists

δε > 0, independent of f ∈ F and also of t, t̃ ∈ I, such that

∥f(t)− f(t̃)∥ < ε whenever |t− t̃| < δε.

An interpretation of equicontinuity is that a sequence of functions is equicontinu-

ous if all the functions are continuous and exhibit uniform variation over a given

neighborhood.

Theorem 2.2.7. Let {fn} be an equicontinuous sequence of functions. If fn(x) →
f(x) for every x ∈ X, then the function f is continuous.

Lemma 2.2.2. (Ascoli). Let I be a bounded interval, and let F = {f} be an

infinite, uniformly bounded, equicontinuous set of functions. Then F contains a

sequence {fn}, where n = 1, 2, . . ., that is uniformly convergent on I.

Definition 2.2.7. ( ε-approximate solution). A differentiable mapping u of an open

ball J ∈ I into U is an approximate solution of x′ = f(t, x) with approximation ε

(or an ε-approximate solution) if we have

∥u′(t)− f(t, u(t))∥ ≤ ε for any t ∈ J.
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Lemma 2.2.3. Suppose that f(t, x) is continuous on a region

R = {(t, x) : |t− t0| ≤ a, ∥x− x0∥ ≤ b} .

Then, for every positive number ε, there exists a function Fε(t, x) such that

(i) Fε is continuous for |t− t0| ≤ a and all x,

(ii) Fε has continuous partial derivatives of all orders with respect to x1, . . . , xn for

|t− t0| ≤ a and all x,

(iii) ∥Fε(t, x)∥ ≤ maxR ∥f(t, x)∥ =M for |t− t0| ≤ a and all x,

(iv) ∥Fε(t, x)− f(t, x)∥ ≤ ε on R.

For a proof of this lemma, see [9].

We now prove Peano’s Theorem 2.2.6.

Proof. (Peano’s Theorem proof). The proof takes four steps.

1. We construct, for every positive number ε, a function Fε(t, x) that satisfies the

requirements given in Lemma 2.2.3. Using an existence-uniqueness result in

the Lipschitz case (such as Theorem 2.2.3), we construct a function ϕε(t) such

that it holds the following properties:

� (P1) ϕε(t0) = x0,

� (P2) ϕ′
ε(t) = Fε(t, ϕε(t)) on |t− t0| < α,

� (P3) (t, ϕε(t)) ∈ R on |t− t0| ≤ α.

2. The set F = {ϕε : ε > 0} is bounded and equicontinuous on |t − t0| ≤ α.

Indeed, property (P3) of ϕε implies that F is bounded on |t − t0| ≤ α, and

that

∥Fε(t, ϕε(t))∥ ≤M on |t− t0| ≤ α. Hence, property (P2) of ϕε implies that

∥ϕε(t1)− ϕε(t2)∥ ≤M |t1 − t2|,

if |t1−t0| ≤ α and |t2−t0| ≤ α (this is a consequence of Theorem 2.1.1). There-

fore, for a given positive number µ, we have ∥ϕε(t1) − ϕε(t2)∥ ≤ µ whenever

|t1 − t0| ≤ α, |t2 − t0| ≤ α, and |t1 − t2| ≤
µ

M
.
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3. Using Lemma 2.2.2, choose a sequence {εk : k = 1, 2, . . .} of positive numbers

such that limk→∞ εk = 0, and that the sequence {ϕεk : k = 1, 2, . . .} converges

uniformly on |t− t0| ≤ α as k → ∞. Then set

ϕ(t) = lim
k→∞

ϕεk(t) on |t− t0| ≤ α.

4. Observe that

ϕε(t) = x0 +

∫ t

t0

Fε(s, ϕε(s)) ds

and

ϕε(t) = x0 +

∫ t

t0

f(s, ϕε(s)) ds+

∫ t

t0

(Fε(s, ϕε(s))− f(s, ϕε(s))) ds.

It follows from (iv) in Lemma 2.2.3 that∥∥∥∥∫ t

t0

(Fε(s, ϕε(s))− f(s, ϕε(s))) ds

∥∥∥∥ ≤ ε|t− t0|

on |t− t0| ≤ α. This is true for all ε ≥ 0, so letting ε→ 0, we obtain

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s)) ds.

A proof, by Hartman ([7], p. 10-11), is as follows.

Proof. Let δ > 0 and let ϕℓ(t) be a continuously differentiable n-dimensional vector-

valued function defined on the interval [t0 − δ, t0] that satisfies the following condi-

tions:

ϕℓ(t0) = x0, ϕ′
ℓ(t0) = f(t0, x0), ∥ϕℓ(t)− x0∥ ≤ b, ∥ϕ′

ℓ(t)∥ ≤M.

For 0 < ε ≤ δ, define the function ϕε(t) on the interval [t0 − δ, t0 + α] by setting

ϕε(t) = ϕℓ(t) for t ∈ [t0 − δ, t0].
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and

ϕε(t) = x0 +

∫ t

t0

f (s, ϕε(s− ε)) ds on [t0, t0 + α] . (2.2.7)

The function ϕε can indeed be defined on the interval [t0−δ, t0+α]. To show this, note

that the formula for ϕε(t) is well-defined for t0 ≤ t ≤ t0 +α1, where α1 = min(α, ε).

Thus, ϕε(t) is continuously differentiable on the interval [t0− δ, t0+α1] and, On this

interval,

∥ϕε(t)− x0∥ ≤ b, ∥ϕε(t)− ϕε(s)∥ ≤M |t− s|. (2.2.8)

It then follows that (2.2.7) can be used to extend ϕε(t) as a C1 function over

[t0 − δ, t0 + α2], where α2 = min(α, 2ε), satisfying relation (2.2.8). Continuing in

this fashion, (2.2.7) serves to define ϕε(t) over [t0, t0 + α] so that ϕε(t) is a C
0 func-

tion on [t0 − δ, t0 + α], satisfying relation (2.2.8).

Since ∥ϕ′
ε(t)∥ ≤ M,M can be used as a Lipschitz constant for ϕε, giving uniform

continuity of ϕε. It follows that the family of functions, ϕε(t), 0 < ε ≤ δ, is equicon-

tinuous. Thus, using Ascoli’s Lemma, there exists a sequence ε(1) > ε(2) > . . .,

such that ε(n) → 0 as n→ ∞ and

ϕ(t) = lim
n→∞

ϕε(n)(t) exists uniformly on [t0 − δ, t0 + α] .

The continuity of f implies that f
(
t, ϕε(n)(t− ε(n)) tends uniformly to f(t, ϕ(t)) as

n→ ∞; thus term-by-term integration of (2.2.7) where ε = ε(n) gives

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s))ds,

and thus ϕ(t) is a solution of (2.1.3).

An important corollary follows.

Corollary 2.2.1. Let f(t, x) be continuous on an open set E and satisfy ∥f(t, x)∥ ≤
M . Let E0 be a compact subset of E. Then there exists an α = α (E,E0,M) > 0

with the property that if (t0, x0) ∈ E0, then the IVP (2.1.3) has a solution and every

solution exists on |t− t0| ≤ α.

In fact, the hypotheses can be slightly relaxed. In [3] an ε-approximate solution is
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defined as follows.

Definition 2.2.8. An ε-approximate solution of the differential equation (2.1.2),

where f is continuous, on a t-interval I is a function ϕ ∈ C on I such that:

1. (t, ϕ(t)) ∈ U for t ∈ I;

2. ϕ ∈ C1 on I, except possibly for a finite set of points S on I, where ϕ′ may have

simple discontinuities (i.e., g has finite discontinuities at c if the left and right limits

of g at c exist but are not equal);

3. ∥ϕ′(t)− f(t, ϕ(t))∥ ≤ ε for t ∈ I \ S.

Hence it is assumed that ϕ has a continuous derivative on I, which is denoted by

ϕ ∈ C1
p(I).

Theorem 2.2.8. Let f ∈ C on the rectangle

R = {(t, x) : |t− t0| ≤ a, ∥x− x0∥ ≤ b} .

Given any ε > 0, there exists an ε-approximate solution ϕ of (2.1.3) on |t− t0| ≤ α

such that ϕ (t0) = x0.

Proof. Let ε > 0 be given. We will construct an ε-approximate solution on the

interval [t0, t0 + ε]; the construction is similar for the interval [t0 − α, t0]. The ε-

approximate solution that we construct will be a polygonal path, starting at (t0, x0).

Since f is continuous on R, it is uniformly continuous on R. Therefore, for the

given value of ε, there exists δε > 0 such that

∥f(t, ϕ)− f(t̃, ϕ̃)∥ ≤ ε, (2.2.9)

whenever

(t, ϕ), (t̃, ϕ̃) ∈ R, |t− t̃| ≤ δε, ∥ϕ− ϕ̃∥ ≤ δε.

Now, divide the interval [t0, t0 + α] into n subintervals: t0 < t1 < · · · < tn = t0 + α,

such that

max |tk − tk−1| ≤ min

(
δε,

δε
M

)
. (2.2.10)

Starting at (t0, x0), construct a line segment with slope f(t0, x0), which intercepts

the line t = t1 at (t1, x1). By the definition of α and M , it is clear that this line
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segment lies inside the triangular region T , which is bounded by the line segments

with slopes ±M from (t0, x0) to their intercept at t = t0+α, and the line t = t0+α.

In particular, (t1, x1) ∈ T .

At the point (t1, x1), construct a line segment with slope f(t1, x1) until the line

t = t2, yielding the point (t2, x2). Continue this process iteratively. The polygonal

path ϕ is thus constructed, which intersects the line t = t0 +α after a finite number

of steps and lies entirely within the region T .

The function ϕ, which can be expressed as

ϕ(t0) = x0,

ϕ(t) = ϕ(tk−1) + f(tk−1, ϕ(tk−1))(t− tk−1), t ∈ [tk−1, tk], k = 1, . . . , n,

(2.2.11)

is the desired ε-approximate solution. Clearly, ϕ ∈ C1
p([t0, t0 + α]), and

∥ϕ(t)− ϕ(t̃)∥ ≤M |t− t̃| for t, t̃ ∈ [t0, t0 + α]. (2.2.12)

For t ∈ [tk−1, tk], from the above inequality (2.2.12) and the condition on the parti-

tion in equation (2.2.10), we deduce that

∥ϕ(t)− ϕ(tk−1)∥ ≤ δε.

Moreover, from (2.2.11) and (2.2.9), we obtain

∥ϕ′(t)− f(t, ϕ(t))∥ = ∥f(tk−1, ϕ(tk−1))− f(t, ϕ(t))∥ ≤ ε.

Thus, ϕ is an ε-approximate solution.

2.2.5 Some examples of existence and uniqueness

Example 2.2.2. Consider the IVP

x′ = 3|x| 23
x (t0) = x0

(2.2.13)

Here, Theorem 2.2.6 applies, since f(t, x) = 3x2/3 is continuous. However, Theorem

2.2.3 does not apply, since f(t, x) is not locally Lipschitz in x = 0 (or, f is not
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Lipschitz on any interval containing 0 ). This means that we have existence of

solutions to this IVP, but not uniqueness of the solution.

The fact that f is not Lipschitz on any interval containing 0 is established using the

following argument. Suppose that f is Lipschitz on an interval I = (−ε, ε), with
ε > 0. Then, there exists L > 0 such that for all x1, x2 ∈ I,

∥f (t, x1)− f (t, x2)∥ ≤ L |x1 − x2|

that is,

3
∣∣∣|x1| 23 − |x2|

2
3

∣∣∣ ≤ L |x1 − x2|

Since this has to hold true for all x1, x2 ∈ I, it must hold true in particular for

x2 = 0. Thus

3 |x1|
2
3 ≤ L |x1| .

Given an ε > 0, it is possible to find Nε > 0 such that 1
n
< ε for all n ≥ Nε. Let

x1 =
1
n
. Then for n ≥ Nε, if f is Lipschitz there must hold

3

(
1

n

) 2
3

≤ L

n
.

So, for all n ≥ Nε,

n
1
3 ≤ L

3
.

This is a contradiction, since lim
n→∞

n1/3 = ∞, and so f is not Lipschitz on I.
Let us consider the set

E = {t ∈ R : x(t) = 0}.

The set E can have several forms, depending on the situation.

1. E = ∅.
2. E = [a, b], (closed since x is continuous and thus reaches its bounds).

3. E = (−∞, b).

4. E = (a,+∞).

5. E = R.

Note that case (2) includes the case of a single intersection point, when a = b, giving

E = {a}. Let us now consider the nature of x in these different situations. Recall
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that from Theorem 2.1.4, since (2.2.13) is defined by a scalar autonomous equation,

its solutions are monotone. For simplicity, we consider here the case of monotone

increasing solutions. The case of monotone decreasing solutions can be treated in a

similar fashion.

1. Here, there is no intersection with the x = 0 axis. Thus if follows that

x(t) is

{
> 0, if x0 > 0

< 0, if x0 < 0.

2. In this case,

x(t) is


< 0, if t < a

= 0, if t ∈ [a, b]

> 0, if t > b.

3. Here,

x(t) is

{
= 0, if t < b

> 0, if t > b.

4. In this case,

x(t) is

{
< 0, if t < a

= 0, if t > a.

5. In this last case, x(t) = 0 for all t ∈ R.
Now, depending on the sign of x, we can integrate the equation. First, if x > 0, then

|x| = x and so x′ = 3x2/3

⇔ 1

3
x−2/3x′ = 1

⇔ x1/3 = t+ k1

⇔ x(t) = (t+ k1)
3 ,

for k1 ∈ R. Then, if x < 0, then |x| = −x, and
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x′ = 3(−x)2/3

⇔ 1

3
(−x)−2/3 (−x′) = −1

⇔ (−x)1/3 = −t+ k2

⇔ x(t) = − (−t+ k2)
3 ,

for k2 ∈ R. We can now use these computations with the different cases that were

discussed earlier, depending on the value of t0 and x0. We begin with the case of

t0 > 0 and x0 > 0.

1. The case E = ∅ is impossible, for all initial conditions (t0, x0). Indeed, as

x0 > 0, we have x(t) = (t+ k1)
3. Using the initial condition, we find that x (t0) =

x0 = (t0 + k1)
3, i.e., k1 = x

1/3
0 − t0, and x(t) =

(
t+ x

1/3
0 − t0

)3
.

2. If E = [a, b], then

x(t) =


− (−t+ k2)

3 if t < a

0 if t ∈ [a, b]

(t+ k1)
3 if t > b.

Since x0 > 0, we have to be in the t > b region, so t0 > b, and (t0 + k1)
3 = x0, which

implies that k1 = x
1/3
0 − t0. Thus

x(t) =


− (−t+ k2)

3 if t < a

0 if t ∈ [a, b](
t+ x

1/3
0 − t0

)3
if t > b.

Since x is continuous,

lim
t→b,t>b

(
t+ x

1/3
0 − t0

)3
= 0

and

lim
t→a,t<a

− (−t+ k2)
3 = 0.

This implies that b = t0 − x
1/3
0 and k2 = a. So finally,

x(t) =


−(−t+ a)3 if t < a

0 if t ∈
[
a, t0 − x

1
3
0

] (
a ≤ t0 − x

1
3
0

)
(
t+ x

1/3
0 − t0

)3
if t > t0 − x

1
3
0 .
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Thus, choosing a ≤ t0 − x
1/3
0 , we have solutions of the form shown in Figure 2.2.

Indeed, any ai satisfying this property yields a solution.

3. The case [a,+∞) is impossible. Indeed, there does not exist a solution through

(t0, x0) such that x(t) = 0 for all t ∈ [a,+∞); since we are in the case of monotone

increasing functions, if x0 > 0 then x(t) ≥ x0 for all t ≥ t0.

4. E = R is also impossible, for the same reason.

5. For the case E = (−∞, b], we have

Figure 2.2: Case t0, x0 > 0, subcase 2 , in the resolution of (2.2.13).

x(t) =

{
0 if t ∈ (−∞, b]

(t+ k1)
3 if t > b.

Since x (t0) = x0, k1 = x
1/3
0 − t0, and since x is continuous, b = −k1 = t0−x

1/3
0 . So,

x(t) =

 0 if t ∈
(
−∞, t0 − x

1/3
0

]
(
t+ x

1/3
0 − t0

)3
if t > t0 − x

1/3
0 .

The other cases are left as an exercise.

Example 2.2.3. Consider the IVPx′ = 2tx2

x(0) = 0.
(2.2.14)
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Here, we have existence and uniqueness of the solutions to (2.2.14). Indeed, f(t, x) =

2tx2 is continuous and locally Lipschitz on R.

2.3 Continuation of solutions

The results obtained so far concern the local existence (and uniqueness) of solutions

to an initial value problem (IVP), meaning that solutions are guaranteed to exist

within a neighborhood of the initial data. The study of solution continuation focuses

on identifying criteria that enable the extension of solutions to potentially larger

intervals.

Consider the IVP x′ = f(t, x)

x (t0) = x0,
(2.3.15)

with f continuous on a domain U of the (t, x) space, and the initial point (t0, x0) ∈ U .

Lemma 2.3.1. Let f(t, x) be a continuous function defined in an open set U in the

(t, x)-space. Suppose that a function ϕ(t) satisfies the differential equation

ϕ′(t) = f(t, ϕ(t)),

and that (t, ϕ(t)) ∈ U for all t in an open interval I = (t1, t2).

Under these assumptions, if there exists a sequence {τj}∞j=1 ⊂ I such that

lim
j→∞

(τj, ϕ(τj)) = (t1, η) ∈ U ,

then it follows that

lim
τ→t1

(τ, ϕ(τ)) = (t1, η).

Similarly, if there exists a sequence {τj}∞j=1 ⊂ I such that

lim
j→∞

(τj, ϕ(τj)) = (t2, η) ∈ U ,

then we have

lim
τ→t2

(τ, ϕ(τ)) = (t2, η).

Proof. For a proof, see [1].
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Figure 2.3: The extension ϕ̃ on the interval Ĩ of the solution ϕ (defined on the
interval I).

From the previous result, we can deduce a statement regarding the maximal interval

over which a solution can be extended. To emphasize that the solution ϕ of a

differential equation exists within a specific interval I, we denote it as (ϕ, I).
To proceed, we introduce the notion of an extension of a solution, which is defined

in the classical sense (see Figure 2.3).

Definition 2.3.1. (Extension). Let (ϕ, I) and (ϕ̃, Ĩ) be two solutions of the same

ODE. We say that (ϕ̃, Ĩ) is an extension of (ϕ, I) if, and only if,

I ⊂ Ĩ, ϕ̃|I = ϕ,

where |I denotes the restriction to I.

Theorem 2.3.1. Let f(t, x) be continuous in an open set U in (t, x)-space, and the

function ϕ(t) be a function satisfying the condition ϕ′(t) = f(t, ϕ(t)) and (t, ϕ(t)) ∈
U , in an open interval I = {t1 < t < t2}. If the following two conditions are satisfied:

(i) ϕ(t) cannot be extended to the left of t1 (or, respectively, to the right of t2 ),

(ii) lim
j→∞

(τj, ϕ (τj)) = (t1, η) (or, respectively, (t2, η) ) exists for some sequence

{τj : j = 1, 2, . . .} of points in the interval I,
then the limit point (t1, η) (or, respectively, (t2, η)) must be on the boundary of U .

Proof. Suppose that the hypotheses of the theorem are satisfied, and that (t1, η) ∈ U
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(respectively, (t2, η) ∈ U). Then, from Lemma 2.3.1, it follows that

lim
τ→t1

(τ, ϕ(τ)) = (t1, η)

(or, respectively, lim
τ→t2

(τ, ϕ(τ)) = (t2, η) ). Thus we can apply Theorem 2.2.6 (Peano’s

Theorem) to the IVP x′ = f(t, x)

x (t1) = η,

(or, respectively, x′ = f(t, x), x (t2) = η ). This implies that the solution ϕ can

be extended to the left of t1 (respectively, to the right of t2 ), since Theorem 2.2.6

implies existence in a neighborhood of t1. This is a contradiction.

A particularly important consequence of the previous theorem is the following corol-

lary.

Corollary 2.3.1. Assume that f(t, x) is continuous for t1 < t < t2 and all x ∈ Rn.

Also, assume that there exists a function ϕ(t) satisfying the following conditions:

1. ϕ and ϕ′ are continuous in a subinterval I of the interval t1 < t < t2,

2. ϕ′(t) = f(t, ϕ(t)) in I. Then, either
(i) ϕ(t) can be extended to the entire interval t1 < t < t2 as a solution of the

differential equation x′ = f(t, x), or

(ii) limt→τ ∥ϕ(t)∥ = ∞ for some τ in the interval t1 < t < t2.

2.3.1 Maximal interval of existence

Another way to express these results is through the concept of the maximal interval

of existence. Given the differential equation

x′ = f(t, x). (2.3.16)

Let x = x(t) be a solution of (2.3.16) on an interval I.

Definition 2.3.2. (Right maximal interval of existence). The interval I is said to

be a right maximal interval of existence for x if there is no extension of x(t) over

an interval I1 such that x remains a solution of equation (2.3.16), with I ⊂ I1 and
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I and I1 having different right endpoints. A left maximal interval of existence is

defined similarly.

Definition 2.3.3. (Maximal interval of existence). An interval that is both a left

and a right maximal interval of existence is called a maximal interval of existence.

Theorem 2.3.2. Let f(t, x) be continuous on an open set U , and let ϕ(t) be a

solution of (2.3.16) on some interval. Then ϕ(t) can be extended (as a solution)

over a maximal interval of existence (ω−, ω+). Moreover, if (ω−, ω+) is a maximal

interval of existence, then ϕ(t) tends to the boundary ∂U of U as t→ ω− and t→ ω+.

Remark 2.3.1. The extension of the solution need not be unique, and the values

of ω± depend on the specific extension. Moreover, to say that ϕ → ∂U as t → ω+

means that either ω+ = ∞, or that ω+ < ∞ and, for any compact subset U0 of U ,
there exists a t near ω+ such that (t, ϕ(t)) /∈ U0.

The following two corollaries are stated in [7].

Corollary 2.3.2. Let f(t, x) be continuous on the strip t0 ≤ t ≤ t0+a (with a <∞)

for all x ∈ Rn. Suppose that ϕ is a solution of (2.1.3) on a right maximal interval

J . Then one of the following holds:

(i) J = [t0, t0 + a].

(ii) J = [t0, δ), with δ ≤ t0 + a, and ∥ϕ(t)∥ → ∞ as t→ δ.

Corollary 2.3.3. Let f(t, x) be continuous on the closure U of an open set U in the

(t, x)-space, and let (2.1.3) admit a solution ϕ on a right maximal interval J . Then

one of the following holds:

(i) J = [t0,∞).

(ii) J = [t0, δ), with δ <∞ and (δ, ϕ(δ)) ∈ ∂U .

(iii) J = [t0, δ), with δ <∞ and ∥ϕ(t)∥ → ∞ as t→ δ.
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2.3.2 Maximal and global solutions

The concept of maximal intervals of existence of solutions is closely related to the

notions of maximal and global solutions.

Definition 2.3.4. (Maximal solution). Let I1 ⊂ R and I2 ⊂ R be two intervals

satisfying I1 ⊂ I2. A solution (ϕ, I1) is said to be maximal in I2 if there exists no

extension (ϕ̃, Ĩ) that remains a solution of the ODE and satisfies I1 ⊊ Ĩ ⊂ I2.

Definition 2.3.5. (Global solution). A solution (ϕ, I1) is said to be global on I2 if

there exists an extension ϕ̃ that remains a solution of the ODE and is defined on the

entire interval I2.

Figure 2.4: ϕ1 is a global and maximal solution on I; ϕ2 is a maximal solution on
I, but it is not global on I.

Every global solution on a given interval I is also a maximal solution on I. However,
the converse does not necessarily hold.

Example 2.3.1. Consider the differential equation

x′ = −2tx2

defined on R. If x ̸= 0, integrating the equation

x′x−2 = −2t,
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leads to the general solution

x(t) =
1

t2 − c
, c ∈ R.

Depending on the value of c, we distinguish the following cases:

� If c < 0, then x(t) is defined for all t ∈ R, making it a global solution.

� If c > 0, the denominator t2 − c vanishes at t = ±
√
c, causing singularities.

The solutions are then defined on the intervals (−∞,−
√
c), (−

√
c,
√
c), and

(
√
c,∞). Each of these solutions is maximal on its domain but not global on

R.

� If c = 0, the function simplifies to x(t) = 1/t2, which is defined on (−∞, 0)

and (0,∞), leading to maximal but non-global solutions on R.

Additionally, the constant function x ≡ 0 is a global solution on R.

Lemma 2.3.2. Every solution ϕ of the differential equation x′ = f(t, x) can be

extended to a maximal solution ϕ̃, meaning that ϕ is always contained within some

maximal solution.

The following theorem extends the uniqueness property to an interval of existence

of the solution.

Theorem 2.3.3. Let ϕ1, ϕ2 : I → Rn be two solutions of the equation x′ = f(t, x),

with f being locally Lipschitz in x on U . If ϕ1 and ϕ2 coincide at a point t0 ∈ I,
then ϕ1 = ϕ2 on the entire interval I.

Proof. Under the assumptions of the theorem, suppose that ϕ1(t0) = ϕ2(t0). Let us

assume, for simplicity, that there exists a t1 ̸= t0 such that ϕ1(t1) ̸= ϕ2(t1), with

t1 > t0.

By the local uniqueness of the solution, it follows from ϕ1(t0) = ϕ2(t0) that there

exists a neighborhood N of t0 such that ϕ1(t) = ϕ2(t) for all t ∈ N . Let us define

the set

E = {t ∈ [t0, t1] : ϕ1(t) ̸= ϕ2(t)} .

Since t1 ∈ E, we have E ̸= ∅. Let α = inf(E), where α ∈ (t0, t1]. For all t ∈ [t0, α),

we have ϕ1(t) = ϕ2(t).
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By the continuity of ϕ1 and ϕ2, it follows that ϕ1(α) = ϕ2(α). This implies there

exists a neighborhood W of α where ϕ1(t) = ϕ2(t). However, this contradicts the

assumption that ϕ1(t) ̸= ϕ2(t) for t > α. Thus, there can be no such t1, and therefore

ϕ1 = ϕ2 on the entire interval I.

Corollary 2.3.4. (Global uniqueness). Let f(t, x) be locally Lipschitz in x on U .
Then, for any point (t0, x0) ∈ U , there exists a unique maximal solution ϕ : I → Rn.

Furthermore, if there exists a global solution on I, it is unique.

2.4 Exercises

Exercice 2.4.1. Consider the initial value problem (IVP):

y′ + 2y = e−x, y(0) = 1.

Find the explicit solution.

Exercice 2.4.2. Verify that y = x2+2x+1 is a solution to the differential equation:

y′ = 2x+ 2.

Exercice 2.4.3. Consider the problem

y′ = 1− 2xy, y(0) = 0.

(a) Since the differential equation is linear, an expression can be found for the

solution. Find it.

(b) Consider the above problem on the region

R : |x| ≤ 1

2
, |y| ≤ 1.

If f(x, y) = 1− 2xy, show that

|f(x, y)| ≤ 2, for (x, y) ∈ R,
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and that all the successive approximations to the solution exist on |x| ≤ 1
2
, and

their graphs remain in R.

(c) Show that f satisfies a Lipschitz condition on R with Lipschitz constant K = 1,

and therefore by Theorem 2.2.5, the successive approximations converge to a

solution ϕ of the initial value problem on |x| ≤ 1
2
.

(d) Show that the approximation ϕ3 satisfies

|ϕ(x)− ϕ3(x)| < 0.01 for |x| ≤ 1

4
.

(e) Compute ϕ3.

Exercice 2.4.4. Consider the initial value problem (IVP):

y′ = y2, y(0) = 1.

Determine the interval of existence for the solution.

Exercice 2.4.5. Consider the initial value problem:

y′ =
y

x
, y(1) = 2.

Find the solution and determine its maximal interval of existence.
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Chapter 3

Stability in Linear and Nonlinear

Systems

In this chapter, we study the stability of solutions to differential equations, focusing

on the behavior of systems near their equilibrium points. Stability analysis is crucial

in understanding how systems respond to small disturbances. Stability can provide

insight into the long-term behavior of equilibrium states and periodic solutions for

both linear and nonlinear systems.

3.1 Linear stability analysis

Consider the linear differential system

ẋ = f(x), (3.1.1)

where f : D −→ Rn, a C1 function and D is an open subset of Rn.

We can also define a linear differential system by

ẋ = Ax+ b, (3.1.2)

where A is a constant n× n matrix and b is a constant vector in Rn.
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3.1.1 Equilibria

Equilibria are points in the phase space where the system does not change over

time. Stability describes the system’s behavior in response to small perturbations

near these equilibrium points.

Definition 3.1.1. In a dynamical system defined by the equation (3.1.1), an equi-

librium point x∗ is a point where f(x∗) = 0.

Remark 3.1.1. An equilibrium point is often referred to as a singular point, fixed

point, or critical point.

Remark 3.1.2. If the point x∗ is an equilibrium point for the system (3.1.2) then,

with the change of variables y = x− x∗, (3.1.2) can be rewritten as

ẏ = Ay. (3.1.3)

Notice that y = 0 is an equilibrium point for the equation (3.1.3).

3.1.2 Stability of Equilibria

Definition 3.1.2. We define the stability of the equilibrium point x∗ as follows

� The equilibrium point x∗ is stable if,

∀ϵ > 0, ∃δ(ϵ) > 0 |
∥∥∥−−−−−−→x(0)− x∗

∥∥∥ < δ =⇒
∥∥∥−−−−−−→x(t)− x∗

∥∥∥ < ϵ, ∀t ≥ 0.

� The equilibrium point x∗ is asymptotically stable if it is stable and,
∥∥∥−−−−−−→x(t)− x∗

∥∥∥→
0 as t→ ∞.

� The equilibrium point x∗ is unstable if it is not stable.

Remark 3.1.3. Asymptotic stability indicates that the trajectories of the system

converge to the equilibrium point as t → ∞. In contrast, neutral stability (sta-

ble but not asymptotically stable) means that while the trajectories remain near the

equilibrium point, they do not necessarily converge to it over time.
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Consider the linear system (3.1.3), where A is a constant n×n matrix, and let y = 0

be an equilibrium point. The behavior near an equilibrium point (at the origin in

this case) is determined by the eigenvalues of A. Specifically, the characteristic

equation det(A− λI) = 0 gives the eigenvalues λi of A ,for i = 1, · · · , n.

Theorem 3.1.1. � If all eigenvalues of A have negative real parts, then the

equilibrium y = 0 is asymptotically stable.

� If at least one eigenvalue of A has a positive real part, then the equilibrium

y = 0 is unstable.

� If all eigenvalues of A have non-positive real parts and at least one eigenvalue

has a real part of zero, the stability of y = 0 cannot be determined solely from

the eigenvalues of A and requires further analysis.

Proof. The general solution to the system ẏ = Ay is given by

y(t) = eAty(0),

where eAt denotes the matrix exponential of A, and y(0) is the initial condition.

To analyze the stability of y = 0, we examine the behavior of ∥y(t)∥ as t→ ∞. The

properties of eAt depend on the eigenvalues of A.

1. Case 1: All eigenvalues of A have negative real parts.

If all eigenvalues of A have negative real parts, then eAt decays to zero as t → ∞.

Specifically, since the real parts of the eigenvalues determine the rate of decay, we

have:

∥eAt∥ ≤ Ce−αt,

for some constants C > 0 and α > 0 (where α is related to the smallest magnitude

of the negative real parts of the eigenvalues). It follows that

∥y(t)∥ = ∥eAty(0)∥ ≤ Ce−αt∥y(0)∥ → 0 as t→ ∞.

Thus, y = 0 is asymptotically stable.

2. Case 2: At least one eigenvalue of A has a positive real part.

If A has at least one eigenvalue with a positive real part, there exists a component

of the solution that grows exponentially as t→ ∞. Let λ be an eigenvalue of A with
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Re(λ) > 0, and let v be the corresponding eigenvector. Then the term eλtv appears

as part of the solution y(t), resulting in ∥y(t)∥ → ∞ as t → ∞. Hence, y = 0 is

unstable.

3. Case 3: All eigenvalues of A have non-positive real parts, with at least

one zero real part.

If all eigenvalues have non-positive real parts and at least one eigenvalue has zero real

part, the stability analysis is more subtle. The matrix A may have both decaying

and non-decaying modes. In this case:

- If A is diagonalizable, the solution can be expressed as a combination of terms

that either decay (from eigenvalues with negative real parts) or remain constant

(from eigenvalues with zero real parts). Thus, y = 0 is stable but not asymp-

totically stable, as certain components of y(t) do not decay to zero but remain

bounded.

- If A is not diagonalizable, the matrix eAt may exhibit terms that grow linearly

in t, due to terms involving teλt when λ = 0. In this situation, the solution y(t)

can grow unboundedly as t → ∞, rendering y = 0 unstable. This completes the

proof.

Remark 3.1.4. To analyze the stability of the equilibrium point x∗ in the original

system ẋ = Ax+ b, we equivalently study the stability of y = 0 in the shifted system

ẏ = Ay, where y = x − x∗. In this approach, by shifting the system to center

around the equilibrium x∗, we reduce the analysis to examining the stability of the

zero equilibrium in the transformed system, simplifying the calculations.

3.1.3 Classification of fixed points in 2D

Consider the linear differential system (3.1.3), where A is a 2×2 matrix. The nature

of fixed points (equilibria) can be classified based on the eigenvalues of the matrix

A. The eigenvalues λ1 and λ2 of A can lead to different types of fixed points:

� Nodes: Both eigenvalues are real and have the same sign i.e. λ1λ2 > 0 and

Im(λ1,2) = 0. If negative, the node is a stable (or attracting) node; if positive,

it is an unstable (or repelling) node.

� Saddles: Eigenvalues are real with opposite signs i.e. λ1λ2 < 0 and Im(λ1,2) =

0. Saddles are always unstable.
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� Spirals (Foci): Eigenvalues are complex conjugates with non-zero real parts

i.e. Re(λ1,2) ̸= 0. If the real parts are negative, it is a stable spiral (focus); if

positive, it is an unstable spiral.

� Centers: Eigenvalues are purely imaginary i.e. Re(λ1,2) = 0, leading to

closed orbits around the equilibrium. Centers are typically stable but not

asymptotically stable.

Example 3.1.1. Consider the dynamical system given by:

ẋ =

(
−2 1

1 −3

)
x.

To analyze the stability of the equilibrium point at the origin, we first determine the

characteristic equation. This is achieved by computing the determinant of the matrix

obtained by subtracting λ (the eigenvalue) from the diagonal entries:

det

(
−2− λ 1

1 −3− λ

)
= 0.

Calculating the determinant, we have:

(−2− λ)(−3− λ)− (1)(1) = 0.

Expanding this yields:

(λ+ 2)(λ+ 3)− 1 = 0.

Simplifying, we get:

λ2 + 5λ+ 5 = 0.

Next, we can solve this quadratic equation using the quadratic formula:

λ =
−b±

√
b2 − 4ac

2a
=

−5±
√
25− 20

2
=

−5±
√
5

2
.

This leads to the eigenvalues:

λ1 = −1 and λ2 = −4.
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Since both eigenvalues are negative (λ1 < 0 and λ2 < 0), we conclude that the

equilibrium point at the origin is a stable node.

3.2 Nonlinear stability analysis

Consider the nonlinear differential system

ẋ = f(x), (3.2.4)

where x ∈ Rn and f : Rn → Rn is a sufficiently smooth function.

Definition 3.2.1. (Flow of a nonlinear differential system). The flow associated

with system (3.2.4) is a function

φ : D ⊂ R× Rn → Rn,

that assigns to each initial condition x0 and time t the unique solution φ(t, x0) of

(3.2.4) satisfying the initial condition

φ(0, x0) = x0.

If the solution exists for all t in some interval containing zero, the function φ(t, x0)

describes the trajectory of the system starting from x0. The flow satisfies the semi-

group property:

φ(t+ s, x0) = φ(t, φ(s, x0)),

for all t, s where the flow is defined.

Definition 3.2.2. An equilibrium point x0 is called a hyperbolic equilibrium point

of (3.2.4) if none of the eigenvalues of the matrix Df(x0) have zero real part, where

Df(x0) is the n× n Jacobian matrix of (3.2.4) at x0.

Definition 3.2.3. The linear system

ẋ = Ax, (3.2.5)

with the matrix A = Df(x0) is called the linearized system of (3.2.4) at x0.
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Definition 3.2.4. Two autonomous systems of differential equations, such as (3.2.4)

and (3.2.5) are said to be topologically equivalent in a neighborhood of the origin, or

to have the same qualitative structure near the origin, if there exists a homeomor-

phism H mapping an open set U containing the origin onto an open set V containing

the origin, such that H maps trajectories of (3.2.4) in U onto trajectories of (3.2.7)

in V while preserving their orientation in time. That is, if a trajectory is directed

from x1 to x2 in U , then its image is directed from H(x1) to H(x2) in V .

If, in addition, the homeomorphism H preserves the parameterization by time, then

the systems (3.2.4) and (3.2.5) are said to be topologically conjugate in a neighbor-

hood of the origin.

In the following, we present a simple example of two topologically conjugate linear

systems.

Example 3.2.1. Consider the linear systems

ẋ = Ax, ẏ = By, (3.2.6)

where the matrices A and B are given by

A =

[
−1 −3

−3 −1

]
, B =

[
2 0

0 −4

]
.

Let H(x) = Rx, where the matrix R is

R =
1√
2

[
1 −1

1 1

]
, R−1 =

1√
2

[
1 1

−1 1

]
.

It follows that B = RAR−1 and setting y = H(x) = Rx and equivalently x = R−1y,

we obtain

ẏ = RAR−1y = By.

Thus, if x(t) = eAtx0 is the solution of the first system through x0, then

y(t) = H(x(t)) = Rx(t) = ReAtx0 = eBtRx0,

is the solution of the second system through Rx0. That is, H maps trajectories of
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the first system onto trajectories of the second system while preserving their param-

eterization, since

HeAt = eBtH.

The mapping H(x) = Rx corresponds to a rotation by 45◦ and is clearly a homeo-

morphism.

The following theorem is a fundamental result in the local qualitative theory of

ordinary differential equations. It establishes that near a hyperbolic equilibrium

point x0, the nonlinear system (3.2.4) exhibits the same qualitative behavior as the

corresponding linear system

ẋ = Ax, (3.2.7)

where A = Df(x0).

In what follows, we assume that the equilibrium point x0 has been translated to the

origin.

Theorem 3.2.1. (The Hartman-Grobman Theorem). Let E be an open subset of

Rn containing the origin, let f ∈ C1(E), and let φt be the flow of the nonlinear

system (3.2.4). Suppose that f(0) = 0 and that the matrix A = Df(0) has no

eigenvalue with zero real part. Then there exists a homeomorphism H of an open

set U containing the origin onto an open set V containing the origin such that for

each x0 ∈ U , there is an open interval I0 ⊂ R containing zero, such that for all

x0 ∈ U and t ∈ I0,

H ◦ φt(x0) = eAtH(x0).

That is, H maps trajectories of the nonlinear system (3.2.4) near the origin onto

trajectories of the linear system (3.2.7) near the origin and preserves the parame-

terization by time.

Proof. See ([12], p. 121).

3.2.1 Linearization Around Equilibria

To analyze the stability of nonlinear systems, one common approach is to linearize

the system around its equilibrium points. Consider a nonlinear system described by
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the ordinary differential equation:

ẋ = f(x), (3.2.8)

where x ∈ Rn and f : Rn → Rn is a continuously differentiable function. An

equilibrium point x∗ satisfies the condition f(x∗) = 0.

To investigate the stability, we perform a Taylor expansion of f(x) around the

equilibrium point x∗ given by

f(x) = f(x∗) +Df(x∗)(x− x∗) +O(∥x− x∗∥2), (3.2.9)

where Df(x∗) is the Jacobian matrix of f evaluated at the equilibrium point x∗.

Since f(x∗) = 0, we have

f(x) ≈ Df(x∗)(x− x∗). (3.2.10)

Thus, the linearized system can be expressed as

ẋ = Df(x∗)(x− x∗). (3.2.11)

Letting y = x− x∗, we rewrite the system as

ẏ = Df(x∗)y. (3.2.12)

In a similar way to the linear case, the stability of the equilibrium point x∗ is

determined by the eigenvalues of the Jacobian matrix Df(x∗) as follows:

� If all eigenvalues have negative real parts, then x∗ is asymptotically stable.

� If at least one eigenvalue has a positive real part, then x∗ is unstable.

� If eigenvalues have zero real parts, the linearization does not provide conclusive

information about stability, and further analysis is required.

Remark 3.2.1. This linearization method is powerful and widely used for determin-

ing local stability properties of equilibrium points in nonlinear dynamical systems.

However, it is important to note that the conclusions drawn from linearization are

only valid in a neighborhood of the equilibrium point.
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3.2.2 Stability and Lyapunov’s method

The stability of an equilibrium point x0 in a dynamical system (3.2.4) depends

significantly on the nature of the eigenvalues of the Jacobian matrix Df(x0) at

that point. For hyperbolic equilibrium points —where none of the eigenvalues have

zero real parts— stability is straightforward to assess: if all eigenvalues of Df(x0)

have negative real parts, then x0 is a sink, making it asymptotically stable. This

means that trajectories close to x0 will converge to it over time. In contrast, if

any eigenvalue has a positive real part, the equilibrium x0 becomes unstable. Such

instability is observed in points classified as sources (all real parts are positive) or

saddles (a mix of positive and negative real parts among the eigenvalues).

When dealing with nonhyperbolic equilibrium points—those with at least one eigen-

value whose real part is zero—the stability analysis becomes more complex. In these

cases, linearization fails to provide a definitive answer, and other techniques are nec-

essary. One powerful approach is Lyapunov’s method, which relies on constructing

a special function, called a Lyapunov function. This function is designed to decrease

along trajectories, indicating stability if it satisfies certain positivity conditions. Lya-

punov’s method is particularly effective in cases where traditional eigenvalue analysis

is inconclusive, offering insight into the stability of more challenging nonhyperbolic

points.

Definition 3.2.5. Let φt represent the flow of the differential equation (3.2.4),

defined for all t ∈ R. An equilibrium point x0 of (3.2.4) is stable if, for any ε > 0,

there exists a δ > 0 such that for every point x ∈ Nδ(x0) (a neighborhood of x0) and

for all t ≥ 0, the flow satisfies φt(x) ∈ Nε(x0).

The equilibrium point x0 is unstable if it is not stable. Additionally, x0 is asymp-

totically stable if it is stable and there exists a δ > 0 such that for any x ∈ Nδ(x0),

we have lim
t→∞

φt(x) = x0, meaning that nearby trajectories approach x0 as time pro-

gresses.

Equilibrium points in a linear system in R2 exhibit distinct stability properties.

A stable node or focus is an asymptotically stable equilibrium, meaning nearby

trajectories converge to this point over time. Conversely, an unstable node, focus, or

saddle is inherently unstable, as trajectories diverge from these points. Meanwhile,

a center is stable but not asymptotically stable, with trajectories forming closed



88

orbits around it instead of converging. By the Hartman-Grobman Theorem, any

sink in the system (3.2.4) is asymptotically stable, while any source or saddle is

unstable. Consequently, for any hyperbolic equilibrium point of (3.2.4), stability is

characterized as either asymptotically stable or unstable.

The following theorem provides more information about the local dynamics of tra-

jectories near a sink.

Theorem 3.2.2. If x0 is a sink of the nonlinear system (3.2.4) and Re(λj) < −α <
0 for all of the eigenvalues λj of the matrix Df(x0), then given ε > 0 there exists a

δ > 0 such that for all x ∈ Nδ(x0), the flow φt(x) of (3.2.4) satisfies

|φt(x)− x0| < εe−αt for all t > 0.

Since hyperbolic equilibrium points are either asymptotically stable or unstable, an

equilibrium point x0 of (3.2.4) can only be stable, but not asymptotically stable,

if Df(x0) has a zero eigenvalue or a pair of complex-conjugate, purely imaginary

eigenvalues λ = ±iβ. The following theorem implies that for x0 to be stable, all

other eigenvalues λj of Df(x0) must satisfy Re(λj) ≤ 0.

Theorem 3.2.3. If x0 is a stable equilibrium point of (3.2.4), then no eigenvalue

of Df(x0) has a positive real part.

We conclude that stable equilibrium points that are not asymptotically stable can

only exist at nonhyperbolic points. However, determining whether a nonhyperbolic

equilibrium is stable, asymptotically stable, or unstable is a subtle issue. The fol-

lowing method, developed by Lyapunov in his 1892 doctoral thesis, is very useful in

addressing this question.

Definition 3.2.6. Let V ∈ C1(E) with E an open subset of Rn, and φt is the flow

of the differential equation (3.2.4), then for x ∈ E, the derivative of the function

V (x) along the solution φt(x) is given by:

d

dt
V (φt(x))

∣∣∣
t=0

= DV (x)f(x).

A function V : Rn → R satisfying the hypotheses of the following theorem is called

a Lyapunov function.
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Theorem 3.2.4. Let E be an open subset of Rn containing x0. Suppose that f ∈
C1(E) and that f(x0) = 0. Suppose further that there exists a real-valued function

V ∈ C1(E) satisfying V (x0) = 0 and V (x) > 0 if x ̸= x0. Then:

1. If V̇ (x) ≤ 0 for all x ∈ E \ {x0}, then x0 is stable.

2. If V̇ (x) < 0 for all x ∈ E \ {x0}, then x0 is asymptotically stable.

3. If V̇ (x) > 0 for all x ∈ E \ {x0}, then x0 is unstable.

Proof. Without loss of generality, assume the equilibrium point is x0 = 0.

1. Choose ε > 0 small enough such that Nε(0) ⊂ E. Let mε be the minimum

of the continuous function V (x) on the compact set Sε = {x ∈ Rn : |x| = ε}.
Since V (x) > 0 for x ̸= 0 (it follows that mε > 0) and V (0) = 0, there exists

δ > 0 such that for |x| < δ, V (x) < mε. Since V (x) is decreasing along

trajectories of (3.2.4) (i.e V̇ (x) ≤ 0), and if φt is the flow of the equation

(3.2.4), then for all x0 ∈ Nδ(0) and t ≥ 0, we have

V (φt(x0)) ≤ V (x0) < mε.

Now assume that for |x0| < δ there is a t1 > 0 such that |φt1(x0)| = ε i.e., such

that φt1(x0) ∈ Sε. Then since mε is the minimum of V (x) on Sε, this would

lead to V (φt1(x0)) ≥ mε which contradicts the above inequality. Hence, for

|x0| < δ and t ≥ 0 it follows that φt1(x0) < ε, i.e., 0 is a stable equilibrium

point.

2. If V̇ (x) < 0 for all x ∈ E, V (x) is strictly decreasing along trajectories of

(3.2.4). Let φt be the flow of (3.2.4) and x0 ∈ Nδ(0). By part (i), if ∥x0∥ < δ,

then φt(x0) ⊂ Nε(0) for all t ≥ 0. Let {tk} be any sequence with tk → ∞.

Since Nδ(0) is compact, there is a subsequence of {φtk(x0)} that converges to a

point inNδ(0). However, for any subsequence {tkj} of {tk} such that {φtkj
(x0)}

converges, we show below that the limit is zero. It follows that φtk(x0) → 0

as tk → ∞, and thus φt(x0) → 0 as t → ∞, i.e., 0 is asymptotically stable.

It remains to show that if φtj(x0) → y0, then y0 = 0. Since V (x) is strictly

decreasing along trajectories of (3.2.4) and since V (φtj(x0)) → V (y0) by the
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continuity of V , it follows that

V (φt(x0)) > V (y0),

for all t > 0. But if y0 ̸= 0, then for some s > 0, we have V (φs(y0)) < V (y0),

and by continuity, it follows that for all y sufficiently close to y0, we have

V (φs(y)) < V (y0) for s > 0. But then for y = φtjx0 and j sufficiently large,

we would have

V (φs+tj(x0)) < V (y0),

which contradicts the above inequality. Therefore, y0 = 0, and it follows that

0 is asymptotically stable.

3. Let M be the maximum of V (x) on the compact Nδ(0). Since V̇ (x) > 0, V (x)

is strictly increasing along trajectories of (3.2.4). Hence, if φt is the flow of

(3.2.4), then for any δ > 0 and x0 ∈ Nδ(0) \ {0}, we have

V (φt(x0)) > V (x0) > 0,

for all t > 0. Since V (x) is positive definite, this implies that

inf
t≥0

V̇ (φt(x0)) = m > 0.

Thus, for all t > 0, we have

V (φt(x0))− V (x0) ≥ mt.

Therefore, for t sufficiently large,

V (φt(x0)) > mt > M,

i.e., φt(x0) lies outside the closed set Nδ(0). Hence, 0 is unstable.

Remark 3.2.2. If V̇ (x) = 0 for all x ∈ E, then the trajectories of system (3.2.4)

lie on the surfaces in Rn (or curves in R2 ) defined by V (x) = c, with c constant.



91

Example 3.2.2. Consider the systemẋ1 = −x32,

ẋ2 = x31.

The origin is a nonhyperbolic equilibrium point of this system, and the function

V (x) = x41 + x42,

serves as a Lyapunov function for this system. Indeed, we have

V̇ (x) = 4x31ẋ1 + 4x32ẋ2 = 0.

Thus, the solution trajectories lie on the closed curves defined by

x41 + x42 = c2,

which encircles the origin. This implies that the origin is a stable equilibrium point

of the system, though it is not asymptotically stable. Note that in this example,

Df(0) = 0, meaning that Df(0) has two zero eigenvalues.

Example 3.2.3. Consider the system
ẋ1 = −2x2 + x2x3,

ẋ2 = x1 − x1x3,

ẋ3 = x1x2.

The origin is an equilibrium point for this system, and the Jacobian at the origin is

Df(0) =


0 −2 0

1 0 0

0 0 0

 .

This matrix has eigenvalues λ1 = 0 and λ2,3 = ±2i, so x = 0 is a nonhyperbolic

equilibrium point. To assess stability, we use Lyapunov’s method.
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We try a Lyapunov function of the form

V (x) = c1x
2
1 + c2x

2
2 + c3x

2
3,

where c1, c2, and c3 are positive constants. Calculating V̇ (x) = DV (x)f(x), we find

1

2
V̇ (x) = (c1 − c2 + c3)x1x2x3 + (−2c1 + c2)x1x2.

Setting c2 = 2c1 and c3 = c1 > 0 ensures V̇ (x) > 0 for x ̸= 0 and V̇ (x) = 0 for all

x ∈ R3. Therefore, by Theorem 3.2.4, the origin is stable.

Moreover, choosing c1 = c3 = 1 and c2 = 2, we get that the trajectories of this

system lie on ellipsoids given by

x21 + 2x22 + x23 = c2.

As we noted previously, all sinks are asymptotically stable. However, the following

example shows that not all asymptotically stable equilibrium points are sinks. (A

hyperbolic equilibrium point is asymptotically stable if and only if it is a sink.)

Example 3.2.4. Consider the following modification of the system in the previous

example 
ẋ1 = −2x2 + x2x3 − x31,

ẋ2 = x1 − x1x3 − x32,

ẋ3 = x1x2 − x33.

The Lyapunov function from the previous example,

V (x) = x21 + 2x22 + x23,

satisfies V (x) > 0 and

V̇ (x) = −2(x41 + 2x42 + x43) < 0,

for x ̸= 0. Therefore, by Theorem 3.2.4, the origin is asymptotically stable. However,

it is not a sink since the eigenvalues λ1 = 0 and λ2,3 = ±2i do not have negative

real parts.
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3.3 First integral

Consider a system of first-order ordinary differential equations in the unknown func-

tion x : I ⊂ R → Rn, given by

Φ(t, x(t), ẋ(t)) = 0, (3.3.13)

where Φ is a smooth function. A first integral of the system is a continuously

differentiable function Ψ : R × Rn → R that is locally constant along any solution

of (3.3.13), i.e.,
d

dt
Ψ(t, x(t)) = 0,

for any x : J → Rn that solves (3.3.13). The domain of definition of Ψ must be

adjusted appropriately when the domain of Φ does not cover the entire space, and

often, one considers Ψ defined in a smaller domain, typically in a neighborhood of

some specific point.

Example 3.3.1. Consider a scalar equation of the form

ẋ(t) = f(t, x(t)),

where f : R2 → R. It can be easily seen that F is a first integral if and only if F

satisfies the partial differential equation

∂F

∂t
+
∂F

∂x
f = 0. (3.3.14)

A solution to equation (3.3.14) always exists in a neighborhood of a point where f is

Lipschitz. In fact, if f is Lipschitz on R×R, then there is a unique global solution to

equation (3.3.14) subject to any initial condition of the Cauchy type f(0, x) = f0(x)

for all x.

A particularly interesting case occurs when the system is completely integrable, i.e.,

when there are n functionally independent first integrals Ψ1, . . . ,Ψn. This condition

is equivalent to the existence of a general formula for the solutions of equation

(3.3.13) in implicit form. The knowledge of n functionally independent first integrals



94

also ensures that any other first integral Λ must take the form

Λ(t, x) = F (Ψ1(t, x), . . . ,Ψn(t, x)).

First integrals of motion are particularly studied in the theory of Hamiltonian sys-

tems. For physically relevant cases, the first integrals are also called ”constants of

motion,” and some of them correspond to conservation laws for physically relevant

quantities. The primary example is the system of equations governing the motion

of a particle in a potential field

ẍ(t) = −∇U(x(t)). (3.3.15)

Introducing the new variables v(t) := ẋ(t), we can transform equation (3.3.15) into

a first-order system: ẋ(t) = v(t),

v̇(t) = −∇U(x(t)).
(3.3.16)

Well-known first integrals of motion are then the total energy

Ψ(x, v) =
1

2
|v|2 + U(x)

and the components of the angular momentum

Ψij(x, v) = xjvi − xivj.

For more details, see [2].

3.4 Conservative and dissipative systems

In the study of dynamical systems, a key distinction can be made between conserva-

tive systems and dissipative systems. These classifications are based on the behavior

of the system concerning energy conservation and the nature of the trajectories in

the phase space.
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3.4.1 Conservative Systems

A dynamical system is said to be conservative if it preserves a certain quantity, typ-

ically referred to as energy, throughout its evolution. Mathematically, such systems

are characterized by the absence of energy loss or dissipation. A common example

of conservative systems arises in Hamiltonian mechanics, where the system’s dy-

namics are governed by a Hamiltonian function H that remains constant along the

trajectories.

Definition 3.4.1 (Conservative System). A system described by a differential equa-

tion ẋ = f(x) is conservative if there exists a differentiable scalar function H(x)

such that:
dH

dt
= ∇H · f(x) = 0,

for all x in the domain of H.

Energy Conservation in Newtonian Mechanics: Newton’s second law, F =

ma, serves as the foundation for many second-order systems. For instance, consider

a particle of mass m moving along the x-axis, subject to a nonlinear force F (x).

The equation of motion is

mẍ = F (x).

Here, F is assumed to be independent of both ẋ and t, implying no damping or

external time-dependent driving force. Energy conservation in this context can be

demonstrated as follows:

Let V (x) denote the potential energy, defined by F (x) = −dV
dx

. Then the equation

becomes:

mẍ+
dV

dx
= 0.

Multiplying through by ẋ and applying the chain rule, we find:

mẋẍ+
dV

dx
ẋ = 0 ⇒ d

dt

(
1

2
mẋ2 + V (x)

)
= 0.

Thus, the total energy:

E =
1

2
mẋ2 + V (x),

is constant over time. This conserved quantity is often referred to as the total
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energy, a constant of motion, or a first integral. Systems with a conserved quantity

are classified as conservative systems.

General Definition: More generally, given a system ẋ = f(x), a conserved quan-

tity is a real-valued continuous function E(x) that remains constant along trajec-

tories, i.e.,
dE

dt
= 0. To avoid trivial examples, E(x) must also be nonconstant on

every open set. Otherwise, constant functions like E(x) ≡ 0 would qualify, and

every system would be conservative.

Exercice 3.4.1. Show that a conservative system cannot have any attracting fixed

points.

Solution: Suppose x0 were an attracting fixed point. By definition, an attracting

fixed point is one where all trajectories in a neighborhood of x0 converge to x0 as

time approaches infinity. In other words, there exists a neighborhood U of x0 such

that for all initial conditions x(0) ∈ U , the trajectories x(t) satisfy limt→∞ x(t) = x0.

Now, consider the conserved quantity E(x) for the system. Since E(x) is constant

along trajectories, all points within the neighborhood U must have the same energy

E(x0), as trajectories originating in U flow toward x0. This implies that E(x) is

constant throughout U .

However, this contradicts the definition of a conservative system, which requires that

the conserved quantity E(x) be nonconstant on every open set. Thus, x0 cannot be

an attracting fixed point in a conservative system.

Conclusion: Conservative systems cannot have any attracting fixed points be-

cause the existence of an attracting fixed point would violate the requirement that

the conserved quantity E(x) be nonconstant on open sets.

Example 3.4.1. If attracting fixed points cannot occur in a conservative system, the

fixed points that can arise are typically of other types, such as saddles and centers.

These are illustrated in the following problem.

Problem: Consider a particle of mass m = 1 moving in a double-well potential

V (x) = −1

2
x2 +

1

4
x4.
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Find and classify all the equilibrium points for the system. Then, plot the phase

portrait and interpret the results physically.

Solution: The force associated with the potential is given by F = −dV
dx
. Computing

the derivative, we have

−dV
dx

= x− x3.

Thus, the equation of motion becomes

ẍ = x− x3.

This can be rewritten as a first-order system:ẋ = y,

ẏ = x− x3,

where y represents the particle’s velocity.

Equilibrium points occur when ẋ = 0 and ẏ = 0. Solving these equations yields the

equilibria (x∗, y∗) = (0, 0) and (x0, y0) = (±1, 0).

To classify these fixed points, we compute the Jacobian matrix of the system

A =

(
0 1

1− 3x2 0

)
.

1. At (0, 0), the Jacobian becomes

A =

(
0 1

1 0

)
.

The determinant δ = −1, indicating a saddle point.

2. At (±1, 0), the Jacobian becomes

A =

(
0 1

−2 0

)
.

Here, the trace τ = 0 and the determinant δ = 2, predicting centers.
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Nonlinear Behavior: While small nonlinear terms can disrupt centers predicted

by linear analysis, this is not the case here due to energy conservation. The system’s

trajectories correspond to contours of constant energy:

E =
1

2
y2 − 1

2
x2 +

1

4
x4 = constant.

Figure 3.1: Phase portrait with a saddle, centers, closed orbits, and homoclinic
trajectories

Phase Portrait: The phase portrait, in Figure 3.1, is composed of:

- A saddle point at (0, 0).

- Centers at (1, 0) and (−1, 0).

- Closed orbits around the centers, corresponding to periodic motion.

- Larger closed orbits encircling all three fixed points.

- Two special trajectories (homoclinic orbits) that approach the saddle point (0, 0)

as t→ ±∞.

Physical Interpretation: This system models the motion of an undamped par-

ticle in a double-well potential. The saddle at (0, 0) corresponds to the unstable

equilibrium at the top of the potential barrier. The centers at (±1, 0) represent sta-

ble equilibria at the minima of the potential wells. The closed orbits indicate periodic

oscillations of the particle around these minima, while the homoclinic orbits describe

trajectories where the particle transitions between the wells in infinite time.

The neutrally stable equilibria at (±1, 0) represent the particle at rest at the bottoms

of the wells, with the small closed orbits around them corresponding to low-energy
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Figure 3.2: The motion of an undamped particle in a double-well potential

oscillations. The larger closed orbits represent higher-energy oscillations where the

particle repeatedly crosses the potential barrier. The saddle point at (0, 0) corre-

sponds to the unstable equilibrium at the top of the barrier, while the homoclinic

orbits describe trajectories where the particle approaches the saddle point asymptoti-

cally, representing borderline cases between oscillations confined to a single well and

transitions between both wells, see Figures 3.1 and 3.2.

3.4.2 Dissipative Systems

Dissipative systems are characterized by the decrease of a specific function, often

representing energy, over time along solution trajectories. Formally, consider a dy-

namical system
dx

dt
= f(x, y),

dy

dt
= g(x, y).

If there exists a function H(x, y), often called a Lyapunov function or energy func-

tion, such that

d

dt
H(x(t), y(t)) ≤ 0 for all solution trajectories (x(t), y(t)),

then the system is said to be dissipative.

Properties of Dissipative Systems:

� Energy Dissipation: Dissipative systems are distinguished by the continuous

decrease of energy (or a related measure) over time.
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� Lyapunov Function: The Lyapunov function H(x, y) serves as a mathemat-

ical tool to demonstrate the dissipation property, satisfying
d

dt
H ≤ 0.

Examples:

1. Physical Interpretation: A damped pendulum is a classic example of a

dissipative system. Due to friction, its oscillations decrease in amplitude over

time until the pendulum comes to rest at its equilibrium position.

2. Linear Systems:

� A spiral sink is a typical feature of dissipative dynamics, where trajecto-

ries spiral inward as energy dissipates.

Qualitative Dynamics

In dissipative systems, solutions often tend towards an equilibrium state or attractor.

For instance, in the case of a damped pendulum, the oscillations gradually decrease

until the pendulum rests at the lowest energy position.

3.5 Exercises

Exercice 3.5.1. Find the equilibrium points of the following system and determine

their nature. ẋ = x(2− x− y),

ẏ = y(1− x).
(3.5.17)

Exercice 3.5.2. Consider the linear system:ẋ = 3x+ 4y,

ẏ = −2x− y.
(3.5.18)

1. Find the equilibrium point(s).

2. Compute the Jacobian matrix and its eigenvalues.

3. Determine the stability of the equilibrium point(s).
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Exercice 3.5.3. Classify the fixed points of the system:ẋ = x+ y,

ẏ = x− y.
(3.5.19)

using eigenvalue analysis. Identify whether they are stable, unstable, or saddle

points.

Exercice 3.5.4. Consider the nonlinear system:ẋ = x− y + x2,

ẏ = x+ y2.
(3.5.20)

1. Find the equilibrium points.

2. Compute the Jacobian matrix and evaluate it at the equilibrium points.

3. Determine the local stability of each equilibrium using eigenvalues.

Exercice 3.5.5. Consider the system:ẋ = −x+ xy,

ẏ = −y + x2.
(3.5.21)

1. Find the equilibrium points.

2. Propose a Lyapunov function candidate V (x, y).

3. Analyze stability using Lyapunov’s method.

Exercice 3.5.6. Show that the systemẋ = y,

ẏ = − sinx,

has a first integral and find it.
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Chapter 4

Periodic Solutions and Their

Stability

This chapter examines periodic solutions in dynamical systems, focusing on their

existence, stability, and characterization. We introduce limit sets and invariant sets,

followed by periodic solutions, limit cycles, and Poincaré maps. Stability analysis

is then discussed, along with Bendixson’s and Dulac’s criteria for ruling out limit

cycles. Finally, we present the Poincaré-Bendixson theorem, which provides a key

result for planar systems.

4.1 Limit sets and invariant sets

Consider the autonomous nonlinear system

ẋ = f(x) (4.1.1)

with f ∈ C1(E), where E is an open subset of Rn. Without loss of generality, we

assume that the system (4.1.1) defines a dynamical system ϕ(t, x) on E (i.e. a C1-

map ϕ : R×E −→ E) where the family of maps ϕt(x) = ϕ(t, x) have the properties

of a flow.

Let x0 ∈ E, and consider the function ϕ(·, x) : R −→ E, which defines the solution

curve, or trajectory, or orbit of system (4.1.1) starting from the initial point x0 in

E. By identifying the function ϕ(·, x) with its graph, we can interpret the trajectory
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through x0 as the set of points traced by the motion along the curve

Γx0 = {x ∈ E| x = ϕ(t, x0), t ∈ R},

defined by the equation (4.1.1).

Remark 4.1.1. If the specific point x0 is not relevant to the discussion, we simply

denote the trajectory by Γ and represent the curve Γ within the subset E of the

phase space Rn, marking the direction of motion along Γ with an arrow to indicate

the progression over time.

The positive half-trajectory through the point x0 ∈ E refers to the motion along

the curve

Γ+ = {x ∈ E | x = ϕ(t, x0), t ≥ 0}.

Similarly, the negative half-trajectory Γ− is defined for t < 0. Any complete trajec-

tory Γ can then be expressed as Γ = Γ+ ∪ Γ−.

Definition 4.1.1. A point p1 ∈ E is an ω-limit point of the trajectory ϕ(·, x) of

system (4.1.1) if there exists a sequence tn → ∞ such that

lim
n→∞

ϕ(tn, x) = p1.

Similarly, if there exists a sequence tn → −∞ such that

lim
n→∞

ϕ(tn, x) = p2,

for some point p2 ∈ E, then p2 is called an α-limit point of the trajectory ϕ(·, x) of
(4.1.1). The set of all ω-limit points of a trajectory Γ is called the ω-limit set of Γ

and is denoted by ω(Γ). The set of all α-limit points of a trajectory Γ is called the

α-limit set of Γ and is denoted by α(Γ). The union of these sets, α(Γ) ∪ ω(Γ), is

called the limit set of Γ.

Corollary 4.1.1. The α- and ω-limit sets of a trajectory Γ of (4.1.1), denoted α(Γ)

and ω(Γ), are closed subsets of E.

The proof of this corollary is left as an exercise for the student.
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Theorem 4.1.1. If p is an ω-limit point of a trajectory Γ of (4.1.1), then all other

points of the trajectory ϕ(·, p) of (4.1.1) through the point p are also ω-limit points

of Γ; that is, if p ∈ ω(Γ), then ϕ(R, p) ⊂ ω(Γ). Similarly, if p ∈ α(Γ), then

ϕ(R, p) ⊂ α(Γ).

Proof. Let p ∈ ω(Γ) where Γ is the trajectory ϕ(·, x0) of (4.1.1) through the point

x0 ∈ E. Let q be a point on the trajectory ϕ(·, p) of (4.1.1) through the point p; that

is, q = ϕ(t, p) for some t ∈ R. Since p is an ω-limit point of the trajectory ϕ(·, x0),
there is a sequence tn → ∞ such that ϕ(tn, x0) → p. Hence, by the theorem of

continuity with respect to initial conditions, and by the second property of dynamical

systems,

ϕ(tn + t, x0) = ϕ(t, ϕ(tn, x0)) → ϕ(t, p) = q.

Since tn+t→ ∞, the point q is also an ω-limit point of Γ. A similar argument applies

when p is an α-limit point of Γ, and this completes the proof of the theorem.

Definition 4.1.2. Let E be an open subset of Rn, let f ∈ C1(E), and let ϕt : E → E

be the flow of the differential equation (4.1.1) defined for all t ∈ R. A set S ⊂ E is

called invariant with respect to the flow ϕt if ϕt(S) ⊂ S for all t ∈ R. Furthermore,

S is called positively invariant (or negatively invariant) with respect to the flow ϕt

if ϕt(S) ⊂ S for all t ≥ 0 (or t ≤ 0).

It follows from the last theorem that for every point p ∈ ω(γ), we have ϕt(p) ∈ ω(γ)

for all t ∈ R. In other words, ϕt(ω(γ)) ⊂ ω(γ). Therefore, according to the previous

definition, we can state the following result.

Corollary 4.1.2. α(γ) and ω(γ) are invariant with respect to the flow ϕt of the

differential equation (4.1.1).

The α- and ω-limit sets of a trajectory γ of (4.1.1) are thus closed, invariant subsets

of E. In the next definition, a neighborhood of a set A is any open set U containing

A, and we say that x(t) → A as t→ ∞ if the distance d(x(t), A) → 0 as t→ ∞.

Definition 4.1.3. A closed invariant set A ⊂ E is called an attracting set of (4.1.1)

if there exists a neighborhood U of A such that for all x ∈ U , ϕt(x) ∈ U for all t ≥ 0

and ϕt(x) → A as t→ ∞. An attractor of (4.1.1) is an attracting set which contains

a dense orbit.
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Note that any equilibrium point x0 of (4.1.1) is its own α- and ω-limit set since

ϕ(t, x0) = x0 for all t ∈ R. And if a trajectory γ of (4.1.1) has a unique ω-limit

point x0, then by the above corollary, x0 is an equilibrium point of (4.1.1). A stable

node or focus is the ω-limit set of every trajectory in some neighborhood of the

point; and a stable node or focus of (4.1.1) is an attractor of (4.1.1). However, not

every ω-limit set of a trajectory of (4.1.1) is an attracting set of (4.1.1); for example,

a saddle x0 of a planar system (4.1.1) is the ω-limit set of three trajectories in a

neighborhood N(x0), but no other trajectories through points in N(x0) approach x0

as t→ ∞.

If q is any regular point in α(γ) or ω(γ), then the trajectory through q is called a limit

orbit of γ. Thus, by Theorem 2, we see that α(γ) and ω(γ) consist of equilibrium

points and limit orbits of (4.1.1).

Example 4.1.1. Consider the systemẋ = −y + x(1− x2 − y2),

ẏ = x+ y(1− x2 − y2).
(4.1.2)

In polar coordinates, this system can be expressed asṙ = r(1− r2),

θ̇ = 1.

We observe that the origin is an equilibrium point of this system. The flow spirals

around the origin in a counter-clockwise direction, moving outward when 0 < r < 1

(since ṙ > 0 for 0 < r < 1) and inward when r > 1 (since ṙ < 0 for r > 1). The

counter-clockwise motion on the unit circle describes a trajectory γ0 of (1) since

ṙ = 0 when r = 1.

The trajectory through the point (cos(θ0), sin(θ0)) on the unit circle at t = 0 is given

by x(t) = (cos(t + θ0), sin(t + θ0))
T . The phase portrait for this system is shown in

Figure 4.1.

The trajectory γ0 is known as a stable limit cycle. A formal definition of a limit

cycle is provided in the following section.

The stable limit cycle γ0 of the system in Example 4.1.1, shown in Figure 4.1, serves
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Figure 4.1: A stable limit cycle γ0.

as the ω-limit set of every trajectory of this system except the equilibrium point at

the origin. γ0 consists of one limit orbit and acts as both its own α- and ω-limit set.

This example illustrates that a trajectory or orbit γ of the system (4.1.1) refers to

an equivalence class of solution curves ϕ(·, x), where x ∈ γ. We usually select a

representative solution ϕ(·, x0), with x0 ∈ γ, to describe the trajectory and refer to

it as the trajectory γx0 passing through the point x0 at time t = 0. In the following

section, we demonstrate that any stable limit cycle of (4.1.1) qualifies as an attractor

of (4.1.1).

Example 4.1.2. Consider the system
ẋ = −y + x(1− z2 − x2 − y2),

ẏ = x+ y(1− z2 − x2 − y2),

ż = 0.

(4.1.3)

In this case, the unit two-dimensional sphere S2 (given by x2+ y2+ z2 = 1) together

with the portion of the z-axis outside S2 forms an attracting set. Each plane z = z0

is an invariant set and for |z0| < 1 the ω-limit set of any trajectory not on the z-axis

is a stable cycle (as defined in the next section) on S2. Refer to Figure 4.2 for an

illustration.
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Figure 4.2: A dynamical system with S2 as part of its attracting set.

Example 4.1.3. Now consider the system
ẋ = −y + x(1− x2 − y2),

ẏ = x+ y(1− x2 − y2),

ż = a.

(4.1.4)

Here, the z-axis and the cylinder defined by x2 + y2 = 1 are invariant sets. The

cylinder acts as an attracting set, as shown in Figure 4.3 for a > 0.

If in Example 4.1.3 we identify the points (x, y, 0) and (x, y, 2π) in the planes z = 0

and z = 2π, we obtain a flow in R3 with a two-dimensional invariant torus T 2 as

an attracting set. The z-axis is mapped onto an unstable cycle γ (as defined in the

next section). Furthermore, if a is an irrational multiple of π, then the torus T 2

becomes an attractor, and it is the ω-limit set of every trajectory except the cycle

γ. Refer to Figure 4.4 for illustration.

In the following sections, we establish the Poincaré-Bendixson Theorem, demon-

strating that the α and ω-limit sets of any two-dimensional system are relatively

simple objects. Specifically, it is shown that they are either equilibrium points,

limit cycles, or a union of separatrix cycles (defined in the next section). However,

for higher-dimensional systems, the α and ω-limit sets can be much more complex,

as the next example illustrates. One of the strange types of limit sets that can arise

in higher-dimensional systems is called the ”strange attractor” of the Lorenz system.
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Figure 4.3: A dynamical system with a cylinder as its attracting set.

Figure 4.4: A dynamical system with an invariant torus T 2 as its attracting set.
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Example 4.1.4. (The Lorenz System). The original work of Lorenz in 1963,

as well as the more recent work of Sparrow [13], indicates that for certain values of

the parameters α, β, and ρ, the system
ẋ = r(y − x),

ẏ = ρx− y − xz,

ż = −bz + xy,

has a strange attracting set. For example, for r = 10, ρ = 28, and b = 8
3
, a single

trajectory of this system is shown in Figure 6 along with a ”branched surface” S.

The attractor A of this system consists of an infinite number of branched surfaces

S that are interleaved and intersect; however, the trajectories of this system within

A do not intersect but instead, move from one branched surface to another as they

circulate through the apparent branch.

The numerical results in [13] and the related theoretical work in [6] indicate that the

closed invariant set A contains:

� A countable set of periodic orbits with arbitrarily large periods,

� An uncountable set of nonperiodic motions, and

� A dense orbit.

The attracting set A with these properties is referred to as a strange attractor.

4.2 Periodic solutions and limit cycles

As in earlier sections, we shall consider here a dynamical system ϕ(t, x) defined by

ẋ = f(x) (4.2.5)

A periodic solution in a dynamical system is a solution where the system’s state

repeats itself after a constant period of time.

Definition 4.2.1. A solution x = E(t) of the system (4.2.5) is called a periodic

solution if there exists a positive number T such that E(t+ T ) = E(t) for all t ∈ R.
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Figure 4.5: The Lorenz attractor.

In other words, a periodic orbit of (4.2.5) is any closed solution curve of (4.2.5) that

is not an equilibrium point.

Remarks 4.2.1. � If the solution E(t) has a period T , then it also has periods

2T , 3T , and so on. If T is the smallest period among all the periods of E(t),
then the solution is called T -periodic.

� Note that E(t) = ϕ(t, x0) for the system (4.2.5) where ϕ(t, x) is its flow. Thus,

a cycle of (4.2.5) correspond to a periodic solution of (4.2.5) since ϕ(·, x0)
defines a closed solution curve of (4.2.5) if and only if for all t ∈ R ϕ(t +

T, x0) = ϕ(t, x0) for some T > 0.

Definition 4.2.2. A periodic orbit E is called stable if, for each ϵ > 0, there exists a

neighborhood U of E such that for all x ∈ U , d(E+
x , E) < ϵ. That is, if for all x ∈ U

and t ≥ 0, d(ϕ(t, x), E) < ϵ. The orbit E is called unstable if it does not meet the

previous condition. Furthermore, E is asymptotically stable if it is stable and if, for

all points x within some neighborhood U of E,

lim
t→∞

d(ϕ(t, x), E) = 0.

Remark 4.2.1. A center is an equilibrium point surrounded by a continuous family

of cycles. Typically, the period T of these cycles varies continuously as one moves

along a continuous path intersecting this family. However, for a center in a linear

system, each periodic orbit within this family has the same period. Each orbit in this

family surrounding a center is stable, but not asymptotically stable.
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Periodic orbits are important in various fields. For example:

� Understanding the motion of celestial bodies where they interact with each

other by mutual gravitational force which may lead to periodic trajectories.

� In nonlinear dynamics, when analyzing systems that have complex behaviors,

periodic solutions can help in understanding the structure of chaotic attractors.

� In mathematical physics, one studies Hamiltonian systems in which periodic

solutions become involved in energy levels and stability of the system.

Example 4.2.1. Consider the equation of the pendulum governed by the equation

..
x+ sin(x) = 0, (4.2.6)

which can be transformed into the system
.
x1 = x2,

.
x2 = − sin(x1),

where x1 represents the angular displacement and x2 represents the angular velocity.

In the phase plane, we see a family of closed orbits corresponding with periodic

solutions, see Figure 4.6.

Figure 4.6: Periodic solutions of the pendulum equation (4.2.6).

Definition 4.2.3. A limit cycle is a periodic orbit in the phase space that has the

following properties:
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� The limit cycle is isolated, meaning no other periodic orbits are arbitrarily

close to it.

� All nearby trajectories either approach the limit cycle as time tends to infinity

(stable limit cycle) or diverge away from it (unstable limit cycle).

Definition 4.2.4. Consider the nonlinear system (4.2.5) with x ∈ R2 and we shall

refer to it as (4.2.5)*. A limit cycle E of a planar system (4.2.5)* is a cycle of

(4.2.5)* that serves as the α- or ω-limit set of a trajectory of (4.2.5)* other than E
itself. If a cycle E is the ω-limit set of every trajectory in some neighborhood of E,
then E is called an ω-limit cycle or stable limit cycle. If E is the α-limit set of every

trajectory in some neighborhood of E, then it is called an α-limit cycle or unstable

limit cycle. Finally, if E is the ω-limit set of one trajectory other than itself and the

α-limit set of another trajectory other than itself, then E is called a semi-stable limit

cycle.

Note that a stable limit cycle is an asymptotically stable cycle in the sense of Defi-

nition 4.2.2, and any stable limit cycle is an attractor. A stable limit cycle is shown

in Example 4.1.1 in the previous section, and replacing t with −t in that example

(reversing the flow’s direction) would yield an unstable limit cycle.

Example 4.2.2. Consider the systemẋ = −y + x(x2 + y2) sin( 1
x2+y2

)

ẏ = x+ y(x2 + y2) sin( 1
x2+y2

),

for x2 + y2 ̸= 0, with ẋ = ẏ = 0 at (0, 0). This defines a C1-system on R2, which

can be rewritten in polar coordinates as

ṙ = r3 sin(
1

r
), θ̇ = 1.

Here, the origin is an equilibrium point, and the system has limit cycles En on the

circles r =
1

nπ
. These limit cycles accumulate at the origin, i.e.,

lim
n→∞

d(En, 0) = 0.

The limit cycles E2n are stable, while E2n+1 are unstable.
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The following theorem of Dulac establishes that a planar analytic system, i.e. a

system (4.2.5) where f(x) is analytic on E ⊂ R2, cannot possess an infinite number

of limit cycles accumulating at a critical point, as observed in the previous example.

Theorem 4.2.1. In any bounded region of the plane, a planar analytic system has

at most a finite number of limit cycles. Furthermore, any polynomial system has at

most a finite number of limit cycles in R2.

4.3 Poincaré maps

Discrete-time dynamical systems (maps) often naturally arise in the study of continuous-

time systems governed by differential equations. The use of these maps facilitates

the application of established results for discrete systems to continuous ones. This

approach proves particularly advantageous when the derived map is defined in a

space of lower dimension than the original differential system. A notable instance of

such maps is the Poincaré map, which we define as the map constructed from ordi-

nary differential equations to study the qualitative dynamics of the system. Poincaré

maps are useful for studying swirling flows, such as those near periodic orbits, by

reducing continuous dynamics to a discrete framework.

Consider the autonomous differential system

ẋ = f(x), (4.3.7)

where f : E → Rn, with E ⊆ Rn.

Definition 4.3.1. Let S be an n− 1 dimensional surface of section (Poincaré sec-

tion) and be transversal to the flow i.e., all trajectories starting on S flow through it,

not parallel to it. The Poincaré map P : S → S is a mapping obtained by following

trajectories from one intersection with S to the next. If xk ∈ S represents the kth

intersection point, then the Poincaré map is defined by

xk+1 = P (xk).

Remarks 4.3.1. � If x0 is a fixed point of the Poincaré map P , i.e., P (x0) = x0,

then:
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Figure 4.7: The Poincaré map associated with a cycle.

– A trajectory starting at x0 returns to x0 after some time T , forming a

closed orbit in the original system ẋ = f(x).

– The stability of the closed orbit can be determined by examining the be-

havior of P near x0.

� The Poincaré map simplifies the study of closed orbits by converting the prob-

lem into one of analyzing fixed points of P , which is generally easier.

� The challenge lies in the fact that finding an explicit formula for P is typically

not feasible. However, there are cases where P can be computed explicitly, as

shown in some examples below.

� The Poincaré map can also be defined when S is a hyperplane perpendicular

to a periodic orbit E of the system (4.3.7) at x0, then for any point x ∈ S

sufficiently near x0, the solution ϕt(x) of (4.3.7) through x at t = 0 will cross

S again at a point P (x) near x0. The mapping x → P (x) represents The

Poincaré map.

Theorem 4.3.1. Let E be an open subset of Rn, and let f ∈ C1(E). Suppose that
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ϕt(x0) is a periodic solution of (4.3.7) with period T , and that the cycle

E = {x ∈ Rn | x = ϕt(x0), 0 ≤ t ≤ T},

is contained in E. Let S be the hyperplane orthogonal to E at x0, defined as:

S = {x ∈ Rn | (x− x0) · f(x0) = 0},

Then there exists a δ > 0 and a unique function τ(x), defined and continuously

differentiable for x ∈ Nδ(x0), such that τ(x0) = T and

ϕτ(x)(x) ∈ S, for all x ∈ Nδ(x0).

Definition 4.3.2. Let E, S, δ, and τ(x) be as defined in Theorem 4.3.1. For

x ∈ Nδ(x0) ∩ S, the Poincaré map associated with E at x0 is given by

P (x) = ϕτ(x)(x).

Example 4.3.1. Consider the vector field given in polar coordinates by:ṙ = r(1− r2),

θ̇ = 1.

Let S represent the positive x-axis. To compute the Poincaré map, note that the

first return to S occurs after a time of flight t = 2π, since θ̇ = 1. Let r0 be the initial

condition on S. The return value r1 = P (r0) is determined by solving:

dr

r(1− r2)
= dt for t = 2π.

Evaluating this integral gives:

P (r) =
[
1 + e−2π(r−2 − 1)

]−1/2
.

The fixed point r∗ = 1 satisfies P (r∗) = r∗, as the graph of P (r) intersects the

diagonal rn+1 = rn at r∗. Using Graphical iteration method (as shown in Figure
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Figure 4.8: The graph of P .

4.8):

� Start with an initial input r0, draw a vertical line to the graph of P (r).

� From this point, draw a horizontal line to the diagonal rn+1 = rn.

� Repeat to observe the iterative convergence.

The Graphical iteration diagram confirms that r∗ = 1 is stable, as successive itera-

tions converge to this point. This aligns with the fact that the system has a stable

limit cycle at r = 1.

The system has a unique periodic orbit at r = 1, which is stable. The Poincaré map

provides a discrete-time approach to analyze this stability.

For planar systems, translating the origin to x0 ∈ E ∩ S makes the normal line S

pass through the origin. The point 0 ∈ E ∩ S divides S into segments S+ and S−,

with s > 0 for S+ (which lies in the exterior of E) and s < 0 for S−.

The Poincaré map P (s) is defined for |s| < δ, with P (0) = 0. Introducing the

displacement function d(s) = P (s)− s (since P is of class C1 according to Theorem

4.3.1 then d is also of the same class), we have d(0) = 0 and, by the Mean Value

Theorem, d(s) = d′(0)s for small s.

� If d′(0) < 0, the cycle E is a stable (or ω-limit) cycle.

� If d′(0) > 0, the cycle E is an unstable (or α-limit) cycle.

Thus, the stability of E is determined by the derivative P ′(0). Specifically:

� If P ′(0) < 1, E is a stable limit cycle.
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� If P ′(0) > 1, E is an unstable limit cycle.

The following theorem provides a formula for P ′(0) based on f(x), which is useful

for stability analysis.

Theorem 4.3.2. Let the system (4.3.7) be a planar system i.e., E ⊆ R2 → R2, and

assume that f ∈ C1(E). Let γ(t) be a periodic solution of this system with period

T . Then the derivative of the Poincaré map P (s) along a straight line S normal to

E = {x ∈ R2 | x = γ(t), 0 ≤ t ≤ T} at x = 0, is given by:

P ′(0) = exp

(∫ T

0

∇ · f(γ(t)) dt
)
.

Corollary 4.3.1. Under the hypotheses of Theorem 4.3.2, the periodic solution γ(t)

is a stable limit cycle if ∫ T

0

∇ · f(γ(t)) dt < 0,

and it is an unstable limit cycle if∫ T

0

∇ · f(γ(t)) dt > 0.

If this quantity is zero, the cycle may be stable, unstable, semi-stable, or it may

belong to a continuous band of cycles.

Example 4.3.2. Consider the systemẋ = −y + x(1− x2 − y2),

ẏ = x+ y(1− x2 − y2).

This system has a limit cycle represented by the periodic solution

γ(t) = (cos t, sin t)T .

The function ∇ · f(x, y) is given by

∇ · f(x, y) = 2− 4x2 − 4y2.
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Now, we compute the integral:∫ T

0

∇ · f(γ(t)) dt =
∫ 2π

0

(
2− 4 cos2 t− 4 sin2 t

)
dt = −4π.

Thus, with s = r − 1, it follows from Theorem 4.3.2 that

P ′(0) = e−4r,

Since P ′(0) < 1, the cycle γ(t) is a stable limit cycle.

4.4 Stability of periodic orbits

Theorem 4.4.1. Let U be an open subset of R2 and suppose that f ∈ C1(U). Let

γ(t) be a T -periodic solution of (4.3.7). Then, γ(t) is a stable limit cycle if∫ T

0

∇ · f(γ(t))dt < 0,

and it is an unstable limit cycle if∫ T

0

∇ · f(γ(t))dt > 0.

It may be a stable, unstable, or semi-stable limit cycle if this quantity equals zero.

4.5 Bendixon’s and Dulac’s criteria

Consider the autonomous planar system

.
x = F (x, y) ,

.
y = G(x, y), (4.5.8)

with (x, y) ∈ D ⊂ R2.

Theorem 4.5.1. (Criterion of bendixon) Assume that the domain D is simply con-

nected and the functions, F and G, are continuously differentiable in D. If the

divergence ∇.(F,G) of the vector field (F,G) is not identically zero and does not
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change sign in D, then the system (4.5.8) has no periodic orbit contained entirely

in D.

Example 4.5.1. Consider the nonlinear oscillator system with nonlinear damping
.
x = y,

.
y = −m(x)− n(x)y,

where m(x) and n(x) are smooth functions, with n(x) > 0 for all x ∈ R.
Let (F (x, y), G(x, y)) = (y,−m(x) − n(x)y). The divergence of (F,G) is negative

definite, i.e. ∇.(F,G) = −n(x). From Bendixon’s criterion theorem, the previous

system has no periodic solutions.

A more general result of the theorem of Bendixon is given by Dulac’s Criterion.

Theorem 4.5.2. (Criterion of Dulac) Assume that the domain D is simply con-

nected and the function, F and G, are continuously differentiable in D. If there

exists a continuously differentiable function H in D such that ∇.(H(F,G)) is not

identically zero and does not change sign in D, then the following statements hold

� The system (4.5.8) has no periodic orbit contained entirely in D.

� If S is an annular region contained in D on which ∇.(H(F,G)) does not change

sign, then there exists at most one limit cycle of the system (4.5.8).

4.6 The Poincaré-Bendixon theorem

Consider the equation (4.3.7)
.
x = f(x) with x ∈ U ⊆ Rn. Previously, we defined an

orbit O (or trajectory) passing through a point x0 in U as the set

O(x0) = {x ∈ U : x = ϕ(t, x0), for all t ∈ R such that ϕ(t, x0) is defined} ,

where ϕ is the flow of the system (4.3.7).

In this section, we also define the positive half-trajectory through the point x0 ∈ U
by the curve

O+(x0) = {x ∈ U : x = ϕ(t, x0), t ≥ 0} .

Likewise, we define O−(x0) and we obviously note that O(x0) = O+(x0) ∪ O−(x0).
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Remark 4.6.1. If the point x0 is not specifically involved in the motion of the

trajectory, we simply denote it by O. Similarly, we note that O = O+ ∪ O−

Definition 4.6.1. If there exists a sequence tn −→ ∞ such that

lim
n→−∞

ϕ(tn, x) = ℓ1, where ℓ1 ∈ U ,

then the point ℓ1 is called an ω-limit point of the trajectory O of the system (4.3.7).

Similarly, If there exists a sequence tn −→ −∞ such that

lim
n→−∞

ϕ(tn, x) = ℓ2, where ℓ2 ∈ U ,

then the point ℓ2 is called an α-limit point of the trajectory O of the system (4.3.7).

Definition 4.6.2. An ω-limit set of a trajectory O is the set of all ω-limit points of

O, and is denoted by ω(O). Similarly, An α-limit set of a trajectory O is the set of

all α-limit points of O, and is denoted by α(O). The limit set of O, ω(O) ∪ α(O),

is the set of all limit points of O.

Theorem 4.6.1. If ℓ is an ω-limit point of a trajectory O of (4.3.7), i.e. ℓ ∈ ω(O),

then Oℓ ⊂ ω(O). Similarly, if ℓ ∈ α(O) then Oℓ ⊂ α(O).

This theorem shows that given a point ℓ ∈ ω(O) of a system (4.3.7), then all other

points of the trajectory ϕ(., ℓ) of (4.3.7) through the point ℓ are also ω-limit points

of O. Analogously, the same result applies in the case of α-limit points.

Remarks 4.6.1.

� An equilibrium point x0 of system (4.3.7) is its own α and ω-limit set.

� A stable node (or focus) is the ω-limit set of every trajectory in some neigh-

borhood of the point.

Definition 4.6.3. If ℓ is any regular point in α(O) or ω(O) then the trajectory

through ℓ is called a limit orbit of O.
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Example 4.6.1. We consider the following differential system
.
x = −y + x(1− x2 − y2),

.
y = x+ y(1− x2 − y2).

When we change the system into polar coordinates we get
.
r = r(1− r2),
.

θ = 1.

The origin is an equilibrium point for the system and in the phase plane, the flow:

� Spirals around the origin in a counter-clockwise direction.

� Spirals outward for 0 < r < 1 because
.
r > 0.

� Spirals inward for r > 1 because
.
r < 0.

Since
.
r = 0 on r = 1, the flow approaches the unit circle in the counter-clockwise di-

rection describing a trajectory O0. This trajectory passes through the point (cos(θ0), sin(θ0))

on the unit circle at t = 0, see Figure 4.9. The trajectory O0 is called a stable limit

Figure 4.9: A stable limit cycle O0.

cycle. It is the ω-limit set of every trajectory of this system except the equilibrium

point at the origin. O0 consist of one limit orbit and it is its own α and ω-limit set.

Theorem 4.6.2. (The Poincaré-Bendixon theorem). Consider the system (4.3.7)

where f ∈ C1(U) with U ⊂ R2. Assume that (4.3.7) has a trajectory O with O+
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contained in a compact subset D of U and has a finite number of equilibrium points

in D. Then, ω-limit set ω(O) is either an equilibrium point of (4.3.7), a periodic

orbit of (4.3.7), or that ω(O) is composed of a finite number of equilibria ℓ1, . . . , ℓm

of (4.3.7) and a countable number of limit orbits of (4.3.7) whose α and ω limit sets

belong to {ℓ1, . . . , ℓm}.

This theorem is proved in [12].

In the following theorem, we present a more specific result that guarantees the

existence of closed orbits when no equilibrium points are present.

Theorem 4.6.3. (Poincaré-Bendixson Theorem (special case)). Let Γ be a nonempty

compact limit set of a C1 planar dynamical system. If Γ contains no equilibrium

points, then Γ is a closed orbit.

For a proof of this theorem, see [8].

Example 4.6.2. Consider the system
.
x = −y + x(x2 + y2 − 2x− 3),

.
y = x+ y(x2 + y2 − 2x− 3).

(4.6.9)

The system (4.6.9) has one equilibrium point located at the origin (0, 0). First, to

determine the possibility of periodic orbits for the system we apply the criterion of

Bendixon, so we compute the divergence of the vector function on the righthand side

of system (4.6.9) we get

4x2 + 4y2 − 6x− 6 = 4

[
(x− 3

4
)2 + y2 − 33

16

]
.

We deduce that no closed orbits can be contained in the interior of the circle with

center (3
4
, 0) and radius

√
33

4
because inside that circle (Bendixon circle) the diver-

gence is sign definite. Closed orbits are possible only if they enclose or intersect with

this Bendixon circle.

We write the system (4.6.9) in polar coordinates we find
.
r = r(r2 − 2r cos(θ)− 3),
.

θ = 1.
(4.6.10)
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If r < 1 we have
.
r < 0, and if r > 3 we have

.
r > 0. According to the Poincaré-

Bendixon theorem, the annulus 1 < r < 3 must contain one or more limit cycles.

4.7 Exercises

Exercice 4.7.1. Consider the Lorenz system:
ẋ = σ(y − x),

ẏ = ρx− y − xz,

ż = xy − βz,

(4.7.11)

where σ > 0, ρ > 0, and β > 0.

(a) Show that this system is invariant under the transformation (x, y, z, t) 7→
(−x,−y, z, t).

(b) Show that the z-axis is invariant under the flow of this system and that it

consists of three trajectories.

(c) Show that this system has equilibrium points at the origin and at

(±
√
β(ρ− 1),±

√
β(ρ− 1), ρ− 1)

for ρ > 1. For ρ > 1, show that there is a one-dimensional unstable manifold

W u(0) at the origin.

(d) For ρ ∈ (0, 1), use the Lyapunov function

V (x, y, z) = σx2 + y2 + βz2

to show that the origin is globally stable; i.e., for ρ ∈ (0, 1), the origin is the

ω-limit set of every trajectory of this system.

Exercice 4.7.2. Show that the systemẋ = −y + x(1− x2 − y2)2,

ẏ = x+ y(1− x2 − y2)2
(4.7.12)



124

has a semi-stable limit cycle Γ. Sketch the phase portrait for this system.

Exercice 4.7.3. Consider the system

ẋ = −y + x(1− x2 − y2 − z2)(4− x2 − y2 − z2),

ẏ = x+ y(1− x2 − y2 − z2)(4− x2 − y2 − z2),

ż = 0.

For z = z0, a constant, write the resulting system in polar coordinates and deduce

that this system has two invariant spheres. Sketch the phase portrait for this system

and describe all limit sets of trajectories of this system. Does this system have an

attracting set?

Exercice 4.7.4. Show that γ(t) = (2 cos(2t), sin(2t))T is a periodic solution of the

system

ẋ = −4y + x(1− x2

4
− y2),

ẏ = x+ y(1− x2

4
− y2).

that lies on the ellipse
x2

22
+ y2 = 1; i.e., γ(t) represents a cycle Γ of this system.

Then use the corollary 4.3.1 to show that Γ is a stable limit cycle.

Exercice 4.7.5. Solve the linear system ẋ = Ax with

A =

(
a −b
b a

)

and show that at any point (x0, 0), on the x-axis, the Poincaré map for the focus at

the origin is given by

P (x0) = x0 exp

(
2πa

|b|

)
.

For d(x) = P (x)− x, compute d′(0) and show that d(−x) = −d(x).

Exercice 4.7.6. (a) Use the Dulac function B(x, y) = be−2βx to show that the

system

ẋ = y, ẏ = −ax− by + αx2 + βy2
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has no limit cycle in R2.

(b) Show that the system

ẋ =
y

1 + x2
, ẏ =

−x+ y(1 + x2 + x4)

1 + x2

has no limit cycle in R2.

Exercice 4.7.7. Consider the dynamical systemẋ = −y + x(r4 − 3r2 + 1),

ẏ = x+ y(r4 − 3r2 + 1),

where r2 = x2 + y2.

(a) Show that ṙ < 0 on the circle r = 1 and that ṙ > 0 on the circle r = 2. Use

the Poincaré-Bendixson theorem and the fact that the only critical point of this

system is at the origin to show that there exists a periodic orbit in the annular

region

A1 = {x ∈ R2 | 1 < |x| < 2}.

(b) Show that the origin is an unstable focus for this system. Use the Poincaré-

Bendixson theorem to show that there exists a periodic orbit in the annular

region

A2 = {x ∈ R2 | 0 < |x| < 1}.

(c) Determine the stable and unstable limit cycles of this system.
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Chapter 5

Introduction to Local Bifurcations

Bifurcation theory is a field in mathematics that studies qualitative changes in the

behavior of a system as a parameter is varied. These changes often involve the

sudden appearance or disappearance of equilibria, periodic orbits, or more complex

structures in dynamical systems. Bifurcations can signal the onset of instability or

chaos in systems and are categorized into types, such as saddle-node, transcritical,

pitchfork, and Hopf bifurcations. Each type corresponds to a different way in which

the solutions of a system change in response to parameter variations.

5.1 Basic concepts of bifurcation

Definition 5.1.1. A bifurcation occurs when a small change in a system’s param-

eters causes a qualitative or topological change in its long-term behavior (its phase

portrait or equilibrium structure). Essentially, a bifurcation marks a point where the

nature of the solutions changes.

Definition 5.1.2. In bifurcations, the following key points apply

� A fixed point is where the system’s state does not change over time. Bifurca-

tions involve changes in the number or stability of these fixed points as param-

eters are varied.

� The stability of a fixed point determines whether small disturbances around it

die out (stable) or grow (unstable). Stability is often assessed using eigenval-

ues, which are calculated from the system’s linearization near the fixed point.
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A bifurcation occurs when these eigenvalues cross a critical threshold, such as

changing from negative to positive.

� There are different types of bifurcations, each describing how the system’s be-

havior changes:

– Saddle-node bifurcation: Two fixed points, one stable and one unsta-

ble, merge and annihilate each other.

– Transcritical bifurcation: Two fixed points exchange their stability as

the parameter changes.

– Pitchfork bifurcation: A single fixed point splits into three (two stable,

one unstable) or merges into one.

– Hopf bifurcation: A stable fixed point becomes unstable, giving rise to

a periodic oscillation, known as a limit cycle.

Definition 5.1.3. A bifurcation diagram is a plot that shows how the system’s

fixed points or periodic orbits change as a parameter is varied. It provides a visual

representation of the system’s transitions and bifurcations. Stable points are typically

shown with a solid line, while unstable points are drawn with a dashed line. Often,

unstable points are omitted for simplicity.

In this chapter, we focus on common local bifurcations in one and two dimensions.

We limit our discussion to codimension 1 bifurcations, which occur when a single

real parameter is varied.

5.2 Bifurcation in one-dimensional systems

Consider the scalar differential equation given by

dx(t)

dt
= f(x(t), µ), (5.2.1)

where x(t) is a real-valued function of time t, f is a real-valued vector field, and

µ is the bifurcation paramater. We assume that equation (5.2.1) is well-defined

and satisfies the hypotheses of the Cauchy-Lipschitz theorem, ensuring that for each
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initial condition, a unique solution exists. Furthermore, we assume that the vector

field is of class Ck (where k ≥ 2) in a neighborhood of the point (0, 0), satisfying

the following conditions:

(i) f(0, 0) = 0;

(ii)
∂f

∂x
(0, 0) = 0.

(5.2.2)

The condition (i) indicates that x = 0 is an equilibrium point of equation (5.2.1)

when µ = 0. Our focus is on the local bifurcations that arise in the neighborhood

of this equilibrium as the parameter µ is varied. The condition (ii) is necessary but

not sufficient for the emergence of local bifurcations at µ = 0.

5.2.1 Saddle-node bifurcation

A saddle-node bifurcation occurs when a stable and an unstable equilibrium collide

and annihilate as a parameter varies. This fundamental bifurcation marks a transi-

tion in system dynamics and appears in various physical and biological models.

Theorem 5.2.1. Consider the differential equation (5.2.1) with f a vector field of

class Ck (where k ≥ 2) in a neighborhood of (0, 0), satisfying

∂f

∂µ
(0, 0) = a,

∂2f

∂x2
(0, 0) = 2b with ab ̸= 0. (5.2.3)

The following properties are valid in the neighborhood of 0 in R for a sufficiently

small µ.

1. If ab < 0 (resp. ab > 0) the differential equation (5.2.1) has no equilibria for

µ < 0 (resp. for µ > 0).

2. If ab < 0 (resp. ab > 0) the equation (5.2.1) possesses two equilibria x±(ϵ), ϵ =√
|µ| for µ > 0 (resp. µ < 0), with opposite stabilities.

Then for equation (5.2.1), a saddle-node bifurcation occurs at µ = 0.

Remark 5.2.1. The saddle-node bifurcation is also known as ”fold bifurcation” and

”turning point bifurcation.” These names reflect the characteristic shape of the bi-

furcating equilibria in the (µ, x)-plane.

The term ”saddle node” specifically denotes the emergence of a saddle point and a
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node as equilibria in n-dimensional systems, illustrating the different stability prop-

erties of the resulting solutions.

Recalling the general expansion of f around (0, 0) up to second order, we have

f(x, µ) = f(0, 0) +
∂f

∂x
(0, 0)x+

∂f

∂µ
(0, 0)µ+

1

2

∂2f

∂x2
(0, 0)x2 +

∂f

∂µ∂x
(0, 0)µx

+
1

2

∂f

∂µ2
(0, 0)µ2 + o(|(x, µ)|2).

(5.2.4)

Consequently, from the conditions of the assumptions on the vector field and if we

neglect quadratic terms in µ, then near (x, µ) = (0, 0), we obtain

f(x, µ) = aµ+ bx2 + o(|µ|+ x2) as (x, µ) → (0, 0). (5.2.5)

In fact. Since a ̸= 0, the implicit function theorem guarantees the existence of a

unique solution µ = g(x), for x near zero, to the equation f(x, µ) = 0. The function

g is of class Ck with k ≥ 2 in a neighborhood of the origin and satisfies g(0) = 0.

The Taylor expansion of g is given by

µ = − b

a
x2 + o(x2).

As a result, if abµ > 0, equation (5.2.1) has no equilibria; if µ = 0, there is a single

equilibrium at x = 0; and if abµ < 0, there exists a pair of equilibria x±(µ) =

±
√
−aµ/b+ o(

√
|µ|).

In the case where abµ < 0, we find

∂f

∂x
(x±(µ), µ) = 2bx±(µ) + o(

√
|µ|),

implying that the equilibrium x−(µ) is attractive (asymptotically stable) when b > 0,

and repelling (unstable) when b < 0. Conversely, the equilibrium x+(µ) exhibits the

opposite stability behavior.

Example 5.2.1. Consider the one-dimensional system

ẋ = µ− x2.
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For µ > 0, the system has two critical points at x = ±√
µ, where the derivative of

the right-hand side is

Df(x, µ) = −2x, Df(±√
µ, µ) = ∓2

√
µ.

The critical point at x =
√
µ is stable, while the critical point at x = −√

µ is

unstable. (Here, Df(x, µ) denotes the derivative of the function f(x, µ) with respect

to x.) For µ = 0, there is a single critical point at x = 0, which is nonhyperbolic,

since Df(0, 0) = 0; the vector field f(x) = −x2 is unstable at this point, and µ = 0

represents a bifurcation value. For µ < 0, there are no critical points.

The phase portraits for this differential equation are shown in Figure 5.1. The

bifurcation diagram in Figure 5.2 illustrates the bifurcation occurring at µ = 0. The

curve µ − x2 = 0 determines the position of the critical points, where a solid curve

indicates stable critical points, and a dashed curve indicates unstable ones. This

bifurcation is called a saddle-node bifurcation.

Figure 5.1: Phase portraits for the differential equation of Example 5.2.1.

Figure 5.2: Bifurcation diagram for the saddle-node bifurcation in Example 5.2.1.
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5.2.2 Pitchfork bifurcation

A pitchfork bifurcation occurs when a single equilibrium splits into three as a

parameter varies, typically under symmetry constraints. This bifurcation plays a

key role in dynamical systems, with distinct supercritical and subcritical cases.

In the supercritical case, a stable equilibrium gives rise to two new stable equilibria

with the original one becoming unstable, while in the subcritical case, two unstable

equilibria merge into a single unstable equilibrium. This bifurcation appears in

various physical and biological models.

Theorem 5.2.2. Consider the differential equation (5.2.1), where f is a vector field

of class Ck (with k ≥ 3) defined in a neighborhood of (0, 0). The function f satisfies

the conditions in (5.2.2) and is odd with respect to x, that is,

f(−x, µ) = −f(x, µ). (5.2.6)

Moreover, assume that

∂2f

∂µ∂x
(0, 0) = a,

∂3f

∂x3
(0, 0) = 6b with ab ̸= 0. (5.2.7)

The following properties are valid in the neighborhood of 0 in R for a sufficiently

small µ.

1. If ab < 0 (resp. ab > 0) the differential equation (5.2.1) has one equilibrium

x = 0 for µ < 0 (resp. for µ > 0). This equilibrium is stable when b < 0 and

unstable when b > 0.

2. If ab < 0 (resp. ab > 0) the equation (5.2.1) possesses the trivial equilibrium

x = 0 and two nontrivial equilibria x±(ϵ), ϵ =
√

|µ| for µ > 0 (resp. µ < 0),

which are symmetric, x+(ϵ) = −x−(ϵ). Moreover, the map ϵ → x±(ϵ) is of

class Ck−3 in a neighborhood of 0 in R, and x±(ϵ) = O(ϵ). The nontrivial

equilibria are stable when b < 0 and unstable when b > 0, whereas the trivial

equilibrium has opposite stability.

Then for equation (5.2.1), a pitchfork bifurcation occurs at µ = 0.
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As a result of conditions (5.2.2), (5.2.6), and (5.2.7), the function f admits the

following Taylor expansion

f(x, µ) = xh(x2, µ) with h(x2, µ) = aµ+ bx2 + o(|µ|+ x2) as (x, µ) → (0, 0),

where h is of class C(k−1)/2 in a neighborhood of (0, 0).

Example 5.2.2. Consider the one-dimensional system

ẋ = µx− x3.

For µ > 0, the system has critical points at x = 0 and x = ±√
µ. For µ ≤ 0, the

only critical point is at x = 0.

At µ = 0, there is a nonhyperbolic critical point at x = 0, since Df(0, 0) = 0. The

vector field f(x) = −x3 is unstable, and µ = 0 is a bifurcation value.

The phase portraits for this differential equation are shown in Figure 5.3. The

bifurcation diagram is shown in Figure 5.4. This type of bifurcation is called a

pitchfork bifurcation.

Figure 5.3: Phase portraits for the differential equation in Example 5.2.2 .

Exercice 5.2.1. Consider the truncated equation

dx

dt
= aµx+ bx3.

1. Create bifurcation diagrams in the (u, µ)-plane for the truncated equation,

considering different values of a and b.

2. Prove the theorem.

5.2.3 Transcritical bifurcation

A transcritical bifurcation occurs when two equilibria exchange their stability as a

parameter varies. Unlike the saddle-node bifurcation, the equilibria do not disappear
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Figure 5.4: Bifurcation diagram for the pitchfork bifurcation in Example 5.2.2 .

but instead intersect and exchange their roles. This bifurcation often arises in models

with conserved quantities or population dynamics.

Theorem 5.2.3. Consider the differential equation (5.2.1) with f a vector field of

class Ck (where k ≥ 2) in a neighborhood of (0, 0), satisfying

∂f

∂µ
(0, 0) = a,

∂2f

∂x2
(0, 0) = 2b with ab ̸= 0. (5.2.8)

Assume that the following properties are valid in the neighborhood of 0 in R for a

sufficiently small µ:

1. If ab < 0 (resp. ab > 0) the differential equation (5.2.1) has no equilibria for

µ < 0 (resp. for µ > 0).

2. If ab < 0 (resp. ab > 0) the equation (5.2.1) possesses two equilibria x±(ϵ), ϵ =√
|µ| for µ > 0 (resp. µ < 0), with opposite stabilities. Moreover, the map ϵ→ x±(ϵ)

is of class Ck−2 in a neighborhood of 0 in R, and x±(ϵ) = O(ϵ).

Then for equation (5.2.1), a saddle-node bifurcation occurs at µ = 0.

Example 5.2.3. Consider the one-dimensional system

ẋ = µx− x2.

The critical points are at x = 0 and x = µ. For µ = 0, there is a single critical point
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at x = 0, which is nonhyperbolic since Df(0, 0) = 0. The vector field f(x) = −x2 is

unstable at this point, and µ = 0 is a bifurcation value.

The phase portraits for this differential equation are shown in Figure 5.5. The bi-

furcation diagram is shown in Figure 5.6. At the bifurcation value µ = 0, there is an

exchange of stability at the critical points, marking the occurrence of a transcritical

bifurcation. Details can be found in [5].

Figure 5.5: Phase portraits for the differential system in Example 5.2.3.

Figure 5.6: Diagram bifurcation for the transcritical bifurcation in Example 5.2.3.

5.3 Bifurcation in two-dimensional systems

This section extends our earlier study of bifurcations to two-dimensional systems.

Here, both fixed points and closed orbits can be created, destroyed, or destabilized

as parameters vary, enabling us to understand how oscillations begin or end. A bi-

furcation is defined as a change in the topological structure of the phase portrait due

to parameter variation, affecting fixed points, closed orbits, or saddle connections.
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5.3.1 Saddle-node bifurcation

A saddle-node bifurcation is the basic mechanism for creating or destroying fixed

points. Consider the following two-dimensional prototype systemẋ = µ− x2

ẏ = −y
(5.3.9)

For µ > 0, there is a stable fixed point at (x∗, y∗) = (
√
µ, 0) and an unstable fixed

point at (x∗, y∗) = (−√
µ, 0). At µ = 0, the phase portraits shown in the following

figure illustrate the collision and annihilation of these fixed points.

Figure 5.7: collision and annihilation of fixed points of system (5.3.9).

Figure 5.7 shows two fixed points: a stable node at (x∗, y∗) = (
√
µ, 0) and a saddle

at (x∗, y∗) = (−√
µ, 0). As µ decreases, the saddle and node approach each other,

collide at µ = 0, and disappear when µ < 0. Even after the fixed points annihilate,

they continue to influence the flow by leaving behind a bottleneck region. This region

traps trajectories, delaying their exit. The time spent in the bottleneck increases as

µ − µc ∼ (µc − µ)−1/2, where µc is the value at which the saddle-node bifurcation

occurs.

Now, consider a more general scenario where we have the two-dimensional system

ẋ = f(x, y), ẏ = g(x, y),

that depends on a parameter µ. Suppose that for some value of µ, the nullclines

intersect as shown in Figure 5.8 Each intersection corresponds to a fixed point since

ẋ = 0 and ẏ = 0 simultaneously. To track the movement of fixed points as µ changes,

we simply observe these intersections. Now, suppose the nullclines move apart as µ
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Figure 5.8: Intersection of nullclines.

varies, becoming tangent at µ = µc. At this point, the fixed points approach each

other, collide, and vanish. Once the nullclines separate, there are no intersections,

and the fixed points disappear abruptly. This behavior characterizes all saddle-node

bifurcations locally. For further details, see [14].

5.3.2 Transcritical and pitchfork bifurcations

Based on our earlier work in one-dimensional bifurcations and analogous to the

saddle-node case, we can construct the prototypical cases of transcritical and pitch-

fork bifurcations at a stable fixed point which are given by

1. Transcritical Bifurcation: ẋ = µx− x2,

ẏ = −y.

2. Supercritical Pitchfork Bifurcation:ẋ = µx− x3,

ẏ = −y.
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3. Subcritical Pitchfork Bifurcation:ẋ = µx+ x3,

ẏ = −y.
(5.3.10)

The analysis in each case follows a similar pattern. Here, we will focus on the

supercritical pitchfork bifurcation.

For µ < 0, the only fixed point is a stable node at the origin. For µ = 0, the origin

remains stable, but the decay along the x-direction becomes very slow (algebraic)

rather than exponential (this is the phenomenon of ”critical slowing down”). For µ >

0, the origin loses stability and gives rise to two new stable fixed points symmetrically

located at (x∗, y∗) = (±√
µ, 0). By computing the Jacobian at each fixed point, one

Figure 5.9: Phase portraits of system (5.3.10).

can verify that the origin becomes a saddle, while the two new fixed points are stable

nodes. The phase portraits are shown in Figure 5.9.

Pitchfork bifurcations frequently occur in systems exhibiting symmetry. Consider

the following example.

Example 5.3.1. ẋ = µx+ y + sinx,

ẏ = x− y.
(5.3.11)

The system (5.3.11) is invariant under the change of variables x → −x, y → −y,
so the phase portrait must be symmetric under reflection through the origin. The
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origin is a fixed point for all µ, and its Jacobian is

J =

(
µ+ 1 1

1 −1

)
,

which has τ = µ and ∆ = −(µ + 2). Hence, the origin is a stable fixed point if

µ < −2 and a saddle if µ > −2. This suggests that a pitchfork bifurcation occurs at

µc = −2.

To confirm this, we seek a symmetric pair of fixed points near the origin for µ close

to µc. (At this stage, we do not know whether the bifurcation is sub- or supercritical).

The fixed points satisfy y = x, and thus

(µ+ 1)x+ sinx = 0.

One solution is x = 0, which we have already identified. Now, assume x is small

and nonzero, and expand the sine function as a power series:

(µ+ 1)x+ x− x3

3!
+O(x5) = 0.

After dividing through by x and neglecting higher-order terms, we obtain

µ+ 2− x2

6
≈ 0.

Thus, there is a pair of fixed points with x∗ ≈ ±
√
6(µ+ 2) for µ slightly greater

than −2. Therefore, a supercritical pitchfork bifurcation occurs at µc = −2. (If

the bifurcation had been subcritical, the pair of fixed points would have existed when

the origin was stable, not after it has become a saddle.) Since the bifurcation is

supercritical, we know that the new fixed points are stable without needing further

analysis.

To draw the phase portrait near (0, 0) for µ slightly greater than −2, it is helpful to

find the eigenvectors of the Jacobian at the origin. This can be done exactly, but a

simple approximation is to use the Jacobian close to that at the bifurcation. Thus,
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for the Jacobian

J ≈

(
−1 1

1 −1

)
,

the eigenvectors are

(
1

1

)
and

(
1

−1

)
, with eigenvalues λ = 0 and λ = −2, respec-

tively. For µ slightly greater than −2, the origin becomes a saddle, and the zero

eigenvalue becomes slightly positive. This information implies the phase portrait

shown in Figure 5.10.

Figure 5.10: Phase portrait of system (5.3.11).

In the examples discussed above, bifurcations occur when the eigenvalue ∆ = 0,

or equivalently, when one of the eigenvalues equals zero. More broadly, saddle-

node, transcritical, and pitchfork bifurcations are all categorized as zero-eigenvalue

bifurcations. While other examples of zero-eigenvalue bifurcations exist, these are

among the most prevalent. Such bifurcations invariably involve the collision and

subsequent annihilation of two or more fixed points.

In the next subsection, we will explore a fundamentally distinct type of bifurcation,

one that lacks a counterpart in one-dimensional systems. This bifurcation allows for

a fixed point to lose stability without interacting with or colliding with any other

fixed points.
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5.3.3 Hopf bifurcations

a stable fixed point may become unstable only if the real part of one of the eigenval-

ues λ of the Jacobian becomes greater than zero as the control parameter µ varies.

Recall that the eigenvalues λ solve

det(J)− λI = 0,

where J is the Jacobian and I is the identity matrix.

In two-dimension, the resulting quadratic equation either has two real roots or two

complex conjugate roots. So when a fixed point is stable, either both roots are real

and negative, or the roots are complex conjugates with negative real parts:

In the saddle-node, transcritical, and pitchfork bifurcations, one of the purely real

eigenvalues passes through λ = 0 when the fixed point becomes unstable. In con-

trast, a Hopf bifurcation occurs when a pair of complex conjugate eigenvalues cross

the imaginary axis. Similar to pitchfork bifurcations, Hopf bifurcations can be clas-

sified into two cases: supercritical and subcritical.

(i) Supercritical Hopf bifurcation

The complex eigenvalues produce oscillatory solutions. One possibility is that oscil-

lations are damped for µ < µc and growing for µ > µc.

This scenario corresponds to a supercritical Hopf bifurcation.
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We can represent a simple model of the supercritical Hopf bifurcation using polar

coordinates, expressed in terms of the radius r and angle θ in the 2-D phase space:ṙ = µr − r3,

θ̇ = ω + br2.
(5.3.12)

Here, µ governs the stability of the fixed point, ω represents the frequency of oscil-

lations when r is infinitesimal, and b determines how the frequency depends on the

amplitude of large oscillations.

The r-equation resembles the form of the supercritical pitchfork bifurcation, while

the θ-equation provides the rotational component, effectively acting as a driving

mechanism.

When µ ≤ 0, the origin (r = 0) is a stable spiral. Conversely, for µ > 0, the origin

becomes an unstable spiral.

Figure 5.11: Phase portraits for µ above and below the bifurcation.

Note that for µ > 0 there is a stable limit cycle at r =
√
µ. When µ = 0 the origin is

still stable, however the amplitude of oscillations decays slower than exponentially

(since ṙ = −r2), and this is another case of critical slowing down.

To analyze how the eigenvalues behave during the bifurcation, we rewrite the system

in Cartesian coordinates, as this simplifies finding the Jacobian.

Let x = r cos θ and y = r sin θ. Then

ẋ = ṙ cos θ − rθ̇ sin θ,



142

substituting ṙ = µr − r3 and θ̇ = ω + br2:

ẋ = (µr − r3) cos θ − r(ω + br2) sin θ.

Expanding this in terms of x and y:

ẋ = (µ− (x2 + y2))x− (ω + b(x2 + y2))y.

Similarly, for ẏ:

ẏ = (ω + b(x2 + y2))x+ (µ− (x2 + y2))y.

Ignoring cubic terms near the origin (x, y ≈ 0), the system reduces to:ẋ = µx− ωy,

ẏ = ωx+ µy.

The Jacobian at the origin is thus

J =

[
µ −ω
ω µ

]
,

which has the eigenvalues λ = µ ± iω. As expected, the eigenvalues cross the

imaginary axis from left to right as µ increases from negative to positive values.

We can extract two important characteristics of supercritical Hopf bifurcations from

the prototypical form (5.3.12):

� The size of the limit cycle grows continuously from zero and increases propor-

tionally to
√
µ− µc, for µ close to µc.

� The frequency of the limit cycle is given approximately by ω = ℑ(λ), evaluated
at µ = µc. This formula is exact at the birth of the limit cycle and accurate

within O(µ− µc) for µ close to µc. Therefore, the period is

T =
2π

ℑ(λ)
+O(µ− µc).

In this system, the eigenvalues cross the imaginary axis as a straight line parallel to
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the real axis. However, the paths are usually curved: Moreover, the limit cycle is

usually elliptical and not circular near µc.

(ii) Subcritical Hopf bifurcation

As with pitchfork bifurcations, there is also a subcritical variety of Hopf bifurcations

in which the stability of the fixed point and the limit cycle is reversed. This type

exhibits some very interesting properties. Here’s the prototype:ṙ = µr + r3 − r5,

θ̇ = ω + br2.
(5.3.13)

The important difference from the earlier supercritical case is that the cubic term

r3 is now destabilizing, as it drives trajectories away from the origin. The phase

portraits look like this:

When µ < 0, there are two attractors: a stable limit cycle and a stable fixed point.

These two attractors are separated by an unstable limit cycle. As µ → 0−, the

unstable limit cycle shrinks to the origin.
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The subcritical Hopf bifurcation occurs at µ = 0. At this point, the origin becomes

unstable, and the large amplitude limit cycle becomes the only attractor. Con-

sequently, any solution near the origin is forced to grow immediately into a large

amplitude oscillation.

Here’s a pictorial summary of the supercritical and subcritical cases:

Figure 5.12: Summary of the supercritical and subcritical cases.

5.4 Exercises

Exercice 5.4.1. Show that the first-order system

ẋ = r − x− e−x,

undergoes a saddle-node bifurcation as r is varied, and find the value of r at the

bifurcation point.

Exercice 5.4.2. Show that the first-order system

ẋ = x(1− x2)− a(1− e−bx),
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undergoes a transcritical bifurcation at x = 0 when the parameters a, b satisfy a

certain equation, to be determined. (This equation defines a bifurcation curve in

the (a, b) parameter space.) Then find an approximate formula for the fixed point

that bifurcates from x = 0, assuming that the parameters are close to the bifurcation

curve.

Exercice 5.4.3. Equations similar to

ẋ = −x+ β tanh(x),

arise in statistical mechanical models of magnets and neural networks. Show that

this equation undergoes a supercritical pitchfork bifurcation as β is varied. Then

give a numerically accurate plot of the fixed points for each β.

Exercice 5.4.4. Define the function

f(x) =


x3 sin

(
1

x

)
, for x ̸= 0,

0, for x = 0.

Show that f ∈ C1(R). Consider the one-dimensional system

ẋ = f(x)− µ,

with f defined above.

(a) Show that for µ = 0 there are an infinite number of critical points in any

neighborhood of the origin, that the nonzero critical points are hyperbolic and

alternate in stability, and that the origin is a nonhyperbolic critical point.

(b) Show that µ = 0 is a bifurcation value.

(c) Draw a bifurcation diagram and show that there are an infinite number of

bifurcation values that accumulate at µ = 0. What type of bifurcations occur

at the nonzero bifurcation values?

Exercice 5.4.5. Consider the system

ẋ = y − 2x, ẏ = µ+ x2 − y.
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(a) Sketch the nullclines.

(b) Find and classify the bifurcations that occur as µ varies.

(c) Sketch the phase portrait as a function of µ.

Exercice 5.4.6. Consider the system

ẋ = µx− y + xy2, ẏ = x+ µy + y3.

Show that a Hopf bifurcation occurs at the origin as µ varies. Is the bifurcation

subcritical or supercritical?
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