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Preface

This course book serves as an introduction to dynamical systems, focusing on ordi-
nary differential equations (ODEs), their stability, periodic solutions, and bifurca-
tions. It is aimed at students in mathematics, particularly those in the first year of
their Master’s degree.

The book is structured into five main chapters, each addressing important aspects of
dynamical systems. The first chapter, Preliminaries of Ordinary Differential
Equations, begins with a review of differential systems, followed by their classifica-
tion, and linear differential systems, including homogeneous and nonhomogeneous
cases.

The second chapter, General Theory of ODEs, introduces the fundamental as-
pects of ordinary differential equations, initial value problems, and solutions. It
includes key existence and uniqueness theorems, different proof methods, and exam-
ples. Additionally, the continuation of solutions and maximal intervals of existence
are discussed in detail.

The third chapter, Stability in Linear and Nonlinear Systems, explores the
concept of stability, starting with linear systems and extending to nonlinear systems.
It covers important tools such as Lyapunov’s method and the analysis of conservative
and dissipative systems, which are fundamental for understanding system behavior
over time.

In the fourth chapter, Periodic Solutions and Their Stability, we delve into
the nature of periodic solutions, limit cycles, and their stability. Concepts such
as Poincaré maps, Bendixson’s and Dulac’s criteria, and the Poincaré-Bendixson
theorem are explored, offering a deep understanding of the behavior of dynamical
systems in the long term.

Finally, the fifth chapter, Introduction to Local Bifurcations, introduces the



concept of bifurcation, focusing on one-dimensional and two-dimensional systems.
Key bifurcations, including saddle-node, pitchfork, transcritical, and Hopf bifur-
cations, are explored, laying the foundation for further study and applications in
complex systems.

In this book, my objective was to collect the most important definitions, informa-
tion, and tools from the most significant references such as [[12], [14], [15], [10], [5]],
and the references therein, to help students focus on the essential notions of dy-
namical systems. Throughout the book, a formal and clear approach is taken, with
numerous examples and illustrations. The topics covered are foundational for the
study of dynamical systems and provide the necessary tools to tackle more advanced
subjects in mathematical modeling, control theory, and applied mathematics.

It is my hope that this book serves as a learning resource for students and a reference

for those seeking to deepen their understanding of dynamical systems.



Chapter 1

Preliminaries of Ordinary

Differential Equations

Differential systems play a central role in various branches of mathematics and their
applications, providing a framework to model and analyze dynamic processes in
science and engineering. These systems describe the relationships between functions
and their derivatives, capturing how quantities evolve over time or interact with one
another. The study of differential systems encompasses both linear and nonlinear
dynamics, offering insights into stability, control, and long-term behavior. In this
chapter, we present a concise review of key concepts and results in the theory of

differential systems.

1.1 General Definition of an Ordinary Differential

System

An ordinary differential system (ODS) is a set of equations involving one or more
functions and their derivatives with respect to a single independent variable, typi-

cally time (t). Formally, such a system can be expressed as

dy

— = F(LY), (1.1.1)

where Y = [y1(t), (1), ..., yn(t)]T is a vector of unknown functions, and F(¢,Y) =
(1, Y), fo(t,Y), ..., fult, Y)]T is a vector-valued function that determines the sys-



tem’s dynamics.

1.2 Classification of differential systems

Differential systems can be classified based on various criteria, including their order,
linearity, and whether they are autonomous. In this subsection, we provide the

following primary classifications:

1. Order

- First-order systems: These involve only the first derivatives of the unknown

functions.

- Higher-order systems: These include derivatives of order greater than one.
Such systems can often be transformed into equivalent first-order systems by

introducing additional variables.

2. Linearity

- Linear systems: These are systems where the unknown functions and their

derivatives appear linearly. A general linear system can be written as:

dy
—- =AY + B(), (1.2.2)

where A(t) is a matrix and B(t) is a vector.

- Nonlinear systems: These involve nonlinear terms in the unknown functions

or their derivatives. Examples include:

dx 2
— = ,
ho

d—i = sin(z)y.
3. Autonomy

- Autonomous systems: The system does not explicitly depend on the indepen-

dent variable (e.g., time t):

dy
— = F(Y).



- Non-autonomous systems: The system explicitly depends on the independent

variable: v
— =F(t,Y).
dt ( ? )
4. Homogeneity

- Homogeneous systems: All terms involve the unknown functions or their
derivatives, with no independent terms (e.g., B(t) = 0 in the linear case

(1.2.2)).
- nonhomogeneous systems: The system includes independent terms or external
inputs (e.g., B(t) # 0).
5. Dimensionality
- Single-variable systems: These involve a single unknown function.

- Multi-variable systems: These involve multiple interdependent unknown func-

tions.

6. Special Types

- Coupled systems: Systems where the equations are interconnected and cannot

be solved independently, as in many physical or biological models.

- Decoupled systems: Systems where the equations can be solved independently

of each other.

1.2.1 Examples

Example 1.2.1. (First-order Linear System)

This system describes the linear interaction of two variables x and y.



Example 1.2.2. (Nonlinear System)

o = -y + ry.
This system could represent a predator-prey model with logistic growth for the prey

x.

Example 1.2.3. (Autonomous System)

dz

_:I,
&

Yo B
di y—y

The system does not explicitly depend on time.

Example 1.2.4. (Non-autonomous System)

Here, time t explicitly appears in the equations.

Example 1.2.5. (Homogeneous system)

dx N
-
gt y?

Y
— = —2z — 3y.

dt Y
This system is homogeneous because all terms involve the variables x and y without

any independent forcing terms or constants.

Example 1.2.6. (nonhomogeneous system)

d
—f = 3z + 4y + sin(t),
d_?i =—x+2y+e.

This system includes independent forcing terms (sin(t),e').



Example 1.2.7. (Coupled System)

de +

— =X

gt y?
y —

i Tty

This system describes two interdependent variables often found in physics or engi-

neering contexts, such as coupled oscillators.

Example 1.2.8. (Decoupled System)

d—x = 2z,
gt

by _
dt '

FEach equation can be solved independently of the other.

1.3 Linear differential system

Definition 1.3.1. A linear system is a system of differential equations of the form

4
T1 = anx + -+ apTy, + fi,

Tg = a1 + -+ - + 2,2y + fo, (1.3.3)

\xm = Am1T1 + -+ QppTn + fm7

where' = d/dt. The functions a;j(t) and f;(t) are defined on some interval a <t <b
with 1 <1 <m and 1 < j <n. The unknowns are the functions xi(t), ..., x,(t).

1.3.1 Homogeneous linear systems

The system (1.3.3) is called homogeneous if all f; = 0, otherwise, it is called non-

homogeneous. Here we consider the system (1.3.3) where f; = 0.

Definition 1.3.2. (Matriz notation for homogeneous linear systems). A homoge-

neous system of linear differential equations (1.3.3) with f; = 0 is written as the



equivalent vector-matriz system x = A(t)x, where

X1 aix - Qip

The fundamental theorem of Picard and Lindelof applied to the matrix system
x = A(t)x says that a unique solution x(¢) exists for each initial value problem and
the solution exists on the common interval of continuity of the entries in A(t).

Two particular results are highlighted here to illustrate the application of Picard

theory to linear systems.

Theorem 1.3.1. (Unique Zero Solution). Let A(t) be an m X n matriz with con-

tinuous components on a <t < b. Then the initial value problem

has unique solution x(t) =0 on a <t < b.

Theorem 1.3.2. (Ezistence-Uniqueness for Constant Linear Systems). Let A(t) =
A be an m X n matrixz with constant components and let xq be any m-vector. Then
the initial value problem

x = Ax, x(0) =xg

has a unique solution x(t) defined for all values of t.

Theorem 1.3.3. (Linear Structure). Let x = A(t)x have two solutions x1(t), Xa(t).
If ky, ko are constants, then x(t) = kix;(t) + kox2(t) is also a solution of x = A(t)x.

The standard basis {wy},_;:

The Picard-Lindel6f theorem applied to initial conditions x (¢y) = xq, with xq suc-
cessively set equal to the columns of the n x n identity matrix, produces n solutions
Wi,..., W, to the equation X' = A(t)x, all of which exist on the same interval
a<t<b.

The linear structure theorem implies that for any choice of the constants cy, ..., c,,



the vector linear combination
x(t) = cywi(t) + cowa(t) + -+ + c, Wy, (1) (1.3.4)

is a solution of x = A(t)x.

Conversely, if ¢, ..., ¢, are taken to be the components of a given vector xg, then the
above linear combination must be the unique solution of the initial value problem
with x (tp) = x¢. Therefore, all solutions of the equation x = A(t)x are given by the

expression above, where ¢y, ..., ¢, are taken to be arbitrary constants. In summary:

Theorem 1.3.4. (Basis). The solution set of X = A(t)x is an n-dimensional sub-
space of the vector space of all vector-valued functions x(t). Every solution has a

unique basis expansion (1.3.4).

Definition 1.3.3. (Augmented matriz). Let ui(t),us(t), ..., u,(t) be vector func-

tions, where u;(t) € R". The augmented matriz formed by these vectors is defined

as _ -
ul,l(t) U271(t) cee Un’l(t)
uro(t) wuga(t) - una(t)
aug(ul<t)7u2(t)a"-aun(t)) - . : . . )
_ul,n<t> Ugp(t) - un’n(t)_
UZ'J(t)
uia(t)|
where each u;(t) = . is a column vector.
ui,n(t)

Theorem 1.3.5. (Abel’s formula and the Wronskian). Let x,(t) = cyuy(t) + -+ +
cay, () be a candidate general solution to the equation x = A(t)x. In particular, the
vector functions uy(t), ..., u,(t) are solutions of x = A(t)x. Define the Wronskian
by w(t) = det (aug (uy(t),...,u,(t))). Then Abel’s formula holds

trace(A(s))ds
w(t) = e/to w (to) -

In particular, w(t) is either everywhere nonzero or everywhere zero, accordingly as
w (tg) # 0 or w(tg) = 0.



Theorem 1.3.6. (Abel’s Wronskian test for independence). The vector solutions
uy,...,u, of x = A(t)x are independent if and only if the Wronskian w(t) is nonzero

for some t = t,.

Clever use of the point ¢y in Abel’s Wronskian test can lead to succinct independence

tests. For instance, let

t t 2t

e e e
w=| e [, wm=| e |, ug=1] 2%
et et 4e2t

Then w(t) might appear to be complicated, but w(0) is obviously zero because it
has two duplicate columns. Therefore, Abel’s Wronskian test detects dependence of
ug, Uy, Us.

To illustrate Abel’s Wronskian test when it detects independence, consider the col-

umn vectors

et et 0
ul —_ et y u2 — et , u3 — th
—e~t 4 42 2et —2e2t

At t =ty = 0, they become the column vectors

1 1 0
u; = y Ug = ) uz = 1
3 2 -2

Then w(0) = det (aug (u;(0),u2(0),u3(0))) = 1 is nonzero, testing independence of

up, Uy, us.

Definition 1.3.4. (Equilibria). An equilibrium point xo of a linear system x' =
A(t)x is a constant solution, x(t) = xq for allt. Mostly, this makes sense when A(t)
1s constant, although the definition applies to continuous systems. For a solution x

to be constant means x' = 0, hence all equilibria are determined from the equation

Alt)xg =0 forallt.



This is a homogeneous system of linear algebraic equations to be solved for xo. The
solution xog must not depend on t; otherwise, it does not represent an equilibrium.
The theory for a constant matriz A(t) = A states that either xo = 0 is the unique
solution, or there exist infinitely many solutions for Xg, corresponding to the case

where the nullity of A is positive.

Matrix Exponential

The problem
x(t) = Ax(t), x(0)=xg

has a unique solution, according to the Picard-Lindel6f theorem. Solve this problem
n times, where xq is chosen as each column of the identity matrix. Denote the re-
sulting n solutions by wy(t), ..., w,(t). Define the matrix exponential by packaging

these n solutions into a matrix:
e = aug (wi(t),. .., wa(t)).

By construction, any solution of x = Ax can be uniquely expressed in terms of the

matrix exponential e using the formula,

x(t) = e*'x(0).

Properties of Matrix Exponential

Here are various formulas and identities for the matrix exponential e’

1. Derivative property
(eAt)/ = Ae?,  Columns of e satisfy x = Ax.
In fact. Let X denote a column of the identity matrix. Define x(t) = e*xy. Then
(eAt)/xo = X/(t) = Ax(t) = Ae?xq.

Because this identity holds for all columns of the identity matrix, then (eAt)/ and

Ae?? have identical columns, hence we have proved the identity (eAt)/ = Ae’t.
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2. Commutativity with another matrix

If AB= BA, then
BeAt = ¢*'B.

Define wy(t) = eA'Bwy and wy(t) = Bettw,. Calculate w)(t) = Aw;(t) and
wh(t) = BAewy = ABe'wy = Awy(t), due to BA = AB. Because w;(0) =
wy(0) = wy, then the uniqueness theorem implies that wy(t) = wy(t). Because wy
is any vector, then e*B = BeA’.

3. Addition of exponents

If AB = BA, then
oAtpBt — S(A+B)t

AteBlxy and y(t) =

Let x¢ be a column of the identity matrix. Define x(t) = e
eAFB)ltx,. We must show that x(t) = y(¢) for all t. Define u(t) = eP'x,. We will

apply the result e**B = Bet, valid for BA = AB. We have

X'(t) = (eMu(t))’ (1.3.5)
= Aeu(t) + eMu'(t) (1.3.6)
= Ax(t) + e Bu(t) (1.3.7)
= Ax(t) + Beu(t) (1.3.8)
— (A + B)x(t) (1.3.9)

We also know that y'(t) = (A + B)y(t) and since x(0) = y(0) = X, then the

uniqueness theorem implies that x(¢) = y(¢) for all ¢. This completes the proof.

4. Time addition property

eAlteds = eAUH9) - since A(t) and A(s) commute.

Let t be a variable and consider s fixed. Define x(t) = e#fe/%x, and y( )=e

Then x(0) = y(0) and both satisfy the differential equation u’(t) = Au(t). By the
AtpAs _ eA(t+s) )

A(t+s)

uniquenes theorem, x(¢) = y(¢), which implies e

Theorem 1.3.7. (Picard Series Expansion) The matrix exponential can be expressed
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as the infinite series

tTL
At n”
e = ZA !
n=0
Special Formulas for e?!
(a) ediagQAnmAn)t — dijag (e’\lt, o ,eA"t) . where A\1,..., \, are real or complex constants.

(a b)t

— bt in(bt

(b) e boa =™ cos(bt)  sin(bt) , where a, b are real constants.
—sin(bt) cos(bt)

(c) IfA=diag(By,...,By) and each of By, ..., By is a square matrix, then

el = diag (e”'', ... %)

Putzer’s spectral formula

The spectral formula of Putzer applies to a system x’ = Ax to find the general
solution, using matrices P, ..., P, constructed from A and the eigenvalues \q, ..., \,

of A, matrix multiplication, and the solution r(t) of the first order n x n initial value

problem
A 000 0 .
1 X O 0 0
)= 0 1 X3 0 r(t), r(0)=
0
0O 0 0 --- 1 A\,

The system is solved by first-order scalar methods and back-substitution. We will
derive the formula separately for the 2 x 2 case (the one used most often) and the

n X n case.

Putzer’s 2 x 2 spectral formula

The general solution of x = Ax is given by the formula

X(t) = (Tl(t)Pl + Tg(t)PQ) X(O),
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where r1, 19, P, P, are defined as follows.

The eigenvalues r = Ay, Ay are the two roots of the quadratic equation
det(A—7rI)=0

Define 2 x 2 matrices P;, P, by the formulae P, =1, P,=A— \1.
The functions r(t), r2(t) are defined by the differential system

1= A\T1, 71(0)

To = Xara + 11, 72(0)

Y

1
0.

Proof: The Cayley-Hamilton formula (A — A1) (A — A2I) = 0 is valid for any 2 x 2
matrix A and the two roots r = Ay, g of the determinant equality det(A —rI) = 0.
The Cayley-Hamilton formula is the same as (A — A\y) P, = 0, which implies the
identity AP, = Ay P,. The following computation

X(t) = (F1(t) Py + 72(t) Py) x(0)
= (\ri (&) Py + 11 (8) Py + Aora(t) P2) x(0)
= (r1(t)A + Xora(t) P2) x(0)

= (ri(t)A + ra(t) AP2) x(0)

A (ri(6)] + ra(t) Py) x(0)

Ax(t),

proves that x(t) is a solution. Because ®(t) = r1(t) P, + ro(t) P satisfies ®(0) = I,
then any possible solution of x = Ax can be represented by the given formula. The

proof is complete.

Based on the eigenvalues A\; and Ay we distinguish the following cases:

Real distinct eigenvalues. Suppose A is 2 x 2 having real distinct eigenvalues
A1, A2 and x(0) is real. Then
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and
At e)\gt

x(t) = (em + ﬁ (A— /\1])) x(0).

The matrix exponential formula for real distinct eigenvalues:

At Aot

6 _—
eAt — e/\lt[ +

— (A= \I).
N, AT

Real equal eigenvalues. Suppose A is 2 X 2 having real equal eigenvalues A\ = A\,

A1 At

and x(0) is real. Then ry = eM? ry = te™" and

x(t) = (M + teM' (A — M) x(0).
The matrix exponential formula for real equal eigenvalues:

et = M 4 teM (A — M)

Complex Eigenvalues. Suppose A is 2 x 2 having complex eigenvalues \; = a+bi
with b > 0 and Ao = a —bi. If x(0) is real, then a real solution is obtained by taking
the real part of the spectral formula. This formula is formally identical to the case

of real distinct eigenvalues. Then

Re(x(t)) = (Re (r1(t)) I + Re (ra(t) (A — M1)))x(0)
— (Re (et T + Re (eatﬂbbtm —(a+ z’b)]))) x(0)

ot Sin bt

(e“t cosbtl + e T(A — al))> x(0).

The matrix exponential formula for complex conjugate eigenvalues:

in bt
et = eat <cos btl + SH;) (A— aI))) :

How to remember Putzer’s 2 x 2 formula. The expressions

el = r(t) +ra(t) (A—MI),

At Aot

(& — e

T]_(t) = €A1t7 7’2<t) - )\1 _ )\2 *

(*)

are enough to generate all the previous three formulae. The fraction ro(t) is a
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difference quotient with limit te*? as Ay — A;, therefore the formula includes the

case Ay = Ay by limiting. If \y = Ay = a + ib with b > 0, then the fraction 5 is

already real, because it has for z = eM* and w = \; the form
z2—2Z sin bt
ro(l) = =
)= "% =

Taking real parts of expression (*) then gives the complex case formula for e4?.

Putzer’s n x n spectral formula

The general solution of x = Ax is given by the formula

x(t) = (r(t)Py + ra(t) Pa+ - - - + ru(t) Py) x(0).

where 1,79, ...,7,, P1, Py, ..., P, are defined as follows.

The eigenvalues r = Ay, ..., A, are the roots of the polynomial equation
det(A—rI)=0

Define n x n matrices Py, ..., P, by the formulae

Plzf, Pk:Pkfl(A—)\kfll), k:2,...,n.

k-1
More succinctly, P, = H (A —X;I). The functions r(t),...,7,(t) are defined by
j=1
the differential system
o= AT, r1(0) = 1,
Ty = ATy + 71, r2(0) =0,
7:111 - )\nrn + Tn_h Tn(O) == 0

Proof: The Cayley-Hamilton formula (A — A 1)---(A— A\, I) = 0 is valid for any
n X n matrix A and the n roots r = Ay, ..., \, of the determinant equality det(A —
rI) = 0. Two facts will be used: (1) The Cayley-Hamilton formula implies AP, =
M Pp; (2) The definition of P, implies Ay Py + Py = AP, for 1 < k < n— 1.
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Compute as follows.
X'(t) = (ri(t)Pr+ -+ (t) P) x(0)
= (D MmO Pe+ ) rk_lPk> x(0),
k:% k=2

— Z ATk (8) Py + 1 (D) A Py + i: Tk:Pk:+1> x(0)

k=1 k=1

= ni Tk(t)()\kpk + Pk+1) + Tn(t))\npn X(O)

n—1

= [ D r(®AP, + (AP, | x(0)

k=1

<i Tk (t)Pk> X(O)

k=1
x(t).

A
A

This proves that x(t) is a solution. Because ®(t) = > _7_, 4(t) Py satisfies (0) = 1,

then any possible solution of x = Ax can be represented. The proof is complete.

The eigenanalysis method

The general solution x(¢) = e*x(0) of the linear system x’ = Ax,

where / = dt /dx, can be fully determined through the eigenanalysis of the matrix A).
A particularly practical scenario arises when the n xn matrix A possesses n indepen-
dent eigenvectors associated with its eigenpairs: (A, v1), (Ao, v2), ..., (A, V).

The eigenvalues A1, ..., A, need not be distinct and may be either real or complex.

The eigenanalysis method when A is a 2 x 2 matrix

Suppose that A is 2 x 2 real and has eigenpairs (A1, vy), (A2, V), with vy, vy in-
dependent. The eigenvalues Ai, Ay can be both real. Also, they can be a complex
conjugate pair \; = Ao = a + ib with b > 0.

It will be shown that the general solution of x’ = Ax can be written as

x(t) = creMtvy + cpe?tv,.



16

Because we have

x =c (e’\lt)/vl + ¢ (e’\Qt)/VQ Differentiate the formula for x.

= cleAlt)\lvl + CQ@AQtAQVQ

= 1M AV, + o’ Avy Use \ivi = Avy, \avy = Av,.
= A (cle)‘ltvl + cge’\ﬂvg) Factor A left.
= Ax Definition of x.

Let’s rewrite the solution x in the vector-matrix form

eMt 0 1
x(t) = aug (v, va) ( 0 ot > (02)

Since the eigenvectors v; and vy are assumed to be linearly independent, the matrix

aug(vy, vo) is invertible. Setting ¢t = 0 in the previous equation yields

(Cl) — aug (v1,vs) " x(0).

Ca

Since the constants ¢; and ¢y can be chosen to produce any initial condition x(0),
it follows that x(t) represents the general solution of the system x’ = Ax.
The general solution, expressed as x(t) = e*x(0), leads to the following exponential

matrix relation

eMt

At _
€ —aug(vl,v2)< 0 e

. > aug (V]_,Vg)il.

This formula becomes particularly useful when the eigenpairs are real.

A1 and Ay Complex Conjugate Eigenvalues: First, the eigenpair (\y, vy) is
never computed or used, since Av; = \;v; implies AV, = \;V;, which leads to the
result that Ay = \; has eigenvector vy = V.

If A is real, then e is also real. Taking the real parts of the formula for e will
yield a real formula. Due to the complexity of the complex algebra, we will report

the real answer and justify it with minimal use of complex numbers.
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Define the symbols a, b, P for the eigenpair (A1, vy) as follows
M =a+1ib, b>0, P =aug(Re(vy),Im(vy)).

Then the solution for et is

(AL gorp [ COSPEsInbEY oy (1.3.10)
—sinbt cosbt

Justification of formula (1.3.10). The formula is established by showing that
the matrix ®(¢) on the right satisfies ®(0) = I and ®'(t) = A®(¢). Therefore, by

definition, e = ®(t). For exposition, let

—sinbt cosbt

R(t) = e ( cosbt  sin bt) o) = PRUP.

We verify ®(0) = I as follows
®(0) = PR(O)P' = P'IP ' = 1.
Next, we expand the eigenpair relation
A(Re(vy) +i Im(vy)) = (a +ib) (Re(vy) + 7 Im(vy)),

which, when expressed in real and imaginary parts, shows that

b
APzP(a )
—b a

d'(t)® ' (t) = PR(t)P'PR*(t)P' = PR(t)R'(t)P ' =P <a[ + ( Ob g)) Pt

Now, we compute ®'(t)

Simplifying, we get ®'(¢t) = A®(t). Thus, the proof of &'(t) = AdP(t) is complete.
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The formula for e implies that the general solution in this special case is

x(t) = e aug (Re(v:), Im(vy)) ( cos bt Smbt) (Cl).

—sinbt cos bt C2

The values ¢y, ¢o are related to the initial condition x(0) by the matrix identity

(Cl) = aug (Re(vy), Im(vy)) ™" x(0).

C2

The eigenanalysis method when A is a 3 x 3 matrix

Suppose that A is 3 x 3 real and has eigenpairs (A1, v1), (Ao, v2), (A3, v3), with
V1, Vo, v3 independent. The eigenvalues A1, Ay, A3 can be all real. Also, there can be
one real eigenvalue A3 and a complex conjugate pair of eigenvalues A\; = Ay = a + ib
with b > 0.

The general solution of x’ = Ax can be written as
X(t) = c1eMtvy + cpe™vy 4 ety

The verification of the previous solution is similar to the 2 x 2 case.

The solution x is written in vector-matrix form

eMt () 0 1
x(t) = aug (v, va, v3) 0 e 0 Co
0 0 e cs

Because the three eigenvectors vy, vo, v3 are assumed independent, then aug (vy, va, v3)

is invertible. Setting ¢ = 0 in the previous equation gives

C1
co | = aug(vy,vo, V3)_1 x(0).

C2

The constants ¢1, ¢z, c3 can be chosen to produce any initial condition x(0), therefore

x(t) is the general solution of the 3 x 3 system x’ = Ax. There is a corresponding
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exponential matrix relation

eMt 0
At —1
et = aug (vy,va, v3) 0 e 0 aug (vy,va, v3) .
0 0 et

This formula is normally used when the eigenpairs are real. When there is a complex
conjugate pair of eigenvalues A\, = Ay = a+ib,b > 0, then as was shown in the 2 x 2
case it is possible to extract a real solution x from the complex formula and report

a real form for the exponential matrix

e cosbt eYsinbt 0
e =P | —evsinbt ecosbt 0 P

0 0 et

where P = aug (Re(vy),Im(vy),vs).

The eigenanalysis method for an n x n Matrix

The general solution formula and the formula for e generalize easily from the 2 x 2

and 3 x 3 cases to the general case of an n X n matrix.

Theorem 1.3.8. (The Eigenanalysis Method). Let the n x n real matriz A have
e1genpasrs
(Ahvl)a (>‘27V2)7 R (/\navn)7

with n independent eigenvectors vy,...,v,. Then the general solution of the linear

system x' = Ax is given by

X(t) = 61V1€A1t + 02V2€)\2t 4o+ Cnvne)‘”t,

The vector-matrix form of the general solution is

1

N e

x(t) = aug (v, ..., v,) diag (e

Cn
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This form is real provided all eigenvalues are real. A real form can be made from a
complex form by following the example of a 3 x 3 matrix A.

The plan is to list all complex eigenvalues first, in pairs, A\, A1, ..., Ap, j\p. Then the
real eigenvalues rq, ..., 7, are listed, 2p + ¢ = n. Define

P =aug (Re(vy),Im(vy),...,Re(vop—1),Im (vop_1) , Vopi1, ..., Vi),

cosbt sinbt

—sinbt cosbt

R)\(t) == €at (

Then the real vector-matrix form of the general solution is

), where A +a+1b, 0> 0.

C1
x(t) = P diag (R, (t),..., Ry, (t), €™, ... emt) | and

Cn

€At = Pdlag (R/\l (t)v s 7R}‘P (t)’ erlt’ T ’€TQt) Pil'

Jordan form and eigenanalysis

Generalized eigenanalysis

The fundamental result in generalized eigenanalysis is Jordan’s theorem, which

states that for any real or complex square matrix A, there exists an invertible matrix
P such that:
A=PJpP,

where J is an upper triangular matrix known as the Jordan form of A.
In what follows, we describe the procedure to compute the invertible matrix P, whose

columns consist of generalized eigenvectors of A, and the corresponding Jordan form

J:

A Jipg 0 - 0 0

J pu—
0 0 o --- )\nfl Jnfl n
o o0 0 -- 0 An

The entries J; ;11 of J along its super-diagonal are either 0 or 1, while the diagonal

entries \; correspond to the eigenvalues of A. Consequently, the Jordan form J is a
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band matrix with nonzero entries restricted to its diagonal and super-diagonal.
The geometric multiplicity of an eigenvalue A, denoted as g(\), is given by the nullity
of A— A ie. dimker(A — AI). This represents the number of basis vectors in the
solution space of (A — AI)x = 0, or equivalently, the number of free variables in the
system.

The algebraic multiplicity of A, denoted as a()), is the largest integer k such that
(r — \)* divides the characteristic polynomial det(A — r1).

Theorem 1.3.9. (Algebraic and geometric multiplicity). Let A be a square real or
complex matriz. then
1 <g(A) <a()). (1.3.11)

In addition, there are the following relationships between the Jordan form J and

algebraic and geometric multiplicities.
1. g(\) equals the number of Jordan blocks B(\,m) that appear in J,
2. a(N) equals the number of times X is repeated along the diagonal of J.

The relation A = PJP~!, which is equivalent to AP = P.J, can be interpreted in
terms of the columns of the matrix P. When J consists of a single Jordan block

B(A,m), the columns vy,...,v,, of P satisfy the following system of equations

(Avl = vy,
Avy = Avy + vy,

AV = AV + Vi1

These equations demonstrate how each vector v in the chain relates to the eigen-

value A and its predecessors.

Chains of Generalized Eigenvectors For a given eigenvalue A of the matrix A,
generalized eigenanalysis identifies a Jordan block B(A,m) in J by constructing an
m-chain of generalized eigenvectors vy, ..., Vv,,, which form the columns of P in the

relation A = PJP~!. The first vector v; in the chain is an eigenvector, satisfying
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the equation
(A — )\])Vl =0.

The subsequent vectors vs,...,v,, are generalized eigenvectors, not eigenvectors

themselves. They satisfy the following relations
(A=X)vo=vy, ..., (A=A)vy =vVy1.

The term m-chain implies that the equation (A — AI)x = v,,, has no solution. The
size of the chain, m, is constrained by the inequality 1 < m < a(M).
The Jordan form J may contain several Jordan blocks for one eigenvalue A. To

illustrate, if J has only one eigenvalue A and a(\) = 3, then J might be constructed

as follows:
A0 O
J =diag(B(A\,1),B(\1),B(A\ 1)) or J=| 0 X 0 |,
0 0 A
A0 O
J =diag(B(\,1),B(\,2)) or J=| 0 X 1 |,
0 0 A
A1 0
J=BW\3) or J=| 0 X 1
0 0 A

The three generalized eigenvectors for this example correspond to

A0 0
J=10 X 0 <+ Three 1-chains,
0 0 A
A0 0
J=10 X1 <> One 1-chain and one 2-chain,
0 0 A
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A1 0
J=10 X1 <> One 3-chains.
0 0 A
Computing m-chains.  Let us focus on an eigenvalue A of the matrix A. Define

N = A — Al and let p = a(\) denote the algebraic multiplicity of A.

To compute an m-chain, begin with an eigenvector vy, and then iteratively solve the
equation Nv;;; = v; using row-reduction (rref) methods until no further solutions
exist. This process must be repeated for each possible choice of v;. The search for

m-chains concludes when p independent generalized eigenvectors are found.

If A has a unique eigenpair (A, vy), the process terminates immediately with an
m-~chain of length m = p. This chain corresponds to a single Jordan block B(\,m),

and the generalized eigenvectors vy, ..., v,, form the columns of the matrix P.

In the case where two eigenvectors, u; and us, form a basis for the eigenspace of A
corresponding to A, the equation Nx = 0 will have two free variables. Here, the task
is to find two chains, m; and ms, such that m; + ms = p. These chains correspond
to two Jordan blocks, B(A,m;) and B(\, my).

To better understand the process, consider the matrix
N = dlag (B(Ou m1)7 B(Oa m2)7 R B(07 mk)) )

where A is in row-reduced echelon form. The system N'x = 0 has k free variables
since N is already in row-reduced echelon form. This implies that if there exists a
k-dimensional basis of eigenvectors of A corresponding to A, the problem reduces to

finding m;-chains, where 1 <14 < k, such that my 4+ --- +my = p.
These chains correspond to k& Jordan blocks, given by B(\,my),..., B(A, mg).

A common naive approach for computing generalized eigenvectors can be illustrated

using the following example

u; = —1 ) U =

O = =
_ o
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The matrix A has a single eigenvalue A = 1 and two eigenpairs, (1,u;) and (1, uy).
Starting a chain calculation with v; equal to either u; or uy gives a 1-chain. This
naive approach results in only two independent generalized eigenvectors. However,
to compute the full set of generalized eigenvectors, the calculation must continue

until three independent vectors are found.

To resolve this, we keep the 1-chain, say the one generated by u;, and start a new
chain calculation by setting vi = aju; + asuy. We adjust the values of a; and as

until a 2-chain is obtained. This gives the following augmented matrix

011 aq 011 aq
aug(A—A[,vi)=10 0 0 —a;+ax|=1]0 00 0],
000 a—as 000 O

where the condition a; — as = 0 must hold. By choosing a; = ay = 1, we make
vi = u; +uy # 0, and we solve for v, = (0,1,0)7. Thus, u; forms a 1-chain, and
v1, Vo form a 2-chain. The generalized eigenvectors uy, vy, vy are independent and

form the columns of the matrix P. The Jordan form of A is then
J = diag(B(A, 1), B(), 2)),

where A\ = 1. To justify the relation A = PJP™!, we check the condition AP = P.J

using the formulas

A0 0 1 1
J=10 X 1|, P=|-1 01
0 0 A 1 0

Jordan blocks

An m x m matrix B(\,m) is called a Jordan block provided it is a Jordan form, all

m diagonal elements are the same eigenvalue A and all super-diagonal elements are



25

one:
A1 0 - 0 0
B(A\,m) = S (m x m matrix ).
0 00
0 0 0 A

The Jordan block form of J: Given a square matrix A, a Jordan form J for A

is built from Jordan blocks, more precisely,
J =diag (B (A1,m1), B(A2,ma) ..., B (A, my)) .

where Aq{,...,\; are eigenvalues of A and my + --- +my = n. The k — 1 zeros
on the super-diagonal of J result from adjacent Jordan blocks. For example, no
super-diagonal zeros means there is just one Jordan block. A complete specification

of how to build J from A is done in generalized eigenanalysis.

Theorem 1.3.10. (Ezponential of a Jordan block matriz). If X is real and

A1 0 - 0 0
p=| - (m x m matriz )
0
then
t2 tm72 tmfl
1t —
2 (m—=2) (m—1)!
eBt — M : : :
oo 0 - 1 t
0 .- 0 1

The equality also holds if X\ is a complex number, in which case both sides of the

equation are complex.
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The real Jordan form of A

Given a real matrix A, generalized eigenanalysis aims to find a real invertible matrix

P and a real upper triangular block matrix R such that
A= PRP.

This decomposition ensures that e can be expressed in terms of R, which is par-
ticularly useful when A is real, leading to a real-valued solution for e4?.

If X is a real eigenvalue of A, then a real Jordan block is a matrix

010 - 0
B = diag(A,...,A\) + N, where N =

0 0 1

0 0 - 0

If A = a+1bis a complex eigenvalue of A, then the symbols A, 1, and 0 are replaced

respectively by the following 2 x 2 real matrices:

A:[a b
-b a

The corresponding 2m x 2m real Jordan block matrix is given by

, I =diag(1,1), O = diag(0,0).

B =diag(A,...,A) + N,

where
O 7 O O O
N pr—
o 0 O - O 7
o 0 O - O O

Nilpotent matrices: A matrix N is called nilpotent if there exists a positive
integer m such that N™ = 0. Similarly, for a block matrix N, if N™ = 0, then
N is also nilpotent. The smallest integer m for which N™ = 0) is known as the

nilpotency of V.
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One important property of a nilpotent matrix N is that its matrix exponential can
be expressed as a finite sum:

242 Nmfltmfl

ST e SR

Nt =T+ Nt +

This truncated series holds because higher-order terms vanish beyond m — 1 due to

the nilpotency condition N™ = 0.

Computing P and R: Generalized eigenvectors corresponding to a real eigen-
value A are arranged in the matrix P according to the order prescribed by the
corresponding real Jordan block in R. In the case where A\ = a + ib is a complex
eigenvalue with b > 0, the real and imaginary parts of each generalized eigenvector
are grouped together in P, while the conjugate eigenvalue A = a — b is excluded.
The result is a real matrix P and a real upper triangular block matrix R that satisfies

the relation
nA = PRP'.

Theorem 1.3.11. (Real block diagonal matriz, eigenvalue a + b ). Let A =

—b a
matriz of dimension 2m X 2m given by the formula

b
( ¢ , I = diag(1l,1) and O = diag(0,0). Consider a real Jordan block

ANT O - O 0O
B ==

O 0 0 - AT

O 0 o - O A

—sinbt cos bt

cosbt sinbt
If R= , then

R tR ZR




28

When solving x' = Ax, the solution x(t) = eA'x(0) must be real if A is real. The
real solution can be expressed as x(t) = Py(t) where y'(t) = Ry(¢) and R is a real
Jordan form of A, containing real Jordan blocks B down its diagonal. Theorems

above provide explicit formulas for e?*, hence the resulting formula,
x(t) = Pef" P7'x(0),

contains only real numbers, real exponentials, plus sine and cosine terms, which are

possibly multiplied by polynomials in ¢.

1.3.2 Nonhomogeneous linear systems

Definition 1.3.5. (Matriz notation for nonhomogeneous linear systems). A non-
homogeneous system of linear equations (1.53.3) is written as the equivalent vector-
matrix system

x = A(t)x + f(t),

where

L1 h aip o Gip

f =
T, fn A1+ Qyn

The following theorem establishes the uniqueness of solutions for a class of non-

homogeneous linear systems and highlights the impossibility of solution crossings

within the given interval.

Theorem 1.3.12. (Uniqueness and Solution Crossings). Let A(t) be an m X n
matriz with continuous components on a < t < b and assume that f(t) is also
continuous on a < t < b. If x(t) and y(t) are solutions of 1 = A(t)u + f(t) on
a<t<bandx(ty) =y (ty) for some ty,a <ty < b, then x(t) = y(t) fora <t <b.

Remark 1.3.1. (Superposition). Linear homogeneous systems exhibit a fundamen-
tal linear structure, and the solutions of nonhomogeneous systems satisfy the prin-

ciple of superposition.

Theorem 1.3.13. (Superposition Principle). Let x = A(t)x + f(t) have a partic-
ular solution x,(t). If x(t) is any solution of x = A(t)x + £(t), then x(t) can be
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decomposed as homogeneous plus particular solutions, i.e.
x(t) = xp(t) + x,(t).

The term x,(t) is a certain solution of the homogeneous differential equation X =
A(t)x, which means arbitrary constants ¢y, ca, ... have been assigned certain values.
The particular solution x,(t) can be selected to be free of any unresolved or arbitrary

constants.

Theorem 1.3.14. (Difference of Solutions). Let x = A(t)x + f(t) have two solu-
tions x = u(t) and x = v(t). Define y(t) = u(t) — v(t). Then y(t) satisfies the

homogeneous equation y’' = A(t)y.

General solution. We explain a general solution by the following example

If a formula © = cief 4+ cpe? is called a general solution, then it means that all
possible solutions of the differential equation are expressed by this formula.

In particular, it means that a given solution can be represented by the formula,
by specializing values for the constants c;,co. We expect the number of arbitrary
constants to be the least possible number.

The general solution of x = A(t)x + f(¢) is an expression involving arbitrary con-
stants c1, ¢, ... and certain functions. The expression represents all solutions of the

differential equation is given in the following sense:

1. Every assignment of constants produces a solution of the differential equation.

2. Every possible solution is uniquely obtained from the expression by specializing

the constants.

Due to the superposition principle, the constants in the general solution are identified

as multipliers against solutions of the homogeneous differential equation.

Theorem 1.3.15. (General Solution) Let A(t) be an n x n matriz and £(t) an
n X 1 vector, both continuous on an interval a <t < b. The general solution of the

nonhomogeneous linear system

% = A(t)x + £(t)
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15 given by
x(t) = xp(t) + x,(t).

Here, x;,(t) represents the general solution of the associated homogeneous system 'y =
A(t)y, containing n arbitrary constants ci,...,c,. The term x,(t) is a particular

solution of the nonhomogeneous system, which contains no arbitrary constants.

Recognition of homogenous solutions terms An expression x for the general
solution of a nonhomogeneous equation x = A(t)x+f(¢) involves arbitrary constants
c1,...,cn. It is possible to isolate both terms x;, and x, by a simple procedure. To
find x,, set to zero all arbitrary constants ci, cs, . . .; the resulting expression is free
of unresolved and arbitrary constants.

To find x5, we find first the vector solutions y = ug(t) of y = A(t)y, which
are multiplied by constants c;. Then the general solution x; of the homogeneous

equation y = A(t)y is given by

Xh(t) = clul(t) + Cgllg(t) + 4 cnun(t).

Use partial derivatives on expression x to find the column vectors uy(t) = a%cx.
This technique isolates the vector components of the homogeneous solution from
any form of the general solution, including scalar formulas for the components of
x. In any case, the general solution x of the linear system x = A(t)x + f(¢) is

represented by the expression
X = (t) + coua(t) + - - - + coun(t) + x,(2).

In this expression, each assignment of the constants cy, ..., ¢, produces a solution
of the nonhomogeneous system, and conversely, each possible solution of the nonho-
mogeneous system is obtained by a unique specialization of the constants cq, ..., c,.
To illustrate the ideas, consider a 3 x 3 linear system x’ = A(t)x+f(t) with general

solution
g

X = i)

X3
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given in scalar form by the expressions

T, = clet + Cge_t +t,

To = (Cl + CQ) et + 036%7

r3 = (2c5 —c1) e + (dey — 2¢3) € 4 2t

ox

To find the vector form of the general solution, we take partial derivatives u, = —
with respect to the variable names ci, ¢, ¢3 : Ck

et et 0
u; = et ) U = et ) us = 62t
—et 4% 2et —2¢%

To find x,(t), set ¢, =co =¢3 =0

x,(t) = 0
2t
Finally,
x = cuy(t) + coua(t) + caus(t) + x,(t).So
et et 0 t
x(t) = e +c e +c3 e?t +| 0O
—e t 4+ 4e? 2e~t —2e% 2t

The expression x = cyuy (t) + coua(t) + csus(t) + x,(t) satisfies required elements (i)
and (ii) in the definition of general solution. We will develop now a way to routinely

test the uniqueness requirement in (ii).

Independence: Constants ¢y, ...,c, in the general solution x = x; + x,, appear
exactly in the expression xj,, which has the form x;, = cyu; + cous + - - - + c,u,,.
A solution x uniquely determines the constants. In particular, the zero solution of

the homogeneous equation is uniquely represented, which can be stated this way:

cug +cus + -+ cu, =0 implies ¢ =c=---=¢,=0.
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This statement is equivalent to the statement that the vector-valued functions
u(t),...,u,(t) are linearly independent.
It is possible to write down a candidate general solution to some 3 x 3 linear system

x = Ax via equations like

T = Clet + Cget + 0362t,
To = cre’ + coet + 203€2t,

I3 — Clet + Cget + 40362t.

This example was constructed to contain a classic mistake, for purposes of illustra-

tion.

How can we detect a mistake, given only that this expression is supposed to represent
the general solution? First of all, we can test that u; = 0x/0c¢;, uy = 0x/0co, ug =
0x/0cg are indeed solutions. But to ensure the unique representation requirement,

the vector functions uy, us, ug must be linearly independent. We compute

o ol o2t
u =\ e |, w=1]¢ |, uz=1| 2%
et et 4e?t

Therefore, u; = uy, which implies that the functions uy, us, us fail to be independent

Initial value problems and the Reduced row echelon form method An

initial value problem is the problem of solving for x, given
x=A(t)x+f(t), x(to) = xo.

If a general solution is known, x = cyu; (t) + - - - + c,u,(t) + x,(t),

then the problem of finding x reduces to finding ¢y, ..., ¢, in the relation

au (to) + -+ + cpuy (to) +x, (to) = Xo.
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This is a matrix equation for the unknown constants ¢, ..., ¢, of the form Bc = d,
where
&)
B =aug(uy (ty),...,u, (), c= S, d=x0—x,(t).
Cn

The reduced row echelon form (rref) method applies to find c¢. This method
is used to perform swap, combination, and multiply operations to C' = aug(B,d)
until rref(C) = aug(/, c).

To illustrate the method, consider the general solution

T = clet + cze_t + 1,
t 2t
To = (Cl + CQ) e + cze”,

T3 = (2c5 —c1) et + (dey — 2¢3) € 4 2t

We shall solve for ¢y, ¢s, c3, given the initial condition z1(0) = 1,25(0) = 0, 23(0) =

—1. The above relations evaluated at ¢t = 0 give the system

1 =cie’ 4 e’ +0
0= (c1+c) e+ eze?
—1= (202 — Cl) 60 + (461 - 2C3) 60 + 0.

In standard scalar form, this is the 3 x 3 linear system

Cl—|—02:1,
Cl+C2+63:0,
3Cl+202—203: —1.

The augmented matrix C, to be reduced to rref form, is given by

11 0 1
C=111 1 0
3 2 =2 -1
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After the rref process is completed, we obtain

1 0 0 =5
rref(C)=1 0 1 0 6
001 —1
From this display, we read off the answer ¢; = —5,¢5 = 6,c3 = —1 and report the

final answer

r1 = —bel +6e "t + ¢
2y = e — e

z3 = 177" — 18 + 2t.

Variation of Parameters

The method of variation of parameters is a general technique used to solve a linear
nonhomogeneous system of the form x’ = Ax + F(t).

Historically, this method originated as a trial solution approach, where the nonho-
mogeneous system is solved by assuming a particular form for the solution, known

as an ansatz. The ansatz takes the form

x(t) = efe(t),

where e4

" is the solution to the corresponding homogeneous system, and c¢(t) is an
unknown function to be determined through substitution and further analysis. This
method effectively finds the particular solution of the nonhomogeneous system by
varying the parameters of the homogeneous solution.

Conceptually, the method is derived by allowing xq to vary in the general solution
x(t) = et'xq of the homogeneous system x' = Ax, which gave rise to the terms
variation of parameters and variation of constants .

Theorem 1.3.16. (Variation of parameters for systems). Let A be a constant n xn

matriz and F(t) a continuous function near t = ty. The unique solution x(t) of the

matrix initial value problem

x'(t) = Ax(t) + F(t), x(to) ==X
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is given by the variation of parameters formula (Duhamel’s formula)
t
x(t) = exg + eAt/ e_rAF(r)dr. (1.3.12)
to

Proof. Define

To establish that (1.3.12) holds, i.e. x(t) = eu(t), we verify that x(t) satisfies the
given differential equation.

First, the function u(¢) is differentiable, with a continuous derivative given by
u'(t) = e (1),

which follows from the fundamental theorem of calculus applied componentwise.

Applying the product rule, we obtain
x'(t) = (eAt)/u(t) + eMul(t)
= Aeu(t) + eMe MF (1)
= Ax(t) + F(¢).
Thus, x(t) satisfies the differential equation x' = Ax + F(¢). Furthermore, since

u(ty) = Xo, it follows that x(ty) = xo, ensuring that the initial condition is satisfied.

This completes the proof. O

Undetermined coefficients

The method of undetermined coefficients, a trial solution approach, can be applied
to vector-matrix systems of the form x’ = Ax + F(t¢), when the components of F(t)

consist of sums of terms of the form
(polynomial in t)e™(cos(bt) or sin(bt)).

Such terms are referred to as atoms.

A practical approach is to express F(¢) in terms of the columns ey,...,e, of the
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n X n identity matrix I, writing

This allows the solution to be decomposed as

x(t) = > x(t),
j=1
where each x;(t) satisfies the simpler equation
X,(t) = AX(t) + f(t)C, f = Fj, C=¢€;.

To construct an initial trial solution for x'(t) = Ax(t) + f(t)c, we follow the initial

trial solution rule (assuming that f(¢) is a sum of atoms):

e Identify the independent functions whose linear combinations produce all deriva-
tives of f(t).

e Form an initial trial solution as a linear combination of these functions, with

undetermined vector coefficients {c;}.

In the well-known scalar case, the trial solution must be modified if it overlaps with
the general solution of the homogeneous equation. When f(¢) is a polynomial, this
issue can be avoided by assuming that A is invertible. This assumption ensures that
r = 0 is not a root of det(A — rI) = 0, thereby preventing polynomial terms from
appearing in the homogeneous solution.

Finally, substituting the initial vector trial solution into the differential equation
allows us to determine the undetermined coefficients {c;}, thereby obtaining a par-

ticular solution.
Theorem 1.3.17. (Polynomial solutions). Let

f(t) = ijﬁ
=0

be a polynomial of degree k, and assume that A is an nxn constant invertible matriz.

Then the differential equation 0’ = Au+ f(t)c, admits a polynomial solution of degree
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k of the form
L
u(t) = chﬁ’
=0

where the vector coefficients {c;} are determined by the recurrence relation

k
cj = — Zpl-Aﬂ‘*iflc, 0<j<k.
i=j

k .
tJ
Proof. Substituting u(t) = E i~ into the differential equation, we obtain
: J!
J=0

k—1

tJ ) tJ
Cj+1ﬁ = A E Cjﬁ + E pjﬁc.
=0 =0 =0

To satisfy this equation, the terms on the right-hand side for j = k must sum to
i

zero, while for other values of j, the coefficients of - on both sides must match,
g!

leading to the relations

Acp +prc =0, cj11 = Ac; + pje.

Solving these relations recursively yields the formulas

-1
Cr = _pkA C,

cro1 = — (pe1 A7+ A7) ¢,
Cop — — (poAil -+ - —|—pkAik71) C.

These relations can be summarized as
k
;==Y pA e, 0<j<F
i=j

Since substituting u(t) = Z§:0 cj% into the differential equation yields matching

left-hand and right-hand sides, the proof is complete. O
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Theorem 1.3.18. (Polynomial X exponential solutions). Let

k

o) =35

be a polynomial of degree k, and assume that A is an n X n constant matriz such

that B = A — al is invertible. Then the differential equation
u = Au+e%g(t)c

admits a polynomial-exponential solution of the form

LI
— at PR—
u(t) =e chj!,
=0
where the vector coefficients {c;} are determined by the recurrence relation

k
Cj = — ZpiBjiiilc, 0 S ] S k.
imj

Proof. Let u(t) = e*v(t). Then, differentiating both sides, we obtain
u = ae™v(t) + eV (t) = e (V/(t) + av(t)) .
Substituting into the given differential equation
u = Au+e“g(t)c,

we obtain

e™ (V' 4+ av) = Ae™v + e g(t)c.

Canceling e™ from both sides, this simplifies to v/ = (A — al)v + g(t)c.

Setting B = A — al, we recognize that this equation is of the form

v = Bv +g(t)c.



By Theorem (1.3.17), the solution takes the form
k .
i
V(t) = Z C]'ﬁa
j=0
where the vector coefficients c; satisty
k
¢j=—) pB e, 0<j<k,
i=j

Thus, substituting v(¢) back into u(t) = e*v(t), we obtain

U(t) = eat Z Cjﬁ

J=0

Since the coefficients c; satisfy the required formula

K
i1
Cj = — E piB" e,
—

the proof is complete.

1.4 Exercises
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Exercice 1.4.1. FExplain the difference between an ordinary differential equation

(ODE) and a partial differential equation (PDE). Give an example of each.

Exercice 1.4.2. Identify whether the following equations are ODFEs or not. If it is

an ODE, determine its order.

1.y +y=2%
ou  Ou
L
8x+8y
3.y —xy +y=0.

Exercice 1.4.3. Determine whether the following ODEs are linear or nonlinear. If

nonlinear, justify your answer.
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1.y +y +y=0.
9 r_ 2
LY =yt

3

3. y" +sin(y) = x°.

Exercice 1.4.4. Identify whether the following ODEs are autonomous or mnon-

autonomous.
1.y =y*—3y.
2.y =x+uv.

Exercice 1.4.5. Determine whether the following ODFEs are homogeneous or non-

homogeneous.
1. y" =3y +2y =0.
2. y'" + 4y = cosx.

Exercice 1.4.6. Verify that y = €*® is a solution to the equation
y"' — 4y + 4y = 0.
Exercice 1.4.7. Solve the first-order linear differential equation

Yy — 2y = e”.
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Chapter 2

General Theory of ODEs

We begin with the general theory of ordinary differential equations (ODEs). Sec-
tion 2.1 introduces ODEs, initial value problems (IVPs), and their solutions. In
Section 2.2, we discuss the existence and uniqueness of solutions to IVPs. Section
2.3 addresses the continuation of solutions, focusing on conditions under which a

local solution extends to a maximal interval of existence.

2.1 ODEs, I1VPs, solutions

2.1.1 Ordinary differential equation, initial value problem

Definition 2.1.1. An nth order ordinary differential equation (ODE) is a functional

relationship taking the form
F |t ax(t) i:p(t) d—Qx(t) ﬂm(t) =0
I adt adtz a"')dtn - Y

that involves an independent variable t € T C R, an unknown function x(t) €
D C R" of the independent variable, its deriwative and derivatives of order up to n.
For simplicity, the time dependence of x is often omitted, and we in general write
equations as

F(t,a:,x’,x”,...,x(")) =0, (2.1.1)

where '™ denotes the nth order derivative of x. An equation such as (2.1.1) is said

to be in general (or implicit) form.
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An equation is said to be in normal (or explicit) form when it is written as
™ = f (t, [ N ,x("fl)) .

Note that it is not always possible to write a differential equation in normal form,

as it can be impossible to solve F' (t, Ty ,x(”)) =0 in terms of (™.

Definition 2.1.2. (First-order ODE). In the following, we consider for simplicity
the more restrictive case of a first-order ordinary differential equation in normal

form
¥ = f(t,z). (2.1.2)

Note that the theory developed here usually holds for nth order equations. The

function f is assumed continuous and real-valued on a set U C R x R".

Definition 2.1.3. (Initial value problem). An initial value problem (IVP) for equa-
tion (2.1.2) is given by
x/ - f(t7 x)7

s (to) = Xy,

(2.1.3)

where f is continuous and real-valued on a set U C R x R"™, with (to, x¢) € U.

Remark 2.1.1. An IVP for an nth order differential equation takes the form

™ = f (t, x,x, ... ,x(”*l))
T (to) = X, LUI (to) = Ié, e ,:1:("_1) (to) = xén_l)

i.e., initial conditions have to be given for derivatives up to order n — 1.

We have already seen in the previous sections that the order of an ODE is the order
of the highest derivative involved in the equation, and an equation is then classified
as a function of its linearity. A linear equation is one in which the vector field f

takes the form
f(t,z) = a(t)x(t) + b(t).

If b(t) = 0 for all ¢, the equation is linear homogeneous; otherwise, it is linear

nonhomogeneous. If the vector field f depends only on z, i.e., f(t,z) = f(x) for all
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t, then the equation is autonomous; otherwise, it is nonautonomous. Thus, a linear
equation is autonomous if a(t) = a and b(t) = b for all t. Nonlinear equations are

those that are not linear. They too, can be autonomous or nonautonomous.

2.1.2 Solutions of an ODE

Definition 2.1.4. A function ¢(t) is a solution to the ODE (2.1.2) if it satisfies
this equation, that is, if
¢'(t) = f(t, ¢(1)),

for allt € T C R, an open interval such that (t,¢(t)) € U for allt € T.
Definition 2.1.5. (Integral form of the solution). The function
t
ot) =0+ [ 1(s.0(9)ds, (21.4)
to

is called the integral form of the solution to the IVP (2.1.3).

Theorem 2.1.1. Ifx(t) is a solution of the IVP (2.1.3) in an interval |t —to| < a,
then

[9(t1) — @(t)|| < Mty — ta],

whenever ti,ty are in the interval |t — to] < a.

Proof. Let us begin by considering t > tg. On to <t <ty + «,
t1 to
ot) ~ oltz) =+ [ fs.6(5)) ds — w0~ [ f(s,0(5))ds.
to to
This simplifies to
t1
ot~ olts) =~ [ Fls.o(e)ds it t> b,
to

and

(1) — B(ts) = /;2 F(s,0(s))ds it t > b
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Theorem 2.1.2. Suppose f is continuous on an open setUd C RxR™. Let (to, zq) €
U, and ¢ be a function defined on an open set T of R such that to € Z. Then ¢ is a
solution of the IVP (2.1.3) if, and only if,

(1) Yt € Z,(t,¢(t)) € U.
(ii) ¢ is continuous on Z.

(iii) Yt € T,¢(t) = zo + [}, f(s.6(s))ds.

Proof. (=) Let us suppose that ¢/ = f(t,¢) for all t € Z and that ¢ (ty) = x¢. Then
forallt € Z,(t,0(t) e U
. (7). Also, ¢ is differentiable and thus continuous on Z
(7). Finally,
F(5) = [(5,0(5))

so integrating both sides from ¢, to ¢,

¢m—ww=[f@wwm

and thus .
o) = an+ [ fs0(s))ds

hence (i71).
(<) Assume (i), (7) and (i77). Then ¢ is differentiable on Z and ¢'(t) = f(t, ¢(t))
for all t € Z. From (iii), ¢ (to) = xo + fti,o f(s,0(s))ds = xo. O

Note that Theorem 2.1.2 states that ¢ should be continuous, whereas the solution
should of course be C!, for its derivative needs to be continuous. However, this is
implied by point (7iz). In fact, more generally, the following result holds about the

regularity of solutions.

Theorem 2.1.3. (Regularity). Let f : U — R™, with U an open set of R x R".
Suppose that f € C*. Then all solutions of (2.1.2) are of class C*1.

Proof. The proof is obvious, since a solution ¢ is such that ¢’ € C*. O
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Geometric interpretation

The function f is the vector field of the equation. At every point in (t,x) space,
a solution ¢ is tangent to the value of the vector field at that point. A particular

consequence of this fact is the following theorem.

Theorem 2.1.4. Let 2’ = f(x) be a scalar autonomous differential equation. Then

the solutions of this equation are monotone.

Proof. The direction field of an autonomous scalar differential equation consists of
vectors that are parallel for all ¢ (since f(t,z) = f(x) for all £ ). Suppose that a
solution ¢ of ' = f(z) is non monotone. Then this means that, given an initial
point (¢, zg), one the following two occurs, as illustrated in Figure 2.1.

i) f (zo) # 0 and there exists t; such that ¢ (t1) = xo.

ii) f (x¢) = 0 and there exists t; such that ¢ (t1) # xo.

t t t tl

t 1 0 2

0 5}

Figure 2.1: Situations that would lead to a scalar autonomous differential equation
having nonmonotone solutions.

Suppose we are in case i), and assume we are in the case f(xy) > 0. Thus, the
solution curve ¢ is increasing at (o, xo), i.e., @' (tp) > 0. As ¢ is continuous, i)
implies that there exists ty € (g, t1) such that ¢ (¢5) is a maximum, with ¢ increasing
for ¢t € [t,t2) and ¢ decreasing for t € (t2,t1]. It follows that ¢’ (1) < 0, which is a
contradiction with ¢’ (t5) > 0.

Now assume that we are in case ii). Then there exists ty € (to,t1) with ¢ (t3) = o

but such that ¢’ (t3) < 0. This is a contradiction. O
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Remark 2.1.2. If we have uniqueness of solutions, it follows from this theorem

that if ¢1 and ¢o are two solutions of the scalar autonomous differential equation

' = f(x), then ¢1 (to) < @2 (to) implies that ¢1(t) < ¢po(t) for all t.

Remark 2.1.3. Theorem 2.1.4 is only true for scalar equations.

2.2 Existence and uniqueness theorems

Several approaches can be used to show the existence and /or uniqueness of solutions.

2.2.1 Successive approximations method

Picard’s successive approximation method consists of using the integral form (2.1.4)
of the solution to the IVP (2.1.3) to construct a sequence of approximation of the
solution, that converges to the solution. The steps followed in constructing this
approximating sequence are the following.

Step 1. Start with an initial estimate of the solution, say, the constant function
oo(t) = ¢o = g, for |t — to| < h. Evidently, this function satisfies the IVP.

Step 2. Use ¢p in (1.4) to define the second element in the sequence:

%®=%+[f@%@m&

Step 3. Use ¢; in (1.4) to define the third element in the sequence

Pa(t) = w0 -I-/t f(s,01(s)) ds.

Step n. Use ¢, in (1.4) to define the nth element in the sequence:

Pn(t) = o +/t [ (s, ¢n-1(s))ds.

At this stage, there are two major ways to tackle the problem, which use the same
idea: if we can prove that the sequence {¢, } converges, and that the limit happens

to satisfy the differential equation, then we have the solution to the IVP (2.1.3).
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The first method uses a fixed point approach. The second method studies explicitly
the limit.

2.2.2 Local existence and uniqueness - Proof by fixed point

theorem

Here, we present two slightly different formulations of the same theorem, which
establishes that if the vector field is continuous and Lipschitz, then the solutions

exist and are unique. We provide the proof for the second formulation.

Definition 2.2.1. (Uniform Continuity). Let (X,dx) and (Y,dy) be two metric
spaces, and let E C X and FF C Y. A function f: E — F is said to be uniformly
continuous on the set E C X 1if, for every € > 0, there exists § > 0 such that

dy(f(x), f(y)) <e whenever x,y€ E and dx(z,y) <.
In other words,
f:EC(X,dx)— F C (Y,dy) is uniformly continuous on E if and only if

Ve > 0,30 > 0,Vz,y € E, dx(z,y) <0 = dy(f(z), f(y)) <e.

Definition 2.2.2. (Lipschitz function). A map f:U C R x R" — R" is Lipschitz
in x if there exists a real number K such that for all (t,z1) € U and (t,z2) € U,

£t 21) — f(t, 22)[|< K|lz1 — 22|,

where K is independent of x1 and x4.
The following definition is a weaker version of Lipschitz functions.

Definition 2.2.3. (Locally Lipschitz function). A map f:U C R x R" — R" is
locally Lipschitz in x if for all (ty,zo) € U, there exists a neighborhood V- C U of
(to, o) and a real number K such that for all (t,x1) and (t,xs) € V,

[f(t20) = f(t 22)l|< K|y — o]

In other words, f is locally Lipschtiz if the restriction of f to V is Lipschitz.
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Thus, a locally Lipschitz function is Lipschitz if there exists a uniform Lipschitz
constant L for all points in U. Another equivalent definition of a locally Lipschitz

function is given below.

Definition 2.2.4. A function f : U C R*™ — R™ is locally Lipschitz continuous
if, for every compact set V- C U, the number

L=  sup 1 f(t, ) = f(t,y)]
(t,0)£(Ly)EV |z =yl

1s finite, with L depending on V.

Property. Let f(¢,x) be a function. The following properties hold.

1. f is Lipschitz = f is uniformly continuous x.
2. f is uniformly continuous #- f is Lipschitz

0
3. f(t,z) has continuous partial derivative a—f on a bounded closed domain D
x

= f is locally Lipschitz on D.

Proof. 1. Suppose that f is Lipschitz, meaning there exists a constant L > 0 such
that

”f(t,xl) - f(t,@)H < LH£U1 - 96’2H, Yy, 2.

Recall that f is uniformly continuous if, for every € > 0, there exists § > 0 such that
|21 — 2ol <0 = |[f(t,21) — f(t,22)]| <e.
Given € > 0, we choose 0 = +. Then, for ||z; — 3| < J, we obtain
(8 21) = f(E,22)[| < Lijzy — o] < Lo = €.

Hence, f is uniformly continuous.

2. This case is left as an exercise. Consider, for instance, the function

f@)= -, zc <o, %} . with £(0) =0,
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3. If g is continuous on D, then the function g
ox ox

compact domain D. Consequently, it attains a finite upper bound on D. Define

is also continuous on the

of
_x(tv CL’)

L = sup
(t,x)eD

Applying the mean-value theorem, for any (¢, x1), (t,z2) € U, there exists £ € [y, x2]

such that 5
[t ze) — f(t,21) = (22 — xl)a—i

Since ¢ € U, it follows that

(£,€)-

of

leading to
1f (8 22) — f(£, 21)|| < Lllwa — a1 .

This confirms that f is Lipschitz on U. O]

Lemma 2.2.1. (Gronwall’s lemma). Suppose that
(i) The function g(t) is continuous for to <t < ty.
(ii) Forty <t < ty, the function g(t) satisfies the inequality

OSg(t)SK—I—L/tg(s)ds.

to

Then, it follows that

0<g(t) < Kelt-to) for all ty <t <ty.
Proof. Define

o(t) = /t:g(s) ds.

Then, differentiating both sides, we get

which allows us to rewrite the given inequality as

0<'(t) < K+ Lo(t).
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The right-hand side forms a linear differential inequality. Using the integrating
factor
plt) = e M),

we multiply both sides by u(t) to obtain

d

£<6—L(t—to)v(t)> < Ke i—to),

Integrating from ¢y to ¢ and using v(tg) = 0, we get
e—L(t—to)U(t) < %(1 _ e—L(t—t0)>.
Multiplying by el(t~t0),

v(t) < %(eL(ttO) - 1).

Since g(t) < K + Lv(t), it follows that
K Lt K o L(t—to)
g(t)SK—i—Lf(e 0—1): e 0/,

Thus, the result is proven. O

Definition 2.2.5. (Contraction Mapping). Let (X,d) be a metric space, and let
S C X. A mapping f: S — S is called a contraction on S if there exists K < 1
such that, for all z,y € S,

d(f(x), f(y)) < Kd(z,y).

Every contraction is uniformly continuous on X.

Theorem 2.2.1. (Contraction Mapping Principle). Let (X,d) be a complete metric

space. Fvery contraction mapping f : X — X has a unique fized point x € X such
that f(x) = x.

Proof. Existence: We use successive approximations. Let xo € X. Define the
sequence w1 = f(x9),xa = f(z1),..., 2y = f(Tn_1),..., which defines an infinite

sequence of elements of X. Since f is a contraction, we have

d(w2, 1) = d(f(21), f(z0)) < Kd(x1,70).
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Similarly,
d(xs, 29) = d(f(x2), f(21)) < Kd(x2,21) < K2d(21,20).
Iterating this process gives
d(xpi1,2,) < K"d(x1, x0).
Therefore,

d(In—Hﬂ In) < d(mn—l-p: In—l—p—l) + d(mn—i-p—la xn+p—2> +oeet d(xm_l, xn)
< (KPP KP 2 4o K+ 1) K"d(21, 70)
K’Vl
1-K

IN

d(x1, ).

Thus, d(zy+p, T,) tends to 0 as n — oo, so {x,} is a Cauchy sequence. Since X is a

complete space, it follows that {z,,} converges to some limit £ € X. As nll_{rolo Tp =1,

and since f is continuous, we have
lim z,,1 = f(0).
n—oo

But x,; also converges to £, so f(¢) = ¢, meaning that ¢ is a fixed point of f.

Uniqueness: Suppose ¢; and /5 are two fixed points of f. Then we must have
d(éh 62) S Kd(éh 62) < d(gh €2)7

if d(0y,05) # 0. Therefore, d(¢y,¢5) =0, so {1 = {s. O

Theorem 2.2.2. (Cauchy-Lipschitz-Picard theorem). Assume f:U C R x R" —
D C R"™ is continuous, and that f(t,x) satisfies a Lipschitz condition in U with
respect to x. Then, given any point (ty,zo) € U, there exists a unique solution of

(2.1.8) on some interval containing to in its interior.

Theorem 2.2.3. (Picard’s local existence and uniqueness theorem). Consider the

IVP (2.1.8), and assume f is continuous in t and satisfies the Lipschitz condition

1 (¢, 20) = f(t22)|| < ey = 2o,
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for all xy,29 € D = {x: ||z —xo|| < b} and all t such that [t —ty| < a. Then
b

there exists 0 < 6 < a = min | a, U such that (2.1.3) has a unique solution in

It — o] < 0.

To set up the proof, we proceed as follows.

Define the operator F' by

F:xmx+ /tf(s,x(s))ds.

Note that the function (F'¢)(t) is a continuous function of ¢. Then Picard’s successive
approximations takes the form ¢, = Fog, ¢ = Fy = F2¢y, where F'? represents
F o F. Iterating, the general term is given by

bp = F*¢y, fork=0,...

Therefore, finding the limit limy_.o, ¢ is equivalent to finding the function ¢, solu-
tion of the fixed point problem

x = Fux,

with = a continuously differentiable function. Thus, a solution of (2.1.3) is a fixed
point of F, and we aim to use the contraction mapping principle to verify the

existence (and uniqueness) of such a fixed point.

Proof. (See [11], p. 56-58). We now proceed to demonstrate the result for the
interval t — ty < ¢, with the proof for the interval {5 — ¢ < § being analogous. Let
X denote the space of continuous functions defined on the interval [to, to + d], i.e.,
X = C ([to, to + 0]), which is endowed with the sup norm, defined for z € X as

lzlle = max {lz(@)].

tG[to,to—i—é]

This norm represents the uniform convergence norm. Next, define
S={reX:|z—x.<b}.

Clearly, S € X. Furthermore, S is closed, and since X is a complete metric space

with the sup norm, we have the necessary properties for the application of further
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results. It is important to note that we have transformed the problem into one in-
volving the space of continuous functions, which places us in the infinite-dimensional
setting. The proof unfolds in three steps.

Step 1. We begin by showing that F': S — S. From equation (2.1.4),

(FO)(t) — 20 = / £(s,6(s)) ds = / ((F(5,6(5)) — F(s,20)) + f(s.20)) ds.

to

By the triangle inequality, we get

1F'¢ — ol S/ (1S, (s)) = f (s, zo)ll + [Lf (s, 20)[|) ds.

to

Since f is (piecewise) continuous, it is bounded on [tg, 1], and there exists a constant

M = maxicp, 1, || f(t, 20)||. Thus, we obtain

1Fé — al| < / (£ (5, 0(5)) — f(s,z0)]| + M) ds < / (Lll6(s) — 20| + M) ds,

to

since f is Lipschitz. For all ¢ € S, we have ||¢ — x¢|| < b, so

1Fo — o < /t (Lb+ M) ds < (t — to)(Lb + M).

to

Since t € [tg,to + d], we have t — ty < 0, and thus

|Fp — xolle = max ||Fo— x| < (Lb+ M)d.

tE[tQ,t0+§]

Choose 9 such that § <

TESTE i.e., for t sufficiently close to 5. Then we have
”FQb - xOHc S b7

which implies that for ¢ € S, F¢ € S. Hence, F : S — S.

Step 2. We now show that F' is a contraction. Let ¢, ¢o € S. We have

/ (f(s,01(8)) — f(s,02(5))) ds|| .

to

I(Fp)(t) = (Feo) (@) =
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Using the triangle inequality and the Lipschitz condition, we get
WF%MQ—G%ﬁ@Wf{[Hf@wﬂﬁy—ﬂ&¢ﬂ$wdsélﬂMW&@—¢A@H%-

Thus,

[F¢1 = Folle < Lo[lgr = alle < pllér — pafle for 0 <

I

Therefore, by choosing p < 1 and § < %, we see that F'is a contraction. Since, by
Step 1, F': S — S, the contraction mapping principle (Theorem 2.2.1) implies that
F has a unique fixed point in S, and equation (2.1.3) has a unique solution in S.
Step 3. It remains to show that any solution in X is actually in S, as the result
is to be shown in X. Consider a solution starting at zy at time t3. The solution
leaves S if there exists a t > ¢, such that ||¢(t) — zo|| = b, i.e., the solution crosses
the boundary of D. Let 7 > t3 be the first such time. For all t5 <t < 7, we have

t

lo(t) — o S/t (£ (s, () = f(s,20)ll + [l f (s, 20)l) ds
0

s/@W@—mnM@w

to

< /t(LbJr M) ds.

to

Therefore,
b=1¢o(1) = xo|| < (Lb+ M)(T —to).

Let 7 =ty + u, for some p > 0. It follows that if

b
Lb+ M’

=
then the solution ¢ remains within D. O

Note that the condition x1,29 € D = {x: ||z — x¢|| < b} in the statement of the
theorem refers to a local Lipschitz condition. If the function f is Lipschitz, then the

following theorem holds.

Theorem 2.2.4. (Global ezistence). Suppose that f is continuous in t and is Lip-
schitz on U =T x D. Then (2.1.3) admits a unique solution on Z.
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2.2.3 Local existence and uniqueness - Proof by successive

approximations method

Using the method of successive approximations, we can prove the following theorem.

Theorem 2.2.5. (Ezistence and Uniqueness via Picard Iteration). Suppose that
f is continuous on a domain R of the (t,x)-plane defined, for a,b > 0, by R =
{(t,z) : [t —to| < a,l||lz — o] < b}, and that f is locally Lipschitz in x on R. Let

then, as previously defined,

M = sup [|f(t,x)] < oo and a:min(a,%).

(t,x)eER
Then the sequence defined by
$o =g, |t —to] <a

</>i(t>=xo+/f(s,@_l(s))ds, i1 |-t <a

converges uniformly on the interval |t — to| < « to ¢, unique solution of (2.1.3).

Proof. See ([16], p. 3-6).
Existence:

Assume that |t — to| < . Then, we have

wrww=\

t
[ 1Gs.ants)ds
to
Applying the bound on f, it follows that
|1 — @0l < M |t —to| < aM <b.

By the definitions of M and «a, we conclude that ||¢; — ¢o|| < b, ensuring that the
integral ft'; f(s,01(s)) ds is well-defined for |t — ty| < a. Consequently,

[62(t) — doll =

A}@w@»w

S/Hﬂ&%@M%SQMSb
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By induction, it follows that for all k = 1,...,n and for |t — to] < «,
|9x(t) = doll < aM <b.

Now, For |t — t5] < a, we obtain

[6r41(E) — @x(t)]] =

By the Lipschitz continuity of f in x on R, we conclude that

oo + /t:f<s,¢k<s>>ds—wo— /t:ﬂs,ask_l(s))ds

/ (f (5, 6u(5)) — f (5, bua(5))) ds

to

|Prr1(t) — or(t)] < L/t | pr(s) — dr_1(s)| ds.

We now prove that, for all k,

(L]t = to])*

|Prt1 — drl| < b o

for |t —to| < . (2.2.5)

Indeed, (2.2.5) holds for k = 1, as previously established. Assume that (2.2.5) holds
for kK =n. Then

||¢n+2 - gbn-‘rl” =

/t £ (5, 6us1 () — (5, duls)) ds

< / L {|6ns1(5) — dn(s)]| ds

to

b (Ls—to])"
g/LbMdsfor [t —to] <«
to

n!
il B n+l s=t
e
- nl n+1
s=to
(L]t —to)™"

(n+1)!

and thus (2.2.5) holds for k=1, ...
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Thus, for N > n we have

N—

L _
[ () — ot ||<Z||¢k+1 o)< 3 (Bt t”'
k=n

k=n

The rightmost term in this expression tends to zero as n — oo. Therefore, the
sequence {¢x(t)} converges uniformly to a function ¢(¢) on the interval [t — to| <
a. Since the convergence is uniform, the limit function is continuous. Moreover,

o(to) = xo. In fact, we can write

o ( (1) + > (6k(t) — dra(t)

k=1
which implies that

¢(t) = ¢ot) + D (¢x(t) — dr-1(t))-

WE

B
Il

1
The fact that ¢ is a solution to (2.1.3) follows from the following result. If a sequence
of functions {¢(t)} converges uniformly, and each ¢y (t) is continuous on the interval
|t — to] < «, then

lim tgzﬁn(s) ds = /t lim ¢,(s)ds

n—oo 0 n—oo

Thus, we have

P(t) = lim ¢,(1),

which means that
t
t) = —I—/ f(s,p(s))ds for |t —to] < a.
to

Since the integrand f(¢, ¢) is continuous, ¢ is differentiable with respect to t, and
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its derivative is given by
¢'(t) = f(t, o(t)),

which shows that ¢ is a solution to the initial value problem (IVP) (2.1.3).
Uniqueness:
Let ¢ and ¢ be two solutions of (2.1.3), i.e., for |t —t] < a,

¢@=%+[f@ﬂm$,
w@—m+/f@wmw
Then, for |t — to| < a,

o)) = v = | i, F(s,6(5)) = f(s,w(s)ds|
< L {1 ll6(s) — w(s)lds.
We now apply Gronwall’s Lemma to this inequality, using K = 0 and g(t) = ||¢(t)—
Y (t)||. First, applying the lemma for ) <t <ty + a, we get 0 < [|¢(¢) — ()| <0,
that is,

(2.2.6)

lo(t) = (@) =0
and thus ¢(t) = ¥(t) for tg <t < tg+a. Similarly, for to—a <t < to, ||o(t) =0 (t)]| =
0. Therefore, ¢(t) = 1¥(t) on |t — o] < a. O

Example 2.2.1. Let us consider the initial value problem (IVP)
¥=—-x, z(0)=xy=c¢, ceR.

For the initial solution, we choose ¢y(t) = c. Then,

o) = 2o+ [ 15,0005 ds
= c+/0t—gz§0(s) ds

t
:c—c/ 1ds
0

=c—ct.
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To find ¢o, we use ¢y in (2.1.4):

oalt) = 70+ Otf (5, 61(s)) ds

:c—/o(c—cs)ds

t2
=c—ct+c—.
2

Continuing this method, we find a general term of the form

]

t

This is the power series expansion of ce™", so we conclude that

On(t) — ¢(t) = ce™  (and the approzimation is valid on R),

which s the solution to the initial value problem.
It is important to note that the method of successive approximations is highly ver-

satile and can be extended to much broader contexts; see ([4], p. 264-269).

2.2.4 Local existence (non Lipschitz case)

The following theorem is frequently referred to as Peano’s Existence Theorem. Since
the vector field is not required to satisfy the Lipschitz condition, it is important to

note that uniqueness of the solution may not hold.

Theorem 2.2.6. (Peano’s theorem). Suppose that f is continuous on some region
R=A{(t,z) : |t —to] < a,||x — z0|]| < b}

with a,b > 0, and let M = maxg || f(t,x)||. Then there ezists a continuous function

o(t), differentiable on R, such that

(i) ¢ (to) = o,
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(i1) ¢'(t) = f(t,¢) on |t —to| < «, where

a if M =0
o =
min (a,i) of M > 0.

Before proving this result, we must introduce a number of preliminary notations and
results. The definition of equicontinuity and a statement of the Ascoli lemma are
provided below. In order to construct a solution without the Lipschitz condition, we
approximate the differential equation by another one that satisfies the Lipschitz con-
dition. The unique solution of this approximate problem serves as an e-approximate

solution, which is formally defined in [4].

Definition 2.2.6. (Equicontinuous Set). A set of functions F = {f} defined on
a real interval I is said to be equicontinuous on I if, for every e > 0, there exists
8. > 0, independent of f € F and also of t,t € I, such that

If(t) — f()|| <& whenever |t—t|<é..

An interpretation of equicontinuity is that a sequence of functions is equicontinu-
ous if all the functions are continuous and exhibit uniform variation over a given

neighborhood.

Theorem 2.2.7. Let {f,} be an equicontinuous sequence of functions. If f,(x) —

f(z) for every x € X, then the function f is continuous.

Lemma 2.2.2. (Ascoli). Let I be a bounded interval, and let F' = {f} be an
infinite, uniformly bounded, equicontinuous set of functions. Then F contains a

sequence { fn}, where n = 1,2, ..., that is uniformly convergent on I.

Definition 2.2.7. (e-approximate solution). A differentiable mapping u of an open
ball J € T into U is an approzimate solution of ' = f(t,x) with approzimation e

(or an e-approximate solution) if we have

J(t) = Ft,u®)| < e for anyt € J.
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Lemma 2.2.3. Suppose that f(t,z) is continuous on a region
R={(t,x) : |t —to| < a,|lx — x| <b}.

Then, for every positive number ¢, there exists a function F.(t,x) such that
(i) F. is continuous for |t —to| < a and all x,

(i) F. has continuous partial derivatives of all orders with respect to x4, ..., x, for

|t —to] < a and all z,
(111) ||Fe(t, z)|| < maxg || f(t,z)]| = M for |t —to] < a and all x,
(i) |Fe(t,z) — f(t,z)[| <€ on R.
For a proof of this lemma, see [9].

We now prove Peano’s Theorem 2.2.6.

Proof. (Peano’s Theorem proof). The proof takes four steps.

1. We construct, for every positive number ¢, a function F_.(¢, ) that satisfies the
requirements given in Lemma 2.2.3. Using an existence-uniqueness result in
the Lipschitz case (such as Theorem 2.2.3), we construct a function ¢.(t) such

that it holds the following properties:

e (P1) ¢.(to) = mo,
o (P2) ¢L(t) = FL(t,¢c(t)) on [t —to| < a,
e (P3) (t,9.(t)) € Ron [t — 1| < a.
2. The set F = {¢. : ¢ > 0} is bounded and equicontinuous on |t — to| < a.
Indeed, property (P3) of ¢. implies that F is bounded on |t — ty] < «, and

that
| Fo(t, ¢(1))]| < M on |t — to| < . Hence, property (P2) of ¢. implies that

[6e(t1) = 0= (t2)[| < M[tr — taf,

if [t1—to] < avand |ty —to| < « (this is a consequence of Theorem 2.1.1). There-
fore, for a given positive number p, we have ||¢.(t1) — ¢-(t2)|| < p whenever
|t1 — to’ S a, |t2 — t0| S a, and |t1 — t2| S %
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3. Using Lemma 2.2.2, choose a sequence {e; : k = 1,2,...} of positive numbers
such that limg_,o £ = 0, and that the sequence {¢., : k = 1,2,...} converges

uniformly on |t — 5] < o as k — 0o. Then set
o(t) = lim ¢, (t) on |t —to] <au
k—o0

4. Observe that .
P (t) = o +/ F.(s,¢:(s))ds

to

and

0.0) =t [ S o) ds+ [ (Fls,0.05) = f(s.6.05) ds.

to

It follows from (iv) in Lemma 2.2.3 that

on |t — to| < . This is true for all € > 0, so letting ¢ — 0, we obtain

S €|t — t0|

/ (Fu(5, 6:(5)) — £(5,6:(5))) ds

to

P(t) = xo + /t f(s,6(s))ds.

A proof, by Hartman ([7], p. 10-11), is as follows.

Proof. Let § > 0 and let ¢(t) be a continuously differentiable n-dimensional vector-
valued function defined on the interval [ty — 0, to] that satisfies the following condi-

tions:

Gelto) = w0, By(to) = flto,x0),  [de(t) —xoll < b, [lgp(t)]] < M.

For 0 < € <9, define the function ¢.(t) on the interval [t, — §,to + ] by setting

¢e(t) = ¢e(t) for t€ [ty — 0,0
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and

¢(t) = x0 +/t f(s,0:(s—¢))ds on [ty,to+ ]. (2.2.7)

The function ¢. can indeed be defined on the interval [tg—d, to+a]. To show this, note
that the formula for ¢.(¢) is well-defined for ¢ty < ¢t <ty + ay, where a; = min(«, €).
Thus, ¢.(t) is continuously differentiable on the interval [to — 0, to + 1] and, On this

interval,

[6(t) — xoll <0, [Pe(t) — dc(s)| < Mt —s|. (2.2.8)

It then follows that (2.2.7) can be used to extend ¢.(t) as a C' function over
[to — J,to + ), where ay = min(a, 2¢), satisfying relation (2.2.8). Continuing in
this fashion, (2.2.7) serves to define ¢.(t) over [tg, o + a] so that ¢.(¢) is a C° func-
tion on [ty — 0, tp + af, satisfying relation (2.2.8).

Since ||¢L(t)|| < M, M can be used as a Lipschitz constant for ¢., giving uniform
continuity of ¢.. It follows that the family of functions, ¢.(t),0 < e < 4, is equicon-
tinuous. Thus, using Ascoli’s Lemma, there exists a sequence £(1) > €(2) > ...,
such that e(n) — 0 as n — oo and

#(t) = lim ¢.(n)(t) exists uniformly on [to — 0,10 + ] .

n—oo

The continuity of f implies that f (¢, ¢-(»)(t — €(n)) tends uniformly to f(¢,$(t)) as

n — oo; thus term-by-term integration of (2.2.7) where € = ¢(n) gives

o(t) = w0 + / £(s,0(s))ds.

and thus ¢(t) is a solution of (2.1.3).

An important corollary follows.

Corollary 2.2.1. Let f(t,x) be continuous on an open set E and satisfy || f(t,z)|| <
M. Let Ey be a compact subset of E. Then there exists an o = o (E, Ey, M) > 0
with the property that if (to, xo) € Eo, then the IVP (2.1.8) has a solution and every

solution exists on |t — to] < a.

In fact, the hypotheses can be slightly relaxed. In [3] an e-approximate solution is
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defined as follows.

Definition 2.2.8. An e-approximate solution of the differential equation (2.1.2),
where f is continuous, on a t-interval I 1s a function ¢ € C on I such that:

1. (t,0(t)) €U fort e I;

2. ¢ € C' on I, except possibly for a finite set of points S on I, where ¢' may have
simple discontinuities (i.e., g has finite discontinuities at c if the left and right limits

of g at c exist but are not equal);

3. ¢'(t) = fFt, o) < e fort e I\ 'S.

Hence it is assumed that ¢ has a continuous derivative on I, which is denoted by

¢ € CI(I).

Theorem 2.2.8. Let f € C on the rectangle
R =A{(t,z) : |t — to] < a,|x— x| <b}.

Given any € > 0, there exists an e-approzimate solution ¢ of (2.1.3) on |t —to] < «
such that ¢ (ty) = xo.

Proof. Let € > 0 be given. We will construct an e-approximate solution on the
interval [to,to + €]; the construction is similar for the interval [ty — «,tp]. The e-
approximate solution that we construct will be a polygonal path, starting at (to, zo).
Since f is continuous on R, it is uniformly continuous on R. Therefore, for the

given value of €, there exists d. > 0 such that

1f(t,0) = f(E, D) <e, (2.2.9)

whenever

(tvqb)v(g?&) € Ra |t_£| st&a ||¢_&|| S 5&-

Now, divide the interval [ty,to + «| into n subintervals: to < t; < -+ < t, =to + a,
such that 5
max |t — tr_1| < min (557 MS) . (2.2.10)

Starting at (¢, o), construct a line segment with slope f(tg,zo), which intercepts

the line t = ¢; at (t1,z1). By the definition of o and M, it is clear that this line
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segment lies inside the triangular region 7', which is bounded by the line segments
with slopes £M from (%o, xo) to their intercept at t = to + «, and the line t = ¢y + «.
In particular, (t1,21) € T.

At the point (t1,x;), construct a line segment with slope f(t1,21) until the line
t = to, yielding the point (t9, 7). Continue this process iteratively. The polygonal
path ¢ is thus constructed, which intersects the line t = £y + « after a finite number
of steps and lies entirely within the region 7'

The function ¢, which can be expressed as

¢(to) = o,
¢(t) = ¢(tk—1) +f(tk—17¢(tk—1>>(t_tk—1)7 le [tk—lvtk]v k= 17"'7”7
(2.2.11)
is the desired e-approximate solution. Clearly, ¢ € C;([to, to + ), and
lp(t) — p(B)|| < M|t —t| for t,t€ [to,to+ al. (2.2.12)

For t € [ty_1,tx], from the above inequality (2.2.12) and the condition on the parti-
tion in equation (2.2.10), we deduce that

|p(t) — d(tr-1)| < 6.

Moreover, from (2.2.11) and (2.2.9), we obtain

16/(8) — f(&, o@Dl = [[f (-1, D(ti—1)) — f(E, 0(1)] < e

Thus, ¢ is an e-approximate solution. O

2.2.5 Some examples of existence and uniqueness

Example 2.2.2. Consider the [VP

v =3al® (2.2.13)
xXr (to) = 2

2/3

Here, Theorem 2.2.6 applies, since f(t,x) = 3z°/° is continuous. However, Theorem

2.2.8 does not apply, since f(t,x) is not locally Lipschitz in x = 0 (or, f is not
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Lipschitz on any interval containing 0 ). This means that we have existence of

solutions to this IVP, but not uniqueness of the solution.

The fact that f is not Lipschitz on any interval containing 0 is established using the
following argument. Suppose that f is Lipschitz on an interval T = (—¢,¢), with
€ > 0. Then, there exists L > 0 such that for all x1,x9 € T,

1f (t,21) = f(t 22)|| < Ly — a9

that is,

3|15 — |2a]?| < L |2y — 2o

Since this has to hold true for all xi,x9 € I, it must hold true in particular for
z9 = 0. Thus
3|21|5 < Lz

Given an € > 0, it is possible to find N. > 0 such that % < ¢ for alln > N,. Let
T, = % Then for n > N., if f is Lipschitz there must hold

0

<

IN

L
=2

So, for alln > N,

Wl

n

w|

1/3

This is a contradiction, since lim n'/° = 0o, and so f is not Lipschitz on T.

n—oo
Let us consider the set

E={teR:z(t)=0}.

The set E can have several forms, depending on the situation.

1. E=0.

2. E = |a,b], (closed since x is continuous and thus reaches its bounds).
3. E = (—00,b).

4. E = (a,+00).

5. E=R.

Note that case (2) includes the case of a single intersection point, when a = b, giving

E = {a}. Let us now consider the nature of x in these different situations. Recall
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that from Theorem 2.1.4, since (2.2.13) is defined by a scalar autonomous equation,
its solutions are monotone. For simplicity, we consider here the case of monotone
increasing solutions. The case of monotone decreasing solutions can be treated in a
similar fashion.

1. Here, there is no intersection with the x = 0 axis. Thus if follows that

>0, 1 >0
x(t) is { f o

<0, if o <O.

2. In this case,
<0, ift<a
x(t) is § =0, ift € [a,b]
>0, ift >b.

3. Here,

= ft<b
x(t) is X
>0, ift > 0.

4. In this case,

<0, ift<
x(t) is Lit<a
=0, ift > a.

5. In this last case, x(t) =0 for all t € R.
Now, depending on the sign of x, we can integrate the equation. First, if x > 0, then

|z| =z and so 2/3

=3z

1
—p 3 =1

(3

~ x1/3:t+k1

& alt) = (t+ k),

for ky € R. Then, if ¢ <0, then |z| = —z, and
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¢ = 3(—z)¥?
o %(-@2/3 (=) = —1

e (—2)VP = —t+ky
s a(t)=—(—t+ k2)3 ,

for ks € R. We can now use these computations with the different cases that were
discussed earlier, depending on the value of to and xy. We begin with the case of
to >0 and xq > 0.
1. The case E = ) is impossible, for all initial conditions (to, o). Indeed, as
zo > 0, we have z(t) = (t + k). Using the initial condition, we find that x (t) =
xo = (to + kl)g, ie., k= x(l)/3 —to, and z(t) = (t + :B(l)/3 - t0>3.
2. If E = |a,b], then

—(—t+ k)’ ift<a

z(t) =4 0ift € [a,b]
(t+ k) ift > b

Since xg > 0, we have to be in the t > b region, so ty > b, and (ty + k1)3 = x¢, which
1/3

implies that ky = xy'” —to. Thus
—(—t+ k)’ ift<a
z(t) =< 0ifte[a,b]
1/3 3
<t+:c0 —to) ift > b.

Since x is continuous,

3
lim <t+x(1)/3—t0> =0

t—b,t>b

and

lim — (—t+ky)* = 0.

t—a,t<a

This implies that b =ty — a:'(l)/g and ke = a. So finally,

—(=t+a) ift<a
z(t) = 01ifte [a,to—xé] (agto—x§>

3 1
(t—i—x(l]/g —t0> ift>ty—al.
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Thus, choosing a < ty — x(l]/g, we have solutions of the form shown in Figure 2.2.

Indeed, any a; satisfying this property yields a solution.
3. The case |a,+00) is impossible. Indeed, there does not exist a solution through

(to, xo) such that xz(t) =0 for all t € [a,+00); since we are in the case of monotone
increasing functions, if xo > 0 then x(t) > xq for all t > ty.
4. E =R is also impossible, for the same reason.

5. For the case E = (—o0,b], we have

(ty:Xgp)

i

Figure 2.2: Case tg, zo > 0, subcase 2 , in the resolution of (2.2.13).

x(t):{ 0 ift E?)(—'oo,b]
(t+ki)® if t > b.

Since z (tg) = xg, k1 = a:(l)/g —to, and since T is continuous, b = —ky = tg — m(l)/g. So,
0ifte (—oo,to — x(l)/g]
a(t) = 3 1/3

<t+ x!® — t0> ift >ty — x
The other cases are left as an exercise.

Example 2.2.3. Consider the I[VP

(2.2.14)
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Here, we have existence and uniqueness of the solutions to (2.2.14). Indeed, f(t,z) =

2tx? is continuous and locally Lipschitz on R.

2.3 Continuation of solutions

The results obtained so far concern the local existence (and uniqueness) of solutions
to an initial value problem (IVP), meaning that solutions are guaranteed to exist
within a neighborhood of the initial data. The study of solution continuation focuses
on identifying criteria that enable the extension of solutions to potentially larger
intervals.

Consider the IVP

(2.3.15)

with f continuous on a domain U of the (¢, x) space, and the initial point (o, x¢) € U.

Lemma 2.3.1. Let f(t,x) be a continuous function defined in an open set U in the

(t,x)-space. Suppose that a function ¢(t) satisfies the differential equation

and that (t,¢(t)) € U for all t in an open interval T = (ty,ts).
Under these assumptions, if there exists a sequence {7;}52, C T such that

lim (75, ¢(7;)) = (t1, 1) € U,

J—00

then it follows that
lim (7, ¢(7)) = (t1,7)-

T—t1
Similarly, if there exists a sequence {7;}52, C I such that

lim (75, ¢(75)) = (t2,m) € U,

J—00

then we have

lim (7, ¢(7)) = (t2,7)-

T—to

Proof. For a proof, see [1]. O
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Figure 2.3: The extension ¢ on the interval Z of the solution ¢ (defined on the
interval 7).

From the previous result, we can deduce a statement regarding the maximal interval
over which a solution can be extended. To emphasize that the solution ¢ of a
differential equation exists within a specific interval Z, we denote it as (¢,Z).

To proceed, we introduce the notion of an extension of a solution, which is defined

in the classical sense (see Figure 2.3).

Definition 2.3.1. (Extension). Let (¢,Z) and (¢,Z) be two solutions of the same
if,

ODE. We say that (¢,1) is an extension of (¢,T) if, and only if,

1cC j? &\I = ¢7
where |7 denotes the restriction to I.

Theorem 2.3.1. Let f(t,x) be continuous in an open set U in (t,x)-space, and the
function ¢(t) be a function satisfying the condition ¢'(t) = f(t,p(t)) and (t,¢(t)) €
U, in an open interval T = {t; <t < to}. If the following two conditions are satisfied:
(i) o(t) cannot be extended to the left of t1 (or, respectively, to the right of ty ),
(ii) lim (15,0 (1)) = (t1,m) (or, respectively, (ta,m) ) exists for some sequence
{7 ; :oo 1,2,...} of points in the interval Z,

then the limit point (t1,n) (or, respectively, (t2,n)) must be on the boundary of U.

Proof. Suppose that the hypotheses of the theorem are satisfied, and that (¢1,7) € U
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(respectively, (t2,n) € U). Then, from Lemma 2.3.1, it follows that

lim (7, ¢(7)) = (t1,7)

T—1t1

(or, respectively, lthl (1,0(T)) = (t2,7n) ). Thus we can apply Theorem 2.2.6 (Peano’s
T—l2
Theorem) to the IVP

= f(t,z)

Z (tl) =1,
(or, respectively, ' = f(t,z),z(ts) = n ). This implies that the solution ¢ can
be extended to the left of ¢; (respectively, to the right of ¢, ), since Theorem 2.2.6

implies existence in a neighborhood of ¢;. This is a contradiction. O]

A particularly important consequence of the previous theorem is the following corol-

lary.

Corollary 2.3.1. Assume that f(t,x) is continuous for t; <t < ty and all x € R™.
Also, assume that there exists a function ¢(t) satisfying the following conditions:
1. ¢ and ¢' are continuous in a subinterval T of the interval t; < t < t,

2. ¢'(t) = f(t,0(t)) in Z. Then, either

(i) ¢(t) can be extended to the entire interval t1 < t < ty as a solution of the
differential equation x' = f(t,z), or

(ii) limy_,, [|(t)|| = oo for some T in the interval t; <t < ts.

2.3.1 Maximal interval of existence

Another way to express these results is through the concept of the maximal interval

of existence. Given the differential equation
¥ = f(t,z). (2.3.16)

Let = z(t) be a solution of (2.3.16) on an interval Z.

Definition 2.3.2. (Right mazimal interval of existence). The interval I is said to
be a right maximal interval of existence for x if there is no extension of x(t) over

an interval Iy such that x remains a solution of equation (2.8.16), with T C Z; and
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T and I, having different right endpoints. A left maximal interval of existence is

defined similarly.

Definition 2.3.3. (Mazimal interval of existence). An interval that is both a left

and a right mazximal interval of existence is called a mazximal interval of existence.

Theorem 2.3.2. Let f(t,z) be continuous on an open set U, and let ¢(t) be a
solution of (2.3.16) on some interval. Then ¢(t) can be extended (as a solution)
over a maximal interval of existence (w_,w, ). Moreover, if (w_,wy) is a maximal

interval of existence, then ¢(t) tends to the boundary OU ofU ast — w_ andt — w, .

Remark 2.3.1. The extension of the solution need not be unique, and the values
of wy depend on the specific extension. Moreover, to say that ¢ — OU as t — w,
means that either w, = oo, or that w, < oo and, for any compact subset U° of U,
there exists a t near w, such that (t,(t)) & U°.

The following two corollaries are stated in [7].

Corollary 2.3.2. Let f(t,x) be continuous on the strip ty <t < ty+a (witha < c0)
for all x € R™. Suppose that ¢ is a solution of (2.1.3) on a right maximal interval
J. Then one of the following holds:

(Z) J = [to,to—{—a].
(i1) J = [to,0), with 6 <to+ a, and ||p(t)|| — o0 ast — 0.

Corollary 2.3.3. Let f(t,z) be continuous on the closure U of an open setU in the
(t,x)-space, and let (2.1.3) admit a solution ¢ on a right mazimal interval J. Then

one of the following holds:
(i) J = [ty, ).
(ii) J = [to,9d), with § < oo and (6, ¢(J)) € OU.

(iii) J = [ty,0), with § < oo and ||¢(t)]] — o0 ast — 9.
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2.3.2 Maximal and global solutions

The concept of maximal intervals of existence of solutions is closely related to the

notions of maximal and global solutions.

Definition 2.3.4. (Maximal solution). Let Ty C R and Zy C R be two intervals
satisfying Iy C Zy. A solution (¢,Z;) is said to be mazimal in Iy if there exists no
extension (gzg,i) that remains a solution of the ODE and satisfies I, C ICD.

Definition 2.3.5. (Global solution). A solution (¢,Z,) is said to be global on Iy if
there exists an extension ¢ that remains a solution of the ODE and is defined on the

entire interval Ly.

/

Figure 2.4: ¢, is a global and maximal solution on Z; ¢, is a maximal solution on
Z, but it is not global on Z.

Every global solution on a given interval Z is also a maximal solution on Z. However,

the converse does not necessarily hold.

Example 2.3.1. Consider the differential equation
a' = —2ta?
defined on R. If x # 0, integrating the equation

v = -2t
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leads to the general solution

1
a:(t):tQ_C, ceR.

Depending on the value of ¢, we distinguish the following cases:

o [fc <O, then z(t) is defined for all t € R, making it a global solution.

e Ifc > 0, the denominator t? — ¢ vanishes at t = £./c, causing singularities.
The solutions are then defined on the intervals (—oo, —/c), (—+/c,/¢), and
(v/¢,00). Each of these solutions is mazimal on its domain but not global on

R.

o [f c =0, the function simplifies to x(t) = 1/t?, which is defined on (—oo,0)

and (0,00), leading to mazimal but non-global solutions on R.
Additionally, the constant function x =0 is a global solution on R.

Lemma 2.3.2. Every solution ¢ of the differential equation x' = f(t,x) can be
extended to a maximal solution &, meaning that ¢ s always contained within some

mazximal solution.

The following theorem extends the uniqueness property to an interval of existence

of the solution.

Theorem 2.3.3. Let ¢y, 09 : T — R™ be two solutions of the equation ' = f(t,x),
with f being locally Lipschitz in x on U. If ¢1 and ¢o coincide at a point tog € T,

then ¢1 = ¢o on the entire interval L.

Proof. Under the assumptions of the theorem, suppose that ¢1(tg) = ¢2(ty). Let us
assume, for simplicity, that there exists a ¢; # to such that ¢1(t;1) # ¢a(t1), with
t, > to.
By the local uniqueness of the solution, it follows from ¢;(tg) = ¢2(to) that there
exists a neighborhood N of ¢y such that ¢;(t) = ¢o(t) for all t € N. Let us define
the set

E={t € lto,t1] : 1(t) # b2(1)} .

Since t; € E, we have F # (). Let o = inf(E), where « € (to,t1]. For all t € [to, a),
we have ¢1(t) = ¢o(t).
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By the continuity of ¢; and ¢s, it follows that ¢;(a) = ¢o(a). This implies there
exists a neighborhood W of a where ¢;(t) = ¢o(t). However, this contradicts the
assumption that ¢q(t) # ¢o(t) for t > . Thus, there can be no such ¢;, and therefore
¢1 = ¢ on the entire interval Z. O]

Corollary 2.3.4. (Global uniqueness). Let f(t,x) be locally Lipschitz in x on U.
Then, for any point (to,zo) € U, there exists a unique mazimal solution ¢ : T — R".

Furthermore, if there exists a global solution on I, it is unique.

2.4 Exercises
Exercice 2.4.1. Consider the initial value problem (IVP):
v +2y=e" y0)=1.
Find the explicit solution.
Exercice 2.4.2. Verify that y = 2> +2x+1 is a solution to the differential equation:
"'=2x + 2.
Exercice 2.4.3. Consider the problem
v =1-2xy, y(0)=0.

(a) Since the differential equation is linear, an expression can be found for the

solution. Find it.
(b) Consider the above problem on the region

R: |z| <=, |yl <1

DN | —

If f(z,y) =1 — 2zy, show that

[f(z,y) <2, for (z,y) € R,
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and that all the successive approximations to the solution exist on |x| < %, and

their graphs remain in R.

(c) Show that f satisfies a Lipschitz condition on R with Lipschitz constant K = 1,
and therefore by Theorem 2.2.5, the successive approrimations converge to a

solution ¢ of the initial value problem on |z| < %

(d) Show that the approzimation ¢s satisfies

o |

|9(x) — @3(x)| < 0.01  for[z] <

(e) Compute ¢s.

Exercice 2.4.4. Consider the initial value problem (IVP):

Determine the interval of existence for the solution.

Exercice 2.4.5. Consider the initial value problem:

;Y
A 1) =2
y=" y(1)

Find the solution and determine its mazimal interval of existence.
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Chapter 3

Stability in Linear and Nonlinear

Systems

In this chapter, we study the stability of solutions to differential equations, focusing
on the behavior of systems near their equilibrium points. Stability analysis is crucial
in understanding how systems respond to small disturbances. Stability can provide
insight into the long-term behavior of equilibrium states and periodic solutions for

both linear and nonlinear systems.

3.1 Linear stability analysis

Consider the linear differential system

i = f(z), (3.1.1)

where f: D — R", a C! function and D is an open subset of R™.

We can also define a linear differential system by
i = Az +b, (3.1.2)

where A is a constant n X n matrix and b is a constant vector in R™.



79

3.1.1 Equilibria

Equilibria are points in the phase space where the system does not change over
time. Stability describes the system’s behavior in response to small perturbations

near these equilibrium points.

Definition 3.1.1. In a dynamical system defined by the equation (3.1.1), an equi-

librium point x* is a point where f(xz*) = 0.

Remark 3.1.1. An equilibrium point is often referred to as a singular point, fixed

point, or critical point.

Remark 3.1.2. If the point x* is an equilibrium point for the system (3.1.2) then,

with the change of variables y = x — x*, (3.1.2) can be rewritten as
y = Ay. (3.1.3)

Notice that y = 0 is an equilibrium point for the equation (3.1.3).

3.1.2 Stability of Equilibria

Definition 3.1.2. We define the stability of the equilibrium point x* as follows

e The equilibrium point x* is stable if,

— —_—
Ve>0, 30(e)>0] Hx(O) <o = H:U(t) 7| <€, vt >0
_—
o The equilibrium point x* is asymptotically stable if it is stable and, ||z(t) — x*|| —

0 ast — oo.
o The equilibrium point x* is unstable if it is not stable.

Remark 3.1.3. Asymptotic stability indicates that the trajectories of the system
converge to the equilibrium point as t — oo. In contrast, neutral stability (sta-
ble but not asymptotically stable) means that while the trajectories remain near the

equilibrium point, they do not necessarily converge to it over time.
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Consider the linear system (3.1.3), where A is a constant n x n matrix, and let y = 0
be an equilibrium point. The behavior near an equilibrium point (at the origin in
this case) is determined by the eigenvalues of A. Specifically, the characteristic

equation det(A — A\I) = 0 gives the eigenvalues \; of A fori=1,--- n.

Theorem 3.1.1. e [If all eigenvalues of A have negative real parts, then the

equilibrium y = 0 1s asymptotically stable.

e [f at least one eigenvalue of A has a positive real part, then the equilibrium

y = 0 1s unstable.

o [f all eigenvalues of A have non-positive real parts and at least one eigenvalue
has a real part of zero, the stability of y = 0 cannot be determined solely from

the eigenvalues of A and requires further analysis.

Proof. The general solution to the system §y = Ay is given by

y(t) = ey (0),

where e denotes the matrix exponential of A, and y(0) is the initial condition.
To analyze the stability of y = 0, we examine the behavior of ||y(¢)| as t — co. The
properties of e* depend on the eigenvalues of A.

1. Case 1: All eigenvalues of A have negative real parts.

If all eigenvalues of A have negative real parts, then et decays to zero as t — oo.
Specifically, since the real parts of the eigenvalues determine the rate of decay, we

have:
HeAtH S Oe_at,

for some constants C' > 0 and a > 0 (where « is related to the smallest magnitude

of the negative real parts of the eigenvalues). It follows that
ly@)1l = lle*y ()|l < Ce™[ly(0)] = 0 ast — oco.

Thus, y = 0 is asymptotically stable.
2. Case 2: At least one eigenvalue of A has a positive real part.
If A has at least one eigenvalue with a positive real part, there exists a component

of the solution that grows exponentially as ¢ — oo. Let A be an eigenvalue of A with
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My appears

Re(A) > 0, and let v be the corresponding eigenvector. Then the term e
as part of the solution y(t), resulting in |ly(¢)|| — oo ast — oo. Hence, y = 0 is
unstable.

3. Case 3: All eigenvalues of A have non-positive real parts, with at least
one zero real part.

If all eigenvalues have non-positive real parts and at least one eigenvalue has zero real
part, the stability analysis is more subtle. The matrix A may have both decaying
and non-decaying modes. In this case:

- If A is diagonalizable, the solution can be expressed as a combination of terms
that either decay (from eigenvalues with negative real parts) or remain constant
(from eigenvalues with zero real parts). Thus, y = 0 is stable but not asymp-
totically stable, as certain components of y(¢) do not decay to zero but remain
bounded.

- If A is not diagonalizable, the matrix e

* may exhibit terms that grow linearly
in ¢, due to terms involving te’ when A = 0. In this situation, the solution y(t)
can grow unboundedly as ¢t — oo, rendering y = 0 unstable. This completes the

proof. n

Remark 3.1.4. To analyze the stability of the equilibrium point x* in the original
system & = Ax + b, we equivalently study the stability of y = 0 in the shifted system
y = Ay, where y = x — x*. In this approach, by shifting the system to center
around the equilibrium x*, we reduce the analysis to examining the stability of the

zero equilibrium in the transformed system, simplifying the calculations.

3.1.3 Classification of fixed points in 2D

Consider the linear differential system (3.1.3), where A is a 2 x 2 matrix. The nature
of fixed points (equilibria) can be classified based on the eigenvalues of the matrix

A. The eigenvalues \; and Ay of A can lead to different types of fixed points:

e Nodes: Both eigenvalues are real and have the same sign i.e. \{Ay > 0 and
Im(A; 2) = 0. If negative, the node is a stable (or attracting) node; if positive,

it is an unstable (or repelling) node.

e Saddles: Eigenvalues are real with opposite signs i.e. A\jAg < 0 and Im(\;2) =

0. Saddles are always unstable.
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e Spirals (Foci): Eigenvalues are complex conjugates with non-zero real parts
i.e. Re(A12) # 0. If the real parts are negative, it is a stable spiral (focus); if

positive, it is an unstable spiral.

e Centers: Eigenvalues are purely imaginary i.e. Re(A\2) = 0, leading to
closed orbits around the equilibrium. Centers are typically stable but not

asymptotically stable.

Example 3.1.1. Consider the dynamical system given by:

, 2 1
xr = xT.
1 -3

To analyze the stability of the equilibrium point at the origin, we first determine the
characteristic equation. This is achieved by computing the determinant of the matriz

obtained by subtracting \ (the eigenvalue) from the diagonal entries:

-2 =) 1
det =0.
( 1 -3 — )\)

Calculating the determinant, we have:

(=2=X(=3-3) - (D) =0.

FExpanding this yields:
A+2)(A+3)—1=0.

Simplifying, we get:
A+ 5\ +5=0.

Next, we can solve this quadratic equation using the quadratic formula:

_ —bEVPE—dac  —5++/25-20 —-5++/5
B 2a B 2 2

A

This leads to the eigenvalues:

)\1 =—-1 and )\2 = —4.
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Since both eigenvalues are negative (A\y < 0 and Ay < 0), we conclude that the

equilibrium point at the origin is a stable node.

3.2 Nonlinear stability analysis

Consider the nonlinear differential system

i = f(a), (3.2.4)

where z € R™ and f : R®™ — R" is a sufficiently smooth function.
Definition 3.2.1. (Flow of a nonlinear differential system). The flow associated
with system (3.2.4) is a function

p:DCRxR"—R",

that assigns to each initial condition xo and time t the unique solution ¢(t,zy) of

(3.2.4) satisfying the initial condition

(0, z9) = xo.

If the solution ezists for all t in some interval containing zero, the function o(t, o)

describes the trajectory of the system starting from xq. The flow satisfies the semi-
group property:
p(t+s,20) = p(t, (s, 20)),

for all t, s where the flow is defined.

Definition 3.2.2. An equilibrium point xq is called a hyperbolic equilibrium point
of (3.2.4) if none of the eigenvalues of the matriz D f(xq) have zero real part, where
D f(xo) is the n x n Jacobian matriz of (3.2.4) at xy.

Definition 3.2.3. The linear system
i = Az, (3.2.5)

with the matriz A = D f(xo) is called the linearized system of (3.2.4) at xy.
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Definition 3.2.4. Two autonomous systems of differential equations, such as (3.2.4)
and (3.2.5) are said to be topologically equivalent in a neighborhood of the origin, or
to have the same qualitative structure near the origin, if there exists a homeomor-
phism H mapping an open set U containing the origin onto an open set V' containing
the origin, such that H maps trajectories of (3.2.4) in U onto trajectories of (3.2.7)
in V' while preserving their orientation in time. That is, if a trajectory is directed
from xq to xo in U, then its image is directed from H(x1) to H(xzy) in V.

If, in addition, the homeomorphism H preserves the parameterization by time, then
the systems (3.2.4) and (3.2.5) are said to be topologically conjugate in a neighbor-
hood of the origin.

In the following, we present a simple example of two topologically conjugate linear

systems.

Example 3.2.1. Consider the linear systems
T = Az, 9= By, (3.2.6)

where the matrices A and B are given by

Let H(x) = Rx, where the matriz R is

1 1
~1 1|

It follows that B = RAR™ and setting y = H(z) = Rx and equivalently x = Ry,

we obtain

P LU
V2101 1|’ V2

y = RAR 'y = By.

Thus, if z(t) = e*xq is the solution of the first system through xg, then
y(t) = H(x(t)) = Rx(t) = Rezy = eP' R,

1s the solution of the second system through Rxy. That is, H maps trajectories of
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the first system onto trajectories of the second system while preserving their param-

eterization, since
Het =B

The mapping H(x) = Rz corresponds to a rotation by 45° and is clearly a homeo-

morphism.

The following theorem is a fundamental result in the local qualitative theory of
ordinary differential equations. It establishes that near a hyperbolic equilibrium
point zp, the nonlinear system (3.2.4) exhibits the same qualitative behavior as the

corresponding linear system

T = Az, (3.2.7)

where A = D f(x).
In what follows, we assume that the equilibrium point x has been translated to the

origin.

Theorem 3.2.1. (The Hartman-Grobman Theorem). Let E be an open subset of
R™ containing the origin, let f € CY(E), and let ¢; be the flow of the nonlinear
system (3.2.4). Suppose that f(0) = 0 and that the matrix A = Df(0) has no
eigenvalue with zero real part. Then there exists a homeomorphism H of an open
set U containing the origin onto an open set V' containing the origin such that for
each oy € U, there is an open interval Iy C R containing zero, such that for all
xo €U and t € I,
H o gulo) = e H ().

That is, H maps trajectories of the nonlinear system (3.2.4) near the origin onto
trajectories of the linear system (3.2.7) near the origin and preserves the parame-

terization by time.

Proof. See ([12], p. 121).

3.2.1 Linearization Around Equilibria

To analyze the stability of nonlinear systems, one common approach is to linearize

the system around its equilibrium points. Consider a nonlinear system described by
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the ordinary differential equation:

& = f(x), (3.2.8)

where z € R” and f : R® — R” is a continuously differentiable function. An
equilibrium point z* satisfies the condition f(z*) = 0.
To investigate the stability, we perform a Taylor expansion of f(z) around the

equilibrium point x* given by
f@) = f(@") + Df(a") (@ —2") + O]z — 2"||*), (3.2.9)

where D f(z*) is the Jacobian matrix of f evaluated at the equilibrium point z*.
Since f(z*) =0, we have
f(x) = Df(z")(xz — z¥). (3.2.10)

Thus, the linearized system can be expressed as
&= Df(z")(x — z*). (3.2.11)
Letting y = = — z*, we rewrite the system as

y=Df(z")y. (3.2.12)

In a similar way to the linear case, the stability of the equilibrium point z* is

determined by the eigenvalues of the Jacobian matrix D f(z*) as follows:
e If all eigenvalues have negative real parts, then z* is asymptotically stable.
e [f at least one eigenvalue has a positive real part, then z* is unstable.

e If eigenvalues have zero real parts, the linearization does not provide conclusive

information about stability, and further analysis is required.

Remark 3.2.1. This linearization method is powerful and widely used for determin-
ing local stability properties of equilibrium points in nonlinear dynamical systems.
Howewver, it is important to note that the conclusions drawn from linearization are

only valid in a neighborhood of the equilibrium point.
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3.2.2 Stability and Lyapunov’s method

The stability of an equilibrium point zy in a dynamical system (3.2.4) depends
significantly on the nature of the eigenvalues of the Jacobian matrix D f(x) at
that point. For hyperbolic equilibrium points —where none of the eigenvalues have
zero real parts— stability is straightforward to assess: if all eigenvalues of D f(zy)
have negative real parts, then xy is a sink, making it asymptotically stable. This
means that trajectories close to zy will converge to it over time. In contrast, if
any eigenvalue has a positive real part, the equilibrium zy becomes unstable. Such
instability is observed in points classified as sources (all real parts are positive) or
saddles (a mix of positive and negative real parts among the eigenvalues).

When dealing with nonhyperbolic equilibrium points—those with at least one eigen-
value whose real part is zero—the stability analysis becomes more complex. In these
cases, linearization fails to provide a definitive answer, and other techniques are nec-
essary. One powerful approach is Lyapunov’s method, which relies on constructing
a special function, called a Lyapunov function. This function is designed to decrease
along trajectories, indicating stability if it satisfies certain positivity conditions. Lya-
punov’s method is particularly effective in cases where traditional eigenvalue analysis
is inconclusive, offering insight into the stability of more challenging nonhyperbolic

points.

Definition 3.2.5. Let ¢, represent the flow of the differential equation (3.2.4),
defined for allt € R. An equilibrium point xo of (3.2.4) is stable if, for any e > 0,
there exists a § > 0 such that for every point x € Ns(zo) (a neighborhood of xy) and
for allt >0, the flow satisfies pi(x) € Ne(xg).

The equilibrium point xq is unstable if it is not stable. Additionally, x¢ is asymp-
totically stable if it is stable and there exists a § > 0 such that for any x € Ns(x),
we have tlgglo oi(T) = 0, meaning that nearby trajectories approach xy as time pro-

gresses.

Equilibrium points in a linear system in R? exhibit distinct stability properties.
A stable node or focus is an asymptotically stable equilibrium, meaning nearby
trajectories converge to this point over time. Conversely, an unstable node, focus, or
saddle is inherently unstable, as trajectories diverge from these points. Meanwhile,

a center is stable but not asymptotically stable, with trajectories forming closed
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orbits around it instead of converging. By the Hartman-Grobman Theorem, any
sink in the system (3.2.4) is asymptotically stable, while any source or saddle is
unstable. Consequently, for any hyperbolic equilibrium point of (3.2.4), stability is
characterized as either asymptotically stable or unstable.

The following theorem provides more information about the local dynamics of tra-

jectories near a sink.

Theorem 3.2.2. If x is a sink of the nonlinear system (3.2.4) and Re(\;) < —a <
0 for all of the eigenvalues \; of the matriz D f(xg), then given € > 0 there ezists a
d > 0 such that for all x € Ns(xo), the flow pi(x) of (3.2.4) satisfies

loe(x) — 20| < g7 for allt > 0.

Since hyperbolic equilibrium points are either asymptotically stable or unstable, an
equilibrium point z of (3.2.4) can only be stable, but not asymptotically stable,
if Df(xo) has a zero eigenvalue or a pair of complex-conjugate, purely imaginary
eigenvalues A\ = +if3. The following theorem implies that for xy to be stable, all
other eigenvalues \; of D f(zy) must satisfy Re();) <0.

Theorem 3.2.3. If xy is a stable equilibrium point of (3.2.4), then no eigenvalue
of Df(xo) has a positive real part.

We conclude that stable equilibrium points that are not asymptotically stable can
only exist at nonhyperbolic points. However, determining whether a nonhyperbolic
equilibrium is stable, asymptotically stable, or unstable is a subtle issue. The fol-
lowing method, developed by Lyapunov in his 1892 doctoral thesis, is very useful in

addressing this question.

Definition 3.2.6. Let V € C'(E) with E an open subset of R", and p; is the flow
of the differential equation (3.2.4), then for x € E, the derivative of the function
V(z) along the solution ¢i(x) is given by:

d
SViala)| =DV,

t=0

A function V' : R" — R satisfying the hypotheses of the following theorem is called

a Lyapunov function.
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Theorem 3.2.4. Let E be an open subset of R" containing xy. Suppose that f €
CYE) and that f(xo) = 0. Suppose further that there exists a real-valued function
V € CHE) satisfying V(xo) =0 and V(x) > 0 if © # xo. Then:

1. If V(x) <0 for all x € E\ {x}, then xq is stable.
2. If V(x) <0 for all x € E\ {xo}, then x¢ is asymptotically stable.
3. IfV(x) >0 for all x € E\ {xo}, then xy is unstable.
Proof. Without loss of generality, assume the equilibrium point is x¢ = 0.

1. Choose £ > 0 small enough such that N.(0) C E. Let m. be the minimum
of the continuous function V' (x) on the compact set S. = {x € R" : |z| = ¢}.
Since V() > 0 for = # 0 (it follows that m. > 0) and V(0) = 0, there exists
d > 0 such that for |z| < d, V(z) < m.. Since V(z) is decreasing along
trajectories of (3.2.4) (i.e V(z) < 0), and if ¢, is the flow of the equation
(3.2.4), then for all 5 € Ns(0) and ¢ > 0, we have

V(p(zo)) < V(xo) < me.

Now assume that for |zo| < 0 there is a t; > 0 such that |, (zo)| = € i.e., such
that o4, (z9) € Se. Then since m, is the minimum of V(x) on S., this would
lead to V(¢4 (x9)) > m. which contradicts the above inequality. Hence, for
|zo| < 0 and t > 0 it follows that ¢, (x0) < €, i.e., 0 is a stable equilibrium

point.

2. If V(z) < 0 for all z € E, V() is strictly decreasing along trajectories of
(3.2.4). Let ¢, be the flow of (3.2.4) and x¢ € N;s(0). By part (i), if ||zo] < 0,
then ¢;(z9) C N.(0) for all ¢t > 0. Let {tx} be any sequence with ¢, — oo.

Since N;(0) is compact, there is a subsequence of {¢y, (%)} that converges to a
point in Nj(0). However, for any subsequence {tx,; } of {tx} such that {gptkj (x0)}
converges, we show below that the limit is zero. It follows that ¢y, (o) — 0
as t, — oo, and thus ¢;(zg) — 0 as t — oo, i.e., 0 is asymptotically stable.
It remains to show that if ¢, (29) — yo, then yo = 0. Since V() is strictly

decreasing along trajectories of (3.2.4) and since V' (i, (w0)) — V(yo) by the
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continuity of V, it follows that

V(pi(20)) > V(v0),

for all ¢ > 0. But if yy # 0, then for some s > 0, we have V(ps(yo)) < V (o),
and by continuity, it follows that for all y sufficiently close to vy, we have
V(ps(y)) < V(yo) for s > 0. But then for y = ¢, 79 and j sufficiently large,

we would have
V{(@st;(w0)) < V(¥0),

which contradicts the above inequality. Therefore, yy = 0, and it follows that
0 is asymptotically stable.

3. Let M be the maximum of V(z) on the compact N3(0). Since V(z) > 0, V()
is strictly increasing along trajectories of (3.2.4). Hence, if ¢, is the flow of
(3.2.4), then for any § > 0 and zo € Ns(0) \ {0}, we have

V(pi(zo)) > V(zo) >0,
for all ¢ > 0. Since V(x) is positive definite, this implies that
iggv(%(%)) =m > 0.
Thus, for all ¢ > 0, we have
Vigr(wo)) = V(wo) = mi.
Therefore, for t sufficiently large,
V(gi(xo)) > mt > M,

i.e., pi(zo) lies outside the closed set Ns(0). Hence, 0 is unstable.
[l

Remark 3.2.2. If V(z) = 0 for all z € E, then the trajectories of system (3.2.4)

lie on the surfaces in R™ (or curves in R? ) defined by V(z) = ¢, with ¢ constant.
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Example 3.2.2. Consider the system

The origin is a nonhyperbolic equilibrium point of this system, and the function
V(z) = x] + 13,
serves as a Lyapunov function for this system. Indeed, we have
V(z) = 4adiy + dadiy = 0.
Thus, the solution trajectories lie on the closed curves defined by
r] a5 = ¢,

which encircles the origin. This implies that the origin is a stable equilibrium point
of the system, though it is not asymptotically stable. Note that in this example,
Df(0) = 0, meaning that Df(0) has two zero eigenvalues.

Example 3.2.3. Consider the system

T1 = —2T + x2x3,
Ty =1T1 — X173,
.I.‘3 = T1T2.

The origin is an equilibrium point for this system, and the Jacobian at the origin is

This matriz has eigenvalues \y = 0 and o3 = £2i, so x = 0 is a nonhyperbolic

equilibrium point. To assess stability, we use Lyapunov’s method.
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We try a Lyapunov function of the form
V(x) = ez} + o + i,

where ¢y, ¢, and cs are positive constants. Calculating V (z) = DV (z)f(z), we find

1.
§V(ZE) = (Cl —Cy + Cg)l’ll‘gl’g, + (—261 + 02)1’11‘2.

Setting c; = 2¢, and c3 = ¢; > 0 ensures V() > 0 for x # 0 and V(z) = 0 for all
x € R3. Therefore, by Theorem 3.2.4, the origin is stable.
Moreover, choosing ¢; = c3 = 1 and co = 2, we get that the trajectories of this

system lie on ellipsoids given by

2 2., .2 _ 2
]+ 225 + a5 = .

As we noted previously, all sinks are asymptotically stable. However, the following
example shows that not all asymptotically stable equilibrium points are sinks. (A

hyperbolic equilibrium point is asymptotically stable if and only if it is a sink.)

Example 3.2.4. Consider the following modification of the system in the previous

example
j]l = —21‘2 + Toxsz — ZE?,
: _ 3
To2 =T1— T1T3 — Xy,
: _ 3
xr3 = T1x2 — T3.

The Lyapunov function from the previous example,
V(z) = 7 + 225 + 23,
satisfies V(x) > 0 and
V(z) = —2(xt + 225 +23) <0,

forx # 0. Therefore, by Theorem 3.2.4, the origin is asymptotically stable. However,
it s not a sink since the eigenvalues \y = 0 and a3 = £2i do not have negative

real parts.
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3.3 First integral

Consider a system of first-order ordinary differential equations in the unknown func-

tion z : I C R — R", given by
O(t,x(t), () =0, (3.3.13)

where ® is a smooth function. A first integral of the system is a continuously
differentiable function ¥ : R x R™ — R that is locally constant along any solution
of (3.3.13), i.e.,

d
E\I/(t,x(t)) =0,

for any x : J — R” that solves (3.3.13). The domain of definition of ¥ must be
adjusted appropriately when the domain of ® does not cover the entire space, and
often, one considers ¥ defined in a smaller domain, typically in a neighborhood of

some specific point.

Example 3.3.1. Consider a scalar equation of the form

w(t) = f(t, (1)),

where f : R? — R. It can be easily seen that F is a first integral if and only if F

satisfies the partial differential equation

OF OF
— t o =0. (3.3.14)

A solution to equation (3.3.14) always ezists in a neighborhood of a point where f is
Lipschitz. In fact, if f is Lipschitz on R xR, then there is a unique global solution to
equation (3.3.14) subject to any initial condition of the Cauchy type f(0,z) = fo(x)

for all .

A particularly interesting case occurs when the system is completely integrable, i.e.,
when there are n functionally independent first integrals Wy, ..., ¥,. This condition
is equivalent to the existence of a general formula for the solutions of equation

(3.3.13) in implicit form. The knowledge of n functionally independent first integrals
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also ensures that any other first integral A must take the form
Alt,x) = F(Vq(t,x),..., U, (t,x)).

First integrals of motion are particularly studied in the theory of Hamiltonian sys-
tems. For physically relevant cases, the first integrals are also called ”constants of
motion,” and some of them correspond to conservation laws for physically relevant
quantities. The primary example is the system of equations governing the motion

of a particle in a potential field
Z(t) = =VU(x(t)). (3.3.15)

Introducing the new variables v(t) := @(t), we can transform equation (3.3.15) into

a first-order system:

(3.3.16)

o(t)

Well-known first integrals of motion are then the total energy

VU (x(t)).

1
W(rv) = o + U)
and the components of the angular momentum
\Ilij(ac, 'U) = TjU; — T;V;5.

For more details, see [2].

3.4 Conservative and dissipative systems

In the study of dynamical systems, a key distinction can be made between conserva-
tive systems and dissipative systems. These classifications are based on the behavior
of the system concerning energy conservation and the nature of the trajectories in

the phase space.
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3.4.1 Conservative Systems

A dynamical system is said to be conservative if it preserves a certain quantity, typ-
ically referred to as energy, throughout its evolution. Mathematically, such systems
are characterized by the absence of energy loss or dissipation. A common example
of conservative systems arises in Hamiltonian mechanics, where the system’s dy-
namics are governed by a Hamiltonian function H that remains constant along the

trajectories.

Definition 3.4.1 (Conservative System). A system described by a differential equa-
tion x = f(x) is conservative if there exists a differentiable scalar function H(x)
such that: .

— =VH  -f(x)=0

for all x in the domain of H.

Energy Conservation in Newtonian Mechanics: Newton’s second law, F' =
ma, serves as the foundation for many second-order systems. For instance, consider
a particle of mass m moving along the z-axis, subject to a nonlinear force F'(z).
The equation of motion is

Here, F' is assumed to be independent of both & and ¢, implying no damping or
external time-dependent driving force. Energy conservation in this context can be

demonstrated as follows:

av
Let V(z) denote the potential energy, defined by F(z) = i Then the equation
x

becomes:

Multiplying through by & and applying the chain rule, we find:

.o AV d (1
mxx—l-%x—o = E(imx +V(:Jc))—0.

Thus, the total energy:

1
E = émx'Q + V(x),

is constant over time. This conserved quantity is often referred to as the total
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energy, a constant of motion, or a first integral. Systems with a conserved quantity

are classified as conservative systems.

General Definition: More generally, given a system x = f(x), a conserved quan-
tity is a real-valued continuous function F/(x) that remains constant along trajec-

tories, i.e., = 0. To avoid trivial examples, E(x) must also be nonconstant on

dt
every open set. Otherwise, constant functions like E(x) = 0 would qualify, and

every system would be conservative.

Exercice 3.4.1. Show that a conservative system cannot have any attracting fixed

points.

Solution: Suppose o were an attracting fixed point. By definition, an attracting
fixed point is one where all trajectories in a neighborhood of xy converge to z as
time approaches infinity. In other words, there exists a neighborhood U of zy such
that for all initial conditions z(0) € U, the trajectories x(t) satisfy lim;_, o z(t) = .
Now, consider the conserved quantity E(x) for the system. Since E(z) is constant
along trajectories, all points within the neighborhood U must have the same energy
E(x), as trajectories originating in U flow toward z,. This implies that E(z) is
constant throughout U.

However, this contradicts the definition of a conservative system, which requires that
the conserved quantity E(x) be nonconstant on every open set. Thus, z cannot be

an attracting fixed point in a conservative system.

Conclusion: Conservative systems cannot have any attracting fixed points be-
cause the existence of an attracting fixed point would violate the requirement that

the conserved quantity F(z) be nonconstant on open sets.

Example 3.4.1. If attracting fized points cannot occur in a conservative system, the
fized points that can arise are typically of other types, such as saddles and centers.

These are illustrated in the following problem.

Problem: Consider a particle of mass m =1 moving in a double-well potential

1 1
V(z) = —§x2 + Zx4.
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Find and classify all the equilibrium points for the system. Then, plot the phase
portrait and interpret the results physically.

Solution: The force associated with the potential is given by F = —%. Computing
the derivative, we have
av 3
—— =z —2".
dx

Thus, the equation of motion becomes
rT=x—2x".
This can be rewritten as a first-order system:

T =y,

C 3
Yy=x—x,

where y represents the particle’s velocity.

Equilibrium points occur when © = 0 and y = 0. Solving these equations yields the
equilibria (z*,y*x) = (0,0) and (xg,yo) = (£1,0).

To classify these fixed points, we compute the Jacobian matriz of the system

0 1
A= .
1—32% 0
1. At (0,0), the Jacobian becomes
01
A= :

The determinant 6 = —1, indicating a saddle point.

2. At (£1,0), the Jacobian becomes

=(50)

Here, the trace T = 0 and the determinant 0 = 2, predicting centers.
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Nonlinear Behavior: While small nonlinear terms can disrupt centers predicted
by linear analysis, this is not the case here due to energy conservation. The system’s
trajectories correspond to contours of constant energy:

1, 1

1
E= éy — §x2 + 1334 = constant.

Figure 3.1: Phase portrait with a saddle, centers, closed orbits, and homoclinic
trajectories

Phase Portrait: The phase portrait, in Figure 3.1, is composed of:
- A saddle point at (0,0).

- Centers at (1,0) and (—1,0).

- Closed orbits around the centers, corresponding to periodic motion.
- Larger closed orbits encircling all three fixed points.

- Two special trajectories (homoclinic orbits) that approach the saddle point (0,0)
as t — Foo.

Physical Interpretation: This system models the motion of an undamped par-
ticle in a double-well potential. The saddle at (0,0) corresponds to the unstable
equilibrium at the top of the potential barrier. The centers at (£1,0) represent sta-
ble equilibria at the minima of the potential wells. The closed orbits indicate periodic
oscillations of the particle around these minima, while the homoclinic orbits describe
trajectories where the particle transitions between the wells in infinite time.

The neutrally stable equilibria at (£1,0) represent the particle at rest at the bottoms

of the wells, with the small closed orbits around them corresponding to low-energy
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Figure 3.2: The motion of an undamped particle in a double-well potential

oscillations. The larger closed orbits represent higher-energy oscillations where the
particle repeatedly crosses the potential barrier. The saddle point at (0,0) corre-
sponds to the unstable equilibrium at the top of the barrier, while the homoclinic
orbits describe trajectories where the particle approaches the saddle point asymptoti-
cally, representing borderline cases between oscillations confined to a single well and

transitions between both wells, see Figures 3.1 and 3.2.

3.4.2 Dissipative Systems

Dissipative systems are characterized by the decrease of a specific function, often
representing energy, over time along solution trajectories. Formally, consider a dy-
namical system

dx dy

a:f(mﬁy% d_t:g(x7y)

If there exists a function H(x,y), often called a Lyapunov function or energy func-

tion, such that

d
EH(JC(t), y(t)) <0 for all solution trajectories (x(t),y(t)),

then the system is said to be dissipative.

Properties of Dissipative Systems:

e Energy Dissipation: Dissipative systems are distinguished by the continuous

decrease of energy (or a related measure) over time.
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e Lyapunov Function: The Lyapunov function H(x,y) serves as a mathemat-

ical tool to demonstrate the dissipation property, satisfying %H <0.

Examples:

1. Physical Interpretation: A damped pendulum is a classic example of a
dissipative system. Due to friction, its oscillations decrease in amplitude over

time until the pendulum comes to rest at its equilibrium position.
2. Linear Systems:

e A spiral sink is a typical feature of dissipative dynamics, where trajecto-

ries spiral inward as energy dissipates.

Qualitative Dynamics

In dissipative systems, solutions often tend towards an equilibrium state or attractor.
For instance, in the case of a damped pendulum, the oscillations gradually decrease

until the pendulum rests at the lowest energy position.

3.5 Exercises

Exercice 3.5.1. Find the equilibrium points of the following system and determine

their nature.
t=x(2—z—vy),

(3.5.17)
y=y(l—2)
Exercice 3.5.2. Consider the linear system:
T = 3z + 4y,
Y (3.5.18)
y=—2r—y.

1. Find the equilibrium point(s).
2. Compute the Jacobian matriz and its eigenvalues.

3. Determine the stability of the equilibrium point(s).
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Exercice 3.5.3. Classify the fized points of the system:

T =+,
Y (3.5.19)
y=x—y.

using eigenvalue analysis. Identify whether they are stable, unstable, or saddle

points.

Exercice 3.5.4. Consider the nonlinear system:

T=x—y+ 1%
Y (3.5.20)
v =x+y>

1. Find the equilibrium points.
2. Compute the Jacobian matriz and evaluate it at the equilibrium points.
3. Determine the local stability of each equilibrium using eigenvalues.

Exercice 3.5.5. Consider the system:

T = —x+ Yy,
Y (3.5.21)

Y= —y+ 1°

1. Find the equilibrium points.
2. Propose a Lyapunov function candidate V(x,y).
3. Analyze stability using Lyapunov’s method.

Exercice 3.5.6. Show that the system

has a first integral and find it.
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Chapter 4

Periodic Solutions and Their
Stability

This chapter examines periodic solutions in dynamical systems, focusing on their
existence, stability, and characterization. We introduce limit sets and invariant sets,
followed by periodic solutions, limit cycles, and Poincaré maps. Stability analysis
is then discussed, along with Bendixson’s and Dulac’s criteria for ruling out limit
cycles. Finally, we present the Poincaré-Bendixson theorem, which provides a key

result for planar systems.

4.1 Limit sets and invariant sets

Consider the autonomous nonlinear system

i = f(x) (4.1.1)

with f € C'(F), where E is an open subset of R". Without loss of generality, we
assume that the system (4.1.1) defines a dynamical system ¢(¢,x) on E (i.e. a C!-
map ¢ : R x E — E) where the family of maps ¢;(x) = ¢(t, x) have the properties
of a flow.

Let xy € E, and consider the function ¢(-,z) : R — E. which defines the solution
curve, or trajectory, or orbit of system (4.1.1) starting from the initial point z( in

E. By identifying the function ¢(-, ) with its graph, we can interpret the trajectory
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through x( as the set of points traced by the motion along the curve
[y ={z € E|x=¢(t,x0), t € R},

defined by the equation (4.1.1).

Remark 4.1.1. If the specific point xq is not relevant to the discussion, we simply
denote the trajectory by I' and represent the curve I' within the subset E of the
phase space R™, marking the direction of motion along I' with an arrow to indicate

the progression over time.

The positive half-trajectory through the point xy € E refers to the motion along
the curve
I'y={xeE|x=0¢ ), t >0}

Similarly, the negative half-trajectory I'_ is defined for ¢ < 0. Any complete trajec-
tory I' can then be expressed as ' =1"y UT'_.

Definition 4.1.1. A point p; € E is an w-limit point of the trajectory ¢(-,x) of

system (4.1.1) if there ezists a sequence t, — oo such that

lim ¢(t,,x) = p;.

n—00

Similarly, if there exists a sequence t,, — —oo such that

lim ¢(tn7m) = P2,

n—o00

for some point py € E, then py is called an a-limit point of the trajectory ¢(-,z) of
(4.1.1). The set of all w-limit points of a trajectory T is called the w-limit set of T’
and is denoted by w(I'). The set of all a-limit points of a trajectory I' is called the
a-limit set of I and is denoted by a(I"). The union of these sets, a(I') Uw(T), is
called the limit set of T.

Corollary 4.1.1. The a- and w-limit sets of a trajectory I of (4.1.1), denoted a(T")

and w(l'), are closed subsets of E.

The proof of this corollary is left as an exercise for the student.



104

Theorem 4.1.1. If p is an w-limit point of a trajectory I' of (4.1.1), then all other
points of the trajectory ¢(-,p) of (4.1.1) through the point p are also w-limit points
of T'; that is, if p € w(l), then ¢(R,p) C w(['). Similarly, if p € «('), then
¢(R,p) C a(I).

Proof. Let p € w(I') where I is the trajectory ¢(-,zg) of (4.1.1) through the point
xo € E. Let g be a point on the trajectory ¢(-, p) of (4.1.1) through the point p; that
is, ¢ = ¢(t, p) for some t € R. Since p is an w-limit point of the trajectory ¢(-, x),
there is a sequence t, — oo such that ¢(t,,x¢) — p. Hence, by the theorem of
continuity with respect to initial conditions, and by the second property of dynamical

systems,

Atn +1,20) = O(t, ¢(tn, 70)) = O(t,p) = q.

Since t,+t — oo, the point ¢ is also an w-limit point of I". A similar argument applies

when p is an a-limit point of I', and this completes the proof of the theorem. n

Definition 4.1.2. Let E be an open subset of R, let f € CY(E), and let ¢y : E — E
be the flow of the differential equation (4.1.1) defined for allt € R. A set S C E is
called invariant with respect to the flow ¢, if ¢,(S) C S for all t € R. Furthermore,

S is called positively invariant (or negatively invariant) with respect to the flow ¢,

if ¢:(S) C S forallt >0 (ort<0).

It follows from the last theorem that for every point p € w(7), we have ¢;(p) € w(7)
for all t € R. In other words, ¢:(w(y)) C w(7v). Therefore, according to the previous

definition, we can state the following result.

Corollary 4.1.2. a(v) and w(y) are invariant with respect to the flow ¢; of the
differential equation (4.1.1).

The a- and w-limit sets of a trajectory =y of (4.1.1) are thus closed, invariant subsets
of F. In the next definition, a neighborhood of a set A is any open set U containing

A, and we say that z(t) — A as t — oo if the distance d(x(t), A) — 0 as t — oo.

Definition 4.1.3. A closed invariant set A C E is called an attracting set of (4.1.1)
if there exists a neighborhood U of A such that for all z € U, ¢(x) € U for allt >0
and ¢i(x) — A ast — co. An attractor of (4.1.1) is an attracting set which contains

a dense orbit.
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Note that any equilibrium point xy of (4.1.1) is its own - and w-limit set since
o(t,x0) = mo for all t € R. And if a trajectory « of (4.1.1) has a unique w-limit
point zg, then by the above corollary, x, is an equilibrium point of (4.1.1). A stable
node or focus is the w-limit set of every trajectory in some neighborhood of the
point; and a stable node or focus of (4.1.1) is an attractor of (4.1.1). However, not
every w-limit set of a trajectory of (4.1.1) is an attracting set of (4.1.1); for example,
a saddle zg of a planar system (4.1.1) is the w-limit set of three trajectories in a
neighborhood N(z), but no other trajectories through points in N(x) approach z
as t — o0.

If ¢ is any regular point in a(7y) or w(7y), then the trajectory through ¢ is called a limit
orbit of 4. Thus, by Theorem 2, we see that a(vy) and w(7y) consist of equilibrium
points and limit orbits of (4.1.1).

Example 4.1.1. Consider the system

T =—y+a(l—2?—y?),
vt ol v) (4.1.2)
y =x+y(l—12*—y?).

In polar coordinates, this system can be expressed as

ro=r(l-1r?),

0 =1.

We observe that the origin is an equilibrium point of this system. The flow spirals
around the origin in a counter-clockwise direction, moving outward when 0 < r <1
(since 7 > 0 for 0 < r < 1) and inward when r > 1 (since 7 < 0 for r > 1). The
counter-clockwise motion on the unit circle describes a trajectory o of (1) since
7 =0 when r = 1.

The trajectory through the point (cos(6y),sin(6y)) on the unit circle at t = 0 is given
by z(t) = (cos(t + ), sin(t + 6y))T. The phase portrait for this system is shown in
Figure 4.1.

The trajectory ~o is known as a stable limit cycle. A formal definition of a limit

cycle 1s provided in the following section.

The stable limit cycle vy of the system in Example 4.1.1, shown in Figure 4.1, serves
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D
\:,—/

Figure 4.1: A stable limit cycle 7.

as the w-limit set of every trajectory of this system except the equilibrium point at

the origin. vy consists of one limit orbit and acts as both its own a- and w-limit set.

This example illustrates that a trajectory or orbit  of the system (4.1.1) refers to
an equivalence class of solution curves ¢(-,z), where z € 7. We usually select a
representative solution ¢(+, zg), with 2o € v, to describe the trajectory and refer to
it as the trajectory ., passing through the point z( at time ¢ = 0. In the following
section, we demonstrate that any stable limit cycle of (4.1.1) qualifies as an attractor
of (4.1.1).

Example 4.1.2. Consider the system

o=y ta(l— gt y?)
y =x+y(l—2%—12%—1y?), (4.1.3)
z =0.

In this case, the unit two-dimensional sphere S% (given by x*+y? + 22 = 1) together
with the portion of the z-axis outside S* forms an attracting set. Each plane z = 2
is an invariant set and for |zo| < 1 the w-limit set of any trajectory not on the z-axis
is a stable cycle (as defined in the next section) on S*. Refer to Figure 4.2 for an

tllustration.



107

Figure 4.2: A dynamical system with S? as part of its attracting set.

Example 4.1.3. Now consider the system

o= yta(l -y,
y =x+y(l—a2*—y?), (4.1.4)
zZ =a.

Here, the z-axis and the cylinder defined by x* + y?> = 1 are invariant sets. The

cylinder acts as an attracting set, as shown in Figure 4.3 for a > 0.

If in Example 4.1.3 we identify the points (z,y,0) and (x,y, 27) in the planes z = 0
and z = 27, we obtain a flow in R3 with a two-dimensional invariant torus 772 as
an attracting set. The z-axis is mapped onto an unstable cycle v (as defined in the
next section). Furthermore, if @ is an irrational multiple of 7, then the torus T2
becomes an attractor, and it is the w-limit set of every trajectory except the cycle
~. Refer to Figure 4.4 for illustration.

In the following sections, we establish the Poincaré-Bendixson Theorem, demon-
strating that the o and w-limit sets of any two-dimensional system are relatively
simple objects. Specifically, it is shown that they are either equilibrium points,
limit cycles, or a union of separatrix cycles (defined in the next section). However,
for higher-dimensional systems, the o and w-limit sets can be much more complex,
as the next example illustrates. One of the strange types of limit sets that can arise

in higher-dimensional systems is called the "strange attractor” of the Lorenz system.
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Figure 4.3: A dynamical system with a cylinder as its attracting set.

Figure 4.4: A dynamical system with an invariant torus 72 as its attracting set.
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Example 4.1.4. (The Lorenz System). The original work of Lorenz in 1963,
as well as the more recent work of Sparrow [13], indicates that for certain values of

the parameters o, 3, and p, the system

Tz =r(y—ux),
Yy =pr—y-—uz,
z = —=bz+xy,

8
37

trajectory of this system is shown in Figure 6 along with a "branched surface” S.

has a strange attracting set. For example, for r = 10, p = 28, and b = <, a single

The attractor A of this system consists of an infinite number of branched surfaces
S that are interleaved and intersect; however, the trajectories of this system within
A do not intersect but instead, move from one branched surface to another as they
circulate through the apparent branch.

The numerical results in [13] and the related theoretical work in [6] indicate that the

closed invariant set A contains:
e A countable set of periodic orbits with arbitrarily large periods,
e An uncountable set of nonperiodic motions, and
e A dense orbit.

The attracting set A with these properties is referred to as a strange attractor.

4.2 Periodic solutions and limit cycles

As in earlier sections, we shall consider here a dynamical system ¢(¢, x) defined by
T = f(x) (4.2.5)

A periodic solution in a dynamical system is a solution where the system’s state

repeats itself after a constant period of time.

Definition 4.2.1. A solution x = E(t) of the system (4.2.5) is called a periodic
solution if there exists a positive number T such that E(t +T) = E(t) for all t € R.
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r=28, b=l

Figure 4.5: The Lorenz attractor.

In other words, a periodic orbit of (4.2.5) is any closed solution curve of (4.2.5) that

18 not an equilibrium point.

Remarks 4.2.1. e [f the solution E(t) has a period T, then it also has periods
2T, 3T, and so on. If T is the smallest period among all the periods of E(t),

then the solution is called T -periodic.

e Note that E(t) = ¢(t, xo) for the system (4.2.5) where ¢(t, x) is its flow. Thus,
a cycle of (4.2.5) correspond to a periodic solution of (4.2.5) since ¢(-, )
defines a closed solution curve of (4.2.5) if and only if for allt € R ¢(t +
T, x0) = ¢(t, zo) for some T > 0.

Definition 4.2.2. A periodic orbit £ is called stable if, for each € > 0, there exists a
neighborhood U of € such that for all x € U, d(ES,&) < e. That is, if for all z € U
and t > 0, d(¢(t,z),E) < e. The orbit £ is called unstable if it does not meet the
previous condition. Furthermore, £ is asymptotically stable if it is stable and if, for
all points x within some neighborhood U of &,

lim d(¢(t, z),£) = 0.

t—o00

Remark 4.2.1. A center is an equilibrium point surrounded by a continuous family
of cycles. Typically, the period T of these cycles varies continuously as one moves
along a continuous path intersecting this family. However, for a center in a linear
system, each pertodic orbit within this family has the same period. Fach orbit in this

family surrounding a center is stable, but not asymptotically stable.
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Periodic orbits are important in various fields. For example:

e Understanding the motion of celestial bodies where they interact with each

other by mutual gravitational force which may lead to periodic trajectories.

e In nonlinear dynamics, when analyzing systems that have complex behaviors,

periodic solutions can help in understanding the structure of chaotic attractors.

e In mathematical physics, one studies Hamiltonian systems in which periodic

solutions become involved in energy levels and stability of the system.
Example 4.2.1. Consider the equation of the pendulum governed by the equation
Z +sin(z) =0, (4.2.6)
which can be transformed into the system

33:1 = T2,
To = —sin(zy),
where x1 represents the angular displacement and xo represents the angular velocity.

In the phase plane, we see a family of closed orbits corresponding with periodic

solutions, see Figure 4.6.

Figure 4.6: Periodic solutions of the pendulum equation (4.2.6).

Definition 4.2.3. A limit cycle is a periodic orbit in the phase space that has the

following properties:
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o The limit cycle is isolated, meaning no other periodic orbits are arbitrarily

close to it.

e All nearby trajectories either approach the limit cycle as time tends to infinity

(stable limit cycle) or diverge away from it (unstable limit cycle).

Definition 4.2.4. Consider the nonlinear system (4.2.5) with x € R? and we shall
refer to it as (4.2.5)% A limit cycle £ of a planar system (4.2.5)* is a cycle of
(4.2.5)* that serves as the a- or w-limit set of a trajectory of (4.2.5)* other than €
itself. If a cycle € is the w-limit set of every trajectory in some neighborhood of £,
then &€ is called an w-limit cycle or stable limit cycle. If £ is the a-limit set of every
trajectory in some neighborhood of £, then it is called an a-limit cycle or unstable
limit cycle. Finally, if € is the w-limit set of one trajectory other than itself and the
a-limit set of another trajectory other than itself, then £ is called a semi-stable limit

cycle.

Note that a stable limit cycle is an asymptotically stable cycle in the sense of Defi-
nition 4.2.2, and any stable limit cycle is an attractor. A stable limit cycle is shown
in Example 4.1.1 in the previous section, and replacing ¢ with —¢ in that example

(reversing the flow’s direction) would yield an unstable limit cycle.

Example 4.2.2. Consider the system

@ = —y+a(@®+y?) sin()
§ = +y(@® +y?) sin( ),

for 2 +y* # 0, with @ =y = 0 at (0,0). This defines a C'-system on R?, which

can be rewritten in polar coordinates as

1 .
r=risin(=-), 0=1.
r
Here, the origin is an equilibrium point, and the system has limit cycles &, on the

circles r = —. These limit cycles accumulate at the origin, i.e.,
nm

lim d(&,,0) = 0.

n—oo

The limit cycles &, are stable, while sy, 11 are unstable.
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The following theorem of Dulac establishes that a planar analytic system, i.e. a
system (4.2.5) where f(z) is analytic on F C R?, cannot possess an infinite number

of limit cycles accumulating at a critical point, as observed in the previous example.

Theorem 4.2.1. In any bounded region of the plane, a planar analytic system has
at most a finite number of limit cycles. Furthermore, any polynomial system has at

most a finite number of limit cycles in R?.

4.3 Poincaré maps

Discrete-time dynamical systems (maps) often naturally arise in the study of continuous-
time systems governed by differential equations. The use of these maps facilitates
the application of established results for discrete systems to continuous ones. This
approach proves particularly advantageous when the derived map is defined in a
space of lower dimension than the original differential system. A notable instance of
such maps is the Poincaré map, which we define as the map constructed from ordi-
nary differential equations to study the qualitative dynamics of the system. Poincaré
maps are useful for studying swirling flows, such as those near periodic orbits, by
reducing continuous dynamics to a discrete framework.

Consider the autonomous differential system
T = f(x), (4.3.7)

where f: F — R", with £ C R".

Definition 4.3.1. Let S be an n — 1 dimensional surface of section (Poincaré sec-
tion) and be transversal to the flow i.e., all trajectories starting on S flow through it,
not parallel to it. The Poincaré map P : S — S is a mapping obtained by following
trajectories from one intersection with S to the next. If x; € S represents the kth

intersection point, then the Poincaré map is defined by

Lp+1 = P([Ek)

Remarks 4.3.1. o [fxg is a fivred point of the Poincaré map P, i.e., P(xy) = xy,
then:



114

Figure 4.7: The Poincaré map associated with a cycle.

— A trajectory starting at xo returns to xo after some time T, forming a

closed orbit in the original system & = f(x).

— The stability of the closed orbit can be determined by examining the be-

havior of P near x.

e The Poincaré map simplifies the study of closed orbits by converting the prob-

lem into one of analyzing fixed points of P, which is generally easier.

e The challenge lies in the fact that finding an explicit formula for P is typically
not feasible. Howewver, there are cases where P can be computed explicitly, as

shown 1n some examples below.

e The Poincaré map can also be defined when S is a hyperplane perpendicular
to a periodic orbit £ of the system (4.3.7) at xy, then for any point x € S
sufficiently near xq, the solution ¢i(x) of (4.3.7) through x at t = 0 will cross
S again at a point P(x) near xy. The mapping v — P(x) represents The

Poincaré map.

Theorem 4.3.1. Let E be an open subset of R, and let f € C1(E). Suppose that
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o(o) 1s a periodic solution of (4.5.7) with period T, and that the cycle
E={r eR" | x=¢(xg), 0 <t < T},

is contained in E. Let S be the hyperplane orthogonal to € at xy, defined as:
S={z eR"|(z—=o) f(zo) =0},

Then there exists a & > 0 and a unique function 7(x), defined and continuously

differentiable for x € Ns(zo), such that 7(xo) =T and

Gr(z)(x) € S, for allz € Ny(xo).

Definition 4.3.2. Let &£, S, 9, and 7(x) be as defined in Theorem 4.3.1. For

x € Ns(xo) NS, the Poincaré map associated with € at xo is given by
P(x) = bra)(2)-
Example 4.3.1. Consider the vector field given in polar coordinates by:

r=r(l—r?),
0=1.
Let S represent the positive x-axis. To compute the Poincaré map, note that the

first return to S occurs after a time of flight t = 2w, since 0 = 1. Let g be the initial

condition on S. The return value r1 = P(ry) is determined by solving:

dr

— =t t = 2.
"1 =17 for T

Fuvaluating this integral gives:
P(r) = [1 + 6_2”(7’_2 — 1)}_1/2.

The fized point r* = 1 satisfies P(r*) = r*, as the graph of P(r) intersects the

diagonal r,11 = T, at r*. Using Graphical iteration method (as shown in Figure
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P(r)

n = P@1) -

n=P(n) |

T T T T
i B =l

Figure 4.8: The graph of P.

4.8):

e Start with an initial input o, draw a vertical line to the graph of P(r).
e [rom this point, draw a horizontal line to the diagonal r,. 1 = 1y,.
e Repeat to observe the iterative convergence.

The Graphical iteration diagram confirms that r* = 1 is stable, as successive itera-
tions converge to this point. This aligns with the fact that the system has a stable
limit cycle at r = 1.

The system has a unique periodic orbit at r = 1, which is stable. The Poincaré map

provides a discrete-time approach to analyze this stability.

For planar systems, translating the origin to g € £ N S makes the normal line S
pass through the origin. The point 0 € £ N S divides S into segments ST and S™,
with s > 0 for ST (which lies in the exterior of £) and s < 0 for S™.

The Poincaré map P(s) is defined for |s| < 4, with P(0) = 0. Introducing the
displacement function d(s) = P(s) — s (since P is of class C! according to Theorem
4.3.1 then d is also of the same class), we have d(0) = 0 and, by the Mean Value
Theorem, d(s) = d’'(0)s for small s.

e If d'(0) < 0, the cycle £ is a stable (or w-limit) cycle.
o If d'(0) > 0, the cycle £ is an unstable (or a-limit) cycle.
Thus, the stability of £ is determined by the derivative P’(0). Specifically:

e If P'(0) <1, £ is a stable limit cycle.
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e If P'(0) > 1, £ is an unstable limit cycle.

The following theorem provides a formula for P’(0) based on f(x), which is useful

for stability analysis.

Theorem 4.3.2. Let the system (4.3.7) be a planar system i.e., E C R* — R?, and
assume that f € CY(E). Let v(t) be a periodic solution of this system with period
T. Then the derivative of the Poincaré map P(s) along a straight line S normal to
E={xeR?|x=7(t),0<t<T} at x =0, is given by:

P'(0) = exp (/OTV CFy(8)) dt) .

Corollary 4.3.1. Under the hypotheses of Theorem 4.3.2, the periodic solution ~(t)

is a stable limit cycle if
T
| vsawa <o
0

and it is an unstable limit cycle if

/OTV - F(y(8) dt > 0.

If this quantity is zero, the cycle may be stable, unstable, semi-stable, or it may

belong to a continuous band of cycles.
Example 4.3.2. Consider the system

i=—y+a(l—a®—y?),
y=z+y(l—az*—y?).

This system has a limit cycle represented by the periodic solution
v(t) = (cost,sint)”.
The function V - f(x,y) is given by

V- flz,y) =2 — 42 — 4%
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Now, we compute the integral:

T 2
/ V ' f(V(t)) dt = / (2 - 4C082t — 4sin2 t) dt = —471'.
0 0
Thus, with s =r — 1, it follows from Theorem 4.3.2 that
P(0) = e,

Since P'(0) < 1, the cycle y(t) is a stable limit cycle.

4.4 Stability of periodic orbits

Theorem 4.4.1. Let U be an open subset of R? and suppose that f € CY(U). Let
v(t) be a T-periodic solution of (4.3.7). Then, y(t) is a stable limit cycle if

/ 'V )t <0,

and it is an unstable limit cycle if

/OTV - Fy(8))dt > 0.

It may be a stable, unstable, or semi-stable limit cycle if this quantity equals zero.

4.5 Bendixon’s and Dulac’s criteria
Consider the autonomous planar system

r=F(z,y), y=G(z,vy), (4.5.8)
with (z,y) € D C R*.

Theorem 4.5.1. (Criterion of bendizon) Assume that the domain D is simply con-
nected and the functions, F' and G, are continuously differentiable in D. If the
divergence V.(F,G) of the vector field (F,G) is not identically zero and does not
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change sign in D, then the system (4.5.8) has no periodic orbit contained entirely
in D.

Example 4.5.1. Consider the nonlinear oscillator system with nonlinear damping

r =y,

y = —m(zx) = n(x)y,

where m(z) and n(x) are smooth functions, with n(zx) >0 for all € R.

Let (F(z,y),G(x,y)) = (y,—m(z) — n(x)y). The divergence of (F,G) is negative
definite, i.e. V.(F,G) = —n(z). From Bendizon’s criterion theorem, the previous
system has no periodic solutions.

A more general result of the theorem of Bendixon is given by Dulac’s Criterion.

Theorem 4.5.2. (Criterion of Dulac) Assume that the domain D is simply con-
nected and the function, F' and G, are continuously differentiable in D. If there
exists a continuously differentiable function H in D such that V.(H(F,G)) is not

identically zero and does not change sign in D, then the following statements hold

e The system (4.5.8) has no periodic orbit contained entirely in D.

e IS is an annular region contained in D on which V.(H (F, Q)) does not change

sign, then there exists at most one limit cycle of the system (4.5.8).

4.6 The Poincaré-Bendixon theorem

Consider the equation (4.3.7) z = f(z) with z € U C R". Previously, we defined an
orbit O (or trajectory) passing through a point zy in U as the set

O(xg) ={z €U : x = ¢(t,x), for all t € R such that ¢(¢, x¢) is defined} ,

where ¢ is the flow of the system (4.3.7).
In this section, we also define the positive half-trajectory through the point zo € U

by the curve
Ot (wg) ={x €U :x = ¢(t,x0), t > 0}.

Likewise, we define O~ (zq) and we obviously note that O(zg) = O (29) U O~ ().
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Remark 4.6.1. If the point xq is not specifically involved in the motion of the
tragectory, we simply denote it by O. Similarly, we note that O = OT U O~

Definition 4.6.1. If there exists a sequence t,, — oo such that

lim ¢(t,,x) =, wherely €U,

n——oo

then the point ¢y is called an w-limit point of the trajectory O of the system (4.3.7).

Similarly, If there exists a sequence t, —» —oo such that

lim ¢(t,,x) =y, wherely €U,

n——oo

then the point Uy is called an a-limit point of the trajectory O of the system (4.3.7).

Definition 4.6.2. An w-limit set of a trajectory O is the set of all w-limit points of
O, and is denoted by w(O). Similarly, An a-limit set of a trajectory O is the set of
all a-limit points of O, and is denoted by a(Q). The limit set of O, w(O) U a(O),
1s the set of all limit points of O.

Theorem 4.6.1. If { is an w-limit point of a trajectory O of (4.3.7), i.e. £ € w(O),
then Oy C w(O). Similarly, if { € a(O) then Oy C a(O).

This theorem shows that given a point ¢ € w(O) of a system (4.3.7), then all other
points of the trajectory ¢(.,¢) of (4.3.7) through the point ¢ are also w-limit points

of O. Analogously, the same result applies in the case of a-limit points.

Remarks 4.6.1.

o An equilibrium point xo of system (4.3.7) is its own « and w-limit set.

e A stable node (or focus) is the w-limit set of every trajectory in some neigh-

borhood of the point.

Definition 4.6.3. If ¢ is any regular point in o(O) or w(O) then the trajectory
through € s called a limit orbit of O.
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Example 4.6.1. We consider the following differential system
io=—y+al—a? — ),
y =x+y(l—2*—y?).
When we change the system into polar coordinates we get
ro=r(l-—1r?),
0 =1.
The origin is an equilibrium point for the system and in the phase plane, the flow:
e Spirals around the origin in a counter-clockwise direction.
e Spirals outward for 0 < r <1 because r > 0.

e Spirals inward for r > 1 because r < 0.

Sincer =0 onr =1, the flow approaches the unit circle in the counter-clockwise di-
rection describing a trajectory Oy. This trajectory passes through the point (cos(6y), sin(6y))

on the unit circle at t = 0, see Figure 4.9. The trajectory Oq is called a stable limit

P

:\ X

y

Figure 4.9: A stable limit cycle O,.

cycle. It is the w-limit set of every trajectory of this system except the equilibrium

point at the origin. Oy consist of one limit orbit and it is its own a and w-limit set.

Theorem 4.6.2. (The Poincaré-Bendizon theorem). Consider the system (4.5.7)
where f € CYU) with U C R2. Assume that (4.5.7) has a trajectory O with OF
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contained in a compact subset D of U and has a finite number of equilibrium points
in D. Then, w-limit set w(Q) is either an equilibrium point of (4.3.7), a periodic
orbit of (4.3.7), or that w(O) is composed of a finite number of equilibria (1, ..., {py
of (4.3.7) and a countable number of limit orbits of (4.3.7) whose o and w limit sets
belong to {l1,...,0n}.

This theorem is proved in [12].
In the following theorem, we present a more specific result that guarantees the

existence of closed orbits when no equilibrium points are present.

Theorem 4.6.3. (Poincaré-Bendizson Theorem (special case)). Let T be a nonempty
compact limit set of a C' planar dynamical system. If T contains no equilibrium

points, then T is a closed orbit.
For a proof of this theorem, see [8].

Example 4.6.2. Consider the system

r =-—y+z(@®+y*—2x-3),
y+a@ ty ) (4.6.9)

y =z+y(x®+y?—2x-3).
The system (4.6.9) has one equilibrium point located at the origin (0,0). First, to
determine the possibility of periodic orbits for the system we apply the criterion of
Bendizon, so we compute the divergence of the vector function on the righthand side
of system (4.6.9) we get
3

9\2 2
4) +y

33
4o +4y* — 62 — 6 =4 | (v — “ 16l

We deduce that no closed orbits can be contained in the interior of the circle with

3
4

gence s sign definite. Closed orbits are possible only if they enclose or intersect with

center (3,0) and radius —— because inside that circle (Bendizon circle) the diver-

this Bendizon circle.

We write the system (4.6.9) in polar coordinates we find

r =r(r?—2rcos() — 3),

_ (4.6.10)
o =1.
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If r <1 we have r < 0, and if r > 3 we have r > 0. According to the Poincaré-

Bendizon theorem, the annulus 1 < r < 3 must contain one or more limit cycles.

4.7 Exercises

Exercice 4.7.1. Consider the Lorenz system:

T=o(y—x),
z= Ty — /8Z7

where o >0, p >0, and > 0.

(a) Show that this system is invariant under the transformation (x,y,z,t) —

(—zx, -y, 2, 1).

(b) Show that the z-azis is invariant under the flow of this system and that it

consists of three trajectories.

(c) Show that this system has equilibrium points at the origin and at

(£VB(p—1),£/B(p—1),p— 1)

for p > 1. For p > 1, show that there is a one-dimensional unstable manifold
W*(0) at the origin.

(d) For p € (0,1), use the Lyapunov function
V(z,y,z) =ox® +y* + B2°

to show that the origin is globally stable; i.e., for p € (0,1), the origin is the

w-limit set of every trajectory of this system.
Exercice 4.7.2. Show that the system
i =yt ol -2 - ),

(4.7.12)
y=x+y(l—a*—y?)?
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has a semi-stable limit cycle I'. Sketch the phase portrait for this system.

Exercice 4.7.3. Consider the system

b=—y+a(l—2®—y*— 224 —2® —y* - 2%,
g=x+y(l—a?—y? =24 —a® —y* - 2%,
z=0.

For z = zy, a constant, write the resulting system in polar coordinates and deduce
that this system has two invariant spheres. Sketch the phase portrait for this system
and describe all limit sets of trajectories of this system. Does this system have an

attracting set?

Exercice 4.7.4. Show that y(t) = (2cos(2t),sin(2t))T is a periodic solution of the

system

.T2
$=—4y+$(1—z—y2),
2
. X
y=x+y(1—z—y2)-

2
that lies on the ellipse % +y? = 1; d.e., y(t) represents a cycle T of this system.

Then use the corollary 4.53.1 to show that I' is a stable limit cycle.

Exercice 4.7.5. Solve the linear system © = Ax with

A a —b
b «a
and show that at any point (xo,0), on the z-axis, the Poincaré map for the focus at

2ma
P(x¢) = zgexp (W) :

For d(z) = P(z) — x, compute d'(0) and show that d(—z) = —d(z).

the origin is given by

Exercice 4.7.6. (a) Use the Dulac function B(x,y) = be=2%* to show that the
system

t=y, @=—ar—>by+ar®+ Py’
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has no limit cycle in R2.
(b) Show that the system

‘ y o o+ y(l+ 2%+ %)
b=, =
14 22 1+ 22

has no limit cycle in R2.

Exercice 4.7.7. Consider the dynamical system

i=—y+azirt—3r2+1),
y=a+ylrt—3r2+1),

where 1? = x% + 2.

(a) Show that 7 < 0 on the circle r = 1 and that 7 > 0 on the circle r = 2. Use
the Poincaré-Bendixzson theorem and the fact that the only critical point of this
system is at the origin to show that there exists a periodic orbit in the annular
Tegion,

Ay ={r eR?|1<|z| <2}

(b) Show that the origin is an unstable focus for this system. Use the Poincaré-
Bendixson theorem to show that there exists a periodic orbit in the annular
TEGILON

Ay ={x e R*| 0 < |z| < 1}.

(c) Determine the stable and unstable limit cycles of this system.
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Chapter 5
Introduction to Local Bifurcations

Bifurcation theory is a field in mathematics that studies qualitative changes in the
behavior of a system as a parameter is varied. These changes often involve the
sudden appearance or disappearance of equilibria, periodic orbits, or more complex
structures in dynamical systems. Bifurcations can signal the onset of instability or
chaos in systems and are categorized into types, such as saddle-node, transcritical,
pitchfork, and Hopf bifurcations. Each type corresponds to a different way in which

the solutions of a system change in response to parameter variations.

5.1 Basic concepts of bifurcation

Definition 5.1.1. A bifurcation occurs when a small change in a system’s param-
eters causes a qualitative or topological change in its long-term behavior (its phase
portrait or equilibrium structure). Essentially, a bifurcation marks a point where the

nature of the solutions changes.

Definition 5.1.2. In bifurcations, the following key points apply

o A fixed point is where the system’s state does not change over time. Bifurca-
tions involve changes in the number or stability of these fixed points as param-

eters are varied.

o The stability of a fixed point determines whether small disturbances around it
die out (stable) or grow (unstable). Stability is often assessed using eigenval-

ues, which are calculated from the system’s linearization near the fized point.
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A bifurcation occurs when these eigenvalues cross a critical threshold, such as

changing from negative to positive.

o There are different types of bifurcations, each describing how the system’s be-

havior changes:

— Saddle-node bifurcation: Two fixed points, one stable and one unsta-

ble, merge and annihilate each other.

— Transcritical bifurcation: Two fixed points exchange their stability as

the parameter changes.

— Pitchfork bifurcation: A single fized point splits into three (two stable,

one unstable) or merges into one.

— Hopf bifurcation: A stable fized point becomes unstable, giving rise to

a periodic oscillation, known as a limit cycle.

Definition 5.1.3. A bifurcation diagram is a plot that shows how the system’s
fixed points or periodic orbits change as a parameter is varied. It provides a visual
representation of the system’s transitions and bifurcations. Stable points are typically
shown with a solid line, while unstable points are drawn with a dashed line. Often,

unstable points are omitted for simplicity.

In this chapter, we focus on common local bifurcations in one and two dimensions.
We limit our discussion to codimension 1 bifurcations, which occur when a single

real parameter is varied.

5.2 Bifurcation in one-dimensional systems

Consider the scalar differential equation given by

dzx(t)
dt

= fx(t), ), (5.2.1)

where x(t) is a real-valued function of time ¢, f is a real-valued vector field, and
p is the bifurcation paramater. We assume that equation (5.2.1) is well-defined

and satisfies the hypotheses of the Cauchy-Lipschitz theorem, ensuring that for each
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initial condition, a unique solution exists. Furthermore, we assume that the vector
field is of class C* (where k > 2) in a neighborhood of the point (0,0), satisfying

the following conditions:

(2) Jé(O, 0) =0; (5.2
(i4) a—i(o,O) = 0. o

The condition (¢) indicates that # = 0 is an equilibrium point of equation (5.2.1)
when 1 = 0. Our focus is on the local bifurcations that arise in the neighborhood
of this equilibrium as the parameter p is varied. The condition (1) is necessary but

not sufficient for the emergence of local bifurcations at p = 0.

5.2.1 Saddle-node bifurcation

A saddle-node bifurcation occurs when a stable and an unstable equilibrium collide
and annihilate as a parameter varies. This fundamental bifurcation marks a transi-

tion in system dynamics and appears in various physical and biological models.

Theorem 5.2.1. Consider the differential equation (5.2.1) with f a vector field of
class C* (where k > 2) in a neighborhood of (0,0), satisfying
of

—(0,0) = a,

>f
B 2

(0,0) = 2b with ab # 0. (5.2.3)

The following properties are valid in the neighborhood of 0 in R for a sufficiently

small p.

1. If ab < 0 (resp. ab > 0) the differential equation (5.2.1) has no equilibria for
w <0 (resp. for u>0).

2. Ifab < 0 (resp. ab > 0) the equation (5.2.1) possesses two equilibria x4 (€), € =
V| for p >0 (resp. < 0), with opposite stabilities.

Then for equation (5.2.1), a saddle-node bifurcation occurs at p = 0.

Remark 5.2.1. The saddle-node bifurcation is also known as ”fold bifurcation” and
“turning point bifurcation.” These names reflect the characteristic shape of the bi-
furcating equilibria in the (u,x)-plane.

The term 7saddle node” specifically denotes the emergence of a saddle point and a
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node as equilibria in n-dimensional systems, illustrating the different stability prop-

erties of the resulting solutions.

Recalling the general expansion of f around (0,0) up to second order, we have

of of 102 f of
f(l‘,ﬂ) = f(107(;)) + a_:L‘(O’ O)ZL‘ + @(07 O)M + 5@(07 0)12 + 8u8x (07 O)ux
#5580, + ol ).

(5.2.4)
Consequently, from the conditions of the assumptions on the vector field and if we

neglect quadratic terms in pu, then near (x, ) = (0,0), we obtain
P, 1) = app+ b2 + ol + %) as (2, 1) = (0,0). (5.2.5)

In fact. Since a # 0, the implicit function theorem guarantees the existence of a
unique solution u = g(x), for z near zero, to the equation f(z, ) = 0. The function
g is of class C* with k > 2 in a neighborhood of the origin and satisfies g(0) = 0.
The Taylor expansion of g is given by

_ b 2
p=--a + o(x*).

As a result, if aby > 0, equation (5.2.1) has no equilibria; if g = 0, there is a single
equilibrium at x = 0; and if aby < 0, there exists a pair of equilibria xy(u) =
v/ —ap/b+o(/|ul).

In the case where abu < 0, we find

%(xi(ﬂ)yﬂ) = 2b:vi(u) + 0(\/ﬂ)7

implying that the equilibrium z_ (p) is attractive (asymptotically stable) when b > 0,
and repelling (unstable) when b < 0. Conversely, the equilibrium x (u) exhibits the
opposite stability behavior.

Example 5.2.1. Consider the one-dimensional system

& =p— 2’
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For p > 0, the system has two critical points at x = £,/u, where the derivative of
the right-hand side s

The critical point at v = \/j 1is stable, while the critical point al v = —\/u is
unstable. (Here, Df(x,pn) denotes the derivative of the function f(x, 1) with respect
to x.) For p =0, there is a single critical point at x = 0, which is nonhyperbolic,
since Df(0,0) = 0; the vector field f(x) = —z?* is unstable at this point, and p =0
represents a bifurcation value. For p < 0, there are no critical points.

The phase portraits for this differential equation are shown in Figure 5.1. The
bifurcation diagram in Figure 5.2 illustrates the bifurcation occurring at u = 0. The
curve it — w2 = 0 determines the position of the critical points, where a solid curve
indicates stable critical points, and a dashed curve indicates unstable ones. This

bifurcation is called a saddle-node bifurcation.

—_——x ——————— e X
u<0 p=0 u>0

Figure 5.1: Phase portraits for the differential equation of Example 5.2.1.

Figure 5.2: Bifurcation diagram for the saddle-node bifurcation in Example 5.2.1.
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5.2.2 Pitchfork bifurcation

A pitchfork bifurcation occurs when a single equilibrium splits into three as a
parameter varies, typically under symmetry constraints. This bifurcation plays a
key role in dynamical systems, with distinct supercritical and subcritical cases.

In the supercritical case, a stable equilibrium gives rise to two new stable equilibria
with the original one becoming unstable, while in the subcritical case, two unstable
equilibria merge into a single unstable equilibrium. This bifurcation appears in

various physical and biological models.

Theorem 5.2.2. Consider the differential equation (5.2.1), where f is a vector field
of class C* (with k > 3) defined in a neighborhood of (0,0). The function f satisfies
the conditions in (5.2.2) and is odd with respect to x, that is,

f(=z, 1) = = f(z, ). (5.2.6)
Moreover, assume that
82—f(O 0)=ua ag—f(() 0) = 6b with ab+# 0 (5.2.7)
opox "7 ox3 ' o

The following properties are valid in the neighborhood of 0 in R for a sufficiently

small .

1. If ab < 0 (resp. ab > 0) the differential equation (5.2.1) has one equilibrium
x =0 for p <0 (resp. for u>0). This equilibrium is stable when b < 0 and
unstable when b > 0.

2. If ab < 0 (resp. ab > 0) the equation (5.2.1) possesses the trivial equilibrium
x = 0 and two nontrivial equilibria x4 (€), € = \/m for p >0 (resp. p<0),
which are symmetric, x, () = —x_(€). Moreover, the map € — x4(€) is of
class C*=3 in a neighborhood of 0 in R, and x+(¢) = O(e). The nontrivial
equilibria are stable when b < 0 and unstable when b > 0, whereas the trivial

equilibrium has opposite stability.

Then for equation (5.2.1), a pitchfork bifurcation occurs at = 0.
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As a result of conditions (5.2.2), (5.2.6), and (5.2.7), the function f admits the

following Taylor expansion
flx,p) = ah(a?, p)  with h(z®, ) = ap+ba® +o(|p| +2°) as (z,p) — (0,0),

where h is of class C*~1)/2 in a neighborhood of (0, 0).

Example 5.2.2. Consider the one-dimensional system

&= pr — 3.
For p > 0, the system has critical points at x = 0 and v = £/p. For p < 0, the
only critical point is at x = 0.
At p = 0, there is a nonhyperbolic critical point at x = 0, since Df(0,0) = 0. The
vector field f(x) = —x3 is unstable, and p = 0 is a bifurcation value.
The phase portraits for this differential equation are shown in Figure 5.3. The
bifurcation diagram is shown in Figure 5.4. This type of bifurcation is called a

pitchfork bifurcation.

— - - ¥ ——a— = Y
u<0 p>0

Figure 5.3: Phase portraits for the differential equation in Example 5.2.2 .

Exercice 5.2.1. Consider the truncated equation

d
d—f = apx + ba®.

1. Create bifurcation diagrams in the (u, p)-plane for the truncated equation,

considering different values of a and b.

2. Prove the theorem.

5.2.3 Transcritical bifurcation

A transcritical bifurcation occurs when two equilibria exchange their stability as a

parameter varies. Unlike the saddle-node bifurcation, the equilibria do not disappear
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Figure 5.4: Bifurcation diagram for the pitchfork bifurcation in Example 5.2.2 .

but instead intersect and exchange their roles. This bifurcation often arises in models

with conserved quantities or population dynamics.

Theorem 5.2.3. Consider the differential equation (5.2.1) with f a vector field of
class C* (where k > 2) in a neighborhood of (0,0), satisfying

g—i(o, 0) =a, %(0, 0) = 2b with ab# 0. (5.2.8)
Assume that the following properties are valid in the neighborhood of 0 in R for a
sufficiently small ju:
1. If ab < 0 (resp. ab > 0) the differential equation (5.2.1) has no equilibria for
<0 (resp. for u>0).
2. Ifab < 0 (resp. ab > 0) the equation (5.2.1) possesses two equilibria x4(€), € =
\/Wforu > 0 (resp. p < 0), with opposite stabilities. Moreover, the map € — x(€)
is of class C*2 in a neighborhood of 0 in R, and . () = O(e).
Then for equation (5.2.1), a saddle-node bifurcation occurs at p = 0.

Example 5.2.3. Consider the one-dimensional system

&= pur — 22

The critical points are at x = 0 and x = p. For p =0, there is a single critical point
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at x = 0, which is nonhyperbolic since D f(0,0) = 0. The vector field f(x) = —x? is
unstable at this point, and = 0 is a bifurcation value.

The phase portraits for this differential equation are shown in Figure 5.5. The bi-
furcation diagram is shown in Figure 5.6. At the bifurcation value p = 0, there is an
exchange of stability at the critical points, marking the occurrence of a transcritical

bifurcation. Details can be found in [5].

—————— X ————————— % e X
u<0 p=0 u>0

Figure 5.5: Phase portraits for the differential system in Example 5.2.3.

Figure 5.6: Diagram bifurcation for the transcritical bifurcation in Example 5.2.3.

5.3 Bifurcation in two-dimensional systems

This section extends our earlier study of bifurcations to two-dimensional systems.
Here, both fixed points and closed orbits can be created, destroyed, or destabilized
as parameters vary, enabling us to understand how oscillations begin or end. A bi-
furcation is defined as a change in the topological structure of the phase portrait due

to parameter variation, affecting fixed points, closed orbits, or saddle connections.
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5.3.1 Saddle-node bifurcation

A saddle-node bifurcation is the basic mechanism for creating or destroying fixed

points. Consider the following two-dimensional prototype system

& = pu—
g (5.3.9)
y =-y

For p > 0, there is a stable fixed point at (z*,3*) = (/it,0) and an unstable fixed
point at (z*,y*) = (—/it,0). At p = 0, the phase portraits shown in the following

figure illustrate the collision and annihilation of these fixed points.

a1 Jd

= g

M Ay TWW

Figure 5.7: collision and annihilation of fixed points of system (5.3.9).

Figure 5.7 shows two fixed points: a stable node at (z*,y*) = (\/&,0) and a saddle
at (z*,y*) = (=y/1,0). As p decreases, the saddle and node approach each other,
collide at ;= 0, and disappear when pu < 0. Even after the fixed points annihilate,
they continue to influence the flow by leaving behind a bottleneck region. This region
traps trajectories, delaying their exit. The time spent in the bottleneck increases as
o= pe ~ (pe — p)~'?

occurs.

, where p. is the value at which the saddle-node bifurcation

Now, consider a more general scenario where we have the two-dimensional system

:i::f(:v,y), ?):g<$7y)v

that depends on a parameter . Suppose that for some value of i, the nullclines
intersect as shown in Figure 5.8 Each intersection corresponds to a fixed point since
2 = 0 and y = 0 simultaneously. To track the movement of fixed points as ;1 changes,

we simply observe these intersections. Now, suppose the nullclines move apart as u
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Figure 5.8: Intersection of nullclines.

varies, becoming tangent at pu = pu.. At this point, the fixed points approach each
other, collide, and vanish. Once the nullclines separate, there are no intersections,
and the fixed points disappear abruptly. This behavior characterizes all saddle-node

bifurcations locally. For further details, see [14].

5.3.2 Transcritical and pitchfork bifurcations

Based on our earlier work in one-dimensional bifurcations and analogous to the
saddle-node case, we can construct the prototypical cases of transcritical and pitch-

fork bifurcations at a stable fixed point which are given by

1. Transcritical Bifurcation:

2. Supercritical Pitchfork Bifurcation:

T = px — a3,

y=-y.
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3. Subcritical Pitchfork Bifurcation:

T = px+ a3,
: (5.3.10)

The analysis in each case follows a similar pattern. Here, we will focus on the

supercritical pitchfork bifurcation.

For p1 < 0, the only fixed point is a stable node at the origin. For = 0, the origin
remains stable, but the decay along the z-direction becomes very slow (algebraic)
rather than exponential (this is the phenomenon of ” critical slowing down”). For p >
0, the origin loses stability and gives rise to two new stable fixed points symmetrically

located at (z*,y*) = (£4/,0). By computing the Jacobian at each fixed point, one

»

x

|
i

n=

y
Iy

Figure 5.9: Phase portraits of system (5.3.10).

H< ©n=>0

can verify that the origin becomes a saddle, while the two new fixed points are stable
nodes. The phase portraits are shown in Figure 5.9.

Pitchfork bifurcations frequently occur in systems exhibiting symmetry. Consider

the following example.

Example 5.3.1.

T = puxr+y-+sinz,
a (5.3.11)

y =z—y.
The system (5.3.11) is invariant under the change of variables v — —z, y — —v,

so the phase portrait must be symmetric under reflection through the origin. The
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origin is a fived point for all p, and its Jacobian is

11
e ,
|

which has T = p and A = —(u + 2). Hence, the origin is a stable fized point if
1< —2 and a saddle if p > —2. This suggests that a pitchfork bifurcation occurs at

e = —2.

To confirm this, we seek a symmetric pair of fized points near the origin for p close
to .. (At this stage, we do not know whether the bifurcation is sub- or supercritical).

The fixed points satisfy y = x, and thus
(u+1)x +sinz =0.

One solution is x = 0, which we have already identified. Now, assume x is small

and nonzero, and expand the sine function as a power series:

3

(u+1)x+x—%+0(w5)20.

After dividing through by x and neglecting higher-order terms, we obtain

2
x
2——~=0.
Thus, there is a pair of fixed points with x* =~ ++/6(u + 2) for p slightly greater
than —2. Therefore, a supercritical pitchfork bifurcation occurs at p, = —2. (If
the bifurcation had been subcritical, the pair of fixed points would have existed when
the origin was stable, not after it has become a saddle.) Since the bifurcation is

supercritical, we know that the new fized points are stable without needing further

analysis.

To draw the phase portrait near (0,0) for p slightly greater than —2, it is helpful to
find the eigenvectors of the Jacobian at the origin. This can be done exactly, but a

simple approximation is to use the Jacobian close to that at the bifurcation. Thus,
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for the Jacobian
-1 1
J =~ ,

the eigenvectors are . and ), with eigenvalues A = 0 and A = —2, respec-

tively. For u slightly greater than —2, the origin becomes a saddle, and the zero
eigenvalue becomes slightly positive. This information implies the phase portrait

shown in Figure 5.10.

N
at

AN

™

Figure 5.10: Phase portrait of system (5.3.11).

In the examples discussed above, bifurcations occur when the eigenvalue A = 0,
or equivalently, when one of the eigenvalues equals zero. More broadly, saddle-
node, transcritical, and pitchfork bifurcations are all categorized as zero-eigenvalue
bifurcations. While other examples of zero-eigenvalue bifurcations exist, these are
among the most prevalent. Such bifurcations invariably involve the collision and
subsequent annihilation of two or more fixed points.

In the next subsection, we will explore a fundamentally distinct type of bifurcation,
one that lacks a counterpart in one-dimensional systems. This bifurcation allows for
a fixed point to lose stability without interacting with or colliding with any other

fixed points.
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5.3.3 Hopf bifurcations

a stable fixed point may become unstable only if the real part of one of the eigenval-
ues A of the Jacobian becomes greater than zero as the control parameter p varies.

Recall that the eigenvalues A solve
det(J) — A =0,

where J is the Jacobian and [ is the identity matrix.
In two-dimension, the resulting quadratic equation either has two real roots or two
complex conjugate roots. So when a fixed point is stable, either both roots are real

and negative, or the roots are complex conjugates with negative real parts:

I A ImA

Re A Re A

In the saddle-node, transcritical, and pitchfork bifurcations, one of the purely real
eigenvalues passes through A = 0 when the fixed point becomes unstable. In con-
trast, a Hopf bifurcation occurs when a pair of complex conjugate eigenvalues cross
the imaginary axis. Similar to pitchfork bifurcations, Hopf bifurcations can be clas-
sified into two cases: supercritical and subcritical.

(i) Supercritical Hopf bifurcation

The complex eigenvalues produce oscillatory solutions. One possibility is that oscil-

lations are damped for p < p. and growing for u > ..

NN ~————— (@ u<K,

This scenario corresponds to a supercritical Hopf bifurcation.
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We can represent a simple model of the supercritical Hopf bifurcation using polar

coordinates, expressed in terms of the radius r and angle 6 in the 2-D phase space:

7= pur —r3,

. (5.3.12)
0 =w+bri
Here, 1 governs the stability of the fixed point, w represents the frequency of oscil-
lations when r is infinitesimal, and b determines how the frequency depends on the

amplitude of large oscillations.

The r-equation resembles the form of the supercritical pitchfork bifurcation, while
the f-equation provides the rotational component, effectively acting as a driving

mechanism.

When p < 0, the origin (r = 0) is a stable spiral. Conversely, for ;1 > 0, the origin

becomes an unstable spiral.

6.\¢

B<0 >0

Figure 5.11: Phase portraits for ;1 above and below the bifurcation.

Note that for > 0 there is a stable limit cycle at r = /. When p = 0 the origin is
still stable, however the amplitude of oscillations decays slower than exponentially

(since 7 = —r?), and this is another case of critical slowing down.

To analyze how the eigenvalues behave during the bifurcation, we rewrite the system
in Cartesian coordinates, as this simplifies finding the Jacobian.

Let z = rcosf and y = rsinf. Then

T =17cosf —rfsind,
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substituting 7 = ur — 3 and 0 = w + br?:
i = (ur —r®) cos — r(w + br®)sin 6.
Expanding this in terms of x and y:
&= (u— (2% +y))z — (W +bz” +y))y.
Similarly, for y:

g =(w+ba®+y)z+ (n— (2> + %)y

Ignoring cubic terms near the origin (z,y ~ 0), the system reduces to:

T = pr — Wy,

Yy =wr+ py.

The Jacobian at the origin is thus

w o

which has the eigenvalues A\ = p £ iw. As expected, the eigenvalues cross the
imaginary axis from left to right as u increases from negative to positive values.
We can extract two important characteristics of supercritical Hopf bifurcations from

the prototypical form (5.3.12):

e The size of the limit cycle grows continuously from zero and increases propor-
tionally to v/ — pe, for p close to pi..

e The frequency of the limit cycle is given approximately by w = &(A), evaluated
at u = p.. This formula is exact at the birth of the limit cycle and accurate

within O(pu — p.) for p close to .. Therefore, the period is

2m
T= WJFO(M—MC)-

In this system, the eigenvalues cross the imaginary axis as a straight line parallel to
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the real axis. However, the paths are usually curved: Moreover, the limit cycle is

Im A

\@\}Q
Alp) /—\

Re A

usually elliptical and not circular near p..

(ii) Subcritical Hopf bifurcation

As with pitchfork bifurcations, there is also a subcritical variety of Hopf bifurcations
in which the stability of the fixed point and the limit cycle is reversed. This type

exhibits some very interesting properties. Here’s the prototype:

roo=pr+rd—rd,

. (5.3.13)
0 =w+bri
The important difference from the earlier supercritical case is that the cubic term
r3 is now destabilizing, as it drives trajectories away from the origin. The phase

portraits look like this:

<0 p =0

When p < 0, there are two attractors: a stable limit cycle and a stable fixed point.
These two attractors are separated by an unstable limit cycle. As p — 07, the

unstable limit cycle shrinks to the origin.
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The subcritical Hopf bifurcation occurs at g = 0. At this point, the origin becomes
unstable, and the large amplitude limit cycle becomes the only attractor. Con-
sequently, any solution near the origin is forced to grow immediately into a large
amplitude oscillation.

Here’s a pictorial summary of the supercritical and subcritical cases:

r o oycle unst, : r
ey -.._____ab,fe‘l .
qope I e mit oy
stable __{" . unstable equilibrium. stable equilibrium __ | wnstable
equilibrium A equilibrium

AN

B unst -
ave Emﬁ cycle [ S a:br!e hr,r';u:.; cy%
(RN
O {777
o
i s

Supercritical (a<0) Subcritical (a>0)

Figure 5.12: Summary of the supercritical and subcritical cases.

5.4 Exercises

Exercice 5.4.1. Show that the first-order system

rT=r—xr—e ",

undergoes a saddle-node bifurcation as r is varied, and find the value of r at the

bifurcation point.

Exercice 5.4.2. Show that the first-order system

i=x(l—2?) —a(l —e™),
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undergoes a transcritical bifurcation at x = 0 when the parameters a, b satisfy a
certain equation, to be determined. (This equation defines a bifurcation curve in
the (a,b) parameter space.) Then find an approximate formula for the fized point
that bifurcates from x = 0, assuming that the parameters are close to the bifurcation

curve.

Exercice 5.4.3. Equations similar to
& = —x + ftanh(x),

arise in statistical mechanical models of magnets and neural networks. Show that
this equation undergoes a supercritical pitchfork bifurcation as [ is varied. Then

give a numerically accurate plot of the fixed points for each [3.

Exercice 5.4.4. Define the function

23 sin (1> . forx #£0,
fla) = ;
0, for x = 0.

Show that f € CY(R). Consider the one-dimensional system

&= f(x) —p,

with f defined above.

(a) Show that for p = 0 there are an infinite number of critical points in any
neighborhood of the origin, that the nonzero critical points are hyperbolic and

alternate in stability, and that the origin is a nonhyperbolic critical point.
(b) Show that = 0 is a bifurcation value.

(¢) Draw a bifurcation diagram and show that there are an infinite number of
bifurcation values that accumulate at p = 0. What type of bifurcations occur

at the nonzero bifurcation values?

Exercice 5.4.5. Consider the system

t=y—2x, y=p+a’-uy.
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(a) Sketch the nullclines.
(b) Find and classify the bifurcations that occur as p varies.
(c) Sketch the phase portrait as a function of p.

Exercice 5.4.6. Consider the system
E=pr—y+ay’, g=a+py+y’

Show that a Hopf bifurcation occurs at the origin as p varies. Is the bifurcation

subcritical or supercritical?
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