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| Abstract

This master’s thesis focuses on the study of the multidimensional fractional Fourier
transform in both its classical and windowed forms as a powerful extension of the con-
ventional Fourier transform with enhanced capability for analyzing non-stationary sig-
nals. The work presents formal definitions of both transforms and explores their main
mathematical properties, including linearity, time-shift, convolution, scaling, and en-
ergy preservation. Special attention is given to the role of window function in improving
time-frequency localization in the n-dimensional window fractional Fourier transform
framework. A comparative analysis between these transforms is also provided. Finally,
selected applications are presented to highlight the relevance of these transforms in

various fields.

Keywords:

Fourier transform:

Multidimensional fractional Fourier transform

Windowed fractional Fourier transform

Kernel function

Window function



l Résumé

Ce mémoire de master porte sur I’étude de la transformée de Fourier fractionnaire
multidimensionelle, tant dans ses formes classique que fenétrée. Il s’agit d'une extension
puissante de la transformée de Fourier conventionnelle, offrant une capacité accrue
d’analyse des signaux non stationnaires. Ce travail présente les définitions formelles des
deux transformées et explore leurs principales propriétés mathématiques, notamment
la linéarité, le décalage temporel, la convolution, la mise a ’échelle et la préservation
de I'énergie. Une attention particuliére est portée au role de la fonction de fenétre
dans I'amélioration de la localisation temps-fréquence dans le cadre de la transformée
de Fourier fractionnaire fenétrée & n dimensions. Une analyse comparative de ces
transformées est également fournie. Enfin, une sélection d’applications est présentée

pour souligner I'intérét de ces transformées dans divers domaines.

Mots clés:

Transformée de Fourier

Transformée de Fourier fractionnaire multidimensionnelle

Transformée de Fourier fractionnaire fenétrée

Fonction noyau

Fonction Fenétrée.
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I List of symbols

L*(R™) : The space of square integrable functions in R"

Flf(x)](€) or f(§) : The n—dimensional Fourier transform of function f(x)

FYF[f(x)]) : The n—dimensional inversion formula of Fourier transform
f(x) : The conjugate of f(x)
f * g: The convolution of the function f(x) and g(x)

of d ar 1°
Vif(xy, 2o, ., zp) = 8—;(1, 8—;;, - %] : The gradient vector of the function

fz, 2, ..., 2y)
|l fll;2 : The L?*—norm of the function f
R[f(x)](&) or Fo(€) : The n—dimensional fractional Fourier transform
K4 (x,€) : The n—dimensional kernel of fractional Fourier transform
(Wyf)(u,§) : The n—dimensional window Fourier transform

¥(x) : The n—dimensional window function in L?(R").

viil
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General Introduction

The Fourier transform (FT) plays a central role in applied mathematics, engineering
and signal processing due its powerful ability to convert signals from the time or spatial
domain into the frequency domain. However, this transformation lacks time-frequency
localization, making it less effective for analyzing non-stationary signals. This limita-
tion led to the development of the fractional Fourier transform (FrFT) (also sometimes
called angular Fourier transform), which generalizes the Fourier transform by introduc-
ing a rotation parameter that follows a smooth transition between time and frequency
representations.

Wiener first introduced the FrFT in his 1929 work [19]. Namias proposed the
FrFT in [10] using its eigenvalue equation. Since Namias’® work in 1980, the FrFT
has attracted a lot of interest. For example, a rigorous mathematical framework of the
properties of fractional Fourier transform on the Schwartz space S of rapidly decreasing
functions was given by McBride and Kerr [9]. Compared with FT, the FrFT contains
one extra free parameter and is more suited to process non-stationary signals, especially
chirp signals. As a result, FrF'T can achieve effects that the classical Fourier transform
or time-frequency analysis cannot.

In recent decades, the FrFT has become an attractive tool and has various appli-
cations in many fields of applied sciences, such as signal processing [3], [5], [20], [15],
image processing [4], [14], [7], [16], optics [2], [11], [12], [I3], communications [6], [21],
quantum mechanics [I0] and so on. For example, in 1997; Luis B. Almeida, devel-
oped the product and convolution theorems for the one dimensional fractional Fourier
transform and obtained the same to more general forms in [§].

In 1994; the kernel of fractional Fourier transform was extended to n-dimensions
by T.Alieva, F. Agullo-Lopez and L.B.Almeida [I] and using this kernel developed
n-dimensional fractional, opening up new directions in signal and image processing,
optics and time-frequency analysis. The multidimensional FrET (MFErEFT) retains the
essential features of the classical F'T while offering greater flexibility in analyzing signals
with multiple variables or spatial dimensions.

Furthermore, The windowed fractional Fourier transform (WFrFT) was introduced
as an improvement over the FrFT, allowing localized analysis in both time and frac-

tional frequency through the use of window functions. This is particularly beneficial for




General Introduction

nonstationary signal analysis, where precise time-frequency representation is required.

This master’s thesis is devoted to the study of the Multidimensional Fractional
Fourier Transform and its applications. It begins with the formal definitions and
extends to a detailed examination of their mathematical properties, such as linear-
ity, time-shifting, convolution, scaling,and energy preservations work also includes an
overview of window function and their roles in WFrFT. A comparison between FrFT
and WFrFT is conducted to highlight their respective advantages and limitations. Fi-
nally,the master’s thesis explores practical application in signal analysis, biomedical
signals, optics and time-frequency filtering.

The work is organized as follows: In Chapter 1, we introduced the definition of the
Fourier transform and we give some examples and basic properties from a mathemati-
cal point of view, in addition we give some application of FT in many fields. Chapter 2,
studied the multidimensional fractional Fourier transform (n—FrFT), and its properties
with some applications. Finally, we introduced the notion of n—dimensional windowed
fractional Fourier transform which is the improvement of the fractional Fourier trans-

form and we give some comparison.




CHAPTER 1

Fourier transform

Contents
(.1 Definitions|. . . . . . ... oo o oo a s 4
[1.2 Properties|. . . . . . . . . . . i e e e e e e e e e e e e 6
[L1.3 Applications| . .. .. ... ... .. 0 oo e e 7
1.4 lLimitation of Fourier transforml. .. ... ... ... .. .. 7
1.5 Multidimensional Fourier transforml| . ... ... ... ... 7

1.1 Definitions

Joseph Fourier in 1822 published first work about Fourier transform, which is an in-
tegral transform that converts a mathematical function from the time domain to the
frequency domain. The Fourier transform has evolved into a widely recognized disci-

pline of harmonic analysis and has been successfully applied scientific and engineering



Chapter 1. Fourier transform

pursuits.

Figure 1.1: Joseph Fourier (1768-1830).

Let us begin with definition of the classical Fourier transform.

Definition 1.1 The Fourier transform (FT) of any function f(t) € L*(R) is defined

as:

~

FUOIE) = 7€) = o= [ rear (L)
and corresponding inversion Formula is given by
—1 1 ict
F(FIF@IEE) = N /Rf[f(t)](f)e e, (1.2)

Example 1.1 Consider a function

e for t=,a>0.
f(t) =

0 otherwise.

Then, the Fourier transform of f(¢) is obtained as:
FUONE) = = [ e
2 Jo

1 oo
= — (cos &t — isin £t)e”dt
\/27r/o
1 /‘OO —at /‘OO . —at }
= — cos&te” *dt — i sin {te” ' dt
\/27T{ 0 0

B 1{ a i }
o Vor le2+ ¢ 2+




Chapter 1. Fourier transform

1.2 Properties

1. Linearity: The Fourier transform (FT) is a linear operation this means that the

Fourier transform of sum of signal is the sum of their individual Fourier transform

Fla.f(t)+bgt)} =aF{f(t)} +b.F{g(t)}, (1.3)

where a and b are constant and f(¢) and g(t) are two function.

2. Time shifting: If a signal f(¢) is shifted by ¢y in time. Its Fourier transform

will experience a phase shift in the frequency domain

F{f(t = to) = e F{f(t)}, (1.4)
where t( is the time shift, and w is the angular frequency.

twot
)

3. Frequency shifting: If a signal f(¢) is multiplied by complex exponential e

this results in a shift in the frequency domain
FLf)."} = FL() Hoomwo- (1.5)

4. Scaling: If the time domain is scaled by a factor of a, the frequency domain is

scaled by%, and the amplitude is scaled by

ol F{fat)} = — F{0)] (16)

lal o

where a is a scaling factor.

5. Convolution Theorem: The Fourier transform of the convolution of two func-

tions is equal to the point wise product of their Fourier transform.

FLf@) +g(t)y = F{F()}-F{g(D)}, (1.7)

where * represent the convolution operation.

6. Parseval Theorem: Parseval theorem states that the total energy of a signal

in the time is equal to the total energy of that signal in the frequency domain.

+00 9 _L +00 )
[ worda=—= [ P, (1.8)

This shows that the total energy (or power) is conserved between the time and

frequency domain.




Chapter 1. Fourier transform

1.3 Applications

1. Signal processing: Fourier transform is used to analyse the frequency compo-

nents of signals.

2. Image processing : Its helps in tasks like image filtering or compressions by

working in the frequency domain.

3. Audio processing: It is used to analyse the frequencies in audio signals.

1.4 Limitation of Fourier transform

No time localization: Fourier transform (FT) shows which frequencies but not

accurate.

Fixed resolution: It uses the same resolution for all parts of the signal,which is

not suitable for non stationary signals.

Poor time-frequency analysis: FT can not track haw frequencies change over

time.

Limited flexibility: There is not control over the balance between time and fre-

quency resolution.

Not ideal for short or finite signals: Applying FT limited duration signals can

lead to spectral leakage and inaccurate results.

Sensitive to noise: Fourier Transform (FT) is easily affected by noise, which can

distort the frequency signals.

Limited phase information in some application: FT may not provide clear or

sufficient phase representation, which is critical in certain systems.

1.5 Multidimensional Fourier transform

The n-dimensional Fourier transform is a mathematical process used to convert a func-

tion from the spatial or time domain into frequency domain in n—dimension.

7



Chapter 1. Fourier transform

Using vector notations x = (x1, T3, ..., x,) € R", & = (&,&,, ..., &,,) € R™. We have

Definition 1.2 The n—dimensional Fourier transform (n—FT) of any function

f(xy, 29, ..., 3,) € L*(R") is defined and denoted as:

~

f[f(xlﬂ‘x?’"'7:6”)](517527"'7571) = f(£17£27"'7£n>
1

W . f(xb*r?a X3)

T,)e" Lim &ty day...dx,,

or simply )
FIF))©) = F(&) = ) e

where £.x = )1 &,.1;, dx = dxydxs...dz, and corresponding inversion Formula (de-

(x)e”%*dx.

noted f(x)) is given by

F Y F[f (w1, 20, o 2)](&, €9y ooy E)) (@1, 0, o0y T)

1 i ,
= o o P 6 G ) T

or simply
o 1 ) i€.x
10 = g, f€emde

Example 1.2 n—dimensional Fourier transform of some functions are given in the

following table

f (371,1’2, I'n) F [f (xh T2y -eey I'n)] (517 £27 7571)
rect (x1, g, ..., Tp) Sin;gfl) Smgf” ...Sinizf”)
rect (a121, s, ..., pTy) aj sinc(a1(y) agsinc (as(y) ...an sin ¢ (a,(,,)

exp{—my i a2 exp {—7 (X1, ¢7)

cos(m(zf+ai+..+22)) |sin(m(G+G+..+))

exp {im (z + 23+ ... +22)} |iexp{—in (G+ G +...+)}

(5($1,£L‘2,...,.Tn) 1

Remark 1.1 The properties of the n—dimensional Fourier transform are analogous to

the one-dimensional transform.




CHAPTER 2

Multidimensional fractional Fourier transform

The fractional Fourier Transform (FrF'T) is generalization of the classical Fourier trans-
form (FT). While the FT maps a time-domain signal to its frequency-domain represen-
tation. The FrFT provide a transformation into intermediate domain between time and
frequency controlled by a fractional order parameter. This feature makes it particularly

useful in signal processing, optics and communication systems.

2.1 Definitions

Analogous to the one dimensional case, the multidimensional kernel is defined as fol-

lows. We have

Definition 2.1 Let x = (21,29, ...7,) € R", & = (£1,&,,...,&,,) € R” and
a = (o, e, ..., ) € R"; with all components of « are constants. The n—dimensional

kernel K (x, &) is defined as follows
Ka (Xa S) = il;llKai (xia 52) (21)

where

<00 oxp {i [alo)(a? + €2) — 2i&ib(an)] } 0 # b,
Ko, (@, &) = 8 (x; — &), o = 27k, (2.2)
5<$z+fl),051 = (2]€+1)7T,

9



Chapter 2. Multidimensional fractional Fourier transform

tan(a)

Vv1—icota; foralli=1,2,...n

and a(a;) = § cot a; (i.e,cota =1 > ,b(ay) = csc (i.e,csca = Sinl(a)) and ¢ (o) =

Remark 2.1 Note that this kernel is continuous, in the generalized function sense,

even when « is a multiple of .

Similarly to one dimensional, the kernel has the following properties.

Properties

1. The Kernel is symmetric:

Ko (x,€) = Ka (§,%).

Ko (%,8) = K a(x,§),

where K7, (x,£) is a conjugate of K, (x,£).
Ko (=%,8) = Ka (%, =€) .

Ka—i—ﬂ (Xa E) = Ka(X, €/)KB (517 5) d€/

R

Proof. (1.), (2.) and (3.) are trivial. For (3.) we have by definition

KaJrﬁ <X7 5) = ilzllKai+Bi (‘Tiu 51)
Ka1+/31 (.’El, £1>K042+f32 (x27 52)"'K04n+/8n (xna §n>
= ([ Bt 0, €600 ) ([ Konlo )06, (€63
R R

( [ Koulan €0, (61062) dé“;)
_ // /(HK% (2, €K, (fl,i)dﬁ)
= [ (Brae) (fir €e) a

= Ka(x,&)Kp (&',€) €

Rn”

3

10



Chapter 2. Multidimensional fractional Fourier transform

Analogous to the classical definition of Fourier transform, the multidimensional

fractional Fourier transform on L?(R") is defined as follows. We have

Definition 2.2 Let x = (z1,%9,....,2,) € R" & = (£,&,,...§,) € R" and f €
L}*(R™)NC*(R™).The n—dimensional fractional Fourier transform with parameter cc =

(a1, g, ..., ) (i.e, the vector of fractional orders) of f(x) = f(x1, 2, ..., x,) denoted

by R[f(x)](§) or Fu(E)

(i-e, Far.amom (§15€a, -, €,)) and is given by the following integral transform

.....

RE[f(x)](€) = Falé) (2.3)
= - f(X>Ka(Xa E)dX,

where all components of a are constants, and

f(X) = f(xlax%“'amn)a
dx = dxidxsy...dx,,
Ka(X, 5) = iglKai(xivfi)'

if a; # wkfor all k =0,1,2,...and 1 = 1,2, ..., n.

Remark 2.2 1. If n = 1, then the equation ([2.3) reduces to one dimensional frac-

tional Fourier transform.

2. If a = (%, LI, %), then the equation (2.3 reduces to n—dimensional Fourier

transform.

Definition 2.3 Let f € L'(R")NCY(R"). Ifx = (z1, T2, ..., T,) € R", € = (&1, &5, ...,&,) €
R™ where all the components of & = (ay, s, ..., ) are constants, R*[f(x)](&) or

Fo(€) is n—dimensional fractional Fourier transform of f(x), then

fx) = | K_a(§x)Fa(§)dE, (2.4)

Rn

where

Faxxi,mzﬂl%exp{—@ o) + ) ~ 2m&bla)]} e # | . (25)

and d€ = d¢,d¢&,...d¢,, (for more detail see [17]).

11



Chapter 2. Multidimensional fractional Fourier transform

Remark 2.3 1. The corresponding inversion formula is also a FrFT with angle —«x

and is given by

f(x) = F_a{Falf (x)](8)}x) = s K_a(x, &) Fa(€)dE. (2.6)
2. It is easy to see that, when a; = 0, 7,7 and 37”, for all i = 1,...,n, the FrFT is

reduced to the identity operation, the FT, time- reverse operation, and the IFT,

respectively.

2.2 Properties

The n—dimensional fractional Fourier transform (n—FrFT) extends the classical FrF'T
into multiple dimensions while preserving its essential structure and proprieties. Due
to its separable kernel, the n—FrFT can be decomposed into a product of unidimen-
sional transforms along each axis. This structure allows for a natural generalization of
key properties from the 1D case. In this section, we present and prove the most fun-
damental properties of the n-FrF'T, these properties are crucial for theoretical analysis

and practical application in multidimensional signal processing and related fields.

2.2.1 Linearity

Theorem 2.1 Let f(x),g(x) € L*(R"), with x = (z1,72,..7,) € R™ and \,p €

C.Then the n—dimensional fractional Fourier transform satisfies:

Fa(A(x) + pg(x)) = AFa{f(x)}(E) + nFaf{g(x)}(E). (2.7)
for all & = (&4,&,,...,€,) € R™

Proof. Using the definition of the n—dimensional FrFT

FalM )+ ng)(€) = [ (M) + nglo0) K, €)dx
— [ MEOKax x| o) Ka(x €)ix
= A - Ka(X7 S)f(X)dX + o Ka(xa E)g(X)dX

= ANFa{f(X)}E) + uFaig(x)}(€).

12




Chapter 2. Multidimensional fractional Fourier transform

where K, (x,u) is the separable kernel associated with the n—dimensional FrFT, and
the integral taken over all components (z1, zg, ..., Z,). ®

This completes the proof.

2.2.2 Translation
For simplicity, we put a; = « for all = 1, n.

Theorem 2.2 Let f(x) € L*(R") where x = (1, %2, ..., 1,) € R™ and let
h = (hy, ha, ..hy,) € R™ be as constant constant shift vector. Then, the n—dimensional

fractional Fourier transform satisfies the following translation property
Folfx = 0)}E) = = ENFo {f(x)} (£ — heosa). (2.8)
for all € =(&1,&,,...,&,) € R", where
f(x—=h)= f(zy — hy,x0 — ho, ...,z — hy),
and ¢,, (€,h) is a phase term depending on the fractional order and kernel.

Proof. From the definition of the n—dimensional FrF'T, we have

Fol{f(x—h)} () = | Kux,€)f(x—h)dx.

R"

we perform the change of variables: u = x — h, thus x = u + h, and dx = du. Then

Falfx=WHE) = [ Kafut b, &) ()i
Using the property of the kernel
Ko(u+h,§) =e®ENK (u,€ —hcosa),
where g, (€:1) = (3([IJ*) ot () — B € cse (@), we ger
Falf(x=HE) = [ W, (. - hoosa) f(wdu

= e%EN [ K (u,€& —hcosa)f(u)du
R

= %@ f(u)} (€ —hcosa).

This completes the proof. m

13



Chapter 2. Multidimensional fractional Fourier transform

2.2.3 Orthogonality

Theorem 2.3 Let f(x),g(y) € L*(R"), where x = (11, s, ..., ) € R",

y = (Y1,Y2, -, Yn) € R" and let « € R™. Then the following orthogonality relation holds:

(Falf )], Falg(y)l) = (f(x),9(y)) - (2.9)

where {.,.) denoted the inner product in L*(R™).

Proof. By definition we have

(Falf)] Falg(x)]) = [ Falf(x)](§)Falg(x)1(£)dE,

]Rn

subsisting the expression for Fu[f(x)] and Fu[g(x)], we obtain

Faltl Falso) = [ ([ Kot @roax) ([ Katy €ty ) de

= f)g(y) ( | Kal(x,§)Kaly. sms) dxdy,

n Rn

Using the orthogonality property of the kernel

Ka<x7 s)Ka(yv €)d€ = 5(X - Y)

Rn

Where 6(x — y) is the Dirac delta function,we get:

(Falf(®)], Falg(x)]) = / Rnf(X)@(fs(X—y))dxdy

= /. f(x)g(y)dxdy
= (f(x),9(y))-

This completes the proof. m

Remark 2.4 If we set f = ¢ in Parseval’s relation (orthogonality), we obtain the

following energy conservation property

1FalfIllz2ny = 11 £l L2 eny -

This means that L2-norm (or the total energy) of the function f is preserved under the

multidimensional fractional Fourier transform.

14



Chapter 2. Multidimensional fractional Fourier transform

2.2.4 Convolution

Theorem 2.4 Let f(x),g(x) € L*(R"), where x = (1, Ta, ..., T,) € R". Then

Fal(f 9) ()I(€) = Falf ()I(€) Falg (x)](£)- (2.10)

Where % denotes the convolution operation defined by

(fx9)(x) = . f(v)g(x —v)dv.

Proof. By applying the definition of the fractional Fourier transform to the convolution

of the function f(x) and g(x), we have

Fal(f+9) )IE) = [ Ka(x,€)(f * g)(x)dx

Rn

Substituting the definition of convolution

Fal(f +9) ®](€) = Ka<x,g>( n f<v>g<x_v>dv> ix.

R”

Changing the order of integration (Fubini’ Theorem)

Fal(f +9) ®)(€) = / [ Kalx (gl vivi

- [ ([ a<x,£>g<x—v>dx> &,

perform the change of variables w = x — v thus x = w + v and dx = dw. Thus
Fal(f+9) (x)](€) = / f)( - Ka(w + v, &)g(w)dw)dv.
Using the property of the kernel
Ko(w+v,§) = Ka(v,§) Ka(W,§).

Thus:

Fal(f 2 9) ())(6) = /Rf o(v,€) (/ Ke(w, €)g(w)d )dv

= ([ somatvgae) ([ atwiratw. aw)
.

[f (0)I(€) Falg (x)](£)-

This completes the proof. m

15



Chapter 2. Multidimensional fractional Fourier transform

2.2.5 Multiplication
Theorem 2.5 Let f(x),g(x) € L*(R"). Then:

Falf(x)g(x)](§) = Falf(x)I(€) * Falg(x)](£), (2.11)

where x denotes convolution over R".

Proof. we have
Since

thus

- /R Kao(x,€) f(x) (/R K-alx, ) Fald] (C)dc) -

Applying Fubini’s Theorem

Falf(x)g(x)](&) = fa[g](C)< Ka(Xaﬁ)K—a(X,C)f(X)dX> dg.

R” R"
Using the property

Ka(x,§)K_a(x,() = Ka(x,€ = ¢),

FallGs(IE) = [l Uszc )c

—Lawo fl(e - ¢)ic.

we get

which gives

This completes the proof. m

The following table defined some properties of n—dimensional fractional Fourier

transform:
Description function n—FrFT wit angle «
Modulation e F-x f(x) R gescl@) £ LF(x)} (€ — vsina).
Derivative 4 f(x) cos aL Fo { f(x)} (&) + i€ sinaFo { f(x)} (€)
Integration 7 f(x)dx | secane™ O fanar [* e —sllvIPtana F £r(x)) (v)dv
time multiplication | [[¢]| f(x) 1€]] cos aFo { f(x)} (&) + isinageFa {f(x)} (€)
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2.3 Applications

The Fractional Fourier Transform (FrFT) has found numerous application in both

theoretical and practical domains. Bellow are some of its most significant uses

1. Optical propagation:
FrFT provides an elegant framework for modeling wave propagation in free space.
Classical diffraction patterns, such as the Fraunhofer and Fresnel approximations,
appear as special cases of the FrFT.

2. Graded-index (GRIN) optical fibers:
The FrFT simplifies the analysis of light propagation in GRIN fibers, where the
refractive index varies quadratically. It helps describe periodic beam focusing
and imaging behavior.

3. Gaussian beam analysis:
Since the FrF'T of the Gaussian function is still a Gaussian, it is particularly
suitable for modeling laser beam evolution and focusing characteristics.

4. Quantum mechanics:
The FrFT is mathematically related to the Green’s function of the quantum
harmonic oscillator, making it applicable in quantum optics and wave mechanics.

5. Efficient computation:

The FrF'T can be implemented using fast numerical algorithms,such as FFT-based

methods,making it attractive for real-time signal processing.

These applications show the FrFT’s versatility as a bridge between classical Fourier
analysis and modern wave-based systems, during transient events like epileptic spikes

or cardiac anmalies.
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CHAPTER 3

Multidimenstional windowed fractional Fourier transform

The windowed fractional Fourier transform (WFrFT) is an advanced tool that extends
the classical fractional Fourier transform (FrFT) by incorporating time-localized ana-
lyzing non-stationary signals where both time and frequency localization are essential.

In this chapter, we define the n—dimensional WFrF'T formally, explore its mathe-
matical proprieties, compare it to the standard FrFT, and discuss its practical appli-

cation.

3.1 Definitions

Definition 3.1 The windowed fractional Fourier transform (WFrFT) is an extension
of the classical fractional Fourier transform (FrFT) that provide localized analysis of
non-stationary signals, It is obtained by multiplying the function f(z) € L*(R) with a
window function ) (z) € L?(R) centered at a time v € R, and applying the FrFT. The
WETET is defined as

(W f) (. ) = / F(@)d@ = u) Kz, €)dr, (3.1)
Where

- f(z) : the function (input signal), assumed to be in the space of square-integrable

function L%(R).
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Chapter 3. Multidimenstional windowed fractional Fourier transform

- 9(z) : the window function, also in L?(R) used to localize the signal around a specific

time.
- u € R : the time shift parameter, which determines the centre of the window.

K, (z,€) : the kernel of the fractional Fourier transform of order «, which depends on

both ¢ and &.
- ¢ is denotes the fractional frequency variable.

- (Wyx)(u, &) : the result of the windowed fractional Fourier transform, representing

the time-frequency representation the time- frequency of the signal.

The windowed fractional Fourier transform (WFrFT) in R” is an extension of the
classical FrF'T to higher dimension, enabling localized time frequency analysis for mul-

tidimensional non-stationary signals.

Definition 3.2 Let f(x) € L?(R") and ¢(x) € L*(R") a window function centred at
u € R". The n—dimensional WEFrFT is defined as

Wy f)(u, &) = . f(x)P(x —u)Kal(x, §)dx, (3.2)
where

- x,u,& € R”, are vectors in n-dimensional space.
- Ko(x,£) is the multidimensional FrFT kernel

Ka(X7 5) = il;nllKai (xlafz) (33)

- ¢ (x — u) is window function centered at u.

3.2 Properties

3.2.1 Linearity

Theorem 3.1 Let f(x) and g(x) where x = (11, T3, ..., T,) be two functions in L*(R™),

and let a,b € C be a constants. The n—dimensional windowed fractional Fourier
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transform is linear (Wy f)(u, £)

Wiy laf(x) +bg(x)] (u, §) = aWy [f(x)] (u, &) + bW [g(x)] (u, §). (3.4)

Proof. Using the definition of the n—dimensional WErFT, we have

Wylaf(x) + g(x)](u, &) = /n [af (x)+bg(x)] (x — 1) Ka(x, §)dx

by linearity of the integral

Wolaf () + bg(3))(u, €)
— o [ eI WG x4 b [ gTx— wKa(x )i

R’Il n

= Wy [f(¥)] (0, &) + bWy [9(x)] (u, §).

This completes the proof. m

3.2.2 Time-Shift

Theorem 3.2 Let f(x) €L*(R") and let a €R",¢) € L*(R™) be a window function.
The n—dimensional WErFT of the shifted function f(x — a) is given by

Wy [f(x — a)] (u,€) =e =EIW,[f (x)](u — a,€ —acosa), (3.5)

where ¢,, (€,a) is a phase term depending on the fractional order and kernel.

Proof. Start from the definition of n—dimensional WEFrEF'T

Wy [f ()](u, §) = - )Y (x —u)Ka(x, §)dx

Now, apply it to the shifted function f(x — a)

Wylf(x—a)l(u,8) = [ flx—a)y(x —u)Ka(x,§)dx

R

Let change variables: y = x — a, thus x =y + a, dx = dy, we get

Wylf(x—a)l(w,§) = [ f(y)¢(y +a—u)Kaly +a,€§)dy
R’ﬂ
Now use the kernel property of the fractional Fourier transform

Koy +a,€) = 6i¢"(£’a)Ka(y, &€ —acosa),
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where ¢, (§,a) = (%(||a||2 ) cot (o) — a.€ esc (), so the expression becomes

Wolfx—alw.§) = | fEWG+a-u)e?=CVKa(y,€ —acosa)dy
= € | )0y —2)Kaly. & —acosa)dy.
Now set: z=u—a,soy +a—u=y —z Then
Wyl f(x = a))(u, §) =e“=CDWy[f (x)] (u—a,€ —acosa).

This completes the proof. m

3.2.3 Convolution

Theorem 3.3 Let f(x) and g(x) be two functions in L?(R"), and let 1)(x) be a window
function. Then, the n— dimensional windowed fractional Fourier transform (n— WFrFT)

satisfies the following convolution property.

Wylf * gl(u, &) = (Wy f) (u, §).-Falg](£)- (3.6)

Proof. We start of the definition of WEFrFT in R"

(Wyf) (0, §) = (x)th(x — u) K4 (x, £)dx.

R

Let apply it to f *x g

Wil gl(.€) = [ (7% 9) 7K = Ka(x, )ix.

Recall that in R™, the convolution is

(fx9)(x) = . f(y)g(x —y)dy.

Substitute into n—WErFT

Wil salw &) = [ ([ siatx- )iy ) T wia(x. i

R

Apply Fubini’s theorem to change the order of integration

Wolf saltw§) = [ 50 ([ syt wika(x. 1ax) dy.
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Now perform the change of variable z = x — y,thus x =z +y, so dx = dz

Wil salw &)= [ 0 ([ aila Ty Wkt s y.€a) dy

Ka(z 1Y, 6) = ei%(ﬁ,y)[(a(z’ 5 — ycos Oé),

where ¢, (6.y) = (¥ cot (a) + —y.£esc (a))

Wil o€ = [ 50 ([ sty - Koo - yoosa)da ) dy

= (Wyf) (u,€).Falg](€).

This complete the proof. m

3.2.4 Scaling

Theorem 3.4 Let f,(x) = f(ax),where a € R\{0) is a scaling factor.

n— WEFrF'T satisfies the following

Wl (@) (w,€) = Wyl (E §) (€0

|al a’a

Proof. Start with the WEFrFT definition in R" :

Wylfl(u, &) = . F(x)(x — u)Kq(x, €)dx.

Apply it to the scaled function f(ax), we get

Wy f(ax)](u, §) = (ax)yp(ax — u) Ka(x, §)dx.

Rn

Now perform the change the variable y = ax,s0 x = ¥, dx = #dy

Wlf )€ = o [ (L) Ko (L.6) ay.

|a|" a
we have
K, (ng) _ ei%(g”’)Ka(y,ﬁ),
a

where ¢,, (€,a,a) = (|[y||*) (1 — =) cot (). This give:

W f(ax)](u, €) = %me (‘-‘ é) ita(E ),

la a’ a

This complete the proof. m

Then the

(3.7)
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3.2.5 Parseval’s Theorem

Theorem 3.5 Let [ € L*(R™) be a square-integrable function, and let 1 € L*(R")
be a n—dimensional window function. Then the n—dimensional windowed fractional

Fourier transform (n— WFrFT) satisfies the following energy-preserving identity:

/] WA, ) dudg = 01715 (3.8)

This means that the total energy of the n—WEFrFT of f, weighted by the window

1, equals the energy of the original scaled by the energy of the window.

3.3 Window Function in the WFrFT

In the windowed Fractional Fourier Transform (WFrFT), The window function v plays
a crucial role. It localizes the analysis of the signal in both time and frequency, allowing
for a time-frequency representation. The window must belong to L*(R"),i.e., it should

be square-integrable and ¢ (x) = [[\_, ¥(x;).

3.3.1 Examples of Window functions

1. Gaussian window:

@) =eF

This window is:

(a) Optimal for time frequency resolution.
(b) Minimizes the uncertainty (best joint localization in time and frequency).

(c) Remaina invariant under the fractional Fourier transform (self-FrFT).

2. Hamming window:

2
() = 0.54 — 0.46 cos (%) ,x€[0,N—1].

This window is

(a) Reduces spectral leakage
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(b) Common in digital signal processing (DSP).

3. Hanning window:

W(z) = 0.5 (1 — cos <]\37T_x1)) .

This window is
(a) Smooths the edges of the window more than the Hamming windows

4. Rectangular Window:

@) = 1, z € [-L/2,L/2]

0 elsewhere.

This window is

(a) Simplest window,but causes high spectral leakage.

(b) Not smooth;not ideal for frequency domain analysis.
5. Other Windows: Blackman,Kaiser,Tukey,etc.
These windows are
1. (a) Each offer of trade-of between main-lobe width and side-lobe attenuation.

Remark 3.1 - The choice of window function effects time frequency resolution di-

rectly.

- In the case of the WEFrFT it is preferable to choose windows that are well matched

to the fractional domain.

- Gaussian windows are often ideal due to their smoothness and transformation pro-

prieties.
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3.4

Comparison between FrFT and WFErFT

Suitable for

longue-duration

signals

Feature FrE'T WErET
Time frequency localization || Weak Good,due
to windrowing
Applied,
Window function Not used chosen based
on signal type
Nature of Transform Global Localized
Stationary Not stationary
or or

Short-duration

signals

Special case

Reduces to

FrFT when
P(z) =1

This comparison highlights the main conceptual and practical differences between
the classical Fractional Fourier Transform (FrFT) and its windowed version (WFrEFT).
While FrFT performs a global transformation, WErFT enables localized time-frequency
analysis by applying a window function. As a result, WFrFT is more suitable for
analyzing non stationary or short duration signals, where the global nature of FrF'T

my fail to capture local variations. This makes WFrFT a powerful tool in modern

signals processing applications.

3.5 Applications

The Windowed Fractional Fourier Transform (WEFrFT) extends the classical FrFT by

incorporating a window function that enables local analysis in the time-frequency do-
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main. This makes the WErF'T particularly well-suited for analyzing non-stationary and
time-varying signals, where the standard FrFT may fail to provide sufficient resolution.

Some notable applications of the WErFT include:

1. Speech and audio signal processing:
WETFT is used for analyzing short-time speech signals,detecting time-varying
pitch and formant structures with improved resolution.

2. Biomedical signal analysis:
It is employed to study localized features in signals such as EEG or ECG ,espe-
cially during transient events like epileptic spikes or cardiac anmalies.

3. Time-frequency filtering:

By applying a windowed transformation, WFrFT allows selective filtering in both
time and fractional frequency domains,enhancing signal denoising and compres-

sion.

4. Radar and sonar systems:

WETE'T enables better detection of moving targets by adapting the analysis window
to the signal’s behavior over time
Compared to traditional FrFT ;the WFrF'T offers enlaced flexibility and precision

in application requiring simultaneous time and frequency localization.
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CHAPTER 4

Conclusion

In this Master’s thesis, we studied the multidimensional fractional Fourier transform
(MFrFT) and its windowed version (WFrFT) and advanced extensions of the classical
Fourier transform. So, we presented the formal definitions of both transforms and an-
alyzed their main mathematical properties, including linearity,time-shift, convolution,
scaling, and energy preservation. We also examined the role of window functions in
enhancing time-frequency localization within the WFrFT framework. A comparative
analysis between FrFT and WEFrFT was included to highlight their differences in terms
of performance and analytical precision. The theoretical findings were supported by
selected applications demonstrating the usefulness of these transforms in fields such as
optics, biomedical signal analysis, and time-frequency filtering.

We hope this work provides a modest contribution to the understanding of this
advanced topic and serves as a foundation for future studies, whether theoretical or

applied.
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dimensional kernel. For ¢ =1, ...,n, we have

1. The Kernel is symmetric:

Kai (l‘i, gz) = Kai (gzv xz) :

K:zi (371,51) = K—Oéi (xhgz) ’

where K (7;,&;) is a conjugate of K, (74,¢;).

3.
Kai <_xi7 fl) = Kai (xia _£z> :
4.
Ko+5, (zi, () = /RKai(xivfi)KBi (&, C) dg;.
5.

/R Ko (3, €K, (0, £0) ity = 5 (6, — €
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Appendix

The following properties of one dimensional kernel that useful in properties in n-
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