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Abstract
In this thesis, we present our results about the existence and exponential decay of certain

classes of evolution problems. The first problem focuses on a one-dimensional Lord-Schulman

thermoelastic system coupled with porous damping and time delay. The heat conduction in this

type of systems is described by the Lord–Shulman theory. The second problem focuses on the

swelling porous system with the Gurtin-Pipkin thermal effect as the only source of damping

with delay. In general, the study shows that the dissipation obtained from the Guertin-Pipkin

heat law is sufficient to stabilize the system exponentially, regardless of the system parameters.

The third problem focuses on a one-dimensional swelling porous-heat system with time-varying

delay in a bounded domain under Dirichlet boundary conditions, with thermodiffusion effects

and frictional damping. Overall, using the semi-group approach, the variable norm technique

of T. Kato, and the appropriate assumptions on the weight of delay, we establish the well-

posedness of the considered systems. Then, we show that our systems are exponentially stable

by employing an appropriate Lyapunov functional. We point out that our results are achieved

without taking into account that we have the equal of speeds.

Keywords: Swelling porous systems, Lord-Shulman, Gurtin-Pipkin thermal law ,Porous damp-

ing, Thermodiffusion effects, Delay term, Time-varying delay, Well-posedness, Semigroup

theory, Exponential stability.
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Résumé
Dans cette thèse, nous présentons nos résultats sur l’existence et la décroissance exponentielle

de certains problèmes d’évolution. Le premier problème se concentre sur un système ther-

moélastique unidimensionnel de Lord Shulman avec un amortissement poreux et un retard

temporel. La conduction thermique dans ce système est décrite par la théorie de Lord–Shulman.

Le deuxième problème se concentre sur un système poreux gonflant avec l’effet thermique

de Gurtin-Pipkin comme une seule source d’amortissement avec retard. En général, l’étude

montre que la dissipation obtenue à partir de la loi thermique de Guertin-Pipkin est suffisante

pour stabiliser le système de manière exponentielle, quels que soient les paramètres du système.

Le troisième problème se concentre sur un système poreux gonflant unidimensionnel avec

un retard variable dans le temps dans un domaine borné sous des conditions aux limites de

type Dirichlet, avec des effets de thermodiffusion et un amortissement par frottement. Dans

l’ensemble, en utilisant l’approche de semi-groupe, La technique de la norme variable de T.

Kato, et les hypothèses appropriées sur le poids du retard, nous établissons la bien-poséité des

systèmes considérés. Ensuite, nous montrons que nos systèmes sont exponentiellement stables

d’après une fonctionnelle de Lyapunov bien choisée. Notons que nos résultats sont obtenus

sans prendre en considération l’égalité des vitesses.

mots-clés: Systèmes poreux gonflés, Lord-Shulman, Loi thermique de Gurtin-Pipkin, Amor-

tissement poreux, Effets de thermodiffusion, Terme de retard, Retard temporel variable, Bien

posé, Théorie de semi-groupe, Stabilité exponentielle.
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Introduction

Swelling porous soils

Swelling porous soils are types of soils that expand in volume when subjected to moisture.

These soils typically contain clay minerals that attract and absorb water, leading to an increase

in soil pore pressure. The behavior of swelling porous soils is studied under the framework of

porous media theory, which includes the swelling of soils, plants, drying of fibers, wood, and

paper. The swelling of soils is a complex phenomenon that involves the interaction between the

soil matrix and the absorbed water. The swelling pressure is a critical factor in understanding

the behavior of these soils, particularly in engineering applications such as foundation design

and soil stabilization. Recently, many researches have focused on developing mathematical

models that describe very accurately the behavior of swollen porous soils, such as the multiscale

theory which has been developed in order to model the behavior of swelling clay soils, taking

into account the incorporating physicochemical effects, see [2]. The studies have been based on

the linear case of the swelling porous elastic soils problem, considering the formulation within

the theory of mixtures for porous elastic materials. Overall, the study of swelling porous soils

is crucial for understanding and mitigating the effects of soil swelling which enters into many

engineering and environmental applications. For further details, we refer to [16, 30, 38, 41, 61].

The basic model of the linear swelling porous elastic soils problem is given by the following

system of equations 
ρUUtt = P1x + G1 + F1

ρV Vtt = P2x + G2 + F2

(0.1)

where U, V are the displacement of the fluid and the elastic solid material and the density of

each component is respectively ρU , ρV > 0. The functions P1, G1, F1 represent respectively the

partial tension, internal body forces, and eternal forces acting on the displacement. The same

thing about P2, G2, F2 but acting on the elastic solid. Furthermore, the constitutive equations of
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partial tensions are given by

 P1

P2

 =

 a1 a2

a2 a3


︸           ︷︷           ︸

A

 Ux

Vx

 , (0.2)

where a1, a3 are positive constants and a2 , 0 is a real number. A is a positive-definite matrix

such as a1a3 > a2
2 .

The paper [61] investigated (0.1) taking into account

G1 = G2 = ξ (Ut − Vt) , F1 = a3Uxxt, F2 = 0.

The authors found an exponential stability where ξ > 0. Similarly, Wang and Guo [75] examined

(0.1) utilizing initial and partially mixed boundary conditions and taking

G1 = G2 = F2 = 0, F1 = −ρUγ(x)Ut

where γ(x) is an internal viscous damping function with positive mean. They used the spectral

theory approach to establish some exponential stability results.

In [66], Ramos et al considered (0.1) with

G1 = G2 = F1 = 0, F2 = −γ(x)g(Vt)

and they succeeded to show an exponential decay rate when the wave speeds of the system are

equal. In [65], the authors considered (0.1) under the following new conditions

G1 = G2 = F1 = 0, F2 = −µ1Vt − µ2Vt (x, t− τ)

They obtained the stability of the system as both energy decay and exponential stability were

showed. Recently, Apalara [12] looked into (0.1), with viscoelastic damping acting on the

domain. So, he took

G1 = G2 = F1 = 0, F2 = −
∫ t

0
g (t− s)Vxx(s)ds,
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and established a general decay rate irrespective of the wave speed of the system. Very recently,

Al-Mahdi et al. [1] also considered (0.1) with

G1 = G2 = F1 = 0, F2 = −
∫ ∞

0
g (s)Vxx(t− s)ds,

and established a general decay results considering a wider class of relaxation functions, and

they also performed several numerical tests to illustrate their theoretical results. For more

details, see [11, 43, 51, 62, 63] and the references therein.

Thermoelasticity

Thermoelastic systems deal with the elastic and thermal behavior of elastic heat-conducting

media, focusing on the reciprocal actions of elastic stresses and temperature variations. Duhamel

[26] developed the theory of thermoelasticity in 1838, establishing equations for strain in an

elastic body with temperature gradients. Neumann [52] found similar results in 1841. However,

the hypothesis assumed that thermal and mechanical impacts were independent. The total

strain was determined by superimposing the elastic strain and the thermal expansion caused by

the temperature distribution only. The hypothesis did not account for thermal state motion or

strain-temperature distribution interactions. In 1857, Thomson [74] pioneered the application of

thermodynamic theories to predict the stresses and strains in an elastic body as temperatures

changed. In 1954, Landau and Lifshitz [45] used classical thermodynamics to develop the

coupled equations of thermoelasticity.

The thermoelastic equations describe the behavior of an elastic, heat-conducting material. The

classical model incorporates the hyperbolic elastic system and the classical equivalent model

of thermal conductivity which creates a parabolic coupling system. So, thermoelasticity refers

to the interactions between elastic stresses and temperature differences. When the proposed

materials are present in the linear case of a homogeneous and isotropic medium with a zero of

external body forces and a zero of external heat, and subject to Fourier’s law for the conduction

of internal heat, we can introduce the coupled system as follows:
Utt −Uxx + γ1θx = 0, in (0, L)× (0, T),

θt − θxx + γ2Utx = 0, in (0, L)× (0, T),
(0.3)

with the initial and boundary conditions
U(x, 0) = U0(x), Ut(x, 0) = U1(x), θ(x, 0) = θ0(x), in (0, L),

U(0, t) = U(L, t) = θ(0, t) = θ(L, t) = 0, in (0, T),
(0.4)
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where U and θ are the displacement and the temperature difference, α and β are coupling

constants. In the classical theory of thermoelasticity the constitutive equation for the heat flux is

expressed through the Fourier’s law of heat conduction

q = −kθx (0.5)

where θ is the temperature, q is the heat flux vector and k > 0 is the coefficient of thermal

conductivity.

Regarding the diffusion equations defined by Foueier’s law, it is widely known that the thermal

perturbation at any point in a material body would be felt quickly but irregularly at all points

of the body. This physical inconsistency results in the paradox of limitless heat propagation

speed. Several theories have been proposed to modify the relation between heat flux and

temperature, including Cattaneo’s law (developed by Lord and Shulman [49]), Gurtin and

Pipkin’s theory, Jeffrey’s law, Green and Naghdi’s theory, and more. All of these theories use

hyperbolic differential equations and model heat flow as thermal waves with finite speed. For

more information, see [22, 39].

Using the following Cattaneo’s law of heat conduction

τ0qt + q + kθx = 0. (0.6)

instead of (0.5) leads to thermoelasticity systems with second sound, as shown


Utt −Uxx + γ1θx = 0, in (0, L)× (0, T),

θt − qx + γ2Utx = 0, in (0, L)× (0, T),

τ0qt + q + kθx = 0, in (0, L)× (0, T).

(0.7)

Using the following Gurtin-Pipkin’s law of heat conduction

βq +
∫ 1

0
g(s)θx(t− s)ds = 0, (0.8)

where g , called the memory kernel, is a bounded convex summable function on [0, ∞)of total

mass ∫ 1

0
g(s)ds = 1,
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instead of (0.5) leads to thermoelasticity systems with Gurtin-Pipkin thermal effects, as shown,
Utt −Uxx + γ1θx = 0, in (0, L)× (0, T),

θt −
1
β

∫ 1

0
g(s)θxx(t− s)ds + γ2Utx = 0, in (0, L)× (0, T).

(0.9)

In [68], Mu noz Rivera considered system (0.3). He used the energy approach and proved that

there exist a dissipation of energy caused by the heat equation and that is strong enough to

exponentially stabilize the system. Also, Mu noz Rivera and Racke [67] considered the classical

Timoshenko system subject to thermo-elastic effect of Fourier’s law


ρ1ϕtt − k (ϕx + ψ)x = 0, in (0, L)× (0, ∞),

ρ2ψtt − bψxx + k (ϕx + ψ) + γθx = 0, in (0, L)× (0, ∞),

ρ3θt − κθxx + γψtx = 0, in (0, L)× (0, ∞),

(0.10)

with different boundary conditions and proved that the solution of the system is exponentially

stable if and only if
k
ρ1
− b

ρ2
= 0. (0.11)

We note that for Timoshenko systems, ϕ is the displacement and ψ is the rotation angle of

filament of the beam and ρ1, ρ2, ρ3, k, b, γ, κ are constitutive constants.

In [20], PS Casas, R Quintanilla considered the one dimensional problem of the porous-thermo-

elasticity with Fourier’s law


ρUtt = µUxx + b ϕx − βθx,

J ϕtt = αϕxx − bUx − ξϕ + mθ − τϕt ,

cθt = κθxx − βUxt − m ϕt ,

The authors established the exponential decay of the above system. In [21], the authors demon-

strated that neglecting porous damping (τ = 0) results in delayed energy decay. According

to [70], the heat effect alone cannot cause exponential decay without condition µ
ρ = α

J . Han and

Xu [36] analyzed a nonuniform Lord-Shulman-type porous thermoelastic model. The authors

used spectral theory to calculate the exponential decay of energy, assuming C 1 coefficients.

Messaoudi and Fareh [50] used the energy approach instead of spectral theory to achieve the

same stability results as in [36], but dealing with constant coefficients. Fernández Sare and
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Racke [32] considered the Maxwell-Cattaneo-Timoshenko system given by



ρ1ϕtt − k (ϕx + ψ)x = 0, in (0, L)× (0, ∞),

ρ2ψtt − bψxx + k (ϕx + ψ) + δθx = 0, in (0, L)× (0, ∞),

ρ3θt + qx + δψtx = 0, in (0, L)× (0, ∞)

τqt + βq + θx = 0, in (0, L)× (0, ∞).

(0.12)

They proved that the solution of Timoshenko system coupled with the heat equation modeled

by Cattaneo’s law losses the exponential stability under the condition (0.11). On the other

hand, Santos et al. [71] considered the same system (0.12) and they found a new number that

characterizes the stabilization. Precisely, they proved that the exponential stability holds if and

only if

χ0 =

(
τ − ρ1

ρ3k

)(
ρ2 −

bρ1

k

)
− τρ1δ2

ρ3k
= 0.

Dell’Oro and Pata [23] considered the following system by applying the Gurtin-Pipkin thermal

law 
ρ1ϕtt − k (ϕx + ψ)x = 0, in (0, L)× (0, ∞),

ρ2ψtt − bψxx + k (ϕx + ψ) + δθx = 0, in (0, L)× (0, ∞),

ρ3θt −
1
β

∫ ∞

0
g(s)θxx(t− s)ds + δψxt, in (0, L)× (0, ∞),

(0.13)

where g(.) is the memory kernal.They demonstrated that the corresponding semigroup associ-

ated with the above system is exponentially stable if and only

χg =

(
ρ1

kρ3
− β

g(0)

)(ρ1

k
− ρ2

b

)
− β

g(0)
ρ1δ2

bkρ3
= 0,

Aouadi el al. [5] presented the classical Timoshenko beam model within the framework of

thermodiffusion theory, the resulting system is given by



ρ1ϕtt − k (ϕx + ψ)x = 0, in (0, L)× (0, ∞),

ρ2ψtt − αψxx + k (ϕx + ψ)− γ1θx − γ2Px = 0, in (0, L)× (0, ∞),

cθt + dP t − kθxx − γ1ψxt = 0, in (0, L)× (0, ∞),

d θt + rPt − hPxx − γ2ψxt = 0, in (0, L)× (0, ∞),

(0.14)

where θ is the temperature and P is the chemical potential and the constant ρ1, ρ2, k, α,

γ1, γ2, c, r , d , h and k are positive physical parameters. They demonstrated the lack of exponen-
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tial stability for the Neumann problem without assuming the well-known equal wave speeds

condition, meanwhile, one linear frictional damping is sufficient to ensure exponential stability

for the Dirichlet problem.

Thermodiffusion effect

Diffusion is defined as the spontaneous movement of particles from a high-concentration zone

to a low-concentration region in response to a concentration gradient, which is the change in

concentration owing to location change. Thermal diffusion is the process of transferring heat

across a thin liquid or gas to achieve isotopic separation. Thermal diffusion is still a useful

method for separating noble gases and light isotopes for research. Fick’s law is commonly

used to compute concentrations in various applications. This basic law ignores the interaction

between the substance and the medium, as well as the impact of temperature. Temperature

and gradients have a certain degree of interaction, as temperature accelerates diffusion. Elastic

solids undergo thermodiffusion through a combination of temperature, mass diffusion, strain,

and heat exchange with the surrounding environment. Nowacki [58] developed the theory of

thermoelastic diffusion by using a coupled thermoelastic model. Dudziak and Kowalski [25]

and Olesiak and Pyryev [59] discussed respectively the theory of thermodiffusion and coupled

quasistationary problems of thermal diffusion for an elastic layer.The study examined the impact

of cross-effects caused by the interaction of temperature, mass diffusion, and strain. Thermal

excitation causes increased mass concentration, which in turn generates additional temperature

fields. Sherief et al. demonstrated the uniqueness and reciprocity theorems for the extended

thermoelastic diffusion problem in isotropic medium.

Thermodiffusion is a critical area of study with broad implications. Continued research and

technological progress will further unravel its complexities, enhancing our ability to harness

this effect in practical applications.

Aouadi and Castejón [6] considered a new Timoshenko beam model with thermal and mass dif-

fusion effects according to the Gurtin-Pinkin model with linear frictional damping and nonlinear

source terms

ρ1ϕtt − k (ϕx + ψ)x + f1(ϕ, ψ) + µ1ϕt = h1, in (0, 1)× (0, ∞),

ρ2ψtt − αψxx + k (ϕx + ψ)− γ1θx − γ2Px + f2(ϕ, ψ) = h2, in (0, 1)× (0, ∞),

cθt + dP t −
∫ ∞

0
κ(s)θxx(t− s)ds− γ1ψxt = 0, in (0, 1)× (0, ∞),

d θt + rP t −
∫ ∞

0
h̄(s)Pxx(t− s)ds− γ2ψxt = 0, in (0, 1)× (0, ∞),
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where µ1ϕt is a linear damping term, f1(ϕ, ψ), f2(ϕ, ψ) are two nonlinear source terms and h1, h2

are two external forces. They proved without assuming the well-known equal wave speeds

condition, that the thermal and chemical potential coupling is strong enough to guarantee

the quasistability. Also Aouadi et all. [10] considered a new Timoshenko beam model with

thermal and mass diffusion effects where the heat and the mass diffusion flux are governed by

Cattaneo’s law. The system is given by



ρ1ϕtt − k (ϕx + ψ)x = 0, in (0, L)× (0, ∞),

ρ2ψtt − αψxx + k (ϕx + ψ)− γ1θx − γ2Px = 0, in (0, L)× (0, ∞),

cθt + dP t + qx − γ1ψtx = 0, in (0, L)× (0, ∞),

τ0qt + q + κθx = 0, in (0, L)× (0, ∞)

rP t + d θt + ηx − γ2ψtx = 0, in (0, L)× (0, ∞),

τ1ηt + η + h̄Px = 0, in (0, L)× (0, ∞).

They determined the required and sufficient conditions for exponential stability based on the

model’s physical parameters. More specifically, the relationship is given by

χ0 = (d γ2 − r γ1)
κ

τ0γ1
− (d γ1 − cγ2)

h̄
τ1γ2

,

χ1 = ξ
(
ρ2 − αρ1

k
)
−
(

τ0γ2
1

κ +
τ1γ2

2
h̄

)
(1− ξ) ,

where ξ = 1− ρ1Γ
δk , δ = cr − d 2 > 0 and Γ = (d γ2 − cγ1)

κ
τ0γ1

= (d γ1 − cγ2)
h̄

τ1γ2

If χ0 = 0, play the main role for getting the stabilization properties.

Elhindi et al. [28] introduced the Bresse-Timoshenko beam model with thermal, mass diffusion

and theormoelastic effects

ρ1ϕtt − k (ϕx + ψ)x = 0, in (0, L)× (0, ∞),

−ρ2ψttx − αψxx + k (ϕx + ψ)− ξ1θx − ξ2Px = 0, in (0, L)× (0, ∞),

cθt − dP t − κθxx − ξ1ψtx = 0, in (0, L)× (0, ∞),

d θt + rPt − hPxx − γ2ψtx = 0, in (0, L)× (0, ∞),

they showed an exponential stability of the problem

Douib and Zitouni. [24] considered a one-dimensional swelling porous-heat system with ther-
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modiffusion effects and single time-delay



ρ1Utt − a1Uxx − a2ϕxx = 0, in (0, 1)× (0, ∞)

ρ2ϕtt − a3ϕxx − a2Uxx − γ1θx − γ2Px + µ1ϕt + µ2ϕt(x, t− τ) = 0, in (0, 1)× (0, ∞)

cθt + dPt − kθxx − γ1ϕxt = 0, in (0, 1)× (0, ∞)

d θt + rPt − hPxx − γ2ϕxt = 0, in (0, 1)× (0, ∞).

Using the energy approach and under suitable assumptions on the weight of the delay, they

obtained the exponential decay result without imposing the usual condition of equal wave

speeds of the system.

Recently, Rahmoune et al [64] considered a new Timoshenko beam model with thermal and

mass diffusion effects combined with a time-varying delay



ρ1ϕtt − K (ϕx + ψ)x − µ1ϕt + µ2ϕ (x, t− τ(t)) = 0, in (0, L)× (0, ∞),

ρ2ψtt − αψxx + k (ϕx + ψ)− γ1θx − γ2Px = 0, in (0, L)× (0, ∞),

cθt + dP t − κθxx − γ1ψtx = 0, in (0, L)× (0, ∞),

d θt + rPt − h̄Pxx − γ2ψtx = 0, in (0, L)× (0, ∞),

The authors demonstrated exponential stability in a system with unequal wave propagation

speeds using a multiplier technique combined with appropriate Lyapunov functions under an

appropriate assumption on the weights of the delay and the damping. For more information,

see [4, 8, 9, 27].

On the other hand, time delays are common in many applications as they are influenced by both

current conditions and past events. Recent researches focuse on controlling PDEs with time

delay effects which can cause instability without extra conditions or control terms. The stability

of systems with delay is a significant theoretical and practical issue. There are three versions of

this term:

(i) discrete/constant delay d
dt x(t) = f (t, x(t− τ)) ,

(ii) distributed delay d
dt x(t) = f

(
t,
∫ τ

0
µ(s)x(t− s)ds

)
, and

(iii) time-varying delay d
dt x(t) = f (t, x(t− τ(t))) .

Where d
dt x(t) = f (t, xt), x(t) ∈ Rn, xt = {x(τ) : τ ≤ t} represents the trajectory of the

solution in the past. The functional operator f takes a time input and a continuous function

xt and generates a real number d
dt x(t) as its output and µ is a L∞ function. See for further
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information on this type [17, 18, 33, 35, 53, 54, 56, 57, 73].

The main results of this thesis:

This thesis contains four chapters.

In chapter 1, We recall some basic notations and some mathematical concepts that will be used

throughout this thesis.

In chapter 2, we consider a one-dimensional Lord Shulman thermoelastic system with porous

damping and time delay


ρ1Utt = µ∗Uxx + µ0Vx − β0(τ1θxt + θx), in (0, 1)× (0, ∞),

JVtt = a0Vxx − µ0Ux − ξV + β1(τθt + θ)− ζ1Vt − ζ2Vt(x, t− τ), in (0, 1)× (0, ∞),

a(τ1θt + θ)t = −β0Uxt − β1Vt + κθxx, in (0, 1)× (0, ∞).
(0.15)

We include the initial conditions provided by the above system


U(x, 0) = U0(x), Ut(x, 0) = U1(x), V (x, 0) = V0(x), x ∈ (0, 1),

Vt(x, 0) = V1(x), θ(x, 0) = θ0(x), x ∈ (0, 1),

Vt = f0(x, t), x ∈ (0, 1), t ∈ (0, τ),

(0.16)

and the boundary conditions


Ux(0, t) = Ux(1, t) = V (0, t) = V (1, t) = 0, t > 0,

θ(0, t) = θ(1, t) = 0, t > 0.
(0.17)

We use the semigroup theory to establish the well-posedness, then we employ the multiplier

method to prove an exponential decay result without imposing the usual condition of equal

wave speeds of the system.

In chapter 3, We investigate a swelling porous system with the Gurtin-Pupkin thermal law and

time delay,


ρ1Utt − a1Uxx − a2Vxx = 0, in (0, 1)× (0, ∞),

ρ2Vtt − a3Vxx − a2Uxx − δTx + γ1Vt + γ2Vt(x, t− τ) = 0, in (0, 1)× (0, ∞),

ρ3Tt −
1
τ1

∫ ∞

0
µ(s)Txx(x, t− s)ds− δVxt = 0, in (0, 1)× (0, ∞),
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

U(x, 0) = U0(x), Ut(x, 0) = U1(x), in (0, 1),

V (x, 0) = V0(x), Vt(x, 0) = V1(x), in (0, 1),

T (x,−t) = T0(x, t), in (0, 1)× (0, ∞),

Ux(0, t) = Ux(1, t) = Vx(0, t) = Vx(1, t) = T (0, t) = T (1, t) = 0, in(0, ∞).
(0.18)

We use Lumer-Phillips Theorem to demonstrate the well-posedness result under appropriate

delay term weight assumptions. Furthermore using an appropriate Lyapunov functional leads

to exponential stability without relying on wave speeds assumptions.

In chapter 4, We examine a one-dimensional swelling porous-heat system with thermodiffusion

effects and time-varying delay



ρ1Utt − a1Uxx − a2ϕxx = 0,

ρ2ϕtt − a3ϕxx − a2Uxx − ζ1θx − ζ2Px + µ1ϕt + µ2ϕt (x, t − τ(t)) = 0,

cθt + dPt − k θxx − ζ1ϕxt = 0,

d θt + rPt − hPxx − ζ2ϕxt = 0.

(0.19)

Where (x, t) ∈ (0, 1)× (0, ∞) with the initial data and boundary conditions



U(x, 0) = U0(x), Ut (x, 0) = U1(x), x ∈ (0, 1),

ϕ(x, 0) = ϕ0(x), ϕt (x, 0) = ϕ1(x), x ∈ (0, 1),

θ(x, 0) = θ0(x), P (x, 0) = P0(x), x ∈ (0, 1),

ϕt (x, t − τ(0)) = f0(x, t − τ(0)), (x, t) ∈ (0, 1)× (0, τ(0)),

U(0, t) = ϕ(0, t) = θ(0, t) = P (0, t) = 0, ∀t ≥ 0,

Ux(1, t) = ϕx(1, t) = θ(1, t) = P (1, t) = 0, ∀t ≥ 0.

(0.20)

Using the variable norm technique of T. Kato, we prove that the system is well posed under

some hypothesis adopted. Then, using the energy method, which consists of establishing an

appropriate Lyapunov functional based on the multiplier technique, we demonstrate that the

considered dissipation in which we relied is strong enough to guarantee an exponential decay

result, this result is obtained without the need for equal-speed.
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1
Preliminary and basic concepts

1.1 Definitions and Preliminary notions

1.1.1 Lebesgue and Sobolev spaces

In this chapter, we recall some fundamental mathematical concepts that form the groundwork

for this thesis, including "Sobolev spaces, Green’s formula, Lax-Milgram Theorem, m-dissipative

operators, semigroups of bounded linear operators, and Hille-Yosida Theorem." We suppose

that X is a Banach space, H is a Hilbert space and Ω is an open subset of Rn unless otherwise

noted.

Definition 1.1. [3] For 1 ≤ p < +∞, Lp(Ω) is the space of measurable fonctions whose p-th

powers are integrable over Ω. Equipped with the norm:

‖ f ‖Lp(Ω) =

(∫
Ω
| f (x)|p dx

)1/p
.

Lp(Ω) is a Banach space.

For p = +∞, L∞(Ω) is the space of measurable functions f which are essentially bounded over

Ω, that is, there exists a constant C > 0 such that | f (x)| ≤ C almost everywhere in Ω. Equipped

with the norm:

‖ f ‖L∞(Ω) = in f
{

C ∈ R+ such that | f (x)| ≤ C a.e in Ω
}

.

L∞(Ω) is a Banach space.

Definition 1.2. [3] We define by L2(Ω) the space of measurable functions which are of square
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integrable in Ω. Equipped with the scalar product:

〈 f , g〉 =
∫

Ω
f (x)g(x)dx,

and the norm,

‖ f ‖L2(Ω) =

(∫
Ω
| f (x)|2 dx

)1/2

.

L2(Ω) is a Hilbert space.

Notation: [3] Let α = (αi)
n
i=1 ∈ Nn be a multi-index, that is, a vector of n components which

are non-negative integres αi ≥ 0, we denote by |α| = ∑n
i=1 αi and, for a function v,

Dαv (x) =
∂|α|v

∂xα1
1 ...∂xαn

n
(x) .

Definition 1.3. [3] For every enteger m ≥ 0, the Sobolev space Wm,p(Ω) is defined by

Wm,p(Ω) = {v ∈ Lp(Ω) such that , ∀α with |α| ≤ m, Dαv ∈ Lp(Ω)} ,

where the partial derivative Dαv is taken in the weak sense. Equipped with the norm:

‖v‖Wm,p(Ω) =

 ∑
|α|≤m

‖Dαv‖p
p

1/p

.

Wm,p(Ω) is a Banach space.

Definition 1.4. [3] For an enteger m ≥ 0, the Sobolev space Hm(Ω) is defined by:

Hm(Ω) =
{

v ∈ L2(Ω) such that, ∀α with |α| ≤ m, Dαv ∈ L2(Ω)
}

,

where the partial derivative Dαv is to be taken in the weak sens, Equipped with the scalar

product:

〈u, v〉 =
∫

Ω
∑
|α|≤m

Dαu(x)Dαv(x)dx

and the norm ‖v‖Hm(Ω) =
√
〈v, v〉. Hm(Ω) is a Hilbert space.

Definition 1.5. [3] The Sobolev space H1(Ω) is defined by

H1(Ω) =

{
v ∈ L2(Ω) such that ∀i ∈ {1, ..., n}, ∂v

∂xi
∈ L2(Ω)

}
,
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where
∂v
∂xi

is the weak partial derivative of v. Equipped with the scalar product:

〈u, v〉 =
∫

Ω
(u(x)v(x) +∇u(x)∇v(x)) dx

and with the norm,

‖v‖H1(Ω) =

(∫
Ω

(
|v(x)|2 + |∇v(x)|2

)
dx
)1/2

.

The Sobolev space H1(Ω) is a Hilbert space.

Let us now define another Sobolev space which is a subspace of H1(Ω) and which will be very

useful for problems with Dirichlet boundary conditions.

Definition 1.6. [3] Let C∞
c (Ω) be the space of functions of class C∞ with compact support in

Ω. The Sobolev spase H1
0(Ω) is defined as the closure of C∞

c (Ω) in H1(Ω). Equipped with the

scalar product of H1(Ω). The Sobolev space H1
0 (Ω) is a Hilbert space.

Corollary 1.1. [3] Let Ω be an open bounded regular subset Rn, of class C1. The space H1
0(Ω) coincides

with the subspace of H1(Ω) composed of functions which are zero on the boundary ∂Ω.

1.1.2 Bochner Space

Definition 1.7. [19, 72] Let (M, Σ, µ) be a measure space. A function f : M → X is called

Bochner-measurable if there exists a sequence of simple functions fn : M→ X such that

fn(x)→ f (x) in the norm of X for almost every x ∈ M.

Equivalently, f is Bochner-measurable if it is the pointwise limit (almost everywhere) of measur-

able simple functions.

Definition 1.8. [19, 72] Let 1 ≤ p ≤ ∞. The Bochner space Lp(M; X) is defined as the set of all

Bochner-measurable functions f : M→ X such that:

• For 1 ≤ p < ∞:

‖ f ‖Lp(M;X) :=
(∫

M
‖ f (x)‖p

X dµ(x)
)1/p

< ∞.

• For p = ∞:

‖ f ‖L∞(M;X) := ess supx∈M‖ f (x)‖X < ∞.
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Lemma 1.1. [19, 72] Let 1 ≤ p ≤ ∞. The Bochner space Lp(M; X) has the following properties:

• Linearity: Lp(M; X) is a vector space.

• Banach space: for 1 ≤ p ≤ ∞, the space Lp(M; X) is a Banach space under the norm ‖ · ‖Lp .

• Hilbert Structure for p = 2: If X is a Hilbert space, then L2(M; X) is also a Hilbert space with

inner product

( f , g)L2(M;X) :=
∫

M
( f (x), g(x))X dµ(x).

where (·, ·)X denotes the inner product in the Hilbert space X.

1.1.3 Some important inequalities

Theorem 1.1. (Young’s inequality) Let a, b ≥ 0. For any ε > 0 we have

ab ≤ a2

4ε
+ εb2.

Theorem 1.2. [19](Holder’s inequality) Assume that u ∈ Lp(Ω) and v ∈ Lq(Ω) with

1 ≤ p, q ≤ +∞, such that
1
p
+

1
q
= 1, then

uv ∈ L1(Ω) and
∫

Ω
|uv| dx ≤ ‖u‖Lp(Ω) ‖v‖Lq(Ω) .

Theorem 1.3. [19](Cauchy-Schwarz’s inequality) We put p = q = 2 in Holder’s inequality, we obtain

the Cauchy-Schwarz inequality:

∫
Ω
|uv| dx ≤ ‖u‖L2(Ω) ‖v‖L2(Ω) .

Proposition 1.1. [19](Poincaré’s inequality) There exists a constant C > 0 such that

‖u‖L2(Ω) ≤ C ‖∇u‖L2(Ω) ,

for any u ∈ H1
0(Ω).

Proposition 1.2. [19](Poincaré–Wirtinger Inequality) There exists a constant C > 0 such that

‖u− uΩ‖L2(Ω) ≤ C‖∇u‖L2(Ω),

where

uΩ :=
1
|Ω|

∫
Ω

u(x) dx
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for any u ∈ H1(Ω).

Corollary 1.2. [3] Let Ω be an open subset of Rn, bounded in at least one space direction. Then the

seminorm

|v|H1
0(Ω) =

(∫
Ω
|∇v(x)|2 dx

)1/2

is a norm over H1
0(Ω) which is equivalent to the usual norm of H1(Ω).

1.1.4 Green’s formula

Theorem 1.4. [3] (Green’s formula) Let Ω be an open bounded regular subset Rn, of class C1. If u and

v are functions of H1(Ω), then,

∫
Ω

u(x)
∂v
∂xi

(x)dx = −
∫

Ω
v(x)

∂u
∂xi

(x)dx +
∫

∂Ω
u(x)v(x)ηi(x)ds,

where η = (ηi)1≤i≤n is the outward unit normal to ∂Ω.

1.1.5 Lax-Milgram Theorem

Definition 1.9. [19] A bilinear form a : H × H → R is said to be:

1 Continuous if there is a constant C > 0 such that:

|a(u, v)| ≤ C ‖u‖H ‖v‖H , ∀u, v ∈ H.

2 Coercive if there is a constant α > 0 such that:

a(v, v) ≥ α ‖v‖2
H , ∀v ∈ H.

Theorem 1.5. [19] (Lax-Milgram) Assume that a(u, v) is a continuous coercive bilinear form on H.

Then, given any φ ∈ H∗ ( H∗ is the topological duality of H), there exists a unique element u ∈ H such

that:

a(u, v) = 〈φ, v〉 .

1.1.6 Operator basics

Definition 1.10. [29] Let A : D (A) ⊂ X → X be a linear operator. We say that A is closed if

and only if G (A) = {(x, Ax) : x ∈ D (A)} is closed in X× X.
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Lemma 1.2. [29] Let A : D (A) ⊂ X → X be a linear operator. Then, A is closed if and only if for any

sequence (xn)n∈N ⊂ D(A) such that xn → x ∈ X and Axn → y ∈ X then, x ∈ D(A) and Ax = y.

1.1.7 m-dissipative operator

Definition 1.11. [29] An unbounded linear operator A : D (A) ⊂ X → X is said to be dissipative

if it satisfies ∀λ > 0, ∀x ∈ D (A) :

‖(λI − A) x‖ ≥ λ ‖x‖ .

Lemma 1.3. [19] An unbounded linear operator A : D (A) ⊂ H → H is said to be dissipative if it

satisfies

(Av, v) ≤ 0, ∀v ∈ D (A) .

Proposition 1.3. [29] Let A : D (A) ⊂ X → X, be a dissipative operator. Then, the following property

holds:

λI − A is injective, ∀λ > 0.

Definition 1.12. [19] A unbounded linear operator A : D (A) ⊂ X → X is said to be m-

dissipative if it satisfies,

1 A is dissipative,

2 Im (λI − A) = X for all λ > 0. i.e;

∀λ > 0, ∀ f ∈ X, ∃u ∈ D(A), such that λu− Au = f .

Proposition 1.4. [19] Let A : D (A) ⊂ H → H be a m-dissipative operator. Then,

1 D(A) is dense in H,

2 A is a closed operator.

1.1.8 Spectrum of operator

Definition 1.13. [29] Let A : D (A) ⊂ X → X be a closed linear operator. We call the following

subset ρ(A) =
{

λ ∈ C : (λI − A) : D(A)→ X is bijective and(λI − A)−1 is bounded
}

by the

resolvent set and its complement σ(A) = C/ρ(A) by the spectrum of A. For λ ∈ ρ(A), the

inverse

R(λ, A) = (λI − A)−1,
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is called the resolvent of A.

Definition 1.14. [60, 76] Let A : D (A) ⊂ X → X be a linear operator and let λ be a complex

number. The spectrum of A consists of three mutually exclusive parts:

1 The point spectrum σp (A) defined as: λ ∈ σp (A) such that (λI − A) does not admit of an

inverse.

2 The residual spectrum σr (A) defined as: λ ∈ σr (A) such that D
(
(λI − A)−1

)
is not

dense in X.

3 The continuous spectrum σc (A) defined as: λ ∈ σc (A) such that D
(
(λI − A)−1

)
is dense

in X but (λI − A)−1 is not continuous.

1.2 Semigroups of bounded linear operators

Definition 1.15. [60] A one parameter family {T(t)}t≥0, of bounded linear operators from X

into X is a semigroup of bounded linear operators on X if and only if the following property

hold:
T(0) = I,

T(t + s) = T(t)T(s), ∀t, s ≥ 0.

Remark 1.1. When the second property is true for all t, s ∈ R, then we say that {T(t)}t∈R is a

group.

1.2.1 Uniformly continuous semigroups

Definition 1.16. [60] A semigroup of bounded linear operators {T(t)}t≥0 is uniformly continu-

ous if it satisfy,

lim
t→0
‖T(t)− I‖ = 0.

1.2.2 Strongly continuous semigroups

Definition 1.17. [60] A semigroup {T(t)}t≥0 of bounded linear operators on X is a strongly

continuous semigroup if it satisfy,

lim
t→0

T (t) x = x, ∀x ∈ X.
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A strongly continuous semigroup of bounded linear operators on X will be called a semigroup

of class C0 or simply a C0 semigroup.

Definition 1.18. [60] The linear operator A defined by:

D(A) =

{
x ∈ X, lim

t→0

T(t)x− x
t

exists
}

,

and

Ax = lim
t→0

T (t) x− x
t

, ∀x ∈ D (A) .

is called the infinitesimal generator of {T(t)}t≥0.

Theorem 1.6. [60] Let {T(t)}t≥0 be a C0 semigroup. Then, there exist two constants ω ≥ 0 and

M ≥ 1 such that,

‖T (t)‖ ≤ Meωt, ∀0 ≤ t < ∞.

Notation: We denote by SG(M, ω) the set of C0 semigroup {T(t)}t≥0 for which there exists

ω ≥ 0 and M ≥ 1 such that,

‖T (t)‖ ≤ Meωt, ∀t ≥ 0.

Definition 1.19. [60] Let {T(t)}t≥0 be a C0 semigroup. From Theorem 1.6 it follows that there

are constants ω ≥ 0 and M ≥ 1 such that ‖T(t)‖ ≤ Meωt for t ≥ 0.

1 If ω = 0, then, {T(t)}t≥0 is called uniformly bounded.

2 If ω = 0 and M = 1, then, {T(t)}t≥0 is called a C0 semigroup of contractions.

Theorem 1.7. [60] A linear operator A is the infinitesimal generator of a uniformly continuous

semigroup if and only if A is a bounded operator.

1.3 Hille-Yosida Theorem

Theorem 1.8. [60]( Hille-Yosida) A linear operator A : D (A) ⊂ X → X is the infinitesimal generator

of C0 semigroup {T (t)}t≥0 ∈ SG(M, ω) if and only if:

1 A is closed,

2 D(A) = X,

3 The set Λω = {λ ∈ C such that Re(λ) > ω} ⊂ ρ(A) and for any λ ∈ Λω, we have,

∥∥R (λ; A)n∥∥ ≤ M
(Re(λ)−ω)n , ∀n ∈N∗.
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Theorem 1.9. [60](Lumer phillips) Let A : D (A) ⊂ X → X be an unbounded linear operator of dense

domain in X:

1 If A is dissipative and there exists a λ0 > 0 such that Im (λ0 I − A) = X then, A is the

infinitesimal generator of a C0 semigroup of contractions on X.

2 If A is the generator of a C0 semigroupe of contractions on X then, A is dissipative and Im (λI −

A) = X for all λ > 0.
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2
Exponential stability of Lord Shulman thermoelas-

tic system with porous damping and delay term

2.1 Introduction

In this chapter, we consider a one-dimensional Lord Shulman thermoelastic system with porous

damping and time delay without microtemperature effect . We will established the well-

posedness of the system and we prove the exponential stability result. Our problem that we

will study in this chapter is written as follows



ρ1Utt = µ∗Uxx + µ0Vx − β0(τ1θxt + θx), in (0, 1)× (0, ∞),

JVtt = a0Vxx − µ0Ux − ξV + β1(τθt + θ)

−ζ1Vt − ζ2Vt(x, t− τ), in (0, 1)× (0, ∞),

a(τ1θt + θ)t = −β0Uxt − β1Vt + κθxx, in (0, 1)× (0, ∞),

(2.1)

Where U and V constitute the displacement of the solid elastic material and the volume fraction,

respectively, θ is the temperature and τ1 is the relaxation parameter, which is assumed to be

small but strictly positive, ρ1 is the mass density, J is the product of the mass density by the

equilibrated inertia. The coefficients β0, β1, µ0, κ, a0 denote respectively, the coupling between

the displacement and the temperature, the coupling between the displacement and the volume

fraction, the coupling between the displacement and the porosity, the thermal conductivity and

the thermal capacity. The remaining parameters, k1, k2, k3, ξ, µ∗ and µ2 define the characteristics
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of the material where

µ2
0 < µ∗ξ,

including respectively the following initial and boundary conditions



U(x, 0) = U0(x), Ut(x, 0) = U1(x), V (x, 0) = V0(x), x ∈ (0, 1),

Vt(x, 0) = V1(x), θ(x, 0) = θ0(x), x ∈ (0, 1),

Vt(x,−t) = f0(x, t), x ∈ (0, 1), t ∈ (0, τ).

(2.2)


Ux(0, t) = Ux(1, t) = V (0, t) = V (1, t) = 0, t > 0,

θ(0, t) = θ(1, t) = 0, t > 0.
(2.3)

Here U0, U1, V0, V1 end θ0 are given functions, and f0 is a history function. In the system, ζ1Vt

represents a porous term. The time delay is given by ζ2Vt(x, t− τ), where ζ1, ζ2, τ are positive

constants such that

|ζ2| ≤ ζ1. (2.4)

This investigation aims to study the exponential stability of the system, independent of the

wave speeds, in the presence of dissipations caused by thermal effects and porous damping.

From the boundary conditions (2.1) and the first equation of (2.3), we obtain

d2

dt2

∫ 1

0
U(x, t)dx = 0, ∀t ≥ 0, (2.5)

end therefore ∫ 1

0
U(x, t)dx = t

∫ 1

0
U1(x)dx +

∫ 1

0
U0(x)dx, ∀t ≥ 0.

Consequently, if we set

Ū(x, t) = U(x, t)− t
∫ 1

0
U1(x)dx−

∫ 1

0
U0(x)dx, ∀t ≥ 0, x ∈ [0, 1],

we end up with ∫ 1

0
Ū(x, t)dx = 0, t ≥ 0.

Poincaré’s inequality can therefore be applied to Ū. Furthermore, the solutions to problems

(2.1)-(2.3) can be found by performing a simple substitution, where the initial data for Ū is given
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as

Ū0(x) = U0(x)−
∫ 1

0
U0(x)dx and Ū1(x) = U1(x)−

∫ 1

0
U1(x)dx.

We shall use Ū in the following, however for convenience, we write U instead of Ū.

Throughout this work, the symbol c0 denotes a general positive constant.

2.2 Well-posedness

In this section, we give an existence and uniqueness results for the system(2.1)-(2.3) using the

semi-group theory see [60]. Motivated by [54, 69], we define the following new dependent

variable:

Z(x, ρ, t) = Vt(x, t− τρ), in (0, 1)× (0, 1)× (0, ∞).

Then, the function Z satisfies

τZt(x, ρ, t) + Zρ(x, ρ, t) = 0, in (0, 1)× (0, 1)× (0, ∞).

Thus, equations (2.1) are transformed to



ρ1Utt = µ∗Uxx + µ0Vx − β0(τ1θxt + θx), in (0, 1)× (0, ∞),

JVtt = a0Vxx − µ0Ux − ξV + β1(τθt + θ)

−ζ1Vt − ζ2Z(x, 1, t), in (0, 1)× (0, ∞),

a(τ1θt + θ)t = −β0Utx − β1Vt + κθxx, in (0, 1)× (0, ∞),

τZt(x, ρ, t) = −Zρ(x, ρ, t), in (0, 1)× (0, 1)× (0, ∞),

(2.6)

and the initial and boundary conditions are

Z(x, 0, t) = Vt(x, t), x ∈ (0, 1), t ∈ (0, 1),

U(x, 0) = U0(x), Ut(x, 0) = U1(x), Vt(x, 0) = V1(x), x ∈ (0, 1),

V (x, 0) = V0(x), θ(x, 0) = θ0(x), x ∈ (0, 1),

Z(x, ρ, 0) = f0(x, τρ), x ∈ (0, 1), t ∈ (0, τ),
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
Ux(0, t) = Ux(1, t) = 0, V (0, t) = V (1, t) = 0,

θ(0, t) = θ(1, t) = 0, t > 0.
(2.7)

Introducing the vector function U = (U, W , V , Q , θ, S , Z)t where W = Ut, Q = Vt and S = θt

then, system (2.6)-(2.7) can be rewritten as follow:
Ut = A U t > 0,

U (0) = U0 = (U0, U1, V0, V1, θ0, θ1, f0),
(2.8)

where the operator A : D(A ) ⊂H −→H is defined by

A U =



W

µ∗

ρ1
Uxx +

µ0
ρ1

Vx − β0
ρ1
(τ1θtx + θx)

Q

a0
J Vxx − µ0

J Ux − ξ
J V + β1

J (τ1θt + θ)− ζ1
J Vt − ζ2

J Z(x, 1, t)

S

−1
τ1

θt − β0
aτ1

Utx − β1
aτ1

Vt +
κ

aτ1
θxx

−1
τ Zρ(x, ρ, t)



. (2.9)

We consider the following spaces:

L2
∗(0, 1) =

{
v ∈ L2(0, 1),

∫ 1

0
v(x)dx = 0

}
,

H2
∗(0, 1) =

{
v ∈ H2(0, 1), vx(0) = vx(1) = 0

}
,

H1
∗(0, 1) = H1(0, 1) ∩ L2

∗(0, 1),

and the Hilbert space

H = H1
∗(0, 1)× L2

∗(0, 1)×H1
0(0, 1)× L2(0, 1)×H1

0(0, 1)× L2(0, 1)× L2((0, 1); L2(0, 1)) equipped

with the inner product

〈
U , Ũ

〉
H

: = ρ1

∫ 1

0
W W̃ dx + J

∫ 1

0
Q Q̃ dx + µ0

∫ 1

0

(
UxṼ + V Ũx

)
dx

+ξ
∫ 1

0
V Ṽ dx + a0

∫ 1

0
VxṼxdx + a

∫ 1

0
(θ + τ1S)

(
θ̃ + τ1S̃

)
dx

+µ∗
∫ 1

0
UxŨxdx + τ1κ

∫ 1

0
θx θ̃xdx + τ|ζ2|

∫ 1

0

∫ x

0
ZZ̃dx,

(2.10)
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for U = (U, W , V , Q , θ, S , Z)t ∈ H and Ũ =
(

Ũ, W̃ , Ṽ , Q̃, θ̃, S̃ , Z̃
)t
∈ H . The domain of A is

given by

D(A ) =



U ∈H \ U ∈ H1
∗(0, 1) ∩ H2

∗(0, 1) , W ∈ H1
0(0, 1) ∩ H2(0, 1),

V ∈ H1
0(0, 1) ∩ H2(0, 1) , Q ∈ H1

0(0, 1),

θ ∈ H1
0(0, 1) ∩ H2(0, 1) , S ∈ H1

0(0, 1),

Z, Zρ ∈ L2((0, 1), L2(0, 1)), Z(x, 0) = Q (x).


. (2.11)

Clearly, the domain D(A ) is dense in H We have the following existence and uniqueness the

result:

Theorem 2.1. [60] Let U0 ∈ D(A ), Problem (2.8) has a unique solution U ∈ C (R+, D(A )) ∩

C1 ( R+, H ) Moreover if U0 ∈H , then the solution U ∈ C (R+, H ).

Proof. If A is a dissipative operator, the Lumer-Phillips theorem yields the desired conclusion.

In the following, we establish the dissipative nature of A. Using the inner product and for any

U ∈ D(A ), we get

〈A U , U 〉H = −κ
∫ 1

0
θ2

xdx− ζ1

∫ 1

0
V 2

t dx− |ζ2|
2

∫ 1

0
Z2(x, 1, t)dx

+
|ζ2|

2

∫ 1

0
V 2

t dx− ζ2

∫ 1

0
Z(x, 1, t)Vtdx.

(2.12)

Using Young’s inequality, the last term in (2.12), we have

− ζ2

∫ 1

0
Z(x, 1, t)Vtdx ≤ |ζ2|

2

∫ 1

0
Z2(x, 1, t)dx +

|ζ2|
2

∫ 1

0
V 2

t dx. (2.13)

Substituting (2.13) in (2.12) yields

〈A U , U 〉H ≤ −κ
∫ 1

0
θ2

xdx− (ζ1 − |ζ2|)
∫ 1

0
V 2

t dx.

It follows that 〈A U , U 〉H ≤ 0, under assumption (2.4), which implies that A is dissipative.

Next we prove that the operator I −A is surjective. Given G = (g1, g2, g3, g4, g5, g6, g7)
t ∈H ,

we prove that there exists U ∈ D(A ) satisfying

U +A (U ) = G; (2.14)
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that is,

U −W = g1 ∈ H1
∗(0, 1),

ρ1W − µ∗Uxx − µ0Vx + β0 (τ1Sx + θx) = ρ1g2 ∈ L2
∗(0, 1),

V − Q = g3 ∈ H1
0(0, 1),

JQ − a0Vxx + µ0Ux + ξV − β1 (τ1S + θ) + ζ1Q + ζ2Z (x, 1, t) = Jg4 ∈ L2(0, 1),

θ − S = g5 ∈ H1
0(0, 1),

aτ1S + aS + β0Wx + β1Q − κθxx = aτ1g6 ∈ L2(0, 1),

Zρ + τZ = τg7 ∈ L2 ((0, 1) ; L2 (0, 1)
)

.

(2.15)

We note that the last equation in (2.15) with Z (x, 0, t) = Q has a unique solution.

Z (x, ρ, t) = Q (x)e−τρ − e−τρg3(x) + τe−τρ
∫ ρ

0
eτsg7(x, s)ds.

Inserting W = U − g1, Q = V − g3, S = θ − g5 in (2.15)2, (2.15)4, (2.15)6, we obtain


ρ1U − µ∗Uxx − µ0Vx + β0 (τ1 + 1) θx = h̄1 ∈ L2

∗(0, 1),

ηV − a0Vxx + µ0ux − β1 (τ1 + 1) θ = h̄2 ∈ L2(0, 1),

a (τ1 + 1) θ + β0Ux + β1V − κθxx = h̄3 ∈ L2(0, 1),

(2.16)

where

η =
(

J + ξ + ζ1 + ζ2e−τ
)

,

h̄1 = ρ1 (g1 + g2) + τ1β0g5x,

h̄2 =
(

J − ζ1 + ζ2e−τ
)

g3 − β1τ1g5 + Jg4 − ζ2τe−τ
∫ 1

0
esg7 (x, s) ds,

h̄3 = aτ1 (g5 + g6) + β0g1x + β1g3 + ag5.

To solve (2.16) we consider

B
(
(U, V , θ) ,

(
ũ, Ṽ , θ̃

))
= L

(
Ũ, Ṽ , θ̃

)
, (2.17)
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where B :
[
H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1)

]2 −→ R is the bilinear form

B
(
(U, V , θ) ,

(
ũ, Ṽ , θ̃

))
= ρ1

∫ 1

0
UŨdx + η

∫ 1

0
V Ṽ dx + a (τ1 + 1)2

∫ 1

0
θθ̃dx

+µ∗
∫ 1

0
UxŨxdx + a0

∫ 1

0
VxṼxdx + κ (τ1 + 1)

∫ 1

0
θx θ̃xdx

+µ0

∫ 1

0

(
V Ũx + UxṼ

)
dx + β0 (τ1 + 1)

∫ 1

0

(
Ux θ̃ − θŨx

)
dx

+β1 (τ1 + 1)
∫ 1

0

(
V θ̃ − θṼ

)
dx,

and L :
[
H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1)

]
−→ R is the linear form

L
(

Ũ, Ṽ , θ̃
)
=
∫ 1

0
h̄1Ũdx +

∫ 1

0
h̄2Ṽ dx + (τ + 1)

∫ 1

0
h̄3θ̃dx.

Now, for H∗ = H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1) equipped with the norm

‖(U, V , θ)‖2
H∗ =‖U‖

2
2+‖Ux‖2

2+‖V ‖2
2+‖θx‖2

2+‖θ‖2
2.

One can easily see that B and L are bonded. Furthermore, using integration by parts, we obtain

B ((U, V , θ) , (U, V , θ)) = ρ1

∫ 1

0
U2dx + a (τ1 + 1)2

∫ 1

0
θ2dx + a0

∫ 1

0
V 2

x dx

+k (τ1 + 1)
∫ 1

0
θ2

xdx +
1
2

∫ 1

0

[
µ∗
(

Ux +
µ0

µ1
V
)2

+η

(
V +

µ0

η
Ux

)2

+

(
µ∗ −

µ2
0

η

)
u2

x +

(
η −

µ2
0

µ∗

)
V 2

]
dx

≥ α‖(U, V , θ)‖2
H∗ .

Where

µ∗U2
x + ηV 2 + 2µ0UxV =

1
2

∫ 1

0

[
µ∗
(

Ux +
µ0

µ1
V
)2

+ η

(
V +

µ0

η
Ux

)2

+

(
µ∗ −

µ2
0

η

)
U2

x +

(
η −

µ2
0

µ∗

)
V 2

]
dx,

and using the fact µ2
0 < µ∗ξ, we get

µ∗U2
x + ηV 2 + 2µ0UxV > 0.
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Next, for certain α > 0. B is hence coercive. Thus, system (2.16) under Lax-Milgram Lemma,

has a unique solution

U ∈ H1
∗ (0, 1) , V ∈ H1

0 (0, 1) , θ ∈ H1
0 (0, 1) .

Substituting U, V , and θ in (2.15)1,(2.15)3,(2.15)5and Q into (2.15)7 respectively, we obtain

W ∈ H1
∗ (0, 1) , Q ∈ H1

0 (0, 1) , S ∈ H1
0 (0, 1) and Z, Zρ ∈ L2

(
(0, 1) , L2 (0, 1)

)
.

Now, if
(

Ṽ , θ̃
)
= (0, 0) ∈ H1

0 (0, 1)× H1
0 (0, 1) then (2.17) reduces to

ρ1

∫ 1

0
UŨdx+µ∗

∫ 1

0
UxŨxdx+µ0

∫ 1

0
V Ũxdx− β0 (τ + 1)

∫ 1

0
θŨxdx =

∫ 1

0
h̄1Ũdx, ∀Ũ ∈ H1

∗ (0, 1) ,

(2.18)

which implies

µ∗Uxx = −µ0Vx − β0 (τ + 1) θ + ρ1U − h̄1 ∈ L2 (0, 1) . (2.19)

Consequently, by the elliptic regularity theory, it follow that

U ∈ H2 (0, 1) ∩ H1
∗ (0, 1) .

Moreover (2.18) is also true for any Q ∈ C1 ([0, 1]) ⊂ H1
∗ (0, 1). Hence we have

µ∗
∫ 1

0
UxQ dx +

∫ 1

0
(µ0Vx + β0 (τ + 1) θ − ρ1U + h̄1)Q dx = 0,

for all Q ∈ C1 ([0, 1]). Thus, using integration par part and bearing mind (2.19), we obtain

Ux (1)Q (1)−Ux (0)Q (0) = 0, ∀Q ∈ C1 ([0, 1]) .

Therefor, Ux (1) = Ux (0) = 0. Consequently, we obtain

U ∈ H2
∗ (0, 1) ∩ H1

∗ (0, 1) .

Similarly, we obtain

Vxx = µ0Ux + ηV + β1 (τ1 + 1) θ − h̄2 ∈ L2 (0, 1) ,

κθxx = β0Ux + a (τ1 + 1) θ − β1V − h̄3 ∈ L2 (0, 1) ,
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thus, we have

V , θ ∈ H2 (0, 1) ∩ H1
0 (0, 1) .

Lastly, the existence of a unique U ∈ D(A ) such that (2.14) is satisfied is ensured by using

regularity theory to the linear elliptic equation. As a result, A is a dissipative operator. Therefore,

the outcome of The Lumer-Phillips theorem ( see [48, 60]) yields Theorem 2.1. �

2.3 Exponential stability

In this section, we demonstrate the exponential stability of system (2.6)-(2.7) using the energy

approach.

Theorem 2.2. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then there exist positive constants a1, a2

such that

E(t) ≤ a1e−a2t, ∀t ≥ 0. (2.20)

Initially, we establish and validate a few technical lemmas required for our result’s proof.

Lemma 2.1. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then, the energy functional E(t), defined by

E(t) =
1
2

∫ 1

0

(
ρ1U2

t + JV 2
t + a0V 2

x + a(τ1θt + θ)2 + τ1κθ2
x

+

(
ξ − µ0

µ∗

)
V 2 + µ∗

(
µ0

µ∗
V + Ux

)2

+
τ|ζ2|

2

∫ 1

0
Z2 (x, ρ, t) dρ

)
dx,

satisfies

E ′(t) ≤ −κ
∫ 1

0
θ2

xdx− (ζ1 − |ζ2|)
∫ 1

0
V 2

t dx. (2.21)

Proof. By multiplying (2.6)1, (2.6)2, (2.6)3 by Ut, Vt and (τ1θt + θ) respectively, and integrating

over (0, 1) with the boundary condition and integration by parts, we obtain

1
2

d
dt

∫ 1

0

(
ρ1U2

t + JV 2
t + a0V 2

x + a (τ1θt + θ)2

+τ1κθ2
x +

(
ξ − µ2

0
µ∗

)
V 2 + µ∗

(
µ0
µ∗V + Ux

)2
)

dx

= −ζ1

∫ 1

0
V 2

t dx− ζ2

∫ 1

0
Z (x, 1, t)Vtdx− κ

∫ 1

0
θ2

xdx.

(2.22)

Now, multiplying the (2.6)4 by |ζ2|Z and integrating over (0, 1)× (0, 1), we obtain

τ|ζ2|
2

d
dt

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx =

|ζ2|
2

∫ 1

0
V 2

t dx− |ζ2|
2

∫ 1

0
Z2 (x, 1, t) dx. (2.23)



30 Exponential stability of Lord Shulman thermoelastic system with porous damping and delay
term

A combination of (2.22) and (2.23) give as

E ′(t) = −ζ1

∫ 1

0
V 2

t dx− κ
∫ 1

0
θ2

xdx +
|ζ2|

2

∫ 1

0
V 2

t dx

−|ζ2|
2

∫ 1

0
Z2 (x, 1, t) dx− ζ2

∫ 1

0
Z (x, 1, t)Vtdx.

(2.24)

Meanwhile, we have by applying Young’s inequality

− ζ2

∫ 1

0
Z (x, 1, t)Vtdx ≤ ζ2

2

∫ 1

0
Z2 (x, 1, t) dx +

ζ2

2

∫ 1

0
V 2

t dx. (2.25)

Sample substitution of (2.25) into (2.24) and using |ζ2| < ζ1 give (2.21), which concludes the

proof. �

Lemma 2.2. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then the functional

F1(t) := ρ1

∫ 1

0
UtUdx− β0τ1

∫ 1

0
θUxdx, t ≥ 0,

satisfies, the estimate

F ′1 (t) ≤ −
µ∗

2

∫ 1

0
U2

xdx + c0

∫ 1

0

(
θ2

x + U2
t + V 2

)
dx, t ≥ 0. (2.26)

Proof. Taking the derivation of F1, using (2.2)1 and integration by parts, we get

F ′1 (t) = −µ∗
∫ 1

0
U2

xdx + ρ1

∫ 1

0
U2

t dx− µ0

∫ 1

0
VUxdx− β0

∫ 1

0
θxUdx + β0τ1

∫ 1

0
Utθxdx.

Estimate (2.26) is established by applying Young’s and Poincaré inequalities. �

Lemma 2.3. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then the functional

F2(t) := J
∫ 1

0
VtV dx− β

2

∫ 1

0
V 2dx− µ0ρ1

µ∗

∫ 1

0
Ut

(∫ x

0
V (y)dy

)
dx +

ζ1

2

∫ 1

0
V 2dx,

satisfies, for any ε1 ≥ 0, the estimate

F ′2 (t) ≤ −a0

∫ 1

0
V 2

x dx− µ1

2

∫ 1

0
V 2dx + ε1

∫ 1

0
U2

t dx + c0

∫ 1

0
(τ1θt + θ)2 dx

c0

(
1 +

1
ε1

) ∫ 1

0
V 2

t dx +
ζ2

2
2µ1

∫ 1

0
Z2 (x, 1, t) dx,

(2.27)

where µ1 =
(

ξ − µ2
0

µ∗

)
.
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Proof. A simple differentiation of F2, using (2.2)2 and integration by parts, we obtain

F ′2 (t) = −a0

∫ 1

0
V 2

x dx−
(

ξ −
µ2

0
µ∗

) ∫ 1

0
V 2dx + J

∫ 1

0
V 2

t dx +

(
β1 −

β0µ0

µ∗

) ∫ 1

0
(τ1θt + θ)V dx

−µ0ρ1

µ∗

∫ 1

0
Ut

(∫ x

0
Vt(y)dy

)
dx− ζ2

∫ 1

0
Z (x, 1, t)V dx + β

∫ 1

0
VtV dx.

Estimate (2.27) is obtained by using Young’s and Poincaré inequalities with ε1 ≥ 0. �

Lemma 2.4. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then the functional

F3(t) := −a
∫ 1

0
τ2

1 θtθdx− aτ1

2

∫ 1

0
θ2dx,

satisfies, for any ε2 ≥ 0, the estimate

F ′3 (t) ≤
−a
2

∫ 1

0
(τ1θt + θ)2 dx + ε2

∫ 1

0
U2

t dx + c0

∫ 1

0
V 2

t dx + c0

(
1 +

1
ε2

) ∫ 1

0
θ2

xdx. (2.28)

Proof. Using the third equation in (2.6), differentiation of F3 and integration by parts, we obtain

F ′3 (t) = −aτ2
1

∫ 1

0
θ2

t dx− β0τ1

∫ 1

0
Utθxdx + β1τ1

∫ 1

0
Vtθdx + κτ1

∫ 1

0
θ2

xdx. (2.29)

Utilizing the Poincaré and Young’s inequalities with ε2 ≥ 0 , and the fact that

−
∫ 1

0
(τ1θt)

2 dx ≤ −1
2

∫ 1

0
(τ1θt + θ)2 dx +

∫ 1

0
θ2

xdx,

we obtain estimate (2.28). �

Lemma 2.5. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then the functional

F4(t) := ρ1a
∫ 1

0

(∫ x

0
Utdy

)
(τ1θt + θ) dx, (2.30)

satisfies the estimate for each ε3 ≥ 0

F ′4 (t) ≤
−β0ρ1

2

∫ 1

0
U2

t dx + ε3

∫ 1

0
U2

xdx + c0

∫ 1

0
V 2dx + c0

∫ 1

0
V 2

t dx

+c0

∫ 1

0
θ2

xdx + c0

(
1 +

1
ε3

) ∫ 1

0
(τ1θt + θ)2 dx.

(2.31)
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Proof. Direct computations using integration by parts and the fact that
∫ 1

0
Udy = 0, we get

F ′4 (t) = −β0ρ1

∫ 1

0
U2

t dx + β0a
∫ 1

0
(τ1θt + θ)2 dx + κρ1

∫ 1

0
Utθxdx

−aµ∗
∫ 1

0
Ux (τ1θt + θ) dx− µ0a

∫ 1

0
V (τ1θt + θ) dx + β1ρ1

∫ 1

0

(∫ x

0
Utdy

)
Vtdx.

Estimate (2.31) is obtained by using Young’s and Poincaré inequalities with ε3 ≥ 0. �

Lemma 2.6. Let (U, V , θ, Z) be a solution of (2.6)-(2.7). Then the functional

F ′5 (t) := τ
∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx.

The following estimate is satisfied for some positive constant m

F ′5 (t) ≤ −m
(∫ 1

0
Z2 (x, 1, t) dx + τ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx

)
+
∫ 1

0
|Vt|2dx. (2.32)

Proof. By differentiating F5 and using the fourth equation in (2.6), we obtain

F ′5 (t) = −2
∫ 1

0

∫ 1

0
e−τρZ (x, ρ, t)Zρ (x, ρ, t) dρdx

= − d
dρ

∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx− τ

∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx

= −
∫ 1

0

(
e−τZ2 (x, 1, t)− Z2 (x, 0, t)

)
dx− τ

∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx.

By using the fact that Z (x, 0, t) = Vt (x, t) and e−τ ≤ e−τρ ≤ 1, ∀ρ ∈ [0, 1], we get

F ′5 (t) = e−τ

(∫ 1

0
Z2 (x, 1, t) dx + τ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx

)
+
∫ 1

0
|Vt|2dx,

setting m = e−τ yields (2.32). �

We can now state and demonstrate the following result on exponential stability.

Lemma 2.7. for N sufficiently large, the functional define by

`(t) := NE(t) + N1F1(t) + N2F2(t) + N3F3(t) + N4F4(t) + N5F5(t). (2.33)

Where N1, N2, ..., N5 are positive real numbers to be chosen appropriately later, satisfies

b1E(t) ≤ `(t) ≤ b2E(t), ∀t ≥ 0, (2.34)
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for two positive constants b1 and b2.

Proof. We have

|`(t)− NE(t)| ≤ N1|F1(t)|+ N2|F2(t)|+ N3|F3(t)|+ N4|F4(t)|+ N5|F5(t)|.

On account of the Cauchy-Schwartz, Young and Poincaré inequalities, we get

|`(t)− NE(t)| ≤ c
∫ 1

0

(
U2

t + V 2
t + V 2

x + (τ1θt + θ)2 + θ2
x + V 2 + (V + Ux)

2
)

dx

+
∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx

≤ cE(t).

(2.35)

This implies

(N − c)E(t) ≤ `(t) ≤ (N + c)E(t).

If we choose N to be sufficiently large, we get estimate (2.34).

Now we are prepared to state and demonstrate the main result of this section. By differentiating

(2.33) and recalling (2.26), (2.27), ( 2.28), (2.31) and (2.32) yields

`′(t) ≤ −
[

Nκ − N1c0 − N3c0

(
1 +

1
ε2

)
− N4c0

] ∫ 1

0
θ2

xdx

−
[

N (ζ1 − |ζ2|)− N2c0

(
1 +

1
ε1

)
− N3c0 − N4c0

] ∫ 1

0
V 2

t dx

−
[

N1
µ∗

2
− N4ε3

] ∫ 1

0
U2

xdx−
[

N2
µ1

2
− N1c0 − N4c0

] ∫ 1

0
V 2dx

−N2a0

∫ 1

0
V 2

x dx−
[

N4
β0ρ1

2
− N1c0 − N2ε1 − N3ε2 − N5

] ∫ 1

0
U2

t dx

−
[

N3
a
2
− N2c0 − N4c0

(
1 +

1
ε3

)] ∫ 1

0
(τ1θt + θ)2 dx

−
[

N2
ζ2

2
2µ1
− N5m

] ∫ 1

0
Z2 (x, 1, t) dx− N5mτ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx,

now, letting ε1 = β0ρ1
8

N4
N2

, ε2 = β0ρ1
4

N4
N3

, ε3 = µ∗
4

N1
N4

and m = e−τ, we end up with

`′(t) ≤ −
[

Nκ − N1c0 − N3c0

(
1 +

4N3

β0ρ1N4

)
− N4c0

] ∫ 1

0
θ2

xdx

−
[

N (ζ1 − |ζ2|)− N2c0

(
1 +

8N2

β0ρ1N4

)
− N3c0 − N4c0

] ∫ 1

0
V 2

t dx

−N1
µ∗

4

∫ 1

0
u2

xdx−
[

N2
µ1

2
− N1c0 − N4c0

] ∫ 1

0
V 2dx
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−N2a0

∫ 1

0
V 2

x dx−
[

N4
β0ρ1

8
− N1c0

] ∫ 1

0
U2

t dx

−
[

N3
a
2
− N2c0 − N4c0

(
1 +

4N4

µ∗N1

)] ∫ 1

0
(τ1θt + θ)2 dx

−
[

N2
ζ2

2
2
− N5m

] ∫ 1

0
Z2 (x, 1, t) dx− N5mτ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx.

At this point, we choose N4 large enough to

N4
β0ρ1

8
− N1c0 > 0,

then, we chooseN2 large enough such that

N2
µ1
2 − N1c0 − N4c0 > 0,

N2
ζ2

2
2µ1
− N5m > 0.

Similarly, we choose N3 large enough to ensure that

N3
a
2
− N2c0 − N4c0

(
1 +

4N4

µ∗N1

)
> 0.

Finally, we choose N large enough so that (2.34) stays valid, and

Nκ − N1c0 − N3c0

(
1 + 4N3

β0ρ1N4

)
− N4c0 > 0,

N (ζ1 − |ζ2|)− N2c0

(
1 + 8N2

β0ρ1N4

)
− N3c0 − N4c0 > 0.

Thus, we get to

`′(t) ≤ −λ1

∫ 1

0

(
U2

t + U2
x + V 2

t + V 2
x + V 2 + θ2

x + (τ1θt + θ)2 + Z2 (x, 1, t)

+
∫ 1

0
Z2 (x, ρ, t) dρ

)
dx

≤ −λ2E(t).

(2.36)

where λ1, λ2 are some positive constant. Considering the statement regarding the equivalency

of E(t) and `′(t), we deduce that

`′(t) ≤ −α1`(t), t > 0, (2.37)
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where α1 = λ2
b2

> 0. A simple integration of ( 2.37) gives

`(t) ≤ `(0)e−α1t, t > 0.

Using the other side of the equivalence relation produces the desired result (2.20). �
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3
Well-Posedness and Exponential Stability of Swelling

Porous with Gurtin-Pipkin Thermoelasticity and de-

lay term

3.1 Introduction

In this chapter, we consider the following problem,



ρ1Utt − a1Uxx − a2Vxx = 0, in (0, 1)× (0, ∞),

ρ2Vtt − a3Vxx − a2Uxx − δTx + γ1Vt + γ2Vt(x, t− τ) = 0, in (0, 1)× (0, ∞),

ρ3Tt −
1
τ1

∫ ∞

0
µ(s)Txx(x, t− s)ds− δVxt = 0, in (0, 1)× (0, ∞),

U(x, 0) = U0(x), Ut(x, 0) = U1(x),

V (x, 0) = V0(x), Vt(x, 0) = V1(x), in (0, 1),

T (x,−t) = T0(x, t), in (0, 1)× (0, ∞),

V (x, t− τ) = f0(x, t− τ), in (0, 1)× (0, τ),

U(0, t) = U(1, t) = V (0, t) = V (1, t) = T (0, t) = T (1, t) = 0, in(0, ∞),

(3.1)

Where U(x, t) is the displacement of fluid, V (x, t) is the elastic solid material and T (x, t) is the

temperature respectively, ρ1, ρ2, ρ3, a1, a3, δ > 0, a2 , 0 and a1a3 > a2
2. The initial conditions

U0, U1, V0, V1, and T0 are fixed data. The Gurtin-Pipkin heat conduction law defines the heat
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flow q as

q(t) = − 1
τ1

∫ ∞

0
µ(s)Tx(x, t− s)ds, (3.2)

where τ1 is a positive constant that represents the relaxation time and µ : R+ −→ R+ denotes

the memory kernel will have its specific characteristics listed in the section that follows. As a

swelling porous system with the Gurtin-Pupkin thermal law and time delay. We will establish

the existence and uniqueness of solutions and also will show the exponential stability under a

suitable assumptions on the delay term without commitment to any stability number. Our work

extend the stability results in [14], by adding a frictional damping term γ1Vt and a time delay

term γ2Vt(x, t− τ) in the second equation where γ1 ∈ R+, γ2 ∈ R with |γ2| < γ1.

3.2 Assumption and Transformation

In this section, we give some material required in the proof of our result.

The memory kernel µ : R+ → R+, is a C2(R+) convex summable non-increasing function

satisfying

(A1) µ(0) > 0, lim
s→∞

µ(s) = 0, and
∫ ∞

0
µ(s)ds = 1. Furthermore, there exists a positive real

number i such that

− µ′′(s) ≤ iµ′(s), (3.3)

where µ′′(s) = d2

ds2 µ(s). Taking g = −µ′, Hence, the following condition ensues

(A2) g : R+ → R+, g ∈ C1(R+), g(0) > 0, g0 =
∫ ∞

0
g(s)ds = µ(0) > 0, and

∫ ∞

0
sg(s)ds = 1.

Furthermore, (3.3) implies

g ′(s) ≤ −ig(s). (3.4)

We introduce a variable η : (0, 1)×R+ ×R+ −→ R defined as

η(x, t, s) =
∫ t

t−s
T (x, σ)dσ, (3.5)

with initial datum η(x, 0, s) =
∫ s

0 T0(x, σ)dσ. Simple inspection show that η satisfies

ηt(x, t, s) + ηs(x, t, s) = T (x, t), (0, 1)×R+ ×R+,

η(0, t, s) = η(1, t, s) = η(x, t, 0) = 0, (0, 1)×R+ ×R+.
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Direct calculations we get

∫ ∞

0
µ(s)Txx(x, t− s)ds = lim

b→∞
µ(s)

∫ t

t−s
Txx(x, σ)dσ

∣∣∣s=b

s=0
−
∫ ∞

0
µ′(s)

∫ t

t−s
Txx(x, σ)dσds

=
∫ ∞

0
g(s)ηxx(x, t, s)ds,

where lim
b→∞

µ(s)
∫ t

t−s
Txx(x, σ)dσ

∣∣∣s=b

s=0
= 0.

Moreover, as in [7, 15], let us introduce the following new variable:

Z(x, ρ, t) = Vt(x, t− τρ), in (0, 1)× (0, 1)× (0, ∞). (3.6)

Then, the function Z satisfies

τZt(x, ρ, t) + Zρ(x, ρ, t) = 0, in (0, 1)× (0, 1)× (0, ∞). (3.7)

Hence, By gathering our transformations, the system (3.1) becomes

ρ1Utt − a1Uxx − a2Vxx = 0, in (0, 1)× (0, ∞),

ρ2Vtt − a3Vxx − a2Uxx − δTx + γ1Vt + γ2Z(x, 1, t) = 0, in (0, 1)× (0, ∞),

ρ3Tt −
1
τ1

∫ ∞

0
g(s)ηxx(x, t, s)ds− δVxt = 0, in (0, 1)× (0, ∞)× (0, ∞),

ηt(x, t, s) + ηs(x, t, s) = T (x, t), in (0, 1)× (0, ∞)× (0, ∞),

τZt(x, ρ, t) + Zρ(x, ρ, t) = 0, in (0, 1)× (0, 1)× (0, ∞),

U(x, 0) = U0(x), Ut(x, 0) = U1(x),

V (x, 0) = V0(x), Vt(x, 0) = V1(x), in (0, 1),

Z(x, ρ, 0) = f0(x,−ρτ), in (0, 1)× (0, 1),

T (x,−t) = T0(x, t), η0(x, s) =
∫ s

0
T0(x, σ)dσ, in (0, 1)× (0, ∞),

U(0, t) = U(1, t) = V (0, t) = V (1, t) = 0

T (0, t) = T (1, t) = 0, in(0, ∞),

η(0, t, s) = η(1, t, s) = η(x, t, 0) = 0, in (0, 1)× (0, ∞)× (0, ∞),

Z(x, 0, t) = Vt(x, t), in (0, 1)× (0, ∞).

(3.8)
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Moving on, we take into account system (3.8) and determine the exponential stability result,

disregarding any stability number or other connections between the system’s parameters. To

prevent any ambiguity coming forward, we will only mention the variables x, t and s when

necessary.

3.3 Well-posedness

In this section we use the Lumer-Phillips theorem to verify the existence and uniqueness of

solution for (3.8). Taking W = Ut, N = Vt and let U = (U, W , V , N , T , η, Z)T then, the problem

(3.8) can be written as 
Ut (t) = A U (t) , t > 0,

U (0) = U0 = (U0, U1, V0, V1, T0, η0, f0)
T ,

(3.9)

where the operator A : D(A ) ⊂H −→H is defined by

A U =



W

a1
ρ1

Uxx +
a2
ρ1

Vxx

N

a3
ρ2

Vxx +
a2
ρ2

Uxx +
δ
ρ2

Tx − γ1
ρ2

N − γ2
ρ2

Z(x, 1, t)

1
τ1ρ3

∫ ∞

0
g(s)ηxx(x, t, s)ds +

δ

ρ3
Nx

T (x, t)− ηs(x, t, s)

− 1
τ Zρ(x, ρ, t)



. (3.10)

We consider the following space

Lg =

{
η : R+ −→ H1

0(0, 1), ‖η‖2
Lg

:=
∫ ∞

0
g(s)‖ηx(s)‖2ds < ∞

}
,

where Lg = L2
g
(
R+, H1

0(0, 1)
)

be a Hilbert space equipped with the inner product

(θ, ϑ)L2
g(R+,H1

0(0,1)) =
∫ 1

0

∫ +∞

0
g(s)θx(s)ϑx(s)dsdx,
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and let

H = H1
0(0, 1)× L2(0, 1)× H1

0(0, 1)× L2(0, 1)× L2(0, 1)× Lg (R+, H1
0(0, 1))× L2((0, 1), L2(0, 1)),

be a Hilbert space equipped with the inner product,

〈
U , Ũ

〉
H

= a1

∫ 1

0
UxŨxdx + ρ1

∫ 1

0
W W̃ dx + a3

∫ 1

0
VxṼxdx

+ρ2

∫ 1

0
N Ñ dx + ρ3

∫ 1

0
T T̃ dx + a2

∫ 1

0

(
UxṼx + VxŨx

)
dx

+
1
τ1

∫ 1

0

∫ ∞

0
g(s)ηxη̃xdsdx + ξ

∫ 1

0

∫ 1

0
Z(x, ρ)Z̃(x, ρ)dρdx,

for U = (U, W , V , N , T , η, Z)T ∈ H , Ũ = (Ũ, W̃ , Ṽ , Ñ , T̃ , η̃, Z̃)T ∈ H and ξ is a positive

constant such that

τ |γ2| < ξ < τ(2γ1 − |γ2|). (3.11)

The domain of A is

D(A ) =



U ∈H / U, V ∈ H2(0, 1) ∩ H1
0(0, 1), W , N , T ∈ H1

0(0, 1),

η, ηs ∈ Lg ,
∫ ∞

0
g(s)η(s)ds ∈ H2(0, 1),

Z, Zρ ∈ L2((0, 1), L2(0, 1)), Z(x, 0) = N (x)


. (3.12)

The following theorem gives the well-posedness of our problem.

Theorem 3.1. Assume that g satisfies (A2) and (3.11) holds, then for any U0 ∈ H , there exists

a unique solution U ∈ C (R+, H ) of problem (3.9). Furthermore, if U0 ∈ D(A ), then U ∈

C (R+, D(A )) ∩ C1 (R+, H ).

Proof. We show that A is dissipative. Let U ∈ D(A ), then,

〈A U , U 〉H =
−1
τ1

∫ 1

0

∫ ∞

0
g(s)ηxs(s)ηx(s)dsdx− γ1

∫ 1

0
N 2dx

−γ2

∫ 1

0
Z(x, 1, t)N dx− ξ

τ

∫ 1

0

∫ 1

0
ZρZdρdx,

(3.13)

by applying Young’s inequality to the third term of (3.13), we get

− γ2

∫ 1

0
Z(x, 1, t)N dx ≤ |γ2|

2

∫ 1

0
Z2(x, 1, t)dx +

|γ2|
2

∫ 1

0
N 2dx. (3.14)

Substituting (3.14) in (3.13) and integration the last term of (3.13) with the fact Z(x, 0) = N (x)
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we get

〈A U , U 〉H =
−1
2τ1

∫ ∞

0
g(s)

∂

∂s
‖ηx(s)‖2ds−

(
γ1 −

ξ

2τ
− |γ2|

2

) ∫ 1

0
N 2dx

−
(

ξ

2τ
− |γ2|

2

) ∫ 1

0
Z2(x, 1, t)dx

= − 1
2τ1

∂

∂s

∫ ∞

0
g(s)‖ηx(s)‖2ds +

1
2τ1

∫ ∞

0
g ′(s)‖ηx(s)‖2ds

−r0

∫ 1

0

(
N 2 + Z2(x, 1, t)

)
dx

=
−1
2τ1

lim
b→∞

g(s)‖ηx(s)‖2
∣∣∣s=b

s=0
+

1
2τ1

∫ ∞

0
g ′(s)‖ηx(s)‖2ds

−r0

∫ 1

0

(
N 2 + Z2(x, 1, t)

)
dx,

for some constant r0 such that r0 > 0 since (3.11) is holds. It follows from (3.5) that ηx(x, t, 0) = 0.

Furthermore, by solving (3.4), we obtain

g(s) ≤ g(0)e−is { g(s)‖ηx(s)‖2 ≤ g(0)e−is‖ηx(s)‖2,

where lim
s→∞

g(s)‖ηx(s)‖2 = 0. Hence,

〈A U , U 〉H ≤
1

2τ1

∫ ∞

0
g ′(s)‖ηx(s)‖2ds− r0

∫ 1

0

(
N 2 + Z2(x, 1, t)

)
dx ≤ 0.

So, A is a dissipative operator. It remains to demonstrate that for any

F = (f1, f2, f3, f4, f5, f6, f7)
T ∈H ,

there exists a unique U ∈ D(A ) such that

A U = F , (3.15)

which is equivalent to

W = f1, in H1,

a1Uxx + a2Vxx = ρ1f2, in L2,

N = f3, in H1,

a2Uxx + a3Vxx + δTx − γ1N − γ2Z(., 1) = ρ2f4, in L2,
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

δNx +
1
τ1

∫ ∞

0
g(s)ηxx = ρ3f5, in L2,

T − ηs = f6, in Lg ,

−Zρ = τf7, in L2 ((0, 1), L2(0, 1)
)

.

(3.16)

Using (3.16)1 ,(3.16)3 and (3.16)7, respectively we get

W , N ∈ H1, Zρ ∈ L2
(
(0, 1), L2(0, 1)

)
.

By substituting (3.16)3 into (3.16)5, we obtain

∫ ∞

0
g(s)ηxxds = δτ1f3x − τ1ρ3f5 ∈ L2(0, 1).

Hence, we have

∫ ∞

0
g(s)η(s)ds ∈ H2(0, 1).

It is clear that

η(s) = sT −
∫ s

0
f6(y)dy, (3.17)

satisfies (3.16)6 and the boundary condition η(0) = 0.

Note that
∫ ∞

0
sg(s)ds = 1, by using (3.17) we obtain,

T =
∫ ∞

0
g(s)η(s)ds +

∫ ∞

0
g(s)

∫ s

0
f6(y)dyds. (3.18)

Meanwhile, by using the Fubini Theorem and the Cauchy-Schwarz inequality, for 0 < i1 < i,

we have

∫ ∞

0
g(s)

∥∥∥ ∫ s

0
f6x(y)dy

∥∥∥2
ds =

∫ ∞

0
g(s)

∥∥∥ ∫ s

0
e

i1
2 ye−

i1
2 yf6x(y)dy

∥∥∥2
ds

≤
∫ ∞

0
g(s)

(∫ s

0
ei1ydy

) ∫ s

0
e−i1y

∥∥∥f6x(y)
∥∥∥2

dyds

≤ 1
i1

∫ ∞

0

(∫ ∞

y
g(s)

(
ei1s − 1

)
ds
)

e−i1s
∥∥∥f6x(y)

∥∥∥2
dy.

(3.19)

We set

h(y) =
∫ ∞

y
g(s)

(
ei1s − 1

)
ds,
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and define

H(y) =: h(y)− ei1y

i− i1
g(y).

Obviously that lim
y→∞

h(y) = 0. From the non-negativity of g and g(y) ≤ g(0)e−iy, we obtain

lim
y→∞

ei1y

i−i1
g(y) = 0, it implies that lim

y→∞
H(y) = 0. Furthermore, from (3.4), we get

H′(y) = −g(y)ei1y + g(y)− i1ei1y

i− i1
g(y)− ei1y

i− i1
g ′(y)

≥ −g(y)ei1y + g(y)− i1ei1y

i− i1
g(y) +

iei1y

i− i1
g(y)

= g(y) ≥ 0,

hence, H is non-decreasing so, H(y) ≤ 0, on the other hand we have

e−i1yh(y) = e−i1y
∫ ∞

y
g(s)

(
ei1s − 1

)
ds ≤ 1

i− i1
g(y). (3.20)

The substitution of (3.20) into (3.19) yields

∫ ∞

0
g(s)

∥∥∥ ∫ s

0
f6x(y)dy

∥∥∥2
ds ≤ 1

i (i1 − i)

∫ ∞

0
g(y)

∥∥∥f6x(y)
∥∥∥2

dy =
1

i (i1 − i)
‖f6‖2

Lg
< ∞. (3.21)

The result (3.21) implies that f6 ∈ Lg . Then, by definition we have
∫ s

0
f6(y)dy ∈ Lg . Moreover by

using Cauchy-Schwarz’s inequality, we obtain

∥∥∥ ∫ ∞

0
g(s)

∫ s

0
f6x(y)dyds

∥∥∥2
≤

∫ ∞

0
g(s)ds

∫ ∞

0
g(s)

∥∥∥ ∫ s

0
f6x(y)dy

∥∥∥
≤ g0

∫ ∞

0
g(s)

∥∥∥ ∫ s

0
f6x(y)dy

∥∥∥
< ∞.

(3.22)

It follows from the last above inequality that
∥∥∥ ∫ ∞

0
g(s)

∫ s

0
f6x(y)dyds

∥∥∥2
is bounded. Than,∫ ∞

0
g(s)

∫ s

0
f6x(y)dyds ∈ H1

0(0, 1). Consequently, from (3.18) we have

T ∈ H1
0(0, 1).
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Meanwhile, we observe that

∫ ∞

0
g(s)‖Tx‖2ds = g0‖Tx‖2 < ∞ =⇒ T ∈ Lg .

Additionally, by applying (3.4), integration by parts, the fact that
∫ ∞

0
sg(s) = 1, and L’Hôpital’s

rule, we obtain

∫ ∞

0
s2g(s)ds ≤ 2

i
< ∞.

Therefore,

∫ ∞

0
g(s)‖sTx‖2ds =

(∫ ∞

0
s2g(s)ds

)
‖Tx‖2 < ∞.

It implies that sT ∈ Lg . Consequently, from (3.16)6 and (3.18), we get

η, ηs ∈ Lg .

According to Lax-Milgram theorem and classical elliptic regularity, the system (3.16)2 − (3.16)4

has a solution such that (U, V ) ∈ H2(0, 1)× H2(0, 1). Moreover,

Uxx =
1

a1a3 − a2
2
(a3ρ1f2 − a2ρ2f4 + a2δTx − a2γ1N − a2γ2Z(x, 1, t)) ∈ L2,

Vxx =
1

a1a3 − a2
2
(a1ρ2f4 − a2ρ1f2 − a1δTx + a1γ1N + a1γ2Z(x, 1, t)) ∈ L2.

Additionally, it is clear that

Ux =
1

a1a3 − a2
2

(
a3ρ1

∫ x

0
f2(y)dy− a2ρ2

∫ x

0
f4(y)dy

−a2γ1

∫ x

0
N (y)dy− a2γ2

∫ x

0
Z(y, 1, t)dy + a2δT

)
,

Vx =
1

a1a3 − a2
2

(
a1ρ2

∫ x

0
f4(y)dy− a2ρ1

∫ x

0
f2(y)dy

+a1γ1

∫ x

0
N (y)dy + a1γ2

∫ x

0
Z(y, 1, t)dy− a1δT

)
.

Hence, U and V satisfy the boundary conditions since f2, f4 ∈ L2 and T ∈ H1
0(0, 1), that is

Ux(0) = Ux(1) = Vx(0) = Vx(1) = 0.
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Then, (3.15) has a unique solution in D(A ) moreover ‖U ‖H ≤ k‖F‖H , thus, 0 ∈ ρ(A). finally,

since 0 ∈ ρ(A ) and A is dissipative we conclude that the operator A is the infinitesimal

generator of a c0-semigroup of contraction in H by using Theorem 1.2.4 of [54] (Lumer-Phillips

Theorem). �

3.4 Exponential stability

In this section we assume that (U, V , T , η, z) is a solution of (3.8) and we demonstrate the

exponential stability of our problem by using the energy technique.

Lemma 3.1. Assume that g satisfies (A2). Then, the energy functional E defined by

E(t) =
1
2

∫ 1

0

(
ρ1U2

t + a1U2
x + ρ2V 2

t + a3V 2
x + 2a2UxVx + ρ3T 2

)
dx

+
ξ

2

∫ 1

0

∫ 1

0
Z2(x, ρ, t)dρdx +

1
2τ1

∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx,

(3.23)

satisfies,

E′(t) ≤ −m0

(∫
V 2

t (x, t) dx +
∫ 1

0
Z2 (x, 1, t) dx

)
+

1
2τ1

∫ 1

0

∫ ∞

0
g ′(s)|ηx|2dsdx, (3.24)

for some m0 > 0.

Proof. We multiplying the first and three equations of (3.8) by Ut, Vt and T , respectively, and

integration by part over (0, 1), we find

1
2

d
dt

∫ 1

0

(
ρ1U2

t + a1U2
x + ρ2V 2

t + a3V 2
x + ρ3T 2 + 2a2UxVx

)
dx

+γ1

∫ 1

0
V 2

t dx + γ2

∫ 1

0
VtZ (x, 1, t) dx +

1
τ1

∫ 1

0
Tx

∫ ∞

0
g(s)ηxdsdx = 0.

(3.25)

Using (3.8)4 where is ηt (x, t, s) + ηs (x, t, s) = T (x, t), by simple calculation we find

∫ 1

0
Tx

∫ ∞

0
g(s)ηxdsdx =

∫ 1

0

∫ ∞

0
g(s) (ηts + ηsx) ηxdsdx

=
1
2

d
dt

∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx +

1
2

∫ 1

0

∫ ∞

0
g(s)

∂

∂s
|ηx|2dsdx

=
1
2

d
dt

∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx− 1

2

∫ 1

0

∫ ∞

0
g ′(s)|ηx|2dsdx.

(3.26)
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Now, multiplying (3.8)5 by ξ
τ Z and integrating the result over (0, 1)× (0, 1) we get

ξ

2
d
dt

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx = − ξ

2τ

∫ 1

0

∫ 1

0

∂

∂ρ
Z2 (x, ρ, t) dρdx

=
ξ

2τ

∫ 1

0

(
Z2(x, 0, t)− Z2(x, 1, t)

)
=

ξ

2τ

∫ 1

0

(
V 2

t − Z2(x, 1, t)
)

.

(3.27)

Substituting (3.26), (3.27) in (3.25) we find

dE(t)
dt

= −
(

γ1 −
ξ

2τ

) ∫ 1

0
V 2

t (x, t)dx− ξ

2τ

∫ 1

0
Z2(x, 1, t)dx

−γ2

∫ 1

0
Vt(x, t)Z(x, 1, t)dx +

1
2τ1

∫ 1

0

∫ ∞

0
g ′ (s) |η(x)|2dsdx.

(3.28)

By applying Young’s inequality in (3.28), we obtain

dE(t)
dt

≤ −
(

γ1 −
ξ

2τ
− |γ2|

2

) ∫ 1

0
V 2

t (x, t)dx−
(

ξ

2τ
− |γ2|

2

) ∫ 1

0
Z2(x, 1, t)dx

+
1

2τ1

∫ 1

0

∫ ∞

0
g ′ (s) |η(x)|2dsdx.

(3.29)

By using (3.11) and (3.23) we obtain (3.24). �

Lemma 3.2. The functional

F1(t) =
ρ2

a2

∫ 1

0
(VtU − VUt) ,

satisfies, the estimate

F′1(t) ≤ −1
2

∫ 1

0
U2

xdx +

(
1
a2

2

(
a1ρ2

ρ1
− a3

)2

+
ρ2

ρ1

) ∫ 1

0
V 2

x dx +
δ2

a2
2

∫ 1

0
T 2dx

+
1
2

∫ 1

0
U2dx +

γ2
1

a2
2

∫ 1

0
V 2

t dx +
γ2

2
a2

2

∫ 1

0
Z2 (x, 1, t) dx.

(3.30)

Proof. Taking the derivative of F1, by using (3.8)1 and (3.8)2, we obtain

F′1(t) = −
∫ 1

0
U2

xdx +
ρ2

ρ1

∫ 1

0
V 2

x dx− δ

a2

∫ 1

0
UxT dx +

1
a2

(
a1ρ2

ρ1
− a3

) ∫ 1

0
UxVxdx

−γ1

a2

∫ 1

0
VtUdx− γ2

a2

∫ 1

0
Z (x, 1, t)Udx.

(3.31)
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By using Young’s inequality we obtain

− δ

a2

∫ 1

0
UxT dx ≤ 1

4

∫ 1

0
U2

xdx +
δ2

a2
2

∫ 1

0
T 2dx, (3.32)

1
a2

(
a1ρ2

ρ1
− a3

) ∫ 1

0
UxVxdx ≤ 1

4

∫ 1

0
U2

xdx +
1
a2

2

(
a1ρ2

ρ1
− a3

)2 ∫ 1

0
V 2

x dx, (3.33)

− γ1

a2

∫ 1

0
VtUdx ≤ 1

4

∫ 1

0
U2dx +

γ2
1

a2
2

∫ 1

0
V 2

t dx, (3.34)

− γ2

a2

∫ 1

0
Z (x, 1, t)Udx ≤ 1

4

∫ 1

0
U2dx +

γ2
2

a2
2

∫ 1

0
Z2 (x, 1, t) dx. (3.35)

By substituting (3.32)-(3.35) into (3.31), we obtain (3.30). �

Lemma 3.3. The functional

F2(t) =
1
λ

(
a1ρ2

∫ 1

0
VtV dx− a2ρ1

∫ 1

0
UtV dx

)
+

γ1a1

2λ

∫ 1

0
V 2dx,

satisfies, for any ε1 > 0 small, the estimate

F′2(t) ≤
−1
2

∫ 1

0
V 2

x dx + ε1

∫ 1

0
U2

t dx +

(
a1ρ2

λ
+

a2
2ρ2

1
4ε1λ2

) ∫ 1

0
V 2

t dx

+
a2

1δ2

λ2

∫ 1

0
T 2dx +

1
2

∫ 1

0
V 2dx +

a2
1γ2

2
2λ2

∫ 1

0
Z2 (x, 1, t) dx,

(3.36)

where λ = a1a3 − a2
2 > 0.

Proof. Taking the derivative of F2, by using (3.8)1 and (3.8)2, we obtain

F′2(t) = −
∫ 1

0
V 2

x dx +
a1ρ2

λ

∫ 1

0
V 2

t dx− a2ρ1

λ

∫ 1

0
UtVtdx− a1δ

λ

∫ 1

0
VxT dx

− a1γ2

λ

∫ 1

0
Z (x, 1, t)V dx.

(3.37)

Using Young’s inequalities with ε1 > 0,

− a2ρ1

λ

∫ 1

0
UtVtdx ≤ ε1

∫ 1

0
U2

t dx +
a2

2ρ2
1

4ε1λ2

∫ 1

0
V 2

t dx, (3.38)

− a1δ

λ

∫ 1

0
VxT dx ≤ 1

2

∫ 1

0
V 2

x dx +
a2

1δ2

λ2

∫ 1

0
T 2dx, (3.39)

− a1γ2

λ

∫ 1

0
Z (x, 1, t)V dx ≤ 1

2

∫ 1

0
V 2dx +

a2
1γ2

2
2λ2

∫ 1

0
Z2 (x, 1, t) . (3.40)
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By substituting (3.38)-(3.40) into (3.37), we obtain (3.36). �

Lemma 3.4. Assume that g satisfies (A2) then, the functional

F3(t) = −
1
g0

∫ 1

0
T
∫ ∞

0
g(s)η(s)dsdx,

satisfies, for any ε3 > 0 small, the estimate

F′3(t) ≤ −1
2

∫ 1

0
T 2dx + ε3

∫ 1

0
V 2

t dx +

(
1

ρ3τ1
+

δ2

4ρ2
3g0ε3

) ∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx

−g(0)
2g 2

0

∫ 1

0

∫ ∞

0
g ′(s)|ηx|2dsdx.

(3.41)

Proof. Taking the derivative of F3 and using (3.8)3 and (3.8)4, we obtain

F′3(t) = −
∫ 1

0
T 2dx +

1
ρ3g0τ1

∫ 1

0

(∫ i∞

0
g(s)ηxds

)2

dx +
δ

ρ3g0

∫ 1

0
Vt

∫ ∞

0
g(s)ηxdsdx

+
1
g0

∫ 1

0
T
∫ ∞

0
g(s)ηsdsdx.

(3.42)

Applying Young’s and Cauchy-Schwarz inequalities, with ε3 > 0 we get

1
ρ3g0τ1

∫ 1

0

(∫ ∞

0
g(s)ηxds

)2

dx ≤ 1
ρ3τ1

∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx, (3.43)

δ

ρ3g0

∫ 1

0
Vt

∫ ∞

0
g(s)ηxdsdx ≤ ε3

∫ 1

0
V 2

t dx +
δ2

4ρ2
3g0ε3

∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx, (3.44)

1
g0

∫ 1

0
T
∫ ∞

0
g(s)ηsdsdx ≤ 1

2

∫ 1

0
T 2dx− g(0)

2g 2
0

∫ 1

0

∫ ∞

0
g ′(s)|ηx|2dsdx. (3.45)

By substituting (3.43)-(3.45) into (3.42), we obtain (3.41). �

Lemma 3.5. The functional

F4(t) = −
∫ 1

0
UtUdx,

satisfies, the estimate

F′4(t) ≤ −
∫ 1

0
U2

t dx +
1

2ρ1
(2a1 + a2)

∫ 1

0
U2

xdx +
a2

2ρ1

∫ 1

0
V 2

x dx. (3.46)
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Proof. Taking the derivative of F4, using (3.8)1 and Young’s inequality, we obtain

F′4(t) = −
∫ 1

0
U2

t dx +
a1

ρ1

∫ 1

0
U2

xdx +
a2

ρ1

∫ 1

0
UxVxdx,

≤
∫ 1

0
U2

t dx +
1

2ρ1
(2a1 + a2)

∫ 1

0
U2

xdx +
a2

2ρ1

∫ 1

0
V 2

x dx.

�

Lemma 3.6. The functional

F5(t) = τ
∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx,

satisfies, for some positive constant m1, the estimate

F′5(t) ≤ −m1

(∫ 1

0
Z2 (x, 1, t) dx + τ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx

)
+
∫ 1

0
V 2

t dx. (3.47)

Proof. Taking the derivative of F5 and using (3.8)5 , we obtain

F′5(t) = −2τ
∫ 1

0

∫ 1

0
e−τρZ (x, ρ, t)Zρ (x, ρ, t) dρdx

= −
∫ 1

0

∫ 1

0
e−τρ ∂

∂ρ
Z2 (x, ρ, t) dρdx

= −
∫ 1

0

(
e−τZ2 (x, 1, t)− Z2 (x, 0, t)

)
dx− τ

∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx

= −e−τ
∫ 1

0
Z2 (x, 1, t) dx− τ

∫ 1

0

∫ 1

0
e−τρZ2 (x, ρ, t) dρdx +

∫ 1

0
V 2

t dx.

(3.48)

By using the fact that Z (x, 0, t) = Vt (x, t) and e−τ ≤ e−τρ ≤ 1 for all ρ ∈ [0, 1], we get

F′5(t) ≤ −e−τ

(∫ 1

0
Z2 (x, 1, t) dx + τ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx

)
+
∫ 1

0
V 2

t dx,

setting m1 = e−τ, we obtain (3.47). �

Now, we define the Lyapunov functional by

L(t) = NE(t) +
4

∑
j=1

NjFj(t) + F5(t). (3.49)

for N and Nj, j = 1, ..., 4 are positive constants and we show that L(t) is equivalent with the

energy functional E.
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Lemma 3.7. Assume that g satisfies (A2). Then, there exist two positive constants a, b > 0, such that

aE(t) ≤ L(t) ≤ bE(t), t ≥ 0. (3.50)

Proof. by doing a simple calculations based on the definition of Fj, j = 1, ..., 5 we get

|L(t)− NE(t)| ≤ N1
ρ2

|a2|

∫ 1

0
|VtU − VUt|dx +

N2

λ

(
a1ρ2

∫ 1

0
|VtV |dx + |a2| ρ1

∫ 1

0
|UtV |dx

)
+

a1γ1

2λ

∫ 1

0
|V |2dx +

N3

g0

∫ 1

0

∣∣∣T ∫ ∞

0
g (s) η (s) ds

∣∣∣dx

+N4

∫ 1

0
|UtU|dx + τ

∫ 1

0

∣∣∣e−τρZ2 (x, ρ, t)
∣∣∣dρdx.

By using Cauchy-Schwarz and Young’s inequalities, we arrive to

|L(t)− NE(t)| ≤
(

ρ2N1

2a2
2

+
a2

1ρ2
2N2

2λρ1

) ∫ 1

0
V 2

t dx +

(
ρ2N1

2
+

ρ1N2

λ
+

γ1a1N2

2λ

) ∫ 1

0
V 2dx

+

(
ρ2N1

2a2
2

+
ρ1a2

2N2

2λ
+

N4

2

) ∫ 1

0
U2

t dx +

(
ρ2N1

2
+

N4

2

) ∫ 1

0
U2dx

+
N3

2

∫ 1

0
T 2dx +

N3

2g0

∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx + τ

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx.

(3.51)

Using Poincaré’s inequality, it is evident that

|L(t)− NE(t)| ≤ τ2

∫ 1

0

(
V 2

t + U2
t + V 2

x + U2
x + T 2

+
∫ 1

0
g(s)|ηx|2ds +

∫ 1

0
Z2 (x, ρ, t) dρ

)
dx.

(3.52)

Where

τ2 = max

{
ρ2N1

2a2
2

+
ρ2

2a2
1N2

2λρ1
,

ρ2N1

2a2
2

+
ρ1a2

2N2

2λ
+

N4

2
, cp

(
ρ2N1

2
+

ρ1N2

λ
+

γ1a1N2

2λ

)
,

cp

(
ρ2N1

2
+

N4

2

)
,

N3

2
,

N3

2g0
, τ

}
> 0,

where cp is a Poincaré’s constant. However, the energy functional provided by (3.23) can be
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defined as

E(t) =
1
2

∫ 1

0

[
ρ1U2

t + ρ2V 2
t +

a1

2

(
Ux +

a2

a1
Vx

)2

+
a3

2

(
Vx +

a2

a3
Ux

)2

+
1
2

(
a1 −

a2
2

a3

)
U2

x

+
1
2

(
a3 −

a2
2

a1

)
V 2

x + ρ3T 2 +
1
τ1

∫ ∞

0
g(s)|ηx|2ds + ξ

∫ 1

0
Z2 (x, ρ, t) dρ

]
dx

≥ 1
2

∫ 1

0

[
ρ1U2

t + ρ2V 2
t +

1
2

(
a1 −

a2
2

a3

)
U2

x +
1
2

(
a3 −

a2
2

a1
V 2

x

)

+ρ3T 2 +
1
τ1

∫ ∞

0
g(s)|ηx|2ds + ξ

∫ 1

0
Z2 (x, ρ, t) dρ

]
dx.

(3.53)

It follows from a1a3 > a2
2 and (3.53) that

E(t) ≥ τ3

∫ 1

0

[
V 2

t + U2
t + V 2

x + U2
x + T 2 +

∫ ∞

0
g(s)|ηx|2ds +

∫ 1

0
Z2 (x, ρ, t) dρ

]
dx, (3.54)

where

τ3 = min
1
2

{
ρ1, ρ2, ρ3,

1
2

(
a1 −

a2
2

a3

)
,

1
2

(
a3 −

a2
2

a1

)
,

1
τ1

, ξ

}
> 0.

Combining (3.52) and (3.54) we find

|L(t)− NE(t)|≤ τ2

τ3
E(t),

which implies that [
N − τ2

τ3

]
E(t) ≤ L(t) ≤

[
N +

τ2

τ3

]
E(t). (3.55)

For N = a + τ2
τ3

results in (3.50), where a > 0 and b = a + 2τ2
τ3

. �

Now, we state and demonstrate our stability result.

Theorem 3.2. Assume that g satisfies(A2). Then, there exist two positive constants α1 and α2 such that

the energy designated by (3.23) satisfies

E(t) ≤ α1e−α2t, f orallt ≥ 0. (3.56)

Proof. By differentiating equation (3.49), recalling the equations (3.24), (3.30), (3.36), (3.41), (3.46),

(3.47) and taking

N4 = 2, ε1 =
1

N2
, ε3 =

1
N3

,
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we arrive to

L′(t) ≤
[

N
2τ1
− g(0)N3

2g 2
0

] ∫ 1

0

∫ ∞

0
g ′(s)|ηx|2dsdx−

[
ωN1 −

2a1 + a2

ρ1

] ∫ 1

0
U2

xdx

−
[

ωN2 −
(

1
a2

2

(
a1ρ2

ρ1
− a3

)2

+
ρ2

ρ1

)
N1 −

a2

ρ1

] ∫ 1

0
V 2

x dx

−
[

m0N −
γ2

1N1

a2
2
−
(

a1ρ2

λ
+

a2
2ρ2

1N2

4λ2

)
N2 − 2

] ∫ 1

0
V 2

t dx

−
[

N3

2
− δ2N1

a2
2
−

a2
1δ2N2

λ2

] ∫ 1

0
T 2dx

−
[

m0N + m1 −
γ2

2N1

a2
2
−

a2
1γ2

2N2

2λ2

] ∫ 1

0
z2 (x, 1, t) dx−

∫ 1

0
U2

t dx

−τm1

∫ 1

0

∫ 1

0
Z2 (x, ρ, t) dρdx +

[(
1

ρ3τ1
+

δ2N3

4ρ2
3g0

)
N3

] ∫ 1

0

∫ ∞

0
g(s)|ηx|2dsdx,

(3.57)

where ω =
1
2
−

cp

2
> 0, since cp < 1. Now, we choose N1, N2 and N3 three constants are large

enough such that



ωN1 − 2a1+a2
ρ1

> 0,

ωN2 −
(

1
a2

2

(
a1ρ2
ρ1
− a3

)2
+ ρ2

ρ1

)
N1 − a2

ρ1
> 0,

N3
2 −

δ2N1
a2

2
− a2

1δ2N2
λ2 > 0.

Finally, by using (A2), combining first and last term in (3.57) and choose N large enough we

obtain,

L′(t) ≤ −β1

∫ 1

0

(
U2

t + U2
x + V 2

t + V 2
x + T 2 +

∫ 1

0
Z2 (x, ρ, t) dρ +

∫ ∞

0
g(s)|η2

x|ds
)

dx

≤ −β2E(t), ∀t ≥ 0,

for some positive constant β1 and β2. From Lemma 3.7, we conclude that

L′(t) ≤ −r1L
′(t), ∀t ≥ 0, (3.58)

where r1 = β2
b > 0. A simple integration of (3.58) yields

L(t) ≤ L(0)e−r1t, ∀t ≥ 0.

By applying Lemma 3.7 again we obtain the desired result (3.56). �
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4
Well-posedness and exponential stability for a swelling

porous-heat system with thermodiffusion effects and

time-varying delay

4.1 Introduction

In this chapter, we investigate the swelling porous-heat system with thermodiffusion effects

and time-varying delay



ρ1Utt − a1Uxx − a2ϕxx = 0,

ρ2ϕtt − a3ϕxx − a2Uxx − ζ1θx − ζ2Px + µ1ϕt + µ2ϕt(x, t− τ(t)) = 0,

cθt + dPt − k θxx − ζ1ϕxt = 0,

d θt + rPt − hPxx − ζ2ϕxt = 0,

(4.1)

where (x, t) ∈ (0, 1)× (0, ∞) with the following initial and boundary conditions



U(x, 0) = U0(x), Ut(x, 0) = U1(x), x ∈ (0, 1),

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), x ∈ (0, 1),

θ(x, 0) = θ0(x), P (x, 0) = P0(x), x ∈ (0, 1),

ϕt(x, t− τ(0)) = f0(x, t− τ(0)), (x, t) ∈ (0, 1)× (0, τ(0)),

U(0, t) = ϕ(0, t) = θ(0, t) = P (0, t) = 0, ∀t ≥ 0,

U(1, t) = ϕ(1, t) = θ(1, t) = P (1, t) = 0, ∀t ≥ 0.

(4.2)
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U(x, t) is the displacement of the fluid, ϕ(x, t) is the elastic solid material, θ(x, t) is the tempera-

ture difference, P (x, t) is the chemical potential. ρ1, ρ2 are the densities of U and ϕ, respectively,

where k and h represent respectively the heat and the mass diffusion conductivity coefficients.

a1, a3, ζ1, ζ2, µ1, r , c and d are positive constants, and µ2, a2 , 0 are real numbers, where

a1a3 > a2
2 , (4.3)

and

λ = rc − d 2 > 0. (4.4)

Equations (4.1) result from the fundamental field equations for the theory of swelling of one-

dimensional porous elastic soils, which are given by ( [37])
ρ1Utt = t1x − H1 + G1,

ρ2ϕtt = t2x − H2 + G2,
(4.5)

the terms ti , Gi and Hi represent the partial tensions, external forces, and internal body forces

associated with the dependent variables U and ϕ. Furthermore, the constitutive equations for

partial tensions are defined by

 t1

t2

 =

 a1 a2

a2 a3


︸           ︷︷           ︸

A

 Ux

ϕx

 , (4.6)

where A is a positive definite symmetric array, meaning that a1a3 > a2
2 , and H1 = H2 = 0

represents the null hypothesis of the body’s internal forces. In final form, we selected

G1 = 0 and G2 = ζ1θx − ζ2Px + µ1ϕt + µ2ϕt(x, t− τ(t)),

we assume that as in [55], the time-varying delay τ(t) is considered to satisfy the following

conditions: 
0 < τ1 ≤ τ(t) ≤ τ2, ∀t > 0,

τ′(t) ≤ r1 < 1, ∀t > 0,

τ ∈ W 2,∞([0, T]), ∀T > 0,

(4.7)



4.2 Well-posedness 55

where r1 is a positive constant, and that µ1, µ2 satisfy

|µ2|<
√

1− r1µ1. (4.8)

Numerous results about the polynomial or exponential decline of thermoelastic solution were

obtained [13, 20, 31, 34, 40, 46].

The main contribution of this study is to examine the system (4.1)-(4.2), where the introduction

of the time-varying delay term and thermodiffusion effects can differentiate and be important

in the problem compared to other literature addressed.

4.2 Well-posedness

In order to prove the existence and uniqueness of a unique of problem (4.1)-(4.2), using semi

group theory. as in [44], we introduce the new variable

Z(x, ρ, t) = ϕt(x, t− τ(t)ρ), (x, ρ, t) ∈ (0, 1)2 × (0, ∞). (4.9)

which satisfies

τ(t)Zt(x, ρ, t) + (1− τ′(t)ρ)Zρ(x, ρ, t) = 0, (4.10)

for (x, ρ, t) ∈ (0, 1)2 × (0, ∞).

Hence, problem (4.1) is equivalent to



ρ1Utt − a1Uxx − a2ϕxx = 0, (x, t) ∈ (0, 1)× (0, ∞),

ρ2ϕtt − a3ϕxx − a2Uxx − ζ1θx − ζ2Px

+µ1ϕt + µ2Z(x, 1, t) = 0, (x, t) ∈ (0, 1)× (0, ∞),

τ(t)Zt(x, ρ, t) + (1− τ′(t)ρ)Zρ(x, ρ, t) = 0, (x, ρ, t) ∈ (0, 1)2 × (0, ∞),

cθt + dPt − k θxx − ζ1ϕxt = 0, (x, t) ∈ (0, 1)× (0, ∞),

d θt + rPt − hPxx − ζ2ϕxt = 0, (x, t) ∈ (0, 1)× (0, ∞).

(4.11)

with the following initial and boundary conditions
U(x, 0) = U0(x), Ut(x, 0) = U1(x), x ∈ (0, 1),

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), x ∈ (0, 1),
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

θ(x, 0) = θ0(x), P (x, 0) = P0(x), x ∈ (0, 1),

Z(x, 0, t) = ϕt(x, t), x ∈ (0, 1),

Z(x, ρ, 0) = f0(x,−ρτ(0)), x, ρ ∈ (0, 1),

U(0, t) = ϕ(0, t) = θ(0, t) = P (0, t) = 0, ∀t ≥ 0,

U(1, t) = ϕ(1, t) = θ(1, t) = P (1, t) = 0, ∀t ≥ 0.

(4.12)

Now, we set V = Ut, ψ = ϕt and let U = (U, V , ϕ, ψ, Z, θ, P )T, then system (4.11)-(4.12) can be

written as 
Ut = A (t)U , t > 0,

U (0) = U0 = (U0, U1, ϕ0, ϕ1, f0(x,−ρτ(0)), θ0, P0)
T.

(4.13)

where the operator A (t) : D(A (t)) ⊂H −→H is defined by

A (t)U =



V

1
ρ1
(a1Uxx + a2ϕxx)

ψ

1
ρ2
(a3ϕxx + a2Uxx + ζ1θx + ζ2Px − µ1ψ− µ2Z(x, 1, t))

−1−τ′(t)ρ
τ(t) Zρ(x, ρ, t)(

rk
λ

)
θxx −

(
hd
λ

)
Pxx +

(
r ζ1−d ζ2

λ

)
ψx(

ch
λ

)
Pxx −

(
kd
λ

)
θxx +

(
cζ2−d ζ1

λ

)
ψx



.

And where the energy space H is :

H =
(

H1
0(0, 1)× L2(0, 1)

)2
× L2 ((0, 1)× (0, 1))×

(
L2(0, 1)

)2
,

For U = (U, V , ϕ, ψ, Z, θ, P )T and Ũ =
(

Ũ, Ṽ , ϕ̃, ψ̃, Z̃, θ̃, P̃
)T

, we define the inner product in

H by

〈
U , Ũ

〉
H

= ρ1

∫ 1

0
V Ṽ dx + a1

∫ 1

0
UxŨxdx + ρ2

∫ 1

0
ψψ̃dx

+a3

∫ 1

0
ϕx ϕ̃xdx + a2

∫ 1

0

(
Ux ϕ̃x + ϕxŨx

)
dx +

∫ 1

0
cθθ̃dx

+d
∫ 1

0

(
P θ̃ + θP̃

)
dx + r

∫ 1

0
P P̃ dx +

∫ 1

0

∫ 1

0
Z(x, ρ)Z̃(x, ρ)dxdρ.
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Next, we define D(A ) by

D(A (t)) =
{

U ∈ H / ψ = Z (., 0)
}

.

for t > 0, where

H =
(

H2(0, 1) ∩ H1
0(0, 1)

)
× H1

0(0, 1)×
(

H2(0, 1) ∩ H1
0(0, 1)

)
× H1

0(0, 1)

×L2((0, 1), H1(0, 1))×
(

H2(0, 1) ∩ H1
0(0, 1)

)
×
(

H2(0, 1) ∩ H1
0(0, 1)

)
Note that the domain of A (t) is independent of the time t > 0.

The existence and uniqueness results are provided as follows:

Theorem 4.1. Let (4.7) be satisfied and assume that (4.8) holds. Then, for any U0 ∈ D(A (0)), there

exists a unique solution U of problem (4.11)-(4.12) satisfying

U ∈ C ([0,+∞) , D(A (0))) ∩ C 1 ([0,+∞) , H ) .

In order to prove Theorem 4.1, we will use the variable norm technique developed by Kato

in [42], where the following theorem is proved:

Theorem 4.2. Assume that:

(i) D(A (0)) is a dense subset of H ;

(ii) D(A (t)) = D(A (0)), ∀t > 0;

(iii) for all t ∈ [0, T], A (t) generates a strongly continuous semigroup on H and the family A =

{A (t) : t ∈ [0, T]} is stable with stability constants C and m independent of t. i.e. the semigroup

(St(s))s≥0 generated by A (t) satisfies

‖St(s)(U )‖H ≤ Cems‖U ‖H , ∀U ∈H , s ≥ 0;

(iv) ∂tA (t) ∈ L∞
∗ ([0, T], B (D(A (0)), H )), where L∞

∗ ([0, T], B (D(A (0)), H )) is the space of

equivalent classes of essentially bounded, strongly measurable functions from [0, T] into the set

B (D(A (0)), H ) of bounded operators from A (0)) into H

Then problem (4.13) has a unique solution

U ∈ C ([0, T), D(A (0))) ∩ C 1 ([0, T), H ) ,
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for any initial datum in D(A (0)).

Proof of Theorem 4.2. We will apply the technique described in [47, 55], making suitable modifi-

cations based on the specifics of our problem.

(i) First, we show that D(A (0)) is dense in H . For, let F = (f1, f2, f3, f4, f5, f6, f7) ∈ H be

orthogonal to all elements of D(A (0)) with respect to the inner product 〈., .〉H :

0 = 〈U , F 〉H =
∫ 1

0
(ρ1Vf2 + a1Uxf1x + ρ2ψf4 + a3ϕxf3x + a2 (Uxf3x + ϕxf1x)) dx

+
∫ 1

0
(cθf6 + d (Pf6 + θf7) + rP f7) dx +

∫ 1

0

∫ 1

0
Z(x, ρ)f5(x, ρ)dρdx,

(4.14)

for all U = (U, V , ϕ, ψ, Z, θ, P )T ∈ D(A (0)), Our objective is to demonstrate that

fi , i = 1, .., 7.

Let us first take Z ∈ D((0, 1)× (0, 1)) and U = V = ϕ = ψ = θ = P = 0, so the vector

U = (0, 0, 0, 0, Z, 0, 0)T ∈ D(A (0)) and therefore, from (4.14), we deduce that

∫ 1

0

∫ 1

0
Z(x, ρ)f5(x, ρ)dρdx = 0.

Since D((0, 1)× (0, 1)) is dense in L2((0, 1)× (0, 1)), then, f5 = 0.

Let V ∈ D(0, 1), then, U = (0, V , 0, 0, 0, 0, 0)T ∈ D(A (0)), which implies from (4.14) that

∫ 1

0
Vf2dx = 0,

so, as above, f2 = 0.

similarly, we have f4, f6, f7 = 0. Next, let U = (U, 0, 0, 0, 0, 0, 0)T then we obtain from (4.14)

that

∫ 1

0
Uxf1xdx = 0.

It is obvious that (U, 0, 0, 0, 0, 0, 0)T ∈ D(A (0)), if and only if U ∈ H2(0, 1) ∩ H1
0(0, 1) and

since H2(0, 1) ∩ H1
0(0, 1) is dense in H1

0(0, 1) with respect to the inner product

〈g, h〉H1
0(0,1) =

∫ 1

0
gxhxdx,

we get f1 = 0. We can also demonstrate that f3 = 0 using the same concepts as above.
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(ii) With our choice, D(A (t)) is independent of t, and therefore

D(A (t)) = D(A (0)), ∀t > 0.

(iii) Now, we show that the operator A (t) generates a C0-semigroup in H for a fixed t. We

define the time-dependent inner-product on H , (which is equivalent to the classical inner

product)

〈
U , Ũ

〉
t

=
∫ 1

0

{
ρ1V Ṽ + a1UxŨx + ρ2ψψ̃ + a3ϕx ϕ̃x + a2

(
Ux ϕ̃x + ϕxŨx

)}
dx

+
∫ 1

0

{
cθθ̃ + d

(
P θ̃ + θP̃

)
+ rP P̃

}
dx

+ητ(t)
∫ 1

0

∫ 1

0
Z(x, ρ)Z̃(x, ρ)dρdx.

where η satisfies

|ζ2|√
1− r1

≤ η ≤ 2ζ1 −
|ζ2|√
1− r1

, (4.15)

thanks to hypothesis (4.8). Let us set

}(t) =
(
τ′(t)2 + 1

) 1
2

2τ(t)
.

The following step involves proving the dissipativity of the operator Ã (t) = A (t)− }(t)I .

For a fixed t and U = (U, V , ϕ, ψ, Z, θ, p)T ∈ D(A (t)) , we get

〈A (t)U , U 〉t =− µ1

∫ 1

0
ψ2dx− µ2

∫ 1

0
Z(x, 1, t)ψdx− k

∫ 1

0
θ2

xdx− h
∫ 1

0
P 2

x dx

− η
∫ 1

0

∫ 1

0

(
1− τ′(t)ρ

)
Z(x, ρ)Zρ(x, ρ)dxdρ. (4.16)

Observe that

∫ 1

0

∫ 1

0

(
1− τ′(t)ρ

)
Z(x, ρ)Zρ(x, ρ)dxdρ

=
∫ 1

0

∫ 1

0

1
2

∂

∂ρ
Z2 (1− τ′(t)ρ

)
dxdρ

=
τ′(t)

2

∫ 1

0

∫ 1

0
Z2(x, ρ)dxdρ +

1
2

∫ 1

0

{
Z2(x, 1)(1− τ′(t)− Z2(x, 0)

}
dx.

(4.17)
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Whereupon

〈A (t)U , U 〉t =− µ1

∫ 1

0
ψ2dx− µ2

∫ 1

0
Z(x, 1)ψdx− k

∫ 1

0
θ2

xdx

− h
∫ 1

0
P 2

x dx− ητ′(t)
2

∫ 1

0

∫ 1

0
Z2(x, ρ)dxdρ

− η

2

∫ 1

0
Z2(x, 1)(1− τ′(t))dx +

η

2

∫ 1

0
ψ2dxdρ. (4.18)

By using Cauchy-Schwarz inequality and (4.7)2, we get

〈A (t)U , U 〉t ≤
(
−µ1 +

|µ2|
2
√

1− r1
+

η

2

) ∫ 1

0
ψ2dx− k

∫ 1

0
θ2

xdx−−h
∫ 1

0
P 2

x dx

+

(
|µ2|
√

1− r1

2
− η

2
(1− r1)

) ∫ 1

0
Z2(x, 1)dx + }(t) 〈U , U 〉t .

Condition (4.15) allows writing.

−µ1 +
|µ2|

2
√

1− r1
+

η

2
≤ 0,

|µ2|
√

1− r1

2
− η

(1− r1)

2
≤ 0.

As a result, the operator Ã (t) is dissipative.

Now, we prove the surjectivity of the operator (I −A (t)) for fixed t > 0. For, let F =

(f1, f2, f3, f4, f5, f6, f7) ∈H , we seek U = (U, V , ϕ, ψ, Z, θ, P )T ∈ D(A (t)) resolution of the

following equations system



U − V = f1,

V − a1
ρ1

Uxx − a2
ρ1

ϕxx = f2,

ϕ− ψ = f3,

ψ− a3
ρ2

ϕxx − a2
ρ2

Uxx − ζ1
ρ2

θx − ζ2
ρ2

Px +
µ1
ρ2

ψ + µ2
ρ2

Z(x, 1) = f4,

Z + (1−τ′(t)ρ)
τ(t) Zρ = f5,

θ −
(

rk
λ

)
θxx +

(
hd
λ

)
Pxx −

(
r ζ1−d ζ2

λ

)
ψx = f6,

P −
(

ch
λ

)
Pxx −

(
hd
λ

)
θxx +

(
cζ2−d ζ1

λ

)
ψx = f7.

(4.19)
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Assume we find U and ϕ. Then, the first and third equations in (4.19) yield
V = U − f1,

ψ = ϕ− f3.
(4.20)

Furthermore, using (4.19), we find Z as:

Z(x, 0) = ψ(x), for x ∈ (0, 1). (4.21)

Following the same procedure as in [55] , we get, by using the last equation in (4.19)5,

Z(x, ρ) = ψ(x)e−ρτ(t) + τ(t)e−ρτ(t)
∫ 1

0
f5 (x, σ) eστ(t)dσ, if τ′(t) = 0,

and

Z(x, ρ) = ψ(x)eϑρ(t) + eϑρ(t)
∫ 1

0

f5 (x, σ) τ(t)
1− τ′(t)σ

e−ϑσ(t)dσ, if τ′(t) , 0,

where ϑρ(t) =
τ(t)
τ′(t) ln (1− τ′(t)ρ). Then, from (4.20), we get

Z(x, ρ) = ϕ(x)e−ρτ(t) − f3e−ρτ(t) + τ(t)e−ρτ(t)
∫ 1

0
f5 (x, σ) eστ(t)dσ, if τ′(t) = 0, (4.22)

and

Z(x, ρ) = ϕ(x)eϑρ(t) − f3eϑρ(t) + eϑρ(t)
∫ 1

0

f5 (x, σ) τ(t)
1− τ′(t)σ

e−ϑσ(t)dσ, if τ′(t) , 0. (4.23)

However, we also have

Z(x, 1) =


ϕ(x)e−τ(t) + Z0(x), if τ′(t) = 0,

ϕ(x)eϑ1(t) + Z0(x), if τ′(t) , 0,
(4.24)

where x ∈ (0, 1) and

Z0(x) =


−f3e−τ(t) + τ(t)e−τ(t) ∫ 1

0 f5(x, σ)eστ(t)dσ, if τ′(t) = 0,

−f3eϑ1(t) + eϑ1(t)
∫ 1

0
f5(x,σ)τ(t)
1−τ′(t)σ e−ϑσ(t)dσ, if τ′(t) , 0.

(4.25)
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If we substitute (4.20) and (4.24), into (4.19) we obtain



ρ1U − a1Uxx − a2ϕxx = g1,

M ϕ− a3ϕxx − a2Uxx − ζ1θx − ζ2Px = g2,

λθ − rk θxx + hd Pxx − (r ζ1 − d ζ2) ϕx = g3,

λP − chPxx + kd θxx − (cζ2 − d ζ1) ϕx = g4,

(4.26)

where 

M = ρ2 + µ1 + µ2e−τ(t),

g1 = ρ1 (f2 + f1) ,

g2 = ρ2 (f4 + f3) + µ1f3 − µ2Z0(x), if τ′(t) = 0,

g3 = λf6 − (r ζ1 − d ζ2) f3x,

g4 = λf7 − (cζ2 − d ζ1) f3x,

(4.27)

and, 

M = ρ2 + µ1 + µ2eϑ1(t),

g1 = ρ1 (f2 + f1) ,

g2 = ρ2 (f4 + f3) + µ1f3 − µ2Z0(x), if τ′(t) , 0,

g3 = λf6 − (r ζ1 − d ζ2) f3x,

g4 = λf7 − (cζ2 − d ζ1) f3x,

(4.28)

We multiply (4.26)1 by Ũ, (4.26)2 by ϕ̃, (4.26)3 by c
λ θ̃, (4.26)4 by r

λ P̃ , (4.26)3 by d
λ P̃

and (4.26)4 by d
λ θ̃ and integrate their sum over (0, 1) to obtain the following variational

formulation
B
(
(U, ϕ, θ, P ) ,

(
Ũ, ϕ̃, θ̃, P̃

))
= L

(
Ũ, ϕ̃, θ̃, P̃

)
, (4.29)

where the bilinear form B :
(

H1
0(0, 1)× H1

0(0, 1)× H1
0(0, 1)× H1

0(0, 1)
)2 −→ R, and the

linear form L :
(

H1
0(0, 1)× H1

0(0, 1)× H1
0(0, 1)× H1

0(0, 1)
)
−→ R are defined by

B
(
(U, ϕ, θ, P ) ,

(
Ũ, ϕ̃, θ̃, P̃

))
=

∫ 1

0

(
ρ1UŨ + a1UxŨx + a2

(
ϕxŨx + Ux ϕ̃x

)
+
(

ρ2 + µ1 + µ2e−τ(t)
)

ϕϕ̃x + a3ϕx ϕ̃x + cθθ̃
)

dx
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+
∫ 1

0

(
k θx θ̃x + rP P̃ + hPxP̃x + d

(
θP̃ + P θ̃

)
+ζ1

(
θϕ̃x − ϕx θ̃

)
+ ζ2

(
P ϕ̃x − ϕxP̃

))
dx,

and

L
(

Ũ, ϕ̃, θ̃, P̃
)
=
∫ 1

0

(
g1Ũ + g2 ϕ̃ +

( c
λ

)
g3θ̃ +

( r
λ

)
g4P̃ +

(
d
λ

)
g3P̃ +

(
d
λ

)
g4θ̃

)
dx,

(4.30)

if τ′(t) = 0.

If τ′(t) , 0, we define

B
(
(U, ϕ, θ, P ) ,

(
Ũ, ϕ̃, θ̃, P̃

))
=
∫ 1

0

(
ρ1UŨ + a1UxŨx + a2

(
ϕxŨx + Ux ϕ̃x

)
+
(

ρ2 + µ1 + µ2eϑ1(t)
)

ϕϕ̃x + a3ϕx ϕ̃x + cθθ̃
)

dx

+
∫ 1

0

(
k θx θ̃x + rP P̃ + hPxP̃x + d

(
θP̃ + P θ̃

)
+ ζ1

(
θϕ̃x − ϕx θ̃

)
+ ζ2

(
P ϕ̃x − ϕxP̃

))
dx,

the operator L has the same formula (4.30), with Z0 satisfying the second equation in

(4.25). It is easy to verify that B is continuous and coercive, and L is continuous. So

applying the Lax-Milgram theorem, we deduce that for all
(

Ũ, ϕ̃, θ̃, P̃
)
∈ H1

0(0, 1) ×

H1
0(0, 1) × H1

0(0, 1) × H1
0(0, 1), problem (4.29) admits a unique solution (U, ϕ, θ, P ) ∈

H1
0(0, 1)× H1

0(0, 1)× H1
0(0, 1)× H1

0(0, 1). The application of the classical regularity theory,

it follows from (4.26) that (U, ϕ, θ, P ) ∈ H2(0, 1)× H2(0, 1)× H2(0, 1)× H2(0, 1) . Hence,

the operator I −A (t) is surjective for any fixed t > 0. Since }(t) > 0 and

I − Ã (t) = (1 + }(t)) I −A (t),

Thus, for t > 0, we also conclude that the operator I − Ã (t) is surjective. To complete the

proof of (iii), it’s suffices to show that

‖Ψ‖t

‖Ψ‖s
≤ e

b
2τ1
|t−s|, ∀t, s ∈ [0, T], (4.31)

where b is a positive constant, Ψ = (U, V , ϕ, ψ, Z, θ, P ) and ‖.‖t is the norm associated to
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the inner product (4.15). For t, s ∈ [0, 1], we have from (4.15)

‖Ψ‖2
s−‖Ψ‖2

s e
b

τ1
|t−s|

=

(
1− e

b
τ1
|t−s|

) ∫ 1

0

(
ρ1V 2 + a1U2

x + ρ2ψ2 + a3ϕ2
x + 2a2Ux ϕx

+cθ2 + 2dP θ + rP 2
)

dx + η

(
τ(t)− τ(s)e

b
τ1
|t−s|

) ∫ 1

0

∫ 1

0
Z2 (x, ρ) dxdρ.

(4.32)

We notice that 1− e
b

τ1
|t−s| ≤ 0. Now, it remains to show that τ(t)− τ(s)e

b
τ1
|t−s| ≤ 0 for

some b > 0. To do this, we have

τ(t) = τ(s) + τ′(a)(t− s),

where a ∈ (s, t) which implies

τ(t)
τ(s)

≤ 1 +
|τ′(a)|
τ(s)

|t− s|.

Using (4.7)3, we conclude that

τ(t)
τ(s)

≤ 1 +
b
τ1
|t− s|≤ e

b
τ1
|t−s|.

which his demonstrates (4.31) and therefore (iii).
(iv) Clearly, that

d
dt

A (t)U =



0

0

0

0

(τ”(t)τ(t)ρ−τ′(t)(τ′(t)ρ−1))
τ2(t) Zρ

0

0



.

Then, by using (4.7)3 and (4.7)1, (iv) holds exactly as in [55]. Consequently, from the above

analysis, we deduce that the problem
Ũt = Ã (t)Ũ ,

Ũ (0) = U0,
(4.33)
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has a unique solution Ũ ∈ C ([0, ∞) , H ) and if U0 ∈ D (A (0)), then

Ũ ∈ C ([0, ∞) , D (A (0))) ∩ C 1 ([0, ∞) , H ) .

Now, we let

U (t) = eN (t)Ũ (t),

with N (t) =
∫ 1

0
}(s)ds, then we have by using (4.33)

Ut(t) = }(t)eN (t)Ũ (t) + eN (t)Ũt(t)

= }(t)eN (t)Ũ (t) + eN (t)Ã (t)Ũ (t)

= eN (t)
(
}(t)Ũ (t) + Ã (t)Ũ (t)

)
= eN (t)A (t)Ũ (t)

= A (t)eN (t)Ũ (t)

= A (t)U (t).

Consequently, U (t) is the unique solution of (4.13). This ends the proof of Theorem 4.1. �

4.3 Exponential stability

In this section, we suppose that (U, ϕ, Z, θ, P ) is a solution of (4.11)-(4.12) and we demonstrate

the exponential decay for our problem. The energy approach will be used to establish an

appropriate Lyapunov function.

We define the energy functional E(t) as

E(t) =
1
2

∫ 1

0

(
ρ1U2

t + a1U2
x + ρ2ϕ2

t + a3ϕ2
x + 2a2Ux ϕx + cθ2 + 2d θP + rP 2

)
dx

+
η

2
τ(t)

∫ 1

0

∫ 1

0
ϕ2

t (x, t− τ(t)ρ) dxdρ.

(4.34)

Noting (4.4), we have for θ, P , 0,

cθ2 + 2d θP + rP 2 =
λ

r
θ2 +

(
d√

r
θ +
√

r P
)2

> 0,
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then we get that the energy E (t) is positive. We have the following result.

Lemma 4.1. Assume that (4.8) holds and the hypotheses (4.7) are satisfied. Then the energy E(t) is

non-increasing, and there exists a positive constant C∗ such that for any solution of (4.11)-(4.12), and for

any t ≥ 0, we have

dE(t)
dt
≤ −C∗

(∫ 1

0
ϕ2

t (x, t)dx +
∫ 1

0
ϕ2

t (x, t− τ(t))dx
)
− k

∫ 1

0
θ2

xdx− h
∫ 1

0
P 2

x dx. (4.35)

Proof. By multiplying (4.11)1, (4.11)2, (4.11)4 and (4.11)5 by Ut, ϕt, θ and P , respectively, then

integrating over (0, 1) with respect to x, using integration by parts and the boundary conditions,

we get

1
2

d
dt

(∫ 1

0

(
ρ1U2

t + a1U2
x + ρ2ϕ2

t + a3ϕ2
x + 2a2Ux ϕx + cθ2 + 2d θP + rP 2

)
(x, t)dx

)

= −k
∫ 1

0
θ2

xdx− h
∫ 1

0
P 2

x dx− µ1

∫ 1

0
ϕ2

t dx− µ2

∫ 1

0
ϕtZ(x, 1, t)dx.

(4.36)

Now, we multiplying (4.11)3 by ηZ and integrate the resulting equation over (0, 1)× (0, 1) with

respect to ρ and x, respectively, to get

η

2
d
dt

∫ 1

0

∫ 1

0
τ(t)Z2(x, ρ, t)dρdx

= −η
∫ 1

0

∫ 1

0

(
1− τ′(t)ρ

)
Z(x, ρ, t)Zt(x, ρ, t)dxdρ +

η

2
τ′(t)

∫ 1

0

∫ 1

0
Z2(x, ρ, t)dxdρ

= −η

2

∫ 1

0

∫ 1

0

∂

∂ρ

(
1− τ′(t)ρ

)
Z2(x, ρ, t)dxdρ

=
η

2

∫ 1

0

(
Z2(x, 0, t)− Z2(x, 1, t)

)
dx +

ητ′(t)
2

∫ 1

0
Z2(x, 1, t)dx.

(4.37)

From (4.34),(4.36) and (4.37), we obtain

dE(t)
dt = −k

∫ 1

0
θ2

x(x, t)dx− h
∫ 1

0
P 2

x (x, t)dx−
(

µ1 −
η

2

) ∫ 1

0
ϕ2

t (x, t)dx

+
η

2
(
τ′(t)− 1

) ∫ 1

0
Z2(x, 1, t)dx− µ2

∫ 1

0
ϕt(x, t)Z(x, 1, t)dx.

(4.38)

Using Young’s inequality, the last term in (4.38) can be estimated as follows:

µ2

∫ 1

0
ϕt(x, t)Z(x, 1, t)dx ≤ µ2

2
√

1− r1

∫ 1

0
ϕ2

t (x, t)dx +
µ2
√

1− r1

2

∫ 1

0
Z2(x, 1, t)dx. (4.39)
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By inserting (4.39) into (4.13), we get

dE(t)
dt
≤ −k

∫ 1

0
θ2

x(x, t)dx− h
∫ 1

0
P 2

x (x, t)dx−
(

µ1 −
η

2
− µ2

2
√

1− r1

) ∫ 1

0
ϕ2

t (x, t)dx

+

(
η

2
(
τ′(t)− 1

)
+

µ2
√

1− r1

2

) ∫ 1

0
Z2(x, 1, t)dx.

(4.40)

Then, using (4.15) and (4.7)2, our conclusion holds. �

The main objective of this part is proof of the following stability result.

Theorem 4.3. Let U0 ∈ D(A (0)). Assume that (4.8) holds. Then under the hypotheses (4.7), any

solution of problem (4.11)-(4.12) satisfies

E(t) ≤ C e−γt, ∀t ≥ 0, (4.41)

for some positive constants C and γ independent of t.

To obtain the exponential decay of the solution in Theorem 4.3, we create a functional L(t)

that is equivalent to the energy E(t) satisfying

dL(t)
dt
≤ −vL(t), ∀t ≥ 0,

where v represents a positive constant. This requires several lemmas.

Lemma 4.2. The functional

F1(t) = −ρ1

∫ 1

0
UUtdx,

satisfies, for any ε1 > 0, the estimate

F ′1 (t) ≤ −ρ1

∫ 1

0
U2

t dx +

(
a1 +

a2
2

4ε1

) ∫ 1

0
U2

xdx + ε1

∫ 1

0
ϕ2

xdx. (4.42)

Proof. By differentiating F1(t) with respect to t, using (4.11)1 and integrating by parts, we get

F ′1 (t) = −ρ1

∫ 1

0
U2

t dx + a1

∫ 1

0
U2

xdx + a2

∫ 1

0
Ux ϕxdx,

Then, using Young’s inequality, we get the result. �

Lemma 4.3. The functional

F2(t) = a1ρ2

∫ 1

0
ϕϕtdx− a2ρ1

∫ 1

0
ϕUtdx,
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satisfies, for any ε2 > 0, the estimate

F ′2 (t) ≤ −a
2

∫ 1

0
ϕxdx + C3(ε2)

∫ 1

0
ϕ2

t dx + ε2

∫ 1

0
U2

t dx +
2a2

1 ζ2
1

a

∫ 1

0
θ2

xdx

+
2a2

1 ζ2
2

a

∫ 1

0
P 2

x dx +
2a2

1 µ2
2

a

∫ 1

0
Z2(x, 1, t)dx,

(4.43)

where

a = a1a3 − a2
2 > 0, C3(ε2) = a1ρ2 +

2a2
1 µ2

1
a

+
a2

2 ρ2
1

4ε2
.

Proof. By differentiating F2(t) with respect to t, using (4.11)1 and (4.11)2 and integrating by

parts, we get

F ′2 (t) = −a
∫ 1

0
ϕ2

xdx + a1ρ2

∫ 1

0
ϕ2

t dx− a2ρ1

∫ 1

0
ϕtUtdx + ζ1a1

∫ 1

0
ϕθxdx

+ζ2a1

∫ 1

0
ϕPxdx− µ1a1

∫ 1

0
ϕϕtdx− µ2a1

∫ 1

0
ϕZ(x, 1, t)dx.

Estimate (4.43) is established through the application of Young’s and Poincaré inequalities. �

Lemma 4.4. The functional

F3(t) =
a1ρ2

a2

∫ 1

0
ϕtUdx− a3ρ1

a2

∫ 1

0
Ut ϕdx,

satisfies, for any ε3 > 0, the estimate

F ′3 (t) ≤ −a1

2

∫ 1

0
U2

xdx + a3

∫ 1

0
ϕ2

xdx +
2a2

1 ζ2
1

a2
2

∫ 1

0
θ2

xdx +
2a2

1 ζ2
2

a2
2

∫ 1

0
P 2

x dx

+C4(ε3)
∫ 1

0
ϕ2

t dx +
2a2

1 µ2
2

a2
2

∫ 1

0
Z2(x, 1, t)dx + ε3

∫ 1

0
U2

t dx,

(4.44)

where

C4(ε3) =
2a2

1 µ2
1

a2
2

+
1

4ε3

(
a1ρ2 − a3ρ1

a2

)2

.

Proof.

F ′3 (t) = −a1

∫ 1

0
U2

xdx + a3

∫ 1

0
ϕ2

xdx +
ζ1a1

a2

∫ 1

0
θxUdx +

ζ2a1

a2

∫ 1

0
PxUdx

−µ1a1

a2

∫ 1

0
ϕtUdx− µ2a1

a2

∫ 1

0
Z(x, 1, t)Udx +

(
a1ρ2 − a3ρ1

a2

)
ϕtUtdx.

Estimate (4.44) is established through the application of Young’s and Poincaré inequalities. �
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Lemma 4.5. The functional

F4(t) = ητ(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρZ(x, ρ, t)dxdρ,

satisfies, the estimate

F ′4 (t) ≤ −2F4(t) + η
∫ 1

0
ϕ2

t (x, t)dx. (4.45)

Proof. Differentiating F4(t) with respect to t, we get

F ′4 (t) = ητ′(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρZ2(x, ρ, t)dxdρ

−2ητ(t)τ′(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρρZ2(x, ρ, t)dxdρ

+2ητ(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρZt(x, ρ, t)Z(x, ρ, t)dxdρ.

(4.46)

By using (4.11)3, the last term in (4.46) can be rewritten as follows

τ(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρ(ZtZ)(x, ρ, t)dxdρ =

∫ 1

0

∫ 1

0
e−2τ(t)ρ (τ′(t)ρ− 1

)
(ZρZ)(x, ρ, t)dxdρ. (4.47)

In addition, it is evident that

∫ 1

0

∫ 1

0
e−2τ(t)ρ (τ′(t)ρ− 1

)
Zρ(x, ρ, t)Z(x, ρ, t)dxdρ

=
1
2

∫ 1

0

∫ 1

0

∂

∂ρ

(
e−2τ(t)ρ (τ′(t)ρ− 1

)
Z2(x, ρ, t)

)
dxdρ

+τ(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρ (τ′(t)ρ− 1

)
Z2(x, ρ, t)dxdρ

−τ′(t)
2

∫ 1

0

∫ 1

0
e−2τ(t)ρZ2(x, ρ, t)dxdρ.

(4.48)

Using (4.48) and (4.47), equation (4.46) gives the form

F ′4 (t) = −2ητ(t)
∫ 1

0

∫ 1

0
e−2τ(t)ρZ2(x, ρ, t)dxdρ + η

∫ 1

0
ϕ2

t (x, t)dx

−η
(
1− τ′(t)

)
e−2τ(t)

∫ 1

0
Z2(x, ρ, t)dx,

(4.49)

This is followed immediately by (4.45). �
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Proof of Theorem 4.3. Let us present a Lyapunov functional.

L(t) := NE(t) +
3

∑
i=1
Ni Li (t) + L4(t), (4.50)

where N and Ni , i = 1, 2, 3, are positive constants that will be selected later.

By differentiating L(t), exploiting (4.35) and (4.42)-(4.45), and sitting ε i =
1
Ni

, i = 1, 2, 3 we have

L ′(t) ≤ − [ρ1N1 − 2]
∫ 1

0
U2

t dx

−
[

a1

2
N3 −

(
a1 +

a2
2N1

4

)
N1

] ∫ 1

0
U2

xdx

− [C∗N − C3(ε2)N2 − C4(ε3)N3 − η]
∫ 1

0
ϕ2

t dx

−
[a

2
N2 − a3N3 − 1

] ∫ 1

0
ϕ2

xdx

−
[

kN −
2a2

1 ζ2
1

a
N2 −

2a2
1 ζ2

1
a2

2
N3

] ∫ 1

0
θ2

xdx

−
[

hN −
2a2

1 ζ2
2

a
N2 −

2a2
1 ζ2

2

a2
2
N3

] ∫ 1

0
P 2

x dx

−
[

C∗N −
2a2

1 µ2
2

a
N2 −

2a2
1 µ2

2

a2
2
N3

] ∫ 1

0
Z2(x, 1, t)dx

−2F4(t).

�

First, we choose N3 large enough so that

ρ1N1 − 2 > 0.

Next, we choose N3 large enough such that

a1

2
N3 −

(
a1 +

a2
2N1

4

)
N1 > 0.

Then, we choose N2 large enough so that

a
2
N2 − a3N3 − 1 > 0.
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Finally, we choose N large enough such that

C∗N − C3(ε2)N2 − C4(ε3)N3 − η > 0,

kN −
2a2

1 ζ2
1

a
N2 −

2a2
1 ζ2

1
a2

2
N3 > 0,

hN −
2a2

1 ζ2
2

a
N2 −

2a2
1 ζ2

2

a2
2
N3 > 0,

C∗N −
2a2

1 µ2
2

a
N2 −

2a2
1 µ2

2

a2
2
N3 > 0.

Based on the previous information, we can therefore conclude that there is a positive constant

β0 such that

L ′(t) ≤ −β0E(t). (4.51)

However, the fact that L(t) ∼ E(t) is easily observed, meaning that there are two positive

constants, β1 and β2, such that

β1E(t) ≤ L(t) ≤ β2E(t), ∀t ≥ 0. (4.52)

Integrating (4.51) and (4.52), we arrive at the following

L ′(t) ≤ −γE(t), ∀t ≥ 0. (4.53)

Where γ = β0
β2

. A simple integration of (4.53) over (0, t) yields

L(t) ≤ L(0)e−γt, ∀t ≥ 0. (4.54)

Combining the equivalence of L(t) and E(t) yields the desired result of Theorem 4.2.



Conclusion

In this thesis, we have investigated the existence and exponential decay of solutions for specific

classes of evolution problems. The study addressed three distinct systems: a one-dimensional

Lord-Schulman thermoelastic system with porous damping and time delay, a swelling porous

system influenced by the Gurtin-Pipkin thermal effect, and a swelling porous-heat system

with time-varying delay under Dirichlet boundary conditions. By employing the semi-group

approach and appropriate assumptions on the delay, we established the well-posedness of

these systems. Furthermore, through the construction of suitable Lyapunov functionals, we

demonstrated that the systems exhibit exponential stability, regardless of system parameters

or equal speeds. These findings contribute valuable insights into the stability mechanisms of

complex thermoelastic and porous systems. Future research could explore extending these

results to higher-dimensional domains, non-linear systems. Additionally, exploring numerical

methods to verify and simulate the theoretical findings for practical implementation. The re-

search advances the understanding of coupled thermoelastic systems and provides a foundation

for both theoretical and applied developments in this field.
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