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Abstract

In this thesis, we present our results about the existence and exponential decay of certain
classes of evolution problems. The first problem focuses on a one-dimensional Lord-Schulman
thermoelastic system coupled with porous damping and time delay. The heat conduction in this
type of systems is described by the Lord—Shulman theory. The second problem focuses on the
swelling porous system with the Gurtin-Pipkin thermal effect as the only source of damping
with delay. In general, the study shows that the dissipation obtained from the Guertin-Pipkin
heat law is sufficient to stabilize the system exponentially, regardless of the system parameters.
The third problem focuses on a one-dimensional swelling porous-heat system with time-varying
delay in a bounded domain under Dirichlet boundary conditions, with thermodiffusion effects
and frictional damping. Overall, using the semi-group approach, the variable norm technique
of T. Kato, and the appropriate assumptions on the weight of delay, we establish the well-
posedness of the considered systems. Then, we show that our systems are exponentially stable
by employing an appropriate Lyapunov functional. We point out that our results are achieved
without taking into account that we have the equal of speeds.

Keywords: Swelling porous systems, Lord-Shulman, Gurtin-Pipkin thermal law ,Porous damp-
ing, Thermodiffusion effects, Delay term, Time-varying delay, Well-posedness, Semigroup

theory, Exponential stability.
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Résumé

Dans cette thése, nous présentons nos résultats sur 1'existence et la décroissance exponentielle
de certains probléemes d’évolution. Le premier probleme se concentre sur un systeme ther-
moélastique unidimensionnel de Lord Shulman avec un amortissement poreux et un retard
temporel. La conduction thermique dans ce systéme est décrite par la théorie de Lord-Shulman.
Le deuxiéme probleme se concentre sur un systeme poreux gonflant avec 1'effet thermique
de Gurtin-Pipkin comme une seule source d’amortissement avec retard. En général, 1’étude
montre que la dissipation obtenue a partir de la loi thermique de Guertin-Pipkin est suffisante
pour stabiliser le systeme de maniere exponentielle, quels que soient les parametres du systeme.
Le troisieme probléeme se concentre sur un systeme poreux gonflant unidimensionnel avec
un retard variable dans le temps dans un domaine borné sous des conditions aux limites de
type Dirichlet, avec des effets de thermodiffusion et un amortissement par frottement. Dans
I'ensemble, en utilisant I'approche de semi-groupe, La technique de la norme variable de T.
Kato, et les hypotheses appropriées sur le poids du retard, nous établissons la bien-poséité des
systémes considérés. Ensuite, nous montrons que nos systémes sont exponentiellement stables
d’apres une fonctionnelle de Lyapunov bien choisée. Notons que nos résultats sont obtenus
sans prendre en considération 1'égalité des vitesses.

mots-clés: Systemes poreux gonflés, Lord-Shulman, Loi thermique de Gurtin-Pipkin, Amor-
tissement poreux, Effets de thermodiffusion, Terme de retard, Retard temporel variable, Bien

posé, Théorie de semi-groupe, Stabilité exponentielle.
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Introduction

Swelling porous soils

Swelling porous soils are types of soils that expand in volume when subjected to moisture.
These soils typically contain clay minerals that attract and absorb water, leading to an increase
in soil pore pressure. The behavior of swelling porous soils is studied under the framework of
porous media theory, which includes the swelling of soils, plants, drying of fibers, wood, and
paper. The swelling of soils is a complex phenomenon that involves the interaction between the
soil matrix and the absorbed water. The swelling pressure is a critical factor in understanding
the behavior of these soils, particularly in engineering applications such as foundation design
and soil stabilization. Recently, many researches have focused on developing mathematical
models that describe very accurately the behavior of swollen porous soils, such as the multiscale
theory which has been developed in order to model the behavior of swelling clay soils, taking
into account the incorporating physicochemical effects, see [2]. The studies have been based on
the linear case of the swelling porous elastic soils problem, considering the formulation within
the theory of mixtures for porous elastic materials. Overall, the study of swelling porous soils
is crucial for understanding and mitigating the effects of soil swelling which enters into many
engineering and environmental applications. For further details, we refer to [16,30, 38,41, 61].
The basic model of the linear swelling porous elastic soils problem is given by the following
system of equations

Puly = Px+G+HhA
0.1)

Vi = P+ G+ R

where U, V are the displacement of the fluid and the elastic solid material and the density of
each component is respectively pq, ooy > 0. The functions P;, G;, F; represent respectively the
partial tension, internal body forces, and eternal forces acting on the displacement. The same

thing about #, G», 7> but acting on the elastic solid. Furthermore, the constitutive equations of
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partial tensions are given by

Py _ a2 Uy , 02)
2] @ @ Vx
A

where 41, a3 are positive constants and a; # 0 is a real number. 4 is a positive-definite matrix
such as aja3 > c122

The paper [61] investigated (0.1) taking into account

GG=G=C(UW—), FA=al F=0.

The authors found an exponential stability where ¢ > 0. Similarly, Wang and Guo [75] examined

(0.1) utilizing initial and partially mixed boundary conditions and taking

GI=G=%=0, F=—puy(x)U

where y(x) is an internal viscous damping function with positive mean. They used the spectral
theory approach to establish some exponential stability results.

In [66], Ramos et al considered (0.1) with

Gi=G=m=0 B=—7x)41)

and they succeeded to show an exponential decay rate when the wave speeds of the system are

equal. In [65], the authors considered (0.1) under the following new conditions
Gi=G=%H=0, Hh=—mV—mw(xt—1)

They obtained the stability of the system as both energy decay and exponential stability were
showed. Recently, Apalara [12] looked into (0.1), with viscoelastic damping acting on the

domain. So, he took

t
GI=G =% =0, ffz:—/og(t—s)q/xx(s)ds,



and established a general decay rate irrespective of the wave speed of the system. Very recently,

Al-Mahdi et al. [1] also considered (0.1) with

G1=G=%H=0, 72:—/0 g (8) Vex(t — s)ds,

and established a general decay results considering a wider class of relaxation functions, and
they also performed several numerical tests to illustrate their theoretical results. For more
details, see [11,43,51,62,63] and the references therein.

Thermoelasticity

Thermoelastic systems deal with the elastic and thermal behavior of elastic heat-conducting
media, focusing on the reciprocal actions of elastic stresses and temperature variations. Duhamel
[26] developed the theory of thermoelasticity in 1838, establishing equations for strain in an
elastic body with temperature gradients. Neumann [52] found similar results in 1841. However,
the hypothesis assumed that thermal and mechanical impacts were independent. The total
strain was determined by superimposing the elastic strain and the thermal expansion caused by
the temperature distribution only. The hypothesis did not account for thermal state motion or
strain-temperature distribution interactions. In 1857, Thomson [74] pioneered the application of
thermodynamic theories to predict the stresses and strains in an elastic body as temperatures
changed. In 1954, Landau and Lifshitz [45] used classical thermodynamics to develop the
coupled equations of thermoelasticity.

The thermoelastic equations describe the behavior of an elastic, heat-conducting material. The
classical model incorporates the hyperbolic elastic system and the classical equivalent model
of thermal conductivity which creates a parabolic coupling system. So, thermoelasticity refers
to the interactions between elastic stresses and temperature differences. When the proposed
materials are present in the linear case of a homogeneous and isotropic medium with a zero of
external body forces and a zero of external heat, and subject to Fourier’s law for the conduction

of internal heat, we can introduce the coupled system as follows:

(tht - (lex + ’)’193{ - O, 11’1 (0, L) X (0, T),

(0.3)
et - Gxx + ,)/Zutx — 0, 11’1 (O, L) X (O, T),
with the initial and boundary conditions
U(x,0) = Up(x), U(x,0) = wy(x), 6(x,0) =6p(x), in (0,L),
(0.4)

u(0,t) = u(L,t) = 0(0,¢) = O(L,t) =0, in (0,T),
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where 7 and 6 are the displacement and the temperature difference, « and B are coupling
constants. In the classical theory of thermoelasticity the constitutive equation for the heat flux is

expressed through the Fourier’s law of heat conduction
g = —kby (0.5)

where 6 is the temperature, g is the heat flux vector and k > 0 is the coefficient of thermal
conductivity.

Regarding the diffusion equations defined by Foueier’s law, it is widely known that the thermal
perturbation at any point in a material body would be felt quickly but irregularly at all points
of the body. This physical inconsistency results in the paradox of limitless heat propagation
speed. Several theories have been proposed to modify the relation between heat flux and
temperature, including Cattaneo’s law (developed by Lord and Shulman [49]), Gurtin and
Pipkin’s theory, Jeffrey’s law, Green and Naghdi’s theory, and more. All of these theories use
hyperbolic differential equations and model heat flow as thermal waves with finite speed. For
more information, see [22,39].

Using the following Cattaneo’s law of heat conduction
Toqt + g+ kB = 0. (0.6)
instead of (0.5) leads to thermoelasticity systems with second sound, as shown

‘Utt - ‘z,lxx + ’)/19x - O, il’l (0, L) X (0, T),
0t — g+ 12Uxr =0, in(0,L)x (0,T), (0.7)

Toq + g+ k6, =0, in (0,L) x (0, T).
Using the following Gurtin-Pipkin’s law of heat conduction
1
Ba+ [ a(s)6x(t —s)ds =0, 0.8)

where g, called the memory kernel, is a bounded convex summable function on [0, o0)of total

mass



instead of (0.5) leads to thermoelasticity systems with Gurtin-Pipkin thermal effects, as shown,

‘Utt - Uxx + ’)/193( — O, in (O, L) X (O, T),

1 /1 (0.9)
@—B 9(8)0xx(t —8)ds + 12U =0, in (0,L) x (0, T).
0

In [68], Mu noz Rivera considered system (0.3). He used the energy approach and proved that
there exist a dissipation of energy caused by the heat equation and that is strong enough to
exponentially stabilize the system. Also, Mu noz Rivera and Racke [67] considered the classical

Timoshenko system subject to thermo-elastic effect of Fourier’s law

o191 —k(px +¢), =0, in (0,L) x (0,00),
P21t — b +k (@x +¢) + 98y =0, in (0,L) x (0,00), (0.10)
P36t - Kexx + ')’QL’tx — O/ ln (0/ L) X (O/ OO)/

with different boundary conditions and proved that the solution of the system is exponentially
stable if and only if

k_b_, (0.11)

1 P2 B
We note that for Timoshenko systems, ¢ is the displacement and ¢ is the rotation angle of
tilament of the beam and p1, p2, 3, k, b, 7y, x are constitutive constants.
In [20], PS Casas, R Quintanilla considered the one dimensional problem of the porous-thermo-

elasticity with Fourier’s law

PUy = UUxx + Eq)x — ,Bexz
JQu = a@xy — bUy — @ + mb — Ty,

0, = KOyy — ,Buxt — Mm@y,

The authors established the exponential decay of the above system. In [21], the authors demon-
strated that neglecting porous damping (7 = 0) results in delayed energy decay. According
to [70], the heat effect alone cannot cause exponential decay without condition % = % Han and
Xu [36] analyzed a nonuniform Lord-Shulman-type porous thermoelastic model. The authors
used spectral theory to calculate the exponential decay of energy, assuming ! coefficients.

Messaoudi and Fareh [50] used the energy approach instead of spectral theory to achieve the

same stability results as in [36], but dealing with constant coefficients. Ferndndez Sare and
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Racke [32] considered the Maxwell-Cattaneo-Timoshenko system given by

[ 0190 —k(9x +), =0, in (0,L) x (0,e0),
2t — by +k (px + ) + 66, =0, in (0,L) x (0,00), 012
P30t + gx + 0hre = 0, in (0,L) x (0,00)

| Tt +Bg+6x=0, in (0,L) x (0,00).

They proved that the solution of Timoshenko system coupled with the heat equation modeled
by Cattaneo’s law losses the exponential stability under the condition (0.11). On the other
hand, Santos et al. [71] considered the same system (0.12) and they found a new number that

characterizes the stabilization. Precisely, they proved that the exponential stability holds if and

(P _bpr\ _Terd®
o= (v ) (=8 ) - o =0

Dell’Oro and Pata [23] considered the following system by applying the Gurtin-Pipkin thermal

only if

law
P19t — k(9x +9), =0, in (0,L) x (0,00),
Ple)tt - blIJX.X + k (§0x + ll)) + 593( — O/ ln (O/ L) X (O/ OO), (013)
030 — % Oog(s)(?xx(t —s)ds + 0y, in (0,L) x (0,00),
\ 0

where g(.) is the memory kernal. They demonstrated that the corresponding semigroup associ-

ated with the above system is exponentially stable if and only

_ (P B\ (pr_p2\_ B pm& _
o= <kp3 .g<0>) (% =)~ 5 s ~°
Aouadi el al. [5] presented the classical Timoshenko beam model within the framework of

thermodiffusion theory, the resulting system is given by

( o191 —k(px+¢), =0, in (0,L) x (0,00),
P21t — aPxx +k (¢x + ¢) — 110 — 722 =0, in (0,L) x (0,0), 0.14)
0 + dPy — kOxx — Y192t =0, in (0,L) x (0,00),

| 40t + 1P — APy — Y2t = O, in (0,L) x (0,00),

where 0 is the temperature and 2 is the chemical potential and the constant py, p2, k, «,

Y1,72,¢ 1,4, h and K are positive physical parameters. They demonstrated the lack of exponen-



tial stability for the Neumann problem without assuming the well-known equal wave speeds
condition, meanwhile, one linear frictional damping is sufficient to ensure exponential stability
for the Dirichlet problem.

Thermodiffusion effect

Diffusion is defined as the spontaneous movement of particles from a high-concentration zone
to a low-concentration region in response to a concentration gradient, which is the change in
concentration owing to location change. Thermal diffusion is the process of transferring heat
across a thin liquid or gas to achieve isotopic separation. Thermal diffusion is still a useful
method for separating noble gases and light isotopes for research. Fick’s law is commonly
used to compute concentrations in various applications. This basic law ignores the interaction
between the substance and the medium, as well as the impact of temperature. Temperature
and gradients have a certain degree of interaction, as temperature accelerates diffusion. Elastic
solids undergo thermodiffusion through a combination of temperature, mass diffusion, strain,
and heat exchange with the surrounding environment. Nowacki [58] developed the theory of
thermoelastic diffusion by using a coupled thermoelastic model. Dudziak and Kowalski [25]
and Olesiak and Pyryev [59] discussed respectively the theory of thermodiffusion and coupled
quasistationary problems of thermal diffusion for an elastic layer.The study examined the impact
of cross-effects caused by the interaction of temperature, mass diffusion, and strain. Thermal
excitation causes increased mass concentration, which in turn generates additional temperature
tields. Sherief et al. demonstrated the uniqueness and reciprocity theorems for the extended
thermoelastic diffusion problem in isotropic medium.

Thermodiffusion is a critical area of study with broad implications. Continued research and
technological progress will further unravel its complexities, enhancing our ability to harness
this effect in practical applications.

Aouadi and Castejon [6] considered a new Timoshenko beam model with thermal and mass dif-
fusion effects according to the Gurtin-Pinkin model with linear frictional damping and nonlinear

source terms

o191t —k(ox +9), + Al@, ¥) + 19t = fn, in (0,1) x (0,0),
P21t — aPxx +k (@x + ) — 110x — 12Px + f(@, ) =y, in (0,1) x (0,00),
0+ d; — /0oo k(8)0xx (f — 8)ds — y19pxe = O, in (0,1) x (0,00),
| 40t + P — /Oooh(s)’l’xx(f —8)ds — 1apxt = 0, in (0,1) x (0,00),



8 Introduction

where i1 ¢; is a linear damping term, £ (¢, ¢), (¢, {) are two nonlinear source terms and f;, i
are two external forces. They proved without assuming the well-known equal wave speeds
condition, that the thermal and chemical potential coupling is strong enough to guarantee
the quasistability. Also Aouadi et all. [10] considered a new Timoshenko beam model with
thermal and mass diffusion effects where the heat and the mass diffusion flux are governed by

Cattaneo’s law. The system is given by

(

p1¢1t — k (¢px +¢), =0, in (0,L) x (0,00),

p2¢tt - ‘x”[]xx + k (QDx + 170) - 'Ylex - IYZTX = 0/ in (O/ L) X (0/ OO),

cby + dP; + Ix — 'Yllptx =0, in (O, L) X (O, OO),
Tog + g+ x0x =0, in (0,L) x (0,00)
Py + d 60 + Ny — 2Py = 0, in (O, L) X (0,00),
| T+ + 1P =0, in (0,L) x (0,00).

They determined the required and sufficient conditions for exponential stability based on the

model’s physical parameters. More specifically, the relationship is given by

Xo= (42— 1) 25 — (d71 — e72) 7,

=l =) - (S +22) -0,

where { =1— 6, 6= —d2>0andT = (47, — e11) 2£- = (d11 — e72) 2
If xo = 0, play the main role for getting the stabilization properties.
Elhindi et al. [28] introduced the Bresse-Timoshenko beam model with thermal, mass diffusion

and theormoelastic effects

[ 010 — k(g +9), =0, in (0,L) x (0,0),
—02Witx — 0Prx +k (@x + ) = G10x — 2P = 0, in (0,L) x (0,00),
O — dPp — kOyx — $1P = 0, in (0,L) x (0,00),

| 40; + 1P — fPry — V21 = O, in (0,L) x (0,00),

they showed an exponential stability of the problem

Douib and Zitouni. [24] considered a one-dimensional swelling porous-heat system with ther-



modiffusion effects and single time-delay

( .
P1Uy — a1 Uxx — R Pxx = 0, m

2P — B3Pxx — R Usx — Y10x — V2Pr + P19 + U2 (x,t —T) =0, in

Using the energy approach and under suitable assumptions on the weight of the delay, they
obtained the exponential decay result without imposing the usual condition of equal wave
speeds of the system.

Recently, Rahmoune et al [64] considered a new Timoshenko beam model with thermal and

mass diffusion effects combined with a time-varying delay

(o191 — K (@2 + ), — p1gs + 2 (x,£ = 7(£)) = 0, in (0,L) x (0,00),
P21t — aprx +k (¢x +¢) — 110x — 12 =0, in (0,L) x (0,00),
O + dPy — KOxx — Y112 = 0, in (0,L) x (0,00),

| 40 + 1P — WPyx — Yothiy = 0, in (0,L) x (0,00),

The authors demonstrated exponential stability in a system with unequal wave propagation
speeds using a multiplier technique combined with appropriate Lyapunov functions under an
appropriate assumption on the weights of the delay and the damping. For more information,
see [4,8,9,27].

On the other hand, time delays are common in many applications as they are influenced by both
current conditions and past events. Recent researches focuse on controlling PDEs with time
delay effects which can cause instability without extra conditions or control terms. The stability
of systems with delay is a significant theoretical and practical issue. There are three versions of

this term:

(i) discrete/constant delay %x(t) =f(tx(t—1)),
(ii) distributed delay %x(t) =f (t, /T p(s)x(t — s)ds) ,and
0
(iii) time-varying delay £x(t) = f (t, x(t — T(t))).

Where 4x(t) = f(t,x;), x(t) € R", x = {x(1):7 < t} represents the trajectory of the
solution in the past. The functional operator f takes a time input and a continuous function

x; and generates a real number %x(t) as its output and u is a L function. See for further
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information on this type [17,18,33,35,53,54,56,57,73].

The main results of this thesis:

This thesis contains four chapters.

In chapter 1, We recall some basic notations and some mathematical concepts that will be used
throughout this thesis.

In chapter 2, we consider a one-dimensional Lord Shulman thermoelastic system with porous

damping and time delay

01Ut = W' Uy + HoVe — Bo(T10xt + 6x), in (0,1) x (0,00),
]q/tf - aO{VXX - ]/lOux - (:{V—i_ ﬁl(Tef + 6) - glq/t — gZ‘Vt(xrt - T)/ in (0/1) X (O/ OO),

a(ti6 +0)r = —BoUxt — P1V; + KOy, in (0,1) x (0, 00).
(0.15)

We include the initial conditions provided by the above system

U(x,0) = Up(x), w(x,0)=1(x), Y(x,0)=1%(x), xe€(0,1),
Y%(x,0) = 14(x), 6(x,0) = 6p(x), x € (0,1), (0.16)

% = fo(x,t), x € (0,1), t € (0,7),

and the boundary conditions

Ue(0,8) = we(1,t) = V(0,8) = V(1,1) =0, t>0,
(0.17)
0(0,t) = 6(1,t) = 0, t> 0.

We use the semigroup theory to establish the well-posedness, then we employ the multiplier
method to prove an exponential decay result without imposing the usual condition of equal
wave speeds of the system.

In chapter 3, We investigate a swelling porous system with the Gurtin-Pupkin thermal law and

time delay,

(

P1Uy — a1 Uxxy — a2 Ve = 0, in (O/ 1) X (0/ 00)/
PZ'Vtt_QB(Vxx_azuxx_(sq;c+71q/t+72%(xlt_7) :0/ ln (O/]-) X (OIOO)/
1

03T — T—/ U(s)Tux(x,t —s)ds — 6% =0, in (0,1) x (0,0c0),
\ 1J0
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(

U(x,0) = Up(x), U(x,0) =y (x), in (0,1),
V(x,0) = %(x), %(x,0) = %(x), in (0,1),
T(x,—t) = To(x, ), in (0,1) x (0,c0),
Uy (0,8) = Ue(1,t) = 94(0,t) = %4 (1,t) = 7(0,¢) = T(1,t) =0, in(0, ).

(0.18)
We use Lumer-Phillips Theorem to demonstrate the well-posedness result under appropriate
delay term weight assumptions. Furthermore using an appropriate Lyapunov functional leads
to exponential stability without relying on wave speeds assumptions.

In chapter 4, We examine a one-dimensional swelling porous-heat system with thermodiffusion

effects and time-varying delay

.
P1Uy — m Uyxy — Pxx = 0,

2@ — BPxx — B Uxy — (160x — Py + P19, + 2@, (x, t — 7(t)) =0,

(0.19)
Oy + dP, — KOxx — gl(th =0,
| 40, + 1P, — hPer — [ogx = 0.
Where (x,t) € (0,1) x (0, 00) with the initial data and boundary conditions
[ (x,0) = Up(x), U(x,0) = w(x), x € (0,1),
¢(x,0) = @o(x), ¢:(x,0) = ¢1(x), x € (0,1),
0(x,0) = 0p(x), P(x,0) = By(x), x€(0,1),
(0.20)
¢(x,t = 7(0)) = fo(x, £ —7(0)), (x,t) € (0,1) x (0, 7(0)),
U(0,¢t) = ¢(0,t) =0(0,¢t) =2(0,¢t) =0, Ve>0,
Ue(1,¢) = @x(1,¢) =0(1,¢) =2(1,¢) =0, Ve>0.

Using the variable norm technique of T. Kato, we prove that the system is well posed under
some hypothesis adopted. Then, using the energy method, which consists of establishing an
appropriate Lyapunov functional based on the multiplier technique, we demonstrate that the
considered dissipation in which we relied is strong enough to guarantee an exponential decay

result, this result is obtained without the need for equal-speed.



CHAPTER

Preliminary and basic concepts

1.1 Definitions and Preliminary notions

1.1.1 Lebesgue and Sobolev spaces

In this chapter, we recall some fundamental mathematical concepts that form the groundwork
for this thesis, including "Sobolev spaces, Green’s formula, Lax-Milgram Theorem, m-dissipative
operators, semigroups of bounded linear operators, and Hille-Yosida Theorem." We suppose
that X is a Banach space, H is a Hilbert space and () is an open subset of R" unless otherwise

noted.

Definition 1.1. [3] For 1 < p < +o0, LP(Q)) is the space of measurable fonctions whose p-th

powers are integrable over (). Equipped with the norm:

Ml = [, |f<x>|f’dx)””.

LP(Q)) is a Banach space.
For p = 400, L®(Q)) is the space of measurable functions f which are essentially bounded over
), that is, there exists a constant C > 0 such that | f(x)| < C almost everywhere in Q). Equipped

with the norm:
£l ) = inf {C € R suchthat |f(x)| <C aein Q}.

L*(€}) is a Banach space.

Definition 1.2. [3] We define by L?(Q)) the space of measurable functions which are of square
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integrable in (). Equipped with the scalar product:

(f.8) = /Qf (x)g(x)dx,

and the norm,

Hf||L2(Q) = (/Q |f(x)|2dx)1/2.

L%(Q) is a Hilbert space.

Notation: [3] Let & = (a;)]_; € IN" be a multi-index, that is, a vector of n components which

are non-negative integres a; > 0, we denote by |a| = Y_!' ; «; and, for a function v,

olaly

D*v(x) = ————
(x) oxy'...0xy"

().
Definition 1.3. [3] For every enteger m > 0, the Sobolev space W (Q}) is defined by
W"P(Q)) = {v € LP(Q) such that ,Va with |a] <m, D € LP(Q)},

where the partial derivative D*v is taken in the weak sense. Equipped with the norm:

1/p
[0l wmr ) = ( Y D"‘v;’i) :

|af<m
WP ((Q)) is a Banach space.

Definition 1.4. [3] For an enteger m > 0, the Sobolev space H™(Q)) is defined by:
H™"(Q) = {v € L2(Q) suchthat, Va with |a| < m, D% € LZ(Q)} ,

where the partial derivative D*v is to be taken in the weak sens, Equipped with the scalar

product:

(u,v) :/QalzglmD“u(x)D“v(x)dx

and the norm (||| g () = /{v,v). H"(Q) is a Hilbert space.

Definition 1.5. [3] The Sobolev space H!(Q) is defined by

HY(Q) = {v € L?(Q) such that Vi € {1,..,n}, % € LZ(Q)},
1
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d
where % is the weak partial derivative of v. Equipped with the scalar product:
1

(u,v) = /Q (u(x)v(x) + Vu(x)Vo(x)) dx

and with the norm,

19l ) = (/Q (!v(x)|2 + |Vv(x),2> dx>1/2.

The Sobolev space H!(Q) is a Hilbert space.

Let us now define another Sobolev space which is a subspace of H!(Q)) and which will be very

useful for problems with Dirichlet boundary conditions.

Definition 1.6. [3] Let C2°((2) be the space of functions of class C* with compact support in
Q). The Sobolev spase H}(Q) is defined as the closure of C°(Q2) in H!(Q)). Equipped with the
scalar product of H!(Q2). The Sobolev space H} (Q) is a Hilbert space.

Corollary 1.1. [3] Let Q) be an open bounded regular subset R", of class C*. The space H} (QY) coincides
with the subspace of H'(Q)) composed of functions which are zero on the boundary 9Q).

1.1.2 Bochner Space
Definition 1.7. [19,72] Let (M, %, 1) be a measure space. A function f : M — X is called
Bochner-measurable if there exists a sequence of simple functions f, : M — X such that

fn(x) = f(x) in the norm of X for almost every x € M.

Equivalently, f is Bochner-measurable if it is the pointwise limit (almost everywhere) of measur-

able simple functions.

Definition 1.8. [19,72] Let 1 < p < oo. The Bochner space L?(M; X) is defined as the set of all

Bochner-measurable functions f : M — X such that:

e Forl <p < oo:

1/
Il = ([ IF@ ) <

e For p = co:

1 Il (aryx) = €58 supyepllf(x)[|x < oo.
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Lemma 1.1. [19,72] Let 1 < p < oo. The Bochner space LV (M; X) has the following properties:
e Linearity: LF (M; X) is a vector space.
e Banach space: for 1 < p < oo, the space LV (M; X) is a Banach space under the norm || - || .

e Hilbert Structure for p = 2: If X is a Hilbert space, then L?(M; X) is also a Hilbert space with

inner product

(F,8)i20mx) = [ (), 8(x)x ()

where (-, -)x denotes the inner product in the Hilbert space X.

1.1.3 Some important inequalities

Theorem 1.1. (Young’s inequality) Let a,b > 0. For any € > 0 we have
2

ab <X 4 el?,
4e

Theorem 1.2. [19](Holder’s inequality) Assume that u € LF(Q)) and v € L1(Q)) with
1 1
1< p,q < +oo, such that E + a =1, then

wo € L1(Q) and [ fuvldx < [lullys(oy [0]1s(0 -

Theorem 1.3. [19](Cauchy-Schwarz’s inequality) We put p = q = 2 in Holder’s inequality, we obtain
the Cauchy-Schwarz inequality:

| 10l dx < lull e ol
Proposition 1.1. [19](Poincaré’s inequality) There exists a constant C > 0 such that
[ull 2y < ClIVUll210r) s

forany u € H}(Q).

Proposition 1.2. [19](Poincaré-Wirtinger Inequality) There exists a constant C > 0 such that
[ — “Q||L2(Q) < C||V”||L2(Q)r

where
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forany u € HY(Q).

Corollary 1.2. [3] Let Q) be an open subset of R", bounded in at least one space direction. Then the

1/2
ol = ([ IVo00) )

is a norm over H} (Q)) which is equivalent to the usual norm of H'(Q)).

seminorm

1.1.4 Green’s formula

Theorem 1.4. [3] (Green's formula) Let Q) be an open bounded regular subset R", of class C'. If u and
v are functions of H'(Q)), then,

/Qu(x)g—Z(x)dx = — /Qv(x)g—;li(x)dx+ /mu(x)v(x)m(x)ds,
where 1 = (1;)1<i<y is the outward unit normal to 0Q).

1.1.5 Lax-Milgram Theorem

Definition 1.9. [19] A bilinear form a : H x H — R is said to be:

@ Continuous if there is a constant C > 0 such that:

a(u,0)| < Cllullg [olly, Vu,o € H.

@ Coercive if there is a constant & > 0 such that:

a(v,0) > a|jv||3;, Yoe H.

Theorem 1.5. [19] (Lax-Milgram) Assume that a(u,v) is a continuous coercive bilinear form on H.
Then, given any ¢ € H* ( H* is the topological duality of H), there exists a unique element u € H such
that:

a(u,v) = ($,v).

1.1.6 Operator basics

Definition 1.10. [29] Let A : D (A) C X — X be a linear operator. We say that A is closed if
and only if G (A) = {(x, Ax) : x € D (A)} is closed in X x X.
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Lemma 1.2. [29] Let A : D (A) C X — X be a linear operator. Then, A is closed if and only if for any
sequence (xn)neN C D(A) such that x, — x € X and Ax, — y € X then, x € D(A) and Ax = y.

1.1.7 m-dissipative operator

Definition 1.11. [29] An unbounded linear operator A : D (A) C X — X issaid to be dissipative
if it satisfies VA > 0,Vx € D (A) :

(AL —=A) x| > Allx][.

Lemma 1.3. [19] An unbounded linear operator A : D (A) C H — H is said to be dissipative if it
satisfies

(Av,v) <0, YveD(A).

Proposition 1.3. [29] Let A : D (A) C X — X, be a dissipative operator. Then, the following property
holds:
Al—A is injective, VA > 0.

Definition 1.12. [19] A unbounded linear operator A : D (A) C X — X is said to be m-

dissipative if it satisfies,
@ A is dissipative,

@ Im (Al —A) =X forall A > 0.1i.e;

VA >0,Vf e X,3u € D(A), such that Au — Au = f.

Proposition 1.4. [19] Let A : D (A) C H — H be a m-dissipative operator. Then,
@ D(A) is dense in H,

@ A is a closed operator.

1.1.8 Spectrum of operator

Definition 1.13. [29] Let A : D (A) C X — X be a closed linear operator. We call the following
subset p(A) = {A €C: (M- A):D(A) — X is bijective and (Al — A) 7! is bounded} by the
resolvent set and its complement 0(A) = C/p(A) by the spectrum of A. For A € p(A), the
inverse

R(A,A) = (AT — A)7,
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is called the resolvent of A.

Definition 1.14. [60,76] Let A : D (A) C X — X be a linear operator and let A be a complex

number. The spectrum of A consists of three mutually exclusive parts:

@ The point spectrum ¢, (A) defined as: A € 7, (A) such that (Al — A) does not admit of an

inverse.

@ The residual spectrum o, (A) defined as: A € 0y (A) such that D <()\I - A)_1> is not

dense in X.

@ The continuous spectrum o, (A) defined as: A € 0, (A) such that D ((AI - A)_1> is dense

in X but (AI — A) ! is not continuous.

1.2 Semigroups of bounded linear operators

Definition 1.15. [60] A one parameter family {T(¢) }+>0, of bounded linear operators from X
into X is a semigroup of bounded linear operators on X if and only if the following property

hold:

T(t+s) = T(HT(s),  Vts>0.

Remark 1.1. When the second property is true for all t,s € R, then we say that {T(t) };cR is a
group.

1.2.1 Uniformly continuous semigroups

Definition 1.16. [60] A semigroup of bounded linear operators {T(t) }+>¢ is uniformly continu-
ous if it satisty,

lim (1) — 1] = 0.

1.2.2 Strongly continuous semigroups

Definition 1.17. [60] A semigroup {T(t)},, of bounded linear operators on X is a strongly

continuous semigroup if it satisfy,

imT (t)x = x, Vx € X.

t—0
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A strongly continuous semigroup of bounded linear operators on X will be called a semigroup

of class Cy or simply a Cp semigroup.

Definition 1.18. [60] The linear operator A defined by:

D(A) = {x € X, limw exists},

t—0

and

Ay — Tig L)X —x

lim ; , VYxeD(A).

is called the infinitesimal generator of {T(t)},-.

Theorem 1.6. [60] Let {T(t)}+>0 be a Cy semigroup. Then, there exist two constants w > 0 and
M > 1 such that,
T ()| < Me”!, V0<t< co.

Notation: We denote by SG(M, w) the set of Cy semigroup {T(f)};>o for which there exists
w > 0and M > 1 such that,
IT (1) < Me“t, Vt>0.

Definition 1.19. [60] Let {T(t) };>0 be a Cy semigroup. From Theorem 1.6 it follows that there
are constants w > 0 and M > 1 such that ||T(¢)|| < Me“! for t > 0.

@ If w =0, then, {T(t) }+>0 is called uniformly bounded.
@ If w=0and M = 1, then, {T(t) }+> is called a Cy semigroup of contractions.

Theorem 1.7. [60] A linear operator A is the infinitesimal generator of a uniformly continuous

semigroup if and only if A is a bounded operator.

1.3 Hille-Yosida Theorem

Theorem 1.8. [60]( Hille-Yosida) A linear operator A : D (A) C X — X is the infinitesimal generator
of Co semigroup {T (t) }+>0 € SG(M, w) if and only if:

@ A is closed,
(2) D(A) =X,
@ The set Ay, = {A € C such that Re(A) > w} C p(A) and for any A € A, we have,

M
. n < - *.
IRO:AY < oy —w YHEN
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Theorem 1.9. [60](Lumer phillips) Let A : D (A) C X — X be an unbounded linear operator of dense

domain in X:

@ If A is dissipative and there exists a Ag > 0 such that Im (Aol — A) = X then, A is the

infinitesimal generator of a Cy semigroup of contractions on X.

@ If A is the generator of a Cy semigroupe of contractions on X then, A is dissipative and Im (Al —
A) = X forall A > 0.



CHAPTER

Exponential stability of Lord Shulman thermoelas-

tic system with porous damping and delay term

2.1 Introduction

In this chapter, we consider a one-dimensional Lord Shulman thermoelastic system with porous
damping and time delay without microtemperature effect . We will established the well-
posedness of the system and we prove the exponential stability result. Our problem that we

will study in this chapter is written as follows

(

01Ut = W Upx + poVe — Bo(Tibxt +60x),  in (0,1) x (0,00),

]tht - aO'Vxx - Ho‘llx - ng + lBl(Tet + 9)
2.1)

—01V — oV(x,t — 1), in (0,1) x (0,00),

\ a(ti6 +6)r = —BoUxt — P1Vi + KOy, in (0,1) x (0,00),

Where ¢ and ¥ constitute the displacement of the solid elastic material and the volume fraction,
respectively, 0 is the temperature and 77 is the relaxation parameter, which is assumed to be
small but strictly positive, p; is the mass density, | is the product of the mass density by the
equilibrated inertia. The coefficients By, B1, 1o, k, a9 denote respectively, the coupling between
the displacement and the temperature, the coupling between the displacement and the volume
fraction, the coupling between the displacement and the porosity, the thermal conductivity and

the thermal capacity. The remaining parameters, k1, k2, k3, ¢, u* and i, define the characteristics
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of the material where
Mo < W',
including respectively the following initial and boundary conditions

(

U(x,0) = Up(x), U (x,0) = w(x), V(x,0)=1%(x), x€(0,1),

Y(x,0) = Y (x),  6(x,0) =6(x), x € (0,1), (2.2)

| %(x, —t) = fo(x, 1), x€(0,1), t e (0,7).

We(0,8) = Us(1,8) = V(0,1) = V(1,£) =0, t>0, .
2.3
8(0,t) = 8(1,1) = 0, t> 0.

Here Uy, 14, 1, V) end 6 are given functions, and fj is a history function. In the system, {; ¥

represents a porous term. The time delay is given by (>} (x,t — ), where {1, (>, T are positive

constants such that

2] < 4. (2.4)

This investigation aims to study the exponential stability of the system, independent of the
wave speeds, in the presence of dissipations caused by thermal effects and porous damping.

From the boundary conditions (2.1) and the first equation of (2.3), we obtain
d> 1
s /0 u(x, )dx = 0, Wt >0, 2.5)

end therefore

1 1 1
/ U(x, t)dx = t/  (x)dx +/ Up(x)dx, Yt > 0.
0 0 0

Consequently, if we set

U(x,t) = Ulx, t) — t/

A T (x)dx —/ Up(x)dx, YVt >0, x € [0,1],

we end up with

1
/ U(x, t)dx =0, t>0.
0

Poincaré’s inequality can therefore be applied to 7. Furthermore, the solutions to problems

(2.1)-(2.3) can be found by performing a simple substitution, where the initial data for @ is given
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as
1

1
Up(x) = Up(x) —/O Up(x)dx and Th(x) = w4 (x) —/0 wy (x)dx.

We shall use ¢ in the following, however for convenience, we write U instead of U.

Throughout this work, the symbol ¢y denotes a general positive constant.

2.2 Well-posedness

In this section, we give an existence and uniqueness results for the system(2.1)-(2.3) using the
semi-group theory see [60]. Motivated by [54,69], we define the following new dependent
variable:

z(x,p,t) = Yi(x,t —7p), in (0,1) x (0,1) x (0, 00).

Then, the function Z satisfies
T2¢(x,0,t) + Zp(x,p0,t) =0, in (0,1) x (0,1) x (0, c0).

Thus, equations (2.1) are transformed to

(

.01 Uy = V*‘uxx + VOKVX - ,BO<T16xt + 03()/ in (O/ 1) X (0/ OO),
JVie = agVx — HoUx — ¢V + ,31(T9t + 9)
—0V — 0o z(x, 1, 1), in (0,1) x (0,00), (2.6)

a(110r + 0)r = —BoUx — P17V} + KBxx, in (0,1) x (0,00),

T24(x,0,t) = —Zp(x,0,1), in (0,1) x (0,1) x (0,00),

and the initial and boundary conditions are

(

z(x,0,t) = Yi(x, 1), x € (0,1),t€(0,1),
U(x,0) = Up(x), U (x,0) = wy(x), ¥(x,0) = 14 (x), x€(0,1),

V(x,0) = 1(x),0(x,0) = 6p(x), x€(0,1),

z(x,0,0) = fo(x, tp), x € (0,1),t € (0,71),
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we(0,1) = Us(1, 1) = 0,2(0,t) = V(1,) = 0,
2.7)

0(0,) = 8(1,t) = 0, t> 0.

Introducing the vector function Z = (U, W, v, Q,6, S, z)! where W = 4, Q = % and § = 6;

then, system (2.6)-(2.7) can be rewritten as follow:

U =AdU t>0,

(2.8)
%(O) - 62/0 - (%/ U, %/ {Vll 00/ elrfO)/
where the operator & : 9(&/) C # — H is defined by
w
];_j‘uxx + %q/x - %(Tletx + Qx)
Q
S
;_1191‘ - fTol‘utx - %‘Vt + %exx
= z,(x,p,t)
We consider the following spaces:
1
12(0,1) = {@ e 12(0,1), / o(x)dx = o} ,
0

H2(0,1) = {coeHz(O,l), wx(o):@x(n:o},

HY(0,1) = HY0,1)NL2(0,1),

and the Hilbert space
A = HL(0,1) x L2(0,1) x H}(0,1) x L*(0,1) x H}(0,1) x L2(0,1) x L2((0,1); L*(0,1)) equipped
with the inner product
1 1 1 . _
<%,@>}f = p1/0 ‘W‘de-l—]/o Qde—l—yo/O (uxfl/—|— ’V‘ux) dx

1 - 1 - 1 - »
ve / VVdx + ag / Vedx +a / (0+ms) (0+n3)de (210)
0 0 0

1 1 1 px
+u / U Urpdx + TlK/ 0x0xdx + T|{7| / / zzdx,
0 0 0 Jo
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for % = (U, W,v,Q,0,5,2) € # and % = (u w,7,9,0,5, z) € /. The domain of </ is
given by

% € #\ wue€HL0,1)NH0,1), W € Hj(0,1) N H?(0,1),

(o) v € H}(0,1) N H?(0,1), Q € H}(0,1),
D(H) = : (2.11)
0 € H}(0,1)NH?(0,1), S € H{(0,1),

7,2, € L*((0,1),L2(0,1)), 2z(x,0) = Q(x).

Clearly, the domain Z(/) is dense in .7 We have the following existence and uniqueness the

result:

Theorem 2.1. [60] Let % € 2(<), Problem (2.8) has a unique solution % € C (R4, 2(</)) N
C! (R4, ) Moreover if % € S, then the solution % € C (R, /).

Proof. If </ is a dissipative operator, the Lumer-Phillips theorem yields the desired conclusion.
In the following, we establish the dissipative nature of A. Using the inner product and for any

U € D (), we get

1 1 1
(AU,UY , = —K/ 9§dx—gl/ rVde—@/ 22(x,1, t)dx
/ o . 2 Jo (2.12)
—1—@/ fl/tzdx—Cz/ Z(x,1,t)Vdx.
2 Jo 0
Using Young’s inequality, the last term in (2.12), we have
—Cz/ z(x,1,t)Vdx < |§2|/ (x,1,t)dx + |CZ|/ VPdx. (2.13)

Substituting (2.13) in (2.12) yields

AU, U, —K/ 62dx — (01 — |2a)) / V2dx.

It follows that (/% ,% ) ,, < 0, under assumption (2.4), which implies that .7 is dissipative.
Next we prove that the operator I — .« is surjective. Given G = (g1, 82,93, 84,85, 86,87)' € A,
we prove that there exists € 2(</) satisfying

U+ (U)=G; (2.14)
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that is,

(

U—w =g €HI(01),

01W — te Usx — PoVs + Po (T15x + 0x) = p1g2 € L2(0,1),

Y —Q=g3 € Hj(0,1),

S JQ — agVex + poUy + YV — B (1S +0) + $1Q + 0oz (x,1,t) = Jga € L2(0,1),
0—5=gs5€H}0,1),

ats + as + BoWx + B1Q — kbyx = atigs € L*(0,1),

zo+12 =197 € L?((0,1);L2(0,1)).

\

We note that the last equation in (2.15) with Z(x, 0, t) = Q has a unique solution.
0
zZ(x,0,t) = Q(x)e” ™ —e Pg3(x) + Te_TP/ e g7(x,s)ds.
0

Inserting W = U —¢1,Q =% — g3, S =0 — g5in (2.15)3, (2.15)4, (2.15)6, we obtain

;

01U — ,u*ﬂxx - ,UO'Vx +ﬁ0 (T1 + 1) 0y =h € Li(O,l),
NV — agVex + potiy — B1 (11 +1) 0 = 1y € L2(0,1),

a(t+1)0+ BoUy + P17V — k0xy = hz € L?(0,1),

\

where

n=(J+C+01+0e "),
h = p1 (g1 +&2) + T1Pogsx/
Mo = (] —C1+ 02 ") g3 — P111g5 + Jga — (oTe ™ © /01 e'g7 (x,s)ds,
h3 = a7 (g5 + 86) + Pog1x + P183 + ags.

To solve (2.16) we consider

B ((w,v,0),(57,0)) =« (4,,0),

(2.15)

(2.16)

(2.17)
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where B : [H! (0,1) x H} (0,1) x H} (0, 1)}2 — R is the bilinear form

o 1 1 5 1~
B ((ﬂ,‘V,G),(u,‘V,G)) = p1/0 U‘lldx+17/0 VVdx +a(t +1) /0 66dx
1 1 1
+y*/ ‘llx‘ledx+a0/ ‘fodex+K(T1+1)/ 0,0, dx
0 0 0
1 _ . 1 ~ —

r, .
B (1'1+1)/ (v6 - 0v) ax,
0
and £ : [H} (0,1) x H} (0,1) x H} (0,1)] — R is the linear form
o~ T _ T 1
L(fu,fV,G) :/ hlﬂdx+/ hzq/dx+(r+1)/ h30dx.
0 0 0
Now, for 7%, = H1(0,1) x H} (0,1) x H} (0,1) equipped with the norm
(2, v, )13 =l ul3+] 23+ VI5+lI6x]13+01]3.
One can easily see that B and £ are bonded. Furthermore, using integration by parts, we obtain
1 - 1
B((w,v,0),(U,7,0) — pl/ WPdx +a(t +1) / szx+a0/ V2dx
0 0 0
1 1 1 1o 2
+kr+1/92dx+—/ *<u +—‘V>
(1 ) 0 x 2 Jo H X 1

2 2 2

Ho « Mo 2 Ho 2

+ ft/+—ux) =)+ (-2 ) v
77( Ui <V 77) <77 P‘*>

all(w,v,0) 1%

dx

v

Where

1 1
WU 4V 2u0 UV = E/o

2 2
T (ux+@fl/) +7 (’V—F@‘le)
M1 n

2 2
« Mo 2 Ho 2
-2+ (-0

dx,

and using the fact u3 < u*g, we get

WU+ V? 4+ 20UV > 0,
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Next, for certain « > 0. B is hence coercive. Thus, system (2.16) under Lax-Milgram Lemma,

has a unique solution
ue H(0,1), ¥ e€H;(0,1), 6¢cH01).
Substituting ¢, 7, and 6 in (2.15),,(2.15),,(2.15)sand Q into (2.15), respectively, we obtain
WEF&@JLQEF%@JLSEE%@J)mﬂZJﬁGﬁ(@JLL%QU)

Now, if '17,9N = (0,0) € H! (0,1) x H} (0,1) then (2.17) reduces to
0 0

1 1 1 1 1
pl/ Zl‘?ldx-i—,u*/ ﬂxﬁxdx+y0/ VUedx — By (’L’—|—1)/ Qﬂxdxz/ mudx, Yue H!(0,1),
0 0 0 0 0
(2.18)
which implies

Wil = —poVy — Bo (T+1)0 +pyu —hy € L2(0,1). (2.19)

Consequently, by the elliptic regularity theory, it follow that
e H?(0,1)NH:(0,1).
Moreover (2.18) is also true for any Q € C! ([0,1]) € H! (0,1). Hence we have
1 1
y*/o Uy Qdx +/O (oVe +Bo(T+1)0 —p1U+N1) Qdx =0,
for all Q € C! ([0,1]). Thus, using integration par part and bearing mind (2.19), we obtain
U (1) (1) = U (0) (0) =0, Y eC ([0,1]).
Therefor, 7, (1) = U, (0) = 0. Consequently, we obtain
2 € H?(0,1) N HI (0,1).
Similarly, we obtain

Vex = WUy + 7V + B1 (11 +1)0 — Ty € L2(0,1),

KOxy = BoUy +a (1 +1)0 — 1V —hz € L2(0,1),
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thus, we have

v,0 € H2(0,1) N H} (0,1).

Lastly, the existence of a unique Z € %(<) such that (2.14) is satisfied is ensured by using
regularity theory to the linear elliptic equation. As a result, A is a dissipative operator. Therefore,

the outcome of The Lumer-Phillips theorem ( see [48,60]) yields Theorem 2.1. o

2.3 Exponential stability

In this section, we demonstrate the exponential stability of system (2.6)-(2.7) using the energy

approach.

Theorem 2.2. Let (U, V,0, z) be a solution of (2.6)-(2.7). Then there exist positive constants ay, a,
such that
E(t) < me !, vt >0. (2.20)

Initially, we establish and validate a few technical lemmas required for our result’s proof.

Lemma 2.1. Let (U, V, 0, 2) be a solution of (2.6)-(2.7). Then, the energy functional E(t), defined by

1 1
f(t) = E/O (pl‘utz—F]'VtZ—|—El0‘sz—|—El(T16t+9)2—|—T1K9,2(

+(§_y_2>q/z+y*(yoq/+ﬂx) T8l [ 2 a0
K I
satisfies

1 1
£(0) < —x [ 02— (G~ |Gal) [ vRdx (2.21)

Proof. By multiplying (2.6)1, (2.6)2, (2.6)3 by U, ¥; and (116 + 0) respectively, and integrating

over (0,1) with the boundary condition and integration by parts, we obtain

1d !
2t o (plﬂtz + ]V + agV2 + a (116; + 0)°
2 2
+11602 + (5 - %) V2 4+ u* (%q/ + ux> )dx (2.22)
1 1 1
= —Cl/ ‘Vtzdx — Cz/ Z(x,1,t) 'thx—K/ Gidx.
0 0 0

Now, multiplying the (2.6)4 by |(2|Z and integrating over (0,1) x (0,1), we obtain

d 1
T!252|dt/ / %, t) dpdx = Cz\/ VRdx — gzz’/o Z2 (x,1,t) dx. (2.23)
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A combination of (2.22) and (2.23) give as

/ _ Voo [ty |CZ| 2
() = -1 rl/tdx K Gxdx—l— ‘Vd

(2.24)
|€2|/ (x,1,1) dx—Cz/ z(x,1,t) Vidx.
Meanwhile, we have by applying Young’s inequality
ya / Z(x,1,t) Ydx < 22 / 2 (x,1, 1) dx + 22 / V2dx. (2.25)
0 0

Sample substitution of (2.25) into (2.24) and using |(»| < {7 give (2.21), which concludes the

proof. O
Lemma 2.2. Let (U, V, 0, ) be a solution of (2.6)-(2.7). Then the functional
1 1
F(t) = pl/ U udx — ,Borl/ OUydx, t>0,
0 0
satisfies, the estimate
w1 1
F(t) < —?/ wdx + co/ (9§ R+ ‘V2> dx, t> 0. (2.26)
0 0
Proof. Taking the derivation of #;, using (2.2); and integration by parts, we get
=—u / ‘ledx+p1/ (h dx—yo/ ‘V‘dex—ﬁo/ Gx‘uderﬁOTl/ Ul dx.
Estimate (2.26) is established by applying Young’s and Poincaré inequalities. |
Lemma 2.3. Let (U, V,0, 2) be a solution of (2.6)-(2.7). Then the functional
1 B [ uop1 [1 x 7 [
t) = / 'Vfl/dx——/ ‘Vzdx——/ u (/ V(y)d )dx—i——/ 12dx,
)Iot 2.Jo y*oto(y)y 2 Jo
satisfies, for any e1 > 0, the estimate

1 1 1
F(t) < —ao/ V2dx — Pél ‘Vzdx+81/ ‘utzdx—i—co/ (T16; + 0)* dx
0 0 0

Co (1—{—€1>/ 'V2d + %1/ 2(x,l,t)dx,

where yy = ((;‘ — Z—%> .

(2.27)
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Proof. A simple differentiation of 7, using (2.2), and integration by parts, we obtain

/ _ oo P‘% v L) Bono !
Fo(t) = —ap | Vydx—|G— = Vidx+] [ vidx+ | B1— —— (116 + 0) Vdx

0 U 0 0 U 0

s (o ([ iy ) d ' Z (e L) vd i

_7 Ul Hy)dy | dx — (o OZ(x,,) x—l—,BO i Vdx.

Estimate (2.27) is obtained by using Young’s and Poincaré inequalities with ¢; > 0. O

Lemma 2.4. Let (U, V,0, 2) be a solution of (2.6)-(2.7). Then the functional
1 a1,
F(t) := —a/ TZGde——/ 0-dx,
3() | T > o
satisfies, for any e > 0, the estimate
/ —a (1 2 T2 L2 1Y [t
F(t) < —/ (116 +6) dx+52/ ‘utdx+c0/ Vidx+co |14+ — / Oedx.  (2.28)
2 Jo 0 0 €2/ Jo

Proof. Using the third equation in (2.6), differentiation of #3 and integration by parts, we obtain

1 1 1 1
Fi(t) = —arlz/ 0%dx — 5071/ Ubrdx + B1T1 / Vidx + k1 / 02dx. (2.29)
0 0 0 0

Utilizing the Poincaré and Young's inequalities with e, > 0, and the fact that

—/1(r9)2dx<—1/1(re +9)2dx+/192dx
0 1Vt ~ 2 0 1Vt 0 xUA,

we obtain estimate (2.28). O

Lemma 2.5. Let (U, V, 0, 2) be a solution of (2.6)-(2.7). Then the functional

1 X
A(t) == pra /O ( /O utdy) (116, + 6) dx, (2.30)

satisfies the estimate for each e3 > 0

/ —Bop1 (1> L L oo
Fi(t) < Urdx +e3 | Updx+co [ Vdx+co | Vidx
2 Jo 0 0 0 (2.31)

1 1
+co / 02dx + ¢ (1+l> / (T16; + 0)* dx.
0 €3 0
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1
Proof. Direct computations using integration by parts and the fact that / udy = 0, we get
0

1 1 1
ﬂ:4/(t) = _’50‘01/0 ’Utzdx—l—ﬁoa/o (T19t—|—6)2dx+1cp1/0 UsOrdx

1 1 . .
_apt*/o Uy (110t +0) dx — Voa/o V (110t + 0) dx+,31P1/O (/0 ‘Utdy) Vidx.
Estimate (2.31) is obtained by using Young’s and Poincaré inequalities with e3 > 0. 0O

Lemma 2.6. Let (U, V,0, 2) be a solution of (2.6)-(2.7). Then the functional
1 /1
F(t) = T/ / e 0 z% (x,p,t) dodx.
0 JO
The following estimate is satisfied for some positive constant m

1
F(t) < — (/ (x,1,1) dx—l—T/ / (x,p,t dpdx> +/ || dx. (2.32)
0

Proof. By differentiating 5 and using the fourth equation in (2.6), we obtain

1 41
F(t) = —2/ / e~z (x,0,t) Zo (x,p,t) dpdx

= // W2 (x,p0,t dpdx—r// “WZ2 (x,p0,t) dodx

= —/ (e 2 (x,1,t) — (th))dx—T// “z2 (x,p,t) dodx.
0
By using the fact that z (x,0,t) = 7} (x,t) and e " <e” ™ <1, Vp € [0,1], we get
1
FH(t)=e T (/ (x,1,1) dx+T/ / (x,p,t dpdx) / | %dx,
0

setting m = e~ * yields (2.32). O

We can now state and demonstrate the following result on exponential stability.

Lemma 2.7. for N sufficiently large, the functional define by
((F) = NE() + N7 () + Noa(t) + Nag(t) + NFat) + Nags(t). (2.33)
Where N1, Ny, ..., N5 are positive real numbers to be chosen appropriately later, satisfies

biE(H) < U(t) < baE(H), VE>0, (2.34)
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for two positive constants by and by.

Proof. We have

|£(t) = NE(H)| < Ni| 1 (8)| + Na|F2(8)| + Na| F3(£)| 4 Na| Fa(£)] + Ns| 75(¢)]-
On account of the Cauchy-Schwartz, Young and Poincaré inequalities, we get

1
10(t) — NE(H)| < c/ (fut+f1/2+q/ + (110 +0)* + 0%+ V2 + (VY + ﬂx)2> dx

+/ / (x,p0,t) dodx (2.35)
< CcE(L).
This implies
(N —c)E(t) < L(t) < (N+c)E(t).

If we choose N to be sufficiently large, we get estimate (2.34).
Now we are prepared to state and demonstrate the main result of this section. By differentiating

(2.33) and recalling (2.26), (2.27), ( 2.28), (2.31) and (2.32) yields

_ 1 1
5’(1‘) < — [Nx — Njcg — Nscg (1 + €_> — N4C()1 / 9§dx
L 2 0

: 1 1
~ N @ - 122]) - Naco (1+a)—N3co—N4co] [z

*

| P‘_ _ Yo ﬂ _ _ Yoo
Nq Nyées ‘dex Np Nico N4C() Vedx
I 0

—Nz&lo/ fl/zdx l ﬁOpl N1C0 — N2€1 N3€2 - N5} / ‘lltde
0

a 1 1 2
— |N3= — Nocg — Nyco | 1 + — / (Tlet + 9) dx
2 €3 0

2
—[NC——N_r,m]/ (xltdx—N5mT// (x,p,t)dpdx,
2‘1/11

now, letting ¢ = /STV‘* € = %Vi"% = VTW and m = e~ ', we end up with

i) < — [NK — Nico — N3 <1 + 4Ns ) — N4co} /1 02dx
B Bop1 Ny 0

—{N(C —1Gal) — Nac (1+ SN2 )—Nc —Nc}/lfl/zdx
1 2 200 ,BOP1N4 300 4L0 0 t

x ol 1
—le— / u,zcdx — [Nzﬂ — Njco — N4co] / V%dx
4 Jo 2 0
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—Nzao/ ‘Vzdx [ ,B%p Nc}/ utdx

a 4Ny 1 2
N2~ Ny — n +0)2d
[N32 Nyrco — Nycy (1 ‘u*Nl ) :| / (T19t 9) X

2
- [Nz% —N5m] / 2 (x,1,t) dx—N5mT/ / (x,p,t)dpdx.

At this point, we choose Ny large enough to

508(31 Nico > 0,

then, we chooseN; large enough such that

Npt — Nicg — Nucg > 0,

N2 Cz — Nsm > 0.

Similarly, we choose N3 large enough to ensure that

a 4Ny
2 Noco— 1 .
N32 Nrco — Nyco ( -+ Iu*Nl) >0

Finally, we choose N large enough so that (2.34) stays valid, and

NK—Nlco—N360<1+ 4N, >—N4C0>0,

N-
Boo1 Ny

N (Cl - |€2|) — Naco (1 + ﬁOSPZ\ll%\]zl) — Nzcg — Nycg > 0.

Thus, we get to

1
em)g—M/(ﬁ+@+%+%+%+%+m&+ﬁ+%wmﬂ

+/ (x,0,t dp) dx (2.36)
< —/\zf(t).

where A1, A, are some positive constant. Considering the statement regarding the equivalency

of E(t) and ¢'(t), we deduce that

O(t) < —agl(t), t>0, (2.37)
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where a7 = 2—22 > 0. A simple integration of ( 2.37) gives

0(t) < £(0)e™™f, t>0.
Using the other side of the equivalence relation produces the desired result (2.20). |



CHAPTER

Well-Posedness and Exponential Stability of Swelling
Porous with Gurtin-Pipkin Thermoelasticity and de-

lay term

3.1 Introduction

In this chapter, we consider the following problem,

(

01Ut — a1 Uxxy — a2 Vex = 0, in (0, 1) X (O, 00),

02Vit — A3Vix — AUy — 0T + 11V + T2 Vi(x,t — T) =0, in (0,1) x (0,00),

03T — Tl /Ooo 1(S)Txx(x,t — s)ds — 6V =0, in (0,1) x (0,00),
1
U(x,0) = Uy(x), U(x,0) = 24(x), (3.1)
’V(X,O) = 'V()(X), th(x,O) = 'Vl(x)/ in (0/1)/
T(x,—t) = To(x,t), in (0,1) x (0,00),
V(x,t —7) = fo(x,t — 1), in (0,1) x (0,7),

u(0,t) = u(1,t) = V(0,t) = Y(1,t) = 7(0,) = T(1,) = 0, in(0,0),

\

Where U(x, t) is the displacement of fluid, ¥(x, t) is the elastic solid material and 7 (x, t) is the
temperature respectively, p1, 02, 03,41,a3,6 > 0, a; # 0 and aja3 > a%. The initial conditions

Uy, U1, W, Y1, and Ty are fixed data. The Gurtin-Pipkin heat conduction law defines the heat
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tlow g as

1 o)

qgt) = —— [ u(s)T(x, t —s)ds, (3.2)

T JO
where 17 is a positive constant that represents the relaxation time and u : Ry — R denotes
the memory kernel will have its specific characteristics listed in the section that follows. As a
swelling porous system with the Gurtin-Pupkin thermal law and time delay. We will establish
the existence and uniqueness of solutions and also will show the exponential stability under a
suitable assumptions on the delay term without commitment to any stability number. Our work

extend the stability results in [14], by adding a frictional damping term 7y; 7} and a time delay

term y,7(x, t — T) in the second equation where y; € R4, 72 € R with |y2] < 71.

3.2 Assumption and Transformation

In this section, we give some material required in the proof of our result.
The memory kernel u : R, — R, is a C>(IR) convex summable non-increasing function

satisfying

(A1) u(0) >0, Sle u(s) =0, and / 1(s)ds = 1. Furthermore, there exists a positive real
oo 0

number i such that
—u(s) < i'(s), (3.3)
where 1/ (s) = % 1(s). Taking g = —u’, Hence, the following condition ensues

(A) g:Re =Ry, g€ CYR), 5(0) >0, g0 = /O 4(s)ds = u(0) > 0, and/o sg(s)ds = 1.

Furthermore, (3.3) implies
4'(s) < —ig(s). (3.4)
We introduce a variable 7 : (0,1) x R4 x Ry — R defined as

t

n(x,t,s) :/t T(x,0)do, (3.5)

—S

with initial datum #(x,0,s) = [; %(x, o)do. Simple inspection show that  satisfies

ne(x,t,8) +ns(x,t,8) = T(x,1), (0,1) x Ry x Ry,

n(0,t,s) =n(1,t,s) =n(x,t0) =0, (0,1) x Ry x Ry.
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Direct calculations we get

t

/Ooolfl(s)q}x(x,f—S)ds = lim 'M(S)/t T (x,0)dor

b—oo —S

_ / " 58 (3, £, 5)ds,
0

=b %) t
T / 1 (s) / Tex(x,0)dods
0 t

s=0 —s

s=b
=0.
s=0
Moreover, as in [7,15], let us introduce the following new variable:

t
where lim y(s)/ Tox(x,0)do
b—o0 t—s

z(x,p,t) = Yi(x,t —1p), in (0,1) x (0,1) x (0, 00). (3.6)
Then, the function Z satisfies
T24(x,0,t) + Zo(x,0,t) =0, in  (0,1) x (0,1) x (0,00). (3.7)
Hence, By gathering our transformations, the system (3.1) becomes

(

pluﬁ - al'uxx - a2erx = O/ ln (O/]-) X (O/ OO)/

PZ‘Vtt - a3{Vxx — a2 Uxx — (Sq;f + r)/l‘Vi + r)/ZZ(x/ 1/ t) = 0/ in (011) X (0/ OO),

o3 = — [ g()pea(,ty5)ds — 6% = 0, in (0,1) x (0,9) x (0,0),
10

ne(x,t,8) +1s(x,t,8) = T(x,t), in (0,1) x (0,00) x (0, 00),
T2(x,0,t) + Zp(x,0,t) =0, in (0,1) x (0,1) x (0,00),

U(x,0) = Up(x), U(x,0) = 2y (x),

V(x,0) = %(x), %(x,0) = Y (x), in (0,1), (3.8)
z(x,0,0) = fo(x, —p1), in (0,1) x (0,1),

T(x,~) = B(x,1), 10(x,5) = [ Blx,0)do, in (0,1) x (0, o),

u(0,t) = u(1,t) = v(0,t) = ¥(1,t) = 0

7(0,t) = 7(1,t) =0, in(0, o),

1(0,£,5) =n(L,t,s) =n(x,£,0) =0, in (0,1) x (0,00) x (0,0),

2(x,0,t) = %(x, 1), in (0,1) x (0,c0).
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Moving on, we take into account system (3.8) and determine the exponential stability result,
disregarding any stability number or other connections between the system’s parameters. To
prevent any ambiguity coming forward, we will only mention the variables x, t and s when

necessary.

3.3 Well-posedness

In this section we use the Lumer-Phillips theorem to verify the existence and uniqueness of
solution for (3.8). Taking W = Uy, N = V,andlet % = (u, W, V, N\, 7,1, z)T then, the problem

(3.8) can be written as

U(t) =AU (1), t>0,

3.9
%(0) = U = (W, Uy, Y, ™, T, M0, fo) o
where the operator « : 9(&/) C # — H is defined by
w
oy + 2 Vix
N
dU = | BVt R+ ST~ B~ 12(x,1,1) | (3.10)
%03 Ooog(s)iyxx(x, t,s)ds + p%?\&
T(x,t) —ns(x,t,5)

—%Zp(x,p,t)

We consider the following space

Lg = {77 Ry — H})(O,l), HWH%J = /0 ﬂ(s)Hﬂx(S)szs < oo} ’

where L, = L2 (R4, Hj(0,1)) be a Hilbert space equipped with the inner product

+o00
(6, 19)L2 (Ry,H}(0,1)) / / Ox(s)dsdx,
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and let
A = Hy(0,1) x L*(0,1) x Hy(0,1) x L*(0,1) x L*(0,1) x L, (IR, Hy(0,1)) x L*((0,1),L*(0,1)),
be a Hilbert space equipped with the inner product,

1 1 1
<%,@J>% = a1/0 ‘le‘uxdx+p1/0 ‘W‘de+a3/0 Ve Vyedx

1 1 1 N N
+,02/ Nﬂ\[derpg/ T‘de+a2/0 (ux‘Verfo‘ux) dx

o / / s)nxixdsdx + ¢ / / (x,0)2(x, p)dpdx,

for % = (U, W,V,N,T,1n,2)" € #, U = (%l,%, @,ﬂ,%,ﬁ,E)T € J and ¢ is a positive
constant such that

T 72| <& <T(271 = [712])- (3.11)

The domain of &7 is

)

(
w e/ u,veH*0,1)NHN0,1), W, A, T e H0,1),

Nt) =1 nusel, /O " 4(s)n(s)ds € HX(0,1), AT

| 22 € L%((0,1),L%(0,1)), z(x,0) = A((x)

The following theorem gives the well-posedness of our problem.

Theorem 3.1. Assume that g satisfies (Ay) and (3.11) holds, then for any %y € ., there exists
a unique solution % € C (Ry, ) of problem (3.9). Furthermore, if %y € P(), then U €
C(R4, 2()) NCL(Ry, ).

Proof. We show that .« is dissipative. Let € %(</), then,

1
AUV, = — / / $) 112 ()17 ()dsdx — 71 / A2dx
(3.13)
—’yz/ z(x,1,t)Ndx — —/ / z,zdpdx,
by applying Young’s inequality to the third term of (3.13), we get

1 1 1
—72/ z(x,1,H)Ndx < %/ Z2(x, 1, t)dx+%/ APdx. (3.14)

0 0 0

Substituting (3.14) in (3.13) and integration the last term of (3.13) with the fact z(x,0) = A((x)
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we get

1

— © 0 1
@2, ) = oo [T s s = (1= £ = 2 [acar

(% - |,22’) /01 z%(x,1,t)dx

1 9

— g [ oS s s+ 5o [T ()]s

. Vo 2

ro N+ z°(x,1,t) ) dx
=b 1 o)

2 ! 2
e WAL Ol

S
_ gbhmg( ()| L:

—ro/o (9\[2 + Zz(x, 1,t)> dx,

for some constant rg such that vy > 0 since (3.11) is holds. It follows from (3.5) that 7, (x, ,0) = 0.

Furthermore, by solving (3.4), we obtain

4(s) < g(0)e™ ~> g(s)llnx(s) 1> < g(0)e™" [l (s) 1%,

where s1i_>1r1;og(s)||17x(s)\|2 = 0. Hence,

(AU, U, 21T /°° ’(s)||7]x(s)||2ds—ro/01 (28 + 2(x1,1)) dx <.

So, & is a dissipative operator. It remains to demonstrate that for any

= (ﬁfﬁ/]%/ﬁl/ﬁ)/]%/ﬁ)T €

there exists a unique % € 2(/) such that

AU = F,

which is equivalent to

/

wW = f,
a1 Uyx + ap Vex = Plﬁ/

N = f3

L ar Uyxy + a3(Vxx + 57} - ’}’19\[ - ')’ZZ('/

H,

in H!,
in L2,

in H!,

1) = pofy, in L2

(3.15)
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(59\& + = / $)xx = p3fs, in L2,

T _ s :][6/ in Lg/ (3.16)

—Z, = 1fy, in L% ((0,1),L*(0,1)) .

\

Using (3.16)1,(3.16)3 and (3.16)7, respectively we get
w,N € H', z, ¢l ((0,1),L2(0,1)> .
By substituting (3.16)3 into (3.16)s5, we obtain

/o g(8)eds = 511 — Tip3fs € L2(0,1).

Hence, we have

/Ooog(s)n(s)ds € H?(0,1).

It is clear that
S
1) =57~ [ folw)dy, (317)

satisfies (3.16)¢ and the boundary condition 7(0) = 0.
Note that / sg(s)ds = 1, by using (3.17) we obtain,
0

7= [Taens)ds+ [ ats) [ fol)dyds. (3.18)

Meanwhile, by using the Fubini Theorem and the Cauchy-Schwarz inequality, for 0 < iy < i,

we have

wy(S)H Sj%x(y)dyHZdS = H et gy dyH ds
0 0 0

</O nydy) —iy
i

IN

2
ox )| dyds (319)

2
fex(y)H d

We set

) = [ (o) (¢ =1) s,
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and define

el
H(y) =: h(y) —

—4(Y)-
1—1n

Obviously that ylg{)lo h(y) = 0. From the non-negativity of g4 and 4(y) < 4(0)e~", we obtain

li_I>n fl_%yl (y) = 0, it implies that li_r>n H(y) = 0. Furthermore, from (3.4), we get
Yy—© Y00

ileily eily
g(y) —

H'(y) = =g ()e"’ +4(y) — —

1 I—1n
irey iy
S—g(y) +

=4(y) >0,

hence, H is non-decreasing so, H(y) < 0, on the other hand we have

(]

e () = | 5) (320)

; 4(s) (eils - 1) ds <

The substitution of (3.20) into (3.19) yields

[T aO)| [ atas]as < s [ a0t dy = s W6lE, <o G20

(i

S
The result (3.21) implies that f; € L,. Then, by definition we have / f6(y)dy € L,. Moreover by
0

using Cauchy-Schwarz’s inequality, we obtain

| [s ] Saxw)ayas| < | ass [“a)| [ fetwiay
< [ 6] [ fetma 622)

< o9,

00 s 2
It follows from the last above inequality that H / 4(s) / ]%x(y)dydsH is bounded. Than,
0 0

[ee] S
/ 4(s) / fox(y)dyds € H}(0,1). Consequently, from (3.18) we have
0 0

T € H}(0,1).
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Meanwhile, we observe that

o0
| a@lnlds =l ) < 0 — 7 € L,

Additionally, by applying (3.4), integration by parts, the fact that / sg(s) =1, and L'Hopital’s
0

rule, we obtain

Therefore,

[ s smiPds = ( [7 atorts ) Il < .
It implies that sT € L,;. Consequently, from (3.16)¢ and (3.18), we get

1,1s € L.

According to Lax-Milgram theorem and classical elliptic regularity, the system (3.16)7 — (3.16)4
has a solution such that (7, ¥/) € H%(0,1) x H?(0,1). Moreover,

1
Uy = —— (a301/2 — Aapafs + 326T; — a1 N — a2 122(x, 1, 1)) € L,
a1as — ay
1
Vex = —— 5 (q1p2ofs — map1fo — mOT + AN+ a1725(x, 1, 1)) € L2,
143 — Uy

Additionally, it is clear that

1 X X
U = —<ﬂ3.01 /0 f(y)dy — axpz /0 fa(y)dy

aya3 — a5

—ay7 /0 N(y)dy — axy2 /O z(y,1,t)dy + a0 T ) ,

1 X X
Ve = —— (alpz/o ﬁl(y)dy—azpl/o £ (y)dy

a1a3 — a;

X

X
+6l171/0 N(y)d]/Jrﬂl’Yz/o z(y, 1, f)dy—ﬂ157) .

Hence, U and ¥ satisfy the boundary conditions since f, f1 € [2and T € H% (0,1), that is

2 (0) = (1) = 74(0) = 7%4(1) = 0.
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Then, (3.15) has a unique solution in Z(.«7) moreover || % || ,» < k||-Z || s, thus, 0 € p(A). finally,
since 0 € p(«/) and & is dissipative we conclude that the operator < is the infinitesimal
generator of a cp-semigroup of contraction in J# by using Theorem 1.2.4 of [54] (Lumer-Phillips

Theorem). O

3.4 Exponential stability

In this section we assume that (U, ¥, 7,7,z) is a solution of (3.8) and we demonstrate the

exponential stability of our problem by using the energy technique.

Lemma 3.1. Assume that g satisfies (Ay). Then, the energy functional E defined by

1 /1
E(t) = E/ p1‘llt2+a1ﬂ§+p2’l/tz+a3‘1/f+2a2‘uxfl/x—|—p3frz> dx

é’{// (x,p0,t dpdx+ // (s) |y |*dsdx,

(3.23)

satisfies,

1 poo
) < —my /'1/2 (x,t) dx-l—/ (x,1,t)dx L/ / 4 ()|« |*dsdx, (3.24)
2T1 0 Jo

for some mg > 0.

Proof. We multiplying the first and three equations of (3.8) by «;, 7; and 7, respectively, and

integration by part over (0,1), we find

1d 1
5%/0 (plﬂ’fz+a1ﬂ’%+p2%2+a3vxz+P3'TZ+2€l2‘llx'Vx) dx
(3.25)

—l—'yl/ ‘l/tdx+'yz/ Viz xlt)dx+T Tx/ s)nxdsdx = 0.
1

Using (3.8), where is 1 (x,t,5) + 155 (x,t,5) = T (x,t), by simple calculation we find

/ ‘Ix/ $)xdsdx = / / ) (s + Ysx) Mxdsdx
= 2 — 2 3.26
Zdt/ / s) |nx| dsdx+2/ / |11x| dsdx  (3.26)

= Zdt// (s)|17x|?dsdx — = // (s)|17x|*dsdx.
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Now, multiplying (3.8)5 by %Z and integrating the result over (0,1) x (0,1) we get

cd [
Eﬁ/o /0 z° (x,p,t)dpdx = // % (x,p,t) dodx

_ % O (Zz(x,O,t)—ZZ(x,l,t)) (327)
1
_ % (-2 1),

Substituting (3.26), (3.27) in (3.25) we find

B (o §) [ [ Zoan

(3.28)
—’yz/ Yi(x,t)2(x,1,1) dx+—/ / x)[*dsdx.
0 27
By applying Young’s inequality in (3.28), we obtain
dE(t) ¢ vl [t ¢ Il [ 2
i S _ = 1Al _ (= 1Al
FTIRS (’yl " /0 Vi (x, t)dx "5 /0 z°(x,1,t)dx
(3.29)
)2
271/ / x)|“dsdx.
By using (3.11) and (3.23) we obtain (3.24). O
Lemma 3.2. The functional
1
Al =2 [ (nu-va),
a2 Jo
satisfies, the estimate
1 2 1 2 1
F{(t) < / ‘ledx+< <m—a3) +p—2>/ ‘Vfdx+§—2/ T2dx
a5 \ p1 P1 ) Jo as Jo
(3.30)
+1 ! 22d M 2 B[
= X+ = ‘thx—i——2 z°(x,1,t)dx.
2 Jo a5 Jo a5 Jo
Proof. Taking the derivative of Fj, by using (3.8); and (3.8),, we obtain
1 1 1
Fi(t) = —/ ‘u,%dx—i—&/ V2dx — / Uy Tdx + — ! ( 1p2—a3>/ Uy Vedx
° F170 f ° (3.31)

1 1
—ﬁ/ ’Vt‘udx—ﬁ/ Z(x,1,t) udx.
ar Jo az Jo
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By using Young’s inequality we obtain
9 M rdr < L / wRdx+ % / T2dx, (3.32)
ar Jo 4
1 1
1 (@ —a3) / vy < & [ adx+ 12 (alpz ) / V2dx, (3.33)
a \ P1 0 4 Jo a3
/ Viudx < ~ / Paxy / V2dx, (3.34)
0
1 1
- 2/ z(x,1,t) udx < 1/ wdx + 2 g / z? (x,1,t) dx. (3.35)
a2 Jo 4 Jo az Jo
By substituting (3.32)-(3.35) into (3.31), we obtain (3.30). O
Lemma 3.3. The functional
1 1 1
K(t) = 1 (61192/ ‘Vt‘de—azpl/ ‘udex) ne 1/ V2dx,
0 0
satisfies, for any €1 > 0 small, the estimate
F(t) < _1 ‘Vzdx+81 'u2dx—i— 111()2 3p1 rVzalx
2 t 481/\2
(3.36)
52 1 %
72 _/2 12/2,1’1L ’
+A2 /0 dx+2 Vdx X+ 557 (x,1,t)dx
where A = ajaz — a3 > 0.
Proof. Taking the derivative of F,, by using (3.8); and (3.8),, we obtain
1 1 1
B(t) = —/ q/xzdx+@/ q/tzdx—@/ U Vhdx — ”15/ Ve Tdx
0 A A 3.37
1 ( * )
_m2
. /0 z(x,1,t) Vdx.
Using Young’s inequalities with ¢; > 0,
2.2 1
llzPl/ < /1 2 2301 / 2
WVidx < &1 ; ‘utdx+4€1/\2 ; Vidx, (3.38)
252 1
_mo / VoTdx < = / VEdx + L / T2dx, (3.39)
0
1
—”ﬂ/ 2 (x,1,t) Vdx < %/ V2dx + 172/ 22 (x,1,1). (3.40)
0 0

A 2M2
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By substituting (3.38)-(3.40) into (3.37), we obtain (3.36).

Lemma 3.4. Assume that g satisfies (Ap) then, the functional

F(t) = —— ‘I/ s)dsdx,

satisfies, for any €3 > 0 small, the estimate

1
Fi(t) < ——/ T2dx + ¢ / V2dx + + // xzdsdx
3( ) < 3 t 0571 4935083 $)|17x|

/ / (s)|17x|*dsdx.

Proof. Taking the derivative of F; and using (3.8)3 and (3.8)4, we obtain

1 1 1 ico
Fi(t) = —/ T2dx + / (/ 5 ds) dx+—/ / dsdx
3(t) 035071 Jo 0 4(8)1x 0350 $)1x

4o / / Vysdsdx.
40

Applying Young’s and Cauchy-Schwarz inequalities, with e3 > 0 we get

1 1 00
P3ﬂoT1/(J (/0 g(s)nxds) dx<ﬁ/ / (s) |17x|2dsdx,

—_ ’V/ dsdx < e / V2dx + / / 2dsdx,
0350 t $)1x 3 t 4p35083 s) 17|

1 2 2
/ / s)nsdsdx < 2/0 T dx — 2 2 / / s)|nx|"dsdx.

By substituting (3.43)-(3.45) into (3.42), we obtain (3.41).

Lemma 3.5. The functional

F4(t / Urudx,

satisfies, the estimate

1
/ ‘uzdx—l— — 2a1 +ap) / ﬂ2dx+ 20 / 12 dx.
1

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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Proof. Taking the derivative of Fy, using (3.8)1 and Young’s inequality, we obtain

E(t) = /‘uﬁx+ /'u%x+ z&%dx

1
< / wrdx + % (2a1 + a / wWdx + —= 201 / V2dx.

Lemma 3.6. The functional

1 /1
t) = T/ / e~ z2 (x,p,t) dpdx,
0 JO

satisfies, for some positive constant my, the estimate

1 1,1
Ei(t) < —my (/ 22 (x,1,t)dx + T/ / z% (x,p,t dpdx) / Vrdx. (3.47)
0 0 JO

Proof. Taking the derivative of F5 and using (3.8)s5 , we obtain

1 1
Fi(t) = —2T/ / e Pz (x,p,t) 2 (x,0,t)dodx
= / / (x,p,t) dpdx
(3.48)
1 /1
= —/O <e 2 (x,1,t) — Z* (x,O,t)) dx—T/O /o e~ zZ% (x,p,t) dodx
1 1 /1 1
= —e_T/ z2 (x,1,t) dx—T/ / e~z (x,p0,t) dpdx+/ VPdx.
0 0 Jo 0
By using the fact that zZ (x,0,¢) = 7} (x,t) and e™" < e~ ™ < 1forallp € [0,1], we get
1 1 /1
F(t) < —e " (/ z% (x,1,t) dx+T/ / z% (x,p,1) dpdx) / VPdx,
0 0 Jo
setting m; = e~ ¥, we obtain (3.47). O
Now, we define the Lyapunov functional by
4
2(t) = NE(t) + Y NiFi(t) + F5(t). (3.49)
j=1

for N and N;,j = 1,...,4 are positive constants and we show that £(¢) is equivalent with the

energy functional E.
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Lemma 3.7. Assume that g satisfies (Ajy). Then, there exist two positive constants a,b > 0, such that

aE(t) < 2(t) <bE(t),  t>0. (3.50)

Proof. by doing a simple calculations based on the definition of Fj;, j =1, ..., 5 we get

N;
12(t) — NE(f)| < N1 /mra ‘V‘th]dx—i—T(alpz/ mq/|dx+|a2|p1/ \uyV]dx)
am 2 N3
1 A |‘V| dx+go/0 "I/O g(s)n(s)ds‘dx
1 1
+N4/ |‘th‘Zl|dx—|—T/ ‘e‘”’z2 (x,p,t) ’dpdx.
0 0

By using Cauchy-Schwarz and Young’s inequalities, we arrive to

p2Ny | a303N / 2 2Ny PlNZ ’YlalNz / >
— <
|2(t) — NE(t)| < (2a§ + 2o ) 12dx +( s 12dx

2 1 1
P2N1  p1asNy Ny / 2 P2N1 Ny / 2
— d — d
+<2a%+2A+2 widx+ (B ) [l

+%/ T2dx +—// |17x|2dsdx-|—r// (x,p,t)dpdx.

(3.51)

Using Poincaré’s inequality, it is evident that

1
12(f) — NE(H)| < rz/ (V2+ wf+ 22+ 2+

/ (s)|17x|ds +/ (x,p,t dp) dax.

(3.52)

Where

+

2 2N ZN
n = maX{PZNl p2a1N2 p2N1 | p1a3N, Ny (Ple P1N2+7101N2>,

’ ,C
2¢3  2Mp1 " 243 2\ 277\ 2 A 2\
p2N1 | Ni\ Ns N

where c, is a Poincaré’s constant. However, the energy functional provided by (3.23) can be
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defined as

1 1 am an \?  a; an \2 1 a?
E _ 1 2 2, M a as az 1 R )
(1) 2/0 [plfut + 02V + > <fax+alfl/x) ) (fo+a3fax) to5|m . U

1 a3 2 2 2
+§ llg—a Vi+p3T°+ — / ) |7 ds+§/ (x,p,t)dp| dx
1
1 /1 ) 2, 1 a3 1 a
EA pl‘ut +p2{Vt 2 (ﬂl—g ‘U +2 —a{Vx

+03T% 4+ — / (s)|nxl?ds +¢ / (x,p,1) dp} dx.

v

(3.53)
It follows from ajaz > a% and (3.53) that
E(t) 21’3/ {'Vz—kfut + V2 4+ 2 ~|—‘I2+/ S)|7x| 2dS+/ xp,t)dp} dx,  (3.54)
0
where
T mm ! ! — a% L as — a% ! >0
3 — Plf PZI P3/ a3 ’ 2 3 a ’ Tl/ .
Combining (3.52) and (3.54) we find
(%]
[¢(t) — NE(t)[< —E(¢),
3
which implies that
[N - 3] E(t) < e(t) < [N + 3] E(t). (3.55)
T3 3
For N =a+ % results in (3.50), wherea > 0and b = a + 2% O

Now, we state and demonstrate our stability result.

Theorem 3.2. Assume that g satisfies(Ay). Then, there exist two positive constants ay and ap such that

the energy designated by (3.23) satisfies
E(t) < aje™ ™, forallt > 0. (3.56)

Proof. By differentiating equation (3.49), recalling the equations (3.24), (3.30), (3.36), (3.41), (3.46),

(3.47) and taking

1 1
N4.:2/ Elzﬁzl 83:ﬁ3/
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we arrive to

2a1 +a
/ < B 2 B 1+ @ / 2
() < [_2T1 20 ]/ / $)|nx|“dsdx [le ] Udx

o (o) )]
a 01 01

_ 1M aip2 | a3piN2 toe
| moN — (A + L2 Ny 2| [ o

1
/ T2dx
0

BNI 3N, !
— |moN +my — Z% 12j2 ]/0 (x,l,t)dx—/o wutdx

N; &Np 362N,
2 a% A2

1 52N
—Tim / / (x,p,t) dpdx + > / / (s) |1 |*dsdx,
P3Tl
(3.57)
1
where w = 5~ CEP > 0, since ¢, < 1. Now, we choose Nj, N and Nj three constants are large
enough such that

a)Nl—ZLllﬁ)%>0,

2
wN2—<;—%(M—a3) +%>N1—Z—§>O,

01
N3 ﬂ _ %52N2 >0
[ 2 a3 A2

Finally, by using (.A;), combining first and last term in (3.57) and choose N large enough we

obtain,

(1)

IN

1 1
b1 [ (@ erpeaere [ Zapndot [ ook ds

for some positive constant 1 and . From Lemma 3.7, we conclude that
() < —r (), Vt >0, (3.58)

_ﬁz

where 71 > 0. A simple integration of (3.58) yields

By applying Lemma 3.7 again we obtain the desired result (3.56). O



CHAPTER

Well-posedness and exponential stability for a swelling
porous-heat system with thermodiffusion effects and

time-varying delay

4.1 Introduction

In this chapter, we investigate the swelling porous-heat system with thermodiffusion effects

and time-varying delay

i

01U — @ Uxx — RPxx = 0,

0291 — BPxx — B Uy — (10x — (oPr + U191 + po@e(x,t — T(£)) =0,

(4.1)

O + dP — KOxx — C19xt = 0,

L A0t + 1P — APyy — gzq’xt =0,

where (x,t) € (0,1) x (0, 00) with the following initial and boundary conditions

([ U(x,0) = w(x), w(x0) =w(x),  xe(01),
¢(x,0) = @o(x), ¢:(x,0) = ¢1(x), x € (0,1),
6(x,0) = 6p(x), P(x,0) = By(x), x € (0,1),

4 4.2)
¢t(x,t = 7(0)) = fo(x,t — 7(0)), (x,£) € (0,1) x (0,7(0)),
u(0,t) = ¢(0,t) =6(0,t) = 2(0,t) =0, Vt>0,
u(l,t) = @(1,t) =0(1,t) = 2(1,t) =0, Vt>0.




54 Well-posedness and exponential stability for a swelling porous-heat system with
thermodiffusion effects and time-varying delay

U(x,t) is the displacement of the fluid, ¢(x, t) is the elastic solid material, 6(x, ) is the tempera-
ture difference, ?(x, t) is the chemical potential. p1, p; are the densities of U and ¢, respectively,
where £ and £ represent respectively the heat and the mass diffusion conductivity coefficients.

a,8,01,02, 11,7, c and 4 are positive constants, and pp, 4 # 0 are real numbers, where
ma > a3, (4.3)

and

A=rc—d>>0. (4.4)

Equations (4.1) result from the fundamental field equations for the theory of swelling of one-

dimensional porous elastic soils, which are given by ( [37])

P1Uy = tixy — H1 + G,
4.5)

2@t = oy — b + Go,

the terms t;, G; and #; represent the partial tensions, external forces, and internal body forces
associated with the dependent variables ¢ and ¢. Furthermore, the constitutive equations for

partial tensions are defined by

t a @ Uy
= , (4.6)
) o) Px
A

where 4 is a positive definite symmetric array, meaning that aja3 > 43, and # = % = 0

represents the null hypothesis of the body’s internal forces. In final form, we selected

G1 =0and G, = {10x — 0P + H19r + po@e(x, t — T(t)),

we assume that as in [55], the time-varying delay 7(f) is considered to satisfy the following

conditions:
(
0<t <71(t) <1, Vt>0,

(1) <n <1, vVt >0, 4.7)

e w>([0,T]), VT >0,

\
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where 7 is a positive constant, and that iy, i satisty

|]/12|< v1— My (48)

Numerous results about the polynomial or exponential decline of thermoelastic solution were
obtained [13,20,31,34,40,46].

The main contribution of this study is to examine the system (4.1)-(4.2), where the introduction
of the time-varying delay term and thermodiffusion effects can differentiate and be important

in the problem compared to other literature addressed.

4.2 Well-posedness

In order to prove the existence and uniqueness of a unique of problem (4.1)-(4.2), using semi

group theory. as in [44], we introduce the new variable
2(x,0,t) = gr(x,t = T(H)p), (x,0,) € (0,1)% x (0,00). (4.9)
which satisfies
T(t)ze(x, 0, ) + (1 = T'(£)p) Zo(x, 0, 1) = 0O, (4.10)
for (x,p0,t) € (0,1)% x (0, 00).

Hence, problem (4.1) is equivalent to

(
01Uy — a1 Uxx — L Pxx = 0, (x/ t) S (0, 1) X (O/ oo),

2@ — BPxx — @ Uxx — 519x - ngPx

+u19r + upz(x,1,4) =0, (x,t) € (0,1) x (0,00),
(4.11)
() z(x,0,t) + (1 =T (H)p) 2o (x,0,1) =0, (x,0,1) € (0,1)* x (0,00),
60,} + [{fPt - k,exx - glq)xt - 0/ (x/ t) S (O/ 1) X (O/ OO),
tf@t—FT‘.Pt—ﬁTxx—Cz(th =0, (X,t) € (0,1) X (0,00)

\

with the following initial and boundary conditions

U(x,0) = Up(x), w(x,0) = (x), x€(0,1),

¢(x,0) = @o(x), ¢:(x,0) = ¢1(x), x€(0,1),
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([ 0(x,0) = 6y(x), 2(x,0) = B (x), x€(0,1),
Z(x,0,t) = ¢(x, 1), x € (0,1),
2(x,0,0) = fo(x, —p7(0)), x,p € (0,1), (4.12)
u(0,t) = @(0,) = 0(0,) = 2(0,£) =0, ¥t >0,
U(Lt) = ¢(1,1) = 0(1, 1) = 2(1,£) =0, V> 0.

\

Now, weset ¥V = U, = ¢rand let Z = (U, v, ¢, ¢, 2,0, T)T, then system (4.11)-(4.12) can be

written as
U =), t>0,
(4.13)
U (0) = U = (U, W, 9o, ¢1, fo(x, —pT(0)), 60, ).

where the operator <7 (t) : 2(/(t)) C H# — A is defined by

vV

1

01 (‘11 Uyxy + aZ(Pxx)

¥

dNU = | 5 (BPxx + @ Uy + 81602 + P — 1y — p22(x, 1L, 1))

And where the energy space 7 is :
2 2
H = (Hg(o,l) X L2(0,1)) x L2 ((0,1) x (0,1)) x (L2(0,1)) ,

—~ ~ ~ — e ~.AN\T
For% = (4, v, ¢9,¥, 2,0, fP)T and Z = (ﬂ, vV, 9,,2,0, EP> , we define the inner product in
€ by

1 1 1
<%,@>% = .01/0 Vq/dx+al/0 ﬂx‘deXJrPZ/O Ppdx

1 1 " 1 _
+a3/0 (prﬁxdxﬂz/o (UxPx + @xUy) dx+/0 c00dx

1 - 1 1 r1
J/gp@@%d /zp%d //z,z,dd.
+ 0( + >x+r0 x+0 5 (x,0)z(x,p0)dxdp
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Next, we define (<) by

() ={ w e/ yp=12(,0 }
for t > 0, where
= (H?*(0,1)NH{(0,1)) x H}(0,1) x (H*(0,1) N H(0,1)) x H}(0,1)
xL2((0,1),H'(0,1)) x (H?(0,1) N H}(0,1)) x (H%(0,1) N H}(0,1))

Note that the domain of </ (t) is independent of the time ¢ > 0.

The existence and uniqueness results are provided as follows:

Theorem 4.1. Let (4.7) be satisfied and assume that (4.8) holds. Then, for any %y € 9(<7(0)), there
exists a unique solution % of problem (4.11)-(4.12) satisfying

U € c([0,40),2(<7(0))) N ([0,400), 7).

In order to prove Theorem 4.1, we will use the variable norm technique developed by Kato
in [42], where the following theorem is proved:
Theorem 4.2. Assume that:
(i) 2(7(0)) is a dense subset of H;

(i) 9(</ (1)) = 2((0)), Vt>0;

(iii) forall t € [0, T], o/ (t) generates a strongly continuous semigroup on ¢ and the family of =
{4/ (t) : t € [0, T} is stable with stability constants C and m independent of t. i.e. the semigroup
(5t(8) )50 generated by <7 (t) satisfies

1S¢()(%) || < CE™ U e, VU € H,5 2 0;

(iv) ord/ (t) € LY ([0, T],8(2(+(0)),)), where LY ([0, T], B(2(7(0)), #)) is the space of
equivalent classes of essentially bounded, strongly measurable functions from [0, T| into the set

B(2(47(0)), ) of bounded operators from <7 (0)) into

Then problem (4.13) has a unique solution

wu e c(0,T),2(<(0))Nct(0,T),.7),
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for any initial datum in 2(<7(0)).
Proof of Theorem 4.2. We will apply the technique described in [47,55], making suitable modifi-

cations based on the specifics of our problem.

(i) First, we show that 2(<7(0)) is dense in JZ. For, let F = (A, 2, f, f1, 5. for f7) € F be
orthogonal to all elements of Z(.«7(0)) with respect to the inner product (.,.) .

1
0=(%,F) :/0 (01VR + a1 Usfix + P2 fs + A3@xfx + a2 (Usfix + Pufix)) dx

1 1 41
+/O (cOfs + d (Pfs + 0f7) + rPf7) dx+/0 /0 z(x,p)f5(x, p)dpdx,
(4.14)

foral Z = (4, v, 9,9, 2,6, fP)T € 2(47(0)), Our objective is to demonstrate that
fi=1,.,7.

Let us first take 2 € D((0,1) x (0,1))and U=V = ¢ = ¢y = 0 = P = 0, so the vector

% = (0,0,0,0,2,0,0)" € 2(27/(0)) and therefore, from (4.14), we deduce that

1 1
/0 /0 Z(x’p)ﬁ(xlp)dpdx = 0.

Since D((0,1) x (0,1)) is dense in L2((0,1) x (0,1)), then, s = 0.

Let ¥ € (0,1), then, = (0,%,0,0,0,0,0)" € 2(.<7(0)), which implies from (4.14) that

1
/ Vhdx = 0,
0

so, as above, f, = 0.

similarly, we have £, fs, f = 0. Next, let = (11,0,0,0,0,0,0)” then we obtain from (4.14)
that

1
/ U firdx = 0,
0

It is obvious that (7,0,0,0,0,0,0)" € 2(<7(0)), if and only if 7 € H>(0,1) N H}(0,1) and
since H2(0,1) N H(0,1) is dense in Hj (0, 1) with respect to the inner product

1
<g1h>Hé(0,1) :/0 gxhxdx/

we get 1 = 0. We can also demonstrate that f3 = 0 using the same concepts as above.
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(ii) With our choice, Z(/(t)) is independent of ¢, and therefore

DA (1)) = 2((0)), ¥t > 0.

(iii) Now, we show that the operator <7 (t) generates a Cp-semigroup in .# for a fixed t. We
define the time-dependent inner-product on .7, (which is equivalent to the classical inner

product)
1 . . — - . ~
<%/ %t = /O {Pl VV 4 a1 Uy Uy + 02 + a3 @ @x + a2 (ﬂx§9x + §0xux) } dx
1 ~ ~ ~ ~
+/O {08+ & (#0+07) + 2% | dx
1,1 ~

+nT(t) /0 /0 z(x,0)2z(x,p)dpdx.

where 7 satisfies

(4.15)

The following step involves proving the dissipativity of the operator o (t) = <7 (t) — A(t) 1.

Forafixedtand = (U, V, ¢, ¥, Z, 9,p)T € 2((t)),we get
1 1
(o (DU, U ) ——]/11/ wzdx—yz/ (x,1,t)1pdx—&/ Gidx—ﬁ/ P2dx
0 0
-1 /0 /0 (1—7'(t)p) 2(x,0) Zp(x, p)dxdp. (4.16)
Observe that

/1 /1 (1—1'(t)p) 2(x,p) Zo(x, p)dxdp

119 /
- / / %z (1—7'(t)p) dxdp (4.17)

(x,p)dxdp + 2/ (x,1)(1—7'(t) — Zz(x,O)}dx.
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Whereupon

1
— _ 29y — 2
(o (t)U, U ), yl/ Pdx yz/ z(x,1)pdx &/0 Ordx

ﬁ/ P2dx — ”T / / (x,p)dxdp

—g/o z*(x,1)(1 _T/(t))dx+g/(, W>dxdp. (4.18)

By using Cauchy-Schwarz inequality and (4.7),, we get

\/| 2—| 2) /1 i /1 : /1 g
A (t < U 1p d 0<d A Pod
< ( )%'%>t - < ! 2+/1 n 0 K 0 X 0 *

+ (= T ) [ 200 nin) ),

Condition (4.15) allows writing.

|12 U 2| V1—n  (1—n)
EPPTIN|] EE —_ <0.
Mt s 725 2 T

As a result, the operator () is dissipative.

Now, we prove the surjectivity of the operator (I — </ (t)) for fixed t > 0. For, let ¥ =
(Fir for o far for for 7) € H, we seek % = (U, V, 9,1, 2,0,P)" € D((t)) resolution of the

following equations system

(

U—-v=An,

V— ;1 Uyx ;_i(Pxx = f,

=9 =4

llj_;_iq’xx_a_ gl9x ész+V1lP+%2Z(x 1) = fa (4.19)
1-7'(t)p

z4 f()) f5
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Assume we find U and ¢. Then, the first and third equations in (4.19) yield

V=Ud—A,
(4.20)
=905
Furthermore, using (4.19), we find Z as:
z(x,0) = y(x), forx € (0,1). (4.21)

Following the same procedure as in [55] , we get, by using the last equation in (4.19)s5,

1
z(x,0) = p(x)e P 4 1(t)e ™" / £ (x,0)e” Odg, if T'(t) =0,
0

and

2(x,0) = p(x)e ) 4 %) A % “0(de, ifT'(t) %0,

where ¢,(t) = :,(—(tt))ln (1 —1/(t)p). Then, from (4.20), we get

2(x,0) = @(x)e T — T 4 7 (p)emrT( /ﬁ; x,0) e’ Wdg, ifT'(t) =0, (4.22)
and

Z(x,p) = @(x)eP®) — g%t 4 pBo(t) A ][51(#,)@)2) “0Wdg, ifT'(t) 0.  (4.23)

However, we also have

@(x)e ™ + zg(x), ifT'(t) =0,
z(x,1) = . _ (4.24)
p(x)e®) + zo(x), if T/(t) 0,

where x € (0,1) and

— e T pr(f)e Tl fo "Wdg, if T'(t) =0,
Zo(x) = (4.25)

— et (1) 4 (1) 01 ﬁf“ﬁiﬁi)e“s‘”(”da, if (1) # 0.
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If we substitute (4.20) and (4.24), into (4.19) we obtain

(

01U — a1 Uxx — LPxx = H1,

M(P — BPxx — Uy — (10 — (2P = 52/

(4.26)
A0 — 1K Oyx + hd Pyy — (r€1 - rfgz) Px = 43,
L /\.fP — Cﬁfpxx + k‘lfexx — (CCZ — ({Cl) q)x 254,
where )
M = 02+ p1 + e ™),
g1 = .01 (]& +ﬁ) ’
2 =p2(fa+ )+ s — pazo(x), if T/(t) =0, (4.27)
B =M — (101 — 402) fx,
g4 = /\][7 - (CCZ - Jél)fix/
and, )
M = 3+ i1 + e,
a=p1(L+A),
2 =p2(fa+ )+ pifs— p2zo(x), if T/(t) 0, (4.28)

5B =M — (101 — 402) )

| =AM~ (cCo — d01) fax,

We multiply (4.26); by U, (4.26), by ¢, (4.26)3 by £8, (4.26)4 by £, (4.26); by 42
and (4.26)4 by %gand integrate their sum over (0, 1) to obtain the following variational

formulation p ((ﬂ, 06,7, (%1, 5,0 ?13)) _ o (@, 3,8, {13) ) (4.29)

where the bilinear form % : (H}(0,1) x H}(0,1) x H}(0,1) x H}(0, 1))2 — R, and the
linear form .% : (HJ(0,1) x H}(0,1) x H}(0,1) x H}(0,1)) — R are defined by

~ . T~ 1 ~ ~ ~ ~
%((U,go,@,?),(ﬂ,qo,@,?)) = /0(plfll‘ll—i-al‘ux‘ux—i-az(q)x‘llx—l—‘uxq)x)

i <P2 + o+ plze_T(t)) PPy + B3P Py + c@g) dx
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+ /01 (Kexﬁx + PP + (PP, + d (9% + £P§>

+€1 <6¢x - §0x5> + 62 (-'Pax - (Pxff?)) dx,

and
,,2”(%1@55@):/1 U+ 265—1-(5)535—1-(1)55’—1— E ggi’—l— E 55 dx
A A 0 ﬂl é] /\ )\ 4 A )\ 4 7
(4.30)
if T/(t) = 0.

If 7/(t) # 0, we define

1 " » . _ - . O
= ; <p1 UU+ oy Uy Uy + » (goxﬂx + ‘leq)x) + <pz +u1 + ]Jzeﬁl(t)> PPy + BPxPy + c@@) dx

n /01 (K9x0x + 2% + e+ & (07 +20) + 01 (05 — 9:8) + 02 (26 — 9:P) ) dx,

the operator .Z has the same formula (4.30), with Zj satisfying the second equation in
(4.25). It is easy to verify that & is continuous and coercive, and . is continuous. So
applying the Lax-Milgram theorem, we deduce that for all (‘?1, 9,9, i’) € H}(0,1) x
H}(0,1) x H}(0,1) x H}(0,1), problem (4.29) admits a unique solution (1, ¢,0,®?) €
H}(0,1) x H}(0,1) x H}(0,1) x H}(0,1). The application of the classical regularity theory,
it follows from (4.26) that (7, ¢,0,?) € H?>(0,1) x H?(0,1) x H?(0,1) x H?(0,1) . Hence,
the operator I — <7 (t) is surjective for any fixed ¢ > 0. Since #(t) > 0 and

[—d/(t) = (1+h(t) 11— (t),

Thus, for t > 0, we also conclude that the operator I — o7 (t) is surjective. To complete the

proof of (iii), it’s suffices to show that

b4 by
”Y”t <eml™ whseloT], (4.31)
S

where 6 is a positive constant, ¥ = (U, v, ¢, ¢, 2,0, ?) and ||.||; is the norm associated to



64 Well-posedness and exponential stability for a swelling porous-heat system with
thermodiffusion effects and time-varying delay

the inner product (4.15). For ¢, s € [0,1], we have from (4.15)

b —
22— 2e "

b yp 1
= <1—e”'t ')/O (pﬂ/z+a1ﬂ§+pz¢2+a3¢§+2azﬂx¢x (4.32)
5
+c92+2¢[?9+1fP2)dx+77<T() _>/ / (x,p) dxdp.
b
We notice that 1 — e '™ < 0. Now, it remains to show that 7(t) — 7(s)e™ 1= < 0 for

some 6 > 0. To do this, we have

where a € (s, t) which implies

w(t) o [T
—< <1+ t—s
@ = e
Using (4.7)3, we conclude that
) <1+ £|t s|< enlt e,
7(s) T
which his demonstrates (4.31) and therefore (iii).
(iv) Clearly, that
0
0
0
d
— = 0
dt%(t)%
(T (Dr(t)p—T (1) (H)e-1)) ,
T2(t) P
0
0

Then, by using (4.7)3 and (4.7)1, (iv) holds exactly as in [55]. Consequently, from the above

analysis, we deduce that the problem

U= A0,
N (4.33)
% (0) = %,
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has a unique solution % € ¢ ([0,0), %) and if % € 2 (</(0)), then

% € ¢([0,00),7(7(0))) N ' ([0,00),5).
Now, we let
w(t) = U ),
with A((t) = /0 ' i(s)ds, then we have by using (4.33)

w(t) = H()eNOy () + XD (1)

= n(H)eNOu (t) + O/ (1)U (1)

= N (ﬁ(t)é/v(t) +4z7(t)@7(t)>

Consequently, % (t) is the unique solution of (4.13). This ends the proof of Theorem 4.1. O

4.3 Exponential stability

In this section, we suppose that (U, ¢, 2,6, ?) is a solution of (4.11)-(4.12) and we demonstrate
the exponential decay for our problem. The energy approach will be used to establish an

appropriate Lyapunov function.

We define the energy functional £(t) as

1 1
() = 5 /0 (pl U2+ m U2+ p2g? + ;39 + 2m Usy + 0% + 2400 + rfP2> dx
(4.34)

1 1
+gr(t) /0 /0 @7 (x,t —T(t)p) dxdp.
Noting (4.4), we have for 0,7 # 0,

d

2
0 P 0,
\/;+\/?)>

0% +240P + P? = éez + (
T
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then we get that the energy E (t) is positive. We have the following result.

Lemma 4.1. Assume that (4.8) holds and the hypotheses (4.7) are satisfied. Then the energy E(t) is
non-increasing, and there exists a positive constant C, such that for any solution of (4.11)-(4.12), and for

any t > 0, we have

#g </ (pt(xtdx—|—/ gotxt—r dx)— /szx—ﬁ/ fPde (4.35)

Proof. By multiplying (4.11);, (4.11), (4.11)4 and (4.11)5 by 4, ¢+, 6 and 2, respectively, then
integrating over (0, 1) with respect to x, using integration by parts and the boundary conditions,

we get

1d

1
24t (/0 <P1 ‘Utz + o ‘U;% + Pz(P? + as(pi + 20 Ur px + 0% +240P + 1‘.1’2) (x, t)dx)

1 1 1 1
= —K/ 02dx — ﬁ/ P2dx — yl/ prdx — Plz/ 1 2(x,1,t)dx
0 0 0 0

(4.36)

Now, we multiplying (4.11)3 by #2 and integrate the resulting equation over (0,1) x (0,1) with

respect to p and x, respectively, to get

1 [ [0

=7 /01 /01 (1—1'(t)p) 2(x, 0, t) Z(x, p, )dxdp+ =7/( / / (x,p0,t)dxdp

. (4.37)
_ " 9 2
= 2/0 /0 % (1—7'(t)p) z°(x, p, t)dxdp
/ 1
;7/ (x,0,1) (x,1,t)> dx + L(t)/ Zz(x,l,t)dx.
2 Jo
From (4.34),(4.36) and (4.37), we obtain
1
t = —k/ 0% (x,t)d / xtdx— yl—g>/q)%(x,t)dx
0 (4.38)

+L () -1) /1 Z2(x,1, )dx — 2 /01 o1 (x, ) 2(x, 1, t)dx.

0

Using Young's inequality, the last term in (4.38) can be estimated as follows:

1 1 1
Ho 2 o1 —n / 2
z < — B _ .
yz/o ¢t(x,t)2(x, 1, t)dx < T Jo @7 (x, t)dx > ; z7(x,1,t)dx.  (4.39)
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By inserting (4.39) into (4.13), we get

G e [N _( _Z_L) L2
I < &/9 (x,t)d ﬁ/ (x,t)dx — | uq 2 T /Oqot(x,t)dx

(4.40)
JI— )\ /1
+ (ﬁ (t'(t) — 1) + “2—1’“1> / 22(x,1,t)dx.
2 2 0
Then, using (4.15) and (4.7)3, our conclusion holds. O

The main objective of this part is proof of the following stability result.

Theorem 4.3. Let % € 2(</(0)). Assume that (4.8) holds. Then under the hypotheses (4.7), any
solution of problem (4.11)-(4.12) satisfies

£(t) < ce” ", Vt >0, (4.41)

for some positive constants C and vy independent of t.

To obtain the exponential decay of the solution in Theorem 4.3, we create a functional £(t)

that is equivalent to the energy Z(t) satisfying

dr(t)
dt

< —orL(t), Vt>0,

where v represents a positive constant. This requires several lemmas.

Lemma 4.2. The functional

1
A(t) = —p1 /0 UUdx,

satisfies, for any e1 > 0, the estimate

FH(t) < —p1 / wrdx + (al + i > / wdx + & / @2dx. (4.42)
1
Proof. By differentiating 73 (f) with respect to ¢, using (4.11); and integrating by parts, we get

1 1 1
FH(t) = —p1/0 futzdx-i—al/o fu,zcdx-i—az/o Uy Pydx,

Then, using Young’s inequality, we get the result. O

Lemma 4.3. The functional

1 1
Ra(t) = alpz/o P@rdx — azpl/o PUdx,
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satisfies, for any e > 0, the estimate

/ 2 /1 L, 1 2a12§2 .
F(f) < _5/0 goxdeng(ez)/O G"tdx+€2/0 uFdx + /09de

24272 /1 24212 1
—l—al—gz/ f.P,%dx—l—al—yz/ z2%(x,1,t)dx,
a 0 a 0

(4.43)

where
o507
482 .

2 2,2
a=aqa — a22 > O, C3(82) = lllpz + ala]/ll +

Proof. By differentiating #,(t) with respect to ¢, using (4.11); and (4.11); and integrating by

parts, we get

Fi(t) = —a/ §0xdx+a1pz/ o x—azpl/ gotﬂtdx+€1a1/ pOxdx

1 1 1
+0om /0 PPedx — p1m /0 PQidx — pra /0 pz(x,1,t)dx.
Estimate (4.43) is established through the application of Young’s and Poincaré inequalities. O

Lemma 4.4. The functional

1
= 1‘02/ PrUdx — pl/ Urpdx,
@ Jo

satisfies, for any e3 > 0, the estimate

1 1 242
F4(t) < _a ‘u,%dx—kag/ @2dx + alf / 0%dx + a1§2/ P2dx
2 Jo 0 a 5 Jo
(4.44)

2 1
+ (€3 / @rdx + a1pt2/ 2(x,1,t)dx+83/ urdx,
i Jo 0

where

2812 1 [ mpr—mpr )\’
C4(€3) = a% + ‘E (a—z .

Proof.

@11

1 1
H(t) = —al/o ﬂ,%dx+a3/0 g2

Gas 1/ P Udx
]’llal/ o1 aud H2 1/ (x,l,t)‘lldX+ <M> qotrutdx_

)

Estimate (4.44) is established through the application of Young’s and Poincaré inequalities. O
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Lemma 4.5. The functional

/ / B z(x, p, t)dxdp,

satisfies, the estimate

FL(t) < =257t +7 /01 (p%(x,t)dx. (4.45)

Proof. Differentiating #4(t) with respect to ¢, we get
/ / e 22 (x, p, t)dxdp
—2nt(t) / / Moo 22 (x, p, t)dxdp (4.46)
+2nT(t / / TP 2 (x, p, 1) 2(x, p, t)dxdp.

By using (4.11)3, the last term in (4.46) can be rewritten as follows

// P(Z:z)(x,p,t)dxdp = // —1) (Zyz)(x,p, t)dxdp. (447)

In addition, it is evident that
1 1
/ / e 2P (T (Hp — 1) zp(x,p0,t) 2(x, 0, t)dxdp
0 Jo

=5 / / o2t ’(t)p — 1) Z2(x,p,t)) dxdp

(4.48)
1 1
T t)/ / e 2P (T (1)p — 1) Z*(x, 0, t)dxdp
0 Jo
T'(t) /1 /1 —21(t)p 2
— TPz (x, p, t)dxdp.
[ e 2 p, vy
Using (4.48) and (4.47), equation (4.46) gives the form
F(t) = —2nt(t / / pZ (x,p, )dxdp+17/ @?(x,t)d
(4.49)

1
— (1—=7(t)) e F® / z%(x,p,t)dx
0

This is followed immediately by (4.45). m]
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Proof of Theorem 4.3. Let us present a Lyapunov functional.

L(t) .= NE(t) + i NiLi(t) + £4(1), (4.50)

i=1
where A and V;, i = 1,2, 3, are positive constants that will be selected later.

By differentiating £(t), exploiting (4.35) and (4.42)-(4.45), and sitting ¢; = =1,2,3 we have
1
L)< — oM —2] / WPdx
0
1
Nl) N / Udx
0

1
[N = C3(e2) N — Cales)Ns — 7] /0 o2dx

- —NZ — a3N3 — 1 / (pzdx

- W—Zaig 2 ]/ szx

e 26 - 2 ] [ w2
e Z‘WZN K2 / 22(x,1,)dx
—2F4(t).
O
First, we choose N3 large enough so that
p1N1 —2>0.

Next, we choose N large enough such that

2

Ly o N1
2N3 <a1 + 1

> N1 > 0.
Then, we choose N, large enough so that

gNz—a3N3—1 > 0.
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Finally, we choose N large enough such that

CGN — C3(€2)N2 - C4(€3)N3 —n >0,

2 272 2 272
N — 2N, - 2 s,
)

2 272 2 272
v - 2, 2B
)

222 222
B VAN P
)

Based on the previous information, we can therefore conclude that there is a positive constant
Bo such that
£(t) < —BoE (). (4.51)

However, the fact that £(t) ~ Z(t) is easily observed, meaning that there are two positive

constants, 1 and B, such that
BrE(t) < L(t) < BoE(t), VE=>0. (4.52)
Integrating (4.51) and (4.52), we arrive at the following
£'(t) < —yE(t), Vt>0. (4.53)
Where ¢ = % A simple integration of (4.53) over (0,t) yields

£(t) < £(0)e ", vt > 0. (4.54)

Combining the equivalence of £(t) and Z(t) yields the desired result of Theorem 4.2.



Conclusion

In this thesis, we have investigated the existence and exponential decay of solutions for specific
classes of evolution problems. The study addressed three distinct systems: a one-dimensional
Lord-Schulman thermoelastic system with porous damping and time delay, a swelling porous
system influenced by the Gurtin-Pipkin thermal effect, and a swelling porous-heat system
with time-varying delay under Dirichlet boundary conditions. By employing the semi-group
approach and appropriate assumptions on the delay, we established the well-posedness of
these systems. Furthermore, through the construction of suitable Lyapunov functionals, we
demonstrated that the systems exhibit exponential stability, regardless of system parameters
or equal speeds. These findings contribute valuable insights into the stability mechanisms of
complex thermoelastic and porous systems. Future research could explore extending these
results to higher-dimensional domains, non-linear systems. Additionally, exploring numerical
methods to verify and simulate the theoretical findings for practical implementation. The re-
search advances the understanding of coupled thermoelastic systems and provides a foundation

for both theoretical and applied developments in this field.
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