Applied Mathematics E-Notes, 20(2020), 167-187 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

On The Maximum Number Of Limit Cycles Of Generalized
Polynomial Liénard Differential Systems Via Averaging Theory*

Amel Boulfoul’, Nawal Mellahit

Received 31 March 2019

Abstract

In this paper, we apply the averaging theory of first and second order for studying the limit cycles of
generalized polynomial Liénard systems of the form

i=y—lx)y, §=-z— f(x)—g(@)y—hz)y’ - p)y’

where I(z) = ely (z) + la(2), £(2) = efi(2) + fa(a), 9(x) = g1 () + g2 (x), h(z) = ehi (x) + ha(w)
and p(z) = ep ( ) 4 €2pa(x) where I () has degree m, fi(x ) &(z), hi(z) and pi(z) have degree n for
each k =1, 2, and € is a small parameter.

1 Introduction

Polynomial Liénard systems occur as models or at least as simplifications of models in many domains in
science. According to Smale [16], they are also a good starting point to try to solve the second part of
Hilbert’s 16th problem, which asks for the maximal number of limit cycles that a polynomial planar vector
fields can have, depending on the degree of the system [8]. Recall that a limit cycle of a planar polynomial
differential system is a periodic orbit of the system isolated in the set of all periodic orbits of the system.

The notion of a center of real planar polynomial differential system is an isolated equilibrium point having
a neighborhood such that all the orbits of this neighborhood are periodic orbits with the unique exception
of the singular point, which is defined by Poincaré in [14]. A classical way of producing limit cycles is by
perturbing a system which has a center. The techniques used for studying the limit cycles that can bifurcate
from the periodic orbits of a center are: Poincaré return map [2], Abelian integrals or Melnikov integrals
(note that for systems in the plane the two notions are equivalent) [7], inverse integrating factor [5] and
averaging theory ([3, 15]). In the plane at same order all these techniques produce the same results, but the
computations can change with the different technique.

In this paper, using averaging theory we want to study the number of limit cycles which bifurcate from
the periodic orbits of the linear center & = y,y = —z of the more generalized Liénard polynomial differential

system
i':y_l(x)yv (1)
y=—x— f(z) - g(x)y — h(z)y® — p(x)y®,

where I(z) = eli(z) + €l2(2), f() = efi(z) + €f2(2), 9(z) = eg1(2) + g2(2), h(2) = ehi (@) + €ha(2)
and p(z) = ep1(x) + €2pa(z) where I (z) has degree m, fx(z), gi(x), hi(z) and py(z) have degree n for
each k = 1,2, and € is a small parameter. Note that system (1) was been studied in [4] when [(z) = 0 and
p(z) = 0.

There are some results concerning the maximum number of limit cycles bifurcating from the linear center
& =1vy,y = —x of generalized polynomial Liénard differential systems using averaging theory.
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168 On the Maximum Number of Limit Cycles

e In [10], Llibre et al. studied how many limit cycles of system & =y, y = —g(x) — f(z)y can bifurcate
from the periodic orbits of the linear center £ = y, y = —z using the averaging theory of order k for
k=1,2,3, where f(x) and g(x) are polynomials in the variable = of degrees n and m respectively.

e In [11], the authors studied using the averaging theory of first and second order the following system

{a'c =y — elgn(@) + fu(@)y) - (g2(x) + frz(2)y). 2

§=—x—e(ga1(x) + far(x)y) — €(g22() + fa2(2)y),
where g1;, f1i, g2i, fo; have degree [, k, m and n respectively for each ¢ = 1,2, and € is a small parameter.
e In [1], Alavez-Ramirez et al. studied the polynomial differential system

3)

&=y —egi1(x) — €g12(),
Y= —x — (g1 (z) + far(2)y) — (g22(x) + fa2(2)y),

where g1;, g2;, fo; have degree [, m and n respectively for each ¢ = 1,2, and € is a small parameter.

e In [12, 13], the authors studied using the averaging theory of first second and third order the number
of limit cycles of the polynomial differential system

&=y - fi(z)y,
{Z) = -z — g2(x) = f2(x)y, @

where fi(z) = efi1(2) + € fi2(z) + € fi3(2), g2(x) = €ga1(x) + €g2(z) + >ga3(x) and fo(z) =
€fo1(x) + €2 faa(x) + €3 foz(x) where f1;, fo; and go; have degree I,m and m respectively for each
1=1,2,3, and € is a small parameter.

In what follows we present our main results.

Theorem 1 For |e| > 0 sufficiently small, the mazimum number of limit cycles of the generalized polynomial
Liénard differential systems (1) bifurcating from the periodic orbits of linear center & = y,y = —x using the
averaging theory of first order is

2
Alzmax[n+ ]

The proof of Theorem 1 is given in Section 3.

Theorem 2 For |e| > 0 sufficiently small, the maximum number of limit cycles of the generalized polynomial
Liénard differential systems (1) bifurcating from the periodic orbits of linear center & = y,y = —x using the
averaging theory of second order is

Ao :max{n—i—l, {n—l} + {m—l] +2}.
2 2

The proof of Theorem 2 is given in Section 4.

In [4] it has been shown that there exist generalized Liénard systems (1) with [(x) = p(z) = 0, having at
least n limit cycles. The result in Theorem 2 improves this lower estimate (A2 > n). Note that we do not
know if the upper bound A\; (respectively A2) for the number of limit cycles of the polynomial differential
system (1), which bifurcate from the periodic solutions of the linear center & = y, § = —z using the averaging
theory of first order (respectively second order) is reached. In Section 5 we prove that the upper bound is
reached for 1 < n <9 in the first order averaging theory and for 1 <n <4, 1 < m < 4 in the second order
averaging theory (see Examples 1 and 2).

In Section 2, we introduce the averaging theory of first and second order.
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2 Averaging Theory of First and Second Order
We consider the differential system
&= el (t,x) + EFy(t,x) + ER(t, 2, €), (5)

where F,Fy : Rx D — R, R: R x D x (—€f,e5) — R are continuous functions, T-periodic in the first
variable, and D is an open subset of R™. Assume that the following hypotheses (i), ( i) hold.

(i) Fi(t,.) € C*(D), Fx(t,.) € CY(D) : for all :t € R,: Fy, Fp, R are locally Lipschitz with respect to z, and
R is twice differentiable with respect to e.

We define Fio: D — R for k =1,2 as

1 T
Fip(z) = ?/ Fi(s, z)ds,
0

T
Fy(z) = %/o [D.F1(s,2)y1(s, z) + Fa(s,2)] ds,

where

yi(s,2) = /0 Fi(t,2)dt.

(ii) For V. C D an open and bounded set and for each e € (—ef,er)\{0}, there exists a € V sach that
Fip(a)+eFy(a) =0 and dp(Fio + €Fo0, V,a) # 0. The expression dp(Fig + €F20, V, a) # 0 means that
the Brouwer degree (see [3]) of the function Fig + €F5p : V' — R at the fixed point a is not zero. A
sufficient condition for the inequality to be true is that the Jacobian of the function Fig + €Fsg at a is
not zero.

Then, for |e| > 0 sufficiently small there exists a T-periodic solution ¢(.,€) of the equation (5) such that
©»(0,€) — a when € — 0.
- If Fig is not identically zero, then the zeros of Fyy+ eF5g are mainly the zeros of Fyg for € sufficiently small.
In this case the previous result provides the averaging theory of first order.
- If Fyg is identically zero and Fb is not identically zero, then the zeros of Fjg + e€F5y are mainly the zeros
of Fyq for € sufficiently small. In this case the previous result provides the averaging theory of second order.
For a general introduction to averaging theory see (]9, 17]).

3 Proof of Theorem 1

We shall need the first-order averaging theory to prove Theorem 1. We write system (1) in polar coordinates
(r,0) where x =rcosf, y =rsinf, r > 0. If we take

Zezlx fi(z Zanw g1 (z Zbuw hi(z Zczlx pi(z Zdnw

the system (1) becomes

=0

= —c (Z Ai,1(0,7‘)7‘i + Z 61‘,1Ri+1(9)7‘i+1) + 0(62),
1=0

n

0 =—1— (3 Dia(0,r)r — 3 e Ti(0)rt1) + O(?),
=0 =0
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where
Aig(r,0) = ainRi(0) + b1 Ty(0)r + ¢ 1Si(0)r® + ds 1 Ui (0)1°,
R;(0) = cos’ Osinb,
T;(0) = cos’ Osin® 0 = cos’0 — cos'20),
S;(0) = cos? @sin® @ = cos?fsinf — cos’ 20 sin,
U;j(0) = cos? sin® 0 = cos’0 — 2cosT720 + cosT™0,
Dia(r,0) = a;1cos™™04bi1Ri1(0)r 4 cinTip1 (0)r® + di 1 Sig1 (0)r°.

Now taking 6 as the new independent variable, system (6) becomes

ar 7 9
20 5 = €F1(7"»9) + 0(6 )7 (7)

where
n m
F1 (’I“, 9) = Z AM(G, 7‘)7‘Z + Z ei’lRHl(@)rH‘l.
i=0 i=0
Therefore, from Section 2 we must study the simple positive zeros of the function

1

Fw(?") = % (Z ri(ai,1J¢(27r) + bi,lrji(Q’/T) + Ci’szji(Q’]T) + di11r31§i(27r))
=0

+ Zei,1J¢+1(27r)7"”1> s

i=0

where

2 2 27 - 2
Ji(27) = /0 Ry(0)do, I.(27)= /0 T (0)do, Ji(21) = /0 Sp(0)do, I(2m) = /0 Uy (0)d6.

To calculate the exact expression of Fig(r), we use the following integrals (see for more details [6]):

0
Ji(0) = /0 cos' tsintdt = Z—&-% (1 —cos't0), (8)
J.(0) /9 i sin® tt 2 L oosit10 4 1 cosit3g )
(0) = in - —

; 0cos s ES ) I T3 Co8 ,

Ji(2n) = Ji(2m) = 0, (10)
k
o Do Yeasin(2l+1)0 ifi =2k +1,
1;(0) :/ cos'tdt = { =0 (11)
0

k
=1

s L (2N L2+l 1 o (o2 1
T\ i ) T on i Jorrr P T il )T

{0 ifi=2k+1,
Li(2m) { SRk if i = 2k,

where
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where a, =3-5----- (2k — 1), a1 = (2k+ 1)ayg. And

2k +1

ng+2(27r) = m[zk,(Qﬂ')’ (12)
I;(21) = I;(27) — I;42(27), (13)
[,(2m) = I;(21) — 20;0(27) + ;0 (27). (14)
And thus we have
(3] o 3
_ 21 7 2
Fio(r)=r r m <b2i,1 +doiar 2+ 2)) . (15)
1=0

From (15) the function Fyo(r) has at most [242] simple positive zeros.

4 Proof of Theorem 2

For proving Theorem 2 we shall use the second order averaging theory. If we write

m n n
v) =Y eint’, felw) =) aixa’, gi(z) =) biga', h Z cipt’, pr(e Z di g’
=0 =0 i=0
for each k = 1,2. Then system (1) in polar coordinates (r,6), r > 0 becomes
P e At (0, + X i Raga (O — (S0 Asa(6, 1)1
+20im0 €i2Ripa (0)r'*h) + O(€%),

O =—1— (X0 Dia(0,r)r" — S g e Ti(O)rith) — (S0 Dya (0, 7)r
—> it ei2Ti(0)r'th) 4+ O(e?),

(16)

where
Aij(0,7) = a; jRi(0) + bi jTi(0)r + ¢i.3Si(0)r* + di ;U (0)r°, j = 1,2,
D; j(0,7) = a; j cos™™ 0+ b; jRi1 (0)7 + ci jTip1(0)r* + d; jSit1(0)r®, § =1,2.
Taking 6 as the new independent variable system (16) writes
dr 7 9 3
Bo0" eFy(r,0) + e Fy(r,0) + O(€”), (17)

where
n

Fy (7", 9) = Z Ai,1(9, ’I“)’I“i + Z €¢’1Ri+1(9)’ri+1, (18)

i=0 =0

Ms

Fy(r,0) = A; o i+ Z eiaRi1(0)r™!

( Air(0,7)r" + Zez 1Rl+1(9)ri+1> (Z Di1(6,r)r" — Zei,lﬂ(Q)riH) . (19)
i=0 i=0

=0 =0

<.

Il
%M—t o
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In order to apply the averaging theory of second order, Fio(r) must be identically zero. From (15), Fyq is
identically zero if and only if
bo = dyjz) =0,

bgi = %d%f% I<i< [%]’ (20)
b% = 2;7_31d2i_27 1<i< [%]
)

In the next Proposition we obtain the value of Fj(r,8) when Fio(r) = 0.

Proposition 1 If Fio(r) =0, then

n (3]
F1 (7’, 0) = Z 7’2 (&171Ri(9) + Ci,17’25i(0)) + 7’21+2 (b2i+171T2i+1(9) + d2i+1,1T2U2,’+1(0))
i=0 =0
2 ‘ % +2
+ Zez PR p1(0) + ) dgyor® <T21 27 50 ng(ﬂ)) . (21)

=0

Proof. Since Fio(r) = 0, we have the relation (20). If the relations Uy (6) = T (0) — Tr12(0) and (20) are
substituted in the expression (18) we obtain (21). m
Now we continue our proof for Theorem 2. If we derive the expression of (21) with respect to r, we obtain

dFl (r, ) Zrl Yia; 1 Ri(0) + (i 4 2)ci1r?Si(0))

["Tfll .

+ Z r2itl [(26 + 2)boit1,1T2i+1(0) + (20 + 4)d2i+1,1T2U2i+1(9)]
i=0

-+ Z 61'71(2‘ -+ ].)T'iRH_l(@)
i=0
] : 2142

+ (2Z + ].)dQZ',QT’zl (TQiQ — QZ_ngl(g)) . (22)
=0

In the next Proposition we obtain y(rf) = foe F(r,s)ds.

Proposition 2 We have

[L*l

n 51 i+1
Zrz (a1 1] + Ci,szji(e)) + Z 7,2i+2 <b2i+1,1 Z:Yi,lSin(Ql + 1)9

1=0 1=0 =0
1+2
+d21+112’y”sm21+1 )+Z€ 1T 1+1 )
=0
(3] il
+3 dyior® Y B, sin(210), (23)
=0 =0

where
i1 — 2 +; o 0<I<y
Vil = Vit1s: 0<I< i . Vi Yit1,0 T Vig2,00 . __ =5
fYZl o . _ o Vil = _2’yi+1,i+1 T Vit2,it1s" l=i+1,
—Vit1,i+10" l=4i+1. . B
Vit2,i+2)° =142,
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2i+2 -
Biiy = 3051 Bia + 3753 Bivryy 0<1<i—1,

_ 4it1 2142 o
Bin =94 —a2i— 16LZ+21 12041, I =1,

2i+2 .
2i—1Pi+1,i+1> l=i+1

Proof. Simplifying by using the relations I;(8) = I;(0) — Iy, 2() and lgk(G) = I(0) — 213 12(0) + Ix44(0).
Taking into account that
4i+1 2142
57— 16 0+ 7_151“9 =0
and using the integrals (8), (9) and (11), we obtain (23). Thus, the Proposition fllows. m
Now we determine the corresponding function

51'_19 —

Fy(r) = %(II(T) + I11(r)), (24)

where

2m 2m
[1(r) = / w.y(r,e)dﬂ and I11(r)= [  Fo(r,6)do.
0

r 0
First we shall compute the integrals I7(r). Using the expressions (22) and (23), We have
n [(°Z*]

Z 7,1 j— 1M1 + Z Z 7,1+2k:+1M2 + Z Z T‘H_'] MZ?:]
=0 i=0 k=0 =0 j=0

(3 (2541125 [25]
TH%MZA,J‘ 4 p2et2kas sy Z ZTH%HMS]'

s=0 k=0 k=0 i=0

M:

I1I(

I
=)

7

+
= 10
N

O

n—1

— e
[SER|

(2] m

m m
T2s+2k+2le7 § E Ti+j+1Mi8j + E E 7,,2k+i+lMi9j

0 =0 j=0 k=0 i=0

2

+
(]

k

— @
S|
=S

I

n
2

+ r2§+2k+1M179, (25)

0

(e}
S
[}

where

2 2 _
Ml = iai’laj’l / R1(9)J](9)d0 +7;(11‘710j717"2 RZ(Q)JJ(Q)dG
0 0

4,J

2m 2m
+(i 4 2)cirai1 S;(0)J;(0)d0 + (i + 2)ciaciar? S;(0).J;(0)do,
0 0

k+1 27 2
M2, = o (izm R;(0)sin(2l + 1)0d0 + (2k + 2) / Tok+1(0)
1=0 0 0

k+2 27
Jl(9)d9) + ai,1d2k+1,1r2 <Z Z%/k)l RZ(G) Sin(Ql + 1)9d0 + (2/{3 + 4)
— 0

2 k+1 2m
X / U2k+1(0)JZ(9)d6> + Ci’1b2k+1)17"2 ((7/ —+ 2) Zﬁ/k},l SZ(Q) SID(QZ + 1)
0 1=0 0

2T k+2
x0df + (2k + 2) / T2k+1(9)Ji(9)d9> + ciadogriar? ((i +2)) Ay
0 =0

2m 2m ~
x /0 S;(6) sin(20 + 1)0d6 + (2k + 4) /O U2k+1(0)Ji(9)d0> :
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2

27
Mi?:j = Q1651 (Z RZ(H)JJH(O)dQ + (j + 1) Rj+1(9)JZ(9)d9) + cmej,lrQ
0 0

2 2

0 0

k+1

27 2
MY = agdans (iz Br / Ri(6) sin(216)d6 + (2k + 1) ( / T
=1 0 0

2k 42

27
x (0)J;(0)do — Sy /O Tgk(Q)Ji(G)d0)>) + ciadog—2.17% ((1 +2)

k+1

X ;ﬁk,l /0 S;(0)sin(210)dO + (2k + 1) (/O Tose—2(0).J:(6)do

_ Zij/O%TQk(e)ji(a)M)),

s+1

27
MP, = (2k+2) <b25+1,1b2k+1 > Ao / Topr1(0) sin(2l + 1)0d0 + dygyq 1bopi1r?
1=0 0

s+2 s+1

27
X Zﬁ/s’l / T2k+1(0) sm(?l + 1)9d9> + (Qk + 4) <b25+1’1d2k+17"2 Z’?S’l
1=0 0 1=0
27 542 ~ 2
X / U2k+1(9) sin(21 4+ l)ede + d23+1,1d2k+1’l“4 Z ’N)/S’l / U2k+1(9)
0 1=0 0
% sin(20 + 1)8d9) ,

2m k+1 2m
My, = eitbus ((Qk + 2)/ Tore1(0)Jia (0)d0+ (G +1) > Ay Ri1(0)
0 = 0
2m
X sin(2l + 1)9) df + €i,1d2/€+17“2 ((2]6 + 4)/ U2k+1(9)(]i+1(9)d9 + (l + 1)
0

k+2 27

X Z%k’l/o Rz+1(9) Sin(2l + 1)9) d@,
=0

s+1 k+1

27
M; = dos—21bokia ((2k+2)23s,1/ Top41(0) sin(210)d6 + (2s + 1) (Z Vi
0

=0 =0

27 ] %2 + 2 27 )
X Tos—2(0) sin(2] 4 1)6d0 — 55— 1 T55(0) sin((20 + 1)8)do
0 s—1Jo
s+1 _ 2 k+2 ~
+dos_o1dops17? ((Qk +4)> B, / Uspey1(6) sin(206)d6 + (25 + 1) (Z o
1=0 0 1=0

2m 25 + 2 2m
X / Tos2(0) sin(20 + 1)0d0 — 55 1 / Tys(0) sin(2 + 1)9)d9)>> ,
0 s—1Jo

27
My =(j+ 1)61‘,16@1/ R;j11(0)Ji1(0)do,
0
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k+1

N 2m ) 2m
(’l + ].) ; Bk,l /0 RZH(G) SlH(QlG)d@ + (2]€ + ].) </(; Tgk_g(a)

_zzti/o ﬂTgk(a) ¢+1(0)d0))>]

9
Mi,j = e1dog—2

and
k+1 27 27
- . 25+ 2
Milg = (25 —+ 1)d25_271d2k_271 Z Bk,l |:/ Tgs_g(g) sm(?l@)d@ — / TQS(H)
’ =0 0 25 -1 0

x sin(QZQ)dG)} .
In the next propositions we obtain some results of the integrals on the right hand part of (25).

Proposition 3 Fori,j € N and 0 € R the following statements hold.

(a) cos' R;(0) = Riy;(0),
(b) cos’ T;(0) = Ri(0)R;(0) = Ti+; (),

(0) = Ri(0)T(0) = Siv;(0),
(d) cos'U;(0) = Ri(0)S;(0) = Ti(0)T;(0) = Ui1;(0),
(e) Ri(0)U;(0) = T5(0)5;(0) = Siv;(0) — Sisjs2(6),
(f) Ti(0)U;(0) = Si(0)S;(0) = Uiy (0) — Uit j12(0),
(9) Si(O)U;(0) = Siy;(0) — 28j4542(0) + Sitjt4(0).

Proof. By using the elemental trigonometric relations we obtain easily the previous equalities. m

(c) cos’ S; (0

Corollary 1 Fori,j € N, the following statements hold.

(a)
/0 cos' OR;(0)df = /0 cos’ HSj(G)dHZ/O R;(0)T;(6)do
2 2m 2m
= / Ri(Q)Uj(G)dG/ T:(0)S;(0)do = Si(0)U;(6)do = 0.
0 0 0
(b)
i T e = o [0, if i+ is odd,
/0 cos' T;(6)df = i R;(0)R;(0)dO = I, (2m) = { Ly (27m), ifi+j is even.
(c)

/0 cos' U;(0)d) = /O R;(0)S;(0)d6 = /O T,(0)T;(0)do

_ (2) = 0, if i+ J is odd,
T = Ly (2m), ifi+j is even.
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(d)

/ T neuem = Si(0)5,(0)d0 = I,1;(27) = Loy yea(2)

B 0, if i+ j is odd,
- L (210) — Iopyo(27), if i+ 7 is even.

Proof. Using Proposition 3 and using (10) for all 7,5 € N, we obtain (a). Again from Proposition 3 and
using (13) and (14) we obtain (b), (¢) and (d). Hence the Corollary follows. m

Proposition 4 Fori,j € N and 0 € R the following statements hold.

(a) Ri(0)J5(0) = 737 (Ri(0) — Ritj41(0)).

¥ _ 2R;(# Ritj11(0) Riy;13(0)
(¢) Ri(0)J;(0) = Ty — "+ e

(¢) Ti(0)J;(0) = 535 (T:(0) — Titj+1(0)).

~ 2T; (0 Titiv1(6 Tiyiva(0
(9) Ti(0)7;(0) = Gmyirpmy — e + TR

(i) Si(0)J;(0) = 737(Si(0) — Sivj+1(0)).

R

_254(8 Sitj+1(0) Sitj+3(0)
(k) Si0)7;(0) = Gy — S+ e,

(m) Us(0)3;(0) = 537 (Us(0) = Uisj41(0)).

[ _ __2Ui(9) Uitj11(8) | Uirjis(0)
(o) Ui0)L;(0) = Giyimy — — 1+ g4 -

Proof. The Proposition follows if we use the integrals (8) and (9) and Proposition 3. In the next Corollary
we use

27
/ cos' () sin’ (0) sin((21 + 1)8)dd # 0, if i even and j odd,
0

2 ‘ 0, if ¢ odd or j even,
/ cos'(0) sin’ () sin((21 4+ 1)0)d0 = ¢ 7Cy,, ifi=2k,j=1andl >0, (26)
0 7Ky, ifi=2k j=3andl>0,

where C},;, Kj, are non-zero constants.

2m
/ cos' () sin’ (0) sin(210)d6 # 0, if i and j odd,
0

o 0,~ if 7 odd or j even,
/ cos'(#) sin? (9) sin(200)df = mCky, fi=2k+1,j=1andl>0, (27)
0 7Ky, ifi=2k+1,5=3andl>0,

where C};;, Kj, are non-zero constants. m

Corollary 2 Fori,j € N, the following statements hold.
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(a)
2m 2
/ T,(0)sin(2l + 1)0d0 = / ) sin(216)d6 — / U;(6) sin(2L + 1)0d6
0 0
= / ) sin(216)df = 0.
(b) f 0)sin(2] + 1)0d0 = wC, ;.
(c) fo 0)sin(210)d0 = wC; ;.

(d) f Si(0)sin(2l + 1)0d0 = 7K, ;.

(e) f S;(6) sin(200)df = 7K ;.
Proof. The Corollary follows if we use the integrals (26) and (27). =

Corollary 3 Fori,j € N the following statements hold.

(a)
27 27 _ 27 27 B
i R;(0)J;(0)do = ; R;i(0)J;(0)do = ; Si(0)J;(6)do = ; Si(6)J;(6)do = 0.
(b) ]
5or1 126 (27), if i=2k, j=2s,
2 Lok (2 Dojsosio(2 ifi=2k j=2s+1
/ T,(0).J;(0)do = 28+2( j_k( ™) = Dtasa(2m), i =2k, ] ‘Sj :
0 2s+2 ok-+2s+2(27), ifi=2k+1, j=2s,
0, ifi=2k+1, j=2s+1.
(c)
27 B
| o0
0
(25+1)2(25+3) f%(z”), if i =2k, j=2s,
B 7(25+2)2(25+4) 1:2k(27T) - (232T2)I~2k+2s+2(27r) + ﬁfngsH(Qw), ifi =2k, j=2s+1,
_(2573_1)ij+25+2(271-) + (2%_},_3)ij+28+4(271-)7 ifi=2k+1, j =2s,
0, ifi=2k+1, j=2s+1.
(d) )
5o Lok (27), ifi=2k, j=2s,
o L (T (27) — Dopynesa(27)), ifi=2k, j=25+1,
/ Ui(60)J,(0)d0 = { **7 & ) e
’ — g Tokszera(21), ifi=2k+1, j=2s,
0, ifi=2k+1, j=2s+1.
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(e)
2 ~
/ U,(6).J;(6)d6

0

Mmigk(Qﬂ'), Zf’L = 2]{, j = 25,
_ Mmjgk(?ﬂ') — ﬁfgkngerg(Qﬂ') + ﬁf2k+25+4(27‘—)7 Zfl = Qk, j = 2s + 1,

— ey Lok r2s42(27) + gy Tk 2s 4 (27), ifi=2k+1, j=2s,

0, ifi=2k+1, j=25+1.

Proof. Using Proposition 4 and using (10) for all ¢,57 € N, we obtain (a). Again from Proposition 4 and
using (13) and (14) one has (b), (c), (d) and (e) and the Corollary follows. m
Now we can compute the integral II(r).

Lemma 1 The integral I1(r) is given by

(2] [251 (251] %]
1I(r) = Z T25+2k+1M22572k+1 + Z T25+2k+1M24s+1,2k
s=0 k=0 s=0 k=
(23] (25 3] %]
+ Z Z T2S+2k+3M2ﬁs+1,2k+1 + T2k+28+1M295,2m (28)
k=0 s=0 k=0 s=0
where
k+1
- k+ 1)’/T01k+5+1
M? = ags1bopr1.1(2 Cyy— ( o1d 2
s taeabata sl;%’m ST G2 T (ks £ 2)1) T 2stdeeriar
k+2
= 3(k +2)magtst1 2
x (2 Ci — s1b 2 2
( S;MW LT3 )+ s 1)) | b (28 42)
k+1

~ (k + 1)(4k + 10s + 15)7Tak+5+1 4
K, — s1d
8 lz_;“’l” 1T Qreri(2s £ 1) (25 ¥ B)(h s+ 3)) | CostdemLar

k+2

X((2S + 2) Z’:}/k’lﬂ-Kzs’l —
=0

3(k+2)(4k + 14s 4 21) T gy 541 )
2k+s+2(25 +1)(2s 4+ 3)(k + s + )7

k41
Mjgop = Gasp1ador—21((25+1) Y By mCay + ==
=1
k+1 N _
Feas1,1dor—2,177((25 + 3) Z BramKs +
=1

3(2k + 1)morg4s
T2k —1)(k+ s +2)!

)

152k + Dmagys )
9k +3+2(2k — 1)(k + s + 3)!

(30)

(k+ Doy sio e

6 ~
Masiraen = eastiabaen (= (25 1+ 3)(k+513) (2s+2) ;%’l
=0
B 3(k +2)ma 512
S+s2(2s 1 3)(k + 5 1 4)]

2
XTCsy1,1) + €2s+1,1d2k+17"(

k+1

+(25+2) Y Y5 mCatr), (31)
=0
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9 G S 3(2k+1) Tt s
Mo = exsadaiz | (25412 BumCot+ 50 4y | Gyt ) (32)
=0

Proof. Using the expression (25) and the results of Corollaries 2 and 3, we have

5 _ AT _ a0 _
My opi1 = Mg opy1 = Mag o, =0 foralls, k € N.

M}, = M2, = MP; =0foralli, j € N.

o If i = 25 and by substituting in (25), we obtain M3, o, = M3, 5, = 0 and also the expressions (30)
and (31).

Finally if i = 25 + 1 and by substituting in (25) we obtain My, | o, = M3, | 5.1 = 0, (29) and (32).

The proof of the Lemma is completed. m

In order to complete the computation of Fyo(r) we must determine the function ITI(r) of the expression
of Fyo(r) given in (24). In the next Proposition we obtain the value of Fy(r,6) when Fio(r) = 0.

Proposition 5 If Fio(r) =0, then

FQ(T7 9) = Z Ti (ai’gRi(Q) + bi’QTE(e) + Cz 2T S (9) + dz 2T U21+1(0))
=0
o (%5
=+ Z €4, 2T z+1 ) — ; l2r1<ai}1Ri(9> + Ci,lTQSi(e)) + 7«216-‘1-2
=0 k=0

X (b2k+1,1T2k+1(9) + d2k+1,17‘2U2k+1(9)) + Z 61,1Ti+1R¢+1(9)

(5] .
. 2k + 2 ) ‘
+ ) dopor® ! (Tm(e) o m(@)] x [ZT‘WI cos1(0)

k=0 i=0
(254]
+einr?Tir1(0)) + Z 722 (bog 111 Rog2(0)dan 1,172 Sox42(6))
k=0
m 4] okt
il 21 B
+;€,71T TL(G) + Z_:dgk_zr <R2k_1 o — 1R2k+1(9)> ‘| . (33)

T 1d21 2. By substituting the

Proof. If Fig(r ) = 0, from (15) we have that by = dojz) = 0, and by; =
relation Uy (0) = Ty (6) — Tk+2(9) in (19) we obtain (33).



180 On the Maximum Number of Limit Cycles

Now we shall compute the integrals IT1(r). Using the expression of (33) we have

n 2m

27 27
) = S rias / Ri(6)d0 + b1 / T(0)d0 + cior® | Si(6)d6
0 0

i=0 0

2 n n n %50
+d; o1’ / Us(0)d0) + 3N r gl 4 3 N itk
0 i=0 =0 =0 k=0
n n_ 5] (2221 (27
153D BT NS B) DL TR DD DXt V8
=0 j=0 i=0 s=0 s=0 k=0
n—l

_1] m "5 2 m m
_|_ E § T1+2k+2M6 E 25+2k+2M7 + E E TZ+j+1M8 )
1,7
k=0 =0 0 k=0 1=0 j=0
(3] m (7] [
+ § § 7,23+z+1M29j + T25+2k+1Mll(j)’
s=0 1=0 s=0 k=0

where

27 27
Mil,j = ai71aj,1/ RZ‘(Q)COSjJrl09d0—|—(1i716j717’2/ Ri(ﬁ)ﬂ+1(9)d0+ci71amlr2
0 0
27 ) 2
X SZ(Q) cos? 1 Hde—l—ci’lcj"l’l“él S; (9) j+1(9)d9,
0 0

27 27
M%] = ai’1b2k+1,1(/ T2k+1(9) COSH_1 0do + / R2k+2 (H)RZ (Q)dg) + ai,1d2k+1,1r2
0 0
27 ) 2w
X (/ U2k+1(0) COSZ+1 0do + / Sgk+2(9)Rl(9)d6’) + Ci71b2k+1717~2
0 0

27 2m
X (/0 T2k+1(9>Ti(9>d9 + /(; R2k+2(9)5i(9)d9) + C¢)1d2k+1)17“49

2 2
X( ) U2k+1(9)ﬂ(9)d+ A 52k+2(9)sl(9)d9),

2 2m
Ml;):j = ai71€j71(/0 RZ(G)TJ (9)d0 + A Rj+1(0) COS’LAJrl 9d9) + Ci71€j717’2

([ S0y 0000 + QﬂRM(a)Ti(a)dm,
0

2 27
M%J = ai,ldgkfg’l( Ri<9)R2k,1(9)d9 + / T2k72<9) COSH_1 0do —
0 0

2k +2
2k —1

2w 2
X (/0 RZ(G)R2k+1(9)d0 -+ /0 Tgk (9) COSiJrl 9d9)) —+ Ci’1d2k72,1’1’2

2m

X( SI(H)RQk_l(G)de + /27T TQk_Q(H)Tl(H)dQ —
0 0

2k +2
2k -1

S;(60) Raps1(0)do

2k +2 [*7
S EOLIOD)
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27

2m
MYy = bzs+1,1bzk+1/ Tas41(0) Rok+2(0)d0 + dass1,1b20177 Uas+1(6)
0 0

27
X Rk 12(0)d0 + bosy1,1d2k117° / To541(0)S2k+2(0)dl + dosy1,1d2k41
0

27
xr / Uzs+1(0)S2x+2(0)do,
0

27

MG

27
i T ei71b2k+1< R2k+2(6)Ri+1(9)d6+/ E(H)T2k+1(6)d9>
0

2

0

27
tei1dags1r? ( Sort2(0)Rit1(0)do +/ Ti(9)U2k+1(9)d9) ,
0

0

B 27 27

MZJ = d232,1b2k+1[/ T2572(9)R2k+2<9)d9+/ Ros—1(0)Top41(0)d0
0 0

27

2542
2s —1

</027r Ts(0) Rok+2(0)do + | R25+1(6>T2k+1(9)d9) ]

2m

27
+das—2,1d2p 4177 {/ Tos_2(0)Sak42(0)d0 + Ros—1(0)Usp41(0)d0
0 0

25 + 2 2

25— 1

</ ’ T54(0)Sok+2(0)do +
0 0

B 27

M, =einejq R;11(0)T3(0)db,
0

9

R25+1(9)U2k+1(9)d9) ] :

27 2m
M) = ei,1d2k2|:/ Ri+1(9)R2k71(9)d0+/ Tor—2(0)T;(0)do
0 0

2%k + ) 27 2m
s < Ron1(0)Ris1(0)d + / Tzk(e)n(e)deﬂ,
- 0 0

25+ 2
2s —1

27
M}? = d25—271d2k—2,1|:/ Tos—2(0)Rok—1(0)do —
0

y ( /O T L2 (6) Rogsr (0)d6 + /O zﬂ TQS(H)R%_l(@)cw)

+gzi_i§2/o ﬂT2s(9)Rzk+1(9)d9}

]
In the next propositions we obtain some results on the integrals of the right hand part of (34).

Proposition 6 If Fio(r) =0, then

nfl]

(3] [%5

3 -
baso + ———das 7"2) + p2st2ktl o M3,
< 25,2 2(s+2) 25,2 2.2 2s,2k+1

3

T
25(s + 1)!
(*71] (3] (23 (25

2542k+1 174 2542k+3 o 176
+ E r My i1 0 + E E r X Mg o+1
0 k=0 s=0

III(r) = 2ot

(e}

EITD L (33)
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where
N2 _ b T +ht1 d STl
Seoktl = —02s1 21150k (s 1 4 2! — G2s,1d2k+1,17 (5 + & 1 3)!
3TOs k41
—Cos1bok 117 28+k+1(;:_ ;; 3! — Cos1dops1art
15mavs v
25+k+2(5 +k+4)
- 3T
4 +k 2
My, 19, = Goep11d2k—21 25T R (2k — 18)(8 T Er2) + c2sy1,1d2k—2,17

" 3m(3s — 2k + 4) sk
25tk(2k —1)(s + k + 3)!”

- m(s+ k)osipt1 2
M2s+1,2k+1 = —€2s+1,1b2k+1 2S+’“+1(s+k+3)' - €2s+1,1d2k+17“

STk —Das ikt
25Th+2(s + K+ 4)! 7

3m(s? — s+ 2k + sk — V)asir—1
25tk=1(2k — 1) (s + k + 2)!

79
Mysor = €indar—

Proof. Using the expression (34) and the Corollaries 1 and 3, we have
o M, gy = M, 5y = M0, =0forals keN.
o M}, =DM} =DM =0.foralli, jeN.

o If i = 25 and by substituting in (34) we obtain M2, ,,,, = MJ, 5, =0 and (37) and (38).

(37)

e Finally if i = 2s + 1 and by substituting in (34) we obtain M§S+172k = M268+172k+1 = 0 and (36) and

(39). The proof of the Proposition is completed. m
The following Proposition provide us an expression of Fyo(r).

Proposition 7 The function Fay(r) defined in (24) can be written as

s 3
Fy(r) = = r 5571)! (b2s,2 + 2(8_|_2)d25,27"2> +

2542k (176 ~r6
+ r (Mg i1 0541 + Mg 9611)

+ Z T2k+25 s2k T M2s o) | 5

(40)

2 9 4 4 6 6 9 9
where My oy 1 + Mg o 15 Mogiq ok + Mog 10k Mosi1opi1 + Mo iq opr1 and Mg o + My, o) have degree

4,2,2 and 0 respectively.
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Proof. The proof follows by Lemmas 1 and 2 and considering that 27 Fyg = I1(r) + II11(r). =
Proof of Theorem 2. Note that in order to find the positive roots of Fy(r) we must find the zeros of a
polynomial in 72 of degree equal to the

max{[n;1]+[g]+2,[n;1]+[ ;1]+2}

Since [”?*1] + [”] + 2 takes the values [" 1] + %5 ] + 2 if n is odd, and [%2} + [%} + 2 if n is even, that

is n+ 1 in both cases. we conclude that Fyo(r) has at most

max{n+1,[”;1]+[m_1}+2}

simple positive zeros. m

5 Examples

In this section we prove that the upper bound is reached in the following examples. The computations have
been obtained by using Maple.

Example 1 We denote by Fyy" (r) the function Fio(r)/r corresponding to degree n, an adequate computa-
tion allows to obtain that

. 1 3
F1071(7") = §b0,1 + §d0717"27

now if we fized by =2 and do1 = —% we have that —F{g’l(r) =1 — 12, that has exactly one positive zero.

m m 1 3 1
Flo’z(r) = F10’3(7") = §b0,1 + (§d0,1 + §b2,1)T2 + 16d2 o

now if we fized bo1 = 2, dp1 = —%, do1 =8 and b1 = —4 we have that F{g’l(r) = F{g’?’(r) = %(1 —r3)(2 -
r2), that has exactly two positive zeros.

1 3 1 1 1
it F2o(r) = =b =d “by 1) 4 (=d —b 34
10 (r)=Fig”(r) 5 0,1+(8 0,1 1+ 3 2,1)7 +(16 2,1 1+ 16 4,1) + 128 41T
now if we fired by1 = 2, dgg = —35 dg 1=8,d41 = *9 = 7??0 and by 1 = 8 we have that

Fiyt(r) = F®(r) = £ (1= )2~ )3~ 1),

that has exactly three positive zeros.

m, - m,7
F106(7") = Fip (r)
= }b +(§d + 4 )r2+( do1+ ——=baq)rt
= 0,1 g0+ gb21 %21 1641
3
+(128d 1+ @bﬁ)?‘ + %dﬁ 17‘
now if we fized bo1 = 2, dp1 = —%, do1 =38, dsy = _7647 de1 = %, bay = %26, by1 = % and bg = —% we

have that
m m 1
i) = Fiy () = 52(1 = )2 = )3 = r)(4 = 2),
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that has exactly four positive zeros.

Fg®(r) = F()
(2§6d6 v 2g6b e+ 1024d8’" ’
now if we fived boy = 2, doy = —5, dog =8, dyg = =2, dg1 = 32, dsy = —12, by = 22 by =22,
b1 = —2% and b1 = % we have that

L)@ ?)E - ) - )5 ),

() = Fig®(r) = 0

that has exactly five positive zeros.

Example 2 We denote by Fy'" (1) the function Fao(r)/r corresponding, an adequate computation allows to
obtain that

3 3
1
Fyy (r) = 550,2 — §a0,1b1,1 + (gdoz - §00,1b1,1 - §d1,1a0,1) 16d1 1,c017,
now if we firedbg o =2,b11 =0,d11 = —%, doo = 230 and ap 1 = 1 we have that Fy 1( ) = %(1 r2)(2—1r?),
that has exactly two positive zeros.
1 1
F? = Zbyg — —agqb
20 (1) 50,2 200,1 1,1
3
Zdoo — —co1b11 — =d -3t ~d Zeg1d —byo)r?
+(8 0,2 800,1 L1 gd, 1001 1,102,1 + 3 0,101,1 + 860,1 0,1 T 3 2,2)T
3 1
d Ly d —d —d 4
(16 1,1€0,1 — ) 1,1C2,1 + 0,1C1,1 + 16%22 ~ 1% 102,1)7
3
—d 6
193 1,1€2,17,
now Zf we ﬁflf(id b02 = 2, 51,1 = O7 0071 = 1, d171 = —%, 02,1 = —%, d072 = —4, dO,l = —8, (11,1 = O,
(211 = O €0,1 = 3, a21 = —8, €1,1 = 1, b272 = —%, d272 = % and ap,1 = 1 we have that F2162(’I“) =
HEEES )(2 )( r2), that has exactly three positive zeros.
Fyil(r) = Fog’(r) = Fy*(r) + + qgdose: art
now if we fized byo = 2, b1 = 0, coqn = 1, d1g = =%, con = =3, dop = —4, doq = =8, a;1 = 0,
61,1 = 0, 6071 = %, a271 = —8, 61,1 = 1, 62,2 = —%, d272 = 4??, ao,l =1 G/ﬂd 6271 = —2 we have that

F2(r) = (1 =7r%)(2 = r?)(3—1?), that has exactly three positive zeros.

3
Fyi’(r) = Fog’(r) + 128d0 1eq17°,

nowszeﬁxedb()g:Q bll—o 001—1 dll:*%7 021:71 d02:74 d01: 8, 11171:0, 01,1:0,
€1 = 3,6L21 = -8, e11 =1, byo ——7 , doo = 4307a01 1, e21 = =2, and eq1 = g we have that
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F3l(r) = 1 —=7%)(2—r?)(3 —1?), that has exactly three positive zeros.

1 1
F(r) = 550,2—5610,151,1

3 1 3 1 3 3 1 3
+ (Sdo,z - gCO,lbl,l - §d1,1ao,1 - *b1,1112,1 + *do,lal,l + geo,ldo,l + gbz,z - 800,1b3,1> r

3 1 1 1
+( — EdLlCO,l — 4781)1716271 + do 1€1,1 + 16d 16d1 1021 — 4b3,1€1,1

7 3 3 5
b —d, — d —b 4
48001 31"!‘ 16 01@31 16a01 3,1 — 48 31(12 1)

3 1 3 5 13 3
+ ( d1 12,1 — *ds 1€1,1 — b3,102,1 — —=dz1a2,1 — 7d3,100,1 + 128d0,103,1> r

128 64 128 128 77 ™ 128
19
— d 8
~ 1280 3,1C2,17,
nowz’fweﬁxedbog—Q bi1=0,di1 ——3,021 = 3,d02——4 do1 = -8, 601—5, c1=1,¢,1=0,
az1 =0, by o = dg 0=28,a01=1,b31 = dS 1= 137 as,;1 = 18791a a1 =0,e11=1andcsy = % we
have that F' (r ) =1 =r)2-r*)(3 - r2)(4 —12), that has exactly four positive zeros.
F3i’(r) = Fag*(r) + 16d0 ez,
now if we fized boz =2, b1 =0, diy = =3, c21 =35, doo = —4, dog = -8, g1 = 3, Co.1 = L, c11 =0,
21 =0,byp=—%,a01=1,b31 =132, dg1 =39, a31 = —755, a11 =0, e11 =1, c31 = 545, dap = 8 and
ea1 = —2 we have that Fyy’(r) = 27 (L=72)(2—=7r%)(3 = r2)(4 — r?), that has ezactly four positive zeros.
F3(r) = FE3(r) — ib e31m% — ——dse3.17°,
20 20 61031631 Ga0%8163.1

now if we fivzed bogo =2, b1 1 =0, dy, L= =8, o1 =-2,do2 =4, do1 =8, €01 =13, 001 =1,c,:1=0,
az1 =0, bay = —2, ap,1 = 1, b1 = 3, ds, 1 = 18, az = —%, a1 =0,e1=1,¢c31 = 3078, d22 = -8,
e21 = —2 and es1 = — % we have that F23(r) = (1 =732 —=1r?)(3—r?)(4—r?), that has ezactly four

positive zeros.

3
Fy’(r) = Fig’(r) + 128d0 1e417°,

now if we fived bpo =2, by =0, dy, ! = 27 co1 = —2,do2 = —4,do1 = -8, e,1 = % Co, L= =1,¢,1 =0,
a21 =0, boo=—%5, a01=1,bs1 =3, ds1 = 187 as 1= -5, a11=0,e11 =1, c31 = — 32, d22 =38,
€21 =—2,e31 =—% andesy =3 we have that F33°(r) = = (1=r%)(2—7r%)(3—7r?)(4—1?), that has ezactly
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four positive zeros.

1 1
Fyl(r) = Sbo2 = 5a0ab11 +
3 1 3 1 3 3 1 3
—dgo — =cp1bi1 — =d —=b —d, —eg.1d ~bg o — —agp.1b
+ (8 0,2 800,1 L1 1,100,1 3 1,102,1 + 3 0,101,1 + 860,1 0,1 + 3022 8a0,1 371> r
dyo+ —d + 1d L b 3d b + L —d
e a1 — —a - I c c
642 62101 16921011 = 75041011 = 7ediicon — 81121 Tglo1c
1 1 1 7 3 1 5
—d —d —b b —d d —b 4
+16 2,2 — 16 1,102,1 — o 3,1€1,1 — 4800,1 3,1 + 16 0,103,1 — 1600,1 3,1 — 48 3,102, 1)7‘
3 5 1 3 7 1
d d b d b —d
+(128 4,2 T 1281131 2,1 — 128(341 1,1 — 128a41 1,1 — 128041 3,1 1 123 2,1C1,1
3 1 3 5 3
—d —d —b —d d —d 6
~ 2R C21 — 61 3,1€1,1 — 128 731 C21 — 123 3,102,1 — 128 3,1C0,1 1+ 123 01031>
19 9 11 1 21
———d — ——cy41d b —d d
+( 1280 3,1C2,1 128004’1 1,1 — 1280041 3,1 + 95621 3,1 — 12806141 31)
5
d O
T 1024 41"
now if we fized boo = 2, by1 = 0, d1; = 27 co1 = —3%, doo = —4, dog = -8, €01 = 3, co1 = 1,
a1 =0, (121 = -8, dy2 =8, ap1 =1,b31 = 2,d31 =39, a31 = —13o5, a1,1 =0, 11 = 1, dyy = 2,
bao = 15, bio = 8, do1 = go’ c41 = %, a4’1 = ggggé, dao = —izﬁgg, and c31 = % we have that
Fyt(r) = (1 =) (2 =723 —r?) (4 —r?)(5—r?), that has exactly five positive zeros.
F2’4('r’) :F1’4(T) 1 do 1€2, 17‘ + 3 dz 1€2, 17"6
20 20 16 128 ’
now if we fived bo2 = 2, by 1 = 0, d11 =3 c21 =%, dop ——4 d01 = —8, €01 = 3, c,1= 1,11 =0,
azy =0, dzo = =8, a1 =1, bg1 = 2, d31 = 18, asy = i% =0, e11=1,d41 =2, 522 = -8,
b4)2 = 8, d21 = 1g0, C41 = %, 4,1 = 28350’ d42 = 31;?17851’ C31 = % and €2,1 = —2 we have that
Fal(r) = 25 (1 =73 (2 = r?) (3 —7r%)(4 — r?)(5 — r?), that has exactly five positive zeros.
F34r) = F24r) — —b 6_ " g 8
50 () 5 () 64 3,1€3,17 640 3,1€317,
now if we fized bgo = 2, b1 = 0, d171 =2 c1=-% doo=-4,do1=-8€e,1=13%,c1=1c,=0,
az1 = —8,dy2 = =8, a01 =1, bg1 = d31 =2 az1 =1, a11=0,e11=1,ds1 =2, byo=-5,
by =8, da1 = %7 c41 = %, a1 = 28350, dyn = 7152)2%3?37 €31 = 55207 e2,1 = —2, and e3;; = —1 we have
that F2204( ) =15 (L=r3) (2 =133 =134 —1r?)(5—r?), that has exactly five positive zeros.
3
4,4 3,4
F20 (7‘) = F20 (7‘) + 128d0 164, 17“ + 256d2 1€4, 17“8,
now z'fweﬁz:edbog—2 b11 —0 d11 —73, C2.1 —73, d02—74 d01 —78 €0,1 —% Co,1 —1 C1,1 —O,
az1 = —8, da2 = —8, ap1 = 1, b31:% d31:%aa31:*%,011 0,e11=1,ds1 = 5,b22f -8,
b4,2 — 8 d2,1 - gov Cq1 = %; A4,1 = 23;257 d42 = 4204821339122537 C3,1 = 6895559097 €21 = _2 and €3,1 = _]- and
es1 = 3 we have that Fa'(r) = 35 (1= (2=r?)(3—1%)(4—1r?)(5—1?), that has exactly five positive zeros.
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