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| Abstract in English

Abstract

In this memory, we give the proof of the convergence of the caratheodory’s
approximate solution to the unique solution of stochastic differential equa-
tions by using the carathéodory’s approximation scheme under the non-
uniform lipschitz and non-linear growth conditions.

Key words: Stochastic process, Brownian motion, Itd’s stochastic inte-

gral, Itd’s formula, stochastic differential equation.
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| Abstract in French

Résumé

Dans ce mémoire, nous avons donné la démonstration de la convergence
de la solution approximative de carathéodory vers I'unique solution d’une
modele des équations différentielles stochastiques, eu utilisant le schéma
d’approximation de carathéodory sous les conditions qui ne sont pas lip-
schitziennes et ne sont pas croissance linéaires

Mots clés: Processus stochastique, mouvement Brownien, intégrale sto-

chastique d’Ito , Formule d’It6’, Equation différentielle stochastique.
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CHAPTER 1

Introduction

r];‘ theorie of stochastic differential equations is a branch very imprtant
in mathematic It has a many applications in finance, physics, medicine and
biology etc ...

Mao [11] studied the estimate on difference between the caratheodory’s
approximate solution and the unique solution of the differential equation
under the lipschitz and linear growth conditions.

a several mathematicians established a many results to the stochadtic
differential equations, see for exemple [0, [7, [9],[10, 111, 12, 14], [15],[18],[17]

Ren and Xia [I5] proved the existence and uniqueness of solution to the

folowing stochastic differential equation

T T
Xt:X0+/ a(x,t)dt‘i‘/ b(x,t)dBt
0 0

under non-lipschitz and non-linear growth conditions.

The method of Caratheodory’s approximation sheme was used by many



Chapter 1. Introduction

mathematician for proving the existence and uniqueness of solution pf differ-
ential equations and of stochastic differential equations under diffrent condi-
tions see for example [3], [4], [5], [8]

In this memory, we consider the follwing stochastic differential equation.

dXt:X0+/tTf(t,X(t—a(t)))dt+/Tg(t,X(t—oz(t)))dBt (1,1)

to
such that X is given initial condition and (B;) is a Brownian motion and the
coeffecients f and g are non-lipschitz and non-linear growth conditions.We
proved the convergence of the carathéodory’s approximate solutin to the
unique solution of (1, 1), we used the caratheodory’s approximation scheme.

This memory is divited as follow: In the second chapter we shall recall
some basic notions and results from probability where we use in the previous
chapters.

In the third chapter, we gived five sections, in the first two, we come
into the first contact with the concept of stochastic processes. the brownian
motion, and Martingales. The last two sections are devoted to both stochastic
integration .

In the last chapter, a result on the convergence of the Caratheodory’s ap-
proximate solution to the unique solution for stochastic differential equation

is given .




CHAPTER 2

Preliminaries

In this chapter we shall recall some basic notions and results from probability

where we use in the previous chapters.

2.1 Mesured space

Definition 2.1 (o — algebra ) :Let Q be a non-empty set, We call a
o—algebra on (2 a family F of parts of €2 possessing the following properties
if:

1. Qe F.

2. F is stable by complementarity: if A € F then A° € F (where A¢ =
Q—A).
3. F is stable by countable reunion: if A, € F then for any n € N*,

A, eF.
=1

Definition 2.2 (Filtration): a filtration {F;; 0 <t < oo} is an in-

creasing family of subtribes of F: for any 0 < s <t < oo, F, < F;.

4



Chapter 2. Preliminaries

The elements of F are called the measurable parts of 2. We say that

(Q, F)is a measurable space.

Definition 2.3 Let F be a family of parts of X, M o—algebra over X We

denote

o(F)= (| M

FCM

Then o(F) is a o—algebra on X called the o—algebra generated by F. It is

the smallest c—algebra on X that contains F.
Definition 2.4 A topology on X is a family 7 of parts of X such that :

l.oeT, XeT

2. If O1,...,0, €T ,then (N O; €7.

=1

3. If {O;}ies is any family of elements of 7 then (J O; € 7.

il
The elements of 7 are called the opens of X. We say that (X,7) is a

topological space.

Definition 2.5 (Borel o—algebra): Let (X,7) be a topological space.
The o—algebra generated by the openings of X is called a Borel c—algebra
on X: M=o(T).

Proposition 2.1 The o—algebra B(R) is generated by the intervals |a, +o00|
fora e R.

Definition 2.6 Let (X, M) be a measurable space.We call a positive mea-

sure on X an application p: M — [0, 00| verifying :

L pu(¢) =0
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2. (Countable additivity): if {A,}nen is a countable family of pairwise

disjoint measurable sets then:

o (U An> => n(Ay)

neN neN

We say that (X, M, ) is a measured space.

2.1.1 Probability space

Definition 2.7 We call probability on (€2, C') (where €2 is the set of events

and C' a class of parts of ), any application P: C — [0; 1] such that :
1. P(Q) =1
2. for any countable set of incompatible events A, As, ..., A,, ... we have

P(lJ4) =) P4 (o — additivity of P)
i>1 i>1
Definition 2.8 We call the triplet (2,C, P) a probability space where
2 is the fundamental set, C' is a collection of subsets of 2 (the collection

of events), which has the previous structure of a Boorlean o—algebra

and P : C — [0;1] is a probability measure on C.

Independence

Two random variables X and Y are independent if the occurrence of one of
them does not change the probability density of the other. More precisely,if

for any two open intervals A, B C R, the events

FE={w, X(w)e A}, F={w,Y(w)€ B}
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are independent, i.e: P(ENF) = P(E)P(F), then X and Y are called

independent random variables.

Mathematical Expectation

The expected value of a random variable is denoted by E[X]. The expected
value can be thought of as the "average" value attained by the random vari-

able. In fact, the expected value of a random variable is also called its mean.

The Discrete Case If X is a discrete random variable having a probability

mass function P(x), then the expected value of X is defined by
E[X] = 2P (x).

In other words, the expected value of X is a weighted average of the pos-
sible values that X can take on, each value being weighted by the probability

that X assumes that value.

The Continuous Case Wemayalso define the expected value of a contin-
uous random variable. This is done as follows. If X is a continuous random
variable having a probability density function f(x), then the expected value

of X is defined by

Variance and Covariance

Definition 2.9 Let (2, F, P) be a probability space and let X : Q@ — R be a

random variable. Assume that the mathematical expectation E[X] exists and
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is finite. The variance is defined as the mean of the square of the difference
X — E[X] ie.
Var(X) = E[(X - E[X])?]

The standard deviation is defined as
o=0(X)=var(X)

Definition 2.10 Let X,Y : 2 — R be random variables defined on the
same probability space (2, F, P), and having finite means E[X], E[Y]. The

number
Cov(X,Y) = B[(X — BIX])(Y — E[Y])] = B(XY) — B(X)E(Y)
is called the covariance of X and Y.

Definition 2.11 (Gaussian Random Variable) A continous random vari-

able X with probability density function of the from

_ 1 (z — p)*
p(x)—mexp(—?‘z>, relR

is called the Gaussian random variable or (Normal random variable), where
i is the mean and o2 is the variance of the random variable X.

Notation

e N(u,o) denotes a Gaussian distribution with mean p and variance o?.

o X ~ N(u,0) = X is a Gaussian r.v with mean y and variance o2

e if X ~N(0,1), then X is a standard Gaussian r.v.

A process X is Gaussian if any finite linear combination of (X;,t > 0) is

a Gaussian random variable, i.e. if
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n
Vn Vt;, 1 <i<n, Va; > a;X;is a Gaussian r.v.
i=1

A Gaussian process is characterised by its expectation and covariance.

A Gaussian space is a (closed vector) subspace of L%(€2) formed by centred
Gaussian 1.v.s.

The Gaussian space generated by a Gaussian process is the subspace of
L?(2) generated by the centred r.v.s (X; — BE(X;),t > 0), i.e. the subspace
formed by linear combinations of these centred variables and their mean-

squared limits..

Convergence of sequences of random variables

Let X, (X,,)nen be a variable and a sequence of random variables with values

in R? on (2, F, P). There are several types of convergence:

e If there exists a set Qy € F with P(€y) = 0 such that for each w ¢ Q,
the follows (X,,(w))nen converges to X (w) in the usual sense in R then
(X,,) is said to converge to X almost surely or with probability 1, and

we write lim X,, = X a.s.
n—oo

e If for each € > 0

Ji_)IgOP{w DX n(w) — X(w)| > e} =0.
Then (X,,),en converges to X in probability.
o If X and (X,)nen belong to LP with

E(|X, — X|?) =0.

Then (X,,)nen converges to X in LP
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e If for each continuous bounded function f with value in R?

lim B [f(X,)] = B[f(X)].

n—oo

Then (X,,)nen converges in law to X.

2.1.2 Conditional expectation

Definition 2.12 Y is random variable on a probability space (2, F, P) and

let ¢ be a sub o — algebra of F .let X be random variable satisfying
1. X is ¢—measurable.

2. [,YdP = [4XdP for all sets B €

The random variable X is called the conditional expectation of Y given

¢ and denoted by E (Ys)

Properties of conditional Expectation

1. It F = {¢,Q}, then B (X|F) = E(X).

2. B{E (X|F)} = E(X).

3. If F, C F, then E{E (X|F,) |7} = E(X|F,)

4. If Y is F; measurable, then E (XY|F) = YE (X|F)

5. If X and Y are independent, then E (Yo (X)) =E(Y)

6. E(aX +bY|F) = aE (X|F,) + VE (Y |F)

7. If g () is a convex function, then E{g (X)|F} > ¢ {E(X|F)}

8. E(Y|o(X,teD) =E(Y|X,tel)

10
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2.2 Holder, Gronwall and Doob inequalities

Theorem 2.1 (Holder inequality). Let p and q be real numbers strictly
greater than 1 such that % + % = 1. If the variables | X|" and |Y|* are inte-

grable, we have réels
BIXY] < (BX]")? (B]Y|)s

Theorem 2.2 (Gronwall inequality). Let T > 0, C > 0, u(.) be a positive

bounded function with Borel measure on [0,T] and v (.)an integrable function
t
u(t) < C+/ v(s)u(s)ds, Vtel0,T].
0

then

t
u(t) < Cexp (/ v(s)ds) , Vtel0,T].
0
Theorem 2.3 (Doob inequality): If X is a continuous martingale. Then

E

sup ‘Xt‘zl <4 sup E UXtﬂ-
t€[0,7) t€[0,7]

Theorem 2.4 (moment inequality) Let p > 2. Let f € M?([0,T]; R™™)
such that

T
E/ F(s)|Pds < oo.
0
Then

5 [ s < (H20) ‘g [ i

Theorem 2.5 (Cauchy-Schwarz Inequality) If f(t) and g(t) are any real-

valued functions, then

{/ Uf(t)g(t)dt}2 <(/ ) P ( [ ) #(0a)

11




CHAPTER 3

Stochastic Calculus

3.1 Stochastic process

A stochastic process is a mathematical model that can be used to describe
the behaviour of a random phenomenon at any time after the initial instant.
At any time after the initial instant (for example ¢y = 0), the behaviour

of a random phenomenon can be described. We define this concept as follows

Definition 3.1 A stochastic process X = (X;);es is a family of random
variables, indexed by I and denoted on the probability space (2; F; P) with

values in a measurable space (E; B), called state space.

1. For a fixed t,w € Q@ — X;(w) is a random variable.

2. For a fixed w,t € T'— X;(w) is a real function, called the trajectory of
the process.

- T C N the process is discrete time

- T = [0, a] such that a > 0 the process is continuous time.

12
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Definition 3.2 A stochastic process (X (t)):>¢ is stationary increasing if the

distribution of X (¢; + s) — X (1) depends only on s, i.e.

£

th, tQ, S Z 0, X (tl -+ S) - X (tl) X <t2 + S) - X (tQ)

Definition 3.3 (X ()):>0is independently increasing if for any 0 < t5 <
ty < ... < tp, the family of random variables (X (¢;) — X (¢o), ..., X (tn) —
X (tn—1)) independent.(X (t));>o is a Gaussian (or normal) process if for any

0<ty<ty<..<ty,, thevector (X (ty),..., X (t,)) is Gaussian.

3.1.1 Brownian motion

Brownian motion is a stochastic process (a random function of time). Orig-
inally introduced by the botanist Robert Brown in the 19th century (1827)
to model the movement of pollen grains in suspension, it is now an essential
Gaussian process, particularly in stochastic calculus.

Brownian motion is both a natural phenomenon and a mathematical ob-
ject. The natural phenomenon is the disordered movement of particles sus-
pended in a liquid. The result is a highly irregular movement of the large
particle.

Let (2, F,F, P) be a restricted probability space

Definition 3.4 A process B : Q@ — T = [0;7] is a standard Brownian
motion (BM) if:

1. By =0,P -p.s.
2. VS S t,B&t = Bt — BS ~ N(O,t — 8).

3. Forall0 =ty <ty...<t, <T;thevariables B, ; By, _4,, - .., By, are

—ln—1

independent.

13
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-We call B = (By, ..., B,)T n—dimensional Brownian motion if By, ..., B,

are independent Brownian motions.

3.1.2 Stochastic integral

We want to give meaning to the random variable:

T
/ 0,dB;
0

when integrating a function g with respect to a derivative function f, if

g is regular we denote its integral as:

I g(s)ydf(s) = [ g (s) fds,

If ever f is not derivable but simply a bounded variation, we can get out

of it again by denoting the integral by :

JNCLICES S OGN ENID)

The resulting integral is called the Stieljes integral.

We will therefore construct the stochastic integral on the set

T
LH(Q,[0,T]) = {(9t)o<t<Tv cadlag process F-adapted such that E (/ Qids) < oo}
o 0

Definition 3.5 Y is random variable on a probability space (€2, F, P) and
let F be a sub o — algebra of F let X be random variable satisfying

14



Chapter 3. Stochastic Calculus

1. X is F- measurable.

2. [YdP = [,XdP for all sets B € F
The random variable X is the called the conditional expectation of Y

given F and denoted by E (Y| F)

3.1.3 Martingale process

Definition 3.6 a process (X;):>padapted with respect to a filtration (F;);>oand
such that for all £ > 0, is called:

% a martingale if for all:
s<t:B(X;/F)=X,.

Definition 3.7 a process(X;);>o adapted with respect to a filtration (F;);>oand
such that for all t > 0, is called:

% a super martingale if for all:
s<t:B(X;/F) <X
% a sub martingale if for all:

s <t:EB(X,/F) > X,

3.1.4 Integral and ito’s formula

The following integral is defined by

1(0) = /0 " 9.dB. (3.1)

15



Chapter 3. Stochastic Calculus

or {f;,t > 0}is a certain process and (B, ),5oa Brownian motion. The
problem, of course, is to give meaning to the differential element dB; since
the function

s — Bg(w) is non-drivable.

Wiener integral

The Wiener integral is simply an integral of the type (3.1) with a determin-
istic function, i.e. does not depend on w. We set a horizon T" > 0

and note
L2 ([0, 7] ,R) = {e [0, 7] — R, such that [} [0, [2ds < oo}

% Staircase: If 6, is a staircase function given by

Ty
On (t) = i (t) 10, o €R
=1

and {tI'} an increasing sequence in [0, 7. It is very easy to derive the Wiener

integral:

1(0") = [,/ 0"dB, = X" o, (t) (B, — Br,)

Remark 3.1 the random variable [ (") is a Gaussian variable of zero ex-

pectation and variance

Var (I (Qn)) = ZzT;Ll Oz% (t) var (Bti+1 - Btz)
= Zszl a? (t) (ti+1 - tz‘) = fOT (97;>2 dB;

% In general :either § € L (]0,7],R) there exists a sequence 6" of

escalating functions

16
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converges to
T T
/ Odx = lim 10, — 0| (x) dz
0 n—too Jo
the limit taken in L? (Q2).We say that I(6") is the stochastic integral (or

Wiener integral) of 6 with respect to B.

Stochastic integral

We are now trying to define the integral (1.1), the randomness of 6 will
require additional conditions compared to the case of the Wiene integral.

% Staged processes: These are the processes: I(0") = ZiT;Ll i (t) L, t001]
or0<t; <...<t,and e L*(Q,F,P)forali=0,...7,. So we say

L(0") = Jy 02dB, = 1% i (1) (B, — Br)
E(I(6") =0 and var (I(0")) = B ( I omy? st)

Properties of the stochastic integral
1. X — fOT X,dB, is linear.

2. The process ( fOT XSdBS> [ }has a continuous path
teo,T

T . B
3. The processus ( fo XSdBS)te[O,T]IS adapted to respect (]—"t ) re0.1] "

1. B[} X,dB,| =0 and var | [} X,dB,| =B | [} X2dB,]

5. For0 < s <t <T,B | [ X,dB,|FY| = 0and B [(fOTXSdBS>2 |;rSB} _
E [fOT Xﬁdu|ff} .

continuous martingale of

6. The process (fOT XsdB5> is an (F7)

+€[0,T] te[0,T)

integrable square.

E { sup | J7 XsdBSF] < 4E [ IS ngBS]

0<t<T

17
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It6 process

Definition 3.8 It is a process in the form of :

X, = X0+f0 ds+f0 ) dW,

or b is an adapted F}V process such that: fo s)ds < +oo P — p.s.for all

t > 0 and o a good local process. We use this notation:

dX, = b(t)dt + o (t) dWt
XOIZIJ

Theorem 3.1 1st ito formula: Assume [ of class C*then:

F(X) = fo)+ [y (X)) dXs+ 5[5 17 (Xo)o 0l ds

This formula can be written as :

df (X,) = f (Xt)dXtJr%f” (X¢) ofydt
1

= f(X)b(t)dt + §fﬂ (Xy) o?t)dt + f1(Xt) o (t) dW,

= FX)BO e+ 31 (X)dX [ (X) o (6)d,

2nd Tto formula :Let f be defined on R, x R of classC! with respect

to t, of class C? with respect to x. We have:

f(t Xt) =

F0,X0) + [3 fL (s, Xs)ds + [3 f1 (s, X) dXs + 3 [ 2 o (5, X5) 0f,ds

As before, this formula can be written in differential form:

df (t, X,) = [ F(8,X0) + 12 (8, X0) 02 ] dt + f! (t, X,) dX,

= f; (t, Xy) dt + fé (t, Xy) dX; + 5 fu, (t, Xp) d (X),

18



Chapter 3. Stochastic Calculus

3.2 Stochastic Differential Equations

Stochastic differential equation (SDFE) is an important mean to construct
stochastic processes. It plays an important role in the study of economy, bi-
ology and physics. For example, in economy, option pricing can be calculated
by stochastic differential equation. In the market sales, we can determine the
stochastics variables by analyzing large amounts of sample data and building

the mathematical model from the S D FE.The general form of such equation is

dXt = b(t, Xt)dt + U(t, Xt)dBt (41)

where B; is a Brownian motion and b and o are called the coefficients
of the equation. In fact, this differential relation has the following integral

meaning:

t t
Xt:XoJr/ b(s,Xs)ds+/ (s, X,)dB, (4.2)
0 0

where the last integral is taken in the Itd sense. Relation (4.2) is taken
as the definition for the SDE (4.1) (note that if ¢ = 0, then (4.1) reduces to
an ODFE).

3.2.1 Existence and Uniqueness Result

We now to the existence and uniqueness question (A) above.

Theorem 3.2 (Existence and Uniqueness theorem for stochastic differential equatior

Let T > 0 and b(.,.) :[0,7] x R" — R, 0 (.,.) : [0,T] x R" — R™™ be

measurable functions satisfying

19
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b(t,z)|+ otz <CA+|z)); zeR"tel0,T] (4.3)

for some constant C,(where |0]* =Y |0y;|?)and such that

b(t,2)=b(t,y) | +|o (t,2) ~0 (ty)| < Dlr—yl; vy € Rt € [0,T) (4.4)

for some constant D.Let Z be a random variable which is independent of

the o—algebra Fim generated by B;(.),s > 0 and such that
E[Z]?] < oo.

Then the stochastic differential equation.

dX, =b(t, X)) dt + o (t,X,)dB,, 0<t<T,Xo=Z (4.5)

has a unique ¢-continuous solution X; (w) with the property that
X; (w) is adapted to the filtration 7 generated by Z and B, (.); s <t

and

E [/OT \Xﬁdt} <00 (4.6)

Remark 3.2 Conditions (4.3) and (4.4) are natural in view of the following

two simple examples from deterministic differential equations (i.e.c = 0) :

a) The equation

20
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dX,

— = X2 Xo=1 (4.7)

corresponding to b (z) = x? (which does not satisfy (5.2.1))has the (unique)solution

1
X,=—— 0<t<l.
t 1—t =

Thus it is impossible to find a global solution (defined for all ¢)in this
case.

More generally (4.3)ensures that the solution X; (w)of (4.5)does not explode,i.e.that
| Xt (w) |does not tend to oo in a finite time.

b) The equation

dX
d—tt =3X?  Xo=0 (4.8)

has more than one solution.In fact,for any a > 0 the function

0 for t<a
Xt:

(t—a)® for t>a

solves(4.8).In this case b (z) = 32%/3 does not satisfy the Lipschitz condi-
tion (4.4) at x = 0.

Thus condition (4.4)guarantees that equation (4.5)has a unique solu-
tion.Here uniqueness means that if X (¢,w)and X5 (¢, w)are two t-continuous
processes satisfying(4.5)and (4.6)then

X (t,w) = X5 (t,w) forallt <T, a.s.
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CHAPTER 4

Approximate Solutions

4.1 Assumptions

A1) Suppose that there exist a constant positive K, such that for all ¢t €
[tO’ T]
£ (£,0,0)* +¢(t,0,0) " < K

Ay) for all zy, xa, Y1, Yo

f (t 1, y1) = f (822, 92) PHlg (8 21, 51) =g (822, 92) P < @ (Joa — 21 + |2 — 11 ]?)

4.2 Carathéodory’s approximation scheme

The Caratheodory approximation sheme is defined as follows:

For each integer n > 1;

X, (to+6) = X (), if6 € (—o0, 0]

22



Chapter 4. Approximate Solutions

and for t € [ty, T]

whereDn:{t: to <t<T; a(s)<%}, D, = [to, T] — D,.

4.3 Lemmas and theorems

Lemma 4.1 under the assumptions Ay and As, we have for all integer n >

1, t€ [to, T], we have

E( sup |xn<t>|2)331,

—oo<t<T

where

1
By = +6E[ (0) >+ KCy (T — to) exp (2a (T — tg) Ch),

and

Cy = 10(T — to + 4)

Proof. we have by definition of Caratheodory’s appriximation scheme:

o) = e+ [ 15,01 (sat- Dot —ao) ) as

# [ 1 1 (sen (5= 1) rlo = ate) - 1 )i

[ 5. @ atscn (5= 1) ol —a(an o

n

+/t:IDn (s)g(s,x (s—%) T (S—a(S)—%>)dB(S),

23
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Chapter 4. Approximate Solutions

6
by using the fact (Z )2 <6 Z a?, we get

mnOF < sle@ P45l [ 5,01 (sor (5= 1) ol - a (o)) as?
+5| /tO Ip, (s) f (s,x (s — %) ,x (s —as) — %))d8|2
131 [ 1, () atscn (5= 1) ol - a (9B )P
131 [ 1,03 (5o (5= 1) (-0t 1) ) am o

By Holder’s and Doob’s martingale inequalities, we derive that for ¢y € [tg, ]

E ( sup |z, () |2>
to<s<t

< 5]5(0)\2+5(T—t0)E/tIDn (s)

to

P (s-2)et-at-1)

2

ds

2

ds

Fso(s-1) ot ato)

2

ds

+5 (T—tO)E/tIDn (s)

to

t
+5 x 4E / I5, (s)
t

g(s,x (s — l) ,x(s —al(s))

n

T )
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Chapter 4. Approximate Solutions

Adding and deleting f (s,0,0), ¢ (s,0,0)

= (e 0F)
e+ -8 [ 15, ()] (50 (5= 1) a5 -ate)
—f(5,0,0) + f (5,0,0)]* ds

+5(T—to)E/t:IDn (s)|f (S,x (s— %) 2 (s — a(s) — %>)
—f(s,O,O)t+f(s,0,0)|2ds

+5 X 4E/t I, (s)|g(s, (s — %) 2(s — a(s))
—9(5,0,0) + g (5,0,0)" ds

a8 [ 10 0 (s (s 1) (o0 2)

—g(5,0,0) + g (s,0,0)|* ds,

IN
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Chapter 4. Approximate Solutions

and by (a + b)* < 2 (a? + b?), we obtain

E ( sup |z, (s) \2)
to<s<t

< 5le(0) P +10(T — tO)E/t Is, (s)

to

2

ds

f(s,x(s—%) ,x(s—a(s))) — f(s,0,0)

+10 (T — to) E/t I, (s)|f (5,0, 0)[* ds
2
) ds

to

+10(T—t0)E/tan () ('f <s,x(s—%> ,x(s—a(s>—1>)—f(s,o,0)

to n

+10(T — tO)E/t In, (5)|f (5,0,0) ds

1
ds

#4208 [ 15, 9ot (5= 1) s = a 6) = 55,00

to

t
+40E/ I5 (s)1g (s,0,0) ds
to

(oo o Do) e

t
+40E/ In, ()19 (5,0,0) ds

to

2

t
+40E/ Ip, (s) ds

to

By assumptions A; and As, we obtain

E ( sup |z, (s) |2>
to<s<t

< 5]5(0)\2+10(T—t0—|—4)E/tID (s)

Cufees(-)
K+<p<:1:(s—%) 2 x(s—a(s)—%)

_.I_
Or ¢(.) is a concave function and ¢ (0) = 0, then, there exist a positive

+lr(s—a (s))\2>] ds

)«

+10(T—t0+4)E/t[Dn (8)

to
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Chapter 4. Approximate Solutions

constants a such that ¢ (v) = a (1 + v) for all v > 0: Therefore

E ( sup |z, () \2)
to<s<t

< 5|€(0)|2+10<T—t0+4)E/t[Dn (S)

to

K—l—a(l—i—

(-}

+10(T—t0+4)E/tIDn(s)

to

K+a<1+

then,

E ( sup |z, (s) \2>
to<s<t
< 5[ (0) |2 +10(T —to +4) K (T — to)

to

t -
+10(T—t0+4)aE/ I, (s) a<1—|—

, -
+10(T—t0+4)aE/ Ip, (s) a<1+

to

we drive

]E( sup |xn(s)|2> < 6le(0) P+ 10(T —to+4) K (T —to)

—o00<s<t
¢
+10 (T —tg —|—4)a,/ {(1 +2F < sup |z, (u) |2))} ds,
to —oco<u<sS

Mutipling in 2 and added 1, we derive

1+2E( sup ]mn(s)\2> < 14+12|e(0) > +20(T —to +4) K (T — to)

—o00<s<t
¢
+20 (T — to +4)a/ {(1 + 2E < sup |z, (u) |2>>] ds
to —ooSuss

Using Gronawl’s lamma, we obtain

1—|—2E( sup |xn(t)|2) < (14120e(0)P+20(T —to+4) K (T —to)) x

—oo<t<T

exp (20a (T —to+4) (T — to)) .
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Chapter 4. Approximate Solutions

Consequently,

E (iﬁ&t |z, (1) |2> < (% + 6| (0) 4+ 10(T —to +4) K (T — t0)> X
o exp (20 (T — to + 4) (T — to)).

Lemma 4.2 Inder assumptions A, and Ay, we have

E( sup ]x(t)\z) < By

—o0o<t<T

where

By = (%—|—4‘€(0)|2—|—6(T—t0+4)K(T—t0)> exp (12a (T —to+4) (T —to)) .

Proof. we have by definition of Caratheodory appriximation scheme:

z(t) = €(O)+/tf(s,m(s),a:(s—oz(s)))ds
+ [ atsia(s) s = a())aB ()

by using the fact (a + b+ C)? < 3 (a® +b? + *), we get
T < 30 +3] / F (5.2 (s) 2 (s — a(s))) dsP
13 / f (5.2 (s) 2 (s — a(s)))dB (5) |

By Holder’s inequality, Doob’s martingale inequality, we derive that for ¢q €

[th t]

]E(sup |m(s)|2> < 3|6(0)|2+3(T—t0)E/t 1f(s,z(s),x(s—a(s)|*ds

to<s<t

+12E/t |f (5,2 (s),x (s —a(s))|* ds
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Chapter 4. Approximate Solutions

Adding and deleting f (s, 0,0)
(o)
< 3|€(0)|2+3(T—t0)E/t:|f(s,x(s),x(s—a(s))) £(5,0,0) + £ (50,02 ds
12 /t: f (s,2(s), 2 (s — a(s))) — f (5,0,0) + f (5,0,0)|*ds
and by (a4 b)* < 2(a® + b%), we obtain
(o or)
< SO 6T~ B [ 17 (s (9).0 (5= als)) - £ 5. 0.0 s
+6(T—t0)E/t:]f(s,0,0)|2ds
+19E /t: (If (.2 (s) 2 (s — a(s)) — £ (5,0,0)[%) ds

t
+128 [ |f (50,0 ds.
to

by assumptions A; and A,, we obtain

E(sup |x<s>|2)
to<s<t

< 3|5(O)]2+6(T—t0+4)E/ 5 + o (je () + |2 (s — o (s))[2)] ds

to
Or ¢(.) is a concave function and ¢ (0) = 0, then, there exist a positive

constants a such that ¢ (v) = a (1 + v) for all v > 0, we have

B ( sup |2 (s) |2)
to<s<t

< 3|€(0)|2+6(T—t0+4)E/ [K+a(1+|x(s)|2+|m(s—a(s))|2)]ds

to
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Chapter 4. Approximate Solutions

then,
E (tsilsgt]x (s) ]2)
< 3le(0)P+6(T —tog+4)K (T —tg)
H6.(T — to +4) aE/ [(1+ |2 () + |2 (s — o ())[2)] ds

to

we drive

E( sup ]x(s)]Q) < 4e(0)P+6(T —tg+4) K (T —to)

—o00<s<t
t
+6 (T — 1 +4)a/ {(1 +2E ( sup |z (u) |2>)] ds,
to —oco<u<S

Mutipling in 2 and added 1, we derive

1+2E( sup |w(s)|2) < 1+8e(0)P+12(T —to +4) K (T — to)

—00<s<t
¢
+12(T — to + 4)a/ {(1 +2E ( sup |z (u) \2>>} ds
to —oco<u<S

Using Gronawl’s lamma, we obtain

1+2E( sup |:L’(t)|2) < (148[e(0) P+ 12(T —to+4) K (T — to)) x

—oo<t<T

exp (12a (T —to +4) (T —to)) -
consequencly

E< sup |x(t)|2> < (l+4|e(0)|2+6(T—t0+4)K(T—tO)>><

—0o<t<T 2

exp (12a (T —to +4) (T — ty)) .

Lemma 4.3 under assumptions Ay and As, we have for all t > ty, for any

to<s<t<T,wicht—s<1

EIX (1) = X (s)]” < By (t —s),
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Chapter 4. Approximate Solutions

where

Bs =8(K +a(1+2B,)).

Proof. we have

X (1) /wa X (w — o (w))) dw

By using the Holder’s, and moment inequalities, we drive

E[X(1)-X(s)” < 4(t— S)E/t | (w, X(w), X (w — a (w))) = [ (5,0,0)" dw
B [ g e, X(0), X 0 )~ (50,00 do
—|—4(t—S)E/t]f(s,O,O)]st+4/t|g(s,0,0)|2dw

and by assumption A; and A,, we deduce

BIX (W)~ X (9P <405+ DB [ K+ (K@) +1X (w0 a@)F)|du

Since ¢ is a concave function and ¢ (0) = 0, then, we have ¢ (v) = a (1 + v)

for all v > 0,

¢
E|X () —X(s)?<4(t—s+ 1)E/ K+a(1+ | X (w)* + X (w— a(w))|2) dw,
thus

E|X(t)—X(s)|2§4(t—s+1)E/tK+a<1+2E sup (X(u))) duw,

—oco<u<w
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Chapter 4. Approximate Solutions

by using thelemma 3.2, we get
EIX () —-X () <4t—s+1)(K+(1+2By))(t—s),
ort —s <1, we obtain
E|X (1) — X (s)]? <8 (K 4+ 1+2By) (t — s)
|

Theorem 4.1 under assumptions Ay, Ay, we have for all integer n > 1

E ( sup_ [X () — X, <t>|) < B,

to<t<T

where




Chapter 4. Approximate Solutions

X (1) = X, (1)) < 4‘/t I, (s) f (s, X(s), X (s — a(s)))

—f <3,Xn(s - %),Xn (s — a(s)) dsr

0

t )
<S,Xn(s - %),Xn (s ~a(s) - %)) dsr

4 ‘ [ 1060 (5,X(9). X (s = (5)
—f

—f (s,Xn(s ——), Xn(s—a(s ))

X
)

+4(T—t0)E/ Ip, (s)|f (s, X(s), X (s
-3

o(ots- s (s-a- 1))
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Chapter 4. Approximate Solutions

by using A,

E|X(t)—Xn(t)|2§4(T—t0+4)E/t I, (s)gp(|X(s)—Xn (s——) 2
+HX (s—a(s)) — X, (s —al(s)) ]2) ds
+4(T—t0+4)E/t In, () o |X<s)—Xn(s—1> 2

n
1
+HX (s —a(s) — X, (s —a(s)— E) \2> ds
Since ¢ (.) is a concave fonction, then, we have
E|X (t) - X ()]’
S T t0+4 a / ID
(1+|X - X, (5——)] + X (s —af Xn(s—a(s))|2>ds

A (T —to+4) E/t I, (5)

(1+|X(s)—Xn (s—%> 24X (s —a(s)) — X (s—a(s)—%) |2) ds
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and

E|X (1) — X, (1)

S 4(T—t0+4)CLE/ ]571(8
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Chapter 4. Approximate Solutions

thus

<

wich 1

<

E|X (1) — X, (1)

4(T —to+4)a(T —to)

+8(T — to + 4) a6 /t: Is (s) <|X (s - %) X, (s _ %) |2) ds
+8(T — to + 4) aE/t: I (s) <|X(s) - X (s— %) |2) ds
f ot

¢
+4 (T —to+4) aE (s
to

mplies

E|X (1) = X, (1)

AT —ty+4)a(T

|
o~
(=]
N—
3

+12(T —ty+4) a

—
Sk
——~
&

S
E
=
|
S

to<u<s

; |
L8(T —to+4)a /t:OIDn <s)< s |2)
167 = to+ )0 [ 1o, ) (5 sup [X (1)~ X, (0 ) d
+8<T—to+4>a/t:fDn<s> (B ) - X (5 1) ) s
(=t + 00 [ 15, () (BIX - a () - X (s-a@) - 1)) d
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Chapter 4. Approximate Solutions

by using the lemma 3, we obtain

E (tsup |1 X (s) — X, (3)\2) <A4(T—ty+4)a(T —t)

0<s<t

+12(T —tg+4)a /tID (s )(]E sup |X(u)—Xn(u)|2) ds

to<u<s

8( —t0+4 CLE/ —[ o

16(T—t0+4)aE/ In, (s )(E sup |X(u)—Xn(u)|2> ds

to to<u<s

116 (T — to + 4) aE/ —IDn( ) ds,

finally we conclued

B (s 1X(5) - X, 0

to<s<t
Bs
< A4(T—to+4)a(T —ty) | 1+4—
n
t
16(T—t0+4)a/ E( sup |X (u) — X, (u) |2) ds,
to \to<u<s
by the Gronwall’s lemma, we arrive

E(Sup |X(t)—Xn(t)|2) < 4(T —to+4)a(T —to)

to<tT

<1 + 4%) exp [16 (T —to+4) a (T — to)]

Theorem 4.2 Under assumptions Ay, Ay, we have for all integers m, n > 1
such that n <m
B( sup X, ()~ X, (0)]) < B
to<t<T
where

11
Bom = 4(T — to + 4) (1+33n+3m+333 (___)>(T_t0)
n m
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, for all t € [tg, T

Proof. We have

= ~=
= g
= —| g —| &
| | = |
= = M =
~ 3
g 3 S
S | = |
—~ VA \mu/ @«
g
. > ! <
N - = ~|8
>
o | < _
~_ w _— >,
~ —| g c
S— g >
_ ~ _
o N @«
\») N < N~
= = s N
s | o |
| ~ = X
= Zie _ ==
< | — L
e < O =
1 N— S—
_ s S _a
Val _ _ YAl
o ~ < >
N— — Py Py
@ S X — | X — | — | 2
g X - _ - _ — _
< w & = - 2
I

VR
/N
— |
[a\]
_ w7 _
/N — =3 =
_— @ ¥
o — TN =
Va)
/m 3 \_} 3
= —=lE
_ = Nal _ w0
o N — ~
~— D —~ I~
g ) ~ N <
> z = 3 =
N — | | — |
— | _ | o |
[ >, . N——— o
= g = g ey
< ~< < > <
>
o
S~ _w o

—_ — s~

—g <5,Xm(s —
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Chapter 4. Approximate Solutions

By using the Holder’s, and moment inequalities, we drive

B|X (t) - X, ()]
< 4(T—tO)E/ Iy (s)

E X, (t) — X (1)

< 4(T—t0+4)E/t:[Dn(5)<p(]Xn (s_%) X, (S_%) E

HX (s = a(s) = X (s —a(s)) ) ds
+4(T—to—|—4)E/t:]Dn(s)go(|Xn<s—% m(s—%) K

_X
HIX, (s—a(s)—%) _ X, (s—a(s)—%) \2> ds
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Chapter 4. Approximate Solutions

Since ¢ (.) is a concave fonction, then, we have

E X, (t) — X (1)

s+ 9 [ 1,0 (110 (5= 1) - (- L) 8

HX (s = a(s)) = X (s — a(s)) [*) ds
+4(T—t0+4)aE/t:IDn (s) (1+|Xn <3_%) X, (3_%) 2

X, (s—a(s)—%) _ X, (s—a(s)—%) |2> ds

E | X, (t) = X ()]

IN

and

IA
—

]
=
|
|

t
4(T —ty+4)ax 3B [ I (s) <

to

- (-2
(1) (-2
R

( (5)) = X (s — a(s)) [*ds

+4(T —tg+4)ax3 (s)

Va)
|
I

&=
h
Sk
<

| =

+4(T —tog+4)a x 3E

w
|

h
S
>

. (5)

+4(T —tg+4) a x 2E

5*\“
Sk
>
V)

|
Q

. (8)

+4(T — to+4) a x 2E

. (8) (5)) = X (s —a(s)) |”

15, 9 ( i) X, (3 - %) 2ds
tIDn (s) (X (s — %) — X (s — %) |2) ds

o

TNW
S
>
@
|
Q
QL
V2]

V)
|
I

+4(T —to+4) a x 3E

——
<

+4 (T —to+4)a x 3E

t

=

+4(T —to+4) a x 3E

5\1
S
3
D
S
N
V)
|
S|
N————
|
>
VR
V)
|
|>—x
N——
—
=Y
V)

+4(T — to+4) a x 3E

SNW
S
3
=
<

H+4(T —to+4) a x 3E

+4(T—t0+4)a><3E

TS
SRy
3 3
w @
~——
M
/\T/\
|
e
=
»
SN~—
|

0
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Chapter 4. Approximate Solutions

thus
E sup X, (s) — X ()]
to<s<t
< AT —-ty+4)a(T —ty)

+12(T—t0+4)a/tE sup (IX (w) = Xo (w) ) ds

to to<u<s

+12(T —to+ 4) aE /t (|X (u) — X () [?) ds

to

+12(T—t0+4)aE/t: (\X (s—a(s)—%) —X(s—a(s)—%) 12) ds,

anb by using the lemmas 3 and theorem 4, we derive

E sup | X, (s) — X, (s)]?

to<s<t

< 4(T—t0+4)a(1+3Bn+3Bm+3B3<m_n>)(T—to)
nm

Theorem 4.3 assume that X (t), Y (t) two solutions of the equation (1.1).

Then, we have

E ( sup [X (1) - Y<t>|) < B,

to<t<T

where

By =2a (T —to +4) exp (4a (T — to +4) (T — ty))

Proof. We have

[X(t) Y ()] <
2| /t (5, X(s), X(s = a(s)) = f(5,Y(5),Y(s — a(s)))ds|”

+2| /t 9(s, X (5), X(s — a(s))) — g(5,Y(s), Y (s — a(s)))dB (s) |
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Chapter 4. Approximate Solutions

by using the Holder’s and the moment inequalites, we obtain

E sup |X(s) — Y(s)]* <

to<s<t o

2(T - to)/t £ (s, X (5), X(s —a(s))) = f(5,Y(5), V(s — a(s)))["ds
#2 [ (s, X(9). X (s = ()) = g6,V (5). V(s = (s)) .
and the assumption (As), we have

E sup | X(s) —Y(s)]* <

to<s<t o

2(T—to+4)E/ o (IX(s) = Y(s)I” + [ X(s —a(s)) = f(s., Y (s —a(s))]") ds

to
Since ¢ is a concave fonction, then, we have

E sup | X(s) = Y(s)]* <

to<s<t B

ﬂT—m+®E/aO+¢W@—Y@V+W@—a®»—ﬂalﬁ—a®W3%

to
thus
t
E sup ]X(s)—Y(s)]2 <2(T —to+ 4)]E/ a (1 +2 sup |X(u)— Y(u)|2> ds
to<s<t to to<u<s
wich implies

E sup |[X(5) =Y (s)? < 2(T —to+4)a(T —tp)

to<s<t

+4 (T—t0+4)a/tE( sup | X (u) —Y(u)|2) ds

to to<u<s

Finally, by the Gronwall lemas we have

E sup |X(s) — Y(s)]* < 2a (T —to +4)exp (4a (T —to +4) (T — to))

to<s<t
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Chapter 4. Approximate Solutions

4.4 Conclusion

InThis memory, we have proved the convergence of carathéodory’s approx-
imate solutions to the unique solution of stochastic differential equations
model with under conditions that are not lipschitziennes and not linear
growth. We used the approximation sheme of Carathéodory’. We proved
the existence and uniquenesses of theire solutions. These equations can be
useful in many applications where we assume that there are deterministic
changes combined with random ones. The study of such equations needs a full
knowledge of probability theory and stochastic calculus including stochastic
processes, stochastic integration (It6 integral) and stochastic differentiation
(Ito formula).

in my prespectives generalize this work on other equation models with
other broader conditions and we want to search for concrete applications for

the equations, for example in finance, physics, modeling and biology, ect....
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