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Abstract in English

Abstract

In this memory, we give the proof of the convergence of the caratheodory�s

approximate solution to the unique solution of stochastic di¤erential equa-

tions by using the carathéodory�s approximation scheme under the non-

uniform lipschitz and non-linear growth conditions.

Key words: Stochastic process, Brownian motion, Itô�s stochastic inte-

gral, Itô�s formula, stochastic di¤erential equation.
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Abstract in French

Résumé

Dans ce mémoire, nous avons donné la démonstration de la convergence

de la solution approximative de carathéodory vers l�unique solution d�une

modèle des équations di¤érentielles stochastiques, eu utilisant le schéma

d�approximation de carathéodory sous les conditions qui ne sont pas lip-

schitziennes et ne sont pas croissance linéaires

Mots clés: Processus stochastique, mouvement Brownien, intégrale sto-

chastique d�Itô , Formule d�Itô�, Equation di¤érentielle stochastique.
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. 

 ملخص

 الوحید الحل نحو لكاراثیودوري التقریبي لحلا لتقارب برھان بإعطاء قمنا المذكرة ھذه في
 و التقریبیة كاراثیودوري طریقة باستعمال وذلك العشوائیة التفاضلیة تلاالمعاد من لنموذج

.خطیة تزایدیھ لیست كذلك و لیبشیتزیة لیست شروط باستعمال كذلك  

 إیتو معادلة العشوائي، إیتو تكامل براونیة، حركةال عشوائیة،ات العملیال :المفتاحیة الكلمات
.عشوائیةال تفاضلیةال تمعادلاال العشوائیة،  
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CHAPTER 1

Introduction

The theorie of stochastic di¤erential equations is a branch very imprtant
in mathematic It has a many applications in �nance, physics, medicine and

biology etc ...

Mao [11] studied the estimate on di¤erence between the caratheodory�s

approximate solution and the unique solution of the di¤erential equation

under the lipschitz and linear growth conditions.

a several mathematicians established a many results to the stochadtic

di¤erential equations, see for exemple [6, 7, 9],[10, 11, 12, 14, 15],[18],[17]

Ren and Xia [15] proved the existence and uniqueness of solution to the

folowing stochastic di¤erential equation

Xt = X0 +

Z T

0

a (x; t) dt+

Z T

0

b (x; t) dBt

under non-lipschitz and non-linear growth conditions.

The method of Caratheodory�s approximation sheme was used by many
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Chapter 1. Introduction

mathematician for proving the existence and uniqueness of solution pf di¤er-

ential equations and of stochastic di¤erential equations under di¤rent condi-

tions see for example [3], [4], [5], [8]

In this memory, we consider the follwing stochastic di¤erential equation.

dXt = X0 +

Z T

t0

f (t;X (t� � (t))) dt+
Z T

t0

g (t;X (t� � (t))) dBt (1; 1)

such that X0 is given initial condition and (Bt) is a Brownian motion and the

coe¤ecients f and g are non-lipschitz and non-linear growth conditions.We

proved the convergence of the carathéodory�s approximate solutin to the

unique solution of (1; 1), we used the caratheodory�s approximation scheme.

This memory is divited as follow: In the second chapter we shall recall

some basic notions and results from probability where we use in the previous

chapters.

In the third chapter, we gived �ve sections, in the �rst two, we come

into the �rst contact with the concept of stochastic processes. the brownian

motion, andMartingales. The last two sections are devoted to both stochastic

integration .

In the last chapter, a result on the convergence of the Caratheodory�s ap-

proximate solution to the unique solution for stochastic di¤erential equation

is given .
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CHAPTER 2

Preliminaries

In this chapter we shall recall some basic notions and results from probability

where we use in the previous chapters.

2.1 Mesured space

De�nition 2.1 (� � algebra ) :Let 
 be a non-empty set, We call a

��algebra on 
 a family F of parts of 
 possessing the following properties

if:

1. 
 2 F .

2. F is stable by complementarity: if A 2 F then Ac 2 F (where Ac =


� A):

3. F is stable by countable reunion: if An 2 F then for any n 2 N?,
1S
n=1

An 2 F .

De�nition 2.2 (Filtration): a �ltration fFt; 0 � t � 1g is an in-

creasing family of subtribes of F : for any 0 � s � t � 1, Fs � Ft.

4



Chapter 2. Preliminaries

The elements of F are called the measurable parts of 
. We say that

(
;F)is a measurable space.

De�nition 2.3 Let F be a family of parts of X,M ��algebra over X We

denote

�(F) =
\
F�M

M

Then �(F) is a ��algebra on X called the ��algebra generated by F . It is

the smallest ��algebra on X that contains F .

De�nition 2.4 A topology on X is a family T of parts of X such that :

1. � 2 T ; X 2 T

2. If O1; :::; On 2 T , then
nT
i=1

Oi 2 T :

3. If fOigi2I is any family of elements of T then
nS
i2I
Oi 2 T :

The elements of T are called the opens of X. We say that (X; T ) is a

topological space.

De�nition 2.5 (Borel ��algebra): Let (X; T ) be a topological space.

The ��algebra generated by the openings of X is called a Borel ��algebra

on X: M = �(T ).

Proposition 2.1 The ��algebra B(R) is generated by the intervals ]a;+1[

for a 2 R:

De�nition 2.6 Let (X;M) be a measurable space.We call a positive mea-

sure on X an application � :M! [0;+1] verifying :

1. �(�) = 0

5



Chapter 2. Preliminaries

2. (Countable additivity): if fAngn2N is a countable family of pairwise

disjoint measurable sets then:

�

 [
n2N

An

!
=
X
n2N

�(An)

We say that (X;M; �) is a measured space.

2.1.1 Probability space

De�nition 2.7 We call probability on (
; C) (where 
 is the set of events

and C a class of parts of 
), any application P : C �! [0; 1] such that :

1. P (
) = 1

2. for any countable set of incompatible events A1; A2; :::; An, ... we have

P (
[
i�1
Ai) =

X
i�1
P (Ai) (� � additivity of P )

De�nition 2.8 We call the triplet (
; C; P ) a probability space where


 is the fundamental set, C is a collection of subsets of 
 (the collection

of events), which has the previous structure of a Boorlean ��algebra

and P : C �! [0; 1] is a probability measure on C.

Independence

Two random variables X and Y are independent if the occurrence of one of

them does not change the probability density of the other. More precisely,if

for any two open intervals A, B � R, the events

E = f!; X(!) 2 Ag ; F = f!; Y (!) 2 Bg

6



Chapter 2. Preliminaries

are independent, i:e: P (E \ F ) = P (E)P (F ), then X and Y are called

independent random variables.

Mathematical Expectation

The expected value of a random variable is denoted by E[X]. The expected

value can be thought of as the "average" value attained by the random vari-

able. In fact, the expected value of a random variable is also called its mean:

The Discrete Case IfX is a discrete random variable having a probability

mass function P (x), then the expected value of X is de�ned by

E[X] = xP (x):

In other words, the expected value of X is a weighted average of the pos-

sible values that X can take on, each value being weighted by the probability

that X assumes that value.

The Continuous Case Wemayalso de�ne the expected value of a contin-

uous random variable. This is done as follows. If X is a continuous random

variable having a probability density function f(x), then the expected value

of X is de�ned by

E[X] =
R +1
�1 xf(x)dx:

Variance and Covariance

De�nition 2.9 Let (
;F ; P ) be a probability space and let X : 
! R be a

random variable. Assume that the mathematical expectation E[X] exists and

7



Chapter 2. Preliminaries

is �nite. The variance is de�ned as the mean of the square of the di¤erence

X � E[X] i.e.

V ar(X) = E[(X � E[X])2]

The standard deviation is de�ned as

� = � (X) =
p
var (X)

De�nition 2.10 Let X;Y : 
 ! R be random variables de�ned on the

same probability space (
;F ; P ), and having �nite means E[X], E[Y ]. The

number

Cov(X; Y ) = E[(X � E[X])(Y � E[Y ])] = E(XY )� E(X)E(Y )

is called the covariance of X and Y .

De�nition 2.11 (Gaussian RandomVariable)A continous random vari-

able X with probability density function of the from

p (x) =
1p
2��2

exp

 
�(x� �)

2

2�2

!
; x 2 R

is called the Gaussian random variable or (Normal random variable), where

� is the mean and �2 is the variance of the random variable X.

Notation

� N (�; �) denotes a Gaussian distribution with mean � and variance �2:

� X � N (�; �)) X is a Gaussian r.v with mean � and variance �2:

� if X � N (0; 1); then X is a standard Gaussian r.v.

A process X is Gaussian if any �nite linear combination of (Xt; t � 0) is

a Gaussian random variable, i:e. if

8



Chapter 2. Preliminaries

8n 8ti; 1 � i � n; 8ai;
nP
i=1

aiXtiis a Gaussian r.v.

A Gaussian process is characterised by its expectation and covariance.

A Gaussian space is a (closed vector) subspace of L2(
) formed by centred

Gaussian r.v.s.

The Gaussian space generated by a Gaussian process is the subspace of

L2(
) generated by the centred r.v.s (Xt � E(Xt); t � 0), i:e. the subspace

formed by linear combinations of these centred variables and their mean-

squared limits..

Convergence of sequences of random variables

Let X, (Xn)n2N be a variable and a sequence of random variables with values

in Rd on (
;F ; P ). There are several types of convergence:

� If there exists a set 
0 2 F with P (
0) = 0 such that for each ! =2 
0,

the follows (Xn(!))n2N converges to X(!) in the usual sense in Rd then

(Xn) is said to converge to X almost surely or with probability 1, and

we write lim
n!1

Xn = X a.s.

� If for each � > 0

lim
n!1

Pf! : jXn(!)�X(!)j > �g = 0 .

Then (Xn)n2N converges to X in probability.

� If X and (Xn)n2N belong to Lp with

E(jXn �Xjp) = 0 .

Then (Xn)n2N converges to X in Lp

9



Chapter 2. Preliminaries

� If for each continuous bounded function f with value in Rd

lim
n!1

E [f(Xn)] = E [f(X)].

Then (Xn)n2N converges in law to X:

2.1.2 Conditional expectation

De�nition 2.12 Y is random variable on a probability space (
;F ; P ) and

let & be a sub � � algebra of F .let X be random variable satisfying

1. X is &�measurable.

2.
R
BY dP =

R
BXdP for all sets B 2 &

The random variable X is called the conditional expectation of Y given

& and denoted by E (Y j&) :

Properties of conditional Expectation

1. If Ft = f�;
g ; then E (XjFt) = E (X) :

2. E fE (XjFt)g = E (X) :

3. If Fs � Ft; then E fE (XjFs) jFtg = E (XjFs)

4. If Y is Ft measurable, then E (XY jFt) = Y E (XjFt)

5. If X and Y are independent, then E (Y j� (X)) = E (Y )

6. E (aX + bY jFt) = aE (XjFt) + bE (Y jFt)

7. If g (:) is a convex function, then E fg (X) jFtg � g fE (XjFt)g

8. E (Y j� (Xt; t 2 �)) = E (Y jXt; t 2 �)

10



Chapter 2. Preliminaries

2.2 Hölder, Gronwall and Doob inequalities

Theorem 2.1 (Hölder inequality). Let p and q be real numbers strictly

greater than 1 such that 1
p
+ 1

q
= 1. If the variables jXjp and jY jq are inte-

grable, we have réels

E jXY j � (E jXjp)
1
p (E jY jq)

1
q

Theorem 2.2 (Gronwall inequality). Let T > 0, C � 0, u (:) be a positive

bounded function with Borel measure on [0; T ] and v (:)an integrable function

u (t) � C +
Z t

0

v (s)u(s)ds; 8t 2 [0; T ] :

then

u (t) � C exp
�Z t

0

v (s) ds

�
; 8t 2 [0; T ] :

Theorem 2.3 (Doob inequality): If X is a continuous martingale. Then

E

"
sup
t2[0;T ]

jXtj2
#
� 4 sup

t2[0;T ]
E
�
jXtj2

�
:

Theorem 2.4 (moment inequality) Let p � 2. Let f 2 M 2([0; T ];Rd�m)

such that

E
Z T

0

jf(s)jpds <1:

Then

Ej
Z T

0

f(s)dB(s)jp �
�
p(p� 1)
2

� p
2

T
p�2
2 E

Z T

0

jf (s) jpds

Theorem 2.5 (Cauchy-Schwarz Inequality) If f(t) and g(t) are any real-

valued functions, then�Z U

L

f(t)g(t)dt

�2
�
�Z U

L

f 2(t)dt

��Z U

L

g2(t)dt

�

11



CHAPTER 3

Stochastic Calculus

3.1 Stochastic process

A stochastic process is a mathematical model that can be used to describe

the behaviour of a random phenomenon at any time after the initial instant.

At any time after the initial instant (for example t0 = 0), the behaviour

of a random phenomenon can be described. We de�ne this concept as follows

De�nition 3.1 A stochastic process X = (Xt)t2I is a family of random

variables, indexed by I and denoted on the probability space (
;F ;P ) with

values in a measurable space (E;B), called state space.

1. For a �xed t,! 2 
! Xt(!) is a random variable.

2. For a �xed !; t 2 T ! Xt(!) is a real function, called the trajectory of

the process.

- T � N the process is discrete time

- T = [0; a] such that a > 0 the process is continuous time.

12



Chapter 3. Stochastic Calculus

De�nition 3.2 A stochastic process (X (t))t�0 is stationary increasing if the

distribution of X (t1 + s)�X (t1) depends only on s, i.e.

8t1; t2; s � 0; X (t1 + s)�X (t1)
L
= X (t2 + s)�X (t2)

De�nition 3.3 (X (t))t�0is independently increasing if for any 0 � t0 <

t1 < ::: < tn, the family of random variables (X (t1) � X (t0) ; :::; X (tn)�

X (tn�1)) independent.(X (t))t�0 is a Gaussian (or normal) process if for any

0 � t0 < t1 < ::: < tn, the vector (X (t0) ; :::; X (tn)) is Gaussian.

3.1.1 Brownian motion

Brownian motion is a stochastic process (a random function of time). Orig-

inally introduced by the botanist Robert Brown in the 19th century (1827)

to model the movement of pollen grains in suspension, it is now an essential

Gaussian process, particularly in stochastic calculus.

Brownian motion is both a natural phenomenon and a mathematical ob-

ject. The natural phenomenon is the disordered movement of particles sus-

pended in a liquid. The result is a highly irregular movement of the large

particle.

Let (
;F ;F ; P ) be a restricted probability space

De�nition 3.4 A process B : 
 ! T = [0;T ] is a standard Brownian

motion (BM) if:

1. B0 = 0,P -p.s.

2. 8s � t,Bs;t := Bt �Bs � N (0; t� s).

3. For all 0 = t0 < t1 : : : < tn � T ; the variablesBt0 ;Bt1�t0 ; : : : ; Btn�tn�1are

independent.

13



Chapter 3. Stochastic Calculus

-We callB = (B1; : : : ; Bn)| n�dimensional Brownian motion ifB1; : : : ; Bn
are independent Brownian motions.

3.1.2 Stochastic integral

We want to give meaning to the random variable:

Z T

0

�sdBs

when integrating a function g with respect to a derivative function f , if

g is regular we denote its integral as:

R T
0
g (s) df (s) =

R T
0
g (s) f

0
ds;

If ever f is not derivable but simply a bounded variation, we can get out

of it again by denoting the integral by :

Z T

0

g (s) df (s) = lim
n!1

nX
i=1

g (ti) (f (ti+1)� f (ti))

:

The resulting integral is called the Stieljes integral.

We will therefore construct the stochastic integral on the set

L2F(
; [0; T ]) =

�
(�t)0�t�T ; cadlag process F-adapted such that E

�Z T

0

�2sds

�
<1

�
De�nition 3.5 Y is random variable on a probability space (
;F ; P ) and

let F be a sub � � algebra of F .let X be random variable satisfying

14



Chapter 3. Stochastic Calculus

1. X is F- measurable.

2.
R
BY dP =

R
BXdP for all sets B 2 F

The random variable X is the called the conditional expectation of Y

given F and denoted by E (Y jF) :

3.1.3 Martingale process

De�nition 3.6 a process (Xt)t�0adapted with respect to a �ltration (Ft)t�0and

such that for all t � 0, is called:

F a martingale if for all:

s � t : E(Xt=F) = Xs:

De�nition 3.7 a process(Xt)t�0 adapted with respect to a �ltration (Ft)t�0and

such that for all t > 0, is called:

F a super martingale if for all:

s � t : E(Xt=F) � Xs

F a sub martingale if for all:

s � t : E(Xt=F) � Xs

3.1.4 Integral and ito�s formula

The following integral is de�ned by

I(�) =

Z T

0

�sdBs (3:1)

15



Chapter 3. Stochastic Calculus

or f�t; t � 0gis a certain process and (Bt; )t�0a Brownian motion. The

problem, of course, is to give meaning to the di¤erential element dBs since

the function

s �! Bs(!) is non-drivable.

Wiener integral

The Wiener integral is simply an integral of the type (3:1) with a determin-

istic function, i.e. does not depend on !. We set a horizon T > 0

and note

L2 ([0; T ] ;R) =
n
� : [0; T ]! R; such that

R T
0
j�sj2ds <1

o
F Staircase: If �n is a staircase function given by

�n (t) =
TnX
i=1

�i (t)1[ti;ti+1] �i 2 R

and ftni g an increasing sequence in [0; T ]. It is very easy to derive the Wiener

integral:

I (�n) =
R T
0
�nsdBs =

PTn
i=1 �i (t)

�
Bti+1 �Bti

�

Remark 3.1 the random variable I (�n) is a Gaussian variable of zero ex-

pectation and variance

V ar (I (�n)) =
PTn

i=1 �
2
i (t) var

�
Bti+1 �Bti

�
=
PTn

i=1 �
2
i (t)

�
t
i+1
� t

i

�
=
R T
0
(�ns )

2 dBs

F In general :either � 2 L ([0; T ] ;R) ;there exists a sequence �n of

escalating functions

16



Chapter 3. Stochastic Calculus

converges to Z T

0

�dx = lim
n!+1

Z T

0

j�n � �j (x) dx

the limit taken in L2 (
) :We say that I (�n) is the stochastic integral (or

Wiener integral) of � with respect to B:

Stochastic integral

We are now trying to de�ne the integral (1.1), the randomness of � will

require additional conditions compared to the case of the Wiene integral.

FStaged processes: These are the processes: I (�n) =
PTn

i=1 �i (t) 1]ti;ti+1]

or 0 � t1 � : : : � t�nand � 2 L2 (
;F ; P ) for all i = 0; : : : �n: So we say

I (�n) =
R T
0
�nsdBs =

PTn
i=1 �i (t)

�
Bti+1 �Bti

�
;

E (I (�n)) = 0 and var (I (�n)) = E
�R T

0
(�ns )

2 dBs

�
Properties of the stochastic integral

1. X !
R T
0
XsdBs is linear.

2. The process
�R T

0
XsdBs

�
t2[0;T ]

has a continuous path

3. The processus
�R T

0
XsdBs

�
t2[0;T ]

is adapted to respect
�
FB
t

�
t2[0;T ] :

4. E
hR T
0
XsdBs

i
= 0 and var

hR T
0
XsdBs

i
= E

hR T
0
X2
sdBs

i
5. For 0 � s � t � T , E

hR T
0
XudBujFW

s

i
= 0 and E

��R T
0
XsdBs

�2
jFB
s

�
=

E
hR T
0
X2
udujFB

s

i
:

6. The process
�R T

0
XsdBs

�
t2[0;T ]

is an
�
FB
t

�
t2[0;T ]continuous martingale of

integrable square.

E
�
sup
0�t�T

j
R T
0
XsdBsj2

�
� 4E

hR T
0
X2
sdBs

i
17



Chapter 3. Stochastic Calculus

Itô process

De�nition 3.8 It is a process in the form of :

Xt = X0 +
R t
0
b (s) ds+

R t
0
� (s) dWs

or b is an adapted FW
t process such that:

R t
0
b (s) ds < +1 P � p:s;for all

t � 0 and � a good local process. We use this notation:8<: dXt = b (t) dt+ � (t) dWt

X0 = x

Theorem 3.1 1st ito formula: Assume f of class C2then:

f (Xt) = f (x) +
R t
0
f 0 (Xs) dXs +

1
2

R t
0
f 00 (Xs)�

2
(s)ds

This formula can be written as :

df (Xt) = f 0 (Xt) dXt +
1

2
f 00 (Xt)�

2
(t)dt

= f 0 (Xt) b (t) dt+
1

2
f 00 (Xt)�

2
(t)dt+ f

0 (Xt)� (t) dWt

= f 0 (Xt) b (t) dt+
1

2
f 00 (Xt) dXt + f

0 (Xt)� (t) dWt

2nd Ito formula :Let f be de�ned on R+ � R of classC1 with respect

to t, of class C2 with respect to x. We have:

f (t;Xt) =

f (0; X0) +
R t
0
f 0t (s;Xs) ds+

R t
0
f 0x (s;Xs) dXs +

1
2

R t
0
f 00xx (s;Xs)�

2
(s)ds

As before, this formula can be written in di¤erential form:

df (t;Xt) =
h
f 0t (t;Xt) +

1
2
f 00xx (t;Xt)�

2
(t)

i
dt+ f 0x (t;Xt) dXt

= f 0t (t;Xt) dt+ f
0
x (t;Xt) dXt +

1
2
f 00xx (t;Xt) d hXit

18



Chapter 3. Stochastic Calculus

3.2 Stochastic Di¤erential Equations

Stochastic di¤erential equation (SDE) is an important mean to construct

stochastic processes. It plays an important role in the study of economy, bi-

ology and physics. For example, in economy, option pricing can be calculated

by stochastic di¤erential equation. In the market sales, we can determine the

stochastics variables by analyzing large amounts of sample data and building

the mathematical model from the SDE.The general form of such equation is

dXt = b(t;Xt)dt+ �(t;Xt)dBt (4:1)

where Bt is a Brownian motion and b and � are called the coe¢ cients

of the equation. In fact, this di¤erential relation has the following integral

meaning:

Xt = X0 +

Z t

0

b(s;Xs)ds+

Z t

0

�(s;Xs)dBs (4:2)

where the last integral is taken in the Itô sense. Relation (4:2) is taken

as the de�nition for the SDE (4:1) (note that if � = 0, then (4:1) reduces to

an ODE).

3.2.1 Existence and Uniqueness Result

We now to the existence and uniqueness question (A) above.

Theorem 3.2 (Existence and Uniqueness theorem for stochastic di¤erential equations) :

Let T > 0 and b(:; :) :[0; T ] � Rn ! Rn; � (:; :) : [0; T ] � Rn ! Rn�m be

measurable functions satisfying

19



Chapter 3. Stochastic Calculus

jb (t; x) j+ j� (t; x) j � C (1 + jxj) ; x 2 Rn; t 2 [0; T ] (4:3)

for some constant C,(where j�j2 =
P
j�ijj2)and such that

jb (t; x)�b (t; y) j+ j� (t; x)�� (t; y) j � Djx�yj; x; y 2 Rn; t 2 [0; T ] (4:4)

for some constant D.Let Z be a random variable which is independent of

the ��algebra F (m)
1 generated by Bs (:) ; s � 0 and such that

E [jZj2] <1:

Then the stochastic di¤erential equation.

dXt = b (t;Xt) dt+ � (t;Xt) dBt; 0 � t � T;X0 = Z (4:5)

has a unique t-continuous solution Xt (!) with the property that

Xt (!) is adapted to the �ltration FZ
t generated by Z and Bs (:) ; s � t

and

E
�Z T

0

jXtj2dt
�
<1 (4:6)

Remark 3.2 Conditions (4:3) and (4:4) are natural in view of the following

two simple examples from deterministic di¤erential equations (i:e:� = 0) :

a) The equation
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Chapter 3. Stochastic Calculus

dXt
dt

= X2
t ; X0 = 1 (4:7)

corresponding to b (x) = x2 (which does not satisfy (5:2:1))has the (unique)solution

Xt =
1

1� t ; 0 � t < 1:

Thus it is impossible to �nd a global solution (de�ned for all t)in this

case.

More generally (4:3)ensures that the solutionXt (!)of (4:5)does not explode,i:e:that

jXt (!) jdoes not tend to 1 in a �nite time.

b) The equation

dXt
dt

= 3X
2=3
t ; X0 = 0 (4:8)

has more than one solution.In fact,for any a > 0 the function

Xt =

8<: 0 for t � a

(t� a)3 for t > a

solves(4:8).In this case b (x) = 3x2=3 does not satisfy the Lipschitz condi-

tion (4:4) at x = 0:

Thus condition (4:4)guarantees that equation (4:5)has a unique solu-

tion.Here uniqueness means that if X1 (t; !)and X2 (t; !)are two t-continuous

processes satisfying(4:5)and (4:6)then

X1 (t; !) = X2 (t; !) for all t � T; a:s:
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CHAPTER 4

Approximate Solutions

4.1 Assumptions

A1) Suppose that there exist a constant positive K; such that for all t 2

[t0; T ]

jf (t; 0; 0) j2 + g (t; 0; 0) j2 � K

A2) for all x1; x2; y1; y2

jf (t; x1; y1)�f (t; x2; y2) j2+jg (t; x1; y1)�g (t; x2; y2) j2 � '
�
jx2 � x1j2 + jy2 � y1j2

�

4.2 Carathéodory�s approximation scheme

The Caratheodory approximation sheme is de�ned as follows:

For each integer n � 1;

Xn (t0 + �) = X (�) ; if � 2 (�1; 0]
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Chapter 4. Approximate Solutions

and for t 2 [t0; T ]

xn (t) = " (0) +

Z t

t0

IDn
(s) f

�
s; x(s� 1

n
); x (s� � (s))

�
ds

+

Z t

t0

IDn (s) f

�
s; x

�
s� 1

n

�
; x (s� �(s)� 1

n

�
)ds

+

Z t

t0

IDn
(s) g(s; x

�
s� 1

n

�
; x(s� � (s))dB (s)

+

Z t

t0

IDn (s) g

�
s; x

�
s� 1

n

�
; x

�
s� � (s)� 1

n

��
dB (s) ;

where Dn =
�
t : t0 � t � T ; � (s) < 1

n

	
; Dn = [t0; T ]�Dn:

4.3 Lemmas and theorems

Lemma 4.1 under the assumptions A1 and A2; we have for all integer n �

1, t2 [t0; T ] ; we have

E
�

sup
�1�t�T

jxn (t) j2
�
� B1;

where

B1 =
1

2
+ 6Ej" (0) j2 +KC1 (T � t0) exp (2a (T � t0)C1) ;

and

C1 = 10 (T � t0 + 4)

Proof. we have by de�nition of Caratheodory�s appriximation scheme:

xn (t) = " (0) +

Z t

t0

IDN
(s) f

�
s; x(s� 1

n
); x (s� � (s))

�
ds

+

Z t

t0

IDn (s) f

�
s; x

�
s� 1

n

�
; x (s� �(s)� 1

n

�
)ds

+

Z t

t0

IDn
(s) g(s; x

�
s� 1

n

�
; x(s� � (s))dB (s)

+

Z t

t0

IDn (s) g

�
s; x

�
s� 1

n

�
; x

�
s� � (s)� 1

n

��
dB (s) ;
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Chapter 4. Approximate Solutions

by using the fact (
6P
i=1

ai)
2 � 6

6P
i=1

a2i ; we get

jxn (t) j2 � 5j" (0) j2 + 5j
Z t

t0

IDn
(s) f

�
s; x

�
s� 1

n

�
; x (s� � (s))

�
dsj2

+5j
Z t

t0

IDn (s) f

�
s; x

�
s� 1

n

�
; x (s� �(s)� 1

n

�
)dsj2

+5j
Z t

t0

IDn
(s) g(s; x

�
s� 1

n

�
; x(s� � (s))dB (s) j2

+5j
Z t

t0

IDn (s) g

�
s; x

�
s� 1

n

�
; x

�
s� � (s)� 1

n

��
dB (s) j2

By Hölder�s and Doob�s martingale inequalities, we derive that for t0 2 [t0; t]

E
�
sup
t0�s�t

jxn (s) j2
�

� 5j" (0) j2 + 5 (T � t0)E
Z t

t0

IDn
(s)

����f �s; x�s� 1

n

�
; x (s� � (s))

�����2 ds
+5 (T � t0)E

Z t

t0

IDn (s)

����f �s; x�s� 1

n

�
; x (s� �(s)� 1

n

�
)

����2 ds
+5� 4E

Z t

t0

IDn
(s)

����g(s; x�s� 1

n

�
; x(s� � (s))

����2 ds
+5� 4E

Z t

t0

IDn (s)

����g�s; x�s� 1

n

�
; x

�
s� � (s)� 1

n

������2 ds:
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Chapter 4. Approximate Solutions

Adding and deleting f (s; 0; 0) ; g (s; 0; 0)

E
�
sup
t0�s�t

jxn (s) j2
�

� 5j" (0) j2 + 5 (T � t0)E
Z t

t0

IDn
(s)

����f �s; x�s� 1

n

�
; x (s� � (s))

�
�f (s; 0; 0) + f (s; 0; 0)j2 ds

+5 (T � t0)E
Z t

t0

IDn (s)

����f �s; x�s� 1

n

�
; x (s� �(s)� 1

n

�
)

�f (s; 0; 0) + f (s; 0; 0)j2 ds

+5� 4E
Z t

t0

IDn
(s)

����g(s; x�s� 1

n

�
; x(s� � (s))

�g (s; 0; 0) + g (s; 0; 0)j2 ds

+5� 4E
Z t

t0

IDn (s)

����g�s; x�s� 1

n

�
; x

�
s� � (s)� 1

n

��
�g (s; 0; 0) + g (s; 0; 0)j2 ds;
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Chapter 4. Approximate Solutions

and by (a+ b)2 � 2 (a2 + b2), we obtain

E
�
sup
t0�s�t

jxn (s) j2
�

� 5j" (0) j2 + 10 (T � t0)E
Z t

t0

IDn
(s)

����f �s; x�s� 1

n

�
; x (s� � (s))

�
� f (s; 0; 0)

����2 ds
+10 (T � t0)E

Z t

t0

IDn
(s) jf (s; 0; 0)j2 ds

+10 (T � t0)E
Z t

t0

IDn (s)

 ����f �s; x�s� 1

n

�
; x (s� �(s)� 1

n

�
)� f (s; 0; 0)

����2
!
ds

+10 (T � t0)E
Z t

t0

IDn (s) jf (s; 0; 0)j
2 ds

+40E
Z t

t0

IDn
(s)

����g(s; x�s� 1

n

�
; x(s� � (s))� g (s; 0; 0)

����2 ds
+40E

Z t

t0

IDn
(s) jg (s; 0; 0)j2 ds

+40E
Z t

t0

IDn (s)

����g�s; x�s� 1

n

�
; x

�
s� � (s)� 1

n

��
� g (s; 0; 0)

����2 ds
+40E

Z t

t0

IDn (s) jg (s; 0; 0)j
2 ds

By assumptions A1 and A2, we obtain

E
�
sup
t0�s�t

jxn (s) j2
�

� 5j" (0) j2 + 10 (T � t0 + 4)E
Z t

t0

IDn
(s)

"
K + '

 ����x�s� 1

n

�����2 + jx (s� � (s))j2
!#

ds

+10 (T � t0 + 4)E
Z t

t0

IDn (s)

"
K + '

 ����x�s� 1

n

�����2 + ����x�s� � (s)� 1

n

�����2
!#

ds

Or ' (:) is a concave function and ' (0) = 0, then, there exist a positive

26



Chapter 4. Approximate Solutions

constants a such that ' (v) = a (1 + v) for all v � 0: Therefore

E
�
sup
t0�s�t

jxn (s) j2
�

� 5j" (0) j2 + 10 (T � t0 + 4)E
Z t

t0

IDn
(s)

"
K + a

 
1 +

����x�s� 1

n

�����2 + jx (s� � (s))j2
!#

ds

+10 (T � t0 + 4)E
Z t

t0

IDn (s)

"
K + a

 
1 +

����x�s� 1

n

�����2 + ����x�s� � (s)� 1

n

�����2
!#

ds;

then,

E
�
sup
t0�s�t

jxn (s) j2
�

� 5j" (0) j2 + 10 (T � t0 + 4)K (T � t0)

+10 (T � t0 + 4) aE
Z t

t0

IDn
(s)

"
a

 
1 +

����x�s� 1

n

�����2 + jx (s� � (s))j2
!#

ds

+10 (T � t0 + 4) aE
Z t

t0

IDn (s)

"
a

 
1 +

����x�s� 1

n

�����2 + ����x�s� � (s)� 1

n

�����2
!#

ds;

we drive

E
�
sup

�1�s�t
jxn (s) j2

�
� 6j" (0) j2 + 10 (T � t0 + 4)K (T � t0)

+10 (T � t0 + 4) a
Z t

t0

��
1 + 2E

�
sup

�1�u�S
jxn (u) j2

���
ds;

Mutipling in 2 and added 1, we derive

1 + 2E
�
sup

�1�s�t
jxn (s) j2

�
� 1 + 12j" (0) j2 + 20 (T � t0 + 4)K (T � t0)

+20 (T � t0 + 4) a
Z t

t0

��
1 + 2E

�
sup

�1�u�s
jxn (u) j2

���
ds

Using Gronawl�s lamma, we obtain

1 + 2E
�

sup
�1�t�T

jxn (t) j2
�

�
�
1 + 12j" (0) j2 + 20 (T � t0 + 4)K (T � t0)

�
�

exp (20a (T � t0 + 4) (T � t0)) :
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Consequently,

E
�
sup

�1�s�t
jxn (t) j2

�
�

�
1

2
+ 6j" (0) j2 + 10 (T � t0 + 4)K (T � t0)

�
�

exp (20a (T � t0 + 4) (T � t0)) :

Lemma 4.2 Inder assumptions A1 and A2; we have

E
�

sup
�1�t�T

jx (t) j2
�
� B2

where

B2 =

�
1

2
+ 4j" (0) j2 + 6 (T � t0 + 4)K (T � t0)

�
exp (12a (T � t0 + 4) (T � t0)) :

Proof. we have by de�nition of Caratheodory appriximation scheme:

x (t) = " (0) +

Z t

t0

f (s; x(s); x (s� � (s))) ds

+

Z t

t0

g (s; x (s) ; x (s� �(s)))dB (s)

by using the fact (a+ b+ C)2 � 3 (a2 + b2 + c2) ; we get

jx (t) j2 � 3j" (0) j2 + 3j
Z t

t0

f (s; x (s) ; x (s� � (s))) dsj2

+3j
Z t

t0

f (s; x (s) ; x (s� �(s)))dB (s) j2

By Hölder�s inequality, Doob�s martingale inequality, we derive that for t0 2

[t0; t]

E
�
sup
t0�s�t

jx (s) j2
�

� 3j" (0) j2 + 3 (T � t0)E
Z t

t0

jf (s; x (s) ; x (s� � (s)))j2 ds

+12E
Z t

t0

jf (s; x (s) ; x (s� �(s)))j2 ds
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Adding and deleting f (s; 0; 0)

E
�
sup
t0�s�t

jx (s) j2
�

� 3j" (0) j2 + 3 (T � t0)E
Z t

t0

jf (s; x (s) ; x (s� � (s)))� f (s; 0; 0) + f (s; 0; 0)j2 ds

12E
Z t

t0

jf (s; x (s) ; x (s� �(s)))� f (s; 0; 0) + f (s; 0; 0)j2 ds

and by (a+ b)2 � 2 (a2 + b2), we obtain

E
�
sup
t0�s�t

jx (s) j2
�

� 3j" (0) j2 + 6 (T � t0)E
Z t

t0

jf (s; x (s) ; x (s� � (s)))� f (s; 0; 0)j2 ds

+6 (T � t0)E
Z t

t0

jf (s; 0; 0)j2 ds

+12E
Z t

t0

�
jf (s; x (s) ; x (s� �(s)))� f (s; 0; 0)j2

�
ds

+12E
Z t

t0

jf (s; 0; 0)j2 ds;

by assumptions A1 and A2, we obtain

E
�
sup
t0�s�t

jx (s) j2
�

� 3j" (0) j2 + 6 (T � t0 + 4)E
Z t

t0

�
K + '

�
jx (s)j2 + jx (s� � (s))j2

��
ds

Or ' (:) is a concave function and ' (0) = 0, then, there exist a positive

constants a such that ' (v) = a (1 + v) for all v � 0, we have

E
�
sup
t0�s�t

jx (s) j2
�

� 3j" (0) j2 + 6 (T � t0 + 4)E
Z t

t0

�
K + a

�
1 + jx (s)j2 + jx (s� � (s))j2

��
ds
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then,

E
�
sup
t0�s�t

jx (s) j2
�

� 3j" (0) j2 + 6 (T � t0 + 4)K (T � t0)

+6 (T � t0 + 4) aE
Z t

t0

��
1 + jx (s)j2 + jx (s� � (s))j2

��
ds

we drive

E
�
sup

�1�s�t
jx (s) j2

�
� 4j" (0) j2 + 6 (T � t0 + 4)K (T � t0)

+6 (T � t0 + 4) a
Z t

t0

��
1 + 2E

�
sup

�1�u�S
jx (u) j2

���
ds;

Mutipling in 2 and added 1, we derive

1 + 2E
�
sup

�1�s�t
jx (s) j2

�
� 1 + 8j" (0) j2 + 12 (T � t0 + 4)K (T � t0)

+12 (T � t0 + 4) a
Z t

t0

��
1 + 2E

�
sup

�1�u�S
jx (u) j2

���
ds

Using Gronawl�s lamma, we obtain

1 + 2E
�

sup
�1�t�T

jx (t) j2
�

�
�
1 + 8j" (0) j2 + 12 (T � t0 + 4)K (T � t0)

�
�

exp (12a (T � t0 + 4) (T � t0)) :

consequencly

E
�

sup
�1�t�T

jx (t) j2
�

�
�
1

2
+ 4j" (0) j2 + 6 (T � t0 + 4)K (T � t0)

�
�

exp (12a (T � t0 + 4) (T � t0)) :

Lemma 4.3 under assumptions A1 and A2, we have for all t � t�a; for any

t0 � s < t � T; wich t� s < 1

E jX (t)�X (s)j2 � B3 (t� s) ;
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where

B3 = 8 (K + a (1 + 2B2)) :

Proof. we have

X (t)�X (s) =

Z t

s

f (w;X(w); X (w � � (w))) dw

+

Z t

s

g (w;X(w); X (w � � (w))) dB (w)

jX (t)�X (s)j2 � 2

����Z t

s

f (w;X(w); X (w � � (w))) dw
����2

+2

����Z t

s

g (w;X(w); X (w � � (w))) dB (w)
����2 :

By using the Hölder�s, and moment inequalities, we drive

E jX (t)�X (s)j2 � 4 (t� s)E
Z t

s

jf (w;X(w); X (w � � (w)))� f (s; 0; 0)j2 dw

+4E
Z t

s

jg (w;X(w); X (w � � (w)))� g (s; 0; 0)j2 dw

+4 (t� s)E
Z t

s

jf (s; 0; 0)j2 ds+ 4
Z t

s

jg (s; 0; 0)j2 dw

and by assumption A1 and A2, we deduce

E jX (t)�X (s)j2 � 4 (t� s+ 1)E
Z t

s

��K + '
�
jX(w)j2 + jX (w � � (w))j2

��� dw
Since ' is a concave function and ' (0) = 0, then, we have ' (v) = a (1 + v)

for all v � 0,

E jX (t)�X (s)j2 � 4 (t� s+ 1)E
Z t

s

K+a
�
1 + jX(w)j2 + jX (w � � (w))j2

�
dw;

thus

E jX (t)�X (s)j2 � 4 (t� s+ 1)E
Z t

s

K + a

�
1 + 2E sup

�1<u�w
(X (u))

�
dw;
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by using thelemma 3.2, we get

E jX (t)�X (s)j2 � 4 (t� s+ 1) (K + (1 + 2B2)) (t� s) ;

or t� s � 1; we obtain

E jX (t)�X (s)j2 � 8 (K + 1 + 2B2) (t� s)

Theorem 4.1 under assumptions A1, A1, we have for all integer n � 1

E
�
sup
t0�t�T

jX (t)�Xn (t)j
�
� Bn

where

Bn = 4 (T � t0 + 4)
�
1 +

4

n
B3

�
(T � t0) exp (16a (T � t0 + 4) (T � t0))

Proof.

X (t)�Xn (t) =

Z t

t0

IDn
(s) (f (s;X(s); X (s� � (s)))

�f
�
s;Xn(s�

1

n
); Xn (s� � (s))

�
ds

+

Z t

t0

IDn (s) (f (s;X(s); X (s� � (s)))

�f
�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

���
ds

+

Z t

t0

IDn
(s) (g (s;X(s); X (s� � (s)))

�g
�
s;Xn(s�

1

n
); Xn (s� � (s))

�
dB (s)

+

Z t

t0

IDn (s) (gs;X(s); X (s� � (s))

�g
�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

��
dB (s)
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jX (t)�Xn (t)j2 � 4
����Z t

t0

IDn
(s) f (s;X(s); X (s� � (s)))

�f
�
s;Xn(s�

1

n
); Xn (s� � (s))

�
ds

����2
+4

����Z t

t0

IDn (s) f (s;X(s); X (s� � (s)))

�f
�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

��
ds

����2
+4

����Z t

t0

IDn
(s) g (s;X(s); X (s� � (s)))

�g
�
s;Xn(s�

1

n
); Xn (s� � (s))

�
dB (s)

����2
+4

����Z t

t0

IDn (s) g (s;X(s); X (s� � (s)))

�g
�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

��
dB (s)

����2
By using the Hölder�s, and moment inequalities, we drive

E jX (t)�Xn (t)j2 � 4 (T � t0)E
Z t

t0

IDn
(s) jf (s;X(s); X (s� � (s)))

�f
�
s;Xn(s�

1

n
); Xn (s� � (s))

�����2 ds
+4 (T � t0)E

Z t

t0

IDn (s) jf (s;X(s); X (s� � (s)))

�f
�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

������2 ds
+4� 4E

Z t

t0

IDn
(s) jg (s;X(s); X (s� � (s)))

�g
�
s;Xn(s�

1

n
); Xn (s� � (s))

�����2 ds
+4� 4E

Z t

t0

IDn (s) jg (s;X(s); X (s� � (s)))

�g
�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

������2 ds;
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by using A2

E jX (t)�Xn (t)j2 � 4 (T � t0 + 4)E
Z t

t0

IDn
(s)'

�
jX (s)�Xn

�
s� 1

n

�
j2

+jX (s� � (s))�Xn (s� � (s)) j2
�
ds

+4 (T � t0 + 4)E
Z t

t0

IDn (s)'

�
jX (s)�Xn

�
s� 1

n

�
j2

+jX (s� � (s))�Xn

�
s� � (s)� 1

n

�
j2
�
ds

Since ' (:) is a concave fonction, then, we have

E jX (t)�Xn (t)j2

� 4 (T � t0 + 4) aE
Z t

t0

IDn
(s)�

1 + jX (s)�Xn

�
s� 1

n

�
j2 + jX (s� � (s))�Xn (s� � (s)) j2

�
ds

+4 (T � t0 + 4) aE
Z t

t0

IDn (s)�
1 + jX (s)�Xn

�
s� 1

n

�
j2 + jX (s� � (s))�Xn

�
s� � (s)� 1

n

�
j2
�
ds
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and

E jX (t)�Xn (t)j2

� 4 (T � t0 + 4) aE
Z t

t0

IDn
(s)

�
�
1 + jX (s)�Xn

�
s� 1

n

�
+X

�
s� 1

n

�
�X

�
s� 1

n

�
j2
�
ds

+4 (T � t0 + 4) aE
Z t

t0

IDn
(s)
�
1 + jX (s� � (s))�Xn (s� � (s)) j2

�
ds

+4 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
�
1 + jX (s)�Xn

�
s� 1

n

�
+X

�
s� 1

n

�
�X

�
s� 1

n

�
j2
�
ds

+4 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
�
1 + jX (s� � (s))�Xn

�
s� � (s)� 1

n

�
+

X

�
s� � (s)� 1

n

�
�X

�
s� � (s)� 1

n

�
j2
�
ds
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thus

E jX (t)�Xn (t)j2

� 4 (T � t0 + 4) a (T � t0)

+8 (T � t0 + 4) aE
Z t

t0

IDn
(s)

�
jX
�
s� 1

n

�
�Xn

�
s� 1

n

�
j2
�
ds

+8 (T � t0 + 4) aE
Z t

t0

IDn
(s)

�
jX (s)�X

�
s� 1

n

�
j2
�
ds

+4 (T � t0 + 4) aE
Z t

t0

IDn
(s)
�
jX (s� � (s))�Xn (s� � (s)) j2

�
ds

8 (T � t0 + 4) aE
Z T

t0

IDn (s)

�
jX
�
s� 1

n

�
�Xn

�
s� 1

n

�
j2
�
ds

+8 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
jX (s)�X

�
s� 1

n

�
j2
�
ds

+8 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
jX
�
s� � (s)� 1

n

�
�Xn

�
s� � (s)� 1

n

�
j2
�
ds

+8 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
jX (s� � (s))�X

�
s� � (s)� 1

n

�
j2
�
ds

wich implies

E jX (t)�Xn (t)j2

� 4 (T � t0 + 4) a (T � t0)

+12 (T � t0 + 4) a
Z t

t0

IDn
(s)

�
E sup
t0�u�s

jX (u)�Xn (u) j2
�
ds

+8 (T � t0 + 4) a
Z t

t0

IDn
(s)

�
EjX (s)�X

�
s� 1

n

�
j2
�
ds

16 (T � t0 + 4) a
Z t

t0

IDn (s)

�
E sup
t0�u�s

jX (u)�Xn (u) j2
�
ds

+8 (T � t0 + 4) a
Z t

t0

IDn (s)

�
EjX (s)�X

�
s� 1

n

�
j2
�
ds

+8 (T � t0 + 4) a
Z t

t0

IDn (s)

�
EjX (s� � (s))�X

�
s� � (s)� 1

n

�
j2
�
ds
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by using the lemma 3, we obtain

E
�
sup
t0�s�t

jX (s)�Xn (s)j2
�
� 4 (T � t0 + 4) a (T � t0)

+12 (T � t0 + 4) a
Z t

t0

IDn
(s)

�
E sup
t0�u�s

jX (u)�Xn (u) j2
�
ds

+8 (T � t0 + 4) aE
Z t

t0

B3
n
IDn

(s) ds

16 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
E sup
t0�u�s

jX (u)�Xn (u) j2
�
ds

+16 (T � t0 + 4) aE
Z t

t0

B3
n
IDn (s) ds;

�nally we conclued

E
�
sup
t0�s�t

jX (s)�Xn (s)j2
�

� 4 (T � t0 + 4) a (T � t0)
�
1 + 4

B3
n

�
16 (T � t0 + 4) a

Z t

t0

E
�
sup
t0�u�s

jX (u)�Xn (u) j2
�
ds;

by the Gronwall�s lemma, we arrive

E
�
sup
t0�tT

jX (t)�Xn (t)j2
�

� 4 (T � t0 + 4) a (T � t0)�
1 + 4

B3
n

�
exp [16 (T � t0 + 4) a (T � t0)]

Theorem 4.2 Under assumptions A1, A1, we have for all integers m; n � 1

such that n � m

E
�
sup
t0�t�T

jXn (t)�Xm (t)j
�
� Bn;m

where

Bn;m = 4 (T � t0 + 4)
�
1 + 3Bn +Bm + 3B3

�
1

n
� 1

m

��
(T � t0)
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Proof. We have, for all t 2 [t0; T ]

Xn (t)�Xm (t)

=

Z t

t0

IDn
(s)� f

�
s;Xn(s�

1

n
); Xn (s� � (s))

�
� f

�
s;Xm(s�

1

m
); Xm (s� � (s))

�
ds

+

Z t

t0

IDn (s)�

f

�
s;Xn(s�

1

n
); X

�
s� � (s)� 1

n

��
� f

�
s;Xm(s�

1

m
); Xm

�
s� � (s)� 1

m

��
ds

+

Z t

t0

IDn
(s)�

g

�
s;Xn(s�

1

n
); Xn (s� � (s))

�
� g

�
s;Xm(s�

1

m
); Xm (s� � (s))

�
dB (s)

+

Z t

t0

IDn (s)�

g

�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

��
� g

�
s;Xm(s�

1

m
); Xm

�
s� � (s)� 1

m

��
dB (s)

jXn (t)�Xm (t)j2

� 4

����Z t

t0

IDn
(s) f

�
s;Xn(s�

1

n
); Xn (s� � (s))

�
�f
�
s;Xm(s�

1

m
); Xm (s� � (s))

�
ds

����2
+4

����Z t

t0

IDn (s) f

�
s;Xn(s�

1

n
); X

�
s� � (s)� 1

n

��
�f
�
s;Xm(s�

1

m
); Xm

�
s� � (s)� 1

m

��
ds

����2
+4

����Z t

t0

IDn
(s) g

�
s;Xn(s�

1

n
); Xn (s� � (s))

�
�g
�
s;Xm(s�

1

m
); Xm (s� � (s))

�
dB (s)

����2
+4

����Z t

t0

IDn (s) g

�
s;Xn(s�

1

n
); Xn

�
s� � (s)� 1

n

��
�g
�
s;Xm(s�

1

m
); Xm

�
s� � (s)� 1

m

��
dB (s)

����2
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By using the Hölder�s, and moment inequalities, we drive

E jX (t)�Xn (t)j2

� 4 (T � t0)E
Z t

t0

IDn
(s)

����f �s;Xn(s�
1

n
); Xn (s� � (s))

�
�f
�
s;Xm(s�

1

m
); Xm (s� � (s))

�
ds

����2 ds
+4 (T � t0)E

Z t

t0

IDn (s)

����f �s;Xn(s�
1

n
); X

�
s� � (s)� 1

n

��
�f
�
s;Xm(s�

1

m
); Xm

�
s� � (s)� 1

m

��
ds

����2 ds
+4� 4E

Z t

t0

IDn
(s)

����g�s;Xn(s�
1

n
); Xn (s� � (s))

�
�g
�
s;Xm(s�

1

m
); Xm (s� � (s))

�
dB (s)

����2 ds
+4� 4E

Z t

t0

IDn (s) j
�����g�s;Xm(s�

1

m
); Xm

�
s� � (s)� 1

m

��
dB (s)

����2 ds;
by using A2

E jXn (t)�Xm (t)j2

� 4 (T � t0 + 4)E
Z t

t0

IDn
(s)'

�
jXn

�
s� 1

n

�
�Xm

�
s� 1

m

�
j2

+jXn (s� � (s))�Xm (s� � (s)) j2
�
ds

+4 (T � t0 + 4)E
Z t

t0

IDn (s)'

�
jXn

�
s� 1

n

�
�Xm

�
s� 1

m

�
j2

+jXn

�
s� � (s)� 1

n

�
�Xm

�
s� � (s)� 1

m

�
j2
�
ds
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Since ' (:) is a concave fonction, then, we have

E jXn (t)�Xm (t)j2

� 4 (T � t0 + 4) aE
Z t

t0

IDn
(s)

�
1 + jXn

�
s� 1

n

�
�Xm

�
s� 1

m

�
j2

+jXn (s� � (s))�Xm (s� � (s)) j2
�
ds

+4 (T � t0 + 4) aE
Z t

t0

IDn (s)

�
1 + jXn

�
s� 1

n

�
�Xm

�
s� 1

m

�
j2

+jXn

�
s� � (s)� 1

n

�
�Xm

�
s� � (s)� 1

m

�
j2
�
ds

and

E jXn (t)�Xm (t)j2

� 4 (T � t0 + 4) a� 3E
Z t

t0

IDn
(s) jX

�
s� 1

n

�
�Xn

�
s� 1

n

�
j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn
(s) jX

�
s� 1

n

�
�Xm

�
s� 1

m

�
j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn
(s) jX

�
s� 1

n

�
�X

�
s� 1

m

�
j2ds

+4 (T � t0 + 4) a� 2E
Z t

t0

IDn
(s) jX (s� � (s))�Xn (s� � (s)) j2ds

+4 (T � t0 + 4) a� 2E
Z t

t0

IDn
(s) jX (s� � (s))�Xm (s� � (s)) j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn (s) jX
�
s� 1

n

�
�Xn

�
s� 1

n

�
j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn (s)

�
X

�
s� 1

m

�
� jXm

�
s� 1

m

�
j2
�
ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn (s)X

�
s� 1

n

�
� jX

�
s� 1

m

�
j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn (s) jX
�
s� � (s)� 1

n

�
�Xn

�
s� � (s)� 1

n

�
j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn (s) jX
�
s� � (s)� 1

m

�
�Xm

�
s� � (s)� 1

m

�
j2ds

+4 (T � t0 + 4) a� 3E
Z t

t0

IDn (s) jX
�
s� � (s)� 1

m

�
�X

�
s� � (s)� 1

n

�
j2ds
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thus

E sup
t0�s�t

jXn (s)�Xm (s)j2

� 4 (T � t0 + 4) a (T � t0)

+12 (T � t0 + 4) a
Z t

t0

E sup
t0�u�s

�
jX (u)�Xn (u) j2

�
ds

+12 (T � t0 + 4) aE
Z t

t0

�
jX (u)�Xm (u) j2

�
ds

+12 (T � t0 + 4) aE
Z t

t0

�
jX
�
s� � (s)� 1

m

�
�X

�
s� � (s)� 1

n

�
j2
�
ds;

anb by using the lemmas 3 and theorem 4, we derive

E sup
t0�s�t

jXn (s)�Xm (s)j2

� 4 (T � t0 + 4) a
�
1 + 3Bn + 3Bm + 3B3

�
m� n
nm

��
(T � t0)

Theorem 4.3 assume that X (t) ; Y (t) two solutions of the equation (1:1).

Then, we have

E
�
sup
t0�t�T

jX (t)� Y (t)j
�
� B4;

where

B4 = 2a (T � t0 + 4) exp (4a (T � t0 + 4) (T � t0))

Proof. We have

jX(t)� Y (t)j2 �

2j
Z t

t0

f(s;X(s); X(s� � (s)))� f(s; Y (s); Y (s� � (s)))dsj2

+2j
Z t

t0

g(s;X(s); X(s� � (s)))� g(s; Y (s); Y (s� � (s)))dB (s) j2
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by using the Hölder�s and the moment inequalites, we obtain

E sup
t0�s�t

jX(s)� Y (s)j2 �

2 (T � t0)
Z t

t0

jf(s;X(s); X(s� � (s)))� f(s; Y (s); Y (s� � (s)))j2ds

+2

Z t

t0

jg(s;X(s); X(s� � (s)))� g(s; Y (s); Y (s� � (s)))j2ds;

and the assumption (A2), we have

E sup
t0�s�t

jX(s)� Y (s)j2 �

2 (T � t0 + 4)E
Z t

t0

'
�
jX(s)� Y (s)j2 + jX(s� � (s)))� f(s; ; Y (s� � (s))j2

�
ds

Since ' is a concave fonction, then, we have

E sup
t0�s�t

jX(s)� Y (s)j2 �

2 (T � t0 + 4)E
Z t

t0

a
�
1 + jX(s)� Y (s)j2 + jX(s� � (s)))� f(s; ; Y (s� � (s))j2

�
ds

thus

E sup
t0�s�t

jX(s)�Y (s)j2 � 2 (T � t0 + 4)E
Z t

t0

a

�
1 + 2 sup

t0�u�s
jX(u)� Y (u)j2

�
ds

wich implies

E sup
t0�s�t

jX(s)� Y (s)j2 � 2 (T � t0 + 4) a (T � t0)

+4 (T � t0 + 4) a
Z t

t0

E
�
sup
t0�u�s

jX(u)� Y (u)j2
�
ds

Finally, by the Gronwall lemas we have

E sup
t0�s�t

jX(s)� Y (s)j2 � 2a (T � t0 + 4) exp (4a (T � t0 + 4) (T � t0))
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4.4 Conclusion

InThis memory, we have proved the convergence of carathèodory�s approx-

imate solutions to the unique solution of stochastic di¤erential equations

model with under conditions that are not lipschitziennes and not linear

growth. We used the approximation sheme of Carathèodory�. We proved

the existence and uniquenesses of theire solutions. These equations can be

useful in many applications where we assume that there are deterministic

changes combined with random ones. The study of such equations needs a full

knowledge of probability theory and stochastic calculus including stochastic

processes, stochastic integration (Itô integral) and stochastic di¤erentiation

(Itô formula).

in my prespectives generalize this work on other equation models with

other broader conditions and we want to search for concrete applications for

the equations, for example in �nance, physics, modeling and biology, ect....

43



BIBLIOGRAPHY

[1] M.Bachar;J.J Batzel. Stochastic Biomathematical Models with Applica-

tions to Neuronal Modeling (Eds:) ;S.Ditlevsen 2013,XVI,206 p.34 illus

.,13 illus.in color ,Softcover ISBN:978-3-642-32156-6

[2] R. Brinks, Chair for Medical Biometry and Epidemiology, Wit-

ten/Herdecke University, Faculty of Health/School of Medicine, D-58448

Witten, Germany ralph.brinks@uni-wh.de

[3] E. CHALABI and S. MESBAHI, On the Existence and Stability of Solu-

tions of Stochastic Di¤erential Systems Driven by G-Brownian Motion;

Memoirs on Di¤erential Equations and Mathematical Physics, Volume

82, 2021, 57�74

[4] E. A. Coddington and N. Levinson, Theory of Ordinary Di¤erential

Equations. McGraw-Hill. Book Company, Inc., New York�Toronto�

London, 1955.

[5] F. Faizullah, A note on the Carathéodory approximation scheme for sto-

chastic di¤erential equations under G-Brownian motion. Zeitschrift für

Naturforschung A 67 (2012), no. 12, 699�704.

44



Bibliography

[6] T.E. Govindan, Stability of mild solution of stochastic evolution equa-

tions with variable delay, Stochastic Anal. Appl. 21 (2003)1059-1077.

[7] C. Jankovi´, Svetlana and C. Pavlovi Gorica, Momentdecayratesof-

stochastic dierentialequationswithtime-varyingdelay, Filomat 24 no.1,

(2010) 115-132.

[8] .Y.-H. Kim, Carathéodory�s approximate solution to stochastic di¤eren-

tial delay equation. Filomat 30 (2016), no. 7, 2019�2028.

[9] Y.-H. Kim, A note on the solutions of Neutral SFDEs with in�nite delay,

J. Inequal. Appl., 2013:181 (2013), pp. 1�12

[10] X. LiandX.Fu, Stability analysis of stochastic functional di¤erential

equations with in�nite delay and its application to recurrent neural net-

works, J. Comput. Appl.Math.234(2010)pp. 407-417

[11] X. Mao, Stochastic Di erential Equations and Applications, Horwood

Publication Chichester, UK (2007).

[12] Milo�evíc. Marija, On the approximations of solutions to stochastic di

erential delay equations with Poisson random measure via Taylor series,

Filomat 27 no.1, (2013) 201-214.

[13] B. Oksendal,Stochastic Di¤erential Equations,An Introduction with Ap-

plications Fifth Edition,Corrected Printing Springer-Verlag Heidelberg

New York

[14] Y. Ren and N.Xia, Existence, uniqueness and stability of the solutions

to neutral stochastic functional di erential equations with in�nite delay,

Appl. Math. Comput. 210 (2009) 72-79

45



Bibliography

[15] Y. Ren, S. Lu, and N.Xia, Remarksontheexistence anduniqueness of the

solutions to stochastic functional di erential equations with in�nite delay,

J. Comput. Appl. Math. 220 (2008) 364-372.

[16] M. Scott, Applied Stochastic Processes in science and engineering

[17] F. Wei and Y. Cai, Existence, uniqueness and stability of the solution to

neutral stochastic functional di erential equations with in�nite delay un-

der non-Lipschitz conditions, Advances in Di erence Equations 2013:151

(2013)

[18] F. Wei and K. Wang, The existence and uniqueness of the solution for

stochastic functional di erential equations with in�nite delay, J. Math.

Anal. Appl. 331 (2007) 516-531.

46


