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ABSTRACT IN ENGLISH

he fundamental focus of this thesis is to investigate certain type of nonlinear

fractional partial differential equations (FPDESs), both elliptic and parabolic
in nature. Where we interest in this works under certain assumptions on the non-
linear terms to study the existence of weak solutions to five classes of fractional
partial differential equations. We use the technique of the Leray-Schauder degree
theory together with the application of Schauder fixed point theorem for demon-
strate this. Then, for the uniqueness of weak solutions, we suggest the Banach
contraction principle theorem. we also use the Galerkin approach to prove the ex-
istence and uniqueness results. The first class is the semilinear fractional elliptic
problem involving the distributional Riesz fractional gradient in Bessel potential
spaces. The second class is semilinear fractional system involving a nonlocal op-
erator. Therefor, the third class in this thesis focuses on adding the transport
term in the nonlinear fractional problem involving the distributional Riesz frac-
tional derivative. Then the primary objective in the forth class is time fractional
semilinear equations involving Riemann-Liouville time fractional derivative with
fractional Laplacian. Finally, the the last class is the time fractional semilinear
equation containing the Riemann-Liouville derivative.

1 Key words : Distributional Riesz fractional gradient, fixed point theorems,
topological degree theory, Galerkin method, fractional Laplacian, Riemann-Liouville
time fractional derivative, Sobolev fractional space.
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ABSTRACT IN FRENCH

L’ objective fondamental de cette these est I'investigation certains types d’équations
aux dérivées partielles fractionnaires non-linéaires de type paraboliques et
elliptiques. Nous intéressons dans ce travail avec certaines hypotheses sur les
termes non-linéaires pour étudier l'existence de solutions faible a cing classes
d’équations aux dérivées partielles fractionnaires et en utilisant la technique du
degré de Leray-Schauder avec le théoreme du point fixe. Ensuite, pour 'unicité
de solution faible, nous suggérons le theoréme du principe de contraction de Ba-
nach et I'approche de Galerkin. La premiere classe est le probleme elliptique
fractionnaire semi-linéaire qui contient le gradient fractionnaire de Riesz dans les
espace de Bessel. La deixieme classe est un systeme fractionnaire semi-linéaire
qui contient un opérateur non local. Par conséquent, la troisieme classe de cette
these avons pour ajouté le terme de transporte dans le probléme fractionnaire
non-linéaire impliquant la dérivée fractionnaire de Riesz. La quatrieme classe est
I’équation dévolution semi-linéaires fractionnaire impliquant la dérivée fraction-
naire qui contien la dérivée de Riemann-Liouville avec Laplacien fractionnaire.
Enfin, la dernier classe est I’équation semi-linéaire temporelle fractionnaire con-
tenant la dérivée de Riemann-Liouville.

1w Mots-clés : Dérivée fractionnaire de Riesz distributionnelle, théoreme du
point fixe, degré de Leray-Schauder, methode de Galerkin, Laplacien fraction-
naire, dérivée de Riemann-Liouville, espace de Sobolev fractionnaire.



ABSTRACT IN ARABIC

Aoplal) 3 & ekl Zodadl) yee Abialédll cWaladdl (e Gare g8 Al 50 58 Aa gl a3l ) Cargll
e Aol da g Al (any at Jaal) 138 A& S 5 Cus | (parabolic) (A8 &l g (elliptic ) iUl
ol 20 5al) ALl sl e g s eat] Al Sl dps Al Gl ek i s el
< (fixed point theorem) A& 2l 4, ykai 5 (Leray-Schauder degree) 255 )l Aa ys (ki
LS (Banach contraction theorem) ¢l (LSl Tase Guki 7 yis Jolall o dglaay Jal e &
Aslaall o Y Asalls, Jslal) dilas 55 352 5 SUEY (Galerkin method) oS oale 4l Load Jasivs
s oS ) oY o ogsiad A sl daphll Gl dphall 4l 40 ) Al
Jaidy i 4d 4 HuS GV alew dlaa (e 3 ke & 4 Al & <(distributional Riesz gradient)
4 uSl Adadl) 3 (transport term) Jill aa ddla) e 3S 55 Q) i) & o ae s Sise Sle
i) Aabeall ) dngl Sl Alsal) 8 (5 5kt @lld dey | 2 ) 5il) (5 puS ) g e el Gl Apha e
easall 2ol 5 (Riemann-Liouville) 3 -0l & 55 e (e H Anailly ARl Cua &y ) glail) Aydasl)
Ll asl) Adladll o dsalal) D) ;A A5 (fractional Laplacian) ¢ SV GlawdlY G Glaie

(sl Aidiey Adlaiall 4 ) latl)

Ak asd s Ak Al Adadll Ak o agysill g mSl ) g rdalidadl cldsl 2®
(SomSl (BY g g elimd (gl ) ABie <5 sl GLDLY (S plle



NOTATION

e R the set of real numbers (1-dimensional real Euclidean space).
e R%: the real space of dimension d or d-dimensional real Euclidean space.

e [P(Q): Lebesgue space.

LT (): set of locally integrable functions.

loc

W*P(Q): the Sobolev space.
C*(Q): the space of k times continously differentiable functions.

o C(Q) = NpenC*(Q).

o C°(Q): the space of C*°(Q2) functions with compact support.

e A’: the fractional Laplace operator of order s.

D?: the distributional Riesz fractional gradient of order s.

RL D4 the Riemann-Liouville time fractional derivative.
e div® = D? - D*: the fractional divergence.

[': the Gamma function.

< .,.>: the scalar product.

|.]|: the norm.

— the strong convergence.

—: the weak convergence.

e —: the continuous embedding.

Bpg: the open ball with center 0 and the radius R.

p.v.: the abbreviation for (in the principal value sense).

Xii



NOTATION

e a.c.: the abbreviation for (almost everywhere).

e FPDEs: the the abbreviation for " fractional partial differential equations".

xiil



GENERAL INTRODUCTION

FRACTIONAL CALCULUS

Over the past year, scientists have focused more on studying the branch of
fractional partial differential equations (FPDEs) which are a category type
of partial differential equations (PDEs) that involve derivatives of non-integer
order. Therefore, it can be asserted that fractional partial differential equation is
generalizations and extensions of partial differential equations. In recent year, it
has apparent that fractional calculus is an effective and powerful tool for modeling
a lots of actual problems in numerous fields, including engineering and science
[53], physics [28], biological [341] and other phenomena. Frequently, the modeling
mentioned previously is characterized as fractional differential equation.

In the upcoming ling, we will discuss the primary history and the basic develop-
ment of fractional calculus

B History of fractional calculus

On September 30, 1695 the notion of fractional calculus emerged through
a letter between the french scientists Marquis de L’Hopital (1661-1704) and
Gottfried Wilhelm Leibniz (1646-1716). On that day, L’Hopital posed a ques-
tion to Leibniz about the results when taking the derivative of a function with
an order 1/2. Leibniz replied, "This is an apparent paradozr from which one
day useful consequences will be drawn'. This mathematical riddler has draw
the attention of numerous scientists, who have significant accomplishments in
this field including: Leonhard Euler (1707-1783), Joseph-Louis Lagrange (1736-
1813), Pierre-Simon Laplace (1749-1827), Sylvestre-Francois Lacroix (1765-1843),
Joseph Fourier (1768-1830), George Green (1793-1841), Niels Henrik Abel (1802-
1829), Joseph Liouville (1809-1882), Bernhard Riemann (1826-1866), Nikolay
Sonin (1849-1915), Erik-Albert Holmgren (1872-1943), Godfrey Harold Hardy
(1877-1947) and John Edensor Littlewood (1885-1977), Frigyes Riesz (1880-1956)
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and Marcel Riesz (1886-1969), William Feller (1906-1970), Wilhem Griinwald
(1909-1989) and other scientists.

In 1819 S-F. Lacroix became the first to extensively discuss of fractional deriva-
tive in his 700-page book under the title "Traité du Calcul Différentiel et du

Calcul Intégral" [33] where he expressed the notion of fractional derivative as
d1/2

follows: WSE = 2y/z/y/w. Then, in 1822, J. Fourier published his book ti-
x

tled "Théorie Analytique de la Chaleur" [23] in which he mentioned fractional

derivative, however, did not provide an application. Until year 1823 the initial
application of fractional calculus in physical problem appeared by N. H. Abel in
his paper [3], when he used a derivative of order 1/2 to the Tautochrone problem.

Then, through the years 1847-1939 numerous scientists have focused on intro-
ducing the definition of derivatives and integrals of arbitrary order like Liouville,
Riemann, Grinwald, Hadamard, weyl, Hardy, all definition are different except
in certain specific cases. Furthermore, and in 1949 M. Riesz start learning about
fractional differential equation, in 1974 Keith B. Oldham and Jerome Spanier
published their first book titled: "The fractional calculus'[36] and it focused only
to the topic of fractional calculus. Additionally, the initial Publishing work deal
with fractional differential equation (FDEs) and their application was in 1999
by Igor Podlubny title of his work is ' Fractional differential equation'[10], also he
published in 2002 work under the title: "Geometric and Physical Interpretation
of Fractional Integration and fractional Differentiation'[11]. Since then, frac-
tional calculus has developed further and still of great interest to mathematicians
and scientists.

for more detail about the history of fraction calculus see [541, 55].

B [Fractional derivatives & operator

he notion of fractional derivative is as olde as calculus, the ordinary derivative

can be prolonged and generalized to a fractional derivative by substituting
the integer order with a non-integer order of derivative. Unlike the ordinary
order, there exists numerous definitions of fractional derivatives and multiple
papers have been published on various kinds of fractional derivative, including:
the Riemann-Liouville derivative, the Caputo derivative, the Riesz derivative, the
Hilfer derivative, the Griinwald derivative and the AtanganaBaleanu derivative,
and other formulations of fractional derivative. Each of these derivative has a
variety of disadvantages and advantages which are different from one another.
Basically, these different and various definition of fractional derivative have been
employed in modeling a wide variety of diverse application among of the valuable

2
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applications include: image processing, economic and finance, control system,
electro-chemistry, material science, bioengineering we mention to earlier work
(25, 35, 6, 39] and the references therein.

Our focuses in the current thesis is to solve fractional partial differential equa-
tions using fractional derivative, particularly the Riesz fractional derivative, which
plays a basics role in non-linear elliptic fractional problems, and the Riemann-
Liouville time fractional derivative along with fractional Laplacian operator to
solve non-linear evolution partial differential equations.

In 2015 T-T. Shieh and D. Spector [13] focused on presenting a novel type
of fractional partial differential equations depending on the distributional Riesz
gradient or s-gradient D®. This derivative will be the basic element focus in
our work. Moreover, this derivative highlights diverse and distinctive properties,
among them:

e where the fractional parameter s converge to 1, the distributional Riesz gradi-
ent converge to the classical gradient. Additionally, as s converge to 0 the Riesz
kernel approximates the identity.

e This gradient can be expressed as a convolution between the Riesz kernel and
the classical gradient for sufficiently smooth functions.

e In the weak formulation of partial differential equations the Riesz fractional
gradient manifest as a fundamental component.

e In the introduction of Campos’s paper [!1], this fractional gradient shows
continuous dependence on the parameter s, implying that small variations in the
parameter s lead to continuous and small modifications in the operator D?.

e The s-gradient is the only operator with regard to element requirements that
fulfills the homogeneity of parameter s and rotational and translational invariance
as shown in Silhavy paper [47] . Furthermore, J. C. Bellido et all [7] concentrated
on this derivative for a given nonlocal model in continuum mechanics in their
study.

Throughout the recent years, the fractional Laplacian denoted by (—A)*u has
been a gereralization and extension of the Laplacian operator Au, drawing the
interest of a growing number of scientists studying nonlinear partial differential
equations to model various physical phenomena. In contras, the fractional op-
erator has a different equivalent definition on the whole-space R? as a Fourier
multiplier with the symbol —|¢|°; as a singular integral operator, as the inverse
of the Riesz potential operator, as a fractional power in the sense of Bochner’s
or Balakrishnan’s definition and other definition. Conversely, M. Kwasnicki in
his paper [29] present ten equivalent definitions of the fractional Laplacian in the
Lebesgue space. On the other hand, in the paper of A.A Kilbas et all [30] and in
article by M. Cai et all [10] it is widely regarded to the Riesz definition.
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Furthermore, the fractional Laplacian operator indeed possesses numerous inter-
esting properties, including a non-locality feature, positivity and continuity, it is
a self-adjoint operator with a compact inverse and it is also symmetric. These
properties highlight its powerful tool for studying various mathematical problems
and modeling in diverse fields see previous publications [15, 10, 29, 12] and the
references therein.

Throughout our work, we intend to focus on the definition of fractional Laplacian
according to an integral in sense of the Cauchy principle value in the real space

AV () u(z) — u(y) d
(—A)u(x) = c(d, S)p.v./Rd p—TE dy Vz e R (1)
where the concept p.v. is named the Cauchy principal value and the element
c(d, s) is a normalization constant. Further, we can define the fractional Laplacian
in deferent type using eigenfunctions and eigenvalue of Laplacian operator, these
eigenvalue possess a finite multiplicity and constitute a diverging sequence (see[2])

0 < A(Q) < N(Q) < N(Q) < -+ — +oo.

This non-local operator will be the basic element together with Riemann-Liouville
time fractional derivative in our evolution equation discussed in chapter 05.

THESIS GOALS & OBJECTIVE

he main goal of this thesis is to study certain types of fractional partial differ-

ential equations (FDPEs), both elliptic and parabolic. Basically, Our thesis
relies around answering the following three inquiries: do our problems have at
least one solutions 7, if a solution exists, is it unique 7, are classical methods
suitable for studying our problems 7. Our objective is to bridge the current gaps
and provide comprehensive answers to these questions. In this context, we are
going to apply classical techniques and procedures to demonstrate their useful-
ness in dealing with fractional partial differential equations. Specifically, we will
emphasize fixed point theory, the topological degree technique, and the Galerkin
approach, illustrating how these methods are effective in solving FPDEs. We will
focus on five types of fractional partial differential equations, three of which are
elliptic and two parabolic. The first equation is semi-linear fractional equation,
and the second is semi-linear fractional system. We will demonstrate how the
combination of topological degree theory and fixed point theory is instrumental
in establishing the existence and uniqueness of solutions for these two problems.
In the third equation, we will explore how fixed point theory is also advantageous
for examining the existence of solutions for some nonlinear fractional problem.
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The forth and five problems involve time fractional equations, where we will em-
ploy the Galerkin method along with topological degree method to prove the
existence and uniqueness of solutions.

OUTLINES OF THE THESIS

he basic propose of this work is to examine the existence and uniqueness of

weak solutions for certain type of fractional partial differential equations. The
thesis is structured with an introduction, six main chapters, and a conclusion,
a compilation of our published articles, and a bibliography. The introduction
provides background informations, rationale, motivations, and the objective of the
study. It includes a comprehensive summary of the thesis, outlining research aims,
motivations, methodology, and a historical overview of development of fractional
calculus over time. The initial chapter serves as a preliminary section, introducing
key theories and fundamental principles that will be referenced throughout the
subsequent chapters.

--» The second chapter deals with the existence, uniqueness of weak solution
for the following semi-linear fractional problem involving the distributional Risz
fractional derivative with Dirichlet condition

—D*.D’u(z) + g(z,u(z)) = f(x), in €,
u =0, in R%\ €.

Where Q ¢ R? is a bounded open domain, with a Lipschitz boundary, 0 < s < 1
satisfying 2s < d, f € L*(Q) and g(z,u) is semi-linear term defined from Q x R
into R verifying certain hypothesis. The study of the aforementioned problem
relied on topological degree approach to establish the existence of solutions.
Then by applying the Banach contraction principle theorem, we demonstrate
the uniqueness of solution.

--» The third chapter presented the existence and uniqueness of weak solution
for the semilinear fractional system. Where the idea of this chapter is generalized
the equation in the second chapter into the following system

—D?. Du(z) + fi(z,u(z),v(z)) = 1(x), in €,
—D*.Dv(z) + folz,u(z),v(x)) = ¥a(x), in €,
u=v=0, in R?\ Q.

Where Q ¢ R? is a bounded open domain, with a Lipshitz boundary, s € (0,1)
and 2s < d7 (%; 77b2) S (L2(Q) XLQ(Q)) and fl(xa k7p)7 fZ(xa k7p) P OXRXR =R
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measurable on x € () and continuous on k,p € R with suitable assumptions.
The technique used in this chapter to establish the existence and uniqueness of
solutions is the same as in the second chapter, which involves topological degree
method together with the application of Banach fixed point theorem.

--» The fourth chapter, our attention is drawn to study the existence of weak so-
lution for the following nonlinear fractional problem involving a nonlocal operator
with fractional transport term

—D? . Du(z) — div’(bp(u(z))) = f(z,u(x), D’u(x)), in €,
u =0, in R\ Q.

Where Q € R? is bounded open domain, with a Lipschitz boundary, b € [L*(Q)]%,
s€(0,1), and f(z,p,q) : QxR xR?Y = R, we intend to demonstrate, using the
Schauder fixed point theorem and under specific assumptions regarding on the
nonlinear part, that the posed problem is guaranteed to have at least one weak
solutions.

The nonlocal operator —D?- (D%u) that we proposed as an essential component,
in the above three equations has captured the interest of numerous researchers.
This attributed to its notable abilities, including the ability to display versatility
in its applicability to multiple physical setting, which makes it ideal for a large
range of system with multiple dimensional properties. Subsequently, we will
mention to some references when the research work on this operator [48, 19, 47,

, 31, 11, 1,10, 32] and the references therein. The result of three problem above
in Bessel potential space this functional space is essential for the results, it is one
space associate to Riesz fractional gradient see [18] for more detail.

--» Within the scope of the five chapter, our interest in studying the of nonlinear
evolution equation, which is divided into two parts. In the first part, we will focus
on studying the following linear classifications of partial differential equations with
Riemann-Liouville time fractional of order s € (0,1) and fractional Laplacian
operator

Find % : [0,7] x Q2 = R,

RL@S’t%(t, x)+ (=A% (t,z) = h(t,z), on[0,T]x

U =0, on [0,7] x RY\ Q,
(g1-s * % )(0) = w, on R?\ Q,

we employed the Galerkin method to prove the above problem has a unique
weak solution. In the latter part of this chapter, we are interested in studying
the existence of weak solutions using the Leray-Schauder degree method for the
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flowing semilinear fractional problem

Find Z : [0,T] x Q — R,

g WU (tx) + (=AU (t,x) + h(% (t,x)) =0, on[0,T] x €,

U =0, on [0,7] x RY\ ©
(g1-s*%)(0,.) = w, on R\ €.

--» The last chapter, we propose the applications of Leray-Schauder degree the-
ory to investigate the existence of at least one weak solutions for the following
semilinear fractional problem

Find ¥ : [0,T] x Q — R, such that,
RDRY(t, x) — AV, ) + p(9(t,2)) =0, on [0,T] x Q
v =0, on[0, 7] x 02
(915 % 0)(0) = 2, on O.

Then, in the classical way we prove the uniqueness results.



Chapter 1

Preliminaries

~¢n this chapter, we introduce and recall the necessary mathematical tools,
J notations, basic concepts, and results that will be needed in the following
chapters. Specifically, definition, theorems and propositions on fractional
analysis, some basic concept of fractional Sobolev space and fractional
operators. Additionally, we include information on the space L?(0,T;X) along
with some propositions and theorems. In this chapter, we present this
information without proofs.
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1.1 Element of functional Analysis

Definition 1.1.1. (see/5]) Let p € R with 1 < p < co; we set
LP(Q2) ={f : Q@ = R is measurable and /Q |f(2)|Pdx < oo},

with the norm y
p
Il = 171 = [ 1f@Pd]

We pose
L>*(Q) ={f: Q@ — R measurable, and exists C, such that |f(x)| < C a.e. on Q}.



1.1 Element of functional Analysis

with the norm

| fllze@) = inf{C: |f(x)| £ C a.e. on Q}.

Definition 1.1.2. (see[5]) Recall that L .(2) denotes the set of locally integrable
function on €2, i.e.
L. () ={f : Q= R measurable, such that for all K compact C £,

N AT )

Remark 1.1.1. The following statement is hold (see[5])
LP(Q) C L, ().

Proposition 1.1.1. (see [5])
(1) For 1 < p < oo, the space (LP(2), || - ||,) is a Banach space.

(77) For 1 < p < oo, the space (LP(Q2), || - ||p) is a separable space.

(117) For 1 < p < oo, the space (LP(Q), || - ||,) is a reflexive space.

Theorem 1.1.1. (see[S])( Dominated Convergence Theorem, Lebegque) Let f,, be
a sequence of functions in L'(Q) that satisfy

(a) fu(x) = f(x) a.e. on €,
(b) there is a function g € L*(Q) such that for all n, |f.(z)] < g(x) a.e. on Q.
Then f € L'(Q) and || fo — flli) — 0.

Theorem 1.1.2. (see/5]) Let (f,) be a sequence in LP(§2) and let f € LP(2) be
such that || f, — f|l, — 0.
Then, there exist a subsequence (f,,) and a function h € LP(QQ) such that

(a) fn.(x) = f(z) a.e. on Q.
(b) | fn. ()| < h(x) for all k, a.e. on €.

Theorem 1.1.3. (see/5]). (Laz-Milgram theorem). Let b continuous and coercive
bilinear form and | is a continuous linear form on a Hilbert space H, then there
s a unique function u belong € H such that:

b(u,v) = l(v), forallve H.

Remark 1.1.2. (see[S]). If the bilinear form a from above theorem 1.1.3 is
symmetric, then the function u is only element of H that minimize the map
J : H — R which define as follows
1
J(v) = ib(v,v) —l(v), for allv € H,
that is
J(u) = min J(v) and J(u) < J(v), if u # v.

veH
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1.2 Fractional Sobolev space

1.1.1 Some inequalities and equalities

Theorem 1.1.4. (see/S])(Holder’s inequality) Assume that f € LP(Q) and g €
L? () with 1 < p < co. Then fg € Ll(Q) and

L1 f@)g(@)ldz < | Fllllgll,-

In the particular case p = p = 2 we get the Cauchy-Schwarz inequality:

J 1 f@g(@)lde < [ fllallgllo-
» The Cauchy-Schwarz mequalzty 1s broadly generalized by Holder’s inequality.

Theorem 1.1.5. (see//])(Minkowski’s inequality) If 1 < p < oo, then
lu+vlly < flully + (o]l

Theorem 1.1.6. (see[?/]) (almost everywhere equality in L'(Q)) Let 0 be an
open set of RN, N > 1, and let f g € Li,.(Q) then

(Vgp e C (02 / f(z)p(x)dr = /Qg(:r:)gp(x)da:) < (f=g, ae).

1.1.2 Some results on convolution

Theorem 1.1.7. (see[S]) Let f € L*(R?) and g € LP(R?Y), with 1 < p < oo.
Hence, for almost everything x € RY, the function y — f(x —1y)g(y) is integrable
on RY, we pose

(f*g)(x) = [, fla—
Therefore, f* g € LP(R?) and || f *QHLP(Rd) < HfHLl(Rd)HgHLP(Rd)-
Proposition 1.1.2. (see[5]) Let f € C*(RY) (k> 1) and g € L;,.(R?). Then
o fxgeCMRY).
In particular, if f € C°(RY) and g € Li, (RY), then
o fxg€ C®RY.

1.2 Fractional Sobolev space

Fraetinal Sobolev spaces constitute a significant field of study that generalizes
many classical Sobolev space results to the realm of non-local and fractional
setting.
This section related the definition of some fractional Sobolev space and fractional
operator and some basic properties.

/ 1 1
et 1 < p < oo; we denote by p the conjugate exponent, P + <=1
p

10



1.2 Fractional Sobolev space

1.2.1 The fractional space W*?(2) space

Definition 1.2.1. (see [15]) For 0 < s < 1 and any 1 < p < 400, we define
W*P(Q) as follows

WeP(Q) ;= {u € 17(Q); ’“‘(x) _’Z‘(i)‘ € I(Q x Q)} ,
x —yl|»

possessed of the norm

|l wsrq) - (/ \u\pd:z:Jr// [ulz |d+sp d d );

where the term

[Wwere) - (// ‘u\x—y|d+sp dxdy)’

s the Gagliardo semi-norm of u.
Proposition 1.2.1. (sce [15]) Let Q be an open subset of RY, 0 < s < 1, then
we have

(a) For 1 <p < oo, W*P(Q) is a Banach and separable space.

(b) For 1 < p < oo, W*P(Q) is a reflexive space.

Theorem 1.2.1. (see [18]) For any s > 0, the space C=°(RY) of smooth functions
with compact support is dense in W*P(R?).

Remark 1.2.1. (see [18]) We note W5*(Q2) = C’go(Q)”'”Wsm, according to above
theorem 1.2.1, we have

WP (RY) = WHP(RY).
In fact, when  is a subset of RY, W5P(Q) # WHP(Q), i.e. C°(Q) is not dense
in W*P(Q).

Proposition 1.2.2. (see [15])(Continue embedding). Let Q) be a Lipschitz open
subset of R, 0 < s <1 andp > 1, then

dp
d— sp
(2) If d = sp, then W*P(Q) — L%(Q) for every q < oo.

(1) If sp < d, then W*P(Q) — L%(Q) for every q <

2 W3P(Q) denote the closure of C2°(£2) in the norm |||y

11



1.2 Fractional Sobolev space

(3) If sp > d then W*P(Q) — L>(), more precisely:
WP(Q) — C%s~4/P(Q).

Theorem 1.2.2. (see [15])(Compact embeddings) Let Q2 be a bounded Lipschitz
open subset of R, 0 <s<1,p>1andd>1, then

(1) If sp < d, then the embedding of W*P(Q2) into LI(2) is compact for
dp
d—sp
(2) If d = sp, then the embedding of W*P(Q) into LY(Q2) is compact for
every q < oo.

every q <

(3) If sp > d then the embedding of W*P(Q) into C** * is compact for every

A<S_d
D

@ (see[20]) The CO*(Q) = {u € C%(Q) : [u]x < o0, } such that [u]y = sup {|u(a:)—u§y)|} .
z,yeQ|r#y |$ - y|
o (%! = space of Lipschitz-continuous functions.

N ow, we looks at the case (p=2) in the space W*P(R) this is a very special cases
when the fractional Sobolev spaces W*2(R?) and W§*(R?) which are Hilbert
spaces, they are noted H*(R?) and Hj(R?) respectively, for s € (0, 1).
# We define the space H*(R?) as follows

B (R {u e () MO WO paa Rd)}7
v —y[z*
with the norm

u(y)? N\
_ (HUHLQ Rd +/]Rd /Rd ‘x_ |d—|—28 dxdy) .

The space H® (Rd) equipped with the inner product (.,.) He(RY) 1S @ Hilbert space .

Proposition 1.2.3. (see [18]) Let Q be a Lipschitz bounded open subset of R?
and s €]0, 1] such that d > 2s. Letu : 2 — R be a measurable function compactly
supported. Then, there exists a positive constant Ce,y, > 0 depending on d, s and

Q (Copp = Cenp(d, 5,9) ) such that
HUHL2 < Cempl|u]

Remark 1.2.2. If Q is bounded then || - ||z
| - [ sy with

H3(Q): (1.1)

s) 15 a norm of Hg(Q) equivalent to

u(e 1/2
o = (o b dd) .

12
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1.2 Fractional Sobolev space

1.2.2 Fractional operator

In this subsection, we focus to introduce the definition of fractional Laplacian
operator (—A)* and the distributional Riesz fractional derivative D°® and some
properties that will be used in the following chapter.

Fractional Laplacian operator

The fractional Laplacian, denoted by (—A)® reduces to the classical Laplacian
operator (—A) when the fractional order s equals 1. Therefor, the fractional
Laplacian serves as a generalization of the classical Laplacian operator. Various
definitions of the fractional Laplacian exist in the whole space R?. In this the-
sis, we utilize the singular integral definition of fractional Laplacian (for more
information see [15, 18, 29]).

Definition 1.2.2. [15, 18, 29] The fractional Laplacian operator is given by the
Cauchy principal value integral in the real space, for all s € (0,1) and every

ue .3

(—A)’u(z) = c(d, s)p.v. /]Rd W(jy Vr € RY,

where .
l—cosy , \ d
C(d,S) = (/%d‘y|d+28(jy) s \fy GEHQ.

s a normalization constant.
In other side, p.v. denotes the Cauchy principal value defined by

uw) —uly),

p-v. o |z — y|d+2s S0+

[ =ul),

RN\B(z,€) |x — y|d+2s

Remark 1.2.3. [15] The Schwarz space .#(R?) is dense in H*(R?). So, we can
extended the fractional Laplacian operator (—A)* by density to u € H*(RY).

Proposition 1.2.4. (see [15]). Let u € C°(RY), d > 1, then the following
statements holds

() Tim (~A)*u(x) = u(z),

(b) lim (—A)*u(z) = —Au(z).

s—1-

3.7 is the Schwarz space of rapidly decreasing functions defined in [] as

Va,f € Ng, sup
zER4

(R = {f € C=(RY)

:co‘é)ﬁf(:c)‘ < oo} .

13



1.2 Fractional Sobolev space

Distributional Riesz fractional derivative

we will define the distributional Riesz fractional gradient or s-fractional gra-
dient denoted by (D%u) or (V*u) as defined by Shieh and Spector (see [18]).
Additionally, the s-gradient (D®u) converges strongly to the classical gradient
(Du) as s " 1.[For more information and properties about this derivative see
[ e It B ) H

> First, recall the generalized Riesz potentials of order s (called Riesz poten-
tials) for s € (0, 1) given by the formula (see [18])

uly
(L) @) = Caros [, lfyfdy

d+s—1
Cdl - and Cds: W_gr( 1_35 )
(5%

Definition 1.2.3. (see [Definition 1.1 of [/8]]). Let 0 < s <1 and p € (1,00).
If u € LP(RY) we define s-gradient as follow

with 11_8(:1:) =

o%u 0
Diu: = = I, , J=1,....,d,
it Ox? ox; (s x ),
where —— 1s in the sense that

0z

o°u 0
(G 2) = g (i)

= (D (o) 50,

~ ov
= — Rd (]1_8* )%dx

for every v € C°(RY).
Definition 1.2.4. (see [Theorem 1.2 of [/8]]). If u € CZ(RY) then
D’u = I_4 *x Du.

Definition 1.2.5. (see [15, 52, /8]). We define the Riesz fractional s-gradient
(D?%) and the s-divergence (D®.) by integral form for sufficiently reqular functions
u and vector ¢ as follow

Diu(zx) = Cdﬁ/R u(x)—u(y)(x — y)dy,

d |£C _ y‘d-l-s—i—l

and

S P\r) — Py
D?p() = Cas Rd ‘x(_)y|d+s(+3 (z —y)dy.

14



I

1.2 Fractional Sobolev space

Proposition 1.2.5. (see [71, 72, /2]). For u € C>°(RY) in distributional sense
the distributional Riesz fractional derivative verifies the following property
d 85 as

—D’.D’u=(—A)°u=— u.
A =2 G
Furthermore, for Du € LP(RN)? N LYRY?, 1 < q < p, we have the following

convergence
D*u — Du in LP(RH?, as s 71,

where Du 1s classical derivative.

#» The s-gradient differential operator exhibit properties parallel to the classical
gradient, we mention to the property of the duality between s-fractional gradient
and the s-fractional divergence

4§

D? - p(x) =divip(z) = )
ole) = diven) = . 52

Proposition 1.2.6. (see [Proposition 2.3 of [11]]).(Duality between the s-gradient
and the s-divergence). Let s € [0,1), v € C°(R?) and ¢ € C°(R%GRY), then

/Rd v(x)D? - p(x)dr = — iy o(x) - D*v(x)dz.
The following notion of weak fractional gradient allows a definition of function

spaces, similarly to the classical Sobolev space, suitable to study problems in-
volving s-fractional gradients.

Definition 1.2.6. (see [[11]]).(Weak s-fractional gradient). Let 0 > s < 1 and
consider 1 > p > 00 ifs>0o0rl <p<ooifs=0.Wedefinethe weak
s-fractional gradient of a function f € LP(RY) the function 7 € L} (R R?) that
satisfies

| D @de = — [ T ®dx VO € CF(R¥F).
To simplify the notation, we write D°f = 7.

#n It is important to note that this definition only makes sense because D°. =

div® : C*(R% RY) — g (R%) continuously, see [[13], Corollary 2.3] for the case
s > 0 and [[27], Corollary 5.2.8] for the case s = 0.

1.2.3 The fractional spaces X°” and L*?

n this subsection we will focus to introduce the fractional space X *?(R?) and the
Bessel potential space L*P(RY), Ly?(Q). Additionally, some basic necessaries and
proprieties that will be needed.

15



1.2 Fractional Sobolev space

Definition 1.2.7. [/8] Let p € (1, 00) we define the space X*F(R?) if u € C°(RY)
as follows
XP(RY) = Wl\'llxs,md)’

Xen(Rd) define as:

when the norm || - |

lullxsr@ey = lullzp@ay + 1Dl Lo (gay.

Definition 1.2.8. [/&, /9] Let p € (1,00) we define the Bessel Potential space
L*P(RY) as the following

IP(RY 5 = h(LP(RY),
in the sense that every u € L*P(RY) can be written as follows
w=hyx f, for some f € LP(R?),
where hy is the Bessel potentials define for s € R by (see [/5])

hi) - = (477)5/21F(8/2) [ (—W(\SxP) exp (4 ;f) 57

Proposition 1.2.7. (see [/5])(Proposition of the space L*P(R?) ).

(a) If s is a non-negative integer and p € (1,00), then L*P(R?) coincides
with the space W*P (Rd), the norm in the two spaces being equivalent.

» This deduce is true for any s if p = 2.

(b) For 0 < s < 1, according the theorem 1.7 pp.05 and remark 2.3 pp. 09
in [/5] that
XS’2<Rd) _ LS,Q(RCZ) — WS’Q(Rd),

with the norm

Ju %se(Rd) = HUH%Q(Rd) + HDSUH%Q(Rd)'

Definition 1.2.9. [/8] Let s € (0,1), we consider the L}*(Q) space as follows

Ly*(Q) = {u e C>(RY), supp(u) C Q}H'LSQ(Rd),
also,if Q subset RY, we have
Li*(Q) = {u e L*®R%Gu=0 e R\ Q)}.

Proposition 1.2.8. (see [71])(Fractional Poincaré inequality) Let s €)0, 1], then
there exists a constant Cepp = C(Q,d, s) > 0 such that

ull2(@) < Cempl| Du| p2(wa),
for every u € LY*(Q).

16



1.3 The space LP(0,T;X)

Remark 1.2.4. We note from the above proposition 1.2.8 that the norms ||u %S,Q(Rd)
and HDSUH%2(R¢1) are equivalent norms in Ly*().

So, we consider the space Ly*(Q) with the norm

‘ ‘2 _‘DS ‘2 ,_Cds ‘u |2dd
| Ly*(Q) — 1D ullz2 e = /Rd /Rd |z — ‘d—|—2s Y

and with the inner product
<U’U>L3’2(Q) = Jea Déu(x) - D*v(z)dx.

It is a Hilbert space.

Proposition 1.2.9. (see [71]).(embeddings continuous and compact) Let s €]0, 1]
and 1 < g < 2% where 2° =

— 25
Poincaré inequality, we have the following embedding

and 2s < d then, according the Sobolev

Ly*(92) = LI(Q),

the above embedding is compact for 1 < g < 2%,

1.3 The space L*(0,T;X)

# In the following denote X be a Banach space endowed with the norm ||.||x and
T be a strictly positive real. We define the following spaces 1 < p < oc:

C([0,T;X) = {u: [0,7] — X continue },

T
LP(0,7;X) ={u : (0,T) — X mesurable; /0 |u(t)]|kdt < oo},

with the norm

=

T
Jullzora = () o)

» for every 1 < p < oo, the space LP(0,7T;X) is a Banach space.
Recall that

L, (X;E)={f: f € LYK) for every compact K of X}.
Proposition 1.3.1. [50] For 1 < p < co we have:
(i) If X is separable then LP(0,T;X) is also separable.
(i7) If X is reflexive then LP(0,T;X) is reflexive (1 < p < o0).

17



1.4 Fixed point theorems

Remark 1.3.1. [50] Let X and Y two Banach spaces such that X — Y. Then,
it 1s clear that LP(0,T;X) — LP(0,7;Y), 1 <p < 0.

Theorem 1.3.1. [0, 21] Let 1 < p < o0 and 1 < q < oo. Let X,Y and Z
Banach spaces such as X <> Y < Z. if A is a bounded subset in Wl’p(O,T; Z)4
and in LP(0,T;X), then A is relatively compact in C([0,T];Z) and in L*(0,T;Y).

1.4 Fixed point theorems

here are several important results on different cases of fixed point theorems, and
it is an essential to prove existence and uniqueness of solution of various math-
ematical models including ordinary and partial differential equations, integral
equations, and variational inequalities. In this part we will mention two fixed
point theorems. Firstly, the Brouwer fixed point theorem which said " every con-
tinuous mapping of the closd unit in RY posses a fized point (1910)" and prove it
in 1912. Secondly, the Schauder fixed point theorem, extended by Schauder in
1930 from Brouwer’s theorem asserts that any compact convex set in a Banach
space has at least a fixed point. Finally, we mention The Banach contraction
principle where Stefan Banach introduced the notion of a Banach space and de-
veloped a fixed point theorem for a contraction mapping in 1922, to show that
the mapping has a unique fixed point. We refer to [14, 22, 26, 38, 52] for further
information about evolution of the fixed point theorem over time.

Theorem 1.4.1. [1/, 52](Schauder’s fized point theorem) Let F be a closed
bounded, conver, and non-empty subset of a Banach space (Y,|.||). Then any
continuous compact mapping B : F — F has at least one fized point.

Definition 1.4.1. (see [pp. 2, Definition 1.2.1 of [52]]). Let B be a mapping of
a metric space X into X. We say that B is a contraction mapping if there exists

a number k such that 0 < k < 1 and

d(Bx,By) < kd(z,y)  for all x,y € X.

Theorem 1.4.2. (see [pp. 2, Theorem 1.2.2 of [52]]) (Banach Contraction prin-
ciple, 1922) Any contraction mapping of a complete non-empty metric space X
into X has a unique fived-point in X.

1.5 Leray Schauder degree theory

Jean Leray and Juliusz Schauder in 1934 developed the concept of degree also
known as Leray-Schauder degree to a class of transformations on Banach spaces

21 W0, T5Z) = {u € LP(0,T; Z)|u’ € LP(0,T; 7).}
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1.5 Leray Schauder degree theory

associated with certain type of mapping (see [5, 10]). Leray-Schauder degree
theory is an important topological tool to establish the existence of solutions for
certain types of nonlinear equations.

In the following lines, we will present the definitions of compact mapping and
Leray-Schauder degree for a compact operator in Banach space.

Definition 1.5.1. (see [pp. 87, Definition 36 of [2/] ]). Let F be a real Banach
space. We denote by B the set of triplets (Id — g,$2,z) where Q is a bounded
open set in F. g : Q — F is a compact mapping (equivalent, g is continuous
and the set {g(x),z € Q} is relatively compact subset of ) and z € F such that
z & {x—g(r),z € 00}

Theorem 1.5.1. (see [pp. 87, Theorem 3.7 of [2]]]).(Leray-Schauder degree).
Let F be a Banach space and B the set of triples (Id — g,),y) where Q is a
bounded open subset of F, we have z € F and g : Q@ — R? is continuous and
compact function with z ¢ (Id — g)(0N2), then there exists a map d : B — 7Z
satisty the following properties:

(1) Normality: if z € Q therefor d(1d,2,z) = 1.

(2) Additivity: if Q3 U Qs C Q with Q3N Qy =¢ and z ¢ {x — g(z),x €
ﬁ/Ql U QQ}, then

d(Id—g,Q,2) =d(ld — g,,2) +d(ld — g,Qs, 2).

(3) Homotopy invariance: if h is a compact map from [0,1] x Q into
F, z is a continous map from [0,1] into F and for every t € [0,1] we

have z(t) ¢ {h(t,z),xz € 0N} then

d(Id — h(0,.),Q,2(0)) =d(Id— h(1,.),$, 2(1)).

d is named the Leray-Schauder degree.

Proposition 1.5.1. (see [2/]). Leray-Schauder degree verifies the following prop-
erty:

(a) if d(Id — g,€2, 2) # O then there exists x € ) such that x — g(x) = z.

(b) Forally € F, d(Id —g¢,Q,2) =d(Id—g—1y,Q,z —y).

(c) Forally € F, d(Id—g,Q,z) =d((Id—g)(- — y),y + £, 2).

(d) d(Id—g,<,.) is constant on connected component of E — (Id— g)(0f).
(e) Let d(Id — ¢,9,2) € F and R = dis(z, Id — ¢)(0Q) > 0. If h: Q — R

19



1.5 Leray Schauder degree theory

compact and y € R are such as sup (|lg — h|| + ||z — y|| < R), then
o0

d(Id —g,9Q,2) = d(Id — g,,y).
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Chapter 2

Existence and uniqueness of weak solutions for
semilinear fractional equation involving the
distributional Riesz fractional derivative

/'Jn this chapter, we will study the existence and uniqueness of weak solutions
for semilinear fractional problem in fractional Sobolev space. We use Leray-
Schauder degree to establish the existence of our problem under certain hypoth-
esis on the semilinear term. In additional to hypothesis on the semilinear term,
we prove the uniqueness of our results using the Banach contraction principle
theorem.

Contents
2.1 Introduction and proposed model. . . . . ... ... ... ....... 21
2.2 Existenceresults . . .. .. ... L oo oo e e 23
2.3 Uniquenessresults . . . . . . ... ... o oo e e e e 28
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2.1 Introduction and proposed model

In the last decade, fractional calculus has been the focus of attention of many

researchers and scientists in various fieds due to its numerous applications. Frac-
tional derivative include a variety of definitions and concepts such as: Atangan-
aBaleanu derivative, Katugampola derivative, Caputo Fabrizio derivative, Riesz
derivative, Riemann-Liouville derivative, etc..
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2.1 Introduction and proposed model

This chapter present theoretical results for fractional partial differential equa-
tion related to the distributional Riesz fractional derivative. In fact, these types
of problems is interesting and have been extensive where many researches and
scientists attracted with distributional Riesz fractional derivative and presented
important results in various fields. We recommend reviewing some notable works
on this topic see ([1, 31, 42, 43, 45, 47, 48, 19, 51]) and the references therein.
In this current chapter, we are interested in the Riesz fractional derivative where
we are going to study the existence and uniqueness results for the semilinear
fractional problem involving this derivative under certain hypothesis. We present
our problem as follows:

(2.1)

—D*.D*u(x) + g(x,u) = f(z) in €,
u=20 on R%\ €.

Where Q ¢ R? is a bounded open domain with a Lipschitz boundary, s € (0,1)
satisfying 2s < d.
In fact, where s — 1 our problem is similar to classical problem

—Au+ g(xz,u) = f(z) in ,
u=>0 on 0f).

Where —Au is the classical Laplacian.
The weak formulation for the problem (2.1) is as follows

Find u € Lj*(Q),
- Dsu(x).Dsw(x)dx+/Qg(:z:,u)w(x)dm = /Qf(q:)w(x)dx, (2.2)
Yw € Ly*(Q),
the fractional derivative D’ is named the distributional Riesz fractional derivative
which defined as (see Definition 1.2.3). Additionally, f € L*(Q) and the map

g(z,k):Q2 x R — R measurable on x € {2 and continuous on k € R satisfying the
following hypothesis:

(H1) Growth hypothesis
lg(x, k)| < a(x)+ hlk| VkeR, ae ze€,
where a € L*(Q), and h € RY.

(H2) Sign hypothesis:
gz, k)k>0 VEeR ae ze€.

The first left side —D®.(D%u) is nonlocal operator define in the duality sense [31]
that is mean
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<—D%D%%v>:&#qu%@gWMMTUGM%WH

Recently, problems involving the distributional Riesz fractional derivative have
been thoroughly investigated. Shieh and Spector [1&8] were the first to consider a
new class of fractional partial differential equations involving the nonlocal opera-
tor —D?®.(D*u) and they studied the existence and uniqueness of linear fractional
partial differential equation and using Lax-Milgram theorem. Our study extends
their work to semilinear cases, proposing the Leray-Schauder degree method to
deal with it.

This chapter is structured as follows: in the first section we prove the existence
results using the Leray-Schauder degree theory with some hypothesis in the semi-
linear term, the third section we will using Banach fixed point theorem, along
with additional to hypothesis to prove the uniqueness results.

2.2 Existence results

e consider the following linear problem to illustrate a specific application for
expressing a fixed point problem.
For u € L*(Q2), we define the following linear problem

{DS,DSU(x) =tf(x) —tg(r,u) in Q, (2.3)

u=20 on R?\ Q,
where f € L*(Q).

Theorem 2.2.1. Under the hypothesis (H1), the problem (2.3) has a unique weak
solution v € Ly*(Q).

WPT‘OO]’. We will use Lax-Milgram theorem for proving theorem 2.2.1.
For all u € L*(Q), we have g(.,u) € L*(€2). The weak formulation of the problem
(2.3) is as follows:
Find v € L§*(Q),
i Dév(z).D¥w(z)dx = t/Q f(z)w(x)dr — t/Qg(a:, w)w(z)dz, (2.4)
Yw € Ly*(Q).
With the bilinear form define as

a(v,w) : Li*(Q) x LF*(Q) — R,
(v,w) — a(v,w) = /Rd D?v(x).D*w(x)dz,
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2.2 Existence results

and the linear form define as follow
l(w) : LA(Q) - R,
w = l(w) = t/Q f(x)w(z)dr — t/Qg(x, ww(x)dr Yt e |0,1],
= l(w) = lu(w),

Step 01: We prove that the bilinear form a(.,.) is coercive.
For all v € Ly*(Q)

a(v,v) = /Rd |Dv(z)|*dx,

= [l

2
Ly* (€
thus, a(.,.) is coercive.
Step 02: We prove that the bilinear form af(.,.) is continuous.
For all w,v € Ly*(), we have

ja(w,v)| =1 [, D*v(x).D*w(x)dx|,
then, applying the Cauchy-Schwarz inequality, we find

|a(w, v)| < D0 2we) | D*w]| 2,

= [jv LS’Q(Q)Hw L32(Q)

Therefore af.,.) is continuous.

Step 03:  We prove that the linear form [(.) is continuous.
For all w € Ly*(2), we have

[[(w)] = [lf(w) = Lu(w)],
< |l (w)] + |lu(w)]. (2.5)
> We will simplify the right hand side of the above inequality.
e We start by simplify the |I;(w)].
Hence, from proposition 1.2.8 and the Holder inequality, hypothesis (H1), we
obtain

L) = [t [ f)w(z)dz|,
< || fllz2e [l 22(02)
< Cempl fll 2200 llw

Ly*(©)
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2.2 Existence results

on the other hand, we will simplify the term |, (w)|, we have

L(w)| = [t [, gl upw(e)dzl,
< [ lge, )l ()|,

from the hypothesis (H1) and the Cauchy-Schwarz inequality, we obtain

[lu(w)| < Cemp (Ilall2) + hllullzzi)) 1w 520

when we came back to (2.5), we find

1w)] < Cons (llall 2y + Bllull oy + 11l z2@) Il 32 -

Hence, L(.) is continuous.
e As a result, we may apply the Lax-Milgram theorem and conclude that the
problem (2.3) has a unique weak solution v € Lj*(Q). O

# Now, we consider The following operator which is well defined
T :[0,1] x L3(Q) — Ly*(Q),
(t,u) — T(t,u) = v,
where v is the solution of (2.3).

Remark 2.2.1. We remark that our problem (2.1) is equivalent to the following
problem

{ueL%m, 26)

T(1,u) = u,
and we will prove that by the Leray-Schauder degree.

For prove the equation (2.6), we need the following lemmas about the conditions
of Leray-Schauder degree theory

Lemma 2.2.1. (Priori estimate) We will show that
dR > 0 such that

{T(t,u) = u,

= ||ullr2 <R+1
t€0,1),u € LX Q). ez

WProof. Let T'(t,u) = u, for every t € [0, 1], we have

/ D?u( )dx—/ tf(x)w(:v)dx—/g_ztg(a:,u)wda:,
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2.2 Existence results

we take w(x) = u(x) from (2.4) and according the hypothesis (H2), we find

/ DAu( (x)dz —/ tf(:c)u(a:)da:—/g_ztg(:ﬁ,u)udx,
< /Qtf(az)u(x)da:
then, by Cauchy-Schwarz inequality implies that

oo | DY) Pz < [ f || 2oyl 20

moreover, from the proposition 1.2.8, we obtain

Nl < [ 1D dr < 1 fll o llull e

emb

then,

ullr2@) < C2ull fllz2) = R

S0,
HUHLz < R—+1.

We can deduce from the above inequality that for all ¢ € [0,1] there are no
solutions to the equation T'(¢,u) = u in the boundary of the ball

B(0,R+1)={ve L*(Q): |v|2n < R+1}. O
Lemma 2.2.2. Under the hypothesis (H1), T: [0,1] x L*(Q) — L*(Q) is contin-
uous.

WProof. Let {t,,u,}nen C [0,1] x L*(Q) which converges to (¢,u) in [0,1] X
L*(Q) when n — +o00. We will show that if T'(t,, u,,) converges to T(¢, ), putting
T(t,,u,) = v, and T(t,u) = v, we have

- Dév,(x).D*w(x)dx = /Qtnf(x)w(a:)dx
—/Qtng(sc,un)w(x)dx, Yw e L*(Q), (2.7)

on other hand, we have

- D?v(zx).D*w(x)dx = /Qtf(a:)w(x)d:c
—/th(x,u)w(:ﬁ)dx, Yw e Li*(Q), (2.8)

taking the difference of the two formulas (2.7) and (2.8), we obtain
/]Rd (stn — DSU).DSwdx = /Q(tn — 1) fwdz
- /Q (tg(xa U) - tng('ra un)) wda:,Vw S L872(Q)’
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2.2 Existence results

then, we take w(z) = v,(x) — v(x) and apply the Cauchy-Schwarz inequality, we
find

[on — v 2332(9) < ([tn = Il fllz2) + tg () = tag (s wn)llzzie)) [lon = vll72(0),

according the proposition 1.2.8 |, we get

lon = vllzz) < Gy (It =t 2y + 1tg(u) = tag (o un)llizy) . (2:9)
we have u, — u in L*(€2) implies that

Up, — U,  a.e on €,
lup, | < H, forall ka.con(Q, or He€ L*(),

hence, from the hypothesis (H1), we obtain

g(x,unk) —>g(l',U), a.c on Qn
l9(x,up,| <alz)+hH € L2(Q) for all k a.e on €,

then, from Lebesgue convergence theorem, we find that g(z,u,) — g(x,u) in
L*(2), we have (t,)nen converges to ¢t when n — +oo. Therfore, when we came
back to the iniquality (2.9), we find v, converges to v in L*(Q2).

So T is continuous from [0,1] x L*(Q) into L*(9). O

Lemma 2.2.3. Under the hypothesis (H1) {T(t,u),t € [0,1],u € Bgy1} is rela-
tively compact in L*(€2).

WProof. Let (t,)nen C [0,1] and (up)neny € Bry1, we have
’/}Rd stn(a:).stn(:c)dx‘ = ‘/Qtnf(x)vn(:c)dx — /Qtng(:v,un)vn(x)dx
<| [ taf (@)va(@)da] + | [ tag(w, up)on(z)de

then, using Cauchy-Schwarz inequality, we find

9

9

%’872(9) < (Hf||L2(Q) + Hg(aun)HLZ(Q)) HUTLHLZ(Q)’
from the proposition 1.2.8, we obtain

1220y < Cemv (1 fll20) + 90 wn)llz2@)) (2.10)

using the hypothesis (H1) the sequence {g(z,u,) }nen is bounded in L*(Q).
Then by (2.10), we obtain

|V

|vn

[onll z20) < M,

where M = Cepy (HfHLQ(Q) + Hg(.,un)HLz(Q)). Consequently (vy,), oy is bounded
in L*(Q) so v, — v in L*(Q), according to proposition 1.2.9 we conclude that
there is a subsequence of {v,, Yreny Which converges to v in L*(9). O
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# Qur first main result is the following theorem.

Theorem 2.2.2. Under the hypothesis (H1) and (H2), the problem (2.1) has a
weak solutions u € Li*(€).

WProof. From the previous lemmas 2.2.1,2.2.2 and 2.2.3 we concluded that
d(I;—T(t,.), Bry1,0) is well defined, by invariance of the topological degree, for
t €0, 1], we get deg(T'(t,-), B(0, R),0) is constant.

By the homotopy invariance property, we have

d([d - T(l, .),§R+1, 0) — d([d - T(O, .),§R+1, 0),
- d(]d7§R+170) =1 7& Oa
therefore
Ij(u) = T(l,u) =0 u="T(1,u).

Hence we have showed that u is a solution of (2.1).
This completes of the existence results. []

2.3 Uniqueness results

In this section, we will focus on proving the existence and uniqueness of solution
using the Banach contraction principle theorem.
Let assume that ¢ is Lipschitz continuous with respect to the scened variable,
that is means there exists a constant C' > 0 such that for almost every x € €2 and
for any k1, ks € R

lg(z, k1) — g(@, ko) 12(0) < Cllk1 — k2l 12()- (2.11)

Thus, in order to prove that T' admit a unique fixed point, it is sufficient to prove

that 71" is contraction.
We take By(u) = T'(t,u) for all ¢ € [0, 1].

Lemma 2.3.1. The operator B; is contraction from L*(Q2) to L*(Q) for all t €
[0, 1].

WProof. Let uy, ups € L*(Q) and for all ¢ € [0, 1], we have

/Rd Dévy(z) D*w(z)dx = t/Q f(x)w(z)dr — t/Qg(:(:,ul)w(x)dx, (2.12)
on other hand side, we have
" D?vy(x) D*w(z)dx = t/Q f(x)w(x)dx — t/Qg(x, ug)w(x)dz, (2.13)

by taking the difference between the equations (2.12) and (2.13), we get
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2.3 Uniqueness results

/Rd D*(vi(z) — vo(w)) D*w(w)dr = t/ x,uz) — g(x,up))w(z)dw,

then, we take w(z) = v1(z) — vao(x ), we find

[ D*(wn(z) = va(w)dx =t [ (g, uz) — g, 1)) (01 (x) — va())d,

then, using Cauchy-Schwarz inequality, we obtain

lor = w220y < gl uz) = g( )| 2qyllor — vall 22

from the proposition 1.2.8, and hypothesis (2.11), we get

[l = wallra@) < COLllur — 2l 2oy

Consequently B; is a contraction if CC? , < 1.

As result, we have B; is a contraction if 002 .5 < 1, so we apply the Banach
contraction principle theorem and we conclude that 7" admit a unique fixed point
u € L*(R), hence the problem (2.1) admit a unique weak solution. O
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Chapter 3

Study the existence and uniqueness results for
semilinear fractional system involving a nonlocal
operator

/~¢n this chapter, we are interested in the semilinear fractional system involving
J a non-local operator. We use Leray-Schauder degree method to deal with
the existence results under some conditions on the semilinear term. In
additional to conditions, we prove the uniqueness results and using the Banach
contraction principle theorem.
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3.1 Introduction and proposed model

n the present chapter, our objective is to establish the existence and uniqueness of
weak solutions in a Bessel Potential space for the following semilinear fractional
system

—D*.Du(x) + fi(x,u,v) = ¢ (x) in €,
—D?. D*v(x) + fo(x,u,v) = o(x) in 0, (3.1)
u=1v=>0 in R\ Q.
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3.2 Existence results

Where Q ¢ R? is a bounded open domain, with Lipschitz boundary, s € (0,1)
with 25 < d, (11, 19) € (L*(Q)x L*(Q)) and fi(z, k, p), fo(z, k,p) : QxRxR — R
measurable on x € ) and continuous on k,p € R.

This system was inspired by The previous chapter , where we transformed an
equation into system.

To achieve our goal, we need certain conditions on the semilinear term. Therefore,
let us assume that the semilinear functions fi(z, k,p) and fo(z, k, p) satisfy the
following hypothesis

(C1) Growth condition

|f1($,k,p)| Sal(x)+hl‘k‘+rl‘p‘ Vk,pER, a.e. era
|fo(z, k,p)| < as(x) + holk| 4+ ro|p| VE,p € R, ae. xz€Q,
where a1, as € L2(Q), and hy, he, 71,70 € RT.
(C2) Sign condition:

filz,k,p)k >0 Vk,peR ae xe€().
folz,k,p)p>0 VE,peER ae xcQ.

The weak solutions of our system (3.1) is a solutions of the the following weak
formulations

Find (u,v) € Ly*(Q) x Li*(Q),

/Rd D*u(z).D*¢1(x)dx + /Qfl(:v,u,v)¢1(x)dx = /le(x)qﬁl(flz)dx, Vo € Ly (),
/Rd D*v(x).D?¢o(x)dz + /Qfg(x,u,v)(bg(x)da: = /ng(x)gbg(x)dx, Vo € Li* (),

we get the previous weak formulations by applying the fractional integration par
parts formulation associated with the distributional Riesz fractional gradient see

([13, 47]).

3.2 Existence results

In this section, we discuss the existence of our system (3.1) using the Leray

Schauder degree theory to establish our results. First, we reformulate equiva-
lent of our problem, and then we prove that the equivalent problem has a fixed
point which a solution of our system.
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3.2 Existence results

Fixed point formulation of the problem (3.1) and Statement results
For w,7 € L*(Q2), we define the following linear problem
—D?.Diu(x) =ty (x) — tf1(x,w,v) in Q,

—D? . Dv(x) = tihg(x) — tfo(x,u,v) in €, (3.2)
u=v=0 in R\ Q,

where ¥,y € L*(Q) and t € [0, 1].

#» The following theorem give us the existence and uniqueness of the above linear
system (3.2).

Theorem 3.2.1. Thanks to conditions (C1), the problem (3.2) has a unique weak
solutions (u,v) € Ly*(Q) x Ly*(Q).

WProof. Using the Lax-Milgram theorem for proving the previous theorem
3.2.1.
For all (u,v) € L*(Q) x L*(Q), we have fi(.,u,7), fo(.,5,7) € L*().
The weak formulation of the problem (3.2) is given as follows:
Find (u,v) € LF*(Q) x Li*(Q),
ai(u, ¢1) = U(¢1), Vo, € L (9), (3.3)
ax(v, 62) = 1(¢2). Yy € L (€2),

with
ai1(.,.) + LYA(Q) x L3 () —
(u, mal )= [, D*u(x).D"1(x)da
L) LgH(Q) —
le@-J/wl (z)dx
—%Aﬁ,m@@@@:%emm
and
as(.,.) : Li*(Q) x LY*(Q) —
(v,

)»—>a2 /DS )-D*¢o(x)dx
()« L (Q) =

'—>l¢2 —t/% (z)dz
-4Aﬁ,mm@mm vt € [0,1].
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Step 01: 'We will prove the bilinear forms a(.,.) and as(.,.) are coercive.
For all ¢; € Ly*(Q), we have

ar(d1,61) = [, D*1(x).D 1 (x)dx,
= [ | D01 (@)Pde = ||][3

Lb2 )

Thus, a4(.,.) is coercive.
In the other hand side, for all ¢y € Li*(Q), we have

as(2, 0) = [, D*a(x).D*s(x)dx
= [ |D°02(2)Pdx = 2|72

Therefore, as(.,.) is coercive.
#  We deduce that the bilinear forms a;(.,.), as(.,.) are coercive.

Step 02: We will prove in this step that the bilinear form and the linear form
are continuous.

For prove the bilinear form a;(.,.), as(.,.) and the linear form [;(.),ls(.) are con-
tinuous.

e First: we prove the bilinear forms are continuous.

for every ¢; belongs Li”(€). Using the Cauchy-Schwarz inequality, for all u, ¢, €
L (), we have

a1 (u, ¢1)| = | [, D*u(x).D*¢1(x)da],
< HDSUHB )| D 1| 12(Re),
L3’2(Q)||¢1

= |lu L32(Q)

therefore a;(.,.) is continuous.
In other hand side, we have for every ¢, belongs LS’Q(Q), we have

as(v, 60)| = | [, D*v(2).D*¢a(x)dx],
< [D*0|| 2 e[ D Pall L2 (mey
2ol 2

= [|v L2(Q)

thus, as(.,.) is continuous.

# So, we conclude that the bilinear forms aq(.,.),as(.,.) are continuous.

e Second: we prove the linear form are continuous.

For every ¢; € Li*(9), according to proposition 1.2.8 and the Cauchy-Schwarz
inequality and condition (C1), we find
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3.2 Existence results

(o) = [t [, ¢1(@)en(@)de —t [ file,w,0)61(x)de
‘/1/)1 )1 ( de“vL‘/fl U, 0) 1 ()
SWM%MMW@+AQ1) halal + r1[o]) |61 (2)|da,

<Cemb”¢1“L2 H¢1 LSQ
+ Cemp (larll 2@ +h1\|u\|L2 )+ 71llvll 2 ) 1o

L3*(©)

S0,

|11(01)]
< Comb (laallza) + hallall z2) + r1lvllza@) + 191 r2@) 1911l 2
Hence, [;(.) is continuous.

In another hand sid, we have for all ¢y € LS’Q(Q). According the proposition 1.2.8
and the Cauchy-Schwarz inequality and condition (C1), we obtain

(3.4)

la(@2)| = [t [ ta(@)do(x)dx —t [ fol,0,0)(x)dx
‘/1?2 )2 (z d$’+’/f2 U, D) pa()
< |[sll 2y @2l 2 + [, (a2(w) + holua] + rao]) [$a(x)|da,
< Compl[¥all 1221l 520
+ Cem (Jlaz]l r2(0) +h2HuHL2 )+ ol [0l r2) @2

L)

Thus, we get

la ()]
< Comn ([lazll r2) + halltll r2) + 210l 2 + 11l z2@) 01l

s0, l5(.) is continuous.

# In the end, we prove from (3.4) et (3.5) that the linear forms [;(.) and I5(.)
are continuous.

As a result, we can apply the Lax-Milgram theorem and conclude that the prob-
lem (3.2) has a unique weak solution (u,v) € L§*(Q) x Ly*(Q). [

ap  (35)

B Now, we will consider the following operator
H:[0,1] x L*(Q) x L*(Q) = Ly*(Q) x Ly*(Q),
(t,u,v) — H(t,u,v) = (u,v),

where (u,v) is a solutions of the system (3.2). We showed in the previous proof
that the map H is well-defined because the value (u, v) is uniquely by the elements
t,u and v.
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Remark 3.2.1. We remark that our problem (3.1) is equivalent to the following

fixed point problem
(u,v) € L*(Q) x L*(Q), (36)
H(1,w,7) = (u,7v), '

and we will prove the problem (3.6) by Leray-Schauder degree theory.

[J For establishing our results, we need to considering Some several lemmas
about the condition of the Leray-Schauder degree theory.

3.2.1 Several Lemmas

In the present section, we will use the Leray-Shauder degree theory to obtain
existence result of the our system (3.1).

Lemma 3.2.1. (Priori estimate) We will show that
3R > 0, Y(u,v) € L*(Q) x L*(Q) such that

H(t.u v u
< » s 1])> (U7 >’ = H(ﬂ,@)HLQ(Q)le(Q) < R+1.

t € 10,1, (u,v) € L*(Q) x L*(9),

WProof. Let H(t,u,v) = (u,v) = (u,v), for all ¢ € [0, 1], that is mean

Rst u(x).D’¢y(x x—t/wl Jo1(x x—t/(bla:uv)¢1(x)da:,
Vo1 € L (Q),

[ D'5(x).Do(w)da = t | () (x)da — t [ ®o(w,w, 7)o ()dr,
Voo € Ly*(Q)

(3.7)

)

then, we take ¢1(x) = u(x) and ¢o(z) = v(x), according the condition (C2) and
Cauchy-Schwarz inequality, we get

flpru@Pde <t [ in@u@)de, | [ D) Pdr < [l [l e
LD (@) Pde <t [ go(@)o(a)dz, | [ D) Pdr < (gl ey 7] 0

moreover, from the proposition 1.2.8, we find

ol < Culltallie .
llzz) < Complltallre
hence, taking the sum between two inequalities of (3.8), we find
1@, )| 2 ()< 22(0) < Compllionllzzi) + Conplltall 2@, (3.9)
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thus, we put R = C2,;, (11l 2() + 1¥2ll2()), implies that
(@, 0)|| 2y xr200) < B+ 1. (3.10)

# Finally, we can deduce from equation (3.10) that for every ¢ € [0, 1] there are
no solutions to the equation H(t,w,v) = (u,v) in the boundary of the sphere
B(O, R+ 1) = {U S LQ(Q) : H(ﬂ,@)“p(g)xp(g) < R+ 1.}. ]
Lemma 3.2.2. Under the condition (C1), H: [0,1] x L*(2) x L*(Q2) — L*(Q) x

L*(Q) is continuous.

WProof. Let {t,, T, U tnen C [0, 1] x L2(Q) x L*(Q) which converges to (¢,7,7)
in [0, 1] x L*(Q) x L*(Q)) when n — 4o00. We will show that H (t,, T, 7,) converges
to H(t,u,v), we pose H(t,,u,,v,) = (un,v,) and H(t,u,v) = (u,v), we obtain
Lo Drun(x). D1 (2)da = [ty (2)n(x)de — [ o fi(x, W, 0,) 1 (x)d,

V1 € L (),
oo D2va(@). D*o()dx = [ tutba(w)do(w)de — [t fo(, 0, 0,) () dr,

Yy € L (%),

(3.11)
and
[ Du(z).D*i(x)dw = [ t1(2)n(x)dx — | tfi(w,T,0)¢1(x)da
Vo € Li7(9),
. 5 o (3.12)
u D70(2). D% ¢s()d = /Qt%(x)ﬁbz(x)dﬂ? - /Qtf2(ﬂ%u7 v)¢2(x)dx
Ve € Lg*(Q),
then, we take the difference between (3.11) and (3.12), we obtain
/}Rd (Dsun — Dsu).Dsgbldx =
/Q<tn — t)1prdr — /Q (tfi(z,w,0) — tnfl(xaunavn))2¢ldxa
vé1 € Lo(@D) (3.13)

/Rd (stn — st).Dsqbgdx =
J (b = )tbatoda — | (tfo(w, @, 0) = bo folw, U, Tn)) doda,
Voo € Ly (9),

thus, taking ¢1(z) = u,(x) — u(x), ¢a(z) = v,(x) — v(x) and by Cauchy-Schwarz
inequality and proposition 1.2.8, we find

|wn — ul|r200) <

Cme (‘tn - tHWIHLQ(Q) + Htf1<'7ﬂ7 @) - tnfl('aﬂnaﬁn)”L%Q)) )

[vn = vllz2(0) <
emb (’t - tH’¢2HL2 + Hth('aﬂv @) - tan(wﬂn)@n)HLz(Q)) )

(3.14)
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3.2 Existence results

in the other hand side, we have (,,7,) converge to (@,7) in L*(Q) x L*(Q),
implies that

Up, — T, a.e on (), Up, — U, a.e on (),
un,| < G, aeon ), & [T, | < K, a.e on §,
or G € L*(Q), for all k , or K € L*(Q), for all k ,

moreover, from the condition (C1), we obtain

fi(x, Wy, Tny) — fi(z,w,v), a.eon (2,
| f1(2, W, Tny)| < alz) + G +m K € L*(Q), for all k£ a.e on (2,

and

folx, Ty, Up,) — falz, @, ), a.eon (2,
| fo(@, Wy, Ty )| < a(@) + hoG + 1K € L*(Q) for all k£ a.e on ,

then, from Lebesgue convergence theorem, fi(z,%,,v,) converges to fi(z,@,v) in

L*(Q) and we have (t,)pen — t when n — +00.

Therefore, (u,,v,) — (u,v) in L*(Q)x L*(Q) implies that H (t,, w,, v,) — H(t,u,v)
in L*(Q) x L*(Q) .

So, H is continuous from [0, 1] x L*(Q) x L*(Q) into L*(Q) x L*(Q). O

Lemma 3.2.3. Under the condition (C1), {H(t,u,v),t € [0,1], (w,v) € Bry1}
is relatively compact in L*(Q) x L*(€).
WProof. Let (t,)nen C [0,1] and (Up, Uy )neny C Bpri1, we have

/Rd Dup(x). D¢y (x)de = /Q7571%(5’3)@(33)01m - /Qtnfl(%ﬂm@n)@(x)d%
/R ,D*v,(2).Dpo(z)dr = /Q tnto () o () dz — /Q t o, T, Tn) o (7)d,

then, we take ¢1(z) = u,(z), ¢2(r) = v,(x) and by Cauchy-Schwarz inequality,
we obtain

/Rd | D*u () Pdz < (|91 ]| 2 1l 2@ + 11 C s ) L2 () 1| 2202
/Rd Do, ()P de < [0l 2y lnll o) + ([ f2( T Tl 2@y 1n |22

thus, according the proposition 1.2.8, we obtain

23,2(9) < Cemb (H%HL?(Q) + Hfl(-,ﬂn,@n)”B(Q)) [[un

et Lg* (@)
loallieey < Coms (Il g2 + 1F2( T ) l220) ) 1o

(3.15)

L)
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3.3 Uniqueness of distributional solution

hence, by the condition (C1) the sequences { f1(x, U, Ty) }nen and { fo(x, Wy, Un) fren
are bounded in LQ(Q) that is mean there exists M, M, strictly positive such that
11 Ty On) |l 220 < Miand || fo(., T, D) 12(0) < Mo,

so, when we came back the equation (3.15), we find

2@y < Cemb (11|20 + M) ,
LS2( < C(emb (||¢2”L2 + M2)

[

(3.16)

v

by the combination between two inequalities of the equation (3.16), we obtain

Gty o)l 202y < M

where M = Cons (Il + M) + (14l + 1))

Consequently {(tn, v,) hnen is bounded in LiZ(Q) x Li*(Q) s0 (un, vn) — (u, )
in Ly*(Q) x Ly*(Q), according to proposition 1.2.9 we conclude that there is a
subsequence of {(uy, , Un, ) }ren Which converges to (u,v) in L*(Q) x L*(Q). O

#  Our first results is the following Theorem.

Theorem 3.2.2. Under the condition (C1) and (C2), the system (3.1) has at
least one weak solution (u,v) € Ly*(Q) x Ly*(Q).

e Now, we will show the proof of the existence theorem 3.2.2.
WProof. Thanks to the previous lemmas 3.2.1,3.2.2 and 3.2.3, we concluded

that d(I; — H(t,.,.), Bry1,0) is well defined and by the homotopy invariance
property of the Leray-Schauder degree, we find

d(Iy— H(1,.,.), Bre1,0) = d(I; — H(0,.,.), Bre1,0),
= d(I;, Bre1,0) = 1 £0,

therefore
Iy(u,v) — H(1,u,7v) =0 < (u,v) = H(1,u,v).

Hence, we have showed that (@, v) is a solution of (3.1). O
3.3 Uniqueness of distributional solution

n this section, we will make some assumption about the functions f; and f5 to
prove the uniqueness of weak solution of the problem (3.1).

Let assume that the functions f; and f; are a Lipschitz continuous functions with
respect to the second variable, that is means there exists constants c;, ¢y € R™ for
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3.3 Uniqueness of distributional solution

almost every x € 2 and for any k = (kq, k2), k= (/::1, %2),l = (l1,1p),l = (l},ig) €
L*(Q) x L*(Q),

1f1(, k) = filz, b)) < cllk — Kl @ r2@).

(3.17)
|2, 1) = fol@, 1)l 220 <01HZ—ZHL2 Q) x L2()-

#  As a result, proving that H is contraction is sufficient to show that H admit
a unique fixed point.

Lemma 3.3.1. The operator H is contraction from L*(Q) x L*(Q) to L*(Q) x
L*(Q) for all t € [0,1].

WProof. Let (1, %s), (U1, 72) belongs L*(Q) x L*(2) and for every t € [0, 1], we
have

/Rd D?uy(x).D’° ¢y (x)dx = t/ 1(x) o1 (x)de — t/ fi(x,wy,01)p1(x)d,
/Rd Dvy(x).D*¢o(x)dx = t/ ¢2($)¢ (:L‘) T — t/ fola,uy, 1) do(x)de,

and

iy Diuy(x). D¢y (x)dx = t/ U (z) 1 (z)dx — t/ fi(x U9) 1 (x)dx,
Joa D7vs(). Do) da: = t/ng(:C)gb (x)dz — t/Qfg( Ty, Ta) o () d,

then, we make the difference between the two previous systems and we take
¢1(2) = ui(z) — uz(z), ¢2(x) = v1(x) — va2(x), we obtain

/ﬁd |D*uy () — D¥uy(2) P = t/Q (fi(w,a,02) = fi(w, @, 1)) (ua(x) = us(x))de,
/Rd |D*vy(2) — Dvy(a) [Pda = t/Q (faz, w2, 02) — folz,w,01)) (v1(x) — vo())da,

thus, we apply Cauchy-Schwarz inequality, we find
) < A a, ) = fils T, 02) | o) llv — uallrae)

[ur
|v1 — vo Lsz < | f2(, @1, 1) = fol, T2, 02) || 2(0) o1 — 2/l 22(0)

thanks to proposition 1.2.8, and condition (3.17), we get

1 2
CembHUl —us|72) < wa 22(q);
< c1||(@1,71) — (T2, U2)|| 22 x 2200 |1 — w2]| 202,
e T LR e
< ¢&o||(u1, 1) — (U2, V2) || 2(0) < L2@) V1 — V2l 12(0)
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3.3 Uniqueness of distributional solution

SO,

w1 — w2l 200y < Cfmqu(Ul,@l) — (2, 72)|| 2y x £2(92), (3.18)
o1 — V2| r2(0) < CgmbCQH(ﬂl,@l) — (@;@)HL?(Q)XB(Q)’

by adding between two inequalities of (3.18), we arrived to

| (w1, v1) — (U2,U2)||L2(Q)><L2(Q) < Cempler + c2)|| (w1, 1) — (U2,U2)HL2(Q)><L2(Q),

that is means

| H (t, 1wy, 01)—H(t, Ua, U2) || 2(0)x £2(2) < Cemp(c1+c2)|| (T, U1) — (W2, T2) || 22(0) x 12(02) -

Finally, we conclude that if C? ,(c; + ¢3) < 1 then H is a contraction.

And by Banach contraction principle theorem our results is that: H admits a
unique fixed point (z,7) € L*(Q) x L*(Q),
hence, the problem (3.1) admit a unique weak solution.
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Chapter I

Existence results for non-linear fractional problem
involving the distributional Riesz gradient

D ur primary objective in this chapter is to investigate the existence of weak
solutions for non-linear fractional problem involving by distributional Riesz
gradient. The results of this problem will be examined in the fractional Sobolev
space. To achieve this, we apply Schauder fixed point theory under specific
nonlinearity assumptions.

Contents
4.1 Introduction and Motivation. . . . . . ... ... ... ......... 41
4.2 Existenceresults . . . . . ... . 0L o oo e e 42
4.2.1 Fixed point formulation . . . . . . .. ... ... L. 42
4.2.2 Several auxiliary Lemmas . . . . .. .. ... L0 45
ﬁ References
3 [51] Slimani K, Saadi C, Lakhal H, Existence results for convection-reaction

fractional problem involving the distributional Riesz derivative. Math Meth
Appl Sci. 45(2022), 10247-10255. doi:10.1002/mma . 8365.

4.1 Introduction and Motivation

n this chapter, we consider the following non-linear fractional problem involving
a non-local operator

—D*.D*u(x) — div* (bp(u)) = f(% u(z), DS“(””))’ in £ (4.1)

u =0, in R\ €.

Where Q C R? is bounded open domain with a Lipschitz boundary, b € [L*(Q)]%,
s€(0,1) and f(z,p,q) : A x RxRY = R.
With the specific following assumptions
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4.2 Existence results

o (A1) f(z,p1,p2) measurable on x € R and continuous on (py, ps) € R x R%,
e (A2) Grow assumption: 3¢ € L*(2) such that

If(x7p17p2)| S K (5(117) + ‘p1’5 + |p2|6> ) a.e. pPi,P2 SIS R x Rd75 S (07 1)

e (A3) v € C(R,R) and exists K1 > 0 such as

lo(p)| < K1jp|°,Vp € R, 6 € (0,1).
The weak formulation of the problem (4.1) is as follow

Find u € L§*(Q),
Joa DPu@) Dio(a)da+ [ bp(u(z))Do(z) = (4.2)

S 8,2

oo (@, u(@), D*u())v(w)dz, Yo € LA (Q),

Our work focuses on generalizing and extending a set of results from classical
Sobolev spaces to fractional Sobolev spaces. Specifically, our problem (4.1) con-
stitutes a fractional version of (see pp 82, [24]), where the focus was on finding
the existence of weak solution in classical Sobolev spaces. In fact, the second
term of the left hand side on the equation (4.1) is a fractional convection term.
This term div®(byp(u)) resembles the standard div(bp(u)) as s — 1.
This chapter is structured as follows: In the following section we present the main
results and suggest the applications of the Schauder fixed point theorem.

4.2 Existence results

This section focuses on demonstrating the existence of weak solutions for our prob-

lem (4.1). We propose the Schauder fixed point theorem to achive this. We
formulate the fixed point problem to deduce an equivalent to our problem (4.1).
Additionally, we present a variety of auxiliary lemmas concerning the conditions
of the Schauder fixed point theorem.

4.2.1 Fixed point formulation

: Z n this subsection, we will focus to conclude the fixed point problem that is equiv-
alent to the our problem (4.1).
> Let us starting by consider the map 7" as follow

T Li*(Q) — Li*(Q),
u+— T(u) = u,
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4.2 Existence results

where u is solution to the following linear problem

—D?.D*u(z) — div’(bp(u(z))) = f(z,u(x), D’u(x)) in €,

4.3
u=0 in R?\ Q. (43)

Theorem 4.2.1. Thanks to assumption (A2) and (A3), the problem (4.3) has
unique weak solution u € Ly* ().

Remark 4.2.1. The map T is well define because the linear problem (4.3) admit
unique weak solution. So, the value u is uniquely by the element u.

WProof. We are going to applying the Lax-Milgram theorem for proving the
theorem (4.2.1).

For all w € Ly*(Q), we have f(.,w, D*u) € L*(RY).

The following problem is the weak formulation of the problem (4.3)

Find u € L32(Q),
L. D vz + [ bo(u(z)) Do (x) (4.4)
= [, f(@u(z), Du@))o(x)dz, Vo€ Li*(Q),
with the bilinear form consider as follows
a(u,v) : Li*(Q) x LS’Q(Q) — R,
(u,v) — a(u,v) / Dru( (x)dz,
and the linear form consider as follow
I(v) : LP*(Q) — R,
v l(v) = —/ bo(u(z))Dv(x)dx + /Rd f(z,u(z), D°u(x))v(x)d.

> Now, we will verify the conditions of the Lax-Milgram theorem.

Step 01: We proving that the bilinear form a(.,.) is coercive.
for all v € L*(Q) , we have

a(v,v) = /Rd |Dv(x)|*dx,

= lollz;2(0.

so, we deduce from above af(.,.) is coercive.
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4.2 Existence results

Step 02: Now, we are going to prove that the bilinear form and the linear form
are continuous.

e Firstly, we start by proving the bilinear form a(.,.) is continuous.

By Cauchy-Schwarz inequality, we find

la(u,0)| = | [, D*u() - D*v(x)da],

< (L 0mut)f) " (L pro@R) ",
~

hence, af(.,.) is continuous.

2@l

e Secondly, we will prove that the linear form [(.) is continuous.
For all v € Ly*(Q) , we have

l(v)] =|— o bo(u(z))D*v(z)dr + /]Rd f(z,u(x), D°u(x))v(z)dx

Y

= /Rd bo(u(x))D*v(x)dx| + /Rdf( u(x), D*u(x))v(x)dx

?

then, using the assumption (A2), (A3) and Holder inequality , we get to

O < f a1 Dv(@)lde + [, K(€(@)] + [l + D) o) d,
< K ( [, blPd) ([, \u(x)l25dx)1/2(/ Do (x)2dx)*
+K((/Rd\£(a:)\ dz)' 4 ([ u(x)[Pdz)

/ | D ‘2%)1/2)(/@! ()2 )1/2

according to proposition 1.2.8, we derive

[1(v)]
= (Kll\bHL2<de||UI5HL2<Q> + Cem K ([I€]l 2 + 1@l 2200

' ||!D$u|5up<Rd>)) 1Dl e

< (oembKngum) ; (K1Hb||L2(Q>d

+ CembK> Q2[5 + CembKHDS“||5L2<Rd>> 1]l 2520
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4.2 Existence results

SO

l(v)] < Ev

Ly*(Q)
where

B = (Cons €l ((Klubup 4 Con O Clp Cona )

Ls2 ))
Hence, the linear form L(.) is continuous.
> As a result, we can apply the Lax-Milgram theorem and conclude that the
problem (4.2.1) has unique weak solution u € L§*(Q). O

Remark 4.2.2. We remark that the problem (4.1) is equivalent to the following
fixed point problem

ue L), T(u) =u.

4.2.2 Several auxiliary Lemmas

: Z n this subsection, we will present several auxiliary lemmas about the conditions
the Schauder fixed point theorem.

Lemma 4.2.1. Thanks to assumption (Al), the operator T map identifier from
the ball Br into the ball Bp.

WProof. For all w € Bpr, we have

/ D*u( (x)dx
= — /Rd bgo )D*vdx + /]Rd f(x,u(x), D°u(z))v(x)dz, for all v € L8’2(Q), (4.5)

then, Let us choose v = u in the above equation, we obtain

Ds (x)D? = —/ bp(u (x)dx—k/Rd f(z,u(zx), D*u(x))u(z)d,

therefor, using the assumptions (C2), (C3), we get

/Rd |Du(z)Pde = | — - bo(u(x))D*u(x)dx + /Rd f(z,u(z), D°u(x))u(z)de

Y

< /]Rd bo(u(z))Du(x)dx| + /Rd f(z,u(z), D°u(x))u(z)dx
< [, Kilbl[a(z)]’|D*u(z)|dz
K(I&(@)| + [al® + | Dal’)[u(w)|dz,

Y
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4.2 Existence results

by Cauchy-Schwarz inequality, we find

ull7s2 < K bl| 2l [l || 2 | D ul| 22 e
s K(ngumm e + ||1D8u|5\|L2<Rd>) Jull 20,

then, from the Hélder inequality and proposition 1.2.8, we obtain

[ullfs2(q) < Q0K L|b]| 217|920y

+ CembK(||§HL2(Q) + (1920, + 1)l 2372(9))7
< CompK|[€ | r2() + (K(’Q|1_6/20gmb +1)+ |Q|1_5/2K1H5HL2(Q)‘1> R,

it follows that, for every u € Bp,

R > CompK||&|| 120 + (K(]Q|1—5/205mb +1)+ |Q|1—5/2K1\|b||L2(Q)d> R°. (4.6)

From the previous equation (4.6), we remark that if R is large the operator T
is map define from the ball Bp{u € L}, ||u| 132 < R} into the ball Br{u €

Ly, ||ul 12 < R} U

Lemma 4.2.2. Thanks to assumption (A1),(A2) and (A3) T : Ly*(Q) — L*(Q)
1S continuous.

C%,Proof. Let {T, bnen C L () which converge to w in L§*(Q) when n — +oc.
We want to prove that T'(w,) converge to T'(w) in L§*(€2), we have

/Rd D?uy,(x)D*v(x)dx
= —/Rd b@(ﬂn(x))st(x)dan/Rd f(x,u,(x), D°u,(x))v(x)dz, (4.7)

in the other hand, we have
/Rd Diu(x)D%v(x)dz
=— /Rd bo(u(x))D*v(x)dx + /Rd f(z,u(zx), D’u(x))v(x)dz, (4.8)

then, taking the difference between two formulas (4.7) and (4.8), we get
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4.2 Existence results

(D (x) = Du(x)) Do (x)dx

= — [, b(p(@n(z) — so(ﬂ(x)))) v(z)dx

+ [, (f(@ (@), D*n() — f(2,a(z), D'u(x))) v(z)dz,
),

hence, choosing v(x) = u,(x) — u(x), we arrived to

L (D% (@) = Dula))de

+ i (f(x,ﬂn(:v), Du,(x)) — f(x,u(z), DSU(QZ))) (un(.r) — u(x)) dx,
< | [ bl (@) — p(a(@)(Doun(x) - Doule))ds
+ /Rd (f(x,ﬂn(a:), D*u,(x)) — f(x,u(z), Dsﬂ(;r:))) (un(aj) — u(:z:)) dx,

therefor, we use Cauchy-Schwarz inequality and proposition 1.2.8, we obtain

[en ) < bl 2@yl (@n) — (@) 20 (4.9)
+ Cemb”f('aﬂna Dsﬂn) - f(-aﬂa DS@)HL%Rd)a
we have @, converges to @ in Lj*(Q), so
Up, — U,  a.eon
@, | < H forall k a.e, or Hy € L*(Q),

and
D*w,, — D*u, a.eon R?
|D*u,, | < Hy  for all k a.e on RY, or H, € L*(R%),
thus, from the assumption (A1) and (A2), we get to
f(z,w,,, D*u,,) — f(z,u, D°u), a.e on RY,
\f(2, U, D*,,)| < K(&(x) + |HL|® + |H2|°) € L*(R?Y)  for all k a.e on RY,
furthermore, applying the assumption (A3), we arrived to

p(tn,) — p(u), a.e on 2,
p(Tn,)| < K1|H1|" € L*(Q), for all k a.e on €,
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from the Lebesgue convergence theorem, we obtain

f(z,w,, D*u,) — f(z,w, D) in L*(RY),
and

©(T,) — @) in L*().

Finally, when we go back to equation (??), we find u, — u in Lj*(Q). So the
map 7T is continuous from Lj*(Q) into L§*(Q). []

Lemma 4.2.3. Thanks to assumption Al and (A3), the set {T(u),u € Bg} is
relatively compact in Ly*(Q).

WProof. Let the sequence (1, )nen subset By, this implies that the sequence 1,
is bounded in Lj*(Q), so @, — u in Ly*(Q)-weak. Then, according the proposi-
tion 1.2.8, we conclude that there is a subsequence of {@,, }reny which is converges
to @ in L*(Q) (that is mean: relatively compact in L?(2)) and implies that the
sequence (f(., Ty, D%ty )nen is bounded in L*(R?) and (¢(@,))nen is bounded in
thanks to assumptions (A2), (A3), we obtain

f(x,w,, D°u,) — f(z,u,, D’u,) in Lz(Rd) — weak,
and
o(Tp) — p(@) in L*(Q) — weak,

we have

o D?uy(z)D?v(x)dx = — /]Rd bp(t,(x))Dv(z)dx
+ [ @ (@), D, (@))v(w)de, (4.10)
in the other hand side, we have
/Rd Diu(x)D*v(x)dx = — o bp(u(x))D*v(x)dx
+ [, flz,u(2), D*u())v()dz, (4.11)
taking the difference between two formulas (4.10) and (4.11), we obtain
(D wn(@) = D*u(x)) D*v(x)dx
= = Joa 0(p(Un(2) — p(u(x)))) D*v(x)dx
+ [, (F (2, 00(@), DT (@) = f(a,0(x), D*u(w))) v(w)da,
than, we choose v(x) = w,(z) — u(x), we get
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Hun — U‘ %‘372(9) = = /Rd b (@(ﬂn(l')) — go(ﬂ(x))) (Dsun . DS’U/)d.CC
+/Rd (f(z, W, D*W,) — f(z, 7, D*0)) (u, — u)dz,

when passing to the limit when n — oo, we arrived to

|wn —u 122 = 0.

Finally, we deduce that the set {T'(u),u € Bg} is relatively compact in L§*(Q).
[]

# The main our results is the following theorem

Theorem 4.2.2. Thanks to assumption (A1), (A2), and (A3) the problem (4.1)
has at least one weak solution u € Ly*(Q).

W Proof. From the previous lemmas 4.2.1, 4.2.2 and Lemma 4.2.3, the conditions
of the Schauder fixed point theorem is true. So

T(u) = u.

Therefore, we have showed that u is solution of problem (4.1).
Hence, there exists at least one fixed point u € Lg’z(Q), which prove the main
result. []
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Chapter 5

Study the existence results for time fractional
semilinear equation

/~¢n this chapter, we are interesting in studying the existence results for time
fractional equations. Our work is divided into two parts. In the first part.
We study the existence and uniqueness of weak solutions for time fractional
linear equations using the Galerkin approach. In the second part, we investigate
the existence results of the time fractional semilinear equation. We use the
Leray-Schauder degree theory under some conditions on the semilinear term.
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5.1 Introduction and Motivation
‘ ‘ 'he main focuses of this chapter is to establish the existence, uniqueness of time-

fractional problem that introduced with fractional Laplacian.
In the first part, we are interesting in studying the flowing time fractional linear
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5.1 Introduction and Motivation

problem

Find  : [0,T] x Q@ — R,

DU () + (=A% (t,w) = h(t,x), on[0,T] xQ,

U =0, on [0,T] x R\ Q,
(g1-s * % )(0) = w, on R"\ €,

(5.1)

and using the Galerkin approach to deal with the existence and uniqueness for
the above problem. In the second part, we are interesting in studying the flowing
fractional semilinear problem

Find Z : [0,T] x Q — R,

"5 U + (=AU +h(%) =0, on[0,T]xQ,

U =0, on [0,T] x R\ Q,
(g1-s *2)(0,.) = w, on R%\ Q.

(5.2)

We suggest the topological method to deal with the existence results.

Let us beginning with the definition of the fractional Laplacian as an integral in
the sens of the Cauchy principle value in the real space for all z € ., Vs € (0, 1),
as follows

U(x) = U(y)

s _ d
() %(@) = ed s)pv. [, 7 dy, TE R
r d/2
with ¢(d, s) = 7T_(28+d/2)(;(+)/), and . is the Schwarz space.
—$

This nonlocal operator have according to spectral theory an eigenvalues. These
values a finite threat and form a diverging sequence (see[2])

0 < AN(Q) < AYQ) < A(Q) < -+ — +00.

In the other hand side, the authors in [17] define the Riemann-Liouville time
fractional derivatives #* D+ as follow
> For z € L*(0,T; E), if g_sx 2 € H'(0,T; E) then

d
RL@S,tZ - %{gl—s * Z})

>  the adjoint of Riemann-Liouville derivatives denoted as f* Dy r is define as
the following

T d
RL9;T¢(t) — /t g1-s(y — t)agb(y)dy, for all t € [0, T.

with ¢1_s we denote the kernel of order 1 — s, and the convolution of ¢;_4 * z
defined as follows
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5.2 Preliminaries

t
g1-s * 2(t) = /0 g1-s(t —y)z(y)dy, a.e. t € [0,T],
and

1

F(s)ts_ € Lj,.([0,+o<]).

gs(t) =

The arrangement of this chapter is as follows: In the next section, we will mention
certain results and characteristics that will be used in this chapter. In section 03,
we suggest the Galerkin approach for proving the existence and uniqueness results
of time-fractional linear equation. In section 04, thanks to certain assumption, we
will prove the existence of weak solutions for time-fractional semilinear equation.
Applying the topological degree methods.

5.2 Preliminaries

In this section, we will define some characteristics and results which we will use
to reach our goal.
Let (E,||.||) be a real Banach space, and T' be a positive number, and 2 subset
of R? with a Lipschitz boundary.
Let introduce the following spaces, p,q € [1, 00)

W 0.7 X,Y) ={ue LP(0,T;X), "™Z5ueP0,T;Y)},
and
oWy, 0,T;X)Y)={ue W, (0,T;X,Y), (g1-s*%)(0)=0inY}.
For more information about it see [37].
Theorem 5.2.1. [17] If p € L*(0,T; E) and q € L*(0,T) then
vxu€ L0, T, E)  and ||lv*ull 2016 < 1lloon vl rore. (5.3)

Theorem 5.2.2. [17] Let (H,(.,.)) be real Hilbert space, v € L*(0,T; H) and
s € (0,1). Then

/OT (U(t)ags * U(t)) dt > 0.

Proposition 5.2.1. [17] Let s € (0,1) and v € L*(0,T;E). If v admits a
derivative of order s in L*(0,T; E), then

v =(g1-5 % 0)(0)gs + g5 * " D50 in L'(0,T; E). (5.4)
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5.2 Preliminaries

Proposition 5.2.2. [17] Let s € (0,1), v € L*(0,T; E) and ¢ € H'(0,T). As-
sume that v admits a derivative of order s in L*(0,T, E). Then

[ 75 06t = — [ o) Derd(t)dt + g xvsll in B, (5.5)
> if ¢ € C°(0,T) then

H/ (O D rot)dt| < VTgo o(T) vl 201310 [l (0.7 (5.6)

Remark 5.2.1. [17] We remark that from the Proposition 5.2.2, we can define
the fractional derivative in the sense of distributions. and we sees the following
linear map

D(0,T) — E, (5.7)
¢ — / RL@tsT¢ (t)dt (5.8)

The equation (5.8) is a distribution of order (at most) 1. Denote by D (0,T; E)
the set of distributions with values in E.

The following definition defines the weak derivation

Definition 5.2.1. [17] Let s € (0,1) and v € L*(0,T; E). Then the weak deriva-
tive of order s of v is the vector valued distribution, denoted by RL.@&U and defined,
for all ¢ € D(0,T), as follows

T
Ty ,0) = — [ o(&) " Dro(t)dt
If we want to emphasize the duality occurring in the bracket above, we will write
<RL.@O U, ¢> ' (OT-E)D(OT)’ instead of <RL9§¢U,¢>.

Proposition 5.2.3. [17] Let s € (0,1), E be a real Banach space and v €
L*(0,T,E). We assume that v admits a derivative of order s in L*(0,T,E).
Then, for each w in E, (v,w)p p admils a derivative o order s in L*(0,T) and

<RL9§¢U7 w>E/ 5 RL@S,t{<U3w>E’,E}? in L*0,T). (5.9)

Corollaire 5.2.1. [77] For E be a real Banach space densely and continuously
embedded into a real Hilbert space H. Assume that v € OWQSQ(O, T:FE, E/), then,
for every T € [0,T],

1

S91-s % [0l (0) < |5 0(@), v(x) )da (5.10)

Theorem 5.2.3. [77] Let E be a real Banach space densely and continuously
embedded into a real Hilbert space H, s € (0,1) and p > 2 be such that s > 1/p .
Assume v € W) (0, T, E, E"), and (g1_s *v)(0) € E. Then

/OT (T3 (t), v(t) = (g1-5 ¥ 0)(0)gs(2)) , pdt > 0.
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5.3 Galerkin method for Time-fractional linear equation

Definition 5.2.2. [17]
Let T >0 and s € (0,1), we mention by

H*(0,T; Hy (), H*(Q)) = {v € L*(0,T; Hj () whose "5 ,v € L*(0,T; H ()}
Where 1 D v is weak fractional derivative.

> Putting (just a notation)

!

Hi(2)=Y and H®(Q)=Y.

>> Throughout this chapter, we have assumed that s > 1/2 and d > 2s. Also, we
assume 2 be a Lipschitz bounded open subset of R%.

5.3 Galerkin method for Time-fractional linear equation

In this Section, considering the following time fractional linear problem

Find % € H*(0,T;Y,Y"),
RLas U + (=A% =h, in L*(0,T;Y"), (5.11)
(91-5 * % )(0) = w, in L*(Q),

and we utilize the Galerkin approach to demonstrate the existence and uniqueness
of weak solutions for the above problem.

Lemma 5.3.1. The problem (5.11) has unique weak solution, % € H*(0,T;Y, Y,).

WProof. Part 01. Existence of a weak solution. This part is divided into
fourth steps.

First, taking the space E, the vector space generated by o1, ..., ¢,, implies that
E, =vect{p1,...,¢,} and (¢r)r<1 forms an Hilbertian basis of LQ(Q).

> we can see that ((A)"Y2¢;) is a Hilbertian basic of Y, where \j € (0, +00) is
k'™ eigenvalues of the operator (—A)*, k=1,2,...

Secondly, let decompose the initial condition w. Since Y is a Hilbert space the
we writing w as follows

w = k; ap(t)pr(z) inY, (5.12)

we have F,, a space of finite dimension then
w, =Y ar(t)er(x) in E,, (5.13)
k=1
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5.3 Galerkin method for Time-fractional linear equation

the following property is true implies that w, — w in Y. In the last, we define
our approximated problem for every integer n > 1, as the following form

Find %, € L*(0,T; E,) such that RL.@M@/ e L*(0,T;Y)),
n r)—
<RL@&%7¢> +e(d s // ) %)) = W) 4 00 — h@)yry

‘SU _ |d+25
in L?(0,7),Vy € E,,

7

(91-s * %) (0) = wy,.

(5.14)
Step 01: Solvability of the approximated problem. We suppose The
following decomposition

U, = y(t)er(x), = 25, %, = ;; "5 e ()n (),

=1
hie = (), ‘Pk>y’,y '

So, when we substitute the above decomposition in equation (5.14), it become as
follow

/OT <ki1 "L D5 k() er so> dt+/ /R ) Zyk( Vo) pdrdt = / / hondadt,

then, taking ¢ = ¢, belong E,, we find

n.oT nooT - T

Z/o RL.@S’tyk(t) (©ks Pu)y" y dt + Z/o yr(t) iy Zcpkgondxdt:/o /thpndxdt.
k=1 k=1
Hence, we have ¢, orthonormal system, implies that

T
L (F“Z5, () + Niye®) = b ) dt =0,
then,
L5y () + X (t) = I,
in other hand side, we have
(915 % %,)(0) = wy. — (g1-s * yr)(0) = ag.

Finally, we arrived to

R ui(t) + Njy(t) = by in L*(0,T),
Vk=1,...,n, (5.15)
(91—5 * yk)(o) = Q.

25



5.3 Galerkin method for Time-fractional linear equation

The local result for equation (5.15) belong to L*(0,7), for small positive 1, it is
solvable (see [19, chap 5]). We are now going to prove that there is a global result
for equation (5.15). We know that if it is blow up, then the global solution does
not exist, and for that, we use a proof by contradiction.

Let assume that T, is finite. Then, for all » € (0,7"), we apply the convolution
by gs on the equation (5.15) and according proposition 5.2.1, we obtain

9s * D5 (b)) + Xigs * yi(t) = gs * b,
yr(t) — args + Aigs * yp(t) = gs * hi,

then, we find

Ye(t) + ANigs x yr(t) = args + g * i in L*(0,1). (5.16)

Hence, multiplying the equation (5.16) by y; and integrate on (0,1), we arrived
to

|l @Pdt+ 3 [ gy + ye®)dt = [ argop(®)dt + [ g, higi(t)dt,

according theorem 5.2.2, since A\j > 0 and s > 1/2 we get to

/0 lye(£)[Pdt < /0 argsyr(t)dt + /0 s * hyyi(t)dt,

then, according to Cauchy-Schwarz inequality, we get

kI Z20.) < larlllgsllzzoz vl 2. + 1gs * hucll 2o 2 lwell 220,

therefor,

1kl 20.) < laklllgsll 2205, + 1195 * Bll 2207, - (5.17)
We conclude that y; bounded in L2(0, 7) as T approaches T,,,. That contradiction
with the condition of blow up, so that T}, = +o0o. Our deduce here is for all time
T > 0 the (5.14) has only one solution.
Step 02: Priori estimates. In the present step, we are going to prove that
U, is bounded in L2(0,7;Y) and #* 93, %, is bounded in L*(0,T;Y").
For that we use g, € L*(0,7T), we have |

[ (B9 20.0),, it ol [ [, Pl = BN = o)

|.I' _ y‘d—FQS
:/()T/thpdxdt,

then, we take p(x) = %, — gsw,, on the above equation, we obtain
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5.3 Galerkin method for Time-fractional linear equation

/oT <RL@5¢%’ Uy — gswn> dt

Y'Y

ve(d,s) [ [, D) = BN #la) = %ly) =~ gilwn@) = wa W)

‘I’ _ y|d+25

dydxdt

T
:/0 (h, U, — gswy,) dxdt,

hence, thanks the theorem 5.2.3, we arrived to

c(d, s) /OT //R?d |%n‘(xx)__y%n(y)|2dydxdt

|d+23

< cld,s) [ Jf., P = 2 wnla) = wny)

|SL‘ _ y‘d+2s

n /OT | hdadt — /OT |, hwngedadt,

gsdydzdt

then, we use Cauchy-Schwarz inequality, we obtain

o(d, )| %20
T T T
<e(d,s) [ Nlly lwallvgsdt + [ 10ly | Zallydt + [ ollyllwallvgodt,

12| 20,7

< [C(d, s)wnlly lgsll 202y + 1121l 220 731

+ llwnlly lgsll 202 12l 220 737

for proving %, is bounded, we solve the quadratic equation with a variable ||%,]|,
as follows

al| %2207y + V1%l 2073y + ¢ =0, (5.18)

such as
a=c(d,s),
b= |c(d, s)||wnllyllgsllzz0.2) + 1Pl L2007 |

¢ = Jwally lgsllzz0m) |12l 20,731

we find the equation (5.18) have two different solutions, and we have w, — w in
Y, finally, we deduce the following estimation

1%\ 201y < K. (5.19)

Where K is constant independent of n.
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5.3 Galerkin method for Time-fractional linear equation

> Our next goal is to prove that %X DUy is bounded in L*(0,T; Y').
Indeed, we have

< ¢(d, s)

//de (U (x) — Un(y)) (@) — @(y))dydx

|£IS’ _ y‘d+25

<RL@8,t%na SO>Y’,Y

+

, VpeY.

(o,
Then, according to Cauchy-Schwarz inequality, we find

< cd, s)[| %y llelly + l[hlly llelly,

<RL@5,t%na ¢>Y/,Y

therefore, we obtain

T T T
| 25,215 dt < 23(d, ) [ 1%yt +2 [ (1R -de.

In the last, we arrived to

1" 25 0| 1201y < Ko (5.20)

1/2
where ko = (202(d, s)k? + 2||hH%Q(O,T,Y’)> .
Thus, we have from (5.19) and (5.20) that there exists % € L*(0,T;Y) such as

U, —~ % in L*(0,T;Y) — weak,
and
RL@SJ%” — RL@g,t% in L20,T;Y") — weak.

Step 03: Passage to the limit.
Our focuses in this step is to return from the approximation problem to the exact

problem.
we have

"G Uy + (— D) Uy, = h, (5.21)

we multiply the equation (5.21) by ¢» € D(0,T) and integrate on 0, T', then, we
are multiplying it again by ¢; and integrate, for £ > 1 be fixed and n > k, we
get to

([ " asanvveda) |+, [ A @diads = [, [T hos@dtods
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5.3 Galerkin method for Time-fractional linear equation

moreover, from proposition 5.2.2, and passing to the limit in n, we get to

(g wvime) |+, [ Caraviad = [, [ b,
then,

BLas U + (=A% —h=0 inD(0,T;Y).

Moreover, we have h € L*0,T;Y") and (=A)* e L*0,T;Y"), implies that
Bbgs ar € L*0,T;Y ) and % € L*(0,T;Y), we deduce that % € W5,(0,T;Y,Y")
and

RLgs U + (—AY'U —h=0 in L*0,T;Y").

Step 04: Initial condition. Let i) in H;(0,T), such as (1) = 0, we have

| (g o) v+ [ [0y adsiod = [ e v

then, thanks to proposition 5.2.3, we obtain

/O%TRL@S,M REINYY dt+// AVU prdaip(t)dt /()T<h,gok>@b(t)dt,

moreover, according to proposition and 5.2.2, we find

_/ U, o) " Db (t)di+ ((g1-s * % )(0), 1) ¥(0) (5.22)
[T (~Ay @ pdei@dt = [ (b v(b)d.

In the other hand side, we have

/oT <RL@§,t%n, 90k> p(t)dt + /OT /Rd(_A)S%nSDkdxw(t)dt = /OT (h, r) ¥ (t)dt,

therefore, according to propositions 5.2.2 and 5.2.3, we arrived to
RL ] T S
- / Yo 1) " Dir b (D)t + (wa, 1) W(0) + [ [ (—AY Uppdary(t)dt

= [ (h oy ity

thus, when we passing to the limit, we get to

— [ o) T D0t + (w.0) 00) + [ [ (AU prdaib(t)dt
= [ b ()t (5.23)
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5.3 Galerkin method for Time-fractional linear equation

In conclusion, according the uniqueness of limit, we obtainment equation (5.22)
is equal to (5.23).
Finally, our deduce is

(g1-s*xZ)(0) =w a.e. in Q.

This implies that completes the proof of existence result.
Part 02. Uniqueness of the solution Let 7/ and % two solution of the
problem (5.11), then we have

RL s _ A)S _
Do U + (=AU = h, (5.24)
<91,5 * 02/)(0) = w,
and
RL s giy _A)® ;
%ﬂ/f (=A% = h, (5.25)
(gl—s * %)(0) -

Thus, we take the deference between equations (5.24) and (5.25), we arrived to

A

DU —U) + (D) (U ~U) =0,
(0 (% —T))(0) =0
Moreover, thanks to the initial condition we have (% — %) € oW3,(0, T3, Y.

Then, we multiplier equation (5.26) by (% — %) and integer on (0,7) , 7 € (0, 7],
we get

(5.26)

/OT <RL@()975(% — 92) (% — ?2)> dt
) ful- UNU — U )dwdt = 0. (5.27)

Therefore, according to corollary 5.2.1 , we arrived to

G- * (% = U)()7210)(5) +/O lw —%|} <o,
and thus

[ g1-ls = (% = Z) O3yt < 0.

In the other hand side, we have g;_4 is decreasing function, then

g(T) [ (% ()32t < 0.

In the last, we deduce that (% — % )(t) = 0. So, the problem (5.11) has a unique
solution. ]
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5.4 Topological degree for a time-fractional semilinear equation

5.4 Topological degree for a time-fractional semilinear equa-
tion

n this section, we are investigate to prove the existence of weak solution for the
following fractional semilinear problem

Find % € H*(0,T;Y,Y"),
RLgs U + (—A)YU +h(%) =0, in L}0,T;Y"), (5.28)
(g1-s* % )(0,.) = w, in L*(Q).

Where the function h: R — R is Lipschitz continuous map satisfy, for some
positive constant r , h the following assumptions

(1) Growth assumption:

WU <r+7r|%|, YU €R.

(c9) Sing assumption:

WU\ > —r,
and we suggest the application of Leray-Schauder degree theory to demonstrate
it.
> The following theorem give us the existence of weak solution

Theorem 5.4.1. Under the hypothesis (c1) and (cz) the problem (5.28) has at
least one weak solution % € H*(0,T;Y, Y/).

5.4.1 New formulation of problem (5.28)

n this subsection, we are going to present a fixed point problem which equivalent
to our problem (5.28).
In the beginning, we are going to define the following homotopy H by
H:[0,1] x L*(0,T; L*()) — L*(0,T;Y),
N%)— HNY) =%,

where % is a weak solution to the following linear problem

Find 7 : [0,T] x Q — R, such that,

RLgs U + (—DNVU + (%) =0, on[0,T] x Q, (5.2
U =0, on[0,T] x R?/Q, '
(g1-s*%)(0,.) = A, on R%/Q.
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5.4 Topological degree for a time-fractional semilinear equation

Lemma 5.4.1. We see in the section 03 our problem (5.29) has a unique solution
U e H0,T;Y,Y).

We conclude that our problem (5.28) is equivalent to the following fixed point
problem

w € L*(0,T; L*(Q)),

(5.30)
HQ,%)=%.

Our goal here is prove the above problem, and utilizing the Leray-Schauder degree
theory.

5.4.2 Several auxiliary Lemmas

n this subsection, we will present several auxiliary lemmas about the conditions
of the Leray-Schauder degree method.

Lemma 5.4.2. (Priori estimate). According to assumptions (c¢1), (co) there exists
R >0, for all % € L*(0,T, L*(Q)) such that

HMNY)=,
{ ) % oz < R+ 1.

A€ 0,1, € L*0,T, L*(Q)),

C%,Proof. Let H\, % ) = % , for every X € [0, 1], we have

Find % € L*(0,T;Y) such that 95, % € L*(0,T;Y"),
T s T (%(x) =% (y)(e(z) — ¢(y))
| o)y ydt+clds) | L, dydzdt

|.’,C _ y|d+28

T
+X [0 | W@ )pdudt =0, Vp €Y,

then, we take o = Z — Awg,, we obtain

/OT <RL@§¢%, U — ngs>y,’ydt

bettos) [, @ = 2O (@) =2 () = dolwle) = w()

|JZ _y‘d—i-?s

+ /\/()T/Qh(%)(% — Twgs)dxdt = 0.

In fact, according the theorem 5.2.3, we deduce that the first integral above is
not negative.
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5.4 Topological degree for a time-fractional semilinear equation

Hence, we get

T U (x) — U (y)|?
c(d, 5)/0 //de| |(x)_y‘d+§§)| dzdt

+ l I h(%)wgsda:dt|

ds/ //de (y))(w(x)—W(y))gsdydxdt’

‘d+25

UNU dxdt

therefore, thanks to assumption (02), we find

T U (x) — U (y)|?
c(d, S)/O //del |€E)_y‘d+§?j)| dzdt

/T/ h(%)wgsdxdt|

<7r|QIT +

(y))(w(x) —w(y))
c(d, s / //R2d | gsdydxdt|,
then, we find
H%H%Z(O,T;leo@) < 7T + I + L. (5.31)
When
U Ywgsdzdt|,
" #)oto) = vl
y))(w(x) —w(y
I =c(d,s / //]R?d EOWTISE gsdydzdt),

by the assumption (¢;), Cauchy-Schwarz mequahty and according the proposition
1.2.8, we arrived to

T T
o L<r | [lwlgldedt+r [ [ |%]wl]|g|dwd,
< rComp/ TIQ 1wy |95/l 20.) + rCempllwlly sl 201 12 | 20,727,

thus, we use Holder inequality on I, we arrived to

Iy < e(d; s)[[wl[y[|gsll 200 | % || 20,0

In the last, we return to equation (5.31), we find

o(d, )% | Tz0.ry < |(rComp + (d, ) lwlly g5l 20z) | 1% 20,723

+ rOemb\/ T’Q’ Hgs||L2(O,T)HwHY + T‘Q’T
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5.4 Topological degree for a time-fractional semilinear equation

The solving of the above inequality, which is solved the second-degree equation,
we arrived to

|% || 20, 1:22(0)) < L = R,

hence, we get
| || r200,m02(0)) < R+ 1. (5.32)

Then, from the equation (5.32) our result is that, there are no solution of the
H(\, %) = % on the edge of

Bry = {% € L*(0,T; L*(Q)) : || ||r201.12(0) < R + 1}, and this is for every
A€ [0,1]. ]

Lemma 5.4.3. Under the assumption (c1), the homotopy {H(\, % ); X € [0,1], % €
Bri1} is relatively compact in L*(0,T; L*(Q)).

WProof. Let (A\y, Z n)nen C [0,1] x B(0, R+ 1), we have

/OT (g5 U, U, — )\nwgs>y,7ydt
reds) [ L. (WU (%) — U ) (W) — Uily)) — Mg (w(z) — w(y)))

PN FICE dydxdt
+ A / / — Awgs)dzdt = 0,
according to theorem 5.2.3 , we arrived to
I% Ua(y) I
c(d, s) / e ’M dydzdt
Un(y))(w(z) —w(y))
c(d, s / //R 5 e gsdydadt| + / | W ) %t
U ) wgsdxdt|,
then, putting
HOZ/”%Q(O,T;Y) <L+1+1 (5.33)
where
Un(y))(w(x) —w(y))
c(d, s / //]R?d \a: EWTIER gsdydxdt|,
and I, = / / ), dxdt‘ with I, = ‘ / / wgsdxdt‘

Under the hypothesis (¢1), Cauchy-Schwarz inequality and Proposition 1.2.8, we
find

64



5.4 Topological degree for a time-fractional semilinear equation

/ T T _
o L<r | [|%ldedt+r | [ [Z.)|%.|dvd,
< 1rCemp [\/T|Q| + H%nHLQ(O,T;LQ(Q))] |20 | 20,727

and

/ T T __
o Li<r | [lwdllgldedt+r [ [ [Z,]lw]|g|dwd,

< 1Cemp [\/T|Q| + H%nHLQ(O,T;B(Q))] ||1UHYH95HL2(0,T),

hence, using the Holder inequality to [ 1, we obtain

o I < c(ds)llwllyllgslz20.0) | Zall 2023

then, when we return to (5.33), we find
o(d, )1 %ll120 1)

< [TCemb(vT|Q| + 1% ol r20,7502000)) + (dy $)[wlly |gsz20,0) | | %0l 20,757)

+ TCemb(\/T\m + H“Z/nl\Lz(o,T;Lm))) 1wy ||gs|| z2(02)

hence, we arrived to

% 220,17y < M,

where M is constant independent of n.
> We are going now to prove that %* D+, is bounded in L*(0,T;Y).
Indeed, we have

<RL@69¢02/”’ 90>

I (%) — U (y)(p(x) — ©(y))

‘x _ y|d—|—25

Y'Y

< c(d, s) dydzx|+ /Q \W(U ,)||eldz, Vo eY.

Therefore, according to Cauchy-Schwarz inequality, proposition 1.2.8 and the
assumption (c1), we find

"z .0,

< o(d, )| %y e lly+rConsV QU Dlly +7Consl| Z ol 2y |l
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5.4 Topological degree for a time-fractional semilinear equation

thus, we obtain
T T T _
f 1 e < 22 s) [Nt + 42 CE (1217 + [ 12 i)

in the last, we find
HRL‘@g,t%nHLQ((O,T;Y’)) < M2, (5.34)

1/2
where M, = (202(d, s)M? + 4r2C? (T19] + (R + 1)2)) :

In conclusion, we arrived to

(%,)nenis bounded in L*(0,T;Y),
and
(" D§ %y )nen is bounded in L*(0, T; Y.
Finally, thanks to Aubin-Simon theorem we deduce that the homotopy
{H\,%); )€ [0,1],% € Bgy1} is relatively compact in L*(0, T; L*(Q2)). O

Lemma 5.4.4. Under to hypothesis (c1), the map
H :[0,1] x L*(0,T; L*(Q)) — L*(0,T; L*(Q)) is continuous.

n) hnen subset [0,1] x L?(0,T; L*(Q)) which converge to
T; L*(2)) when n — +oo. Our goal is to prove that
in LQ( ,T; L*(9)), we pose for alln € N that H(\,, %) =

we have

WProof. Let {(An,@
(A7) in [0,1] x L2(0,
HM, %) — HNZ) i
Uy and HN U ) = U, w

[ U, o)y it ed,s) [ ] lx) = %)) = 0W) g gy

|.T _ y‘d+23
+ An / / Dedrdt =0 Yo €Y, (5.35)
and
/0 ("D U ), yat+c(d,s / //R?d \x (iy))|(dﬁgf) — sO(y»dydacdt

+ A/ | W@ )pdzdt =0 VpeY.  (536)

Hence, taking the subtraction between two equations (5.35) and (5.36), we obtain

/O<RL9M<% ), ), Ydt
i) [ [, (&) = %)~ (#(@) ~ Z@))el) ~ o)

|.’£ _ y‘d+2$

dydxdt
+/0 /Q(Ah(@) — NI ) pdadt =0 Vo €,
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5.4 Topological degree for a time-fractional semilinear equation

then, we take ¢ = (%, — %) — (A, — A)wgs and thanks to theorem 5.2.3, we find

(ds) [ 1% — 2| di
< o(d, s) /OT I (U () — U (y) — (U (x) — U (Y))) (Ao — M) (w(z) — w(y)))

|$ _ y‘d+25

gsdydzdt

[ [ OB = N0 (4~ 2
+ /oT /Q(Ah(@) — MM 0)) (A — N wgsdadt.

Therefor, utilizing the Cauchy-Schwarz inequality, we find
c(d, )| % — U | 120.1:v)

<

c(d, 8)[|gsll 20| An = Alllwlly + [[ANUZ ) = Ml (X )| 20, | 1% — X || 2207
+ [|AN(% ) — )\nh(@n)HL?(O,T;Y')’)‘n — AMlwllyllgsllz20.7)-

Then, we have h Lipschitz map, produces that h(%,) — k(%) in L*(0,T; L*(2))
and we have A, — \in [0, 1] when n — 400, and according to Poincaré inequality,
we arrived to
HgZ/n — 02/HL2(O,T;L2(Q)) — 0 when n — 400.
Consequently, H is continuous from [0, 1] x L*(0,T; L*(2)) into L*(0,T; L*()).
[

Proof of Theorem 5.4.1. We deduce from the proof of lemmas 5.4.2, 5.4.3
and 5.4.4 the degree d(I; — H(r,.), B(0, R+ 1),0) is well define, and according
the homotopy invariance property, we get to

d(I;— H(1,.), B0, R+ 1),0) = d(I; — H(0,.), B(0, R+ 1),0),
=d(ly, B(O,R+1),0),
=140,

hence,

U—-HLU)=0=U =H1,%).

So, our deduce is that our problem (5.28) has of weak solutions for € H*(0,T;Y, Y/).
]
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Chapter 6

Theoretical results for time fractional semilinear
equation

/~¢ n this chapter, we investigate the existence and uniqueness of weak

J solutions for the Riemann-Liouville time fractional semilinear equation. We
proved the existence results using the Leray-Schauder degree method. Then, the
uniqueness of the solution is showed in the classical way.
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6.1 Introduction and Motivation

In this work, we study the existence of weak solution for the following problem

Find 9 : [0,T] x Q@ — R,  such that,
g9 — AY+o(¥) =0, on[0,T]x €,
¥ =0, on[0, T x 012,
(g1-s *)(0) = 2, on 0f.

(6.1)

where T be a positive number, with Q be a bounded open subset of R? and
0<s <1 {RL_@SJ} designate the Riemann-Liouville fractional derivatives of
order s.
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6.2 Preliminaries

The following is a summary of our work. In the next section, we present some
preliminaries that we will use in our forthcoming discussions. In the third section,
we study the existence of a weak solution and use Leray-Schauder degree theory.
In the fourth section, we prove the uniqueness of solution in the classical way.

6.2 Preliminaries

In this section, we introduce the convolution of function, with fractional kernel
and fractional derivatives, weak fractional derivatives and some basic definition
which are used throughout the paper. for more details (see [10]).
Let (E, ||.||) be a real Banach space, and T' > 0. Let’s start our work by defining
convolution of functions

Definition 6.2.1. [77] Let s € (0,1), T > 0 and ¥ € L*(0,T; E). We say that 9
admits a (forward) derivative of order s in L*(0,T; E) if

gsx9 € H(0,T; E).

This cas, its (forward) derivative of order s is the fonction of L*(0,T; E) defined
as follows

d
RL gps 9= — L 9.
@0,15 dt{gl * }

Proposition 6.2.1. [17] Let s € (0,1), ¥ € L*(0,T,E) and ¢ € H'(0,T). As-
sume that ¥ admits a derivative of order s in L*(0,T, E). Then

[ R g5 d0et)dt = — [ 90 Fiyé(t)dt + gk 06 i B, (6:2)

where RL.@f’T s related to the adjoint of forward derivatives defined by

d
"G 0(0) = [ gsly — 1) L0y, for all t € 0,T].
In addition, if ¢ € C°(0,T) then

| [ 90 ™ Ziowt] < VT (D9 orelé lmon.  (63)

Above, this property allows defining the fractional derivative in the sense of dis-
tributions. Actually (6.3) see that the linear map

20,T) = F,
¢ = / RL-@tSTﬁb (t)dt

is a distribution, of order is 1. Denote by 2'(0,T; E) the set of distributions in
E.
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6.3 Existence results by Topological degree

Definition 6.2.2. Let T > 0 and 0 < s < 1. We mention by
H*(0,T; Hy(Q), H(Q)) = {9 € L*(0,T; Hy()) whose " 75,0 € L*(0,T; H'())}.
Where 1t D4V is weak fractional derivative.
> Now, we give the weak formulation of the problem (6.1)
Find 9 € L*(0,T; Hy()) such that "7 ,0 € L*(0,T; H ' (Q))

T T T
/0 <RL@§¢19,w>H_1(Q)7H&(Q)dt+/O /QVﬁde:L‘dt%—/o /Qcp(ﬁ)wda:dt: 0,
Yw € Hy(9).

When ¢ : R — R is Lipschitz continuous map satisty, for some positive constant

C
(h1) Growth hypothesis:

(P < C+CJY|, VYeR.
> The main result of our effort is the following theorem
Theorem 6.2.1. Assume z € Hy(Q)

(1) If s € (1/2,1) then (6.1) has a unique solution.
(2) If 0 < s < ; then

(2-1) if z =0 then (6.1)has a unique solution.
(2-2) if z # 0 then (6.1) has no solution;

Remark 6.2.1. If s < 1/2 and z # 0, then from the Proposition 5.2.1, we
conclude that (6.1) does not have a solution. On the other side, if z = 0 then the

1
solvability of (6.1) can be achieved as in the case s € (5, 1). Thus we will only

constder in the sequel the case where s > >

6.3 Existence results by Topological degree

n this section, we are going to prove the existence of weak solution to the following
problem

Find ¢ € H*(0,T; Hy(Q), H 1()),
g9 — A+ p(9) =0, in L*(0,T; HY(Q)), (6.4)
(915 x9)(0,.) = 2, in L*(Q),
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6.3 Existence results by Topological degree

using the application of Leray-Schauder degree theory.
> The incoming theorem giving us the existence of weak solution of our problem
(6.1).

Theorem 6.3.1. Under the hypothesis (h1) our problem (6.1) has at least one
weak solutions
b€ H(0,T; HY(), H(Q).

6.3.1 Fixed point formulation

n this subsection, we give a fixed point problem which is equivalent to the our
problem (6.1).
In the beginning, we define the following homotopy A as follow

A [0,1] x L(0,T; L*(Q)) — L*(0,T; Hy (%)),
(A, 0) — AN, 0) =9,

where 1} is a solution to the following linear problem
for 9 € L*(0,T; Hy (),

B gs ) — A+ Mp(9) =0, in L*(0,T; H'(Q)), (6.5)
(g1-s x0)(0,.) = Az, in L*(Q),

Lemma 6.3.1. The problem (6.5) has a unique solution ¥ € H*(0,T; Hy (), H(1)).

WProof. We can shown in [17] the authors study the existence and uniqueness
of weak solution for the problem (6.5) and they used the Galerkin method.
O

We conclude that our problem (6.1) is equivalent to the following problem

9 € L*(0,T; L*(Q2)),

A(1,9) = 9. (6.6)

6.3.2 Statement Lemmas

n this subsection, we will present statement lemmas about the conditions of Leray-
Schauder degree theory.

Lemma 6.3.2. (Priori estimate). Thanks to hypothesis (h1), there exists R > 0,
for all ¥ € L*(0,T, L*(Q)) such that
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6.3 Existence results by Topological degree

AN D) =9,

= 9]l 201220 < R+ 1.
Ael0,1],9 € L2(O,T, LQ(Q)), 191 20,7, 22(02))

WProof. Let A in [0,1] and A(\,9) = 9 = ¥, that is means

Find ¥ € L*(0,T; Hy($2)) such that 75,0 € L*(0,T; H'(2)),
T RL s
fy (P50, 0) s g sy e
T T
+ [ [ VOVwddt + X [ [ o(wdzdt =0, Vw € H(),

we have g, € L*(0,T) and we take w = 9 — g,72, we obtain

/OT <RL95,t197 A— gs)\Z>H_1(Q),H(}(Q)dt + /OT /Q V’l9V(19 - gSTz)dxdt

+ )x/OT/Q e(9) (N — gsAz)dxdt = 0. (6.7)

The key point of our prove is to show that, the first integral above is not negative
From the proposition 5.2.1 ; we have

U = (g1-5s * U)(0)gs = gs * RL@S,tﬁ in L*(0,T; H&(Q)),

according the theorem 5.2.3 we deduce that the first integral in equation (6.7)
non-negative. Then,

T
| 250,90 = (915 + 9)(0)gs) - .t = 0.
When we go back to equation (6.7), we get to

/OT/Q (VO dadt < |/()T/Qg0(19)19dxdt] - |/()T/ng(19)zgsdxdt| -+ |/OT/QV19Vzgsda7dt|,

then, we can write the above inequality as follows

1920 . p=otery < 11+ Ip + I, (6.8)
where -
Li=| [} J,e(@)odsdt],
and .
I = \/0 /Slw(ﬁ)zgsdfcdtl,
with

L=|[ [ VVagdud.

Hence, according the hypothesis (hl), using the Cauchy-Schwarz and Poincaré
inequalities, we get to
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6.3 Existence results by Topological degree

T T
o L<C[ [|ldedt+C [ [ 0] dwdt,
< ComCVTIQU9 207, H202)) + C. 2 CllOI72 (0.T3HL(Q))
and
T T
o L<C[ [ |2llgldedt+C [ [ [9]|2]|g|dwdt,
< CompCV T2l 12 |95 z201) + ConnCll2 N @ 195N 20,0 191 220,732

we use the Holder inequality to I3, we find

I3 < |2l g @l g5l z20.0) [19]] 200,712 (2)) -

Then, we go back to equation (6.8), we obtain

(1= C2uONIN 0.1 0)
< WTQCemC + (C2,,C + D1zl g2 gl 20.7) 1O 220,718 (02

+ CempCVT 1 g5l 220,012l 113 0

Therefore, when we solve inequality, which is solved by solving a second-degree
equation, we arrived to

19|20 720 < M =R, with (1-C2,C) >

then, we obtain

||| 20,7 12(0)) < R+ 1. (6.9)

Consequently, from the equation (6.9) we conclude that there are no solution to
equation A(A,J) =9 in the edge of ball

B(O, R+ 1) = {19 S LQ(O,T; L2(Q)) : |‘Q9HL2(O,T;L2(Q)) < R+ 1}, and this is for all
Ae 0,1 0

Lemma 6.3.3. Thanks to hypothesis (h1), {A(X,9); A € [0,1],9 € B(0,R+ 1)}
is relatively compact in L*(0,T; L*(12)).

WProof. Let (Ay)nen subset [0, 1] and (9,,)nen subset B(0, R + 1)
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6.3 Existence results by Topological degree

Step 01 We are going to prove that vJ,, is bounded in L*(0,T; Hy(2)), we have

/OT ("D 100, V0 — gshn) 10y 2 () At + /OT /Q VI,V (0, — gsspz)dxdl

Thanks the Theorem 5.2.3 |, we arrived to
[ [ 199, Pt
< \/ / n)Updxdt| —I—\/ / n)2gsdxdt| + \/ / V9,V zgsdxdt|.

Then, we can write the above equation as

19117207111 (52)) < L+ I+ I, (6.10)
where
= | / |, @(@) 0, dwdt],
with
= | [ [ o(0)zg.drdt],
and
= ]/OT/QVﬁangsda:dt].

By the hypothesis (h1l), Cauchy-Schwarz inequality and poincaré inequality, we
find

/ T T _
o L<C [ |Waldedt+C [ [ [0,|0|dwdt,
< ConC {\/T\m ; |wn\|Lz<o7T;L2<m>] R

and

' T T _
o L<C[ [ |zllgldedt+C [ [ [0,]|zl|gs|dwdt,

< CempC [\/T|Q| + H19HL2(0,T;L2(Q))] 121l z2 ) 1195l 22 0,7y -
Then, we apply the Holder inequality to ]é, we derive to

o [3< HZ||H3(Q)H93HL2(0,T)WnHLz(o,T;Hg(Q)),
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6.3 Existence results by Topological degree

when go-back to equation (6.3.2), we find

H19n|\%2(o,T;Hg(Q))

< [CembC(vT\Q\ + [Tl z20,7:020))) + 120 3oy lgs |l z20,0) | 19l £20 03 )

+ CCemb(VT\Q\ + |\79n\|L2(o,T;L2(Q))) 121l a2 195l 22 () -
In the last, we arrived to

HﬁnHLZ(o,T;Hg(Q)) < Ky, (6.11)

where the constant K7 does not relate to n.

Step 02 we are going to prove that RL@g’tﬁn is bounded in L*(0,7; H (), we
have
B 00 — AUy, + Xap(0,) = 0, (6.12)

therefore, multiplying the equation (6.12) by a function w € Hy(Q), and inte-
grating from 2, we find

(T 9, w) < [ 199,V + A, [, [o@,)]w]de,

H=1(2),Hg ()
hence, according the Cauchy-Schwarz, Poincaré inequalities and hypothesis (h1),

and integrating to (0,7) we get to

HRL-@os,tﬁnHL2(0,T;H—1(Q)) < Ky, (6.13)

where the constant K5 does not depend to n.
Then, from Step 01 & 02, we obtain

(¥ )nen is bounded in L*(0,T; Hy()),
and
(RL.@S’tﬁn)neN is bounded in L*(0,T; H™(1)).

Finally, thanks to Aubin-Simon theorem as a result that 3{¢,, }ren converge to
¥ strongly in L*(0,T; L*(Q)). O

Lemma 6.3.4. Thanks to hypothesis (h1),
A 2 [0,1] x L*0,T; L*(Q2)) — L*(0,T; L*(Q)) is continuous.
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6.3 Existence results by Topological degree

WProof. Let {7, }nen C [0, 1] is converge to 7 in [0, 1], and {0, }nen € L*(0, T; L*(2))
is converge to ¥ in L*(0,T; L*(Q)) when n — 4o00. We are going to prove that
AN, 9,) — AN, 9) in L*(0,T; L*(Q)), putting A(\,,d,) = 3, for all n € N and
A(N,9) =9, we have

& SR ) S [ [ V9.V wdedt + A, [ [ 0@, )wdzdt =0

Yw € HE(Q), (6.14)
and
/OT AT SR / / VOVwdrdt + / / Dwdzdt = 0,
Yw € H} (). (6.15)

Then, taking subtraction between the two equations (6.14) and (6.15), we get

T /RL gs
Jy E D00 = 9)w) s )
T T o o
+ [ [, VW =) Vwdzdt + [ [ () = \p(U) )wdadt = 0, Vw € Hi(Q),
taking w = (¥, — 9) — (A, — A)zgs and thanks the theorem 5.2.3, we find
T
19 = D1l ot
T T B B
< /0 /Q V(9, —9)Vz(\, — N)gsdxdt +/O /Q(>w70<19) — Mp(0)) (0, — ) ddt
T _ _
+ [ [ O@) = o)) (A — A)2gsdrdt.

Using Cauchy-Schwarz inequality, we obtain

19 = PN L2013

19511 20,0 |70 — A2 [ 30) + 1A0(D) = Ao (D) | 20,751 2)) [ 19— Ol 20,72 (0

+ 120(0) = M (D) | 20,7010 [An = Alll2l o |95l 220.7)-

From ¢ Lipschitz map, produces that ¢(J,) — ¢(9) in L*(0,T; L*(Q)) and we
have 7, — s in [0, 1] when n — 400, and by Poincaré inequality, we get

Hﬁn — 19||L2(07T;L2(Q)) — 0 when n — 400, (6.16)

as a result that A is continuous from [0, 1] x L*(0,T; L*(2)) into L*(0, T’; L*(2)).
[]
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6.4 Uniqueness of solution

Proof of main results (theorem 6.3.1). We have from lemma 6.3.2 there
are no solution the equation I;—A(\, ¥) = 0 in the edge of the ball B(0, R+1) and
from lemma 6.3.3 shows that for s € [0, 1], and ¥ € B(0, R+1) the set {A(\,9), }
is relatively compact in L*(0,T; L*(2)). Moreover, lemma 6.3.4 show that the
homotopy A is continuous from [0, 1] x L*(0,T; L*(2)) into L*(0,T; L*(12)).

So the degree d(Id — A(),.), B(0, R + 1),0) is well define, from the property of

homotopy invariance , we derive

d(Id — A(1,.), B0, R +1),0)

subsequently

(Id—

d
d(Id,

A(0,.),B(0,R+1),0),
B(0,R+1),0)=1#0,

9 — A(1,9) =0 = 9 = A(L,¥).

Our result is that we prove the existence of weak solution to problem (6.1),

9 € H(0,T; H(Q), H(Q)).

6.4 Uniqueness of solution

[]

he uniqueness of weak solution of problem (6.1) is demonstrated in this section.
Let ¥, 72 be two solution to (6.1), then

{RL@gﬁl AG 4 (@) =0 in L2(0,T; H-'(9Q),

(gl—s * 191)(0) =z,

and

(915 % U2)(0) = 2.

{M%m%—A@+¢w»o

Y

in L*(0,T; H (),

Taking the deference between (6.17) and (6.18), we obtain

BLgs (91 — 02) — A(V
(91
Let 7 € (0,7T). Testing (6.19) with

/OT <RL@5¢<191 - 192), 7_91 — 192>dt

[T N9y = Dyt + [ ] (o(00)

—S

7

* (191

— ) + @(91) — (V) = 0,

- 192))(0) = 0.

— 19, we get

— (1)) (V1 — Va)dadt = 0,

(6.17)

(6.18)

(6.21)



6.4 Uniqueness of solution

we have, /0 i |91 — 192||12T{&(Q>dt > 0 and with the Lipschitz assumption, we get
%;@%%Am—ﬁﬁﬁy—%ﬂtECAH%—ﬁﬂémﬁ,

from (6.20), we have () — ) lies in (W5,(0, T} Hy(Q), H (), and from corol-
lary 5.2.1, we arrived

g1 % (| (91 = D2) (720 (7) < 2C [ |91 = Doyt (6.22)
If 37 € (0,7 such that 1 — 9 = 0 almost every on [0, 7] then we set

to = sup{r € (0,T];9; — J3 = 0 almost every on [0, 7]}.

Otherwise, t = 0 is used. It is now sufficient to demonstrate that ¢y = T" to obtain
uniqueness. By using contradiction to make a point. Assume that ¢y € [0,7),
after that, for each of the 7 € (to, T], we have

S, 190 = allfaey = [ 100 = DaFaqoydt # 0, (6.23)
then (6.22) it becomes
gis(r—to) | 00 = Oallizadt <20 |91 = OaFaqpdt,
from (6.4), it yields
g1-s(T —t9) <2C  on (ty,T].
That impossibility show that ty = T.

Proof of main result. We conclude from the third section that there is at least
one weak solution, and we used the Leray-Schauder theory to prove this. In the
fourth section, we proved the uniqueness of weak solution.

Our conclusion is that the problem (6.1) has a unique solution

9 € H(0,T; Hi(Q), H(Q)). O
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CONCLUSION

In conclusion, this thesis is devoted to investigating five categories of nonlinear

fractional partial differential equations of elliptic and parabolic type with Dirich-
let boundary conditions. The prominent fractional operators featured in this the-
sis include the fractional Laplacian, the distributional Riesz fractional gradient
and the Riemann-Liouville time fractional derivative. These fractional problems
represent extensions and generalizations of numerous classical partial differential
equations, emphasizing the non-local characteristics of fractional operators. In
the first chapter, we introduce some concepts and preliminary results. This thesis
provides as a general and specialized overview, given us a clearer understanding
of the remaining chapters.
Through the powerful approach adopted by certain methods, some sufficient con-
ditions have been devised on the nonlinear terms, establishing existence and
uniqueness of weak solutions. These five categories of problems are formulated
in the weak formulation and then utilizing tree techniques, which are: Leray-
Schauder degree theory, fixed point theorem and the Galerkin method.
we will proceed to outline key points discussed in this thesis as follows:

(a) First, the steps to solve our non-linear fractional problems by the technique
of Leray-Schauder degree theory and the fixed point theorem are as follows:

(a-i) for each our nonlinear fractional problem, we formulate linear fractional
problem associate with it. Then, we study the existence and uniqueness
of weak solutions for linear problem by Lax-Milgram theorem.

(a-ii) We define an operator that is well-defined thanks to results of step (a-
i). additionally, it enables us to observe the equivalent solutions for our
non-linear fractional problem.

(a-iii) Under certain sufficient condition on the semilinear or nonlinear term,
we are satisfying the conditions of the Leray-Schauder degree theory or
fixed point theorem to prove the existence results.

We have obtained the results by topological degree method in the first, sec-
ond, forth and five class of problem. Additionally, by fixed point theorem in
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CONCLUSION

the third class of problem.

(b) Second, we solve our time fractional linear equation by the technique of the
Galerkin method.

The techniques used in this thesis are effective and powerful in studying a wide
range of fractional partial differential equations. These methods are utilizing in
numerous contexts to establish the existence of solutions.

In conclusion, this research can be expanded, and the techniques used can be
extensively utilized to solving numerous nonlinear fractional partial differential
equations.
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