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خدامھا نظرًا لاست الأخیرة،من الأبحاث في السنوات العدید  اھتمام تحركةروبوتات المناورة المالالتحكم في  شغل- الملخص

تات غیر . نماذج ھذه الروبوفیھا التدخل نسانحیث یصعب على الإ إلیھا،المتزاید في البیئات الخطرة أو التي یتعذر الوصول 

دة على اقتراح أوامر متقدمة جدی أجبرناھذا ما خطیة بشكل كبیر، مما یجعل استراتیجیة التحكم الخاصة بھا صعبة للغایة. 

في ھذه الأطروحة طریقة تحكم جدیدة تعتمد على نموذج  اقتراحناوراء وھذا ھو السبب  الروبوتات،للتحكم في ھذه الأنواع من 

 .ذو أدرعللتحكم في روبوت متحرك  يتنبؤ

الذي اقترحناه ھو مزیج من التحكم الخطي غیر الخطي (من أجل تحویل الدینامیكیات غیر الخطیة  ةالتحكم الجدید یةنھجم 

اء على أد نموذج. (من أجل الحصول التحكم باستعمال للنظام إلى دینامیكیات خطیة كلیاً أو جزئیاً) والتحكم التنبئي القائم على

 المساھمة الرئیسیة لھذه الأطروحة. ھي هأفضل للنظام). ھذ

حیث یتناسب بیجب التحكم في القاعدة المتنقلة بحیث تصل إلى موضع  أولاً،استراتیجیة التحكم في ھذا الروبوت ھي كما یلي: 

 ھدفھ.إلى العضو الطرفي  یصلحتى  روبوتلسوف نتحكم في ذراع ا ذلك،. بعد روبوتالھدف مع مساحة عمل ذراع ال

ت والتحكم الخطي للمدخلا روبوتلاستخدمنا التحكم الخطي غیر الخطي لذراع ا اللاخطیة،للتغلب على مشكلة  عملنا،في 

حیث . التحكم التنبئي القائم على النموذج یةنھجمتم تطویر  الخطیة،على النماذج  ناوالمخرجات للقاعدة المتنقلة. بمجرد حصول

 .انیةمن الدرجة الث لیكون لھا سلوك محدد لنظام الحلقة المغلقة التحكم التنبئي ملاتایارًا تربیعیاً وتم حساب معمعقدمنا 

 یث تمح+ قاعدة متحركة)  روبوتلالتحكم المقترح على النماذج الدینامیكیة لھذه الروبوتات (ذراع ا یةنھجمیعتمد تصمیم  

ي. محرك تفاضل اتذ ةمتحرك قاعدةكما استخدمناھا للتحكم في  ذوات أذرعروبوتات الاستخدمناھا للتحكم في عدة أنواع من 

 .ةالتحكم المقترح یةنھجمنتائج المحاكاة التي تم الحصول علیھا فعالیة  تظھرأ

حرك م اتذ قاعدة متحركة ذراع،ذو روبوت  النموذج؛التحكم التنبئي القائم على  الخطي؛غیر  التحكم-الكلمات الرئیسیة 

 تفاضلي

Abstract - In recent years, the control of mobile manipulator robots has been the 

subject of much research, due to the robots’ increasingly frequent use in dangerous or 

inaccessible environments, where human beings can hardly intervene. These robot models are 

highly nonlinear which makes the control strategy very difficult. This obliges us to offer new 

advanced control for controlling this type of robots, hence in this thesis we propose a new 

control approach based on a model predictive control (MPC) for controlling a manipulator 

mobile robot. The new proposed approach of control is a combination of a feedback 

linearization control (in order to transform the nonlinear dynamics of the system to one 

completely or partially linear) and an MPC control (in order to obtain better performance for 

the system), which constitutes the main contribution of this thesis. The control strategy of this 

robot is done in the following way: first we have to control the mobile base, so that it arrives at 



a position where the objective fits into the working space of a manipulator arm. In the second 

step, we must control the manipulator arm so that its end effector achieves its objective. 

In our work, to overcome the nonlinearity problem, we have used the feedback linearization 

control for the manipulator arm and Input-output linearization control for the mobile base. 

Once, the linear models are obtained, a model predictive control approach is developed. We 

have introduced a quadratic criterion and these parameters are calculated to have a specific 

behavior of the closed loop system. The control approach design was based on the dynamic 

models of the robots and we used it to control several manipulator robots and we also used it to 

control a differential-drive mobile robot (DDMR). The obtained simulation results show the 

efficiency of the proposed approach of control. 

Keywords -   Nonlinear control; Model predictive control (MPC); Manipulator robot; 

Differential-drive mobile robot (DDMR);  

 

Résumé- La commande des robots manipulateurs mobiles a fait l’objet de nombreuses 

recherches ces dernières années, en raison de leur utilisation de plus en plus fréquente dans des 

environnements dangereux ou inaccessibles, où l’être humain peut difficilement intervenir. Les  

modèles de ces robots sont fortement non-linéaires, ce qui rend leur stratégie de commande très 

difficile. Cela nous oblige à proposer des nouvelles commandes avancées pour commander ces 

types de robots, c'est pourquoi dans cette thèse nous proposons une nouvelle approche de 

commande basée sur un modèle de prédiction pour contrôler un robot mobile manipulateur. 

La nouvelle approche de commande que nous avons proposée est une combinaison d'une 

commande non-linéaire linéarisante (afin de transformer la dynamique non-linéaire du système 

en une dynamique totalement ou partiellement linéaire) et d'une commande prédictive à base 

de modèle CPM (afin d'obtenir de meilleures performances pour le système). Ceci constitue la 

principale contribution de cette thèse.  

La stratégie de commande de ce robot se fait de la manière suivante: d'abord, on doit 

commander la base mobile pour qu'elle arrive à une position où l'objectif rentre dans l'espace 

de travail du bras manipulateur. Ensuite, on va commander le bras manipulateur pour que son 

organe terminal atteigne son objectif. 

Dans nos travaux, pour surmonter le problème de non-linéarité, nous avons utilisé la commande 

non-linéaire linéarisante pour le bras manipulateur et le contrôle de linéarisation entrée-sortie 

pour la base mobile. Une fois les modèles linéaires obtenus, une approche de commande 

prédictive à base de modèle (CPM) est développée. Nous avons introduit un critère quadratique 
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General Introduction

Due to the continuous development in the production industries and to overcome the dif-
ficult and repetitive tasks for human, such as nuclear power plant inspection, welding
automation, robotic surgery and automated agriculture, the interest in mobile manipula-
tor arm is increasing significantly day after day. The first challenge for controlling any
mobile robot, is the complexity of the mechanical structure of this type of robots (ar-
ticulated rigid body), which leads a nonlinear models, hence the requirement to convert
these complicated nonlinear models to simplified linear one therefore the linear control
strategies can be applied, the second challenge is to develop a very challenging control
approach capable of providing excellent dynamic performances while respecting the work
space constraints, and this developed control strategy has to maintain these features for
higher degrees of freedom, which makes the modeling challenge as well as the control
part constitutes the big challenges for this thesis.

Due to challenging requirement to get very high dynamic performances, we have used
dynamic models for controlling the manipulator arm and the mobile base; both models
are strongly nonlinear. It is not possible to simplify these models because, when the ma-
nipulator robot moves with a high speed, a coupling effects between the different joints
of the robot become no longer ignored, hence the need of using a suitable linearization
technique in order to get a complete or partial linear model.
Several approaches for controlling manipulator robots and mobile robots are proposed in
the literature, some of them are classical controls (P, PI, PD, PID) and others are mod-
ern controls (adaptive control, Linear quadratic control, optimal control, model predictive
control, fuzzy control, neuron network control. . . etc.). The aim of the above control
strategies is to calculate the required couple for the different articulation of the manip-
ulator arm to achieve its desired target and for the mobile base to follow a preplanned
trajectory.

After reviewing the above control strategies, and looking for their advantages and dis-
advantages, we have noticed that the model predictive control has a challenging features
such as constraint handling, optimization control, multi-variable handling, disturbance
cancellation, dynamic performance, and system delay’s handling, and due to different
challenges associated with the mobile manipulator robot, such as nonlinear dynamics of
their models (Kinetic, dynamic), system performances (response time, overshooting and
oscillations) and workspace constraints (Maximum torque and shortest trajectory), hence
in this thesis we have selected the model predictive control as our contribution field, and
proposed a new control approach based on a model predictive control (MPC) for control-
ling a manipulating mobile robot. The proposed control approach is a combination of a
feedback linearization control (in order to transform the nonlinear dynamics of the system
to one completely or partially linear) and an MPC control (in order to obtain better per-
formance for the system), which constitutes the main contribution of this thesis. In this
work, the proposed control approach is used to control different dynamics models of a
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manipulator robots and a dynamic model of a non-holonomic wheeled mobile robot. For
the manipulator arm, a feedback linearization technic was enough to convert the dynamic
model to a complete one, while the chosen mobile base, which is a differential drive base,
and due to its non-holonomic constraints, we had to change the dynamic equations ac-
cordingly prior to perform any linearization method, after that and by using input-output
linearization technic we could successfully linearize the mobile base dynamic model. Af-
ter the linearizing phase, the manipulator arm and the mobile base are converted to a
linear systems with double integrator which allow us to develop our new MPC control
strategy. The optimization of the proposed predictive control law is carried out analyti-
cally and by using a constrained particle swarm optimization (COPSO) technic. In order
to show the effectiveness of the MPC control whose parameters have been optimized us-
ing a constrained particle swarm optimization (COPSO) technic, a comparative study with
the classical MPC control was done.

This thesis is organized as follows:
In the beginning of the first chapter, we have listed many control strategies cited in the lit-
erature with a brief explanation as a state of the art regarding to the choice of the applied
control approach, and highlight their advantages and disadvantages, after that we have
given our reasons for selecting the model predictive control approach as our contribution
field. Finally we have explained our work objectives and the road map to overcome its
associated challenges, with a brief presentation of all our contributions.
In the second chapter, a new model predictive control approach for a dynamic model of a
two-link manipulator robot is presented. This technique consists of linearizing a nonlinear
dynamic model of the robot by using a feedback linearization control. Once, the linear
model has been obtained, a predictive control approach is developed. We have introduced
a quadratic criterion and these parameters are calculated to have a specific behavior of the
closed loop system. Here, the objective is to control the robot arm from an initial config-
uration to the final configuration using a predictive control approach and it is obtained by
minimizing a quadratic criterion. In order to show the efficiency of the proposed method,
some simulation results are given. In addition, for validation purpose, a simulation study
was done comparing the proposed MPC control approach with the linear quadratic (LQ)
control based on the same feedback linearization, and a control approach proposed in
the literature for the same problem. The results showed the efficiency of the proposed
method. once we have successfully validate the proposed control strategy, we got a green
light to extend it to higher degrees of freedom (dof), we have applied it for controlling a
3 dof manipulator arm with using of a graphic analysis to tuning the obtained controller
gains, the simulations results shows the efficiency of the proposed graphical method .
In the third chapter, a model predictive control (MPC) for a differential-drive mobile robot
(DDMR) based on the dynamic model is presented. The robot’s mathematical model is
nonlinear, which is why an input–output linearization technique is used, then based on the
obtained linear model, an MPC control was developed. The predictive control law gains
were acquired analytically by minimizing a quadratic criterion. In addition, to enable
better tuning of the obtained predictive controller gains, a maximum torques limitation as
well as the settling time limits were used and via the mobile robot torques and settling
time graphs a trad-off gains were computed. To show the efficiency of the proposed ap-
proach, some simulation results are provided.
In the fourth chapter, a model predictive control approach is applied for controlling the
whole mobile manipulator robot. This robot is composed of a differential-drive mobile
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base and a 6 dof manipulator arm. The control strategy of this robot is simple, first we
have to control the mobile base, so that it arrives at a position where the objective fits into
the working space of a 6 dof manipulator arm. In the second step, we must control the
manipulator arm so that its end effector achieves its objective. Here, we have used the
constrained particle swarm optimization (COPSO) technic to tune the MPC gains devel-
oped in chapter 2 and chapter 3 for controlling a six degrees of freedom (DOF) mobile
manipulator robot and meet the required performances. The parameters (h: horizon time
of prediction, ρ : weight factor) of the MPC control are computed by identification be-
tween the gains found by the COPSO algorithm and those of the MPC. In order to show
the efficiency of the proposed tuning method, some simulation results are given.

In the conclusion, we have presented our objectives in this thesis and the road map to
overcome its associated challenges, with some future works and perspectives.





Chapter 1

State of the art

1.1 Introduction
The basic problem in controlling any mobile manipulator system is to define a suitable
torques control τ to make the manipulator end effector reach a desired position and fulfill
the workspace constraints. While for the mobile base is to follow a preplanned desired
trajectory with a minimum tracking error.
The selected controller has to deal with non-linear models and its associated constraints
and provide good dynamic performances and optimize the required energy.
In this chapter, we will expose the different control strategies that exist in the literature
to control mobile manipulator robots. Several strategies control have been studied for
manipulating robots, which we will summarize it briefly as below:

1.1.1 Independent Joint Control
This technic is used for manipulator robots, which have an actuator with high reduction
ratio and doesn’t require a high speed motion, in such way the system present a linear
system behavior, therefore a simple PID controller is applied locally for each joint Fig.
1.1, each articulation of the manipulator robot is considered as a single input and single
output system (S.I.S.O) [2,3].

The use of these reductions effectively increases the torque or the produced force by
the actuators, in order to drive links of considerably large masses [4].
In practice, the tuning of PID controllers is very easy and straightforward. but the main
disadvantage of this technic is when the manipulator moves with a high speed, in this

Figure 1.1: Independent Joint Control
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case all the coupling effects between joints are no longer ignored and the whole system
behavior become a non-linear, therefore the PID will be no more suitable for this control.
For instance, in [5] a PID controller is applied for trajectory tracking in robotic arm manip-
ulator systems, where one PID is applied for each joint, while the tuning method of the
controller gains was performed by using Artificial Bee Colony optimization algorithm,
the obtained results are satisfactory and competitive.
The authors in [6], have used an end-effector base 3 degree of freedom (3-DOF) rehabil-
itation platform, which uses brushless DC motor as actuators of the two revolute joints.
For set point and trajectory tracking of the revolute joints, each joint and corresponding
link has been modeled has a SISO system and a PI controller has been employed. The
simulation results showed the effectiveness of the proposed control framework.
While in [7], The independent joint control approach control is used for manipulator robot
due to the simplicity of the controller implementation’s from one side, and from the order
one is to suppress the disturbances at each robot joints due to its coupling effect. Therfore
they developed simple robust independent joint controllers, which result in linear decou-
pled joint motions. In this approach, each joint is treated as a simple inertial system plus a
disturbance torque representing all the unmolded dynamics. The disturbance is instantly
estimated and rejected, thus allowing a Proportional Derivate control to be used. The con-
trollers are inherently robust. Experimental evaluations were done on a PUMA 560 arm
with very fruitful results. In case of higher degree of freedoms the coupling equations of
the robotic system produces interactions between different controller components, which
lead to small changes in controller parameters and unexpected performance. Moreover,
the controller parameters are highly coupled with the initial and final conditions of the
link joints. On-line tuning of the controller parameters is highly necessary to cover global
system operation.

1.1.2 Jacobian control
This technic was used by Whitney, [8,9], he used the inverse Jacobian matrix of the manip-
ulator arm in order to calculate the desired setpoint at each articulation Fig. 1.2
In case of using the kinematic model in the control loop, the inverse of the associated

Figure 1.2: Jacobian Control

Jacobian matrix compute the velocities setpoint at each joints, while in case of using the
dynamic model, the inverse of the associated Jacobian matrix compute the acceleration
setpoint for each joints. The main drawback is the use of the inverse of the Jacobian
matrix, which can become singular under certain conditions. The key point of kinematic
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control is the solution to the inverse kinematics problem.
In [10], kinematic control has been applied for industrial robot manipulators. The desired
end- effector trajectory specified in terms of position, velocity, and acceleration is trans-
formed into joint trajectories by using a second-order Closed Loop Inverse Kinematic
algorithm with Damped Least Square inverse to ensure smooth motion in the neighbor-
hood of kinematic singularities. The joint trajectories are then used as references to a
computed torque control scheme, which consists of a complete model, based feed for-
ward action and an independent joint control PID action. Note that the damping factor
in DLS is aimed at achieving a trade-off between solution accuracy (small end-effector
errors) and solution feasibility (limited joint accelerations) which can be fixed by experi-
ments on the specific robot.
Due to uncertain gripping points length, orientation and backload of the objects, which
the manipulator robot has to picks up, to overcome these uncertain kinematics, the au-
thors [11] propose a feedback control law for setpoint control without exact knowledge of
kinematics, Jacobian matrix, and dynamics. For stability analysis, they used a Lyapunov
function. The simulations as well as the experiments results showed that the end-effector’s
position converges to a desired position in a finite task space even when the kinematics
and Jacobian matrix are uncertain.

1.1.3 Nonlinear decoupling control
This technic is also known as dynamic control or computed-torque control [2,12–16]. It is
used when the application requires a high-speed motion with dynamic constraints; in this
case, the control must take into account the interaction forces between all robot joints.
Therfore the need of the robot dynamic model Fig 1.3. Basically, the computed torque

Figure 1.3: Decoupling Control

technique is a feed-forward control with feedback components. The feed-forward control
minimizes the nonlinear effects which result from the interaction forces among all the
various joints and the feedback components compute the necessary correction torques to
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compensate for any deviations from the desired trajectory.
The control law is computed by using the nonlinear decoupling theory. Which leads to
centralized non-linear control laws. After that with suitable choices of the feedback vector
gains, the overall system becomes a stable decoupled system [4]. This type of technique
allows the control in the joints space as well as in the Cartesian space. The main benefit of
this technic is to provide full-decoupled joints with ability to compute its associated mo-
tion speed with high inertias. The main disadvantage of this method is that, it is strongly
depend on the system model, in the presence of uncertainties or unknown parameters, the
model may involve an imperfect decoupling. Which is the main drawback of this technic.

1.1.4 Adaptive control
Usually, we never have the exact knowledge of the robot model due to many problems
with model formulation. Two common uncertainties that do not allow exact model can-
cellation in robotic applications are unknown link masses due to payload disturbances
and unknown coefficients of friction. The method to deal with these types of parametric
uncertainties would be to employ the torque computation controller with some fixed es-
timate of the unknown parameters instead of the actual parameters. Adaptive controllers
are formulated by separating unknown constant parameters from known functions in the
robot dynamic equation. The adaptation mechanism continuously reads the trajectory
tracking error and update the unknown parameters in such way the system remains stable
with a minimum tracking error’s [2]. Fig 1.4.

Figure 1.4: Adaptive Control

The authors in [17] proposed a new technique for advanced manipulator control based on
adaptive independent joint control. The main features of the proposed control technic are
first, due to its adaptive nature, knowledge of manipulator dynamic model and parameter
values or the payload parameters are not required. Second, due to its decentralized struc-
ture and controller simplicity, the scheme is computationally very fast and is amenable to
parallel processing implementation within a distributed computing architecture, with one
microprocessor dedicated to each joint.

1.1.5 Lyapunov function based control
The Lyapunov based control is considered as a particular asymptotic stabilizing feed-
back control solution around a selected equilibrium point [4,18] A stabilizing controller
is obtained based on the energy based Lyapunov approach, which exploits the physical
properties of the involved mechanical system; it has been successfully applied to robot
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manipulators to perform an exact tracking. The method does not seek linearization or de-
coupling, but only asymptotic convergence of the tracking error the main disadvantage is
due to difficulties to find a Lyapunov function with negative derivatives for time varying
systems.
The authors aim’s in [19] is to stabilize a Two-Wheeled robot (TWR) by using its dynamic
model, they developed a controller based on Lyapunov function, in such way the choice
of the control law makes the derivate of the chosen Lyapunov function negative along
the system trajectories with respect to the time. The simulation results showed that the
robot is stable even with various torque disturbances, which proves the robustness and the
global asymptotic stability of the closed loop system.

1.1.6 Passive control

This technic look at the robot manipulator as a passive system, which means system which
does not create energy [4]. By considering, the desired joint vector’s as an equilibrium
posture for the system, the used control law has to modify the robot total energy in such
way it can reaches the equilibrium posture with a minimum of energy, by using Hamilton
formalism, while maintaining a global asymptotic stability.

1.1.7 Model Predictive control

Model Predictive Control (MPC) is an advanced control strategy, it is considered as an
optimal control technic based on numerical minimization. it uses a predefined model to
predict the system outputs, while the control signal is optimized at regular intervals with
respect to a specific objective function. Prediction is to determine the future values of the
control output, which lead to a better performance of the control systems, the suggested
performance index should be a function of the estimated error over a prediction horizon
and the predicted control signal over a control horizon [20–22].Usually it can be formulated
as below:

J = δ

N2∑
j=N1

[ŷ (t + j|t) − w (t + j)]2 + λ

Nu∑
j=1

∆u2 (t + j − 1) (1.1)

where N1 and N2 are the minimum and maximum prediction horizons, Nu is the control
horizon (typically Nu = N2) and δ and λ are the weighting factors for future errors and
control effort.
In the minimization of the cost function, the reference trajectory (if known in advance)
must not be necessarily the same as the desired one: usually it is an approximation.
The cost function can be usually a constrained function.
In order to obtain the future control values, u(t + k|t), it is necessary to minimize the func-
tional J by using the prediction model:
- The predicted outputs, ŷ(t + j|t), are calculated as a function of past values of inputs and
outputs and future control signals, making use of the prediction model Fig 1.5.
- Substitute the compact prediction values in the cost function, J.

- Minimize J with respect to ∆u where an analytical solution can be obtained for the
quadratic criterion when a linear model is considered and there are not constraints.
- Non-trivial solution,N2 − N1 + 1 independent variables.
- The structure of the control law depends on the control horizon Nu: ∆u(t + j − 1)2 for
j > Nu.
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Figure 1.5: Model Predictive Control Closed Loop

- The receding horizon concept is then applied at each sampling period.
The potential advantages of prediction are avoidance of expected constraints, multivari-
able handling, disturbances cancellation and treating a difficult dynamics such as non-
minimum phase behaviours and delays [23].
Many model predictive control algorithms have been used, such as :
- Dynamic Matrix Control (DMC) [24] and [25];
- Generalized Predictive Control (GPC) [26], [27] and [28];
- Extended Prediction Self-Adaptive Control (EPSAC) [29];
- Predictive Functional Control (PFC) [30];
- Unified Predictive Control (UPC) [31];
- Explicit MPC [32];

- Nonlinear MPC [33];
In [34] a model predictive control was developed for an autonomous mobile robot system
with a 5-DOF manipulator arm, based on its dynamic model. The main idea consists of
considering the state space time-varying matrices as constants within one optimization,
and for each prediction time, there are a new matrices and new optimization, this technic
converts the model system from a non-linear time-variant model to a non-linear time in-
variant model. Therfore the estimated system outputs and control inputs are calculated in
accordance with the time invariant model formula.
In [35] a model predictive control was applied to solve the problem of the trajectory track-
ing and path following of an omnidirectional mobile robot. Two different models were
considered the kinematic and the dynamic model. The results showed the effectiveness of
the dynamic model in comparison with the kinematic one in tracking the trajectory and
path without posture to achieve better tracking of the wheeled mobile robot (WMR) path.

The authors in [36] investigates the formation control of multiple differentially driven
wheeled mobile robots (WMRs) based on the kinematic model and the leader-follower
approach. The linear model of each robot with nonlinear dynamics is found through
feedback linearization, while model predictive control is applied to the linear model to
perform the formation control. The simulation results show the stability and the good
dynamic performances of the proposed algorithm.

1.1.8 Robust control

The robustness study is required in the robots control when disturbances are not negligible
or their dynamic models are uncertain which may be caused by the effects of imprecise
measurements such as forces, positions or unknown robot load [4]. Therefore the nonlin-
ear decoupling control technic will be no longer applicable, because it leads to unstable



1.1. Introduction 11

system with the presence of these uncertainties, so the robust or adaptive control technic
is required in such cases.

1.1.9 Quadratic Optimal control

This technic is used when control problem has a multiple solutions, and we want to
choose the best one among them. Hence the importance of the performance index choice.
This last should be a function of the system variable state, the control input and the re-
quired time for the system state to achieve some desired terminal state starting for initial
one [4,37,38]. The optimal control law is the solution which makes the performance index
as minimum as possible, In addition to that, the gains of the feedback control need to be
computed in such way it ensures the system stability and the required dynamic behavior.
In [39], a Linear Quadratic Optimal Control is used to control an Inverted Pendulum, while
the weighting matrices of the LQ controller are determined by using the Artificial Bee
Colony Algorithm the simulation results prove the effectiveness of the LQC especially
with the computed weighting matrices compared with trial and error method. In addi-
tion, it has been shown that it can optimize multiple control system characteristics such
as settling time, overshoot and steady state error, in line with desired results.

1.1.10 Fuzzy Logic control

This technic is used mostly for the nonlinear systems [40] where the mathematical model
presents a high complexity and its variables are highly dependent so that the decoupling
process becomes very difficult. The fuzzy logic can handle the nonlinear systems due
to the fact it has many nonlinear types of membership functions (Gaussian, trapezoidal),
interference functions (Max, Min) in addition to defuzzification methods (Max, average,
min). The fuzzy logic controller can very well describe the behavior of a desired sys-
tem and translate human experience in the form of linguistic variables and fuzzy rules (if
then), but due to lack of learning ability it cannot adapt to a new environment.
In [41], two independent fuzzy logic controllers were used to control 2 DOF arm manipu-
lator robot. Fuzzy logic has allowed to overcome the difficulty of the mathematical model
by using the linguistic model based on expertise. The fuzzy controller has improved the
classic PD and PID controllers, it helps significantly to compensate the noise in the input
parameters and allows the robot joints to follow a sinusoidal trajectory even in case of
an increase in the amplitude or the frequency of the setpoint, it has been able to maintain
these performances. It has been noticed as well that the change in the shape of the setpoint
in a straight line as well as the sudden change in the mass of the second link of the robot
is well supported by the fuzzy controller without the need for modifications on the fuzzy
controller.
The authors in [42] used an optimal fuzzy Proportional Derivative (PD) controller for a RPP
(Revolute-Prismatic-Prismatic) robot manipulator based on particle swarm optimization
and inverse dynamics. The kinematic equations of the manipulator are obtained by us-
ing Denavit-Hartenberg approach and the Jacobi method for each of the arms of the robot,
while the dynamic equations of motion are determined by using Lagrange method, Hence,
the fuzzy PD controller gains are optimized via particle swarm optimization. The obtained
results of the optimal fuzzy PD controller based on the inverse dynamics are compared to
the outcomes of the PD controller, and it is illustrated that the optimal fuzzy PD controller
shows a good controlling performance in comparison with other controller.
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1.1.11 Neuron Network Control
The main aim of using the neural networks, in the control of manipulator robots is to im-
prove the performance of the computed torque control, in such way in case of an imprecise
computed torque controller we can add a feed forward or feedback neural compensator
to refine the command and cancel the possible static deviation, this is in case of a well-
known model, but in case of unknown mode, the NNC can be used as the inverse of the
robot dynamic model which require an online identification based a specific function cost
and back propagation of the error in order to update the network weights in parallel of
classical controller [41]. The contribution of this work lies in the development of control
methodologies based on neuro-fuzzy approaches. This approach combines the concepts
of fuzzy logic and artificial neural networks to elaborate a hybrid intelligent controller
called ANFIS (Adaptive Neuro Fuzzy Inference System). The latter is used to control
a 6 DOF hydraulic manipulator arm. This work proposes two control techniques based
on ANFIS: Adaptive neuro control fuzzy based on torque calculation (PD type), and a
neuro-fuzzy adaptive control type PD plus integral correction in order to cancel the track-
ing error [4].

1.1.12 Sliding mode control
Sliding mode control is one of the robust control for nonlinear systems. Usually used
whenever there a discrepancy between the actual plant and it associated mathematical
model due to unknown external disturbance, parameter variation of the plant, un-modeled
dynamics or due to un-dominant dynamics, which we have to ignore in order to reduce
the system order. The advantage of the sliding mode is to reduce the order of the system
to first order, robustness and it finite time convergence. The main disadvantage of this
control is that the control law contains many shattering in order to maintain the system
stable and fulfill the desired dynamic performance [43], [44].

1.2 Selected approach
While studying many control strategies and techniques cited in the literature, and due
to the work space and dynamics constraints of the mobile manipulator robots, we have
chosed the Model Predictive Control to be our contribution field for the following chal-
lenging features:
- Control output signal is an instantaneous optimum solution for the cost function.
- Constraints handling.
- Cancellation of a bounded disturbance.
- Minimizing the steady error with a good dynamic performance.
- Multi Inputs-Outputs systems handling.
- Excellent performance for the delay systems.

1.3 Objectives and Contributions
The aim of our work is to develop a new control law for a mobile manipulator robot. As
mentioned previously, we have focused on the model predictive control as a contribution
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field for our study. After a deep research, we could introduce a novel model predictive
control for mobile manipulator robot and our contributions are as follow:

• Manipulator Arm: we proposed a new control approach based on a model predic-
tive control (MPC) for controlling a different kind of manipulator robots [45], [46],
and [47](2 dof, 3 dof and 6 dof). The proposed control approach is a combination
of a feedback linearization control (in order to transform the nonlinear dynamics of
the system to one completely or partially linear) and an MPC control (in order to
obtain better performance for the system). The combination between a nonlinear
control and an MPC control did not exist in the literature hence our contribution.

• Mobile base: We have chosen a deferential drive mobile robot (DDMR) as a mobile
base for our manipulator arm, by taking the non-holonomic constraints, we could
successfully applied our novel proposed approach of control (combination between
nonlinear control and an MPC control) and get a good dynamic performance. Es-
pecially after tuning the controller gains with a specific graphical analysis [48].





Chapter 2

Model predictive control of
Manipulator robots

2.1 Introduction

The interest of arm robotics has increased due to the development of industrial produc-
tion which require the execution of many difficult and repetitive tasks with high precision
during a short time [1-2]. The mechanical structure of this class of robots is complex (ar-
ticulated rigid body) which makes the task of control more difficult. [49–58]. In this chapter,
we have proposed a novel approach for controlling a two-link arm robot. This approach
involves determining model predictive control dynamics of a manipulator robot with two
degrees of freedom (DOF). The dynamic model of this robot is nonlinear, so a feedback
linearization control is applied to the robot dynamic model to make it linear. Next, based
on the obtained linear model, an MPC controller is developed and a quadratic criterion
is minimized. To prove the efficiency of this new approach we have made a comparison
study with a linear quadratic controller (LQC), the simulation results showed that our
new approach of MPC has a superior system performance than the LQC approach. After
that, we have extended the proposed approach on a three degree of freedom manipulator
arm, while the controller tuning parameters were done via a graphical tool (maximum,
the minimum torque and the settling time curves for several values of ω0), the simulation
results showed that the proposed graphic tool have provided an excellent tuning to our
new approach which is clearly shown in the simulation results.

2.2 Two DOF Manipulator Arm Robot Description’s

The manipulator robot shown in Fig.2.1 has two degrees of freedom, where θi=1,2 are the
joints angles, while Mi=1,2 and Li=1,2 are respectively the mass and the length of the first
(i = 1) and the second (i = 2) link of the manipulator arm robot. The variable g denote
the gravity force.
The manipulator arm task is a pickup and drop operation for a specific object located in
the plan (OXY) from an initial position (x0, y0) to a desired one (xd, yd).
(OXY) is the robot coordinate system, attached to the frame center O, where the end ef-
fector coordinate are denoted as (x, y) and the first link coordinate are denoted as (x1, y1).

15
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Figure 2.1: Two DOF Manipulator Robot

2.2.1 Manipulator Arm Models

2.2.2 Manipulator Geometrics

Geometric Model is a mathematical model to specify and compute the end effector posi-
tion and orientation as a function of all prismatic or rotoïdes joints configuration of the
robot. There are many methods to define the geometric model [59], [60], [61], [62], [63], [64] and
the most used one is Denavit-Hartenberg method.

2.2.2.1 Forward Geometric Model

The Forward Geometric Model (FGM) of a mechanism groups together all the geometric
constraints that must be respected by the articular variables θi in order to establish the
relationship between the configuration of the mechanism defined in the generalized co-
ordinates [65],the Forward geometric model is unique and is given in the form of explicit
equations:

X = f (θ) (2.1)

Where:
θ = [θ1θ2...θn] ∈ Rn : Joint Variables Vector
X = [x1x2...xn] ∈ Rn : Operational variables vector
To calculate the DGM, we assume that the robot links are perfectly rigid and the joints
mechanically perfect, there are several methods to determine the FGM, and the most used
one is of Denavit-Hartenberg [59]But this method, developed for simple open structures,
presents ambiguities when it is applied to robots having closed or tree structures, there is
also the Khalil and Kleinfinger notation which allows the homogeneous description with
a minimum number of parameters, of simple and complex open architectures [66].
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2.2.2.2 Inverse Geometric Model

The Inverse Geometric Model (IGM) allows to calculate the articular coordinates corre-
sponding to a given posture of the end effector in Fig.2.2, the model is written:

θ = f −1(X) (2.2)

When it is not possible to find an explicit form of the inverse geometric model (analytical

Figure 2.2: Forward and Inverse Geometric Models

solution) there are several methods to resolve this problem under an explicit form, we
present the following three methods:
- Paul method is applied for robots having a simple geometry, where most of the distances
( r and d) are zero and most of the angles (theta and alpha) are zero or π/2, the IGM can
be analytically obtained using the Paul method, most available industrial robots can be
solved using this method [67] and [68].
- Pieper method :deals with six degree-of-freedom decoupled robots having three pris-
matic or rotoid joints with a spherical joint, The IGM can be computed by solving two
sub-problems, each having three unknowns [69].
- Raghavan-Roth method is suitable for six degree-of-freedom robots with general geom-
etry [70].

2.2.3 Compute Of 2 DOF Manipulator Geometric Models

2.2.3.1 Compute Of the Forward Geometric Model

Based on the Fig.2.1, we can calculate the coordinates of the end effector manipulator
robot with respect to the frame (OXY) as follows:x(t) = L1sin(θ1) + L2sin(θ1 + θ2)

y(t) = L1cos(θ1) + L2cos(θ1 + θ2)
(2.3)

The equation (2.6) presents the geometric model which gives us the robot end effector
coordinates based on its articulations values during the its motion.
We can also obtain the same equations by using Denavit-Hartenberg [59] method as fol-
lows:
The homogeneous transformation matrices of the two segments are given by:



18 Chapter 2. Model predictive control of Manipulator robots

Joints DH Parameters
n θn αn dn an

1 π/2 − θ1 0 0 L1

2 π/2 − θ2 0 0 L2

Table 2.1: Denavit Hartenberg representation for 2 DOF Manipulator Arm

T01 =


cos(θ1) −sin(θ1) 0 L1cos(θ1)
sin(θ1) cos(θ1) 0 L1sin(θ1)

0 0 1 0
0 0 0 1


T12 =


cos(θ2) −sin(θ2) 0 L2cos(θ2)
sin(θ2) cos(θ2) 0 L2sin(θ2)

0 0 1 0
0 0 0 1


T02 = T01 ∗ T12 =


cos(θ1 + θ2) −sin(θ1 + θ2) 0 L1cos(θ1) + L2cos(θ1 + θ2)
sin(θ1 + θ2) cos(θ1 + θ2) 0 L1sin(θ1) + L2sin(θ1 + θ2)

0 0 1 0
0 0 0 1


The Forward geometric model, which represent the coordinate of the end effector can be
obtained as well from the fourth column of T02 as follows:

T02 =


Ax Bx Cx Ex

Ay By Cy Ey

Az Bz Cz Ez

0 0 0 1


where: E = [ExEyEz]T is end effector coordinate vector, therefore:

Ex = x(t) = L1sin(θ1) + L2sin(θ1 + θ2),
Ey = y(t) = L1cos(θ1) + L2cos(θ1 + θ2),
Ez = z(t) = 0

(2.4)

2.2.3.2 Compute Of the Inverse Geometric Model

The inverse geometric model, is to find the θi as a function of the end effector coordinates.
it is easy to calculate θ2 first as follow:

x(t)2 + y(t)2 = (L1sin(θ1) + L2sin(θ1 + θ2))2 + (L1cos(θ1) + L2cos(θ1 + θ2))2

= L2
1 + L2

2 + 2L1L2cos(θ2)

let suppose that:

A = (x(t)2 + y(t)2 − L2
1 − L2

2)/(2L1L2)
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Therefore:

θ2 = AT AN2(±
√

(1 − τ2), τ) (2.5)

note that, ATAN2(y,x) returns the arc tangent of the two number x and y and determine
the quadrant of the result based on the sign of both arguments.

Once the value of θ2 is known let proceed for the calculation of θ1 we can rewrite the
equation (2.4), as follow:x(t) = [L1 + L2cos(θ2)]sin(θ1) + [L2sin(θ2)]cos(θ1),

y(t) = [L1 + L2cos(θ2)]cos(θ1) − [L2sin(θ2)]sin(θ1),
(2.6)

We can easly prove that the solutions of the above equations are as follow: cos(θ1) =
y(t)[L1+L2cos(θ2)]+x(t)[L2 sin(θ2)]

x(t)2+y(t)2

sin(θ1) =
x(t)[L1+L2cos(θ2)]−y(t)[L2 sin(θ2)]

x(t)2+y(t)2

(2.7)

where:

θ1 = AT AN2(sinθ1, cosθ1) (2.8)

2.2.4 Manipulator Kinetic Models
As a general description, Kinematic modelling is the study of the motion of mechanical
systems without considering the forces that affect the motion [71], [64], [72] [73], [74], [75], [76], [77].
Kinematics focus one the relationships relating the linear and angular velocities of the
end-effector to its associated joint velocities. This velocity relationship is then determined
by the Jacobian matrix, The Jacobian matrix is one of the most useful element in the
analysis and control of robot motion. Such as identification of the singular configuration,
calculation of the inverse geometric model, obtaining of the dynamic model of motion
and transformation of torques from the end effector to each actuator associated for all
joints [73].

2.2.4.1 Forward Kinetic Model

The forward kinematics problem is to find out the mathematical function between the in-
dividual joints of the robot manipulator and the associated position and orientation of the
end-effector. Stated more formally, the forward kinematics aim is to obtain the position
and orientation of the end-effector, based on given values for the joint variables of the
robot. Note that, the joint variables are the angles between the links in the case of revo-
lute or rotational joints, and the link extension in the case of prismatic or sliding joints [74] .

2.2.4.2 Inverse Kinetic Model

Inverse kinematics goal is to determine all possible and feasible sets of joint variables,
which ensure the specified positions and orientations of the manipulator’s end-effector
with respect to the robot frame. In practice, a robot manipulator control requires precise
knowledge of the end-effector position and orientation during its preplanned trajectory
for the instantaneous values of all joints. Many industrial applications such as welding
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and certain types of assembly operations require that a specific path should be negotiated
by the end-effector. To achieve this, it is necessary to find the corresponding motion of
each joint, which will produce the desired tip motion. This is a typical case of inverse
kinematic application [74] .
To obtain the inverse kinematic model, we reverse the direct kinematic model by solving
a system of linear equations. There are two types of solutions either analytical or numer-
ical:
- The analytical solution: the analytical methods are suitable for solving the inverse prob-
lem when the Jacobian matrix associated with the mechanism is regular. Their implemen-
tation is simplified when the robot wrist has three rotoidal joints with competing axes: the
problem is then reduced to the inversion of two regular matrices of order three. It has the
advantage of considerably reducing the number of operations, however all the singular
cases must be treated separately [78].
- Numerical methods: are more general, the most widespread being based on the notion of
pseudo-inverse: the algorithms deal in a unified way with regular, singular and redundant
cases. They require a relatively large calculation time.

2.2.5 Compute of 2 DOF Manipulator Kinetic Models

2.2.5.1 Compute of the Forward Kinetic Model

it is easly obtained by derivating the Forward geometric model as follow:

ẋ(t) = [L1cos(θ1) + L2cos(θ1 + θ2)]θ̇1 + [L2cos(θ1 + θ2)]θ̇2,

ẏ(t) = [−L1sin(θ1) − L2sin(θ1 + θ2)]θ̇1 − [L2sin(θ1 + θ2)]θ̇2,
(2.9)

where:

(
ẋ(t)
ẏ(t)

)
=

(
L1cos(θ1) + L2cos(θ1 + θ2) L2cos(θ1 + θ2)
−L1sin(θ1) − L2sin(θ1 + θ2) −L2sin(θ1 + θ2)

) (
θ̇1

θ̇2

)
.

we can rewrite the kinematic model as below:(
ẋ(t)
ẏ(t)

)
= J(θi)

(
θ̇1

θ̇2

)
.

where J(θi) is the Jacobian matrix and its formula is as follow:

J(θi) =

(
L1cos(θ1) + L2cos(θ1 + θ2) L2cos(θ1 + θ2)
−L1sin(θ1) − L2sin(θ1 + θ2) −L2sin(θ1 + θ2)

)
(2.10)

2.2.5.2 Compute of the Inverse Kinetic Model

The interesting feature of the kinematic model is its linearity with respect to speeds, in
such way we can calculate the angular velocities θ̇i by using the inverse of the Jacobin
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matrix as follow: (
θ̇1

θ̇2

)
= J−1(θi)

(
ẋ(t)
ẏ(t)

)
where:

J−1(θi) =
1
∆

(
−L2sin(θ1 + θ2) −L2cos(θ1 + θ2)

L1sin(θ1) + L2sin(θ1 + θ2) L1cos(θ1) + L2cos(θ1 + θ2)

)
(2.11)

And: ∆ = L1L2sin(θ2)

Therefore the condition for the Jacobian inverse matrix to be exist is: sin(θ2) , 0
hence, the singularity points for the above 2 dof manipulator robot are: θ2 = kπ, k =

0,±1,±2, . . . , where the two singularity positions are illustrated in the figures Fig. 2.3
and Fig. 2.4.

Figure 2.3: singularity at θ2 = 0

Figure 2.4: singularity at θ2 = π
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2.2.6 Manipulator Dynamic Models
Dynamics is the study of mechanical system motion taking into consideration the different
forces that affect it. To move a robot’s links, it is required to have actuators capable of ap-
plying large enough forces and torques on the joints to move them at a desired acceleration
and velocity. Otherwise, the joints may not be able to move as fast as needed, therefore,
the robot end effector may not maintain its desired positional accuracy. To compute how
strong each actuator must be, it is mandatory to determine the dynamic relationships that
govern the motions of the manipulator robot. These relationships are the force-mass-
acceleration and torque-inertia-angular-acceleration equations. Based on these equations,
and considering the external loads on the robot, the designer can calculate the maximum
loads to which the actuators may be subjected, thereby designing the actuators that can
handle the required forces and torques. In general, the dynamic equations can be used to
determine the equations of motion. This means that, by knowing the forces and torques,
we can anticipate how a manipulator robot will move. These equations are also used to
analyze the effects of different inertial loads on the robot, and depending on the desired
accelerations, whether certain loads are allowed or not.In addition to that, the dynamic
equations allow the designer to investigate the relationship between different elements of
the robot and design its components appropriately. Many techniques such as Newtonian,
Lagrangian and Hamiltonian mechanics can be used to find the dynamic equations for ma-
nipulator robots. However, due to the fact that Lagrangian formalism is commonly used
and the easiest one, we opt to use it as technic to obtain the dynamics of the manipula-
tor robot and analyze its motion in order to design a suitable controller. [77], [79], [80], [68], [81]

and [82].

2.2.6.1 Forward Dynamic Model

The forward dynamic model is a function, which maps the the applied torque to the robot
manipulator and the joint position, velocity and acceleration, so that we can compute q(t),
q̇(t) and q̈(t) as a function of time.


q̈ = M(q)−1[τ −C(q, q̇)q̇ − g(q)]
q̇ =

∫
˙̇qdt

q =
∫

q̇dt
(2.12)

2.2.6.2 Inverse Dynamic Model

The inverse dynamic model compute the torques as a function of the positions, velocities
and the accelerations of the different joints, that the manipulator robot’s motors must de-
liver in order to bring the robot’s end-effector to its desired position while respecting the
environment constraints. We can represent the inverse dynamic model as bellow:

τ = M(q)q̈ + C(q, q̇)q̇ + g(q) (2.13)

where:
τ: Applied joint torque
M(q): Inertia
C(q, q̇): Coriolis and Centripetal
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g(q): Gravity
q̈: Joint acceleration
q̇: Joint velocity
q: Joint position

2.2.7 Compute of 2 DOF Manipulator Forward Dynamic Model

Lagrange formalism describes the equations of motion in terms of work and energy of the
robot. The general form representing the movement of a manipulator robot constituted of
n degrees of freedom and n articulations, is written according to Lagrange:

τi =
d
dt
∂L
∂q̇i
−
∂L
∂qi

(2.14)

i=1,2,..,n
L; Lagrange Function
q: Manipulator Joints position’s
q̇: Manipulator Joints Velocity’s

note that:

L = EK − EP (2.15)

where:
EK: Total Kinetic Energy of the Manipulator Robot
EP: Total Potential Energy of the Manipulator Robot
In case of two dof manipulator robot with two rotoïde joints therefore qi = θi, thus the
Lagrange equation will be written as follow:

τi =
d
dt
∂L
∂θ̇i
−
∂L
∂θi

(2.16)

i=1,2

In order to calculate the Lagrangian of the two dof manipulator robot, we need first to
calculate its total kinetic and potential energies.

EK = EK1 + EK2

EK1 = 1
2 M1V12

EK2 = 1
2 M2V22

(2.17)

where: V2
1 = ẋ2

1 + ẏ2
1

V2
2 = ẋ2

2 + ẏ2
2

(2.18)

From the manipulator robot shown in Fig.2.1, the coordinate of the first and the sec-
ond links are as follow:
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x1(t) = L1S 1

y1(t) = L1C1
(2.19)

and: x2(t) = L1S 1 + L2S 12,

y2(t) = L1C1 + L2C12,
(2.20)

where: 
cosθ1 = C1

sinθ1 = S 1

cos(θ1 + θ2) = C12

sin(θ1 + θ2) = S 12

(2.21)

therefore: ẋ1(t) = L1θ̇1C1

ẏ1(t) = −L1θ̇1S 1
(2.22)

and: ẋ2(t) = L1θ̇1S 1 + L2(θ̇1 + θ̇2)C12,

ẏ2(t) = −L1θ̇1S 1 − L2(θ̇1 + θ̇2)S 12,
(2.23)

we can easly prove that the total kinetic energy of the manipulator robot is as follow:

EK = 1
2 (M1 + M2)L2

1θ̇
2
1 + 1

2 M2L2
2θ̇

2
1 + M2L2

2θ̇1θ̇2

+1
2 M2L2

2θ̇
2
2 + M2L2L2(θ̇1θ̇2 + θ̇2

1)C2

(2.24)

and the potential energy is given by the following formula:

EP = gM1L1C1 + gM2(L1C1 + L2C12) (2.25)

finally the Lagrangian of the two dof manipulator robot is given as below:

L = 1
2 (M1 + M2)L2

1θ̇
2
1 + 1

2 M2L2
2θ̇

2
1 + M2L2

2θ̇1θ̇2 + 1
2 M2L2

2θ̇
2
2

+M2L2L2(θ̇1θ̇2 + θ̇2
1)C2 − gM1L1C1 − gM2(L1C1 + L2C12)

(2.26)

By replacing the formula of L in (2.26) and resolving the equation (2.16) the dynamic
model of a robotic arm with two degrees of freedom is given by the following formula:M(θ)θ̈ + C(θ, θ̇)θ̇ + G(θ) = τ

Y = θ
(2.27)

where:
θ = [θ1θ2]T : is the Joints position Vector
τ = [τ1τ2]T : is the Joints Torque Vector
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Y: is the Output Vector

G(θ) =

[
−(M1 + M2)gL1S 1 − M2gL2S 12

−M2gL2S 12

]
: is the gravity torques Vector’s

C(θ, θ̇) =

[
−M2L1L2(2θ̇1θ̇2 + θ̇2

1)S 2

−M2L1L2θ̇1θ̇2S 2

]
: is the Coriolis and centrifugal forces Vector’s;

M(θ) =

[
D1 D2

D3 D4

]
: is the inertia matrix;

with:
D1 = (M1 + M2)L2

1 + M2L2
2 + 2M2L1L2C2

D2 = M2L2
2 + M2L1L2C2

D3 = D2

D4 = M2L2
2

2.3 Control Algorithm

In this section, a predictive control of a robotic arm with two DOF is developed. For that,
we consider the nonlinear dynamic model given by Eq. (2.27). First, we determine a
feedback linearization control to make the model (2.27) linear. Once the linear model has
been obtained, a model predictive control will be designed in the second step.

2.3.1 Feedback Linearization Control

The main idea of this technique is to transform the nonlinear dynamics of the system
to one completely or partially linear, such that linear control approaches can be applied
to stabilize it [83], [84] Here, the control approach with feedback linearization is developed
for a dynamic model (2.27) of the two-link robot arm. So, we differentiate the output Y
until the control input τ appears. In our case, the control input τ appears in the second
derivative of the output Y. This implies that the relative degree is equal to two. The second
derivative of Y is given by the following formula:

Ÿ = θ̈ = M(θ)−1[−C(θ, θ̇)θ̇ − g(θ) + τ] = v (2.28)

where:
v = [v1v2]T : is the synthetic control vector
Finally, from (2.28) we get the feedback linearization control as follow:

τ = M(θ)v + C(θ, θ̇)θ̇ + G(θ) (2.29)

the Fig. 2.5 illustrate the the feedback linearization control loop.
Applying the control law given by (2.29) to the nonlinear system (2.27), the dynamic

model of the manipulator robot with two DOF, becomes a linear system double integrator.
The relative degree is equal to two. This means that by using the control law (2.29), we
obtain a complete linearization of the nonlinear system (2.27) and we get a linear system
for each joint variable.
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Figure 2.5: MPC and Feedback linearization Close-loop diagram

 θ1(p)
v1(p) = 1

p2

θ2(p)
v2(p) = 1

p2

(2.30)

where p is a Laplace variable. The linearization of the nonlinear system has been done.
So,we can develop minimum time control for the two-link robot arm which will be the
goal of the next paragraph.

2.3.2 Model Predictive Control

In the case of a robot arm with two DOF and after application of the feedback lineariza-
tion (2.29) to the nonlinear system (2.27), we obtain the following two decoupled linear
systems. θ̈1 = v1

θ̈2 = v2
(2.31)

Considering the first equation of (2.31). This system can be rewritten in the state-space
form: 

ẋ1(t) = x2(t)
ẋ2(t) = v1(t)
y(t) = x1(t)

(2.32)

where: [
x1 x2

]
=

[
θ1 θ̇1

]
v1 is a synthetic control of the first link of the robot and Y is the output.
Now, we are going to develop a model predictive controller (MPC) [85], [86] for the first link
of the robot arm. The MPC controller for the second link of the robot will be developed
in the same way as the first.
Assuming v1(t) = v1 constant in the time interval [t t+h ] , where h is horizon time of
prediction.

By using the equation 2.31, and the equation (2.32), we get the prediction model as
follows: θ̇1(t + h) = v1h + θ̇1(t)

θ1(t + h) = 1
2v1h2 + θ̇1(t)h + θ1(t)

(2.33)
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Figure 2.6: Prediction Horizon

,
the desired angle of the first joint θ1d is constant as well as the second joint.

Let define the cost function J for one-horizon time which stabilize the first joint θ1 as
follow:

J = e2
1(t + h) + ρė2

1(t + h) (2.34)

,

where: e1(t + h) is the predicted joint position error ė1(t + h) is the predicted joint velocity
error as follow:

e1(t + h) = θ1d − θ1(t + h)
ė1(t + h) = −θ̇1(t + h)

(2.35)

The horizon time h and the weight factor ρ are both positive parameters to be determined
later.
By substituting the prediction model(2.33) into (2.34) the quadratic cost function will be:

J = (ρh2 + 0.25h4)v2
1 + (θ1h2 − θ1dh2 + θ̇1h3 + 2ρhθ̇1)v1

+ θ2
1d + θ2

1 − 2θ1dθ̇1h − 2θ1dθ1 + 2θ̇1θ1h + θ̇2
1h2 + ρθ̇2

1

(2.36)

By minimizing the criterion J with respect to v1, the new approach of the model predictive
controller is as follow:

v1(t) = k3θ1d − k1θ1(t) − k2θ̇1(t) (2.37)

where the control law gains are as follow:
k1 = 2

h2+4ρ

k2 =
2h2+4ρ
h3+4ρh

k3 = k1

(2.38)
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The block diagram of the closed-loop system is presented as depicted in 2.7:

Figure 2.7: Closed-Loop Transfert Function

Regarding the response of the system, we would like to have a behavior similar to a sys-
tem of the second order:

ω2
0

p2 + 2ζω0 p + ω2
0

(2.39)

where ζ is a damping factor and ω0 is a natural frequency.
The transfer function of the system presented in Fig 2.7 is given as below:

θ1(p)
θ1d(p)

=
k3

p2 + k2 p + k1
(2.40)

Taking into account (2.38),(2.39) and (2.40) we obtain:

2ζω0 =
2h2 + 4ρ
h3 + 4ρh

(2.41)

ω2
0 =

2
2h2 + 4ρ

(2.42)

based on equation.2.42 we can easly prove that:

ρ =
2 − (ω0h)2

4ω2
0

(2.43)

Substituting equation (2.43) into equation (2.41),we get the following second order
equation:

ω2
0 − 4ζω0h + 2 = 0 (2.44)

where h is the variable to look for. Choosing ζ =
√

2
2 and for different values of ω0,we

determine the parameter h from (2.44). Now, the horizon time is obtained, we use the
Eq.(2.43) to determine the weight factor with h and ρ being both real and positive.
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ω0(rad/s) 1 4 8 9
h(s) 1.41 0.35 0.17 0.15
ρ 1.82x10−8 1.14x10−9 2.85x10−10 1.66x10−10

τ1min -26.28 -120.50 -422.01 -529.16
τ1max 21.15 53.66 170.77 212.24
τ2min -1.76 -28.53 -115.68 -145.80
τ2max 1.21 19.23 78.32 99.21

tθ1
r±5%(s) 6.19 1.55 0.77 0.68

tθ2
r±5%(s) 6.19 1.55 0.77 0.68

Dθ1 (%) 13.56 13.58 13.58 13.58
Dθ2 (%) 13.56 13.58 13.58 13.58

Table 2.2: System performances for each value of h and ρ

The performances of the system are computed for each determined value of h and ρ and
they are summarized in Table (2.2)

where tθi
r±5% and Dθi(%) i=1,2 are respectively the settling time within the band (±5%)

of the final value and the overshoot in (%) of first joint angle (i=1) and the second joint
angle (i=2).
Analyzing the Table 2.2, we observe that the horizon time h has an influence on the
variation range of the control signals (robot torques). When h is small then the variation
range of the robot torques is big.
For an acceptable control signals range (max|τi| for i=1,2) [3], we choose the horizon time
h=0.35 (s) and the weight factor ρ = 1.14x10−9 which corresponds to ω0 = 4 (rad/s). With
these chosen parameters, we obtain a better system performance than in [3].

2.3.3 Simulations and Results

In order to show the efficiency of the proposed approach, some simulation results are
given. For simulation purpose, we assume that the mass and the length of the first and
the second links of the robot arm are Mi=(1,2) = 1 (Kg) and Li=(1,2) = 1 (m), respectively.
The initial and the desired orientations of the first and the second links of the robot arm
are θ1(0) = π/2, θ2(0) = −π/2,θ1d = −π/2 and θ2d = π/2, respectively. According to the
obtained horizon time and the weight factor,the gains of the MPC controller are:
k1 = 15.99, k2 = 5.65.

Fig.2.8 represents the followed trajectory of the end effector of the robot arm to
reaches the desired position of both joints. Fig.2.9 and Fig.2.10 present the convergence
of the joint angles θ1 and θ2 to their reference values. We can notice an asymptotic conver-
gence of both joint variables. In Fig. 2.12 the robot synthetic controls v1 and v2 given by
the Eq. (2.37) are shown. As we can see, the synthetic controls reach zero when the end
effector of the robot reaches its objective. Fig. 2.13 shows the robot torques that can be
obtained from synthetic controls using Eq. (2.28) angles errors e1 and e2 of the two-link
of the robot arm towards zero using the proposed approach of control is depicted in Fig.
2.11.
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Figure 2.8: Final situation:the robot end effector reaches its objective point

Figure 2.9: Real and the desired orientation of the first link of the robot

Figure 2.10: Real and the desired orientation of the second link of the robot
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Figure 2.11: Errors in the joint angle

Figure 2.12: Robot synthetic controls

Figure 2.13: Robot torques

2.4 MPC Control and LQ Optimal Control of A Two-
Link Robot Arm: A Comparative Study

2.4.1 Linear Quadratic Controller
In order to challenge the new control approach of a model predictive control, we have
made a comparative study with the LQ optimal control approach and a control approach



32 Chapter 2. Model predictive control of Manipulator robots

proposed in the literature for the two-link robot arm [3]. The linear model given by the
Eq.(2.12) is used to find linear quadratic (LQ) optimal control [87–89] and [90] for the two-
link robot arm. The error ei between the actual angle θi and the desired angle θid is defined
as:

ei = θid − θi (2.45)

with i = 1, 2.
The desired angle θid i = 1, 2 is constant. Differentiating the Equation (2.45) twice,

the following equation is obtained:

ëi = −θ̈i = −vi (2.46)

with i = 1, 2. let consider the follwing single decoupled linear system:

ë1 = −v1 = v∗1 (2.47)

The state space representation of the system (2.47) is given by:ż = Az + Bv∗1
ψ = Cz

(2.48)

where:
z = [z1z2]T = [e1e2]T ∈ Rn: is a state vector;
ψ ∈ Rm: is the output vector;
v1: is the synthetic control of the first joint of the robot;

A =

[
0 1
0 0

]
, B =

[
0
1

]
And C =

[
1 0

]
If the objective cost function is considered:

J =

∫ ∞

0
(zT Qz + v∗T1 Rv∗1)dt (2.49)

where:

• Q =

[
1 0
0 1

]
is a symmetric positive semi-definite matrix,

• and R is a positive constant.

The objective cost function is minimized using the following linear quadratic optimal
control:

v∗1 = −(R−1)T Pz(t) (2.50)

where: P =

[
P1 P2

P2 P3

]
is the solution to the following so-called Riccati Equation:

PA + AT P − PBR−1BT P + Q = 0 (2.51)

The solution of the Riccati Equation (2.51) is:

P =


√

2 4√R
√

R
√

R
√

2R
√

R

 (2.52)
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Therefore, the linear quadratic optimal control v1 = −v∗1 is given by the following control
law:

v1 = R−1[P2z1(t) + P3z2(t)] = k1e1(t) + k2ė1(t) (2.53)

where k1=R−1
√

R and k2=R−1
√

2R
√

R.
Note that the control law for the second joint is obtained following the same steps.
Table (2.3)

R 1 1/100 1/150 1/200
τ1min(Nm) -21.15 -39.46 -44.88 -49.19
τ1max(Nm) 26.28 82.83 96.95 108.85
τ2min(Nm) -1.21 -12.21 -14.75 -17.09
τ2max(Nm) 1.76 17.80 21.48 25.03

tθ1
r±5%(s) 6.19 1.96 1.78 1.64

tθ2
r±5%(s) 6.19 1.96 1.78 1.64
Dθ1(%) 13.56 13.56 13.56 13.56
Dθ2(%) 13.56 13.56 13.56 13.56

Table 2.3: System performance for different values of R

Comparing Tables 2.2 and 2.3, we have noticed that, the proposed model predictive
control approach, provides a better system performance with out overshooting and fast
asymptotic conversion of both joint variables to its desired positions was obtained com-
pared with LQ optimal control approach. In addition, we have noticed as well that by
using the MPC control and the LQ optimal control, a better system performance was
obtained compared with PID control approach presented by David and Robles [3]. Fur-
thermore, the mathematical development of the proposed LQ optimal control approach
was only valid in the case where the desired angle was a constant or was ramp-like. The
proposed MPC control approach, however, was valid for any desired angle.

2.4.2 Comparison Study Between LQ and MPC Controllers
For comparison reason, we have maintained the same properties of the manipulator arm,
but we have changed the horizon time h and the weight factor ρ of the MPC controller so
that the maximum torque was strictly less than and as close as possible to 100 Nm, This
condition was met in the case of the LQ optimal control approach for R = 1/150 with
max(|τ|) ≈ 97 Nm.The same condition was met in the case of the MPC control approach
for (h = 0.1961) (s) and (ρ = 0.0312) with max(|τ|) ≈ 97 Nm. which implies the MPC
gains are :k1 = 12.25 and k2=6.30, while the LQ Gains are :k1 = 12.24 and k2=4.94.

Figure 2.14a represents the trajectory of the end effector of the robot arm with the final
position of both joints depicted. Figure 2.14b presents a zoom image of the end-effector
of the robot in its final position. The trajectory (full line) computed using the MPC con-
trol is observed arriving directly to the goal, unlike the trajectory (dotted-line) computed
using the LQ control.
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(a) Final position: the robot end-effector reaches
its objective point

(b) Zoom image of the end-effector in its final
position

Figure 2.14: Robot’s end effector trajectories

(a) Real and the desired orientations of the sec-
ond link of the robot

(b) Real and the desired orientations of the first
link of the robot

Figure 2.15: Comparison between linear quadratic (LQ) and model predictive control
(MPC) controls of a real and reference orientations

Figure 2.15b , 2.15a represent the comparison between the convergence of the joint
angles θ1 and θ2,respectively, to their reference values, using the MPC control and the
LQ control. It is observed that the MPC control approach results in a fast and asymptotic
convergence of both joint variables and without overshooting.

Figure 2.16a,2.16b show the comparison between the robot torques τ1 and τ2, respec-
tively, that have been obtained, using the MPC control and the LQ optimal control. It is
observed that by using the MPC control approach, the energy consumption is lower than
by using the LQ optimal control.

Figure 2.17a,2.17b depict the robot synthetic controls v1 and v2 given by Equation
(2.37). As can be seen, the synthetic controls reach zero when the end-effector of the
robot reaches its objective.

The convergence of the joint-angle errors e1 and e2 of the two-link robot arm towards
zero using the two proposed approaches of control are depicted in Figure 2.18a,2.18b,
respectively.
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(a) Torques of the robot’s first link (b) Torques of the robot’s second link

Figure 2.16: Comparison between LQ and MPC controls of the robot torques

(a) Synthetic controls of the robot’s first link (b) Synthetic controls of the robot’s second link

Figure 2.17: Comparison between LQ and MPC controls of the robot synthetic controls

(a) Error of the robot’s first link (b) Error of the robot’s second link

Figure 2.18: Comparison of the errors in the joint angles, using LQ and MPC controls

2.4.3 Conclusion

In order to demonstrate the effectiveness of the proposed approach, we have performed a
comparative study with the LQ control approach. From the results obtained and presented
in the previous section, it can be stated that the proposed MPC control approach gives
a better system performance than the LQ optimal control approach. In addition, both
proposed approaches (MPC control and LQ control) give a better system performance
than the PID control technique proposed by David and Robles [3].
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2.5 Graphic base tuning of MPC controller for Three DOF
Manipulator Arm

2.5.1 Three DOF Manipulator Arm Robot Description’s

Figure 2.19: Three DOF Manipulator Robot

The manipulator robot shown in the Fig. 2.19 has three degrees of freedom, where
θi=1,2,3 are the joints angles, while Li=1,2 and Mi=1,2 are respectively the length and the mass
of the first (j=1) and the second (j=2) link of the robot. The variable g denote the gravity
force.

2.5.2 Compute Of the Three DOF Manipulator Geometric Models
2.5.2.1 Compute Of the Forward Geometric Model

Based on the Fig. 2.19, we can calculate the coordinates of the end effector manipulator
robot with respect to the frame (OXY) as follow:

x(t) = [L1cos(θ2) + L2cos(θ2 + θ3)]cos(θ1),
y(t) = [L1cos(θ2) + L2cos(θ2 + θ3)]sin(θ1)
z(t) = L1sin(θ2) + L2sin(θ2 + θ3)

(2.54)

The equation (2.54) presents the geometric model which gives us the robot end ef-
fector coordinates based on its articulations values during its motion. We can also obtain
the same equations by using Denavit-Hartenberg method as follow: The homogeneous
transformation matrices of the three segments are given by:

T01 =


C1 0 S 1 0
S 1 0 −C1 0
0 0 1 0
0 0 0 1


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Joints DH Parameters
n θn αn dn an

1 θ1 π/2 0 0
2 θ2 0 0 L1

3 θ3 0 0 L2

Table 2.4: Denavit-Hartenberg representation for 3 DOF Manipulator Arm

T12 =


C2 −S 2 0 L1C2

S 2 C2 0 L1S 2

0 0 1 0
0 0 0 1


T23 =


C3 −S 3 0 L2C3

S 3 C3 0 L2S 3

0 0 1 0
0 0 0 1


T03 = T01 ∗ T12 ∗ T23 =


C23C1 −S 23C1 S 1 [L1C2 + L2C23]C1

C23S 1 −S 23S 1 −C1 [L1C2) + L2C23]S 1

S 23 C23 0 L1S 2 + L2S 23

0 0 0 1


The forward geometric model, which represent the coordinate of the end effector is

also obtained as well from the fourth column of T03 as follow:

T03 =


Ax Bx Cx Ex

Ay By Cy Ey

Az Bz Cz Ez

0 0 0 1


where: E = [ExEyEz]T is end effector coordinate vector, therefore:

Ex = x(t) = [L1C2 + L2C23]C1

Ey = y(t) = [L1C2) + L2C23]S 1

Ez = z(t) = L1S 2 + L2S 23

(2.55)

2.5.2.2 Compute Of the Inverse Geometric Model

From the Equation (2.55) we can rewrite it as follow: x2(t)
C1

= L1C2 + L2C23
y2(t)
S 1

= L1C2 + L2C23
(2.56)

therefore :

θ1 = AT AN2(x2(t), y2(t)) (2.57)

let suppose that:  x2(t)
C1

= x(t)
y2(t)
S 1

= y(t)
(2.58)
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Consequently we can write the following equation:x(t) = L1C2 + L2C23

y(t) = L1C2 + L2C23
(2.59)

the equation (2.59) is similar to the two DOF forward geometric model, then θ2 and θ3

can be obtained as follows:

θ3 = AT AN2(±
√

(1 − τ2), τ) (2.60)

where:τ = (x(t)2 + y(t)2 − L2
1 + L2

2)/(2L1L2)
and:  cos(θ2) =

y(t)[L1+L2cos(θ2)]+x(t)[L2 sin(θ2)]
x(t)2+y(t)2

sin(θ2) =
x(t)[L1+L2cos(θ3)]−y(t)[L2 sin(θ3)]

x(t)2+y(t)2

(2.61)

therefor:

θ2 = AT AN2(sinθ2, cosθ2) (2.62)

2.5.3 Compute Of the Three DOF Kinetic Models

2.5.3.1 Compute Of the Forward Kinetic Model

By deriving the forward geometric model of the three manipulator arm, the forward ki-
netic model is obtained as below:

ẋ(t) = −[L1C2) + L2C23)]S 1θ̇1 − [L1S 2) + L2S 23)]C1θ̇2 − L2S 23S 1θ̇3

ẏ(t) = −[L1C2) + L2C23)]C1θ̇1 − [L1S 2) + L2S 23)]S 1θ̇2 − L2S 23S 1θ̇3

ż(t) = −[L1C2) + L2C23)]θ̇2 + L2C23θ̇3

(2.63)

where:ẋ(t)
ẏ(t)
ż(t)

 =

−[L1C2) + L2C23)]S 1 −[L1S 2) + L2S 23)]C1 −L2S 23S 1

−[L1C2) + L2C23)]C1 −[L1S 2) + L2S 23)]S 1 −L2S 23S 1

0 −[L1C2) + L2C23)] L2C23


θ̇1

θ̇2

θ̇3

 (2.64)

we can rewrite the kinematic model as below:ẋ(t)
ẏ(t)
ż(t)

 = J(θi)

θ̇1

θ̇2

θ̇3

 (2.65)

where:
(θi) is the Jacobian matrix and its formula is as follow:

J(θi) =

−[L1C2 + L2C23]S 1 −[L1S 2 + L2S 23]C1 −L2S 23S 1

−[L1C2 + L2C23]C1 −[L1S 2 + L2S 23]S 1 −L2S 23S 1

0 −[L1C2 + L2]C23 L2C23

with : i = 1, 2, 3 (2.66)
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2.5.3.2 Compute Of the Inverse Kinetic Model

The inverse kinetic model of three DOF manipulator arm if given via the Jacobin matrix
inverse as follow:

θ̇1

θ̇2

θ̇3

 = J−1(θi)

ẋ(t)
ẏ(t)
ż(t)

with : i = 1, 2, 3 (2.67)

where:

J−1(θi) =
1
∆

Ad j[J(θi)] (2.68)

and:
∆ = L1L2[L1C2S 3 − L2S 2 + L2C2

3S 2 + L2C2C3S 3] (2.69)

Therefore the condition for the Jacobian inverse matrix to be exist is:

L1C2S 3 − L2S 2 + L2C2
3S 2 + L2C2C3S 3 , 0

The singularity positions for the above three dof manipulator robot are:θ3 = kπ, k = 0,±1,±2, ...
L1C2 + L2C23 = 0

(2.70)

L1C2 + L2C23 = 0⇒ x(t) = y(t) = 0,
where the singularity positions are illustrated in the figures Fig.2.20, Fig.2.21 and Fig.

2.22.

Figure 2.20: Three DOF Manipulator Robot singularity at θ3 = 0
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Figure 2.21: Three DOF Manipulator Robot singularity at θ3 = π

Figure 2.22: Three DOF Manipulator Robot singularity at xy=0

2.5.4 Compute Of the Dynamic Model
By using the equations (2.54) and (2.64) the total energy of the three DOF manipulator
arm is given as below:

EK = 1
2 [M1L2

1C
2
2 + 1

2 M2(l1C2 + l1C23)2]θ̇2
1

+1
2 [M1L1 + M2(L2

1 + L2
2 + 2L1L2C3)θ̇2

2

+M2L2
2θ̇

2
3 + M2(L2

2 + L1L2C3)θ̇2θ̇3

(2.71)

and the potential energy is given by the following formula:

EP = gM1L1S 2 + gM2(L1S 2 + L2S 23) (2.72)
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Finally the Lagrangian of the two dof manipulator robot is given as below:

L = 1
2 [M1L2

1C
2
2 + 1

2 M2(l1C2 + l1C23)2]θ̇2
1

+1
2 [M1L1 + M2(L2

1 + L2
2 + 2L1L2C3)θ̇2

2

+M2L2
2θ̇

2
3 + M2(L2

2 + L1L2C3)θ̇2θ̇3

+gM1L1S 2 + gM2(L1S 2 + L2S 23)

(2.73)

By using the Lagrangian Formalism, it is easy to prove that the dynamic model of the
three DOF manipulator arm Fig.2.19is given by the following formula:

M(θ)θ̈ + C(θ, θ̇)θ̇ + G(θ) = τ

Y = θ
(2.74)

where:
θ = [θ1θ2θ3]T : is the joints position vector
τ = [τ1τ2τ3]T : is the joints torque vector
Y: is the output vector

G(θ) = [0g2g3]T : is the gravitational vector’s

C(θ, θ̇) = [C1C2C3]T : is the Coriolis and centrifugal forces vector’s;

M(θ)=

D11 0 0
0 D22 D23

0 D32 D33

 : is the inertia matrix;

with:

G2 = M1gL1C2 + M2g(L1C2 + L2C3)

G3 = M2gL2C23

C1 = 2[M1L2
1S 2C2 + M2(L1S 2 + L2S 23)]θ̇1θ̇2 − 2M2L2S 23θ̇1θ̇3

C2 = −M2L1L2S 3θ̇
2
3−M2L1L2S 3θ̇2θ̇3 + [M1L2

1S 2C2 + M2(L1S 2 + L2S 23)((L1C2 + L2C23)]θ̇2
1

C3 = [(M2L2S 23)(L1C2 + L2C23)]θ̇2
1 + M2L1L2S 3θ̇

2
2

D11 = M1L2
1C

2
2 + M2(l1C2 + l1C23)2

D22 = M1L2
1 + M2(L2

1 + L2
2 + L1L2C3)

D23 = M2(L2
2 + L1L2C3)

D32 = D23
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D33 = M2L2
2

2.6 Three DOF Model Predictive Controller

2.6.1 Feedback Linearization Control
By using the same idea used for two DOF manipulator arm , [83] and [84] we found as well,
that the control input τ appears in the second derivative of the output Y. and the second
derivative of Y is given by the following formula:

Ÿ = θ̈ = M(θ)−1[−C(θ, θ̇)θ̇ −G(θ) + τ] = v (2.75)

where:
v = [v1v2v3]T : is the Synthetic Control Vector
Finally, from (2.75) we get the feedback linearization control as follow:

τ = M(θ)v + C(θ, θ̇)θ̇ + G(θ) (2.76)

the Fig. 2.23 illustrate the the feedback linearization control loop.

Figure 2.23: MPC and Feedback linearization Close-loop diagram

Applying the control law given by (2.76) to the nonlinear system (2.74), the dynamic
model of the manipulator robot with three DOF, becomes a linear system double integra-
tor. The relative degree is equal to two. This means that by using the control law (2.76),
we obtain a complete linearization of the nonlinear system (2.74) and we get a linear
system for each joint variable. 

θ1(p)
v1(p) = 1

p2

θ2(p)
v2(p) = 1

p2

θ3(p)
v3(p) = 1

p2

(2.77)

where p is a Laplace variable. The linearization of the nonlinear system has been done.
So,we can develop minimum time control for the three DOF robot arm which will be the
aim of the next subsection

2.6.2 Model Predictive Control
In the case of a robot arm with three DOF and after application of the feedback lineariza-
tion (2.76) to the nonlinear system (2.74), we obtain the following two decoupled linear
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systems. 
θ̈1 = v1

θ̈2 = v2

θ̈3 = v3

(2.78)

Considering the first equation of (2.78). each equation from the above system can be
rewritten in the state-space form: 

ẋ1(t) = x2(t)
ẋ2(t) = v1(t)
y(t) = x1(t)

(2.79)

where: [
x1 x2

]
=

[
θ1 θ̇1

]
v1 is the synthetic control of the first link of the robot and Y is the output.
Now, we are going to develop a model predictive controller (MPC) [85], [86] for the first link
of the robot arm. The MPC controller for the second and the third link of the robot will
be developed in the same way as the first.
By Assuming v1(t) = v1 constant in the time interval [t t+h ] , where h is horizon time of
prediction. we can write the following equations as developed for the two-link robot arm:

θ1(t + h) =
1
2
v1h2 + θ̇1(t)h + θ1(t) (2.80)

the desired angle of the first joint θ1d is constant as well as the second and the third joint.
We want to minimize not only the articulation deviation error but also the energy needed
by the manipulator arm to reach the final position, the reason why we choose the following
cost function:

J = e2
1(t + h) + ρ

∫ t+h

t
v2

1dt (2.81)

,

where: e1(t + h) is the predicted joint position error,v1 is the synthetic control and:

e1(t + h) = θ1d − θ1(t + h) (2.82)

The horizon time h and the weight factor ρ are both positive parameters to be optimized
later.
By substituting the prediction model(2.82) into (2.81) the quadratic cost function will be:
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J = (
1
4

h4 + ρh)v2
1 − (θ1d − θ1 − θ̇1h)h2v1

+ (θ1d − θ1 − θ̇1h)2
(2.83)

By minimizing the criterion J with respect to v1, the new approach of the model predictive
controller is as follow:

v1(t) = α1(θ1d − θ1(t)) − α2θ̇1(t) (2.84)

where the control law gains are as follow:α1 = 2h
h3+4ρ

α2 = 2h2

h3+4ρ

(2.85)

The block diagram of the closed-loop system is presented as depicted in 2.24:

Figure 2.24: Three DOF Close Loop Transfert Function

Regarding the response of the system, we would like to have a behavior similar to a sys-
tem of the second order:

ω2
0

p2 + 2ζω0 p + ω2
0

(2.86)

where ζ is a damping factor and ω0 is a natural frequency.
The transfer function of the system presented in Fig 2.24 is given as below:

θ1(p)
θ1d(p)

=
α1

p2 + α2 p + α1
(2.87)

Taking into account (2.85),(2.86) and (2.87) we obtain:

2ζω0 =
2h2

h3 + 4ρ
(2.88)
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ω2
0 =

2h
h3 + 4ρ

(2.89)

based on equation.2.89 we can easly prove that:

h =
2ζ
ω0

(2.90)

and:

ρ =
ζ

ω3
0

(1 − 2ζ2) (2.91)

The weight factor ρ is a positive number, therefore from the equations (2.89) and (2.90),
the damping factor ζ must be less than 1

√
2

. Hence, in order to get a good damping, we
have to choose the value of ζ to be as near as possible to 1

√
2
, let suppose : ζ = 0.999

√
2

2.6.3 Optimization and Constraints Handling based on graphics crete-
ria

The aim of this section is to find h and ρ values in such way our system fulfills the
following conditions: 

|τi| ≤ 100Nm
Tr±5% ≤ 1.7S
i = 1, 2, 3

(2.92)

The idea is to draw the maximum, the minimum torque values (for each arm articu-
lations) as well as the settling time values for several values of ω0 (from 1 rad/s up to 10
rad/s) (see Fig.: 2.25, 2.26 and 2.27. Then it will be very easy to find a trade-off which
satisfy the above constraints conditions. Note that the the joints torques are given by the
equation (2.75) while the setting time is given by the following formula [91]:

h = −
ln(0.05

√
1 − ζ2)

ζω0
(2.93)

From Fig. 2.25, in order to have a maximum torque less than or equal to 100 Nm,
the natural frequency ω0 should be less than or equal to 2.8 rad/s, and from Fig. 2.26, in
order to have a minimum torque greater than or equal to -100 Nm, the natural frequency
ω0 should be less than or equal to 5.3 rad/s. which means ω0 should be less or equal to
2.8rad/s. From Fig. 2.27. To get a settling time Tr5% less than or equal to 1.7 s, the natural
frequency ω0 should be greater than or equal to 2.7 rad/s. Finally the natural frequency
has to verify the following inequality:

2.7rad/s ≤ ω0 ≤ 2.8rad/s (2.94)

Let’s take ω0=2.79 rad/s, Using the equations. (2.90) and (2.91), the prediction horizon
time h and the weight factor ρ are:h = 0.5064 and 6.5021 ∗ 10−5. Using the equation
system’s (2.85), the values of the predictor control law gains are: α1 = 7.78 and α2=3.94.
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Figure 2.25: The variation of the maximum torques as a function of ω0

Figure 2.26: The variation of the minimum torques as a function of ω0
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Figure 2.27: The variation of the settling time as a function of ω0

2.6.4 Simulation and Results
In order to show the efficiency of the proposed graphical based tuning for the MPC con-
troller.For simulation purpose, we assume that the mass and the length of the first and the
second links of the robot arm are Mi=(1,2) = 1 (Kg) and Li=(1,2) = 1 (m), respectively. The
initial and the desired orientations of the first and the second links of the robot arm are
θ1(0) = π/4, θ2(0) = π/3,θ3 = 0,θ1d = −π/2,θ2d = π/4and θ3d = π/6, respectively.

Fig.2.28 shows the manipulator arm end effector trajectory from the initial conditions
to the desired configurations. Fig.2.29,2.30 and 2.31 illustrate the convergence of the joint
angles θ1,θ2 and θ3 ,respectively, to their reference values. with settling time Tr5% less than
1.7 s. In Fig. 2.33 the robot synthetic controls v1, v2 and v3 given by the Eq. (2.84) are
shown. As we can see, the synthetic controls reach zero when the end effector of the
robot reaches its objective. Fig. 2.34 shows the robot torques that can be obtained from
synthetic controls using Eq. (2.84). The angles errors e1,e2 and e3 of the three-link of the
robot arm converges towards zero using the proposed approach of control are depicted in
Fig. 2.32.
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Figure 2.28: Arm manipulator end-effector in the final position

Figure 2.29: Real and the desired orientation of the first link of the 3 DOF robot



2.6. Three DOF Model Predictive Controller 49

Figure 2.30: Real and the desired orientation of the second link of the 3 DOF robot

Figure 2.31: Real and the desired orientation of the third link of the 3 DOF robot

2.6.5 Conclusion

A new MPC control approach for a two-link robot arm with two degrees of freedom is pro-
posed in this chapter. The technique consisted of linearizing a nonlinear dynamic model
of the robot by using a feedback linearization control. Next, based on the obtained linear
model, an MPC controller was developed that was tuned by choosing the parameters h
and ρ. In order to demonstrate the effectiveness of the proposed approach, we performed
a comparative study with the LQ control approach. From the results obtained and pre-
sented in this chapter, it can be stated that the proposed MPC control approach gives a
better system performance than the LQ optimal control approach. In addition, both pro-
posed approaches (MPC control and LQ control) give a better system performance than
the PID control technique proposed by [3]. In this chapter we have also developed an
MPC control for controlling a 3 DOF manipulator robot. The simulation results obtained
show the effectiveness of the proposed control approach. The research carried out in
this chapter has been published in an international journal and in two IEEE international
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Figure 2.32: Errors in the joint angle

Figure 2.33: Robot synthetic controls

conference [45], [46] and [47].
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Figure 2.34: Robot torques





Chapter 3

Differential-Drive Mobile Robot
Control

3.1 Introduction
Today the articulated robot arm constitute a common auxiliary machine used for wide
range of applications such as manipulation e.g. dangerous materials, chemical substances,
explosive materials e.g. welding, painting or assembling. These robots are constructed
by a revolute joints and a rigid arms, and the manipulator robot workspace can only be
defined based on the number of degrees of freedom (DOF).To extend the manipulator
robot workspace, the manipulator robot is fixed to a mobile platform allowing the motion
in additional axis, and create a mobile manipulator robot [35,36,45,92–97].
Our main contribution of this section is to apply a model predictive control for controlling
a differential drive mobile robot and use the wheels torques and settling time graphs as a
tool to better tune predictive controller gains. Finally, we tried to find a compromise be-
tween the dynamic performance and the required energy needed to perform any requested
task from the DDMR.

3.1.1 Mobile Base Classifications
Wheeled Mobile Robots can be classified according to their drive system to:
1- Differential drive WMRs:A differential wheeled robot is a mobile robot whose move-
ment is based on two separately driven wheels placed on either side of the robot base. Its
direction can be changed by varying the relative rate of rotation of its wheels and hence
does not require an additional steering motion. For balance reason, additional wheels may
be required.
2- Car-type WMRs: A car-type mobile robot consists of a two drive wheels at the rear of
the main body and two differential steering wheels at the front [98].
3- Omnidirectional WMRs: Omnidirectional robots are capable to heading for any direc-
tion [99], [100]. They can change direction without changing the position or orientation of
robots, thus being capable of easily performing tasks in congested environments when
facing static and dynamic obstacles and narrow aisles.
4- Synchro drive WMRs: In the synchro-drive (synchronous drive) mobile robot, the
wheels are rotated together, and therefore they always point to the same driving direction
(all wheels steer and drive synchronously). All wheels turn and drive in unison [101], [102]

and [103].The mobile base does not rotate as the wheels steer; thus, it remains in the same

53
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orientation regardless of its direction of movement. This can be done by using a single
motor and a chain for steering and a single motor for driving all wheels [104].

3.2 DDMR Geometric Description
Fig. 3.1shows the differential drive mobile robot subject of our study.

Figure 3.1: 3D View of a mobile manipulator robot with 3DOF

3.2.1 Coordinates Systems
In order to describe the position of the mobile manipulator robot in its environment, we
have defined the following different coordinate systems:

1. Global Coordinate System: This coordinate system is a global frame which is fixed
in the environment or plane in which the DDMR moves in. Moreover, this frame is con-
sidered as the reference frame and is denoted as (Xg,Yg) .

2. Robot Coordinate System: This coordinate system is a local frame attached to the
DDMR, and thus, moving with it. This frame is denoted as (Xr,Yr) .

The two defined frames are shown in Fig.3.2 the origin of the robot frame is defined
to be the mid-point A on the axis between the wheels. The center of mass C of the robot
is assumed to be on the axis of symmetry, at a distance d from the origin A. The mobile
robot position and orientation in the global frame can be defined as:

qg = |xayaθ|
T (3.1)

3.2.2 DDMR Non-holonomic Constraints
Before discussing the non-holonomic constraints, let put a clear definition about it, and
keep it in our mind as we advance in our development and get the finalized dynamic
model of the DDMR. Holonomic or omnidirectional mobile robot is a robot that has three
degrees of freedom:
- A translation along X (Tx) moves forward or backward
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Figure 3.2: Unicycle mobile robot

- A translation along Y (Ty) goes to the right or to the left
- A rotation along Z (Tz) turns to the right or to the left
Any movement performed in a plane can be broken down into a maximum of two pure

Figure 3.3: Three Degree Of Freedom Mobile Base

translational movements performed respectively with respect to the X and Y axes, plus
one pure rotational movement around the axis perpendicular to the plane as illustrated in
Fig. 3.3. The holonomic robot therefore is able to move in any direction whatever its
orientation.
The holonomic kinematic constraints contains positional parameters without its deriva-
tives with respect to time can be written under the following form:

Λ (xi, yi, zi, qi) = 0 (3.2)

The robots which have less than three DOF are non-holonomic robots.
The DDMR motion is characterized by the non-holonomic constraints equations, which
are based on the following assumptions [71]:
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Figure 3.4: Rolling motion constraints

- No lateral slip:

− xa cos θ + ya sin θ = 0 (3.3)

-Pure rolling: {
ẋPR cos θ + ẏPR sin θ = Rφ̇R

ẋPL cos θ + ẏPL sin θ = Rφ̇L
(3.4)

And:

{
ẋpR = ẋpL = ẋa + Lθ̇ cos θ
ẏpR = ẏpL = ẏa + Lθ̇sinθ (3.5)

where: φ̇R and φ̇L are the right and left wheels angular velocities respectively, R is the
wheels radius, L is the distance between the driving wheels and the axis of symmetry and
d is the distance between the points A and C as illustrated in Fig. 3.2 and Fig. 3.4.
Taking Eq. (3.5) into account, Eq.(3.4) becomes the following:{

ẋa cos θ + ẏa sin θ + Lθ̇ − Rφ̇R = 0
ẋa cos θ + ẏa sin θ − Lθ̇ − Rφ̇L = 0 (3.6)

The constraint equations (3.3) and (3.4) can be presented as follow:

Λ (q) q̇ = 0 (3.7)

where:

Λ (q) =

 − sin θ cos θ 0 0 0
cos θ sin θ L −R 0
cos θ sin θ −L 0 −R

 (3.8)

And:

q̇ =
[

ẋa ẏa θ̇ φ̇R φ̇L

]T
(3.9)

3.3 DDMR Models

3.3.1 Kinematic Model
Kinematic modelling is the study of the motion of mechanical systems without consider-
ing the forces that affect the motion ; we can calculate the linear and angular velocities
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for the driving wheels in the robot frame as below:v =
vpR+vpL

2

w =
vpR−vpL

2L

(3.10)

where vpR and vpL Are the right and left linear velocities of the contact point P.
Therefore, the platform centre A velocities in the robot and global frames are as follows:

q̇r =

 ẋr
a
ẏr

a
w

 =
R
2

 1 1
0 0
1
L − 1

L


[
φ̇R

φ̇L

]
, (3.11)

And:

q̇g =

 ẋr
a
ẏr

a
w

 =
R
2

 cos θ cos θ
sin θ sin θ

1
L − 1

L


[
φ̇R

φ̇L

]
(3.12)

3.3.2 Dynamic Model
The study of mechanical system motion taking into consideration the different forces that
affect it. The dynamic model of the DDMR is essential for simulation analysis of its mo-
tion and for the design of various motion control algorithms using the Lagrange formula:

d
dt

(
∂L
∂q̇i

)
+
∂L
∂qi

= F − ΛT (q) λ (3.13)

where:
L = T − V (3.14)

T is the kinematic energy, V is the potential energy of the mobile platform, qi are the
generalized coordinates, F is the generalized force vector,∧ is the constraint matrix, and
λ is the Lagrange multiplier vector associated with the constraints. In addition, knowing
the DDMR kinematic energy, which is the sum of Tc , the kinematic energy of the robot
platform without wheels, plus TwR,TwL , the kinematic energy of the wheels, note that their
formulas are as follows [71]:

Tc = 1
2mcv

2
M + 1

2 Icθ̇
2

TwR = 1
2mwv

2
wR + 1

2 Imθ̇
2 + 1

2 Iwφ̇2
R

TwL = 1
2mwv

2
wL + 1

2 Imθ̇
2 + 1

2 Iwφ̇2
L

(3.15)

where mc and Ic are the mass and the moment of inertia of the platform without the driv-
ing wheels, respectively, and mw and Iw are the mass and the moment of inertia of each
driving wheel plus the rotor of its motor.
The dynamic model of the non-holonomic DDMR with n generalized coordinates (q1, q2, ..., qn)
and subject to m constraints can be described by the following equation of motion [1]:

M (q) q̈ + V (q, q̇) = B(q)τ − ΛT (q) λ (3.16)

where:
M (q): The inertia moment matrix, symmetric positive definite matrix.
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V (q, q̇):The coriolis matrix.
B(q):Input matrix.
τ:Input vector.
In addition:

M (q) =


mT 0 −mT d sin θ 0 0
0 mT mT d cos θ 0 0

−mT d sin θ mT d cos θ I 0 0
0 0 0 Iw 0
0 0 0 0 Iw

 (3.17)

V (q, q̇) =


mT −mT dθ̇ cos θ 0 0 0
0 −mT dθ̇ sin θ mT d cos θ 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (3.18)

B (q) =

∣∣∣∣∣∣ 0 0 0 1 0
0 0 0 0 1

∣∣∣∣∣∣T (3.19)

Note that: mT = mc + 2mw,

I = Ic + mcd2 + 2mwL2 + 2Im
(3.20)

For the purpose of control and simulation and because the Lagrange multipliers λi are
unknown, it is more convenient to eliminate the constraint term Λ(q)Tλ in Eq.(3.16).
Furthermore, since the constrained velocity is always in the null space of Λ (q) , it is
possible to define (n-m=2) velocities η (t) = [η1η2] , such that [1]:

q̇ = S (q) η (t) (3.21)

We can verify that S (q) is also the null space of the constraint matrix λi , which means:

S (q) Λ (q) = 0 (3.22)

then, it is easy to verify that:

S (q) =


R
2L (L cos θ − d sin θ) R

2L (L cos θ + d sin θ)
R
2L (L sin θ + d cos θ) R

2L (L sin θ − d cos θ)
R
2L − R

2L
1 0
0 1

 (3.23)

Therefore based on S (q) matrix choice, and the state variable

q =
[

xa ya θ φR φL

]T

we have
η (t) = [φ̇Rφ̇L]
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By differencing the Eq.(3.22) and substituting the expression of q̈ into Eq.(3.16) and mul-
tiplying it by S T , The dynamic model equation is as follow [71]:

M̄η̇ + V̄ = B̄τ = τ (3.24)

Such as:


M̄ = S T (q)M(q)S (q)
V̄ = S T (q)

(
M(q)Ṡ (q) + V(q, q̇)

)
B̄ = S T (q)B(q) = I2×2

(3.25)

The Eq. (3.24), shows that the DDMR dynamic model is a function only of the right
and left wheel angular velocities(φ̇R, φ̇L) , the robot angular velocity θ̇ and the driving
motor torques (τR, τL) .

3.4 Control Algorithm
In this part, we will develop a predictive control law for the differential-drive mobile robot.
First, we consider the nonlinear dynamic model given by Eq. (3.24) Then, we convert the
nonlinear dynamic model into a completely linear model in which we can apply our linear
control approach. Once the linear model has been obtained, a model predictive control
will be designed as the second step.

3.4.1 Input-Output Linearization
Let consider the state space vector below [1]:

x = [qTηT ]T = [xc, yc, θ, φR, φL, φ̇R, φ̇R]T (3.26)

We can write the state space dynamic model as follows:

ẋ =

[
S η
0

]
+

[
0

M̄−1
(
τ − V̄

) ]
=

[
S η
0

]
+

[
0

I2x2

]
M̄−1

(
τ − V̄

)
(3.27)

We can rewrite the above state space equation as follow:

ẋ = f (x) + g (x) u (3.28)

where: 
u = M̄−1

(
τ − V̄

)
f (x) =

[
S η
0

]
g (x) =

[
0

I2×2

] (3.29)

From the Eq. (3.28), we could assume a new input u which could linearize (3.27), but
the challenge now is to find another equation that links the new input u with the robot’s
position in such a way that we can compute the wheels’ torques based on this new input.
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Let us suppose y = Υ (q) =
[

xc yc

]T
as the output signals that we need to control, as

shown in Fig.??: [
xc

yc

]
=

[
xa

ya

]
+

[
xa

c −y
a
c

xa
c ya

c

] [
cos θ
sin θ

]
(3.30)

xa
c , y

a
c are the coordinates of point C in the robot frame system. Therefore:

ẏ = ∂Υ/∂t =
(
∂Υ/∂q

)
q̇ = J f [S (q) η (t)] = [J f S (q)]η (t) = Γ (q) η (t) (3.31)

where: Γ : 2x2 decoupling matrix, such as :

Γ =

[
Γ11 Γ12

Γ21 Γ22

]
(3.32)

where: 
Γ11

Γ12

Γ21

Γ22

 =
R
2L


L − ya

c −d − xa
c

L + ya
c d + xa

c
L − ya

c d + xa
c

L + ya
c −d − xa

c


[

cos θ
sin θ

]
(3.33)

The second derivate of Eq.(3.31), is obtained as follows:

ÿ = Γ̇η + Γη̇ (3.34)

As developed in [1], to make Eq. (3.34) linear we have to do the following substitution:{
ÿ = v
η̇ = u (3.35)

which is the I/O feedback linearisation, therefore the second input u will be:

v = Γ̇η + Γu⇒ u = Γ−1(v − Γ̇η) (3.36)

By substituting the second input u of the Eq.(3.36) into Eq. (3.24), we can compute
the DDMR wheels’ torques as follows:

τ = M̄u + V̄ (3.37)

Now the only variable to determine is v, note that:

ÿ =

[
ẍc

ÿc

]
=

[
v1

v2

]
(3.38)

Where: v = [v1, v2] is the synthetic control vector. Which will be the subject of the fol-
lowing subsection.
The figure 3.5 presents an overall control loop of our DDMR:
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Figure 3.5: DDMR-Close-Loop

3.4.2 Model Predictive Control Law

Following the I/O feedback linearization, let us apply the model predictive control to
compute the first input v1.
where vi is the synthetic control vector. Now let us develop the predictive control law for
the xc coordinate, which will be similar to the yc coordinate.

ẋ1 (t) = x2 (t)
ẋ2 (t) = v1 (t)
z (t) = x1 (t)

(3.39)

Where:[
x1 x2

]T
=

[
xc ẋc

]T
, v1is the synthetic control of the xc variable, while z(t) = xc(t)

is the output signal.
Let consider that v(t) = v1 is constant in the time interval [t t + h] [85], [105], [86], where h is
the prediction horizon time, and by using the Eq.(3.39), we can formulate the prediction
model as follows:

xc(t + h) =
1
2
v1h2 + ẋc(t)h + xc(t) (3.40)

We want to minimize not only the articulation deviation error but also the energy needed
by the manipulator arm to reach the final position, which is why we choose the following
cost function [48]:

J = e2
1(t + h) + ρ

∫ t+h

t
v2dt (3.41)

where: e1(t+h) = xcd−xc(t+h) is the prediction error and xcd is the desired value generated
by the referenced trajectory. The horizon time h and the weight factor ρ are both positive
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parameters to be computed later. By replacing the predicted value of xc(t + h) given by
Eq. (3.40) into Eq.(3.41), therefore the criterion J becomes:

J = x2
cd − xcdv1h2 − 2hxcd ẋc(t) − 2xcd xc(t) + 1

4v
2
1h4+

v1h3xcd + v1h2xc(t) + ẋ2
c(t)h2 + 2hẋc(t)xc(t) + x2

c(t) + ρhv2
1

(3.42)

Therefore: min {J}v1 v with subject to

h > 0

and
ρ > 0

⇒ v1(t) = k1(xcd − xc(t)) − k2 ẋc(t) (3.43)

where the predictive control law gains are as follow:

k1 =
2h

h3 + 4ρ

and

k2 =
2h2

h3 + 4ρ
. The block diagram of the closed-loop system can be presented as shown in Fig. 3.6.

Figure 3.6: DDMR-2 Order Close Loop system

Regarding the response of the equivalent system, we want it to adopt similar behavior to
the second-order system:

ω2
0

p2 + 2ζω0 p + ω2
0

where ζ and ω0 are respectively the damping factor and the natural frequency.
The close loop transfer function of the system shown in Fig. 3.6 is given by:

xc(p)
xcd(p)

=
k1

p2 + k2 p + k1
(3.44)

we can verify that:  2ζw0 = 2h2

h3+4ρ = hk
ω2

0 = 2h
h3+4ρ

(3.45)
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Therefore: h =
2ζ
ω0

ρ =
ζ

ω3
0

(
1 − 2ζ2

) (3.46)

The weight factor ρ > 0 ; therefore, from Eq. (3.46), as the damping factor ζ must be
less than 1

√
2

to obtain good damping, we have to choose ζ as near as possible to 1
√

2
; let

us suppose ζ = 0.999
√

2
.

3.4.3 Graphic Base Tuning of MPC Gains for DDMR
We want to find h and ρ values in such a way that our system fulfils the following condi-
tions: |τi| ≤ 150 Nm , i = 1, 2

Tr±5% ≤ 1 s
(3.47)

with [91]:

Tr±5% =
− ln(0.05

√
1 − ξ2)

ξw0
(3.48)

Hence, we calculate and draw the maximum and minimum torque values (for each arm
articulation) and the settling time values for several values of ω0 (from 1 rd/s to 10 rd/s),
with a Matlab script we could obtained the following graphs:

Figure 3.7: Variation of τiMaxas function of ω

From Figure 3.7, to have the maximum wheel torque less than or equal to 150 Nm, the
natural frequency ω0 should be less than or equal to 9 rd/s. From Figure 3.8, to have the
minimum wheel torque greater than or equal to 150 Nm, the natural frequency ω0 should
be less than or equal to 9 rd/s. In addition, from Figure 3.9, to have a settling time Tr±5%

less than or equal to 1 s, the natural frequency should be greater than or equal to 4.8 rd/s.
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Figure 3.8: Variation of τiMinas function of ω

Figure 3.9: Variation of settling time as function of ω

Finally, the natural frequency ω0 should verify the following inequality:

4.8 rd/s ≤ ω0 ≤ 9 rd/s (3.49)

Let us take ω0 = 9 rd/s, which means that h = 0.157 s,ρ = 1.9 .10−6 and the predictor
control law gains values are k1 = 72.26 and k2 = 12.

3.5 Simulations and Results
To show the suitability of our tinning parameters, k1 and k2, let us consider mc = 1 ( Kg
) and Ic = 1 ( Nm2 ) the mass and the moment of inertia of the platform without the
driving wheels. mw = 0.1 ( Kg ) and Iw = 0.1 ( Nm2 ) : the mass and the moment of
inertia of each driving wheel plus the rotor of its motor. Im = 0.1 ( Nm2 ) :the moment
of inertia of each wheel and the motor rotor about a wheel diameter. For trajectory gen-
eration, we show that the DDMR moves from an initial point Pinit = (1, 1) to a desired
position Pdis = (40, 60) during a time period of 60 s, following a short distance, which
will be a straight line; note that we suppose that there is no obstacle between Pinit and Pdis.

Fig.3.10,3.11,3.12,3.13,3.14 and 3.15 represent the trajectory of Xc ,Yc and (Xc,Yc)
coordinates of the DDMR, from the initial position to the final one; we noticed fast asymp-
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Figure 3.10: Desired and Real Xc with MPC

Figure 3.11: Desired and Real Xc with MPC (Zoom)

totic convergence of the two coordinates without oscillations comparing with Yoshio work
and his team [1] illustrated in Fig. 3.16,they have used a proportional derivate controller
(Kp = 2 and Kd = 5) for DDMR in order to follow a strait line. it is observed that the
imposed settling time Tr±5% limit (less than 1s) is well respected. Fig. 3.17 shows using
the proposed control approach the convergence of the trajectory tracking error towards a
very small value. In Fig.3.43 the DDMR synthetic controls v1, v2 given by Eq.(3.43) are
shown. As we can notice, the synthetic controls do converge as well to almost to zero
when the succeed to follow the desired trajectory. Fig.3.19 shows that the DDMR torques
obtained from the synthetic controls using Eq.(3.37), respect the imposed torque limita-
tions . The Fig. 3.20, shows that the DDMR follows the desired trajectory rapidly without
any overshoot or oscillations.



66 Chapter 3. Differential-Drive Mobile Robot Control

Figure 3.12: Desired and Real Yc with MPC

Figure 3.13: Desired and Real Yc with MPC (Zoom)
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Figure 3.14: Desired and Real Trajectory with MPC

Figure 3.15: Desired and Real Trajectory with MPC (Zoom)
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Figure 3.16: Desired and Real Trajectory PD [1]

Figure 3.17: Trajectory tracking with MPC
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Figure 3.18: DDMR Synthetic control with MPC

Figure 3.19: Wheels acting Torques with MPC
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Figure 3.20: DDMR Trajectory simulation with MPC

3.6 Conclusion
In this chapter, we proposed a model predictive control for a DDMR. The control strategy
started with an input–output linearization technique to linearize the nonlinear dynamic
model of the DDMR, then, based on the obtained linear model, a predictive control law
was developed. The prediction horizon time h and the weight factor ρwere tuned based on
torques and settling time graphics analysis; the simulation results showed that we could
find a compromise between the settling time and the energy required for the mobile robot
to follow the desired trajectory. In addition, the proposed approach of control produces
a better system performance than the PD control technique proposed by Yoshio and Xi-
aoping [1]. The research carried out in this chapter has been published in an international
journal [48] .



Chapter 4

PSO based tuning of Predictive
Controller for 6 DOF Mobile
Manipulator Robot

4.1 Introduction
In the present section we have used constrained particle swarm optimization (COPSO)
technic to tune the model predictive control (MPC) approach developed in our previous
work [45] and [48] for controlling a six degrees of freedom (DOF) mobile manipulator robot
and meet the required performances. After getting linearized dynamic models for the
mobile manipulator robot by using a feedback linearization control, MPC control is de-
veloped with minimizing a quadratic criterion which is a function of the predicted error
and its derivate. Next, the parameters (h: horizon time of prediction, ρ: weight factor) of
the MPC control are computed by identification between the gains found by the COPSO
algorithm and those of the MPC. In order to show the efficiency of the proposed tuning
method, some simulation results are given.

4.2 6 DOF MMR Geometric Description
The manipulator robot shown in the Fig. 4.1 has six degrees of freedom, where θi=1,2,3,4,5,6

are the joints angles, while L j=1,2,3 and M j=1,2,3 are respectively the length and the mass
of the first (j=1), the second (j=2) link and the third link (j=3) of the robot. I j=4,5,6 are
respectively the wrist inertia moments, the variable g denote the gravity force.

4.3 6 DOF Manipulator Arm Models

4.3.1 Geometric Model
Based on the Fig. 4.1, we can calculate the coordinates of the end effector manipulator
robot with respect to the frame (o, X, Y, Z) as follow:

x2 = (l2c2 + l3c23)c1

y2 = (l2c2 + l3c23)s1

z2 = l1 + l2s2 + l3s23

(4.1)

71
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Figure 4.1: 6 DOF Manipulator Arm

The equation (4.1) presents the geometric model which gives us the robot end effector
coordinates based on the its articulations values during the its motion.

4.3.2 Kinematic Model

Calculating the derivative of the Forward geometric model (FGM) Eq. (4.1) with respect
to time, the kinematic model of this robot is given by the following formula:

ẋ2 = [−l2s2w2 − l3s23(w2 + w3)]c1 − (l2c2 + l3c23)s1w1

ẏ2 = [−l2s2w2 − l3s23(w2 + w3)]s1 + (l2c2 + l3c23)c1w1

ż2 = l2c2w2 + l3(w2 + w3)c23

(4.2)

The Eq. (4.2) presents the kinematic model which gives us end robot effector linear
velocities based on its articulations velocities values during its motion.

4.3.3 Dynamic Model

Using the equations (4.1) and(4.2), the total kinetic energy is given by the following for-
mula:
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KE = 1
2m2l2

2ω
2
2 + 1

2m3l2
3ω

2
1c2

23 + 1
2m3l2

2ω
2
1c2

2 + m3l2ω
2
1c2l3c23

+m3l2s2ω
2
2l3s23 + 1

2m2l2
2ω

2
1c2

2 + m3l2s2ω2l3s23ω3 + 1
2m3l2

2ω
2
2

+1
2m3l2

3ω
2
3 + 1

2m3l2
3ω

2
2 + m3l2

3ω2ω3 + m3l2c2ω2l3c23ω3

+1
2 I5ω

2
5 + 1

2 I6ω
2
6 + 1

2m1l2
1ω

2
1 + m3l2c2ω

2
2l3c23 + 1

2 I4ω
2
4

(4.3)

And the potential energy:

PE = m1gl1 + m2g(l1 + l2s2) + m3g(l1 + l2s2 + l3s23) (4.4)

Using Euler-Lagrange Formalism:

L = KE − PE

The motion equation of the manipulator robot is the solution of the following equations:

τi =
d
dt

(
∂L
∂θ̇i

)
−
∂L
∂θi

, i = 1, 2, 3, 4, 5, 6 (4.5)

Where L and τi are respectively the Lagrangian and the torque vector.
Developing the equation (4.5), the dynamic model of a robotic arm with Six degrees of
freedom (DOF) is given by the following formula:{

τi = M(θi)θ̈ + C(θi, θ̇i) + G(θi), i = 1, 2, 3, 4, 5, 6
y = [θ1 θ2 θ3 θ4 θ5 θ6]T (4.6)

where: y = [θ1 θ2 θ3 θ4 θ5 θ6]T : Articulation Variables Vector and also is the output
vector;
τ =

[
τ1 τ2 τ3 τ4 τ5 τ6

]T
: is torque vector (control input);

M(qi) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0

d11 0 0 0 0 0
0 d22 d23 0 0 0
0 d32 d33 0 0 0
0 0 0 I4 0 0
0 0 0 0 I5 0
0 0 0 0 0 I6

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
: Inertia moment matrix;

C(qi, q̇i) =
∣∣∣ c1 c2 c3 0 0 0

∣∣∣T : Centripetal and coriolis vector;

G(qi) =
∣∣∣ 0 g2 g3 0 0 0

∣∣∣:Gravitational vector;

note that:
d11 = 2m3l2l3c2c23 + m2l2

2c2
2 + m3l2

2c2
2 + m3l2

3c2
23 + m1l2

1
d22 = 2m3l2l3c2c23 + m3l2

3 + m3l2
2 + m2l2

2 + 2m3l2l3s2s23

d23 = m3l2l3s2s23 + m3l2l3c2c23 + m3l2
3

d32 = m3l2l3s2s23 + m3l2l3c2c23 + m3l2
3

d33 = m3l3
2
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

h1 = −2ω1[m3l2l3ω2s2c23 + m3l2l3ω2c2s23 + m3l2l3ω3c2s23

+m2l2
2c2s2ω2 + m3l2

2c2s2ω2 + m3l2
3c23s23ω2 + m3l2

3c23s23ω3]
h2 = 2m3l2l3ω2ω3s2c23 − m3l2l3ω

2
2s2c23 + m3l2l3ω

2
1c2s23

+m3l2l3ω
2
1s2c23 − m3l2l3ω

2
3c2s23 + m3l2l3ω

2
2c2s23 − 2m3l2l3ω2ω3c2s23

+m3l2
3ω

2
1c23s23 + m2l2

2ω
2
1c2s2 + m3l2

2ω
2
1c2s2 − m3l2l3ω

2
2c2s23 + m3l2l3ω

2
3s2c23

h3 = −m3l3[−l2s2c23ω2ω3 + l2c2s23ω2ω3 − l2c2s23ω
2
1 − l2c2s23ω

2
2

+l2s2c23ω2ω3 − ω
2
1l3c23s23 + l2s2c23ω

2
2 − l2c2s23ω2ω3]{

g2 = m2gl2c2 + m3gl2c2 + m3gl3c23

g3 = m3gl3c23

4.4 Control Algorithm
In this section we have used the linearized dynamic models developed so far in the present
work (6 DOF manipulator arm and differential-Drive mobile Robot) as well as the ob-
tained MPC gains which can be summarized as follow:
- Manipulator Arm:

•DynamicModel :
{
τi = M(θi)θ̈ + C(θi, θ̇i) + G(θi), i = 1, 2, 3, 4, 5, 6
y = [θ1 θ2 θ3 θ4 θ5 θ6]T

•CostFunction : J = e2
1(t + h) + ρė2

1(t + h)

−MPCgains :

 kpa = 2
h2+4ρ

kda =
2h2+4ρ
h3+4ρh

- Mobile Base (DDMR):

•DynamicModel : τ = M̄u + V̄

•CostFunction : J = e2
1(t + h) + ρ

∫ t+h

t
v2dt

•MPCgains :

 kpb = 2h
h3+4ρ

kdb = 2h2

h3+4ρ

To find the best values of the MPC gains, as we have explained in the second and third
chapters,based on the imposed constraints conditions, we have used a Matlab script to
generate the maximum,minimum and the settling time variation curves as a function of ω
and the results are as follow:

- Manipulator Arm:


|τi| ≤ 100Nm
TR±5% ≤ 1.7S
i = 1, 2, 3

⇒

{
kpa = 7.78
kda = 3.94

- Mobile Base (DDMR):


|τi| ≤ 100Nm
TR±5% ≤ 1.7S
i = 1, 2, 3

⇒

{
kpb = 72.26
kdb = 12

In this section we will be using a different way to tune the MPC gains which is a
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constrained particle swarm optimization method, and to the suitability of the proposed
method, a simulation and results analysis are provided in the following section.

4.5 MPC parameters tuning with a COPSO

4.5.1 PSO Description
The particle swarm optimization idea was proposed for the first time in 1995 by Kennedy
and Eberhart [106], In PSO algorithm, we have a swarm of N particles fly through the
search space, each particle represents a candidate solution to the optimization problem.
Each particle flies through the search space with an adaptable velocity that is dynamically
modified according to its own flying experience and also the flying experience of the other
particles [107], [108], [109], [110], [111], [112], [113], [114], [115], [116]

The mathematical description of the basic particle swarm optimization is as follows:
Supposing the scale of swam is N, the position and the velocity of particle i, can be
expressed as follow:

xi = (xi1, xi2, ..., xid) i = 1, 2, ...,N
vi = (vi1, vi2, ..., vid) (4.7)

The position and the velocity of each particle I at k iteration is updated via the following
formula:

vi(k + 1) = ωvi(k) + c1r1 (Pd(k) − xi(k)) + c2r2

(
Pg(k) − xi(k)

)
xi(k + 1) = xi(k) + vi(k + 1)

(4.8)

Note that: - k: iteration number :1,..,Maxit
- i: particle number: 1,. . . ,N
- Pd(k): Personal best position of i particle among the k personal positions.
- xi(k): Current position of i particle at k iteration.
- Pg(k): Global best position of the whole swarm among the k global positions.
- c1: The acceleration factor related to Pd(k).
- c2: The acceleration factor related to Pg(k).
- r1, r2: Two random number between 0 and 1.
- ω :Inertia factor is brought into the equation to balance between the global search and
local search capability [107]. It can be a positive constant or even a positive linear or non-
linear function of time.

4.5.2 PSO based Model Predictive controller
In this work, an optimization algorithm based on a constrained particles swarm was de-
veloped; in order to find the optimal values of the parameters for each articulation of the
manipulator arm, and then by identification between these optimal parameters and those
of the MPC(15), we can calculate the parameters h and ρ of the MPC controller. The
structure diagram of COPSO based MPC is shown in Fig.4.2
The performance criterion in MPC is as follow:

- For the manipulator Arm:

δma =
∑

e2 (t) +
∑

ė2 (t) (4.9)
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Figure 4.2: COPSO based MPC closed loop structure’s for 6 dof Manipulator Arm

- For the Mobile Base:

δmb =
∑

e2 (t + h) +
∑

v2 (t + h) (4.10)

i 1 2 3 4 5 6
kpma 21 21 25 17 25 25
kdma 9 9 10 7 10 10

Table 4.1: kpma and kdma values found by COPSO Algorithm

i 1 2 3 4 5 6
h 0.1311 0.1311 0.1171 0.1839 0.1171 0.1171
ρ 0.0195 0.0195 0.0165 0.0209 0.0165 0.0165

Table 4.2: h and ρ values computed based on kpma and kdma

The above values of h and ρ are the solutions of the following equations systems, and
their numerical values are computed by using Maple software:{

k1(h2 + 4ρ) − 2 = 0
k2(h3 + 4ρh) − 2h2 + 4ρ = 0 (4.11)

The Fig. 4.3 shows the latest fitness convergence curve of the COPSO algorithm for
the manipulator arm, note that we have executed the COPSO several time, for each run
we have resized the search interval in order to get a better (minimum) value of the cost
function, which explains the the convergence of the cost function after a 10 iterations
only. The Fig. 4.5 shows as well the latest fitness convergence curve of the COPSO algo-
rithm for the DDMR, note that we have executed the COPSO several time, for each run
we have resized the search interval in order to get a better (minimum) value of the cost
function, which explains the the convergence of the cost function after a 15 iterations only.
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Figure 4.3: Manipulator arm fitness convergence

Figure 4.4: COPSO based MPC closed loop structure’s for DDMR

The trajectory generator script can only generate one trajectory for each value of pre-
diction time h, which means the both left and right wheels must have the same kp and kd,
which is not the case of the manipulator arm we could have a different values for each
link. therefore: {

h = 0.1483
ρ = 10−4 ⇒

{
kp−mb = 89.31
kd_mb = 13.36
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Figure 4.5: DDMR Fitness Convergence

4.6 Trajectory Planning
We want the mobile manipulator robot to move up to well-determined object from its ini-
tial location to another desired one by choosing the shortest possible path, it is assumed
that there are no obstacles along the path whatsoever for the mobile base as well as the
manipulator arm. The mobile manipulator arm during its movement will pass through

Figure 4.6: Trajectory Planning

two phases:
- First phase: the mobile base must starts moving first from the initial position the point A
until the point M which is the intersection of the line (PN) and the circle centered in the
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point N and has radius R =
(L2+L3)

2 , Fig. 4.6.

The calculation of the pint M coordinates is as follow:

Based on the Fig. 4.6, we can write:

tanα =
yN − yM

xN − xM
(4.12)

Therefore: {
xM = xN − R cosα
yM = yN − R sinα (4.13)

and the α angle it can be calculated as well as below:

α = a tan 2(xN − xA, yN − yA) (4.14)

Therefore the M point is the mobile base desired position, where it must stop at it, and it
is as well a permissive condition for the manipulator arm prior to start moving to grab the
target object.
Now, let define the desired trajectory which the mobile base has to follow, suppose the
starting of the mobile base (point A) and final position of the end effector ( Point N) are
as below: {

A = (1, 1)
M = (30, 50, 1.75) (4.15)

as per the equations (4.13), (4.14), the M point coordinates and α values are as below:{
M = (29.1349, 49.4907)
α ≈ 60◦ (4.16)

Since the general form of a straight line is as follow:
x = axt + bx

y = ayt + by
t(s) ∈

∣∣∣ 0 60
∣∣∣ (4.17)

Therefore: 
x = 0.4833t + 1
y = 0.8167t + 1
t(s) ∈

∣∣∣ 0 60
∣∣∣ ⇒


y = 1.69x − 0.69
x ∈

∣∣∣ 1 30
∣∣∣

y ∈
∣∣∣ 1 50

∣∣∣ (4.18)

- Second phase: once the mobile base reaches its desired position (M point) it has to
stop, at this time the manipulator arm has the green light to start moving to grab the object
target.

In order that the FGM and the IGM of the manipulator arm function properly, we have
to update its initial position by the latest coordinate of the mobile base centre which is its
desired point ,therefore the updated FGM and IGM are as follow:
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- Forward Geometric Model of the first and the second links:
x2 = (l2c2 + l3c23)c1 + xM

y2 = (l2c2 + l3c23)s1 + yM

z2 = l1 + l2s2 + l3s23 + zM

(4.19)


x1 = l2c2c1 + xM

y1 = l2c2s1 + yM

z1 = l1 + l2s2 + zM

(4.20)

- Inverse Geometric Model

θ1 = a tan 2(x2 − xM, y2 − yM) (4.21)

and:

θ3 = AT AN2(±
√

(1 − τ2), τ) (4.22)

where:

τ =

((
y2−yM

s1

)2
+ (z2 − L1 − zM)2

− (L2
2 + L2

3)
)

2L2L3

and:  cos(θ2) =
(z2−L1−zM)[L2+L3cos(θ3)]+(y2−yM)[L2 sin(θ3)

(L2+L3c3)2+(L3 s3)2

sin(θ2) =
(y2−yM)[L2+L3cos(θ3)]−(z2−L1−zM)[L2 sin(θ3)

(L2+L3c3)2+(L3 s3)2

(4.23)

therefor:

θ2 = AT AN2(sinθ2, cosθ2) (4.24)

The motion flow chart Fig. 4.7 can be summarize as follow:first of all, the robot controller
should read the mobile base initial position, the trajectory starting point (P) and the end
effector desired position (N) as well as the manipulator arm initialθ0 articulations values:

A = (xA, yA)
P = (xP, yP)
N = (xN , yN , zN)
θ =

[
θ10 θ20 θ30 θ40 θ50 θ60

]
then, based on the above data, the controller compute the mobile base desired position and
calculate the initial posture of the manipulator arm based on the last position of the mobile
base, which should be its desired position (M). then compute the the desired posture θd

through the inverse geometric model in order to be as set point vector for MPC controller.
Let suppose that:
θinit = [θ10, θ20, θ30, θ40, θ50, θ60] = [0,−π/3, π/7, 3π/4, π/8, π/5]
By using the manipulator arm Inverse Geometric model, the desired posture will be:
θdesir = [θ1d, θ2d, θ3d, θ4d, θ5d, θ6d] = [0.5321, 0, 1.5669, 3π/3, π/4, π/6]
note that, the θ4,θ5 and θ6 we just supposed to have the above values.
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4.7 Simulation and Results
In order to show the efficiency of our approach, let consider the following:
The Manipulator Arm: the mass, moments of inertia and the length of the Manipulator
Arms are

[
m1 m2 m3

]
=

[
2 0.5 0.3

]
Kg,

[
I4 I5 I6

]
=

[
0.1 0.1 0.1

]
N.Kg

and
[

L1 L2 L3

]
=

[
0.5 1 1

]
m respectively.

The initial and desired Articulations configurations are as follow:

θinit = [θ10, θ20, θ30, θ40, θ50, θ60] = [0,−π/3, π/7, 3π/4, π/8, π/5]
θdesir = [θ1d, θ2d, θ3d, θ4d, θ5d, θ6d] = [0.5321, 0, 1.5669, 3π/3, π/4, π/6] The PSO tuning
parameters are:
n=100: Population size
ωmin = 0.4 :Minimum inertia weight
ωmin = 0.9 :Maximum inertia weight
c1 = 2 : Acceleration factor related to the personnel best position
c2 = 2 : Acceleration factor related to the global best position.
Maxit = 50: Maximum iteration.

Figure 4.8: Desired and Real Articulation θ1
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Figure 4.9: Desired and Real Articulation θ2

Figure 4.10: Desired and Real Articulation θ3

Fig.4.8 up to 4.13 shows that MPC tuned with PSO provides better settling time Tr±5%

than the MPC tuned with a graphics method and with out any oscillations or overshoot
for all the outputs θi. Fig.14.14 shows, that the MPC tuned with PSO provides better
dynamic convergence to zero of the angular errors compared with MPC tuned with a
graphics method and all of them towards to zero once the end effector reaches the desired
configuration. In Fig.4.15 and Fig. 4.16 we could see that, the angular velocities w1 up to
w6 and the synthetic controls v1 up to v6 converge to zero once the end effector reaches the
desired configuration. The different torques shown in Fig.4.17 and 4.18, proves that by
using the tuned MPC with COPSO requires less energy compare it with MPC tuned with
a graphic method. And the maximum torques is well respected by both methods The Fig.
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Figure 4.11: Desired and Real Articulation θ4

Figure 4.12: Desired and Real Articulation θ5

4.19, shows the manipulator arm end effector trajectory from the initial conditions to the
desired configurations.

The DDMR figures : Fig.4.20, Fig. 4.21, Fig.4.22, Fig.4.23, Fig. 4.24, Fig.4.25 and
Fig.4.26 shows that the tuned MPC with COPSO did not add a significant contribution
compared with MPC tuned with the graphic method.
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Figure 4.13: Desired and Real Articulation θ6

Figure 4.14: Articulations Errors



86
Chapter 4. PSO based tuning of Predictive Controller for 6 DOF Mobile Manipulator

Robot

Figure 4.15: Angular Velocities

Figure 4.16: Synthetic Controls
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Figure 4.17: Manipulator robot Torques τ1,τ2,τ3

Figure 4.18: Manipulator robot Torques τ4,τ5,τ6
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Figure 4.19: Arm Manipulator End Effector in the Final Position

Figure 4.20: Desired and Real Xc
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Figure 4.21: Desired and Real Yc

Figure 4.22: Desired and Real Trajectory
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Figure 4.23: Trajectory tracking

Figure 4.24: R-Wheels acting Torques
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Figure 4.25: L-Wheels acting Torques

Figure 4.26: DDMR Trajectory simulation
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4.8 Conclusion
In this chapter, we proposed a constrained particle swarm optimization (COPSO) technic
to better tune the predictive controller gains for a six degrees of freedom manipulator arm
as well as for the differential-drive mobile robot. We started by linearizing both nonlinear
dynamic models by using a feedback linearization technic. Once the linear model was
obtained, a model predictive control is designed in the next step. The prediction horizon
time h and the weight factor ρ are tuned based on constrained particle swarm optimiza-
tion. The simulation results for the manipulator arm show that the COPSO algorithm
contrasted with graphic analysis method, has many advantages, such as the fast response
time, minimum overshoot and optimum allowed torque for the robot. It shows that the
optimized MPC parameters based on COPSO algorithm provides better results than the
optimized MPC based on graphical method. While for the DDMR simulations results of
both tuning methods are almost the same, and this is probably to the trajectory generator
constraints, which impose to have unique prediction time for both X and Y coordinates.



General conclusion and perspectives

Conclusions

There are many constraints and challenges that control engineer has to take into account
while looking or developing an adequate controller, such that:

1- Nonlinear models (kinematic and dynamic) of the mobile robots, which present the
most difficult problem prior to develop a suitable control strategy.

2- Provides excellent dynamic performances: short response time, minimum over-
shooting and less oscillation.

3- Respect the mobile robot workspace constraints: minimum torque and shortest tra-
jectory.

4- Maintain the above features for a higher degree of freedom mobile robot.

Therefore our proposed control approach is a combination of a feedback linearization
control, in order to transform the nonlinear dynamics of the system to a complete or par-
tial linear one, and the MPC control, to obtain better performance for the system.
To resolve the first problem and get a linearized dynamic models, we have used the feed-
back linearization control; which is obtained by differentiating the output vector until
the control inputs appears.For manipulator arm, we have applied the input-state feedback
linearization technique, where we could linearize the map between the transformed in-
puts and the entire state vector, while for the differential-drive mobile robot, due to the
non-holonomic constraints, the above technic was not possible, therefore we have used
input-output feedback linearization technique, where we could find a linear function be-
tween the input state vector and the selected output vector.

To respond the second problem and ensure an excellent dynamic performances, we
have defined one-horizon time quadratic objective function in order to find the optimized
control input, where the parameters (h and ρ) of the obtained control law are calculated to
have a specific behavior of the second order closed loop system.

Then to overcome the lats problem and respect the workspace constraints we have
introduced the following two methods:

1-Graphic tool: which consist of drawn the variation of the maximum, minimum
torques and settling time curves as a function of the natural frequency, then we have
compare it with the imposed dynamics and constraints in order to take the trade-off value.

93
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2- Constraint particle swarm optimization algorithm: the idea here is to use the COPSO
to find the optimum value of the obtained MPC gains, then by identifying these optimal
gains with the MPC gains expression, we can calculate the parameters h and ρ.

Finally to verify and make the proposed control capability of maintaining the above
features, we have successfully validate it with a comparative study with linear quadratic
control, then we have extend it for the below higher degrees of freedom robots:

A- 3-DOF manipulator arm.

B- Differential-drive mobile robot.

C- 6-DOF mobile manipulator robot.

The obtained simulations results showed the efficiency of the proposed control ap-
proach and all the workspace constraints are well respected.

Future Work
Future work is aimed towards to:

• To test the proposed MPC control on a real robot, to verify this method’s robustness

• Take the interaction between the manipulator arm and the mobile base during the mo-
tion of the hole mobile manipulator robot in order to study the effect of the manipulator
arm on the stability of entire system.

• To develop a predictive control approach in a discrete domain for controlling a mobile
manipulator robot and challenge to obtain a predictive control law for following more
complicated predefined trajectory (in the case of obstacle avoidance for example).

• Apply the COPSO based tuning of an MPC control for controlling different mobile
robots, such as: robot like a car, tri-cycle mobile robot. . . .etc.

• To propose a predictive control architecture with observer to take into account the mea-
surement noise
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