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ABSTRACT

In this thesis, we study some nonlinear elliptic problems involving rational oper-
ators. The difficulty lies in introducing non-classical functional spaces. In the first
part, we studied the Dirichlet boundary value problem involving the rational operator
p(z,y)—Laplacian. We base the outcome of existence under certain conditions on non-
linearity. Our goal is to apply Berkovits degree theorem to quasi-continuous operators
of type (S ) generalized to real reflective Banach spaces. Through this theory, we prove
the existence of weak, non-intuitive solutions to this problem. We then study another
problem involving D?, which is the distributive fractional Riesz gradient for 0 < s < 1,
as a nonlocal operator generated by an Lévy operation. Based on the invariance result
for pseudotone operators, we have proven that there is at least one weak solution to such
a problem. Moreover, we obtain the uniqueness of the solution to the problem under
some considerations, and all of this from the theoretical side. From the numerical side,
we have used a technique that is a combination of the Elzaki transformation method and
the variational iteration method called the Elzaki variational iteration method (EVIM)

on nonlinear fractional partial differential equations.
Keywords: Fractional p(z,y)-Laplacian problems, Generalized fractional Sobolev

spaces, Topological degree, Weak solution, s-gradient, Bessel potential spaces, Nonlinear
time-fractional partial differential equations, Variational iteration method, Elzaki trans-
form, Elzaki variational iteration method (EVIM).
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RESUME

Dans cette thése, nous étudions quelques problémes elliptiques non linéaires impli-
quant des opérateurs fractionnaires. Les difficultés sont l'introduction d’espaces fonc-
tionnels non classiques. Dans la premiére partie, nous étudions le probléme aux lim-
ites de Dirichlet impliquant I'opérateur fractionnaire p(x,y)-Laplacien. Nous établissons
un résultat d’existence sous certaines conditions sur la non linéarité. Notre objectif est
d’appliquer la théorie des degrés de Berkovits pour les opérateurs semi-continus de type
(S4) généralisés dans des espaces de Banach réflexifs réels. Au moyen de ce théoréme,
nous prouvons l’existence de solutions faibles non triviales pour ce probléme. Puis nous
étudions un autre probléme impliquant D* est le gradient fractionnaire distributionnel
de Riesz pour 0 < s < 1, en tant qu’opérateur non local généré par un processus de
Lévy. Récemment, les processus de Lévy stables, qui donnent lieu a des équations avec
le Laplacien fractionnaire, ont suscité beaucoup d’intérét. Sur la base du résultat de sur-
jectivité pour les opérateurs pseudomonotones, nous prouvons l’existence d’au moins une
solution faible & un tel probléme. De plus, nous obtenons 'unicité de la solution du prob-
léme sous certaines considérations, , et tout cela du coté théorique. Du c6té numérique,
nous avons utilisé une technique qui est une combinaison de la méthode de transfor-
mation d’Elzaki et de la méthode d’itération variationnelle appelée méthode d’itération
variationnelle d’Elzaki (EVIM) sur les équations aux dérivées partielles fractionnaires non
linéaires.

Mots-clé: p(z,y)-problémes Laplacien fractionnaires, Espaces de Sobolev fraction-
naires généraliséés, Degré topologique, Solution faible, s-gradient, Espaces potentiels de
Bessel, Equations aux dérivées partielles fractionnaires non linéaires, Méthode d’itération

variationnelle, Transformation d’Elzaki, Méthode d’itération variationnelle d’Elzaki (EVIM).
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Notations

e R" n-dimensional Euclidean space.

N the set of positive integers, that is N = {0,1,2,---}.

) C R” open set in R".

Q) and 99 denote respectively the closure and the boundary of domain €.

CQ the complement of .

C*(£2) space of infinitely differentiable functions on (2.

Ci(12) space of infinitely differentiable functions on {2 whose supports are compact.

p~ ess inf of p(.) on (2.

e pt ess sup of p(.) on (2.

e [7(Q) Lebesgue space on {2 with constant exponent p.

L>°(£2) Lebesgue space on {2 where p = co.

e W*P(Q) fractional Sobolev space on {2 with constant exponent p and s € (0, 1).

WP (Q) closure of C§°(£2) in W*P(Q).

e LP@(Q) Lebesgue space on {2 with variable exponent p(z).

vi



pp(y(u) modular functional on LY@ ().

WY generalized fractional Sobolev space on (2 with variable exponents with s €
(0,1).

pg(u) modular on W¥.

W? space of zero W9 functions p.p on R™\{2.
A, p-Laplace operator.

(—A,)? fractional p-laplacian.

A,(.) p(.)-Laplace operator.

(—A)® fractional Laplace operator of order s.

Aff(.)u(a:) p(.)-generalized fractional Laplacian applied to u.

F is the Fourier transform

S’ is the Schwartz space

< .,. > denotes the scalar product.

W2 (R?) = HY(R"), W5 *(R") = Hj(R").

Bpr open ball centered at the point 0 with the radius R.

0Bp sphere centered at the point 0 with the radius R.
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INTRODUCTION

The study of partial differential equations dates from the 18th century. There is a
wide variety of physical models introduced in the works of Cauchy, d’Alembert, Euler,
Hamilton, Jacobi, Lagrange, and Laplace. The middle of the 19th century is enriched by
the work of Riemann, Poincaré, and Hilbert. From there, the EDPs receive their title of
nobility because they answer many questions that scientists ask themselves.

Fractional partial differential equations (FPDESs) are for many authors the generaliza-

tion of partial differential equations (PDEs). More precisely, they are the limit cases of
the PDEs because of their non-local property. In fact, the differential operators at a given
point x depend on the values of the applied function in a small ball about z. But the

Fractional Laplacian depends on all values of the function in R".
Non-local equations, in particular, fractional differential equations can be elliptic,

parabolic, or hyperbolic. This is a vague classification since each type of these equa-
tions has its specific characterizations. The elliptic equations are the one that doesn’t

depends on time, they are called the time-independent equations.
One of the reasons for the huge development of the theory of classical Lebesgue and

fractional Sobolev spaces LP and W*? (where 1 < p < 00) is the description of many phe-
nomena arising in applied sciences. For instance, many materials can be modeled with
sufficient accuracy using the function spaces LP and W*P? where p is a fixed constant. For
some materials with inhomogeneities, for instance, electrorheological fluids (sometimes
referred to as "smart fluids"), this approach is not adequate, but rather the exponent p
should be able to vary. This leads us to the study of variable exponent Lebesgue and
fractional Sobolev spaces, LP®) and W*P(®)  where p is a real-valued function. Histori-
cally, Lebesgue spaces with variable exponent were introduced by Orlicz in 1931 [50]. He
defined the space LP®)(R") and established the Hélder inequality. During the years that
followed, these spaces were considered a class of Musielak-Orlicz spaces, themselves a spe-

cial case of modular spaces. On the other hand, Lebesgue spaces with variable exponents
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were discovered independently by the Russian mathematician Tsenov, and extensively
developed first by Sharapudinov and then by Zhikov who [71] started a new direction of
the investigation, which created the relationship between spaces with variable exponent
and variational integrals with nonstandard growth conditions.

It is important to note that (—A,y))® is a generalized operator of the fractional p-
Laplacian operator (—A,)* (that is when p(x,y) = p = constant ) and it is the fractional
version of the p(z)—Laplacian Ap,yu = div(|VulP®~2u) that is connected with the vari-
able exponent Sobolev space. Over the last few years, interest in these operators, as well
as pseudo-differential operators in general, has steadily increased. Nonlocal operators such
as (—A)® and its generalization £y naturally arise in continuum mechanics, phase transi-
tion phenomena, population dynamics, and game theory, see, for example, [16, 12, 16] for
examples of stochastical stabilization of Lévy processes. The applications of non-local in-
tegrodifferential sparked interest in understanding them. Indeed, they have a wide range
of applications, including the thin obstacle issue, optimization, finance, stratified mate-
rials, anomalous diffusion, crystal dislocation, picture deblurring and denoising, and so
on. We refer to [15, 17, 18, 19, 61, 65] and the references therein for more information.
The study of these equations is a difficult task because there are no general methods for
their resolutions. Each problem requires an appropriate approach depending on the type
of linearity.

The study of fractional differential equations and variational problems involving p(z)-
growth conditions is a consequence of their applications. We give in what follows two
relevant examples [53] that justify the mathematical study of models involving variable

exponents.

Example 0.1 (Bingham fluids). In 1920, E. Bingham was surprised that some paints do
not run, like honey. He studied such a behavior and described a strange phenomenon.
There are fluids that flow then stop spontaneously (Bingham fluids). Within them, the
forces that create flow reach a first threshold. As this threshold is not reached, the fluid
flows without deforming as a solid. Invented in the 17th century, the "Flemish medium"
makes painting oil thixotropic: it fluidizes under the pressure of the brush but freezes as
soon as you leave the rest. While the exact composition of the medium Flemish remains
unknown, it is known that the bonds form gradually between its components, which is
why the picture freezes in a few minutes. Thanks to this wonderful medium, Rubens
painted La Kermesse in 24 h.

Example 0.2 (Electrorheological Fluids). The constitutive equation for the motion of

an electrorheological fluid is

ur + divA(u) + (u.V)u + Vw = f, (1)
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where u : R*! — R3 is the velocity of the fluid at a point in space-time, w : R®!' — R is
the pressure, f : R%!' — R3 represents external forces, and the stress tensor A : VVlzC1 —
R332 is of the form

A(u)(z) = n(@)(1 + [Du(x)[*) P =2/7E Du(x),

where Du = (Vu + Vu®)/2 is the symmetric part of the gradient of u.
We observe that the highest order differential term in (1) is

div (1 + (1 + [Du(x) )P =2/P@ Dy (z))

The degenerate case corresponds to the Laplace operator with variable exponent.

While Uriel Kaufmann and others with him were the first to extend the Sobolev spaces
with variable exponents to include the fractional case in 2017 [36], and they prove a
compact embedding theorem of these spaces into variable exponent Lebesgue spaces.

Our approach to solving this type of problem is based on the theory of topological
degree and the method of monotone operators. First, we study a non-linear fractional

elliptic equation with one unknown w of the form

L5 u+ [ul"@ 0+ g(u) = f(a,u), in Q,

N (2)
u=0, in RY\ Q,

where Q € RY(N > 2) is a bounded regular open domain, ¢ € C(Q2) and the nonlocal
integro-differential operator of elliptic type E%x),

£ = po [ fule) = a) o) = ul) K o)y
=t [ )~ a0 ) Ky, R

where p : RY x RY — (1,+00) is a continuous bounded function. The kernel K :
RY x RY — (0, +00) is a measurable function. In the fourth chapter, we are interested
in studying the existence and uniqueness of weak solutions for the fractional Laplacian

problem of the unknown function u of the form

—divg(D*u) = —D*.(D%u) = f(z,u), in €,

N (3)
u=0, in RY\ Q,

where Q is a bounded Lipschitz domain in RY, s is a fixed number between 0, 1 and

divs(D*u) is the fractional version of a 2-Laplacian and defined by (see [55])

0*u
ox} ((%Uf )

N
divy(D*u) = D*.(D*u) =)
=1

3
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Finding the analytical solution for fractional differential equations has a lot of attention
to mathematicians’s interest in recent years. Several methods are proposed to achieve this
goal. The variational iteration method plays an important role in recent research in this
field. This method was proposed by the Chinese mathematician He [33]. It has been
shown that this procedure is a powerful tool for solving various kinds of problems. For
example, this scheme is used for solving delay differential equations in [33]. Application
of the variational iteration method to the Helmholtz equation is investigated in [18]|. This

technique is used in [1] for solving Burger’s and coupled Burger’s equations.
With the rapid development of nonlinear sciences, there appears an ever-increasing

interest of scientists and engineers in the analytic asymptotic methods for nonlinear prob-
lems. Though it is very easy for us now to find the solutions of linear systems by means of
computers, it is, however, still very difficult to solve nonlinear problems either numerically
or theoretically. This is possibly due to the fact that the various discredited methods or
numerical simulations apply iteration methods to find their numerical solutions to nonlin-
ear problems, and nearly all iterative techniques are sensitive to initial solutions. So it is
very difficult to obtain converged results in case of strong nonlinearity. Perturbation tech-
niques provide the most versatile tools available in the nonlinear analysis of engineering
problems.

As an advantage of the variational iteration method over the decomposition procedure
of Adomian, the former method provides the solution to the problem without calculating
Adomian’s polynomials. This technique solves the problem without any need for dis-
cretization of the variables. Therefore, it is not affected by computation round-off errors,
and one is not faced with the necessity of large computer memory and time.

Different transformations are characterized by their simplicity and speed of use in
FPDEs, such as Laplace transform, Somodo transform, natural transformation, and El-
sack transformation, which led various researchers in this field to combine these trans-
formations and the aforementioned methods. Among these methods: Laplace homotopy
analysis method [27], Laplace decomposition method [35], Laplace variational iteration
method [70], homotopy perturbation Sumudu transform method [71], homotopy analy-
sis Sumudu transform method [51], variational iteration Sumudu transform method [2],
natural transform homotopy perturbation method [15], natural decomposition method
[52], homotopy analysis natural transform method [54] and natural variational iteration
method (NVIM) [38].

Plan of the thesis

This thesis is divided into five chapters divided as follows:
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Chapter 1

In this chapter, we give more details about the properties of Bessel’s potential spaces
and fractional Lebesgue-Sobolev spaces with variable exponent. We study precisely that
Poincaré and Holder-type inequalities and certain Sobolev-type immersions are retained.

We also provide some definitions and results about fractional calculus.

Chapter 2:

In this chapter, We introduce a topological degree theory for a class of demicontinuous
operators of generalized (Sy) type in real reflexive Banach spaces, based on the recent
Berkovits degree, we also study the method of monotone operators. We also show the
important method in numerical approximations, which is the variable iteration method
(VIM).

Chapter 3:

deals with solving an elliptical fractional equation of the form

I;{(I)u+ ’u|4(w)*2u+g<u) = f(z,u), in €,

(4)
u=0, in RV \ Q,

Here we show that if f and g satisfy certain conditions, then we can apply the Berkovits

degree theorem to the problem (4), hence the existence of a non-trivial solution.

Chapter 4:

This chapter is devoted to studying the existence and uniqueness of weak solutions for

the fractional Laplacian problem

—divg(D*u) = —=D*.(D*u) = f(z,u), in €,

" 6
u=0, in RY\ Q,

By checking bounded, hemi-continuous, coercive, and monotone of the operator which
is formed from the weak form of Problem (5) we prove as a result the existence and

uniqueness of the weak solutions.

Chapter 5:

In this chapter, we study in general the nonlinear time-fractional equations, we present
their exact solutions using a new technique that is presented in reference [38], but by using
the Elzaki transform, so this technique becomes a combination of the Elzaki transform
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and the variational iteration method It is called the Elzaki variational iteration method
(EVIM), this method was dropped on three numerical examples to prove the accuracy
and efficiency of this technique.

Fanily we have a conclusion for all the works its study in this thesis.




CHAPTER 1

PRELIMINARIES

In this chapter we present some definitions and reminders of the results necessary for
the continuation of this work. After recalling some basic results on functional spaces, we

also present an introduction to the theory of Elzaki transform.

1.1 Generalized Lebesgue spaces

In this part, we recall some definitions and properties of fractional Lebesgue-Sobolev
spaces with variable exponent commonly called generalized fractional Sobolev spaces. (see
for example [24],[26] and [22]).

Definition 1.1 Let E be a K-vector space. Each function p : E — [0, 0o| satisfies the

following properties:
(a) p(z) =0« 2z =0.
(b) p(Azx) = p(x) for all z € E, A\ € K with |A\| = 1.
(c) ptz+ (1 —t)y) <tp(x)+ (1 —t)p(y) for all x,y € E, t € [0,1].
(d) limy_,1- p(Azx) = p(z) for every z € E.
(e) p(Az) =0 for all A > 0 implies z =0 .

is called a modular on F.

And now we present the following proposition, which despite its simplicity, we need

later.

Proposition 1.1 Let p be modular on E. Then the mapping A\ — p(Ax) is non-

decreasing for every x € E. Moreover,
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p(Az) = p(IA2) < [Alp(2), VAl < 1,
p(rz) = p(IAz) = [Alp(), VA = 1.

Definition 1.2 Let p be a modular on E. The set E, = {z € E : limy_,g p(Azx) = 0} is

called a modular space.

By definition the limit and the Proposition 1.1, we conclude that £, coincids with the
space
{r € E:p(Ax) < 0o for some XA > 0}.

Theorem 1.1 Let p be a modular on E. Then E, is a normed K vector space. The

norm, called the Luxemburg norm, is defined by

||, = inf {)\ >0 p(%x) < 1} |
Consider the set
Ci(Q) ={peC(Q) :p(x)>1 forall z € Q},
where ) is a bounded open set in R". For all p € C, (), we define

p~ = inf p(x) and p* = supp(z)
e zeQ

such that
1<p <pz) <ph < +o0. (1.1)

A very important role in manipulating the generalized Lebesgue spaces with a variable
exponent is played by the modular p,( : LP®(Q) — R which is defined by

Pp()(u) = /Q |ulP™dz.

Proposition 1.2 Given p(.) € C(R2), if A > 1, then
Pr() (1) < Aoy (1) S A pyy (1) < ppy (M) < A pyy (w): (1.2)
And if 0 < XA < 1, then

A poy (W) < ppy () SN pyy () < Appiy () < gy (w). (1.3)
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Proof. If A > 1, then

Ju(@)PY < Mu(@)P® < N [u(@) P < @) <2 u(@) P, in Q.
And if 0 < A < 1, we have

W (@) P9 < (@) PD < N [u(@) [P < Au(@) @ < Ju(@) D, in Q.
By integrating, in both cases, the inequalities above we obtain (1.2) and (1.3). =

Proposition 1.3 The modular p,.) check all the properties mentioned in the Definition
1.1.

Proof. Let u,v € £ =L%Q).

(a) We have

(b) Obvious, from the definition of pj).

(c) We consider the function ¢ :  x R — R of expression ¢(r, s) = |s[P@). It is clear
that ¢ is convex with respect to s. From the property of the Lebesgue integral, we

conclude that p,) is convex.
() Since |7 py) (1) < py(ar) < AP py)(u), then

i ppy (Au) = pp(y(u).

A—1—

(e) Obvious, from the definition of p,().

|
Proposition 1.4 Given p(.) € C,(Q), then
pp() (1) < 00 & INg > 0 such that pyy(Aou) < oo.

Proof. Clearly, if pp)(u) < oo, then I\g = 1 such that p,)(Aou) < co.
Conversely, if IAg > 0 such that p,)(Aou) < 0o, then by Proposition 1.2 we obtian

Pp()(Aou) < oo for some 0 < A < 1.

9
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But then

ulz )\ p(x) i
Pp()(u) = /Q <%) dr < X" ppiy(Aou) < o0,

[ |
According to Definition 1.2, Proposition 1.3 and Proposition 1.4, we define the gener-

alized Lebesgue space LP(®)(Q) by
LP@(Q) = B, = {u : Q@ — R measurable : /|u(x)|p(x)dx < oo} :
Q
Remark 1.1 The modular does not satisfy the triangle inequality, i.e.,

pp(,)(u +v) < pp(,)(u) + pp(-)(“)~

However, there is a substitute that is sometimes useful. For 1 < p < oo and a,b > 0,
(a+ b)P < 2P~ 1(aP + bP). Therefore, for almost every x € Q,

Ju(e) + ()P < 267 (u(a) P+ [o(a) ),

in particular,
+_
po) (4 v) <27y () + iy (v)).

We will refer to this as the modular triangle inequality.

Let be the quantity defined on the space L?(®)(Q) by

: u
HUHP() = inf {)\ > O, pp()(x) = / R S
Q

Proposition 1.5 The space LP®)(Q) is a vector space.

Proof. It is a direct proof based on proof of Theorem 1.1. m

Proposition 1.6 The expression ||.||,) is a norm on LP®)(Q), so-called Luzemburg norm.

Proof. Let u,v € L?™®(Q) and a € R, then we have:
() lullp) = 0.
(i) [Jullycy = 0 u=0.
(i) [loullpy = [allfuflpe)-
(iv) lu+ollpey < flullpey +lllp)-

It is a direct proof based on proof of Theorem 1.1. m

10
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Example 1.1 If the function p(z) = p € [1, 00|, then ||.||, is the usual norm of the space
Lr(Q).
Indeed, as is obvious for u = 0, we assume that u # 0. By definition, we have:

ullpy = inf{/\>0: Pp) (5 )<1}

_ inf{/\>0 /|—yp dx<1}

= inf{/\>0. >\—||u||p 1}
= inf{A>0: [ul, <A}

= ||u||p

Proposition 1.7 If u € LP@(Q)\{0}, then

. . U
|ullpy =a if and only if pp(.)(a) =1.

Proof. (=) Suppose that ||u||,) = a, then

Suppose that

For all ¢ > 0, the modular p,)() is continuous, convex and decreasing.

Then there exists § > 0, such that
pp(_)(%) <1, forallte (a—4da+)9).

Thus, we will have a > a — g € (a —d,a+ ¢), which is absurd.

Consequently
u
Pp(.) (5) =1

(«=) We suppose that p,)(%) = 1. Hence ||ul|,) < a.
Suppose that |[ul,) < a. Then there exists A\g > 0 satisfying

lullpy < Ao < a.

In other words
U

u
<
o) (Z) < Poiy ()\0) 1,

which is obviously absurd, so ||ul|,) = a. This completes the proof. m

11



Chapter 1. Preliminaries 12

1.1.1 Properties of spaces L7*)(Q) = W) ()

In this section, we recall some useful properties of the variable exponent spaces. We
will insist on the fact that all the properties already encountered in classical Lebesgue

spaces remain true, in particular the Poincaré inequality, Holder inequality.
Proposition 1.8 (/20]) If u € LP®)(Q), then we have,

(1) |lullp) < H(=1;> 1) if and only if pp)(u) < 1(=1;>1).

(2) If Julloty > 1. then [Jully, < poy(w) < Jlully,.

(3) 1f Julloty < L. then [Jully, < poy(w) < Jlully,

Proof. The case u = 0 is trivial. We therefore assume that u # 0.
According to the above proposition [|ul,) =1 < pp)(u) = 1.
Now if |lull,) = a < 1, then 1 < L. By virtue of the increasing function p,)(Au), we get

u
pp() (1) < pp()(a) =1
Conversely if p,)(u) < 1, then [Jul|,) < 1. We deduce from Proposition 1.7 that

lullpey < 1.

The other inequalities are proved in a similar way.
(2) If we assume that ||ul[,) = a > 1, then

u
pp(o(g) =1

Since % < 1, we get by Proposition 1.2,

1

u
PO S pp(2) =1 <

1
—= Pr() (u),

ie.
—_ +
lullyy < ppiy(u) < llully -

For point (3), we adapt the approach of (2) in a similar way. m

Proposition 1.9 (/20]) Given the sequence (u,) € LP@(Q) and given u € LP®) (), then

the following statements are equivalent:
(1) limy, o0 ||t — ullpcy = 0.

(2) limy, o0 pp() (U —u) = 0.

12
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Proof. (1) = (2). We suppose that lim, .« ||u, — u||p) = 0. By definition of the limit,

for all € €]0, 1], there exists ng € N such that if n > ng, we have
= ullpy < € < 1.
It follows that
Pp() (U — 1) < [Jun — UHg(xy
and consequently

lim pp0y(un —u) = 0.

n—oo

(2) = (1). The converse is just as obvious because if lim,, o0 pp()(un — u) = 0, then
Pp() Uy — 1) < " for m large enough.
Considering Proposition 1.8, (1) , we obtain
Hun — u||p(,) < 1.
It comes by virtue of the results of Proposition 1.8, (3),
+ +
[un — Ullﬁ(,) < pp()(tn —u) < €.

or

T}glgoﬂun - u”p(.) =0.

This completes the proof. m . .
Let p(.) € C4(Q) be the conjugate exponent of p(.), that is, —— 4+ —— = 1. Then we

p(x)  plx)

have the following Holder-type inequality

Proposition 1.10 (/20])(Hélder’s inequality). If u € LP@)(Q) and v € LP@(Q), so

1 1
/Q u(e)o(e)dz| < (p— ; ﬁ—) lalloo Iollsey < 2l el

Proof. Let’s pose |lul/,) = a and ||v||5.) = b. According to Young’s inequality, we have

/%Z@)dx’ < /|U($)||U(I;T)|dx
o @ o @

p(z) p(z)
< / 1 |u(z) 4 / A 1 Jo(x) I
ap()] a ap(z) | b
p(z) p(z)
S B (CICO] Py IO}
P Jal a p~Jal b
1 1
< —+ =
p D

hence the result. =
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Theorem 1.2 (/22]) Let the sequence (u,) € LP®(Q) converge to u, then there exists a

subsequence (uy,) such that
(a) ttny (£) — u(z) in 2,
(b) |tn, (x)] < h(z) in Q, with h € LP@)(Q).

Theorem 1.3 ([22]) Suppose that (1.1) is satisfied. If Q2 is a bounded open domain, then

(LP@(Q), |lullp)) is a reflexive and separable Banach space.
Theorem 1.4 (/22]) Let {2 C R"™ be a bounded open set.
(1) The space Cy(£2) is dense in LP®) ().

(2) The space C§°(£2) is dense in LP®) ().

1.1.2 Nemytskii operator

In this part, we define the Nemytskii operator in the space LP®)(Q). This operator is
intimately linked to the Caratheodory function. In the following 2 denotes an open set
of R™.

Definition 1.3 (Caratheodory function). A function f from QxR in R is called Caratheodory,

if it satisfies:
1. The map: t — f(x,t) is continuous p.p. x € €.
2. The map: = +— f(z,t) is measurable for all ¢ € R.

Theorem 1.5 Letu:Q — R and f € C(Q,R) . The operator Ny defined by (Npu)(x) =

f(z,u(z)) is called the Nemytskii operator relative to f.
If f: QxR — R, a function of Caratheodory verifying

|f(x, )] < a(z) +b|s|%g, for all x € Q and s € R.

p(),q() € CL(Q), a € LI@(Q), a(z) > 0 and b > 0, then the Nemytskii operator N; of

LP@)(Q) in LI®)(Q) is a continuous and bounded operator.

1.2 Fractional Sobolev spaces with variable exponents

The purpose of this paragraph is to define generalized fractional Sobolev spaces with
variable exponents and to study the topological properties of these spaces. These spaces

will represent the functional framework in which we will seek solutions.

14
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Let p: R" x R® — (1, 4+00) be a bounded continuous function satisfying:

1<p <plx,y) <ph < +oo. (1.4)
p is symmetric (p(z,y) = p(y,x)). (1.5)
p((z,y) = (2,2)) =p(z,y), V(z,9),(2,2) € R" xR". (1.6)

Consider the kernel K : R" x R" — (1, +00) which will be a measurable function
such that:

K(z,y) = K(y,z), Y(z,y) € R" x R". (1.7)
(Fko > 0) : K(z,y) > kolz — y|~"T@D) | v(z 9) € R x R" and = # y. (1.8)
mK € LYR" x R"),  where m(z,y) = min{1, |z — y[P@¥}. (1.9)

Let 2 be a Lipschitz open bounded subset of RY and s € (0, 1) fixed such that sp™ < n.
We denote by:
p(x) = plz,2), Vo€ Q,
Q the set:
Q = (R" x R")\(CQ x CQ), where CQ =R™\Q.
Two typical examples of kernel K are:

. the kernel: K, (z,y) = |z — y|~(sp@v)),

. the kernel Ky(z,y) = |z — y|~"TP@W)q(z, y) with a : R® — [1,400) a bounded
function (a € L>*°(R™)) and a(z —y) = a(y — ) for all (z,y) € R™ x R™.

Let us now introduce the generalized fractional Sobolev spaces with variable exponent
defined by:

w9 = Wwhey)

u:R" — R such that ugq € LP®)(Q) with

= Ju(z) — u(y)["Y)
f Q \p(zy)

We define on W9 the functional:

0 (10) = P pia) (1) = /Q () — u(y)PEV K (2, y)dedy + / ()P da,

K(z,y)dzdy < oo, for some A >0

pg is a convex modular on W9 with associated norm:

u

ullp, = inf{)\ >0: pg()\) < 1}.

We also define the closed subspace of W9 by:

W = Wi — fu e W9: uw=0p.pon R\Q}.

15
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For u € W, we define the functional:

000 = gt 0) = | ) — )P K o)y
which defines a convex modular on W with associated norm:
Jullo = 1nf{)\ >0: pg( ) < 1}

|u ‘p(fb‘y
= inf {)\ >0: / )\p w9) K(x,y)dxdy < 1} = [U]K,p(m,y).

Remark 1.2 The modular pg does not satisfy the triangular inequality but it is replaced

by another sometimes useful

2w+ ) < 277 (p0(u) + p(v)),

we will refer to this as the modular triangle inequality.

1.2.1 Properties of spaces WY

Lemma 1.1 (/6]) Let p : R” x R" — (1,4+00) be a continuous variable exponent and
K :R"x R" — (0,+00) is a measurable function satisfying (1.7) and (1.9). Then for
any u € Wy, we have
) - o*

(7’) 1 S [U]K,p(z,y) = [u]ll)(,p(ac,y) S pg(u) < [U]Kp(x y)' (110)

g + -

(ZZ) 1> [U]K,p(x,y) = [u]llj(,p(m,y) < pg(u) B [U]Kp(x y)” (111)
Proof. (i). Let u € Wy and A € (0,1), we have

W< ey < P

or
) = [ NI ua) — uly) K ) dndy,
Q

SO

N ph(u) < ph(Au) < N pf(w).

Now if 1 < [u] g p(z,y), then for X = € (0,1) we obtian:

[u ]K,p(ftyy)
0 0
OB e
[u]K,p(z,y) [U]K,p(:(;,y) [U] K,p(z,y)

Since pg(L) = 1. Then the desired result follows.

[ulk p(2,y)

16
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(7). Let u € W§ and A > 1, we have
N < A\P(@Y) < )\p+,

SO
-0 0 + 0
N () < ph(hu) < N ().

Now if 1 > [u]k p(z,y), then for A = > 1 we get:
[u] K po.y)
0 0
R U Py e . U
[ pie) oo™ ™ Tullcpa
Since p( ) = 1. Then the desired result follows. m
[u] K p(ay)

Proposition 1.11 (/6]) Let p : R® x R — (1,400) be a continuous variable exponent
and K : R" x R" — (0, 4+00) is a measurable function satisfying (1.7) and (1.9). Given

the sequence (u,) € W{ and given u € W{, then the following statements are equivalent:
(1) limp,e0flun — ull 0 = 0.
(2) limy, o0 pY(un —u) = 0.

Proof. (1) = (2).

We suppose that lim,ellu, — ull,0 = 0.
By definition of the limit, for all € €]0, 1], there exists ng € N such that if n > ng, we have

Jun — ullo <e<1.
According to (1.11), we get:
Pg(un —u) < [lun, — u”i(g:a

and consequently

. 0 -
5, Paltin =) =

(2) = (1).

The converse is just as obvious because if lim,, pg (u, —u) =0, then
/)2(un —u) < " for n large enough.
Considering Proposition 1.7, we obtian

[tn — U||p2 <L

17
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According to (1.11), we get:
+ +
l|tn — u||§2 < ph(un —u) < €.

or

i [Ju, — g = 0.

This completes the proof. m
Proposition 1.12 (/0]) ||.|lwe = |-l xp@y is a norm on W9, with:

[ullws = llullp) + (Wl K pee)-

Now we have the tools to prove a very important theorem:

Theorem 1.6 (/0]) Let Q be a Lipschitz bounded domain in R™ and s € (0,1). Let
p: R" X R" — (1,400) be a continuous variable exponent such that sp(x,y) < n for
all (z,y) € R™ x R™. We assume that (1.4) and (1.5) hold. Let r : Q — (1,400) be a

continuous bounded variable exponent such that:

) e

n — sp(x)

Let K : R" x R" — (0, +00) be a measurable function satisfying (1.7)-(1.9). Then

L<r™ <r(z) <pi(zx)=

(a) There exists a constant C' = C(n,p,r,s,Q2) > 0 such that for any function u € W9
we have:
[ullriy < Cllullspay < Cmax{l, ko}lullkpe.y-

(b) There exists a positive constant Cy = Co(n,p, s, ko, Q) such that:
[k paa) < Nullkpay) < Colulkpay)-

Proof.
(a). Let u € W9, in view of (|0], Lemma 7), we have u € W*P@¥)(Q) and
sy < max{L, ko}llullws. (1.12)
When we combine (1.12) with (6], Theorem 1), we get

[ullr@) < Cllullspey) < Cmax{l, ko}julws.
(b). The definition of ||ul|ys«, the statement (a), assumptions (1.7)-(1.9), and

1 <p” <p(x) < pi(x),

can all be combined to simply prove this assertion.

18
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[
Remark 1.3 (1). The assertion (a) implies that:
W9 s WoPEv)(Q) e LT(Q)

W — L'@(Q),
where 1 < r~ < r(z) < pi(z), Vz e

(2). Since the embedding W*P@¥)(Q) — L@ (Q) is compact, then the following embed-
dings
W9 e L'@(Q)

W¢ s L'@(Q).
(3). As a consequence of assertion (b), [.]x p(zy) is an equivalent norm of ||.|[ws on W{.

Lemma 1.2 (/6]) (W, [k p@y)) i a separable, reflexive Banach space and uniformly

convex.

We prove a convergence property for a bounded sequence in W in the following lemma.

Lemma 1.3 (/0]) Under the same assumptions of Theorem 1.6. Let {u;} be a bounded
sequence in W{. Then there exists u € L'@(R"), with u = 0 a.e in R"\Q such that up to
a subsequence

w — u strongly in L"@(Q) when | — 400.

A sequence of smooth functions with compact support can be used to approximate any

function in the fractional Sobolev space W9.

Lemma 1.4 (/0]) Suppose (1.4)-(1.6) be satisfied. Then the space C§°(R™) is dense in
W9,

1.3 Distributional Riesz fractional gradient

We recall in what follows some definitions and basic properties of the Bessel potential
spaces L*?(RY) and spaces X*P(R"). In that context, we refer to the book of E. Stein
[63] and the papers of [59] and [60].

19
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1.3.1 Bessel potential spaces L%?(RY)
We start with the Bessel potentials pg, for s € Rf . The Bessel potentials o4 are

defined by
0s(z) = 1 /weﬂtweft‘“_f@
M i) Jo £

And can be shown to satisfy, for ¢,s > 0 :

1) 0s* 01 = Ostt-

2) 05(¢) = (1 +4m?|¢]*)~=.

3) [loslur @y

Then the Bessel potential spaces L5?(R") are defined as follows.
Definition 1.4 For s € (0,1), we define L>?(RY) by
L¥?(RY) := 0, (L*(RY)) = {05 * [ : [ € L*(RY)},

with the norm

Hu LS’Q(RN) = Hf”LQ(]RN)'

Theorem 1.7 [59] The following statements hold.

LS,Q(RN)

1) If s > 0 = CE(RY) = L*2(RV).

2) If s> 0= [L“(RN)] = L™*2(RM).

3) Ift < s = L¥2(RY) — LW2(RY),

4) If s € (0,1) = L¥*(RY) coincides with the space W*?(RY),
where

y)[?

“(RY) = L*(RY) : // s —dxd :
W2(RY) u € o ox |x— |N+2 xdy < 00

1.3.2 Distributional Riesz fractional gradient

Definition 1.5 Let s € (0,1). If u € LP(RY) for some 1 < p < oo such that [;_, * u is

well-defined, we define the distributional Riesz fractional gradient

0u
Diu); i= — i=1,....N
( u)] 8ZE5’ .] 9 ) 9
where
u 0 I
5 = 115U,

20
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in the sense that

for every v € C°(RY).
Example 1.2 Let s € (0,1). If u € C§°(RY), then
Du=1I,_4 % Du.
Proof. Let u,v € C®(RY), define K, := supp v and let R > 0 such that for all z € K,,,
supp u(x —.) C B(0, R).

Then

= — nh—glo ([1 s %) . dx
B 1 w(x — hpe; —y) —ulz —y)
= — nlggo/ / h_ R dyv(x)dzx.

Now, for x € K, and y € B(0, R) we have

1 w(x — hpe; —y) —u(z —y)

B |y|N =1t ’ T y|N i

€ L'(B(0, R)),

which implies that for every = € K,

1 w(x —hpe; —y) —u
o |y N1+

(z = y)dy‘ < C(L,R).
B(0,R) hn

Therefore, the pointwise almost everywhere convergence

ou(z—y)
1 u(@ —hye; —y) —u(z —y) B ij
hin [y Vo [y Ve

and Lebesgue’s dominated convergence theorem implies

d*u / ou
— V) = Ii_g x —)vdx,
<8x3’7 ) RN< ! axj)

and the desired result follows by localizing in v. =
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Theorem 1.8 Let s € (0,1). Then

—

ou . lds~
Tl —(2m)%igI¢| T (1.13)
J

for all u € S(RY).

Proof. Suppose that C>°(RY). Then by the definition of the Fourier transform of a

tempered distribution and the definition of the fractional partial derivatives we have

Fu D i)

(50 = <a_:cj([” 1), 0) = —((I1_g * u), a_xj> (1.14)

However, since I;_, € S(RY) and u € I(RY), we have that the convolution is well-defined

as a tempered distribution and thus the Fourier transform of the convolution is the product

ov

of the Fourier transforms. Therefore, since I;_, = (27[¢])~1* and . (2miCjv) , we
L
conclude that -
(8 0y = —(@ryiGle )
a(x;? J ) 9

which is the desired result. m
Definition 1.6 For s € (0,1). If u € C*(RY), we define
X*2(RY) 1= O (RY) T2

with the norm

[[u] %(5,2(11@) = HUH%P(RN) + ”DSuHI%Q(RN)'

For v € X*P(RY), with an abuse of notation, we use D*u to denote the limit of the

Cauchy sequence {D*u, }nen.
Proposition 1.13 [79] If s € (0,1), then
X5P(RN) = L*P(RM).
By Lg?(2), we denote the subspace of L*?(RY) i.e.

L? () = {u e L'"P(RY) : u =0, on RV\ Q} .

2N
N —2s

Theorem 1.9 [59] Let s € (0,1), and 1 < q <
C =C(Q,N,s) >0 such that

1
(/ |uyqu> < O\ D%ullizgen)
Q

22
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Using the Theorem 1.9, we remark that the norm [Jul| 2@~y + || D*ul|r2@v) is equivalent
to | D*ul2@ny in Ly?(€2). The space Ly?(€2) with the inner product

(u,v) :/ D*u.D*vdz,
RN

is a Hilbert space.
Next, we recall some embedding results

Theorem 1.10 [59/(Fractional Sobolev inequality). Let s € (0,1) be such that 2s < N.
Then there ezists a constant C' = C(N,s) > 0 such that

[ullz @ry < ClID |2y

for all uw € L**(RY), where 2* = 2.
Proposition 1.14 [//] Let s € (0,1). Then the embedding
Ly (€2) = LY()

1s compact for 1 < q < 2*.

1.4 Gamma and Mittag-Lefller functions

The Gamma and Mittag-Leffler functions, which will be utilized later, are introduced
in this paragraph. In the theory of fractional calculus, these two functions are a very

important role.

1.4.1 Gamma function

The Swiss mathematician Leonhard Euler (1707-1783) developed the gamma function

in an effort to generalize the factorial of non-integer values.

Definition 1.7 Euler’s Gamma function is a function that naturally extends the factorial
to real numbers, and even to complex numbers. For z € C such that Re(z) > 0, we define

the Gamma function by
[(z) = /OO e . (1.15)
0
We can prove by integration by parts in (1.15) that
I(z+1) = /OO e i1t = [—t7e™"] Z;LOO +z /OO e 't = 2T'(2). (1.16)
0 0
Property (1.16) allows us to establish that

Fn+1)=n!, VnelN

23



Chapter 1. Preliminaries 24

1.4.2 Mittag-Leffler function

In 1903, Mittag-Leffler introduced the exponential function’s generalization, the one-

parameter Mittag-Leffler function.

Definition 1.8 Let a € C, Re(a) > 0, we define the well-known Mittag-Leffler function

as follows

o0 n

Eo(r) = z%m (1.17)

In the theory of fractional calculus, the two-parameter Mittag-LefHler function plays
a very important role. Agarwal and Erdelyi introduced this function in 1953-1954, the

following series expansion defines it:

Definition 1.9 As a generalization of the function E, is the function E, s defined by

o0 n

Eoslr) = E% m, a, B € C, (Re(), Re(B)) > 0. (1.18)
From the definition of E, 5 (1.18), we find the following relations:
oo ok
Eoq(r) Tk 1) = E,(r). (1.19)

=0

k
Eii(r)=Y m = kz % —e". (1.20)

k=0 0
> rk > rk 1 & rk e —1
Eiao(r) =) wo—ro = ==Y = .2
pr ['(k+2) par (k+1)! r pr (k+1)! r
and in general
m—2
1 r¥
Eim(r) = e e’ — —'] : (1.22)
k=0

1.5 Functional spaces

1.5.1 Spaces of absolutely continuous functions

Now let = [0,7](0 < T' < +00) be a finite interval of R and n € N*.

Definition 1.10 ([10]) We denote by AC(€2) the space of absolutely continuous functions

on €2 consisting of functions f which are primitives of Lebesgue-summable functions i.e:
t
AC(Q) = {f/El(p e LNQ): f(t) = c+/ go(s)ds}.
0

Thus, any absolutely continuous function f has a summable derivative f = ¢, almost

everywhere on €, and therefore ¢ = f(0).

24



Chapter 1. Preliminaries 25

Definition 1.11 ([10]) We denote by AC™(Q2), the space of functions f defined on €
with values in C which have continuous derivatives on 2 up to order n — 1 and such that

f e AC(Q) ie.
AC™(Q) = {f Q- C, fPeC@Q)ke0,...,n—1,frD ¢ AC(Q)}.

In particular AC'(Q) = AC(Q).

A characterization of the functions of this space is given by the following lemma:

Lemma 1.5 ([/0]) A function f € AC™(Q), n € N*, if and only if it is represented in
the form:

¢ Lk
1) = oy [+ Y L0

1.5.2 Spaces of continuous functions with weights

Definition 1.12 ([10]) Let Q@ = [0,7](0 < T < 4o00) be a finite interval of R and
€ C(0 < Re(p) < 1). We denote by C,(€2) the space of functions f defined on 2 such
that the function t*f(t) € C(Q) i.e.:

Cu(Q) = {f: 2 — C.()f() € C@)},
fitted with the norm:
£ llewe = 10" F)llew = max|t"f(2)].

The space C,,(€2) is called the space of continuous functions with weights.
In particular, Cy(2) = C(9).

Definition 1.13 ([10]) For n € N* we denote by C}(€2) the space of functions f which
have continuous derivatives on  up to the order (n — 1), such that f® € C,(Q) i.e.:

Q) = {f Q- C P e Q) ke0,...,n—1,f"¢ CM(Q)},
fitted with the norm:

n—1
£ llez@ =Y _IF e + 1™ lop)-
k=0

In particular, C})(Q) = C,,(€2).
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1.6 Integrals and fractional derivatives

The purpose of this part is to introduce some definitions and results of fractional calculus

in the sense of Caputo. We will start with the definition of the Riemann-Liouville integral

(see [40]).

1.6.1 Fractional integral in the sense of Riemann-Liouville

Definition 1.14 The Riemann-Liouville fractional integral of order « of a function f &
LY([0,T7),T > 0 is given by
1 /t )
—— | (t—=9)"""f(s)ds, t>0,a>0,
1°f(t) = { Tl@) Jo

f(t), a=0.
Theorem 1.11 (/7/]) If f € L'([0,T]),T > 0, then I*f, a > 0, exists for almost all
t € [0,T)] and moreover I*f € L*([0,T1]) i.e:

S v € L'(0,7)

F(Oé + 1) L1([0,17)» ) .
An important property of the fractional integration operator 1 f, called the semi-group

(1.23)

11 fll L qo,my) <

property, is given by the following lemma:
Lemma 1.6 (/7/]) Let o, 3 > 0 for any function f € L*([0,T]),T > 0 we have:

[ (IPf(t) = I f(t) = 17 (I° (1)),
for almost any t € [0, T]. If moreover f € C([0,T)]), then this identity is true Vt € [0,T].

1.6.2 Fractional derivative in the sense of Caputo

In this part we give the definition of the fractional derivative in the sense of Caputo as

well as some essential properties.

Definition 1.15 The Caputo fractional derivative of order a > 0 of a function f defined
on [0,77] is given by

gy =PI ﬁ /Ot@ — ) M (s)ds, t>0m—1<a<n,
F), "
(1.24)
In particular, when 0 < o < 1, then:
t
CDaf(t) - ﬁ/{) (t - 5)7af/(5)d5,t >0 (1_25)
= I'"°f ().
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Among the relations that combine the Riemann-Liouville fractional integral and Liouville-
Caputo fractional derivative, we distinguish the following relation
n—1 tk
I °DYf(t) = f(t) — Zf(’“)(OJF)E,t >0n—1<a<n. (1.26)
k=0 ’
Theorem 1.12 (//0]) Let « > 0 and let n = [o] + 1. If f € AC™([0,T]), then the

fractional Caputo derivative °D® f(t) exists almost everywhere on [0,T].

1) If « ¢ N, then “D*f(t) is given by (1.24). In particular, it takes the form (1.25)
for0 < a< 1.

2) If o € N, then:
“DF(t) = £ (1)

Theorem 1.13 (//0]) Let a > 0 and let n = [a]+1. If f € C™([0,T)]), then the fractional
Caputo derivative D f(t) is continuous on [0,T], T > 0.

1) If « ¢ N, then °D*f(t) is given by (1.24). In particular, it takes the form (1.25)
for0<a<1.

2) If a« € N, then:
Df(t) = f(1).

In this work, we consider the time fractional derivative in the sense of Caputo.

Definition 1.16 ([37]) Let u(z,t) € C*,(I x Q),n € N*,x € I C R. The fractional

derivative temporal in the sense of Caputo of u is defined for ¢ > 0 by:

1 t "

—/ (t — 3)"_0‘_1wd5, n—1<a<n,

Dul,t) = gn(n(— f)> 0 s (1.27)
0" u(x,t) .

ot
1.7 Elzaki transform

It was Oliver Heaviside and Joseph Fourier who first developed integral transformation
techniques in the 19th century. The core concept is to express a function f(¢) in terms of

a transformation F'(z)
+o0o

F(z) = K(z,8)f(t)dt,

—00
where the functions K (z,t) are called kernels.
There are a number of important integral transformations like that of Fourier, Laplace,

Sumudu, Hankel, Laguerre, Hermite, Mellin and the natural transformation. They are

defined by choosing different kernels.
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1.7.1 Definitions and properties

In this part, we present the definitions and properties of the Elzaki transformation.
Tarig. M. Elzaki [25, 47| recently introduced a new integral transform "Elzaki transform"
to solve ordinary and partial differential equations in the time domain.

Given a function f(t), t € R, then the general integral transformation is defined by:

+oo

Tl D)(s) = K (s, ) f(t)dt, (1.28)

—00

where K (s,t) represents the kernel of the transformation, and s is a real or complex
number independent of ¢. Note that when K(s,t) is e ', and t¢J,(st), then equation
(1.28) gives respectively the Laplace transformation, and the Hankel transformation.

Now, for f(t), t € (—o0,+00), consider the integral transforms defined by (see [39],
2008):

T = [ KOf(et, (129
and .
Tl = [ Kis.) (oot (150)

The kernel K(t) = e™" in equation (1.29) gives the integral Sumudu transform where
the parameter s is replaced by p. Equation (1.30) is the combination of the integral
transforms (1.28) and (1.29) with the kernels already defined. Moreover, for any value of

n, the generalized Laplace and Sumudu transforms are defined respectively by:

+o00o -
Lfit)]=U(s) = s"/o e T f(s™)dt, (1.31)
and .
SN =V = [ e e (1.82)

Note that when n = 0, equation (1.31) and equation (1.32) are respectively the Laplace
and Sumudu transforms.
Before we define the Elzaki transform, we need the following set of functions

A= {h(t) AM, Ey ke > 0, |R()] < Mell/hs if ¢ e (1) x [o,oo[},

the Elzaki transformation of the function f(t) € A for t € R is defined by [25, 47]:
+oo
E@)=p [ st =Elp), —ki<p<t, (1.33)

where E[f(t)] is the Elzaki transformation of the function f(¢) and the variable p is the

Elzaki transformation variable.
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Moreover, if the function f(¢)H (t) which is defined on the positive real axis, where H(.) is

the Heaviside function, ¢ € (0, 400) then, the Elzaki transformation is defined as follows:

+o0
YR = BUO =B =p [ e'Prwa (130
0
“+oo
= ,02/ e ' f(pt)dt. (1.35)
0

Note that, equation (1.34) is reduced to the Laplace transformation EL*(p) = pU(%)

and equation (1.35) is reduced to the Sumudu transformation EL*(p) = p?*V(p).

properties

Some basic properties of the Elzaki transformation are given as follows [25, 17]:
property 1: The Elzaki transformation is a linear operator. In other words, for each

A, B € R, we have:
ETINf + Bgl = AET[f(1)] + BET [g(t)].
property 2: If f()(¢) is the nth derivative of the function f(¢) with respect to ¢ then

its Elzaki transformation is given by:

pHw) = LY oo

property 3: Suppose that EL} (p) and EL](p) are the Elzaki transforms of f(t) and
g(t) respectively, defined on the set A, then the Elzaki transform of their convolution is

given by: .
E*[(f*g)(t)] = ;EL,T(/J)ELJ(/)),

where the convolution of two functions is defined by:

(f * 0)(t /f (t - €)de = /ft— )de.

property 4: Some elementary functions and their transformations.

Ett" Y (n—-1D]=p""" n=12...

property 5: If « is a fractional number, then the Elzaki transform of ¢* is given by

Et[t*) =T(a +1)p~.
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Theorem 1.14 (Elzaki transform of fractional derivatives) Let n € N* and o > 0
be such that n — 1 < a < n and EL"(p) be the Elzaki transform of the function f(t),
then the Elzaki transform of the Liouville-Caputo fractional derivative of f(t) of order a,
s given by

n—1
k=0

ET[Df(t)] =

~OP2DF F(1)]—0. (1.36)
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CHAPTER 2

L METHODS FOR SOLVING NONLINEAR FRACTIONAL
FPDES

In nonlinear functional analysis, many mathematical problems can be reduced to a
study of the set of solutions of an equation of form F(x) =y, where F is a map between
appropriate spaces X and Y, and y is an element of Y. Topological methods are an

effective, widely used standard tool in the study of nonlinear equations.

2.1 Topological degree

The notion of the degree was first introduced by Brouwer in 1912 [13] in finite-
dimensional spaces. Leray and Schauder generalized 1934 [13] the degree theory for
compact perturbations of identity in infinite-dimensional Banach spaces. In 1972 and
1973 Fuhrer and Amann and Weiss [], independently, proved that the Brouwer degree is
uniquely determined by only a few conditions. These conditions, called normalization, ad-
ditivity, and invariance under homotopy, provide a natural basis for the formal definition

of classical topological degree theory.

2.1.1 Leray-Schauder topological degree

Let X and Y be two real Banach spaces. Given a nonempty subset Q of X, let  and 9

denote the closure and the boundary of €2 in X, respectively.

Definition 2.1 An operator A: Q) C X — Y is said to be

(1) bounded, if it takes any bounded set into a bounded set.
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(2) locally bounded, if for each u € Q there exists a neighborhood U of u such that the
set A(U) is bounded.

Leray-Schauder map

Definition 2.2 An operator A: Q) C X — Y is said to be

(a) compact, if continuous and A(€2) is compact. It is said to be completely continuous

if the image of any bound set is relatively compact.

(b) demicontinuous, if for any sequence (u,) C Q and for each u € Q, u,, — u implies
Aluy,) — A(u).
We will see that the compact perturbations of the identity have very interesting topo-

logical properties.

Definition 2.3 (Leray-Schauder map) A map of the form A = I — K, where [ is the iden-
tity map of  into X and K : Q — X is a compact map is called compact perturbation
of the identity.

We consider the following class of operators:
Frs(X)={A:GCX - X|GeO, A=1+ K, where K is compact},
where O denotes the collection of all bounded open sets in X.
Theorem 2.1 ([/3])(Leray-Schauder degree). There exists a unique degree function
drs: {(F,G,h): G € O,F € Fr5(G),h ¢ F(0G)} — Z
that satisfies the following properties:
(a) (Normalization).
drs(I,G,h) =+1, if hel(G).
(b) (Additivity).
Let F € Frs(G). If Gy and Gy are two disjoint open subsets of G such that h ¢
F(G\ (G1 UG5)), then we have

dLs(F, G, h) — dLS(F7 Gl, h) + dLs(F, GQ, h)
(c) (Homotopy).

Let M € C([0,1] x G, X) be a compact map and define H(t,u) = u — M(t,u). If
h:[0,1] — X is continuous and h(t) ¢ H([0,1] x OG), then

drs(H,G, h(t)) = const, Vt € [0,1].

(d) (Existence).
If dps(F,G,h) # 0, then the equation Fu = h has a solution in G.
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2.1.2 Berkovits topological degree

Let X be a real reflexive separable Banach space, such that both X and its dual space

X* are locally uniformly convex.

Definition 2.4 A mapping A :  C X — X" is said to be of class (5, ), if for any

sequence (u,) C 2 with u,, — v and lim sup(A(uy,), u, —u) < 0, we have u,, — u.

Duality map

Definition 2.5 The duality map J : X — X* is determined via the Hahn-Banach

theorem by the conditions
17| = llull,  (J(u),u) = [lull*  for all ue X. (2.1)
The duality map has many important properties listed in the following lemma.
Lemma 2.1 ([10]) The duality map J satisfies:
(a) J is strictly monotone,
(b) J is of class (S4),
(¢) J is homogeneous,

(d) J is homeomorphism,

(d) J=1 is the duality map from X* to X ~ X**, and thus of class (S, ).

Approximation of mappings

Proposition 2.1 (/71]) Let X be a real reflexive separable Banach space. Then there
exist a real separable Hilbert space W and a compact linear injection 1 : W — X such

that (W) is dense in X.

Using Proposition 2.1 and the injection 1, we define a further "adjoint" mapping
1Z : X* — W by setting

(@(w),v) = (w,Y(v)) forallve W and w e X",

where (.,.)w stands for the inner product of W. Then @/Z)\: X — W:

o~

(a) 1 is compact linear mapping.

(b) Since (W) is dense in X, it is easily seen that also W is injective.
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We consider the following class of operators:
Fi(Q) :={F :QC X — X" | Fisbounded, demicontinuous and satis fies condition(S;)},
Fs.(X):={F e F(G)|Ge0O}.
We associate to F' € Fg, (X) a family F, € F15(X) of mappings given by
F€:I+§¢$F:ECX—>X, for any ¢ > 0.

For fixed ¢ > 0 we find that F. is of type I — g, g compact, a map for which the Leray-
Schauder degree is defined.

Lemma 2.2 ([11]) Let F € Fs,(X), with 0 ¢ F(OG). Then there exists € > 0 such that
0¢ F.(0G) for all0 < e < €. Moreover

drs(Fe, G,0) = constant, for all 0<e< £.
Definition 2.6 (|11]) Let
Mg, ={(F,G,0):Ge€O,F € Fs,(X),0¢ F(OG)}.
Then we define a degree function dg : Mg, — Z as follows:
ds(F,G,0) ;= dps(F.,G,0), forall0<e<c¢, (2.2)
where £ > 0 is given by Lemma 2.2.

Remark 2.1 Since F' — h is also of class (S ), for any h in X*, we can define
ds(F,G,h) =ds(F — h,G,0), for any h ¢ F(0G). (2.3)

Theorem 2.2 ([11]) The integer-valued function dgs defined by (2.2) and (2.3) for all
F € Fs,(X) satisfies the properties (a)-(d) of Theorem 2.1 with the duality map J as the
normalizing map

+1, he J(G),

ds(J, G, h) = o b (2.4)

2.1.3 Extension of the Berkovits topological degree for mappings
that satisfy the (S} )r condition

Let X be a real reflexive Banach space with dual space X*. The symbol (.,.) denotes

the usual dual paring between X* and X in this order. In the reflexive case where the

bidual space X** is identified with X, we sometimes write (y, z) for (x,y)x~ for x € X
and y € X*.
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Definition 2.7 A mapping F': Q C X — X* is said to be quasimonotone, if for any
(upn) C £, with u,, = u implies lim sup(F'(u,), u, —u) > 0.

Definition 2.8 For any operator F': {0 C X — X and any bounded operator T : Q; C
X — X* such that 2 C )y, we say that:

(1) F satisfies condition (Sy)r, if for any sequence (u,) C Q with u, — u,y, =
T(u,) — y and lim sup(F (u,), ¥, — y) < 0, we have u,, — u.

(2) F has the property (QM)r, if for any sequence (u,) C Q with u, — w,y, =
T(u,) =y , we have lim sup(F(u,),yn — y) = 0.

We consider the following classes of operators:

Fre(Q) = {F:QC X — X | Fisbounded, demicontinuous and satisfies condition(S;)r},
Fr(Q) = {F:QC X — X | F isdemicontinuous and satisfies condition(Sy)r},

for any Q C Dp and any T € F;(£2), where Dp denotes the domain of F'.
Let

./T"B(X) = {F - JT"T,B(@) ’ G e O,T - ]—"1(6)},
F(X) = {FeFp(Q)|GeO,Te F(G),

here, T € Fi(G) is called an essential inner map to F.

Approximation of mappings

Let Y be a real separable reflexive Banach space with dual space Y* such that Y and
its dual space Y* are locally uniformly convex. Taking X = Y™ in Proposition 2.1 we

conclude the existence of a real separable Hilbert space W and a compact linear injection
o: W —Y"

such that
p(W) =Y.
We define a further "adjoint" mapping 5 :Y — W by setting

~

(p(u),v)w = (u,0(v)) forallveW and v €Y,

where (.,.)w stands for the inner product of W. Then b Y — W:
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-~

(i) ¢ is compact linear mapping.
(ii) Since ¢p(W) is dense in Y*, it is easily seen that also ¢ is injective.
We associate to F' € F(X) a family F), € Fg, (X) of mappings given by
F, =T+ u¢oF,  for all u> 0.
Clearly F), maps G C X into X* and F), € Fg, (X).

Lemma 2.3 ([10]) Let F € Fp(X) with G € O such that 0 ¢ F(0G). Then there exists
fo > 0 such that 0 ¢ F,(0G) and the value of ds(F),,G,0) is constant for all jn > pg.

Theorem 2.3 ([10]) There exists a unique degree function
dp : {(F,G,0):Ge O, F e Fp(X),0¢ F(0G)} — Z

where
dB(F, G,O) = lim ds(FH,G,O),

HU—>00

which achieve the properties mentioned in Theorem 2.1 above.

Remark 2.2 For any h ¢ F(0G) we set

dp(F,G,h) = dg(F — h, G, 0).

2.1.4 Extension of the Leray-Schauder degree for mappings that
satisfy the (S5, )r condition

First, we establish the relationship between operators satisfying (S )7 and (QM)r.

Lemma 2.4 ([/1]) Let T : G — X* be a bounded operator, where G is a bounded open
set in a real reflexive Banach space X. Then it has the following properties:

(a) If F : G — X has the property (QM)r, then for any sequence (ux) in G with

ur — u and y = Tup — y, we have
lim inf (Fug, yr, —y) > 0.
(b) If Fy, Fy : G — X have the property (QM)r, then so do Fy + Fy and oFy for any
positive number c.

The following result shows that the operator of the form I + .5 o T belongs to the class
F(X).
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Lemma 2.5 (see, ([41])) Lets T' € Fi(G) be continuous and S : Dg C X* — X be

demicontinuous such that T(G) C Dg, where G is a bounded open set in a real reflexive

Banach space X. Then the following statements are true :

(i) If S is quasimonotone, then F = I + S oT € Fr(G), where I denotes the identity

operator.
(ii) If S is of class (S,), then SoT € Fr(G).
Proof.
(i) Let (u,) be any sequence in G such that
Up, — U,

lim sup(Fup, yn, — y) < 0.

n—s00
Since the sequence ((T'u,,u, — u)) is bounded in R i.e.,
IR > 0, such that [{(Tup,u, —u)| < R, Yn €N,
implies that there is a subsequence (uy) of (u,) such that
lim (Tug, ur, —u) =1, (I €R).

n—o0

We know that

lim (ug, yp — y) = lim (up — u, yg) + lim (u, yp — y),
in view of X** = X, we have that

lim (ug, yp — y)x = Um(Tug, up — u) x. (2.6)
By the quasimonotonicity of S, (2.5), and (2.6), we get

0

IN

lim sup(Syk, yr — y)
lim sup(ug + Sy, y& — y) — Um(ug, yx — y)

< = lim(Tuy, up, — u).

Since T' € F1(G) satisfies condition (S, ), we have w, — u. Thus, the operator

F satisfies condition (S;)r. Since F is demicontinuous on G, we conclude that

F e fT(G)
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(i) Let (u,) be any sequence in G such that

Uy — U,
Yn = Tu, = vy, (2.7)
0.

N

limsup(S o Tuy, Yo — ¥)

n—o0

Since S satisfies condition (S, ), it follows that

Yn — Y,
(2.8)
lim (Tuy,, u, —w) = lim (T'u, — y,u, —u) = 0.

Since T satisfies condition (S5 ) and by (2.8), we have
U — U.

Consequently, we obtain that S o T € Fr(G). This completes the proof.

Definition 2.9 For a bounded operator 7 : G € X — X*, we say that a homotopy
H :[0,1] x G — X satisfies condition (S )7 if for any sequence (t,,u,) in [0,1] x G such
that

Uy = U, t, —>t, Yy :=Tu, =y, and lmsup(H (t,,u,),y, —y) <0,
n—oo
we have u,, — u.
We will see that each affine homotopy with a common essential inner map satisfies

condition (S;)r.

Lemma 2.6 ([/1]) Let G be a bounded open subset of a real reflexive Banach space X, and
let, T € Fi(G) be continuous. If F, S € Fr(Q), then an affine homotopy H : [0,1]x G —
X defined by

H(t,u) == (1 —t)F(u) +tS(u) for (t,u)€[0,1] xG

satisfies condition (S )r.
In this case, the homotopy is called an admissible affine homotopy with the common

essential inner map T.

Proof. Let (u,) be any sequence in G and (,) any sequence in [0, 1] such that

Uy — U, t, —>t, yp :=Tu, =y, and limsup(H (t,,un),yn —y) < 0.

n—oo
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If ¢t = 1, then it follows from S € Fr(G) that

lim sup(Stup, yn — y) = limsup(H (t,, u,), yn —y) < 0,

n—o0 n—oo

and

Uy — U

If t € [0,1), then the property (QM)r of S, in view of Lemma 2.4, implies that

(1 - t) lim Sup<FUm Yn — y> S (1 - t) lim Sup<Fum Yn — y> + tlim lnf<sum Yn — y>
n—0o0 n—oo n—oo
S lim Sup<H<tn7 un)a Yn — y>
n—00
< 0.

Since F' satisfies condition (Sy)r, we have u, — u.

In both cases, we have shown that u,, — u. This completes the proof. m

Theorem 2.4 ([/1]) Let G be an open subset of a real reflexive Banach space X, and
let Y be a real normed space. Suppose that H : [0,1] x G — Y is a demicontinuous
homotopy. If S C G is a nonempty compact set, then there exists an open set Gy and a

positive constant R such that
(a) S C Gy C G and
(b) |H(t,u)|| < R for allt € [0,1] and all u € Gy.

We demonstrate that any demicontinuous operator on closed bounded sets that satisfies

condition (S;)r is proper.

Lemma 2.7 ([/1]) Let G be a bounded open set in a real reflexive Banach space X, and
let H:[0,1] x G — X be a demicontinuous homotopy satisfying condition (S, )r, where
T : G — X* is bounded. For any compact set A C X,

K :={u € G|H(t,u) € A for some t € [0,1]}
s a compact subset of X.

Corollary 2.1 Suppose that F : G — X is demicontinuous and satisfies condition
(S.)r, where G is a bounded open subset of X and T is bounded on G. For every h ¢
F(0G), there exists an open set Go such that F~Y(h) C Gy C G and F is bounded on Gj.
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Proof. By Lemma 2.7, we obtain
F'h)={uecGH(0,u) = Fuec A= {h}}
is a compact subset of X. And since h ¢ F(0G), this implies
F~'(h) CG.

Applying Theorem 2.4 with the constant homotopy H(0,u) = Fu and S = F~1(h), there

exists an open set Gy and a positive constant R such that
F~'(h)C Gy CG,
and ||[H(0,u)|| = |Ful| < R, i.e. F is bounded on Gy. m

Definition 2.10

M={(F,G,h):Ge O, T € Fi(G),F € Fr(G),h ¢ F(OG)}.
Then we define a degree function dr : M — Z as follows:
dT<F,G, h) = dB<F‘G707 Go, h),

where Gy is any open subset of G with F'~'(h) C G and F is bounded on Gy, according
to Corollary 2.1.

Theorem 2.5 ([/1]) The above degree dr for the class F(X) has the following properties:

(a). Ezxistence property.
If dr(F,G, h) # 0, then there exists u € G such that F(u) = h.

(b). Additivity property.
Assume that G| and Gy are two disjoint open subsets of G. If h ¢ F(G\ (G, UG>),
then
dr(F,G,h) = dp(F,Gy, h) + dr(F,Go, h).

(c). Normalization property.
For any h € G, we have
dr(I,G,h) = 1.

(d). Homotopy property.
Suppose that H : [0,1] x G — X is an admissible affine homotopy with a common

continuous essential inner map and h : [0,1] — X is a continuous path in X such
that h(t) ¢ H(t,0G) for allt € [0,1]. Then

dr(H(t,.),G,h(t)) = constant for all t € [0,1].
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(e). Boundary dependence property.

If F, S € Fr(G) coincide on 0G and h ¢ F(0G), then

dr(F,G,h) = dr(S,G,h).

Proof.

(a).

If dr(F,G,h) # 0, then we have by Definition 2.10
dB(F7 GOvh’) 7£ 0

for a suitable open set Gy C G. By Theorem 2.3, the equation F'u = h has a solution
in GGy which also belongs to G.

.Let K={ueG: Fu=h}and K; ={u e G;: Fu=h} fori=1,2.

Note that
K:K1UKQ and KlﬂKQI(Z)

As h ¢ F(G\ (G; UG,), implies
By Corollary 2.1, there exist open sets Gp; and G such that

K, C Go1 C Gy, and F is bounded on Gy,
Ky C Goa C Gy, and F is bounded on Gs.

(2.9)
Set Gy := Go1 U Gge. Obviously, F is bounded on Gy and K € Gy C G, and so
h ¢ F(Go\(Gor U Goa)).

Hence it follows from Definition 2.10 and Theorem 2.3 that

dT(Fa G, h) = dB(F|G70a GOah)
= dp(Flg;;, Gor, h) +dp(Flgs;, Goz, h)
- dT(F, Gl,h) +dT(F, Gg,h).

. Since the identity operator I is bounded, this results from the Theorem 2.3 as

follows:

dr(I,G,h) = dp(I, G, h) = 1.
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Actually, the identity operator
I=J"10J

belongs to F;(G). In view of Lemma 2.5, where J denotes the duality operator. It

is known in, e.g., [10] that

J : X — X" is bounded, continuous and satisfies condition (S ),

(2.10)
J1 i X* — X is continuous and satisfies condition (S.).
. Note that A = {h(t) € X|t € [0,1]} is a compact subset of X. Set
S ={u€G|H(t,u) € A for somet € [0,1]}
by Lemma 2.7, S is a compact subset of X. In particular, we have S C G.
Indeed,
let ug € S = 3ty € [0, 1] such that
h(to) = H(to, U/Q) e X.
Since h(t) ¢ H(t,0G) for all t € [0,1], we obtain
H(to, UQ) §é H(to, 3G)
ie.,
up ¢ 0G = ug € G.
According to Theorem 2.4, there exists an open set Gy such that
S C Gy CQG,
‘ (2.11)

and H is bounded on [0,1] x Gj.

This implies that
h(t) & H(t,0G),

and
dr(H(t,.),G,h(t)) = dg(H(t,.),Go, h(t)) for each t € [0,1].

By Theorem 2.3, we conclude that the value of dp(H(t,.), G, h(t)) is constant for
all t € [0,1].

. Consider an affine homotopy H : [0,1] x G — X given by

H(t,u) = (1—t)Fu+tSu for (t,u) €[0,1] x G.
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As h ¢ F(0G) = H(t,0G) for all t € [0, 1], the homotopy invariance property (d)
of the degree dr implies that

dT(Fa G7 h) - dT(Sa G7 h)
This completes the proof.

[ ]
In view of following lemma, the degree dr does not depend on the choice of the set Gj.

Lemma 2.8 ([/1]) Let F € Fr(G) be an operator, where G is a bounded open set in X

and T € F1(G). Suppose that fori = 1,2, G; is an open subset of G such that
FY(h)cG; CG and F is bounded on G;.
Then the degree dg(F,G;, h) is well defined for i = 1,2 and
dp(F,G1,h) = dg(F,Ga, h).

Proof. For i = 1,2, since F € Frp(G;) and h ¢ F(0G;), the degree dg(F,G;, h) is well
defined and

FYh)CcGiNGy,CG;
implies

h ¢ F(G\(G1 N Gy)).

Applying Theorem 2.3, we get
dB(F, Gl, h) - dB(F, Gl N GQ, h) == dB(F, GQ, h)
|

Remark 2.3 If I is bounded on G, then we may take Gy = G and dp(F,G,h) =

dp(F,G,h), which means that dr and dp coincide on Fr g(G).

2.2 Method of monotone operators

The main theorem on pseudomonotone operators is the basic mathematical tool that
helps to establish the existence of solutions to various kinds of equations. This method

consists in transforming a given problem into a problem of the form:
Au= f*u e X,

where A : X — X™* is a pseudomonotone operator on the real B-space X.
In this section we recall the main theorem on pseudomonotonic operators due to Brezis

that we will use to obtain various existence results. We start with the definition of

monotone operator.
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2.2.1 Monotone operators
Definition 2.11 An operator A : X — X* is said:
(a) Monotonous if (Au — Av,u —v) >0, Vu,v € X.

(b) Strictly monotonous if (Au — Av,u —v) > 0, Yu,v € X, u # v.

2.2.2 Hemicontinuous operators
Definition 2.12 Let A: X — X* be an operator on the real B-space X.

(a) A is said to be demicontinuous iff

lim u, — u implies Au, — Au.
n—oo

(b) A is said to be hemicontinuous iff the real function
t— (A(u+ tv), w)

is continuous on [0, 1] for all u,v,w € X.

2.2.3 Pseudomonotone operators

Definition 2.13 The operator A : X — X* is pseudomonotone iff v, — u as n — oo
and
lim sup(Auy,, u, —u) <0

n—oo
implies
(Au,u — ¢) < liminf(Au,, u, — ), for all Y € X.

n—oQ

Lemma 2.9 ([72]) Let A,B : X — X* be operators on the real reflexive Banach space
X. Then the following implications hold:

(a) If A is monotone and hemicontinuous, then A is pseudomonotone.

(b) If A and B are pseudomonotone, then A+ B is pseudomonotone.

Proof. (a). Let

Uy, — U aS N — +00,
. (2.12)
lim sup(Au,, u,, — u) < 0.

n—-+o0o

Since the operator A is monotone, we obtain that

(Aup, up, —u) > (Au,u, —u), VneN,
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and since u,, — u, and Au € X*, we have
(Au,u, —uy — 0, as n — 400,

hence
0 < lim (Au,, u, — u) < limsup(Au,, u, —u) < 0.

n—00 n—+00
This implies

lim (Auy,, u, —u) = 0.
n—oo

We pose now v = u + t(w — u) with ¢ > 0. By the monotonicity of A, we find
(Au, — Av,u, —v) 20
and hence
t{(Av,u —w) + (Av,u, —u) — (Auy, u, — u) < {Au,, u —w),
and as

lim (Auy,, u, — u) = 0,
n—o0

lim (Av, u, —u) =0, (2.13)

n—oo
lim (Au,,u — w) = lim (Au,, u, — w) + lim (Au,, u — u,).
n—0o0 n—00 n—o0
This implies
(Av,u —w) < liminf(Au,,u, —w), Yw € X.

n—oo

The operator A is hemicontinuous. Thus, letting t — 0, we obtain

(Au,u — w) < liminf(Au,, u, —w), Yw € X,

n—oo

i.e., A is pseudomonotone.

(b). Let

Uy — U AS N — +00,

, (2.14)
lim sup(Au,, + Buy,, u, —u) < 0.

n——+oo

First, we have to prove that

limsup(Au,, u, —u) <0 and limsup(Bu,,u, —u) < 0.
n——+0oo n—-+00

We assume that there exists a subsequence, again denoted by (u,), such that

lim (Auy,, u, —u) =1>0,

n—oo
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and hence

lim (Buy, u, —u) < —1.
n—oo

Since B is pseudomonotone, this implies

(Bu,u —w) < liminf(Bu,, u, —w), Yw € X.

n—+00
Letting w = u, we obtain the contradiction 0 < —I.
In the same way, we prove that
lim sup(Buy,, u, —u) <0, Yw e X.
n—-+0o
Since A and B are pseudomonotone, it follows from above that,
(Au, v — w) < liminf(Au,,u, —w), Yw € X

nreo (2.15)
(Bu,u —w) < liminf(Bu,,u, —w), Yw e X

n—oo

and hence

(Au+ Bu,u — w) < liminf(Au, + Bu,,u, —w), Yw € X,

n—oo
i.e., A+ B is pseudomonotone. m
The main theorem on pseudomonotone operators due to BrA@ziS is given by the next

theorem.
Theorem 2.6 ([72]) Let X be a real, reflexive Banach space, and let T : X — X* an
operator that satisfies the following conditions

(a) T is bounded.
(b) T is pseudomonotone.

(c) T is coercive.

Then, the equation

Tu = f* (2.16)

admits at least one solution u € X for all f* € X*.

2.3 Variational iteration method (VIM)

The variational iteration method (VIM) was proposed and developed by the Chinese
mathematician Je-Haun-He in the early 1990s, it was proposed for the first time to solve
problems in mechanics. This method has been used to solve a wide variety of linear
and non-linear problems with successive approximations rapidly converging to the exact
solution if it exists. The method is based on determining the Lagrange multiplier optimally

through variational theory (see, [30, 31, 32]).
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2.3.1 Description of the method

To illustrate the basic idea of the method, we consider the following general nonlinear
equation:

L(u(t)) + N(u(t)) = h(t) (2.17)

where L is a linear differential operator, N is a nonlinear operator, and h(t) is a given

continuous function.
The basic character of the method is to construct a correction function for the system

(2.17), which reads

Unr1(t) = up(t) (2.18)
" / A(SH{L(un(5)) + N(@n(s)) — h(s)}ds,

where \(s) is a general Lagrange multiplier. The index n represents the n'* approximation
and U, (s) is considered as a restricted variation, i.e. dt,(s) = 0. To solve equation (2.17)
by the VIM method, one must first determine the Lagrange multiplier A which will be
identified in an optimal way via integration by parts. Then the successive approximations
u,, of the solution u(t) will be obtained by using the Lagrange multiplier and a well-chosen
function uy (which must at least satisfy the initial conditions), consequently, the exact
solution will be the limit:
lim u,(t) = u(t).

n—oo

2.3.2 Alternative approach to VIM

In this section, we present an alternative approach to the VIM.

Let the following non-linear differential equation:

L(u(t)) + N(u(t)) = h(t),t > 0. (2.19)

With the initial conditions
u®(0)=cp, k=1,2,...,m—1, (2.20)
where L is a linear differential operator defined by (L = jt—z, m € N*), N is a non-linear

operator, h a known function and ¢, are real numbers.
According to the variational iteration method, we can construct a functional correction

formula for (2.19) as follows:

m

Uni1(t) = un(t) + /0 )\(S){%,;(s) + N (i, (s)) — h(s)}ds (2.21)
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where A(s) is a general Lagrange multiplier which can be identified optimally via varia-
tional theory, u, is the nth approximate solution, and u, denotes a restricted variation,
ie., ou, = 0.

So, we first determine the Lagrange multiplier A\(s) after obtaining the latter, it is
substituted in the correction function expression (2.18) to obtain a sequence of u,(t),n > 0
approximations to solution wu(t).

Making the above correct functional stationary with respect to u,

d"™u,(s)
ds™

p1(t) = duy,(t) + 5/0 A(s){ + N (U, (s)) — h(s)}ds = 0.

Here we apply restricted variation to the non-linear term Nwu, in which case we can easily

define the multiplier so equality above takes the form

", ()

Sttps1(£) = Sun(t) + 6 /0 As){ 2 ) h(s)yds =0

case 1. m = 1. noticing that du(0) =0

Stppr(t) = OSun(t) +0 /0 A(s){d“;f)—h(s)}ds

= 5un(t)+)\(s)(5un(s)\5:t—/0 X (5)0uy(s)ds
= 0.

For arbitrary du, from the above relation , we obtain the Euler-Lagrange equation

and the following stationary condition
1+ A(t)=0.

The Lagrange multiplier, therefore, can be readily identified,
A(s,t) = —1.

Substituting the identified Lagrange multiplier into (2.18) results in the following iteration

formulation:

Unt1(t) = un(t) — /O {L(un(5)) + N(un(s)) = h(s)}ds.

case 2. m = 2. noticing that du(0) =0
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Stpir(t) = Sup(t)+0 /O A(s){d22‘;(5>—h(s)}ds

= Sun(t) + N(5)0u, (5)|smt — N (8) 0 ()] s—t + / X' (8)6un(s)ds = 0.

0

We, therefore, have the following stationary conditions:

N'(s) =0,
A(s)]s=t =0,
1—XN(5)]s=t = 0.

The Lagrange multiplier, therefore, can be readily identified
A(s,t) = (s —1).

Substituting the identified Lagrange multiplier into (2.18) results in the following iteration

formulation:

Unt1(t) = un(t) + /0 {(s = t)L(un(s)) + N(un(s)) — h(s)}ds.

and in general:

s, 1) = %(s _ gymet (2.92)

Therefore, by substituting (2.22) in the functional (2.18), we obtain the following iteration

formula:

Upt1(t) = up(t) + /0 %(s — )" L(un(5)) + N(un(s)) — h(s)}ds. (2.23)

Now, define the operator T'(u) as,

T(u)y = /0 %(s — )™ M L(ug(s)) + N(ur(s)) — h(s)}ds. (2.24)

m—1)
and define the components ¢, k=0,1,..., as,
( Po = ug
¢1 = T{¢o)
¢o =T (¢o + ¢1) (2.25)
\st’—i—l =T(¢o+ ¢1+ -+ Ox).
So, we have
u(t) = Jm ug(t) = ; Oi(t). (2.26)

49



Chapter 2. Methods for solving nonlinear fractional FPDEs 50

Finally, the solution to problem (2.17) can be deduced using (2.24) and (2.25), in series

form:
u(t) = 3 6x(0). (227)

The initial approximation ¢y = uy can be chosen freely if it satisfies the initial conditions
of the problem. The success of the method depends on the correct choice of the initial
approximation ¢y. In this alternative approach, we choose the initial approximation as

follows:

3

9}
=

bo(t) = " (2.28)

|

x

b
Il

0

2.3.3 Convergence analysis

In this paragraph, we study the convergence of the variational iteration method, accord-

ing to the alternative approach of the VIM method presented in the previous paragraph

(see, [66, 19]).

Theorem 2.7 Let H be a Hilbert space and T : H — H, an operator defined by (2.2/).
If 30 < p < 1 such that

1T {po + o1+ ... + Grr) || < ul|T{po+ 1+ ... +or)|  VkeNU{0}
then, the series solution u(t) = Y - ¢x(t), defined in (2.27), converges.

Proof. Let (S, ),>0 be a sequence of general term defined by:
SO = ¢0a

Su= on.
k=0

and we show that (S,,),>0 is a Cauchy sequence in the Hilbert space H. For this purpose,

(2.29)

consider,

1Sns1 = Sull = 1$n+1ll < pllull < 42 ll@n-all <+ < p" ol (2.30)

For every n,m € N, n > m, we have,

HSn - Sm“ < ”Sn - Sn—1|| + ||Sn—1 - Sn—2|| +oeee ||Sm+1 - Sm”
< ol + 1" Higoll + - 4 ™ Hlgoll
<

(" T e o (2.31)

and as (u" ™ L+ 2 4+ 4+ 1) (1 — p) = (1 — ™), we have

1

< ——— " Hlgoll < 1—um“||¢oll>
— —
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and as 0 < p < 1, we get:
lim ||S, — S| =0.

n,m——+00
Therefore, (S,)n>0 is a Cauchy sequence in the Hilbert space H, and this implies that the

series solution u(t) = > "2, ¢x(t) converges. m

Theorem 2.8 If the series solution u(t) =Y ., ¢x(t), defined in (2.27), converges then

it is an exact solution of the nonlinear problem (2.17).

Proof. Suppose that the series solution u(t) = Y.~ ¢x(t) converges, then we have:

lim ¢, =0,

k—+o0

n

Z(¢k+1 — 1) = Guy1 — o,

k=0
SO .
D (1 = ) = lm (¢ni1 — d0) = —ho. (2.32)
k=0
By applying the operator L = W , m € N | on both sides of equation (2.32), we obtain:
> L(dje1 = ¢;) = —L(do) = 0. (2.33)
=0

On the other hand, form (2.25), we have

L(¢jy1 — &) = L(T(po+ 1+ -+ ¢5) = T{po+ 1+ -+ ¢j_1)), k=1 (2.34)

Using the definition of the operator T'(u) defined by (2.24), we obtain:
Lo —e) = L [ o) - L s (2.35)
o ’ o (m—1) i=0 Z i=0 Z ‘

+L (/0 (fn_—i)?:)!(s — t)ml{MzZ_; bi) — N(X_: ¢i)}d5> i1

1=0

Now, the operator T'(u), defined by (2.24), gives the integral of the mth time of Lu(t) +
Nu(t) — h(t). Since the differential operator L = 4=

integral operator mth time, then equation (2.35) becomes:

of order m is the inverse of the

D6s01 — 05) = L(6) + N 6) = N(Y 00, 5> 1 (256)
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Therefore, we have:

ZL(@H —¢;) = L(¢o) + N(¢o) — h(t)

+L(¢1) + N(¢o + ¢1) — N(¢o)
+L(¢2) + N(¢o + ¢1 + ¢2) — N(¢o + ¢1)

+L(6n) + N(3_ &) Z $i). (2.37)

Therefore,
ZL Bja1 — 65) = Z% + N ( Zas] : (2.38)
7=0
From (2.33) and (2.38), we can observe that u(t) = Zk:o ¢k (t) is an exact solution of
problem (2.17). m
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CHAPTER 3

EXISTENCE OF WEAK SOLUTIONS OF THE
FRACTIONAL P(X,Y)-LAPLACIAN PROBLEM BY
TOPOLOGICAL DEGREE

3.1 Introduction

This chapter is devoted to the study of the existence of weak solutions for the following

problem involving the fractional p(x,y)-Laplacian with Dirichlet boundary condition:

,CI;((Z)'U, _|_ ’u|q($)72u + g(u) — f(ﬂj‘,u), Zn Q,

(3.1)
u=0, in RV \ Q,

where Q C R"(n > 2) is a bounded regular open domain, ¢ € C,(Q2) and the nonlocal
integro-differential operator of elliptic type 51;((2),

£ = po [ fule) = a0 H o) = ul) K )y

= lim u(z) = u(y) [PV (u(e) — u(y)) K (z,y)dy, «eRY,
e—0 RN\Bg(LU)

where p : RY xRY — (1, +00) is a continuous bounded function that satisfies (1.4)-(1.6).
The kernel K : RY x RY — (0, 400) is a measurable function that has the properties
(1.7)-(1.9).

Recently, there has been a lot of interest in investigating problems involving nonlocal
fractional integrodifferential operators. In [58], the authors studied the following fractional

elliptic problem
Lru+ M+ [u)® 2u+ f(r,u) =0, in Q,

(3.2)
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2n

n —2s
of nonlocal fractional type defined as follows:

where A > 0 is a real paramater, 2* = and L is an integro-differential operators

CKM@:iégﬂx+w+u@—yf—%@wK@M% z € RV

They used variational approaches to prove the existence of a result in this situation. H.

Hajaiej, G. Molica Bisci and L. Vilasi [25] studied the following problem
Lxu = plul® 2u+ \g(u), in Q,
=l u+ () .
u = 0, m RN \ Qv

They demonstrated the existence of one weak solution to (4.1) by minimizing the energy
in a tiny ball in a fractional Sobolev space.

In [20] the authors were interested in studying the following problem:

(—Ap))*u + [u 720 = AV (@)[u @, in 9,
u =0, on 052,

where (—Ay))?® is the fractional p(z,y)—Laplace operator given by

[u(z) — u(y) P02 (u(@) — u(y))
(—Apw)) u—pv/ |x—y|N+5P =5 dy, se(0,1).

S. Taarabti studied in [64] the problem (3.1) in the case, ¢(z) = p(x), g(u) = 0 and
f@,u) = AV (@)[u] @2

L2y [ufP @2y = AV (2)|u) @20, in Q,

(3.5)
u=0, in RV \ Q,

It is important to note that (—A,,))® is a generalized operator of the fractional p-
Laplacian operator (—A,)* (that is when p(x,y) = p = constant ) and it is the fractional
version of the p(x)—Laplacian Ay, u = div(|VulP®~?u) that is connected with the vari-
able exponent Sobolev space. Over the last few years, interest in these operators, as well
as pseudo-differential operators in general, has steadily increased. Nonlocal operators such
as (—A)® and its generalization £y naturally arise in continuum mechanics, phase transi-
tion phenomena, population dynamics, and game theory, See, for example, |16, 12, 16| for
examples of stochastical stabilization of Lévy processes. The applications of non-local in-
tegrodifferential sparked interest in understanding them. Indeed, they have a wide range
of applications, including the thin obstacle issue, optimization, finance, stratified materi-
als, anomalous diffusion, crystal dislocation, picture deblurring and denoising, and so on.

We refer to [15, 17, 18, 19, 61, 65| and the references therein for more information.
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3.2 Hypotheses

Definition 3.1 ([8]) We say that u € Ey = W{ is a weak solution of (3.1), if
/Q [u(z) — u(y) [PV (u(z) — u(y)) (n(z) — n(y)) K (z,y)dedy
w(z)|9® 2y (2)n(x)dx w)n(x)dx = z,u)n(z)dr
[ @ u@na)ds + [ st = [ 1w,
for any n € Ej.

(H1) f is a Carathéodory function such that there exists b € LP@(Q), r € C(Q) with
l<r=<r(z)<rt<(p)” and C > 0:

[f(,9)] < C0(x) + [y
for a.a. z € Q and all y € R.

(H2) ¢ is a continuous real function defined on R, such that there exists A > 0 and

6 e Ci(Q) with1 <60 <6(x) <0 < (p)~ such that
lg(t)] < AJtP)!
for a.a. z € Q and all t € R.

(H3) g € Co(Q) with 1 < ¢~ <q(z) < ¢t < (D).

3.3 Main result and proof
Now we present our main result in this work

Theorem 3.1 (/5]) Under hypotheses (H1), (H2) and (H3), there is a weak solution
u € Ey to problem (3.1).

Let’s consider the nonlineare operator V' : £y — Lf%(x)(Q) defined by
V(u) = Yu+T'u+ u,

where

du(z) = |u(@)|"Pu(z),
Tu(z) = g(u(z)),
ou(z) = —f(z,u(x)).
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Let (1.4), (1.5), (1.7), (1.8) and (1.9) be satisfied. Then the operator

Lo By —s B,
defined by
@?MJOZLJM@—U@WMMZW@ﬂ—MWXW@—U@»K@wMﬂm
where Ej is the dual space of Ej.

Theorem 3.2 (see [64] ) Suppose that K : RY x RY — (0,+00) is a measurable

function satisfy (1.7), (1.8) and (1.9) and suppose that (1./) and (1.5) be satisfied. Then,
the following properties hold:

1) E%x) : By — B 1s a bounded operator.

2) LY . Ey —» E7 is a homeomorphism.

3) E%x) : Ey — E is a mapping of type (S5).
Lemma 3.1 ([8]) ¥, T, ¢ are bounded.
Proof. We use the inequalities (1.8), and hypothesis (H;), we have for any u € Fy,

= [ 1wl 1
Q

C (Pﬁu)(b) T Pm(a) (U)) +1,

mt m
< C (o 0) + Ml + Il ) +1.

/N

~

since m(z) = (r(x) — 1)p(z) < p’(z), then by the continuous embedding Ey — L™®)(Q),

mt  m~ mt m-
lpullsiey < Cmax{1, 5™ ¢} (05iay () + [Wlip(og) + [Witpay ) + 1

where ¢g is the continuous embeding constant given in the Theorem 1.6. This implies that

¢ is bounded on Ej.
We prove now that v is bounded. Let u € Ej, we have

[ullsy < ppa (Pu) + 1,
_ / |-V gy 4 1
Q

2zt z

N
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where z(x) = (q(z) — 1)p(z).
Np(x)(P(z) — q(z)) + sp*(x)(g(z) — 1)
(N = sp(x))(p(x) — 1)

Since pi(z) — z(z) = > 0, then by continuous

embedding Ey — L*@)(Q),

2t

2t 2
lullsiey < max{er”, i ([0l5 ey + [icpen) + 1

where ¢; is the continuous embidding constant. This imblies that 1 is bounded in Ej.
We prove that ' is bounded. Using the inequalities (1.8), and the hypothesis of (H,), we
get for any u € Ej,

Tullz) < Py (Tu) + 1,
= / lg(u |p @dr 41,

< <A+ 1)?* (nun:a) +lulliy) +1,

since w(z) = (A(x) — 1)p(x) < p’(z), then by the continuous embedding Ey < L¥(*)(Q),

wt

pt wt w™ w
ICullsy < A+ 17 max{es™, e } ([l g + (i) ) + 1

where c; is the continuous embedding constant. This implies I' is bounded on Ej.
]

Lemma 3.2 ([8]) ¢, T, ¢ are continuous operators.

Proof. Let u, — u in Ey. Then u, — u in LP®)(Q). Hence there exist a subsequence
(ug) of (u,) and measurable function h € LP®)(Q) such that

() — (),
and
|uk(2)] < h(x),
for a.e. x € Q and all £ € N. From the (H1) — (H3),
Yug(x) — Yu(x) ae. x € Q,
Fug(x) — Twu(z) ae. z €,
pup(r) — pu(x) a.e. x €9,
and
[Yur(z)] <
Puk(x)] < Alh()]"@,
<

|oun(x)]
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for a.e. x € Q and for all £ € N.

Since

()11 € LP@)(Q),
A h(z)P@ 1 g LP@(Q),
C(b(x) + [h(x)|" @) € L@ (Q),

and taking into account the equals
b (o —ow) = [ |l un(o) = Flau(w) e,
Py (W — Ypu) = /Q [ ()90 () = [u()| )2 u(w) P da,

ooy (Dt — Tu) = / 9(ua(a)) — glu(e) @,

the dominated convergence theorem and the equivalence in the Proposition 1.9 implies
that

bu, — Yu in Li("”)(Q),
Twy, — Tu in LP@(Q),
ur —> puin LP() (Q).

So, the operators ¢, " and ¢ are continuous. =

Lemma 3.3 ([5]) The operator F : Ey — E{ defined by

(F(w),m) = / (—f () + g(uw) + [u] @) gd,

18 compact and quasimonotone.

Proof. Since the operator I : Ey — LP®)(QQ) is compact, then the adjoint operator
I*: Lf’(x)(Q) — E} is also compact. Therefore, the compositions [* o), [* o', I* 0 ¢ :
Ey — Ej are compact by Lemma 3.2. We deduce that ' = [*otyp+ 1" o'+ "0 is
compact.

To show that F'is quasimonotone, let (u,) be a sequence in Ej such that u, — u.

Since u,, — u and F' is compact, then

(up) is bounded in Ey and F(u,) — F(u) in Ej.

And so we find

lim (F(uy), u, — uy = lim (F'(u,) — F(u),u, —u) =0

n—o0 n—oo
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So F'is quasimonotone.

n
Proof. Proof of Theorem 3.1. Let F': £y — E{ be as in Lemma 3.3 and
E%(JC) : by — Ejj, as in section 3.3,

3 = [ ) )P 0(0) ) ate) ~ ) K, )y
It is clear from the above that u € Ej is a weak solution of (3.1) if and only if:

L2y = —Fu (3.6)

Thanks to the properties of the operator E%x) seen in Theorem 3.2, that the operator
E%x) : By — E; is bounded, continuous, and satisfies condition (Sy). Now let X = Ej
and identify X* with Fy. By the main theorem on monotone operators due to Browder
and Minty in (see |72], Theorem 26A), the inverse operator T := ([,’;((x))*l X — X*is
bounded, continuous and satisfies condition (S, ). Furthermore, Lemma 3.3 shows that
operator F': X* — X is bounded, continuous and quasimonotone.

Consequently, equation (3.6) is equivalent to
u=Tv and v+ FoTv=0. (3.7)

u
To solve equation (3.7), we need the following lemma

Lemma 3.4 ([5]) The set
Bx ={veXjv+tFoTv=0 for sometec][0,1]}

18 bounded.

Proof. Let v € Bx and take u = T'v, this implies that

(UK p(y) = [TV K p(a)-

o If [u]k p(zy) <1 = {Tv:v € By} is bounded.
o If [ulkp@y > 1, then by Lemma 1.1, the conditions (H;) — (Hs) and the Holder
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inequality, we get
(P~ _ ("~ 0
[TU][QP(W) o [u]lgp(mvy) < pg(u),
= (E%x)u,w = (v, Tv),
= —t(FoTuv,Tv),

= 15/Q (f(x,u) —g(u) — |u|q(‘”)_2u) udx,

< ot ( [ utalide + pio)) + Mg ) + 00,
Q
rt r + —_
< Ct (20l ellp + Nl + ey ) + X (Il + ulié )

+ —_
t (Jlullty + elld)) -

From the continuous embedding Ey — LP(®)(Q), L"@) (Q), LY®)(Q), L9@) (), we have

rt

—\ — 7”7 +
[TU]%,)p(fr,y) S const <[TU}K’P(WJ) + [TU]Km(x,y) + [TU]K,p(w,y) + [TU]?(,p(vay))

q+

+const ([Tv]g,p(x,y) + [TU]K,p(w,y) T [Tv]gp(mvy)) '

Since (p)~ > r*,0",¢" and F is bounded, we then conclude from the above inequality

that By is bounded in X. =
We are now in a position to complete the proof of Theorem 3.1.

Proof. From Lemma 3.4, there exists R > 0 such that
|lvllx <R forall v e Bg.

It follows that
V+tFoT #0 forall vedBrand tel01].

From Lemma 2.5 it follows that

[+ FoT € Fr(Bg(0) and I =L oT € Fr(Br(0)).

consider a homotopy © : [0,1] x Bg(0) — X given by

O(t,v) :=v+tFoTv for (t,v) e [0,1] x Br(0).

Applying the homotopy invariance and normalization property of the degree dr stated in

Theorem 2.5, we obtian
dr(I + F oT,Bg(0),0) =dr(I,Br(0),0) =1
then, there exists v € Br(0) such that
v+ FoTv=0.

Which says that u = T'v is a weak solution of (3.1). This completes the proof. m
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CHAPTER 4

LEXISTENCE RESULT WITH THE MAIN THEOREM ON
PSEUDOMONOTONE OPERATORS

4.1 Introduction

This chapter is devoted to studying the existence and uniqueness of weak solutions for

the fractional Laplacian problem

—divg(D*u) = —=D*.(D*u) = f(x,u), in €,

(4.1)
u=0, in RV \ Q,

where ) is a bounded Lipschitz domain in RY, s is a fixed number between 0, 1 and

divs(D*u) is the fractional version of a 2-Laplacian and defined by (see [55])

I AN

divy(D*u) = D*.(D%u) = ; al_f((%f)

Shieh and Spector have recently studied a novel class of fractional partial differential

equations based on the distributional Riesz fractional derivatives in a pair of two fasci-

nating works [59] and [60]. Instead of using the well-known fractional Laplacian, their

starting concept is the distributional Riesz fractional gradient of order s € (0, 1), which
will be called here the s-gradient D?, for brevity: for u € LP(RY), p € (1, c0), we set

< 0°u 0 ,
Djuzaﬁza—xj(fl—s*u), 0<s<l1l, j=1,---,N,

J

0
where e is taken in the distributional sense, for every v € C°(RY),
Ly

0°u ov ov
<a—x§,v> = (—1)(([173 * U), a_(jjj> = _AN<[1S * U)a—x]dﬂﬁ,
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with I, denoting the Riesz potential of order s, 0 < s < 1:

Y(N,1—)
L) == D
(z) [N s
where (N+ +1)
231—‘ S
’7(N7 S) = E—is
T2 F(T)

Thus, we can write the s-gradient (D*) and the s-divergence (D?*.) for sufficiently regular
|

functions u and vector ¢ ([21], [29], [60]) in integral form, respectively, by

o su(zt) u(@) —u(y) = -y
D*u(z) := vy(N, s) lim —_—
(@) =9 (N5) T T

e—0 JpN |,2|N‘*‘5‘*‘1

Xe(0, 2)dz = (N, s)

dy

and

) . z.p(x + 2) / o) —oly) *—y
D*. = ~(N.s)1 Zr T2 (0, 2)dz = (N, . dy,
plz) =1, 5) 0 gy |2Vt xe(0. 2)dz = 7N 5) v |2 —y[Nts | —y Y

where x.(z, z) is the characteristic function of the set {(x,z) : |z — x| > €} for € > 0. As
it was shown in [59], D® has nice properties for u € C°(R"), namely it coincides with

the fractional Laplacian as follows:
(—A)*u(zr) = —D*.D?u,

where, 0 < s < 1,

(~8)u(e) = Nt [ S oy
_ % V(N 5) /R ) u(z +y) +|;L|(]f+;sy) — 2u(z) dy.

The study of elliptic equations involving fractional operators is an exciting field of
nonlinear analysis. These problems have recently received a lot of attention, both for
pure mathematical research and for practical applications in the real world. Indeed, this
sort of operator appears in a variety of contexts, including the representation of a variety
of physical processes, optimization, population dynamics, and mathematics nance. We
have already mentioned that the —D*.Du operator coincides with the (—A)*u operator
in the case u € C>*(RY), and the last operator has many applications in various fields,
for example, the fractional Laplacian operator (—A)* 0 < s < 1, provides a simple model
to describe some jump Levy processes in probability theory (see for example |5, 14, 16,

, 12] and the references therein). As examples of applications of the problem (4.1)

(u € C=(RY)), we state the following two models:
The existence and uniqueness of weak solutions to problems involving the fractional

Laplacian (—A)® have been studied in many articles, for example, [56, 57]
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4.2 Existence of solutions

We will present the idea of weak solutions for problem (4.1) in this part, as well as the
existence and uniqueness results for these solutions [9]. Firstly, we cite the following
assumptions:

(h1) s€(0,1) with 2s < n.

(h2) [ €L(Q) with a > 1”28.

(hs) f:Q xR — R satisfies Caratheodory condition and

|f(z,0)| < alz)+0bt] V(x,t) e QxR,

where a € L*(Q) and b € R.
(hy) f:Q xR — R is a decreasing function with respect to the second variable.
(hs)  There exists ¢y > 0 such that

(f(z,t) = f(z,8))(t = 5) < colt — 5|
for a.a. . € Q and all (¢,s) € R x R.

Definition 4.1 ([9]) We say that u € L3*(Q) is a weak solution of problem (4.1), if

D*u.Dvdx = / fle,w(z)de, Yve X :=L*Q). (4.2)
RN Q

4.2.1 f is independent of u

If f is independent of u, we have one of our main result of this work is the following

Theorem:

Theorem 4.1 ([9]) If f(z,u) = f(x) and if hypotheses (hy), (ha) hold, then, the problem

(4.1) has a unique weak solution.

Proof. Existence part. Let the operators
L : Lg*(Q) — (L5*(9))',

Ly : L3*(Q) — R,

such that

(Li(u),n) = | D*u.D*ndx,
RN

and
(La,m) I/Qf(x)n(:c)d:c.

The proof of existence part of Theorem 4.1 is divided into several steps.
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e Step 1. The operators L; and L, are bounded.
We use Holder-type inequality, we have for any u,n € LS’Q(Q),

N

ol < [ IDwDsglds

| D*u| 2@y | D*0| L2 @)

VARRVAN

[y M2 0)-

This implies that L; is bounded.
On the other hand, using again Holder-type inequality, hypothesis (k1) and (hs), we

get

IN

(La(u). ) / | (@)nldz

||f||L”(9)||77||La’(Q)
< M| flle@)n

IN

Ly (2)

where M is constant of continuous embedding given by Theorem 1.9. Hence, the operator

L5 is bounded.
e Step 2. The operator L; is hemi-continuous and the operator L, is con-

tinuous.
Let {ty nen € L3%(Q) and u € L3?(Q) such that u, converges strongly to u in Li™>(€2).

Firstly, we will prove that L; and L, are continuous in L$*(2), indeed,

[(L1(un) = La(u),m)| =

/ (D*u,, — D*u).D°ndx
RN

S HDSun — DSUHLQ(RN)HDSﬁHLQ(RN)

< lun =l Ml o)
And

(Lot =l = | [ f@)(uala) = ulo)dz
Q

< Wl lun = ull s

< M| flle@)un — U|Lg’2(g)-
Consequently

Ly(u,) — Ly(u) in (L*(Q))".
Lo(uy,) — La(u) in R.
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This implies that the operators L; and L, are continuous in LS’Q(Q), in R respectively.
Therefore, L; is hemi-continuous in L*(€).

e Step 3 . The operator L, is coercive.

For any u € LY*(Q), we have

(Li(u)u) = /RN | D*ul2dz

> [ulze )

Therefore
(L(u),u)

» — +00 as |u|L8’2(Q) — +o00.

Lo (2)

Hence, the operator L, is coercive.
e Step 4. The operator L; is monotone.
For that, it suffices to prove that L; is monotone

(Li(u) — Li(v),u —v) = /]RN |D*u — D%v’dz >0 for all u,v € LY*(Q).

Therefore L; is monotone. Hence, the existence of weak solution for problem (4.1) follows
from Theorem 2.6.

Uniqueness part. Let u and w be two weak solutions of problem (4.1). As a test
function for the solution u, we take v = u — w in equality (4.2) and for the solution w, we
take v = w — u as a test function in (4.2), we have

Diu.D*(u — w)dzx = / flu—w)dz
RN Q
and
D*w.D*(w — u)dx = / fw —u)de.
Q

RN
By summing up the two above equalities, we get

/ |D5u — D*w|*dx = 0.
RN

This implies that

u=w a.ein .

4.2.2 f is dependent of u

If f is dependent of u, we have

Theorem 4.2 ([9]) If hypotheses (hy),(hs) — (hs) hold, then, the problem (4.1) has a

unique weak solution.
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Proof. Existence part. Let the operator
T:Lg*(Q) — (Lg*()
such that

(T'(u),n) = Dsu.DSnd:c—/Qf(:c,u)n(x)da:

RN

= <¢(U)a77> - <(I)(u)777>

The proof of existence part of Theorem 4.2 is divided into several steps.

e Step 1. The operator T is bounded.

From step 1 in the proof of Theorem 4.1 we can see that the operator ¢ is bounded.
On the other hand, using again Holder-type inequality, hypotheses (hy), (hs) — (hy), we

/]fxu n|dx

< la(x) + blull|r2 ) [17lL2 @)
< M(|lall2@) + [6]l|ull2)n

get

(@ (w), )|

IN

L3?%(Q)°

where M is constant of continuous embedding given by Theorem 1.9. Hence, the operator

T is bounded.
e Step 2. The operator 7' is hemi-continuous.
Let {t bnen € L3%(Q) and u € LY*(Q) such that u,, converges strongly to u in L{™(2).
We conclude by proving step 2 in proving Theorem 4.1 that the operator ¢ is continuous

in space Ly*(€2). We then suffice to prove the continuity of the operator ®

[(@(un) — B (u), n)]

/Q (f (2, wn) — (o, u))nda

1f (@, un) = f (@, u) [z 1nllL2()
< M| f(z,un) — f(2,u)llLz@)n

IN

L(S),Q(Q)

By Theorem 1.9,
U — w in LY*(Q) = up, — u in LA(Q). (4.3)

Using Lebesgue’s convergence inverse theorem, we get

{ un(.) — u(.)  a.e in | (4.4)
Jg(.) € L3(Q) : Jup(z)| < g(z) Vn, a.e.in Q,

Now, using Lebesgue’s convergence theorem and hypothesis (h3), we derive

f(z,u,) — f(x,u,) in L2(Q). (4.5)
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So, ®(u,) — ®(u) in (L*(Q))". Then & is continuous. Therefore, T' is hemi-continuous
in L*(Q).

e Step 3. The operator T is coercive.

For any u € LY*(Q), we have

(T(u), u) /R D /Q f(z, w)udz

Loz — (lalla) + [Bll[ulliz@) [ullia)

> |u
=

‘u 3872(Q) - M(”CLHLQ(Q) + |b’”uHL2(Q))‘U/ LS,Q(Q)_

Therefore
(T'(u),u)

— 400 as |u
lu

Lo (2)

Hence, the operator 7' is coercive.
e Step 4. The operator T is monotone.
Applying hypothesis (hy), it is for each u,v € LS’Q(Q),

(T(u) —T(v),u —v) = / |D5u — D*v|*dx — /(f(x,v) — f(z,u))(v —u)dzx > 0.

RN Q
Therefore T is monotone. Hence, the existence of weak solution for problem (4.1) follows

from Theorem 2.6.
Uniqueness part. Let u,v € L?(Q) be two weak solutions of (4.1). Considering the

weak formulation of v and v, by choosing w = u — v as a test function, we have

Dé*u.D*(u — v)dx = /Qf(z, u)(u —v)dx

]RN
and

D*v.D*(u —v)dx = / f(z,v)(u —v)de.

RN Q

Subtracting the above two equations, we have
/ (D*u — D*v).D*(u — v)dz = /(f(x, u) — f(z,v))(u —v)dz. (4.6)
RN Q
For all z € RY, then we have the following inequality:
1
(D*u — D*v).D*(u — v) > Z|Ds(u — )| (4.7)

Using assumption (hs) in (4.7), then it follows that

1
—/ |D*(u —v)|dx < / (D*u — D*v).D*(u — v)dz
RN RN

4
- / (f(r,w) — £z, 0))(u — v)da

< co/\u—'u\Qd:c
0

< COM/ |D*(u — v)|*d.
RN
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Consequently, when 4coM < 1, it follows from the above inequality that « = v and so

the solution of (4.1) is unique. The proof is complete. =
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CHAPTER 5

ELZAKI VARIATIONAL ITERATION METHOD (EVIM)
FOR SOLVING NONLINEAR TIME-FRACTIONAL
PARTIAL DIFFERENTIAL EQUATIONS

5.1 Introduction

Nonlinear PDEs represent an important and interesting topic due to their paramount
importance in modeling many phenomena in various fields such as quantum mechan-
ics, image processing, environment, economic system, epidemiology, wave scattering and
propagation, magnetic resonance imaging, computational fluid dynamics, magnetic hy-
drodynamics, tube jumping, faster low phenomena than Existing, sound, disturbances,
acoustic transmission, traffic, demographic models, medical imaging, the correct distri-
bution of oxygen to healing tissues and electrical signals to nerves, etc., and what has
strengthened its position in scientific research is what was recently published in con-
junction with what the world witnessed due to the Coronavirus, where several papers in
which PDEs have been used to describe cases of COVID or make a model of the shape
of COVID-19 [69, 67, 3]. However, in some intractable and complex problems; fractional
PDEs are resorted to because their use gives greater accuracy and flexibility compared to
PDEs, which helped them to appear in various fields such as fluid mechanics, electrical
circuits, diffusion, damping laws, relaxation processes, mathematical biology, and so on.
Therefore, linear and nonlinear fractional partial differential equations have attracted the
attention of a large number of researchers to delve into finding exact and approximate
solutions to such equations. They developed many methods for this purpose, such as
Adomian decomposition method (ADM) [62], variational iteration method (VIM) [73]
homotopy analysis method (HAM) [68] and homotopy perturbation method (HPM).
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One of the numerical methods in which we do not need to field the discretization of the
domain and linearization of given differential equations is the variational iteration method
(VIM). This method became applied in a large number of articles after they overcame
the calculate the Lagrange multiplier of the correction function of the given differential
equation by restricting non-linear terms and this made this method popular compared to
other available methods that were used for the first time to FPDEs by He in [29].

Different transformations are characterized by their simplicity and speed of use in
FPDEs, such as Laplace transform, Somodo transform, natural transformation, and El-
sack transformation, which led various researchers in this field to combine these trans-
formations and the aforementioned methods. Among these methods: Laplace homotopy
analysis method [27], Laplace decomposition method [35], Laplace variational iteration
method [70], homotopy perturbation Sumudu transform method [71], homotopy analy-
sis Sumudu transform method [51], variational iteration Sumudu transform method [2],
natural transform homotopy perturbation method [15], natural decomposition method
[52], homotopy analysis natural transform method [51] and natural variational iteration
method (NVIM) [35].

In this chapter, we are working on that new technique mentioned in reference [33],
but we preferred to replace the natural transform with the Elzaki transform because the
latter has clearer features and properties as it changes with one variable instead of two
variables in the natural transform, which makes it easier to calculate, so our new tech-
nique is a mixture of two important methods in the for solving nonlinear time-fractional
partial differential equations analytically and numerically, Elzaki transform method and

variational iteration method, called Elzaki variational iteration method (EVIM).

5.2 Solution of nonlinear time-fractional equations by
the Elzaki variational iteration method (EVIM)

To illustrate the basic ideas of the Elzaki variational iteration method (EVIM), con-
sider the following non-linear non-homogeneous partial differential equation of temporal

fractional order:
‘Deu(x,y,t) = Lu(z,y,t) + Nu(z,y,t) + H(x,y,t), t>0, (v,y) € R? (5.1)

with the initial conditions
o'y
ot

where “Dy* is the Liouville-Caputo fractional derivative operator of order n — 1 < a <

(x,y,0) = fi(z,y), 1=0,1,2,...,n—1, (5.2)

n,n € N*, L is a linear function, N is a nonlinear function and H is a given function.
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By applying the Elzaki transform to both sides of equation (5.1), we obtain:
ET[*Dfu(z,y,t)] = E [Lu(z,y,1)] + E* [Nu(z,y,t)] + E¥[H(2,y,1)].

Using Theorem 1.14 and the initial conditions (5.2), we have:

n—1

Effu(z,y,t)] = p*>_ p" D ule,y, )0 + p*ET[H(x,y,t)] + (5.3)
+p*E* [Lu(z,y,t) + Nu(z,y,t)] .

Now we apply the inverse Elzaki transform to both sides of equation (5.3), to find the
following
u(a,y.t) = K(z,y,t) + E=' (p"E¥[Lu(z, y,t) + Nu(z,y,1)]) , (5.4)

where K (x,y,t) represents the term resulting from the source term and the prescribed
initial conditions.
In order to apply EVIM we have to take the first partial derivative with respect to ¢

of equation (5.4), we get

ou 0K
—%E‘l (P E* [Lu(z,y,t) + Nu(z,y,t)]) .

Therefore, by application the variational iteration method (see Chapter 2), on equation

(5.5), we get a correct function as follows

Un+1(ff>y,t) = un(m,y,t) (56)

t aun(quv‘S) a 1 o T+ 8K<$7y75)
- /0 (T = 5. (0BT [Lun(z,y,5) + Nun(z,y,5)]) — T) o

It can simplify (5.6) using the Property 1.7.1, and (5.4) for Elzaki transform to become

the correct function as follows

Upt1(z,y,t) = K(z,y,t) (5.7)
+E (p"E[Lun (2, y,t) + Nuy(z,y,t)]) -

Let’s remember that
u(z,y,t) = lim u,(z,y,t).
n—oo
According to the previous limit, we can obtain the exact solution if it exists or obtain

an approximate solution for the considered equation (5.1).
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5.3 Applications of the EVIM method

In this part, we use the EVIM ([7]) to solve three numerical examples of nonlinear

time-fractional partial differential equations.

Example 5.1 ([7]) Let’s start with the following example, which we consider the 2-

dimensional nonlinear time-fractional partial differential equation

DM = Uggatty — 1, (5.8)
with the initial conditions
2 s Ou 2 2
U(l',y,O) =T +y 3 E(x7y70):x +y ) (59>

where Dy is the Liouville-Caputo fractional derivative operator of order a(1 < a < 2),
and (z,y,t) € R? x RT.
Using (5.7) we get the following correct function

Upr(m,y,t) = (1 +t)(2® +9°) + E7F (pO‘E+ [Unazatng — un]) . (5.10)

According to the iteration formula (5.10), we have
ug = (14 t)(z* + y?),
ta ta—l—l

= (1+t_r(a+1) _I‘(a+2)) (" +9%),

ta ta+1 t2a t2a+1 ) )
= (1+t- -
e ( L Py F(a+2)+r(2a+1)+r(2a+z))<x ),

In general, the general term is given by the following relationship

n —1 ktkoa -1 ktka+1 ) )
u"<x’y’t):Z<F((ka>+1)+(F(k21—|—2))(x +y°). (5.11)

k=0

So, the exact solution of equations (5.8) and (5.9) is the limit of the general term, or in

other words

ktka ( 1)ktka+l ) )
wey,t) = lmua(@y0) Z( C(ka + 1) F(koz+2))(x V)
k=0

= (Ba(—t") + tBa2(—t")) (2 + y°).

For a = 2, then
u(z,y,t) = (Ex(—t?) + tE272(—t2))(x2 +9?) = (cost + sint)(z* + y?).

The surface and behavior of the solution for this example is graphically presented in

Figures 5.1 and 5.2 for different fractional orders of a.
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(a) (b)

(c) (d)

0.5 0.5

0.5
X 0 o t X 0 o t

0.5

Figure 5.1: The surface graph of the 3" order approximate solution by EVIM and the
exact solution of Example 5.1 when y = 0.5: (a) v when a = 1.2, (b) u when a = 1.8,

(¢) w when o = 2, and (d) u is exact.
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Figure 5.2: The behavior of the exact solution and the 3** order approximate solution by

EVIM of u for different values of a for Example 5.1 when x = y = 0.5.
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t la=14|a=175 | a=18| a =2 | exact solution | |Uezeet — Upv M|
0.1 | 0.5335 0.5443 0.5451 | 0.5474 0.5474 7.0424 x10710
0.3 | 0.5700 0.6087 0.6127 | 0.6254 0.6254 5.2711 x1077
0.5 | 0.5830 0.6450 0.6525 | 0.6785 0.6785 1.1575 x107°
0.7 | 0.5809 0.6553 0.6657 | 0.7046 0.7045 8.9104 x107°
0.9 | 0.5705 0.6425 0.6546 | 0.7029 0.7025 4.1069 x10~4

Table 5.1: The numerical values of the 3" order approximate solution for Example 5.1
when z = y = 0.5.

Example 5.2 ([7]) Consider the following 2-dimensional nonlinear time-fractional partial

differential equation

‘D 82 ( ) ! 62 ( ) 2 ; (5 12)
D u—u—xu —Uyy = (U U u..u —i—u, .
Y Y 4 yyaxg ) x Yy

with the initial conditions

0
57 (2:9.0) = exp(ay), (5.13)

where Dy is the Liouville-Caputo fractional derivative operator of order a(l < a < 2),
and (x,y,t) € R? x RT.
Using (5.7) we get the following correct function

u(z,y,0) = exp(zy),

e o 1
Up+1 (CE, Y, t) = (1 + t) exp(a:y) +F ! (p E+[ naca a (‘CE ny) 4unyy@(unxuny)])
+E (p" B[22 gy + un)) - (5.14)

Accordmg to the iteration formula 5.14, we have
= (1 +1) exp(zy),

t toa—‘rl
=14+t
uq (—l— +I’(a+1 OH_Q)eXpwy
ta toz—‘rl t2a+1
=(1+4+1¢
2 ( T et Tt F(2a 1) T TRar 2)> exp(zy).

In general, the general term is given by the following relationship

n tka tka+1
un(z,y,t) = ; (F(ka 1) + T(ka + 2)) exp(xy). (5.15)

So, the exact solution of equations (5.12) and (5.13) is the limit of the general term, or

in other words

o tkoz tka-i—l
t) = i n(T,Y,t) =

= (Eu(t%) +tE,2(tY)) exp(zy).

74



Chapter 5. Elzaki variational iteration method (EVIM) for solving nonlinear
time-fractional partial differential equations 75

For a = 2, then
u(z,y,t) = (Eg(t2) + tEQ,g(tQ)) exp(zy) = exp(xy +t).

The surface and behavior of the solution for this example is graphically presented in

Figures 5.3 and 5.4 for different fractional orders of «.

(a)

(c) (d)

0.5 0.5

0.5
X 0 o t X 0 o t

0.5

Figure 5.3: The surface graph of the 3" order approximate solution by EVIM and the
exact solution of Example 5.2 when y = 0.5: (a) u when a = 1.5, (b) u when o = 1.75,

(¢) uw when oo = 2, and (d) u is exact.
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Figure 5.4: The behavior of the exact solution and the 3** order approximate solution by

EVIM of u for different values of «a for Example 5.2 when x = y = 0.5.

t la=15|a=17 | a=18| a=2 | exact solution | |Ueract — UpvIn]|
0.1 | 1.4444 1.4272 1.4250 | 1.4191 1.4191 1.8092 x10~°
0.3 | 1.8532 1.7787 1.7677 | 1.7333 1.7333 1.3580 x 1076
0.5 | 2.3659 2.2174 2.1940 | 2.1170 2.1170 2.9987 x107°
0.7 | 2.9932 2.7560 2.7173 | 2.5855 2.5857 2.3278 x10~*
0.9 | 3.7524 3.4125 3.3554 | 3.1471 3.1582 1.0848 x1073

Table 5.2: The numerical values of the 3" order approximate solution for Example 5.2

when z = y = 0.5.

Example 5.3 ([7]) Consider the following example, which we consider the 2-dimensional
nonlinear time-fractional partial equation

2

‘D = 1° 920y (*uzuy,) — 3ryusu, — u, (5.16)
with the initial conditions
0
u(z,y,0) =0, 8—?(x,y,0) = 1, (5.17)

where Dy is the Liouville-Caputo fractional derivative operator of order a(1 < a < 2),
and (x,y,t) € R? x RT.
Using (5.7) we get the following correct function

) O

Unta(2,y,t) = tey + B~ (p"‘EWy 920y (5.18)

(xQumuny) — 3TYUpgUny — un]) .
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According to the iteration formula (5.18), we have

ug = txy,
toa+1
Y P —
“ ( Tax2))™

tcx—‘rl Z52014-1
—(t—
( Tat2) F(2a—|—2)) e

In general, the general term is given by the following relationship

U (z,y,t) = ; (%) (2y). (5.19)

So, the exact solution of equations (5.16) and (5.17) is the limit of the general term, or

in other words

o0 ktk‘a+1
w(z,y,t) = lim w,(z,y,t Z < ) (zy)

n— 00 ]{706 + 2
= (tEa2(—t))(zy).
For av = 2, then
u(z,y,t) = (tEyo(—1%))(zy) = zysin(t).

The surface and behavior of the solution for this example is graphically presented in

Figures 5.5 and 5.6 for different fractional orders of a.
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(a) (b)

Figure 5.5: The surface graph of the 3" order approximate solution by EVIM and the
exact solution of Example 5.3 when y = 0.5: (a) v when o = 1.9, (b) v when o = 1.95,

(¢) uw when oo = 2, and (d) u is exact.

-—-—-—-a=138
a=19
————a=195
a=2 “
Exact solution - G

t

Figure 5.6: The behavior of the exact solution and the 3" order approximate solution by

EVIM of u for different values of o for Example 5.3 when x = y = 0.5.
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t la=18|a=19 | a=195| o =2 | exact solution | |Uezeet — UpvIn]
0.1 ] 0.0249 | 0.0249 0.0250 | 0.0250 0.0250 4.9596 x 1012
0.3 | 0.0732 | 0.0736 0.0737 | 0.0739 0.0739 1.0835 x1078
0.5 0.1175 | 0.1188 0.1193 | 0.1199 0.1199 3.8618 x 1077
0.7 | 0.1562 | 0.1588 0.1599 | 0.1611 0.1611 4.0574 x1076
0.9 ] 0.1878 | 0.1920 0.1940 | 0.1959 0.1958 2.3460 x107°

Table 5.3: The numerical values of the 3" order approximate solution for Example 5.3
when z = y = 0.5.

5.4 Conclusion

In this chapter, the Elzaki transform method and the variational iteration method are
combined to form a new technique called the Elzaki variational iteration method (EVIM)
that helps in finding the exact solutions to nonlinear time-fractional partial differential
equations. Looking at the technique mentioned in reference [38], it turns out that this
new technique is direct and fast, and to confirm that, this technique was dropped on three
various numerical examples. The numerical results shown above confirm the accuracy and
ease of this technique. This technique can be extended to apply to other fractional partial

differential equations.
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CONCLUSION

In this thesis, we have studied two nonlinear non-local fractional elliptic problems one
involving the fractional Laplacian operator and the other involving the fractional p(x,y)-
Laplacian with Dirichlet boundary condition. We established existence theorems using
the theory of topological degree and the method of monotone operators. The difficul-
ties encountered are variable exponent equations. This led us to work on non-classical

fractional Sobolev spaces.
In perspective, we plan to study problems of the same nature by applying variational

methods such as the mountain pass theorem and Ekeland’s variational principle and we
also seek to compensate the second member f(z,u) with what is called the convection
term f(z,u, Vu).
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