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ABSTRACT IN ENGLISH

his thesis focuses on the study of the existence and asymptotic behavior of the solution of

hyperbolic problems in delay with various heat conduction equations. We are interested in proving
the existence of the solutions using the semigroup theory, and injectivity to prove uniqueness. We
demonstrate the exponential stability using the energy method by constructing a suitable Lyapunov
functional equivalent to the system’s energy. In addition, one of the systems was studied numerically.
In this regard, we study the following three problems: The first concerned with a delayed swelling
porous thermoelastic soils model, the second is related to a heat porous thermoelastic system in the
presence of distributed delay without frictional damping, and the last one is devoted to the study of

Lord Shulman thermoelastic system with porous damping and distributed delay term.

Key words : Hyperbolic problems, Delay, Swelling porous system, Porous system, Heat conduction

equations, Semigroup theory, Lyapunov functional, Exponential stability.




ABSTRACT IN FRENCH

Cette theése porte sur I'étude de l'existence et du comportement asymptotique de la solution
de problémes hyperboliques a retard avec diverses équations de conduction thermique. Nous
cherchons a démontrer I'existence des solutions a 'aide de la théorie des semi-groupes et 'injectivity
pour démontrer I'unicité. On démontre la stabilité exponentielle par la méthode énergétique en
construisant une fonctionnelle de Lyapunov appropriée équivalente a I'’énergie du systeme. De plus,
Pun des systémes a été étudié numériquement. A cet effet, nous étudions les trois problémes suivants :
le premier concerne un modéle de sols thermoélastiques poreux a gonflement retardé ; le deuxiéme
concerne un systeme thermoélastique poreux a la chaleur en présence d’un retard distribué sans
amortissement par frottement ; et le dernier est consacré a ’étude du systeme thermoélastique de Lord

Shulman avec amortissement poreux et terme de retard distribué.

Mots-clés : Problémes hyperboliques, Retard, Systéme poreux gonflant, Systéme poreux, Equations de

conduction thermique, Théorie des semi-groupes, Fonctionnelle de Lyapunov, Stabilité exponentielle.
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NOTATIONS

* PDEs: the abbreviation for " partial differential equations".

* IR: the set of real numbers (1-dimensional real Euclidean space).

 RY: the real space of dimension d or d-dimensional real Euclidean space.
* (): the open domain in RN

* LP(Q): Lebesgue space.

oLp

1oc (QY): set of locally integrable functions.

« WEP(Q): the Sobolev space.

 Ck(Q)): the space of k times continously differentiable functions.
* C¥(Q) = MenC(QY).

* C2Z(Q): the space of C*(Q)) functions with compact support.

e < .,.>: the scalar product.

* |.||: the norm.

* (Cp: the abbreviation for "Cesaro summable of order 0".

* (p: a generic positive constant.
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GENERAL INTRODUCTION

Mathematics serves as a fundamental tool across diverse scientific disciplines, providing a universal
language to describe and understand the complex phenomena observed in nature. From physics
and engineering to biology and economics, mathematics plays a crucial role in modeling and analyzing
a wide range of scientific phenomena. This interdisciplinary reliance on mathematics highlights its
versatility and power as a tool for scientific inquiry.

In the realm of physics and engineering, mathematics enable the formulation of precise models to
describe the behavior of physical systems. Differential equations, for example, are used to model the
dynamics of particles, fluids, and electromagnetic fields, allowing scientists and engineers to predict
the outcomes of complex interactions and design innovative technologies.

Furthermore, mathematics serves as a bridge between different scientific disciplines, facilitating
interdisciplinary collaborations and the integration of knowledge from diverse fields. Through mathe-
matical modeling, scientists can explore connections between seemingly unrelated phenomena and
uncover the underlying principles that govern complex systems.

In summary, the need for mathematics in modeling various scientific phenomena transcends
disciplinary boundaries, underscoring its importance as a unifying tool in the pursuit of scientific
understanding. By harnessing the power of mathematics, researchers across different fields can address
complex challenges, make informed predictions, and drive innovation in science and technology.

Partial Differential Equations (PDEs) play a fundamental role in modeling a wide array of phenom-
ena across various fields of science and engineering. At their core, PDEs are mathematical equations
that involve multiple independent variables, such as time and space, and partial derivatives of functions.
They are employed to describe the behavior of systems that evolve over time and space, making them
indispensable tools in understanding natural processes, physical phenomena, and engineering systems.

The significance of PDEs lies in their ability to capture the complex dynamics and intricate rela-

tionships present in diverse phenomena. From fluid dynamics to heat transfer, from electromagnetic




2 General introduction

fields to quantum mechanics, PDEs provide a rigorous framework for quantifying and predicting the
behavior of these systems. By expressing physical laws and principles in mathematical terms, PDEs
enable researchers and engineers to simulate, analyze, and optimize real-world systems and processes.

One of the key advantages of PDEs is their generality and versatility. They can be tailored to model a
vast range of phenomena with varying degrees of complexity, allowing for the investigation of systems
at different scales and levels of detail. Whether studying the propagation of waves in the ocean, the
diffusion of pollutants in the atmosphere, or the spread of diseases in populations, PDEs offer a unified
language to formulate and solve problems across disciplines.

Moreover, the development and analysis of numerical methods for solving PDEs have led to
significant advancements in computational science and engineering. These methods enable researchers
to approximate solutions of complex PDEs, providing insights into phenomena that may be challenging
or impossible to study analytically. Additionally, the advent of high-performance computing has
facilitated the simulation of large-scale systems, leading to breakthroughs in fields such as climate

modeling, materials science, and astrophysics.

The delay differential equations ( DDEs)

In the context of partial differential equations (PDEs), a delay term refers to a mathematical expression
that involves the value of a function at some previous time(s) or spatial location(s).

In equations with delay terms, the evolution of the system at any given time or location depends
not only on its current state but also in its past states. This introduces a temporal or spatial delay into
the equation, which can significantly affect the behavior and stability of the system.

The presence of delay may be a source of instability, as demonstrated in studies [[15], where it
was proved that an arbitrarily small delay may destabilize a system, which is asymptotically stable
in the absence of a delay. Delay terms are often encountered in systems where there is a time lag
between cause and effect, such as in models of biological processes, chemical reactions, or systems
with feedback loops. These delays can arise due to various reasons, such as the time it takes for signals
to propagate through a medium or the time required for processes to occur.

Analyzing and solving PDEs with delay terms often involves numerical methods tailored to handle
the additional complexity introduced by the delays. Mathematically, we mention some type of delay

for simple differential equation where the time delay is denoted by 7 :

Univ. de Skikda BOULKHELOUA Chaima



General introduction 3

Constant time delay

A constant time delay refers to a fixed period of time that elapses between the occurrence of an event

and the subsequent response or action. It’s denoted by a constant 7, its equation is written as follows:

d
S =f(tx(-1)

Distributed time delay

A distributed time delay refers to a delay term in which the effect of past states of inputs is distributed
over a certain spatial region rather than occurring at a single point. This concept is particularly relevant
in systems where the propagation of signals or phenomena occurs with a finite speed, resulting in a

spatial distribution of time delays. Its equation is written as follows:

T

%x(t):f t,/y(s)x(t—s)ds ,

0

Varying time delay

A varying time delay refers to a situation where the time between the occurrence of an event and
the subsequent response or action fluctuates over time. Unlike a constant time delay, which remains
fixed, a varying time delay can change in duration, either gradually or abruptly, due to fluctuations
or changes in the system or environment. These fluctuations may arise from factors such as system
dynamics, external disturbances, or nonlinear interactions, and they can impact the temporal behavior

and stability of the system. It is often represented as 7 (), its equation is written as follows:

d
X ()=ftx(t—7(),

In 1990, V. Komornik and E. Zuazua [49] proved that the wave equation system

( up (x,t) —Au(x,t) =0, in Q x (0,00)

?)_Z (x,t) = F(x,us) , in Ty x (0,00) (0.0.1)
u=20 , on rlx(o,oo)

u(x,O):uO , ut(x,O)zu1 , in Q)

Univ. de Skikda BOULKHELOUA Chaima



4 General introduction

is exponentially stable.

Where Q) C R" is a bounded domain with smooth boundary T', (I'g, I';) being partition on I', and v
is the unit normal vector of I' pointing towards the exterior of ().

In 2006, S. Nicaise and C. Pignotti [66] proposed system ([0.0.1) with a delay term in the boundary
condition

(

up (x,t) —Au(x,t) =0, in Q x (0,0)

a .

%( t) = —pque (x,t) — poue (x,t —7) , in Iy x (0,00)

u=0, on F1 X (0, 00) (0.0.2)
u(x,0)=u", us(x,0)= , in Q)

ut(x,t—r):fo(x,t—r) , inTyx(0,7)

They also considered the problem for the wave equation with a delayed velocity term and mixed

Dirichlet-Neumann boundary condition

up (x, 1) — Au(x,t) + a (x) (pque (x,t) + poue (x,t —7)) =0, in QO x (0,00)
ou .

av( t)=0, inTyx (0,00)

u=0 , on I x (0,00) (0.0.3)
u(x,O):u0 , ut(x,O):u1 , in Q)

ur(x,t—71)=g0(x,t—7) , inTyx(0,7)

\

where a € L* (Q)) is a function such that
a(x)>0inQ and a(x)>ay>0 in w,

where w C ) is an open neighborhood of T .

In both cases, based on the hypothesis that u, < 1, they prove exponential stability of the solution.
If one of the above assumptions is not satisfied, some instability results are also given by constructing
some sequences of delays for which the energy of some solutions does not tend to zero. In 2008, [67]]

they obtained exponential stability results in the case where the distributed delay replaces the constant

delay in (0.0.2) - (0.0.3)

Univ. de Skikda BOULKHELOUA Chaima



General introduction 5

provided that

(%)
/yz(s)ds < H1.
T

They also provided an example of instability when the following assumption was not verified

(%
e [ 2 ()ds < pur.
T

On the other hand, in collaboration with J. Valein [69], they obtained a similar result when we replace

the constant delay term in (0.0.2) on the boundary with a varying delay term of the form:

pau (x,t =T (1)),

assuming that

U2 < \/1—d‘111,

where d is a constant such that

(t)<d<1, t>0.

Another type of delay called neutral delay is referred to in earlier research [47, 85, 22]]

For more examples studying the stability of PDEs with the time delay, the reader can refer to
references [48], 168, [70]

Porous Elastic theory

he theory of porous resilience is concerned with studying the behavior of materials containing

spaces (pores) filled with liquid or gas, such as soil, sedimentary rock, concrete, sponges, and

many biological materials. These blanks significantly affect the properties of mechanical material, such
as strength, toughness, and compression.

In the theory of porous resilience, the relationship between flexibility and porosity is essential

to understand how materials are deformed and respond to external forces, such as fluid pressure in

pores, distribution and size of pores, fluid interaction with porous walls, and the interaction of these

factors with mechanical loads. This theory allows modeling the behaviour of natural and geometric

Univ. de Skikda BOULKHELOUA Chaima



6 General introduction

materials in more precise ways, helping to improve the design and construction of engineering facilities
and analysis of natural phenomena. This theory is widely applied in fields such as soil mechanics,
geosciences, and geotechnical engineering.

The theory relies on partial differential equations that describe the equilibrium of forces and
displacements in porous materials. The elasticity of the solid framework and the effects of pressures
within the voids are taken into account.

We consider the following two basic evolution equations of the one-dimensional porous materials
theory:

pup = Tx , Joww =Hy+ D, (0.0.9)

where T, H and D represent, respectively, the stress tensor, the equilibrated stress vector and the

equilibrated body force with the following constitutive equations
T=pux+be , D=—-bux—C¢ , H=06¢,, (0.0.5)

where u = u (x, t) is the displacement of the solid elastic material, ¢ = ¢ (x,t) is the volume fraction, p
is the mass density, | equals to product of the equilibrated inertia by the mass density. The coefficients

u, b, ¢, dare positive constitutive constants such that

ué >nh. (0.0.6)

Swelling Porous Elastic theory

he theory of swelling porous elasticity is a mathematical and physical model used to describe the
behavior of porous materials that swell when exposed to liquids or gases. This theory is particularly
applied to materials such as hydrogels, clay soils, polymer membranes, and other substances that can
interact with surrounding fluids.
The theory is based on the idea that a porous material consists of a solid framework containing
pores that can be filled with fluid. When the fluid is absorbed, the solid framework swells, leading to
changes in shape, volume, and mechanical stresses within the material.

The main components of the swelling porous elasticity theory include:

1. Solid Elasticity: Describes the mechanical response of the solid framework without considering

Univ. de Skikda BOULKHELOUA Chaima



General introduction 7

the fluid.
2. Pore Swelling: Describes how the volume of the pores changes when the fluid is absorbed.

3. Interaction Between Solid and Fluid: Describes the mutual forces between the solid framework

and the fluid in the pores and how this affects changes in volume and shape.

This theory is used in various applications, including environmental engineering, materials science,
and biological sciences, where it can help design new materials and analyze the behavior of natural
and industrial systems that interact with fluids.

To describe the relationship between stresses, deformations, and fluid pressure within the pores, we

consider the following two basic evolution equations:

QPu Ut = T.+P+F , 0z Ztt = H.—Pb+F, (0.0.7)

where the constituents u and z represent the displacement of the fluid and elastic solid material. The
parameters p, and p, are the densities of each constituent which are assumed to be strictly positive
constants. T , H are the partial tensions, F; , F, are the external forces, P; , P, are internal body forces
associated with the dependent variables u , z . We assume that the constitutive equations of partial

tensions are given as in [42]] by

T ) u
= 1, (0.0.8)
H Ny K3 Zx
M
where M is a positive definite symmetric array, i.e.,
N oy > oc%. (0.0.9)

Thermoelasticity theory

According to the thermoelasticity theory, a body’s deformation is connected to a change in enthalpy
and, consequently, a change in temperature. In other words, thermoelasticity is the study of the
relationship between a material’s thermal conductivity and pressure, as well as its elastic qualities and

temperature.

Univ. de Skikda BOULKHELOUA Chaima



8 General introduction

Fourier’s law of heat conduction (1822)

In the classical model of heat diffusion, heat flow is governed by Fourier’s law of thermal conductivity
[341, which is considered as the best foundational equation for modeling heat conduction and states
that heat flow is proportional to the temperature gradient. The thermal conductivity equation is given
by Fourier’s law as

q=—Kxb6y, (0.0.10)

where ¥ > 0 represents the coefcient of thermal conductivity of the material.
However, this model has a major drawback, as its use leads to physical inconsistency For the infnite
speed of heat diffusion, in other words, any thermal disturbance at one point will instantly transfer to

other parts of the body. To overcome this paradox, other theories of thermoelasticity have emerged.

Cattaneo Maxwell’s heat conduction (1948)

The Cataneo Maxwell Thermal Conductivity Equation [[12, [13] is an adjustment to the classic Furier
model of thermal conductivity. This equation aims to address some limitations in the Ferrer model,
especially in cases that require a more accurate description of thermal conductivity in short-time
materials or small distances, such as nanomaterials or when dealing with thermal pulses. Cataneo
Maxwell’s equation is to add a time limit to describe the time response to thermal flow, and appears as
follows:

Togt+q+x0 =0, (0.0.11)

where 19 is a positive constant represents the time lag in the response of the heat flux to the temperature
gradient and is referred to as the thermal relaxation time.

When the thermal relaxation period Ty is not too small, the Cataneo Maxwell’s equation can show it
wavelength solutions. This means that heat can spread as a wave rather than a normal spread, and this
is the theoretical basis of the second sound phenomenon. This phenomenon usually appears at very

low temperatures, such as helium II and high purity crystal forms of solids.

Green and Naghdi Theories

Green and Naghdi [36, 37]] proposed a way to eliminate the paradox of infnite velocities, they used an

analogy between the concepts and equations of purely thermal theories and purely mechanical theories

Univ. de Skikda BOULKHELOUA Chaima



General introduction 9

and came up with three types of constitutive equations for heat flow in a fxed solid cohesive material
classifed as type I , type II and type IIl , where Type I leads to the usual thermal conductivity according

to Fourier’s law. In type II and type III theories, the constitutive equations for the heat flux are given by

q=—fiyx , 9=—fipx— fabx,

respectively, where

is the thermal displacement and f; , f, are positive constants.
These theories represent an attempt to understand how thermal changes affect materials and

composites at the atomic and molecular levels.

Lord and Shulman Theory

This theory [53]] is based on the study of a system of four hyperbolic equations with heat dissipation; in
this case, the heat equation is also hyperbolic as opposed to the parabolic one obtained from Fourier’s

law.

piug =ty , Jou=hy+g , e1Ton: =4qx piee=Pr+g—-Q, (0.0.12)

Where p; is the mass density, | is the product of the mass density by the equilibrated inertia, Tj is the
reference temperature at the equilibrium state (which we assume to be equal to one for simplicity),
t is the stress tensor, 7 is the entropy, g is the heat flux vector, / is the equilibrated stress, g is the
equilibrated body force, P is the first heat flux moment, Q is the mean heat flux and e is the first
moment of energy.

The variables u and ¢ are, respectively, the displacement of the solid elastic material and the volume
fraction.

The constitutive equations are:

t=(A+2p) ux + pop — Po (16 +0) h=a0px —p2 (111 +T),

g = —Houx — G+ P71 (16 +0) p11 = Poux + Prop +a(t6; +6),

g =60c+kT P=—kTy, (0.0.13)
Q=(6—k3)0x+ (ks — ko) T pre=—-b(TTi+T)— pp¢x.
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10 General introduction

The variable 6 denotes the temperature, T denotes the microtemperature, which represents the
variation of the temperature inside the microelement, A and y are the usual parameters and 7 is the
relaxation parameter, which is assumed to be small but strictly positive. The coefficients B¢ , B1 , po
, 0, ap are positive constants, denotes respectively, the coupling between the displacement and the
temperature, the coupling between the displacement and the volume fraction, the coupling between
the displacement and the porosity, the thermal conductivity and the thermal capacity.

The rest of the constituent parameters k; , ky , k3 , ¢ and yu; define the characteristics of the material

and, in particular, they define the couplings and satisfy the inequalities:

no® < mg, (0.0.14)

and
ky? < Oky, (0.0.15)

Where 1 = A 4 2p , by substituting (0.0.13) into (0.0.12) , we obtain the following system:

(

01 Ut = Pathex + Ho@x — Bo (T Orx +62), in (0,1) x (0, 0)

] @it = ao@xx — po (T Tx + Tx) — potix — E@ + B1 (T0: +6), in (0,1) x (0,00) 0.0.16)
a(t6;+0), = —PBotitx — P19t + 60xx + k1 Ty, in (0,1) x (0,00)
\b(T Tt +T); = koTex — po@ix — ko T — k3by, in (0,1) x (0,00)

Gurtin and Pipkin Theory

It is important to note that the second sound and type III theories cannot adequately explain the
memory effect that predominates in specific materials, especially at low temperatures. As a result,
a more general fundamental assumption about heat flow to thermal memory is required. In [39]
Gurtin and Pipkin prosed that heat flux depends on the integrated history of the weighted temperature
gradient against a relaxation function called the heat flux kernel. They developed a general nonlinear
theory in which thermal disturbances propagate with a finite speed. According to this theory, the linear

constitutive equation for q is given as follows

t
qg=— / k(t—s)0x(x,s)ds, (0.0.17)
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General introduction 11

where k (s) is the heat conductivity relaxation kernal. The presence of the convolution term
renders the porous system coupled with the heat equation into a fully hyperbolic system, this allows
the heat to propagate with finite speed and admits to describe the memory effect of heat conduction.
We note that many different constitutive models arise from different choices for k (s), in particular, if
we take k (s) = x 6 (s), where ¢ is the Dirac mass weighted at 0, then reduced to the Fourier’s

law (0.0.10)), and if we choose
K s
k(S) =—e 0, 7 >0/
0

we obtained Cattaneo’s law ([0.0.11)). So (0.0.17) is a generalized from Fourier’s and Cattaneo’s law.

Results Description

he aim of this dissertation is to investigate the well posedness as well as the asymptotic behavior

of solutions of some systems for the one-dimensional case.

Our contributions start from the second chapter , based on (0.0.7) , (0.0.8) and the Cattaneo

Maxwell’s heat conduction (0.0.11) we investigate, under the assumption (0.0.9), the asymptotic

stability of solution of the following problem:

(

Pz Ztt = A1 Zxx + X2 Uxx in (O,L) X (O,oo)
Ou Ut = &3 Uxx + &0 Zxx + fOx —pus (x,t —7T) , fn (0,L) x (0,00) (0.0.18)
cO; = —qy + B , in (0,L) x (0, 0)
Tqr = —q—kbx , in (0,L) x (0, 0)

\

with the boundary conditions
z2(0,t) =zx (L, t) =u (0,t) = uy (L, t) =0, (0,t) =0 (L, t) =q(0,t) =0, t >0 (0.0.19)

and the initial data

z(x,0)=2z9(x) , z(x,0)=2z1(x) , 0(x,0)=6(x) , x€(0,L)
u(x,0)=ug(x) , ur(x,0)=uy(x) , q(x,0)=¢qo(x) , x€(0,L) (0.0.20)
ur(x,—t) = fo(x,t) in(0,L) x (0,7)

where 6 = 6 (x, t) represents the temperature difference, g = g (x, t) is the heat flux and the coefficients
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12 General introduction

aq, 0, 03,¢, B, To, k are positive constants represent the constitutive parameters defining the coupling
among the different components of the materials, y is a real number, T > 0 represents the time
delay. The initial data z, z1, uo, u1,6p, 90 belongs to a suitable functional space and fj is a history
function. We’'ll prove that the unique dissipation given by the second sound is strong enough to
stabilize exponentially the system regardless of the wave speeds of the system or any other condition
on coefficients in spite of the existence of the delay without the damping mechanism to control
the undesirable delay effects that may be a source of instability of systems which are uniformly
asymptotically stable in the absence of delay unless additional control terms have been used (see[16,
15,138, 8711). Also, the introducing of delay may lead to well-posedness, as shown in many works such

as [15], [79] and the references therein.

In chapter three, according to (0.0.4) and (0.0.5)), we study the well posedness and exponenetial

stability of the following porous thermoelastic system with distributed delay time

(

iUt = Ulyx + Doy — BOx — Y1t — /’yz (o) u (x,t —o)do, in (0,7) x (0,00)

(0.0.21)
Joit = @xx —buy —Co+660 — T4, in (0,71) x (0,00)
[ €0 = —qgx — Buxi — I @1, in (0,7) x (0,00)
with the boundary conditions and the initial data
u(0,t) =u(mt) = ¢x(0,t) = @y (71, t) =60, (0,t) =0, (r,t) =0, t >0,
{50 =) 90 = o) /0O =to(s) , O, 0022

ur(x,0) =u1(x) , ¢:(x,0)=¢1(x) , xe€(0,7),
up(x,—t) = fo(x,t) , x€(0,m) , tE(O,Tg),

\

where u = u (x,t) is the transversal displacement, ¢ = ¢ (x,t) is the volume fraction, 6 = 0 (x, t) is
the temperature variation from an equilibrium reference value and g = g (x, t) is the heat flux. The

coefficients p1, J, ¢, u, «, b, ¢, T, 1 are positive constitutive constants such that holds.

The coefficient § and ¢ are the coupling constants that are different from zero but their signs does
[
not matter in the analysis. The term / Y2 (0) us (x,t — o) do is a distributed delay that acting only on
51

the porous equation and ; : [71, 2] — R is a bounded function, where 77 and 1, are two real numbers

satisfying 0 < 7y < 1. The initial data ug, u1, ¢o, @1, 6o, fo belongs to a suitable functional space.
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General introduction 13

And the heat conduction equation is given by Gurtin Pipkin thermal law (0.0.17]). We’ll establish an
exponential stability result without any restriction on the coefficients.

In the last chapter we consider the problem (0.0.16) with distributed delay time acting on the
porous equation in the absence of micro-temperature effect, taking into account the parameters py, ki,

k,, k3 equal to zero. We get the following system

,

01 Utr = Pilxx + HoPx — Po (T Orx + 0x),

©
J @1t = aoPxx — pottx — @ + P1 (10 +0) — y19t — /’72 (s) @ (x,t —s)ds, (0.0.23)
5!

\a(T 0: +0), = —Bottx — P19t + 60y =0,

where (x,t) € (0,1) x (0,00) .
With the initial data:

u(x,0) = uo (x) ¢ (x,0) = o (x), 0 (x,0) = 0o (x)
ur (x,0) = uqp (x) ¢t (x,0) = ¢1 (x), 0; (x,0) = 61 (x) x e (0,1)
ot (x,—t) = fo(x, 1) x€(0,1) , te(0,,),

and Neumann-Dirichlet boundary conditions

s (0,) = tx (1,1) = ¢ (0,£) = ¢ (L,1) = 0(0,£) =0 (1,£) =0 , t>0.

15
The initial data uy, 11, @o, ¢1, 60, 61 belongs to the suitable functional space, the term / Y2 (s) @t (x,t —s)ds

T
is a distributed delay that acts only on the porous equation and v, : 17, T2] — IR is a bounded function,

where 77, T» are two real numbers satisfying 0 < 77 < 1.
We’ll show that the dissipations due to thermal effects with porous damping are strong enough to

stabilize the system exponentially, independently of the wave speeds of the system.
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Methodology

We use the multiplier method to establish the desired stability results of the systems. Multiplier
method relies mostly on the construction of an appropriate Lyapunov functional £ equivalent to

the energy of the solution E. By equivalence £ ~ E, we mean
aE(t) < L(t)<DbE(t) , Vt>0, (0.0.24)

for two positive constants a and b. To prove the exponential stability, we show that £ satisfies

L (t)<—=AL(t), Vt>0, (0.0.25)

for some A > 0. A simple integration of (0.0.25) over (0, t) together with gives the desired
exponential stability result.

In the numerical part, we discretize the problem using an Euler scheme combined with the finite
difference method in order to approximate the temporal and spatial derivatives, respectively. We then
apply a fixed-point iterative algorithm to solve the resulting discrete system. Furthermore, we establish
a sufficient condition that guarantees the convergence of this iterative process. The obtained numerical
results confirm the theoretical analysis and highlight that the system exhibits a pronounced sensitivity
to even small time delays, emphasizing the crucial role of delay parameters in the system’s dynamic

behavior.
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16 The Conceptual And Theoretical Framework Of The Thesis

In this chapter, we recall some basic knowledge in functional analysis and semigroup theory, most of
which will be used in the subsequent chapters. The reader can easily find the detailed proofs in the
related literature. see, G. Allaire [1]], H. Brezis [[10], T. Cazenave and A. Hareaux [14], L. Debnath and
P. Mikusinski [17], I. Ellouze [23], L.C. Evans [25], H. K. Khalil [44], A. Pazy [76]] and W. Rudin [82]].

1.1 Concept of functional analysis

In this section we shall introduce and state some necessary materials needed in the proof of our results,
and shortly the basic results which concerning the Banach spaces, the L” space, Sobolev spaces and

some important inequalities.

1.1.1 Banach spaces

Let (E; ||||g) be a normed space and (x,) sequence of E .

Definition 1.1.1. [17]
A sequence (x,) is called a Cauchy sequence if for any given ¢ > 0, there exists N, € IN such that

VP/QZNS;

|xp — x4 <.

Definition 1.1.2. ( Complete space )[[17]

A normed space E is called complete if every Cauchy sequence in E converges to an element of E.

Definition 1.1.3. ( Banach space )[17]

A complete normed space is called a Banach space.

Definition 1.1.4. ( Banach algebra )[82]
A complex algebra is a vector space E over the complex field C in which a multiplication is defined that

satisfies
1. x(yz) = (xy) z,
2. (x+y)z=xz+yz, x(y+z)=xy+xz

3. a(xy) = (ax)y = x (ay),
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1.1 Concept of functional analysis 17

for all x,y and z in E and for all scalars «.

If, in addition, E is a Banach space with respect to a norm that satisfies the multiplicative inequality
lxyll < Ix[[ Iyl (x€E, y € E),
and if E contains a unit element e such that
xe=ex=x (x€E),
and

lell =1,

then E is called a Banach algebra.

1.1.2 Hilbert spaces

Definition 1.1.5. ( Linear form )
A linear form ¢ (.) is a linear application of a real vector space E in R such that for all « € R and all
u,vekE

1. p(au)=a¢(u),

2. p(u+0v)=¢u)+¢(v).

Definition 1.1.6. ( Bilinear form )
A bilinear form ¢ (., .) on a real vector space E is an application of E x E in R such that forall «, p € R
andallu, v, uy, uy, v1, vo € E
1. g (s + Bz, 0) = a @ (u1,0) + B (z,0)
2. 9(u,av1+Bovy) =ap(u,01)+ B (1,v2) .

That is to say ¢ is linear with respect to each variable.

Remark 1.1.1. ( Symmetrical )

The bilinear form ¢ (., .) is said to be symmetrical if for all u, v € E

¢ (u,0) = ¢ (v,u).

Definition 1.1.7. ( Inner product )

Univ. de Skikda BOULKHELOUA Chaima



18 The Conceptual And Theoretical Framework Of The Thesis

Let E be a vector space on the field K = R (or K = C ). A inner product on E is an application
¢ : Ex E — Ksuch that forall u, uy, up, v € E and A € K we have

1. ¢(u,u) >0and ¢ (u,u) =0ifandonlyif u =0,

2. ¢ (u,0) = ¢ (0,u),

3. ¢ (11 +u2,0) = ¢ (11,0) + ¢ (12, 0) ,

4. ¢ (Au,v) =A¢(u,v) .

Definition 1.1.8. ( Semi norm, norm )
Let E be a vector space on the field K = R (or K = C ). We call semi norm on E the application
N : E — R, that verifiesVu,v € E, Va € K

1. N(au) = |a| N (u), where |.| refers to the absolute value if K = R or module if K = C,

2. Nu+9)<N(u)+N(v),

3. Also if N verifies: N (u) =0 < u = 0, we said that N is a norm on E and we note N by || . || .

Definition 1.1.9. ( Prehilbertian space, Hilbert space )[10]]
Let E be a vector space on the field K =R (or K = C ).

We say that E is a prehilbertian space if it equipped with a scalar product (., .)p.

We say that the space E equipped with a scalar product is a Hilbert space if it is complete for the
associated norm || . || such that

|ullg = +/(u,u)y , Vu€E.

1.1.3 Fuctional spaces

1.1.3.1 The L” (Q)) spaces

Definition 1.1.10. [[10)]
Let 1 < p < oo, and let Q) be an open domain in RN, n € N. Define the standard Lebesgue space; LP (Q}),

by

LP(Q) = S f:Q — R is measurable and /|f (x)[Pdx < +o0
0

Notation 1.1.1. For p € Rand 1 < p < oo, denote by

==

I£l, = | [ 1f ()lPax
Q
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If p = oo, we have

L® (Q)) {f : Q) = R is measurable, 3C € R such that, |f (x)| < C a.e in Q} .

Also, we denot by
|flle = inf{C, |f (x)] < CaeinQ}.

Theorem 1.1.1. (Fischer—Riesz)[[10]
It is well known that L (Q0) supplied with the norm | f||,, is a Banach space, for all 1 < p < co.

Remark 1.1.2. In particularly, when p = 2, L* (Q)) equipped with the inner product

(£, 9z = [ F)g(x)dx,

Q

is a Hilbert space.

1.1.3.2 Distribution spaces

Definition 1.1.11. Let Q) be a bounded open of RY, a test function @ is a function defined on () infinitely
differentiable with compact support.

We denote by D (Q)) or C° (Q) the test functions space, such that
D (Q) ={¢ € C*(Q) ; supp (¢) C Q compact} ,

where

supp () = {x € Q; ¢ (x) # 0}.

We call distribution any continuous linear function on vector space D (QQ).

The set of distributions is a vector space noted D' (Q) such that
(, Q)pup = (Ui, ¢i) , YueD'(Q), € D(Q).

Definition 1.1.12. Let v be a function of L? (Q)). we said that v is derivable in the weak sense in L? (Q))
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20 The Conceptual And Theoretical Framework Of The Thesis

if there are functions w; € L* (Q) for i € {1,..., N} such that

/v(x)s—i(x)dxz—/wi(x)cp(x)dx , VpeD(Q).
@)

Q

Each w; is called the weak partial derived of v and noted 8870
i

Lemma 1.1.1. Let f € L*(Q), if for any function ¢ € D (Q)) we have

[ @9 @dx=o,
Q

then f (x) = 0 almost every where in ().

1.1.3.3 The Sobolev space W' ()

Sobolev spaces play a fundamental role in variational computation. They owe their name to the Russian

mathematician Sergei Lvovich Sobolev (1908-1989).

Sobolev space W7 (Q))

Definition 1.1.13. [[10)]
Let Q) be a bounded open of R, and p € R where 1 < p < oo, we define the Sobolev space W' (Q)) by

uelP(Q),Ioell(Q);

W =Y [u()e (dx = [o() g dx; vp e L)
O 0

For u € W7 (Q) we denote 1’ = v (in the weak sense ).

Sobolev space W™ (Q))

Definition 1.1.14. [10]
Let Q) be a bounded open of RN, m > 2 and a real p, 1 < p < oo, we define the Sobolev space W™ ((})
by

uelf(Q) , VYa where |a] <m, Ju, € LP (Q) ;

W =1 [uptpdx = (- [ogdx ; voecT(@) (-
Q Q
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N olel
where x € N", |a| = Y a; and D¢ = ¢ .
] 1_21 ! ¢ 0x;19xy2...0x Y

Theorem 1.1.2. [[14]]

WP (Q) is is a Banach space with their usual norm

lullwmriay = Nl + 2o 1Dl -

0 <|a|<m
Denote by W7 (Q) the closure of D (Q) in W™ (Q).

Definition 1.1.15. When p = 2, we prefer to denote by W™? (Q)) = H™ (Q)) and W(’)”’2 (Q) = Hy' (Q)

supplied with the norm

2
ullpmgy = | 2o 1D"llz |

la| <m

which do at H™ (Q)) is a real Hilbert space with their usual scalar product

(1, 0) gmery = Y. | D*uD“vdx.

laf <m ¢y
1.1.4 Elliptic equations
We consider the following problem
Lu=f inQ,
w=gom (1.1.1)
u=0 ondQ.

Where Q) is an open , bounded subset of R”, and u : QO — R is the unknown, u = u (x,t). Here

f:Q — Ris given, and L denotes a second-order partial differential operator.

Theorem 1.1.3. ( Green formula )[1]]
For all u € H? (Q), v € H' (Q)) we have

—/Auvdx:/Vqudx—/g—uvda,
0 0 r T

ou . o
where 3 is a normal derivation of u at I'.
n
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Theorem 1.1.4. ( Lax Milgram theorem )[1]
Assume that a (u,v) is a continuous coercive bilinear form on H. Then, given any ¢ € H*, there exists a
unique element u € H such that

a(u,v)=(p,v) VveH.

Moreover; if a is symmetric, then u is characterized by the property

1 .1
u € H and Ea(u,u)—(go,u) —Znezg{ia(v,v)—@,v)} .

Definition 1.1.16. ( Weak solution )[25]]
We say that u € H} (Q) is a weak solution of (T.1.1)) if

a(u,0) = (f,0) , Yoe H} Q). (1.1.2)

Remark 1.1.3. [25]]. We note that a problem with prescribed, nonzero boundary values can easily be
stransformed into zero boundary conditions. We spell this out by supposing now that 9Q € C' and
u € H' (Q) is a weak solution of

Lu=f inQ,

u=g onoQ.
This means that u = g on d() in the trace sense, and furthermore that the bilinear form holds for
all u € Hé (Q). That is be possible, it is necessary for g to be the trace of some H! function, say w. But

then i := u — w belongs to Hé (Q), and is a weak solution of the boundary-value problem

where f:= f, Lw € H 1 (Q).

1.1.4.1 Regularity of Weak Solutions

Definition 1.1.17. [[10)]

We say that an open set Q) is of class C"™, m > 1 an integer, if for every x € T there exist a neighborhood U
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of x € RN and a bijective mapping H : Q — U such that
HeC" (@) , H-1cm (H) , H(Q+) =unqQ, H(Qo) —UunrT.

We say that Q) is of class C* if it is of class C™ for all m.
The main regularity results are the following.

Theorem 1.1.5. (Regularity for the Dirichlet problem)[[10]
Let Q) be an open set of class C* with T bounded (or else QO = RY). Let f € L* (Q) and let u € H} (Q)
satisfy

Vuve+ [ug= [ fo, Vpe H} (),
/Quqv LJue= | fo.YeeH Q)
Then u € H* (Q) and ||u| g2 < C||f|| 2> where C is a constant depending only on Q). Furthermore, if Q) is
of class C" "% and f € H™ (Q), then

we H™2(Q) and [[ullgmiz < Cllflpn.
In particular; if f € H" (Q) with m > g, then u € C*(Q). Finally, if Q is of class C* and if
feC®(Q), thenu € C*(Q).

Theorem 1.1.6. (Regularity for the Neumann problem)[[10]
With the same assumptions as in Theorem |1.1.5|one obtains the same conclusions for the solution of the

Neumann problem, i.e., for u € H' (Q) such that
VV(p—l—/ qo-/ ¢, Vo c H ().
/Q ! Q N Qf )

1.1.5 Functional inequalities

Theorem 1.1.7. ( Poincaré’s inequality )
Let () be a connected and Lipschitzian bounded open of R" and 1 < p < oco. Then there exists a constant

C, depending only on Q) and p such that
1/
[ullrqy < ClIVullppqy » Yue Wy (Q) .

Theorem 1.1.8. ( Poincaré-Wirtinger’s inequality )
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Let Q) be a connected and Lipschitzian bounded open of R" and 1 < p < oco. Then there exists a constant

C, depending only on Q) and p such that

|u —uollipq) < ClIVullppy » Vue Wi (Q),

where
1
Un = m/u(y)dyr
o)
is the average value of u over Q), with |Q)| standing for the Lebesgue measure of the domain Q).
1 1
Notation 1.1.2. Let 1 < p < oo, we denote by q the conjugate of p .i.e v + 7 =1

Theorem 1.1.9. ( Holder’s inequality )[10]
Assume that f € LV (Q)) and g € L9 (Q) with 1 < p, g < oo, such that % —|—% = 1. Then fg € L' (Q)
and

[ \fglax < 1l
Q

Remark 1.1.4. ( Cauchy-Schwargz’s inequality )
The Cauchy-Schwarz inequality is a special case of the Holder inequality with p = q = 2,

[ 1£gldx < 1f gl
Q

Theorem 1.1.10. ( Young’s inequality )[10]

Ifa > 0and b > 0 are nonnegative real numbers and if p > 1 and g > 1 are real numbers such that
1 1

—+ — =1, then
2 A
abga—+—.
p g
Equality holds if and only if a? = b1.
Remark 1.1.5. If p = g = 2 we get
a®>  b?
<12
ab_2+2,

which also gives rise to the so-called Young’s inequality with ¢ (valid for every € > 0)

1 1
abggaz—l—z—gbz or abgsaz—i—Ebz.

Univ. de Skikda BOULKHELOUA Chaima



1.2 The semigroup theory 25

1.2 The semigroup theory

In this section, we recall some basic knowledge in semigroups, most of which will be used in the

subsequent chapters.

1.2.1 Some notions about linear operators

In the following, we consider that X and Y are Banach spaces on the field of complex numbers C or

real numbers R .

Definition 1.2.1. [10] A linear operator on X is a linear map A defined on a vector subspace D (A) C X
with value in X.

D (A) is called the domain of operator A.
Notation 1.2.1. We denote such an operator by (A, D (A)).

Definition 1.2.2. ( Bounded linear operator )[10]
Let (A, D (A)) be a linear operator in X. We say that (A, D (A)) is bounded if

1. D(A) = X.

2. A is continuous, i.e., there exists C > 0 such that

lAxlx < Cllxly , ¥xeD(A).

Otherwise, we say that A is unbounded.
Definition 1.2.3. ( Closed linear operator )[10]

* The graph of a linear operator (A, D (A)) in X is the subspace of X x X defined by

G(A)={(x, Ax);x e D(A)} C X x X.

* We say that (A, D (A)) is closed if its graph G (A) is a closed one of X x X.

Theorem 1.2.1. ( Closed graph theorem )[10]
Let A be a linear operator from X into Y. Assume that the graph of A, G (A) is closed in X x Y. Then A

is continuous.
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1.2.2 Maximal Monotone Operators in a Hilbert space

In the following, we assume that X is a Hilbert space (real or complex) for the inner product (. , . ).

Definition 1.2.4. [10]

* An unbounded linear operator A : D (A) C X — X is said to be monotone if it satisfies

(Au,u) >0, Yue D(A).

e It is called maximal monotone if, in addition, forevery A > 0, R(A I+ A) =X, ie,

VA > 0,VfeX,dueD(A) suchthat Au+ Au = f.

Remark 1.2.1. [10]] Some authors say that A is accretive or that — A is dissipative.

Proposition 1.2.1. [10]

Let A be a maximal monotone operator. Then
* D(A)isdensein X,
* A is a closed operator,

« Forevery A > 0, (AI+ A) is bijective from D (A) into X , (A\I+ A) ™" is a bounded operator

and

> =

a1+ a7 <

Theorem 1.2.2. [76]
Let A: D (A) C X — X be a monotone operator. A is maximal monotone if and only if

JAg > OsuchthatVf e X,Jue D(A) : Agu+Au=f.

1.2.3 Basic theory of semigroups

Definition 1.2.5. ( Semigroups )[76]
Let X be a Banach space or a closed subset of a Banach space. A one parameter family S (t), 0 <t < o0,

of bounded linear operators from X into X is a semigroup of bounded linear operators on X if
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1. S(0) = Id (I is the identity operator on X ).
2. S(t+s)=S5(t)S(s) foreveryt, s > 0.

Definition 1.2.6. ( Contraction Semigroups )[76]
The semigroup S (t) is a contraction semigroup if there exists a constant 0 < a < 1 such that for all
t >0,
IS(t)x =S (H)y|| <alx—y| forall x,ye X.
Definition 1.2.7. ( Uniformly Continuous Semigroups )[76]

A semigroup of bounded linear operators, S (t), is uniformly continuous if
lim||S(t)—1I|| =0.
lim [|S (t) — 1|

Definition 1.2.8. ( Cy - Semigroups )[76]
A semigroup S (t), 0 <t < +o0, of bounded linear operators on X is a strongly continuous semigroup of

bounded linear operators if

li t)x = li tx —x|| = 11 X.
tgr%S()x x or tgr;g|]5()x x[[=0 forall x €

A strongly continuous semigroup of bounded linear operators on X will be called a semigroup of class Cy

or simply a Cy semigroup.

Theorem 1.2.3. [76]]
Let S(t), 0 <t < 400, be a Cy semigroup on a Banach space X. Thene there exist constants w > 0 and
M > 1 such that

IS(H)|| < Me“! for t€0<t < +o0.

Obviously, if M = 1 and w = 0, then we obtain a Cy - semigroup of nonexpansions or contractions.

Definition 1.2.9. ( The Infinitesimal Generator)[76]
The linear operator A defined by

D(A) = {x €X: lims(t)# exists} ,

t—0
and
. S(H)x—x dS(t)
Ax—givg ; = forall x € D(A) .
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is the infinitesimal generator of the semigroup S (t), D (A) is the domain of A.

Corollary 1.2.1. [76]
If A is the infinitesimal generator of a Cy semigroup S (t). Then D (A), the domain of A, is dense in X

and A is a closed linear operator.

Theorem 1.2.4. [76]]
Let S (t) and T (t) be Cy semigroups of bounded linear operators with infinitesimal generators A and B
respectively. If A = B then S (t) = T (t) for t > 0.

Theorem 1.2.5. [[76]
Let S (t) be a Cy semigroup and let A be its infinitesimal generator. Then

t+h

1
1. Forx € X, }II%E/S(s)xds—S(t)x.

2. ForxeX, [S(s)xdse D(A) and A S(s)xds | =S(t)x—x.
/ Jeore)

3. ForxeD(A),S(t)xe D(A) and %S(t)x:AS(t)x:S(t)Ax.

t t
4. Forx e D(A), S()x—S(s)x = /S(T)Ax it = /AS(T)xdT.
S S
Theorem 1.2.6. ( Hille-Yosida)[|76]]
A linear (unbounded) operator A is the infinitesimal generator of a Cy semigroup of contractions S (t),

t > 0if and only If

1. Aisclosedand D (A) = X.

2. The resolvent set p (A) of A contains R and for every A > 0

o7

>

Theorem 1.2.7. ( Lumer-Phillips) [ 76]]

Let A be a linear operator with dense domain D (A) in X
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1. If Ais dissipative and there is a Ag > 0 such that the range, R (Aol — A), of (Al — A) is X, then

A is the infinitesimal generator of a Cy semigroup of contractions on X.

2. If A is the infinitesimal generator of a Cy semigroup of contractions on X then R (AI — A) = X for all
A > 0and A is dissipative. Moreover, for every x € D (A) and every x* € F (x) , Re (Ax,x*) <0.

1.3 The Abstract Cauchy Problem

In this section we consider the initial value problem

{ A | guy=k , t>0,

dt
u(0) =ug ,

(1.3.3)

where A is the infinitesimal generator of a Cy semigroup S (t), defined in a dense subset D (A) of a

Banach space X.

Lemma 1.3.1. [[76]
Suppose that K = 0 and ug € D (A). Then problem (3.3.46)) has a unique classical solution u such that

u € C(([0,+oo[, X) N C ([0, +0[), D (A)),

and

Lemma 1.3.2. [[76]
Suppose that K = K (t) € C' ([0, +oo[,X) and ug € D (A). Then problem ([3.3.46) admits a unique

global classical solution u such that
u € CH(([0,+00[, X) NC ([0, +o0[), D (A)),

which can be described as

u(t) =S(t)ug +/S(t—T)K(T)dT.
0

Lemma 1.3.3. [76]
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Suppose that K = K (t) € C (][0, +oco[,D (A)) and ug € D (A). Then problem (3.3.46) admits a unique

global classical solution u .

Lemma 1.3.4. [76]
Suppose that K = K (t) € C ([0, +oo[,X) , Ky € L} ([0,T],X) forany T > 0and uyg € D (A). Then
problem (3.3.46) admits a unique global classical solution u .

Lemma 1.3.5. [76]
When K = K (u) satisfies the global Lipschitz condition, i.e., there is a positive constant L such that for all
u,ve X,

IK () =K (v)[x < Ll|u—ol[x

. Furthermore, suppose that uy € X . Then problem (3.3.46) admits a global mild solution u (t) such that
u (t) belongs to C ([0, +oo[, X) and satisfies the following integral equation:

Mﬂzsaﬁm+/SO—ﬂK04ﬂMr
0

Moreover, let u (t), 1 (t) be the global mild solutions corresponding to uy and tig. Then for all t > 0, the

following estimates holds:

lu (8) =1 (£) [ x < e""[luo — o] x-

1.4 Stability

Theorem 1.4.1. [23]
Let f : R x R" — R be a function satisfying the following condition: For all T > 0, 3k, C such that:

F(tx)— F(by) <klx—y|, ¥xy € R", Ve [0,T]

If (t,x0)| <C, Vte[0,T],
then the system

{xﬂﬂ=f@ﬂ,%>0 144

x(to) = Xp.
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admits a unique solution x (t,to, xg), satisfait :
X (t,tl,xl) =X (t,xo) , Vt > tl > to

, where, x1 = x (f1) .

Definition 1.4.1. ( Balance point )[23]
A point xo € R" is an equilibrium point of the system (1.4.4) if

Vt 20, f(t,Xo) =0

. Lyapunov theory is interested in the behavior of a solution x (t, ty, Xy) which begins at a point Xy # X

and ||Xg — xo|| < ¢ for a fairly small 6 > 0. To simplify things we take xo = 0 and we note Xg by xo.

Definition 1.4.2. ( Lyapunov Stability ) [44]]
An equilibrium point x = 0 is said to be Lyapunov stable if for every ¢ > 0,1ty > 0, there exists a
0 =6 (to,e) > 0, such that if ||xo|| < &, then ||x(t,to,x0)|| < €forallt > ty. This means that if the

system starts close to the equilibrium point x = 0, it remains close to x = 0 for all future times.

Definition 1.4.3. ( Asymptotic Stability ) [44]
An equilibrium point x = 0 is said to be asymptotically stable if it is Lyapunov stable, and in addition,
there exists a 6 > 0, such that if ||xg|| < J, then ||x (¢, to,x0)|| — 0 as t — oo. This means that the

system not only remains close to the equilibrium point but also eventually returns to it over time.

Definition 1.4.4. ( Exponential Stability ) [44]
An equilibrium point x = 0 is said to be exponentially stable if it is asymptotically stable and the
convergence to the equilibrium point occurs at an exponential rate. Formally, there exist positive constants
C and a such that ||x (t)|| < C||xo|| e *(*~*) for all t > t; > 0. This indicates that the system returns to
the equilibrium point exponentially fast after a perturbation, and the constant « is called the decay rate or

also the speed of convergence.

Definition 1.4.5. ( Lyapunov’s Direct Method ) [44]]
Lyapunov’s direct method is a technique used to assess the stability of an equilibrium point x = 0 without
solving the differential equations of the system. The method involves constructing a Lyapunov function L,

which is a scalar function that has specific properties:
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1. L is positive definite: L (.,x) > 0forall x # 0and L (0) =0

2. L¢(,x) < Oforallx#0
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In this chapter, we consider a one-dimensional swelling problem in porous elastic soils with second
sound and a constant internal delay, where the heat conduction is given by Cattaneo’s law (0.0.18). We
show that the system is well-posed using the semigroup approach. Then, based on the energy method
as well as by constructing a suitable Lyapunov functional, we prove that the unique dissipation given
only by the second sound is strong enough to provoke an exponential decay of the solution without
any relationship between the system parameters. For the numerical study, we discretize the continuous
problem by performing a temporal discretization using Euler scheme and the classical finite difference
method for spatial discretization. To solve the discretized problem, we propose to introduce a fixed
point algorithm and derive the condition for which the proposed algorithm converges. Finally, we
present some numerical test to illustrate the theoretical results by taking different delay weights and

show that the studied system is highly reactive to small delays [7]].

2.1 Well-posedness

In this section, we give the existence and uniqueness of solutions for the system (0.0.18) using

semigroup theory.

First, we introduce as in [66], new dependent variable
¢ (x,0,t) =us(x,t —pt) in (0,L) x (0,1) x (0,00) (2.1.1)
A simple differentiation shows that ¢ satisfies
Tt (x,0,t) + @p (x,0,t) =0 in (0,L) x (0,1) x (0,00) (2.1.2)

Hence problem ({0.0.18) takes the form:

(

0z Ztt = O Zox + XD Uny in (0,L) x (0,00)
Qulhtt = 03 Uy + 02 Zyx + BOr —u @ (x,1,1) in (0,L) x (0, 00)
cOr = —qx + By in (0,L) x (0,00) (2.1.3)
Toqr = —q — kbx in (0,L) x (0, 0)
| TPt =—9p in (0,L) x (0,1) x (0,00)
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with the boundary and the initial data
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0,t) =uyx(L,t) =0,(0,t) =0(L,t) =4 (0,t)=0, t>0
z1(x) , 6(x,00=60(x) , x€(0,L)

0(x) L w(x,0) = u(x) , q(x,0) =qo(x) , x€(OL)
in(0,L) x (0,7)

=
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=

Second, we introduce the vector function U = (z,v,u, ¢, 6,4, (p)T, with v = z¢, and ¢ = u;.

(2.1.4)

We consider the following spaces:

A (0,L)
AL (0,L)
A% (0,L)

and

{feH (O.1); f(0) =0},

{feron); fr)=of,
H%(0,L)NnH(0,L),

H=H'(0,L) x L*>(0,L) x H' (0,L) x L2(0,L) x L*(0,L) x L*(0,L) x L*((0,L) x (0,1)).

Then H, along with the inner product

L

(u, l~l>H :pz/o vddx + py

L o L
/Olpzpdx+ zx3—a—1 /Ouxuxdx

L/ w n L
+/0 (\/—;Tux—l—\/oc_lzx> (\/—i_laer\/a—lzx) dx+c/0 00dx

(2.1.5)

L1
T0 L - ~
+7/0 qqu|ﬂ|T//fp(x,p,t)qv(x,p,t)dpdx
00

is a Hilbert space for any U = (z,v,u,¢,6,q, go)T € Hand U = (2,5,i,9,0,4, gb)T e H.
The system ([2.1.3) can be rewritten as follows:

Ui+ (A+B)U=0,t>0,
u (x/ O) - uO (x) - (ZOI Z1,Ug, Uy, 60/ QOIfO)T/
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where the operator A : D (A) C H — H is defined by

—0
1451 (1%}
———Zxx — —Uxx
Pz Pz
Y
o3 () B 2 4
| Uy — —zxe— — O+ —9 + x,1,t
AU = | ~p e = o B = Ot e (% 1)
1 B
qx Py
C
1k
1
7P

The domain of A is given by

D(A) = {LIE H |zuc H*(0,L); v,¢,g € H (0,L);
0 H(0.1);9,9p € 1((0,1) x (0,1)
zx (L) = uy (L) = 6, (0) = 0}.

and the operator B : D (B) = H — H is defined by

0

0

1] ’
Buz—p% P
0

0

0

Now we have the following existence and uniqueness result

Theorem 2.1.1. Let Uy € H and assume that holds. Then, there exists a unique solution
U € C (R4, H) for problem (2.1.3)-(2.1.4). Moreover, if Uy € D (A), then

UecC(Ry,D(A))NCHR,H).
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Proof. We use the semi-group approach. So we prove that .4 is a maximal monotone operator and that

B is a Lipschitz continuous operator.

First, we prove that A is monotone. Let U € D (\A) , then we have

L

L1
(AU, U) 4, = \y\/tpzdery/z/Jq) x,1,t)dx + / dx+\pt\//qopqodpdx. (2.1.6)
0 00

Using integration by parts and the fact that ¢ (x,0,t) = ¥ (x, ) , the last term in the right-hand side of
(2.1.6) gives

Consequently, (2.1.6)) yields

(AU U),, %/L
0

Therefore, the operator .4 is monotone. Next, we prove that the operator Z + A is surjective. For any
F = (fi, fa f3, far fo. for f7)T € H , we prove that there exist U € D (A) such that

(Z+A)U=F. (2.1.7)

The problem (2.1.7) , leads to solve the following system

(

z—v=fi € H(0,L),

P20 — 0] Zyx — K Uy = Pz f2 € L2 (0,L),

u—1=fyc H(0,L),

(ou+ 1) ¥ — a3 ey — g zex — BOx + @ (x,1,t) = py fs € L*(0,L), (2.1.8)
cO+qy— By =cfs€L*(0,L),

(to+1)g+kb, =10 fs € L*(0,L),

To+@,=71fr € L*((0,L) x (0,1)),

\
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The last equation in (2.1.8) with ¢ (x,0,¢) = ¢ (x,t) has a unique solution given by
0
¢ (x,p,t) =9 (x,t)e P+ Te_TP/e”fy (x,0,t)do. (2.1.9)
0

From the sixth equation in (2.1.8)) , we define

L L
+1
0(x,t) == [aay - [ fo )y (2.1.10)

X

Insertingv =z — f1, ¢ =u— f3, (2.1.9) , (2.1.10) in (2.1.8), , (2.1.8)4, (2.1.8)5 , we get

(
—Q1Zxx T PzZ — A Uxxy = &1 € L? (O/L)/
T+ 1

L k (2.1.11D)
c(tp+1
qﬁ%/q(y)d}/—ﬁux:ga €L2(0,L),
\ X
where
g1=p:(fi+f2) €L7(0,L),
1
@ =pufst+Afs+ %ﬁ — Tye_T/ewfy (x,0,t)do € L? (0,L),
0
L
CT
g=cfst 0 [ fon)dy—pfs € 2(O,L),
A=pu+t|pl+pe "
To solve (2.1.11)), we consider
B((Z,u,q);(i,ﬁ,q)) ZQ(Z,ﬁ,q), (2.1.12)
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- - 2
where B: |H' (0,L) x H' (0,L) x L> (0,L)| — R is the bilinear form defined b
y

L L
B((z,u,q);(z,1,§)) :pz/zzdx+/\/uﬂdx+T0+1/qqu+(x1/zxzxdx
0 0
L L L
+oc3/uxﬂxdx—i—oc2/uxixdx—i—txz/zxﬁxdx
0 0 0

] o) o
+ 0 //q(y)dy /q(y)dy dx
0

and G : A1 (0,L) x A (0,L) x L?(0,L) — R is the linear form given by

G(z,1,9) :/glzdx+/g2udx+—/ (/L )

Let V= A'(0,L) x H'(0,L) x L% (0, L) equipped with the norm

2 2 2 2 2 2
1z u,q) 1y = (2[5 4 [[eell2 4 [l + uxll2 4 [[zx]l2,

then, using Young’s inequality, we can easily prove that

L L L

B((z,,9); (z0,0)] = p: [ dem/

0

0
L

0
2 L
+(oc3—oc2£)/ux2d T0+1 /(/q dy) dx,
0

0 x

. ny o
if we chose ¢ E]—Z —3{, we get

X1 o

B ((z,1,9); (z,u,))| = Mo || (z,u,9)|I7,

;) / Z2dx
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T+ 1 %3 . . .
T,al — —=,a3 —ape . Thus, B is coercive. Moreover, we can easily
€

see that B and G are bounded. Consequently, by Lax-Milgram Lemma, system (2.1.11) has a unique
solution (z,u,q) € V satisfying (2.1.12)).

where My = min { pz, A,

Substituting z and u in (2.1.8); and (2.1.8))3 , respectively, we obtain
v, € H(0,L),
then, inserting g in and (2.1.8)¢ we get
6cH(0L).
Similarly, inserting ¢ in and bearing in mind (2.1.8)7, we obtain

¢, 90 € L*((0,L) x (0,1)).

Moreover, if we take (Z,7) = (0,0) € A' (0,L) x A (0,L) , then (2.1.12) reduces to

L 1 L L L
/qﬁdH@/ (/q(y)dy) (/ﬁ(y)dy) dx
0 0 x

x
L L

L
—ﬁ/ufidx = /g3 (/q(y) dy) dx,V§ € L*(0,L). (2.1.13)

0 0

That is

L L
- [a-puw (/qu) x
0 x X
L

L L
:/ [@ (/q(y) dy) +g3] (/q(y) dy) dx, Vg e L2 (0,L), (2.1.14)
0 X

X

which implies

L
qxzﬁux—@ (/q(y)dy) +g3 €L*(0,L).
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So,
g€ H'(0,L),

and the other hand, we have (2.1.14). Thus
L
0) [4(y)dy =0, ¥ e L (0,L).
0

Since § € L2 (0, L) is arbitrary. Then,
g(0) =0.

Consequently
g€ HY(0,L).

If we choose (ii,4) = (0,0) € H' (0,L) x L? (0, L) in (Z.1.12) we have
L
/(txlzx + apuiy) / — p.z) Z2dx,¥z € H (0,L). (2.1.15)
0

This last is also true for any function ¢ € C! (0,L), ¢ (0) = 0 which is in A (0, L), thus
—01Zxy — QpUxxy = §1 — P22, € 12 (0,L).

Similarly, if we select (2,4) = (0,0) € H' (0,L) x L? (0, L) in (2.1.12), we find

L

L
/ a3y + 0pzy ) iyxdx = / (gz —Au— Mq) adx,Vii € H (0,L). (2.1.16)
0 0

This last is also true for any function ¢ € C! (0,L), ¢ (0) = 0 which is in A (0, L), thus

ﬂﬂiﬂmeﬁmly

—Q3Uxxy — K2Zxx = {2 — Au— 2

Therefore,
Uyx,Zxx € L2(0,L).
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So,

Finally, from (2.1.8)¢, we get

and from (2.1.15)), (2.1.16), we find

Z(L) [m1zx (L) + agux (L)] =0,
i (L) [aguy (L) + apzy (L)] = 0.

Since 2,1 € H' (0,L) are arbitrary. Then
zx (L) =uyx (L) =0.

Hence, there exists a unique U € D (\A) such that is satisfied. Consequently, the operator A
is maximal. With this, we conclude that 4 is a maximal monotone operator. On the other hand, it is
obvious that operator B is Lipschitz continuous. Consequently, A + B is the infinitesimal generator of a
linear contraction Cyp-semigroup on H. Therefore, the well-posedness result follows from the Lummer

Phillips theorem ( see [76] ). O

2.2 Exponential decay

In this section, we state and prove technical lemmas needed for the proof of our stability result.

Lemma 2.2.1. Let (z,u,0,q, ¢) be the solution of (2.1.3)-(2.1.4). Then, the energy functional E (t),
defined by

L L 1 a3\ L 1 (L[ a 2
E(t):% A z%dx+p?” ; u%dx+§<oc3—“—j>/() u,zcdx—l—i/o <\/—a_1ux+\/1x_12x) dx
c [t o [t ’P"Tle
—1—5/0 6 dx+ﬂ/0 q dx+T//qo (x,p,t)dpdx, (2.2.17)
0 0
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satisfies
L

L
"(t) < |y /u%dx— %/qzdx. (2.2.18)
0

0

1
Proof. Multiplying (2.1.3)1 , (2.1.3),> , (2.1.3)3, (2.1.3)4 by z¢, us , 0, %q respectively, integrating
over (0, L), and Multiplying(2.1.3)5 by |u| ¢ , integrating over (0, L) x (0,1) then,using integration by

part and taking into account the boundary conditions and summing them up, we obtain

24t / Puut + pzzt + 6% + txgu + 0(12 + 200z Uy + k q ) dx

1
d
dt|y2| //(Pz X0, t) dpdx (2.2.19)
p 0 ° L L L
/ %/ zdx—”;—'/(pz(x,l,t)dx—y/utgo(x,l,t)dx.
0 0 0 0

Using the fact that

oc3u,zc + txlzi + 2000Z 5 Uy

2
= | a3 — a_% /L uzd-x + " i Uy + \ K12y dx. (2220)
wp ) Jo ot 0 \V&1

L L L
—y/utq)(x,l,t) dx < %/ / (x,1,t)d (2.2.21)
0 0 0
Inserting (2.2.20) and (2.2.21)) in (2.2.19), we get (2.2.17) and (2.2.18). O

Lemma 2.2.2. Let (z,u,0,q, ) be the solution of (2.1.3) - (2.1.4). Then, the functional

L ) L
L(t) = pu/o uudx — Dc_1pz/0 ziudx, t >0,

satisfies for any 1 > 0,
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I'(t)<—1 ® 5 /Lu2dx—|— _l_oc%p% /Luzdx—i—s /Lzzdx
="\ 7 a ) o pu481a%0t10t

4G / (62+ 97 (x,1,1)) dx, vt > 0. (2.2.22)
0

Proof. By differentiating I (t), using (2.1.3)1,(2.1.3), and integrating by parts together with the

boundary conditions, we obtain

/ a2\ L, L, L a0 L i
L(t)=—|az——= /uxdx—l—pu/ utdx—[%/ uxf)dx—{x—pz/ utztdx—y/u(p(x,l,t)dx.
0 0 0 1 0
0

&1
(2.2.23)
Young’s and Poincaré’s inequalities lead to
L o\ L L
1 &3 2 2
- y/u(p (x,1,t)dx < 7l A /uxdx+Co/(p (x,1,t)dx, (2.2.24)
0 W 0
L 1 o2 L L
B / 1w bdx < ~ (a3 =22 / 12dx + Co / 62dx, (2.2.25)
0 4 a1 ) Jo 0
and . . -
— sz/ uzidx < 51/ Z%dx+ oczpzz/ u%dx. (2.2.26)
o1 0 0 de1a7 Jo
Substituting (2.2.24)) , (2.2.25) and (2.2.26) in (2.2.23), we get (2.2.22)). O
Lemma 2.2.3. Let (z,u,0,q, ¢) be the solution of (2.1.3)-(2.1.4). Then, the functional
L(t) = pua /Lu (£u+\/u¢—z)dx—a—% /Lz (£u+\/a_z>dx t>0
2 Pu20t\/lx—1 1 061pzot\/vé_1 1 s 2,
satisfies, for any €, > 0,
I(t) < — w302 Lzzdx+c /Luzdx+c /L (92+u2+¢2 (x,1 t)) dx +¢ /L ( *2 + a1z )de
2 = 2\/“—1 0 t 1 0 t € 0 x 7 Ls 2 0 \/“—1 X 14x .
(2.2.27)

Univ. de Skikda BOULKHELOUA Chaima



2.2 Exponential decay 45

Proof. By differentiating I(t), using (2.1.3)1,(2.1.3), and integrating by parts together with the

boundary conditions, we obtain

I’(t)——lx%pz Lzzdx—Hx \/uc——@ /Luzdx
2_\/06_10t 2Pu1a1\/a_10tt

2\ L
) (“3_%>/0 ux(j—;_uﬁ\/vc_lzx)dxnt zp”/

— ayp 0L9<\/__ux+\/_zx> dx—pttxz/(p x,1,t) (\/—_LH—\/_Z) X. (2.2.28)

Using Young’s and Poincaré’s inequalities, we get

“%PZ L %Pz L 2 L,
ay | pur/o1 — o / uzpdx < 2 b tdx+C1/0 urdx, (2.2.29)
L L )
—Wz/(P(x,l,t) £u+\/_z 8_2/ —ux+\/_zx dx+C52/q) (x,1,t)dx,
0 Vo 3 0
(2.2.30)

AN 2 e (L 2 L
—ay | a3 — o /0 Uy (\/—lx_lux + \/a_lzx) dx < g/o (\/—_ux + \/—zx) dx + CSZ/O usdx,

(2.2.31)
and
2 L
—(xz,B/ ( Uy + \/_Zx) dx < —/ < Uy + \/oc_lzx) dx + Cez/ 0%dx. (2.2.32)
0
Inserting (2.2.29)-(2.2.32) in (2.2.28)), we obtain (2.2.27). O

Lemma 2.2.4. Let (z,u,0,q, ) be the solution of (2.1.3) - (2.1.4). Then, the functional

L L
I3(t) :pu/ uutdx+pz/ zzidx, t > 0,
0 0
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satisfies

I’(t)<—/L “2u+\/(x_z 2dx—1 wy — 2 /Luzdx
B \ym Y 2\7 ) o

L L L
+ oz /0 Z2dx + py, /0 u?dx 4 C; /0 (62 + 9% (x,1, t)) dax. (2.2.33)

Proof. Differentiating the functional I3(¢) using (2.1.3)1, (2.1.3), and integrating by parts, we obtain

L L L L
I(t) = pz / z2dx + py / uzdx — a3 / uldx — 20(2/ UyZxdx
0 0 0 0

L
L L
- oq/ z2dx — ﬁ/ Ouydx — y/uqo (x,1,t) dx. (2.2.34)
0 0 /
Note that
Fidx— 2 [ yzad "2 9 (g [F( 2 y
— utdx — 2« UrZydX — & zédx = — | ag — —= wedx — Uy + /012 X.
3/0 X 2/0 xX4x 1/0 X 3 o /O X /0 (\/“—1 x \/_1 x)
(2.2.35)
So, (2.2.34) becomes
L L L L
I(t) = pz/ z%dx+pu/ w?dx — B | Ouydx — y/uqo(x, 1,t)dx
0
2 L L 2
_ <0¢3 - Z—i) /0 uidx—/o (;_;Tuer \/oc—lzx) dx. (2.2.36)
Using Young’s and Poincaré’s inequalities
L 1 o2 L, L
— ﬁ/ Ou,dx < = | oz — -2 / uxdx—i—Cz/ 0°dx. (2.2.37)
0 4 a1 | Jo 0
L L L
1 o3
— y/u(p(x,l,t) dx < 1 3 — “—2 /ui dx+C2/g02 (x,1,t)dx. (2.2.38)
0 /% 0
Substituting (2.2.37) and (2.2.38) into (2.2.36), we get (2.2.33). O
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Lemma 2.2.5. Let (z,u,0,q, ¢) be the solution of (2.1.3)-(2.1.4). Then, the functional

L L
L(t) = —cpu/O 6 (/ ur (y) dy) dx, YVt >0,
X

satisfies, for any e3,¢e4, €5 > 0, the following estimate

/ Bou [t 5 b ( a ?
Li(t) < — 5 /0 “tdx‘|‘€3/0 uxdx+s4/0 <\/a_1ux+\/zx_12x> dx

L
L
213 0 84 85 /

Proof. By differentiating I;(t), using (2.1.3)),, (2.1.3)3 and integrating by parts, we obtain

I (t / qutdx—ﬁp,,,/ utdx—|—coc3/ Guxdx+co¢2/ GZxdx-l—c/S/ 0%dx
L
+cy/9/go(y, 1,t) dydx. (2.2.40)

Using the fact that

2

L L
cocg/o Guxdercaz/O Oz dx = ¢ (zxg— %)/0 Ou.dx +—/ < Uy + /& Zx)
1

Then, (2.2.40) can be rewritten as follows

L L a2\ L Lot
Iy (t) :p”/o qutdx—ﬁpu/o urdx +c (0(3—;?)/0 Guxdx-l—cy/G/(p(y,l,t)dydx.
0 X
0“2 / ( ux-i—\/_zx) dx—l—cﬁ/ 02dx (2.2.41)

Young’s inequality leads to

“% L L, G [t
c|ag——= / Ou,dx < 83/ uzdx + —/ 0-dx, (2.2.42)
el 0 0 €3 Jo
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L L 2 L
ﬂ/ 0 ( e Uy + \/txlzx) dx < 84/ ( i Uy + \/oqzx) dx + %/ 0°dx, (2.2.43)
0 0 4 J0

Ve Ve Vo
and . . .
'Ou/o quidx < ’35” /0 uzdx + g—;/o 7*dx. (2.2.44)

Young’s and Cauchy Schwarz inequalities lead to

L L L L
cy/@/qo(y,l,t) dydx < 85/4)2 (x,1,1) dx+%/92dx. (2.2.45)
0 x 0 >0
Estimate (2.2.39) follows by substituting (2.2.42)-(2.2.45) into (2.2.41). O

Lemma 2.2.6. Let (z,u,6,q, ) be the solution of (2.1.3)) - (2.1.4). Then, the functional

I5(t) = —CTO/OLG (/qu(y)dy) dx, Vt >0,

satisfies, for any €4 > 0, the following estimate

IE(t) < _E/o 6 dx+€6/0 urdx + Cy <1+ a) /0 g-dx. (2.2.46)

Proof. By differentiating I5(t), using (2.1.3)3, (2.1.3)4 and integrating by parts, we obtain

L L L
IL(t) = — ck/ 0%dx + To/ qrdx — ’L'O‘B/ urqdx
0 0 0
L L
+ C/o 6 </ q(y) dy) dax. (2.2.47)

Using Young’s inequality, we get

L L, Cy (L,
—10,8/0 urgdx < €6/0 utdx—i—g/o g-dx. (2.2.48)

Young’s and Cauchy Schwarz inequalities leads to

L L ck L L
c / 0 ( / q(y) dy) dx < — / 0%dx 4+ Cy / gdx. (2.2.49)
0 x 2 Jo 0
Inserting (2.2.48)-(2.2.49)) in (2.2.47), we obtain (2.2.46). O
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Lemma 2.2.7. Let (z,u,0,q, ¢) be the solution of (2.1.3)-(2.1.4). Then, the functional

L1
I (t) = T//e_”’(p2 (x,p,t)dpdx, (2.2.50)
00
satisfies
L L1
I(t) < /ut dx —e © /(p x,1,t) dx+T//q02 (x,p,t)dpdx | . (2.2.51)
0 00

Proof. By differentiating I () and using (2.1.3)5, we obtain

L L1
I(t) = /ut dx —e~ /4)2 X, 1,t)dx—r//e—TP(P2 (x,p,t)dpdx.
0 00

Using that fact that ¢ (x,0,f) = ¢ (x,t) ande " <e P < 1forall p € [0,1], we get (2.2.51). O

Now, we define the Lyapunov functional £(t) by
,C(t) = NE(t) + N1 (t) + N> I (t) +2 (13 + 14) (t) + NsIs5 (t) + N4I6(t), (2.2.52)

where N, N1, N», N3, Ny are positive constants.

Theorem 2.2.1. Let (z,u,6,q, ¢) be the solution of (2.1.3)-([2.1.4). Then, there exist two positive
constants k1 and k, such that the Lyapunov functional (2.2.52) satisfies

i E (1) < L(F) < xE (), ¥t >0, (2.2.53)

and
L'(t) < —B1E(t), B > 0. (2.2.54)

Proof. From (2.2.52)), we have
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X2
Uy <\/—(X_1u + \/oc—lz) dx

L L
dx—|—2p,,,/ |uut|dx—|—2pz/ |zz¢| dx
0 0

9</qu(y)dy>

L N L L
IL(t) — NE ()] < Nlpu/o gt dx + Nla—jpz/o o] dx + szuaz/o
Zt (ﬁu + \/zx_lz>

N2, [*
+ 2“_1,02/0 \/06_1
L L
+2cpu/ 0 (/ ur (y) dy)
0 X

L1
+N4T//e_”’(p2 (x,p,t)dpdx.
0

L
dx + N3cty / dx
0

By using the Young’s, Poincaré’s, Cauchy-Schwarz inequalities, we obtain
L(t) = NE(H)] < 7E(f), 7> 0,
which yields

(N=7)E(#) <L(H) <(N+7)E(H),

by choosing N (depending on N;, N, N3 and N,) sufficiently large we obtain (2.2.53)).
Now, By differentiating £ (t), exploiting 12.2.18), 2.2.22), (2.2.27), (2.2.33), (2.2.39), (2.2.46),
1 1 1
(2.2.51) and setting ¢; = ﬁl &€y = ﬁz €3 = €5 = 2 , €4 = T g = E, we get

L

/ . . _ ‘X%pgNl N _ 1 2
L' (1) < puf — || N — N1 [ pu + 42 CiN; — 20, —1— Ny urdx
1
0

L

- L
— ﬁ — & — N3Cy (1—|—N3):| /qux_ lX3— 2 (Nl +1) —ngNz—l /uidx
kB / m) 2

0

o) L L
_|ageNp / 2, |ckNs B _ B / 5
_ 2\/06—1 1 ZPZ] J thx [ > 18C3 2C2 C€2N2 C0N1 / 0-dx

L 2 L
1
_ E/ (—ux + \/06_le> dx — [e7"Ny —1—2C; — NoCe, — N1Co| /(PZ x,1,t)d
s 0

L1
//(pz (x,p,t)dpdx. (2.2.55)
00
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Now, we select our parameters appropriately as follows:

First, we choose N, large enough so that

2
P2 N, — 120, > 0.

24 /X1 2
Next, we select N; large enough so that

1 a3
— a3 —— (N1+2)—C82N2—1>0.
2 X1

We take Nj large such that

k
¢ 53 — 18C3 — 2C, — Ce, N> — CoNp > 0.

We pick N, large so that
e "Ny —1-2Cp — N>Ce, — N1Cp > 0.

We choose N large enough so that (2.2.53) remains valid, further

%—%—N3C4(1+N3)>0.

Finally, by taking |u| so small that All these choices with the relation (2.2.55) leads to

L 2 !
L'(t) < —le/o 2+ uuf + (ﬂufm/uqzx) +92+q2+/(p2 (x,p,t)dp | dx.
0

Ja

On the other hand, from Eq. (2.2.17)), we obtain (2.2.54).

Now, we can state and prove the following stability result

(2.2.56)

Lemma 2.2.8. Let (z,u,0,q, ) be the solution of (2.1.3) - (2.1.4). Then, for any Uy € D (A), there

exist two positive constants A1 and A, such that

E(t) < Age™™!, ¥t > 0.

(2.2.57)
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Proof. By using the estimation (2.2.54), we get
L'(t) < —B1E(t), t >0,
having in mind the equivalence of E(t) and £(t) we infer that

L'(t) < —AL(t), t>0, (2.2.58)

where A1 = % A simple integration of (2.2.58)) gives
2

L(t) < L0)e M, t >0,

which yields the serial result (2.2.57) with A, = L}EO) and by using the other side of the equivalence
1
relation (2.2.53)) again. The proof is complete. O

2.3 Study of Convergence

In the second section, we established the existence and uniqueness of the solution to system (2.1.3]
- , but it is challenging to determine the exact value of the solution. To address this, in the
following, we will numerically solve the system in the one-dimension domain () of length L., allowing
us to determine approximations of the solution. To this end, we will employ the Euler scheme for
discretizing temporal variable and the classical finite differences method for discretizing space. To solve
the descretized problem, we use a fixed point algorithm with study of their convergence. In addition,
we provide an example where the numerical experiment demonstrates that the discrete energy E"
decays exponentially for different choices of the system parameters, supporting the asymptotic behavior

of the discretized issue solution.

Let us introduce the functions z = z;, i = u; and for any N,m, M € IN, we introduce the nets

L

QN = {xl' :pi:ih, 120,1,,N+1 , where h = N——|—1 },
T

Ty = {tn =nAt, n=0,1,..,M+1, where At = Ml }

Yy ={th=nAt, n=-M,-M +1,..,0, with0O < M < M }.
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such that the width of delay mesh is T = M'At.
Now, using a backward Euler scheme in time and finite differences in space, we define the following

approximation of the derivatives:

Py — 297 + P Pl — ¢f F ¢!
Prx (X, ty) =~ hzz R EANE %’ Pr (Xistn) = = Atl ’
(Pﬂ—M/ . (P1./l—M/—1
(Pt(xi/tn—M/): : : ,1<1§N,1§1’Z§M

where ¢ = ¢ (x,t) be a function with second order partial derivatives. As a result, our problem consists

to find (2,14, 0, q, ¢) satisfying the discrete formulation of the system (2.1.3) - (2.1.4) presented by the

following numerical scheme

( _ X1 (149
BE (e —2p) = (e — 22 2ly) + ol — 20+ uly),
a3

[149)
A = hz( i+1 2u -I_uz 1) hz( i+1 22 +Zz 1)
"‘E (071 —61Lq) — £ <”1?_M/ - u’?_M/_1> ,

1 1

_(Qn_en—l) ___1( o )—|—£(ﬁ’? —an ) (2.3.59)
ApS LT = op Wis1 — im1) T 5 (i — i),

\ é <¢Zf o 902;1) _ 2],1 <(PZ]+1 q)?,j—l) ’

where z!' = z (xj,t,), 2 = z¢ (xj,tn), u) = w (x;, ty), 0 = us (x5,t,), 0] = 0 (x;,tn), 4} = q(xi,tn),

=M _ (Xi, tuerr)> @ ¢ (xi,0j, tn) foralli=1,2,..,N,j=1,2,..,mand n = 1,2,..., M, with

i
@ (xz/.om—i—lr tn) = un M

we consider the discrete boundary conditions given by

accordlng to (2.1.1)). To simplicity our numerical calculations in our scheme,

n_ ,n__ ogn _ n _ n __ ~n n __ 4h n __ pn
zg = up = Oy11 = 90 = 0, 2y = 2y, U1 = U, 01 = 00, (2.3.60)
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and initial conditions

’ﬁzamxm—wmmwz%m»%:%m>
29 =z (x;) and ¥ = uy (x;)

n ~1 . n—M (2.3.61)

Pio = Ui, U; fo (xi/ by M’) q)z] fO (xi/ p]"th/) s tiomr € Ym,
n—m'

[ PN+ N+ = AN

where

2! =27+ ArZY and uf = ul Tt 4 Ati!

foralli=1,2,..,Nandn=1,2,..., M.

Note that to find {Z",#",60",4q", 9"} , we need to solve five coupled systems of algebraic equations.

So, to solve the problem (2.3.59)-(2.3.61) at each time step we propose to consider the following
fixed-point algorithm:

1 wAt, 1-1 -1y At 41 -1 I—1\ | ~n—1
2 = W(Z?ﬂ — 2z 4z )+W(u?+1 —2u T )+ 2,
1 a3t -1 I-1y @At 1 -1 -1
T = Sl 2 4 2
BAt (w11 ni-1 -1 M -M —M -1
T ok (91+1 —0, ) +u - o (”? —uj ) ,
(2.3.62)
At 1\ BA
1 an—1 -1 -1 1 1
9? =0 _2c_h( ?+1 _’1?71 )JFﬂ(A?H _A?fl)’
AV kAt y y _
14 25t — (9” — o ) n—1
U+ 207 =~ i i
1 oa-11-1 At -1 -1
\ (P?,j = q)?,j %( Z]’+1 _9"?,]'—1>
with
0 n-1 _n0 1 on0 1 om0 -1 .l _n-1] I
z!7 =2 ul u” 9n =0, g =g, 2 =2 A, (2.3.63)

nl _  n—-11 _ n—M
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foralli,j=1,2,..,N,n=1,2,.,Mand! =1,2,....
At each time step, we solve the scheme (2.3.62]) by an iterative procedure that was stopped when

the difference between two successive iterations became smaller than a given tolerance «.

2.3.1 Convergence of the proposed point fixed algorithm
Let Zn,l _ <2{Ll unl <Anl

A an,l An,l 1
o = () = (@)
i )1gz‘gN 1 )19’51\1’ ! 1gigN’Q 9i 1<i<N’

g <q)fl> . Then, the system (2.3.62)-(2.3.63) can be rewritten as follows
] J1<i,j<N

(Z\n,l alAtAan 1_|_“2AtAunl 1+Zn 1
pzh? pzh?
Un,l — a3 AtA un,l—l &2 AtA an 4+ ﬁAt B@l’ll 1 ﬁ?’l—l
puh? puh? 20,0
K (un—M’ un—M’—1)
Pu
(2.3.64)
_ At 1. BAt A
nl _ qn—1_ 2% n,l—1 n,l
C) C) ZChC Q + h DU
At k At
1+ =0 nl _ B n,l n—1
< +T0)Q ZhTQ © +Q
At
1971,1 — 1971—1 I-1 — F 19?1,1—1
\ 2hT
with
Z — 7= 1 unO ur— 1 @110 on— 1 1,0 n—1 an Zn—l,l + Atz\n,l,
Q=0 (2.3.65)

unl ur— 1Z+Atunl 19710 un M

where A, B, C, D are real matrices of dimensions (n x n) and E is a real matrix of dimension (nz X n2>

defined as follows

Univ. de Skikda BOULKHELOUA Chaima



Theoretical Analysis and Convergence of a Fixed-Point Scheme For A Delayed Swelling Porous
56 Thermoelastic Soils Model

A =diag (1,-2,1), D = diag(—1,0,1),

1 o o o ---0 -1 1 o o0 ---0
-1 1 o o0 --- 0 -1 0 1 O --- 0
0o -1 1 o . : 0O -1 0 1
C= , B=
o o0 -1 "-. .0 o o0 -1 "-. .0
1 0 0 1
0O 0 O -1 1 0O 0 O -1 0
D K E,
E, D
E= » E1 = OrnxRre
Eq
E, E, D

Now, we are ready to state and prove the following convergence result

Lemma 2.3.1. Let <2”'l, avt,en, Q”’l, gl > be the solution of the system (2.3.64)-(2.3.65). Then, the
fixed point algorithm proposed to solve the system (2.3.64)-(2.3.65) converges if and only if the following

condition is satisfied

. 2ht Pu Pu Pz }
At < min Jh Jh Jh , (At , (2.3.66)
i s s e a2
where (At), = 1=y ;f o with r = 22{7 1ICI[1|B|[ and ]|.|| represent a subordinate matrix norm to

the vector norm ||.||, .

Proof. From (2.3.64); we can write

o At
pzh?

oy At
pzh?

H Fnl+l _ onl

‘V < lia|[ ||z —Z’%HHVJr Al um - U”HHV. (2.3.67)

On the other hand, we use the fact that

Zn,l — Zn—l _I_ At Z\n,l’
Zl’l,l*l — anl +At /Z\n,lfll
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and
unl ur— 1+Atll”l

ul’ll 1 uVl 1+AtU”l 1

Then, (2.3.67) can be rewritten as follows

2 2
H/Z‘n,l—l-l . /Z\n,l < “I(Al;) HAH H/Z\n,l . /Z\n,l—lH + “Z(Ai) ]|A|[ Han,l . Un,l—l” )
1 pzh 14 1
After literations, we get
2 l
|2rt 20 < (““A? ]|A|[> |z -2
14 pzh 14
k+1
) I L 2.3.69
By using with (2.3.64)),, we can easily obtain
Hl’jn,l—l—l o ﬁn,l ’ < (“3(A2) |A| ) Hunl unO ’
v puh v
At ~ ~
P8 -2,
n ﬁAt H@”l "= 1“ . (2.3.69)
20, h v
Also, from (2.3.64)5 and (2.3.64)4, we have
H@ﬂ,l—i—l _@1’1,1 ‘ < zch”C’ Hin in 1H
[;Aht ||| Hu" I+ i ]V, (2.3.70)
and
k At T
HQn,H—l . Qn,l }V < }’lleOh HBH H@)H,H—l _ @ﬂ,l )V’ 1" :1 +0At. (2.3.71)
From (2.3.64)5, we can write
‘ l9n'1+1 o 1911,1 ‘ < ‘ 1911—1,1 o 1971—1,1—1H ’EH ‘ 19711 l97’ll IH , (2372)
1% 2hT 1%
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we estimate the last term of (2.3.72), every time, and replacing the result in (2.3.72]), we obtain

no no
‘ gul+1 _ gnl ‘ < ZZ+ ZI‘Z., no > 1, (2.3.73)
Vo iDT =
with
At
1 n,1 1,0
Y= l|omt 00| L= 2 IENL
5 2ht
and
- Z gj—i
-1 =0y =2 l—(01+02)-3
Z Z Z Z Z ‘ulzﬂnzl 19”’0‘,1'21,
i =0 0= 4
where
0,if j=0,
= fi (2.3.74)
i, Otherwise,
and for alli > 1
i—1
I=Y =i i i
-1 -0 —21—(01+02) 3 j=0 0|l n—il- ¥ op—(i—-1)  n—il— Y op—i
S v S
=0 o= ;=0 v
For ng sufficiently large such that Z 0, = | — i, the estimate (2.3.73]) becomes
k=1
i—1
I— Z gjfl
’ I+1 ﬂnl ZZ ”ZO 121 : Uzl Z l—i 9" il — " i,0
A ’ < - 1y — ‘ .
i=001=0 o= 4
In order to (19”'l>l>0 converge for | — oo, it is necessary that y, < 1, which leads to
2ht
At < ——. (2.3.75)
JIEI
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Now, by replacing (2.3.68) into (2.3.69), we have
‘VS (“3(A) |A|> Hunl ul’lO

+ arny <

(0
At

|B|[H®”l - 1HV. (2.3.76)

Hl’jn,lJrl _

’

+1
|A|[> H/Z\n,l_Zn,O‘
\%4

k+2
1A Han,l—k B l”jn,l—k—lH
v

[5

From (2.3.70), we get

H@ﬂ,z_(@n,z_lu Ll Han 1 gnl- zH ﬁAt 1D Huz (- 1H

_2ch v

From (2.3.71)), we arrive at

nl-1_ ~nl-2 <;u1kAt B H@ﬂ,l—l_@ﬂ,l—ZH
HQ Q Hv‘ 210 h JIBIl v’
then,
At
i _gnl-1| < H@ﬂ,z_l_(@n,z_zu LT Hum (- 1”
H® © Hv_,yo +2ch 111l 14
-0 v 2ch =0 v’
where 2
kpi(At)
=——"—1|C|[]|B|]-
reize lclBl
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Therefore, the estimate (2.3.76) becomes

Han,l—i—l _

%4
5 1 2 2 +1
< (“Zﬁ? ]|A|[> (%) (“ﬁ? HAH) |ar—ane

N 5 I+1
+&<“1( ) HAH) Hz\n,l_z\n,O

’

p At I-1]| @l _ @m0
yFap B e —ere

ay \  puh?

- k2
+;{¥z (%)2 (oclp(ZAhI;)z ]|A|[> + L(%)ZHBHHDM’Y% Han,l_k _ an,l—k—lHV.

CPu

To reduce this last estimation, we use the following notation

Un,l—i—l _ Un,l ‘ < Han,l . Un,O HZn,l . Z\n,O ‘
H s = AL v + X2, .
-2
+X3,ZH®TZ/1 _ @7’1,0 ” —l_ Z 60_1 un,l—(71 _ un,l—al—l) V/ (2-3.77)
(7120

where

) z ) ) 1+1
X1 = <“Zﬁ? ]|A|[> +(2) (“;ﬁ? ]|A|[> ,

I+1
_ le(At)2
"”‘m( o AL

ABAt -1
= B
X3,1 " uh” H ’)/0 ,

2 2 o1+2 2
%) el (At) 1 B At pe
= —= A — | = BI[]|D|[ 7!
e = [ (2) ( e lalt) -+ () 1Bl
By using the same iterative process as in the estimation of (2.3.72)), we can estimate the last term of

(2.3.77) as follows
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R R 7’10—1 R R n0—1 R R
Jam -] < (XU N Zyl) Jam - |+ (m N ‘Iﬁ) |21 - 200)
v i=1 4 = 14
nop—1 10
- <X3,l + Y <I>i> |et—em| +Y A,
i=1 Vi3
with '
l—lilgj—(i‘l-l)
l—2 1—0’1—3 j:() i
Yi = Z Z Z X i ,'H‘:(Tk
=0 0,=0 ;=0 U= & o=t =1
=T (1)
=2 -, =3 j=0 i
Y=Y ) . Y. i 1%
71=0 0,=0 ;=0 2= B ol =1
l—iilgj—(i+1)
12 1-—3  j=0 i
D, = Z Z 2 X i ,'H&Tk/
1=0 =0 0=0 3r1—k§10k—1 k=1
iy 3 Z_Aiogj_(i""_l) ng ng
2T ar- = "0 nl—Y oi—(no—1) nl—Y. oj—ng
A=Y Y Y Tleau = -u = ,
o1=0 0p,=0 ;=0 i=1
14
2 2 U'k+2 2
) aq (At) 1 [(BAt o :
— J— A - B D k 4 k = 1/ 7
e = (2) ( - lal) (55 uBniplo; z
and ¢; is defined by (2.3.74).
1o
Until } o5=1-ng—1, (I >ng+1),
i=0
R R 7’1071 R R n()fl R R
g -] < (XU LY Yi) o - |+ (m s ‘Iﬁ) |21 - 209)
v i=1 4 = 14
I- ¥ ¢j—(i+1)
no—1 ng -2 l—oy—3 j=0 no R R
+ <x3,1+ y <I>i> lot—e| +y ¥ ¥ .. ¥ lefar-aw| .
i=1 Vo i 200=0 m=0 =0  i=1 4
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In order to (ﬁ”’l ) 5 COTVEIge, it’s necessary and sufficient to the following conditions hold

(a3 (At)? ( Pu
—]|A|[ <1 At <h
a3 ]| A|]
(At) Al[<1 & { At<h | (2.3.78)
puh? ay ]| A[]
a1 (At) At < h, |2
| oz A< a1 JJA[[
and
Yo <1
This last condition is equivalent to
(At)
with
k
r =5 1ICIIBIL,

the inequation (2.3.79) holds if and only if
At € ](At)y, (At)y[,

where

1—+1+4ry 1++V1+4rg
< O, (At)z — .

2r 2r
Because At > 0, Therefore, (2.3.79) holds if and only if

(At)l =

At €10, (At),]. (2.3.80)

By the same technique, we can easily obtain

R R no— 1 no— 1
|zt — 2| < (X4l+ > 1{,) |20 - 200+ <X51+ 'y > Jam -]
z—ig]-—(m)
ny—1 ng 1-2 l—op— =0 oo .
(Eoi)fer-e,+£E . e -am
i=001=0 0p,=0 ;=0 i=1 v
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with

=Y Y . | Y Hégk,

=0 =0 =0 31*2% [ k=1

><

we deduce that under the same conditions (2.3.78) on At , the sequence <Z“'l>l>0 converges.

From (2.3.70)

55 1|D|[lZf T

H®nl @l- 1H <’Y H@nl @0
=0

%

+Z§//

7

<< llH@nl @0
1%

un d—op an,l—al—l )

where
1! — UlﬁAt D
’YO ZCI’ZH |[

By using the same technique as in the estimation of the last term of (2.3.77), we deduce that

"

Un,l . l/:[n,O

H@H,l . @H,l—lHV S ,yé—lHG)n,l o @ﬂ,o

no—1

(T

i=1

/Z\n,l . Z\n,O

‘V+‘I’§’

‘V + qD;, ‘@ﬂ,l - @i’l,O

)

n

0
no+l— )} oj— (i+1)

ng -2 1-61— j=i-1 no
1" {1 73n,2 iyn,1
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with
i—1
1= % ¢j—(i+1)
Y UkﬁAt . Y -2 1—01—3 j=0
AL SIS I S 3 VD S S § (1
¢ =0 07=0 7i=0 11—2 O—i k=1
i—1 .
1— Z g]'—(l-i'l)
-2 1*0'173 j=0
=3 ) - X x I—[Cak,,
=0 =0 =0 21—2% I k=1
i—1
-2 1—0’1—3 j=0
=Y ) .. ) X i Hg
=0 =0 0;=0 31*2% i k=1

In order to the sequence (@”’l>l>o converges, it’s necessary and sufficient that 7y < 1. From (2.3.71),

if (@”’l ) converges, then, (Q”'l> converges under the same condition on <®"’l> . Therefore,
1>0 1>0 1>0
from (2.3.75), (2.3.78) and (2.3.80), the fixed point iterative scheme converges if and only if At

verifies (2.3.66). N

2.3.2 Approximation of the discrete energy

To approximate the continuous energy (2.2.17)), we use the trapezoidal quadrature formula to compute

the integral I —/ f(x)dx
N+1

In = Z a,-f(xl-) ~ ],
i=0
. N . h . .
where the weights {a;};_; are given by ap = an41 = 5 and fori =1,2,...,N, a; = h. Concerning the
trapezoidal quadrature formula in tow dimensional case to compute the last part of (2.2.17)), we use

the following approximation

K2

N N
/ / f(x,y)dydx ~ Z (f(x0,90) + f(x0,yn+1) + f(xn+1,v0) + fF(xnin,ynea)) + 02 Y Y f(xiy)
i=1j=1

N|N

2 N N
7; (xi,y0) + f(xi, yn+1)) g( x0,)) + f(xn11,7)))
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Therefore, the discrete energy at the time step t,, of system (2.3.59)-(2.3.61)) is given by

R 2 2, T 2 2
) Z ailpz (£7) +Pu (7)) +c (6;") +?(‘I?) + o ((Zx)i) a3 ((”x) ) +2b (ux); (2x);]

" %[% ((950)* + (#hsn)’ + (@hsr0)* + (Phanin)’)
+ h;]i ( )2 + h;]i (90N+1J 2 h; ﬁ; (‘on + 5 ey Z o N+1)2+h2§;]§; (GOZj)Z]/
(2.3.81)
with . . . .
0 = (et (] = PRI = a (), (@] = T

which is a discretization of the continuous energy (2.2.17).

2.3.3 Numerical illustration

In the table below, we consider five different choices of delay’s weight and we note that the asymptotic
behavior was reached in the last case even if in the first four cases the weights of delay are not
considerable. This shows the great influence of the delay on the stability of this type of system

throughout time.

Case | Weight of delay | Iterations time | Asymptotic behavior
1 =09 200 Unreached
2 u=0.03 200 Unreached
3 u = 0.005 200 Unreached
4 u = 0.0004 200 Unreached
5 u = 0.00008 200 Reached

Table 2.1: Asymptotic behavior for different cases of delay’s weight.

In the next, we describe the following numerical example where the asymptotic behavior was reached,

that is the case when o = 0.00008 and for different choices of the system parameters with the condition

holds.
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Test 1 For this numerical test, we choose the following different values for the coefficients of the system

p: =35 a3=02 u=08, ap =01, =005 7=0.1
oy =15 a;=01,c=4, 19=006, c=15 k=107

We run our code for the following discretizations parameters: N = 100, m = 150, M = 200,

L =1, T =1 and take ¢ = 10°. With the following initial conditions
1 1
zo (x) = 1072 <x3 — gxz) , 21 (x) = 5 <2x2 — 4x) , U (x) = 5 (Zx2 — 2x) ,
up(x) =0, 00(x) =0, g0 (x) = 13636’*%’(2 fo(x,t—1) = E 1073 cos(x) (:os(L (t—1))
1 7 Y0 s 40 5 7 JO\ Ay 2 . 1077
with the above parameters choice, we deduce that

2ht Ou Ou
— =4.901960, h, | ——— = 0.013424, h, | ——— = 0.018985,
JIEI as || All Ve J[A][

Oz
= 0.029000, (At), = 34.766946.
ar J| Al 2

with
)M [ =max T | M.
)

Note that

. ZhT pu Pu pZ
dt = 0.005 < 0.013424 :mln{ ,h\/ ,h\/ ,h\/ , (At }
e ™ sy ™ ayar ™ aparp 40

which confirms the convergence of the algorithm.

Here are the evolution in time of the solutions z,u, 0,4, ¢ (x,1,t) and of the discrete energy.
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Figure 2.1: Evolution in time of the func-

tion z

Figure 2.3: Evolution in time of the func-
tion 6

-0.05

phi(x,1,1)

I
o
e

-0.15
1

Figure 2.5: Evolution in time of the func-
tion ¢(x,1,t)

Uy

Figure 2.2: Evolution in time of the func-
tion u

qx.t)

Figure 2.4: Evolution in time of the func-
tion ¢

The energy

100 150 200
t

Figure 2.6: Evolution in time of the dis-
crete energy
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In above numerical test, the condition holds and graphics presented in the Figures 1,5
show the evolution in time of the approximations solutions z, u, 0, g and ¢(x,1,t) on the interval
[0, T, for different choices of the system parameters and of the initial data. Furthermore, the Figure 6
shows that the approximate energy decays in an exponential manner which confirms the main

theoretical result obtained.
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In this chapter, we consider a one-dimensional porous thermoelastic system with herditary heat
conduction and a distributed delay (0.0.21))- (0.0.22) without frictional damping, where the heat
conduction is given by Gurtin Pipkin law ([0.0.17)). The existence and uniqueness of the solution are

obtained by the use of Hille-Yosida theorem. Then, based on the energy method and by constructing
a suitable Lyapunov functional, we prove under some assumptions on the derivative of the heat-flux
kernel, that the solution of the system decays exponentially without any assumptions on the wave

speeds.

3.1 Preliminaries

We note that the presence of the convolution term in the constitutive equation for g renders the family
operators mapping the initial value (ug, u1, @9, ¢1, 6o, fo) into the solution (u, ¢, 6) not match the
semigroup properties. This is due to the fact that the solution value of 6 at time t depends on the whole

function up to time ¢. In order to overcome this difficulty we introduce the new variables
0" (x,8) =0 (x,t—s) , s>0, (3.1.1)

and
S

17 (x,s)=1"(x,5) = /Gt (x,A)dA , s>0, (3.1.2)
0

which denote the past history and the summed past history of 6 up to ¢, respectively.

Clearly, ' (x, s) satisfies the following conditions
7x(0,8) =nx(mr,s) =0, s>0,t>0,

1 (x,8) =no(x,s) , x€(Omn) , s>0,
n(x,O)zlinéqt(x,s):O , x€(0,m) ,t>0,
s—

it is easy to demonstrate that

nt(x,8) =0 —1ns(x,8) in (0,7r) x (0,00) x (0,00). (3.1.3)
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Furthermore, assuming that lim k (s) = 0, then, a simple computations leads to
S—r 0

(o]

q=—/tk(t—s)Gx(x,s)ds:/k’(s)q;(x,s)ds,

0

setting x (s) = —k’ (s), system (0.0.21))-(0.0.22) and equation (3.1.3)) takes the form

/

7
p1utt:yuxx+bcpx—59x—/7(0')ut(x,t—0)d<f in (0,7) x (0,00),
T
]¢tt=£qoxx—bux—€¢+59—rqot in (0,7) x (0,00), (3.1.4)
c9t:/K(s)iyix(x,s)ds—ﬁuxt—égot in (0,7) x (0,00),
0
L 7t (x,8) =0 — 115 (x,8) in (0,7r) x (0,00) x (0,00),

with the boundary conditions and the initial data

(1 (0,1) = u (70, ) = 93 (0,) = @x (7, £) = 62 (0,8) = Oy (71, £) =0 , £ >0,

Hx(0,8) =nx(mr,s) =0, s>0,t>0,

u(x,0)=uo(x) , ¢(x,00=9¢o(x) , 6(x,00=0(x) , x€(0,m),

ur(x,0) =uy (x) , @1 (x,0)=¢1(x) , x€(0,m), (3.1.5)
7% (x,s) =mno(x,8) , x€(0,m) , s>0,

n(x,00=0 , xe€(0,m) ,t>0,

up(x,—t) = fo(x,t) , x€(0,m1) , t€(0,m).

\

Concerning the memory kernel x, we assume the following set of hypotheses:
(H1) : x € C(IRT) NL! (IRT),
(H2):x(s) >0, x'(s) <0, Vs>0, x(0) >0,

(H3):/sx(s)ds:1,
(H4):%r>0; k' (s) < —rx(s) , Vs>0,
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Concerning the delay, we only assume that
7 (@) € C([m,]) - (3.1.6)

In view of the boundary conditions, our system can have solutions (uniform in variable x) which do not
decay. In other words, it is known that for the problem determined by (3.1.4)-(3.1.5) we can always

take solutions where ¢ and 6 are constant, for this purpose, we impose that

7T 7T s

/(po (x)dx = /(p1 (x)dx = /90 (x)dx = 0. (3.1.7)
0 0 0
It should be noted that condition (3.1.7)) is imposed to guarantee that the solution decays. Thus, if we
want to avoid this behavior, we need to impose the condition (3.1.7)). In addition, as in [2], to be able

to use Poincare’s inequality for ¢ and 6, we perform the following transformation.
From (3.1.4), and (3.1.4)3 respectively we have

( 7T 7T 7T 7T
]/(pttdx—i—r/(ptdx—i—@/(pdx—(S/dezo,
1 T 0 0 (3.1.8)

c/@tdx+5/(ptdx:0.
0 0

Taking o (¢ /(p dx and 9 (¢ /de we can observe that i (0 /(po dx, ¥’ ( /4)1 dx

7T
and ¢ (0) = / 6o dx . Moreover, (1, 9) is a solution of the following initial value system
0
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Jo' +Tty' +EPp—-50=0 , Vt>0,
cd +6¢' =0 , vt >0,

¥(0) = [ godx=0,
0

The solution of the systemis ¢ (t) =& (t) =0 , Vt>0.

As a result

7T 7T
/fP(x/t)dx:/G(x,t) dx=0 , Vt>0.
0 0

In addition, from (3.1.2]) we get

In the following, we put

3.2 Well-Posedness

In this section, we give the existence and uniqueness of solutions for the system (3.1.4)-(3.1.5) using
semigroup theory.

First, we introduce as in [66], new dependent variable
z(x,p,0,t) =us(x,t —po) in (0,7) % (0,1) x (11, 72) X (0,00). (3.2.9)
A simple differentiation shows that z satisfies

oz (x,0,0,t)+ 2z, (x,0,0,t) =0 in (0,71) x (0,1) x (11, 2) X (0,00). (3.2.10)
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Hence problem (3.1.4) becomes
(

T
01 Ut :yuxx+b¢x—ﬁ9x—/'y(a)z(x,l,a,t)da in (0,71) x (0,00),
5!

Josr =a @y —buy —Cp+60 — T in (0,7) x (0,00),

c9t:/K(S)nix(x,s)ds—ﬁuxt—éq)t in (0,7) x (0,00},
0
oz = 2, in (0,7) x (0,1) x (11, 72) x (0,00),

(3.2.11)

Wi (x,5) =0 —1s(x,5) in (0,7) x (0,00) x (0,00),

with the boundary and the initial data

(1(0,6) = u (7,t) = @ (0,) = @x (7,1) = 65 (0,) = Oy (m,8) =0 , £ >0,

1x(0,8) =9x(mr,s) =0, s>0,t>0,

u(x,0)=ug(x) , ¢(x0)=¢o(x) , 0(x,00=6(x) , xe(0,m),

ur(x,0) =ug (x) , ¢t (x,0)=¢1(x) , x€(0,m), (3.2.12)
7’ (x,s) =no(x,s) , x€(0,m) , s>0,

n(x,00=0 , xe(0,m) ,t>0,
\ z(x,0,0,0) = fo(x,p0) in (0,71) x (0,1) x (0, 12).

Second, we introduce the vector function U = (u,v, ¢, ¢, 6, z, ;7)T , with v = uy, and ¢ = ¢;.

We consider the following Hilbert spaces:

L2(0,1) = {wELz(O,n) , w(x)dx:O},
[

Furthermore, we introduce the weight Hilbert spaces

My =12 <(O,oo);Hi (O,n)> = {w:R+ — HL(0,7) ; /K(s) ||y (S)H%ds < oo},
0
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and
H = Hy ((0100) , H} (0,7'[)) ={n / n,1s € Mi}.

We define the enegy space by

H =H} (0,71) x L* (0, 7w) x HL (0, ) x L2 (0, ) x H} (0, )
x L2 ((0,71) x (0,1) x (11, 12)) X M.

Then H, along with the inner product
B T T T T U f b
(U, U)yy = pl/o m?dx—l—]/o cp(pdx-i—c/o 00dx+oc/0 PxPrdx + E/ <ux +— q)> <ﬁx + ﬁgb) dx
0

1 2\ c 7 b b 1 R\ [
—|—§( —€>0/uxude+§0/<(P+gux> <¢+Eux>dx+§<€_ﬁ>0/q)q)dx

w1 1%} 7T
+/// |72 (o ZZdUdpdx+/K(s>/77x77xdxd5/ (3.2.13)
00 0 0

T

is a Hilbert space for any U = (u,v, ¢, $, 0, z,n)T € Hand U(4,7, ¢, ¢, 0, Z,ﬁ)T
The system ([3.2.11))-(3.2.12)) can be rewritten as follows:

u@)=A+B)Ut) ,t>0,
U (x,0) = Uy (x) = (uo, u1, po, 1,00, fo,m0)",
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where : D (A) C H — H is a linear operator defined by

v
)
[@lae
]’l ,B T 1
—Uyy + —@x — —0x — v— — c)z(x, 1, 0,t)d
L e T AGALAEL
¢
A A A A
1
E/K(s)nxx( )ds—gvx——(p
0
1
i
0 — 15

and the domain of A is given by

D(A) = {Uu eH/ueH 0,m)NH(0,7) ; ¢,0€H2(0,7) N HL(0,7) ;

vEH)(0,m) ; ¢ € HL(0,m) ; 2,20 € L*((0,7) x (0,1) X (13, 12)) ;

neH,; / ) nyx (%, 8) ds € L2 (0,7) ; n(x,0) =0},

and the operator B : D (B) = H — H is defined by

@)

SO O O © O Jd

Now we have the following existence and uniqueness result

Theorem 3.2.1. Let Uy € H and assume that holds. Then, there exists a unique solution
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U € C (R4, H) for problem (3.2.11))-(3.2.12). Moreover, if Uy € D (A), then

UcC(Ry,D(A))NCHR,,H).

Proof. We use the semi-group approach. So we prove that .4 is a maximal dissipative operator and B is

a Lipschitz continuous operator.

First, we prove that A is dissipative. Let U € D (.A) , then we have

T ) T ) T o "
(AU, U) gy (/'y da)/v dx /(,b dx—|—0/0/1c(s)1717 ds dx
_O/ /ry (x,1,0,1) dadx—///]’y | zpzdo dpdx. (3.2.14)

T

Integrating by part and using the fact that z (x,0,¢) = v (x,t) , the last term in the right-hand side of

(3.2.14) leads to

T

T 1 T
///|fy zpzd(rdpdx——%//\'y(aﬂzz(x, 1,0, t)dodx
00 0

51

Also, using Young’s inequality, we find

7T T

o
iy

g% (/’y(a)da) /vzdx+%//|’y(0)|zz(x, 1,0, t)dodx.

0 0 m

In addition, integrating by part and using the fact that lim « (s) = 0 we get

S—00

7T o0 [e°] 7T
//K nsnxxdsdx—%/K'(s)/nidxds.
00 0 0
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Consequently, by the use of (H2) ,(3.2.14) becomes

[e¢] 7T T
1
(AU, U)py < E/K/ (S)/nidxds—r/cpzdx <0.
0 0 0
Hence, the operator A4 is dissipative.

Second, we prove that the operator A I — A is surjective.
For any F = (fi, f2, f3, fu, f5, fe, f7) € H , we prove that there exist U € D (A) such that

(AI-A)U=F. (3.2.15)
The problem , leads to solve the following system

(Au—v=f € H(0,7),

(5]
(Apﬁ/v(v)dcf) U—ptxy—b @r+ 0y

(51

—i—/"y(a)z(x, 1, 0, t)do=p1 fo € L2(0, ),

(3.2.16)
Ap—¢=feHL(0,m),

A +T)¢—a gutbur+¢9—-60=]frc L3 (0,7),

AcO— [ x(s)nex (x,8)ds+Bux+d¢p =cfs € HL(0,7),
0
Aoz+z,=0fs€L*((0,7) x (0,1) x (0,00)),

/\17—9+175:f7€./\/11.

\

Suppose that u and ¢ are given with the appropriate regularity. Then, the first and the third equations

in (3.2.16) yield
v=Au—f; € H}(0,7), (3.2.17)

and
¢p=MAop—f3€ HL(0,7), (3.2.18)
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respectively.

The sixth equation in (3.2.16)) together with (3.2.17) and the fact that z (x,0) = v (x, t) gives
p
z(x,0,0,t) = Au(x,t) e P — fre 1P 4 cre_)“”’/e}“’y fo (x,y,0,t)dy. (3.2.19)
0

The last equation in (3.2.16) under the condition # (0) = 0 gives

S

n(x,s)= %6 (x,t) (1 — e‘“) + /e)‘(w_s)fy (w) dw. (3.2.20)
0

By the use of integration by parts, it can be easily shown that the second, fourth and fifth equations in
(3.2.16) satisfy the following:

( T

%) 7T 7T 7T
()\m—k/’y o) da) /vﬁdx—i—y/uxﬁxdx—i—b/(pﬁxdx—[S/()ﬁxdx
0 0

0

+/ /’y xlat)dadx—pl/fzudx

T T 7T T T
()\]+T)/¢€5dx+0¢/§0xqudx+b/uxgbdx+§/(p(pdx—(5/6qbdx (3.2.21)
- 0 0 0 0 0
:]/f4(de,
0

>»Im

(@)
>»|<>q
>»|n

7T 1 7T o0 7T 7T 7T
/9§dx+x/§x/x( Ny ds dx + / / /
0 0 0 0 0 0

Moreover, by using (3.2.17)-(3.2.20) , we have the following corresponding weak formulation for
the second, fourth and fifth equation in (3.2.16):
Finding (u, ¢,0) € H} (0, w) x HL (0,71) x H (0, 7r) such that
for all (#, ,0) € H} (0, ) x HL (0,7r) x HL (0, r) we have:

B ((u,¢,0);(1,¢0) =1(a,¢0), (3.2.22)
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2
where B : [H& (0, 71) x HX (0, 7) x H. (0, 7'()} — R is the bilinear form defined by

7T

7T 7T T
B ((u,9,0);(1,¢,0)) :yo/uﬁderpt/uxﬁxderyl/qogbderoc/qoxgbxdx
0 0 0 0

7T 7T 7T
+c/99~dx+cx/9x9~xdx+b/(goﬁx+uxgb) dx
0 0

7T

+B [ (uxd—0iiy) dx+6 [ (p6—60¢) dx,
/ /

and I : H} (0, ) x H. (0, 71) x H} (0, 1) — R is the linear form given by

T 7T T T
1(i1,,0) :/g1ﬁdx+/gz(pdx+/g3édx+/g4§xdx,
0 0 0

where
T T
yo:A2p1+)&/|fy(a)\da+)\/’y(a) e Mde >0, p=AJ+E+AT >0,
T 1

()

1
a=Lftph- [or@) e [ (xyoayde €12 (0m),
0

T

R=(MJ+0 S+ f €O, =L+ Sp+5h e 01,

+
17 )
X/ / ) fy (w)dwds € L2 (0, 7).
0
Now, for V = H} (0, 71) x H} (0,71) x H} (0, 7r) equipped with the norm

2 2 2 2 2 2 2
(@, 0l = Nlullz + lluxllz + l[@llz + [l@xll2 + 116112 + 10«2,
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we have
7T 7T 7T 7T
B (1, 9,0); (1, 9,6))| =ﬂo/udeﬂ/u?cde/qf)Zde/qvidx
0 0 0 0
7T 7T 7T
+c/92dx—|—c,</6§dx+2b/ux(pdx.
0 0 0

On the other hand , we can write

) ) 1 b \? b2
puy @t +2bure =5 \pl et @ | | @+ i
K H1
then, using we deduce that

2 2 1 b2 2 bz 2
puz+pe”+2buxg = 5 A uy+\m——1,9°,
As a result
B((1,9,60); (u,9,60))| > M||(u,9,0)|3,

! P\ 1 v? : :

where M = min {5 (;u — —) ; 5 (yl — —) ;& C; Mo Cx } Thus, B is coercive. Moreover, we
1

can easily see that B and [ are bounded. Consequently, by Lax-Milgram Lemmam we conclude that

there exists a unique (u, ¢,0) € V which satisfies (3.2.22)).

Substituting u in and (3.2.19)), respectively, we get
v e H& 0,m7) , ze€ L2 ((0,m) x (0,1) x (13, 12)),
and z in (3.2.16)¢, we obtain
Zp € L2 ((0,7) x (0,1) x (13, 12)),

then, inserting ¢ in (3.2.18)), we find
¢ € HL(0,m).
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Similarly, inserting 6 in (3.2.20) and bearing in mind (3.2.16)) 7, we obtain

neH , n(x0)=0.

Moreover, if we take (§,0) = (0,0) € H; (0, ) x H; (0,7), then (3:2:22) reduces to

7T

7T 7T 7T
y/uxﬁxdx+b/qoﬁxdx—ﬁ/9ﬁxdx:—/(—g1+y0u)ﬁdx , Vi € H (0,7,
0 0 0 0

that is,
Wilyy = —1 + ot — b @y + B0, , in L?(0,7),
which implies,
u € H?(0,71) N H} (0, 7).
Then, we choose (%,6) = (0,0) € Hj (0, ) x Hy (0, 7) , then (3.2.22) become

7T

7T
oc/goxgbxdx:—/(y1g0+bux—(59—g2) ¢dx , Yy € HL(0,7). (3.2.23)
0 0

Here, we can not use the regularity theorem, because ¢ € H! (0, ) . So, we take ¢ € H (0, 7r) and

we set

?(x) = ()~ [9(x) dx.
0

It’s clear that ¢ € H! (0, 7r) . Then, a substitution in (3.2.23)) leads to

s s
oc/(pxtpxdx:—/rtpdx , Yy € H) (0, 7),
0 0

where,

r=ur@+buy—0560—g.

That is,
XPxx =U1Q+buy,—060—g , ian(O,n), (3.2.24)
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which implies,
¢ € H2(0, 7).

On the other hand, from (3.2.23) and integrating by parts, we get

oc[¢x¢]§—a/¢xx¢dx+/(ﬂ1¢+bux—59—gz) ¢gdx=0, V¢ € Hy (0,7),
0 0

and from (3.2.24), we obtain
¢x (1) ¢ (1) — 9x (0) ¢ (0) = 0.

Since ¢ € H! (0, 7) is arbitrary, then

Consequently;,
¢ € H>(0, 1) N H: (0, 71) .

Similary if we take (i, $) = (0,0) € Hj (0, ) x H} (0, ), we find
0 € H?(0, 1) N H: (0, 7).

Finally, from (3.2.16))5, we get

/K $) Nxx (x,8)ds € L2 (0, 71).

0
Hence, there exists a unique U € D (.A) such that is satisfied. Consequently, the operator A is
maximal. Thus, we conclude that A is a maximal dissipative operator. On the other hand, it is obvious
that operator B is Lipschitz continuous. Consequently, A + B is the infinitesimal generator of a linear

contraction Cyp-semigroup on H. Therefore, the well-posedness result follows from the Hill-Yosida
theorem. ( see [76] ) O

3.3 Exponential decay

In this section, we state and prove the technical lemmas needed for the proof of our stability result.
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Lemma 3.3.1. Let (u, ¢,0,z,1) be a solution of (3.2.11)) - (3.2.12) . Then, the energy functional E (t),

defined by
1 7T
E/(Pl”?+]§0?+cf)2+yu§+¢xq)§+§(p2+2bq}ux)dx
0
1 T 1 D . 0o -
+§///0 v (0)] 2% (x,0,0,t) dododx + E/ /1732( (x,s)dxds, (3.3.25)
0 0m 0 0
satisfies
T T 1 00 -
") < (/|’Y(U)dc7) /u%derE/ /17,% X, dxds—r/gotdx (3.3.26)
T 0 0 0

Proof. Multiplying (3.2.11); , (3.2.11),, (3.2.11)3 by u; , ¢; , 6 respectively, integrating over (0, 1)
and Multiplying(3.2.11)4 by |2 (0)| z, integrating over (0, 7t) x (0,1) x (71, T2) then,using integration

by part and taking into account the boundary conditions and summing them up, we obtain

7T 7T 1 »
d
—{/( VT @? +c0? +uut+a g+ E¢? +2bgoux dx +/// U)zz(x,p,cr,t)dadpdx}
0 0mn

7T 7T o0
T/(p dx — /ut/'y xlcrt)dcrdx+/9/1< ) Nxx (x,8) ds dx
0 0 0

()

T 1
—///\'y zpz (x,0,0,t)dodpdx.
00

5t
Using (3.2.11)5, we get
d n 7 1 T
@{/ P1ut+]§0t+c92+yu +a ¢+ & ¢? +2b(pux dx +///<7 xp,at)dadpdx}
0 00 ™

(x,p,0,t)dodpdx

u/y(cr xlatdadx—r/(ptdx—///h
(3.3.27)

-
[

7T 7T 00
—{—/ K () Nt e (%, s)dsdx+//x ) s Nxx (X, 8) ds dx,
0 0 0
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integrating by part the last two terms of (3.3.27]), we obtain

7T
1
E(t) = 5/(mut+lq)t+692+w +agi+Co? +2bqvux>d
0
1 Tl 1 00 7T
+§///(7 v (0)| 2% (x,p,0,t) dodpdx + E/ /17 x,s)dxds, (3.3.28)
00m 0 0
and
T T2
E’(t):—/ut/'y() (xlatdadx—///h z(x,p,0,t)dodpdx
0 T 0T
_ 1 L
To/(p dx — 20/ Bso/ﬂx x,s)dxds. (3.3.29)

On the other hand, we have z (x,0,0,t) = u; (x,t), then

T 1lmn 1 T T
—/// v (0)] 2pz (x,p,0, 1) dordp dx = —5//|7(a)| 2 (x,1,0,t) do dx (3.3.30)
0 0™ 0mn
1 T s
t3 /|'y(a)] dO') /u%dx. (3.3.31)
G 0
By applying integration by parts and bringing in mind that li}m k (s) =0, we find
S— 0
b=c0

= %/K’ (s)/iyfc (x,s)dxds. (3.3.32)
0 0
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Then, using Young’s inequality on the first term in (3.3.29)) leads to

T T
/ut/'y z(x,1,0,t)dodx (/'y da)/utdx—l—z//'y 2 (x,1,0,t)dodx.
(3.3.33)
Inserting (3.3.31) , (3.3.32) and (3.3.33) in ([3.3.29)), we get (3.3.26)). O

Remark 3.3.1. The energy function E (t) defined in (3.3.25) is nonnegative. In fact,

w3[(-g) e (-5 7]

2 2 1 b \? b 2
pux+¢e +2b”x§0:§ 4 ”x+ﬁ§0 +¢ (P+Eux
we conclude from that
1 b? b2
2 2 S 1 b AP
niud + g +2bux<p_2K g) (5 y) }
which leads to
T
1 1 b2 1 B2
E® > 5/(91”%+]9”%+692+§(H—g>u§+w§+E(C—;)qﬁ)dx

T [e] T
/ /17,% (x,s)dxds,
0 0

0
T 1
/// 2 (x,p,0,t)dododx +
00

T

Nlr—\

_|_

then, E (t) is nonnegative.

Lemma 3.3.2. Let (u, ¢,0,z,1) be a solution of (3.2.11) - (3.2.12). Then, the functional

7T
Il(t):pl/ uudx , t >0,
0

satisfies

7T T

7T
g—%/ dx+p1/utdx+co/<(p +92 dx+co//|’y xlat)dadx.
0 0

(3.3.34)
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Proof. By differentiating I;(¢), using ([3.2.11)); and integrating by parts together with the boundary

conditions, we get

T T T T T D
IL'(t) = —y/u%dx—b/gouxdx-l—ﬁ/ﬂuxdx-l—pl/u%dx—/u/’)/(cr) z(x,1,0,t) dodx.
0 0 0 0 0 T
(3.3.35)
The application of Young’s , Poincaré and Cauchy Schwarz inequalities lead to
T T 3b2 7T
—b/gouxdx < %/uidx—l—z—/(pzdx, (3.3.36)
H
0 0 0
T T 3 2 T
ﬁ/qouxdx < E/ui dx+i/92dx, (3.3.37)
6 Z
0 0 0
and
T T
//’y xlat)dadx<y/udx+—</|fy |da)//’y 2 (x,1,0,t) dodx.
0T
(3.3.38)
Substituting (3.3.36)) , (3.3.37) and (3.3.38)) in (3.3.35)), we get (3.3.34). O
Lemma 3.3.3. Let (u, ¢,0,z,1) be a solution of (3.2.11) - (3.2.12). Then, the functional
7T T X
Iz(t):]/ / 2dx+ /q)/ut(y)dydx,tzO,
0 0 0
satisfies
T 7T 1 b 2 7T 7T
L' (t) < —oc/goidx — )—C/qozdx—l— = (5 - —‘B) /szx —i—so/ufdx (3.3.39)
2 X 2
0 0 0 0
22\ 7 T T
+ <]+4yfel > /(,o%dx—kco//|7((7)|z2 (x,1,0,t)dodx, (3.3.40)
0
0 0™
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b2
where x = ¢ — —
w

Proof. By differentiating I,(t), using (3.2.11)), and integrating by parts together with the boundary
conditions, we obtain

L' (t) ——oc/goidx—x/(pzdx—l—]/q)%dx—f— (5——)/4)0619(

X x T

q)t/ ¢ (y)dydx — —/ //fy z(y,1,0,t)dodydx. (3.3.41)

0 0T

b
Lo

O\:i

By the use of Young’s inequality, we get
7T T b 2 T
_bh / x4 / 2dx + — ( —5) / 62dx, (3.3.42)
K 0 0 # 0
Cauchy Schwarz and Young’s inequalities, give us

X

boi I f P22
% / Pt / ut (y) dy dx < eo / wldx + b1 / rdx, (3.3.43)
0 0 0

412
0 Feo

and

7T x T

(p// (0)z(y,1,0,t)dodydx

T

i—co/n 2+ L (bn) (/’Y da) 0/7:/7 (x,1,0,t)dodx, (3.3.44)

Inserting (3.3.42)-(3.3.44) in (3.3.41)), we obtain (3.3.40).

‘:I@

Lemma 3.3.4. Let (1, ¢,0,z,1) be a solution of (3.2.11) - ([3.2.12). Then, the functional

X

7T
I3(t) = —cpl/B/ut(y)dydx, t>0,
0

0
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satisfies, for any €1 > 0, the following estimate

7T T 7T
I3’ (¢ x-l—el/ u —|—(p2> dx—i—co(l-l—sl)/ézdx-l—co/go%dx
0 170 0
[e¢] T 7T T
p—/ /ﬂidxds+ﬂ281 (/v(a) da) //|'y (x,1,0,t) dodx. (3.3.45)
'B 0 0 Gl 0T

Proof. Differentiating the functional I3(¢) using (3.2.11)1, (3.2.11)3 and integrating by parts together

with the boundary conditions, we obtain

7T
Ig,’():—plﬁ/utdx—yc/euxdx—bc/6(pdx+[3c/62dx—|—p1(5/q0/ y)dydx
0

X T2 00
/ //’Y z(y,1,0,t) dUdydx—l—m/ut/K $) 1y (x,8) dsdx. (3.3.46)
00 0 0

Young’s and Cauchy Schwarz inequalities leads to

s

—yc/()uxdx<el/u dx+ / (3.3.47)
0 0
—bc/@qodx <81/g0 dx+ / (3.3.48)
0 0
7T X T
/9//7( ) z(y,1,0,t) dodydx
0 0T
C2 T T 7T T
< ?/Qde+71281 /]’y(d)] do //|'y(c7)\ 2% (x,1,0,t) dodx, (3.3.49)
! 0 gl 0T
7T (e ] T e¢} 7T
pl/”f/K(S) Nx (x,8)dsdx < pli’B‘ /u%dx—l— pfﬁﬁo /K(s)/n,%dxds, (3.3.50)
0 0 0 0 0
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7T

1(5/ / y) dydx < & / W2dx %O/n (3.3.51)

Substituting (3.3.47)-(3.3.51) in (3.3.46), we get (3.3.45). O

Lemma 3.3.5. Let (1, ¢,0,z,1) be a solution of (3.2.11) - ([3.2.12). Then, the functional

Iy (t) = — /G/K(s)iy(x,s)dsdx,tEO,
0 0

satisfies, for any e;,e3 > 0, the following estimate

1 1\ [
+co (1 +—+ —) x(s) [ n2dxds. (3.3.52)
[x]

Proof. By differentiating I4(t), using ([3.2.11)3, (3.2.11)5 and integrating by parts together with the
y g g g gbyp g

boundary conditions, we obtain

7T o0 o0 2
C/GZdX—FKi/Q/K ) s (x,8)dsdx + — /(/K Nx (x,5) s) dax
0 0 0
T [s°] (]
—Kﬁ/ut/x ) nx (x,8)dsdx + — /(pt/K (x,s)dsdx. (3.3.53)
0
0 0 0

Using Young’s , Poincaré and Cauchy Schwarz inequalities, we find

T o0 (o] T
o 2
=z < 3.
P /(pt/K (x,s)dsdx 82/(ptdx+4€2Ko/ /nxdxds (3.3.54)
0 0 0
s oo 7T
- E/ut/K(s) Nx (x,8)dsdx < eg/u%dx—k / /nx dxds, (3.3.55)
KOO " 5 4837(0

7T [ee] 2 e} 7T
1
— k(s) nx (x,s) ds) dx < | x(s) [ n2dxds, (3.3.56)

0
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and
K—O/Q/K 15 (x,8) dsdx < E/ dx — 20 /K’ (s)/n,%dxds. (3.3.57)
0 0 0 0 0
Estimate (3.3.52) follows by substituting (3.3.54)-(3.3.57) into (3.3.53). O
Lemma 3.3.6. Let (u, ¢,0,z,1) be a solution of (3.2.11) - (3.2.12). Then, the functional
7T 1 »
///0’6 70y (o (x,p,a,t)dadpdx , t>0,
0 0mn
satisfies the estimate
7T T T
) < ml//]'y xl(ft)dader(/v da)/u%dx
Gl 0
w1
—ml/// |y (o (x,p,0,t)dodpdx , t>0. (3.3.58)
00

Proof. By differentiating I5(t), using (3.2.11))4, integrating by parts and using the fact thatz (x,0,0,t) =

us (x,t) gives, we obtain

I (t) = —//e_‘f\"y((7)|z2 (x,1,0,t)dodx + (/l’y(a)da) /u%dx

0 0

T

Tlmn
—///(Te‘”’ Iy (0)| 2% (x,p,0,t) do do dx,

0 0m

using the fact thate 7 < e 7 <1 we get for all p € [0,1]

7T

// Ty (o x10t)dadx+</|'y da)/u%dx

0
L)

T 1
—///Ue_” v (0)| 2% (x,p,0,t) do do dx.
00
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Since —e ™7 is an increasing function, we have —e™7 < —e™ 2 for all ¢ € [y, 1] . Finally, setting
m; =e 2 ,we get (3.3.58) O

Now, we define the Lyapunov functional £(¢) by

ﬁ(t) =NE (t) + I (t) + N1 (t) + I3 (t) + Noly (t) + N3ls (t) , (3.3.59)

2
1Bl p1

where N, Ny, N», N3 are positive constants.

Lemma 3.3.7. Let (u,¢,0,z,1) be a solution of (3.2.11) - (3.2.12)). Then, there exist two positive
constants A1 and A; such that the Lyapunov functional (3.3.59)) satisfies

ME (1) < L(t) < ME(F), V>0, (3.3.60)
and -
L'(t) < —¢1E(t) +g2/1<(s) ||17x|]2ds ; G1, 6o >0. (3.3.61)

0
Proof. From (3.3.59), we have

X

b
|L(t) — NE (t)] §p1/ |utu|dx+N1]/|q0tqo|dx+N1—/q)2dx+N1 1 /qo/ut (y)dydx
K 0 0
X

+£/9/ut(y)dyd+—/ /K (x,s)ds|dx
1 / J

0

71l mD
+ N3 / //ae—ffp |y (0)122 (x,p,0,t)dodpdx.
0 0mn
By applying Young’s, Poincaré and Cauchy-Schwarz inequalities, we get

|£(t) = NE(t)] < ¢E(t), ¢ >0,

which yields
(N=gE(t) <L(t) < (N+¢)E(),

by choosing N (depending on Nj, N, and N3) sufficiently large we obtain ([3.3.60).
Now, By differentiating £ (t), exploiting (3.3.26), (3.3.34), (3.3.40), (3.3.45), (3.3.52), (3.3.58) and
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1 1
Setting &g = m &1 = Vpé‘ﬁ‘, &y = ﬁz’ €3 = ;\)]—12, we get

L(t) <— (%—Zpl—'y(rz—rl)(N+N3)) /nu%dx— (——co %>7¢2dx
0 0

_% de—m1N3/// |y (o xp,at)dadpdx—szl/(pzdx

T T

— mlNg—co—coNl——/W da)//fy xlat)dadx
N 1 b 2 8 i
- C—Z—co——<5 ﬁ) Ny — =50 (1+—> /szx
2 X p o11B] 1o Bl /
bzple 2C0 i
(NP T N D N /de
( 2 ) Bl )"
N, i 2
+ | = +C0N2 1+ N, +—= Kk (s) |nx]|"ds
/5 /)y

+<§—C“mm)/w@WmW%- (3.3.62)
0

2
ZKO

where vy = sup |y (0)]
re[n,n]
Now, we select our parameters appropriately as follows:

First, we choose Nj large enough so that

Next, we select N, large enough so that

2
az—%—CO—l(KS—b—'B) Nl—ﬁ<1+i)>0.
2 X iz p1 Bl 101 |Bl
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We take N3 large such that

2 f
mlNg—co—coNl—yT/|’y((7)|d(7>0.

T

We choose N large enough so that (3.3.60) remains valid, further

bzple 200 N CK (0)
a3 =NT— LNy - —1>0and — — N, > 0.
3 (” 2 ) TBlen T

Finally, by taking -y so small that all these choices with the relation ([3.3.60) leads to
1
g =5 =201 —7(—7)(N+N3) > 0.

2K
Letoc5:%,0(6:061\[1,067:77111\’3,0&8:‘B—ZO
Ultimately, (3.3.62) turns out to be

N.
+ coN» (1 + N, + P_2>
1

7T

1
L) <-—w /(u%+(p%+92—|—u§+(p§—|—q)2> dx —w///ah(aﬂzz (x,p,0,t)dodpdx
0 00

[y)

T

oo

+as [ x(5) s
0

Meanwhile, by revisiting the energy functional (3.3.25) and utilizing Young’s inequality we find
(3.3.61) O

Now, we can state and prove the following stability result.

Theorem 3.3.1. Assume that holds and « satisfies (H1) - (H4). Then system (3.2.11)-(3.2.12)

is exponentially stable. In other words there exist two positive constants vy and v, such that

E(t) <wvpe U1t , vt >0. (3.3.63)
Proof. Multiplying (3.3.25) by r, using (H4), we end up with

V()< —rgiE(t) , Vt>0, (3.3.64)
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where Y (t) = rL (t) + 26, E (t).Using([3.3.60),it’s readily follows,for some ag, by > 0
aoE (t) < Y (t) < boE (t) , Vt>0. (3.3.65)
Consequently, inequality becomes

V() <—uvY(t) , Vt>0, (3.3.66)

ral

o A simple integration of (3.3.66) over (0, ) induces
0

where v =
Y(t) <Y (0)e "t , vt>0. (3.3.67)

Thus, by combining (3.3.65]) and (3.3.67)), we obtain (3.3.63)), which ultimately leads to the conclusion
of our stability result. O
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In this chapter, we consider a one-dimensional Lord-Shulman thermoelastic system with porous
damping and distributed delay term acting on the porous equation ([0.0.23)). Under suitable assumptions
on the weight of distributed delay, we establish the well-posedness of the system by using semigroup
theory and we show that the dissipations due to thermal effects with porous damping are strong

enough to stabilise the system exponentially, independently of the wave speeds of the system [8].

4.1 Preliminaries
As in [66] we introduce the following new dependent variable
z(x,0,5t) =@t (x,t—ps), in (0,1) x(0,1) x (11, 2) x (0,00) (4.1.1)
Is is easy to check that z satisfies
szt (x,0,8,t) = —zp (x,0,5,t) . in (0,1) x(0,1) x (11, 2) x (0,00) (4.1.2)

Consequently, problem (0.0.23)) is equivalent to

)
01 Ut = Hilxx + Ho@Px — Po (T O + 6x),

™
J @i = ap@xx — potx — G+ B1 (T0: +0) — y19t — /’Yz (s) z(x,1,s,t)ds,
7 (4.1.3)

a(t o+ 9)t = —Boutx — P19t + 60xx,

(52t = —Zp, in (0,1) x (0,1) x (13, 12) % (0,00)

where (x,t) € (0,1) x (0,00) .

With the following initial and boundary conditions

( u(x,0)=uo(x), ¢(x,0)=¢o(x), 0(x,0)=6y(x) in(0,1),

ur (x,0) =ug (x) , ¢t (x,0)=e¢1(x), 6:(x,0)=06;(x) in(0,1),

z(x,0,5,0) = fo(x,p0s) in(0,1)x (0,1) x (0, 1), (4.1.4)
uy (0,8) =uy (L,t) = ¢ (0,t) =@ (1,t) =6(0,t) =0(1,t) =0, +t>0

|z (x,0,s,t) = ¢t (x,1) in(0,1) x (1, ) x (0,00),
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concerning the weight of the delay, we only assume that
5!
/ 72 (s)|ds < 7. (4.1.5)
T
Meanwhile, using (2,3); and the boundary conditions, we get
P2
W/u (x,t)dx =0 Vt>0 (4.1.6)
0

So, by solving (4.1.5)) and using the initial data of u, we obtain

1 1 1
/u(x,t)dx:t/ul (x)dx+/uo(x)dx.
0 0 0
Consequently, if we set

u(x,t) =u(xt)—t

o—__

We end up with

1
/ﬁ(x,t)dxzo, t>0
0

1
ul(x)dx—/uo(x)dx t>0, xe€(0,1)
0

Thus, Poincaré’s inequality can be applied on % . In addition, simple substitution shows that (%, ¢, ) is

the solution of problem (4.1.3) with initial data for u given as

1
% (x,0) = @y (x) = g (x) — /uo (x) dx
0

and

u (x,0) =1y (x) = up (x) —

o—__

In what follows, we will work with % but, for convenience, we write u instead of u .

uq (x)dx.
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4.2 Well-Posedness

In this section, we give the existence and uniqueness result for problem (4.1.3)-(4.1.4) using the

semigroupe theory.

First, we introduce the vector function
T
U= (u,v¢¢,0,9,z) .
and the new dependent variables

v=u , ¢=¢ , Y=0s

Then the system (4.1.3))-(4.1.4) can be written as follows:

u; = Ad,
U(x,0)=Uy(x) =

Where A: D (A) C H — H is a linear operator defined by

0
m o Po 0
) xx+p Px o1 (T¢x+ x)
¢
_ | o, #o, S, B 9__ _1
Al = ](Pxx i ](P+ i (T1P+ ¢ /’)’2
P
Ly Boy Pyl Oy,
T at at at

—Ezp (x,p,5,1)

and H is the energy space given by

H=H!0,1) x L2(0,1) x H} (0,1) x L*(0,1) x H} (0,1) x L?(0,1) x L*((0,1) x

(uOI Ui, 9o, P1, 90/ QllfO)T ’

z(x,1,s,t)ds

(0,1) x

(4.2.7)

(11, 2))
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such that

H!(0,1) = H' (0,1) N L2(0,1)
1

12(0,1) = {w cL?(0,1): [ w(x)dx o}
/

- e AT
For any U = (u,v,¢,¢,0, 1p,z)T € Hand U = <L7, 0,9,¢,0,9, E) € H we equip H with the inner
product defined by

1

(U,EI)H:p jvvder]/q)(pdx+a0/(px(pxdx+5r/0 0y dx+a/(r1,b+0) (T¢+0)
0

0
1 1
+,ul/(l/lx+@§0) (ﬁer@(f)dx—i—( >/q)g0dx
M1 H1
0 0
(Y]

11
+///s|’yz z(x,p0,5,t) Z(x,p0,s,t)dsdpdx.
00

T

The domain of A is given by

D (A) :{UGH / u€ H2(0,1)NH(0,1) ; ve HI(0,1) ; 9,0 € H*(0,1)NH}] (0,1)
b€ HY (0,1) ; 2,2 € L2((0,1) X (0,1) x (1,72)) } -
Where
H§(0,1):{weH2(0,1):wx(0):wx(1):0}.

Clearly, D(A) is dense in H .

Now, we can give the following existence result.

Theorem 4.2.1. Let Uy € H , Problem has a unique solution U € C (R4, H). Moreover, if
Uy € D(A), thenU € C(Ry,D (A))NC! (R, H)

Proof. The result follows from Lumer-phillips theorem provided we prove that A is a maximal dissipa-

tive operator. Firstly, we prove that A is dissipative. For any U € D (A), and using the inner product,
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we get

(AU, U)y (’yl—/’yz ds) /4>2dx (5/92dx
1
/ |72 (s (x,1,s,t) dsdx—/ /’)/2 (x,1,s,t)dsdx (4.2.8)
0

using Young’s inequality on the last term in (4.2.8)) we obtain

1 n
—/47/’)/2() (x,1,s,t)dsdx < ( /\'yz ds) /4)2dx+2//\’yz % (x,1,s,t) dsdx
0 T 0 M
(4.2.9)
Substituting into and using we get
T 1 1
(AU U)y = — 71—/|’yz(s)|ds /(j)zdx—d/eidxgo

51 0 0

Hence, the operator A is dissipative. Next, we prove that the operator A is maximal. It is sufficient to
show that the operator I — A is surjective. Indeed, for any F = (f1, f2, f3, fa, 5, fo, f7)" € H, we prove
that there exist U € D (A) such that

(I-A)U=F (4.2.10)
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That is

u—v=f;€H01)

0 — muxx - _qox + @ (Tlpx +6x) - f2 ~ Li (0,1)
01 01 01

9—¢=fs€H(0,1)

_ 4 Bo ¢ P
A R T R

(tp+0)+ 7 To+s /’)/2 2(x,1,5,1)ds = fy € L2(0,1)
01— fs € H}(0,1)

@x+ﬂ¢—%6xx+ —¢Y= f6€L2(01)

2+ 2= fr € 12((0,1),(0,1), (1, 2))

\

(4.2.11)
We note that the last equation in (4.2.11) with z (x,0,s,t) = ¢ (x,t) has a unique solution given by

o
z(x,0,5t) =¢(x,t) e fse ™ /e”f7 (x,0,s,t)do (4.2.12)
0

Insertingv =u—f1,¢=¢ — f3,9 =0 — fsand (4.2.12) in (3,5),, (3,5), and (3,5), ,we get

plu_ﬂluxx_ﬂoq)x+,30(T+1)9x:h1 GLz(O,l)
M@ — a9 Pxx + potix — P1 (T+1)0 =hp € L*(0,1) (4.2.13)
a(T+1)0— 0380y +Botx+B1 ¢ =h3 € L*(0,1)

where

hi =p1(fi+f2) +BoT f5x
1

hy = (]+’Y1+/es’yz (s) ds) fat+Jfa—PB17fs +/se_5'yz (s)/es‘ffy (x,0,s,t)do ds

0
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hs=a (t+1) fs+atfe+ Bofix + Pifs
pe= e+ [ na(s) ds

To solve (4.2.13]), we consider the following variational formulation:
B ((u,9,0);(#¢,0)) =L (50 (4.2.14)

2
where B : [Hi (0,1) x Hg (0,1) x H}§ (0, 1)] — R is the bilinear form defined by

B <(u, ®,0); (ﬁ, @,5)) =pP1

+ p1

1
uﬁdx—t—m/(pgb’dx—i—a(r—k1)2/65dx
0 0

uxﬁxdx+ao/(px(ﬁxdx+5(r+1)/Gxgxdx

/
/

1

1
+y0/(uxg5—|—(pﬁx)dx—i—,30(r+1)/(uxa—ﬂﬁx)dx
0 0

+B1(t+1) go@ 9(p

O\H

and L : H! (0,1) x H} (0,1) x H (0,1) — R is the linear form given by

(u 7,0 /hludx+/h2g0dx+ T+1) /hg@dx

Now, for V = H! (0,1) x Hj (0,1) x H} (0,1) equipped with the norm

2 2 2 2 2 2 2
1, @, )1y = ulli200,0) + lxlliz01) + 1 @li201) + 92l T200,0) + 100 22(01) + 1162l 72(01)
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we have

1 1 1 1
B((u,¢,0);(u,e,0)) :pl/uzdx+y4/(p2dx+a(r+1)2/62dx+y1/u§dx
0 0 0

1

0
1 1
+a0/q)§dx+5(r+1)/0,%dx+2yo/uxq)dx

0 0 0

on the other hand, we can write

2 » 1 Ho 2 Ho 2 P‘% 2 V% 2
piux +2uoux @ + pa @ =5 M ux+Z(P + Ha fP+E”x + Ml—a Uuy+ | pa——1¢

using (0.0.14), we deduce
1 2 2
i+ 20t @ + e g? > 5 [(m - %) i+ <P’4— @> qu]

then, for some My > 0
B ((1,9,0);(1,9,0) = Mo [|(u, 9,0}

Thus B is coercive. Similarly, we can easily prove that the bilinear and linear forms B and L are

continue.

Consequently, by the Lax-Miligram Lemma the variational problrm (4.2.14) has aunique solution
(u,9,0) € Hr (0,1) x H} (0,1) x H} (0,1)

satifying
B ((u,(p,e); (a,fp,@)) -y (iz,(p,é“) v(iz,q;,é“) =%

The subsitition of u, ¢ and 6 into (3,5);, (3,5); and (3, 5)5,respectively, we obtain
(v,¢,9) € HL (0,1) x H (0,1) x H} (0,1)
Similarly, inserting ¢ in (4.2.12) and bearning in mind (3,5),, we find

z, z, € L?((0,1),(0,1), (1, @)
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Now, if (¢,0) = (0,0) € H} (0,1) x H{ (0,1), then (4.2.14) reduces to
1 1 1 1
p1/uﬁdx—i—yl/uxﬁxdx-l—yo/(pﬁxdx—,BO(T-i—l)/Gﬁxdx
0 0 0 0
1
— /h1 Zdx Ve H'(0,1) (4.2.15)
0

which implies

Consequently, by the regularity theory for the linear elliptic equation, it follows that
u e H?(0,1)NH(0,1)

Moreover, (4.2.15) is also true for any ¢ € C! ([0,1]) € H} (0,1). Hence, we have
1 1 1 1 1
pl/uﬂdx—l—,ul/uxﬁxdx—i—‘uo/q)l9xdx—[30 (T+1)/919xdx—/h119dx =0
0 0 0 0 0

for all ® € C! ([0,1]). Thus, using integration by parts and bearning in mind , we obtain
Uy (1) 0 (1) — uy (0) 9 (0) =0 ve € C'([0,1])
Therefore, 1y (0) = u, (1) = 0. Consequently, we obtain
u e H2(0,1)NHL(0,1)
Similarly, we obtain
—00 Qrx = —Ha @ — oty — B1 (T+1)0 +Ny € L2(0,1)

~30xy = —a(T+1)0 — Boux — P19 +h3 € L*(0,1)

thus, we have

@, 8 € H>(0,1)NH} (0,1)
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Finally, the application of the regularity theory for the linear elliptic equations guarantees the existence
of unique U € D (A) such that (4.2.10) is satisfied. Consequently, A is a maximal operator. Hence, the
result of Theorem follows from Lummer-Phillips theorem (see [52, [76]) O

4.3 Exponential stability

In this section, we use the energy method to prove that system (4.1.3))-(4.1.4) is exponentially stable.

To achieve our goal, we need the following lemmas:

Lemma 4.3.1. The energy functional, E , defined by

1 2 2
1
E(t) 5/(mutﬂfpt+ao<px+5f92+a('f9t+9) +u1(ux+z (P> + (C—%) qu) dx
1
0
1 1 1D
+§/// |72 (s (x,p,s,t)dsdpdx t>0. (4.3.17)
0 0m
satisfies

1
E'(t) < — (’yl — / |72 (s)|ds) /go?dx—d/(?,zcdx. (4.3.18)
0

Proof. Multiplying (2,3); by u:, (2,3), by ¢, (2,3); by (76; +6) and integrating over (0,1) and

summing them up we obtain

1
/ (o1 143 + 11+ 2p0p s+ ] 9F + a0 @3 +E9% +a(t 0+ 0)” + 6762 ) dx

N =
&lg_‘

0
+71/¢th+5/92dx+/qot/vz (x,1,5,t)dsdx =0 (4.3.19)
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Multiplying (2,3), by |72 (s)| z and integrating over (0,1) x (0,1) x (11, 72) we get

14 1 1n 1 o
577 2
Zdt/// 72 (s (x,p,8, t)dsdpdx+2//!’yz (x,1,s,t)dsdx
0 0. 0 1
1 1 o
_E// 2 (x,0,s,t)dsdx = 0 (4.3.20)
0T

by summing (4.3.19),(4.3.20) and using the fact that z (x,0,s, t) = ¢; (x,t),we have

(%)

1
—{5 (plu%+y1u§+2yogoux+](p%+ao(pi+C(p2+a(r9t+9)2+5r9§>dx
/s|fyz (x,p,s, t)dsdpdx}

T

/
/

:_'Yl/GUth—(S/QZdX—/QDt/’Yz z(x,1,s,t)dsdx
0

+

N[~

(5

1
—%//hz xlst)dsdx+2/|'yz |ds/q0%dx
0

T

using the fact that

2 2
uus + 2@ iy + C@7 = (”x + %9") " (C_ _) ¢

2
plu%+](pf+a0(p,2(—|—(51932(+a(70t+6)2—|—y1<ux—|—?q)) + (g_@> ¢2> dx
1

o—
VR

©

1
// 72 (s)| 2% (x,p,5,t) ds do dx
0

T
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and

T 1
E'(t) = — (fyl—%/’yz(s)ds> /go dx—é/@zdx—/(pt/'yz (x,1,s,t)dsdx
T 0

(%)

1
// (x,1,s,t)dsdx (4.3.21)
0T

NIH

using Young’s inequality, we get

1 T
/(pt/’yz x15tdsdx<( /'yz(sds)/(pdx—i-z//’yz )| 2% (x,1,s,t) dsdx
(4.3.22)
inserting (4.3.22) in (4.3.21)) , and using (4.1.5)), we find
E' (t) (71 /|’yz |ds)/(pdx(5/92dx<0
Thus, the energy is decreasing and bounded above by E(0), which concludes the proof. O
Lemma 4.3.2. Let (u, ¢,0,z) be the solution of (4.1.3)-(4.1.4) then, the functional I (t)
defined by
1
L) =pm / wudx — Bot / Qucdx >0, (4.3.23)
0
satisfies
1 1
IL'(t) < —% /u,zc dx + co/ <9,2( + u% + qz)z) dx t>0. (4.3.24)
0 0

Proof. Multiplying (2,3), by u and integrating over (0,1) we obtain

1

1 1
pl/uttudx:yl/uxxudx+y0/(pxudx—ﬁo/(Tth+6x)udx
0 0 0
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and then integrating by parts together with the boundary conditions, we get

1 1

u%dx—yo/(puxdx+ﬁo/(r9t+9)uxdx
0 0

—

1 1 1
pl/uttudx—kpl/u%dx—pl/u%dx:—]/tl
0 0 0 0
1 1 1 1
= _yl/uidx—yo/(puxdx+ﬁor/9tuxdx+,BO/Guxdx
0 0 0 0
1 1
+50T/9utxdx—/30”f/9utxdx
0 0
1 1 1 1
= —Ml/uidx—Vo/(Puxdx+ﬁor/9tuxdx+[30/9uxdx
0 0 0 0
1 1
+Bot [ Oudx+ ot [ 6 uidx
0 0

wich is equivalent to

1 1 1 1 1
% (Pl/utudX,BoT/qudx> :pl/u%dx—‘ul/u%dx—yo/gouxdx
0 0 0 0

0

1 1
+[50T/9xutdx+ﬁo/9uxdx
0 0

then, we get

1 1
L(t) =p; /utudx — ﬁoT/qu dx t>0 (4.3.25)
0 0
and
1 1 1 1 1
L' (t) :pl/u%dx—yl/u‘}cdx—yo/q)uxdx+[30T/9xutdx+,80/9uxdx (4.3.26)
0 0 0 0 0
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Using Young’s and Poincar’s inequalities and (0.0.14) we fined
1 1 1
—yo/gouxdxgéz/(pzdx—k%/u%dx (4.3.27)
0 0 0
1 1
ﬁOT/O urdx < ﬁT/ ;‘; %/ufdx (4.3.28)
0 0
1
(4.3.29)

0

1 1
ﬁo/euxdxgﬁ%/eider%/uidx
0 0

inserting (4.3.27)),(4.3.28)),(4.3.29) in (4.3.26)), we get

1 1
IL'(t) < — Moy dx+(p —i—ﬁo—)/utdaﬂ—<ﬁ%+%>/9%dx+§2/q)2dx
0 0

2
0 0
1 1
< — M1 u dx+co/ (u%+93%+¢2> dx
2
0
0
Lemma 4.3.3. Let (1, ¢,0,z) be the solution of (4.1.3)-(4.1.4) then, the functional I, (t)
defined by
1 1 1 x
L(t) = ]/(Pt pdx + ,)/7/ ]/‘0P1 / us (/ ¢ () dy) dx t2>0, (4.3.30)
0 0 0

satisfies for any €1 > 0 the estimate

1
2dx + ¢ / (T6; + 0)2dx

SN
—~
-
SN—
VAN
|
N
(e»)
o—_ .
hS)
=N
S
=
|
SIS
o
)
)
=
_I._
o
—_
o\H

1 () 1 ()
+ co <1+€l)/q)%dx—|—ﬂi (/’yz ds) //|’)/2 (x,1,s,t)dsdx t>0, (4.3.31)
1 3
0

where y3 = ¢ — —
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Proof. Multiplying (2,3), by ¢, integrating over (0,1) we obtain

1 1

]/(ptt(pdx—ao/(pxxgodx—yo/ux(pdx—(j/(p dx+[31/(79t+9)(pdx

0
1

—’71/(Pt§0dx—/ /’)/2 z(x,1,s,t)dsdx

0

using integration by parts together with the boundary conditions, we get

1 1

]/(ptt(pdx+]/gotdx—]/(ptdx——ao/(pxdx—yo/ux(pdx—(_f/(p dx+ﬁ1/(r9f+9)(pdx

0

—’Yl/gvt(de—/ /72 z(x,1,s,t)dsdx
0

wich is equivalent to

1 1 1 1 1 1
d
T (]/(pt(pdan%/(pzdx) :]/(p%dx—ao/(pidx—yo/uxgodx—(_f/(pzdx
0 0 0 0 0
1

1

0

o

+,31/(T9t+9)(pdx—/(p/'yz (s) z(x,1,s,t)dsdx  (4.3.32)
0 0 T

Multiplying (2,3); by —— / ¢ (v) dy , integrating over (0,1) and then integrating by parts together

with the boundary COI‘ldIthl‘lS we get

1 x 1 , 1 1
__;topl/utt /q)(y) dy dx:yo/ux(pdx+@/§0zdx—M/(TQHLQ)GMX
g 0 0 Mo .

0
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witch is equivalent to

1 1 1

1 X 2
i _VO_pl/ut /(p(y)dy dx :yo/ux(pdx+@/(p2dx—M/(T()t—FG)(pdx
dt U1 / / " ﬂlo H1

0

1 x
_ HopP
o /l/lf (O/ ot (y) dy) dx (4.3.33)

0

we sum (4.3.32)) and (4.3.33]) we find

1 1 1 x
d
T (]/(ptgodx %/(PZdX—M/ut (/go(y) dy) dx)
H1
0 0 0 0
1

1 1 1
:]/(p%dx—ao/qoidx—yg,/q?dx-i—(,B —ﬁ;%)/ (T0:+0) pdx
1
0 0

0 0
1

x 1 Ly
——Vopl/ut (/(Pt(y) dy) dx_/(P/’Yz(S) z(x,1,s,t)dsdx
H1 0 0 0 T

2
where 3 = ¢ — Z— then, we get
1

1 1 1 x
Iz(t):]/(pt(pdx—kﬁ/(pzdx—m/ut (/(p(y) dy) dx t>0 (4.3.34)
2 H1
0 0 0 0
and
1 1 1 1 o
12’(t):]/go%dx—ao/(pidx—yg/(pzdx—/q)/’yz() (x,1,s,t)dsdx
0 0 0 0 T

Using Young’s and Cauchy Schwarz inequalities we obtain

1 1

1 2
_ ,UOpl/ /(Pt dy dx < 51/”1‘ dx+i M /(P dx (4.3.36)
11 / 481

0 0
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1 T T 1 & 1
_/q)/ryz(s) z(x,1,s,t)dsdx < P‘i (/'yz(s)ds> //\'yz(s)\ zz(x,l,s,t)dsdxjt%/qﬁdx
0

0 T 0T

([3 _ﬁo]/lo)/l T6;+0) pdx

0
inserting (4.3.36) and (4.3.37) in (4.3.35)) we get

"1

IA
INES
o —
-

N
Y
=
_l’_

VR
=
—_
|

-

o

<

o

2 1
> / (T6+6)%dx  (4.3.37)
0

1 1

1 1
/ dx+£1/utdx—|—c0/(79t—|—9) dx+c0(1+ )/(p dx
0 0 0

0

1
1
o (/w(s)dS) 0//|vz(s>|z2(x,1,s,t>dsdx t>0

SN
—~~
—
N—
[\

|

_
o

o —_ .

S
2N
=
N|"§

O
Lemma 4.3.4. Let (u, ¢,0,z) be the solution of -(4.1.4) then, the functional I (t)
defined by
1
L (f) = —a/rz(?t(?dx - —/92 £>0, (4.3.38)
0
satisfies for any e, > 0 the estimate
1 1
g—g (76 +0) dx+sz/utdx+c0/qotdx+c0(1+ )/szx t>0. (4.3.39)
0 0

Proof. Multiplying (2,3), by —7 6, integrating over (0,1) we obtain

1

1 1
—aTz/Ottde—ar/Otde:/Sor/utXde—i—ﬁlr/(ptde—51/0xx0dx
0 0

and then integrating by parts together with the boundary conditions, we get

1 1 1
—arz/f)ttf)dx—ar/etedx: —5Or/utexdx+,31r/q;tedxwr/egdx
0 0

Univ. de Skikda BOULKHELOUA Chaima



Exponential Stability Of Lord Shulman Thermoelastic System With Porous Damping And Distributed

114

Delay Term

wich is equivalent to

1 1
%(a/ﬁgtgdx_/(ﬂdx) / x—ﬁor/ut(? dx+ﬁlr/(pf9dx+c5r/92dx

0 0

then, we obtain
1

1
I(t) = —a/rzetedx—%/ezdx
0

0

and

1 1 1
L' () = —aTZ/efdx—ﬁor/utexdwr5lr/¢t9dx+5r/9§dx
0 0 0 0

using Young’s and Poincar’s inequalities, we find

1 1 1
—,Bor/uthdxgez/u%dx+zéz(ﬁor)2 02 dx
0 0 0

1

1
ﬁlr/q)tde< ,81T2/g0 %/9,‘7;dx
0

0

making use of the fact
1

1 1
/ T@t x < —%/(T@t-l—Q)zdx—k/@%dx
0 0 0

we get
1

a
—a/(TGt g—i

0 0
inserting (4.3.41)), (4.3.42) and (4.3.43) in (4.3.40) we get

\H

(76; + 0) dx+a/92dx

a

1 1
) < E/ (76; + 0) dx+sz/utdx+c0/(ptdx+co(1+ )/gzdx t>0
0 0

(4.3.40)

(4.3.41)

(4.3.42)

(4.3.43)
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Lemma 4.3.5. Let (u, ¢,0,z) be the solution of -(4.1.4) then, the functional I4 (t)
defined by

1 x
I (t) = —p1 a/ (/ ut (y) dy) (t6:+60)dx t>0, (4.3.44)

0 0

satisfies for any €3 > 0 the estimate

1
L' (t) < —%/utdx—l—sg/u dx—i—co/go dx—l—co/gotdx
0

1
+co/92dx—|—c0 <1+ )/ (T0; +0)? t>0. (4.3.45)
0

X
Proof. Multiplying (2,3), by —p; / ut (y) dy, integrating over (0,1) we obtain
0

o (i) o o) o )
0

0 \oO 0 0 0
—(5p1/9xx (/ y) dx

using integration by parts together with the boundary conditions, we get

pla/l(/xut(y)dy) (t0:+6),d :—50p1/1utdx+(5p1/9 utdx+ﬁ1p1/qof (/ut y) dx
0

0 0 0

wich is equivalent to

1 x
= (apl/ (T6:+06) (/ut(y)dy) dx) :—apl/ (T6:+0) (/utt dy) dx+5p1/9 udx
0

0 0

—ﬁopl/lu dx+/31p1/ (/xut(y)dy) dx
0

0
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using (2,3), we obtain

el (apl/l (T6;+6) (/xut (y)dy) dx) = —au /1(79t+9)uxdx—ayo/l(r9t+9)(pdx

0 0 0 0
1

1
—f—aﬁo/(TGt—i—G)de—ﬁopl/u%dx
0 0

1 X 1
+,3101/§0t (/ut(y)dy> dx+(5p1/9xutclx
0

0 0

then, we have

1 x
Iy (t) = —ap; /(TGH—G) (/ut(y)dy> dx t>0

0 0

and
1 1 1
L' (t) = —am /(T@t +6) uxdx—ayo/(ret +6) qodx+a,30/(1'9t + 0)%dx
0 0
1 x
_‘30p1/u dx+ﬁ1p1/q>t (/ut (y) dy) dx+(5p1/0 updx (4.3.46)
0 0
Using Young’s and Cauchy Schwarz inequalities we find
1 1 , 1
(5p1/9x updx < Pop /uf dx + M/G% dx (4.3.47)
0 § 0 Po 0
1 x 1 1
B1 pl/q)t (/ ur (y) dy) dx < OT'Ol/u% ax + ﬁl—sl/qof dx (4.3.48)
0 0 0 0
1 1 1
—ayo/(r9t+0)(pdx < azz:/(ret—i—())zdx —|—a€;—yo/(p2dx (4.3.49)
0 0 0
1 1 1
—auy /(’L’Qt +0) uydx < 83/u2 ax + 4%3(11 ],11)2/ (T6; +6)*dx (4.3.50)
0 0 0
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inserting (4.3.47), (4.3.48), (4.3.49) and (4.3.50) in (4.3.46) we get

1 1
L' (t) < —%/utdxntsg/u dx+co/(p dx+co/(ptclx
0

1
+co/92dx+co<1+ )/19t+9 t>0
0
[
Lemma 4.3.6. Let (1, ¢,0,z) be the solution of (4.1.3)-(4.1.4) then, the functional I (t)
defined by
1 1 b
= ///se_SP\'yz (s)\z2 (x,p,8,t)dsdpdx >0, (4.3.51)
0 0m
satisfies the estimate
1 D 1w
! t)g—;yl//hz 2 (x,1,s,t) dsdx—m/// 72 (s)| 2% (x,p,5,t) ds dp dx
0 @ 0™
+’yl/(pf dx t>0. (4.3.52)
0

Proof. Multiplying (2,3), by e |2 (s)| z, integrating over (0,1) x (0,1) x (11, 72) we obtain

T 1 &

11
///se‘SP|fyz(s)|ztzdsdpdx— /// TP ly2(s)| zpzdsdpdx
0 0

T

wich is equivalent to

d 1 1 11mn a
L] [se e m@I2 s hasdodx =~ [ [ [0 32 ()] 22 (x,p,5,1) dsdpx
00m 00T P

Integration by part and using the fact that z (x,0,s,t) = ¢ (x,t) gives
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1 T
se Py (s)] Z2 (x,p,s,t)dsdpdx = —//eS |72 (s)|z2 (x,1,s,t)dsdx

0mn

S

S O—_

©

1
se P |y (s)|z2 (x,p,s,t)dsdpdx + /|’yz (s)|ds /go%dx
0

T

O\H o\'_‘
:‘\.s‘ :1\“51

then, we have

1 1n
I5 (t) :///se_SP]’yz (s)| 2 (x,p,8,t)dsdodx >
0 0m

and

1 » T

1
/(p?dx
0

N
—~
—
~—
I
[
[
»
<
N
—
95
=
N
N
—~
\a
=
&
—
~—
2
95
U
=
_I_
=
N
—
¥5)
~—
=
95

0 T

T
11
—///se_SP 72 (s)| 2% (x,p,5,t) ds dp dx
00m

using the fact thate™® < ¢™°F <1 we getforall p € [0,1]

(%)

1 » 1
I5'(t) < —//e_s|’yz (s)|z2 (x,1,s,t)dsdx + (/|’yz (s)|ds) /(p%dx
0 @ 0

a

T

11
—///ses 72 (s)| 2% (x, 0,5, t) dsdp dx
00

51

Since —e™® is an increasing function, we have —e™° < —e™ 2 for all s € |1y, 1] .

Finally, setting 71 = e~ and recalling |l we get ((4.3.52)) O

Now, we define the Lyapunov functional L (¢) by
Lt)=NE(#)+N1L(t)+NoIp(£)+N3sIz(t)+ Nyly (f) + NsIs5(t) Vt>0, (4.3.53)

where N, N, Np, N3, Ny and N5 are positive real numbers to be chosen appropriately later
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Lemma 4.3.7. Let (1, ¢,0,z) be the solution of (4.1.3)-(4.1.4) then, there exists two positive constants
by and b, such that the Lyapunov functional L (t) satisfies

WE() <L(t)<bE(t) Vt>0, (4.3.54)

and
L'(t)< —cE(t) , ¢>0. (4.3.55)

Proof. From (4.3.53), we can write

[L(t) = NE(#)] < Np[L (#)] + Nz [I2 (#)] + N3 |I3 (£)| + Ny [ L4 (£)| + N5 | I ()]
1 1 1

< Nipy [ ] Ju] dx+Nao [ Jus] |6 dx+N2]/]got\ gl dx+ 21 [ gPax
0 0 0
1

Nz}lom /| </|q) dy) dx + N3a > /|6t| 60| dx + N?’;T/szx

0
+N4p1a/|"c€t+6| (/ut dy) dx+N5///se 0 |v2 ()| z°ds dp dx

Exploiting Young’s, Poincaré, Cauchy-Schwarz inequalities, (4.3.17)) and the fact that e °¢ < 1 for all
p € [0,1] we obtain

IL(t) - NE(t)| <c

Consequently, we have

Choosing N is sufficiently large and depends on N; , i = 1,5, we obtain (4.3.55))
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Now, By differentiating (4.3.53) and recalling (4.3.18) , (4.3.24) , (4.3.31) , (4.3.39) , (4.3.45) ,
(4.3.52) we get

1
L (t) < — (N4ﬁ0,01 —N382—N2€1—N1C0) /utdx—Nzao/(pzdx

0
1

1
(N (’)’1 /|'YZ |d5> — Ns ¢ (1—{—a> N3C0N4C0N5’)/1) /q)%dx

0

1 1
1
_ ((SN—Nl co — N3 g (1+ €_> —N4C0) /Gidx_ (lel’ll —N4s3) /u,zcdx
2 0 0
1

1
_ (N22V3 —Nlco—N4co>/go2dx— <#—N260—N460 (Ll—%)) /(T9t+9)2dx
0

0
—(N5171 NZ%)//] Y2 (s)| 2 (x,1,5,t) ds dx

—N5171/// 72 (s)| 2% (x,0,5,t) dsdp dx

~ Bop1 Ny . ~ Bop1 Ny and53:Pl1N1

At this point, we set e; = 8N, 2T N, N,

, we end up with
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N 1
L'(t) < - ( 1hopr —Nlco) /utdx—Nzao/q)zdx
0
T 8N 1
N|m-— /|’Yz(5)|d5 —N2C0(1+ : )—Nsco—N4CO—N5’Yl /(P%dx
Ny Bo p1
T 0
4N. : N :
—(5N—N1C0—N3CQ(1+ 3 )—N4C0>/9§dx—l—‘ul/u§dx
Ny Bo p1 4
0 0
( dx

1 1
4
N22V3 —Nlco—N4c0>/q)2dx— <%—N260—N4Co (1—|— N ))/ (76 +6)
0 0

Ny
N 1 v
- <N5771— ;Zl)//")’z (s)] 2 (x,1,s,t)dsdx
0 m

—N5’71/// 172 (s)| 2% (x, p,5,t) dsdp dx

Then, we fixed N7 and we choose N, large enough such that

Ny Bo o1

K1 = 3

—Nicog>0

once N, is fixed, we take N, large enough such that

_ Nj u3

5 — Njco— Ngcg >0

after we fixed N;, we choose N3 and Nj large enough such that

N 4N, N.
K3:%Q—N2C0—N4CO(1+N1;1>>O , kg = N511 — ;:’1 >0

Finally, select N that is large enough ( even larger such that (4.3.54) is still valid ) to

%)
8N
=N (71/|72(5)| ds) — Na ¢ (1+ 2 )—Nsco—N4CO—N5’Yl >0
T

Ny Bo o1
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and
4Nj;

Ny Bo o1

K6:§N—N100—N3c0<1+ )—N4co>0

Moreover, we set
— - 8= N> ag p K9 = N5 11
we obtain (4.3.55) O

In what follows, we’ll use the equivalence relationship (4.3.54) to estimate the system’s energy
(4.1.3)-(4.1.4) using the estimated (4.3.55]) based on the assumption (4.1.5]). The stability result can

now be stated as follows.

Theorem 4.3.1. Let (u, ¢, 0, z) be the solution of (4.1.3)-([.1.4) and we assume that (0.0.14) hold, Then,

the solution (u, ¢,0,z) decays exponentially, i. e . there exist two positive constants Ay and A, such that
E(t) < Age ™t vt >0. (4.3.56)
Proof. using the equivalence of E(f) and L(t) we deduce that

L'(t)y<—ML() Vt>0 (4.3.57)

where A1 = L3 > 0, Asimple integration of (4.3.57) gives

by

L(t)<L(0)e ™!  vt>0

which yields the serial result (4.3.56) and by using the other side of (4.3.54) again. The proof is

complete O
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CONCLUSION

In this research, we conducted an in-depth qualitative study of hyperbolic-type problems under the
influence of various forms of delay, some of which are characterized by the absence of damping
effects. The analysis was developed within a rigorous mathematical framework, relying on the theory
of semigroups to derive fundamental results regarding the existence and uniqueness of solution. The
assumptions were carefully selected to reflect realistic modeling scenarios while ensuring mathematical
feasibility.

To gain a deeper understanding of the dynamic properties of the solutions, particular attention
was given to the asymptotic analysis of the behavior of the system. This was achieved by applying
the energy method, in which a carefully constructed Lyapunov functional based on the multiplicative
approach was used to obtain precise decay estimates. This methodology enabled us to demonstrate
that the energy associated with the system decays exponentially over time, confirming the stabilizing
effect of the integrated delay mechanisms under the proposed assumptions. For one of these systems, a
numerical study was conducted to validate the analytically obtained results.

Building on this foundation, we plan to carry out a detailed numerical investigation of the remaining
systems presented in this work. The benefits of this numerical study will extend beyond validating the
analytical results; it will also provide visual and quantitative insights into the time evolution of the
solutions. Furthermore, it will facilitate the exploration of parameter sensitivity and the effectiveness
of delay in practical applications, thus paving the way for future research on control strategies and

optimization in similar dynamical systems.
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