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ABSTRACT IN ENGLISH

This thesis focuses on the study of the existence and asymptotic behavior of the solution of

hyperbolic problems in delay with various heat conduction equations. We are interested in proving

the existence of the solutions using the semigroup theory, and injectivity to prove uniqueness. We

demonstrate the exponential stability using the energy method by constructing a suitable Lyapunov

functional equivalent to the system’s energy. In addition, one of the systems was studied numerically.

In this regard, we study the following three problems: The first concerned with a delayed swelling

porous thermoelastic soils model, the second is related to a heat porous thermoelastic system in the

presence of distributed delay without frictional damping, and the last one is devoted to the study of

Lord Shulman thermoelastic system with porous damping and distributed delay term.

Key words : Hyperbolic problems, Delay, Swelling porous system, Porous system, Heat conduction

equations, Semigroup theory, Lyapunov functional, Exponential stability.



ABSTRACT IN FRENCH

Cette thèse porte sur l’étude de l’existence et du comportement asymptotique de la solution

de problèmes hyperboliques à retard avec diverses équations de conduction thermique. Nous

cherchons à démontrer l’existence des solutions à l’aide de la théorie des semi-groupes et l’injectivity

pour démontrer l’unicité. On démontre la stabilité exponentielle par la méthode énergétique en

construisant une fonctionnelle de Lyapunov appropriée équivalente à l’énergie du système. De plus,

l’un des systèmes a été étudié numériquement. À cet effet, nous étudions les trois problèmes suivants :

le premier concerne un modèle de sols thermoélastiques poreux à gonflement retardé ; le deuxième

concerne un système thermoélastique poreux à la chaleur en présence d’un retard distribué sans

amortissement par frottement ; et le dernier est consacré à l’étude du système thermoélastique de Lord

Shulman avec amortissement poreux et terme de retard distribué.

Mots-clés : Problèmes hyperboliques, Retard, Système poreux gonflant, Système poreux, Équations de

conduction thermique, Théorie des semi-groupes, Fonctionnelle de Lyapunov, Stabilité exponentielle.



 

 

 

 صخمل      
ة تحت تأثير قوانين مختلف ، وذلكخيرتأائدي بل من النوع الزلمسائ ولللحل الوجود والسلوك التقاربيتركز هذه الأطروحة على دراسة 

والتحقق من  ووحدانيتها باستعمال التباين استخدام نظرية أنصاف الزمرب ولالحلوجود  لى اثباتإ يهدف هذا العمل. للتوصيل الحراري

. ةوسالمدر لجملطاقة المرتبطة بائة لدالة المكافالليابونوف طريقة الطاقة وذلك من خلال بناء دالة بالاعتماد على  لها الاستقرار الأسي

والتحقق من النتائج النظرية  لاحدى الجمل قيد البحث بهدف توضيح السلوك الديناميكي للحل عددية دراسة ة إلى ذلك، تم اجراءإضاف

ة مرنة مسامية منتفخ -حرارية -بة: الأولى تتعلق بنموذج ترلصدد، تناولت الأطروحة ثلاث مسائل رئيسية. وفي هذا االمتحصل عليها

، في حين تعنى الأخيرة ر موزع في غياب تأثير التخميد الاحتكاكيمع تأخي ذو مرونة حرارية امسامي اوسطلثانية فتعالج ير، أما اأختب

 في ظل تأثير التخميد المسامي والتأخير الموزع.  ةالحراري ةلورد شولمان المرن جملة بدراسة

 

 توصيل حراري، نظرية أنصاف مسامي،  وسطمنتفخ،  مسامي وسط ،تأخير جمل معادلات تفاضلية جزئية زائدية،  كلمات مفتاحية:        

 ستقرار أسي.الطاقة، دالة  ليابونوف، ا الزمر، دالة

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



NOTATIONS

• PDEs: the abbreviation for " partial differential equations".

• R: the set of real numbers (1-dimensional real Euclidean space).

• Rd: the real space of dimension d or d-dimensional real Euclidean space.

• Ω: the open domain in RN

• Lp(Ω): Lebesgue space.

• Lp
loc(Ω): set of locally integrable functions.

• Wk,p(Ω): the Sobolev space.

• Ck(Ω): the space of k times continously differentiable functions.

• C∞(Ω) = ∩k∈NCk(Ω).

• C∞
c (Ω): the space of C∞(Ω) functions with compact support.

• < ., . >: the scalar product.

• ‖.‖: the norm.

• C0: the abbreviation for "Cesàro summable of order 0".

• c0: a generic positive constant.
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GENERAL INTRODUCTION

Mathematics serves as a fundamental tool across diverse scientific disciplines, providing a universal

language to describe and understand the complex phenomena observed in nature. From physics

and engineering to biology and economics, mathematics plays a crucial role in modeling and analyzing

a wide range of scientific phenomena. This interdisciplinary reliance on mathematics highlights its

versatility and power as a tool for scientific inquiry.

In the realm of physics and engineering, mathematics enable the formulation of precise models to

describe the behavior of physical systems. Differential equations, for example, are used to model the

dynamics of particles, fluids, and electromagnetic fields, allowing scientists and engineers to predict

the outcomes of complex interactions and design innovative technologies.

Furthermore, mathematics serves as a bridge between different scientific disciplines, facilitating

interdisciplinary collaborations and the integration of knowledge from diverse fields. Through mathe-

matical modeling, scientists can explore connections between seemingly unrelated phenomena and

uncover the underlying principles that govern complex systems.

In summary, the need for mathematics in modeling various scientific phenomena transcends

disciplinary boundaries, underscoring its importance as a unifying tool in the pursuit of scientific

understanding. By harnessing the power of mathematics, researchers across different fields can address

complex challenges, make informed predictions, and drive innovation in science and technology.

Partial Differential Equations (PDEs) play a fundamental role in modeling a wide array of phenom-

ena across various fields of science and engineering. At their core, PDEs are mathematical equations

that involve multiple independent variables, such as time and space, and partial derivatives of functions.

They are employed to describe the behavior of systems that evolve over time and space, making them

indispensable tools in understanding natural processes, physical phenomena, and engineering systems.

The significance of PDEs lies in their ability to capture the complex dynamics and intricate rela-

tionships present in diverse phenomena. From fluid dynamics to heat transfer, from electromagnetic
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fields to quantum mechanics, PDEs provide a rigorous framework for quantifying and predicting the

behavior of these systems. By expressing physical laws and principles in mathematical terms, PDEs

enable researchers and engineers to simulate, analyze, and optimize real-world systems and processes.

One of the key advantages of PDEs is their generality and versatility. They can be tailored to model a

vast range of phenomena with varying degrees of complexity, allowing for the investigation of systems

at different scales and levels of detail. Whether studying the propagation of waves in the ocean, the

diffusion of pollutants in the atmosphere, or the spread of diseases in populations, PDEs offer a unified

language to formulate and solve problems across disciplines.

Moreover, the development and analysis of numerical methods for solving PDEs have led to

significant advancements in computational science and engineering. These methods enable researchers

to approximate solutions of complex PDEs, providing insights into phenomena that may be challenging

or impossible to study analytically. Additionally, the advent of high-performance computing has

facilitated the simulation of large-scale systems, leading to breakthroughs in fields such as climate

modeling, materials science, and astrophysics.

The delay differential equations ( DDEs)

In the context of partial differential equations (PDEs), a delay term refers to a mathematical expression

that involves the value of a function at some previous time(s) or spatial location(s).

In equations with delay terms, the evolution of the system at any given time or location depends

not only on its current state but also in its past states. This introduces a temporal or spatial delay into

the equation, which can significantly affect the behavior and stability of the system.

The presence of delay may be a source of instability, as demonstrated in studies [15], where it

was proved that an arbitrarily small delay may destabilize a system, which is asymptotically stable

in the absence of a delay. Delay terms are often encountered in systems where there is a time lag

between cause and effect, such as in models of biological processes, chemical reactions, or systems

with feedback loops. These delays can arise due to various reasons, such as the time it takes for signals

to propagate through a medium or the time required for processes to occur.

Analyzing and solving PDEs with delay terms often involves numerical methods tailored to handle

the additional complexity introduced by the delays. Mathematically, we mention some type of delay

for simple differential equation where the time delay is denoted by τ :

Univ. de Skikda BOULKHELOUA Chaima
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Constant time delay

A constant time delay refers to a fixed period of time that elapses between the occurrence of an event

and the subsequent response or action. It’s denoted by a constant τ, its equation is written as follows:

d
dt

x (t) = f (t, x (t− τ)) ,

Distributed time delay

A distributed time delay refers to a delay term in which the effect of past states of inputs is distributed

over a certain spatial region rather than occurring at a single point. This concept is particularly relevant

in systems where the propagation of signals or phenomena occurs with a finite speed, resulting in a

spatial distribution of time delays. Its equation is written as follows:

d
dt

x (t) = f

t,
τ∫

0

µ (s) x (t− s) ds

 ,

Varying time delay

A varying time delay refers to a situation where the time between the occurrence of an event and

the subsequent response or action fluctuates over time. Unlike a constant time delay, which remains

fixed, a varying time delay can change in duration, either gradually or abruptly, due to fluctuations

or changes in the system or environment. These fluctuations may arise from factors such as system

dynamics, external disturbances, or nonlinear interactions, and they can impact the temporal behavior

and stability of the system. It is often represented as τ (t), its equation is written as follows:

d
dt

x (t) = f (t, x (t− τ (t))) ,

In 1990 , V. Komornik and E. Zuazua [49] proved that the wave equation system

utt (x, t)− ∆u (x, t) = 0 , in Ω× (0, ∞)
∂u
∂v

(x, t) = F (x, ut) , in Γ0 × (0, ∞)

u = 0 , on Γ1 × (0, ∞)

u (x, 0) = u0 , ut (x, 0) = u1 , in Ω

(0.0.1)

Univ. de Skikda BOULKHELOUA Chaima



4 General introduction

is exponentially stable.

Where Ω ⊂ Rn is a bounded domain with smooth boundary Γ, (Γ0, Γ1) being partition on Γ, and v

is the unit normal vector of Γ pointing towards the exterior of Ω.

In 2006, S. Nicaise and C. Pignotti [66] proposed system (0.0.1) with a delay term in the boundary

condition 

utt (x, t)− ∆u (x, t) = 0 , in Ω× (0, ∞)
∂u
∂v

(x, t) = −µ1ut (x, t)− µ2ut (x, t− τ) , in Γ0 × (0, ∞)

u = 0 , on Γ1 × (0, ∞)

u (x, 0) = u0 , ut (x, 0) = u1 , in Ω

ut (x, t− τ) = f0 (x, t− τ) , in Γ0 × (0, τ)

(0.0.2)

They also considered the problem for the wave equation with a delayed velocity term and mixed

Dirichlet–Neumann boundary condition



utt (x, t)− ∆u (x, t) + a (x) (µ1ut (x, t) + µ2ut (x, t− τ)) = 0 , in Ω× (0, ∞)
∂u
∂v

(x, t) = 0 , in Γ0 × (0, ∞)

u = 0 , on Γ1 × (0, ∞)

u (x, 0) = u0 , ut (x, 0) = u1 , in Ω

ut (x, t− τ) = g0 (x, t− τ) , in Γ0 × (0, τ)

(0.0.3)

where a ∈ L∞ (Ω) is a function such that

a (x) ≥ 0 in Ω and a (x) > a0 > 0 in ω ,

where ω ⊂ Ω is an open neighborhood of Γ0 .

In both cases, based on the hypothesis that µ2 < µ1, they prove exponential stability of the solution.

If one of the above assumptions is not satisfied, some instability results are also given by constructing

some sequences of delays for which the energy of some solutions does not tend to zero. In 2008, [67]

they obtained exponential stability results in the case where the distributed delay replaces the constant

delay in (0.0.2) - (0.0.3)
τ2∫

τ1

µ2 (s) ut (x, t− s) ds ,

Univ. de Skikda BOULKHELOUA Chaima



General introduction 5

provided that
τ2∫

τ1

µ2 (s) ds < µ1 .

They also provided an example of instability when the following assumption was not verified

‖α‖∞

τ2∫
τ1

µ2 (s) ds < µ1 .

On the other hand, in collaboration with J. Valein [69], they obtained a similar result when we replace

the constant delay term in (0.0.2) on the boundary with a varying delay term of the form:

µ2 ut (x, t− τ (t)) ,

assuming that

µ2 <
√

1− d µ1 ,

where d is a constant such that

τ′ (t) < d < 1 , t > 0 .

Another type of delay called neutral delay is referred to in earlier research [47, 85, 22]

For more examples studying the stability of PDEs with the time delay, the reader can refer to

references [48, 68, 70]

Porous Elastic theory

The theory of porous resilience is concerned with studying the behavior of materials containing

spaces (pores) filled with liquid or gas, such as soil, sedimentary rock, concrete, sponges, and

many biological materials. These blanks significantly affect the properties of mechanical material, such

as strength, toughness, and compression.

In the theory of porous resilience, the relationship between flexibility and porosity is essential

to understand how materials are deformed and respond to external forces, such as fluid pressure in

pores, distribution and size of pores, fluid interaction with porous walls, and the interaction of these

factors with mechanical loads. This theory allows modeling the behaviour of natural and geometric
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6 General introduction

materials in more precise ways, helping to improve the design and construction of engineering facilities

and analysis of natural phenomena. This theory is widely applied in fields such as soil mechanics,

geosciences, and geotechnical engineering.

The theory relies on partial differential equations that describe the equilibrium of forces and

displacements in porous materials. The elasticity of the solid framework and the effects of pressures

within the voids are taken into account.

We consider the following two basic evolution equations of the one-dimensional porous materials

theory:

ρ utt = Tx , J ϕtt = Hx + D , (0.0.4)

where T , H and D represent, respectively, the stress tensor, the equilibrated stress vector and the

equilibrated body force with the following constitutive equations

T = µ ux + b ϕ , D = −b ux − ξ ϕ , H = δ ϕx , (0.0.5)

where u = u (x, t) is the displacement of the solid elastic material, ϕ = ϕ (x, t) is the volume fraction, ρ

is the mass density, J equals to product of the equilibrated inertia by the mass density. The coefficients

µ , b , ξ , δare positive constitutive constants such that

µ ξ > b2 . (0.0.6)

Swelling Porous Elastic theory

The theory of swelling porous elasticity is a mathematical and physical model used to describe the

behavior of porous materials that swell when exposed to liquids or gases. This theory is particularly

applied to materials such as hydrogels, clay soils, polymer membranes, and other substances that can

interact with surrounding fluids.

The theory is based on the idea that a porous material consists of a solid framework containing

pores that can be filled with fluid. When the fluid is absorbed, the solid framework swells, leading to

changes in shape, volume, and mechanical stresses within the material.

The main components of the swelling porous elasticity theory include:

1. Solid Elasticity: Describes the mechanical response of the solid framework without considering
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the fluid.

2. Pore Swelling: Describes how the volume of the pores changes when the fluid is absorbed.

3. Interaction Between Solid and Fluid: Describes the mutual forces between the solid framework

and the fluid in the pores and how this affects changes in volume and shape.

This theory is used in various applications, including environmental engineering, materials science,

and biological sciences, where it can help design new materials and analyze the behavior of natural

and industrial systems that interact with fluids.

To describe the relationship between stresses, deformations, and fluid pressure within the pores, we

consider the following two basic evolution equations:

ρu utt = Tx + P1 + F1 , ρz ztt = Hx − P2 + F2 , (0.0.7)

where the constituents u and z represent the displacement of the fluid and elastic solid material. The

parameters ρu and ρz are the densities of each constituent which are assumed to be strictly positive

constants. T , H are the partial tensions, F1 , F2 are the external forces, P1 , P2 are internal body forces

associated with the dependent variables u , z . We assume that the constitutive equations of partial

tensions are given as in [42] by  T

H

 =

 α1 α2

α2 α3


︸ ︷︷ ︸

M

 ux

zx

 , (0.0.8)

whereM is a positive definite symmetric array, i.e.,

α1 α3 > α2
2 . (0.0.9)

Thermoelasticity theory

According to the thermoelasticity theory, a body’s deformation is connected to a change in enthalpy

and, consequently, a change in temperature. In other words, thermoelasticity is the study of the

relationship between a material’s thermal conductivity and pressure, as well as its elastic qualities and

temperature.
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Fourier’s law of heat conduction (1822)

In the classical model of heat diffusion, heat flow is governed by Fourier’s law of thermal conductivity

[34], which is considered as the best foundational equation for modeling heat conduction and states

that heat flow is proportional to the temperature gradient. The thermal conductivity equation is given

by Fourier’s law as

q = −κ θx , (0.0.10)

where κ > 0 represents the coefcient of thermal conductivity of the material.

However, this model has a major drawback, as its use leads to physical inconsistency For the infnite

speed of heat diffusion, in other words, any thermal disturbance at one point will instantly transfer to

other parts of the body. To overcome this paradox, other theories of thermoelasticity have emerged.

Cattaneo Maxwell’s heat conduction (1948)

The Cataneo Maxwell Thermal Conductivity Equation [12, 13] is an adjustment to the classic Furier

model of thermal conductivity. This equation aims to address some limitations in the Ferrer model,

especially in cases that require a more accurate description of thermal conductivity in short-time

materials or small distances, such as nanomaterials or when dealing with thermal pulses. Cataneo

Maxwell’s equation is to add a time limit to describe the time response to thermal flow, and appears as

follows:

τ0 qt + q + κ θx = 0 , (0.0.11)

where τ0 is a positive constant represents the time lag in the response of the heat flux to the temperature

gradient and is referred to as the thermal relaxation time.

When the thermal relaxation period τ0 is not too small, the Cataneo Maxwell’s equation can show it

wavelength solutions. This means that heat can spread as a wave rather than a normal spread, and this

is the theoretical basis of the second sound phenomenon. This phenomenon usually appears at very

low temperatures, such as helium II and high purity crystal forms of solids.

Green and Naghdi Theories

Green and Naghdi [36, 37] proposed a way to eliminate the paradox of infnite velocities, they used an

analogy between the concepts and equations of purely thermal theories and purely mechanical theories
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and came up with three types of constitutive equations for heat flow in a fxed solid cohesive material

classifed as type I , type II and type III , where Type I leads to the usual thermal conductivity according

to Fourier’s law. In type II and type III theories, the constitutive equations for the heat flux are given by

q = − f1 ψx , q = − f1 ψx − f2 θx ,

respectively, where

ψ = θ0 (x) +
t∫

0

θ (x, τ) dτ ,

is the thermal displacement and f1 , f2 are positive constants.

These theories represent an attempt to understand how thermal changes affect materials and

composites at the atomic and molecular levels.

Lord and Shulman Theory

This theory [53] is based on the study of a system of four hyperbolic equations with heat dissipation; in

this case, the heat equation is also hyperbolic as opposed to the parabolic one obtained from Fourier’s

law.

ρ1utt = tx , Jϕtt = hx + g , ρ1T0ηt = qx , ρ1et = Px + q−Q , (0.0.12)

Where ρ1 is the mass density, J is the product of the mass density by the equilibrated inertia, T0 is the
reference temperature at the equilibrium state (which we assume to be equal to one for simplicity),
t is the stress tensor, η is the entropy, q is the heat flux vector, h is the equilibrated stress, g is the
equilibrated body force, P is the first heat flux moment, Q is the mean heat flux and e is the first
moment of energy.
The variables u and ϕ are, respectively, the displacement of the solid elastic material and the volume
fraction.
The constitutive equations are:

t = (λ + 2µ) ux + µ0 ϕ− β0 (τθt + θ) h = a0 ϕx − µ2 (τTt + T) ,

g = −µ0ux − ξϕ + β1 (τθt + θ) ρ1η = β0ux + β1 ϕ + a (τθt + θ) ,

q = δθx + k1T P = −k2Tx, (0.0.13)

Q = (δ− k3) θx + (k1 − k2) T ρ1e = −b (τTt + T)− µ2 ϕx.
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The variable θ denotes the temperature, T denotes the microtemperature, which represents the

variation of the temperature inside the microelement, λ and µ are the usual parameters and τ is the

relaxation parameter, which is assumed to be small but strictly positive. The coefficients β0 , β1 , µ0

, δ , a0 are positive constants, denotes respectively, the coupling between the displacement and the

temperature, the coupling between the displacement and the volume fraction, the coupling between

the displacement and the porosity, the thermal conductivity and the thermal capacity.

The rest of the constituent parameters k1 , k2 , k3 , ξ and µ2 define the characteristics of the material

and, in particular, they define the couplings and satisfy the inequalities:

µ0
2 < µ1ξ, (0.0.14)

and

k2
2 < δk1, (0.0.15)

Where µ1 = λ + 2µ , by substituting (0.0.13) into (0.0.12) , we obtain the following system:



ρ1 utt = µ1uxx + µ0ϕx − β0 (τ θtx + θx) , in (0, 1)× (0, ∞)

J ϕtt = a0ϕxx − µ2 (τ Ttx + Tx)− µ0ux − ξϕ + β1 (τ θt + θ) , in (0, 1)× (0, ∞)

a(τ θt + θ)t = −β0 utx − β1ϕt + δθxx + k1Tx, in (0, 1)× (0, ∞)

b(τ Tt + T)t = k2Txx − µ2ϕtx − k2T − k3θx, in (0, 1)× (0, ∞)

(0.0.16)

Gurtin and Pipkin Theory

It is important to note that the second sound and type III theories cannot adequately explain the

memory effect that predominates in specific materials, especially at low temperatures. As a result,

a more general fundamental assumption about heat flow to thermal memory is required. In [39]

Gurtin and Pipkin prosed that heat flux depends on the integrated history of the weighted temperature

gradient against a relaxation function called the heat flux kernel. They developed a general nonlinear

theory in which thermal disturbances propagate with a finite speed. According to this theory, the linear

constitutive equation for q is given as follows

q = −
t∫

−∞

k (t− s) θx (x, s) ds , (0.0.17)
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where k (s) is the heat conductivity relaxation kernal. The presence of the convolution term (0.0.17)

renders the porous system coupled with the heat equation into a fully hyperbolic system, this allows

the heat to propagate with finite speed and admits to describe the memory effect of heat conduction.

We note that many different constitutive models arise from different choices for k (s), in particular, if

we take k (s) = κ δ (s), where δ is the Dirac mass weighted at 0, then (0.0.17) reduced to the Fourier’s

law (0.0.10), and if we choose

k (s) =
κ

τ0
e−

s
τ0 , τ0 > 0 ,

we obtained Cattaneo’s law (0.0.11). So (0.0.17) is a generalized from Fourier’s and Cattaneo’s law.

Results Description

The aim of this dissertation is to investigate the well posedness as well as the asymptotic behavior

of solutions of some systems for the one-dimensional case.

Our contributions start from the second chapter , based on (0.0.7) , (0.0.8) and the Cattaneo

Maxwell’s heat conduction (0.0.11) we investigate, under the assumption (0.0.9), the asymptotic

stability of solution of the following problem:
ρz ztt = α1 zxx + α2 uxx , in (0, L)× (0, ∞)

ρu utt = α3 uxx + α2 zxx + β θx − µ ut (x, t− τ) , in (0, L)× (0, ∞)

c θt = −qx + β utx , in (0, L)× (0, ∞)

τ0 qt = −q− k θx , in (0, L)× (0, ∞)

(0.0.18)

with the boundary conditions

z (0, t) = zx (L, t) = u (0, t) = ux (L, t) = θx (0, t) = θ (L, t) = q (0, t) = 0 , t > 0 (0.0.19)

and the initial data
z (x, 0) = z0 (x) , zt (x, 0) = z1 (x) , θ (x, 0) = θ0 (x) , x ∈ (0, L)

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , q (x, 0) = q0 (x) , x ∈ (0, L)

ut (x,−t) = f0 (x, t) in (0, L)× (0, τ)

(0.0.20)

where θ = θ (x, t) represents the temperature difference, q = q (x, t) is the heat flux and the coefficients
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α1, α2, α3, c, β, τ0, k are positive constants represent the constitutive parameters defining the coupling

among the different components of the materials, µ is a real number, τ > 0 represents the time

delay. The initial data z0, z1, u0, u1, θ0, q0 belongs to a suitable functional space and f0 is a history

function. We’ll prove that the unique dissipation given by the second sound is strong enough to

stabilize exponentially the system regardless of the wave speeds of the system or any other condition

on coefficients in spite of the existence of the delay without the damping mechanism to control

the undesirable delay effects that may be a source of instability of systems which are uniformly

asymptotically stable in the absence of delay unless additional control terms have been used (see[16,

15, 38, 87]). Also, the introducing of delay may lead to well-posedness, as shown in many works such

as [15, 79] and the references therein.

In chapter three, according to (0.0.4) and (0.0.5), we study the well posedness and exponenetial

stability of the following porous thermoelastic system with distributed delay time


ρ1utt = µuxx + bϕx − βθx − γ1ut −

τ2∫
τ1

γ2 (σ) ut (x, t− σ) dσ , in (0, π)× (0, ∞)

J ϕtt = α ϕxx − b ux − ξ ϕ + δ θ − τ ϕt , in (0, π)× (0, ∞)

c θt = −qx − β uxt − δ ϕt , in (0, π)× (0, ∞)

(0.0.21)

with the boundary conditions and the initial data
u (0, t) = u (π, t) = ϕx (0, t) = ϕx (π, t) = θx (0, t) = θx (π, t) = 0 , t > 0 ,

u (x, 0) = u0 (x) , ϕ (x, 0) = ϕ0 (x) , θ (x, 0) = θ0 (x) , x ∈ (0, π) ,

ut (x, 0) = u1 (x) , ϕt (x, 0) = ϕ1 (x) , x ∈ (0, π) ,

ut (x,−t) = f0 (x, t) , x ∈ (0, π) , t ∈ (0, τ2) ,

(0.0.22)

where u = u (x, t) is the transversal displacement, ϕ = ϕ (x, t) is the volume fraction, θ = θ (x, t) is

the temperature variation from an equilibrium reference value and q = q (x, t) is the heat flux. The

coefficients ρ1, J, c, µ, α, b, ξ, τ, γ1 are positive constitutive constants such that (0.0.6) holds.

The coefficient β and δ are the coupling constants that are different from zero but their signs does

not matter in the analysis. The term

τ2∫
τ1

γ2 (σ) ut (x, t− σ) dσ is a distributed delay that acting only on

the porous equation and γ2 : [τ1, τ2]→ R is a bounded function, where τ1 and τ2 are two real numbers

satisfying 0 ≤ τ1 < τ2. The initial data u0, u1, ϕ0, ϕ1, θ0, f0 belongs to a suitable functional space.
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And the heat conduction equation is given by Gurtin Pipkin thermal law (0.0.17). We’ll establish an

exponential stability result without any restriction on the coefficients.

In the last chapter we consider the problem (0.0.16) with distributed delay time acting on the

porous equation in the absence of micro-temperature effect, taking into account the parameters µ2, k1,

k2, k3 equal to zero. We get the following system

ρ1 utt = µ1uxx + µ0ϕx − β0 (τ θtx + θx) ,

J ϕtt = a0ϕxx − µ0ux − ξϕ + β1 (τ θt + θ)− γ1ϕt −
τ2∫

τ1

γ2 (s) ϕt (x, t− s) ds,

a(τ θt + θ)t = −β0 utx − β1ϕt + δθxx = 0,

(0.0.23)

where (x, t) ∈ (0, 1)× (0, ∞) .

With the initial data:

u (x, 0) = u0 (x) ϕ (x, 0) = ϕ0 (x) , θ (x, 0) = θ0 (x)

ut (x, 0) = u1 (x) ϕt (x, 0) = ϕ1 (x) , θt (x, 0) = θ1 (x) x ∈ (0, 1)

ϕt (x,−t) = f0 (x, t) x ∈ (0, 1) , t ∈ (0, τ2) ,

and Neumann-Dirichlet boundary conditions

ux (0, t) = ux (1, t) = ϕ (0, t) = ϕ (1, t) = θ (0, t) = θ (1, t) = 0 , t ≥ 0.

The initial data u0, u1, ϕ0, ϕ1, θ0, θ1 belongs to the suitable functional space, the term

τ2∫
τ1

γ2 (s) ϕt (x, t− s) ds

is a distributed delay that acts only on the porous equation and γ2 : [τ1, τ2]→ IR is a bounded function,

where τ1, τ2 are two real numbers satisfying 0 ≤ τ1 < τ2.

We’ll show that the dissipations due to thermal effects with porous damping are strong enough to

stabilize the system exponentially, independently of the wave speeds of the system.
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Methodology

We use the multiplier method to establish the desired stability results of the systems. Multiplier

method relies mostly on the construction of an appropriate Lyapunov functional L equivalent to

the energy of the solution E. By equivalence L ∼ E, we mean

a E (t) ≤ L (t) ≤ b E (t) , ∀t ≥ 0 , (0.0.24)

for two positive constants a and b. To prove the exponential stability, we show that L satisfies

L′ (t) ≤ −λL (t) , ∀t ≥ 0 , (0.0.25)

for some λ > 0. A simple integration of (0.0.25) over (0, t) together with (0.0.24) gives the desired

exponential stability result.

In the numerical part, we discretize the problem using an Euler scheme combined with the finite

difference method in order to approximate the temporal and spatial derivatives, respectively. We then

apply a fixed-point iterative algorithm to solve the resulting discrete system. Furthermore, we establish

a sufficient condition that guarantees the convergence of this iterative process. The obtained numerical

results confirm the theoretical analysis and highlight that the system exhibits a pronounced sensitivity

to even small time delays, emphasizing the crucial role of delay parameters in the system’s dynamic

behavior.

Univ. de Skikda BOULKHELOUA Chaima



C
H

A
P

T
E

R

1
The Conceptual And Theoretical Framework Of The Thesis



16 The Conceptual And Theoretical Framework Of The Thesis

In this chapter, we recall some basic knowledge in functional analysis and semigroup theory, most of

which will be used in the subsequent chapters. The reader can easily find the detailed proofs in the

related literature. see, G. Allaire [1], H. Brezis [10], T. Cazenave and A. Hareaux [14], L. Debnath and

P. Mikusinski [17], I. Ellouze [23], L.C. Evans [25], H. K. Khalil [44], A. Pazy [76] and W. Rudin [82].

1.1 Concept of functional analysis

In this section we shall introduce and state some necessary materials needed in the proof of our results,

and shortly the basic results which concerning the Banach spaces, the LP space, Sobolev spaces and

some important inequalities.

1.1.1 Banach spaces

Let (E; ‖‖E) be a normed space and (xn) sequence of E .

Definition 1.1.1. [17]

A sequence (xn) is called a Cauchy sequence if for any given ε > 0 , there exists Nε ∈N such that

∀p , q ≥ Nε ;
∥∥xp − xq

∥∥ < ε .

Definition 1.1.2. ( Complete space )[17]

A normed space E is called complete if every Cauchy sequence in E converges to an element of E.

Definition 1.1.3. ( Banach space )[17]

A complete normed space is called a Banach space.

Definition 1.1.4. ( Banach algebra )[82]

A complex algebra is a vector space E over the complex field C in which a multiplication is defined that

satisfies

1. x (yz) = (xy) z,

2. (x + y) z = xz + yz, x (y + z) = xy + xz,

3. α (xy) = (αx) y = x (αy),
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for all x, y and z in E and for all scalars α.

If, in addition, E is a Banach space with respect to a norm that satisfies the multiplicative inequality

‖xy‖ ≤ ‖x‖ ‖y‖ (x ∈ E, y ∈ E) ,

and if E contains a unit element e such that

xe = ex = x (x ∈ E) ,

and

‖e‖ = 1,

then E is called a Banach algebra.

1.1.2 Hilbert spaces

Definition 1.1.5. ( Linear form )

A linear form ϕ (.) is a linear application of a real vector space E in R such that for all α ∈ R and all

u , v ∈ E

1. ϕ (α u) = α ϕ (u) ,

2. ϕ (u + v) = ϕ (u) + ϕ (v) .

Definition 1.1.6. ( Bilinear form )

A bilinear form ϕ (. , .) on a real vector space E is an application of E× E in R such that for all α , β ∈ R

and all u , v , u1 , u2 , v1 , v2 ∈ E

1. ϕ (α u1 + β u2, v) = α ϕ (u1, v) + β ϕ (u2, v) ,

2. ϕ (u, α v1 + β v2) = α ϕ (u, v1) + β ϕ (u, v2) .

That is to say ϕ is linear with respect to each variable.

Remark 1.1.1. ( Symmetrical )

The bilinear form ϕ (. , .) is said to be symmetrical if for all u , v ∈ E

ϕ (u, v) = ϕ (v, u) .

Definition 1.1.7. ( Inner product )
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18 The Conceptual And Theoretical Framework Of The Thesis

Let E be a vector space on the field K = R ( or K = C ). A inner product on E is an application

φ : E× E→ K such that for all u , u1 , u2 , v ∈ E and λ ∈ K we have

1. φ (u, u) ≥ 0 and φ (u, u) = 0 if and only if u = 0 ,

2. φ (u, v) = φ (v, u) ,

3. φ (u1 + u2, v) = φ (u1, v) + φ (u2, v) ,

4. φ (λ u, v) = λ φ (u, v) .

Definition 1.1.8. ( Semi norm, norm )

Let E be a vector space on the field K = R ( or K = C ). We call semi norm on E the application

N : E→ R+ that verifies ∀u , v ∈ E , ∀α ∈ K

1. N (α u) = |α|N (u) , where | . | refers to the absolute value if K = R or module if K = C ,

2. N (u + v) ≤ N (u) + N (v) ,

3. Also if N verifies: N (u) = 0⇔ u = 0, we said that N is a norm on E and we note N by ‖ . ‖E .

Definition 1.1.9. ( Prehilbertian space, Hilbert space )[10]

Let E be a vector space on the field K = R ( or K = C ).

We say that E is a prehilbertian space if it equipped with a scalar product 〈 . , . 〉E.

We say that the space E equipped with a scalar product is a Hilbert space if it is complete for the

associated norm ‖ . ‖E such that

‖u‖E =
√
(u, u)E , ∀u ∈ E .

1.1.3 Fuctional spaces

1.1.3.1 The Lp (Ω) spaces

Definition 1.1.10. [10]

Let 1 ≤ p < ∞, and let Ω be an open domain in RN, n ∈N. Define the standard Lebesgue space; Lp (Ω),

by

Lp (Ω) =

 f : Ω→ R is measurable and
∫
Ω

| f (x)|pdx < +∞

 .

Notation 1.1.1. For p ∈ R and 1 ≤ p < ∞, denote by

‖ f ‖p =

 ∫
Ω

| f (x)|pdx

 1
p

.
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If p = ∞ , we have

L∞ (Ω) =
{

f : Ω→ R is measurable, ∃C ∈ R such that, | f (x)| ≤ C a.e in Ω
}

.

Also, we denot by

‖ f ‖∞ = in f {C , | f (x)| ≤ C a.e in Ω} .

Theorem 1.1.1. (Fischer–Riesz)[10]

It is well known that Lp (Ω) supplied with the norm ‖ f ‖p is a Banach space, for all 1 ≤ p ≤ ∞ .

Remark 1.1.2. In particularly, when p = 2 , L2 (Ω) equipped with the inner product

( f , g)L2(Ω) =
∫
Ω

f (x) g (x) dx ,

is a Hilbert space.

1.1.3.2 Distribution spaces

Definition 1.1.11. Let Ω be a bounded open of RN, a test function ϕ is a function defined on Ω infinitely

differentiable with compact support.

We denote by D (Ω) or C∞
c (Ω) the test functions space, such that

D (Ω) = {ϕ ∈ C∞ (Ω) ; supp (ϕ) ⊂ Ω compact} ,

where

supp (ϕ) = {x ∈ Ω ; ϕ (x) 6= 0} .

We call distribution any continuous linear function on vector space D (Ω).

The set of distributions is a vector space noted D′ (Ω) such that

〈u , ϕ〉D×D′ = 〈ui , ϕi〉 , ∀u ∈ D′ (Ω) , ϕ ∈ D (Ω) .

Definition 1.1.12. Let v be a function of L2 (Ω). we said that v is derivable in the weak sense in L2 (Ω)
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if there are functions wi ∈ L2 (Ω) for i ∈ {1, ..., N} such that

∫
Ω

v (x)
∂φ

∂xi
(x) dx = −

∫
Ω

wi (x) φ (x) dx , ∀φ ∈ D (Ω) .

Each wi is called the weak partial derived of v and noted
∂v
∂xi

.

Lemma 1.1.1. Let f ∈ L2 (Ω), if for any function φ ∈ D (Ω) we have

∫
Ω

f (x) φ (x) dx = 0 ,

then f (x) = 0 almost every where in Ω .

1.1.3.3 The Sobolev space Wm,p (Ω)

Sobolev spaces play a fundamental role in variational computation. They owe their name to the Russian

mathematician Sergei Lvovich Sobolev (1908-1989).

Sobolev space W1,p (Ω)

Definition 1.1.13. [10]

Let Ω be a bounded open of RN, and p ∈ R where 1 ≤ p < ∞, we define the Sobolev space W1,p (Ω) by

W1,p (Ω) =


u ∈ Lp (Ω) , ∃v ∈ Lp (Ω) ;∫
Ω

u (x) ϕ′ (x) dx = −
∫
Ω

v (x) ϕ (x) dx ; ∀ϕ ∈ C1
c (Ω)

 .

For u ∈W1,p (Ω) we denote u′ = v ( in the weak sense ).

Sobolev space Wm,p (Ω)

Definition 1.1.14. [10]

Let Ω be a bounded open of RN, m ≥ 2 and a real p, 1 ≤ p < ∞, we define the Sobolev space Wm,p (Ω)

by

Wm,p (Ω) =


u ∈ Lp (Ω) , ∀α where |α| ≤ m , ∃vα ∈ Lp (Ω) ;∫
Ω

u Dα ϕ dx = (−1)|α|
∫
Ω

vα ϕ dx ; ∀ϕ ∈ C∞
c (Ω)

 ,
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where α ∈ Nn, |α| =
N

∑
i=1

αi and Dα ϕ =
∂|α|ϕ

∂xα1
1 ∂xα2

2 ...∂xαN
N

.

Theorem 1.1.2. [14]

Wm,p (Ω) is is a Banach space with their usual norm

‖u‖Wm,p(Ω) = ‖u‖Lp(Ω) + ∑
0 < |α| ≤m

‖Dαu‖Lp(Ω) .

Denote by Wm,p
0 (Ω) the closure of D (Ω) in Wm,p (Ω).

Definition 1.1.15. When p = 2, we prefer to denote by Wm,2 (Ω) = Hm (Ω) and Wm,2
0 (Ω) = Hm

0 (Ω)

supplied with the norm

‖u‖Hm(Ω) =

 ∑
|α| ≤m

‖Dαu‖2
2

 1
2

,

which do at Hm (Ω) is a real Hilbert space with their usual scalar product

〈u, v〉Hm(Ω) = ∑
|α| ≤m

∫
Ω

Dαu Dαv dx .

1.1.4 Elliptic equations

We consider the following problem  Lu = f in Ω,

u = 0 on ∂Ω.
(1.1.1)

Where Ω is an open , bounded subset of Rn, and u : Ω → R is the unknown, u = u (x, t). Here

f : Ω→ R is given, and L denotes a second-order partial differential operator.

Theorem 1.1.3. ( Green formula )[1]

For all u ∈ H2 (Ω), v ∈ H1 (Ω) we have

−
∫
Ω

∆u v dx =
∫
Ω

∇u∇v dx−
∫
Γ

∂u
∂η

v dσ ,

where
∂u
∂η

is a normal derivation of u at Γ.
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Theorem 1.1.4. ( Lax Milgram theorem )[1]

Assume that a (u, v) is a continuous coercive bilinear form on H. Then, given any ϕ ∈ H∗, there exists a

unique element u ∈ H such that

a (u, v) = 〈ϕ, v〉 ∀v ∈ H .

Moreover, if a is symmetric, then u is characterized by the property

u ∈ H and
1
2

a (u, u)− 〈ϕ, u〉 = min
v∈H

{
1
2

a (v, v)− 〈ϕ, v〉
}

.

Definition 1.1.16. ( Weak solution )[25]

We say that u ∈ H1
0 (Ω) is a weak solution of (1.1.1) if

a (u, v) = 〈 f , v〉 , ∀v ∈ H1
0 (Ω) . (1.1.2)

Remark 1.1.3. [25]. We note that a problem with prescribed, nonzero boundary values can easily be

stransformed into zero boundary conditions. We spell this out by supposing now that ∂Ω ∈ C1 and

u ∈ H1 (Ω) is a weak solution of  Lu = f in Ω,

u = g on ∂Ω.

This means that u = g on ∂Ω in the trace sense, and furthermore that the bilinear form (1.1.2) holds for

all u ∈ H1
0 (Ω). That is be possible, it is necessary for g to be the trace of some H1 function, say w. But

then ũ := u− w belongs to H1
0 (Ω), and is a weak solution of the boundary-value problem Lũ = f̃ in Ω,

ũ = 0 on ∂Ω,

where f̃ := f , Lw ∈ H−1 (Ω) .

1.1.4.1 Regularity of Weak Solutions

Definition 1.1.17. [10]

We say that an open set Ω is of class Cm, m ≥ 1 an integer, if for every x ∈ Γ there exist a neighborhood U
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of x ∈ RN and a bijective mapping H : Q→ U such that

H ∈ Cm (Q) , H−1Cm (U) , H (Q+) = U ∩Ω , H (Q0) = U ∩ Γ .

We say that Ω is of class C∞ if it is of class Cm for all m.

The main regularity results are the following.

Theorem 1.1.5. (Regularity for the Dirichlet problem)[10]

Let Ω be an open set of class C2 with Γ bounded (or else Ω = RN
+). Let f ∈ L2 (Ω) and let u ∈ H1

0 (Ω)

satisfy ∫
Ω
∇u∇ϕ +

∫
Ω

u ϕ =
∫

Ω
f ϕ , ∀ϕ ∈ H1

0 (Ω) .

Then u ∈ H2 (Ω) and ‖u‖H2 ≤ C‖ f ‖L2 , where C is a constant depending only on Ω. Furthermore, if Ω is

of class Cm+2 and f ∈ Hm (Ω), then

u ∈ Hm+2 (Ω) and ‖u‖Hm+2 ≤ C‖ f ‖Hm .

In particular, if f ∈ Hm (Ω) with m >
N
2

, then u ∈ C2 (Ω). Finally, if Ω is of class C∞ and if

f ∈ C∞ (Ω), then u ∈ C∞ (Ω).
Theorem 1.1.6. (Regularity for the Neumann problem)[10]

With the same assumptions as in Theorem 1.1.5 one obtains the same conclusions for the solution of the

Neumann problem, i.e., for u ∈ H1 (Ω) such that

∫
Ω
∇u∇ϕ +

∫
Ω

u ϕ =
∫

Ω
f ϕ , ∀ϕ ∈ H1 (Ω) .

1.1.5 Functional inequalities

Theorem 1.1.7. ( Poincaré’s inequality )

Let Ω be a connected and Lipschitzian bounded open of Rn and 1 ≤ p < ∞. Then there exists a constant

C , depending only on Ω and p such that

‖u‖Lp(Ω) ≤ C‖∇u‖Lp(Ω) , ∀u ∈W1,p
0 (Ω) .

Theorem 1.1.8. ( Poincaré-Wirtinger’s inequality )
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Let Ω be a connected and Lipschitzian bounded open of Rn and 1 ≤ p < ∞. Then there exists a constant

C , depending only on Ω and p such that

‖u− uΩ‖Lp(Ω) ≤ C‖∇u‖Lp(Ω) , ∀u ∈W1,p (Ω) ,

where

uΩ =
1
|Ω|

∫
Ω

u (y) dy ,

is the average value of u over Ω, with |Ω| standing for the Lebesgue measure of the domain Ω .

Notation 1.1.2. Let 1 ≤ p ≤ ∞, we denote by q the conjugate of p .i.e
1
p
+

1
q
= 1

Theorem 1.1.9. ( Hölder’s inequality )[10]

Assume that f ∈ Lp (Ω) and g ∈ Lq (Ω) with 1 ≤ p , q ≤ ∞, such that
1
p
+

1
q
= 1. Then f g ∈ L1 (Ω)

and ∫
Ω

| f g| dx ≤ ‖ f ‖p.‖g‖q .

Remark 1.1.4. ( Cauchy-Schwarz’s inequality )

The Cauchy-Schwarz inequality is a special case of the Hölder inequality with p = q = 2,

∫
Ω

| f g| dx ≤ ‖ f ‖2.‖g‖2 .

Theorem 1.1.10. ( Young’s inequality )[10]

If a ≥ 0 and b ≥ 0 are nonnegative real numbers and if p > 1 and q > 1 are real numbers such that
1
p
+

1
q
= 1, then

a b ≤ ap

p
+

bq

q
.

Equality holds if and only if ap = bq .

Remark 1.1.5. If p = q = 2 we get

a b ≤ a2

2
+

b2

2
,

which also gives rise to the so-called Young’s inequality with ε (valid for every ε > 0)

a b ≤ ε

2
a2 +

1
2 ε

b2 or a b ≤ ε a2 +
1

4 ε
b2 .
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1.2 The semigroup theory

In this section, we recall some basic knowledge in semigroups, most of which will be used in the

subsequent chapters.

1.2.1 Some notions about linear operators

In the following, we consider that X and Y are Banach spaces on the field of complex numbers C or

real numbers R .

Definition 1.2.1. [10] A linear operator on X is a linear map A defined on a vector subspace D (A) ⊂ X

with value in X.

D (A) is called the domain of operator A.

Notation 1.2.1. We denote such an operator by (A, D (A)).

Definition 1.2.2. ( Bounded linear operator )[10]

Let (A, D (A)) be a linear operator in X. We say that (A, D (A)) is bounded if

1. D (A) = X.

2. A is continuous, i.e., there exists C ≥ 0 such that

‖Ax‖X ≤ C‖x‖X , ∀x ∈ D (A) .

Otherwise, we say that A is unbounded.

Definition 1.2.3. ( Closed linear operator )[10]

• The graph of a linear operator (A, D (A)) in X is the subspace of X× X defined by

G (A) = {(x, Ax) ; x ∈ D (A)} ⊂ X× X .

• We say that (A, D (A)) is closed if its graph G (A) is a closed one of X× X.

Theorem 1.2.1. ( Closed graph theorem )[10]

Let A be a linear operator from X into Y. Assume that the graph of A , G (A) is closed in X×Y. Then A

is continuous.
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1.2.2 Maximal Monotone Operators in a Hilbert space

In the following, we assume that X is a Hilbert space (real or complex) for the inner product ( . , . ) .

Definition 1.2.4. [10]

• An unbounded linear operator A : D (A) ⊂ X → X is said to be monotone if it satisfies

(Au , u) ≥ 0 , ∀u ∈ D (A) .

• It is called maximal monotone if, in addition, for every λ > 0 , R (λ I + A) = X , i.e.,

∀λ > 0 , ∀ f ∈ X , ∃u ∈ D (A) such that λu + Au = f .

Remark 1.2.1. [10] Some authors say that A is accretive or that −A is dissipative.

Proposition 1.2.1. [10]

Let A be a maximal monotone operator. Then

• D (A) is dense in X ,

• A is a closed operator,

• For every λ > 0 , (λ I + A) is bijective from D (A) into X , (λ I + A)−1 is a bounded operator,

and ∥∥∥(λ I + A)−1
∥∥∥ ≤ 1

λ
.

Theorem 1.2.2. [76]

Let A : D (A) ⊂ X → X be a monotone operator. A is maximal monotone if and only if

∃λ0 > 0 such that ∀ f ∈ X , ∃u ∈ D (A) : λ0u + Au = f .

1.2.3 Basic theory of semigroups

Definition 1.2.5. ( Semigroups )[76]

Let X be a Banach space or a closed subset of a Banach space. A one parameter family S (t), 0 ≤ t < +∞,

of bounded linear operators from X into X is a semigroup of bounded linear operators on X if
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1. S (0) = Id ( I is the identity operator on X ).

2. S (t + s) = S (t) S (s) for every t , s ≥ 0.

Definition 1.2.6. ( Contraction Semigroups )[76]

The semigroup S (t) is a contraction semigroup if there exists a constant 0 < α < 1 such that for all

t > 0,

‖S (t) x− S (t) y‖ ≤ α ‖x− y‖ f or all x, y ∈ X .

Definition 1.2.7. ( Uniformly Continuous Semigroups )[76]

A semigroup of bounded linear operators, S (t), is uniformly continuous if

lim
t→0
‖S (t)− I‖ = 0 .

Definition 1.2.8. ( C0 - Semigroups )[76]

A semigroup S (t), 0 ≤ t < +∞, of bounded linear operators on X is a strongly continuous semigroup of

bounded linear operators if

lim
t→0

S (t) x = x or lim
t→0
‖S (t) x− x‖ = 0 f or all x ∈ X .

A strongly continuous semigroup of bounded linear operators on X will be called a semigroup of class C0

or simply a C0 semigroup.

Theorem 1.2.3. [76]

Let S (t), 0 ≤ t < +∞, be a C0 semigroup on a Banach space X. Thene there exist constants ω ≥ 0 and

M ≥ 1 such that

‖S (t)‖ ≤ M eω t f or t ∈ 0 ≤ t < +∞ .

Obviously, if M = 1 and ω = 0 , then we obtain a C0 - semigroup of nonexpansions or contractions.

Definition 1.2.9. ( The Infinitesimal Generator)[76]

The linear operator A defined by

D (A) =

{
x ∈ X : lim

t→0

S (t) x− x
t

exists
}

,

and

Ax = lim
t→0

S (t) x− x
t

=
d S (t)

dt t=0
f or all x ∈ D (A) .
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is the infinitesimal generator of the semigroup S (t), D (A) is the domain of A.

Corollary 1.2.1. [76]

If A is the infinitesimal generator of a C0 semigroup S (t). Then D (A), the domain of A, is dense in X

and A is a closed linear operator.

Theorem 1.2.4. [76]

Let S (t) and T (t) be C0 semigroups of bounded linear operators with infinitesimal generators A and B

respectively. If A = B then S (t) = T (t) for t ≥ 0.

Theorem 1.2.5. [76]

Let S (t) be a C0 semigroup and let A be its infinitesimal generator. Then

1. For x ∈ X , lim
h→0

1
h

t+h∫
t

S (s) x ds = S (t) x .

2. For x ∈ X ,
t∫

0

S (s) x ds ∈ D (A) and A

 t∫
0

S (s) x ds

 = S (t) x− x .

3. For x ∈ D (A) , S (t) x ∈ D (A) and
d
dt

S (t) x = AS (t) x = S (t) Ax .

4. For x ∈ D (A) , S (t) x− S (s) x =

t∫
s

S (τ) Ax dτ =

t∫
s

AS (τ) x dτ .

Theorem 1.2.6. ( Hille-Yosida)[76]

A linear (unbounded) operator A is the infinitesimal generator of a C0 semigroup of contractions S (t),

t ≥ 0 if and only If

1. A is closed and D (A) = X .

2. The resolvent set ρ (A) of A contains R+ and for every λ > 0

∥∥∥(λI − A)−1
∥∥∥ ≤ 1

λ
.

Theorem 1.2.7. ( Lumer-Phillips)[76]

Let A be a linear operator with dense domain D (A) in X
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1. If A is dissipative and there is a λ0 > 0 such that the range, R (λ0 I − A), of (λ0 I − A) is X, then

A is the infinitesimal generator of a C0 semigroup of contractions on X.

2. If A is the infinitesimal generator of a C0 semigroup of contractions on X then R (λI − A) = X for all

λ > 0 and A is dissipative. Moreover, for every x ∈ D (A) and every x∗ ∈ F (x) , Re 〈Ax, x∗〉 ≤ 0 .

1.3 The Abstract Cauchy Problem

In this section we consider the initial value problem
d u (t)

dt
+ A u (t) = K , t > 0 ,

u (0) = u0 ,
(1.3.3)

where A is the infinitesimal generator of a C0 semigroup S (t), defined in a dense subset D (A) of a

Banach space X.

Lemma 1.3.1. [76]

Suppose that K = 0 and u0 ∈ D (A). Then problem (3.3.46) has a unique classical solution u such that

u ∈ C1 (([0,+∞[ , X) ∩ C ([0,+∞[) , D (A)) ,

and

u (t) = S (t) u0 .

Lemma 1.3.2. [76]

Suppose that K = K (t) ∈ C1 ([0,+∞[ , X) and u0 ∈ D (A) . Then problem (3.3.46) admits a unique

global classical solution u such that

u ∈ C1 (([0,+∞[ , X) ∩ C ([0,+∞[) , D (A)) ,

which can be described as

u (t) = S (t) u0 +

t∫
0

S (t− τ)K (τ) dτ .

Lemma 1.3.3. [76]
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Suppose that K = K (t) ∈ C ([0,+∞[ , D (A)) and u0 ∈ D (A) . Then problem (3.3.46) admits a unique

global classical solution u .

Lemma 1.3.4. [76]

Suppose that K = K (t) ∈ C ([0,+∞[ , X) , Kt ∈ L1 ([0, T] , X) f or any T > 0 and u0 ∈ D (A) . Then

problem (3.3.46) admits a unique global classical solution u .

Lemma 1.3.5. [76]

When K = K (u) satisfies the global Lipschitz condition, i.e., there is a positive constant L such that for all

u , v ∈ X ,

‖K (u)− K (v)‖X ≤ L‖u− v‖X

. Furthermore, suppose that u0 ∈ X . Then problem (3.3.46) admits a global mild solution u (t) such that

u (t) belongs to C ([0,+∞[ , X) and satisfies the following integral equation:

u (t) = S (t) u0 +

t∫
0

S (t− τ)K (u (τ)) dτ .

Moreover, let u (t), ũ (t) be the global mild solutions corresponding to u0 and ũ0. Then for all t ≥ 0, the

following estimates holds:

‖u (t)− ũ (t)‖X ≤ eL t‖u0 − ũ0‖X.

1.4 Stability

Theorem 1.4.1. [23]

Let f : R×Rn → R be a function satisfying the following condition: For all T > 0 , ∃ k , C such that:

| f (t, x)− f (t, y)| ≤ k |x− y| , ∀x, y ∈ Rn , ∀t ∈ [0, T] ,

| f (t, x0)| ≤ C , ∀t ∈ [0, T] ,

then the system  xt (t) = f (t, x) , ∀t > 0

x (t0) = x0 .
(1.4.4)
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admits a unique solution x (t, t0, x0), satisfait :

x (t, t1, x1) = x (t, x0) , ∀t ≥ t1 ≥ t0

, where, x1 = x (t1) .

Definition 1.4.1. ( Balance point )[23]

A point x0 ∈ Rn is an equilibrium point of the system (1.4.4) if

∀t ≥ 0 , f (t, x0) = 0

. Lyapunov theory is interested in the behavior of a solution x (t, t0, x0) which begins at a point x0 6= x0

and ‖x0 − x0‖ < δ for a fairly small δ > 0. To simplify things we take x0 = 0 and we note x0 by x0.

Definition 1.4.2. ( Lyapunov Stability )[44]

An equilibrium point x = 0 is said to be Lyapunov stable if for every ε > 0 , t0 > 0 , there exists a

δ = δ (t0, ε) > 0 , such that if ‖x0‖ < δ , then ‖x (t, t0, x0)‖ < ε for all t ≥ t0. This means that if the

system starts close to the equilibrium point x = 0, it remains close to x = 0 for all future times.

Definition 1.4.3. ( Asymptotic Stability )[44]

An equilibrium point x = 0 is said to be asymptotically stable if it is Lyapunov stable, and in addition,

there exists a δ > 0 , such that if ‖x0‖ < δ , then ‖x (t, t0, x0)‖ → 0 as t → ∞. This means that the

system not only remains close to the equilibrium point but also eventually returns to it over time.

Definition 1.4.4. ( Exponential Stability )[44]

An equilibrium point x = 0 is said to be exponentially stable if it is asymptotically stable and the

convergence to the equilibrium point occurs at an exponential rate. Formally, there exist positive constants

C and α such that ‖x (t)‖ ≤ C ‖x0‖ e−α(t−t0) for all t ≥ t0 ≥ 0. This indicates that the system returns to

the equilibrium point exponentially fast after a perturbation, and the constant α is called the decay rate or

also the speed of convergence.

Definition 1.4.5. ( Lyapunov’s Direct Method )[44]

Lyapunov’s direct method is a technique used to assess the stability of an equilibrium point x = 0 without

solving the differential equations of the system. The method involves constructing a Lyapunov function L,

which is a scalar function that has specific properties:
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1. L is positive definite: L (., x) > 0 for all x 6= 0 and L (0) = 0

2. Lt (., x) < 0 for all x 6= 0
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Theoretical Analysis and Convergence of a Fixed-Point Scheme For A Delayed Swelling Porous

Thermoelastic Soils Model

In this chapter, we consider a one-dimensional swelling problem in porous elastic soils with second

sound and a constant internal delay, where the heat conduction is given by Cattaneo’s law (0.0.18). We

show that the system is well-posed using the semigroup approach. Then, based on the energy method

as well as by constructing a suitable Lyapunov functional, we prove that the unique dissipation given

only by the second sound is strong enough to provoke an exponential decay of the solution without

any relationship between the system parameters. For the numerical study, we discretize the continuous

problem by performing a temporal discretization using Euler scheme and the classical finite difference

method for spatial discretization. To solve the discretized problem, we propose to introduce a fixed

point algorithm and derive the condition for which the proposed algorithm converges. Finally, we

present some numerical test to illustrate the theoretical results by taking different delay weights and

show that the studied system is highly reactive to small delays [7].

2.1 Well-posedness

In this section, we give the existence and uniqueness of solutions for the system (0.0.18) using

semigroup theory.

First, we introduce as in [66], new dependent variable

ϕ (x, ρ, t) = ut (x, t− ρ τ) in (0, L)× (0, 1)× (0, ∞) (2.1.1)

A simple differentiation shows that ϕ satisfies

τ ϕt (x, ρ, t) + ϕρ (x, ρ, t) = 0 in (0, L)× (0, 1)× (0, ∞) (2.1.2)

Hence problem (0.0.18) takes the form:

ρz ztt = α1 zxx + α2 uxx in (0, L)× (0, ∞)

ρu utt = α3 uxx + α2 zxx + β θx − µ ϕ (x, 1, t) in (0, L)× (0, ∞)

c θt = −qx + β utx in (0, L)× (0, ∞)

τ0 qt = −q− k θx in (0, L)× (0, ∞)

τ ϕt = −ϕρ in (0, L)× (0, 1)× (0, ∞)

(2.1.3)
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with the boundary and the initial data
z (0, t) = zx (L, t) = u (0, t) = ux (L, t) = θx (0, t) = θ (L, t) = q (0, t) = 0 , t > 0

z (x, 0) = z0 (x) , zt (x, 0) = z1 (x) , θ (x, 0) = θ0 (x) , x ∈ (0, L)

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , q (x, 0) = q0 (x) , x ∈ (0, L)

ϕ (x, ρ, 0) = f0 (x, ρ τ) in (0, L)× (0, τ)

(2.1.4)

Second, we introduce the vector function U = (z, v, u, ψ, θ, q, ϕ)T, with v = zt, and ψ = ut.

We consider the following spaces:

H̃1 (0, L) =
{

f ∈ H1 (0, L) ; f (0) = 0
}

,

H̃1
∗ (0, L) =

{
f ∈ H1 (0, L) ; f (L) = 0

}
,

H̃2 (0, L) = H2 (0, L) ∩ H̃1 (0, L) ,

and

H=H̃1 (0, L)× L2 (0, L)× H̃1 (0, L)× L2 (0, L)× L2 (0, L)× L2 (0, L)× L2 ((0, L)× (0, 1)) .

Then H, along with the inner product

〈
U, Ũ

〉
H = ρz

∫ L

0
vṽdx + ρu

∫ L

0
ψψ̃dx +

(
α3 −

α2
2

α1

) ∫ L

0
uxũxdx

+
∫ L

0

(
α2√
α1

ux +
√

α1zx

)(
α2√
α1

ũx +
√

α1z̃x

)
dx + c

∫ L

0
θθ̃dx

+
τ0

k

∫ L

0
qq̃dx + |µ| τ

L∫
0

1∫
0

ϕ (x, ρ, t) ϕ̃ (x, ρ, t) dρ dx (2.1.5)

is a Hilbert space for any U = (z, v, u, ψ, θ, q, ϕ)T ∈ H and Ũ = (z̃, ṽ, ũ, ψ̃, θ̃, q̃, ϕ̃)T ∈ H.

The system (2.1.3) can be rewritten as follows: Ut + (A+ B)U = 0, t > 0,

U (x, 0) = U0 (x) = (z0, z1, u0, u1, θ0, q0, f0)
T,
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where the operator A : D (A) ⊂ H → H is defined by

AU =



−v

−α1

ρz
zxx −

α2

ρz
uxx

−ψ

−α3

ρu
uxx −

α2

ρu
zxx −

β

ρu
θx +

|µ|
ρu

ψ +
µ

ρu
ϕ (x, 1, t)

1
c

qx −
β

c
ψx

1
τ0

q +
k
τ0

θx

1
τ

ϕρ



.

The domain of A is given by

D (A) =
{

U ∈ H | z, u ∈ H̃2 (0, L) ; v, ψ, q ∈ H̃1 (0, L) ;

θ ∈ H̃1
∗ (0, L) ; ϕ, ϕρ ∈ L2 ((0, L)× (0, 1))

zx (L) = ux (L) = θx (0) = 0} .

and the operator B : D (B) = H → H is defined by

BU = −|µ|
ρu



0

0

0

ψ

0

0

0


Now we have the following existence and uniqueness result

Theorem 2.1.1. Let U0 ∈ H and assume that (0.0.9) holds. Then, there exists a unique solution

U ∈ C (R+,H) for problem (2.1.3)-(2.1.4). Moreover, if U0 ∈ D (A) , then

U ∈ C (R+, D (A)) ∩ C1 (R+,H) .
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Proof. We use the semi-group approach. So we prove that A is a maximal monotone operator and that

B is a Lipschitz continuous operator.

First, we prove that A is monotone. Let U ∈ D (A) , then we have

〈AU, U〉H = |µ|
L∫

0

ψ2dx + µ

L∫
0

ψ ϕ (x, 1, t) dx +
1
k

L∫
0

q2dx + |µ|
L∫

0

1∫
0

ϕρ ϕ dρ dx. (2.1.6)

Using integration by parts and the fact that ϕ (x, 0, t) = ψ (x, t) , the last term in the right-hand side of

(2.1.6) gives
L∫

0

1∫
0

ϕρ ϕ dρ dx =
1
2

L∫
0

ϕ2 (x, 1, t) dx− 1
2

L∫
0

ψ2dx.

Also, using Young inequality we get

−µ

L∫
0

ψ ϕ (x, 1, t) dx ≤ |µ|
2

L∫
0

ψ2dx +
|µ|
2

L∫
0

ϕ2 (x, 1, t) dx.

Consequently, (2.1.6) yields

〈AU, U〉H ≥
1
k

L∫
0

q2dx ≥ 0.

Therefore, the operator A is monotone. Next, we prove that the operator I +A is surjective. For any

F = ( f1, f2, f3, f4, f5, f6, f7)
T ∈ H , we prove that there exist U ∈ D (A) such that

(I +A)U = F. (2.1.7)

The problem (2.1.7) , leads to solve the following system

z− v = f1 ∈ H̃1 (0, L) ,

ρz v− α1 zxx − α2 uxx = ρz f2 ∈ L2 (0, L) ,

u− ψ = f3 ∈ H̃1 (0, L) ,

(ρu + |µ|)ψ− α3 uxx − α2 zxx − β θx + µ ϕ (x, 1, t) = ρu f4 ∈ L2 (0, L) ,

c θ + qx − β ψx = c f5 ∈ L2 (0, L) ,

(τ0 + 1) q + k θx = τ0 f6 ∈ L2 (0, L) ,

τ ϕ + ϕρ = τ f7 ∈ L2 ((0, L)× (0, 1)) ,

(2.1.8)
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The last equation in (2.1.8) with ϕ (x, 0, t) = ψ (x, t) has a unique solution given by

ϕ (x, ρ, t) = ψ (x, t) e−τ ρ + τ e−τ ρ

ρ∫
0

eτ σ f7 (x, σ, t) dσ. (2.1.9)

From the sixth equation in (2.1.8) , we define

θ (x, t) =
τ0 + 1

k

L∫
x

q (y) dy− τ0

k

L∫
x

f6 (y) dy. (2.1.10)

Inserting v = z− f1 , ψ = u− f3 , (2.1.9) , (2.1.10) in (2.1.8)2 , (2.1.8)4 , (2.1.8)5 , we get

−α1 zxx + ρz z− α2 uxx = g1 ∈ L2 (0, L) ,

−α3 uxx + λ u− α2 zxx +
β (τ0 + 1)

k
q = g2 ∈ L2 (0, L) ,

qx +
c (τ0 + 1)

k

L∫
x

q (y) dy− β ux = g3 ∈ L2 (0, L) ,

(2.1.11)

where

g1 = ρz ( f1 + f2) ∈ L2 (0, L) ,

g2 = ρu f4 + λ f3 +
β τ0

k
f6 − τ µ e−τ

1∫
0

eτ σ f7 (x, σ, t) dσ ∈ L2 (0, L) ,

g3 = c f5 +
c τ0

k

L∫
x

f6 (y) dy− β f3x ∈ L2 (0, L) ,

λ = ρu + |µ|+ µ e−τ.

To solve (2.1.11), we consider

B ((z, u, q) ; (z̃, ũ, q̃)) = G (z̃, ũ, q̃) , (2.1.12)
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where B :
[

H̃1 (0, L)× H̃1 (0, L)× L2 (0, L)
]2
→ R is the bilinear form defined by

B ((z, u, q) ; (z̃, ũ, q̃)) = ρz

L∫
0

z z̃ dx + λ

L∫
0

u ũ dx +
τ0 + 1

k

L∫
0

q q̃ dx + α1

L∫
0

zx z̃x dx

+ α3

L∫
0

ux ũx dx + α2

L∫
0

ux z̃x dx + α2

L∫
0

zx ũx dx

+
c(τ0 + 1)2

k2

L∫
0

 L∫
x

q (y) dy

 L∫
x

q̃ (y) dy

 dx

+
β (τ0 + 1)

k

 L∫
0

q ũ dx−
L∫

0

u q̃ dx

 ,

and G : H̃1 (0, L)× H̃1 (0, L)× L2 (0, L)→ R is the linear form given by

G (z̃, ũ, q̃) =
L∫

0

g1 z̃ dx +

L∫
0

g2 ũ dx +
τ0 + 1

k

L∫
0

g3

 L∫
x

q̃ (y) dy

 dx.

Let V = H̃1 (0, L)× H̃1 (0, L)× L2 (0, L) equipped with the norm

‖(z, u, q)‖2
V = ‖z‖2

2 + ‖u‖
2
2 + ‖q‖

2
2 + ‖ux‖2

2 + ‖zx‖2
2 ,

then, using Young’s inequality, we can easily prove that

|B ((z, u, q) ; (z, u, q))| ≥ ρz

L∫
0

z2dx + λ

L∫
0

u2dx +
τ0 + 1

k

L∫
0

q2dx +
(

α1 −
α2

ε

) L∫
0

z2
xdx

+ (α3 − α2 ε)

L∫
0

ux
2dx +

c(τ0 + 1)2

k2

L∫
0

 L∫
x

q (y) dy

2

dx,

if we chose ε ∈
]

α2

α1
,

α3

α2

[
, we get

|B ((z, u, q) ; (z, u, q))| ≥ M0 ‖(z, u, q)‖2
V ,
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where M0 = min
{

ρz , λ,
τ0 + 1

k
, α1 −

α2

ε
, α3 − α2 ε

}
. Thus, B is coercive. Moreover, we can easily

see that B and G are bounded. Consequently, by Lax-Milgram Lemma, system (2.1.11) has a unique

solution (z, u, q) ∈ V satisfying (2.1.12).

Substituting z and u in (2.1.8)1 and (2.1.8)3 , respectively, we obtain

v, ψ ∈ H̃1 (0, L) ,

then, inserting q in (2.1.10) and (2.1.8)6 we get

θ ∈ H̃1
∗ (0, L) .

Similarly, inserting ψ in (2.1.9) and bearing in mind (2.1.8)7, we obtain

ϕ, ϕρ ∈ L2 ((0, L)× (0, 1)) .

Moreover, if we take (z̃, ũ) ≡ (0, 0) ∈ H̃1 (0, L)× H̃1 (0, L) , then (2.1.12) reduces to

L∫
0

q q̃ dx +
c (τ0 + 1)

k

L∫
0

 L∫
x

q (y) dy

 L∫
x

q̃ (y) dy

 dx

− β

L∫
0

u q̃ dx =

L∫
0

g3

 L∫
x

q̃ (y) dy

 dx, ∀q̃ ∈ L2 (0, L) . (2.1.13)

That is

−
L∫

0

(q− β u)

 L∫
x

q̃ (y) dy


x

dx

=

L∫
0

 − c (τ0 + 1)
k

 L∫
x

q (y) dy

+ g3

 L∫
x

q̃ (y) dy

 dx, ∀q̃ ∈ L2 (0, L) , (2.1.14)

which implies

qx = β ux −
c (τ0 + 1)

k

 L∫
x

q (y) dy

+ g3, ∈ L2 (0, L) .
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So,

q ∈ H1 (0, L) ,

and the other hand, we have (2.1.14). Thus

q (0)
L∫

0

q̃ (y) dy = 0, ∀q̃ ∈ L2 (0, L) .

Since q̃ ∈ L2 (0, L) is arbitrary. Then,

q (0) = 0.

Consequently

q ∈ H̃1 (0, L) .

If we choose (ũ, q̃) ≡ (0, 0) ∈ H1 (0, L)× L2 (0, L) in (2.1.12) we have

L∫
0

(α1zx + α2ux) z̃xdx =

L∫
0

(g1 − ρzz) z̃ dx, ∀z̃ ∈ H̃1 (0, L) . (2.1.15)

This last is also true for any function φ ∈ C1 (0, L) , φ (0) = 0 which is in H̃1 (0, L), thus

−α1zxx − α2uxx = g1 − ρzz, ∈ L2 (0, L) .

Similarly, if we select (z̃, q̃) ≡ (0, 0) ∈ H1 (0, L)× L2 (0, L) in (2.1.12), we find

L∫
0

(α3ux + α2zx) ũxdx =

L∫
0

(
g2 − λ u− β (τ0 + 1)

k
q
)

ũ dx, ∀ũ ∈ H̃1 (0, L) . (2.1.16)

This last is also true for any function φ ∈ C1 (0, L) , φ (0) = 0 which is in H̃1 (0, L), thus

−α3uxx − α2zxx = g2 − λ u− β (τ0 + 1)
k

q, ∈ L2 (0, L) .

Therefore,

uxx, zxx ∈ L2 (0, L) .
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So,

z, u ∈ H̃2 (0, L) .

Finally, from (2.1.8)6, we get

θx (0) = 0,

and from (2.1.15), (2.1.16), we find

z̃ (L) [α1zx (L) + α2ux (L)] = 0,

ũ (L) [α3ux (L) + α2zx (L)] = 0.

Since z̃, ũ ∈ H̃1 (0, L) are arbitrary. Then

zx (L) = ux (L) = 0.

Hence, there exists a unique U ∈ D (A) such that (2.1.7) is satisfied. Consequently, the operator A
is maximal. With this, we conclude that A is a maximal monotone operator. On the other hand, it is

obvious that operator B is Lipschitz continuous. Consequently, A+ B is the infinitesimal generator of a

linear contraction C0-semigroup on H. Therefore, the well-posedness result follows from the Lummer

Phillips theorem ( see [76] ).

2.2 Exponential decay

In this section, we state and prove technical lemmas needed for the proof of our stability result.

Lemma 2.2.1. Let (z, u, θ, q, ϕ) be the solution of (2.1.3)-(2.1.4). Then, the energy functional E (t),

defined by

E (t) =
ρz

2

∫ L

0
z2

t dx +
ρu

2

∫ L

0
u2

t dx +
1
2

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx +
1
2

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx

+
c
2

∫ L

0
θ2dx +

τ0

2k

∫ L

0
q2dx +

|µ| τ
2

L∫
0

1∫
0

ϕ2 (x, ρ, t) dρ dx, (2.2.17)
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satisfies

E′ (t) ≤ |µ|
L∫

0

u2
t dx− 1

k

L∫
0

q2dx. (2.2.18)

Proof. Multiplying (2.1.3)1 , (2.1.3)2 , (2.1.3)3 , (2.1.3)4 by zt , ut , θ ,
1
k

q respectively, integrating

over (0, L), and Multiplying(2.1.3)5 by |µ| ϕ , integrating over (0, L)× (0, 1) then,using integration by

part and taking into account the boundary conditions and summing them up, we obtain

d
2dt

∫ L

0

(
ρuu2

t + ρzz2
t + cθ2 + α3u2

x + α1z2
x + 2α2zxux +

τ0

k
q2
)

dx

+
d
dt
|µ| τ

2

L∫
0

1∫
0

ϕ2 (x, ρ, t) dρ dx

=
|µ|
2

L∫
0

u2
t dx− 1

k

L∫
0

q2dx− |µ|
2

L∫
0

ϕ2 (x, 1, t) dx− µ

L∫
0

ut ϕ (x, 1, t) dx.

(2.2.19)

Using the fact that

α3u2
x + α1z2

x + 2α2zxux

=

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx +
∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx. (2.2.20)

Then, using Young’s inequality on the last term in (2.2.19) we have

− µ

L∫
0

ut ϕ (x, 1, t) dx ≤ |µ|
2

L∫
0

u2
t dx +

|µ|
2

L∫
0

ϕ2 (x, 1, t) dx. (2.2.21)

Inserting (2.2.20) and (2.2.21) in (2.2.19), we get (2.2.17) and (2.2.18).

Lemma 2.2.2. Let (z, u, θ, q, ϕ) be the solution of (2.1.3) - (2.1.4). Then, the functional

I1(t) = ρu

∫ L

0
utudx− α2

α1
ρz

∫ L

0
ztudx, t ≥ 0,

satisfies for any ε1 > 0,
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I′1(t) ≤ −
1
2

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx +

(
ρu +

α2
2ρ2

z

4ε1α2
1

) ∫ L

0
u2

t dx + ε1

∫ L

0
z2

t dx

+ C0

L∫
0

(
θ2 + ϕ2 (x, 1, t)

)
dx, ∀t ≥ 0. (2.2.22)

Proof. By differentiating I1(t), using (2.1.3)1,(2.1.3)2 and integrating by parts together with the

boundary conditions, we obtain

I′1(t) = −
(

α3 −
α2

2
α1

) ∫ L

0
u2

xdx + ρu

∫ L

0
u2

t dx− β
∫ L

0
uxθdx− α2

α1
ρz

∫ L

0
utztdx− µ

L∫
0

u ϕ (x, 1, t) dx.

(2.2.23)

Young’s and Poincaré’s inequalities lead to

− µ

L∫
0

u ϕ (x, 1, t) dx ≤ 1
4

(
α3 −

α2
2

α1

) L∫
0

u2
xdx + C0

L∫
0

ϕ2 (x, 1, t) dx, (2.2.24)

− β
∫ L

0
uxθdx ≤ 1

4

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx + C0

∫ L

0
θ2dx, (2.2.25)

and

− α2

α1
ρz

∫ L

0
utztdx ≤ ε1

∫ L

0
z2

t dx +
α2

2ρ2
z

4ε1α2
1

∫ L

0
u2

t dx. (2.2.26)

Substituting (2.2.24) , (2.2.25) and (2.2.26) in (2.2.23), we get (2.2.22).

Lemma 2.2.3. Let (z, u, θ, q, ϕ) be the solution of (2.1.3)-(2.1.4). Then, the functional

I2(t) = ρuα2

∫ L

0
ut

(
α2√
α1

u +
√

α1z
)

dx− α2
2

α1
ρz

∫ L

0
zt

(
α2√
α1

u +
√

α1z
)

dx, t ≥ 0,

satisfies, for any ε2 > 0,

I′2(t) ≤ −
α2

2ρz

2
√

α1

∫ L

0
z2

t dx+C1

∫ L

0
u2

t dx+Cε2

∫ L

0

(
θ2 + u2

x + ϕ2 (x, 1, t)
)

dx+ ε2

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx.

(2.2.27)
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Proof. By differentiating I2(t), using (2.1.3)1,(2.1.3)2 and integrating by parts together with the

boundary conditions, we obtain

I′2(t) = −
α2

2ρz√
α1

∫ L

0
z2

t dx + α2

(
ρu
√

α1 −
α2

2ρz

α1
√

α1

) ∫ L

0
utztdx

− α2

(
α3 −

α2
2

α1

) ∫ L

0
ux

(
α2√
α1

ux +
√

α1zx

)
dx +

α2
2ρu√
α1

∫ L

0
u2

t dx

− α2β
∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx− µ α2

L∫
0

ϕ (x, 1, t)
(

α2√
α1

u +
√

α1 z
)

dx. (2.2.28)

Using Young’s and Poincaré’s inequalities, we get

α2

(
ρu
√

α1 −
α2

2ρz

α1
√

α1

) ∫ L

0
utztdx ≤ α2

2ρz

2
√

α1

∫ L

0
z2

t dx + C1

∫ L

0
u2

t dx, (2.2.29)

−µ α2

L∫
0

ϕ (x, 1, t)
(

α2√
α1

u +
√

α1 z
)

dx ≤ ε2

3

L∫
0

(
α2√
α1

ux +
√

α1 zx

)2

dx + Cε2

L∫
0

ϕ2 (x, 1, t) dx,

(2.2.30)

−α2

(
α3 −

α2
2

α1

) ∫ L

0
ux

(
α2√
α1

ux +
√

α1zx

)
dx ≤ ε2

3

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx + Cε2

∫ L

0
u2

xdx,

(2.2.31)

and

−α2β
∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx ≤ ε2

3

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx + Cε2

∫ L

0
θ2dx. (2.2.32)

Inserting (2.2.29)-(2.2.32) in (2.2.28), we obtain (2.2.27).

Lemma 2.2.4. Let (z, u, θ, q, ϕ) be the solution of (2.1.3) - (2.1.4). Then, the functional

I3(t) = ρu

∫ L

0
uutdx + ρz

∫ L

0
zztdx, t ≥ 0,
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satisfies

I′3(t) ≤ −
∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx− 1
2

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx

+ ρz

∫ L

0
z2

t dx + ρu

∫ L

0
u2

t dx + C2

∫ L

0

(
θ2 + ϕ2 (x, 1, t)

)
dx. (2.2.33)

Proof. Differentiating the functional I3(t) using (2.1.3)1, (2.1.3)2 and integrating by parts, we obtain

I′3(t) = ρz

∫ L

0
z2

t dx + ρu

∫ L

0
u2

t dx− α3

∫ L

0
u2

xdx− 2α2

∫ L

0
uxzxdx

− α1

∫ L

0
z2

xdx− β
∫ L

0
θuxdx− µ

L∫
0

u ϕ (x, 1, t) dx. (2.2.34)

Note that

−α3

∫ L

0
u2

xdx− 2α2

∫ L

0
uxzxdx− α1

∫ L

0
z2

xdx = −
(

α3 −
α2

2
α1

) ∫ L

0
u2

xdx−
∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx.

(2.2.35)

So, (2.2.34) becomes

I′3(t) = ρz

∫ L

0
z2

t dx + ρu

∫ L

0
u2

t dx− β
∫ L

0
θuxdx− µ

L∫
0

u ϕ (x, 1, t) dx

−
(

α3 −
α2

2
α1

) ∫ L

0
u2

xdx−
∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx. (2.2.36)

Using Young’s and Poincaré’s inequalities

− β
∫ L

0
θuxdx ≤ 1

4

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx + C2

∫ L

0
θ2dx. (2.2.37)

− µ

L∫
0

u ϕ (x, 1, t) dx ≤ 1
4

(
α3 −

α2
2

α1

) L∫
0

u2
x dx + C2

L∫
0

ϕ2 (x, 1, t) dx. (2.2.38)

Substituting (2.2.37) and (2.2.38) into (2.2.36), we get (2.2.33).
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Lemma 2.2.5. Let (z, u, θ, q, ϕ) be the solution of (2.1.3)-(2.1.4). Then, the functional

I4(t) = −cρu

∫ L

0
θ

(∫ L

x
ut (y) dy

)
dx, ∀t ≥ 0,

satisfies, for any ε3, ε4, ε5 > 0, the following estimate

I′4(t) ≤ −
βρu

2

∫ L

0
u2

t dx + ε3

∫ L

0
u2

xdx + ε4

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx

+
ρu

2β

∫ L

0
q2dx + C3

(
1 +

1
ε3

+
1
ε4

+
1
ε5

) ∫ L

0
θ2dx + ε5

L∫
0

ϕ2 (x, 1, t) dx. (2.2.39)

Proof. By differentiating I4(t), using (2.1.3)2, (2.1.3)3 and integrating by parts, we obtain

I′4 (t) = ρu

∫ L

0
qutdx− βρu

∫ L

0
u2

t dx + cα3

∫ L

0
θuxdx + cα2

∫ L

0
θzxdx + cβ

∫ L

0
θ2dx

+ c µ

L∫
0

θ

L∫
x

ϕ (y, 1, t) dy dx. (2.2.40)

Using the fact that

cα3

∫ L

0
θuxdx + cα2

∫ L

0
θzxdx = c

(
α3 −

α2
2

α1

) ∫ L

0
θuxdx +

cα2√
α1

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx.

Then, (2.2.40) can be rewritten as follows

I′4 (t) = ρu

∫ L

0
qutdx− βρu

∫ L

0
u2

t dx + c

(
α3 −

α2
2

α1

) ∫ L

0
θuxdx + c µ

L∫
0

θ

L∫
x

ϕ (y, 1, t) dy dx.

+
cα2√

α1

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx + cβ

∫ L

0
θ2dx (2.2.41)

Young’s inequality leads to

c

(
α3 −

α2
2

α1

) ∫ L

0
θuxdx ≤ ε3

∫ L

0
u2

xdx +
C3

ε3

∫ L

0
θ2dx, (2.2.42)
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cα2√
α1

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx ≤ ε4

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx +
C3

ε4

∫ L

0
θ2dx, (2.2.43)

and

ρu

∫ L

0
qutdx ≤ βρu

2

∫ L

0
u2

t dx +
ρu

2β

∫ L

0
q2dx. (2.2.44)

Young’s and Cauchy Schwarz inequalities lead to

c µ

L∫
0

θ

L∫
x

ϕ (y, 1, t) dy dx ≤ ε5

L∫
0

ϕ2 (x, 1, t) dx +
C3

ε5

L∫
0

θ2dx. (2.2.45)

Estimate (2.2.39) follows by substituting (2.2.42)-(2.2.45) into (2.2.41).

Lemma 2.2.6. Let (z, u, θ, q, ϕ) be the solution of (2.1.3) - (2.1.4). Then, the functional

I5(t) = −cτ0

∫ L

0
θ

(∫ L

x
q (y) dy

)
dx, ∀t ≥ 0,

satisfies, for any ε6 > 0, the following estimate

I′5(t) ≤ −
ck
2

∫ L

0
θ2dx + ε6

∫ L

0
u2

t dx + C4

(
1 +

1
ε6

) ∫ L

0
q2dx. (2.2.46)

Proof. By differentiating I5(t), using (2.1.3)3, (2.1.3)4 and integrating by parts, we obtain

I′5(t) =− ck
∫ L

0
θ2dx + τ0

∫ L

0
q2dx− τ0β

∫ L

0
utqdx

+ c
∫ L

0
θ

(∫ L

x
q (y) dy

)
dx. (2.2.47)

Using Young’s inequality, we get

− τ0β
∫ L

0
utqdx ≤ ε6

∫ L

0
u2

t dx +
C4

ε6

∫ L

0
q2dx. (2.2.48)

Young’s and Cauchy Schwarz inequalities leads to

c
∫ L

0
θ

(∫ L

x
q (y) dy

)
dx ≤ ck

2

∫ L

0
θ2dx + C4

∫ L

0
q2dx. (2.2.49)

Inserting (2.2.48)-(2.2.49) in (2.2.47), we obtain (2.2.46).
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Lemma 2.2.7. Let (z, u, θ, q, ϕ) be the solution of (2.1.3)-(2.1.4). Then, the functional

I6 (t) = τ

L∫
0

1∫
0

e−τ ρ ϕ2 (x, ρ, t) dρ dx, (2.2.50)

satisfies

I′6(t) ≤
L∫

0

u2
t dx− e−τ

 L∫
0

ϕ2 (x, 1, t) dx + τ

L∫
0

1∫
0

ϕ2 (x, ρ, t) dρ dx

 . (2.2.51)

Proof. By differentiating I6 (t) and using (2.1.3)5, we obtain

I′6(t) =
L∫

0

u2
t dx− e−τ

L∫
0

ϕ2 (x, 1, t) dx− τ

L∫
0

1∫
0

e−τ ρ ϕ2 (x, ρ, t) dρ dx.

Using that fact that ϕ (x, 0, t) = ψ (x, t) and e−τ ≤ e−τ ρ ≤ 1 for all ρ ∈ [0, 1], we get (2.2.51).

Now, we define the Lyapunov functional L(t) by

L(t) = NE(t) + N1 I1 (t) + N2 I2 (t) + 2 (I3 + I4) (t) + N3 I5 (t) + N4 I6(t), (2.2.52)

where N, N1, N2, N3, N4 are positive constants.

Theorem 2.2.1. Let (z, u, θ, q, ϕ) be the solution of (2.1.3)-(2.1.4). Then, there exist two positive

constants κ1 and κ2 such that the Lyapunov functional (2.2.52) satisfies

κ1E (t) ≤ L(t) ≤ κ2E (t) , ∀t ≥ 0, (2.2.53)

and

L′(t) ≤ −β1E(t), β1 > 0. (2.2.54)

Proof. From (2.2.52), we have

Univ. de Skikda BOULKHELOUA Chaima



50
Theoretical Analysis and Convergence of a Fixed-Point Scheme For A Delayed Swelling Porous

Thermoelastic Soils Model

|L(t)− NE (t)| ≤ N1ρu

∫ L

0
|utu| dx + N1

α2

α1
ρz

∫ L

0
|ztu| dx + N2ρuα2

∫ L

0

∣∣∣∣ut

(
α2√
α1

u +
√

α1z
)∣∣∣∣ dx

+ N2
α2

2
α1

ρz

∫ L

0

∣∣∣∣zt

(
α2√
α1

u +
√

α1z
)∣∣∣∣ dx + 2ρu

∫ L

0
|uut| dx + 2ρz

∫ L

0
|zzt| dx

+ 2cρu

∫ L

0

∣∣∣∣θ (∫ L

x
ut (y) dy

)∣∣∣∣ dx + N3cτ0

∫ L

0

∣∣∣∣θ (∫ L

x
q (y) dy

)∣∣∣∣ dx

+ N4τ

L∫
0

1∫
0

e−τ ρ ϕ2 (x, ρ, t) dρ dx.

By using the Young’s, Poincaré’s, Cauchy-Schwarz inequalities, we obtain

|L(t)− NE (t)| ≤ γE (t) , γ > 0,

which yields

(N − γ) E (t) ≤ L (t) ≤ (N + γ) E (t) ,

by choosing N (depending on N1, N2, N3 and N4) sufficiently large we obtain (2.2.53).

Now, By differentiating L (t), exploiting (2.2.18), (2.2.22), (2.2.27), (2.2.33), (2.2.39), (2.2.46),

(2.2.51) and setting ε1 =
1

N1
, ε2 =

1
N2

, ε3 = ε5 =
1
2

, ε4 =
1
4

, ε6 =
1

N3
, we get

L′ (t) ≤ −
[

ρuβ− |µ|N − N1

(
ρu +

α2
2ρ2

z N1

4α2
1

)
− C1N2 − 2ρu − 1− N4

] L∫
0

u2
t dx

−
[

N
k
− ρu

β
− N3C4 (1 + N3)

] L∫
0

q2dx−
[(

α3 −
α2

2
α1

)(
N1

2
+ 1
)
− Cε2 N2 − 1

] L∫
0

u2
xdx

−
[

α2
2ρzN2

2
√

α1
− 1− 2ρz

] L∫
0

z2
t dx−

[
ckN3

2
− 18C3 − 2C2 − Cε2 N2 − C0N1

] L∫
0

θ2dx

− 1
2

L∫
0

(
α2√
α1

ux +
√

α1zx

)2

dx−
[
e−τ N4 − 1− 2C2 − N2Cε2 − N1C0

] L∫
0

ϕ2 (x, 1, t) dx

− τ e−τ N4

L∫
0

1∫
0

ϕ2 (x, ρ, t) dρ dx. (2.2.55)
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Now, we select our parameters appropriately as follows:

First, we choose N2 large enough so that

α2
2ρz

2
√

α1
N2 − 1− 2ρz > 0.

Next, we select N1 large enough so that

1
2

(
α3 −

α2
2

α1

)
(N1 + 2)− Cε2 N2 − 1 > 0.

We take N3 large such that

ckN3

2
− 18C3 − 2C2 − Cε2 N2 − C0N1 > 0.

We pick N4 large so that

e−τ N4 − 1− 2C2 − N2Cε2 − N1C0 > 0.

We choose N large enough so that (2.2.53) remains valid, further

N
k
− ρu

β
− N3C4 (1 + N3) > 0.

Finally, by taking |µ| so small that All these choices with the relation (2.2.55) leads to

L′(t) ≤ −α1

∫ L

0

z2
t + u2

x + u2
t +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +

1∫
0

ϕ2 (x, ρ, t) dρ

 dx. (2.2.56)

On the other hand, from Eq. (2.2.17), we obtain (2.2.54).

Now, we can state and prove the following stability result

Lemma 2.2.8. Let (z, u, θ, q, ϕ) be the solution of (2.1.3) - (2.1.4). Then, for any U0 ∈ D (A), there

exist two positive constants λ1 and λ2 such that

E (t) ≤ λ2e−λ1t, ∀t ≥ 0. (2.2.57)
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Proof. By using the estimation (2.2.54), we get

L′(t) ≤ −β1E(t), t ≥ 0,

having in mind the equivalence of E(t) and L(t) we infer that

L′(t) ≤ −λ1L(t), t ≥ 0, (2.2.58)

where λ1 =
β1

κ2
. A simple integration of (2.2.58) gives

L(t) ≤ L(0)e−λ1t, t ≥ 0,

which yields the serial result (2.2.57) with λ2 =
L(0)

κ1
and by using the other side of the equivalence

relation (2.2.53) again. The proof is complete.

2.3 Study of Convergence

In the second section, we established the existence and uniqueness of the solution to system (2.1.3)

- (2.1.4) , but it is challenging to determine the exact value of the solution. To address this, in the

following, we will numerically solve the system in the one-dimension domain Ω of length L., allowing

us to determine approximations of the solution. To this end, we will employ the Euler scheme for

discretizing temporal variable and the classical finite differences method for discretizing space. To solve

the descretized problem, we use a fixed point algorithm with study of their convergence. In addition,

we provide an example where the numerical experiment demonstrates that the discrete energy En

decays exponentially for different choices of the system parameters, supporting the asymptotic behavior

of the discretized issue solution.

Let us introduce the functions ẑ = zt, û = ut and for any N, m, M ∈N, we introduce the nets

ΩN = {xi = ρi = ih, i = 0, 1, ..., N + 1 , where h =
L

N + 1
},

ΓM = {tn = n∆t, n = 0, 1, ..., M + 1 , where ∆t =
T

M + 1
},

ΥM = {tn = n∆t, n = −M′,−M′ + 1, ..., 0 , with 0 < M′ < M }.
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such that the width of delay mesh is τ = M′∆t.

Now, using a backward Euler scheme in time and finite differences in space, we define the following

approximation of the derivatives:

φxx (xi, tn) =
φn

i+1 − 2φn
i + φn

i−1
h2 , φx (xi, tn) =

φn
i+1 − φn

i−1
2h

, φt (xi, tn) =
φn

i − φn−1
i

∆t
,

φt (xi, tn−M′) =
φn−M′

i − φn−M′−1
i

∆t
, 1 ≤ i ≤ N, 1 ≤ n ≤ M.

where φ = φ (x, t) be a function with second order partial derivatives. As a result, our problem consists

to find (ẑ, û, θ, q, ϕ) satisfying the discrete formulation of the system (2.1.3) - (2.1.4) presented by the

following numerical scheme

ρz

∆t
(ẑn

i − ẑn−1
i ) =

α1

h2 (z
n
i+1 − 2zn

i + zn
i−1) +

α2

h2 (u
n
i+1 − 2un

i + un
i−1),

ρu

∆t
(ûn

i − ûn−1
i ) =

α3

h2 (u
n
i+1 − 2un

i + un
i−1) +

α2

h2 (z
n
i+1 − 2zn

i + zn
i−1)

+
β

2h
(
θn

i+1 − θn
i−1
)
− µ

∆t

(
un−M′

i − un−M′−1
i

)
,

c
∆t

(θn
i − θn−1

i ) =
−1
2h
(
qn

i+1 − qn
i−1
)
+

β

2h
(ûn

i+1 − ûn
i−1),

τ0

∆t
(qn

i − qn−1
i ) = −qn

i −
k

2h
(
θn

i+1 − θn
i−1
)

,

τ

∆t

(
ϕn

i,j − ϕn−1
i,j

)
= − 1

2h

(
ϕn

i,j+1 − ϕn
i,j−1

)
,

(2.3.59)

where zn
i = z (xi, tn) , ẑn

i = zt (xi, tn) , un
i = u (xi, tn) , ûn

i = ut (xi, tn) , θn
i = θ (xi, tn) , qn

i = q (xi, tn) ,

un−M′
i = u (xi, tn−M′), ϕn

i,j = ϕ
(
xi, ρj, tn

)
for all i = 1, 2, ..., N , j = 1, 2, ..., m and n = 1, 2, ..., M, with

ϕ (xi, ρm+1, tn) = un−M′
i according to (2.1.1). To simplicity our numerical calculations in our scheme,

we consider the discrete boundary conditions given by

zn
0 = un

0 = θn
N+1 = qn

0 = 0, zn
N+1 = zn

N, un
N+1 = un

N, θn
1 = θn

0 , (2.3.60)
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and initial conditions
z0

i = z0 (xi) , u0
i = u0 (xi) , θ0

i = θ0 (xi) , q0
i = q0 (xi)

ẑ0
i = z1 (xi) and û0

i = u1 (xi)

ϕn
i,0 = ûn

i , un−M′
i = f0 (xi, tn−M′) , ϕ0

i,j = f0
(
xi, ρj.t−M′

)
, tn−M′ ∈ ΥM,

ϕn
N+1,N+1 = ûn−M′

N+1

(2.3.61)

where

zn
i = zn−1

i + ∆tẑn
i and un

i = un−1
i + ∆tûn

i

for all i = 1, 2, ..., N and n = 1, 2, ..., M.

Note that to find {ẑn, ûn, θn, qn, ϕn} , we need to solve five coupled systems of algebraic equations.

So, to solve the problem (2.3.59)-(2.3.61) at each time step we propose to consider the following

fixed-point algorithm:

ẑn,l
i =

α1∆t
ρzh2 (z

n,l−1
i+1 − 2zn,l−1

i + zn,l−1
i−1 ) +

α2∆t
ρzh2 (u

n,l−1
i+1 − 2un,l−1

i + un,l−1
i−1 ) + ẑn−1

i ,

ûn,l
i =

α3∆t
ρuh2 (u

n,l−1
i+1 − 2un,l−1

i + un,l−1
i−1 ) +

α2∆t
ρuh2 (z

n,l−1
i+1 − 2zn,l−1

i + zn,l−1
i−1 )

+
β∆t
2ρuh

(
θn,l−1

i+1 − θn,l−1
i−1

)
+ ûn−1

i − µ

ρu

(
un−M′

i − un−M′−1
i

)
,

θn,l
i = θn−1

i − ∆t
2ch

(
qn,l−1

i+1 − qn,l−1
i−1

)
+

β∆t
2ch

(ûn,l
i+1 − ûn,l

i−1),

(1 +
∆t
τ0

)qn,l
i = − k∆t

2hτ0

(
θn,l

i+1 − θn,l
i−1

)
+ qn−1

i ,

ϕn,l
i,j = ϕn−1,l−1

i,j − ∆t
2hτ

(
ϕn,l−1

i,j+1 − ϕn,l−1
i,j−1

)

(2.3.62)

with  zn,0
i = zn−1

i , un,0
i = un−1

i , θn,0
i = θn−1

i , qn,0
i = qn−1

i , zn,l
i = zn−1,l

i + ∆tẑn,l
i ,

un,l
i = un−1,l

i + ∆tûn,l
i , ϕn,0

i,j = ûn−M′
i,j ,

(2.3.63)
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for all i, j = 1, 2, ..., N, n = 1, 2, ..., M and l = 1, 2, ....

At each time step, we solve the scheme (2.3.62) by an iterative procedure that was stopped when

the difference between two successive iterations became smaller than a given tolerance ε.

2.3.1 Convergence of the proposed point fixed algorithm

Let Ẑn,l =
(

ẑn,l
i

)
1≤i≤N

, Ûn,l =
(

ûn,l
i

)
1≤i≤N

, Θ̂n,l =
(

θ̂n,l
i

)
1≤i≤N

, Q̂n,l =
(

q̂n,l
i

)
1≤i≤N

,

ϑn,l =
(

ϕn,l
i,j

)
1≤i,j≤N

. Then, the system (2.3.62)-(2.3.63) can be rewritten as follows



Ẑn,l =
α1 ∆t
ρzh2 A Zn,l−1 +

α2 ∆t
ρzh2 A Un,l−1 + Ẑn−1

Ûn,l =
α3 ∆t
ρuh2 A Un,l−1 +

α2 ∆t
ρuh2 A Zn,l +

β ∆t
2ρuh

B Θn,l−1 + Ûn−1

− µ

ρu

(
Un−M′ −Un−M′−1

)

Θn,l = Θn−1 − ∆t
2c h

C Qn,l−1 +
β ∆t
2c h

D Ûn,l

(
1 +

∆t
τ0

)
Qn,l = − k ∆t

2h τ0
B Θn,l + Qn−1

ϑn,l = ϑn−1,l−1 − ∆t
2h τ

E ϑn,l−1

(2.3.64)

with Zn,0 = Zn−1, Un,0 = Un−1, Θn,0 = Θn−1, Qn,0 = Qn−1, Zn,l = Zn−1,l + ∆tẐn,l,

Un,l = Un−1,l + ∆tÛn,l
i , ϑn,0 =Ûn−M′

(2.3.65)

where A, B, C, D are real matrices of dimensions (n× n) and E is a real matrix of dimension
(

n2 × n2
)

defined as follows
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A = diag (1,−2, 1) , D = diag(−1, 0, 1),

C =



1 0 0 0 · · · 0

−1 1 0 0 · · · 0

0 −1 1 0 . . . ...

0 0 −1 . . . . . . 0
...

...
... . . . 1 0

0 0 0 · · · −1 1


, B =



−1 1 0 0 · · · 0

−1 0 1 0 · · · 0

0 −1 0 1 . . . ...

0 0 −1 . . . . . . 0
...

...
... . . . 0 1

0 0 0 · · · −1 0



E =


D E1 · · · E1

E1 D . . . ...
... . . . . . . E1

E1 · · · E1 D

 , E1 = 0Rn×Rn

Now, we are ready to state and prove the following convergence result

Lemma 2.3.1. Let
(

Ẑn,l, Ûn,l, Θ̂n,l, Q̂n,l, ϑn,l
)

be the solution of the system (2.3.64)-(2.3.65). Then, the

fixed point algorithm proposed to solve the system (2.3.64)-(2.3.65) converges if and only if the following

condition is satisfied

∆t < min
{

2h τ

]|E|[ , h
√

ρu

α3 ]|A|[
, h
√

ρu

α1 ]|A|[
, h
√

ρz

α1 ]|A|[
, (∆t)2

}
, (2.3.66)

where (∆t)2 =
1−
√

1 + 4rτ0

2r
with r =

k
2c h2 ]|C|[ ]|B|[ and ]|.|[ represent a subordinate matrix norm to

the vector norm ‖.‖V .

Proof. From (2.3.64)1 we can write

∥∥∥Ẑn,l+1 − Ẑn,l
∥∥∥

V
≤ α1∆t

ρzh2 ]|A|[
∥∥∥Zn,l − Zn,l−1

∥∥∥
V
+

α2∆t
ρzh2 ]|A|[

∥∥∥Un,l −Un,l−1
∥∥∥

V
. (2.3.67)

On the other hand, we use the fact that Zn,l = Zn−1 + ∆t Ẑn,l,

Zn,l−1 = Zn−1 + ∆t Ẑn,l−1,
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and  Un,l = Un−1 + ∆t Ûn,l,

Un,l−1 = Un−1 + ∆t Ûn,l−1.

Then, (2.3.67) can be rewritten as follows

∥∥∥Ẑn,l+1 − Ẑn,l
∥∥∥

V
≤ α1(∆t)2

ρzh2 ]|A|[
∥∥∥Ẑn,l − Ẑn,l−1

∥∥∥
V
+

α2(∆t)2

ρzh2 ]|A|[
∥∥∥Ûn,l − Ûn,l−1

∥∥∥
V

.

After literations, we get

∥∥∥Ẑn,l+1 − Ẑn,l
∥∥∥

V
≤
(

α1(∆t)2

ρzh2 ]|A|[
)l∥∥∥Ẑn,1 − Ẑn,0

∥∥∥
V

+ α2

k=l−1

∑
k=0

αk
1

(
(∆t)2

ρzh2 ]|A|[
)k+1 ∥∥∥Ûn,l−k − Ûn,l−k−1

∥∥∥
V

. (2.3.68)

By using with (2.3.64)2, we can easily obtain

∥∥∥Ûn,l+1 − Ûn,l
∥∥∥

V
≤
(

α3(∆t)2

ρuh2 ]|A|[
)l∥∥∥Ûn,1 − Ûn,0

∥∥∥
V

+
α2(∆t)2

ρuh2 ]|A|[
∥∥∥Ẑn,l+1 − Ẑn,l

∥∥∥
V

+
β∆t

2ρu h
]|B|[

∥∥∥Θn,l −Θn,l−1
∥∥∥

V
. (2.3.69)

Also, from (2.3.64)3 and (2.3.64)4, we have

∥∥∥Θn,l+1 −Θn,l
∥∥∥

V
≤ ∆t

2c h
]|C|[

∥∥∥Qn,l −Qn,l−1
∥∥∥

V

+
β ∆t
2c h

]|D|[
∥∥∥Ûn,l+1 − Ûn,l

∥∥∥
V

, (2.3.70)

and ∥∥∥Qn,l+1 −Qn,l
∥∥∥

V
≤ µ1 k ∆t

2τ0 h
]|B|[

∥∥∥Θn,l+1 −Θn,l
∥∥∥

V
, µ1 =

τ0

1 + ∆t
. (2.3.71)

From (2.3.64)5, we can write

∥∥∥ϑn,l+1 − ϑn,l
∥∥∥

V
≤
∥∥∥ϑn−1,l − ϑn−1,l−1

∥∥∥
V
+

∆t
2h τ

]|E|[
∥∥∥ϑn,l − ϑn,l−1

∥∥∥
V

, (2.3.72)
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we estimate the last term of (2.3.72), every time, and replacing the result in (2.3.72), we obtain

∥∥∥ϑn,l+1 − ϑn,l
∥∥∥

V
≤

n0

∑
i=0

∑
i
+

n0

∑
i=1

Γi, n0 ≥ 1, (2.3.73)

with

∑
0
= µl

2

∥∥∥ϑn,1 − ϑn,0
∥∥∥

V
, µ2 =

∆t
2h τ

]|E|[ ,

and

∑
i
=

l−1

∑
σ1=0

l−σ1−2

∑
σ2=0

l−(σ1+σ2)−3

∑
σ3=0

...

l−
i−1
∑

j=0
ς j−i

∑
σi=0

µl−i
2

∥∥∥ϑn−i,1 − ϑn−i,0
∥∥∥

V
, i ≥ 1,

where

ς j =

 0, i f j = 0,

σj, Otherwise,
(2.3.74)

and for all i ≥ 1

Γi =
l−1

∑
σ1=0

l−σ1−2

∑
σ2=0

l−(σ1+σ2)−3

∑
σ3=0

...

l−
i−1
∑

j=0
ς j−i

∑
σi=0

µ

i
∑

k=1
σk

2

∥∥∥∥∥∥ϑ
n−i,l−

i
∑

k=1
σk−(i−1)

− ϑ
n−i,l−

i
∑

k=1
σk−i

∥∥∥∥∥∥
V

.

For n0 sufficiently large such that
i

∑
k=1

σk = l − i, the estimate (2.3.73) becomes

∥∥∥ϑn,l+1 − ϑn,l
∥∥∥

V
≤

n0

∑
i=0

∑
i
+

n0

∑
i=0

l−1

∑
σ1=0

l−σ1−2

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−i

∑
σi=0

µl−i
2

∥∥∥ϑn−i,1 − ϑn−i,0
∥∥∥

V
.

In order to
(

ϑn,l
)

l≥0
converge for l → ∞, it is necessary that µ2 < 1, which leads to

∆t <
2h τ

]|E|[ . (2.3.75)

Univ. de Skikda BOULKHELOUA Chaima



2.3 Study of Convergence 59

Now, by replacing (2.3.68) into (2.3.69), we have

∥∥∥Ûn,l+1 − Ûn,l
∥∥∥

V
≤
(

α3(∆t)2

ρuh2 ]|A|[
)l∥∥∥Ûn,1 − Ûn,0

∥∥∥
V

+ α2αl
1

(
(∆t)2

ρzh2 ]|A|[
)l+1 ∥∥∥Ẑn,1 − Ẑn,0

∥∥∥
V

+ α2
2

l−1

∑
k=0

αk
1

(
(∆t)2

ρzh2 ]|A|[
)k+2 ∥∥∥Ûn,l−k − Ûn,l−k−1

∥∥∥
V

+
β ∆t
2ρuh

]|B|[
∥∥∥Θn,l −Θn,l−1

∥∥∥
V

. (2.3.76)

From (2.3.70), we get

∥∥∥Θn,l −Θn,l−1
∥∥∥

V
≤ ∆t

2c h
]|C|[

∥∥∥Qn,l−1 −Qn,l−2
∥∥∥

V
+

β ∆t
2c h

]|D|[
∥∥∥Ûn,l − Ûn,l−1

∥∥∥
V

.

From (2.3.71), we arrive at

∥∥∥Qn,l−1 −Qn,l−2
∥∥∥

V
≤ µ1 k ∆t

2τ0 h
]|B|[

∥∥∥Θn,l−1 −Θn,l−2
∥∥∥

V
,

then,

∥∥∥Θn,l −Θn,l−1
∥∥∥

V
≤ γ0

∥∥∥Θn,l−1 −Θn,l−2
∥∥∥

V
+

β ∆t
2c h

]|D|[
∥∥∥Ûn,l − Ûn,l−1

∥∥∥
V

...

≤ γl−1
0

∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

β ∆t
2c h

]|D|[
l−2

∑
k=0

γk
0

∥∥∥Ûn,l−k − Ûn,l−k−1
∥∥∥

V
,

where

γ0 =
kµ1(∆t)2

2c h2τ0
]|C|[ ]|B|[ .
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Therefore, the estimate (2.3.76) becomes

∥∥∥Ûn,l+1 − Ûn,l
∥∥∥

V

≤

(α3(∆t)2

ρuh2 ]|A|[
)l

+

(
α2

α1

)2
(

α1(∆t)2

ρzh2 ]|A|[
)l+1

∥∥∥Ûn,1 − Ûn,0
∥∥∥

V

+
α2

α1

(
α1(∆t)2

ρuh2 ]|A|[
)l+1∥∥∥Ẑn,1 − Ẑn,0

∥∥∥
V
+

β ∆t
2ρuh

]|B|[ γl−1
0

∥∥∥Θn,1 −Θn,0
∥∥∥

V

+
l−2

∑
k=0

(α2

α1

)2
(

α1(∆t)2

ρzh2 ]|A|[
)k+2

+
1

c ρu

(
β ∆t
2h

)2

]|B|[ ]|D|[ γk
0

∥∥∥Ûn,l−k − Ûn,l−k−1
∥∥∥

V
.

To reduce this last estimation, we use the following notation

∥∥∥Ûn,l+1 − Ûn,l
∥∥∥

V
≤ χ1,l

∥∥∥Ûn,1 − Ûn,0
∥∥∥

V
+ χ2,l

∥∥∥Ẑn,1 − Ẑn,0
∥∥∥

V

+ χ3,l

∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

l−2

∑
σ1=0

ξσ1

∥∥∥Ûn,l−σ1 − Ûn,l−σ1−1
∥∥∥

V
, (2.3.77)

where

χ1,l =

(α3(∆t)2

ρuh2 ]|A|[
)l

+

(
α2

α1

)2
(

α1(∆t)2

ρzh2 ]|A|[
)l+1

 ,

χ2,l =
α2

α1

(
α1(∆t)2

ρuh2 ]|A|[
)l+1

,

χ3,l =
β ∆t
2ρuh

]|B|[ γl−1
0 ,

ξσ1 =

(α2

α1

)2
(

α1(∆t)2

ρzh2 ]|A|[
)σ1+2

+
1

c ρu

(
β ∆t
2h

)2

]|B|[ ]|D|[ γσ1
0

 .

By using the same iterative process as in the estimation of (2.3.72), we can estimate the last term of

(2.3.77) as follows
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∥∥∥Ûn,l+1 − Ûn,l
∥∥∥

V
≤
(

χ1,l +
n0−1

∑
i=1

Υi

)∥∥∥Ûn,1 − Ûn,0
∥∥∥

V
+

(
χ2,l +

n0−1

∑
i=1

Ψi

)∥∥∥Ẑn,1 − Ẑn,0
∥∥∥

V

+

(
χ3,l +

n0−1

∑
i=1

Φi

)∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

n0

∑
i=1

Λi,

with

Υi =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
1,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξσk

Ψi =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
2,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξσk ,

Φi =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
3,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξσk ,

Λi =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i

∑
j=0

ς j−(i+1)

∑
σi=0

n0

∏
i=1

ξσi

∥∥∥∥∥∥U
n,l−

n0
∑

i=1
σi−(n0−1)

−U
n,l−

n0
∑

i=1
σi−n0

∥∥∥∥∥∥
V

,

ξσk =

(α2

α1

)2
(

α1(∆t)2

ρzh2 ]|A|[
)σk+2

+
1

c ρu

(
β ∆t
2h

)2

]|B|[ ]|D|[ γ
σk
0

 , k = 1, i,

and ς j is defined by (2.3.74).

Until
n0

∑
i=0

σi = l − n0 − 1, (l > n0 + 1) ,

∥∥∥Ûn,l+1 − Ûn,l
∥∥∥

V
≤
(

χ1,l +
n0−1

∑
i=1

Υi

)∥∥∥Ûn,1 − Ûn,0
∥∥∥

V
+

(
χ2,l +

n0−1

∑
i=1

Ψi

)∥∥∥Ẑn,1 − Ẑn,0
∥∥∥

V

+

(
χ3,l +

n0−1

∑
i=1

Φi

)∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

n0

∑
i=0

l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i

∑
j=0

ς j−(i+1)

∑
σi=0

n0

∏
i=1

ξσi

∥∥∥Ûn,1 − Ûn,0
∥∥∥

V
.
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In order to
(

Ûn,l
)

l≥0
converge, it’s necessary and sufficient to the following conditions hold



α3(∆t)2

ρuh2 ]|A|[ < 1

α1(∆t)2

ρuh2 ]|A|[ < 1

α1(∆t)2

ρzh2 ]|A|[ < 1

⇔



∆t < h
√

ρu

α3 ]|A|[
∆t < h

√
ρu

α1 ]|A|[
∆t < h

√
ρz

α1 ]|A|[

(2.3.78)

and

γ0 < 1.

This last condition is equivalent to

r
(∆t)2

(τ0+∆t)
< 1, (2.3.79)

with

r =
k

2c h2 ]|C|[ ]|B|[ ,

the inequation (2.3.79) holds if and only if

∆t ∈ ](∆t)1 , (∆t)2[ ,

where

(∆t)1 =
1−
√

1 + 4rτ0

2r
< 0, (∆t)2 =

1 +
√

1 + 4rτ0

2r
.

Because ∆t > 0, Therefore, (2.3.79) holds if and only if

∆t ∈ ]0, (∆t)2[ . (2.3.80)

By the same technique, we can easily obtain

∥∥∥Ẑn,l+1 − Ẑn,l
∥∥∥

V
≤
(

χ4,l +
n0−1

∑
i=1

Ψ
′
i

)∥∥∥Ẑn,1 − Ẑn,0
∥∥∥

V
+

(
χ5,l +

n0−1

∑
i=1

∑ ′
i

)∥∥∥Ûn,1 − Ûn,0
∥∥∥

V

+

(
n0−1

∑
i=1

Φ
′
i

)∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

n0

∑
i=0

l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i

∑
j=0

ς j−(i+1)

∑
σi=0

n0

∏
i=1

ξ́σi

∥∥∥Ûn,2 − Ûn,1
∥∥∥

V
,

Univ. de Skikda BOULKHELOUA Chaima



2.3 Study of Convergence 63

with

ξ́σk =

(
α2

α1

)(
α1(∆t)2

ρzh2 ]|A|[
)σk+1

, k =1, i,

∑ ′
i =

l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
1,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξ́σk ,

Ψ′i =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
2,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξ́σk ,

Φ′i =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
3,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξ́σk ,

we deduce that under the same conditions (2.3.78) on ∆t , the sequence
(

Ẑn,l
)

l≥0
converges.

From (2.3.70)

∥∥∥Θn,l −Θn,l−1
∥∥∥

V
≤ γl−1

0

∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

β ∆t
2c h

]|D|[
l−2

∑
σ1=0

γσ1
0

∥∥∥Ûn,l−σ1 − Ûn,l−σ1−1
∥∥∥

V

≤≤ γl−1
0

∥∥∥Θn,1 −Θn,0
∥∥∥

V
+

l−2

∑
σ1=0

ξ ′′σ1

∥∥∥Ûn,l−σ1 − Ûn,l−σ1−1
∥∥∥

V
,

where

ξ ′′σ1
= γσ1

0
β ∆t
2c h

]|D|[ .

By using the same technique as in the estimation of the last term of (2.3.77), we deduce that

∥∥∥Θn,l −Θn,l−1
∥∥∥

V
≤ γl−1

0

∥∥∥Θn,1 −Θn,0
∥∥∥

V

+
n0−1

∑
i=1

(
∑ ′′

i

∥∥∥Ûn,1 − Ûn,0
∥∥∥

V
+ Ψ′′i

∥∥∥Ẑn,1 − Ẑn,0
∥∥∥

V
+ Φ′′i

∥∥∥Θn,1 −Θn,0
∥∥∥

V

)

+
n0

∑
i=1

l−2

∑
σ1=0

l−δ1−3

∑
σ2=0

...

n0+1−
n0
∑

j=i−1
σj−(i+1)

∑
σi=0

n0

∏
i=1

ξ ′′σi

∥∥∥Ûn,2 − Ûn,1
∥∥∥

V
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with

ξ ′′σk
=γ

σk
0

β ∆t
2c h

]|D|[ , k = 1, i , ∑ ′′
i =

l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
1,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξ ′′σk
,

Ψ′′i =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
2,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξ ′′σk
, ,

Φ′′i =
l−2

∑
σ1=0

l−σ1−3

∑
σ2=0

...

l−
i−1
∑

j=0
ς j−(i+1)

∑
σi=0

χ
3,l−

i
∑

k=1
σk−i

.
i

∏
k=1

ξ ′′σk
.

In order to the sequence
(

Θn,l
)

l≥0
converges, it’s necessary and sufficient that γ0 < 1. From (2.3.71),

if
(

Θn,l
)

l≥0
converges, then,

(
Qn,l

)
l≥0

converges under the same condition on
(

Θn,l
)

l≥0
. Therefore,

from (2.3.75), (2.3.78) and (2.3.80), the fixed point iterative scheme converges if and only if ∆t

verifies (2.3.66).

2.3.2 Approximation of the discrete energy

To approximate the continuous energy (2.2.17), we use the trapezoidal quadrature formula to compute

the integral I =
∫ L

0
f (x)dx

IN =
N+1

∑
i=0

ai f (xi) ' I,

where the weights {ai}N
i=1 are given by a0 = aN+1 =

h
2

and for i = 1, 2, ..., N, ai = h. Concerning the

trapezoidal quadrature formula in tow dimensional case to compute the last part of (2.2.17), we use

the following approximation

∫ L

0

∫ 1

0
f (x, y)dydx ' h2

4
( f (x0, y0) + f (x0, yN+1) + f (xN+1, y0) + f (xN+1, yN+1)) + h2

N

∑
i=1

N

∑
j=1

f (xi, yj)

+
h2

2

N

∑
i=1

( f (xi, y0) + f (xi, yN+1)) +
h2

2

N

∑
j=1

(
f (x0, yj) + f (xN+1, yj)

)
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Therefore, the discrete energy at the time step tn of system (2.3.59)-(2.3.61) is given by

En =
1
2

N+1

∑
i=0

ai[ρz (ẑn
i )

2 + ρu (ûn
i )

2 + c (θn
i )

2 +
τ0

k
(qn

i )
2 + α1

(
(zx)

n
i
)2

+ α3
(
(ux)

n
i
)2

+ 2b (ux)
n
i (zx)

n
i ]

+
|µ| τ

2
[
h2

4

((
ϕn

0,0
)2

+
(

ϕn
0,N+1

)2
+
(

ϕn
N+1,0

)2
+
(

ϕn
N+1,N+1

)2
)

+
h2

2

N

∑
j=1

(
ϕn

0,j

)2
+

h2

2

N

∑
j=1

(
ϕn

N+1,j

)2
+

h2

2

N

∑
i=1

(
ϕn

i,0
)2

+
h2

2

N

∑
i=1

(
ϕn

i,N+1
)2

+ h2
N

∑
i=1

N

∑
j=1

(
ϕn

i,j

)2
],

(2.3.81)

with

ûn
i = ut (xi, tn) , (ux)

n
i =

un
i+1 − un

i−1
2h

, ẑn
i = zt (xi, tn) , (zx)

n
i =

zn
i+1 − zn

i−1
2h

.

which is a discretization of the continuous energy (2.2.17).

2.3.3 Numerical illustration

In the table below, we consider five different choices of delay’s weight and we note that the asymptotic

behavior was reached in the last case even if in the first four cases the weights of delay are not

considerable. This shows the great influence of the delay on the stability of this type of system

throughout time.

Case Weight of delay Iterations time Asymptotic behavior
1 µ = 0.9 200 Unreached
2 µ = 0.03 200 Unreached
3 µ = 0.005 200 Unreached
4 µ = 0.0004 200 Unreached
5 µ = 0.00008 200 Reached

Table 2.1: Asymptotic behavior for different cases of delay’s weight.

In the next, we describe the following numerical example where the asymptotic behavior was reached,

that is the case when µ0 = 0.00008 and for different choices of the system parameters with the condition

(0.0.9) holds.
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Test 1 For this numerical test, we choose the following different values for the coefficients of the system

ρz = 3.5, α3 = 0.2, µ = 0.8, α2 = 0.1, β = 0.05, τ = 0.1

ρu = 1.5, α1 = 0.1, c = 4, τ0 = 0.06, c = 1.5, k = 10−5

We run our code for the following discretizations parameters: N = 100, m = 150, M = 200,

L = 1, T = 1 and take ε = 10−5. With the following initial conditions

z0 (x) = 10−2
(

x3 − 3
2

x2
)

, z1 (x) =
1
8

(
2x2 − 4x

)
, u0 (x) =

1
8

(
2x2 − 2x

)
,

u1 (x) = 0, θ0 (x) = 0, q0 (x) =
1
5

x3e−
3
2 x2

, f0 (x, t− τ) =
1
2

.10−3 cos(x). cos(
1

10π
(t− τ))

with the above parameters choice, we deduce that

2h τ

]|E|[ = 4.901960, h
√

ρu

α3 ]|A|[
= 0.013424, h

√
ρu

α1 ]|A|[
= 0.018985,

h
√

ρz

α1 ]|A|[
= 0.029000, (∆t)2 = 34.766946.

with

]|M|[ =max
i

∑
j

∣∣Mij
∣∣ .

Note that

dt = 0.005 < 0.013424 =min
{

2h τ

]|E|[ , h
√

ρu

α3 ]|A|[
, h
√

ρu

α1 ]|A|[
, h
√

ρz

α1 ]|A|[
, (∆t)2

}
.

which confirms the convergence of the algorithm.

Here are the evolution in time of the solutions z, u, θ, q, ϕ (x, 1, t) and of the discrete energy.

Univ. de Skikda BOULKHELOUA Chaima



2.3 Study of Convergence 67

0
50

100
150

200

0

0.5

1
−0.8

−0.6

−0.4

−0.2

0

tx

Z
(x

,t)

Figure 2.1: Evolution in time of the func-
tion z
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Figure 2.2: Evolution in time of the func-
tion u
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Figure 2.3: Evolution in time of the func-
tion θ
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Figure 2.4: Evolution in time of the func-
tion q
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Figure 2.5: Evolution in time of the func-
tion ϕ(x, 1, t)
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Figure 2.6: Evolution in time of the dis-
crete energy
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In above numerical test, the condition (2.3.66) holds and graphics presented in the Figures 1,5

show the evolution in time of the approximations solutions z, u, θ, q and ϕ(x, 1, t) on the interval

[0, T], for different choices of the system parameters and of the initial data. Furthermore, the Figure 6

shows that the approximate energy (2.3.81) decays in an exponential manner which confirms the main

theoretical result obtained.
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In this chapter, we consider a one-dimensional porous thermoelastic system with herditary heat

conduction and a distributed delay (0.0.21)- (0.0.22) without frictional damping, where the heat

conduction is given by Gurtin Pipkin law (0.0.17). The existence and uniqueness of the solution are

obtained by the use of Hille-Yosida theorem. Then, based on the energy method and by constructing

a suitable Lyapunov functional, we prove under some assumptions on the derivative of the heat-flux

kernel, that the solution of the system decays exponentially without any assumptions on the wave

speeds.

3.1 Preliminaries

We note that the presence of the convolution term in the constitutive equation for q renders the family

operators mapping the initial value (u0, u1, ϕ0, ϕ1, θ0, f0) into the solution (u, ϕ, θ) not match the

semigroup properties. This is due to the fact that the solution value of θ at time t depends on the whole

function up to time t. In order to overcome this difficulty we introduce the new variables

θt (x, s) = θ (x, t− s) , s ≥ 0, (3.1.1)

and

η (x, s) = ηt (x, s) =
s∫

0

θt (x, λ) dλ , s ≥ 0, (3.1.2)

which denote the past history and the summed past history of θ up to t, respectively.

Clearly, ηt (x, s) satisfies the following conditions

ηx (0, s) = ηx (π, s) = 0 , s ≥ 0 , t > 0,

η0 (x, s) = η0 (x, s) , x ∈ (0, π) , s ≥ 0,

η (x, 0) = lim
s→0

ηt (x, s) = 0 , x ∈ (0, π) , t > 0,

it is easy to demonstrate that

ηt (x, s) = θ − ηs (x, s) in (0, π)× (0, ∞)× (0, ∞) . (3.1.3)
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Furthermore, assuming that lim
s→∞

k (s) = 0, then, a simple computations leads to

q = −
t∫

−∞

k (t− s) θx (x, s) ds =
∞∫

0

k′ (s) ηt
x (x, s) ds,

setting κ (s) = −k′ (s), system (0.0.21)-(0.0.22) and equation (3.1.3) takes the form

ρ1 utt = µ uxx + b ϕx − β θx −
τ2∫

τ1

γ (σ) ut (x, t− σ) dσ in (0, π)× (0, ∞) ,

J ϕtt = α ϕxx − b ux − ξ ϕ + δ θ − τ ϕt in (0, π)× (0, ∞) ,

c θt =

∞∫
0

κ (s) ηt
xx (x, s) ds− β uxt − δ ϕt in (0, π)× (0, ∞) ,

ηt (x, s) = θ − ηs (x, s) in (0, π)× (0, ∞)× (0, ∞) ,

(3.1.4)

with the boundary conditions and the initial data

u (0, t) = u (π, t) = ϕx (0, t) = ϕx (π, t) = θx (0, t) = θx (π, t) = 0 , t > 0,

ηx (0, s) = ηx (π, s) = 0 , s ≥ 0 , t > 0,

u (x, 0) = u0 (x) , ϕ (x, 0) = ϕ0 (x) , θ (x, 0) = θ0 (x) , x ∈ (0, π) ,

ut (x, 0) = u1 (x) , ϕt (x, 0) = ϕ1 (x) , x ∈ (0, π) ,

η0 (x, s) = η0 (x, s) , x ∈ (0, π) , s ≥ 0,

η (x, 0) = 0 , x ∈ (0, π) , t > 0,

ut (x,−t) = f0 (x, t) , x ∈ (0, π) , t ∈ (0, τ2) .

(3.1.5)

Concerning the memory kernel κ, we assume the following set of hypotheses:

(H1) : κ ∈ C
(

IR+
)
∩ L1 (IR+

)
,

(H2) : κ (s) ≥ 0 , κ′ (s) ≤ 0 , ∀s ≥ 0 , κ (0) > 0,

(H3) :
∞∫

0

s κ (s) ds = 1,

(H4) : ∃r > 0 ; κ′ (s) ≤ −r κ (s) , ∀s ≥ 0,
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Concerning the delay, we only assume that

|γ (σ)| ∈ C ([τ1, τ2]) . (3.1.6)

In view of the boundary conditions, our system can have solutions (uniform in variable x) which do not

decay. In other words, it is known that for the problem determined by (3.1.4)-(3.1.5) we can always

take solutions where ϕ and θ are constant, for this purpose, we impose that

π∫
0

ϕ0 (x) dx =

π∫
0

ϕ1 (x) dx =

π∫
0

θ0 (x) dx = 0. (3.1.7)

It should be noted that condition (3.1.7) is imposed to guarantee that the solution decays. Thus, if we

want to avoid this behavior, we need to impose the condition (3.1.7). In addition, as in [2], to be able

to use Poincare’s inequality for ϕ and θ, we perform the following transformation.

From (3.1.4)2 and (3.1.4)3 respectively we have
J

π∫
0

ϕtt dx + τ

π∫
0

ϕt dx + ξ

π∫
0

ϕ dx− δ

π∫
0

θ dx = 0,

c
π∫

0

θt dx + δ

π∫
0

ϕt dx = 0.

(3.1.8)

Taking ψ (t) =
π∫

0

ϕ dx and ϑ (t) =
π∫

0

θ dx , we can observe that ψ (0) =
π∫

0

ϕ0 dx, ψ′ (0) =
π∫

0

ϕ1 dx

and ϑ (0) =
π∫

0

θ0 dx . Moreover, (ψ, ϑ) is a solution of the following initial value system
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

J ψ′′ + τ ψ′ + ξ ψ− δ ϑ = 0 , ∀t ≥ 0,

c ϑ′ + δ ψ′ = 0 , ∀t ≥ 0,

ψ (0) =
π∫

0

ϕ0 dx = 0,

ψ′ (0) =
π∫

0

ϕ1 dx = 0,

ϑ (0) =
π∫

0

θ0 dx = 0.

The solution of the system is ψ (t) = ϑ (t) = 0 , ∀t ≥ 0.

As a result
π∫

0

ϕ (x, t) dx =

π∫
0

θ (x, t) dx = 0 , ∀t ≥ 0.

In addition, from (3.1.2) we get

π∫
0

η (x, s) dx = 0 , ∀t ≥ 0 , ∀s ≥ 0.

In the following, we put
∞∫

0

κ (s) ds = κ0 = k (0)

3.2 Well-Posedness

In this section, we give the existence and uniqueness of solutions for the system (3.1.4)-(3.1.5) using

semigroup theory.

First, we introduce as in [66], new dependent variable

z (x, ρ, σ, t) = ut (x, t− ρ σ) in (0, π)× (0, 1)× (τ1, τ2)× (0, ∞) . (3.2.9)

A simple differentiation shows that z satisfies

σ zt (x, ρ, σ, t) + zρ (x, ρ, σ, t) = 0 in (0, π)× (0, 1)× (τ1, τ2)× (0, ∞) . (3.2.10)
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Hence problem (3.1.4) becomes

ρ1 utt = µ uxx + b ϕx − β θx −
τ2∫

τ1

γ (σ) z (x, 1, σ, t) dσ in (0, π)× (0, ∞) ,

J ϕtt = α ϕxx − b ux − ξ ϕ + δ θ − τ ϕt in (0, π)× (0, ∞) ,

c θt =

∞∫
0

κ (s) ηt
xx (x, s) ds− β uxt − δ ϕt in (0, π)× (0, ∞) ,

σ zt = −zρ in (0, π)× (0, 1)× (τ1, τ2)× (0, ∞) ,

ηt (x, s) = θ − ηs (x, s) in (0, π)× (0, ∞)× (0, ∞) ,

(3.2.11)

with the boundary and the initial data

u (0, t) = u (π, t) = ϕx (0, t) = ϕx (π, t) = θx (0, t) = θx (π, t) = 0 , t > 0,

ηx (0, s) = ηx (π, s) = 0 , s ≥ 0 , t > 0,

u (x, 0) = u0 (x) , ϕ (x, 0) = ϕ0 (x) , θ (x, 0) = θ0 (x) , x ∈ (0, π) ,

ut (x, 0) = u1 (x) , ϕt (x, 0) = ϕ1 (x) , x ∈ (0, π) ,

η0 (x, s) = η0 (x, s) , x ∈ (0, π) , s ≥ 0,

η (x, 0) = 0 , x ∈ (0, π) , t > 0,

z (x, ρ, σ, 0) = f0 (x, ρ σ) in (0, π)× (0, 1)× (0, τ2) .

(3.2.12)

Second, we introduce the vector function U = (u, v, ϕ, φ, θ, z, η)T , with v = ut, and φ = ϕt.

We consider the following Hilbert spaces:

L2
∗ (0, π) =

w ∈ L2 (0, π) ,
π∫

0

w (x) dx = 0

 ,

H1
∗ (0, π) = H1 (0, π) ∩ L2

∗ (0, π) ,

H2
∗ (0, π) =

{
w ∈ H2 (0, π) ; wx (0) = wx (π) = 0

}
.

Furthermore, we introduce the weight Hilbert spaces

M1 = L2
κ

(
(0, ∞) ; H1

∗ (0, π)
)
=

w : R+ → H1
∗ (0, π) ;

∞∫
0

κ (s) ‖wx (s)‖2
2 ds < ∞

 ,
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and

H = H1
κ

(
(0, ∞) , H1

∗ (0, π)
)
= {η / η, ηs ∈ M1} .

We define the enegy space by

H =H1
0 (0, π)× L2 (0, π)× H1

∗ (0, π)× L2
∗ (0, π)× H1

∗ (0, π)

× L2 ((0, π)× (0, 1)× (τ1, τ2))×M1.

Then H, along with the inner product

〈
U, Ũ

〉
H

= ρ1

∫ π

0
vṽdx + J

∫ π

0
φφ̃dx + c

∫ π

0
θθ̃dx + α

∫ π

0
ϕx ϕ̃xdx +

µ

2

π∫
0

(
ux +

b
µ

ϕ

)(
ũx +

b
µ

ϕ̃

)
dx

+
1
2

(
µ− b2

ξ

) π∫
0

ux ũx dx +
ξ

2

π∫
0

(
ϕ +

b
ξ

ux

)(
ϕ̃ +

b
ξ

ũx

)
dx +

1
2

(
ξ − b2

µ

) π∫
0

ϕ ϕ̃ dx

+

π∫
0

1∫
0

τ2∫
τ1

σ |γ2 (σ)| z z̃ dσ dρ dx +

∞∫
0

κ (s)
π∫

0

ηx η̃x dx ds, (3.2.13)

is a Hilbert space for any U = (u, v, ϕ, φ, θ, z, η)T ∈H and U(ũ, ṽ, ϕ̃, φ̃, θ̃, z̃, η̃)T ∈H.

The system (3.2.11)-(3.2.12) can be rewritten as follows: U′ (t) = (A+ B) U (t) , t > 0,

U (x, 0) = U0 (x) = (u0, u1, ϕ0, ϕ1, θ0, f0, η0)
T,
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where : D (A) ⊂H→H is a linear operator defined by

AU =



v

µ

ρ1
uxx +

b
ρ1

ϕx −
β

ρ1
θx −

τ2∫
τ1

|γ (σ)| dσ

ρ1
v− 1

ρ1

τ2∫
τ1

γ (σ) z (x, 1, σ, t) dσ

φ
α

J
ϕxx −

b
J

ux −
ξ

J
ϕ +

δ

J
θ − τ

J
φ

1
c

∞∫
0

κ (s) nxx (x, s) ds− β

c
vx −

δ

c
φ

− 1
σ

zρ

θ − ηs



.

and the domain of A is given by

D (A) =
{

U ∈H/ u ∈ H2 (0, π) ∩ H1
0 (0, π) ; ϕ , θ ∈ H2

∗ (0, π) ∩ H1
∗ (0, π) ;

v ∈ H1
0 (0, π) ; φ ∈ H1

∗ (0, π) ; z , zρ ∈ L2 ((0, π)× (0, 1)× (τ1, τ2)) ;

η ∈ H ;
∞∫

0

κ (s) nxx (x, s) ds ∈ L2 (0, π) ; η (x, 0) = 0} ,

and the operator B : D (B) = H→H is defined by

BU =

τ2∫
τ1

|γ (σ)| dσ

ρ1



0

v

0

0

0

0

0


.

Now we have the following existence and uniqueness result

Theorem 3.2.1. Let U0 ∈ H and assume that (0.0.6) holds. Then, there exists a unique solution
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U ∈ C (R+, H) for problem (3.2.11)-(3.2.12). Moreover, if U0 ∈ D (A) , then

U ∈ C (R+, D (A)) ∩ C1 (R+, H) .

Proof. We use the semi-group approach. So we prove that A is a maximal dissipative operator and B is

a Lipschitz continuous operator.

First, we prove that A is dissipative. Let U ∈ D (A) , then we have

〈AU, U〉H =−

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

v2 dx− τ

π∫
0

φ2 dx +

π∫
0

∞∫
0

κ (s) ηs ηxx ds dx

−
π∫

0

v
τ2∫

τ1

γ (σ) z (x, 1, σ, t) dσ dx−
π∫

0

1∫
0

τ2∫
τ1

|γ (σ)| zρ z dσ dρ dx. (3.2.14)

Integrating by part and using the fact that z (x, 0, t) = v (x, t) , the last term in the right-hand side of

(3.2.14) leads to

−
π∫

0

1∫
0

τ2∫
τ1

|γ (σ)| zρ z dσ dρ dx =− 1
2

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx

+
1
2

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

v2 dx.

Also, using Young’s inequality, we find

−
π∫

0

v
τ2∫

τ1

γ (σ) z (x, 1, σ, t) dσ dx

≤ 1
2

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

v2 dx +
1
2

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx.

In addition, integrating by part and using the fact that lim
s→∞

κ (s) = 0 we get

π∫
0

∞∫
0

κ (s) ηs ηxx ds dx =
1
2

∞∫
0

κ′ (s)
π∫

0

n2
x dx ds.

Univ. de Skikda BOULKHELOUA Chaima



78
Exponential Decay Of A Heat Porous Thermoelastic System In The Presence Of Distributed Delay

Without Frictional Damping

Consequently, by the use of (H2) ,(3.2.14) becomes

〈AU, U〉H ≤
1
2

∞∫
0

κ′ (s)
π∫

0

n2
x dx ds− τ

π∫
0

φ2 dx ≤ 0.

Hence, the operator A is dissipative.

Second, we prove that the operator λ I −A is surjective.

For any F = ( f1, f2, f3, f4, f5, f6, f7)
T ∈H , we prove that there exist U ∈ D (A) such that

(λ I −A)U = F. (3.2.15)

The problem (3.2.15) , leads to solve the following system



λ u− v = f1 ∈ H1
0 (0, π) ,

λ ρ1 +

τ2∫
τ1

|γ (σ)| dσ

 v− µ uxx − b ϕx + β θx

+

τ2∫
τ1

γ (σ) z (x, 1, σ, t) dσ = ρ1 f2 ∈ L2 (0, π) ,

λ ϕ− φ = f3 ∈ H1
∗ (0, π) ,

(λ J + τ) φ− α ϕxx + b ux + ξ ϕ− δ θ = J f4 ∈ L2
∗ (0, π) ,

λ c θ −
∞∫

0

κ (s) ηxx (x, s) ds + β vx + δ φ = c f5 ∈ H1
∗ (0, π) ,

λ σ z + zρ = σ f6 ∈ L2 ((0, π)× (0, 1)× (0, ∞)) ,

λ η − θ + ηs = f7 ∈ M1.

(3.2.16)

Suppose that u and ϕ are given with the appropriate regularity. Then, the first and the third equations

in (3.2.16) yield

v = λ u− f1 ∈ H1
0 (0, π) , (3.2.17)

and

φ = λ ϕ− f3 ∈ H1
∗ (0, π) , (3.2.18)
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respectively.

The sixth equation in (3.2.16) together with (3.2.17) and the fact that z (x, 0) = v (x, t) gives

z (x, ρ, σ, t) = λu (x, t) e−λ σ ρ − f1 e−λ σ ρ + σ e−λ σ ρ

ρ∫
0

eλ σ y f6 (x, y, σ, t) dy. (3.2.19)

The last equation in (3.2.16) under the condition η (0) = 0 gives

η (x, s) =
1
λ

θ (x, t)
(

1− e−λ s
)
+

s∫
0

eλ(w−s) f7 (w) dw. (3.2.20)

By the use of integration by parts, it can be easily shown that the second, fourth and fifth equations in

(3.2.16) satisfy the following:

λ ρ1 +

τ2∫
τ1

|γ (σ)| dσ

 π∫
0

v ũ dx + µ

π∫
0

ux ũx dx + b
π∫

0

ϕ ũx dx− β

π∫
0

θ ũx dx

+

π∫
0

ũ
τ2∫

τ1

γ (σ) z (x, 1, σ, t) dσ dx = ρ1

π∫
0

f2 ũ dx,

(λ J + τ)

π∫
0

φ ϕ̃ dx + α

π∫
0

ϕx ϕ̃x dx + b
π∫

0

ux ϕ̃ dx + ξ

π∫
0

ϕ ϕ̃ dx− δ

π∫
0

θ ϕ̃ dx

= J
π∫

0

f4 ϕ̃ dx,

c
π∫

0

θ θ̃ dx +
1
λ

π∫
0

θ̃x

∞∫
0

κ (s) ηx ds dx +
β

λ

π∫
0

vx θ̃ dx +
δ

λ

π∫
0

φ θ̃ dx =
c
λ

π∫
0

f5 θ̃ dx.

(3.2.21)

Moreover, by using (3.2.17)-(3.2.20) , we have the following corresponding weak formulation for

the second, fourth and fifth equation in (3.2.16):

Finding (u, ϕ, θ) ∈ H1
0 (0, π)× H1

∗ (0, π)× H1
∗ (0, π) such that

for all
(
ũ, ϕ̃, θ̃

)
∈ H1

0 (0, π)× H1
∗ (0, π)× H1

∗ (0, π) we have:

B
(
(u, ϕ, θ) ;

(
ũ, ϕ̃, θ̃

))
= l

(
ũ, ϕ̃, θ̃

)
, (3.2.22)
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where B :
[

H1
0 (0, π)× H1

∗ (0, π)× H1
∗ (0, π)

]2
→ R is the bilinear form defined by

B
(
(u, ϕ, θ) ;

(
ũ, ϕ̃, θ̃

))
= µ0

π∫
0

u ũ dx + µ

π∫
0

ux ũx dx + µ1

π∫
0

ϕ ϕ̃ dx + α

π∫
0

ϕx ϕ̃x dx

+ c
π∫

0

θ θ̃ dx + cκ

π∫
0

θx θ̃x dx + b
π∫

0

(ϕ ũx + ux ϕ̃) dx

+ β

π∫
0

(
ux θ̃ − θ ũx

)
dx + δ

π∫
0

(
ϕ θ̃ − θ ϕ̃

)
dx,

and l : H1
0 (0, π)× H1

∗ (0, π)× H1
∗ (0, π)→ R is the linear form given by

l
(
ũ, ϕ̃, θ̃

)
=

π∫
0

g1 ũ dx +

π∫
0

g2 ϕ̃ dx +

π∫
0

g3 θ̃ dx +

π∫
0

g4 θ̃x dx,

where

µ0 = λ2ρ1 + λ

τ2∫
τ1

|γ (σ)| dσ + λ

τ2∫
τ1

γ (σ) e−λ σdσ > 0 , µ1 = λ2 J + ξ + λ τ > 0,

cκ =
1

λ2

∞∫
0

κ (s)
(

1− e−λ s
)

ds > 0,

g1 =
µ0

λ
f1 + ρ1 f2 −

τ2∫
τ1

σ γ (σ) e−λ σ

1∫
0

eλ σ y f6 (x, y, σ, t) dy dσ ∈ L2 (0, π) ,

g2 = (λ J + τ) f3 + J f4 ∈ L2 (0, π) , g3 =
β

λ
f1x +

δ

λ
f3 +

c
λ

f5 ∈ L2 (0, π) ,

g4 = − 1
λ

∞∫
0

κ (s)
s∫

0

eλ(w−s) f7x (w) dw ds ∈ L2 (0, π) .

Now, for V = H1
0 (0, π)× H1

∗ (0, π)× H1
∗ (0, π) equipped with the norm

‖(u, ϕ, θ)‖2
V = ‖u‖2

2 + ‖ux‖2
2 + ‖ϕ‖2

2 + ‖ϕx‖2
2 + ‖θ‖

2
2 + ‖θx‖2

2 ,
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we have

|B ((u, ϕ, θ) ; (u, ϕ, θ))| = µ0

π∫
0

u2 dx + µ

π∫
0

u2
x dx + µ1

π∫
0

ϕ2 dx + α

π∫
0

ϕ2
x dx

+ c
π∫

0

θ2 dx + cκ

π∫
0

θ2
x dx + 2b

π∫
0

ux ϕ dx.

On the other hand , we can write

µ u2
x + µ1 ϕ2 + 2b ux ϕ =

1
2

[
µ

(
ux +

b
µ

ϕ

)2

+ µ1

(
ϕ +

b
µ1

ux

)2
]
+

1
2

[(
µ− b2

µ1

)
u2

x +

(
µ1 −

b2

µ

)
ϕ2
]

,

then, using (0.0.6) we deduce that

µ u2
x + µ1 ϕ2 + 2b ux ϕ ≥ 1

2

[(
µ− b2

µ1

)
u2

x +

(
µ1 −

b2

µ

)
ϕ2
]

,

As a result

|B ((u, ϕ, θ) ; (u, ϕ, θ))| ≥ M ‖(u, ϕ, θ)‖2
V ,

where M = min
{

1
2

(
µ− b2

µ1

)
;

1
2

(
µ1 −

b2

µ

)
; α ; c ; µ0 ; cκ

}
. Thus, B is coercive. Moreover, we

can easily see that B and l are bounded. Consequently, by Lax-Milgram Lemmam we conclude that

there exists a unique (u, ϕ, θ) ∈ V which satisfies (3.2.22).

Substituting u in (3.2.17) and (3.2.19), respectively, we get

v ∈ H1
0 (0, π) , z ∈ L2 ((0, π)× (0, 1)× (τ1, τ2)) ,

and z in (3.2.16)6, we obtain

zρ ∈ L2 ((0, π)× (0, 1)× (τ1, τ2)) ,

then, inserting ϕ in (3.2.18), we find

φ ∈ H1
∗ (0, π) .
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Similarly, inserting θ in (3.2.20) and bearing in mind (3.2.16) 7, we obtain

η ∈ H , η (x, 0) = 0.

Moreover, if we take
(

ϕ̃, θ̃
)
≡ (0, 0) ∈ H1

∗ (0, π)× H1
∗ (0, π), then (3.2.22) reduces to

µ

π∫
0

ux ũx dx + b
π∫

0

ϕũx dx− β

π∫
0

θũx dx = −
π∫

0

( −g1 + µ0 u) ũ dx , ∀ũ ∈ H1
0 (0, π) ,

that is,

µ uxx = −g1 + µ0 u− b ϕx + β θx , in L2 (0, π) ,

which implies,

u ∈ H2 (0, π) ∩ H1
0 (0, π) .

Then, we choose
(
ũ, θ̃
)
≡ (0, 0) ∈ H1

0 (0, π)× H1
∗ (0, π) , then (3.2.22) become

α

π∫
0

ϕx ϕ̃x dx = −
π∫

0

(µ1 ϕ + b ux − δ θ − g2) ϕ̃ dx , ∀ϕ̃ ∈ H1
∗ (0, π) . (3.2.23)

Here, we can not use the regularity theorem, because ϕ̃ ∈ H1
∗ (0, π) . So, we take ψ ∈ H1

0 (0, π) and

we set

ϕ̃ (x) = ψ (x)−
π∫

0

ψ (x) dx.

It’s clear that ϕ̃ ∈ H1
∗ (0, π) . Then, a substitution in (3.2.23) leads to

α

π∫
0

ϕx ψx dx = −
π∫

0

r ψ dx , ∀ψ ∈ H1
0 (0, π) ,

where,

r = µ1 ϕ + b ux − δ θ − g2.

That is,

α ϕxx = µ1 ϕ + b ux − δ θ − g2 , in L2 (0, π) , (3.2.24)
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which implies,

ϕ ∈ H2 (0, π) .

On the other hand, from (3.2.23) and integrating by parts, we get

α [ϕx ϕ̃]π0 − α

π∫
0

ϕxx ϕ̃ dx +

π∫
0

(µ1 ϕ + b ux − δ θ − g2) ϕ̃ dx = 0 , ∀ϕ̃ ∈ H1
∗ (0, π) ,

and from (3.2.24), we obtain

ϕx (π) ϕ (π)− ϕx (0) ϕ (0) = 0.

Since ϕ̃ ∈ H1
∗ (0, π) is arbitrary, then

ϕx (π) = ϕx (0) = 0.

Consequently,

ϕ ∈ H2
∗ (0, π) ∩ H1

∗ (0, π) .

Similary if we take (ũ, ϕ̃) ≡ (0, 0) ∈ H1
0 (0, π)× H1

∗ (0, π), we find

θ ∈ H2
∗ (0, π) ∩ H1

∗ (0, π) .

Finally, from (3.2.16)5, we get
∞∫

0

κ (s) ηxx (x, s) ds ∈ L2 (0, π) .

Hence, there exists a unique U ∈ D (A) such that (3.2.15) is satisfied. Consequently, the operator A is

maximal. Thus, we conclude that A is a maximal dissipative operator. On the other hand, it is obvious

that operator B is Lipschitz continuous. Consequently, A+ B is the infinitesimal generator of a linear

contraction C0-semigroup on H. Therefore, the well-posedness result follows from the Hill-Yosida

theorem. ( see [76] )

3.3 Exponential decay

In this section, we state and prove the technical lemmas needed for the proof of our stability result.
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Lemma 3.3.1. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12) . Then, the energy functional E (t),

defined by

E (t) =
1
2

π∫
0

(
ρ1 u2

t + J ϕ2
t + c θ2 + µ u2

x + α ϕ2
x + ξ ϕ2 + 2b ϕ ux

)
dx

+
1
2

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx +
1
2

∞∫
0

κ (s)
π∫

0

η2
x (x, s) dx ds, (3.3.25)

satisfies

E′ (t) ≤

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

u2
t dx +

1
2

∞∫
0

κ′ (s)
π∫

0

η2
x (x, s) dx ds− τ

π∫
0

ϕ2
t dx. (3.3.26)

Proof. Multiplying (3.2.11)1 , (3.2.11)2 , (3.2.11)3 by ut , ϕt , θ respectively, integrating over (0, π),

and Multiplying(3.2.11)4 by |γ2 (σ)| z , integrating over (0, π)× (0, 1)× (τ1, τ2) then,using integration

by part and taking into account the boundary conditions and summing them up, we obtain

d
2 dt


π∫

0

(
ρ1 u2

t + J ϕ2
t + c θ2 + µ u2

x + α ϕ2
x + ξ ϕ2 + 2b ϕ ux

)
dx +

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx


= −τ

π∫
0

ϕ2
t dx−

π∫
0

ut

τ2∫
τ1

γ (σ) z (x, 1, σ, t) dσ dx +

π∫
0

θ

∞∫
0

κ (s) ηxx (x, s) ds dx

−
π∫

0

1∫
0

τ2∫
τ1

|γ (σ)| zρ z (x, ρ, σ, t) dσ dρ dx.

Using (3.2.11)5, we get

d
2 dt


π∫

0

(
ρ1 u2

t + J ϕ2
t + c θ2 + µ u2

x + α ϕ2
x + ξ ϕ2 + 2b ϕ ux

)
dx +

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx


= −

π∫
0

ut

τ2∫
τ1

γ (σ) z (x, 1, σ, t) dσ dx− τ

π∫
0

ϕ2
t dx−

π∫
0

1∫
0

τ2∫
τ1

|γ (σ)| zρ z (x, ρ, σ, t) dσ dρ dx

+

π∫
0

∞∫
0

κ (s) ηt ηxx (x, s) ds dx +

π∫
0

∞∫
0

κ (s) ηs ηxx (x, s) ds dx, (3.3.27)
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integrating by part the last two terms of (3.3.27), we obtain

E (t) =
1
2

π∫
0

(
ρ1 u2

t + J ϕ2
t + c θ2 + µ u2

x + α ϕ2
x + ξ ϕ2 + 2b ϕ ux

)
dx

+
1
2

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx +
1
2

∞∫
0

κ (s)
π∫

0

η2
x (x, s) dx ds, (3.3.28)

and

E′ (t) = −
π∫

0

ut

τ2∫
τ1

γ (σ) z (x, 1, σ, t) dσ dx−
π∫

0

1∫
0

τ2∫
τ1

|γ (σ)| zρ z (x, ρ, σ, t) dσ dρ dx

− τ

π∫
0

ϕ2
t dx− 1

2

∞∫
0

κ (s)
∂

∂s

π∫
0

η2
x (x, s) dx ds. (3.3.29)

On the other hand, we have z (x, 0, σ, t) = ut (x, t), then

−
π∫

0

1∫
0

τ2∫
τ1

|γ (σ)| zρ z (x, ρ, σ, t) dσ dρ dx = −1
2

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx (3.3.30)

+
1
2

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

u2
t dx. (3.3.31)

By applying integration by parts and bringing in mind that lim
s→∞

κ (s) = 0, we find

−1
2

∞∫
0

κ (s)
∂

∂s

π∫
0

η2
x (x, s) dx ds = −1

2
lim
s→b

κ (s)
π∫

0

η2
x (x, s) dx

b=∞

b=0

+
1
2

∞∫
0

κ′ (s)
π∫

0

η2
x (x, s) dx ds

=
1
2

∞∫
0

κ′ (s)
π∫

0

η2
x (x, s) dx ds. (3.3.32)
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Then, using Young’s inequality on the first term in (3.3.29) leads to

−
π∫

0

ut

τ2∫
τ1

γ (σ) z (x, 1, σ, t) dσ dx ≤ 1
2

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

u2
t dx +

1
2

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx.

(3.3.33)

Inserting (3.3.31) , (3.3.32) and (3.3.33) in (3.3.29), we get (3.3.26).

Remark 3.3.1. The energy function E (t) defined in (3.3.25) is nonnegative. In fact,

µ u2
x + ξ ϕ2 + 2b ux ϕ =

1
2

[
µ

(
ux +

b
µ

ϕ

)2

+ ξ

(
ϕ +

b
ξ

ux

)2
]
+

1
2

[(
µ− b2

ξ

)
u2

x +

(
ξ − b2

µ

)
ϕ2
]

,

we conclude from (0.0.6) that

µ u2
x + ξ ϕ2 + 2b ux ϕ ≥ 1

2

[(
µ− b2

ξ

)
u2

x +

(
ξ − b2

µ

)
ϕ2
]

,

which leads to

E (t) >
1
2

π∫
0

(
ρ1 u2

t + J ϕ2
t + c θ2 +

1
2

(
µ− b2

ξ

)
u2

x + α ϕ2
x +

1
2

(
ξ − b2

µ

)
ϕ2
)

dx

+
1
2

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx +
1
2

∞∫
0

κ (s)
π∫

0

η2
x (x, s) dx ds,

then, E (t) is nonnegative.

Lemma 3.3.2. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12). Then, the functional

I1(t) = ρ1

∫ π

0
utu dx , t ≥ 0,

satisfies

I1
′ (t) ≤ −µ

2

π∫
0

u2
x dx + ρ1

π∫
0

u2
t dx + c0

π∫
0

(
ϕ2 + θ2

)
dx + c0

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx.

(3.3.34)
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Proof. By differentiating I1(t), using (3.2.11)1 and integrating by parts together with the boundary

conditions, we get

I1
′ (t) = −µ

π∫
0

u2
x dx− b

π∫
0

ϕ ux dx + β

π∫
0

θ ux dx + ρ1

π∫
0

u2
t dx−

π∫
0

u
τ2∫

τ1

γ (σ) z (x, 1, σ, t) dσ dx.

(3.3.35)

The application of Young’s , Poincaré and Cauchy Schwarz inequalities lead to

− b
π∫

0

ϕ ux dx ≤ µ

6

π∫
0

u2
x dx +

3 b2

2 µ

π∫
0

ϕ2dx, (3.3.36)

β

π∫
0

ϕ ux dx ≤ µ

6

π∫
0

u2
x dx +

3 β2

2 µ

π∫
0

θ2dx, (3.3.37)

and

−
π∫

0

u
τ2∫

τ1

γ (σ) z (x, 1, σ, t) dσ dx ≤ µ

6

π∫
0

u2
x dx +

3
2 µ

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx.

(3.3.38)

Substituting (3.3.36) , (3.3.37) and (3.3.38) in (3.3.35), we get (3.3.34).

Lemma 3.3.3. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12). Then, the functional

I2 (t) = J
π∫

0

ϕ ϕt dx +
τ

2

π∫
0

ϕ2dx +
b ρ1

µ

π∫
0

ϕ

x∫
0

ut (y) dy dx , t ≥ 0,

satisfies

I2
′ (t) ≤ −α

π∫
0

ϕ2
xdx− χ

2

π∫
0

ϕ2dx +
1
χ

(
δ− b β

µ

)2 π∫
0

θ2dx + ε0

π∫
0

u2
t dx (3.3.39)

+

(
J +

b2ρ2
1

4µ2ε0

) π∫
0

ϕ2
t dx + c0

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx, (3.3.40)
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where χ = ξ − b2

µ
.

Proof. By differentiating I2(t), using (3.2.11)2 and integrating by parts together with the boundary

conditions, we obtain

I2
′ (t) = −α

π∫
0

ϕ2
xdx− χ

π∫
0

ϕ2dx + J
π∫

0

ϕ2
t dx +

(
δ− b β

µ

) π∫
0

ϕ θ dx

+
b ρ1

µ

π∫
0

ϕt

x∫
0

ut (y) dy dx− b
µ

π∫
0

ϕ

x∫
0

τ2∫
τ1

γ (σ) z (y, 1, σ, t) dσ dy dx. (3.3.41)

By the use of Young’s inequality, we get

δ− b β

µ

π∫
0

ϕ θ dx ≤ χ

4

π∫
0

ϕ2dx +
1
χ

(
δ− b β

µ

)2 π∫
0

θ2dx, (3.3.42)

Cauchy Schwarz and Young’s inequalities, give us

b ρ1

µ

π∫
0

ϕt

x∫
0

ut (y) dy dx ≤ ε0

π∫
0

u2
t dx +

b2ρ2
1

4µ2ε0

π∫
0

ϕ2
t dx, (3.3.43)

and

− b
µ

π∫
0

ϕ

x∫
0

τ2∫
τ1

γ (σ) z (y, 1, σ, t) dσ dy dx

≤ χ

4

π∫
0

ϕ2dx +
1
χ

(
b π

µ

)2
 τ2∫

τ1

|γ (σ)| dσ

 π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx, (3.3.44)

Inserting (3.3.42)-(3.3.44) in (3.3.41), we obtain (3.3.40).

Lemma 3.3.4. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12). Then, the functional

I3 (t) = −c ρ1

π∫
0

θ

x∫
0

ut (y) dy dx , t ≥ 0,
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satisfies, for any ε1 > 0, the following estimate

I3
′ (t) ≤ −ρ1 |β|

2

π∫
0

u2
t dx + ε1

π∫
0

(
u2

x + ϕ2
)

dx + c0

(
1 +

1
ε1

) π∫
0

θ2 dx + c0

π∫
0

ϕ2
t dx

+
ρ1 κ0

|β|

∞∫
0

κ (s)
π∫

0

η2
x dx ds + π2ε1

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx. (3.3.45)

Proof. Differentiating the functional I3(t) using (3.2.11)1, (3.2.11)3 and integrating by parts together

with the boundary conditions, we obtain

I3
′ (t) = −ρ1 β

π∫
0

u2
t dx− µ c

π∫
0

θ ux dx− b c
π∫

0

θ ϕ dx + β c
π∫

0

θ2 dx + ρ1δ

π∫
0

ϕ

x∫
0

ut (y) dy dx

+ c
π∫

0

θ

x∫
0

τ2∫
τ1

γ (σ) z (y, 1, σ, t) dσ dy dx + ρ1

π∫
0

ut

∞∫
0

κ (s) ηx (x, s) ds dx. (3.3.46)

Young’s and Cauchy Schwarz inequalities leads to

− µ c
π∫

0

θ ux dx ≤ ε1

π∫
0

u2
x dx +

µ2c2

4ε1

π∫
0

θ2 dx, (3.3.47)

− b c
π∫

0

θ ϕ dx ≤ ε1

π∫
0

ϕ2 dx +
b2c2

4ε1

π∫
0

θ2 dx, (3.3.48)

π∫
0

θ

x∫
0

τ2∫
τ1

γ (σ) z (y, 1, σ, t) dσ dy dx

≤ c2

4ε1

π∫
0

θ2 dx + π2ε1

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx, (3.3.49)

ρ1

π∫
0

ut

∞∫
0

κ (s) ηx (x, s) ds dx ≤ ρ1 |β|
4

π∫
0

u2
t dx +

ρ1 κ0

|β|

∞∫
0

κ (s)
π∫

0

η2
x dx ds, (3.3.50)
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ρ1δ

π∫
0

ϕ

x∫
0

ut (y) dy dx ≤ ρ1 |β|
4

π∫
0

u2
t dx +

ρ1δ2

|β|

π∫
0

ϕ2
t dx. (3.3.51)

Substituting (3.3.47)-(3.3.51) in (3.3.46), we get (3.3.45).

Lemma 3.3.5. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12). Then, the functional

I4 (t) = −
c

κ0

π∫
0

θ

∞∫
0

κ (s) η (x, s) ds dx , t ≥ 0,

satisfies, for any ε2, ε3 > 0, the following estimate

I4
′ (t) ≤ − c

2

π∫
0

θ2 dx + ε2

π∫
0

ϕ2
t dx + ε3

π∫
0

u2
t dx− c κ (0)

2κ2
0

∞∫
0

κ′ (s)
π∫

0

η2
x dx ds

+ c0

(
1 +

1
ε2

+
1
ε3

) ∞∫
0

κ (s)
π∫

0

η2
x dx ds. (3.3.52)

Proof. By differentiating I4(t), using (3.2.11)3, (3.2.11)5 and integrating by parts together with the

boundary conditions, we obtain

I4
′ (t) = −c

π∫
0

θ2 dx +
c

κ0

π∫
0

θ

∞∫
0

κ (s) ηs (x, s) ds dx +
1
κ0

π∫
0

 ∞∫
0

κ (s) ηx (x, s) ds

2

dx

− β

κ0

π∫
0

ut

∞∫
0

κ (s) ηx (x, s) ds dx +
δ

κ0

π∫
0

ϕt

∞∫
0

κ (s) η (x, s) ds dx. (3.3.53)

Using Young’s , Poincaré and Cauchy Schwarz inequalities, we find

δ

κ0

π∫
0

ϕt

∞∫
0

κ (s) η (x, s) ds dx ≤ ε2

π∫
0

ϕ2
t dx +

δ2

4ε2 κ0

∞∫
0

κ (s)
π∫

0

η2
x dx ds, (3.3.54)

− β

κ0

π∫
0

ut

∞∫
0

κ (s) ηx (x, s) ds dx ≤ ε3

π∫
0

u2
t dx +

β2

4ε3 κ0

∞∫
0

κ (s)
π∫

0

η2
x dx ds, (3.3.55)

1
κ0

π∫
0

 ∞∫
0

κ (s) ηx (x, s) ds

2

dx ≤
∞∫

0

κ (s)
π∫

0

η2
x dx ds, (3.3.56)
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and
c

κ0

π∫
0

θ

∞∫
0

κ (s) ηs (x, s) ds dx ≤ c
2

π∫
0

θ2 dx− c κ (0)
2κ2

0

∞∫
0

κ′ (s)
π∫

0

η2
x dx ds. (3.3.57)

Estimate (3.3.52) follows by substituting (3.3.54)-(3.3.57) into (3.3.53).

Lemma 3.3.6. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12). Then, the functional

I5 (t) =
π∫

0

1∫
0

τ2∫
τ1

σ e−σ ρ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx , t ≥ 0,

satisfies the estimate

I5
′ (t) ≤ −m1

π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx +

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

u2
t dx

−m1

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx , t ≥ 0. (3.3.58)

Proof. By differentiating I5(t), using (3.2.11)4, integrating by parts and using the fact that z (x, 0, σ, t) =

ut (x, t) gives, we obtain

I5
′ (t) = −

π∫
0

τ2∫
τ1

e−σ |γ (σ)| z2 (x, 1, σ, t) dσ dx +

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

u2
t dx

−
π∫

0

1∫
0

τ2∫
τ1

σ e−σ ρ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx,

using the fact that e−σ ≤ e−σ ρ ≤ 1 we get for all ρ ∈ [0, 1]

I5
′ (t) ≤ −

π∫
0

τ2∫
τ1

e−σ |γ (σ)| z2 (x, 1, σ, t) dσ dx +

 τ2∫
τ1

|γ (σ)| dσ

 π∫
0

u2
t dx

−
π∫

0

1∫
0

τ2∫
τ1

σ e−σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx.
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Since −e−σ is an increasing function, we have −e−σ ≤ −e−τ2 for all σ ∈ [τ1, τ2] . Finally , setting

m1 = e−τ2 , we get (3.3.58)

Now, we define the Lyapunov functional L(t) by

L(t) = N E (t) + I1 (t) + N1 I2 (t) +
2
|β| ρ1

I3 (t) + N2 I4 (t) + N3 I5 (t) , (3.3.59)

where N, N1, N2, N3 are positive constants.

Lemma 3.3.7. Let (u, ϕ, θ, z, η) be a solution of (3.2.11) - (3.2.12). Then, there exist two positive

constants λ1 and λ2 such that the Lyapunov functional (3.3.59) satisfies

λ1E (t) ≤ L(t) ≤ λ2E (t) , ∀t ≥ 0, (3.3.60)

and

L′(t) ≤ −ς1E(t) + ς2

∞∫
0

κ (s) ‖ηx‖2ds ; ς1 , ς2 > 0. (3.3.61)

Proof. From (3.3.59), we have

|L(t)− NE (t)| ≤ ρ1

∫ π

0
|utu| dx + N1 J

π∫
0

|ϕt ϕ| dx + N1
τ

2

π∫
0

ϕ2dx + N1
b ρ1

µ

π∫
0

ϕ

x∫
0

ut (y) dy dx

+
2c
|β|

π∫
0

∣∣∣∣∣∣θ
x∫

0

ut (y) dy

∣∣∣∣∣∣ dx +
N2 c
κ0

π∫
0

∣∣∣∣∣∣θ
∞∫

0

κ (s) η (x, s) ds

∣∣∣∣∣∣ dx

+ N3

π∫
0

1∫
0

τ2∫
τ1

σe−σρ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx.

By applying Young’s, Poincaré and Cauchy-Schwarz inequalities, we get

|L(t)− NE (t)| ≤ ςE (t) , ς > 0,

which yields

(N − ς) E (t) ≤ L (t) ≤ (N + ς) E (t) ,

by choosing N (depending on N1, N2, and N3) sufficiently large we obtain (3.3.60).

Now, By differentiating L (t), exploiting (3.3.26), (3.3.34), (3.3.40), (3.3.45), (3.3.52), (3.3.58) and
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setting ε0 =
1

2N1
, ε1 =

µ ρ1 |β|
8

, ε2 =
1

N2
, ε3 =

ρ1

N2
, we get

L′ (t) ≤ −
(

1
2
− 2ρ1 − γ (τ2 − τ1) (N + N3)

) π∫
0

u2
t dx−

(
N1χ

2
− c0 −

µ

4

) π∫
0

ϕ2dx

− µ

4

π∫
0

u2
xdx−m1N3

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx− α N1

π∫
0

ϕ2
xdx

−

m1N3 − c0 − c0N1 −
µ π2

4

τ2∫
τ1

|γ (σ)| dσ

 π∫
0

τ2∫
τ1

|γ (σ)| z2 (x, 1, σ, t) dσ dx

−
(

c N2

2
− c0 −

1
χ

(
δ− bβ

µ

)2

N1 −
2c0

ρ1 |β|

(
1 +

8
µ ρ1 |β|

)) π∫
0

θ2dx

−
(

N τ −
(

J +
b2ρ2

1N1

2

)
N1 −

2c0

|β| ρ1
− 1

) π∫
0

ϕ2
t dx

+

(
2κ0

β2 + c0N2

(
1 + N2 +

N2

ρ1

)) ∞∫
0

κ (s) ‖ηx‖2ds

+

(
N
2
− c κ (0)

2κ2
0

N2

) ∞∫
0

κ′ (s) ‖ηx‖2ds. (3.3.62)

where γ = sup
σ∈[τ1,τ2]

|γ (σ)|

Now, we select our parameters appropriately as follows:

First, we choose N1 large enough so that

α1 =
N1χ

2
− c0 −

µ

4
> 0.

Next, we select N2 large enough so that

α2 =
c N2

2
− c0 −

1
χ

(
δ− bβ

µ

)2

N1 −
2c0

ρ1 |β|

(
1 +

8
µ ρ1 |β|

)
> 0.
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We take N3 large such that

m1N3 − c0 − c0N1 −
µ π2

4

τ2∫
τ1

|γ (σ)| dσ > 0.

We choose N large enough so that (3.3.60) remains valid, further

α3 = N τ −
(

J +
b2ρ2

1N1

2

)
N1 −

2c0

|β| ρ1
− 1 > 0and

N
2
− c κ (0)

2κ2
0

N2 > 0.

Finally, by taking γ so small that all these choices with the relation (3.3.60) leads to

α4 =
1
2
− 2ρ1 − γ (τ2 − τ1) (N + N3) > 0.

Let α5 =
µ

4
, α6 = α N1 , α7 = m1 N3 , α8 =

2κ0

β2 + c0N2

(
1 + N2 +

N2

ρ1

)
Ultimately, (3.3.62) turns out to be

L′ (t) ≤ −ω

 π∫
0

(
u2

t + ϕ2
t + θ2 + u2

x + ϕ2
x + ϕ2

)
dx

−ω

π∫
0

1∫
0

τ2∫
τ1

σ |γ (σ)| z2 (x, ρ, σ, t) dσ dρ dx

+ α8

∞∫
0

κ (s) ‖ηx‖2ds.

Meanwhile, by revisiting the energy functional (3.3.25) and utilizing Young’s inequality we find

(3.3.61)

Now, we can state and prove the following stability result.

Theorem 3.3.1. Assume that (0.0.6) holds and κ satisfies (H1) - (H4). Then system (3.2.11)-(3.2.12)

is exponentially stable. In other words there exist two positive constants υ1 and υ2 such that

E (t) ≤ υ2 e−υ1 t , ∀t ≥ 0. (3.3.63)

Proof. Multiplying (3.3.25) by r, using (H4), we end up with

Y ′ (t) ≤ −r ς1E (t) , ∀t ≥ 0, (3.3.64)
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where Y (t) = rL (t) + 2ς2E (t).Using(3.3.60),it’s readily follows,for some a0, b0 > 0

a0E (t) ≤ Y (t) ≤ b0E (t) , ∀t ≥ 0. (3.3.65)

Consequently, inequality (3.3.64) becomes

Y ′ (t) ≤ − υ1Y (t) , ∀t ≥ 0, (3.3.66)

where υ1 =
r ς1

b0
. A simple integration of (3.3.66) over (0, t) induces

Y (t) ≤ Y (0) e− υ1 t , ∀t ≥ 0. (3.3.67)

Thus, by combining (3.3.65) and (3.3.67), we obtain (3.3.63), which ultimately leads to the conclusion

of our stability result.
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In this chapter, we consider a one-dimensional Lord-Shulman thermoelastic system with porous

damping and distributed delay term acting on the porous equation (0.0.23). Under suitable assumptions

on the weight of distributed delay, we establish the well-posedness of the system by using semigroup

theory and we show that the dissipations due to thermal effects with porous damping are strong

enough to stabilise the system exponentially, independently of the wave speeds of the system [8].

4.1 Preliminaries

As in [66] we introduce the following new dependent variable

z (x, ρ, s, t) = ϕt (x, t− ρ s) , in (0, 1)× (0, 1)× (τ1, τ2)× (0, ∞) (4.1.1)

Is is easy to check that z satisfies

s zt (x, ρ, s, t) = −zρ (x, ρ, s, t) . in (0, 1)× (0, 1)× (τ1, τ2)× (0, ∞) (4.1.2)

Consequently, problem (0.0.23) is equivalent to

ρ1 utt = µ1uxx + µ0ϕx − β0 (τ θtx + θx) ,

J ϕtt = a0ϕxx − µ0ux − ξϕ + β1 (τ θt + θ)− γ1ϕt −
τ2∫

τ1

γ2 (s) z (x, 1, s, t) ds,

a(τ θt + θ)t = −β0 utx − β1ϕt + δθxx,

s zt = −zρ, in (0, 1)× (0, 1)× (τ1, τ2)× (0, ∞)

(4.1.3)

where (x, t) ∈ (0, 1)× (0, ∞) .

With the following initial and boundary conditions

u (x, 0) = u0 (x) , ϕ (x, 0) = ϕ0 (x) , θ (x, 0) = θ0 (x) in (0, 1) ,

ut (x, 0) = u1 (x) , ϕt (x, 0) = ϕ1 (x) , θt (x, 0) = θ1 (x) in (0, 1) ,

z (x, ρ, s, 0) = f0 (x, ρ s) in (0, 1)× (0, 1)× (0, τ2) ,

ux (0, t) = ux (1, t) = ϕ (0, t) = ϕ (1, t) = θ (0, t) = θ (1, t) = 0, t ≥ 0

z (x, 0, s, t) = ϕt (x, t) in (0, 1)× (τ1, τ2)× (0, ∞) ,

(4.1.4)
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concerning the weight of the delay, we only assume that

τ2∫
τ1

|γ2 (s)| ds < γ1. (4.1.5)

Meanwhile, using (2, 3)1 and the boundary conditions, we get

d2

dt2

1∫
0

u (x, t) dx = 0 . ∀t ≥ 0 (4.1.6)

So, by solving (4.1.5) and using the initial data of u, we obtain

1∫
0

u (x, t) dx = t
1∫

0

u1 (x) dx +

1∫
0

u0 (x) dx . ∀t ≥ 0

Consequently, if we set

u (x, t) = u (x, t)− t
1∫

0

u1 (x) dx−
1∫

0

u0 (x) dx t ≥ 0 , x ∈ (0, 1)

We end up with
1∫

0

u (x, t) dx = 0 , t ≥ 0

Thus, Poincaré’s inequality can be applied on u . In addition, simple substitution shows that (u, ϕ, θ) is

the solution of problem (4.1.3) with initial data for u given as

u (x, 0) = u0 (x) = u0 (x)−
1∫

0

u0 (x) dx,

and

ut (x, 0) = u1 (x) = u1 (x)−
1∫

0

u1 (x) dx.

In what follows, we will work with u but, for convenience, we write u instead of u .
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4.2 Well-Posedness

In this section, we give the existence and uniqueness result for problem (4.1.3)-(4.1.4) using the

semigroupe theory.

First, we introduce the vector function

U = (u, v, ϕ, φ, θ, ψ, z)T .

and the new dependent variables

v = ut , φ = ϕt , ψ = θt.

Then the system (4.1.3)-(4.1.4) can be written as follows: Ut = AU,

U (x, 0) = U0 (x) = (u0, u1, ϕ0, ϕ1, θ0, θ1, f0)
T ,

(4.2.7)

Where A : D (A) ⊂ H → H is a linear operator defined by

AU =



v
µ1

ρ1
uxx +

µ0

ρ1
ϕx −

β0

ρ1
(τ ψx + θx)

φ

a0

J
ϕxx −

µ0

J
ux −

ξ

J
ϕ +

β1

J
(τ ψ + θ)− γ1

J
φ− 1

J

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds

ψ

−1
τ

ψ− β0

aτ
vx −

β1

aτ
φ +

δ

aτ
θxx

−1
s

zρ (x, ρ, s, t)


and H is the energy space given by

H = H1
∗ (0, 1)× L2

∗ (0, 1)× H1
0 (0, 1)× L2 (0, 1)× H1

0 (0, 1)× L2 (0, 1)× L2 ((0, 1)× (0, 1)× (τ1, τ2))
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such that

H1
∗ (0, 1) = H1 (0, 1) ∩ L2

∗ (0, 1)

L2
∗ (0, 1) =

w ∈ L2 (0, 1) :
1∫

0

w (x) dx = 0


For any U = (u, v, ϕ, φ, θ, ψ, z)T ∈ H and Ũ =

(
ũ, ṽ, ϕ̃, φ̃, θ̃, ψ̃, z̃

)T
∈ H we equip H with the inner

product defined by

(
U, Ũ

)
H
= ρ1

1∫
0

v ṽ dx + J
1∫

0

φ φ̃ dx + a0

1∫
0

ϕx ϕ̃x dx + δτ

1∫
0

θx θ̃x dx + a
1∫

0

(τ ψ + θ)
(

τ ψ̃ + θ̃
)

dx

+ µ1

1∫
0

(
ux +

µ0

µ1
ϕ

)(
ũx +

µ0

µ1
ϕ̃

)
dx +

(
ξ −

µ2
0

µ1

) 1∫
0

ϕ ϕ̃dx

+

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z (x, ρ, s, t) z̃ (x, ρ, s, t) ds dρ dx.

The domain of A is given by

D (A) =
{

U ∈ H / u ∈ H2
∗ (0, 1) ∩ H1

∗ (0, 1) ; v ∈ H1
∗ (0, 1) ; ϕ, θ ∈ H2 (0, 1) ∩ H1

0 (0, 1)

φ, ψ ∈ H1
0 (0, 1) ; z, zρ ∈ L2 ((0, 1)× (0, 1)× (τ1, τ2))

}
.

Where

H2
∗ (0, 1) =

{
w ∈ H2 (0, 1) : wx (0) = wx (1) = 0

}
.

Clearly, D(A) is dense in H .

Now, we can give the following existence result.

Theorem 4.2.1. Let U0 ∈ H , Problem (4.2.7) has a unique solution U ∈ C (R+, H). Moreover, if

U0 ∈ D(A), then U ∈ C (R+, D (A)) ∩ C1 (R+, H)

Proof. The result follows from Lumer-phillips theorem provided we prove that A is a maximal dissipa-

tive operator. Firstly, we prove that A is dissipative. For any U ∈ D (A), and using the inner product,
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we get

(A U, U)H = −

γ1 −
1
2

τ2∫
τ1

|γ2 (s)| ds

 1∫
0

φ2dx− δ

1∫
0

θ2
x dx

− 1
2

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx−
1∫

0

φ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx (4.2.8)

using Young’s inequality on the last term in (4.2.8) we obtain

−
1∫

0

φ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx ≤

1
2

τ2∫
τ1

|γ2 (s)| ds

 1∫
0

φ2dx +
1
2

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx

(4.2.9)

Substituting (4.2.9) into (4.2.8) and using (4.1.5) we get

(AU, U)H = −

γ1 −
τ2∫

τ1

|γ2 (s)| ds

 1∫
0

φ2dx− δ

1∫
0

θ2
x dx ≤ 0

Hence, the operator A is dissipative. Next, we prove that the operator A is maximal. It is sufficient to

show that the operator I − A is surjective. Indeed, for any F = ( f1, f2, f3, f4, f5, f6, f7)
T ∈ H, we prove

that there exist U ∈ D (A) such that

(I − A)U = F (4.2.10)
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That is

u− v = f1 ∈ H1
∗ (0, 1)

v− µ1

ρ1
uxx −

µ0

ρ1
ϕx +

β0

ρ1
(τ ψx + θx) = f2 ∈ L2

∗ (0, 1)

ϕ− φ = f3 ∈ H1
0 (0, 1)

φ− a0

J
ϕxx +

µ0

J
ux +

ξ

J
ϕ− β1

J
(τ ψ + θ) +

γ1

J
φ +

1
J

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds = f4 ∈ L2 (0, 1)

θ − ψ = f5 ∈ H1
0 (0, 1)

ψ +
β0

a τ
vx +

β1

a τ
φ− δ

a τ
θxx +

1
τ

ψ = f6 ∈ L2 (0, 1)

z +
1
s

zρ = f7 ∈ L2 ((0, 1) , (0, 1) , (τ1, τ2))

(4.2.11)

We note that the last equation in (4.2.11) with z (x, 0, s, t) = φ (x, t) has a unique solution given by

z (x, ρ, s, t) = φ (x, t) e−sρ + s e−sρ

ρ∫
0

es σ f7 (x, σ, s, t) dσ (4.2.12)

Inserting v = u− f1 , φ = ϕ− f3 , ψ = θ − f5 and (4.2.12) in (3, 5)2 , (3, 5)4 and (3, 5)6 ,we get


ρ1 u− µ1 uxx − µ0 ϕx + β0 (τ + 1) θx = h1 ∈ L2 (0, 1)

µ4 ϕ− a0 ϕxx + µ0 ux − β1 (τ + 1) θ = h2 ∈ L2 (0, 1)

a (τ + 1) θ − δ θxx + β0 ux + β1 ϕ = h3 ∈ L2 (0, 1)

(4.2.13)

where

h1 = ρ1 ( f1 + f2) + β0 τ f5 x

h2 =

J + γ1 +

τ2∫
τ1

e−sγ2 (s) ds

 f3 + J f4 − β1 τ f5 +

τ2∫
τ1

s e−sγ2 (s)
1∫

0

es σ f7 (x, σ, s, t) dσ ds
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h3 = a (τ + 1) f5 + a τ f6 + β0 f1x + β1 f3

µ4 = J + ξ + γ1 +

τ2∫
τ1

e−sγ2 (s) ds

To solve (4.2.13), we consider the following variational formulation:

B
(
(u, ϕ, θ) ;

(
ũ, ϕ̃, θ̃

))
= L

(
ũ, ϕ̃, θ̃

)
(4.2.14)

where B :
[

H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1)

]2
→ R is the bilinear form defined by

B
(
(u, ϕ, θ) ;

(
ũ, ϕ̃, θ̃

))
= ρ1

1∫
0

u ũ dx + µ4

1∫
0

ϕ ϕ̃ dx + a(τ + 1)2
1∫

0

θ θ̃ dx

+ µ1

1∫
0

ux ũx dx + a0

1∫
0

ϕx ϕ̃x dx + δ (τ + 1)
1∫

0

θx θ̃x dx

+ µ0

1∫
0

(ux ϕ̃ + ϕ ũx) dx + β0 (τ + 1)
1∫

0

(
ux θ̃ − θ ũx

)
dx

+ β1 (τ + 1)
1∫

0

(
ϕ θ̃ − θ ϕ̃

)
dx

and L : H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1)→ R is the linear form given by

L
(

ũ, ϕ̃, θ̃
)
=

1∫
0

h1 ũ dx +

1∫
0

h2 ϕ̃ dx + (τ + 1)
1∫

0

h3 θ̃ dx

Now, for V = H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1) equipped with the norm

‖(u, ϕ, θ)‖2
V = ‖u‖2

L2(0,1) + ‖ux‖2
L2(0,1) + ‖ϕ‖2

L2(0,1) + ‖ϕx‖2
L2(0,1) + ‖θ‖

2
L2(0,1) + ‖θx‖2

L2(0,1)
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we have

B ((u, ϕ, θ) ; (u, ϕ, θ)) = ρ1

1∫
0

u2dx + µ4

1∫
0

ϕ2dx + a(τ + 1)2
1∫

0

θ2dx + µ1

1∫
0

u2
xdx

+ a0

1∫
0

ϕ2
xdx + δ (τ + 1)

1∫
0

θ2
xdx + 2µ0

1∫
0

ux ϕ dx

on the other hand, we can write

µ1 u2
x + 2µ0 ux ϕ + µ4 ϕ2 =

1
2

[
µ1

(
ux +

µ0

µ1
ϕ

)2

+ µ4

(
ϕ +

µ0

µ4
ux

)2

+

(
µ1 −

µ2
0

µ4

)
u2

x +

(
µ4 −

µ2
0

µ1

)
ϕ2

]

using (0.0.14), we deduce

µ1 u2
x + 2µ0 ux ϕ + µ4 ϕ2 >

1
2

[(
µ1 −

µ2
0

µ4

)
u2

x +

(
µ4 −

µ2
0

µ1

)
ϕ2

]

then, for some M0 > 0

B ((u, ϕ, θ) ; (u, ϕ, θ)) ≥ M0 ‖(u, ϕ, θ)‖2
V

Thus B is coercive. Similarly, we can easily prove that the bilinear and linear forms B and L are

continue.

Consequently, by the Lax-Miligram Lemma the variational problrm (4.2.14) has aunique solution

(u, ϕ, θ) ∈ H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1)

satifying

B
(
(u, ϕ, θ) ;

(
ũ, ϕ̃, θ̃

))
= L

(
ũ, ϕ̃, θ̃

)
∀
(

ũ, ϕ̃, θ̃
)
∈ V

The subsitition of u, ϕ and θ into (3, 5)1, (3, 5)3 and (3, 5)5,respectively, we obtain

(v, φ, ψ) ∈ H1
∗ (0, 1)× H1

0 (0, 1)× H1
0 (0, 1)

Similarly, inserting φ in (4.2.12) and bearning in mind (3, 5)7, we find

z , zρ ∈ L2 ((0, 1) , (0, 1) , (τ1, τ2))
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Now, if (ϕ, θ) ≡ (0, 0) ∈ H1
0 (0, 1)× H1

0 (0, 1), then (4.2.14) reduces to

ρ1

1∫
0

u ũ dx + µ1

1∫
0

ux ũx dx + µ0

1∫
0

ϕ ũx dx− β0 (τ + 1)
1∫

0

θ ũx dx

=

1∫
0

h1 ũ dx ∀ũ ∈ H1
∗ (0, 1) (4.2.15)

which implies

− µ1 uxx = −ρ1 u + µ0 ϕx − β0 (τ + 1) θx + h1 ∈ L2 (0, 1) (4.2.16)

Consequently, by the regularity theory for the linear elliptic equation, it follows that

u ∈ H2 (0, 1) ∩ H1
∗ (0, 1)

Moreover, (4.2.15) is also true for any ϑ ∈ C1 ([0, 1]) ⊂ H1
∗ (0, 1). Hence, we have

ρ1

1∫
0

u ϑ dx + µ1

1∫
0

ux ϑx dx + µ0

1∫
0

ϕ ϑx dx− β0 (τ + 1)
1∫

0

θ ϑx dx−
1∫

0

h1 ϑ dx = 0

for all ϑ ∈ C1 ([0, 1]). Thus, using integration by parts and bearning in mind (4.2.16), we obtain

ux (1) ϑ (1)− ux (0) ϑ (0) = 0 ∀ϑ ∈ C1 ([0, 1])

Therefore, ux (0) = ux (1) = 0. Consequently, we obtain

u ∈ H2
∗ (0, 1) ∩ H1

∗ (0, 1)

Similarly, we obtain

−a0 ϕxx = −µ4 ϕ− µ0 ux − β1 (τ + 1) θ + h2 ∈ L2 (0, 1)

−δ θxx = −a (τ + 1) θ − β0 ux − β1 ϕ + h3 ∈ L2 (0, 1)

thus, we have

ϕ , θ ∈ H2 (0, 1) ∩ H1
0 (0, 1)
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Finally, the application of the regularity theory for the linear elliptic equations guarantees the existence

of unique U ∈ D (A) such that (4.2.10) is satisfied. Consequently, A is a maximal operator. Hence, the

result of Theorem 4.2.1 follows from Lummer-Phillips theorem (see [52, 76])

4.3 Exponential stability

In this section, we use the energy method to prove that system (4.1.3)-(4.1.4) is exponentially stable.

To achieve our goal, we need the following lemmas:

Lemma 4.3.1. The energy functional, E , defined by

E (t) =
1
2

1∫
0

(
ρ1 u2

t + J ϕ2
t + a0 ϕ2

x + δτ θ2
x + a(τ θt + θ)2 + µ1

(
ux +

µ0

µ1
ϕ

)2

+

(
ξ −

µ2
0

µ1

)
ϕ2

)
dx

+
1
2

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx t ≥ 0. (4.3.17)

satisfies

E′ (t) ≤ −

γ1 −
τ2∫

τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx− δ

1∫
0

θ2
xdx. (4.3.18)

Proof. Multiplying (2, 3)1 by ut, (2, 3)2 by ϕt, (2, 3)3 by (τ θt + θ) and integrating over (0,1) and

summing them up we obtain

1
2

d
dt

1∫
0

(
ρ1 u2

t + µ1u2
x + 2µ0ϕ ux + J ϕ2

t + a0 ϕ2
x + ξϕ2 + a(τ θt + θ)2 + δτ θ2

x

)
dx

+ γ1

1∫
0

ϕ2
t dx + δ

1∫
0

θ2
xdx +

1∫
0

ϕt

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx = 0 (4.3.19)
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Multiplying (2, 3)4 by |γ2 (s)| z and integrating over (0, 1)× (0, 1)× (τ1, τ2) we get

1
2

d
dt

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx +
1
2

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx

− 1
2

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 0, s, t) ds dx = 0 (4.3.20)

by summing (4.3.19),(4.3.20) and using the fact that z (x, 0, s, t) = ϕt (x, t),we have

d
dt

1
2

1∫
0

(
ρ1 u2

t + µ1u2
x + 2µ0ϕ ux + J ϕ2

t + a0 ϕ2
x + ξϕ2 + a(τ θt + θ)2 + δτ θ2

x

)
dx

+
1
2

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx


= −γ1

1∫
0

ϕ2
t dx− δ

1∫
0

θ2
xdx−

1∫
0

ϕt

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx

− 1
2

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx +
1
2

τ2∫
τ1

|γ2 (s)| ds
1∫

0

ϕ2
t dx

using the fact that

µ1u2
x + 2µ0ϕ ux + ξϕ2 = µ1

(
ux +

µ0

µ1
ϕ

)2

+

(
ξ −

µ2
0

µ1

)
ϕ2

we find

E (t) =
1
2

1∫
0

(
ρ1 u2

t + J ϕ2
t + a0 ϕ2

x + δτ θ2
x + a(τ θt + θ)2 + µ1

(
ux +

µ0

µ1
ϕ

)2

+

(
ξ −

µ2
0

µ1

)
ϕ2

)
dx

+
1
2

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx
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and

E′ (t) = −

γ1 −
1
2

τ2∫
τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx− δ

1∫
0

θ2
xdx−

1∫
0

ϕt

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx

− 1
2

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx (4.3.21)

using Young’s inequality, we get

−
1∫

0

ϕt

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx ≤

1
2

τ2∫
τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx +

1
2

1∫
0

τ2∫
τ1

|γ2 (s) | z2 (x, 1, s, t) ds dx

(4.3.22)

inserting (4.3.22) in (4.3.21) , and using (4.1.5), we find

E′ (t) ≤ −

γ1 −
τ2∫

τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx− δ

1∫
0

θ2
xdx ≤ 0

Thus, the energy is decreasing and bounded above by E(0), which concludes the proof.

Lemma 4.3.2. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) then, the functional I1 (t)

defined by

I1 (t) = ρ1

1∫
0

ut u dx− β0τ

1∫
0

θ ux dx t ≥ 0, (4.3.23)

satisfies

I1
′ (t) ≤ −µ1

2

1∫
0

u2
x dx + c0

1∫
0

(
θ2

x + u2
t + ϕ2

)
dx t ≥ 0. (4.3.24)

Proof. Multiplying (2, 3)1 by u and integrating over (0,1) we obtain

ρ1

1∫
0

utt u dx = µ1

1∫
0

uxx u dx + µ0

1∫
0

ϕx u dx− β0

1∫
0

(τ θtx + θx) u dx
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and then integrating by parts together with the boundary conditions, we get

ρ1

1∫
0

utt u dx + ρ1

1∫
0

u2
t dx− ρ1

1∫
0

u2
t dx = −µ1

1∫
0

u2
x dx− µ0

1∫
0

ϕ ux dx + β0

1∫
0

(τ θt + θ) ux dx

= −µ1

1∫
0

u2
x dx− µ0

1∫
0

ϕ ux dx + β0 τ

1∫
0

θt uxdx + β0

1∫
0

θ uxdx

+ β0 τ

1∫
0

θ utx dx− β0 τ

1∫
0

θ utx dx

= −µ1

1∫
0

u2
x dx− µ0

1∫
0

ϕ ux dx + β0 τ

1∫
0

θt uxdx + β0

1∫
0

θ uxdx

+ β0 τ

1∫
0

θ utx dx + β0 τ

1∫
0

θx ut dx

wich is equivalent to

d
dt

ρ1

1∫
0

ut u dx− β0 τ

1∫
0

θ uxdx

 = ρ1

1∫
0

u2
t dx− µ1

1∫
0

u2
x dx− µ0

1∫
0

ϕ ux dx

+ β0 τ

1∫
0

θx ut dx + β0

1∫
0

θ uxdx

then, we get

I1 (t) = ρ1

1∫
0

ut u dx− β0τ

1∫
0

θ ux dx t ≥ 0 (4.3.25)

and

I1
′ (t) = ρ1

1∫
0

u2
t dx− µ1

1∫
0

u2
x dx− µ0

1∫
0

ϕ ux dx + β0 τ

1∫
0

θx ut dx + β0

1∫
0

θ uxdx (4.3.26)
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Using Young’s and Poincar’s inequalities and (0.0.14) we fined

− µ0

1∫
0

ϕ ux dx ≤ ξ2
1∫

0

ϕ2 dx +
µ1

4

1∫
0

u2
x dx (4.3.27)

β0 τ

1∫
0

θx ut dx ≤ β0 τ

2

1∫
0

θ2
x dx +

β0 τ

2

1∫
0

u2
t dx (4.3.28)

β0

1∫
0

θ uxdx ≤ β2
0

1∫
0

θ2
x dx +

µ1

4

1∫
0

u2
x dx (4.3.29)

inserting (4.3.27),(4.3.28),(4.3.29) in (4.3.26), we get

I1
′ (t) ≤ −µ1

2

1∫
0

u2
x dx +

(
ρ1 +

β0 τ

2

) 1∫
0

u2
t dx +

(
β2

0 +
β0 τ

2

) 1∫
0

θ2
x dx + ξ2

1∫
0

ϕ2 dx

≤ −µ1

2

1∫
0

u2
x dx + c0

1∫
0

(
u2

t + θ2
x + ϕ2

)
dx

Lemma 4.3.3. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) then, the functional I2 (t)

defined by

I2 (t) = J
1∫

0

ϕt ϕ dx +
γ1

2

1∫
0

ϕ2dx− µ0ρ1

µ1

1∫
0

ut

 x∫
0

ϕ (y) dy

 dx t ≥ 0, (4.3.30)

satisfies for any ε1 > 0 the estimate

I2
′ (t) ≤ −a0

1∫
0

ϕ2
x dx− µ3

2

1∫
0

ϕ2dx + ε1

1∫
0

u2
t dx + c0

1∫
0

(τ θt + θ)2dx

+ c0

(
1 +

1
ε1

) 1∫
0

ϕ2
t dx +

1
µ3

 τ2∫
τ1

|γ2 (s)| ds

 1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx t ≥ 0, (4.3.31)

where µ3 = ξ −
µ2

0
µ1
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Proof. Multiplying (2, 3)2 by ϕ, integrating over (0,1) we obtain

J
1∫

0

ϕtt ϕ dx = a0

1∫
0

ϕxx ϕ dx− µ0

1∫
0

ux ϕ dx− ξ

1∫
0

ϕ2 dx + β1

1∫
0

(τ θt + θ) ϕ dx

− γ1

1∫
0

ϕt ϕ dx−
1∫

0

ϕ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx

using integration by parts together with the boundary conditions, we get

J
1∫

0

ϕtt ϕ dx + J
1∫

0

ϕ2
t dx− J

1∫
0

ϕ2
t dx = −a0

1∫
0

ϕ2
x dx− µ0

1∫
0

ux ϕ dx− ξ

1∫
0

ϕ2 dx + β1

1∫
0

(τ θt + θ) ϕ dx

− γ1

1∫
0

ϕt ϕ dx−
1∫

0

ϕ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx

wich is equivalent to

d
dt

J
1∫

0

ϕt ϕ dx +
γ1

2

1∫
0

ϕ2 dx

 = J
1∫

0

ϕ2
t dx− a0

1∫
0

ϕ2
x dx− µ0

1∫
0

ux ϕ dx− ξ

1∫
0

ϕ2 dx

+ β1

1∫
0

(τ θt + θ) ϕ dx−
1∫

0

ϕ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx (4.3.32)

Multiplying (2, 3)1 by −µ0

µ1

x∫
0

ϕ (y) dy , integrating over (0,1) and then integrating by parts together

with the boundary conditions, we get

−µ0 ρ1

µ1

1∫
0

utt

 x∫
0

ϕ (y) dy

 dx = µ0

1∫
0

ux ϕ dx +
µ2

0
µ1

1∫
0

ϕ2 dx− β0 µ0

µ1

1∫
0

(τ θt + θ) ϕ dx
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witch is equivalent to

d
dt

−µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕ (y) dy

 dx

 = µ0

1∫
0

ux ϕ dx +
µ2

0
µ1

1∫
0

ϕ2 dx− β0 µ0

µ1

1∫
0

(τ θt + θ) ϕ dx

− µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕt (y) dy

 dx (4.3.33)

we sum (4.3.32) and (4.3.33) we find

d
dt

J
1∫

0

ϕt ϕ dx +
γ1

2

1∫
0

ϕ2 dx− µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕ (y) dy

 dx


= J

1∫
0

ϕ2
t dx− a0

1∫
0

ϕ2
x dx− µ3

1∫
0

ϕ2 dx +

(
β1 −

β0 µ0

µ1

) 1∫
0

(τ θt + θ) ϕ dx

− µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕt (y) dy

 dx−
1∫

0

ϕ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx

where µ3 = ξ −
µ2

0
µ1

then, we get

I2 (t) = J
1∫

0

ϕt ϕ dx +
γ1

2

1∫
0

ϕ2 dx− µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕ (y) dy

 dx t ≥ 0 (4.3.34)

and

I2
′ (t) = J

1∫
0

ϕ2
t dx− a0

1∫
0

ϕ2
x dx− µ3

1∫
0

ϕ2 dx−
1∫

0

ϕ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx

+

(
β1 −

β0 µ0

µ1

) 1∫
0

(τ θt + θ) ϕ dx− µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕt (y) dy

 dx t ≥ 0 (4.3.35)

Using Young’s and Cauchy Schwarz inequalities we obtain

− µ0 ρ1

µ1

1∫
0

ut

 x∫
0

ϕt (y) dy

 dx ≤ ε1

1∫
0

u2
t dx +

1
4ε1

(
µ0 ρ1

µ1

)2 1∫
0

ϕ2
t dx (4.3.36)
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−
1∫

0

ϕ

τ2∫
τ1

γ2 (s) z (x, 1, s, t) ds dx ≤ 1
µ3

 τ2∫
τ1

|γ2 (s)| ds

 1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx +
µ3

4

1∫
0

ϕ2 dx

(
β1 −

β0 µ0

µ1

) 1∫
0

(τ θt + θ) ϕ dx ≤ µ3

4

1∫
0

ϕ2 dx +
1
µ3

(
β1 −

β0 µ0

µ1

)2 1∫
0

(τ θt + θ)2 dx (4.3.37)

inserting (4.3.36) and (4.3.37) in (4.3.35) we get

I2
′ (t) ≤ −a0

1∫
0

ϕ2
x dx− µ3

2

1∫
0

ϕ2 dx + ε1

1∫
0

u2
t dx + c0

1∫
0

(τ θt + θ)2 dx + c0

(
1 +

1
ε1

) 1∫
0

ϕ2
t dx

+
1
µ3

 τ2∫
τ1

|γ2 (s)| ds

 1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx t ≥ 0

Lemma 4.3.4. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) then, the functional I3 (t)

defined by

I3 (t) = −a
1∫

0

τ2θt θ dx− aτ

2

1∫
0

θ2 dx t ≥ 0, (4.3.38)

satisfies for any ε2 > 0 the estimate

I3
′ (t) ≤ − a

2

1∫
0

(τθt + θ)2 dx + ε2

1∫
0

u2
t dx + c0

1∫
0

ϕ2
t dx + c0

(
1 +

1
ε2

) 1∫
0

θ2
x dx t ≥ 0. (4.3.39)

Proof. Multiplying (2, 3)3 by −τ θ, integrating over (0,1) we obtain

−a τ2
1∫

0

θtt θ dx− a τ

1∫
0

θt θ dx = β0 τ

1∫
0

utx θ dx + β1 τ

1∫
0

ϕt θ dx− δτ

1∫
0

θxx θ dx

and then integrating by parts together with the boundary conditions, we get

−a τ2
1∫

0

θtt θ dx− a τ

1∫
0

θt θ dx = −β0 τ

1∫
0

ut θx dx + β1 τ

1∫
0

ϕt θ dx + δτ

1∫
0

θ2
x dx
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wich is equivalent to

d
dt

−a
1∫

0

τ2θt θ dx− aτ

2

1∫
0

θ2 dx

 = −aτ2
1∫

0

θ2
t dx− β0 τ

1∫
0

ut θx dx + β1 τ

1∫
0

ϕt θ dx + δτ

1∫
0

θ2
x dx

then, we obtain

I3 (t) = −a
1∫

0

τ2θt θ dx− aτ

2

1∫
0

θ2 dx t ≥ 0

and

I3
′ (t) = −aτ2

1∫
0

θ2
t dx− β0 τ

1∫
0

ut θx dx + β1 τ

1∫
0

ϕt θ dx + δτ

1∫
0

θ2
x dx (4.3.40)

using Young’s and Poincar’s inequalities, we find

− β0 τ

1∫
0

ut θx dx ≤ ε2

1∫
0

u2
t dx +

1
4ε2

(β0τ)2
1∫

0

θ2
x dx (4.3.41)

β1 τ

1∫
0

ϕt θ dx ≤ 1
2
(β1τ)2

1∫
0

ϕ2
t dx +

1
2

1∫
0

θ2
x dx (4.3.42)

making use of the fact

−
1∫

0

(τ θt)
2dx ≤ −1

2

1∫
0

(τθt + θ)2 dx +

1∫
0

θ2
x dx

we get

− a
1∫

0

(τ θt)
2dx ≤ − a

2

1∫
0

(τθt + θ)2 dx + a
1∫

0

θ2
x dx (4.3.43)

inserting (4.3.41), (4.3.42) and (4.3.43) in (4.3.40) we get

I3
′ (t) ≤ − a

2

1∫
0

(τθt + θ)2 dx + ε2

1∫
0

u2
t dx + c0

1∫
0

ϕ2
t dx + c0

(
1 +

1
ε2

) 1∫
0

θ2
x dx t ≥ 0
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Lemma 4.3.5. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) then, the functional I4 (t)

defined by

I4 (t) = −ρ1 a
1∫

0

 x∫
0

ut (y) dy

 (τ θt + θ) dx t ≥ 0, (4.3.44)

satisfies for any ε3 > 0 the estimate

I4
′ (t) ≤ −β0 ρ1

2

1∫
0

u2
t dx + ε3

1∫
0

u2
x dx + c0

1∫
0

ϕ2 dx + c0

1∫
0

ϕ2
t dx

+ c0

1∫
0

θ2
x dx + c0

(
1 +

1
ε3

) 1∫
0

(τ θt + θ)2 dx t ≥ 0. (4.3.45)

Proof. Multiplying (2, 3)3 by −ρ1

x∫
0

ut (y) dy, integrating over (0,1) we obtain

−ρ1 a
1∫

0

 x∫
0

ut (y) dy

 (τ θt + θ)t dx = β0 ρ1

1∫
0

utx

 x∫
0

ut (y) dy

 dx + β1 ρ1

1∫
0

ϕt

 x∫
0

ut (y) dy

 dx

− δ ρ1

1∫
0

θxx

 x∫
0

ut (y) dy

 dx

using integration by parts together with the boundary conditions, we get

−ρ1 a
1∫

0

 x∫
0

ut (y) dy

 (τ θt + θ)t dx = −β0 ρ1

1∫
0

u2
t dx + δ ρ1

1∫
0

θx utdx + β1 ρ1

1∫
0

ϕt

 x∫
0

ut (y) dy

 dx

wich is equivalent to

d
dt

−aρ1

1∫
0

(τ θt + θ)

 x∫
0

ut (y) dy

 dx

 = −aρ1

1∫
0

(τ θt + θ)

 x∫
0

utt (y) dy

 dx + δ ρ1

1∫
0

θx utdx

− β0 ρ1

1∫
0

u2
t dx + β1 ρ1

1∫
0

ϕt

 x∫
0

ut (y) dy

 dx
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using (2, 3)1 we obtain

d
dt

−aρ1

1∫
0

(τ θt + θ)

 x∫
0

ut (y) dy

 dx

 = −aµ1

1∫
0

(τ θt + θ) ux dx− aµ0

1∫
0

(τ θt + θ) ϕ dx

+ a β0

1∫
0

(τ θt + θ)2dx− β0 ρ1

1∫
0

u2
t dx

+ β1 ρ1

1∫
0

ϕt

 x∫
0

ut (y) dy

 dx + δ ρ1

1∫
0

θx utdx

then, we have

I4 (t) = −a ρ1

1∫
0

(τ θt + θ)

 x∫
0

ut (y) dy

 dx t ≥ 0

and

I4
′ (t) = −aµ1

1∫
0

(τ θt + θ) ux dx− aµ0

1∫
0

(τ θt + θ) ϕ dx + a β0

1∫
0

(τ θt + θ)2dx

− β0 ρ1

1∫
0

u2
t dx + β1 ρ1

1∫
0

ϕt

 x∫
0

ut (y) dy

 dx + δ ρ1

1∫
0

θx utdx (4.3.46)

Using Young’s and Cauchy Schwarz inequalities we find

δ ρ1

1∫
0

θx utdx ≤ β0 ρ1

4

1∫
0

u2
t dx +

δ2ρ1

β0

1∫
0

θ2
x dx (4.3.47)

β1 ρ1

1∫
0

ϕt

 x∫
0

ut (y) dy

 dx ≤ β0 ρ1

4

1∫
0

u2
t dx +

β1 ρ1

β0

1∫
0

ϕ2
t dx (4.3.48)

− aµ0

1∫
0

(τ θt + θ) ϕ dx ≤ a µ0

2ε3

1∫
0

(τ θt + θ)2 dx +
a ε3 µ0

2

1∫
0

ϕ2 dx (4.3.49)

− aµ1

1∫
0

(τ θt + θ) ux dx ≤ ε3

1∫
0

u2
x dx +

1
4ε3

(a µ1)
2

1∫
0

(τ θt + θ)2 dx (4.3.50)
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inserting (4.3.47), (4.3.48), (4.3.49) and (4.3.50) in (4.3.46) we get

I4
′ (t) ≤ −β0 ρ1

2

1∫
0

u2
t dx + ε3

1∫
0

u2
x dx + c0

1∫
0

ϕ2 dx + c0

1∫
0

ϕ2
t dx

+ c0

1∫
0

θ2
x dx + c0

(
1 +

1
ε3

) 1∫
0

(τ θt + θ)2 dx t ≥ 0

Lemma 4.3.6. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) then, the functional I5 (t)

defined by

I5 (t) =
1∫

0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx t ≥ 0, (4.3.51)

satisfies the estimate

I5
′ (t) ≤ −η1

1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx− η1

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx

+ γ1

1∫
0

ϕ2
t dx t ≥ 0. (4.3.52)

Proof. Multiplying (2, 3)4 by e−s ρ |γ2 (s)| z, integrating over (0, 1)× (0, 1)× (τ1, τ2) we obtain

1∫
0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| zt z ds dρ dx = −
1∫

0

1∫
0

τ2∫
τ1

e−s ρ |γ2 (s)| zρ z ds dρ dx

wich is equivalent to

d
dt

1∫
0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx = −
1∫

0

1∫
0

τ2∫
τ1

e−s ρ |γ2 (s)|
∂

∂ρ
z2 (x, ρ, s, t) ds dρ dx

Integration by part and using the fact that z (x, 0, s, t) = ϕt (x, t) gives
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d
dt

1∫
0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx = −
1∫

0

τ2∫
τ1

e−s |γ2 (s)| z2 (x, 1, s, t) ds dx

−
1∫

0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx +

 τ2∫
τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx

then, we have

I5 (t) =
1∫

0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx t ≥

and

I5
′ (t) = −

1∫
0

τ2∫
τ1

e−s |γ2 (s)| z2 (x, 1, s, t) ds dx +

 τ2∫
τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx

−
1∫

0

1∫
0

τ2∫
τ1

s e−s ρ |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx

using the fact that e−s ≤ e−s ρ ≤ 1 we get for all ρ ∈ [0, 1]

I5
′ (t) ≤ −

1∫
0

τ2∫
τ1

e−s |γ2 (s)| z2 (x, 1, s, t) ds dx +

 τ2∫
τ1

|γ2 (s)| ds

 1∫
0

ϕ2
t dx

−
1∫

0

1∫
0

τ2∫
τ1

s e−s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx

Since −e−s is an increasing function, we have −e−s ≤ −e−τ2 for all s ∈ [τ1, τ2] .

Finally , setting η1 = e−τ2 and recalling (4.1.5) we get ((4.3.52))

Now, we define the Lyapunov functional L (t) by

L (t) = N E (t) + N1 I1 (t) + N2 I2 (t) + N3 I3 (t) + N4 I4 (t) + N5 I5 (t) ∀t ≥ 0, (4.3.53)

where N, N1, N2, N3, N4 and N5 are positive real numbers to be chosen appropriately later
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Lemma 4.3.7. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) then, there exists two positive constants

b1 and b2 such that the Lyapunov functional L (t) satisfies

b1 E (t) ≤ L (t) ≤ b2 E (t) ∀t ≥ 0, (4.3.54)

and

L′ (t) ≤ −ς E (t) , ς > 0. (4.3.55)

Proof. From (4.3.53), we can write

|L (t)− N E (t)| ≤ N1 |I1 (t)|+ N2 |I2 (t)|+ N3 |I3 (t)|+ N4 |I4 (t)|+ N5 |I5 (t)|

≤ N1ρ1

1∫
0

|ut| |u| dx + N1β0 τ

1∫
0

|ux| |θ| dx + N2 J
1∫

0

|ϕt| |ϕ| dx +
N2γ1

2

1∫
0

ϕ2dx

+
N2µ0ρ1

µ1

1∫
0

|ut|

 x∫
0

|ϕ (y)| dy

 dx + N3 a τ2
1∫

0

|θt| |θ| dx +
N3 a τ

2

1∫
0

θ2dx

+ N4ρ1 a
1∫

0

|τ θt + θ|

 x∫
0

|ut (y)| dy

 dx + N5

1∫
0

1∫
0

τ2∫
τ1

s e−sρ |γ2 (s)| z2ds dρ dx

Exploiting Young’s, Poincaré, Cauchy-Schwarz inequalities, (4.3.17) and the fact that e−s ρ ≤ 1 for all

ρ ∈ [0, 1] we obtain

|L (t)− N E (t)| ≤ c
1∫

0

(
u2

t + ϕ2
t + (τ θt + θ)2 + ϕ2

x + ϕ2 + θ2
x +

(
ux +

µ0

µ1
ϕ

)2
)

dx

+ c
1∫

0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx

≤ c E (t)

Consequently, we have

(N − c) E (t) ≤ L (t) ≤ (N + c) E (t)

Choosing N is sufficiently large and depends on Ni , i = 1, 5 , we obtain (4.3.55)
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Now, By differentiating (4.3.53) and recalling (4.3.18) , (4.3.24) , (4.3.31) , (4.3.39) , (4.3.45) ,

(4.3.52) we get

L′ (t) ≤ −
(

N4 β0 ρ1

2
− N3 ε2 − N2 ε1 − N1 c0

) 1∫
0

u2
t dx− N2 a0

1∫
0

ϕ2
xdx

−

N

γ1 −
τ2∫

τ1

|γ2 (s)| ds

− N2 c0

(
1 +

1
ε1

)
− N3 c0 − N4 c0 − N5 γ1

 1∫
0

ϕ2
t dx

−
(

δ N − N1 c0 − N3 c0

(
1 +

1
ε2

)
− N4 c0

) 1∫
0

θ2
xdx−

(
N1 µ1

2
− N4 ε3

) 1∫
0

u2
xdx

−
(

N2 µ3

2
− N1 c0 − N4 c0

) 1∫
0

ϕ2dx−
(

N3 a
2
− N2 c0 − N4 c0

(
1 +

1
ε3

)) 1∫
0

(τ θt + θ)2dx

−
(

N5 η1 −
N2 γ1

µ3

) 1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx

− N5 η1

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx

At this point, we set ε1 =
β0 ρ1 N4

8N2
, ε2 =

β0 ρ1 N4

4N2
and ε3 =

µ1 N1

4N4
, we end up with
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L′ (t) ≤ −
(

N4 β0 ρ1

8
− N1 c0

) 1∫
0

u2
t dx− N2 a0

1∫
0

ϕ2
xdx

−

N

γ1 −
τ2∫

τ1

|γ2 (s)| ds

− N2 c0

(
1 +

8N2

N4 β0 ρ1

)
− N3 c0 − N4 c0 − N5 γ1

 1∫
0

ϕ2
t dx

−
(

δ N − N1 c0 − N3 c0

(
1 +

4N3

N4 β0 ρ1

)
− N4 c0

) 1∫
0

θ2
xdx− N1 µ1

4

1∫
0

u2
xdx

−
(

N2 µ3

2
− N1 c0 − N4 c0

) 1∫
0

ϕ2dx−
(

N3 a
2
− N2 c0 − N4 c0

(
1 +

4N4

N1 µ1

)) 1∫
0

(τ θt + θ)2dx

−
(

N5 η1 −
N2 γ1

µ3

) 1∫
0

τ2∫
τ1

|γ2 (s)| z2 (x, 1, s, t) ds dx

− N5 η1

1∫
0

1∫
0

τ2∫
τ1

s |γ2 (s)| z2 (x, ρ, s, t) ds dρ dx

Then, we fixed N1 and we choose N4 large enough such that

κ1 =
N4 β0 ρ1

8
− N1 c0 > 0

once N4 is fixed, we take N2 large enough such that

κ2 =
N2 µ3

2
− N1 c0 − N4 c0 > 0

after we fixed N2, we choose N3 and N3 large enough such that

κ3 =
N3 a

2
− N2 c0 − N4 c0

(
1 +

4N4

N1 µ1

)
> 0 , κ4 = N5 η1 −

N2 γ1

µ3
> 0

Finally, select N that is large enough ( even larger such that (4.3.54) is still valid ) to

κ5 = N

γ1 −
τ2∫

τ1

|γ2 (s)| ds

− N2 c0

(
1 +

8N2

N4 β0 ρ1

)
− N3 c0 − N4 c0 − N5 γ1 > 0
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and

κ6 = δ N − N1 c0 − N3 c0

(
1 +

4N3

N4 β0 ρ1

)
− N4 c0 > 0

Moreover, we set

κ7 = δ
N1 µ1

4
, κ8 = N2 a0 , κ9 = N5 η1

we obtain (4.3.55)

In what follows, we’ll use the equivalence relationship (4.3.54) to estimate the system’s energy

(4.1.3)-(4.1.4) using the estimated (4.3.55) based on the assumption (4.1.5). The stability result can

now be stated as follows.

Theorem 4.3.1. Let (u, ϕ, θ, z) be the solution of (4.1.3)-(4.1.4) and we assume that (0.0.14) hold, Then,

the solution (u, ϕ, θ, z) decays exponentially, i. e . there exist two positive constants λ1 and λ2 such that

E (t) ≤ λ2 e−λ1 t ∀t ≥ 0. (4.3.56)

Proof. using the equivalence of E(t) and L(t) we deduce that

L′ (t) ≤ −λ1L (t) ∀t ≥ 0 (4.3.57)

where λ1 =
ς

b2
> 0 , Asimple integration of (4.3.57) gives

L (t) ≤ L (0) e−λ1 t ∀t ≥ 0

which yields the serial result (4.3.56) and by using the other side of (4.3.54) again. The proof is

complete
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CONCLUSION

In this research, we conducted an in-depth qualitative study of hyperbolic-type problems under the

influence of various forms of delay, some of which are characterized by the absence of damping

effects. The analysis was developed within a rigorous mathematical framework, relying on the theory

of semigroups to derive fundamental results regarding the existence and uniqueness of solution. The

assumptions were carefully selected to reflect realistic modeling scenarios while ensuring mathematical

feasibility.

To gain a deeper understanding of the dynamic properties of the solutions, particular attention

was given to the asymptotic analysis of the behavior of the system. This was achieved by applying

the energy method, in which a carefully constructed Lyapunov functional based on the multiplicative

approach was used to obtain precise decay estimates. This methodology enabled us to demonstrate

that the energy associated with the system decays exponentially over time, confirming the stabilizing

effect of the integrated delay mechanisms under the proposed assumptions. For one of these systems, a

numerical study was conducted to validate the analytically obtained results.

Building on this foundation, we plan to carry out a detailed numerical investigation of the remaining

systems presented in this work. The benefits of this numerical study will extend beyond validating the

analytical results; it will also provide visual and quantitative insights into the time evolution of the

solutions. Furthermore, it will facilitate the exploration of parameter sensitivity and the effectiveness

of delay in practical applications, thus paving the way for future research on control strategies and

optimization in similar dynamical systems.
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[42] D. Ieşan. On the theory of mixtures of thermoelastic solids. J. Thermal stress, 14 (4): 389–408,

1991. https://doi.org/10.1080/01495739108927075.

[43] M. Kafini. General energy decay in a Timoshenko-type system of thermoelasticity of type III with

a viscoelastic damping. J. Math. Anal. Appl, 375 (2): 523–537, 2011.

Univ. de Skikda BOULKHELOUA Chaima

https://doi.org/10.1007/s00033-022-01801-0
https://doi.org/10.1093/imamci/dns039
https://doi.org/10.1093/imamci/dns039
https://doi.org/10.1007/BF00281373
https://doi.org/10.1080/01495739108927075


128 BIBLIOGRAPHY

[44] H. K. Khalil. Nonlinear systems, (3rd ed). Prentice Hall: USA, 2002.

[45] H. E. Khochemane. General stability result for a porous thermoelastic system with infinite history

and microtemperatures effects. Math Meth Appl Sci, 45 (3): 1–20, 2021.

[46] H. E. Khochemane, L. Bouzettouta and A. Guerouah. Exponential decay and well-posedness for a

onedimensional porous-elastic system with distributed delay. Appl. Anal, 100 (14): 2950—2964,

2021.

[47] H. E. Khochemane, S. Labidi, S. Loucif, A. Djebabla. Global well-posedness and energy decay for

a one dimensional porous-elastic system subject to a neutral delay. Mathematica Bohemica, 1–30,

2024.

[48] M. Kirane, B. Said-Houari and M. N. Anwar. Stability result for the Timoshenko system with a

time-varying delay term in the internal feedbacks. Commun. Pur. Appl. Anal, 10 (2): 667–686,

2011.

[49] V. Komornik and E. Zuazua. A direct method for the boundary stabilization of the wave equation.

J.Math. Pures. Appl, 69 (2): 35–54, 1990.

[50] M.C. Leseduarte, A. Magaña and R. Quintanilla. On the time decay of solutions in porous-thermo-

elasticity of type II. Discrete Contin. Dyn. Syst. B, 13 (2): 375–391, 2010.

[51] W. Liu and M. Chen. Well-posedness and exponential decay for a porous thermoelastic system

with second sound and a time-varying delay term in the internal feedback. Continuum Mech.

Thermodyn , 29: 731–746, 2017. https://doi.org/10.1007/s00161-017-0556-z.

[52] Z. Liu and S. Zheng. Semigroups associated with dissipative systems. 398. Chapman & Hall/CRC:

Boca Raton, FL, USA, 1999.

[53] H. W. Lord and Y. Shulman. A generalized dunamical theory of thermoelasticity. J. Mech. Phys.

Solids, 15 (5): 299–309, 1967.

[54] S. Loucif, R. Guefaifia, S. Zitouni and H. E. Khochemane. Global well-posedness and exponential

decay of fully dynamic and electrostatic or quasi-static piezoelectric beams subject to a neutral

delay. Z. Angew. Math. Phys, 74 (83), 2023. https://doi.org/10.1007/s00033-023-01972-4.

Univ. de Skikda BOULKHELOUA Chaima

https://doi.org/10.1007/s00161-017-0556-z
https://doi.org/10.1007/s00033-023-01972-4


BIBLIOGRAPHY 129

[55] A. Magaña, and R. Quintanilla. On the time decay of solutions in one-dimensional theories of

porous materials. Int. J. Solids Struct, 43: 3414–3427, 2006.

[56] H. Messaoudi, A. Ardjouni, S. Zitouni and H. E. Khochemane. Well-posedness and general energy

decay of solutions for a nonlinear damping piezoelectric beams system with thermal and magnetic

effects. Hacettepe Journal of Mathematics and Statistics, 52 (6): 1615–1630, 2023.

[57] S.A. Messaoudi and A. Fareh. Energy decay in a Timoshenko type system of thermoelasticity type

III with different wave-propogation speeds. Arab. J. Math, 2: 199–207, 2013.

[58] S.A. Messaoudi and A. Fareh. Exponential decay for linear damped porous thermoelastic systems

with second sound. Discrete Contin. Dyn. Syst. B, 20 (2): 599–612, 2015.

[59] S.A. Messaoudi and B. Said Houari. Energy decay in a Timoshenko-type system of thermoelasticity

type III. J. Math. Anal. Appl, 348: 298–307, 2008.

[60] S.A. Messaoudi and B. Said Houari. Energy decay in a Timoshenko-type system with history in

thermoelasticity of type III. Adv. Differ. Equ, 14 (3-4): 375–400, 2009.

[61] H. Messaoudi, S. Zitouni, H. E. Khochemane and A. Ardjouni. General stability for piezoelectric

beams with a nonlinear damping term. Ann Univ Ferrara, 69: 443–462, 2023.

[62] A. Miranville and R. Quintanilla. Exponential decay in one-dimensional type III thermoelasticity

with voids. Appl. Math. Lett, 94: 30–37, 2019.

[63] J.E. Muñoz Rivera and R. Quintanilla. On the time polynomial decay in elastic solids with voids.

J. Math. Anal. Appl, 338: 1296–1309, 2008.

[64] J.E. Muñoz Rivera and R. Racke. Mildly dissipative nonlinear Timoshenko systems’s global

existence and exponential stability. J. Math. Anal. Appl, 276: 248–278, 2002.

[65] M. A. Murad and J. H. Cushman. Thermomechanical theories for swelling porous media with

microstructure. Int. J. Eng. Sci, 38 (5): 517–564, 2000.

[66] S. Nicaise and C. Pignotti. Stability and instability results of the wave equation with a delay term

in the boundary or internal feegbacks. SIAM J. Contr. Optim, 45 (5), 1561–1585, 2006.

Univ. de Skikda BOULKHELOUA Chaima



130 BIBLIOGRAPHY

[67] S. Nicaise and C. Pignotti. Stabilization of the wave equation with boundary or internal distributed

delay. Diff. Int. Equs, 21 (9-10): 935-958, 2008.

[68] S. Nicaise and C. Pignotti. Interior feedback stabilization of wave equations with time dependence

delay. Electron. J . Differential Equation, 2011 (41): 1–20, 2011.

[69] S. Nicaise and C. Pignotti, J. Valein. Exponential stability of the wave equation with boundary

time-varying delay. Discrete and Continuous Dynamical Systems - Series S, 4 (3): 693-722, 2011.

[70] C. A. S. Nonato, C. A. Raposo and W. D. Bastos. A transmission problem for waves under

time-varying delay and nonlinear weight. 2021. preprint.

[71] D. Ouchenane. A stability result of a Timoshenko system in thermoelasticity of second sound with

a delay term in the internal feedback. Georgian Mathematical Journal, 21 (4): 475–489, 2014.

[72] D. Ouchenane, Z. Khalili, F. Yazid, M. Abdalla, C. B. Belkacem and I. Mekawy. A New Result of

Stability for Thermoelastic-Bresse System of Second Sound Related with Forcing, Delay, and Past

History Terms. Journal of Function Spaces, 2021. https://doi.org/10.1155/2021/9962569.

[73] D. Ouchenane and A. Rahmoune. General decay result of the Timoshenko system in thermoelas-

ticity of second sound. Electronic Journal of Mathematical Analysis and Applications, 6 (1): 45–64,

2018.

[74] J. Parlange. Water transport in soils. Annu. Rev. Fluid Mech, 12: 77–102, 1980.

[75] V. Pata and E. Vuk. On the exponential stability of linear thermoelasticity. Contin. Mech. Thermodyn,

12: 121–130, 2000.

[76] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer:

New York, USA, 1983.

[77] J. R. Philip. Hydrostatics and hydrodynamics in swelling soils. Water Resour. Res, 5 (5): 1070–

1077, 1969. https://doi.org/10.1029/WR005i005p01070.

[78] R. Quintanilla. Exponential stability for one-dimensional problem of swelling porous elastic soils

with fluid saturation. J. Comput. Appl. Math, 145 (2): 525–533, 2002.

Univ. de Skikda BOULKHELOUA Chaima

https://doi.org/10.1155/2021/9962569
https://doi.org/10.1029/WR005i005p01070


BIBLIOGRAPHY 131

[79] R. Racke. Instability of coupled systems with delay. Commun. Pur. Appl. Anal, 11 (5): 1753–1773.

2012. https://doi.org/10.3934/cpaa.2012.11.1753.

[80] A. J. A. Ramos, D. S. Almeida Júnior, M. M. Freitas, A. S. Noé and M. J. Dos Santos. Stabilization

of swelling porous elastic soils with fluid saturation and delay time terms. J. Math. Phys, 62 (2),

2021. https://doi.org/10.1063/5.0018795.

[81] A. J. A. Ramos, M. M. Freitas, D. S. Almeida Júnior, A. S. Noé and M. J. Dos Santos. Stability

results for elastic porous media swelling with nonlinear damping. J. Math. Phys, 61 (10), 2020.

https://doi.org/10.1063/5.0014121.

[82] W. Rudin. Functional analysis (2nd ed.). McGraw-Hill: New York, USA, 1991.

[83] M.L. Santos, D.S. Almeida Júnior and J.E. Muñoz Rivera. The stability number of the Timoshenko

system with second sound. J. Differ. Equ, 253: 2715–2733, 2012.

[84] D. Smiles and M. J. Rosenthal. The movement of water in swelling materials. Aust. J. Soil Res , 6

(2): 237–248, 1968.

[85] J. Wang. Existence and stability of solutions for neutral differential equations with delay. Interna-

tional Conference on Multimedia Technology, 2462–2465, 2011.

[86] J. M. Wang and B. Z. Guo. On the stability of swelling porous elastic soils with fluid saturation by

one internal damping. IMA J. Appl. Math, 71 (4): 565–582, 2006. https://doi.org/10.1093/

imamat/hxl009.

[87] G. Q. Xu, S. P. Yung and L. K. Li. Stabilization of wave systems with input delay in the boundary

control. ESAIM Control Optim. Calc. Var,12 (4): 770–785, 2006.https://doi.org/10.1051/cocv:

2006021.

[88] F. Yazid, D. Ouchenane and Z. Khalili. A stability result for Thermoelastic Timoshenko system of

second sound with distributed delay term. MESA 11 (1): 163–175, 2020.

Univ. de Skikda BOULKHELOUA Chaima

https://doi.org/10.3934/cpaa.2012.11.1753
https://doi.org/10.1063/5.0018795
https://doi.org/10.1063/5.0014121
https://doi.org/10.1093/imamat/hxl009
https://doi.org/10.1093/imamat/hxl009
https://doi.org/10.1051/cocv:2006021
https://doi.org/10.1051/cocv:2006021

	Publications resulting from this thesis
	Abstract in English
	Abstract in French
	Notations 
	List of figures
	List of tables

	General introduction
	The Conceptual And Theoretical Framework Of The Thesis
	Concept of functional analysis
	Banach spaces
	Hilbert spaces
	Fuctional spaces
	The Lp( ) spaces
	Distribution spaces
	The Sobolev space Wm,p( )

	Elliptic equations
	Regularity of Weak Solutions

	Functional inequalities

	The semigroup theory
	Some notions about linear operators
	Maximal Monotone Operators in a Hilbert space
	Basic theory of semigroups

	The Abstract Cauchy Problem
	Stability

	Theoretical Analysis and Convergence of a Fixed-Point Scheme For A Delayed Swelling Porous Thermoelastic Soils Model
	Well-posedness
	Exponential decay
	Study of Convergence
	Convergence of the proposed point fixed algorithm
	Approximation of the discrete energy
	Numerical illustration


	Exponential Decay Of A Heat Porous Thermoelastic System In The Presence Of Distributed Delay Without Frictional Damping 
	Preliminaries
	Well-Posedness
	Exponential decay

	Exponential Stability Of Lord Shulman Thermoelastic System With Porous Damping And Distributed Delay Term
	Preliminaries
	Well-Posedness
	Exponential stability


	Conclusion

