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Abstract

This thesis investigates the dynamics of periodic solutions and bifurcations in nonlinear
dynamical systems. We use averaging theory to study the maximum number of isolated
periodic solutions (i.e. limit cycles) in a second-order differential system. Also, using the
same theory we examine zero-Hopf bifurcation for finding periodic solutions in a modified
hyperchaotic Chen system and a three-dimensional Kolmogorov system. Through these
studies, we demonstrate the emergence of limit cycles and establish conditions for their

existence. We provide numerical examples to illustrate our results.

Keywords: Differential system, averaging theory, periodic solution, limit cycle, zero-

Hopf bifurcation.
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Resumé

Cette theése étudie la dynamique des solutions périodiques et des bifurcations dans les
systémes dynamiques non linéaires. Nous utilisons la théorie de moyennisation pour analyser
le nombre maximum de solutions périodiques isolées (i.e. cycles limites) dans un systéme
différentiel d’ordre deux. Ainsi, en utilisant la méme théorie nous examinons la bifurcation
de zéro-Hopf pour chercher les solutions periodiques dans un systéme de Chen hyperchao-
tique modifié ainsi que dans un systéme de Kolmogorov tridimensionnel. A travers ces
études, nous démontrons I'émergence de cycles limites et établissons des conditions pour

leur existence. Nous fournissons des exemples numériques pour illustrer nos résultats.

Mots clés: Systeéme différentiel, théorie de moyennisation, solution périodique, cycle

limite, bifurcation de zéro-Hopf.
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Introduction

Nature manifests in countless fascinating ways, often showing complex and mesmerizing
patterns. From the rhythmic beating of a heart to the spiraling motion of galaxies, our
world is filled with phenomena that reveal unexpected patterns within what seems to be
chaos. These phenomena are governed by dynamical systems that offer a precise framework
to study and understand the phenomenon’s complex behaviors with its chaotic processes.

A dynamical system is a mathematical model used to describe the evolution of a sys-
tem over time. This system is typically represented using differential equations, difference
equations, or iterative maps, and it can model a wide range of phenomena from physical
processes to economic systems.

The origins of dynamical system theory date back to the classical work of Isaac Newton in
the 17th century, who put the framework of the laws of motion under the influence of forces
and laid the foundation for the study of systems governed by differential equations. The
modern theory of dynamical systems derives substantially from the work of Henri Poincare
on the three-body problem of celestial mechanics in the 19th century. Birkhoff, followed by
Kolmogorov, Arnold, and Moser, expanded upon Poincaré’s geometric methods, leading to
a significantly deeper comprehension of classical mechanics. On the theoretical front, the
study of nonlinear differential equations, particularly nonlinear oscillators, spurred the de-
velopment of new mathematical techniques by mathematicians like Van der Pol, Andronov,
Littlewood, Cartwright, Levinson, and Smale. In 1963, Lorenz [28] made a groundbreaking
discovery saying that the solutions to his equations did not settle into equilibrium or pe-
riodic states but instead oscillated in an irregular, aperiodic manner. Furthermore, even a

slight difference in initial conditions led to vastly divergent outcomes, revealing the system’s



Introduction

inherent unpredictability. This implied that small errors in measuring the current state
of the atmosphere could rapidly amplify, resulting in highly inaccurate forecasts. In 1971,
Ruelle and Takens [42] introduced a new theory for the onset of turbulence in fluids, based

on the concept of strange attractors.

Among the various phenomena observed in dynamical systems, limit cycles play a par-
ticularly essential role. A limit cycle represents an isolated closed periodic orbit in phase
space i.e. it is a closed orbit in the neighborhood where no other periodic orbit can exist.
Understanding the conditions under which limit cycles exist, as well as their stability and
number, is essential for the analysis of oscillatory processes in both natural and engineered

systems.

The concept of limit cycles was first introduced by Poincaré in 1881 [36] and rigorously
studied in the early 20th century. His work laid the foundation for the qualitative theory
of differential equations. In 1901, extending Poincaré’s work, the Swedish mathematician
Ivar Bendixon published a paper proving rigorously what is known now as the Poincaré-
Bendixson Theorem. Bendixon showed that, for a continuous dynamical system defined
by a smooth vector field on a two-dimensional plane, if a trajectory of the system remains
within a bounded, closed, and finite region of the plane for all future time, and if this
region contains no equilibrium points, then the trajectory must either Approach a periodic
orbit (i.e., a limit cycle) or be a periodic orbit itself. In simple words, if a trajectory does
not escape a certain region and there is no equilibrium point in that region, the system’s
behavior must eventually become periodic. This rules out complex behaviors like chaos in

such systems, which are possible in higher dimensions.

In recent decades, research has expanded to cover various forms of dynamical systems,
including those with discontinuities [37, 38|, time delays, and non-autonomous components.
Despite these advancements, several questions remain unsolved, particularly regarding the
maximum number and relative positions of the limit cycles of a polynomial differential
system of degree n. This unsolved question is part of the 16th problem listed among 23
open problems established by David Hilbert in 1900 at the International Conference of

Mathematicians in Paris. This problem is still open even in the simplest case where n = 2.
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In nature and engineering, we often encounter dynamical systems described by differ-
ential equations that are difficult to solve directly, especially when these systems involve
oscillatory components and nonlinear terms, or are subject to periodic perturbations. In
many cases, such systems are analytically unsolvable and usually require approximation
methods like perturbation methods and numerical simulations to understand their behavior.
The averaging theory is one of the most important methods that are used to approximate
the long-term behavior of these systems, especially nonlinear systems where the dynamic
includes rapidly oscillating components or periodic forces, by focusing on the average effect
of their oscillations rather than looking for the exact dynamic at every moment, see |3, 4,
14]. Tt transforms a difficult problem into a more manageable one by reducing the influence
of fast, small-scale changes and focusing on the dominant, slower dynamics that govern the
system’s behavior over longer periods.

Consider a system of differential equations with a small parameter
r=cf(t,x), (0.0.1)

where f(t,z) is periodic in time. Since this system can exhibit complex oscillatory behavior,
it may be difficult to analyze directly. The idea of averaging is to replace this oscillatory

system with the averaged system
y=ef(y),

where f(y) represents the time-averaged behavior of f(¢,z) over one period, often denoted
by T

Many important problems from celestial mechanics to electrical circuits can be trans-
formed into the equation (0.0.1). There are many forms and theorems in averaging theory
[43, 35, 25|, and several papers have been published concerning the application of this
method, see for instance (26, 18, 14, 3, 4].

The organization of this thesis consists of an introduction, five chapters, and a conclusion.
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Chapter 1: Preliminaries

This chapter introduces key preliminaries of the qualitative theory of dynamical systems,
which are essential for understanding the core topics of this thesis. It begins with a general
introduction to dynamical systems, followed by an examination of continuous dynamical
systems and a detailed discussion of equilibrium points and the linearization method. The
classification of equilibria in R? and their stability properties are explored, alongside an
analysis of periodic solutions and limit cycles, including theorems concerning the existence
of limit cycles. The chapter concludes with an introduction to bifurcation theory, focusing

on the various types of bifurcations, with emphasis on Hopf and zero-Hopf bifurcations.

Chapter 2: The averaging theory

This chapter focuses on the averaging method, a crucial technique for detecting periodic
solutions in dynamical systems. This method serves as the primary tool for proving the
key results in this thesis. The chapter outlines the theoretical framework and highlights its

importance in simplifying complex system behaviors for analysis.

Chapter 3: Maximum Number of limit cycles of a second order differential

system
In this chapter, we investigate the maximum number of limit cycles in the following
differential system
T =y,

y = —x—e(l+sin"(0)cos™(0))H(x,y),

where the dot denotes the derivative with respect to time ¢, ¢ > 0 is a small parameter,
m and n are arbitrary non negative integers, H(x,y) is a polynomial of degree [ > 1
and 0 = arctan(y/x). Using first-order averaging theory, we establish an upper bound for
the maximum number of limit cycles. Additionally, we present examples to confirm and

illustrate our results.

This study was published in the journal "Boletim da Sociedade Paranaense de

Matematica", see |7].
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Chapter 4: Zero-Hopf bifurcation in a modified hyperchaotic Chen system

This chapter is dedicated to examining the zero-Hopf bifurcation in a modified hyper-
chaotic Chen system. By applying averaging theory, we analytically prove the existence
of two periodic orbits arising from the zero-Hopf equilibrium at the origin. An example is
provided to illustrate our result.

This study is published in the journal "Mathematics in Engineering, Science &

Aerospace (MESA)", see [§].

Chapter 5: Three-dimensional zero-Hopf bifurcation in a cubic Kolmogorov
system

In this chapter, we investigate the zero-Hopf bifurcation of a Kolmogorov system of
degree 3 in R3. Utilizing second-order averaging theory, we demonstrate that the system
can generate at most 5 periodic solutions bifurcating from the zero-Hopf equilibrium at the
point (1,1,1).

This study is currently being prepared for submission.

The final chapter concludes this thesis, summarizes the key findings, and suggests po-
tential directions for future research.

It is noteworthy that all computations presented in this thesis were performed using

Maple.




CHAPTER

Preliminaries

1.1 Introduction to dynamical systems

Dynamical system theory is a mathematical framework for analyzing systems that change
over time. A dynamical system, which may be considered an object of any nature, is
governed by a set of rules or equations that determine how the system’s state evolves.
Depending on the character of the state variables, dynamical systems can be classified as

discrete or continuous.

Definition 1.1.1. (General definition) A dynamical system can be generalized as a tuple

(X,®,T) where
i. X is the state space (usually a subset of R™ or a more abstract space).

ii. T is the time set (could be continuous or discrete), which is an additive semi-group

1.e. 0 €T and forti,to €T alsot; +t, € T.

. © T x X — X is a family of maps that describe the system’s evolution, often

referred to as the flow.
The flow map ® satisfies the (semi-)group property:
Forany ze€ X, ®(0,z)=nzx,

and for any t,se€T, O(t+s,x)=d(t O(s,x)).



1.2. Continous dynamical systems

Dynamical systems are often categorized into two fundamental types:

1. Continuous dynamical systems: These are governed by differential equations,

where the state evolves continuously over time. For example, a system defined by an

dx(t)

ordinary differential equation e f(z(t)).

2. Discrete dynamical system: These are governed by difference equations, where

the state changes in discrete time steps. For example, a system described by z,,1 =

In the sequel, we shall consider only continuous dynamical systems.

1.2  Continous dynamical systems
Definition 1.2.1. A continuous dynamical system is represented by a differential equation

d
d—f:f(x,t); wherex € E CR", t € R. (1.2.1)

having a unique solution x(t,ty) = x(t) satisfying the condition x(ty) = xo.

Definition 1.2.2. An autonomous dynamical system is described by a system (1.2.1) where
the right-hand side of the equation does not explicitly depend on the independent variable t
i.e. f(x,t) = f(x). If the system does depend on t, it is referred to as a non-autonomous

system.

Definition 1.2.3. A linear dynamical system is characterized by the linearity of the func-
tion f of system (1.2.1), meaning that it satisfies the principle of superposition and can be
described by equations of the form
dz
i Ax,
where A is a matriz. The principle of superposition implies that if x1(t) and xs(t) are
solutions to the system, then any linear combination of these solutions is also a solution.

In contrast, a nonlinear dynamical system is one in which the function f is nonlinear,

meaning that the system’s behavior cannot be described by a linear function of the state




Chapter 1. Preliminaries

variables. Nonlinear systems often exhibit complex behaviors such as bifurcations, chaos,
and multiple equilibrium points, and are described by equations where f does not satisfy the

principle of superposition.

Remark 1.2.1. If the matriz A of the linear system is constant, then the system is au-
tonomous. If A depends on the independent variable t i.e. A = A(t), then the system is

non-autonomous.

Example 1.2.1. A simple example of a continuous dynamical system is the predator-prey

model, also known as the Lotka-Volterra system

d
d_f = az=fay,
(1.2.2)
dy s
a Y=Y,

where x(t) is the population of prey at time t, y(t) the population of predators at time t, «
18 the growth rate of the prey population in the absence of predators, (8 is predation rate, ~y
1s the death rate of predators in the absence of prey, and 0 is the rate at which predators
increase their population by consuming prey.

The system (1.2.2) is an autonomous nonlinear dynamical system. In more detail, the
nonlinear terms —Bxy and dxy in the equations make the system nonlinear, while the absence

of explicit time dependence classifies it as autonomous.

1.2.1 The vector field

Definition 1.2.4. Given a subset U of R™, a vector field F' is defined as
F:UCR" —R"

where for each point x € U, the vector field F(zx) assigns a vector in R™.

Remark 1.2.2. If v = (21, x9,...,2,) represents a point in R", then F(x) can be written
as

F(z) = (Fi(x), Fx(x),. .., F,(x))

where each Fy(x), fori = 1,...,n, is a scalar function that depends on the coordinates

T1,TLo2y...,Tpy.
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e

N

-----

Figure 1.1: Vector field of the Lotka Volterra system with a = v = 2

Example 1.2.2. Tuoke the Lotka-Volterra system from the previous example

= ax — fry,

oxy — vy,

with a =y =2 and f =6 = 1. The vector field for this system is shown in Figure 1.1.

1.2.2 Flow

Definition 1.2.5. A flow in a continous dynamical system (1.2.1) is a function ¢ : R X

U — U such that, for all z € U CR™ and for all real numbers s and t,

¢(z,0) =z,

d(o(x,t),8) = Pp(x, s+ 1).

The flow that is determined by a vector field is called a vector flow.

1.2.3 Orbits and phase portraits

Consider the autonomous nonlinear differential system

z = f(z); withz eld CR", (1.2.3)

where © = 7 is the derivative of x with respect to time ¢. U/ is called the phase-space of

the system (1.2.3).




Chapter 1. Preliminaries

j_\-, H'|
(@

s N4

Figure 1.2: Orbits

Definition 1.2.6. An orbit starting at xq is an ordered subset of the phase space U
O(xg) ={x €U : x = ¢(t,x0), for allt € R such that ¢(t, zo) is defined}
where ¢ is the flow of the system (1.2.3).

Orbits of a system (1.2.3) are curves in the phase space U parametrized by time ¢ and

oriented by its direction of increase, see Figure 1.2. Orbits are also called trajectories.

Definition 1.2.7. A phase portrait of a system (1.2.3) is a graphical representation of the
orbits of this system in the phase space. It is represented by drawing some significant orbits

indicating the orientation by arrows.

Phase portraits are important for visualizing the qualitative behavior of dynamical sys-
tems, such as identifying stable and unstable equilibria, periodic orbits, and the overall flow

structure in the phase space.

Example 1.2.3. Consider the system
(1.2.4)

This system represents the simple harmonic oscillator where the solutions are sinusoidal

functions, leading to circular orbits in the phase space. See Figure 1.5.

10



1.3. Equilibrium points and linearization

3
A
R\
Q
Q
R
N

Figure 1.3: Phase portrait of a simple harmonic oscillator

1.3  Equilibrium points and linearization

Consider the nonlinear differential system
&= f(z), (1.3.5)

where f : U — R", a C! function, and U is an open subset of R".

1.3.1 Equilibrium points

Definition 1.3.1. A point xy € U is called an equilibrium point of the equation (1.5.5) if

Remark 1.3.1. In many textbooks, an equilibrium point is sometimes called a singular or

critical point.

1.3.2 Linearization

In order to analyze equilibrium points one should begin by linearizing the differential equa-

tion in the neighborhood of the equilibrium point. Linearization is important as it makes

11
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analyzing the behavior of a nonlinear system near a given point possible by studying its
linear part.

The linearization of a function is the first-order term of its Taylor expansion around the
point of interest (i.e. equilibrium point). For a system defined by the equation (1.3.5) the

linearized system can be written as

x =~ f(xo) + Df(20)(x — 70),

where z is the equilibrium point of (1.3.5) and D f(x) is the Jacobian of f(z) evaluated
at xg.

Since xg is an equilibrium point, we have f(z) = 0. Thus, the previous linearized system
is now given by

x =~ Df(xg)(x — x9). (1.3.6)

The point xg is often translated to the origin of the phase space by doing the simple change
of variable y = x — xy. Also, we can simplify the notation of the Jacobian of f at x( by
D f(xp) = A, where A is a n X n matrix with constant coefficients. Consequently, the system
(1.3.6) is simplified as follows

g=Ay. (1.3.7)

We assume that det(A) # 0 excluding the case where A is a singular matrix.
To analyze the equilibrium point of (1.3.6) we need to determine the eigenvalues of A

which are characterized by the zeros of the equation
det(A — \I) =0.

We note these eigenvalues by A, ..., \,.

From the theorem of The Jordan canonical form, there exists an invertible matrix P
such that P~ AP is in Jordan form. For detailed information, see [34].

We define the linear transformation of coordinates z = P~ly where P is the invert-
ible matrix defined in the theorem. Thus, after simple computations the system (1.3.7)

transforms into the following equation in the variable z

y =P 'APz. (1.3.8)

12
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Remarks 1.3.1.

o If the eigenvalues My, ..., N\, are distinct then P~YAP is a diagonal matriz with the

eigenvalues as diagonal elements.

o The linear transformation simplifies the equilibrium point analysis even if there are

some equal eigenvalues.

1.4 Classification of equilibria in R?

Consider the equation (1.3.8) with A a 2 x 2 matrix with two eigenvalues A\; and Ay. The
two eigenvalues can be both real or complex conjugate.

If Ay # )y then the Jordan form J = P~ AP is of the form

A0
0 A

In this case, the general solution z(t) of the equation (1.3.8) is given by

crett
2(t) = R (1.4.9)
coe™?

with ¢; and ¢, arbitrary constants. We put z;(t) = cieM? and 2y(t) = cpe??t.

For different choices of A\; and Ay, we distinguish the following cases.

(i). The equilibrium point (the origin of the equation (1.3.8)) is called a node if the
eigenvalues are real and have the same sign.
If A\; # Ay, then from the solutions z;(t) and z,(t) we have the relation |z;| = c|z3|*/*2 with
¢ a constant. This yield in the phase-plane orbits in the form of parabolas, see Figure 1.4.

If Ay = Ay = A, then J is in general

and the solutions of (1.3.8) are

n 21 (t) cieM + cote
z = = s
25(t) coet

13
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Figure 1.4: Phase portraits of a node

with ¢; and ¢, arbitrary constants. See Figure 1.5.

(ii). The equilibrium point is called a saddle point if the eigenvalues \; and A, are real
and have different signs. The solutions of (1.3.8) are of the form (1.4.9). So, in the phase
plane, the orbits are given by |21| = ¢|2|*/*2 and their behavior is hyperbolic. See Figure

1.6.

Figure 1.5: Phase portrait of a node in the case of repeated eigenvalues
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1.4. Classification of equilibria in R?
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Figure 1.6: Phase portrait of a saddle

2

(iii). The equilibrium point is called a focus if the eigenvalues A\; and Ay are com-
plex conjugate, i.e. Ao = a £ (i with o # 0. The solutions of the equation (1.3.8)
are complex of the form 210 = exp((a &+ fi)t) with « and § are real numbers, however,
the linear combination of these solutions yields real independent solutions of the form

exp(at) cos(ft), exp(at) sin(ft). If o < 0 then the orbits are spiraling in with respect to the

Figure 1.7: Phase portrait of a focus

origin of the plane, see Figure 1.7. If a > 0 then the orbits are spiraling out with respect to

the origin of the plane.

15



Chapter 1. Preliminaries

(iv). The equilibrium point is called a center if the eigenvalues \; o = £fi with beta
is real. In particular, this is a special case of the previous one with o = 0. The solutions
can be represented by a combination of cos(ft) and sin(5t), and the orbits are circles in the

phase plane. See Figure 1.8.
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Figure 1.8: Phase portrait of a center

1.5 Stability of equilibrium points

Definition 1.5.1. Consider the system (1.3.5) where f is a smooth function. Let x* be an

equilibrium point, i.e., f(z*) = 0.
1. An equilibrium point x* is said to be Lyapunov stable if and only if

Ve >0, 30 > 0 such that if || x(0) —z" ||<, then || x(t) —z" ||<e forall t > 0.

1. An equilibrium point x* is said to be asymptotically stable if it is Lyapunov stable, and

additionally, there exists a 6 > 0 such that

if || 2(0) —a"||< ¢, then tlim | z(t) — z* ||= 0.
—00
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1.6. Periodic solutions and limit cycles

1. An equilibrium point x* is unstable if it is not Lyapunov stable, meaning there exists
some € > 0 such that no matter how small & > 0 is chosen, there are initial conditions

within 6-distance from x* that lead the trajectories away from the equilibrium.

One powerful method for characterizing the stability of an equilibrium point z* of the
system (1.3.5) is through linearization. By approximating the system near x*, we compute
the Jacobian A = Df(z*), which represents the linearization of the system around the

equilibrium.
Theorem 1.5.1. Let a* be the equilibrium point of the system (1.5.5).

i. If all the eigenvalues of A have negative real parts, the equilibrium point x* is asymp-

totically stable.
1. If at least one eigenvalue has a positive real part, the equilibrium is unstable.

1. If all ergenvalues have negative real parts, and at least one eigenvalue has a zero real
part, then nothing can be said about the stability of the equilibrium x*, and further

analysis is needed to determine the system’s behauvior.

1.6 Periodic solutions and limit cycles

A periodic solution in a dynamical system is a solution where the system’s state repeats

itself after a constant period of time.

Definition 1.6.1. A solution x = ((t) of the system (1.3.5) is called a periodic solution if
there ezists a positive number T such that ((t +T) = ((t) for all t € R.

Remark 1.6.1. If the solution ((t) has a period T, then it also has periods 2T, 3T, etc. If
T is the smallest period among all the periods of ((t), then this solution is called T-periodic.

17
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We mention in the following points some of the characteristics and applications of peri-

odic solutions.

e In the phase-space, periodic solutions (orbits) are characterized by closed curves, they

return to their starting point after a fixed interval of time.

e In this case of periodicity, the system’s behavior is predictable as it will have the same

sequence of states over each period.

e Periodic orbits can be stable or unstable. The stable periodic orbits attract nearby

trajectories, while unstable ones repel them.
Periodic solutions are important in various fields. For instance:

e Understanding the motion of celestial bodies where they interact with each other by

mutual gravitational force which may lead to periodic trajectories.

e In nonlinear dynamics, when analyzing systems that have complex behaviors, periodic

solutions can help in understanding the structure of chaotic attractors.

e In mathematical physics, studying Hamiltonian systems where periodic solutions get

involved as the energy levels and stability of the system.

Example 1.6.1. Consider the equation of the pendulum governed by the equation
T + sin(z) =0, (1.6.10)
which can be transformed into the system

1:1 = T,
CL;Q = — Sirl(.l’l),
where x1 represents the angular displacement and xo represents the angular velocity.

In the phase plane, we see a family of closed orbits corresponding with periodic solutions,

see Figure 1.9.
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1.6. Periodic solutions and limit cycles

Figure 1.9: Periodic solutions of the pendulum equation (1.6.10)

Definition 1.6.2. A limit cycle is a periodic orbit in the phase space which has the following

properties.
o The limit cycle is isolated, meaning no other periodic orbits are arbitrarily close to it.

o All nearby trajectories either approach the limit cycle as time tends to infinity (stable

limit cycle) or diverge away from it (unstable limit cycle).

1.6.1 Stability of periodic orbits

Theorem 1.6.1. Let U be an open subset of R? and suppose that f € CY(U). Let v(t) be a
T-periodic solution of (1.3.5). Then, y(t) is a stable limit cycle if

/ 'Y fae)dt <o,

and it is an unstable limit cycle if

/OTV F(y(t))dt > 0.

It may be a stable, unstable, or semi-stable limit cycle if this quantity equals zero.

1.6.2 Bendixon’s and Dulac’s criteria

Consider the autonomous planar system

r=F(z,y), y=G(z,vy), (1.6.11)

19



Chapter 1. Preliminaries

with (z,y) € D C R2

Theorem 1.6.2. (Criterion of Bendizon) Assume that the domain D is simply connected
and the functions, F' and G, are continuously differentiable in D. If the divergence V.(F, Q)
of the vector field (F,G) is not identically zero and does not change sign in D, then the

system (1.6.11) has no periodic orbit contained entirely in D.

Example 1.6.2. Consider the nonlinear oscillator system with nonlinear damping

where m(z) and n(x) are smooth functions, with n(x) >0 for all = € R.
Let (F(x,y),G(x,y)) = (y,—m(z) — n(x)y). The divergence of (F,G) is negative definite,
i.e. V.(F,G) = —n(z). From Bendizon’s criterion theorem, the previous system has no

pertodic solutions.
A more general result of the theorem of Bendixon is given by Dulac’s Criterion.

Theorem 1.6.3. (Criterion of Dulac) Assume that the domain D is simply connected and
the function, F' and G, are continuously differentiable in D. If there exists a continuously
differentiable function H in D such that V.(H(F,G)) is not identically zero and does not
change sign in D, then the following statements hold

i. The system (1.6.11) has no periodic orbit contained entirely in D.

ii. If S is an annular region contained in D on which V.(H(F,G)) does not change sign,

then there exists at most one limit cycle of the system (1.6.11).

1.6.3 The Poincaré-Bendixon theorem

Consider the equation (1.3.5) z = f(z) with x € &/ C R™. In subsection 1.2.3, we defined

an orbit O (or trajectory) passing through a point z( in U as the set

O(xg) ={z €U : = ¢(t,xy), for all t € R such that ¢(t, ) is defined} ,
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1.6. Periodic solutions and limit cycles

where ¢ is the flow of the system (1.3.5).
In this section, we also define the positive half-trajectory through the point zy € U by

the curve

OF(xg) ={z €U : v = ¢(t, 20), t > 0}.
Likewise, we define O~ (x() and we obviously note that O(zg) = O (x¢) U O~ (z0).

Remark 1.6.2. If the point xq is not specifically involved in the motion of the trajectory,
we simply denote it by O. Similarly, we note that O = OTUO~.

Definition 1.6.3. If there exists a sequence t, — oo such that

lim ¢(t,,x) =1, wherely €U,

n——0oo

then the point {1 is called an w-limit point of the trajectory O of the system (1.3.5).

Similarly, If there exists a sequence t, —» —oo such that

lim ¢(t,,x) = by, wherely €U,

n——oo
then the point {5 is called an a-limit point of the trajectory O of the system (1.3.5).
Definition 1.6.4. An w-limit set of a trajectory O is the set of all w-limit points of O,
and is denoted by w(O). Similarly, An a-limit set of a trajectory O 1is the set of all a-limit

points of O, and is denoted by a(Q). The limit set of O, w(O)Ua(O), is the set of all limit
points of O.

Theorem 1.6.4. If { is an w-limit point of a trajectory O of (1.58.5), i.e. ¢ € w(O), then
O¢ Cw(0). Similarly, if ¢ € a(O) then O, C a(O).

This theorem shows that given a point ¢ € w(O) of a system (1.3.5), then all other
points of the trajectory ¢(.,¢) of (1.3.5) through the point ¢ are also w-limit points of O.

Analogously, the same result applies in the case of a-limit points.

Remarks 1.6.1.

o An equilibrium point xy of system (1.3.5) is its own « and w-limit set.
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e A stable node (or focus) is the w-limit set of every trajectory in some neighborhood of

the point.

Definition 1.6.5. If ¢ is any regular point in a(O) or w(Q) then the trajectory through ¢
1s called a limit orbit of O.

Example 1.6.3. We consider the following differential system

i=—y+al—a? =),

y=a+y(l—a’ -y
When we change the system into polar coordinates we get

r=7r(l—1r?%),

f=1.
The origin is an equilibrium point for the system and in the phase plane, the flow:
e Spirals around the origin in a counter-clockwise direction.
o Spirals outward for 0 < r < 1 because r > 0.
e Spirals inward for r > 1 because r < 0.

Since r =0 on r =1, the flow approaches the unit circle in the counter-clockwise direction
describing a trajectory Oy. This trajectory passes through the point (cos(6y),sin(fy)) on the
unit circle at t = 0, see Figure 1.10. The trajectory Oy is called a stable limit cycle. It is
the w-limit set of every trajectory of this system except the equilibrium point at the origin.

Oy consist of one limit orbit and it is its own a and w-limit set.

Theorem 1.6.5. (The Poincaré-Bendizon theorem) Consider the system (1.3.5) where f €
CHU) withd C R?. Assume that (1.5.5) has a trajectory O with O contained in a compact
subset D of U and has a finite number of equilibrium points in D. Then, w-limit set w(QO) is
either an equilibrium point of (1.3.5), a periodic orbit of (1.3.5), or that w(Q) is composed
of a finite number of equilibria 1, ..., 0, of (1.3.5) and a countable number of limit orbits

of (1.3.5) whose o and w limit sets belong to {{y,..., 0y}
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1.6. Periodic solutions and limit cycles

Figure 1.10: A stable limit cycle O

The Poincaré-Bendixon theorem is proved in [34].

Example 1.6.4. Consider the system

r = —y+a(@®+y® -2z —3),
y+a@ ty ) (1.6.12)

y = x+ya®+y* -2z -3).
The system (1.6.12) has one equilibrium point located at the origin (0,0). First, to determine
the possibility of periodic orbits for the system we apply the criterion of Bendizon, so we
compute the divergence of the vector function on the righthand side of system (1.6.12) we

get

32 2
4)+y

33

A + 4y — 6 —6=4 — =1.
x° + 4y x (x T

We deduce that no closed orbits can be contained in the interior of the circle with center (%, 0)
and radius e because inside that circle (Bendizon circle) the divergence is sign definite.

Closed orbits are possible only if they enclose or intersect with this Bendixon circle.

We write the system (1.6.12) in polar coordinates we find

r = r(r*—2rcos(f) — 3),

| (1.6.13)
0 = 1.

If r <1 we have r < 0, and if r > 3 we have r > 0. According to the Poincaré-Bendizon

theorem, the annulus 1 < r < 3 must contain one or more limit cycles.
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1.7 Bifurcation theory

1.7.1 Overview

Bifurcation theory is a branch of mathematics that studies changes in the qualitative struc-
ture of a given family of curves, usually the solutions to a family of differential equations
and dynamical systems. It explains how slight changes in a system’s parameters can trig-
ger abrupt and substantial shifts in its overall dynamics, leading to phenomena like the
emergence or disappearance of equilibria, limit cycles, or other crucial behaviors.

The foundation of the theory was introduced by Poincaré in 1885 when he studied the
branching of solutions (i.e. splitting or creation of new solutions) in the three-body problem

in celestial mechanics.

1.7.2 Bifurcation types

Bifurcation theory branches into two main classes:

e Local bifurcation: this class focuses on the analysis of changes that occur near a
specific equilibrium point or periodic orbit. Types of local bifurcations include saddle-
node bifurcation, Hopf bifurcation, pitchfork bifurcation, transcritical bifurcation, and

Neimark-Sacker bifurcation.

e Global bifurcation: global bifurcations often occur when larger invariant sets, in-
tersect or interact with one another or with the system’s equilibria. Unlike local
bifurcations, which can be detected by analyzing the stability of equilibrium points,
global bifurcations often necessitate a broader examination of the system’s overall
dynamics. Types of global bifurcations include homoclinic bifurcation, heteroclinic

bifurcation, and infinite-period bifurcation.

In this section, we emphasize local bifurcations, particularly the Hopf bifurcation and
zero-Hopf bifurcation. Some examples of local bifurcations in one-dimensional systems are

introduced below.
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1.7. Bifurcation theory

Figure 1.11: Phase portrait of Example 1.7.1

Example 1.7.1. Consider the equation

&= fz, ), (1.7.14)

where f(x,p) = u— x2. We distinguish three cases:

1. If p > 0, the system has two equilibria py = +/p. With a simple computation, we
get the following results

(a) Df(\/1t, ) = —=24/1t < 0 which means that py = \/i is stable.

(b) D f(—=+/1t, jt) = 2\/ft > 0 which means that p, = —\/pi is unstable.
2. If un <0, there are no equilibria.

3. When pu = 0 the system has only one equilibrium point, the origin x = 0. In this
case, the equilibrium point is nonhyperbolic because Df(0,0) = 0, hence we cannot
analyze its stability by linearizing the system. Nevertheless, we can examine it by a

phase portrait, see Figure 1.11.

We conclude that the origin is an unstable saddle node. The system (1.7.14) has a saddle-

node bifurcation at = 0, See Figure 1.12.

Example 1.7.2. Consider the equation

x = f(x, 1), (1.7.15)

where f(x,p) = px — x*. The equation (1.7.15) has two equilibrium points py = 0 and
pa = . Computing the derivative of f we get Df(x, u) = p — 2x, hence

1. Df(0, ) = p which means that py is stable if p < 0 and unstable if > 0.
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Figure 1.12: Bifurcation diagram for Example 1.7.1

2. Df(u,p) = —p which means that py is stable if > 0 and unstable if p < 0.

If p =0, then (1.7.15) has one equilibrium at the origin and D f(0,0) = 0 implying that this
equilibrium is nonhyperbolic. In this case, we use the phase portrait to analyze the stability
of the equilibrium point, which is the same phase portrait as in the previous example shown
i Figure 1.11. Thus, the equilibrium at the origin is a saddle, hence unstable, when pu = 0.
The equilibria of the system (1.7.15) exchange stability as the parameter p crosses =0 in

what is called a transcritical bifurcation.
Example 1.7.3. Consider the equation governed by

x = f(z,p), (1.7.16)

where f(x,p) = px — x3. The derivative of f is D f(x, p) = p — 3z2.

Again we distinguish three cases:

1. If p < 0 the equation (1.7.16) has only one equilibrium point located at the origin
which is stable since Df(0, 1) = p < 0.

2. If u >0 (1.7.16) has three equilibrium points p; = 0 and py3 = £\/1t.

(a) The equilibrium point p; = 0 is unstable since D f(0, u) = u > 0.
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1.7. Bifurcation theory

(b) Both of the equilibrium points py3 = %/l are stable because D f(%\/pi, 1) =
—2p < 0.

3. If p =0, the only equilibrium is at the origin of the system (1.7.16) which is nonhyper-
bolic because Df(0,0) = 0. So, we look at the phase portrait as shown in Figure 1.13.

We see that the equilibrium point is stable. Hence, the system (1.7.16) encounters a

Figure 1.13: Phase portrait of Example 1.7.3

pitchfork bifurcation at = 0.

For more details about these types of bifurcations on higher dimensional systems, see

[34].

1.7.3 Hopf bifurcation

Consider the dynamical system
= f(z,n), peR. (1.7.17)

Hopf bifurcation, also known as Poincaré-Andronov-Hopf bifurcation, is a local bifurcation
in which an equilibrium point xy of a system (1.7.17) loses stability as a pair of complex
conjugate eigenvalues of the matrix D f(x), while all other eigenvalues have non-zero real
parts, crosses the imaginary axis of the complex plane when a parameter p crosses a critical
value .

Under generic assumptions about the system (1.7.17), the equilibrium point z, changes
stability as p passes through the bifurcation value p, leading to the emergence of a small-

amplitude limit cycle.
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Definition 1.7.1. Consider the system (1.7.17) with an equilibrium point xo at p = pip.
Suppose that at p = g, the Jacobian matriz D f(xo) has a pair of purely imaginary eigen-
values +iw and no other eigenvalues with zero real part, and the following condition is

satisfied

d
@%(A(u)) -

where A(p) are the eigenvalues of the matriz D f(xo).
Then, the system encounters a Hopf bifurcation at p = pg, and the following cases can

occur.

e Case 1: Supercritical Hopf bifurcation
The equilibrium point loses stability and a stable limit cycle emerges as p increases

through pg. The system exhibits stable oscillations with small amplitude.

e Case 2: Subcritical Hopf bifurcation
As p increases through g, an unstable limit cycle emerges. The equilibrium point
remains stable until the bifurcation occurs, at this point, the system can transition to

large-amplitude oscillations, potentially causing unstable behavior.

The following Hopf bifurcation theorem gives sufficient conditions for the emergence of

periodic solutions from a Hopf bifurcation in planar systems.

Theorem 1.7.1. Consider the planar system
(1.7.18)

where w is a real parameter. Let the point (xo,y0) be the equilibrium point of the system
(1.7.18), which may depend on p, and the eigenvalues of the linearized system near that
equilibrium be given by A1), Mp) = a(p) £iB(n). Assume that for a value of p, = po,
the following conditions are satisfied.

g

i. a(po) =0, B(ug) =w #0, such that sgn(w) = sgn [ai
x
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da(p)

1. d'u

—d#£0.

p=po

1i. a # 0, such that

1 1
a = E(facmac +fxyy +g;my+gyyy) + m_w(fzy<fa:ac +fyy) _gmy(g:cz +9yy) - fxx.gx$+fyygyy)7

02f,

with fr, = 9z Y

(.To, yO); etc.
p=tio

Then a unique curve of periodic solutions bifurcates from the equilibrium point (xg, o) into

the region p > po if ad <0 or pu < py if ad > 0. And,

e The equilibrium point is stable for u > pg (resp. p < po) and unstable for p < o
(resp. > o) if d < 0 (resp. d > 0). At the same time, the periodic solutions are
stable (resp. unstable) if the equilibrium point is unstable (resp. stable) on the side of

= o where these solutions exist.

e The amplitude of these periodic orbits grows proportional to \/|u — po| whilst their
, 27
periods tend to — as i tends to .

w]
e The bifurcation is called supercritical if the bifurcating periodic solutions are stable,

and subcritical if they are unstable.
Example 1.7.4. Consider the Lienard system

r =y,
| (1.7.19)
y =—x+(p—a?)y,

where p is a real parameter. The system has an equilibrium point located at the origin
(0,0), with the eigenvalues A1), where A(u) = % (u + zﬂ) When = 0, the system
undergoes a Hopf bifurcation. Since w = —1, d = %, and a = —%, the bifurcation is
supercritical and there is a stable isolated periodic orbit (i.e. stable limit cycle) if > 0 for

w sufficiently small, see Figure 1.14.
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Figure 1.14: Phase portraits of Example 1.7.4 for (a) p = —0.2, (b) p = 0.3. At pr = 0 there

is a supercritical Hopf bifurcation.

1.7.4 Zero-Hopf bifurcation

The zero-Hopf bifurcation is a codimension-2 bifurcation, which occurs when an equilibrium
point exhibits both zero and purely imaginary eigenvalues. This phenomenon is closely
related to the standard Hopf bifurcation, where oscillatory behavior emerges from purely
imaginary eigenvalues. However, the presence of a zero eigenvalue introduces additional

complexity.

Definition 1.7.2. The zero-Hopf bifurcation, also called fold-Hopf bifurcation, saddle-node
bifurcation, or Gavrilov-Guckenheimer bifurcation, is a bifurcation of an equilibrium point
i a two-parameter family of autonomous ordinary differential systems at which the critical
equilibrium has at least one zero eigenvalue and a pair of purely imaginary eigenvalues.

When, in addition to the pair of purely imaginary eigenvalues, all other eigenvalues are zero,

this denotes a complete zero-Hopf bifurcation.

In the following example, we present a zero-Hopf bifurcation analysis of a three-dimensional

Réssler system authored by Jaume Llibre, see [23].
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Example 1.7.5. Consider the following Rossler system

T = —Y-—2z,
y = z+ay, (1.7.20)
z = br—cz+zxz.

This system was designed by Otto Rossler as one of the simplest mathematical models that
exhibit chaos in three dimensions. Nevertheless, it is studied not only for its simplicity but
also for its rich dynamical behaviors.

The system (1.7.20) has an equilibrium point at the origin of coordinates. We shall
characterize when this point becomes a zero-Hopf equilibrium point. The characteristic poly-

nomial of the linear part of the system (1.7.20) at the origin is given by
p(A) =N+ (a—c)\*+(ac—1—b)A+ab—c.

To determine when the origin is a zero-Hopf equilibrium, we impose the condition that

p(A) = =A(\? + w?), where w > 0 is a real number. Expanding this condition gives
p(A) = =\ — W2

Equating coefficients of like powers of A\ in the two polynomials, we obtain the following

system of equations

a—c=0,
ac—1—b=—w?
ab—c=

Solving these equations, we find:
1. Ifa=c=4v2—w? and b =1, then w € (0,v/2).
2. Ifa=c=0and b=w? — 1, then w € (0,0).

Thus, there are two one-parameter families of Rossler systems for which the origin is a
zero-Hopf equilibrium point:

(i) a=ce(—vV2,v2) andb=1,

(ii)) a=c=0andbe (—1,00).
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Remarks 1.7.1.

e The second one-parameter family does not provide periodic orbits bifurcating from the
zero—Hopf equilibrium point localized at the origin of coordinates of the Rissler system

(1.7.20). This statement is proved in [23].

o We are primarily interested in the first one-parameter family, which exhibits a zero-

Hopf bifurcation of periodic orbits.

If (a,b,¢) = (a4 ea, 1 +ef,a+ev), with e > 0 a sufficiently small parameter, then the
Rassler system (1.7.20) becomes

T = —Yy-—2z,
y = x+(a+ea)y, (1.7.21)
2 = (14+ef)x—(a+ey)z+az.

Rescaling the variables as (x,y,z) = (eX,eY,eZ), the system in the new variables (X,Y, Z)

becomes
X = -Y-2Z

Y = X+aY +eay, (1.7.22)
Z = X-aZ+eBX —~Z+X2).
The linear part of the system at the origin, when € = 0, can be written in its real Jordan
normal form, i.e. as
0 —v2-a o0
V2 —a? 0 0
0 0 0

This transformation is achieved through the linear change of variables (X,Y, Z) — (u,v,w),

defined by
(@*> — 2)v — a(v/2 — a%u + w)

az—2 ’
_ 72
y - Y2-autw (1.7.23)
a2 — 2
g —a(2 —a*)v+ V2 —a2(a* — u+w
B a2 — 2 '
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In these new variables, the system becomes

U = —v2—a*v+eG(u,v,w),
0 = V2 —a’u+eGe(u,v,w), (1.7.24)

w = eGs(u,v,w),

where G, Gy, and Gz, are explicit functions given by

Gi(u,v,w) = m [04(1 — @) (V2 — @u+w) + ((@® - 2)v — a(v2 — @u+ w))
-<B+ @22_——153: + av — a;ﬁ 2) —{—7(&(2 —a*)v ++2 —a2(a® - 1)u+w>],
Go(u,v,w) = ad V2 — @u+ w),

(
Gs(u,v,w) = - [a(—ﬂu—w)—i—d((&?—%v—(Mu—kw))

Introducing cylindrical coordinates (r,6,w) via w = rcosf and v = rsinf, the system
becomes
d
d—g = eF(0,rw),
p (1.7.25)
w
w0 = eFy (0,1, w),

where Fy and Fy are periodic in 0 with period 27, and are given by

Fy(0,r,w) = WTCOSQ[QG —a?)(vV/2 — a?rcosf +w) + (5 — 2)

(—aw — av2 — @®rcosf + (@* — 2)rsinf) + y(w + V2 — a*(a® — 1)7”0089)],
! [—a(VZ—d%cos@+w)+(ﬁ— 122)

(2 — a?)3/?

(= aw —av2 — a*rcosf + (a* — 2)rsinf) +v(w + V2 — a>(a* — 1)7’C089)].

w
d2—

FQ(Q,’T’,U]) = dZ

We shall Apply the averaging method of first order to the system (1.7.25). We compute the
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averaged equations, and we get

2w
filrw) = % Fy(6,r,w)dd
0
= S e ) +alat3atat-wt 5 +ala =)+ ) - 29)]
1 21
fo(r,w) = Gy Fy (8,7, w)do
0
- 2(2 _1a2)5/2 [QU’(V —a)a® +2a(r? + w(w + 28)) + dw(a —y) — @ (r? + 2wﬂ)].

Solving fi(r,w) = fo(r,w) = 0, we find a unique solution (r*, w*) with r* > 0, provided that

the following conditions hold
a#0, and(—a+a(l—a*)B+7) (@ —1a+aB+ (1 —a*y) <0.

The determinant of the Jacobian matrix

o f1, f2)
J= MbJ2)
(r,w) (

raw)=(r*w*)

takes the non-zero value

(a+af —)(—a+a(l —a*)B+7)
2(a%? —2)3

Moreover, the eigenvalues of J are given by

A++B

€12 = m,
where
A=(2- @) —af — ),
B = (3a" — 4)a* + 2a(2a° — 3a* + 4)aB — 2(3a* — 4)ay
+ a*(3a* — 4)8* — 2a(2a® — 3a* + 4) By + (3a* — 4)*.
Theorem 2.2.1 guarantees that for ¢ > 0 sufficiently small, there exists a periodic solution

(r(0,¢),w(0,¢)) of system (1.7.25) such that

(r(0,¢),w(0,¢e)) — (r*,w*) ase— 0.
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Thus, system (1.7.24) has the periodic solution

u(f, ) (6, ¢) cos b
v(0,e) | = | r(0,e)sinb |, (1.7.26)
w(f, ) w(f, )

fore > 0 sufficiently small. Consequently, system (1.7.22) has the periodic solution (X (6),Y (6), Z(0))
obtained from (1.7.26) through the change of variables (1.7.23).

Finally, for € > 0 sufficiently small, system (1.7.21) has a periodic solution
(x(0),y(0), 2(0)) = (X (0),eY(0),£2(0)),

which tends to the origin as € — 0. Therefore, this is a periodic solution that starts at the
zero-Hopf equilibrium point located at the origin when € = 0. The stability of this periodic

orbit is determined by the eigenvalues e1 and eo. If both eigenvalues are negative, the periodic

orbit is stable; otherwise, it 1s unstable.
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CHAPTER

Averaging Theory

2.1 Introduction

The concept of averaging has its roots in celestial mechanics, particularly in the work of
the mathematicians Clairaut, Lagrange, and Laplace in the 18th century. They used early
forms of averaging to study the motion of planets, moons, and other celestial bodies. The
challenge was to deal with small perturbations in their orbits over long timescales, leading
to the need for techniques that could average out these small effects.

In the 19th century, the theory of averaging advanced significantly with the work of
the mathematicians Jacobi and Poisson, who formalized aspects of averaging in the context
of Hamiltonian systems. They laid the groundwork for the development of perturbation
methods used in classical mechanics, which later influenced the formal theory of averaging.
The first mathematical formalization was done in 1928 by Fatou [17], and was greatly refined
in 1934 by the Kiev School of Mathematics led by Bogoliubov and Krylov [21]. Important
practical and theoretical contributions were made in 1945 by Bogoliubov [2], and in 1961
by Bogoliubov and Mitropolsky [1]. They played a crucial role in rigorously developing
averaging methods for nonlinear oscillatory systems, expanding the technique to handle
broader classes of systems, such as those with fast and slow timescales.

From the latter half of the 20th century to the present, averaging methods continued
to evolve with contributions from various fields, including nonlinear dynamics and applied

mathematics. These methods became essential tools for analyzing a wide range of physical,
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2.2. Averaging method of first order for periodic orbits

biological, and engineering systems, especially those exhibiting limit cycles, bifurcations,
and chaotic behavior. For a comprehensive modern exposition of averaging theory, refer to
the work of Sanders, Verhulst, and Murdock [43].

The idea is to consider a dynamical system given by
r=cf(t,x,e), (2.1.1)

where x € R" is the state vector, ¢ is a small parameter (0 < e << 1) and f(t,z,¢) is a
periodic function in time ¢ of period T

The objective here is to approximate this system by focusing on its long-term dynamics.
To achieve this, the theory involves computing the averaged function f(z) defined as the

time average of f(¢,z,e) over one period T of the oscillation

F(z) = %/0 F(t.z,0) dt.

Note that f depends only on the state z simplifying the system.
The averaged system is then described by the equation

y=¢ef(y),

where y(t) represents the state vector. This averaged system provides a simpler way to
analyze the existence, stability, and behavior of limit cycles and other long-term behaviors

in the original system.

2.2 Averaging method of first order for periodic orbits

Consider the differential system
x = ef(t,x) + e%g(t, x, €), (2.2.2)

with x € F C R", E a bounded domain, and ¢t € R*. The functions f(¢,x) and ¢(t,x,¢)
are T-periodic in t.

We define the averaged system associated to the system (2.2.2) by

y=cfy), (2.2.3)
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Chapter 2. Averaging Theory

where
) =7 / 70, ) do. (2.2.4)

The following theorem states the conditions under which the critical points of the averaged

system (2.2.3) give rise to T-periodic orbits in system (2.2.2).

Theorem 2.2.1. Consider the system (2.2.2) and assume that the functions f, g, Dyf,
D%f and D2g are continuous and bounded by a constant M, independent of €, in [0,00) x E

with —ey < € < g9. Furthermore, f and g are T-periodic in t, with T independent of €.

i. If a € E is a critical point of the averaged system (2.2.3) such that det(Dyf(a)) # 0
then, for |e| > 0 sufficiently small, there exists a T-periodic solution x(t,€) of system

(2.2.2) such that x(0,e) — a as e — 0.

it. If the critical point y = a of the averaged system (2.2.3) has all its eigenvalues with
negative real part then, for|e| > 0 sufficiently small, the corresponding periodic solution
x(t,e) of system (2.2.2) is asymptotically stable. If one eigenvalue has a positive real

part, the solution x(t, ) is unstable.

For a proof of this theorem, see [}8].

Example 2.2.1. Consider the Liénard system

T =y —c(air + asx® + azx® + agx* + asa’),
y— el +az ’ ! ) (2.2.5)

y = =7,
where a; # 0 for 1 = 1..5, and € is sufficiently small.
We transform the system (2.2.5) into polar coordinates (r,0), where x = rcos(f) and

y = rsin(d), by doing the change of variables

. 1, .

ro= —(zr+yy),
T

~ 1

0 = ey —yz),
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2.2. Averaging method of first order for periodic orbits

and we obtain

r = (= cos(6)%asr® — cos(8)asr* — cos(0)*az r* — cos(#)*az r* — cos(6)?arr)e,
0 = —1+ (cos(8)®sin(f)asr* + cos(8)* sin(f)asr® + cos(8)? sin(f)agr? + cos(#)? sin(f)agr
+ cos(0) sin(#)a )e.
(2.2.6)
Taking 0 as the independent variable we write
% = £(cos(6)%asr® + cos(0) asr® + cos(0)*azr® + cos(0)*axr? + cos(0)arr) + O(?). (2.2.7)

Again takingx = r,t = 0T = 27, and f(t,x) = cos(0)5asr® +cos(0)>asr* +cos(0)*asr +
cos(6)3agr? + cos(0)?ayr, the system (2.2.7) is in the normal form (2.1.1) for applying The-
orem 2.2.1.

Now, we compute the averaged function f(r)
L
=7 Jo f(t,x)dt

1 on
= — [ cos(0)%asr® + cos(8)’ayr* + cos(B) agr® + cos(f)Pasr? + cos(6)%arr db,

2T
) n 3 n 1
= 16a57’ 8&37" 2a17’

(2.2.8)
Solving the equation f(r) =0 we find five solutions

\/_\/ —3az + \/ 40asaq + 9a3>
r = 07 ro = )
as
\/_\/ —3as + \/ 40asa1 + 9a3 V5 \/—a5 <3a3 + \/—4Oa5a1 + 9a§)

T3 Ty =
as ’ Sas

)

V5 \/—a5 <3a3 + v/ —40asa; + 9a§>

5(15

and ry = —

Since v > 0, we take only ro and ry with a5 > 0, —40asa; + 9a§ > 0 and —3az +

\/—40a5a1 +9a3 > 0, or rs and rs with as < 0, —40asa; + 9a§ > 0 and

3as + \/—40a5a1 +9a3 > 0. Furthermore, we have

F(ras) 3v5 \/ as (—3a3 + /—40asa; + 9a§> (—87a3 +29\/—40asa; + 9a2 — 36a5)
2,3

160a? ’
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Chapter 2. Averaging Theory

_ 3v/5 \/ —as (3ay + v/~40asar + 93 ) (87a +29/~40asar + 9a3 + 36a;

df(ra)
dr 160a? ’
() 3v5 \/—a5 <3a3 + v/ —40aza; + 9a§> (87(13 + 294/ —40asa; + 9a2 + 36a5>
dr 160a?
If —87az + 29/ —40asa; + 9a2 — 36as # 0, then % £0. And, if
87as + 29+/—40asa; + 9a2 + 36as # 0, then df(rss) £ 0.

dr
Thus, under the conditions above it follows from Theorem 2.2.1 that the system (2.2.5)

has two limit cycles.

1
For instance, let a1 = 3’ az = —1, and a5 = 1. Hence, the averaged function is given by
= v 9 5 33 1
f(r)= o 3" + 6"

. 5 : . -
has two positive real roots 1y =1 and ry = = and their values by the derivative of f are
df 327 df 21V/5
% =3 >0 and J;(?) =— 1(;{)_ < 0 respectively. 1
Consequently, by Theorem 2.2.1 the system (2.2.5) with the coefficients a; = =, a3 = —1,

8

5
and as =1 has two limit cycles, the one which corresponds to ry = £ 15 stable while the

other which corresponds to r1 = 1 is unstable. See Figure 2.1.

1.5

e A A

— 05—

Figure 2.1: Two limit cycles in a Lienard system with ¢ = 0.01
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2.3 Averaging methods for finding periodic orbits via
Brouwer degree

In [10], the authors have developed the averaging method for finding the periodic solutions
up to the third order using the Brouwer degree theory. This section presents the averaging

method of first and second order.

2.3.1 First-order averaging method

Here, we state the theorem of the first-order averaging method using the Brouwer degree.

Theorem 2.3.1. Consider the differential system
x = efi(t,x) +%g(t,x, ), (2.3.9)

where fi : RxE — R", g: RxEX(—¢y,e7) — R™ are continuous functions, T-periodic

in the first variable and E is an open subset of R". We define f, : E — R" as follows

— 1 (T
f1(z) = f/ fi(s,z) ds, (2.3.10)
0
and suppose that
(i) fi and g are locally Lipschitz with respect to x.

(ii) For a € E with f,(a) = 0, there exists a neighborhood V of a such that f,(z) # 0 for
all z € V\{a} and dg(f,,V,a.) # 0.

Then, for |e| > 0 sufficiently small, there exists a T-periodic solution ¢(.,€) of system

(2.3.9) such that ¢(.,e) — a as e — 0.

Theorem 2.3.1 has weaker hypotheses than that analogous result Theorem 2.2.1.
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Chapter 2. Averaging Theory

2.3.2 Second-order averaging method

The following theorem presents the second-order averaging method for finding periodic orbits

via the Brouwer degree.

Theorem 2.3.2. Consider the following differential system
X = cfi(t,x) + e fo(t,x) + 3g(t, x, ), (2.3.11)

where the functions fi, fo: Rx E— R", g: RXx E x (—ey,e7) — R" are continuous

and T-periodic in t. E is an open subset of R". Assume that

(i) fi(t,-) € CYE) for allt € R, fi, fo, g and Dyfy are locally Lipschitz with respect to

x and g s differentiable with respect to €.

The functions f,, fy: E — R™ are defined as follows

3 [ o

fz(z):?/o [Dflsz /fltzdtJrfg(sz)

Moreover, assume that

(it) for U C E an open and bounded set and for each e € (—ey,e7)\{0}, there exists a. € U
such that f,(a.) +efy(as) =0 and dg(f, +efq, U, az) # 0.

Then, for |e| > 0 sufficiently small, there exists a T-periodic solution ¢(.,€) of system
(2.3.11).

Theorems 2.3.1 and 2.3.2 are proved in [10].

The expression dp(f, + f,, U, a.) # 0 means that the Brouwer degree of the function
filas) +efy(as) : U — R™ at the fixed point a. is not zero. A sufficient condition for the
inequality to be true is that the Jacobian of f,(a.) + cf,(a.) at a. is not zero.

If f, is identically zero and f, is not identically zero, then the zeros of f, + ef, are
mainly the zeros of f, for ¢ sufficiently small. In this case, the previous result provides the

averaging method of second order.
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Example 2.3.1. (Smooth perturbed harmonic oscillator) consider the differential equation
T+ x+br =g (x,2), (2.3.12)
where
b = eby +e%by +°0(1) > 0, and g.(z,y) = eg1(x,y) + 2ga(w,y) + £30(1)

18 a sufficiently differentiable function.

By taking y = x, the second order differential equation (2.53.12) writes
Y (2.3.13)
y=—v—by+g:(z,y).

We write system (2.3.12) in the standard form (2.3.11) in order to apply the averaging

theorem.

Writting system (2.5.13) in polar coordinates (x,y) = (r cos(0), rsin(f)), we get

7 = sin(f) (g-(r cos(8), rsin(f)) — b.rsin(f)),
cos(#)g:(r cos(0), rsin(h))

r
Thus, taking 0 as the new independent variable we obtain

f=—1+ — b. cos(6) sin(0).

dr T rsin(0) (g (r cos(0), rsin(h)) — b.rsin(6))

dd g  —r+cos(0)g.(rcos(d),rsin(h)) + b. cos(f) sin(6)’

% = esin(f) (byrsin(f) — g1 (r cos(f), rsin(0)) (2.3.14)
+€7 sin(0) (cos(6) (birsin(6) — g1(r cos(), r sin(6)))”
+1 (byrsin(f) — go(r cos(),rsin(0)))) + 20(1),
=cf1(0,r) + 2 fo(0,7) + 390, 1, ¢),

where

f1(0,r) =sin(@) (byrsin(@) — g1 (r cos(8), rsin(h)) ,

To(0,7) = sin(8) (cos(6) (byrsin(6) — g1 (r cos(8), rsin(9)))?

r

+r (borsin(f) — ga(r cos(f), rsin(0)))) .
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Chapter 2. Averaging Theory

Now, let the functions g1 and go be given by
91(z,y) = asoz® + an 2’y + arzzy” + aosy’,
92(2,y) = agox’ + a2’y + apzy® + gy’
We Compute the first-order averaged function and its zeros.

T (3@03 + CL21) 7“2

fi(r) = whyr — 1

The equation f,(r) =0 has 3 solutions

by [ b
r=0,rg=-24/———, andr3 =24/ ———.
! 2 3(103 + 921 3 3&03 + asq

Assuming by (3agz + as1) > 0,7* = r3 is the only positive solution. Hence, the first order
averaging method provides the existence of a periodic solution r(0,¢) of the differential equa-
tion (2.8.14) such thatr(-,e) — r* ase — 0. Accordingly, one gets the existence of a periodic
solution (z(t,e),x'(t,€)) of the differential equation (4) satisfying |(x(-,€),2'(-,€))| — * as

e — 0. See Figure 2.2.

15 ‘ ‘—1.0 ‘—0.5‘ ‘ ‘0.0‘ - 0.5l I 1.0 ‘ ‘1.5
Figure 2.2: Mathematica simulation of two backwards trajectories of the differential system

(,9) = (y, —x — ey + ey®) for € = 0.1. The red dots indicate the initial conditions (0.9, 0)
and (1.4,0). The black closed curve indicates the limit cycle.
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In order to ensure that f, = 0 and compute the second-order averaged function and
its zeros, we assume that by = 0 and asy = —3ags. Under this condition, we compute the

averaged function f,

T
falr) = 3 (ao3 (a12 + 3azo) r* — 2 (3agz + 1) 7% + 8by) .

Conditions can be assumed so that the equation f,(r) = 0 has zero, one or two positive
simple solutions. For instance, by taking g1(z,y) = v+ 2xy? — 322y, g2 (2, y) = 522y + 2232,

and by = 1, we get that
r

folr) = T (r4 —5r? 4+ 4) :
The equation f,(r) = 0 has two positive solutions i = 1 and rs = 2. Hence, the second order
averaging method provides the existence of two periodic solutions r1(6,¢) and ro(0,€) of the
differential equation (2.3.14) such that ri(-,€) — ri and ro(-,€) — r3 ase — 0. Accordingly,
one gets the existence of periodic solutions (x1(t,€),z1(t,€)) and (x2(t, ), 2o(t,€)) of the
differential equation (2.3.12) satisfying |(x1(-,€),21(-,€))| = r} and |(x2(+, €), @2(-, €))| — 73

as ¢ — 0. See Figure 2.5.

Figure 2.3: Mathematica simulation of some trajectories of the differential system

(T,9) = (y, —x+e (y3 + 2xy? — 3x2y) + &2 (fy + 522y + 2$y2)) for e = 0.1. The red dots indicate
the initial conditions (0.8,0), (1.4,0), and (2.4, 0). The blue continuous lines indicate the backward
trajectory for initial condition (0.8,0), the orbit for initial condition (1.4,0), and the forward

trajectory for the initial condition (2.4,0). The black closed curves indicate limit cycles.
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2.4 Other first-order averaging method for periodic or-
bits

Consider the bifurcation problem of T-periodic solutions of the differential system of the

form

x = fo(t,x) +efi(t,x) +%g(t,x, ¢), (2.4.15)

with ¢ small enough. The functions fy, f1: RxQ — R"and g : R x Q x (—¢&g,&9) — R”
are C? functions, T-periodic in t and €2 is an open subset of R”. The main assumption is

that the unperturbed system
x = fo(t,x), (2.4.16)

has a k-dimensional submanifold of periodic solutions.
Let x(t,z,¢) be the solution of the system (2.4.16) such that x(0,z,e) = z. We write

the linearization of the unperturbed system (2.4.16) along the periodic solution x(t,z,0) as

y = Dy fo(t,x(t,2,0))y, (2.4.17)

where y is a n X n matrix.

In what follows, we denote by M, (t) some fundamental matrix of the linear differential
system (2.4.17).

We assume that there exists an open set V' with CI(V') C € such that for each z € CI(V),
x(t,z,0) is T-periodic, where x(¢,z,0) denotes the solution of the unperturbed system
(2.4.16) with x(0,z,0) = z. The set CI(V) is isochronous for the system (2.4.15); i.e.,
it is a set formed only by periodic orbits, all of them having the same period. Then, an an-
swer to the bifurcation problem of T-periodic solutions from the periodic solutions x(¢, z, 0)

contained in CI(V) is given in the following theorem.

Theorem 2.4.1. (Perturbation of an isochronous set) We assume that there is an open
and bounded set V with CIL(V) C Q such that for each z € CI(V), the solution x(t,z,0) is
T-periodic. Consider a function F : Cl(V) — R" defined by
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1 /7T
Flz)= 7 / M (6 Fy (4 x(E, 2), 0)dt. (2.4.18)
0
: : oOF : .y
If there is an a € V with F(a) = 0 and det (E)(a) # 0, then there is a T-periodic

solution p(t,e) to system (2.4.15) such that ¢(0,e) — a as e — 0.

Theorem 2.4.1 is a classical result due to Malkin [30] and Roseau [39]. For a simplified
proof of this theorem see [9].
The following example examines the zero-Hopf bifurcation of a Michelson system, as

studied by Llibre and Zang in [27].

Example 2.4.1. Consider the Michelson system

T =y,
y =z, (2.4.19)
2
xXr
_ 2 =
g =cd-y-o,

with (z,y,2) € R? and ¢ > 0.

The system (2.4.19) clearly has two critical points p, = (—v/2¢,0,0) and py = (v/2¢,0,0)
forc > 0. If c =0, the system has a critical point at the origin.

For any € # 0 we do the re-scale of variables v = ex1,y = ey1, 2 = €21 and ¢ = &d, then

the system (2.4.19) becomes

1
fi=y, =2, h=-p+ed - aixf. (2.4.20)

Now doing the change of variables xt1 = X, y; = rsinf and zy = rcosf, system (2.4.19)

15 given by

(242 — X2) cos, 6 =1— — (2d> — X?)sin0. (2.4.21)

X =rsinf, 7= c
2 2r

This system can be written as

ij—‘;( = rsin(f) + g (2d? — X?)sin?(0) + 2g1(0, 7, ¢),

(2.4.22)
dr € ., 9 9
=3 (2d* — X?) cos(0) + e%go(0, 1, €),
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where g1 and gy are analytic functions.

The unperturbed system

— =rsin(0),
d0 (2.4.23)
dr 0
do ’
has the 2m-periodic solution
X(0) =rg+ Xg—rgcosf, r(0)=r, (2.4.24)

for arbitrary (Xo,70) # (0,0), such that X(0) = Xo and r(0) = ro.

It has the fundamental solution matrix

1 1—-cos@
0 1

M =

which is independent of the initial condition (Xo,70). Applying Theorem 2.4.1 to the
system (2.4.22) we have ,along the solution (2.4.24), that

L[> ((2d® — X?)sin?0
]:<XO’TO)_§/O M ((2d2—X2)0059)d0'

Then F (Xo,70) = (f1 (Xo,70) , fo (Xo,70)) with

1
fi (Xo,r0) = = (4d® — Brg — 6r0Xo — 2X3),  f2(Xo,70) = 7o (Xo+ 7o) -

1 =

The equation F(Xo,10) = 0 has a unique non-trivial solution Xg = —2d and ro = 2d. In
addition, we have det DF (X, T0)|X0:_2d7m:2d = d*. Consequently, it follows from Theorem
2.4.1 that for any given d > 0 and for |e| > 0 sufficiently small system (2.4.22) has a periodic
orbit (X (0,¢),7r(0,¢)) of period 2w, such that (X(0,¢),7(0,e)) — (—2d,2d) as e — 0. See
Figure 2.4.

Going back to system (2.4.19) we get that, for ¢ > 0 small enough, the Michelson system
has a periodic orbit of period 2w given by x(t) = —2ccost + O(c),y(t) = 2¢csint + O(c) and
2(t) = 2ccost + O(c).

48



2.4. Other first-order averaging method for periodic orbits

——— ]
T Sy \‘k\\

s S
02 S SRR
NPFTFEER TS
' FYYTRAAN
] e nAS A RN
o] R e i A

04 02 0 02 0 02 04

— 024

—02  —p4  —04—

Figure 2.4: A periodic orbit of period 27 for the system 2.4.19 with ¢ = 0.1
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CHAPTER

Maximum Number of limit
cycles of a second order

differential system

3.1 Introduction and statement of the main results

In two-dimensional systems, we often encounter centers which are isolated equilibrium points
surrounded by periodic orbits. These orbits follow circular or elliptical paths without spi-
raling toward or away from the equilibrium point. This behavior arises when the linearized

system at the equilibrium point has purely imaginary eigenvalues.

One way to produce limit cycles is by perturbing a system that initially has a center.
In the unperturbed system, the trajectories around the center are closed and periodic.
However, by introducing a small perturbation, these periodic orbits may either shrink or

expand, giving rise to a stable or unstable limit cycle.

The Mathieu differential equation [31]
2+ b(1 4+ cos(f))z =0, (3.1.1)

where b is a real constant, is the simplest mathematical model of an excited system depending
on a parameter. This equation was first introduced and discussed in 1868 by Mathieu while
studying the problem of vibrations of an elliptical drumhead. It has many applications in

engineering and physics, see [41, 46, 5, 47].
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3.1. Introduction and statement of the main results

The system form of the Mathieu differential equation is

T =y,

y = —b(1+ cos())x.
In [13], T. Chen and J. Llibre studied the limit cycles of the differential system

r o=y,

(3.1.2)
y = —v—¢(1+cos™(0))Q(x,y),

where ¢ > 0 sufficiently small, m is an arbitrary non negative integer, Q(x, y) is a polynomial
of degree n > 1 and 6 = arctan(y/z). They provided an upper bound of the maximum
number of limit cycles that can bifurcate from the linear center x = y, y = —x of the
system (3.1.2).

In this chapter, using the averaging theory of first order, we study the maximum number

of limit cycles of the following differential system

r o= vy,

(3.1.3)
y = —x—e(l+sin"(0)cos™(0))H (x,y),

where € > 0 is a small parameter, m and n are arbitrary non negative integers, H(z,y) is a
polynomial of degree [ > 1 and 6 = arctan(y/z).

The following theorem presents the main result.

Theorem 3.1.1. Using the averaging theory of first order, the mazximum number of limit
cycles of the differential system (3.1.3) that bifurcate from the periodic orbits of the linear
center x =y, y = —x 1s as follows
(a) If | is even

(a.1) We have at most | — 1 limit cycles, if m and n have different parity.

(a.2) We have at most (I — 2)/2 limit cycles, if m and n have the same parity.
(b) If | is odd

(b.1) We have at most | limit cycles, if m is even and n is odd.

(b.2) We have at most (I —1)/2 limit cycles, if m is odd and n is even, or if m and n

have the same parity.
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To prove Theorem 3.1.1, we shall use the following auxiliary theorem.

Theorem 3.1.2. (Descartes Theorem) Let
p(r) = a, " +a,r® 4+ ..+ a;, "

be a polynomial with real coefficients, with 0 <y <ig < ... <1, and a £ 0 real constants
for j € {1,2,...,n}. When a;a;,, < 0, we say that a;; and a;;,, have a variation of
sign. If the number of variations of signs is m, then p(r) has at most m positive real zeros.
Furthermore, we can choose the coefficients of p(r) in such a way that p(r) has exactly n—1

positive real zeros.

Descartes theorem provides a useful tool for estimating the number of positive real roots
of a polynomial by analyzing the sign changes in its coefficients. For a proof of this theorem,

see [12].

3.2 Proof of the main results

Assume that the polynomial H(x,y) = Zi—f—j:O

a;;z'y’. By applying change of the variables
(x,y) into the polar coordinates (r,0) defined by x = r cos(f), y = rsin(f), with r > 0, the

system (3.1.3) becomes

ro= —€ Zi—i—j:() Rij(0)r*,
9 = —-1- 622-{—]’:0 @Z‘j(9>7"i+j71,

where

Rij(0) = a;j(cos’(6)sin’™(0) + cos™™(6) sin! T (9)),
0;;(0) = a;j(cos™(0)sin? (0) + cos™™™F1(0) sin’ T (9)).
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3.2. Proof of the main results

From the previous differential system, we take 6 as the new independent variable as

follows

% =& i Rz‘j(e)TH—j + 0(82) =cf(r,0)+ 0(52), (3'2'4)
i+7=0

Now, we compute the averaged function f, associated to the equation (3.2.4), which is given

by
N 1 27
= — g) do. 2.
) =5 [ 0.0 (325
To compute the averaged function (3.2.5) , we shall use the following formulas

" Psin(0)*df = (2¢ = DM " cos(0)?
/0 oSO d = (2Q+p)(2q+p—2)---(p+2)/o oy

p e R\{-2,—4,..},ge N.

2T
/ cos(0)P sin(6)7df =0, p e R\{—1,-3,...}, ¢eN.
0

2
/ cos(0)?dg =0, 1>0.
0

For more information on these integrals, see [50].

We distinguish two cases for the parity of [, each case has four subcases for the parity

of m and n.

Case (1) Suppose that [ is even, we have four subcases for studying f(r).

Subcase (1.1) If m is even and n is odd, we have

53



Chapter 3. Maximum Number of limit cycles of a second order differential
system

1 21

fr)y=o-[ f(r,0)d0

:27'(' 0
1 2

=5 aijr 7 (cos' (6) sin? T (0) + cos™ () sin? T (9))d6
T Jo

1 [27 ! Lo .
=5 Z aijr't cos' () sinf T (0)
TJo ko
!
+ Z aijr7 cos™™(0) sind T (9) | db
i+j=0
l
1 2m ) )
=5 aiop— 17271 cos’(0) sin?P ()
TJo |itop_1=0

!
+ Z aiopr TP cos™ ™ (0) sin?P T (9) | do
i+2p=0

1 2 I+1 ' .
Z aiop—17" TP  cos’(0) sin?? ()

T om
0 |itop=2
+1
+ Z i opr 2P cos™T™(0) sin?P T (9) | d
i+2p=1

1 2 +1
Z a2q.2p-1729TP 7 cos? ¢(6) sinP (0)

frmd 27
TJo 2q+2p=2
+1
+ E a2q.2p7 1T ?P cos1T™(9) sin?P T (9) | df
2q+2p=1
l
1 2T
2q+2p—1 . 2 . 2
=5 g a2q,2p—17 1+2P~1 cos® ¢(6) sin*? (6)
0 2¢-+2p=2

I
+ Z a2q.2p7 20T cos®T™(0) sin?P L (9) | df
2q+2p=2
1/2
agq,gp,1r2q+2p_1 cos® q(0) sin2p(0)

g+p=1

1 2w
/2

+ Z a2q72p7“2q+2p cos?4T™ (@) sin?P L (9) | df
q+p=1
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1/2 )
1 T
~or Z a2q,2p—17’2q+2p1/ cos? q(6) sin*()d6
g+p=1 0
1 12 27
+ o Z G2q,2pT 2q+2p / cos®t™(9) sin? T (9)df
T g1 0
1 L 2g+2p—1 (2p— 1! (2 — D!
2T (204 2¢)(2p +2¢ +2)...(2¢+2)  24¢!
L
+ 2T Z a2q,2p7“2q+2p><
q+p=1

(2p +n)!! (2¢+m — 1)l
Cp+n+2¢g+m+1)2p+n+2¢+m—1)..(2¢ + m + 2) 20tm/2(qg 4+ m/2)!

12
= ) aggay 1r? ! (2p — DN(2g — !
- p+ag]
a+p=1 27tagl(p+ q)(p+ ¢+ 1)...(¢ + 1)
12

E ' 2q+2p
+ a2q,2pT X
g+p=1

(2p + n)!1(2g +m — 1!
20t/ 2(g+m/2)!'(2p+n+2g+m+1)2p+n+2¢+m —1)...(2¢ +m + 2)

l
= ZAkrk.
k=1

Subcase (1.2) If m and n are even, we have

o 1 2
= — 0)do
fr) =5 [ 1000
1 [27 o . . . .
=5 aijr" 7 (cos' (0) sin? () + cos"™™(8) sin? T TL(6))do
T Jo
1 [27 ! Lo .
=5 i Z aijr*t cos' () sinf T (0)

i+5=0
l . . . .
+ Z aijr'™ cos"™(0) sin Tt (6) | db
i+5=0
!
Z i 2p—17 TP cos’ (0) sinP ()
i+2p—1=0

1 2
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system
l . .
+ Z aiop—17" TP cos™ () sin® T (6) | df
i+2p—1=0
TR . A
=5 aiop— 17 TP~  cos' (0) sin?P ()
TJo i opm
+1
+ aiop— 17 2P cos™(9) sin®P 17 (0) | do
Z i,2p—1
i+2p=2
Ll 5 2+2p—1 . 2 2
=5 Z a2q.2p—17°1P 1 cos® () sin*? (0)
0 2q+2p=2
+1
+ Z a2q.2p—172TP 7 cos?TT™(0) sin?P () | dO
2q+2p=1
1o l 2+2p—1 . 2 2
=5 Z a2q.2p—17°77P 1 cos? () sin*P (0)
0 2q+2p=2
l
+ Z a2g.2p— 177721 cos?IT(9) sin?P T () | df
2q+2p=2
1 o /2
=5 a2q72p_1r2q+2p*1 coqu(G) sin2p(9)
0 q+p=1
12
+ Z a2q.2p—172TP 7 cos?1T™(9) sin®P T (9) | db
q+p=1
L .
=5 Z a2q,2p_17’2q+2p_1 [/0 cos?(f) sin?? ()
q+p=1
2w
+/ cos?at ™ (0) Sin2p+n(9)} de
0
1 & N (2p — )N (2q — 1!
o Z a2q,2p—17 i [ ' T
2m g+p=1 (2]? + 2(])(2]9 +2qg + 2)...(2(] + 2) 24q!
n (2p+n—1)! (2¢+m — 1)l 277}
Cp+n+2¢+m)2p+n+2¢+m—2)..(2¢+m+ 2) 20+7m/2(q + m/2)!

1/2

= ) aggapar?tP! (2p — DN(2¢g — D!
i 2 +igl(p+q)(p+q+1)..(q+1)

N (2p+n—1)N(2¢+m — 1) ]
20+m/2(q +m/2)/(2p + n +2g +m)(2p + 1+ 2¢ +m — 2)...(2¢ + m + 2)

l
= E B]J'Zkil .
k=1
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3.2. Proof of the main results

Subcase (1.3) If m and n are odd, we have

f(r)

1 2

2 ), f(r,0)do

1 [27 o . . . .
o a;jrt (cos' (6) sin? T (0) + cos ™™ () sin? T (9))do
0
1 | o .
o Z aijr*t cos' () sin/ 1 (6)
TJo 1idiZo
!
+ Z aijrt cos™™(9) sind T T(9) | db
i+j=0
1 21 g 0) sin?P (8
o @i 2p—17 cos’(0) sin“?(0)
0 |itop—1=0

l
+ Z i 2pr TP cos™T™(0) sin?P T (9) | d
i+2p=0
1 2 I+1 ' '
aiap—1r P71 cos’ (0) sin?P(0)

o
0 |jrop=2

l
+ E : aQq_172pr2q+2p71 COS2q+mfl<0) Sin2p+n+1(9) do
2q—1+2p=0
1 2 +1
2q+2p—1 . 2 2
o E a2q,2p—17"1"P7 " cos® q(6) sin“P ()
0 2¢-+2p=2

I+1
+ Z a2q—1.2p72 P cos?0TL(9) sin?P L (9) | d
2q+2p=2

I l 2q+2p—1 . 2 2
o Z a2q.2p—17°0P 1 cos® q(0) sin*?(0)
0 2q-+2p=2

l
+ Z aq—1.2p72 1 cos?0TL(9) sin L (9) | do
2q+2p=2
1/2
aggq2p—1729 1 cos? ¢(6) sin?P(0)

q+p=1

1 21
21 Jo

1/2
+ Z agq,l,gpr2q+2p_1 cos?t™=L(9) sin?P (9 | df

q+p=1
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system

1/2 2
1 us
=5 Z plat2p=1 [a2q72p1/ cos” q(0) sinQp(Q)dQ
T gip=1 0

2w
agqup/ cos?tm=1(g) sin2p+”+1(6’)d9]
0

1/2

1 (2p — 1! (2 — 1)1

2q+2p—1
= T a _
2m Q-sz:l [ 2% 2p+2¢)(2p + 2¢ + 2)..(2¢ + 2) 21!

™

(2p +n)!
2p+n+2¢+m)2p+n+2¢+m—2)...2¢+m+1)

+a2q—1,2p(
(2 +m —2)!!
2
QD2 (g 4 (m—1) /2 "

2 (2p — 1)11(2g — 1!

= 2g+2p—1
- r a _
q—%:l [ 2q,2p—1 2p+‘1q!(p + q)(p +q+ 1)...((] —+ 1)

tTa2¢—1,2p
y (2p + n)!1(2¢ + m — 2)!!

20+(m=1/2(qg + (m —1)/2)!(2p +n+ 2 +m)(2p +n+2¢+m —2)...(2¢g + m + 1)
1/2

— Z CkTQkfl
k=1

Subcase (1.4) If m is odd and n is even, we have

1 27

fr)=o=[ f(r,0)do

" or 0
o[ . . ,

=5 ai;jr (cos' (0) sin? T (0) + cos™ ™ () sin? "1 (6))do
T Jo

1 2w !
[ Z aijr cos'(0) sin? T ()

T on
0 Li+j=0

I
+ Z aijr'7 cos™ ™ () sinj+”+1(0)] df
i+j=0

1 27 l ) )
=5 Z igp 17T  cos' (0) sin® (0)
TJo i+2p—1=0

I
+ Z ;25 TP cos™ ™ (0) sin2p+”(9)] df

i+2p—1=0
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3.2. Proof of the main results

1 21 I+1 ) )
[ Z aiop 17 P71 cos' () sin® (0)

2 Jo ,
i+2p=2

1+1
+ Z a; 27 T cos™™(0) sin2p+"+1(9)] df

i+2p=1

1 or I+1
_ 2g+2p—1 , 2 .2
=5 E Aog2p—17 1P cos” q(8) sin?(0)
0
2q+2p=2

I
+ E Aog—1.2p 170272 cos??7 11 () sin2p+"(9)] df
2q+2p=2

1 2 !
[ Z agap— 1729721 cos? q(0) sin* ()

=5
TJo 2g+2p=2

I
+ E 2g—1.2p 17272 cos® T L(0) sin2p+”(9)] df
2q+2p=2
or [ 1/2
g ag.op—1729T2P 1 cos? () sin? ()
q+p=1

1

:% ;

12
+ Z Qg 1.2p 172172 cos? 10 sin® T (0) | dO
q+p=1
1/2 W
1 Z Qg oy 72021 2 cos® q(6) sin* (0)d6
2m bop 0
q+p=1
/2 o
1
+% Z agq_172p_1r2q+2p_2/ cosT ™1 (6) sin®* " (0)d6
q+p=1 0

1 & (2p — 11! (2 — D!

2q+2p—1
= Qo o T
2m ngzl e (2p+2¢)(2p+2¢+2)...(2¢+2) 24q!
12
1

2q+2p—2
+ — g a2q—1,2p—17
27r q bl p
gtp=1

2

(2p+n—1)N
2p+n—+2¢g+m—-—1)2p+n+2¢+m—-1-2)...2¢+m—1+2)
(2 +m —2)!!
20+tm/2(q +m/2)!

X
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system
_ ’/22 vy (2p — D)!1(2g — D)!!
vl 2tagl(p+q)(p+q+1)..(¢+1)
1/2

i Z U3g_1.2_ 172022

q+p=1
" (2p+n—1)N

2p+n+2¢g+m—1)2p+n+2¢g+m—23)...2¢g+m+1)

(2g +m —2)!!

* 202+ (m — 1)/2)

l
= E Dkrk.
k=1

Case (2) If [ is odd, then we have four subcases for studying f(r).

Subcase (2.1) If m is even and n is odd, we have

_ 1 27

fr)=o=[ f(r,0)do

" or 0
B 1 2w
2m Jo

1 2w !
[ Z aijr"7 cos'(0) sin? T ()

T or
0 i+5=0

a;;7" (cos' () sin? T (6) + cos™ ™ () sin’ T (0))do

l
+ Z aijr7 cos™ ™ () sinj+”+1(0)] df
i+j=0
L[ l 4201 () win?
Z Qi op—1T cos' () sin“P(6)

2 Jo A
i+2p—1=0

I
+ Z ;25 TP cos™(6) sin2p+”+1(8)] df

i+2p=0

1 2 +1 ' ‘
[ Z igp 17T  cos (0) sin® (0)

2 Jo A
i+2p=2

I+1
+ Z ;257 TP cos™(0) sin2p+n+1(9)] do

i+2p=1
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1 or I+1
_ 2q+2p—1 , 2 .2
=5 g Aog2p—17 1P cos” q(8) sin?(0)
0
2q+2p=2

I+1
+ E g2y cos®TT(0) sin2p+n+1(6)] do
2q+2p=1

L & 2+2p—1 ., 2 . 2p
=5 i Z A2g.2p—1T cos” q(0) sin? ()
2g-+2p=2
I+1
+ Z A2g.2p7 77T cOs®TT™ () sin2p+"+1(0)] d
2q+2p=2
(14+1)/2
Z a2q.2p— 177271 cos? q(6) sin® (0)
gtp=1

1 2w

(I+1)/2
+ Z (2,27 7T cos®TT™ () sin® T HH(G) | do
q+p=1
1 K sqrap—1 [ o .2
=5 Z Aq.2p—17 TP / cos” q(0) sin*?(0)do
q+p=1 0
1 (14+1)/2 o
+5- Z agq,gpr%’”p/o cos®?t™(6) sin? "+ (9)df

q+p=1

T (2p — 1! (2 — 1)!!

2q+2p—1
= o o 11
2m qﬂzﬂ e (2p+2¢)(2p+2¢+2)...(2¢+2) 24g!

21

1 (1+2)/2

§ 2q+2
+ % a2q,2p7" rep
q+p=1

(2p +n)!!
2p+n+1+2¢+m)2p+n+14+2¢+m—2)...(2¢+m+2)
(2¢+m — 1!
20tm/2(q + m/2)!

(1+1)/2

X

2T

B (2p — D(2¢ — D!

— 2q+2p—1
Q-O—ngl Tt 2taglp+q)(p+g+1)..(¢+1)

(I+1)/2

§ 2q+2p
+ A2g2p T
q+p=1

9 (2p +n)!1(2¢g +m — D!
200m2(q +m/2)!(2p+n+2¢+m+1)2p+n+2¢+m—1)...(2¢ + m + 2)
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system

Subcase (2.2) If m and n are even, we have

o 1 2m
) =5 [ 50008
1 2

17 L ,
= — a;;r" cos'(6) sin? T (0)
27 Jo L;O !

I
+ ) agr™ cos™(0) sin””“(&)] do
i+j=0
1 2w l
T [ ST dapr T cosi(6) sin®(0)
0 Li+2p—-1=0
I
+ Z iop 17 TP cosT(0) sin2p+”(9)] df

i+2p—1=0

1] & . .
[ Z ip 17T  cos' (0) sin® (0)

2m Jo ,
i+2p=2

I+1
+ Z i op 17" T  cos T (0) sin2”+”(6)] df

i+2p=1
1 27 I+1
= — g 2g.2p- 1727271 cos® () sin® (0)
2m Jo
2q+2p=2

I+1
+ Z a2q’2p71r2q+2p71 C082q+m(9) Sin2p+n<0)] A6
2q+2p=2
1 or | (+1)/2
Z ag.9p- 1729721 cos? () sin* ()

2w Jo
g+p=1

(1+1)/2

+ Z ag9p_ 17292 cos®I™(0) sin* T (0) | df
q+p=1

L 0072

— 2q+2p—1
= E A2q,2p—1T
27'(' q,4p

q+p=1

2w
X / [cos® g(6) sin*(0) + cos®™(6) sin®*"(6)] df
0

ai;r" (cos' (0) sin? T (0) + cos™ ™ () sin? "1 (6))do
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(I+1)/2
5 Y szttt (2p — D! (2¢ - DY,
2T q’pi (2p+2¢)(2p+2q+2)...(2¢+2) 24q!

n (2p+n—1)N
Cp+n+2¢g+m)2p+n+2¢+m—2)...2¢+m+2)
— 1\
(2¢ +m — 1! o
20+tm/2 (g +m/2)!

(1+1)/2
= D Azt (2p — D!(2q — !
= 20+ gl(p+q)(p+q+1)..(¢+ 1)
(1+1)/2
T Z a2f1,2pr2q+2p
g+p=1

" 2p+n—1)1N2q+m—1)!!
20m/2 (g + m/2)!(2p +n + 2¢ +m)(2p + 1+ 2¢ + m — 2)...(2¢ + m + 2)
(I+1)/2

= Y Fa?l
k=1

Subcase (2.3) If m and n are odd, we have

N 1 27

fr)=o=[ f(r,0)do

" or 0
B 1 2w
C2m ),

1 2w !
[ Z aijr"7 cos'(0) sin? T ()

T on
0 Li+j=0

ai;jr" (cos' (0) sin? T (0) + cos™ ™ () sin? "1 (6))do

l
+ Z air'7 cos™ ™ () sinj+”+1(0)] df
i+j=0
1 [ : i+2p—1 (0 ain
Z Qi op—1T cos' () sin“P(0)

2 Jo A
i+2p—1=0

I
+ Z Agq—1,47°7 1 cos® () sinj+”+1(0)] df

2q—1435=0

1 27 I+1 ) )
[ Z igp 17T  cos' (0) sin® (0)

2 Jo A
i+2p=2

I+1
+ E Agq—1,7°7H 1 cos®t () sin””“(@)] df
20+7=2
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system
1 2 +1
= o [ Z ag2p 177271 cos? q(6) sin® (6)
T 2q+2p=2
I+1
2q+2p=2
1 or | (IH1)/2
= o Z a2g.2p- 177271 cos® q(6) sin®(0)
0 g+p=1
(I+1)/2
+ Z agq_172pr2‘1+2p—1 C082q+m_1<8) Sin2p+n+1 (9) d9
q+p=1
(1+1)/2 .
- Z s {qu 2p—1 / cos® q(0) sin? (0)d0
q+p— 0
2
+a2q—17p/ COS2q+m_1(0) sin2p+”+1(0)d0}
0
(I+1)/2
- i Z ket |:a2q2’p 1 (2p — Y (24— 1)”27r
2T (2p +29)(2p +2q +2)...2¢ +2) 21!
(2p +n)!
+a2q—1,2p
(2p+n+2¢+m)(2p+n+2¢+m—2).(2¢+m+1)
2 -2
o (2 +m —2) zw}
20+m=1/2(q + (m — 1)/2)!
(1+1)/2
- Z patart A24,2p—1 (2]9— 1)”(2q_ 1)!! + a2q—1,2
g+p=1 T orragl(p+q)(p+ g+ 1).(g+ 1) B

y (2p + n)!1(2g + m — 2)!!
20-m=D/2(g+ (m —1)/2)!2p+n+2¢+m)2p+n+2¢+m —2)...(2¢ + m + 1)
(1+1)/2

Z GkT
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Subcase (2.4) If m is odd and n is even, we have

1 2

)= [f(r,0)do

2 Jo
1 2

=5 air (cos' (0) sin? () + cos™ ™ () sin? "1 (6))do
T Jo

1| D .
- — Z air"7 cos'(0) sin? T ()

2m Jo i+5=0

l
+ Z aijr7 cos™ ™ () sinj+”+1(€)] do
i+j=0

1 2 l
= [ Z igp 17T  cos' (0) sin® (0)

2 Jo A
i+2p—1=0

I
+ Z ai,2p_17‘i+2p_1cos”m(é)sin?””(ﬁ)] do

i+2p—1=0
1 2 I+1
= — g igp 17T  cos' (0) sin® (0)
2 Jo A
i+2p=2

I
+ Z g 1.2p 17T 72 cos?1T () sin P (6’)] df

2¢—142p—1=0

1 2 +1
_ 2q+2p—1 , 2 .2
=5 E A2q2p—17" TP cos® q(0) sin?(0)
0
2q+2p=2

141
+ E Aog—1.2p 17222 cos?TTL(0) Sin2p+”(0)] df

2q+2p=2

1 2 I+1

_ 2q+2p—1 2 c2p

=5 g A2g.2p—1T cos” q(0) sin?(0)

0
2q+2p=2

I+1
+ Z Ag—1.2p 1729772 cog®T™L(0) sin2p+”(6)] do
2q+2p=2
1 2 (+1)/2
— Z agop— 1729721 cos? () sin ()

2
0 g+p=1
(1+1)/2
+ E g 12,7292 cos®Tt ™1 (0) sin®P " (0) | db
q+p=1
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system
| (2 .
~on Z rere |:a2q,2p1 / cos® q(0) sin?* (0)d0
q+p=1 0
2
+azg-1p-1 / cos®?tm=1(g) sin2p+”(9)d0}
0
(+1)/2
= Z 2P g 9p 1 (2p — M (24— 1)”27r
2m a+p=1 P20+ 2q)(2p + 29+ 2)..(2¢ +2) 24!
(2p+n— 1!
Fa2q—1,2p—1
2p+n+2¢+m—1)2p+n+2q+m—3)..2¢+m+1)
2 -2
X (29 +m —2) 2
20+(m=1)/2(q + (m — 1)/2)!
(1+1)/2
- Z rratet {CLQ 2p—1 (2p — (2 — DN + a2q-1,2p-1
vt q,2p 2p+qq!(p+q)(p+q+1)_'_(q+1) q—1,2p
y (2 +m — 2)!!
Qp+n+2¢+m—1)2p+n+2¢+m—3)..2+m+1)
" (2p+n—1)N
20+m=1/2(q + (m — 1)/2)!
(1+1)/2
= [kT'Zkil.
k=1

Having reached the result, we discuss the above cases. So, from the subcases (1.1), (1.4),
and (2.1) we obtain that the averaged function f(r) is generated by a linear combination of
aset ¢ = {r,r? ...,7P} with p € {l,1 + 1}. Using Descartes Theorem, it results that f(r)
can have at most [ — 1 solutions if [ is even while m and n have different parity. Also, it can
have [ solutions if [ is odd while m is even and n is odd. Consequently, by Theorem 2.2.1,
for £ small enough, the differential system (3.1.3) can have at most [ — 1 or [ limit cycles.
From the subcases (1.2), (1.3), (2.2), (2.3), and (2.4) we obtain that the averaged function
f(r) is generated by a linear combination of a set ¢, = {r,73,...,7?} with p € {I — 1,1}.
Using Descartes Theorem, it results that f(r) can have at most (I — 2)/2 solutions if [ is
even while m and n have the same parity. Also, it can have (I — 1)/2 solutions if [ is odd
while m is odd and n is even, or when m and n have the same parity. Similarly, by using
the Theorem 2.2.1 and for € small enough, the system (3.1.3) can have at most (I —2)/2 or
(I —1)/2 limit cycles.
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3.3 Applications

In this section, we present several numerical examples to illustrate the theoretical results

discussed.
Example 3.3.1. Consider the differential system (3.1.3)

r o= vy,

y = —x—e(l+sin"(0)cos™(0))H (x,y),

(3.3.6)

where n =1, m = 2, and

.. 16 . 5456 , 613 13 1
H — 5, 3,3 R B Y2 Eahd
(y) =% =2+ 2" = Ty 5l 550 T 280

a polynomial of degree | = 6. According to Theorem 3.1.1, the system (3.3.6) can have at
most [ — 1 =5 limit cycles.

Transforming system (3.5.6) into polar coordinates (x = rcos(0) and y = rsin(0)) with

1.
ro= —(vr+yy),
T

gives us

r=— <2 sin(0) <cos(9)9 - gcos(ﬁ)7 — (—% + sin(#))cos(0)° +

2
+ 25sin(0) (i cos(#)® — % cos(#)® — g(sin(ﬁ) —3)cos(A)* + (15—6 sin(f) — g) cos(0)?
8 — 2728 6 8,682 . 341 L2728
5 sm(9)> r° + 2sin(6) ( e sin(6) cos(0) 5( a5 sin(6) a5 )cos(0)* + ( 78 sin(6)
5456 , 2728\ 4 .. 613 6, 613 4, 613
T ) cos(0)” + I > r* + 2sin(6) ( 510 cos(6)” + 50 cos(0)* + (840 sin(6)
613 e BN e (T T ) - 3T om0
840) cos(#) 30 8111(9)) r° + 2sin(6) < 0 sin(#) cos(#)”* + (40 sin(0) 40) cos(6)

37\ 5 .. 13 .13 , 13
+40> r° + 2sin(6) (1120 cos(0) 1190 cos(6) 1190 51n(9)) r

+25in(6) < 750

560

sin(6) cos(6) 1 ))5
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0=—-1+ <<2 cos(0) 3cos(0)° —2( % + sin(#)) cos(#)” + sin(0) cos(0)4> 7
1 1
+ <156 cos(0)? — % cos(0)” — ;(sin(ﬁ) —3)cos(h)® + %(—5 + sin(6)) cos(h)3
16 i (5456 r_ 16,682 . o _ 341 532034
5 sin(6) cos(@)) rt+ ( 75 sin (@) cos(0) 5 ( 3E sin(6) 35 ) cos(0)” + 5 ( 0 sin(6)
AL s B N (63 613 s 32,013
35) 0s(0)” + 175 03(0)) T +< 50 cos()” + 510 cos(0)” + 3 (2688 sin(6)
613 ;613 ) (3T 5 32,37Tsin(9) 37 ;
2688) 0s(0)” — 0 sin(0) cos(@)) re+ ( 50 sin(#) cos(0)” + E ( 198 128)(:08(9)
g 13 5 13 5 13 . sin(f) cos(0)®  cos(f) 1
20 cos(@)) T+ 750 cos(0) 560 cos(f) £60 sin(f) cos(#) + ( 950 + 550 ) 7)€

Taking 6 as an independent time variable,
dr  drdt
d9 — dtdb’
we obtain an equation of the form

dr

de—eF(r 0) + O(€?),

where

24 1 272
F(r,0) = —25sin(0) <(—5r5 - %7‘3 + 17758 sin(0)r?) cos(6)® 4 cos(6)%°

Bl 613, 13

8 . 682, 37 A A
- — 0) — 3r* — 0
5((r 3" + — ol r)sin(6) — 3r =" "o’ 1792)608( )
1 1 1
+ 5 sin(6) cos(0)3r5 + 2005(9)87'5 - %cos(ﬁ) 4+ (— i > 2437"3 - 11207“) sin(0)
1 16 2728 613 37 1
— (== +sin(#))r° cos(8)® + ((ETB 1—757“4 @r?’ 10" r? + %) sin(0)

2
8
777“(7‘4 +

682 5 613 , 37 13 2128 , 37 , 1)
5

2 VYeos(O 202° .
55" Y’ te’ T i) ()+175 T 20" 560

Now, we calculate the averaged function of f(r,0)

N 1 2
= — F(r,0)do
) =5 [P0,
341 613 37 13 1
=7 - —ri4 rd— —r? 4

280 1120 320 112OT 22407

The equation f(r) =0 has five positive real zeros




3.3. Applications

0.6

044

—IO.S —Iﬂ.ﬁ —IU.4 —E}_'} [I} UI_'} 0‘.4 0‘.6 UI.S
Figure 3.1: Limit cycles for system (3.3.6) with ¢ = 0.005

Furthermore, We have

df(r) _, 341, 1839, 37 13
a0 T T 0" T 160" T 1120
which yields
d?(ﬁ) _ i d?(TQ) _ 3 d?(T:%) _ 9 df(m) _ 3
dr 896"  dr 17920°  dr _ 14000°  dr 76832
d?(ﬁs) - 9
and == = 113360°

The derivatives of the averaged function f at the zeros ry, ro, r5, T4, and rs are all nonzero.
Thus, by Theorem 2.2.1, the system (3.3.6) has exactly five limit cycles. In addition, two
limit cycles which correspond to ro and r4 are stable and the remaining ones are unstable.
See Figures 3.1 and 3.2.

We now consider a similar system to (3.3.6) in which the parity of two parameters n and
m is interchanged while the parity of the polynomial H(x,y) of degree | remains the same.

This system is given by

r o=y,

(3.3.7)
y = —x—¢e(1+sin?(0)cos())H(x,y),
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06- \\\\\

oid 777777

—04q 0!

—064 % % b b W h ow w s

Wb R b b o ow

Figure 3.2: Limit cycles for system (3.3.6) with ¢ = 0.05

where

256 127 . 974 409 . 35 1
H — 6 IR e 3_ Y3 e o 1
(@y) =a"+ =2y = oy ey - oy - gyt

Sincen =2, m=1 and | = 6, then by Theorem 3.1.1, the system (3.3.7) can have at most
l—1 =5 limit cycles. Following the methodology of the previous computations, we shall skip
the tedious computations for this system and straightforwardly present the averaged function,

which is given by

Gy o 12T o AT 00 5, 1

A e T Ul vy L T U T

The equation f(r) =0 has five positive zeros

w

1
,r4:§and7‘5zﬁ.

T1:17 T2:Z7 r3 =

N | —

Moreover, the derivatives of f at the five zeros are all nonzero as shown below.

df(ri) _ 5 df(rs) _ 55 df(rs) _ 7 df(r) _ 65
dr 64" dr 4096"  dr 1536"  dr 15552

o df(rs) 5005

dr 1048576
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Figure 3.3: Limit cycles for system (3.3.7) with ¢ = 0.0001

Hence, by Theorem 2.2.1, the system (3.3.7) has exactly five limit cycles. Moreover, the
limat cycles that correspond to ro and ry are stable while the remaining ones are unstable.

See Figures 3.3 and 3.4.

7

R

|

%)

I
e ——

Figure 3.4: Limit cycles for system (3.3.7) with ¢ = 0.004
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system
Example 3.3.2. Consider the differential system (3.1.3)
R
Y (3.3.8)
y = —x—e(l+sin"(0)cos™(0))H(x,y).

where n =2, m = 2, and

1
H(w,y)=x6+2y5—w2y—y3+ﬁy+1

a polynomial of degree | = 6.
According to Theorem 3.1.1, the system (3.3.8) can have at most (I —2)/2 = 2 limit cycles.

Transforming system (3.5.8) into polar coordinates (x = rcos(0) and y = rsin(f)) gives us

7= — ((cos(8)" — cos(#)* — 1) cos(6)° sin(0)r® + (cos(#)* — cos(6)? — 1)(2cos(#)* — 4 cos(6)?
+2)sin(0)%r° — (cos(0)* — cos(h)? — 1) sin(0)*r° + 1—16((005(9)4 — cos(#)? — 1) sin(0)?r)
+(cos(8)* — cos(0)? — 1) sin(8)) ¢,

0= —1+ ((cos(6)'" — cos(8)? — cos(8)7)r® + (2sin(8) cos(h)® — 6sin(6) cos(#)T + 4sin(f) cos(6)®
+ 25in(f) cos(6)® — 2sin(f) cos(8))rt + (— sin(8) cos(#)® + sin(6) cos(h)> + sin(f) cos(6))r>

+ 1—16(sin(0) cos(#)? — sin(f) cos(#)® — sin(6) cos()) + (cos(h)® — cos(6)> — COS(Q))})S.

,
Taking 0 as an independent time variable, we get

dr 9
i eF(r,0) + O(e”),

where

F(r,0) = —sin(0) ((2 cos(0)45 — 4 cos(0)?r® + 215 — 13 + %r) sin(0)

+ 1% cos(0) + 1) (cos(0)* — cos(h)? —1).
Now, we calculate the averaged function of f(r,0)

Flr) = — /0 " F(r,0)d0).

~or
87

= —r° — 37"3 + ir.
128 16 256
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0.5

— 05—

— I1 5 Z 1 — IU.S [I} 0‘.5 { II.S
Figure 3.5: Limit cycles for system (3.3.8) with ¢ = 0.01

The equation f(r) =0 has five zeros

V1392 — 581/402 V1392 — 58/402 V1392 + 58/402
, I's = — y T4 =
58 58 58

V1392 + 58/402
58 '

Since r > 0, the equation f(r) =0 has only two positive real zeros ro and 4.

7”1:0, o =

and 15 =

Computing the derivative of f at ro and 14 gives us

df(ro) _ 603  9V/402 40 and df(ry) _ 603 9402 L0
dr 1856 464 dr 1856 464

d?(r 2,3)
dr

limit cycles. Furthermore, the limit cycle that corresponds to ro is stable while the one

Since # 0, it follows from Theorem 2.2.1 that the system (3.3.8) have exactly two
corresponding to ry is unstable. See Figures 3.5 and 3.6.
We now consider a similar system to (3.5.8) in which the parity of the two parameters
n and m is even whereas the parity of the polynomial H(x,y) of degree | remains odd. This
system 1s given by
o=y

y = —x—e(l+sin(f)cos(h))H (x,y),

(3.3.9)
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Figure 3.6: Limit cycles for system (3.3.8) with ¢ = 0.15

where

1
H(w,y)=$6+y5—y3+§y—1'

Sincen =1, m =1 and | = 6, then by Theorem 3.1.1, the system (3.53.9) can have at most
(I —2)/2 =2 limit cycles.
Doing the same computational steps as earlier, we straightforwardly present the computed
averaged function
— 5 5 34 1
fr) =167~ 5" T 1"

The equation f(r) =0 has five real zeros

V5

ri=0,ro=1, r3=—1, 7"4:?@71037"5:—

Given the requirement of positivity for r, we shall only consider the two positive zeros ro

d?(TQ) 1
=3 # 0 and

dr
1
=10 # 0 respectively. Hence, by Theorem 2.2.1, the system (5.3.9) has exactly

and 4. Moreover, the derivatives of f at ro and ry are given by

df(r 1)
dr
two limit cycles. In addition, the limit cycle that corresponds to ry is stable while the

remaining one is unstable. See Figures 3.7 and 3.8.
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Figure 3.8: Limit cycles for system (3.3.9) with ¢ = 0.05
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system
Example 3.3.3. Consider the differential system (3.1.3)
r = vy,
Y (3.3.10)
y = —x—e(l+sin"(0)cos™(0))H (x,y).

where n =3, m =2, and

16 . 5248 , 4387 4601 , 499
H _ 00950 4 2900 5 2 EOUR o BP0
(vy) = 0" = 5 b g Y T e oY

a polynomial of degree | = 5.

According to Theorem 3.1.1, the system (3.3.10) can have at most | =5 limit cycles.

Transforming system (3.5.10) into polar coordinates (x = r cos(0) and y = rsin(f)) gives us

r= (156 sin(#)(cos(#)1° — 4 cos(6)® 4 6 cos()® + (sin(f) — 4) cos(h)* + sin(#)

+ (=2sin() + 1) cos(0)*)r® + o248 sin(8)(sin(6) cos(#)® — sin(6) cos(#)® — cos(6)*)r?
+ 4237807 sin(#)(— cos(8)® + 3 cos(6)® — 3 cos()* + (—sin(f) + 1) cos(8)? + sin(9))r>

+ sin(@)(4238 sin(6) cos(0)° — 42? sin(6) cos(8)* + ((sin(6)) — 4238) cos(0)2 + 1)r2
+ ;L%g sin(6) (cos(0)° — cos()* + cos(0)? + sin(6))r

+ sin(0) (sin(0) cos(8)* — sin(f) cos(6)? — 1))6,

6=—1+ <(—16 cos(0)1! 4 4 cos(6)? — 6.cos(0)” — (sin(8) — 4) cos(h)® — sin() cos(8)

5
+ 2(sin(6) — %) cos(6))rt +

4387

270
4628 4655
+(-

27 27
499

+ %(— cos(6)7 + 2 cos(h)® — cos(6)® — sin(f) cos())

+ (— cos(6)® sin(#) + sin(8) cos(8)> + cos(H))i) €.

5248
15

4628

cos(#)7 sin(0) + 57

cos(0)” sin(6) + (—sin(6) +

(—003(9)9 sin(#) 4 cos(#)7 sin(8) + cos(9)5) 3

(cos(¢9)9 —3cos(0)” 4 3cos(6) + (sin(f) — 1) cos(h)> — sin(8) cos(6)) 7

) cos(#) — cos())r
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Taking 0 as an independent time variable, we get

dr

0 F(r,0) + O(e),

where

1 2 4 2
F(r,0) = €6 sin(0) (cos(9)10r5 + (% sin(0)r* — 4r° — 3877“3) cos(9)® + ((—ﬁr4 + 57851"2

864 3 108
1387 5 | 499 ] s 4387, 499 328, .
2987 0 e B 0
00+ ST +768)COS() +< s T 3d” 3r)cos()
4387 . 5 5 4387 499 5785
-9 5 0903 2.2 v . 0 4 SO0 2 SYg YioY 9 2
+ <( TR T T A (R e =R T Rl C)

232 4 4
+ (1”5 - 37757“2 + i) sin() cos()* + ( + ﬁ? S+ &T‘) sin(0) + 37“2 - 5) .

432 16 864 768

Now, we calculate the averaged function of f(r,0)

F(r) = - / " F(r.0)do,

2

s A, 4387 5 1139, 499

10 20 " 88’ Taso" T 16

The equation f(r) = 0 has five positive real zeros
2
) T3 = 5 r4:5andr5:—.

Evaluating the derivative of f at the five zeros yields
df(ri) 17 df(ra) 637 df(rs) 49  df(ry) 403

dr 64" dr 57600 dr 2592 dr 20000’

df(rs) 25823
dr 51840

and

) sin(6)

The derivative of f at the five zeros are all nonzero. Thus, by Theorem 2.2.1, the system

(8.3.10) has exactly five limit cycles. Moreover, the limit cycles corresponding to ro and 1y

are stable, while the remaining ones are unstable. See Figures 3.9 and 3.10.
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NN N N —
— 2 '*\ ‘\ B R R e e e —

T T T T T
-2 —1 ] 2
x

Figure 3.9: Limit cycles of system (3.3.10) with ¢ = 0.0001

Figure 3.10: Limit cycles of system (3.3.10) with ¢ = 0.0005
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We now consider the system

r =y,

(3.3.11)
y = —x—¢e(1+sin*(0)cos(0))H(x,y),

where
H(z,y) = aory" + a157y° + ags5y° + a137y° + ag 107y + a117y + ag1y + ao -

Since, n = 2, m =1 and |l = 7, then by Theorem 3.1.1, the system (3.3.11) can have at
most [ =7 limit cycles.
Doing the same computational steps as earlier, we straightforwardly present the computed

averaged function

7 5 5 1 1 1
f(T) = —600,77”7 + %algﬂ”ﬁ + 1—6%,57“5 + 38@1,37“4 + ga2,17”3 + Er%m + §a071r.

Using Descartes Theorem 8.1.2 the equation f(r) = 0 can have at most 6 positive real
zeros, note that r = 0 s also a zero for the equation.

For the following choice of coefficients

1 33602 128 —82  —491 198848 275
0.1 = gq57 408 T Tgya5 20T T g ML T 3yp M08 T o 5T Toags 0 921 T 19 [
(3.3.12)
The equation f(r) =0 has exactly siz positive real zeros
1 4 1 1
ro=1, 7"2:5, 7”3:?, 7’425, 7"5:5, and 7"525.
Furthermore, the derivative of f at the siz zeros are given by
df(ri) 44 df(ra) 1 df(rs) 15457  df(ry) 26
dr 3157 dr 11527 dr 105884100 dr 140625
df(?”5) . 116 and df(’/’ﬁ) _ 451
dr 2657205 dr 8957952

Hence, the system (3.3.11) with the choice of coefficients (3.3.12) has siz limit cycles, three
of which correspond to r3, r4, and r¢ are stable, whereas the remaining ones are unstable.

See Figures 3.11 and 3.12.
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Figure 3.11: Limit cycles for system (3.3.11) with ¢ = 0.0001

T e
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Figure 3.12: Limit cycles for system (3.3.11) with ¢ = 0.01
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Example 3.3.4. Consider the differential system (3.1.3)

r = v,
Y (3.3.13)
y = —x—e(l+sin"(0)cos™(0))H(x,y).
where n =1, m =1, and

H(x,y) = a073y3 + a1,2$y2 + CL2,13529 + a3,0«7€3 + a0,2y2 + a1y + CL2,03172 + ap1y + a0 + agp

a general polynomial of degree | = 3. According to Theorem 3.1.1, the system (3.8.13) can
have at most (I —1)/2 =1 limit cycle.

Transforming system (3.3.13) into polar coordinates (x = r cos(f) and y = rsin(f)) gives us

( as1— ao3) ) cos(#) — (—a12 + aso)sin(f) cos(#)t — (a21 + asp —2ap3 — a1,2) cos(0)?
— (ag1 — ap3 + a1.2) sin(0) cos(0)* + (—ap 3 — a12) cos(6) — ap3 sin(9)> sin(0)r3

(al,l cos(0)* + (ag2 — ag)sin(f) cos()® — (—apz + a1 + az) cos(h)?

(—ap2 — ai,1)sin(f) cos(9) — a072> sin(0)r? + (a071 cos(6)® — ay g sin(6) cos(f)?

+ (—ap1 —ai0)cos(d) —ap 1 sin(9)> sin(0)r + ( — a0 sin(#) cos(6) — a0y0> sin(@))e,

0=—1+ <((a271 —ap,3) cos(0)® — (a3 — a1,2)sin(6) cos(#)® — (a21 +azo — 2ap3 — ai,2) cos(#)?
+ —(ag1 — ap3 + a1.2) sin(0) cos(0)® — (ag 3 + a.2) cos(#)* — ag 3 sin(6) cos(9)>r2
+ (al,l cos(0)5 + (ap2 — agyp) sin(6) 608(9)4 — (—ap2 + a1+ azo) 008(9)3
— (ap + a1,1) sin(@) cos(0)? — ag 2 cos(@))r + ag cos(0)* — ay g sin(0) cos(6)?

1
— (ap1 + a1,0) cos(6)* — ag 1 sin(0) cos(6) + ( — agosin(f) cos(0)* — agp cos(@)) ) €.
T

Taking 0 as an independent time variable, we get

dr

dH*eF(r ) + O(€?),
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where
F(r,0) = —sin(0) (7‘3(@271 —ap3) cos(0)® — (r(azo — ar2)sin(f) — ay 1)r% cos(0)* — ag 37 sin(0)

+ (((—ao2 — al,l)r2 —app)sin(f) — ((ao3 + CL1,2)T2 +ap1 + ai1,0)r) cos(0)

— (*’I’(CLQQ — agyo) Sln(e) + (CL271 + CL370 — 2&0,3 — 0172)7"2 — CLQJ)T‘ COS(9)3 — ao,lr 81n(9)

— (((a2,1 — ao3 + a12)r* + a10) sin(6) — r(aoz — a1,1 — azp))r cos(6)* — ag 2r® — CL0,0)>

Now, we calculate the averaged function of f(r,0)

T o

Fr) = 2 / " F(r.0)do,

1 .1
= E(Gao,g + a1+ 2a21 +aso)r’ + 5(400,1 +ayo)r.

The equation f(r) =0 has three zeros

V—2(6ag3 + a1z + 2as1 + asp)(4ags + ai)
Gapz + a2 + 2az1 + asp

7'1:(), Ty =

and re— — vV —2(6ag3 + a1z + 2a21 + asp)(dags + ai)
’ 6ap3 + a2 + 2a21 + asp '

If 6aps+ ai2+2a21 +asp >0 and 4ap; + a1 <0, then ry is the only positive real zero
for f(r) = 0. Conversely, if 6ags+ a1a+ 2a91 +aszo <0 and 4ag; +aro >0 then rs is
the only positive real zero for f(r) = 0. Furthermore, evaluating the derivative of f at ry or

T3 GlUes us

= —(ap1 + T)’

1 df
Since —(ag + %) = —1(4%,1 +aip) # 0, it follows that f;?) £ 0.

By Theorem 2.2.1, if 6Gaos + a12 + 2a21 + aso and 4ap; + a1 are nonzero real values

having opposite signs, then the system (3.3.13) has one limit cycle.

Furthermore, it is stable if 4ao;1 + a10 > 0 and unstable if 4ap1 + a1 < 0. That s, if 3
is a zero for f(r) =0, the corresponding limit cycle is stable, whereas if o is the zero, the
corresponding limit cycle is unstable.

For the following choice of coefficients

CL()’l = 1, a073 = —]_, CL271 = —6, al,O = 0 a172 = 0, cmd a3,0 = 07 (3314)
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Figure 3.13: A stable Limit cycle of system (3.3.13) with coefficients (3.3.14) and ¢ = 0.1

_ 2 d
the equation f(r) = 0 has only one positive zero r3 = 3 Also, we have f;rg) = —1.
r
Hence, the system (3.5.13) has one stable limit cycle, see Figure 3.13.
We now consider the system
r = v,
Y (3.3.15)
y = —x—¢e(l+sin?(0)cos?(0))H (z,y),

where
H(xz,y) = a0,33/3 + a1,256'y2 + a271:c2y + a370x3 + (10,23/2 + a1y + a2,01'2 + ap1yY + a1,0T + Gop-

Sincen =2, m =2 and | = 3, then by Theorem 3.1.1, the system (3.3.15) can have at most
(1 —1)/2 =1 limit cycles.
Doing the same computational steps as earlier, we straightforwardly present the computed

averaged function
— 53 19 9
F(r) = ao,3 + 21 3 Y901
128 16

The equation f(r) =0 has three zeros

6\/—2(5361073 + 19@2&)@0’1 and 7. — _6\/—2(53&073 + 19@21)@071
53ag3 + 19as, ° 53a0,3 + 19as4 '

7‘120, o =
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Figure 3.14: A stable limit cycle for system (3.3.15) with coefficients (3.3.16) and ¢ = 0.1

If 53ap3 + 19a21 > 0 and ap; < 0, then ry is the only positive real zero for f(r) = 0.
Conversely, if 53ags + 19a21 < 0 and ag1 > 0 then rs is the only positive real zero for

f(r) = 0. Furthermore, evaluating the derivative of f at ro or rs gives us

df(raz) ~ 9ag,

dr 8 '’

df(ra3)
e 20

By theorem 2.2.1, if 53aps + 19a21 and ag; are nonzero real numbers having opposite

Since ap;1 # 0, then we have

signs then the system (3.3.15) has one limit cycle. Furthermore, it is stable if agy > 0 and
unstable if ap, < 0.

For the following choice of coefficients
Qp,1 = 1, ap,3 = —1, and Q21 = —17 (3316)

the equation 7(7’) = 0 has only one positive zero r* = 1. Also, we have

Hence, the system (3.5.15) has one stable limit cycle, see Figure 3.14.
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CHAPTER

Zero-Hopf bifurcation in a
modified hyperchaotic Chen

system

4.1 Introduction and statement of the main results

Chaos has been extensively studied in mathematics and physics since the discovery of the
first chaotic attractor in a third-order autonomous system by Lorenz in 1963 [28]. This
research led to the emergence of hyperchaos as a key area of interest, particularly after Otto

Rossler [40] introduced one of the first hyperchaotic attractors in 1979.

A hyperchaotic system is typically defined as a chaotic system with at least two positive
Lyapunov exponents, indicating that its chaotic dynamics unfold in multiple directions
simultaneously. These systems are more complex than traditional chaotic systems. Due
to their complexity, hyperchaos has found applications in enhancing security for chaotic

communication systems, encryption, fluid mixing, nonlinear circuits, and other fields.

It is important to note that the minimal dimension for a hyperchaotic system is four.
However, several well-known systems, such as the hyperchaotic Lorenz-Haken system, the
hyperchaotic Rossler attractor, the hyperchaotic Lii system, and Chua’s circuit, have been
constructed by extending third-order chaotic systems, which is a common method for gen-

erating hyperchaotic systems.
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Chapter 4. Zero-Hopf bifurcation in a modified hyperchaotic Chen system

In [22], the authors introduced the hyperchaotic Chen system

¢

r = aly—z)+w,

)y = dx+cy— xz,

Y Y (4.1.1)
z = xy—bz,

w = yz+rw,

\
where a,d,c,b and r are real arbitrary parameters. The dot denotes the derivative with
respect to an independent variable t. Their study has led to significant advancements in
various areas, including secure communications and power system protection, see [44, 33,
15]. The zero-Hopf bifurcation of this system was characterized in [32]. Other works studied
zero-Hopf bifurcation of 3-dimensional systems, for instance [6, 16], but there is very little
work done on n-dimensional (n > 3) zero-Hopf bifurcation due to the complexity related to
higher dimensional problems.

In this chapter, we shall use the averaging method for studying the periodic orbits that
bifurcate from the zero-Hopf of a modified 4-dimensional hyperchaotic Chen system. More
precisely, we study the zero-Hopf bifurcation of the following 4-dimensional hyperchaotic

Chen system

r = alay — ar + w),

;) = dr+cy—zxz,

Y Y (4.1.2)
z = xy— bz,

w = yz+rw,

\

where a,aq,a9,d,c,b and r are real arbitrary parameters.
Recall that a 4-dimensional zero-Hopf equilibrium refers to an equilibrium point where
the eigenvalues consist of two zeros and a pair of purely imaginary conjugate numbers.

In what follows, we present the main results.

Proposition 4.1.1. The hyperchaotic Chen system 4.1.2 has a zero-Hopf bifurcation if and
only if r =b =0, and a(a3a + a1d) < 0. In this case, the zero-Hopf equilibrium is the only

singular point of the system localized at the origin.

This proposition shows that, under certain conditions on the parameters, the modified
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hyperchaotic Chen system (4.1.2) has a zero-Hopf equilibrium point at the origin of the
system.
The following theorem characterizes the conditions under which periodic orbits bifurcate

from this zero-Hopf equilibrium point.

Theorem 4.1.1. Let ¢ = aay with a > 0, and (r,b) — (er,eb), where € is sufficiently
small. If asrb > 0, and a(aia + a;d) < 0, the modified 4-dimensional hyperchaotic system
(4.1.2) exhibit two periodic orbits bifurcating from the zero-Hopf equilibrium as parameters

vary.

4.2  Proof of the main results

4.2.1 Proof of Proposition 4.1.1

First, we compute the equilibrium points of the modified hyperchaotic Chen system (4.1.2).
It is straightforward to verify that system (4.1.2) has a unique equilibrium point at (0, 0,0, 0)
for any choice of the parameters.

Linearizing the system at the origin yields the following characteristic polynomial
p(N) = (b+ N (1 — N (=N + (¢ — aaze + aayd)). (4.2.3)

The eigenvalues associated with the equilibrium point are

1
>\1 = —b, )\2 =T, )\3’4 = 5 (C — Q9 + \/OCQCL% + 2 + 20[(@20 + 2a1d)) . (424)

We will determine the values of the parameters for which p(\) has two eigenvalues equal to

zero and a pair of purely imaginary roots, +:3, with 3 > 0. To achieve this, we impose
p(A) = N (N + %),

and we obtain that r = 0 =5, ¢ = aay and — = a(a3a + a;d) < 0. Thus, the origin is the

only zero-Hopf equilibrium of the system (4.1.2).
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Chapter 4. Zero-Hopf bifurcation in a modified hyperchaotic Chen system

4.2.2 Proof of Theorem 4.1.1

Under the assumptions ¢ = aag, a(a3a + a;d) < 0, and (r,b) — (er,eb) with € > 0 being

a sufficiently small parameter, the system (4.1.2) takes the form

r = alay — ar + w),

) = dr+ aay — Tz,

Y 2 (4.2.5)
z = xy—ebz,

wo o= yz+erw.

\

Doing the re-scale of variables (z,y, z,w) — (ex, ey, ez, cw), the system (4.2.5) becomes

T alary — asxr + w) 0

' dr + aa —xz

- i +e . (4.2.6)
z 0 xy — bz

w 0 Yz +rw

System (4.2.6) is the normal form of system (2.4.15), as described in Section 2.4 of
Chapter 2. First, we need to solve the unperturbed system of (4.2.6)

;

r = alay — ar + w),

y = dr+ aasy, (1.2.7)
z = 0,

w = 0,

with the initial condition z = (z(0),y(0), 2(0),w(0)) = (xo,yo, 20, wo) € R*. After per-
forming some computations, we find that the solution x(t,z) = (x(t),y(t), 2(t), w(t)), which
satisfies the initial condition z = (zo, yo, 20, wo), is given by

( 2 2

z(t) = (zo+ QQZQwD) cos(Qt) + (%?/0 - %ﬂfo + %wo) sin(Qf) — OzQC2L2w0’
dov d Qag, do
Y= (0= o) cos(Q) + (B + 222) sin@) + S,
z(t) = 2o,
\ U)(t) = Wy,
(4.2.8)
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4.2. Proof of the main results

where Q = /—a(aa + a;d) with a(a3a + a,d) < 0. We note that all the solutions (4.2.8)

of (4.2.7) are periodic of period T = —W, which confirms that the system (4.2.6) is a

Q
perturbation of an isochronous system when a(a3a+a;d) < 0. Thus, we can apply Theorem

2.4.1.

The fundamental matrix M of solution x(t,z) is

cos(Qt) — ? 2 sin(Qt) % (m) 0 g5(aaz cos(Q) + Qasin() — a%as)
d . da
5 (Qt) COS( ) ? (Qt) 0 QQ (]. — COS(Qt))
0 0 1 0
0 0 0 1

A simple method for calculating the inverse of a 4-dimensional matrix is to use it in block

matrix form, i.e.

A B
C D
where A, B,C, and D are 2-dimensional matrices (note that C' is a 2 x 2 zero matrix and

D is the 2 x 2 identity matrix). So M can be inverted block-wise as follows

A7+ AT'B(D — CA-'B)"'1CA~' —A"'B(D - CA~'B)™!
—(D—CA'B)"lCA™! (D — CA—'B)~!

M=

with C' = 0y and D = I,. Note that A is invertible and D — CA™'B = D which is also an
invertible matrix.

Simplifying the previous formula gives us a simple matrix

[ AT AT
0 I
Hence, the matrix M ~! becomes
2 2
cos(Qt) + % sin(Qt) —% sin(0t) 0 22 cos(Qt) + %sin(ﬂt) + %
d . aay do
g sin(Q2t) cos(Qt) — o sin(Qt) 0 W(COS(Qt) - 1)
0 0 1 0
0 0 0 1
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Chapter 4. Zero-Hopf bifurcation in a modified hyperchaotic Chen system

Now, we compute the bifurcation function (2.4.18), we obtain

O [T
J—-.(Z):%/O' M;l(t)f1<t7$z)dt:(F17f27f37f4>7

where

1 (da —a? a1a2 a’a? a’ay 3da’as 202ay

Fi(z) = 3 ———— " T9%y + 02 yo Zo + 0z zowo+Tzow0+ 0 rwo |,
1 /daa a’ajay + da d?a? dar

f2<z) = 5 ( leZO 1922 Yoo — ?)Wzow(] — 2@21}0 ,
1 d 2 d 3

~7:3(Z) = ) < ono + 20;;? YoWo — %1’3 2 ;;(12 (2) -3 (;24@2 wy — 2520)

A = (G +r) wo.

(4.2.9)
Solving the nonlinear system F(z) = Fa(z) = F3(z) = F4(z) = 0 we find two solutions

vV 2 2
Go=(T0 agrb7 1O CL27“b, r(aa3 + day) T (a3 + day)v/casrb |
d Qg d doas

where () = \/—a(aga + aid). Since o > 0, the solutions (o exists if agrb > 0. Note that

a(asa + ayd) < 0 implies that d # 0.
The determinant of the Jacobian matrix of F at the points (; 2 is
br3(d? — daa? — a?a?a3)
2d2 ’

We have d* — daa? — o?a?a3 = d* — ala(ada + a;d) > 0. Furthermore, from asrb > 0 we

det(D]:(CLg)) =

have that br # 0. Thus, we get that det(DF((12)) # 0 which means that (; » are simple
zeros of F. Consequently, by Theorem 2.4.1 the system (4.2.5) has two T-periodic solutions
¢1.2(t, ) with period 2% such that ¢12(0,e) — (12 as e — 0.

Since we have applied the re-scaling (z,y, z,w) — (ex, ey, ez, ew) for obtaining system
(4.2.5) from system (4.1.2), the solutions of system (4.2.5) yield periodic orbits ¢y o(t, €)
for system (4.1.2), which tend to the zero-Hopf equilibrium as e — 0.

Below, we present an example of a system (4.1.2) with two periodic solutions.

4.3 Example

Consider the system (4.2.5) with the following parameters

a=2(=c=2),1=—-2,a=2,d= b=—1.
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So, system (4.2.5) becomes

r = 2(—2y—z+w),

) = 2x+2y—xz,

Y Y (4.3.10)
z = xy+ ez,

\ w o= Yz — €ew.

Straightforward computations show that the bifurcation function F(xo,yo, 20, wo) is equal

to

1

JT"l (Z) = 5(31’020 + 4y020 “+ Zowg — 211)0),
1

FQ(Z) = 5(—21’020 — Yoco — 32’01110 + QUJQ),

(4.3.11)

1

Fi(z) = 5(—2x0y0 + 2yowo — 7§ — 2y5 — 3wj + 220),

Fi(z) = (20— 1)wp.

The system F(xo, Yo, 20, wo) = 0 has two solutions given by
CLQ = (3{:1, :l:l, 1, :]:].)

Since the determinant of the Jacobian matrix of F at the points (; 2 is nonzero, Theorem
2.4.1 guarantees the existence of two T-periodic orbits ¢ 2(¢, ) of the system (4.3.10), such
that ¢12(0,6) — (12 as € — 0.

Since we have applied the re-scaling (x,y, z,w) — (ez,ey,ez,ew), returning back to
the system (4.3.10) yields the periodic orbits e¢1 o(t, €) for system (4.1.2), which tend to the

zero-Hopf equilibrium as ¢ — 0.
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CHAPTER

Three-dimensional zero-Hopf
bifurcation in a cubic

Kolmogorov system

5.1 Introduction

Kolmogorov systems, named after the mathematician Andrey Kolmogorov, are a class of
differential equations used to model the dynamics of populations in biological systems or
other systems with interacting components. In 1926, Alfred J. Lotka [29] and Vito Volterra
[49] proposed these systems of degree 2 in the plane for studying the interactions between
two species, and in 1936 Kolmogorov [20] extended them to any dimensions and degrees.

These systems can take various forms, but they generally involve a set of first-order
ordinary differential equations that describe the evolution of multiple interacting variables
over time.

The general form of a Kolmogorov system is:

d.fCi
dt

=z fi(x1,2e,...,2,), 1=1,2,...,n.

Where x; represents the state variables (these variables are usually non-negative e.g., popu-
lation sizes of different species), and f; are functions that describe the interactions between
the variables.

In ecological and biological contexts, Kolmogorov systems have been used to model
various types of interactions, such as competition, predation, mutualism, and parasitism,

where one species benefits at the expense of another. Also, they have been used to model
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5.1. Introduction

other phenomena including hydrodynamics [11], chemical reactions [19], plasma dynamics,
population economics [45], market dynamics, etc. It is worth noting that the region of
ecological interest in 3-dimensional Kolmogorov systems is the first octant.

One of the main goals of the qualitative theory of differential systems is to analyze and
characterize the behavior of systems through their periodic solutions. Periodic solutions, a
key concept in this analysis, are closed trajectories representing stable or unstable periodic
orbits in phase space. Determining the number of periodic solutions of a differential system
is a critical and challenging process. It can provide profound insights into the system’s
oscillatory dynamics and responses to perturbations.

In [24], Llibre et al. considered the following Kolmogorov system of degree three in the

space, that is,

) (y—1)
( ),
y—1) +bs(z = 1) + ba(x — 1)> + bs(z — 1)(y — 1)
2= 1) +br(y —1)* + bs(y — 1)(z — 1) + bo(z — 1)?),
(y—1)+cs(z—1)+cs(z — 1)+ cs(z —1)(y — 1)
z—=1)+er(y—1)2+cs(y —1)(z — 1) + co(z — 1)?),

T =—x(a(x—1)+a(y—1)+as(z—1) +ag(x — 1) + as(x — 1)
+ar(y—1)2+ag(y—1)(z—1) +ag(z — 1
(

(5.1.1)

where a;,b;, and ¢; for + = 1,..,9 are real parameters. Using the averaging method of first-
order they have proved the existence of periodic solutions for the system (5.1.1) bifurcating
from a zero-Hopf equilibrium point.

In their work, they provided sufficient conditions where the system showed the emergence
of two periodic solutions bifurcating from the zero-Hopf equilibrium point (1,1, 1).

We recall that a zero-Hopf equilibrium point in a 3-dimensional system is an isolated
equilibrium point having a pair of pure complex eigenvalues and the remaining eigenvalue
is zero.

In this paper, we shall extend the analysis of the Kolmogorov system (5.1.1) to the
second-order averaging method. The main goal is to determine the maximum number of
periodic orbits that can bifurcate from the equilibrium point (1,1, 1) of the system (5.1.1)

using the averaging theory of second order provided with some illustrative examples.
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system

5.2 Main results

The following theorem is the main result of this paper on the zero-Hopf bifurcation of the

system (5.1.1). For the sake of clarity, we set the following notations

a1 = aaghy — aiby + aj(azbiby — ba(2asby + w?)) + by (az(azby — bebs) + az(bs + w?)),

i = —a}agbs — a3bibs — arag(—asby + babs) + asba(by + w?) — az(—2asbiby + bs(b; + w?)),
a3 = —azby + az(a; — by)bz + axb3,

oy = —w(alb3 (b3 + w?) + 2asasby(asbiby — bs(aiby + b3 + w?)) + a3(a2b? — 2asbi(a; + by)bs

+ b3(a3 + 2a1by + b3 + w?))).
Theorem 5.2.1. The following statements hold

1. By applying the averaging theory of first order, the system (5.1.1) has at most 2 peri-

odic solutions bifurcating from the zero-Hopf equilibrium point (1,1,1) when e = 0.

2. By applying the averaging theory of second order, the system (5.1.1) has at most 5

periodic solutions bifurcating from the zero-Hopf equilibrium point (1,1,1) when ¢ = 0.

5.3 Proof of Theorem 5.2.1

Consider the Kolmogorov system (5.1.1). Obviously, the point (1,1,1) is an equilibrium
point for the system in the interior of the first octant in space.
By linearizing the system (5.1.1) at (1,1, 1) and calculating the characteristic polynomial

P, we obtain

PA) = X —(—a1 — by — c3)A\? — (—arbs — aycs + azby + azcr — bacs + byca) A (5.32)

+a1b203 — a1b362 — a26103 + a2b301 + (lgblcg — angCl.
Imposing that P(\) = —A(A\? + w?), we obtain

_O0g ) . b
1 = ; Co = ) C3 = —ay1 — 02.
as a3
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5.3. Proof of Theorem 5.2.1

Under these conditions, the Jacobian matrix of (5.1.1) evaluated at (1,1,1) has the eigen-
values 0 and +iw, with w > 0. It follows that (1,1,1) is a zero-Hopf equilibrium point for
the system (5.1.1).

Now, we assume that

o 9 Q2 2 2
C1 = a— +éeciy +E7¢io 5 Cy = &— + &Co1 + €7Ca2 , C3 = —a1 — b2 + ec31 + €7¢3o, (533)
3 3

where ¢ is a sufficiently small parameter.
Translating the equilibrium point (1,1, 1) to the origin by doing the change of variables
(x,y,2) = (X,Y, Z), where (X,Y,Z) = (v — 1,y — 1,2 — 1), the system (5.1.1) becomes

g = —(X+ D)X +aY +a3Z + asX? + as XY + a6 XZ + a7V + asY Z + agZ%,)

§ ==Y + 1) X +bY +b3Z + by X?+ 05 XY + b6 XZ +bY?+bsYZ + by Z?),

2o =—(Z+ ) (e X+ Y + 32+ X+ XY + 6 XZ+ Y2+ Y Z + ¢y Z7).
(5.3.4)

Now, we shall transform the linear part of the system (5.3.4) into its Jordan normal form J

using the auxiliary matrix

Bi 52 asbs — agby

a by — ashy

g E albz - a2b1
p=| B P _bsan—bias | that J— PAPY,
Yo

1 0 1

where

2 2 2 2

51 = alagbgbg — a1a362 — ajasw — a2b1b3 + a2a3b1b2 - a2b3w s
52 = —alagbgw + agagblw — agbgbgu) + agbgw + agws,

= —a’byb b1b b1b b2 biw? — bybgw?

B3 = —ajbabs + a1asbibz + arazbibs — asaszby — azbiw” — babsw”,

/34 = a%bgw — alagblw + a2b1b3w — &3[)162&) + bgw3,

v = w?a? 4 2asb1w* + W3 + W + (a1by — azby)?,

and A the Jacobian matrix of the system (5.3.4) with the eigenvalues 0, £iw is given by
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system

—a; —az —as
A: —bl —bg —b3

a1 %)

—— == a+b

ag ag

Through the transformation (x1,y1,21) = P(X,Y, Z), we obtain the new system in the
variables (x1,y, 21) such that the zero-Hopf equilibrium point is located at the origin and
its linear part is in Jordan normal form. We are unable to present this system due to its
large expressions, which would require several pages to fully write out.

To prove the statements of Theorem 5.2.1, we want to write the new system into the
normal form for applying the second-order averaging method. Therefore, we should take

the following steps:

e Firstly, we transform the system into cylindrical coordinates

(1,11, 21) — (rsin(f),r cos(f), z1) through the change of variables

. T1Y] — N T
0 — 1?J1Qy11

r r

1T+ il L
) , k1 = Z21.

The transformed system will be in the variables (7,0, 7).

e Second, we do the rescaling of the variables (r,z1) — (¢R,eZ;). Consequently, we

obtain a system in the form

R - H11<R707 Zl)6+H21<R7 97 Zl)82+0(€3)7
0 =w+ His(R,0,7))e + Hoo(R, 0, Z,)e2 + O(3), (5.3.5)
Zl = ng(R,H, Z1)€+H23(R, 9, Z1)€2 +O(€3),

where H;; are 2m-periodic in the variable 0.

e Finally, we take 6 as the new independent variable. As a result, we can write the

system (5.3.5) in the variables (R, Z;) as follows

dR

E :Efﬂ(R?e? Z1>+52f21(R79721)+O(53)7

) (5.3.6)
7

d_Ql :€f12<R,9, Zl> +€2f22(R,9,Zl) +O(€3).
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We take x = (R, Z;), t =0 and

fl(t7x) = (fll(R787 Zl)v f12(07 R? Zl))?
fot,w) = (fu(R, 0, 21), fa(0, R, Z1)).

Performing these steps in the system (5.3.4), we obtain a system of the form (5.3.6)
where fi(t,z) and fy(t,x) are periodic functions of class C' with period T = 2m. Tt is
important to note that we cannot provide the functions f; and fs, as they are too extensive
to present.

Now, applying the first-order averaging method, we obtain the first-order averaged func-

tion f, = (f1, fi») that has the form

- 1 27
Fu=ge | fulb.R.Z)ao,
T Jo

where ¢ = 1,2. By doing these integrations, we get

Tll(Rv Zl) = R(C + DZl)a
and

F1o(R, Z)) = ER® — (2C + %)Z1 +FZ2,
with the expressions C, D, E and F' are in Appendix A.

The system of equations f,,(R,Z;) =0, f5(R,Z1) = 0 has the solutions

o S =(0,(2C + %)/F) with (2C + %)F £0,

o 5= (\/— (C(D(2C n %) + CF)/E)/D, —C/D) with C(D(2C + %) +CF)/E <
0, C#0 and D > 0.
Computing the Jacobian matrix of f, we obtain
C+ D7z, DR

9OFR  —(20 + 24 4 2F 2,
w

Furthermore, computing the Jacobian determinant at solution S gives us (2C —i—%) (D(2C+
Cﬂ) + CF)/F, and at solution Sy we get 2C(D(2C + @) +CF)/D.
w w
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system

According to Theorem 2.2.1, if (D(2C + @) + CF) # 0 then for ¢ > 0 sufficiently
small, the system (5.3.6) has two 27-periodic C:olmtions (limit cycles) (R1(0,¢), Z11(0,¢))
and (Ry(0,¢), Z12(0,¢)) such that (R;(0,¢), Z1;(0,¢)) — (R;, Z1;) = S; for i =1,2 when
e — 0.

Moreover, the eigenvalues of the Jacobian matrix of f at S; are Ay = (2C + %) and

Ay = (D(2C + @) + CF)/F and the eigenvalues of the Jacobian matrix of f at S, are
w

—2C (D + F)w — Degy ++/(—12D2w? + 4F2w?) C2? — 4Dwesy (D — F) C + D2c%,
2Dw )

Aza =

If Ay < 0and Ay < 0, then the periodic solution that corresponds to 5] is stable. Otherwise,
it is unstable.

Similarly, if A3 < 0 and A4 < 0 then the periodic solution that corresponds to S; is stable.
Otherwise, it is unstable.

Going back through the changes of variables, we obtain two periodic solutions
(z;(t,€),y;(t,€), z(t,€)), for j = 1,2, bifurcating from (1,1, 1) with a period tending to 27
when ¢ — 0. Furthermore, (z;(t,¢),y;(t, ), z;(t,e)) = (1,1,1) + O(e) for j = 1,2. This
completes the proof of the statement (a) of Theorem 5.2.1. This case was studied in [24].

For proving statement (b) of Theorem 5.2.1, we use the second-order averaging method.
So, we must annul the first-order averaged function ( f11(R, Z1), fi2(R, Z1)). For that reason,
we take the following conditions

a1 — Q20 — CLng — 2a209 + 2&3[)7 + ascs

as = )
a3
Cy = —ﬁ(ai’agbl + a%agblbg — a%&g(I@bl + a%agblcg + a%bgaﬂ — ajaza3b1bg + 2a1a2agbf
+ a1a§a4b1 - alagbch — alagagb% — a1a3b6w2 —+ a1a9b1w2 -+ 2@%[)%[?9 + agagblbz;
— a2a3bfbg + 2&2&3[)?09 + 3a2b1b9w2 — a%bfcs + a§b4w2 — a3b1b8w2 + a36109w2 + b9w4),
= —%(alagagbl — ajasazaghy + a1a§a7b1 + ajbiby — a3asbibs + aasbice + asbyw?

2 2 2 2 2
+ a2a3b1b7 - a2a3blcg — agagbgw + a3b7w )7

by =0, b3=0, c=0, c3=0.
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5.3. Proof of Theorem 5.2.1

From the second-order averaging method, we have that f, = (Tm,fm) where

_ 1 27 0
PR ) = o [ D h0.8.20 - [ 5t R 20+ 0. R.20) @0
0 0

Computing these integrals, we obtain

for(R, Z1) = G1R? + GoRZ? + G3RZ + G4R,
fon(R, Z)) = K\ R® + KyR*Z + KsR? — G32% + K, Z,

where G; and K, for i = 1---4 are given in Appendix A.
1 1
Assuming that G; = —,G4 = ——,G3 = —1, and K3 = 0, we solve the system
4G, 2G5

for(R, Z1) =0, foo(R, Z1) = 0 and we obtain nine roots, namely,

(Rthl) = (070)7 <R27212) = <\/§> 0)7 (R37Zl3) = (_\/57 O)?
1+ —4K K, +1 1——4K K, +1

(R47214) (07 K )7 (RSaZIS) = (07 2K1 )7
(R, Z16) = [ V2—————/— (A + BC¥) ;(—4G2K2+1+C*)
’ |4G2K2 + K| "8G3K, + 2K, ’
1
Z 2 —(A+ BC*), ——————— (4G Ky + 1 *
(Rr, Zh7) ( \/_|4GK2—I—K1| (A+ C>78G§K2—|—2K1( Go Ky + —i—C’)),
1
Z 2 A—-—BC*), ———— (—4G Ky, +1 - C*
(Rs, Z13) (\/_|4G K2+K1| —( O)’8G§K2—|—2K1( Go Ky + C)),
1
A 2 —(A—-BC*), ——————— (—4G, K, +1 - C*
Rg? 19 ( \/_‘4G KQ"‘K]_‘ ( C)’8G3K2+2K1( G2 2+ C))’
where

A =8G3 KoK, + 4G K, + 2G5 K Ky — G — GL K, — K7,
B == GQKl + Gg,

= /16Ky (K + 163) G3 — 8Go Ky — (8K + 4K4) Ky + 1,
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We take the non-negative roots (Rs, Z12), (R4, Z14), (Rs, Z15), (Rg, Z16), and (Rs, Z13),

with the following conditions
o —16K, (K + K;) G2 — 8GoKy — (8K +4K4) K1 +1 > 0.
o 1 —4K Ky > 0.
e A+ BC*<0and A— BC* <0.

The inequalities A + BC* < 0 and A — BC* < 0 hold simultaneously if and only if

A A
E<B<—awithA<O. B B
Now, let S = (R*, Z}) be a solution of the polynomial system fo, (R, Z1) = 0, foo(R, Z1) =

0. According to the averaging method, to verify that the solution S is a periodic solution,

we must have

OR 07,

OR 021 / \(pz=(r.2)

Thus, by Theorem 2.3.2 the system 5.1.1 has at most five 2r-periodic solutions (limit
cycles)

(R2(0,¢), Z12(0,¢)), (R4(0,¢), Z14(0,¢)), (R5(0,¢), Z15(0,¢)), (Rs(0,¢), Z16(0,¢)), and
(Rs(0,¢), Z15(0,¢)) such that (Ry(0,¢), Z1x(0,¢)) — (Rk, Z1x), for k = 2,4,5,6,8,
when ¢ — 0.

Finally, going back through the changes of variables, we obtain the five periodic solutions
(x(t,€),y;(t €), z(t,e)), for j =1,...,5, bifurcating from (1,1, 1) with a period tending to
27 when ¢ — 0. Furthermore, (x;(¢,¢),y;(t,€),2;(t,¢)) = (1,1,1) + O(e) for j = 1,...,5.
This completes the proof of the statement (b) of Theorem 5.2.1.

5.4 Applications

Here, we provide two examples illustrating the results of Theorem 5.2.1. The first example

corresponds to part (a) of the theorem, while the second corresponds to part (b).
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5.4. Applications

Example 5.4.1. Consider the Kolmogorov system

: 7 1
r =(x+1) <x——y——z—2x2+2xy+xz+y2—yz+z2),

4 4
. 1
Y :—(y+1)(x2—:cy+xz—§y2+6yz—22+x—y), (5.4.7)
2 =—+D)(e+D)z+(—e—1)y+ez+32* — 2zy + 12 — y* + yz + 227),

with € is sufficiently small. The singular point (1,1,1) of the system (5.4.7) is a zero-Hopf
equilibrium point meaning that the eigenvalues of the Jacobian matriz of (5.4.7) at (1,1,1)
are 0, +1.

Doing the same steps detailed in the proof of the statement (a) of Theorem 5.2.1, that
is, we begin by translating the point (1,1,1) to the origin, and writing the Jacobian matriz

at (1,1,1) in Jordan normal form using the auziliary matrix

1

11 -1
— 1
P=|10 -],
10 1

such that J = PAP™Y, where A is the Jacobian matriz of the system (5.4.7).

Hence, we write the new system in the variables (x1,y1,21) as follows

: 1, 1 1 1 1, 1 1 1 4123 Alxd
T1 = |——2] — -T1Y1 — 211 — SA1Y1 — —&] — -T1— Y1 — —21 | €— -
1 4141y1 21141241 41414y1 41 3 3
772136% 11y1m% 3m1y% 15211 Tz12101 n 13z%x1 432111 37y%
24 4 2 4 6 8 12 2
2 2 3 2
Ay iy dziyn 85z | 53z
9 Ty 12 72 24
. 3 7 9 10 1
y1 = 52% + 2y} + 207 + ?Ui{’ + 51‘2 — g ATyt 5211‘% + 1@} + dz1yf + 4z
91 , n 4 8 o T, 9 2,
——2T —21T1 — SR1Y] — =AY — Ayl — R+
18°1 1 3 121 3 1Y1 9 1Y1 1Y1 9“1 15
: 3, 3 3 3 5 9 3 3 3 N 93 N 9x?
21 = |——2]— -T1Y1 — 211 — SA1Y1 — 2 — X1 — Y1 — -2 | e+ — + —
1 4141y1 21141241 41414y1 471 3 3
492136% 9y1x% 3a:1y% 9xr1y1 Tz121Y1 1992%1:1 Tz121 37y% 521y%
8 4 2 4 2 24 4 2 2

2y oz 1123 _ 8527
12 4 72 24 7

(5.4.8)
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Next, we transform the system (5.4.8) into cylindrical coordinates (x1,y1,21) =

(rsin(0),rcos(d), z1), we get

P <(_cos(9)3 sin(6) cos(9)2> 2 <_cos(9)2 ~ cos(f) Sin(0)> - <_Cosi0)2

4 4 2 4
_cos(@)sin(6)) 22 cos() _ z1cos(0) n 21 cos(6)* ~ 13sin(6) cos(6)? B 9 cos(f)?
1 " 1 1 ) 8 1 2
3 ¥
+4 cos(0) sin(0) 4 2) > + (E)COSS)(H) + 2sin(0) cos(0)? — 23 cgs(@) - 8512(0)) 2112
61cos(0)®  5sin(f)cos(0)®  5cos(f) . 9 173 cos(6)?
<— 3 - 1 t—  t 2sin(0) | r* + —
173 cos(f)sin(f) 7Y\ o 31cos(0)? = 11cos(f)sin(f)
36 9) "™ PR 12 b)ar
85cos(f)  3sin(h)\ 5 53cos(f)  9sin(f)\ o
- <_ 7 T2 AT\ T T2 )
- cos(0)®  sin(f)cos(0)?  cos() cos(6)?  cos(f)sin(h) 1
0=1+ (< 1 + 1 + 1 T+ 1 + 2 + 1)
cos(0)®  cos(f)sin(f) 1 sin(f)z?  sin(0)z 13cos(f)*  21sin(f) cos(6)3
Ty T it Tt )\ T 8
2 : 2 :
+27 cos(6) n 7 cos(0) sin(6) w2 4 (2c08(6)° 5sin(f) cos(#)®  3cos(6) N sin(0) .
4 2 8 2 2
<_5cos(0)3 N 61 sin(@) cos(0)? N 23 cos(h) N 3sin(9)> - (_ 173 cos(6)?
4 4 2 36
173 cos(#) sin(6 1 11 cos( )2 31cos(f)sin(f) 5
— Z + + +— =
12 12
3 cos (9) n 85 sin 0) 3 _9(:os (0) 53sin(0)\ ,
2 2 ) 2 24 )
+ 5
T T
2 . .
. _3cos(#)*  3cos(f)sin(b) 2 ~3cos()  3sin(6) 4 SCOS(G)
4 4 2 4
_3sin(f)\ ﬁ 32 N 21 cos(6)3 _ 9sin(#) cos(d 6)? 3cos 29 cos(@)2
)T T )¢ 8 1
_ Tcos(0)sin(d) 5 9 21 cos()? _ 9cos(0) sin(0 199 cos(#
2 2 )" 8 1
sin(0)\ o 7cos(f)  sin(f) 1123 8522
LT >Z1T+< 1 T e Vi
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Following this, we do the re-scale of variables by (r,z1) — (eR,eZy), hence we obtain a

system of the form
R = Hu(R.0,Z)s + O(e?),

9 =140(), (5.4.9)
Zl = ng(R, 9, Zl)E + 0(52),

where Hyy and His are smooth functions and 2mw-periodic in the variable 6, given by

21 (6lcos (0)*  10sin (A) cos (8)>  20cos(f) 16sin(6)\ .,
Hu(R6,2) = —¢ ( ST 21 21 TR
21 [ 62cos (A)> 22 , 8 21 [ 2cos (6)°
—§<T—@COS(0)SIH<0)+5) ZR_?(T
2 cos (0) sin (9) 21 [ 53cos(f) 12sin(0)\ ., Zcos(0)
+ 21 h 8 63 * 7 Z 4 ’
21 9 Gcos(@)sin(f) 4\ , 21 [ 2cos(f) 2sin(h)
H 7)== - _Z == - Z
12(R, 9, 1) 3 (COS (9) 7 7 R”+ 3 3 91 R
N 21 <_2cos(0) B 2sin(8)) R_ 852% %
8 7 7 24 4

Taking 0 as the new independent variable, we write

dR
% = fll(R,e,Zl)€+O(€2),
o (5.4.10)
d—gl = f12(R, 0, Z1)e + O(2),

where fi1 and fi5 are smooth functions and 2m-periodic in 0, given by

B 61cos (A)°  5sin(6)cos(A)®  5cos (6) , 9 31 cos (6)
fu(R,0,7,) = (— S = 1 + 5 + 2sin (9)) R — (T
_ 1lcos (102) sin (0) N 1) 2R+ <_cosi9)2 _ cos (Q)lein (9)) R
53cos(A) 9sin(0)\ ,, Zcos(0)
* < 24 2 > T
[ 21cos (0)>  9cos(f)sin(0) 3\ _, 7Tcos(f) sin(0)
f12(R,0,Z,) = ( 3 - 1 —§>R + (— T 4 >ZR
3cos(f)  3sin(6) 857% 3Z
<_ 44 ) R==r =T
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The system (5.4.10) is in normal form (2.4.15) with T = 2w, x = (R, Z1), t = 0,
and £2g(t,x,e) = O(&?).

Applying the first-order averaging method, we obtain the first-order averaged function as

follows
fu(R, Z1) /fRGZ )d = _Pur- g
11 1) 1 1 =5 .
3 85 3
f12R21 /flRGZl d9——6R2 2422_12

The system of equations fi,(R,Z,) =0, fio(R,Z1) = 0 has four roots, namely,

(Fy, Z11) = (%’ _%) (B2, Z12) = (—%, _%) (Rs, Z13) = (0, —;—i%

and (R4, 214) = (0,0)

We consider only the two solutions (Ry, Z11) and (Rs, Z13). Furthermore, we compute the

determinant of the Jacobian matriz of (f,, f15) at these two solutions, and we get

_55Z B 1 _55
24 8 24 49
det — £ 0,
3R 87 3 352 7
8 12 4 (R1,Z11)=( Fv 5%)
and

57 1 55

_ ——R
24 8 24

det = 7é
3R 87 3 544
8 12 4 (Rs,Z13)=(0,—1%)

Consequently, it follows from Theorem 2.3.1 that for |e| sufficiently small, system (5.4.10)

has two 2m-periodic solutions (limit cycles).

2 " V1334

Moreover, the eigenvalues associated to (Ry, Z11) are A2 = BTl S meaning that

its associated periodic solution is unstable, while the eigenvalues associated to (Rs, Z13) are
3

49
A = = and Ay = — meaning that its associated periodic solution is also unstable.

4 136
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5.4. Applications

Example 5.4.2. Consider the Kolmogorov system

. 275 83
r =(z+1) <2y—|—z—x2—11xy—5xz—2y2+7yz+522> ,

y = (y+1)(—x—22% - 1022y + z2 + 8y* + dyz + 2?),

2 o=(z+1) ((1+e+62)x—éy—622+4x2+322xy—xz—8y2—yz+z2 :
(5.4.11)
with € is sufficiently small. The singular point (1,1,1) of the system (5.4.7) is a zero-Hopf
equilibrium point since the eigenvalues of the Jacobian matriz of (5.4.11) at (1,1,1) are
0, £1.

Doing the same steps detailed in the proof of statement (b) of Theorem 5.2.1, we trans-
late the zero-Hopf equilibrium point located at (1,1,1) to the origin, write the Jacobian
matriz of system (5.4.11) at the origin in Jordan normal form, and obtain a new sys-
tem in the variables (x1,y1,21). Next, we introduce cylindrical coordinates (x1,y1,21) =
(rsin(@),rcos(), z1), re-scale the variables (r,z) to (eR,eZy), and take 6 as the indepen-
dent variable. This yields a system of the form (5.3.6), where the functions fi(R,0,7Z;) =
(f11(R,0,Z1), f12(R,0,Z1)) and fo(R,0,71) = (fo1(R,0,Z1), f22(R, 0, Z1)) are 2w-periodic
and of class C*.

Consequently, we compute the second-order averaged function fo = (fo1, f2), where

. 1 2T 0
PR z) =g [ [Diafi6r 20 [ e mz) s om0 as
0 0

™

and we obtain

_ 1 1
Jur(R.Z)) = gR® —2RZ* + RZ — _R.

_ 1 3
foo(R,Z)) =2~ 77 — 5R2Z +572.

Remark 5.4.1. Note that the averaged function fy is identically zero for the system (5.4.11).

For that reason, we are able to apply the averaging method of second order.

The system of equations fqo(R, Z1) =0, fon(R, Zy) = 0 has nine roots, five of which are

non-negative, and are given by
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system
1 V7 1 V7
— —_ — N - — 2
Sl ( ) 92 92 )7 S? (07 92 + 2 )7 S3 (\/—70)7
11-2 1 3 2v/11+2v3 1 3
5 = (V2 V3L VB g s = (V2 V31l V3
3 6 6 3 6 6
We compute the Jacobian of f, we get
3 9 1
—R* =27+ 7 — - —4RZ + R
— 8 4
Ph = 1, 3
—RZ —3Z%—-27 — 5R? +3

Evaluating the determinant of the Jacobian A = Df, at the points Sj, for g =1,---.5,

glves us
61\/_ 175 61\/_
det(A(r,zy)=s,) = ? —— #0, det(Arz)=s,) = = 5 £0,
3 53 3 53
det(Ar,z)=s,) = 7& 0, det(Ar,z)=s,) = 1 36 and det(Ar z)=s;) = _14_%_

Thus, it follows from Theorem 2.3.2 that system (5.4.11) has five 2m-periodic solutions
(limit cycles). Moreover, the eigenvalues of the Jacobian matrixz at the points Sy, Sa, Ss, S,

and S5 are

19 37 7 VT 1 1
(A21:_Z+T7)\22:__+_>7 ()\31:§7>\32:_>7

42 — —

36 9 36 MZT TR T 36

(A V3 1 1135+ 12443 \ 7\/§+1 \/1135+124\/§)
41 — — a7 - - - — s

V3 1 /1135 —124+/3 7 v 1135 — 124+/3
and <)\51 = \/_‘l— + \/_,)\52 \/— \/_>

36 9 36 ~ 36 "o 36
respectively. These values indicate that the periodic solutions associated to Sy and S are

stable, whereas the remaining ones which are associated to S3, Sy, and S5 are unstable. See

Figures 5.1 and 5.2.
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0.00002-]

0.00001-

z (.00001-
— (.00002-

— (.00003-

—0.000010
—0.000005

0.000005
0.000010

Figure 5.1: Two stable limit cycles of (5.4.11) with ¢ = 107°

0.0000&-:
0.00004-:
0.00002—:

¢ o]
—0.000 02-:

—0.00004—

—0.00002

0.00001
0.000107 4 hnooo

Figure 5.2: Three unstable limit cycles of (5.4.11) with e = 107°
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Conclusion and future direction

In this thesis, we have explored the qualitative aspects of certain dynamical systems, par-
ticularly focusing on the existence of limit cycles and bifurcations. Our investigation was
guided by the application of averaging theory, which proved to be a crucial tool for analyzing
the periodic behaviors of the systems under study.

Overall, the results of this thesis offered insights into the maximum number of limit
cycles and bifurcations in certain nonlinear dynamical systems. The application of first
and second-order averaging methods has helped to shed light on some aspects of periodic
behavior in these systems, providing useful examples and laying the groundwork for further
exploration.

While this thesis offers some interesting insights, there are plenty of exciting directions
for future research to explore. Further investigations could explore higher-order averaging
techniques to detect more intricate periodic behaviors in dynamical systems. Moreover,
applying these methods to other classes of systems, such as higher-dimensional or more

complex nonlinear models, would expand the scope of this work.
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APPENDIX

Appendix A

Here, we provide the expressions introduced in the proof of Theorem 5.2.1.

1
¢= 2Tj3(a362011 — agbscry — asbicar + arbsea + agbicsy — arbacsy + caw?),
D= (2&%()3(@91)3 + b3(—agbz + a7bg)) — 2a§b1(bgC4 — bibacs + 5%67)

+ a3b3(2as(agh? — agh3bs + asbib3 + bob2by — bibobsbg + b3bobg + bicy — bibice + bibzco)

+ (2agb? — bs(aghy + b3(bs + cg) + by (by — bg — 2¢9)))w?) + a3(—2a7b3by — 2a4b1b3

— 2a2b1b3by — 2b3by + 2a2b3babs + 2b1b3bs — 2asbiby — 203b3by + 4agbibabscy — 2b3bscy

— 2a9b3bzcs + 2b1babscs — 2agbibace — 2b3babscy + 2a9bics — 2a4bibaw? + bibow? — 2b3bgw?

+ bybobsw? — bibocew? + bicgw? + asbt (203 + w?)) — asaz(2a3by (b3by — bybsbg + bibg) + bz(2agh?
— agb1by — b1b3 — asbibs + bibabs — 2babsbs + 2b1b3by + bibabs — 2babsce + bibscs + 2b1bacy)w?

+ 2as(agb3by + agh3bs — 2agbibabs — azbib3 + 3asbibob3 + 3b3b3by — bybab3bs — 2b1babsbg + b3b3bg
+ b2babsbg + 3bab3cy — bib3cs — 2b1babics + bibicg + bibabsco + babaw?® — bybsbew? + bibgw?))

+ a3(2a3by (by(2b3by — bibg) — bacy + bibs(—bs 4 c) + b3 (bg — cg)) + b3(2a7b? + by(—azby

— ba(bs + c6) + b1 (b + 2b7 + cg)))w? + az(2agbiby + 2a7bibs — dasbibabs + 6asbibibs + 6babsby
— 4b1b3b3bs — 2b1bibg + 2b3babzby + 2b3b3bg + 6b3bAcy — 4bibabics — 2b1b3bscs + 2b3b3cr + bibyw?
+ 2b3bobscs + 2a4b1b3w? + 4babzbyw? — b1babsw? — 2b1babew? 4 b3bgw? + bybzcew?® — 2bicow?

— agh? (203 + w?))) + a3(2a9b3(—2agb1 by + agbibs + agbabs — asb3 + biby — babzbg 4 bbg)

+ a3(—2agb1 b3 + bz(4agbiby — 2agbs — 6azb1bs + 2azbabs + 2b3cy — 2babzcg + 2b3cy + baw?)))

+ a2(a2(—2agb2by + 2a6b1b3 + 6a7b?bs — dasbibobs + 2a4b3bs + 2bob3cs — 2b3bscg — 6bibacy

+ 4b1bobscg — 2b1()§69 — blbng + b2b3w2) + b3(2a§(agbf — agb1bs + a4b:2), — b§b5 ~+ bobsbg + b1bsbs
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— 2b1boby) + 2(agh3 — agbabs + a7b3)w? + as(2agbib3 — 2agbbabs 4+ 2a7b1b3 + 2bobib; — 2b3bsbs

+ 2b3bg + 2b3 ¢y — 2bob3cs + 2b3b3cg + babsw?)) + az(—2agbi b3 + 2agbib3bs — 2azbybob3 — 2b3b3by
+ 2b3bsbg — 2b3bg — 2babicr + 2b3b3cs — 2b3bscy — agbabsw? + asbiw? + babiw? + babzbgw?

— 2b3bgw? + bicgw? — 2bobscow? + ag(4aghiby — daghibs + 4asbib — 4asbabi 4 2bab3bs — 2b3b3b
— 6b1b3by + 4bybabsbg — 2b1b3bg — 2bics + 2babics + 2b1b5cs — 4bibabscy — bibw? — b3w?)))

— a1(a3(2a7b3 — 2a5bby + 2a4b1b3 — 2b3b3cy + 4bybabscs — 2b1bicg — 6bbscr + 2b2bacg + bybaw?)
+ a3(2agb3b3 — 2agb1bs — 4azb?babs 4 2a5b1b3bz + 2b3b3bs — 2b3bs — 4byb3bsby + 2b1b3bg + 2b3b3cs
— 2b3bsc — 4bbabicy + 2b1b3bscg — aghbibaw? + b1baw? + 2a5bibzw? — 2a4babsw? + 2b1bybsw?
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+2(b5 + w?)(bs — cg)ar + w?ba(bs + ¢ — 2a4))az — (ai + w?)(az(ba + 3a1)by + ba(cs — as)ay

ba(bg + cog — 2ag)
2
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)
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1 3
+ bQ(b5 + cg — 2@4)@% + ((2()5 — 206)19% + wgb5)a1 — 2w2b2a4)a2 — 2@1(0/7(&)2 -+ 5&152 + 5@%)[)1

ba(cs — as)a? b7 cg w2by w2boas
— 2 -

+ ((2b8 — C9g — aﬁ)al + bz(bg + cg — 2a6))b1 — b6(a1b2 + Qb% + w2))a2 + ag(QCL% -+ Cble + w2)b1

))b% — (—albz + CLle)(—blbﬁCL% + (b%ag

+ ba(co — ag)a? + ((bg — co)bs 4 bgw?)a — w?boag)bs — (—ayby + asby)*(bibgas + ag(by + a1)by

+ b(b3 4+ w?)))as + (as(acr — arcsas + caa3)b3 + (((—ce + aq)by + ba(ba + a1))a3 + (a1(cs — as)by
+ (a4 — bs)a? — ba(bs — cg)ar + w?ay)al — (—ararby + (=by 4 as)a? — by(by — cs)a1 + w?as)aias

+ a2a7(a? + w?))b3 + (—a1by + ashi)(((co — ag)by — bg(ba + a1))a3 + (ayagby + (bs — ag)a?

+ ba(bs — c9)ar — w?ag)az + aras(ai + w?))bs + (—aibz + azb1)*((aghy + by(by + a1))az

+ag(af +w?)))bs)),
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+ (((—a7 — ag)ay + (cs + cg)as — 2azbg + 2agcs + 4arcy + arag)w? + 3b7(ag + ag)a?
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+ Zubsag)bl +w!((ba — bg)aT + (—2cobs + (—cs — 2a4)bs — baag)ar + babgas))as
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6 4
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a b a
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3 b

+ be(bs + %)))b% — 2w (cow® + ((58 +cg —
a  asb bsa agb
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2

C
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b ey U6 2
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— w2((a1a9 + bgas + agbg — 2(09 + %)ag)ufl + (ai’ag + (—2()9(12 — 2(09 + %)ag)a%
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Gy=——5—
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