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Abstract in English

Contribution to the Study

of Certain Functional Di¤erential Equations

In this work, three nonlinear functional di¤erential equations with delays and itera-

tive terms are investigated. By virtue of a hybrid approach that combines the Banach,

Schauder, and Krasnoselskii �xed point theorems with the Green�s functions method,

we establish some su¢ cient conditions that guarantee the existence, uniqueness and

stability of positive periodic solutions. The key idea consists to de�ne a Banach space

and a subset of it in order to facilitate the study on the one hand, and on the other hand

to ensure some desired requirements before converting the proposed problem into an

equivalent integral equation whose kernel is a Green�s function. Then the application

of certain �xed point theorems with the aid of some useful properties of the obtained

Green�s kernel and some functional analysis tools help us to prove the sought results.

Keywords: Continuous dependence, existence, �xed point theorem, functional di¤er-

ential equation, iterative di¤erential equation, Green�s function, uniqueness.
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Abstract in French

Contribution à l�étude

de certaines équations di¤érentielles fonctionnelles

Dans ce travail, trois classes d�équations di¤érentielles fonctionnelles non linéaires

avec retards et termes itératifs sont étudiées. Grâce à une approche hybride combi-

nant les théorèmes du point �xe de Banach, Schauder et Krasnoselskii avec la méthode

des fonctions de Green, nous établissons des conditions su¢ santes qui garantissent

l�existence, l�unicité et la stabilité des solutions positives et périodiques. L�idée prin-

cipale consiste à dé�nir un espace de Banach et un sous-ensemble d�une part, pour

faciliter l�étude et, d�autre part, pour garantir certaines exigences souhaitées avant de

convertir le problème proposé en une équation intégrale équivalente dont le noyau est

une fonction de Green. Ensuite, l�application de certains théorèmes de point �xe à

l�aide de certaines propriétés utiles du noyau de Green obtenu et de quelques outils

d�analyse fonctionnelle nous aident à prouver les résultats souhaités.

Mots-clés: Dépendance continue, existence, théorème de point �xe, équation di¤éren-

tielle fonctionnelle, équation di¤érentielle itérative, fonction de Green, unicité.
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CHAPTER 1

General Introduction

1.1 Introduction

Functional di¤erential equations (FDEs) are a type of di¤erential equations that

depend not only on their current values, but also on their past or future values.

They �nd relevance in almost every sphere of life and play a signi�cant role in mod-

elling many phenomena in various �elds, such as life sciences, medical science, physical

sciences, economic sciences, and engineering.

Starting in the early 20th century when functional di¤erential equations knew there

hour of glory , many scholars gained a more profound understanding of the prominent

role of the deviating arguments in modelling real-world phenomena with memory ef-

fects. Consequently, they made much progress in handling with these equations which

in turn spurred the accelerated development of the theory of functional di¤erential

equations whether delay di¤erential equations (DDEs) or advanced di¤erential equa-

tions (ADEs). Indeed, many scholars came to the conclusion that a growing number

of phenomena encountered in our life, in physics, in biology, in chemistry, etc., require

delay periods for their occurrence, where there are time lags between the action on

the system and the system�s response to this action and hence they found that delay

di¤erential equations are the best means to model and to deal with such phenomena.

For more than half a century, the majority of research have been devoted to deal with
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General introduction

state-dependent delay di¤erential equations (SDDEs) which appeared for the �rst time

in the early nineteenth century as an article published by the French mathematician

Poisson [72] on functional di¤erential equations with an example of a state-dependent

delay. There are also many references dedicated to study these equations such as [3] ,

[35], and [36].

Recently, the mathematical community has got interested in a special type of func-

tional di¤erential equations which is called "iterative di¤erential equations". These

equations which are relationships between unknown functions, their derivatives, and

their iterates, �nd their applications in various �elds such as biology, ecology, physics,

chemistry, electrodynamics, and engineering (see [71] and [34]). Due to their peculiari-

ties, these equations are challenging to study, particularly when applying the existence

and uniqueness theories. Numerous methods have been employed to handle these kinds

of equations, including the Picard successive approximation method, the nonexpansive

operator method, and the �xed point theory (see to [8, 34, 88, 89, 90] and references

therein). The last method has shown to be incredibly successful and is still a very

useful, strong, and adaptable tool to study nonlinear functional di¤erential equations.

The primary objective of this maniscript is to investigate three classes of �rst-order

di¤erential equations with retarded and iterative terms by using this theory as well as

the Green�s functions approach. Since converting the problem at hand to a �xed point

problem is one of the most elegant approaches to achieve our goals, we started the

study of each problem with transforming it into an integral equation with a Green�s

kernel before proving the existence of �xed points of an integral operator. To be

more precise, we used the �xed point theorems of Banach, Schauder and Krasnosleskii

combined with the Green�s functions method to establish the existence, uniqueness and

stability of positive periodic solutions.

1.2 Brief Historical Background

Population dynamics is the dominant branch of mathematical biology, that studies

the �uctuations of the size or the density of one or more populations for certain

species over time and space. It is also interested in the environmental in�uences on the

2



General introduction

increase and the decrease of the populations.

The simple exponential growth model

The modern foundations of population dynamics date from the end of the 18 th cen-

tury with the model of the British clergyman and economist Thomas Robert Malthus

which is known today as "Malthusian growth model" or " exponential growth model".

In 1798;Malthus published his pioneering and famous essay "An Essay on the Principle

of Population" in which he argued that, "Population, when unchecked, increases in a

geometrical ratio. Subsistence only increases in an arithmetical ratio."

He considered an ideal homogeneous animal population by neglecting variations in

age, size and possible periodicity for birth or mortality where individuals lived alone in

an invariable environment or coexisted with other species without any direct or indirect

in�uence. The variation in the number of individuals in a population N (t) over time

is given by

Variation| {z }
N 0(t)

= number of births| {z }
Nn

� number of deaths| {z }
Nm

:

This leads to the following di¤erential equation:

N 0 (t) = Nn (t)�Nm (t) ;

where Nn is the number of births and Nm is the number of deaths.

Malthus predicted that population would increase exponentially unless if it is con-

strained,. So the Malthusian model has the following form:

N (t) = N (t0) e
a(t�t0);

where N (t0) is the initial population size, a = �� � stands for the population growth

rate (also called the Malthusian parameter of the population growth or the intrinsic

rate of increase), � is the natality rate, and � is the mortality rate. This model can

also be written as a di¤erential equation

dN (t)

dt
= a N (t) ;

where
dN (t)

dt
represents the instantaneous rate of change of the population as a function

of time.

3



General introduction

The logistic equation

One of the major problems with Malthusian model is the fact that the exponential

growth is somewhat rare. It generally leads to an extinction or an explosion of the

population, especially at the beginning of the invasion of the environment in which

resources are overabundant.

In 1838, the Belgian biologist Pierre François Verhulst proposed a more realistic

model of population evolution known as a logistic growth model which is a kind of

generalization of the Malthusian model but with a maximum number of individuals of

the species that the environment can support inde�nitely. He introduced a corrective

term when the population grows which is called carrying capacity, biotic capacity or

even carrying capacity of the environment. He then proposed the following di¤erential

equation:
dN (t)

dt
= rN (t)

�
1� N (t)

K

�
= f (N (t)) ;

where r represents the growth rate and K denotes the carrying capacity.

The delay logistic equation (the Hutchinson equation)

One disadvantage of the logistic model is that the growth rate of a population N 0 (t)

at time t depends on the relative number of individuals at that time. In reality, the

process of reproduction is not instantaneous but there is often signi�cant delays. The

delay is generally a positive constant depending on time or state or even distributed

and can represent for example, but not limited to, the resource regeneration time,

the gestation time, the larval phase, the duration of the cell cycle, the transit time

or the duration of a cellular transformation in the dynamics of cell populations , the

development period, the juvenile phase, the maturation period or the feeding time in

the population dynamics of certain human, animal and plant species, etc.

In order to take into account the e¤ect of these delays on the population dynamics,

G.E. Hutchinson (1948) incorporated a delay in the logistic equation as follows:

N 0 (t) = rN (t)

�
1� N (t� �)

K

�
;

where r and K have the same meaning as in the logistic equation, and � represents a

time delay.

4



General introduction

This equation, which is known as the Hutchinson�s equation (also known as delayed

logistic equation or Wright�s equation), exhibit much more complicated dynamics than

ordinary di¤erential equations. It has been studied by several researchers like Wright

in 1945 and Markus in 1958, Jones in 1962, Kaplan and Yorke in 1975 and others.

The emergence of iterative di¤erential equations which can be considered as a spe-

cial type of functional di¤erential equations with deviating arguments depending on

state and time, dates back to the 19th century. As far as we know, Babbage [6] can

be considered as one of the �rst researchers interested in this kind of di¤erential equa-

tions, it was his �rst published document in this topic in 1815 under the title "An

Essay Towards the Calculus of Function", in which he investigated the problem of de-

termining a function that equals its nth iterate x[n] (t) : In 1968; Andrzej [5] studied

the �rst order iterative di¤erential equation x0 (t) = f (t; x (t) ; x (x (t))) with the ini-

tial value x (0) = c (c > 0) by using Picard�s successive approximation, with 0 serving

as the domain�s left end point. In 1984; Eder [34] applied the contraction mapping

principle for proving the existence of the unique monotone solution of the equation

x0 (t) = x (x (t)) with the condition x (t0) = t0; t0 2 [�1; 1] : Later, in 1990; Wang [84]

used Schauder�s �xed point theorem for studying the existence results of the equation

x0 (t) = f (x (x (t))) associated with x (a) = a; where a is the end point of the interval.

Consequently, in 1993, Feµckan [37] studied the local solution of the same equation of

Wang with the initial value x (0) = 0 by the aid of the contraction mapping princi-

ple. The previous equation was the focus of much of attention, for example, in 1995

Buica [18] conducted a study of the existence, uniqueness and continuous dependence

of its solutions with initial value problems by applying �xed point theorems and in

1997 Ge and Mo [39] also investigated it with the initial value problem x (t0) = x0 and

in 2010 Berinde [8] extended the �ndings of Buica [18] by introducing the method of

nonexpansive operators for studying it.

Recently, there have been many researchers who have published papers about this

type of �rst order di¤erential equations and their applications in many �elds (see

[12, 54, 57, 85, 88, 89]), in ecology such as population dynamics models with iterative

terms (see [63, 64, 65]) and iterative Nicholson�s blow�ies models (see [16, 49], and in

hematology such as iterative hematopoiesis models (see [10, 47, 48]).
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1.3 Problem Statement

Studying functional di¤erential equations with delays and iterative terms that have

certain distinguishing features is more di¢ cult than it may appear at �rst glance.

Their developing theory, which is still in its early stages of development, their iterative

terms, which create numerous insurmountable obstacles during investigation, and the

fact that most conventional methods are either rarely applicable or frequently lead to

a dead end are some of the reasons for this.

The present dissertation is motivated by the desire to answer the following funda-

mental research questions as possible, and also to illustrate these answers with exam-

ples, whenever feasible.

(i) How to control the iterative terms?

(ii) Does the problem have solutions?

(iii)What are the conditions for the existence of a unique positive periodic solution?

(iv) How does the system respond to parameter changes?

1.4 Research Aims and Objectives

This study seeks to establish the existence, uniqueness and stability results for

three classes of �rst-order functional di¤erential equations with retarded and

iterative terms by using the �xed point theory as well as some properties of an obtained

Green�s function. More precisely, it gives criteria that ensure some qualitative and

quantitative properties of the solutions such as the existence, uniqueness, positivity,

boundedness, periodicity and continuous dependence on parameters of solutions for

three problems arising in biology and population dynamics. The �rst problem is a �rst-

order iterative di¤erential equation; the second one is a �rst-order iterative di¤erential

equation with an iterative and delayed harvesting term, and the last one is a �rst-order

neutral di¤erential equations with an iterative harvesting term.

6
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1.5 Motivation

Usually, the study of iterative-delay di¤erential equations was restricted to some

simple types of them, by applying an approach among a limited number of usual

methods. In case of more complex iterative-delay di¤erential equations, their distinctive

characteristics often hamper the application of these methods.

The current study was motivated by the interest in contributing to the development

of the emergent theory of these equations and also by an endeavor to explore how our

hybrid technique could be used to get rid of hitches and challenges that are often

encountered in the investigation of such kind of equations.

1.6 Contributions

The following succinctly describes the fascinating aspects of our contributions:

- According to numerous studies, the majority of real phenomena involve delays

related to time and state, which can lead to the appearance of iterative terms. This

kind of delay is included in the studied equations that model phenomena in life sciences.

- The technique used here is e¤ective and successful and can be applied to many

di¤erent delay models in many di¤erent �elds. It is especially important to handle

many iterative models that are common in life sciences, like population models, disease

transmission models, blood cell production models, two-body problems of classical

electrodynamics models and so on.

1.7 Brief Research Methodology

This work is concerned with the existence, uniqueness, and stability of positive

periodic solutions for three functional di¤erential equations with delayed and

iterative terms. Because of the di¢ culties surrounding the study of this kind of equa-

tions, there is no speci�c methodology applicable to deal with them in a fruitful manner.

Herein, we have two functional di¤erential equations that include second iterates where

one of them has, in addition, a time varying delay whereas the third equations involves

7



General introduction

terms with a time varying delay and other terms with iterations of the state at least up

to its n-th iterates. At �rst sight, one may be tempted to cave in and to consider every

e¤ort for studying them useless. Despite all these constraints, we tried to pave the

way for better application of our hybrid technique that demonstrates the e¢ ciency and

e¢ cacy of combining the �xed point theory with other methods, such as the Green�s

functions method and with the use of some functional analysis tools. This technique

boils down to turning the problem at hand into a �xed point one. Constructing the

cornerstones of the approach such as an appropriate Banach space and a suitable subset

of it, is one way to lay the foundations for applying the chosen �xed point theorems,

controlling the iterative terms, and achieving the desired results which in turn help us

to overcome any unforeseen challenges that may arise during our study. The next step

is to transform our nonlinear iterative problems into equivalent integral equations with

the same Green�s kernel. Thereafter, by virtue of the aforemensionned integral equa-

tions, the Arzelà-Ascoli theorem and several helpful properties of the obtained Green�s

kernel, we de�ne integral operators that ful�ll the requirements of the used �xed point

theorems. To conclude, the proof of the existence of solutions can be strengthened by

using the Schauder or Krasnosleskii �xed point theorems or by introducing some addi-

tional conditions under which the Banach �xed point theorem can be used to establish

the existence of a unique solution that depends continuously on parameters.

1.8 Thesis Overview

This manuscript has been divided into �ve chapters. Its structure is as follows:

the �rst two chapters are introductories whereas the �nal three chapters contain

new results that are published in reputable international journals. The �rst chapter

serves as a general introduction that gives a succinct synopsis of the topic, a brief

history, the research goals and methodology, the motivation behind the work, and

its contributions. It also presents the outlines of the thesis which is divided into �ve

chapters and concludes with a general conclusion, some suggestions for future research,

a list of our published papers and a bibliography. In the second chapter, some basic

concepts and functional analysis de�nitions are presented. We also mention the basic

8



General introduction

tools used to establish the existence, uniqueness, and stability results such as the

�xed point theorems of Schauder, Banach and Krasnosleskii which will be referred to

throughout the rest of the work.

In the third chapter, we disclose the outcomes published in [65]. It focuses on

the existence, uniqueness and stability results for a Musca Domestica model that is

governed by the following �rst-order nonlinear di¤erential equation with iterative terms:

x0(t) + p (t)x(t) = b�x[2] (t)� b2�
�
x[2] (t)

�2
;

where x[2] (t) = x (x (t)), p 2 C (R; ]0;1[) is a T�periodic function and the remainder

parameters are positive. For achieving our goals, we �rst determine whether or not

our problem is equivalent to a certain integral equation. Afterward, we use the well-

known Schauder�s �xed point theorem to demonstrate that there is at least one positive

periodic solution. Finally, we add an extra condition that makes it easier to apply

the Banach �xed point theorem and hence ensures the existence of a unique positive

bounded periodic solution that continuously depends on the adult mortality rate p. In

addition, we give two concrete examples illustrating the main theorems.

In the fourth chapter, we present results published in [63] which concentrates on the

existence, uniqueness and continuous dependence on parameters of positive periodic

solutions for the following �rst-order delay di¤erential equation with iterative terms:

x0 (t) + p (t)x (t) = ax[2] (t)� d
�
x[2] (t)

�2 � qx[2] (t)E (t; x (t) ; x (t� � (t))) ;

where a; d; q > 0; and p 2 C (R; (0;+1)) ; � 2 C (R; (0;+1)) andE 2 C (R3; (0;+1))are

T -periodic functions with respect to the time variable. In order to study this iterative-

delay di¤erential equation, we use the same technique as in the previous chapter. It

is based on the Banach and Schauder �xed point theorems together with the Green�s

functions method as key tools in obtaining the required outcomes. Furthermore, we

provide two examples to show that our main theoretical �ndings are valid.

In the �fth chapter, we showcase the �ndings reported in [64], which deals with

the existence, uniqueness and stability of positive periodic solutions for the following

�rst-order neutral delay di¤erential equation with an iterative harvesting term:

d

dt
[x (t)� cx (t� � (t))] = �p (t)x (t)+f (t; x (t� � (t)))�H

�
t; x (t) ; x[2] (t) ; :::; x[n] (t)

�
;

9



General introduction

where the iterate x[n] (t) stands for x composed with itself n times, i.e. x[2] (t) =

x (x (t)) ; :::; x[n] (t) = x[n�1] (x (t)), c 2 (0; 1), p; � 2 C (R; (0;1)) ; f 2 C ([0; T ]�R; (0;1))

and H 2 C ([0; T ]�Rn; (0;1)) are T�periodic functions with respect to the time vari-

able. To investigate this neutral delay di¤erential equation with iterative terms, we

mainly use the same steps of the previously used approach, but instead of using the

Schauder �xed-point theorem, we use the Krasnosleskii �xed-point theorem combined

with the Banach �xed-point theorem and the Green�s functions method. Finally, we

give an example to illustrate our main �ndings.

10
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Chapter 2. Preliminaries and Reminders

2.1 Preliminaries and Background Material

This section starts with a reminder of basic de�nitions of normed and Banach spaces.

Furthermore, we introduce some de�nitions and preliminary notions.

2.1.1 Normed and Banach spaces

De�nition 2.1 [56] A normed space X is a vector space with a norm de�ned on it.

A Banach space is a complete normed space (complete in the metric de�ned by the

norm).

Example 2.1 The space C ([a; b] ;R) of continuous functions from [a; b] intoR provided

with the norm

kfk = sup
t2[a;b]

jf (t)j ;

is a Banach space.

Example 2.2 The space

PT = fx 2 C ([a; b] ;R) : x (t+ T ) = x (t)g ;

of all continuous and periodic functions with period T equipped with the supermum

norm

kxk = sup
t2[0;T ]

jx (t)j ;

is a Banach space.

2.1.2 De�nitions and Basic Properties of a Normed Space

De�nition 2.2 [27] Let (X; k:k) be a normed space.

� A sequence (xn)n2N in X is said to converge to a 2 X if

8" > 0;9N0 2 N : 8n 2 N; (n � N0) =) (kxn � ak < ") :

In this case one writes limn!1 xn = a or xn ! a as n!1:

� A sequence (xn)n2N in X is called a Cauchy sequence if

8" > 0;9N0 2 N : 8n;m 2 N; (n � N0 and m � N0) =) (kxn � xmk < ") :

12
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De�nition 2.3 Let X be a vector space over F. A convex subset of X is a subset

M � X such that for every pair of points x; y 2M and for every � 2 [0; 1] we have that

�x+ (1� �) y 2M:

2.1.3 Bounded, Closed and Compact Subset in a Normed Vec-

tor Space

Let (X; k:kX) be a normed vector space over F and M be a set of it.

De�nition 2.4 M is called bounded if and only if there is a positive number r � 0

such that kxkX � r for all x 2M:

De�nition 2.5 M is called closed if and only if each sequence (xn)n2N in M which

converges to an element x 2 X, then x 2M:

De�nition 2.6 [74] The closure of a set M (denoted by M) is the smallest closed set

that contains M:

De�nition 2.7 [74] A set M is called relatively compact if its closure M is compact.

De�nition 2.8 M is called relatively compact if and only if each sequence (xn)n2N in

M has a convergent subsequence xnk ! x 2 X as k !1:

De�nition 2.9 M is called compact if and only if each sequence (xn)n2N in M has a

convergent subsequence xnk ! x 2M as k !1:

2.1.4 Continuous, Lipschitz Continuous and Compact Opera-

tors

Let (X; k:kX) and (Y; k:kY) be two Banach vector spaces over the same �eld F.

De�nition 2.10 [70] Let S : X �! Y be an operator and let x0 2 X: Then,

13
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1. S is said to be continuous at x0 2 X if for any sequence (xn) in X which converges

to x0; the sequence (Sxn) converges to Sx0 in Y: In orther words,S is said to be

continuous at x0 if

(xn ! x0) =) (Sxn ! Sx0) :

i.e.,

8" > 0;9� = � ("; x0) > 0;8x 2 X; (kx� x0kX < �) =) (kSxn � Sx0kY < ") :

If S is continuous at every point of X, then S is said to be continuous on X, i.e.,

8" > 0;8x 2 X;9� > 0;8y 2 X; (kx� ykX < �) =) (kSx� SykY < ") :

2. S is said to be uniformly continuous on X if

8" > 0;9� = � (") > 0;8x; y 2 X; (kx� ykX < �) =) (kSx� SykY < ") :

De�nition 2.11 [79] A map S : X �! Y is called Lipschitz continuous if there is a

positive constant C such that

8x; y 2 X : kSx� SykY � C kx� ykX :

If C 2 [0; 1[, S is called a contraction mapping.

Remark 2.1 If S : X �! Y then

(S is a contraction) =) (S is Lipschitz continuous) =) (S is continuous on X) .

Theorem 2.1 [74] A continuous mapping on a closed bounded interval is bounded and

attains its bounds.

Lemma 2.1 [3] All continuous mappings on compact sets are uniformly continuous.

Remark 2.2 Theorem 2.1 and Lemma 2.1 are hidden in the proof of many theorems

and lemmas in the rest of this thesis where we integrate a continuous function over a

compact interval.

14
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De�nition 2.12 [70] An operator S : X �! Y is said to be compact if it maps every

bounded subset of X into a relatively compact subset of Y: i.e.,

[S compact]()
h
8M � E; (M bounded) =)

�
S(M) compact

�i
:

Equivalently, S is compact if and only if for every bounded sequence (xn)n2N in X, the

sequence (Sxn)n2N has a convergent subsequence in Y:

Example 2.3 Let S : X �! Y be a bounded operator with �nite dimensional range.

Then, S is compact.

De�nition 2.13 [70] An operator S : X �! Y is said to be completely continuous if

for any sequence (xn)n2N converging weakly to x; the sequence (Sxn)n2N converges to

Sx. That is,

xn * x =) Sxn ! Sx:

Theorem 2.2 Let S be an operator from a re�exive Banach space X into a Banach

space Y. If S is completely continuous then S is continuous and compact.

Proof. Let S : X �! Y be completely continuous. We need to show the compactness

of S. LetM be a bounded subset of X and let (xn)n2N be a sequence inM . Re�exivity

of X implies that (xn)n2N has a weakly convergent subsequence (xnk)n2N. Assume that

xnk * x. Because S is completely continuous, Sxnk ! Sx. This proves that S (M) is

relatively compact.

De�nition 2.14 [82] If f (x; t) is a continuous function and its derivative fx (x; t) is x

piecewise continuous, then we get

d

dx

Z g2(x)

g1(x)

f (x; t) dt = f (x; g2 (x)) g
0

2 (x)� f (x; g1 (x)) g
0

1 (x) +

Z g2(x)

g1(x)

fx (x; t) dt;

where g1 (x) and g2 (x) are di¤erentiable.

2.1.5 Arzelà-Ascoli Theorem

Let X be a compact subset of a normed vector space over F and let C (X) be the normed

vector space of real valued continuous functions on X with the sup�norm

kfk1 = sup
x2X

jf (x)j :

15
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Let F be a collection of functions in C (X) :

De�nition 2.15 [70] (Uniformly bounded sequence) A sequence (fn)n2N 2 F is called

uniformly bounded if there is a number M � 0 such that

kfnk1 = sup
x2X

jfn (x)j �M; 8fn 2 F :

De�nition 2.16 [70] (equicontinuous sequence) A sequence (fn)n2N 2 F is called

equicontinuous if, for every " > 0; there exists � > 0 such that

jfn (x)� fn (y)j < ";

whenever kx� ykX < � for all functions fn in the sequence.

Theorem 2.3 [70] (The Ascoli�Arzelà theorem) If a sequence (fn)n2N 2 F is uni-

formly bounded and equicontinuous, then there exists a subsequence (fnk)k2N that con-

verges uniformly, that means F is relatively compact in C (X) :

Corollary 2.1 A collection F � C (X) be compact if and only if it be closed, uniformly

bounded and equicontinuous.

2.2 Some Fixed Point Theorems

The �xed point theory is a versatile and fundamental theory that is broadly applicable

in dealing with various types of equations including functional di¤erential equations.

Indeed, it is one of the very helpful and powerful approaches for establishing the exis-

tence and uniqueness of solutions to di¤erent types of equations.

De�nition 2.17 [4] Let (X; k:kX) be a normed vector space over F: A �xed point of a

mapping S : X! X of X into itself is an x 2 X which is mapped onto itself, that is

S (x) = x:

This is equivalent to saying that the equation S (x)� x = 0 has a solution.

16
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2.2.1 Schauder�s Fixed Point Theorem

The Schauder �xed point theorem relies on the compactness of the operator in a Banach

space.

Theorem 2.4 [79] Let M be a non-empty bounded closed convex subset of a Banach

space (X; k:k) and let S : M �! M be a compact and continuous mapping. Then S

has a �xed point in M:

An alternative version of the Schauder �xed point theorem can be stated as follows:

Theorem 2.5 [79] Let M be a non-empty compact convex subset of a Banach space

(X; k:k) and let S : M �! M be a continuous mapping. Then S has a �xed point in

M:

2.2.2 Banach�s Fixed Point Theorem

The Banach �xed point theorem (known also as the Banach contraction principle)

which was published by the mathematician Stefan Banach in 1922; is one of the useful

tools that is extensively applicable in establishing the existence and uniqueness of

solutions.

Theorem 2.6 [69] Let S be a contraction on a Banach space X: Then S has a unique

�xed point x 2 X:

Theorem 2.7 [43] If M is a closed subset of a Banach space X and S : M! M is a

contraction, then S has a unique �xed point in M.

2.2.3 Krasnoselskii�s Fixed Point Theorem

The Krasnoselskii �xed point theorem which is a combination of the Banach contraction

mapping theorem and the Schauder �xed point theorem, is a theorem for a sum of two

operators; one of them is continuous and compact and the other is a contraction. In

fact, many problems can be written as �xed point equation having the form

x = Ax+Bx (8x 2M) ;

17
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where A and B are two operators and M is a closed convex nonempty subset of a

functional Banach space.

Theorem 2.8 (Krasnoselskii�s �xed point theorem) [73] LetM be a closed convex non-

empty subset of a Banach space (X; k:k) : Suppose that A and B map M into X such

that

(i) Ax+By 2M (8x; y 2M) ;

(ii) A is continuous and compact,

(iii) B is a contraction with constant � < 1:

Then there is a z 2M with Az +Bz = z:

Remark 2.3 The theorem becomes Banach�s �xed point theorem if A = 0. In the

event if B = 0, the theorem is Schauder�s �xed point theorem.

2.3 Green�s Function

The �rst appearance of the concept of the Green�s function which is introduced by

the British mathematician George Green [40], was in 1828. It is one of the potent

means for solving nonhomogeneous linear di¤erential equations associated with initial

conditions or boundary conditions of the form

Ly (t) = f (t) ;

where L is a linear operator and f is the source term, or transforming them into integral

equations whose kernels are a Green�s functions:

De�nition 2.18 (Green�s function) [20] We will consider two �point nth�order linear

boundary value problems of the form8<: Lny (t) = � (t) ; t 2 I � [c; d] ;

Ui (y) = �i; i = 1;m;
(P1)

where

Lny (t) = a0 (t) y
(n) (t) + a1 (t) y

(n�1) (t) + :::+ an�1 (t) y
0 (t) + an (t) y (t) ;

18
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and

Ui (y) =

n�1X
j=0

�
�ijy

(j) (c) + �ijy
(j) (d)

�
; i = 1;m; m � n;

being �ij; �
i
j and �i real constants for all i = 1;m and j = 0; n� 1, � and ak continuous

real functions for all k = 0; n, and a0 (t) 6= 0 for all t 2 I.

We say that G is a Green�s function for problem (P1) if it satis�es the following prop-

erties:

(G1) G is de�ned on the square I � I.

(G2) For k = 0; n� 2, the partial derivatives @
kG

@tk
exist and they are continuous on

I � I.

(G3)
@k�1G

@tk�1
and

@kG

@tk
exist and are continuous on the triangles c � s < t � d and

c � t < s � d.

(G4) For each t 2 (c; d) there exist the lateral limits

@n�1G

@tn�1
�
t; t+

�
;

and
@n�1G

@tn�1
�
t; t�

�
;

(i.e., the limits when (t; s)! (t; t) with s > t or with s < t) and, moreover

@n�1G

@tn�1
�
t; t+

�
� @n�1G

@tn�1
�
t; t�

�
= � 1

a0 (t)
:

(G5) For each s 2 (c; d), the function t ! G (t; s) is a solution of the di¤erential

equation Lny = 0 on t 2 [c; s) and t 2 (s; d]. That is,

a0 (t)
@nG

@tn
(t; s) + a1 (t)

@n�1G

@tn�1
(t; s) + :::+ an�1 (t)

@G

@t
(t; s) + an (t)G (t; s) = 0;

on both intervals.

(G6) For each s 2 (c; d), the function t! G (t; s) satis�es the boundary conditions

n�1X
j=0

�
�ij
@jG

@tj
(c; s) + �ij

@jG

@tj
(d; s)

�
= 0; i = 1;m:

19



Chapter 2. Preliminaries and Reminders

Theorem 2.9 [20] Let us suppose that the homogeneous problem8<: Lny (t) = 0; t 2 I � [c; d] ;

Ui (y) = 0; i = 1; n;
(P2)

has only the trivial solution. Then there exists a unique Green�s function, G (t; s),

related to (P2). Moreover, for each continuous function �, the unique solution of the

problem 8<: Lny (t) = � (t) ; t 2 I � [c; d] ;

Ui (y) = 0; i = 1; n;

is given by the expression

y ((t)) =

Z d

c

G (t; s)� (s) ds:

Example 2.4 We solve the following �rst-order periodic problem by using Green�s

function method: �
y
0
(t) + �y (t) = � (t) ; t 2 [a; b] ;

y (a) = y (b) :

Multiply the both sides of the equation by e�t and we get

y
0
(t) e�t + �y (t) e�t = � (t) e�t;

we have �
y (t) e�t

�0
= y

0
(t) e�t + �y (t) e�t;

so, �
y (t) e�t

�0
= � (t) e�t;

by integration

y (t) e�t � y (a) e�a =

Z t

a

� (s) e�sds; t 2 [a; b] ;

the solution given by

y (t) = y (a) e��(t�a) +

Z t

a

� (s) e��(t�s)ds:

We have y (a) = y (b) ; so

y (a) = y (a) e��(b�a) +

Z b

a

� (s) e��(b�s)ds;
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hence,

y (a) =
1

1� e��(b�a)

Z b

a

� (s) e��(b�s)ds;

after substituting in the solution we �nd

y (t) =
e��(t�a)

1� e��(b�a)

Z b

a

� (s) e��(b�s)ds+

Z t

a

� (s) e��(t�s)ds

=
e��(t�a)

1� e��(b�a)

Z b

a

� (s) e��(b�s)ds+

Z b

a

�(a;t)� (s) e
��(t�s)ds

=

Z b

a

G (t; s)� (s) ds:

Where �(a;t) is the indicator function of the interval (a; t) and

G (t; s) =
1

eb� � ea�

�
e�(b+s�t); a � s < t � b;

e�(a+s�t); a < t < s � b:
:

Lemma 2.2 The Green�s function G (t; s) de�ned by:

G (t; s) =
exp

�R s
t
p (u) du

�
exp

�R T
0
p (u) du

�
� 1

;

satis�es these the following properties:

(1) G (t+ T; s+ T ) = G (t; s) ; 8t; s 2 [0; T ] :

(2) There exist two positive constants


0 =
exp

�
�
R T
0
p (u) du

�
exp

�R T
0
p (u) du

�
� 1

; 
1 =
exp

�R T
0
p (u) du

�
exp

�R T
0
p (u) du

�
� 1

;

such that

0 < 
0 � G (t; s) � 
1;8s; t 2 [0; T ] ; (2.1)

(3) For all t1; t2 2 [0; T ] and t1 < t2 we haveZ t1+T

t1

����exp�Z s

t2

p (u) du

�
� exp

�Z s

t1

p (u) du

����� ds
� Tp exp

�Z T

0

p (u) du

�
jt2 � t1j : (2.2)
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Proof. It is easy to prove that both properties (1) and (2) are true. So, we will move

on to proving the last property For all t1; t2 2 [0; T ] and t1 < t2 we haveZ t1+T

t1

����exp�Z s

t2

p (u) du

�
� exp

�Z s

t1

p (u) du

����� ds
=

Z t1+T

t1

����exp�Z s

t2

p (u) du

����� ����1� exp�Z t2

t1

p (u) du

����� ds:
Using the mean value theorem on the function

g (t) = exp

�Z t2

t

p (u) du

�
; for all t 2 [t1; t2] ;

it is easy to show that the function g is de�ned and continuous in the interval [t1; t2]

and di¤erentiable on the interval ]t1; t2[, so

g (t2)� g (t1) = 1� exp
�Z t2

t1

p (u) du

�
= �p (#) exp

�Z t2

#

p (u) du

�
(t2 � t1) ; 8# 2 ]t1; t2[ ;

then Z t1+T

t1

����exp�Z s

t2

p (u) du

�
� exp

�Z s

t1

p (u) du

����� ds
=

Z t1+T

t1

����exp�Z s

t2

p (u) du

����� ����p (#) exp�Z t2

#

p (u) du

�
(t2 � t1)

���� ds
�

Z t1+T

t1

jp (#)j jt2 � t1j exp
�Z s

#

p (u) du

�
ds

� p jt2 � t1j
Z t1+T

t1

exp

�Z T

0

p (u) du

�
ds

� Tp exp

�Z T

0

p (u) du

�
jt2 � t1j ;

thereforeZ t1+T

t1

����exp�Z s

t2

p (u) du

�
� exp

�Z s

t1

p (u) du

����� ds � Tp exp

�Z T

0

p (u) du

�
jt2 � t1j :

The proof is �nished
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2.4 Iterative Functional Di¤erential Equations

2.4.1 Iterations

De�nition 2.19 The composition x � y of the function x with the function y is

(x � y) (t) = x (y (t)) ;

the domain of x� y is the set of all t in the domain of y such that y (t) is in the domain

of x.

De�nition 2.20 For x : E �! E, the nth iterate of function x, denoted by x[n] for

some nonnegative integer n, is de�ned recursively by

x[0] = IdE;

and

x[n+1] = x � x[n];

where IdE is the identity mapping on E:

Lemma 2.3 In the space PT de�ned in the Example (2:2), we consider the subset


 = fx 2 PT : 0 < R0 � x (t) � R1; jx (t2)� x (t1)j � L jt2 � t1j ; 8t1; t2 2 [0; T ]g ;

then,

(1) [89] For all x; y 2 




x[k] � y[k]


 � k�1X

j=0

Lj kx� yk ; k = 1; 2; :::

where x[k] = x � x � ::: � x; k times.

(2) 
 is closed convex and bounded.

(3) 
 is compact.
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Proof.

(1) We will prove this inequality by induction. So, the proof will now proceed in two

steps:

The basis step: For k = 1, we have

kx� yk � kx� yk :

then, the inequality holds for k = 1

The inductive step: Now, we assume that the inequality holds for a given k = m

and we want to show that it also holds for k = m+ 1. Suppose that



x[m] � y[m]


 � m�1X

j=0

Lj kx� yk ;

then

��x[m+1] (t)� y[m+1] (t)
�� �

��x �x[m] (t)�� x
�
y[m] (t)

���+ ��x �y[m] (t)�� y
�
y[m] (t)

���
� L

��x[m] (t)� y[m] (t)
��+ ��x �y[m] (t)�� y

�
y[m] (t)

��� ;
so



x[m+1] � y[m+1]


 � L



x[m] � y[m]


+ kx� yk

� L
m�1X
j=0

Lj kx� yk+ kx� yk

�
 
m�1X
j=0

Lj+1 + 1

!
kx� yk

�
mX
j=0

Lj kx� yk :

By induction we deduce that




'[m] �  [m]



 � m�1X

j=0

Lj k'�  k 8m 2 N ;

which �nishes the proof.

(2) 
 is closed: Let (xn)n2N � 
 be a converge sequence to x 2 PT ;
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then

0 < R0 � lim
n!1

xn � R1:

Which is

0 < R0 � x � R1:

On the other hand

jx (t2)� x (t1)j = jx (t2)� xn (t2) + xn (t2)� xn (t1) + xn (t1)� x (t1)j

� jx (t2)� xn (t2)j+ jxn (t2)� xn (t1)j+ jxn (t1)� x (t1)j

� jxn (t2)� xn (t1)j

� L jt2 � t1j :

So x 2 
 and 
 is closed.


 is convex: Let x1; x2 2 
 and � 2 [0; 1] :

we have

0 < �R0 � �x1 (t) � �R1;

and

0 < (1� �)R0 � (1� �)x2 (t) � (1� �)R1:

So

0 < �R0 + (1� �)R0 � �x1 (t) + (1� �)x2 (t) � �R1 (1� �)R1:

Then

0 < R0 � �x1 (t) + (1� �)x2 (t) � R1:

Furthermore

j(�x1 + (1� �)x2) (t2)� (�x1 + (1� �)x2) (t1)j

= j� (x1 (t2)� x1 (t1)) + (1� �) (x2 (t2)� x2 (t1))j

� � jx1 (t2)� x1 (t1)j+ (1� �) jx2 (t2)� x2 (t1)j

� �L jt2 � t1j+ (1� �)L jt2 � t1j

� L jt2 � t1j :

Which proves the convexity of 
.
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 is bounded: If x 2 
, we have

0 < R0 � x (t) � R1:

But 0 < R0 � R1, then

jx (t)j � R1:

So 
 � B (0; R1) and 
 is bounded.

(3) 
 is Compact: According to the two conditions 0 < R0 � x (t) � R1 and

jx (t2)� x (t1)j � L jt2 � t1j in the de�nition of the set 
, we deduce that this set

is uniformly bounded and equicontinuous, therefore the Ascoli�Arzelà theorem

ensures that it is relatively compact and as it is closed then it is compact.
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3.1 Introduction

Musca domestica, the common house�y, is a global pest that harms both humans and

animals. It is well known for its ability to harbor and spread a wide range of illnesses,

such as cholera, yaws, amoebic dysentery, poliomyelitis, typhoid fever, diarrhea, and

so forth. It can also contaminate food.

Among the �rst models with delays that have been used to describe the growth of

single-species insect populations, we can cite the work of Maynard Smith [62] who sug-

gested the following �rst order di¤erential equation with a constant delay for modelling

a single-species population with two stages; larva and adult:

M 0 (t) = �pM (t) + bM (t� �) [1�M (t� �)] ;

withM (t) is denoting the size of the population at time t, p > 0 is the adult mortality

rate, b is the number of eggs laid per adult and the time delay � stands for the time

elapsing between oviposition and adult eclosion.

In 1976, Taylor and Sokal [81] developed the following delay di¤erential equation,

which was inspired by the previous equation and used to explain the oscillations in the

dynamics of house�y populations in lab settings:

M 0 (t) = �pM (t) + bM (t� �) [� � b�M (t� �)] ;

where � is the maximum egg-adult survival rate and � is the reduction in survival

produced by each additional egg.

A growing number of experiments that have clearly manifested that the delays in

many hereditary phenomena are generally depending on both time and state, have

fascinated us and attracted our interests to consider a house�y model with iterative

terms resulting from a time and state dependent delay. Indeed, several studies have

revealed that due many factors such as the competition for food during the three larval

stages, the duration of the �y life cycle depends in fact on the time and the population

size. Simply said, adult females lay clusters of eggs in several batches by stacking them

on top of each other which a¤ects the duration of their life cycles and hence, the life

cycles of the maggots at the bottom (near the moist and nutrient-rich place) are faster

than those superimposed above them, which in turn are faster than those at the top
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which means that the duration of the life cycles � varies depending not only on the

time but also on the number of adult �ies that lay eggs. By taking into account this

information, we can revisit Taylor and Sokal model to the following one:

M 0 (t) = �p (t)M (t) + bM (t� � (t;M (t))) [� � b�M (t� � (t;M (t)))] ;

and by assuming that � (t;M (t)) = t�M (t) ; we arrive at the following �rst order iter-

ative di¤erential equation that involves implicitly the above time and state dependent

delay:

x0(t) + p (t)x(t) = b�x[2] (t)� b2�
�
x[2] (t)

�2
; (3.1)

where x[2] (t) = x (x (t)), p 2 C (R; ]0;1[) is a T�periodic function and the remainder

parameters are positive.

Equation (3:1) is an iterative di¤erential equation and equations of this kind have

tremendous applications in an extremely wide range of areas, including biology, medi-

cine, classical electrodynamics, physics, epidemiology, hematology, population dynam-

ics and many other branches of science and technology. They have been of vital impor-

tance in modelling various natural phenomena over the last three centuries- and have

been even more so in the last ten years- thanks to some papers (see [9]-[54], [64], [89]

and references therein): Here, we would like to mention some recent works on iterative

problems that arise in life sciences.

In [16], the authors have used Schauder�s �xed point theorem to study the following

Nicholson�s blow�ies equation with an iterative harvesting e¤ort:

N 0 (t) = �p (t)N (t)+a (t)N (t� �) e�
(t)N(t��)�qN (t� �)E
�
t; N (t) ; N [2] (t) ; :::; N [n] (t)

�
;

where N (t) denotes the population density of the sheep blow�y, Lucilia Cuprina.

In [10], by virtue of the same aforementioned �xed point theorem, Bouakkaz has

investigated the following class of �rst-order iterative di¤erential equations with appli-

cation to three iterative hematopoiesis models for humans and animals.

x0 (t) = �p (t)x (t) + a (t)xm (t� � (t)) f
�
t; x (t) ; x[2] (t) ; :::; x[n] (t)

�
;

where x (t) is the density of mature cells in blood circulation at time t; p (t) and a (t)

are, respectively the death and the production rates of blood cells.

29



Chapter 3. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for an Iterative House�ies Model

In [64], Mezghiche et al. have applied Banach and Krasnoselskii�s �xed point theo-

rems together with the Green�s functions method to establish the existence, uniqueness

and stability results for the following class of �rst order neutral delay di¤erential equa-

tions with an iterative harvesting term:

d

dt
[x (t)� cx (t� � (t))] = �p (t)x (t)+f (t; x (t� � (t)))�H

�
t; x (t) ; x[2] (t) ; :::; x[n] (t)

�
:

Here x (t) can represent for example, a size of a population, a number of individuals or

a blood cell density and H is the harvesting function.

In [48], Khemis et al. have utilized the same approach adopted in [64] to discuss

the existence, uniqueness and stability of positive periodic solutions for the following

Lasota�Wazewska model with an iterative production term and a delayed harvesting

one:

x0 (t) = �p (t)x (t) + a (t) e�
x
[2](t) �H (t; x (t� �)) ;

where x (t) is the density of mature erythrocytes in an animal at time t.

So, here we draw our motivation �rst and foremost from these works and as we

said before, from the fact that delays in life sciences depend generally on the time and

the state and also from our contribution in enriching and complementing some earlier

publications whether on insect population dynamics or iterative problems. It is worth

noting here that these latter are obviously burning topics and hence in many cases

they are di¢ cult to deal with. For this, the theory of such kind of equations which can

be considered as a special type of the so-called functional di¤erential equations with

delays depending upon both the time and the state variables; has not yet been well

established (see [9]-[54], [64], [89] ). The chief problem lies in the iterative terms that

generally impede the application of usual methods and could make the study somewhat

di¢ cult.

The main purpose of this chapter is to establish some su¢ cient criteria for ensuring

the existence, uniqueness and stability of positive periodic solutions of the iterative dif-

ferential equation (3:1). For achieving our goals, we use an attractive technique based

on converting the problem at hand into an equivalent integral equation before con-

structing an integral operator with a Green�s function type kernel. Next, through the
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�xed point theory, some functional analysis tools together with some properties of the

obtained Green�s function, we success in establishing some new existence, uniqueness

and stability results for our problem.

The plan of the chapter is as follows. In Section 2, we introduce our notations,

assumptions and some preliminaries. In Section 3, we state and prove our main re-

sults concerning the existence, uniqueness and continuous dependence on parameters

of positive periodic solutions for the proposed model, whilst Section 4 is dedicated to

give an example to corroborate the e¤ectiveness of the obtained �ndings.

3.2 Preliminaries

At the beginning of this section, we provide some de�nitions and hypotheses that we

will need in the rest of the chapter.

Let PT the Banach space of all continuous and periodic functions with the period

T given in the Example 2:2, and let 
 the subset that is given in Lemma 2:3.

In our study, we will be assumed that

(H1) For all x 2 
 and s 2 [0; T ], we suppose that

min
s2[0;T ]

n
b�x[2] (s)� b2�

�
x[2] (s)

�2o � R0

0T

: (3.2)

(H2) The following estimates are satis�ed:


1Tb� � 1; (3.3)

(
1pT + 2
1)
�
b�R1 + b2�R21

�
� L: (3.4)

Here, we prove an equivalence between equation (3:1) with the periodic properties

and a certain integral equation.

Lemma 3.1 x 2 
\ C1 (R;R) is a solution of equation (3:1) if and only if x 2 
 is a

solution of the following integral equation:

x (t) =

Z t+T

t

G (t; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds; (3.5)

where G is a Green�s function given in Lemma 2:2:
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Proof. Let x 2 
 \ C1 (R;R) be a solution of equation (3:1): Multiplying both sides

of this equation by exp
�R t

0
p (u) du

�
we get

d

ds

�
x (s) exp

�Z s

0

p (u) du

��
ds =

h
b�x[2] (t)� b2�

�
x[2] (t)

�2i
exp

�Z t

0

p (u) du

�
:

The integration from t to t+ T givesZ t+T

t

d

ds

�
x (s) exp

�Z s

0

p (u) du

��
ds

=

Z t+T

t

h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
exp

�Z s

0

p (u) du

�
ds:

The fact that x (t) = x (t+ T ) implies thatZ t+T

t

d

ds

�
x (s) exp

�Z s

0

p (u) du

��
ds

= x (t)

�
exp

�Z t+T

0

p (u) du

�
� exp

�Z t

0

p (u) du

��
= x (t)

�
exp

�Z t

0

p (u) du

��
exp

�Z t+T

t

p (u) du

�
� 1
��

:

Therefore

x (t) =

Z t+T

t

exp
�R s
t
p (u) du

�
exp

�R t+T
t

p (u) du
�
� 1

h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

=

Z t+T

t

G (t; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds;

which completes the �rst step of the proof.

Conversely, if we assume that x satis�es (3:5) and by the derivation of this integral

equation, we infer that x satis�es equation (3:1):

Remark 3.1 By using the inequality of Zhao 2:3 for k = 2. We have

For all x; y 2 
;��x[2] (t)� y[2] (t)
�� � jx (x (t))� x (y (t))j+ jx (y (t))� y (y (t))j

� L jx (t)� y (t)j+ kx� yk

� L kx� yk+ kx� yk :

So 

x[2] � y[2]


 = sup

t2[0;T ]

��x[2] (t)� y[2] (t)
�� � (1 + L) kx� yk : (3.6)
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3.3 Existence of Positive Periodic Solutions

In the �rst part of this section, we will use the Schauder �xed point theorem with

some properties of the obtained Green�s function to prove the existence of at least one

positive periodic solution for equation (3:1). For this end and by virtue of Lemma 3:1,

we de�ne an operator K : 
! PT as follows:

(Kx) (t) =
Z t+T

t

G (t; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds: (3.7)

So, �xed points of K are solutions of equation (3:1) and vice versa. This means that our

main task is clearly to show that the operator K has �xed points which are solutions

to equation (3:1):

Let us begin by pointing out that by virtue of the periodic properties, the operator

K is well-de�ned. Next, we state and prove the following lemma which establishes the

continuity and compactness of K.

Lemma 3.2 The operator K: 
! PT given by (3:7) is continuous and compact.

Proof. Thanks to Lemma 2:3, 
 is a compact subset of PT : So, to show that K is a

compact operator it su¢ ces to show that it is continuous. For x; y 2 
; we have

j(Kx) (t)� (Ky) (t)j � b�

Z t+T

t

G (t; s)
��x[2] (s)� y[2] (s)

�� ds
+ b2�

Z t+T

t

G (t; s)
��x[2] (s) + y[2] (s)

�� ��x[2] (s)� y[2] (s)
�� ds:

Taking into account the second property of Green�s function (2:1) and (3:6), we obtain

j(Kx) (t)� (Ky) (t)j �
�

1Tb� (1 + L) + 2
1Tb

2�R1 (1 + L)
�
kx� yk

= � kx� yk ;

where,

� = 
1Tb (� + 2b�R1) (1 + L) ;

which shows that the operator K is Lipschitz continuous and hence continuous. There-

fore, K is compact.
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Lemma 3.3 If conditions (3:2) and (3:3) hold, then

R0 � (Kx) (t) � R1;

for all x 2 
:

Proof. Let x 2 
: In view of (3:2) we have

(Kx) (t) =
Z t+T

t

G (t; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

� 
0T min
s2[0;T ]

n
b�x[2] (s)� b2�

�
x[2] (s)

�2o
� 
0T

R0

0T

= R0;

and by using (3:3) we �nd

(Kx) (t) =
Z t+T

t

G (t; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

� b�

Z t+T

t

G (t; s)x[2] (s) ds

� 
1Tb�R1

� R1:

Consequently, R0 � (Kx) (t) � R1:

Lemma 3.4 If condition (3:4) holds, then

j(Kx) (t2)� (Kx) (t1)j � L jt2 � t1j ;

for all t1; t2 2 R:

Proof. Let t1; t2 2 [0; T ] with t1 < t2: For x 2 
; we have

j(Kx) (t2)� (Kx) (t1)j =
����Z t2+T

t2

G (t2; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

�
Z t1+T

t1

G (t1; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

���� :
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Thereby

j(Kx) (t2)� (Kx) (t1)j =
����Z t1

t2

G (t2; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

+

Z t1+T

t1

G (t2; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

+

Z t2+T

t1+T

G (t2; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

�
Z t1+T

t1

G (t1; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

���� ;
from which we infer that

j(Kx) (t2)� (Kx) (t1)j �
Z t1

t2

G (t2; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

+

Z t2+T

t1+T

G (t2; s)
h
b�x[2] (s)� b2�

�
x[2] (s)

�2i
ds

+

Z t1+T

t1

jG (t2; s)�G (t1; s)j
���b�x[2] (s)� b2�

�
x[2] (s)

�2��� ds:
It follows from the two properties of Green�s function (2:1), (2:2) and (3:4) that

j(Kx) (t2)� (Kx) (t1)j � 2
1
�
b�R1 + b2�R21

�
jt2 � t1j

+ 
1pT
�
b�R1 + b2�R21

�
jt2 � t1j

= (
1pT + 2
1)
�
b�R1 + b2�R21

�
jt2 � t1j

� L jt2 � t1j :

So, j(Kx) (t2)� (Kx) (t1)j � L jt2 � t1j for all t1; t2 2 R:

Our �rst main result is the following theorem:

Theorem 3.1 Suppose that conditions (3:2) � (3:4) hold, then equation (3:1) has at

least one positive periodic solution x 2 
:

Proof. As a result of Lemmas 3:3 and 3:4; K maps 
 into itself, i.e. K (
) � 


and from Lemma 3:2; K is a compact and continuous operator, so all requirements of

the Schauder�s �xed point theorem are satis�ed. This shows that K has at least one

�xed point in 
; which means that equation (3:1) admits at least one positive periodic

solution.

35



Chapter 3. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for an Iterative House�ies Model

3.4 Uniqueness of Positive Periodic Solutions

The second part of this section will be devoted to establishing the uniqueness of solu-

tions by using the Banach contraction principle.

Theorem 3.2 Besides of the assumptions (3:2)�(3:4) if we further assume that � < 1;

then equation (3:1) has one and only one solution x 2 
:

Proof. From Lemma 3:2; for all x; y 2 
 we arrived at

j(Kx) (t)� (Ky) (t)j � � kx� yk :

Thanks to condition � < 1 and the Banach �xed point theorem, operator K has a

unique �xed point in 
: From Lemma 3:1, this unique �xed point is the unique positive

periodic solution of equation (3:1):

3.5 Continuous Dependence on Parameters

Now, we establish the continuous dependence of the solution upon the adult mortality

rate.

Theorem 3.3 The solution obtained in Theorem 3:2 depends continuously on the func-

tion p:

Proof. Let

x1 (t) =

Z t+T

t

G1 (t; s)

�
b�x

[2]
1 (s)� b2�

�
x
[2]
1 (s)

�2�
ds;

be the unique solution of equation (3:1) and let

x2 (t) =

Z t+T

t

G2 (t; s)

�
b�x

[2]
2 (s)� b2�

�
x
[2]
2 (s)

�2�
ds;

be a solution of the perturbed equation with a small perturbation in the adult mortality

rate p1 (t) where

G1 (t; s) =
exp

�R s
t
p1 (u) du

�
exp

�R T
0
p1 (u) du

�
� 1

; G2 (t; s) =
exp

�R s
t
p2 (u) du

�
exp

�R T
0
p2 (u) du

�
� 1

:
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Estimating the di¤erence between x1 (t) and x2 (t), we obtain

jx1 (t)� x2 (t)j �
Z t+T

t

jG1 (t; s)�G2 (t; s)j
����b�x[2]1 (s)� b2�

�
x
[2]
1 (s)

�2���� ds
+

Z t+T

t

G2 (t; s)
h���b�x[2]1 (s)� b�x

[2]
2 (s)

���
+

����b2��x[2]1 (s)�2 � b2�
�
x
[2]
2 (s)

�2����� ds:
Thanks to the mean value theorem, we getZ t+T

t

jG1 (t; s)�G2 (t; s)j ds � � kp1 � p2k ; (3.8)

where

� =
T 2eT (kp2k+max(kp1k;kp2k))�

exp
�R T

0
p1 (u) du

�
� 1
��
exp

�R T
0
p2 (u) du

�
� 1
� + T 2eT max(kp1k;kp2k)

exp
�R T

0
p1 (u) du

�
� 1

:

It follows from (2:1), (3:8) and (3:6) that

jx1 (t)� x2 (t)j � TbR1 (� � b�R1) � kp1 � p2k

+ 
1Tb (1 + L) (� + 2b�R1) jx1 (t)� x2 (t)j :

So

kx1 � x2k �
TbR1� (� � b�R1)

1� �
kp1 � p2k :

This completes the proof.

3.6 Example

Here is a concret example illustrating Theorems 3:1; 3:2 and 3:3:

Example 3.1 Consider the following iterative house�ies model:

x0(t)+

�
0:025 + 0:024 sin2

2�t

35

�
x(t) = (0:05) (0:4)x[2] (t)�(0:05)2 (0:000226)

�
x[2] (t)

�2
;

(3.9)

where

p (t) = 0:025 + 0:024 sin2
2�t

35
; b = 0:05; � = 0:4 and � = 0:000226:
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Let


1 = fx 2 PT : 0 < R0 � x (t) � R1; jx (t2)� x (t1)j � L jt2 � t1j ; 8t1; t2 2 [0; T ]g ;

where T = 35; R0 = 0:00721; R1 = 0:8 and L = 0:2.

We de�ne an integral operator K1 : 
1 ! PT as follows:

(K1x) (t) =
Z t+35

t

G (t; s)
h
(0:02)x[2] (s)�

�
565� 10�9

� �
x[2] (s)

�2i
ds;

where its kernel is the following Green�s function:

G (t; s) =
exp

�R t+35
t

�
0:025 + 0:024 sin2 2�u

35

�
du
�

exp
�R t+35

t

�
0:025 + 0:024 sin2 2�u

35

�
du
�
� 1

:

Thanks to the periodic properties, the operator K1 is well-de�ned.

We have

p = 0:049; 
0�0:103 32; 
1�1:3772 and � = 
1Tb (� + 2b�R1) (1 + L)�1:1569 > 1:

Moreover, we �nd

min
s2[0;35]

n
b�x[2] (s)� b2�

�
x[2] (s)

�2o�1:9996� 10�3 � R0

0T

�1:993 8� 10�3;

which means that condition (3:2) is satis�ed. And


1Tb� = 0:96404 < 1;

which implies that condition (3:3) is ful�lled. We have also

(
1pT + 2
1)
�
b�R1 + b2�R21

�
�8:1863� 10�2 � L = 0:2:

Then condition (3:2) is also satis�ed.

Finally, we conclude that all conditions of Theorem 3:1 hold and hence equa-

tion (3:9) has at least one positive periodic solution in 
1. Indeed since conditions

(3:2)� (3:4) are satis�ed, then Lemmas 3:3 and 3:4 show that K1 maps 
1 into itself.

Furthermore, we get

j(K1x) (t)� (K1y) (t)j � 1:1569 kx� yk ;
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and therefore the continuity of the operator K1 results immediately afterwards. In

addition, Arzelà-Ascoli theorem ensures the compactness of the departure set 
1 which,

in turn, proves the compactness of the continuous operator K1. Therefore, we conclude

by the Schauder�s �xed point theorem that the operator K1 has at least one �xed point

in 
1 which is a positive periodic solution of equation (3:9):

But

� = 
1Tb (� + 2b�R1) (1 + L)�1:1569 > 1:

Therefore, Theorems 3:2 and 3:3 cannot be applied here. Indeed, the additional cri-

terion (3:8) is not ful�lled and hence the solution of equation (3:9) is not necessarily

unique and we cannot get any information about the stability of solutions.
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In this chapter, we are interested in studying the existence, uniqueness and con-tinuous dependence of positive periodic solutions of a �rst order delay di¤erential

equation with iterative terms by means of the Schauder and Banach �xed point �xed

point theorems along with the Green�s function method.
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4.1 Introduction

Our foremost concern in this chapter is to establish some su¢ cient criteria that assure

the existence, uniqueness and stability of positive periodic and bounded solutions to

the following �rst-order di¤erential equation with a time-varying delay and iterative

terms:

x0 (t) + p (t)x (t) = ax[2] (t)� d
�
x[2] (t)

�2 � qx[2] (t)E (t; x (t) ; x (t� � (t))) ; (4.1)

where x[2] (t) = x (x (t)) is the second iterate of x, a; d; q > 0; p; � 2 C (R; (0;+1)) are

two T -periodic functions and E 2 C (R3; (0;+1)) is a T -periodic function with respect

to the �rst variable and satis�es the following Lipschitz condition:

jE (t; x1; x2)� E (t; y1; y2)j � `1 jx1 � y1j+ `2 jx2 � y2j : (4.2)

equation (4:1) is usually relevant to the dynamics of single-species population growth

with harvesting strategy where x (t) represents the population density at time t, p (t)

is per capita daily adult mortality rate, ax[2] (t) � d
�
x[2] (t)

�2
is the recruitment term

and qx[2] (t)E (t; x (t) ; x (t� � (t))) is the harvesting term which may be due to live

capture, �shing, hunting or trapping individuals where q is the catchability coe¢ cient,

� (t) is referred to as the time delay required for harvesting mature individuals and

E is the harvesting or �shery e¤ort that depends on both the current and the past

densities. So, our new results shed lights on an important question which is about the

e¤ect of the harvesting strategy on the population dynamics. Indeed, such external

factor which reduces the population a¤ects the mathematical model as it plays a key

role in the dynamics of the population and, in some cases, can even lead to the eventual

extinction.

Despite the long history of iterative di¤erential equations, there were very little

works available in the literature that dealt with these equations as realistic models. But

although the authors generally face some di¢ culties in studying them, such equations

have recently attracted considerable attention that led to several recent contributions

including (see [9]-[89]).

The purpose of this work is twofold: �rst, it aims to contribute to the emerging

literature on this topic, and, secondly, to highlight the impact of the harvesting strategy
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on the population dynamics as our new �ndings highlights on this e¤ect where the

harvesting term involves two delays, the �rst lag depends on time while the second one

which gives the second iterate x[2] (t) ; depends not only on the time but also depends

on the population density.

The plan of this manuscript is organized as follows. In Section 2, we present some

de�nitions and materials needed to establish our main results. In Section 3, we give

certain conditions for which the Schauder�s �xed point theorem could be applied and

hence could guarantee the existence of at least one positive periodic and bounded

solution of equation (4:1). Further, by means of the Banach contraction principle,

we are also able to derive the existence and uniqueness result and also establish the

continuous dependence of the unique solution on parameters.

4.2 Preliminaries

In this section, we shall recall some relevant preliminaries, which are crucial in our

arguments.

Let the Banach space PT of all continuous and periodic functions with the period

T de�ned in the Example 2:2, and the subset 
 given in Lemma 2:3.

Remark 4.1 It follows from Lemma 2.3 that


�x[2]�2 � �y[2]�2


 � 2R1 (1 + L) kx� yk ;

for all x; y 2 
:

We �rst begin by giving an equivalence between our equation (4:1) and an integral

one.

Lemma 4.1 x 2 
 \ C1 (R;R) is a solution of equation (4:1) if and only if x 2 
 is

a solution of the following integral equation:

x (t) =

Z t+T

t

G (t; s)
n
ax[2] (s)� d

�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s)))
o
ds;

(4.3)

where G is a Green�s function given in Lemma 2:2:
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Proof. Let x 2 
 \ C1 (R;R) be a solution of equation (4:1): Multiplying both sides

of this equation by exp
�R t

0
p (u) du

�
we arrive at

d

ds

�
x (s) exp

�Z s

0

p (u) du

��
ds

=
h
ax[2] (t)� d

�
x[2] (t)

�2 � qx[2] (s)E (t; x (t) ; x (t� � (t)))
i
exp

�Z t

0

p (u) du

�
:

Integrating from t to t+ T we getZ t+T

t

d

ds

�
x (s) exp

�Z s

0

p (u) du

��
ds

=

Z t+T

t

h
ax[2] (s)� d

�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s)))
i
exp

�Z s

0

p (u) du

�
ds:

By the periodic properties we �nd thatZ t+T

t

d

ds

�
x (s) exp

�Z s

0

p (u) du

��
ds

= x (t)

�
exp

�Z t+T

0

p (u) du

�
� exp

�Z t

0

p (u) du

��
= x (t)

�
exp

�Z t

0

p (u) du

��
exp

�Z t+T

t

p (u) du

�
� 1
��

:

Thus

x (t) =

Z t+T

t

G (t; s)
n
ax[2] (s)� d

�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s)))
o
ds:

Now, let us recover equation (4:1):

Conversely, assume that x satis�es the integral equation (4:3); by di¤erentiation

one can easily verify that x is a solution of equation (4:1):

From the last lemma, we de�ne an operator F : 
! PT as follows:

(Fx) (t) =
Z t+T

t

G (t; s)
n
ax[2] (s)� d

�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s)))
o
ds:

(4.4)

So equation (4:1) associated with the periodic properties can be converted into a �xed

point problem. In other words, if x is a �xed point of the operator F then x is a

solution of equation (4:1) and vice versa.
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4.3 Existence of Periodic Solutions

Now, we intend to state and prove our �rst main result. For this purpose, we will use

Schauder�s �xed point theorem to prove that operator F has at least one �xed point

in 
 which means that equation (4:1) has at least one positive periodic and bounded

solution.

Lemma 4.2 Operator F is continuous.

Proof. It is not di¢ cult to show that F (t+ T ) = F (t) : For x; y 2 
, we have

j(Fx) (t)� (Fy) (t)j � a

Z t+T

t

G (t; s)
��x[2] (s)� y[2] (s)

�� ds
+ d

Z t+T

t

G (t; s)
����x[2] (s)�2 � �y[2] (s)�2��� ds

+ q

Z t+T

t

G (t; s)
��x[2] (s)E (s; x (s) ; x (s� � (s))) ds

�y[2] (s)E (s; y (s) ; y (s� � (s)))
�� ds:

But

��x[2] (s)E (s; x (s) ; x (s� � (s)))� y[2] (s)E (s; y (s) ; y (s� � (s)))
��

� jE (s; x (s) ; x (s� � (s)))j
��x[2] (s)� y[2] (s)

��
+ y[2] (s) jE (s; x (s) ; x (s� � (s)))� E (s; y (s) ; y (s� � (s)))j :

By using (4:2) and Remark 4.1 we obtain

jE (s; x (s) ; x (s� � (s)))j � E0 + (`1 + `2)R1; (4.5)

with

E0 = max
t2[0;T ]

E (t; 0; 0) ;

and

��x[2] (s)E (s; x (s) ; x (s� � (s)))� x[2] (s)E (s; y (s) ; y (s� � (s)))
��

� (E0 + (`1 + `2)R1) (L+ 1) kx� yk+R1 (`1 + `2) kx� yk

� (E0 (L+ 1) +R1 (L+ 2) (`1 + `2)) kx� yk : (4.6)
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It follows from (2:1), (4:6), Lemma 2.3 and Remark 4.1 that

kFx�Fyk � � kx� yk ;

where

� = 
1T ((L+ 1) (a+ 2dR1) + q (E0 (L+ 1) +R1 (L+ 2) (`1 + `2))) ;

from which we infer that F is a Lipschitz continuous operator and hence is a continuous

operator.

Lemma 4.3 If aT
1 � 1 and

ax[2] (s)� d
�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s))) � R0
T
0

: (4.7)

Then

R0 � (Fx) (t) � R1;

for all x 2 
 and t 2 R:

Proof. Let x 2 
. Since aT
1 � 1; it follows from (2:1) that

(Fx) (t) � a

Z t+T

t

G (t; s)x[2] (s) ds

� aT
1R1

� R1;

and by taking into account (2:1); (4:5) and (4:7) we obtain

(Fx) (t) =
Z t+T

t

G (t; s)
n
ax[2] (s)� d

�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s)))
o

� T
0 min
s2[0;T ]

n
ax[2] (s)� d

�
x[2] (s)

�2 � qx[2] (s)E (s; x (s) ; x (s� � (s)))
o

� T
0
R0
T
0

= R0:

Consequently, R0 � (Fx) (t) � R1 for all x 2 
 and t 2 R:
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Lemma 4.4 If


1R1 (pT + 2) (qE0 + a+ dR1 + q`1R1 + q`2R1) � L; (4.8)

then

j(Fx) (t2)� (Fx) (t1)j � L jt2 � t1j ;

for all t1;t2 2 R and x 2 
:

Proof. Let t1;t2 2 R and x 2 
. We have

j(Fx) (t2)� (Fx) (t1)j � a

Z t1

t2

x[2] (s)G (t2; s) ds+ a

Z t2+T

t1+T

x[2] (s)G (t2; s) ds

+ a

Z t1+T

t1

x[2] (s) jG (t2; s)�G (t1; s)j ds

+ d

Z t1

t2

�
x[2] (s)

�2
G (t2; s) ds+ d

Z t2+T

t1+T

�
x[2] (s)

�2
G (t2; s) ds

+ d

Z t1+T

t1

jG (t2; s)�G (t1; s)j
�
x[2] (s)

�2
ds

+ q

Z t1

t2

G (t2; s)x
[2] (s)E (s; x (s) ; x (s� � (s))) ds

+ q

Z t2+T

t1+T

G (t2; s)x
[2] (s)E (s; x (s) ; x (s� � (s))) ds

+ q

Z t1+T

t1

jG (t2; s)�G (t1; s)jx[2] (s)E (s; x (s) ; x (s� � (s))) ds:

From (2:1); (4:5) and (4:5) we achieve

j(Fx) (t2)� (Fx) (t1)j � 2aR1
1 jt2 � t1j+R1aTp
1 jt2 � t1j

+ 2dR1
1 jt2 � t1j+ dR1Tp
1 jt2 � t1j

+ 2q
1R1 (E0 + (`1 + `2)R1) jt2 � t1j

+ qR1 (E0 + (`1 + `2)R1)Tp
1 jt2 � t1j

� 
1R1 (pT + 2) (qE0 + a+ dR1 + q`1R1 + q`2R1) jt2 � t1j :

It follows from (4:8) and Lemma 2.3 that

j(Fx) (t2)� (Fx) (t1)j � L jt2 � t1j ;

for all t1;t2 2 R and x 2 
:

46



Chapter 4. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for a Recruitment Model with Iterative Terms and a Nonlinear Harvesting

Theorem 4.1 Suppose that conditions (4:7), (4:8) and aT
1 � 1 hold, then equation

(4:1) has at least one positive periodic and bounded solution in 
:

Proof. From Lemmas 4.3 and 4.4 we conclude that operator F maps the compact

subset 
 into itself and since Lemma 4.2 guarantees the continuity of the operator F ;

then all conditions of Schauder�s �xed point theorem are satis�ed. Accordingly, F has

at least one �xed point x 2 
 such that Fx = x: Thanks to Lemma 4.1, equation (4:1)

has at least one positive periodic and bounded solution.

4.4 Existence and Uniqueness of Periodic Solutions

Theorem 4.2 Suppose that conditions (4:7), (4:8) and aT
1 � 1 are ful�lled. If � < 1;

then equation (4:1) has a unique positive periodic and bounded solution x 2 
:

Proof. Let x; y 2 
: From the proof of Lemma 4.2 we have

kFx�Fyk � � kx� yk :

Since � < 1, then F is a contraction. So, by the Banach �xed point theorem, F has

a unique �xed point which is the unique positive periodic and bounded solution of

equation (4:1):

4.5 Stability

Theorem 4.3 The unique solution obtained in Theorem 4:2 depends continuously on

the death rate p and the harvesting e¤ort E:

Proof. Let

x1 (t) =

Z t+T

t

G1 (t; s)

�
ax

[2]
1 (s)� d

�
x
[2]
1 (s)

�2
� qx

[2]
1 (s)E1 (s; x1 (s) ; x1 (s� � (s)))

�
ds;

and

x2 (t) =

Z t+T

t

G2 (t; s)

�
ax

[2]
2 (s)� d

�
x
[2]
2 (s)

�2
� qx

[2]
2 (s)E2 (s; x2 (s) ; x2 (s� � (s)))

�
ds;
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where

G1 (t; s) =
exp

�R s
t
p1 (u) du

�
exp

�R T
0
p1 (u) du

�
� 1

and G2 (t; s) =
exp

�R s
t
p2 (u) du

�
exp

�R T
0
p2 (u) du

�
� 1

;

are two di¤erent solutions of equation (4:1). We have

jx1 (t)� x2 (t)j � a

Z t+T

t

���x[2]1 (s)G1 (t; s)� x
[2]
2 (s)G2 (t; s)

��� ds
+ d

Z t+T

t

�����x[2]1 (s)�2G1 (t; s)� x
[2]
2 (s)G2 (t; s)

���� ds
+ q

Z t+T

t

���x[2]1 (s)E1 (s; x1 (s) ; x1 (s� � (s)))G1 (t; s)

�x[2]2 (s)E2 (s; x2 (s) ; x2 (s� � (s)))G2 (t; s)
��� ds:

Thus

jx1 (t)� x2 (t)j

� a

Z t+T

t

G1 (t; s)
���x[2]1 (s)� x

[2]
2 (s)

��� ds+ a

Z t+T

t

x
[2]
2 (s) jG1 (t; s)�G2 (t; s)j ds

+ d

Z t+T

t

G1 (t; s)

�����x[2]1 (s)�2 � �x[2]2 (s)�2���� ds+ d

Z t+T

t

�
x
[2]
2 (s)

�2
jG1 (t; s)�G2 (t; s)j ds

+ q

Z t+T

t

G1 (t; s) jE1 (s; x1 (s) ; x1 (s� � (s)))� E2 (s; x1 (s) ; x1 (s� � (s)))j ds

+ q

Z t+T

t

x
[2]
1 (s)E2 (s; x1 (s) ; x1 (s� � (s))) jG1 (t; s)�G2 (t; s)j ds

+ q

Z t+T

t

x
[2]
1 (s)G2 (t; s) jE2 (s; x1 (s) ; x1 (s� � (s)))� E2 (s; x2 (s) ; x2 (s� � (s)))j ds

+ q

Z t+T

t

���x[2]1 (s)� x
[2]
2 (s)

���G2 (t; s)E2 (s; x2 (s) ; x2 (s� � (s))) ds:

The mean value theorem leads toZ t+T

t

jG1 (t; s)�G2 (t; s)j ds � � kp1 � p2k ; (4.9)

where

� =
T 2eT (kp2k+max(kp1k;kp2k))�

exp
�R T

0
p1 (u) du

�
� 1
��
exp

�R T
0
p2 (u) du

�
� 1
� + T 2eT max(kp1k;kp2k)

exp
�R T

0
p1 (u) du

�
� 1

:
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It follows from (4:2), (2:1), (4:5), (4:9), Lemma 2.3 and Remark 4.1 that

kx1 � x2k � aT
1 (1 + L) kx1 � x2k+ aR1� kp1 � p2k

+ 2dT
1R1 (1 + L) kx1 � x2k+ dR1� kp1 � p2k

+ qR1T
1 kE1 � E2k+ q (E0 + (`1 + `2)R1)� kp1 � p2k

+ qR1T
1 (`1 + `2) kx1 � x2k

+ qT
1 (E0 + (`1 + `2)R1) (1 + L) kx1 � x2k :

Therefore,

kx1 � x2k �
1

1� �
[R1� (a+ dR1 + q (E0 + (`1 + `2)R1)) kp1 � p2k

+qR1T
1 kE1 � E2k] :

This completes the proof.
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well as the Green�s function method.
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5.1 Introduction

Recently, a great attention has been devoted to investigate neutral di¤erential equa-

tions where the highest order derivatives occur with delays. These equations arise

in various applied sciences such as population dynamic, biology, hematology, physics,

economics, chemistry, and so forth. For any further and detailed information, we refer

the interested reader to [11, 21, 51, 59, 75] and the references cited therein. Among

the papers that dealt with the existence of periodic solutions for �rst order neutral dif-

ferential equations, we cite some of them which are relevant to what we are discussing

in this work.

In 1991, Serra [75] used the Mawhin coincidence degree theory to investigate the

existence of periodic solutions for the following neutral di¤erential equation:

d

dt
[x (t)� cx (t� �)] = f (t; x (t)) ;

with t 2 R; c 2 R, � 2 ]0; 2�[ ; f : R� R �! R is Caratheodory function and

2��periodic with respect to the time variable.

In 2008, by means of the Krasnoselskii �xed point theorem, Luo et al. [59] gave the

su¢ cient conditions that guarantee the existence of positive periodic solutions of the

following neutral di¤erential equation:

d

dt
[x (t)� cx (t� � (t))] = �a (t)x (t) + f (t; x (t� � (t))) ;

where a 2 C (R; (0;1)) ; � 2 C (R;R) and f 2 C (R� R;R) are common periodic

functions with respect to the time variable.

In 2016, Candan [21] employed the same aforementioned �xed point theorem to

discuss the positive periodic solutions for the following neutral di¤erential equation:

d

dt
[x (t)� P (t)x (t� �)] = �a (t)x (t) + f (t; x (t� �)) ;

here � > 0; a 2 C (R; (0;1)) ; P 2 C1 (R;R) and f 2 C (R� R;R) are common

periodic functions with respect to the time variable.

In the present work, we give new su¢ cient criteria for the existence, uniqueness

and continuous dependence of positive periodic solutions for the following �rst order
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neutral di¤erential equation with iterative terms:

d

dt
[x (t)� cx (t� � (t))] = �p (t)x (t)+f (t; x (t� � (t)))�H

�
t; x (t) ; x[2] (t) ; :::; x[n] (t)

�
;

(5.1)

where the iterate x[n] (t) stands for x composed with itself n times, i.e. x[2] (t) =

x (x (t)) ; :::; x[n] (t) = x[n�1] (x (t)), c 2 (0; 1), p; � 2 C (R; (0;1)) ; f 2 C ([0; T ]�R; (0;1))

and H 2 C ([0; T ]�Rn; (0;1)) are T�periodic functions with respect to the time vari-

able. Furtheremore, the functions f (t; x) and H (t; x1; x2; :::; xn) are supposed globally

Lipschitz in x and x1; :::; xn respectively, i.e. there exist a positive constant k and n

positive constants l1; l2; :::; ln such that

jf (t; x)� f (t; z)j � k kx� zk ; (5.2)

and

jH (t; x1; x2; :::; xn)�H (t; z1; z2; :::; zn)j �
nX
i=1

li kxi � zik : (5.3)

It is noteworthy that equation (5:1) is a �rst order iterative di¤erential equation and

such equations as we said before are used to model a variety of phenomena observed

in an extremely wide range of areas, including life sciences (see, e.g., [8, 16, 85], and

references cited therein). For instance, it can model many biological and ecological

equations such as: Neutral Mackey-Glass models with harvesting, Neutral Wazewska-

Lasota model with harvesting, Neutral Nicholson�s blow�ies model with harvesting and

Neutral house�ies model with harvesting.

So, to put forward a more meaningful and realistic model that can describe a

biological phenomenon and contain the minimal basic biological information about

it, we assume that the production f (�ux or recruitment) term incorporates a time-

varying delay and also we take into account a harvesting strategy H with time and

state dependent delays that lead to the appearance of the iterates x[i] (t).

The strong interest in this work is motivated by the fact that the harvesting of indi-

viduals provides a good description of the population dynamics and plays a prominent

role in getting a better understanding of its e¤ects on the management of biological

resources. Moreover, in many biological and vital phenomena, the delays are generally

depending on both the time and the state variable that can give the iterations in the
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model such as in infectious diseases spread, blood cell production and insect population

growth.

We now outline some key features of our work by the following items:

- It should be pointed out that equation (5:1) is more general than those investigated

in [16, 21, 59, 75]. Furthermore, to the best of our knowledge, there are no published

papers that address this problem with a time varying delay and an iterative harvesting

term that involves implicitly (n� 1) time and state dependent delays.

- Despite that recent years have gradually witnessed an unprecedented interest

towards such kind of equations (we can mention, for instance, [8], [13]-[16], [22]-[50],

[54], [60], [85]-[89] ), the investigation in this direction remains scarce and their theory

has not yet been developed enough. So, it is our belief that our work is of signi�cance

because it contributes in the literature of this emergent theory.

- There is no doubt that the harvesting strategy plays a crucial role in the population

dynamics and it is also quite normal that it involves many delays. So, on account of

these facts, we attempt to understand the e¤ect of the harvesting strategy on the

population dynamics by adding an iterative harvesting term involving implicitly many

time and state dependent delays.

- We are interested in the positivity, boundedness and periodicity of solutions which

makes our results even more powerful and biologically meaningful. This is due to the

fact that the state x (t) in biological phenomena could, for example, stand for an

amount of cells, a density, a number of individuals or a size of the population which

should be positive and bounded quantities and generally periodic.

The rest of the chapter is furnished as follows: In Section 2, we start with some

preliminaries which will be needed in what follows. In Section 3, by virtue of the

Krasnoselskii �xed point theorem and some Green�s function properties, we construct

some new results about the existence of positive periodic solutions for equation (5:1):

In Section 4, the existence, uniqueness and continuous dependence on parameters of

the solutions are established by using the Banach �xed point theorem. In Section 5,

we exhibit an example to which our key outcomes can be applied.
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5.2 Preliminaries

In this Section, we present some notations and preliminary material needed to establish

our main �ndings and we also state and prove some preliminary results.

Let the Banach space PT of all continuous and periodic functions with the period

T de�ned in the Example 2:2, and the subset 
 given in Lemma 2:3.

For convenience, throughout this work, we introduce the following notations:

f1 = max
t2[0;T ]

jf (t; 0)j ; H1 = max
t2[0;T ]

jH (t; 0; 0; :::; 0)j ;� =
nX
i=1

li

i�1X
j=0

Lj:

In the sequel we will assume that the following hypotheses are satis�ed:

There exists a positive constant f0 > 0 such that

f (t; x) � f0; 8t 2 R; 8x 2 (0;1) : (5.4)

The following estimates are satis�ed:

cR1 + 
1T (kR1 + f1) � R1; (5.5)


0Tf0 � 
1T (R1� +H1)� cT
1pR1 + cR0 � R0; (5.6)

and


1 (2 + pT ) (H1 + f1 +R1 (k + �+ cp)) + L (1 + L) c � L: (5.7)

Now, we state and prove the following lemma, which we intend to use later.

Lemma 5.1 x 2 
 \ C1(R;R) is a solution of (5:1) if and only if x 2 
 satis�es the

following integral equation:

x (t) =

Z t+T

t

G (t; s)
�
f (s; x (s� � (s)))�H

�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
�cp (s)x (s� � (s))] ds+ cx (t� � (t)) ; (5.8)

where

G (t; s) =
exp

�R s
t
p (u) du

�
exp

�R T
0
p (u) du

�
� 1

: (5.9)
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Proof. Let x 2 
\ C1(R;R) be a solution of (5:1). Multiplying both sides of (5:1) by

exp
�R t

0
p (u) du

�
, we obtain

d

dt

�
(x (t)� cx (t� � (t))) exp

�Z t

0

p (u) du

��
=
�
f (t; x (t� � (t)))�H

�
t; x (t) ; x[2] (t) ; :::; x[n] (t)

��
exp

�Z t

0

p (u) du

�
� cp (t)x (t� � (t)) exp

�Z t

0

p (u) du

�
:

It follows from the periodic properties and the integration from t to t+ T that

(x (t)� cx (t� � (t)))

�
exp

�Z t+T

0

p (u) du

�
� exp

�Z t

0

p (u) du

��
=

Z t+T

t

�
f (s; x (s� � (s)))�H

�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
�c (s) p (s)x (s� � (s))g exp

�Z s

0

p (u) du

�
ds:

Therefore

x (t) =

Z t+T

t

exp
�R s
t
p (u) du

�
exp

�R T
0
p (u) du

�
� 1

�
f (s; x (s� � (s)))�H

�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
�cp (s)x (s� � (s))g ds+ cx (t� � (t)) :

This completes the proof of the lemma.

For all t; s; t1; t2 2 R and in view of (5:2), (5:3) and Lemma 2.3 we get

jf (s; x (s� � (s)))j � kR1 + f1; (5.10)

and ��H �s; x (s) ; x[2] (s) ; :::; x[n] (s)��� � R1� +H1; (5.11)

for all x 2 
:

5.3 Existence of Positive Periodic Solutions

In this section, we will use the Krasnoselskii �xed point theorem to prove the existence

of positive periodic solutions of equation (5:1). For this and, by virtue of Lemma 5:1,

we de�ne an operator S : 
! PT as follows:

(Sx) (t) = (F1x) (t) + (F2x) (t) ;
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where F1; F2 : 
! PT are de�ned as follows:

(F1x) (t) =

Z t+T

t

G (t; s)
�
f (s; x (s� � (s)))�H

�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
�cp (s)x (s� � (s))] ds;

and

(F2x) (t) = cx (t� � (t)) :

So, the existence of solutions for equation (5:1) is equivalent whether or not the operator

S has a �xed point.

Since c 2 (0; 1) ; then F2 is a contraction. So, to apply Krasnoselskii�s �xed point

theorem, it su¢ ces to prove that F1 is continuous and compact and that F1x+F2y 2 


for all x; y 2 
:

We start by proving the compactness and the continuity of F1:

Lemma 5.2 Operator F1 : 
! PT is continuous and compact.

Proof. Since 
 is a compact subset of PT , then the compactness of F1 follows imme-

diately from its continuity.

Let us prove that F1 is continuous. Indeed, for all x; y 2 
, we have

j(F1x) (t)� (F1y) (t)j �
Z t+T

t

jf (s; x (s� � (s)))� f (s; y (s� � (s)))jG (t; s) ds

+

Z t+T

t

G (t; s)
��H �s; x (s) ; x[2] (s) ; :::; x[n] (s)� ds

�H
�
s; y (s) ; y[2] (s) ; :::; y[n] (s)

��� ds
+

Z t+T

t

cp (s) jx (s� � (s))� y (s� � (s))jG (t; s) ds:

It follows from (5:2); (5:3) and (2:1) that

kF1x� F1yk � 
1Tk kx� yk+ 
1T

nX
i=1

li


x[i] � y[i]



+ 
1Tcp kx� yk :

By using Lemma 2.3, we get

kF1x� F1yk � 
1T (k + cp+ �) kx� yk ; (5.12)

which establishes that the operator F1 is Lipschitz continuous and hence continuous.

Therefore, F1 is compact.
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Lemma 5.3 Let � 2 
: If conditions (5:4)-(5:7) hold, then

F1x+ F2y 2 
;

for all x; y 2 
:

Proof. Let x; y 2 
: From (5:5), (2:1) and (5:10) we obtain

(F1x) (t) + (F2y) (t) � cy (t� � (t)) +

Z t+T

t

G (t; s) f (s; x (s� � (s))) ds

� cR1 + 
1T (kR1 + f1)

� R1;

and from (5:4); (5:6); (2:1) and (5:11), we arrive at

(F1x) (t) + (F2y) (t) � 
0Tf0 � 
1T (R1� +H1)� cT
1pR1 + cR0

� R0:

Consequently,

R0 � (px) (t) + (By) (t) � R1; (5.13)

for all x; y 2 
:

Let � 2 
 and t1; t2 2 [0; T ] with t1 < t2: For all x; y 2 
; we have

j((F1x) + (F2y)) (t2)� ((F1x) + (F2y)) (t1)j

�
����Z t2+T

t2

G (t2; s) f (s; x (s� � (s))) ds�
Z t1+T

t1

G (t1; s) f (s; x (s� � (s))) ds

����
+

����Z t2+T

t2

G (t2; s)H
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

�
Z t1+T

t1

G (t1; s)H
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

����
+

����Z t2+T

t2

G (t2; s) cp (s)x (s� � (s)) ds�
Z t1+T

t1

G (t1; s) cp (s)x (s� � (s)) ds

����
+ jcy (t2 � � (t2))� cy (t1 � � (t1))j :
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By using (2:1); (2:2) and (5:10), we get����Z t2+T

t2

G (t2; s) f (s; x (s� � (s))) ds�
Z t1+T

t1

G (t1; s) f (s; x (s� � (s))) ds

����
�
����Z t1

t2

G (t2; s) f (s; x (s� � (s))) ds

����+ ����Z t2+T

t1+T

G (t2; s) f (s; x (s� � (s))) ds

����
+

Z t1+T

t1

jG (t2; s)�G (t1; s)j f (s; x (s� � (s))) ds:

� (2 + pT ) 
1 (kR1 + f1) jt2 � t1j : (5.14)

From (2:1); (2:2) and (5:11), we obtain����Z t2+T

t2

G (t2; s)H
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

�
Z t1+T

t1

G (t1; s)H
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

����
�
����Z t1

t2

G (t2; s)H
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

+

����Z t2+T

t1+T

G (t2; s)H
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

����
+

Z t1+T

t1

jG (t2; s)�G (t1; s)jH
�
s; x (s) ; x[2] (s) ; :::; x[n] (s)

�
ds

����
� (2 + pT ) (R1� +H1) 
1 jt2 � t1j : (5.15)

In view of (2:1) we get����Z t2+T

t2

G (t2; s) cp (s)x (s� � (s)) ds�
Z t1+T

t1

G (t1; s) cp (s)x (s� � (s)) ds

����
�
����Z t1

t2

G (t2; s) cp (s)x (s� � (s)) ds

����+ ����Z t2+T

t1+T

G (t2; s) cp (s)x (s� � (s)) ds

����
+

Z t1+T

t1

jG (t2; s)�G (t1; s)j cp (s)x (s� � (s)) ds

� (2 + pT ) 
1cR1p jt2 � t1j : (5.16)

Since � 2 
, then

jcy (t2 � � (t2))� cy (t1 � � (t1))j � c jy (t2 � � (t2))� y (t1 � � (t1))j

� Lc jt2 � t1 + � (t2)� � (t1)j

� Lc (jt2 � t1j+ L jt2 � t1j)

� L (1 + L) c jt2 � t1j : (5.17)
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Thus, it follows from (5:7) and (5:14)-(5:17) that

j((F1x) + (F2y)) (t2)� ((F1x) + (F2y)) (t1)j � L jt2 � t1j ; (5.18)

for all t1; t2 2 R and x; y 2 
:

According to (5:13) and (5:18) we conclude the desired result.

Now we are ready to present our �rst existence theorem.

Theorem 5.1 Let � 2 
: If conditions (5:4)-(5:7) hold, then equation (5:1) has at

least one positive periodic solution in 
:

Proof. Based on Lemmas 5.2 and 5.3, the fact that 
 is a compact subset of PT and

that F2 is a contraction, we conclude by the Krasnoselskii �xed point theorem that

there exists at least x 2 
 satis�es S (x (t)) = x (t) : Thanks to Lemma 5.1, x is a

solution of equation (5:1):

5.4 Existence and Uniqueness of Positive Periodic

Solutions

Theorem 5.2 Let � 2 
: If conditions (5:4)-(5:7) and the following estimate:

T
1 (k + �+ cp) + c < 1; (5.19)

are ful�lled, then equation (5:1) has a unique positive periodic solution x 2 
:

Proof. Let x; y 2 
: By repeating the same steps as those in the proof of Lemma 5.3,

we infer that S (
) � 
 and similarly as in the proof of Lemma 5.2, we get

kSx� Syk � (T
1 (k + �+ cp) + c) kx� yk :

According to (5:19) and the Banach �xed point theorem, S is a contraction and hence

S has a unique �xed point which is the unique solution of (5:1):
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5.5 Stability

Remark 5.1 If

G1 (t; s) =
exp

�R s
t
p1 (u) du

�
exp

�R T
0
p1 (u) du

�
� 1

; G2 (t; s) =
exp

�R s
t
p2 (u) du

�
exp

�R T
0
p2 (u) du

�
� 1

;

then Z t+T

t

jG1 (t; s)�G2 (t; s)j ds � � kp1 � p2k ; (5.20)

where

� =
T 2 exp (T (kp2k+max (kp1k ; kp2k)))�

exp
�R T

0
p1 (u) du

�
� 1
��
exp

�R T
0
p2 (u) du

�
� 1
�+T 2 exp (T max (kp1k ; kp2k))

exp
�R T

0
p1 (u) du

�
� 1

:

Theorem 5.3 The unique solution obtained in Theorem 5:2 depends continuously on

functions p; f and H:

Proof. If G1 and G2 are given as in Remark 5:1, let

x1 (t) =

Z t+T

t

G1 (t; s)
h
f1 (s; x1 (s� � (s)))�H1

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

�
�cp1 (s)x1 (s� � (s))] ds+ cx1 (t� � (t)) ;

and

x2 (t) =

Z t+T

t

G2 (t; s)
h
f2 (s; x2 (s� � (s)))�H2

�
s; x2 (s) ; x

[2]
2 (s) ; :::; x

[n]
2 (s)

�
�cp2 (s)x2 (s� � (s))] ds+ cx2 (t� � (t)) ;

be two di¤erent solutions of equation (5:1). We have

jx1 (t)� x2 (t)j �
Z t+T

t

jG1 (t; s) f1 (s; x1 (s� � (s)))�G2 (t; s) f2 (s; x2 (s� � (s)))j ds

+

Z t+T

t

���G1 (t; s)H1

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

�
�G2 (t; s)H2

�
s; x2 (s) ; x

[2]
2 (s) ; :::; x

[n]
2 (s)

���� ds
+

Z t+T

t

jG1 (t; s) cp1 (s)x1 (s� � (s))�G2 (t; s) cp2 (s)x2 (s� � (s))j ds

+ jcx1 (t� � (t))� cx2 (t� � (t))j :

60



Chapter 5. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for a �rst order Neutral Di¤erential Equation with Iterative Terms

Using (5:2), (5:3), (2:1), (5:10), (5:11) and (5:20), we getZ t+T

t

jG1 (t; s) f1 (s; x1 (s� � (s)))�G2 (t; s) f2 (s; x2 (s� � (s)))j ds

�
Z t+T

t

G1 (t; s) jf1 (s; x1 (s� � (s)))� f2 (s; x1 (s� � (s)))j ds

+

Z t+T

t

f2 (s; x1 (s� � (s))) jG1 (t; s)�G2 (t; s)j ds

+

Z t+T

t

G2 (t; s) jf2 (s; x1 (s� � (s)))� f2 (s; x2 (s� � (s)))j ds

� T
1 kf1 � f2k+ � (kR1 + f1) kp1 � p2k+ T
1k kx1 � x2k ; (5.21)

andZ t+T

t

���G1 (t; s)H1

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

�
�G2 (t; s)H2

�
s; x2 (s) ; x

[2]
2 (s) ; :::; x

[n]
2 (s)

���� ds
�
Z t+T

t

G1 (t; s)
���H1

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

�
�H2

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

���� ds
+

Z t+T

t

H2

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

�
jG1 (t; s)�G2 (t; s)j ds

+

Z t+T

t

G2 (t; s)
���H2

�
s; x1 (s) ; x

[2]
1 (s) ; :::; x

[n]
1 (s)

�
�H2

�
s; x2 (s) ; x

[2]
2 (s) ; :::; x

[n]
2 (s)

���� ds
� T
1 kH1 �H2k+ � (�R1 +H1) kp1 � p2k+ T
1� kx1 � x2k : (5.22)

On the other hand, we haveZ t+T

t

jG1 (t; s) cp1 (s)x1 (s� � (s))�G2 (t; s) cp2 (s)x2 (s� � (s))j ds

�
Z t+T

t

cp1 (s)G1 (t; s) jx1 (s� � (s))� x2 (s� � (s))j ds

+

Z t+T

t

cp1 (s)x2 (s� � (s)) jG1 (t; s)�G2 (t; s)j ds

+

Z t+T

t

cx2 (s� � (s))G2 (t; s) jp1 (s)� p2 (s)j ds

� T
1c kp1k kx1 � x2k+ c kp1kR1� kp1 � p2k+ T
1cR1 kp1 � p2k ; (5.23)

and

jcx1 (t� � (t))� cx2 (t� � (t))j � c kx1 � x2k : (5.24)

61



Chapter 5. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for a �rst order Neutral Di¤erential Equation with Iterative Terms

Thanks to (5:21)-(5:24), we get

kx1 � x2k � T
1 kf1 � f2k+ � (kR1 + f1) kp1 � p2k+ T
1k kx1 � x2k

+ T
1 kH1 �H2k+ � (�R1 +H1) kp1 � p2k+ T
1� kx1 � x2k

+ T
1c kp1k kx1 � x2k+ c kp1kR1� kp1 � p2k+ T
1cR1 kp1 � p2k

+ c kx1 � x2k :

Taking into account (5:19) we obtain the following estimate:

kx1 � x2k �
1

1� T
1 (k + �+ cp1)
(T
1 kf1 � f2k+ T
1 kH1 �H2k

(� (kR1 + f1) + � (�R1 +H1) + �c kp1kR1 + T
1cR1) kp1 � p2k) ;

which completes the proof.

5.6 Example

In this section, we are going to perform an illustrating application of our obtained

�ndings.

Example 5.1 Consider the following neutral di¤erential equation with an iterative

harvesting term:

d

dt
[x (t)� 0:001x (t� � (t))] = �

�
1

70
+
1

70
sin4

�
2�

35
t

��
x (t)

+

�
1

9�3
+

1

36�3
sin2

�
2�

35
t

�
+

1

7�3
sin2

�
2�

35
t

�
x (t� � (t))

�
�
�
1

9�8
sin2

�
2�

35
t

�
+

1

20�8
sin2

�
2�

35
t

�
x (t) +

1

30�8
sin2

�
2�

35
t

�
x[2] (t)

�
;

(5.25)

where R0 = 0:05; R1 = 1:5; L = � and c = 0:001:

We have

l1 =
1

20�8
; l2 =

1

30�8
; H1 =

1

9�8
; � ' 1:981 9� 10�5;

f0 =
1

9�3
; f1 =

5

36�3
; k =

1

7�3
; p =

1

35
; 
0 ' 0:50856; 
1 ' 2:0114:
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So

cR1 + 
1T (kR1 + f1) = 0:80337 < R1 = 1:5;


0Tf0 � 
1T (R1� +H1)� cT
1pR1 + cR0 = 0:05:7901 > R0 = 0:05;


1 (2 + pT ) ((kR1 + f1) + (R1� +H1) + cR1p) + L (1 + L) c ' 0:082252 � L = �;

and


1Tk + 
1T� + 
1Tcp+ c ' 0:32876 < 1:

Then all conditions of Theorems 5:1 and 5:2 are satis�ed. Thereby equation (5:25) has

one and only one positive periodic solution in 
 that depends continuously on p; f and

H:
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Functional di¤erential equations with delays or iterative terms have captivated the

attention of the majority of the scienti�c community and now occupy a more central

place in all �elds of science due to the increasing number of their applications.

This work is concerned with the study of three �rst order iterative-delay di¤erential

equations most often arising either from biological phenomena or from ones in popu-

lation dynamics. The �rst chapter�s goal was to provide a quick introduction to the

subject and a synopsis of the dissertation�s content. In the second chapter, we have

presented some concepts, tools and su¢ cient preliminary results to allow us to develop

a better understanding of the remaining chapters in which we have investigated these

equations by means of a compelling technique that combines the �xed point theory

along with the Green�s functions method. Thus, by using this hybrid approach, we

have been able to prove some existence, uniqueness and stability results which have

been published in reputable journals.

Now, we will outline the steps we took to get the intended results. Our �rst and

key step was to choose a suitable Banach space and a subset of it. They have satis�ed

all our requirements, whether biological or mathematical ones, such as the control of

the iterative terms as well as the periodicity, the positivity and the boundedness of

the sought solutions. The second step is to reformulate each problem from a di¤er-

ential equation with the periodic conditions to an integral one with a Green�s kernel

whose solutions were solutions of the suggested equations and vice versa. The third

step is to apply the Schauder or the Krasnosleskii �xed point theorems for proving

the existence of positive bounded and periodic solutions. Finally, under certain addi-
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tional hypotheses, the Banach contraction principle has guaranteed the existence and

continuous dependence on the parameters of the unique solution.

More work can be done on this topic, especially since the theory of iterative dif-

ferential equations is not very well developed yet. So, there are a lot of prominent

research prospects of this direction including:

-The possibility of applying the used technique to deal with many iterative-delay dif-

ferential equations resulting from several phenomena such Nicholson�s blow�ies model,

neural network models, �sheries management models, hematopoiesis models, etc.

- It appears to be signi�cant to study the existence of almost-periodic, pseudo-

almost-periodic or anti-periodic solutions for iterative-delay di¤erential equations.

- We can expand the scope of the study by paying attention to fractional iterative

di¤erential equations and iterative-delay di¤erential equations of higher order.

- It would also seem valuable to employ numerical methods or software to get

approximate solutions or even to provide numerical simulations to show the outcomes.

To sum, we think that the outcomes in this dissertation, which extend and enhance a

lot of previous �ndings in the literature, can contribute even a little to the development

of the theory of iterative di¤erential problems.
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