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| Abstract in English

Contribution to the Study

of Certain Functional Differential Equations

In this work, three nonlinear functional differential equations with delays and itera-
tive terms are investigated. By virtue of a hybrid approach that combines the Banach,
Schauder, and Krasnoselskii fixed point theorems with the Green’s functions method,
we establish some sufficient conditions that guarantee the existence, uniqueness and
stability of positive periodic solutions. The key idea consists to define a Banach space
and a subset of it in order to facilitate the study on the one hand, and on the other hand
to ensure some desired requirements before converting the proposed problem into an
equivalent integral equation whose kernel is a Green’s function. Then the application
of certain fixed point theorems with the aid of some useful properties of the obtained

Green’s kernel and some functional analysis tools help us to prove the sought results.

Keywords: Continuous dependence, existence, fixed point theorem, functional differ-

ential equation, iterative differential equation, Green’s function, uniqueness.
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| Abstract in French

Contribution a I’étude

de certaines équations différentielles fonctionnelles

Dans ce travail, trois classes d’équations différentielles fonctionnelles non linéaires
avec retards et termes itératifs sont étudiées. Gréace a une approche hybride combi-
nant les théorémes du point fixe de Banach, Schauder et Krasnoselskii avec la méthode
des fonctions de Green, nous établissons des conditions suffisantes qui garantissent
I’existence, 'unicité et la stabilité des solutions positives et périodiques. L’idée prin-
cipale consiste a définir un espace de Banach et un sous-ensemble d’une part, pour
faciliter I’étude et, d’autre part, pour garantir certaines exigences souhaitées avant de
convertir le probleme proposé en une équation intégrale équivalente dont le noyau est
une fonction de Green. Ensuite, I’application de certains théorémes de point fixe &
I’aide de certaines propriétés utiles du noyau de Green obtenu et de quelques outils

d’analyse fonctionnelle nous aident & prouver les résultats souhaités.

Mots-clés: Dépendance continue, existence, théoréme de point fixe, équation différen-

tielle fonctionnelle, équation différentielle itérative, fonction de Green, unicité.
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CHAPTER 1

General Introduction

1.1 Introduction

unctional differential equations (FDEs) are a type of differential equations that
Fdepend not only on their current values, but also on their past or future values.
They find relevance in almost every sphere of life and play a significant role in mod-
elling many phenomena in various fields, such as life sciences, medical science, physical
sciences, economic sciences, and engineering.

Starting in the early 20th century when functional differential equations knew there
hour of glory , many scholars gained a more profound understanding of the prominent
role of the deviating arguments in modelling real-world phenomena with memory ef-
fects. Consequently, they made much progress in handling with these equations which
in turn spurred the accelerated development of the theory of functional differential
equations whether delay differential equations (DDEs) or advanced differential equa-
tions (ADEs). Indeed, many scholars came to the conclusion that a growing number
of phenomena encountered in our life, in physics, in biology, in chemistry, etc., require
delay periods for their occurrence, where there are time lags between the action on
the system and the system’s response to this action and hence they found that delay
differential equations are the best means to model and to deal with such phenomena.

For more than half a century, the majority of research have been devoted to deal with
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state-dependent delay differential equations (SDDESs) which appeared for the first time
in the early nineteenth century as an article published by the French mathematician
Poisson [72] on functional differential equations with an example of a state-dependent
delay. There are also many references dedicated to study these equations such as [3] ,
[35], and [36].

Recently, the mathematical community has got interested in a special type of func-
tional differential equations which is called "iterative differential equations". These
equations which are relationships between unknown functions, their derivatives, and
their iterates, find their applications in various fields such as biology, ecology, physics,
chemistry, electrodynamics, and engineering (see [71] and [34]). Due to their peculiari-
ties, these equations are challenging to study, particularly when applying the existence
and uniqueness theories. Numerous methods have been employed to handle these kinds
of equations, including the Picard successive approximation method, the nonexpansive
operator method, and the fixed point theory (see to [, 34], 88, 89, [O0] and references
therein). The last method has shown to be incredibly successful and is still a very
useful, strong, and adaptable tool to study nonlinear functional differential equations.

The primary objective of this maniscript is to investigate three classes of first-order
differential equations with retarded and iterative terms by using this theory as well as
the Green’s functions approach. Since converting the problem at hand to a fixed point
problem is one of the most elegant approaches to achieve our goals, we started the
study of each problem with transforming it into an integral equation with a Green’s
kernel before proving the existence of fixed points of an integral operator. To be
more precise, we used the fixed point theorems of Banach, Schauder and Krasnosleskii
combined with the Green’s functions method to establish the existence, uniqueness and

stability of positive periodic solutions.

1.2 Brief Historical Background

P opulation dynamics is the dominant branch of mathematical biology, that studies
the fluctuations of the size or the density of one or more populations for certain

species over time and space. It is also interested in the environmental influences on the
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increase and the decrease of the populations.

The simple exponential growth model

The modern foundations of population dynamics date from the end of the 18 th cen-
tury with the model of the British clergyman and economist Thomas Robert Malthus
which is known today as "Malthusian growth model" or " exponential growth model".
In 1798, Malthus published his pioneering and famous essay " An Essay on the Principle
of Population" in which he argued that, "Population, when unchecked, increases in a
geometrical ratio. Subsistence only increases in an arithmetical ratio."

He considered an ideal homogeneous animal population by neglecting variations in
age, size and possible periodicity for birth or mortality where individuals lived alone in
an invariable environment or coexisted with other species without any direct or indirect
influence. The variation in the number of individuals in a population N (¢) over time

is given by

Variation = pumber of births — number of deaths.
——-

N /(t) Ny, Nm

This leads to the following differential equation:

where N,, is the number of births and N,, is the number of deaths.
Malthus predicted that population would increase exponentially unless if it is con-

strained,. So the Malthusian model has the following form:
N (t) = N (to) e*"™),

where N (to) is the initial population size, a = A\ — u stands for the population growth
rate (also called the Malthusian parameter of the population growth or the intrinsic
rate of increase), \ is the natality rate, and p is the mortality rate. This model can

also be written as a differential equation

dN (t)
=a N (t
dt ( ) )
dN (t ) . .
where p represents the instantaneous rate of change of the population as a function
of time.
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The logistic equation

One of the major problems with Malthusian model is the fact that the exponential
growth is somewhat rare. It generally leads to an extinction or an explosion of the
population, especially at the beginning of the invasion of the environment in which
resources are overabundant.

In 1838, the Belgian biologist Pierre Francois Verhulst proposed a more realistic
model of population evolution known as a logistic growth model which is a kind of
generalization of the Malthusian model but with a maximum number of individuals of
the species that the environment can support indefinitely. He introduced a corrective
term when the population grows which is called carrying capacity, biotic capacity or
even carrying capacity of the environment. He then proposed the following differential
equation:

dzzt(t) _ N (1) <1 _ NT@) =f(N (),

where r represents the growth rate and K denotes the carrying capacity.

The delay logistic equation (the Hutchinson equation)

One disadvantage of the logistic model is that the growth rate of a population N’ (t)
at time ¢t depends on the relative number of individuals at that time. In reality, the
process of reproduction is not instantaneous but there is often significant delays. The
delay is generally a positive constant depending on time or state or even distributed
and can represent for example, but not limited to, the resource regeneration time,
the gestation time, the larval phase, the duration of the cell cycle, the transit time
or the duration of a cellular transformation in the dynamics of cell populations , the
development period, the juvenile phase, the maturation period or the feeding time in
the population dynamics of certain human, animal and plant species, etc.

In order to take into account the effect of these delays on the population dynamics,
G.E. Hutchinson (1948) incorporated a delay in the logistic equation as follows:

N'(t) =rN (¢) {1 — W] :

where r and K have the same meaning as in the logistic equation, and 7 represents a

time delay.
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This equation, which is known as the Hutchinson’s equation (also known as delayed
logistic equation or Wright’s equation), exhibit much more complicated dynamics than
ordinary differential equations. It has been studied by several researchers like Wright
in 1945 and Markus in 1958, Jones in 1962, Kaplan and Yorke in 1975 and others.

The emergence of iterative differential equations which can be considered as a spe-
cial type of functional differential equations with deviating arguments depending on
state and time, dates back to the 19th century. As far as we know, Babbage [0] can
be considered as one of the first researchers interested in this kind of differential equa-
tions, it was his first published document in this topic in 1815 under the title "An
Essay Towards the Calculus of Function", in which he investigated the problem of de-
termining a function that equals its n'* iterate z[" (¢). In 1968, Andrzej [5] studied
the first order iterative differential equation 2’ (¢) = f (¢,2 (t),x (x (¢))) with the ini-
tial value x (0) = ¢ (¢ > 0) by using Picard’s successive approximation, with 0 serving
as the domain’s left end point. In 1984, Eder [34] applied the contraction mapping
principle for proving the existence of the unique monotone solution of the equation
2’ (t) = x (x (t)) with the condition x (tg) = to, to € [—1,1]. Later, in 1990, Wang [84]
used Schauder’s fixed point theorem for studying the existence results of the equation
' (t) = f(z(x(t))) associated with = (a) = a, where «a is the end point of the interval.
Consequently, in 1993, Feckan [37] studied the local solution of the same equation of
Wang with the initial value x (0) = 0 by the aid of the contraction mapping princi-
ple. The previous equation was the focus of much of attention, for example, in 1995
Buica [I8] conducted a study of the existence, uniqueness and continuous dependence
of its solutions with initial value problems by applying fixed point theorems and in
1997 Ge and Mo [39] also investigated it with the initial value problem x (¢y) = x¢ and
in 2010 Berinde [§] extended the findings of Buica [I8] by introducing the method of
nonexpansive operators for studying it.

Recently, there have been many researchers who have published papers about this
type of first order differential equations and their applications in many fields (see
[12, 54, 57, 85, 88, [89]), in ecology such as population dynamics models with iterative
terms (see [63] 64, 65]) and iterative Nicholson’s blowflies models (see [16], 49], and in

hematology such as iterative hematopoiesis models (see [10, [47, [48]).
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1.3 Problem Statement

tudying functional differential equations with delays and iterative terms that have
Scertain distinguishing features is more difficult than it may appear at first glance.
Their developing theory, which is still in its early stages of development, their iterative
terms, which create numerous insurmountable obstacles during investigation, and the
fact that most conventional methods are either rarely applicable or frequently lead to
a dead end are some of the reasons for this.

The present dissertation is motivated by the desire to answer the following funda-
mental research questions as possible, and also to illustrate these answers with exam-
ples, whenever feasible.

(7) How to control the iterative terms?

(77) Does the problem have solutions?

(74i) What are the conditions for the existence of a unique positive periodic solution?
(

iv) How does the system respond to parameter changes?

1.4 Research Aims and Objectives

his study seeks to establish the existence, uniqueness and stability results for
Tthree classes of first-order functional differential equations with retarded and
iterative terms by using the fixed point theory as well as some properties of an obtained
Green’s function. More precisely, it gives criteria that ensure some qualitative and
quantitative properties of the solutions such as the existence, uniqueness, positivity,
boundedness, periodicity and continuous dependence on parameters of solutions for
three problems arising in biology and population dynamics. The first problem is a first-
order iterative differential equation; the second one is a first-order iterative differential
equation with an iterative and delayed harvesting term, and the last one is a first-order

neutral differential equations with an iterative harvesting term.
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1.5 Motivation

sually, the study of iterative-delay differential equations was restricted to some

Usimple types of them, by applying an approach among a limited number of usual

methods. In case of more complex iterative-delay differential equations, their distinctive
characteristics often hamper the application of these methods.

The current study was motivated by the interest in contributing to the development

of the emergent theory of these equations and also by an endeavor to explore how our

hybrid technique could be used to get rid of hitches and challenges that are often

encountered in the investigation of such kind of equations.

1.6 Contributions

he following succinctly describes the fascinating aspects of our contributions:

TAccording to numerous studies, the majority of real phenomena involve delays
related to time and state, which can lead to the appearance of iterative terms. This
kind of delay is included in the studied equations that model phenomena in life sciences.

- The technique used here is effective and successful and can be applied to many
different delay models in many different fields. It is especially important to handle
many iterative models that are common in life sciences, like population models, disease
transmission models, blood cell production models, two-body problems of classical

electrodynamics models and so on.

1.7 Brief Research Methodology

his work is concerned with the existence, uniqueness, and stability of positive
Tperiodic solutions for three functional differential equations with delayed and
iterative terms. Because of the difficulties surrounding the study of this kind of equa-
tions, there is no specific methodology applicable to deal with them in a fruitful manner.
Herein, we have two functional differential equations that include second iterates where

one of them has, in addition, a time varying delay whereas the third equations involves
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terms with a time varying delay and other terms with iterations of the state at least up
to its n-th iterates. At first sight, one may be tempted to cave in and to consider every
effort for studying them useless. Despite all these constraints, we tried to pave the
way for better application of our hybrid technique that demonstrates the efficiency and
efficacy of combining the fixed point theory with other methods, such as the Green’s
functions method and with the use of some functional analysis tools. This technique
boils down to turning the problem at hand into a fixed point one. Constructing the
cornerstones of the approach such as an appropriate Banach space and a suitable subset
of it, is one way to lay the foundations for applying the chosen fixed point theorems,
controlling the iterative terms, and achieving the desired results which in turn help us
to overcome any unforeseen challenges that may arise during our study. The next step
is to transform our nonlinear iterative problems into equivalent integral equations with
the same Green’s kernel. Thereafter, by virtue of the aforemensionned integral equa-
tions, the Arzela-Ascoli theorem and several helpful properties of the obtained Green’s
kernel, we define integral operators that fulfill the requirements of the used fixed point
theorems. To conclude, the proof of the existence of solutions can be strengthened by
using the Schauder or Krasnosleskii fixed point theorems or by introducing some addi-
tional conditions under which the Banach fixed point theorem can be used to establish

the existence of a unique solution that depends continuously on parameters.

1.8 Thesis Overview

his manuscript has been divided into five chapters. Its structure is as follows:
Tthe first two chapters are introductories whereas the final three chapters contain
new results that are published in reputable international journals. The first chapter
serves as a general introduction that gives a succinct synopsis of the topic, a brief
history, the research goals and methodology, the motivation behind the work, and
its contributions. It also presents the outlines of the thesis which is divided into five
chapters and concludes with a general conclusion, some suggestions for future research,
a list of our published papers and a bibliography. In the second chapter, some basic

concepts and functional analysis definitions are presented. We also mention the basic




General introduction

tools used to establish the existence, uniqueness, and stability results such as the
fixed point theorems of Schauder, Banach and Krasnosleskii which will be referred to
throughout the rest of the work.

In the third chapter, we disclose the outcomes published in [65]. It focuses on
the existence, uniqueness and stability results for a Musca Domestica model that is
governed by the following first-order nonlinear differential equation with iterative terms:

2

o'(t) +p () z(t) = bz (1) — Ve (:cm )",

where 2 (t) = 2 (z (1)), p € C(R,]0, 00[) is a T—periodic function and the remainder
parameters are positive. For achieving our goals, we first determine whether or not
our problem is equivalent to a certain integral equation. Afterward, we use the well-
known Schauder’s fixed point theorem to demonstrate that there is at least one positive
periodic solution. Finally, we add an extra condition that makes it easier to apply
the Banach fixed point theorem and hence ensures the existence of a unique positive
bounded periodic solution that continuously depends on the adult mortality rate p. In
addition, we give two concrete examples illustrating the main theorems.

In the fourth chapter, we present results published in [63] which concentrates on the
existence, uniqueness and continuous dependence on parameters of positive periodic

solutions for the following first-order delay differential equation with iterative terms:
o (1) + (1) (1) = aaP (1) — d (P ()" — 2P (1) E (1.2 (1), (1 = 7 (1)),

where a,d,q > 0,and p € C (R, (0,400)), 7 € C(R, (0,+00)) and F € C (R?, (0, 4+00))are
T-periodic functions with respect to the time variable. In order to study this iterative-
delay differential equation, we use the same technique as in the previous chapter. It
is based on the Banach and Schauder fixed point theorems together with the Green’s
functions method as key tools in obtaining the required outcomes. Furthermore, we
provide two examples to show that our main theoretical findings are valid.

In the fifth chapter, we showcase the findings reported in [64], which deals with
the existence, uniqueness and stability of positive periodic solutions for the following
first-order neutral delay differential equation with an iterative harvesting term:

% @) —cx(t—7®)]=-pBOzO)+f(tat—70)—Htx@),zB@),..,2" @),

9
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where the iterate 2 (t) stands for 2 composed with itself n times, i.e. zP? (t) =
z(xt),.., oM (@) =2 (2 (t),ce(0,1),p,7 € C(R,(0,00)), f €C([0,T] xR, (0, 00))
and H € C ([0, 7] xR", (0, 00)) are T'—periodic functions with respect to the time vari-
able. To investigate this neutral delay differential equation with iterative terms, we
mainly use the same steps of the previously used approach, but instead of using the
Schauder fixed-point theorem, we use the Krasnosleskii fixed-point theorem combined
with the Banach fixed-point theorem and the Green’s functions method. Finally, we

give an example to illustrate our main findings.

10
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In this introductory chapter, we introduce basic notions and some necessary back-
ground materials for ready reference including necessary functional analysis tools,
certain fixed point theorems as well as the concepts of Green’s function and iterative

functional differential equations.
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Chapter 2. Preliminaries and Reminders

2.1 Preliminaries and Background Material

This section starts with a reminder of basic definitions of normed and Banach spaces.

Furthermore, we introduce some definitions and preliminary notions.

2.1.1 Normed and Banach spaces

Definition 2.1 [56] A normed space X is a vector space with a norm defined on it.
A Banach space is a complete normed space (complete in the metric defined by the

norm).

Example 2.1 The space C ([a, b] , R) of continuous functions from [a, b] into R provided

with the norm

If[l' = sup |f(#)],

t€la,b]

is a Banach space.

Example 2.2 The space
Pr={ze€C(a,b],R):z(t+T)=x(t)},

of all continuous and periodic functions with period T" equipped with the supermum

norm

|z = sup |z ()],
te(0,7)

is a Banach space.
2.1.2 Definitions and Basic Properties of a Normed Space

Definition 2.2 [27] Let (X, |.||) be a normed space.

e A sequence (z,,),.y in X is said to converge to a € X if
Ve >0,IN, € N:VneN, (n>Ny) = (||lx,, —all <e).

In this case one writes lim,, ,» , = a or ,, — a as n — 0.

e A sequence (z,,), .y in X is called a Cauchy sequence if

Ve > 0,INy e N:Vn,m €N, (n> Ny and m > Ny) = (||x,, — x| <€)

12
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Definition 2.3 Let X be a vector space over F. A convex subset of X is a subset

M C X such that for every pair of points z, y € M and for every a € [0, 1] we have that

ar+ (1 —a)y € M.

2.1.3 Bounded, Closed and Compact Subset in a Normed Vec-

tor Space

Let (X, ].||¢) be a normed vector space over F and M be a set of it.

Definition 2.4 M is called bounded if and only if there is a positive number r» > 0

such that ||z||y <r for all x € M.

Definition 2.5 M is called closed if and only if each sequence (), .y in M which

converges to an element x € X, then z € M.

Definition 2.6 [74] The closure of a set M (denoted by M) is the smallest closed set
that contains M.

Definition 2.7 [74] A set M is called relatively compact if its closure M is compact.

Definition 2.8 M is called relatively compact if and only if each sequence (z,,),, oy in

M has a convergent subsequence z,, — v € X as k — oo.
Definition 2.9 M is called compact if and only if each sequence (z,),.y in M has a

convergent subsequence z,, — v € M as k — oo.

2.1.4 Continuous, Lipschitz Continuous and Compact Opera-

tors

Let (X, ].|¢) and (Y, ||.||y) be two Banach vector spaces over the same field F.

Definition 2.10 [70] Let S : X — Y be an operator and let x5 € X. Then,

13
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1. S is said to be continuous at g € X if for any sequence (z,,) in X which converges
to xo, the sequence (Sx,,) converges to Szo in Y. In orther words,S is said to be
continuous at x if

(T, = x9) = (S, — Sx0) .

ie.,
Ve > 0,30 =0 (g,20) > 0,Vz € X, (||l —zollx < 0) = ([|Szp, — Swolly <€) .
If S is continuous at every point of X, then S is said to be continuous on X i.e.,

Ve >0,Vr € X,36 > 0,Vy € X, ([|[z —yllx <) = (|IS* - Sylly <e).

2. § is said to be uniformly continuous on X if

Ve > 0,30 =6 () > 0,Va,y € X, (||l —yllx <) = ([|Sz - Sylly <e).

Definition 2.11 [79] A map S : X — Y is called Lipschitz continuous if there is a

positive constant C' such that
Vo, € X Sz - Sylly < Cllz — ylly.
If C €10,1[, S is called a contraction mapping,.
Remark 2.1 If §: X — Y then
(S is a contraction) = (S is Lipschitz continuous) = (S is continuous on X).

Theorem 2.1 [7]] A continuous mapping on a closed bounded interval is bounded and

attains its bounds.
Lemma 2.1 [3] All continuous mappings on compact sets are uniformly continuous.

Remark 2.2 Theorem [2.1 and Lemma [2.1] are hidden in the proof of many theorems
and lemmas in the rest of this thesis where we integrate a continuous function over a

compact interval.

14
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Definition 2.12 [70] An operator S : X — Y is said to be compact if it maps every

bounded subset of X into a relatively compact subset of Y. i.e.,
[S compact] <= |VYM C E, (M bounded) = (S (M) Compactﬂ :

Equivalently, S is compact if and only if for every bounded sequence (z,), oy in X, the

n Vi i .
sequence (S,), .y has a convergent subsequence in Y

Example 2.3 Let S : X — Y be a bounded operator with finite dimensional range.

Then, § is compact.

Definition 2.13 [70] An operator S : X — Y is said to be completely continuous if
for any sequence (), .y converging weakly to z, the sequence (Sx,), .y converges to
Sx. That is,

T, = r = Sz, — Sz.

Theorem 2.2 Let S be an operator from a reflevive Banach space X into a Banach

space Y. If S is completely continuous then S is continuous and compact.

Proof. Let S : X — Y be completely continuous. We need to show the compactness
of §. Let M be a bounded subset of X and let (x,), .y be a sequence in M. Reflexivity

of X implies that (z,), .y has a weakly convergent subsequence (z,) Assume that

neN’

T, — x. Because S is completely continuous, Sz,, — Sz. This proves that S (M) is

relatively compact. m

Definition 2.14 [82] If f (z,?) is a continuous function and its derivative f, (x,t) is «

piecewise continuous, then we get

g2()

f (@ tydt = f (2,92 (2)) 6y () — | (2,01 (2)) g () + / £, (1) dt,

g1(x)

d 92()
dx

g1(z)

where ¢; (z) and g5 (x) are differentiable.

2.1.5 Arzela-Ascoli Theorem

Let X be a compact subset of a normed vector space over F and let C (X) be the normed

vector space of real valued continuous functions on X with the sup—norm

1flloo = sup | f ()]
rzeX

15
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Let F be a collection of functions in C (X).

Definition 2.15 [70] (Uniformly bounded sequence) A sequence (fy), oy € F is called

uniformly bounded if there is a number M > 0 such that

| folloo = sup |fo ()] < M, Yf, € F.
xTe

Definition 2.16 [7(] (equicontinuous sequence) A sequence (f,),.y € F is called

equicontinuous if, for every € > 0, there exists § > 0 such that

[ () = fu (W)] <,

whenever ||z — y||x < ¢ for all functions f,, in the sequence.

Theorem 2.3 [70] (The Ascoli-Arzela theorem) If a sequence (fy),cy € F 15 uni-
formly bounded and equicontinuous, then there exists a subsequence (fy,).cy that con-

verges uniformly, that means F is relatively compact in C (X) .

Corollary 2.1 A collection F C C (X) be compact if and only if it be closed, uniformly

bounded and equicontinuous.

2.2 Some Fixed Point Theorems

The fixed point theory is a versatile and fundamental theory that is broadly applicable
in dealing with various types of equations including functional differential equations.
Indeed, it is one of the very helpful and powerful approaches for establishing the exis-

tence and uniqueness of solutions to different types of equations.

Definition 2.17 [4] Let (X, ||.||) be a normed vector space over F. A fixed point of a
mapping S : X — X of X into itself is an € X which is mapped onto itself, that is

S(z)=x.

This is equivalent to saying that the equation S (z) — x = 0 has a solution.

16
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2.2.1 Schauder’s Fixed Point Theorem

The Schauder fixed point theorem relies on the compactness of the operator in a Banach

space.

Theorem 2.4 [79] Let M be a non-empty bounded closed convex subset of a Banach
space (X, |.]]) and let S : Ml — M be a compact and continuous mapping. Then S
has a fized point in M.

An alternative version of the Schauder fixed point theorem can be stated as follows:

Theorem 2.5 [79] Let M be a non-empty compact convex subset of a Banach space
(X, |I.]) and let S : Ml — M be a continuous mapping. Then S has a fized point in
M.

2.2.2 Banach’s Fixed Point Theorem

The Banach fixed point theorem (known also as the Banach contraction principle)
which was published by the mathematician Stefan Banach in 1922, is one of the useful
tools that is extensively applicable in establishing the existence and uniqueness of

solutions.

Theorem 2.6 [69] Let S be a contraction on a Banach space X. Then S has a unique

fixed point T € X.

Theorem 2.7 [/5] If M is a closed subset of a Banach space X and S : M — M is a

contraction, then S has a unique fized point in M.

2.2.3 Krasnoselskii’s Fixed Point Theorem

The Krasnoselskii fixed point theorem which is a combination of the Banach contraction
mapping theorem and the Schauder fixed point theorem, is a theorem for a sum of two
operators; one of them is continuous and compact and the other is a contraction. In

fact, many problems can be written as fixed point equation having the form

x=Ax+ Bx (Vx e M),

17
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where A and B are two operators and M is a closed convex nonempty subset of a

functional Banach space.

Theorem 2.8 (Krasnoselskii’s fixed point theorem) [73] Let M be a closed convex non-
empty subset of a Banach space (X, ||.||). Suppose that A and B map M into X such
that

(1) Az + By € M (Vx,y € M),
(17) A is continuous and compact,

(i7i) B is a contraction with constant o < 1.

Then there is a z € M with Az + Bz = 2.

Remark 2.3 The theorem becomes Banach’s fixed point theorem if A = 0. In the

event if B = 0, the theorem is Schauder’s fixed point theorem.

2.3 Green’s Function

The first appearance of the concept of the Green’s function which is introduced by
the British mathematician George Green [40)], was in 1828. It is one of the potent
means for solving nonhomogeneous linear differential equations associated with initial

conditions or boundary conditions of the form

where L is a linear operator and f is the source term, or transforming them into integral

equations whose kernels are a Green’s functions.

Definition 2.18 (Green’s function) [20] We will consider two — point n'"— order linear

boundary value problems of the form
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and

i
L

Ui(y) = (y (¢) + By (d)), i=T,m, m<n

<.
Il
o

being oz;-, B; and &, real constants for all i = 1,m and j = 0,n — 1, 0 and a;, continuous
real functions for all k = 0,n, and ag (t) # 0 for all ¢ € 1.

We say that G is a Green’s function for problem (P;) if it satisfies the following prop-
erties:

(G1) G is defined on the square I x I.
k

(G2) For k = 0,n — 2, the partial derivatives i exist and they are continuous on
Ix1I.

k1@ kG | , )
(G3) ET=y and ok exist and are continuous on the triangles ¢ < s < ¢t < d and
c<t<s<d.

(G4) For each t € (¢, d) there exist the lateral limits

e
atn—l (t’ t+> )

and
oG
o

(i.e., the limits when (¢,s) — (¢,t) with s >t or with s < ¢) and, moreover

6Lt

an—lG N an—lG N
otn—1 (t’t )_ otn—1 (t’t )_ _ao (t)

(G5) For each s € (c,d), the function ¢ — G (¢,s) is a solution of the differential
equation L,y =0ont € [¢,s) and t € (s,d]. That is,
n an—l

ag (t) — 5 (t,8) 4+ a1 (t) —— G (t,8) 4+ ... +an_1(t) aa—G

; (t,s) +a,(t)G(t,s) =0,

on both intervals.

(G6) For each s € (c,d), the function t — G (t, s) satisfies the boundary conditions

n—1
G N
<%’W( )+5jw(d 8))=0, i=1,m.
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Theorem 2.9 [20)] Let us suppose that the homogeneous problem

(P2)

has only the trivial solution. Then there exists a unique Green’s function, G (t,s),
related to (Py). Moreover, for each continuous function o, the unique solution of the

problem
Luy(®) =o(t), tel=ed),
Uz(y> :Oa = T,

1s given by the expression

d
y (1) = / G (t.5)o (s)ds.

Example 2.4 We solve the following first-order periodic problem by using Green’s

function method:

y(a) =y (b).
Multiply the both sides of the equation by €™ and we get

{y' () +ny () = o (t),t € [a, 0],

y (t)e" +ny(t)e” =0 (t) e,

we have
S0,
by integration

y(t)e™ —y(a)e™ = / o (s)e™ds,t € [a,b],

the solution given by
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hence,

1 b
- - —n(b—s)
Yy (a) T 1 _ e-nl-a) /a o (8) e ds,

after substituting in the solution we find
efn(tfa) b
_ —n(b—s) —17 (t—s)
y(t) = —1—e—ﬂ(b—a)/aa( e ds+/0 ds
e_n(t_a) b s b s
:m/a( Ye M=) ds 4 /Xt)U ) e M=) s
b
= / G (t,s) o (s)ds.
Where X, is the indicator function of the interval (a,t) and

1 nbts—t) g < s <t <b,
G (t,s) = {e = =

ebn — ean | enlats—t) q <t <5< b.’

Lemma 2.2 The Green’s function G (t,s) defined by:

G(ts) = exp (ft du)

exp ( fo du) — 1,
satisfies these the following properties:
(1) Gt+T,s+T)=G(t,s), Vt,s € [0,T].
(2) There exist two positive constants

exp <— fOTp (u) du) . exp (fo du>
exp <f0 du) — ’ ' exp (fo du) — 1’

Yo =

such that
0 <7 <G(ts) <n,Vs,tel0,T], (2.1)

(3) For all ty,ty € [0,T] and t; < ts we have

/:” exp ( /:p(u) du) ~ exp < /t p(u) du>
< Tpexp (/OTp(u) du) t—t].  (2.2)

ds
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Proof. It is easy to prove that both properties (1) and (2) are true. So, we will move

on to proving the last property For all t1,t, € [0,7] and t; < t5 we have

/:” exp ( /t:p(u) du) ~ exp ( /:p(u) du)
_ /:+T exp (/t:p(u) du)‘ ‘1 ~exp (/:p(u) du) ‘ ds.

Using the mean value theorem on the function

ds

[
g (t) =exp </ p(u) du) , for all t € [ty,1s],
t

it is easy to show that the function ¢ is defined and continuous in the interval [tq,¢5]

and differentiable on the interval |¢;, £5], so
to
gt2) —g(t) = 1—exp (/ p(UNU)
t1
to
= —p(J)exp (/ p(u) du) (to —t1), VO € Jt1,to],
9

then
t1+T s s
[ o ) - )
t1 to t1
t1+T S t2
= [ e ([ ran)| s ([pwan) - o)a
t1 to )
t1+T s
< [ ol tlew ([ o) as
t1 9
t14+T T
< plta—t| eXp(/ p(U)du>ds
t1 0
T
< Tpexp </ p(u)du) [ty — t1],
0
therefore

T
ds < Tpexp (/ p(u) du) [ta — 1] .
0

/:” exp ( /t:p(u) du) ~ exp ( /t (W) du>

The proof is finished m
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2.4 Iterative Functional Differential Equations

2.4.1 Iterations

Definition 2.19 The composition x o y of the function x with the function y is

(zoy) () ==(y (1),

the domain of z oy is the set of all ¢ in the domain of y such that y (¢) is in the domain

of z.

Definition 2.20 For z : E — E, the n'” iterate of function z, denoted by z") for

some nonnegative integer n, is defined recursively by
IL‘[O} = ]dE,

and

[n+1]

x =z oz,

where [dg is the identity mapping on E.

Lemma 2.3 In the space Pr defined in the Example , we consider the subset
Q={zePr:0<Ry<zx(t) <Ry |x(t2) —x(t1)| < Lty —t1], Vt1,t2 € [0,T]},

then,

(1) [89] For all z,y € 2

k—1
| — 4| < ZLJ‘ |z —yll, k=1,2,..

j=0

where ¥l = zoxo..ox, k times.
(2) Q is closed conver and bounded.

(3) Q is compact.
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Proof.

(1) We will prove this inequality by induction. So, the proof will now proceed in two
steps:

The basis step: For £ =1, we have

=yl < [l =yl

then, the inequality holds for &k =1
The inductive step: Now, we assume that the inequality holds for a given k = m

and we want to show that it also holds for £ = m + 1. Suppose that

m—1
[t — ™| <> Lz =y,
=0
then

‘x[m“] (t) — y[m+1] (t)}

IN
R

(@ (1) =z (Y™ )] + |2 ("™ (1) =y (¥™ ()]
< L™ (@) =y @) + o (y"™ @) —y ("™ 1),

SO

m+1] y[m+1]|| < L Hx[m} . y[m}H + HiL’ . y”

m—1

< LY Dlz—yll+lz—yl

=0

m—1
. (zw + 1) -

Jj=0

< S -yl
=0

(B

By induction we deduce that
m—1
[er =t < S Llle vl W¥meN,
=0

which finishes the proof.

(2) Qis closed: Let (x,),.y C € be a converge sequence to x € Pr,
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then

‘Which is

0< Ry <z <R;.

On the other hand

[z (t2) = (t)| = |z (t2) —xn (t2) + 2p (f2) — 20 (t1) + 20 (1) — 2 (8)]
< o (te) — o (B2)] + |2n (t2) — 2o (01)] + |2n (1) — 2 (81)]
< lan (t2) — 2 (f1))]
< Llta —t4].

So z € Q and  is closed.

Q is convex: Let x1,29 € Q and a € [0, 1] .

we have
0 < aRy < ar(t) <aRy,
and
O<(l—-a)Ry<(1—a)z(t) <(1—a)Ry.
So
O<aRy+(1—a)Ry <ax(t)+ (1 —a)xs(t) < aRy (1 —a)R;.
Then
0< Ry <ax (t)+(1—a)z(t) <R
Furthermore

|(axy + (1 — @) x2) (t2) — (ax + (1 — ) 22) (t1)]
= |ov (21 (t2) — 21 (t1)) + (1 — ) (2 (t2) — 2 (t1))]
< afry (f2) — o1 (0)] + (1 — @) |22 (t2) — 22 (01))]
<alLlty =t + (1 —a)Llts -t

< Lty —ty].

Which proves the convexity of €.
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Q) is bounded: If z € 2, we have

O<R0§x(t)§R1

But 0 < Ry < Rl, then
|z ()] < R;.

So Q C B(0,R;) and € is bounded.

(3) 2 is Compact: According to the two conditions 0 < Ry < z(t) < R; and

|z (t2) — x (t1)| < L]ty — t1] in the definition of the set 2, we deduce that this set
is uniformly bounded and equicontinuous, therefore the Ascoli-Arzela theorem

ensures that it is relatively compact and as it is closed then it is compact.
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In this chapter, we derived some suitable criteria under which the existence, unique-

ness, and stability results for an iterative Musca Domestica model were established.
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Chapter 3. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for an lterative Houseflies Model

3.1 Introduction

Musca domestica, the common housefly, is a global pest that harms both humans and
animals. It is well known for its ability to harbor and spread a wide range of illnesses,
such as cholera, yaws, amoebic dysentery, poliomyelitis, typhoid fever, diarrhea, and
so forth. It can also contaminate food.

Among the first models with delays that have been used to describe the growth of
single-species insect populations, we can cite the work of Maynard Smith [62] who sug-
gested the following first order differential equation with a constant delay for modelling

a single-species population with two stages; larva and adult:
M (t)=—pM @) +bM(t—71)[1 —M(t—71)],

with M (t) is denoting the size of the population at time ¢, p > 0 is the adult mortality
rate, b is the number of eggs laid per adult and the time delay 7 stands for the time
elapsing between oviposition and adult eclosion.

In 1976, Taylor and Sokal [§1] developed the following delay differential equation,
which was inspired by the previous equation and used to explain the oscillations in the

dynamics of housefly populations in lab settings:
M'(t) = —pM (t) + bM (t — 7) [8 — baM (t — 7)],

where [ is the maximum egg-adult survival rate and « is the reduction in survival
produced by each additional egg.

A growing number of experiments that have clearly manifested that the delays in
many hereditary phenomena are generally depending on both time and state, have
fascinated us and attracted our interests to consider a housefly model with iterative
terms resulting from a time and state dependent delay. Indeed, several studies have
revealed that due many factors such as the competition for food during the three larval
stages, the duration of the fly life cycle depends in fact on the time and the population
size. Simply said, adult females lay clusters of eggs in several batches by stacking them
on top of each other which affects the duration of their life cycles and hence, the life
cycles of the maggots at the bottom (near the moist and nutrient-rich place) are faster

than those superimposed above them, which in turn are faster than those at the top
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which means that the duration of the life cycles 7 varies depending not only on the
time but also on the number of adult flies that lay eggs. By taking into account this

information, we can revisit Taylor and Sokal model to the following one:
M'(t) = —p () M (t) + bM (t — 7 (¢, M (1)) [B — baM (¢t — 7 (t, M (t)))],

and by assuming that 7 (¢, M (t)) =t— M (t), we arrive at the following first order iter-
ative differential equation that involves implicitly the above time and state dependent
delay:

2 () +p (8 x(t) = B2 (1) — Vo (2P ()7 (3.1)

where 22 (t) = 2 (z (1)), p € C(R,]0, 00[) is a T—periodic function and the remainder
parameters are positive.

Equation is an iterative differential equation and equations of this kind have
tremendous applications in an extremely wide range of areas, including biology, medi-
cine, classical electrodynamics, physics, epidemiology, hematology, population dynam-
ics and many other branches of science and technology. They have been of vital impor-
tance in modelling various natural phenomena over the last three centuries- and have
been even more so in the last ten years- thanks to some papers (see [9]-[54], [64], [89]
and references therein). Here, we would like to mention some recent works on iterative
problems that arise in life sciences.

In [16], the authors have used Schauder’s fixed point theorem to study the following

Nicholson’s blowflies equation with an iterative harvesting effort:
N'({#)=-pHN@E)+a®)N(t—71)e "IN _gN (t —7)E (£, N (1), N& (t),..., N (1)),

where N (t) denotes the population density of the sheep blowfly, Lucilia Cuprina.
In [I0], by virtue of the same aforementioned fixed point theorem, Bouakkaz has
investigated the following class of first-order iterative differential equations with appli-

cation to three iterative hematopoiesis models for humans and animals.

d(t)=—p®) @) +alt)s™(t—7@)f (tx@),2? @), . .,2" (1),

where z (t) is the density of mature cells in blood circulation at time ¢, p (t) and a (t)

are, respectively the death and the production rates of blood cells.
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In [64], Mezghiche et al. have applied Banach and Krasnoselskii’s fixed point theo-
rems together with the Green’s functions method to establish the existence, uniqueness
and stability results for the following class of first order neutral delay differential equa-

tions with an iterative harvesting term:

d
Slr@—ct—r@)]=-p@)z@+f(tzt—70)-H (t (1) (), 2l (1))
Here z (t) can represent for example, a size of a population, a number of individuals or
a blood cell density and H is the harvesting function.

In [48], Khemis et al. have utilized the same approach adopted in [64] to discuss
the existence, uniqueness and stability of positive periodic solutions for the following

Lasota—Wazewska model with an iterative production term and a delayed harvesting

one:

7 ()= —p®)z(t) +a(t) O —H(ta(t - 7)),

where x (t) is the density of mature erythrocytes in an animal at time ¢.

So, here we draw our motivation first and foremost from these works and as we
said before, from the fact that delays in life sciences depend generally on the time and
the state and also from our contribution in enriching and complementing some earlier
publications whether on insect population dynamics or iterative problems. It is worth
noting here that these latter are obviously burning topics and hence in many cases
they are difficult to deal with. For this, the theory of such kind of equations which can
be considered as a special type of the so-called functional differential equations with
delays depending upon both the time and the state variables; has not yet been well
established (see [9]-[54], [64], [89] ). The chief problem lies in the iterative terms that
generally impede the application of usual methods and could make the study somewhat
difficult.

The main purpose of this chapter is to establish some sufficient criteria for ensuring
the existence, uniqueness and stability of positive periodic solutions of the iterative dif-
ferential equation (3.1]). For achieving our goals, we use an attractive technique based
on converting the problem at hand into an equivalent integral equation before con-

structing an integral operator with a Green’s function type kernel. Next, through the

30



Chapter 3. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for an lterative Houseflies Model

fixed point theory, some functional analysis tools together with some properties of the
obtained Green’s function, we success in establishing some new existence, uniqueness
and stability results for our problem.

The plan of the chapter is as follows. In Section 2, we introduce our notations,
assumptions and some preliminaries. In Section 3, we state and prove our main re-
sults concerning the existence, uniqueness and continuous dependence on parameters
of positive periodic solutions for the proposed model, whilst Section 4 is dedicated to

give an example to corroborate the effectiveness of the obtained findings.

3.2 Preliminaries

At the beginning of this section, we provide some definitions and hypotheses that we
will need in the rest of the chapter.

Let Pr the Banach space of all continuous and periodic functions with the period
T given in the Example 2.2, and let €2 the subset that is given in Lemma [2.3

In our study, we will be assumed that

(H;) For all x € Q and s € [0,T], we suppose that

sg[loi%] {bﬁx[ﬂ (s) — b*a (2 (s))2} > j:—OT. (3.2)

(H3) The following estimates are satisfied:
WTHB < 1, (3.3)
(12T + 27,) (bBR1 + b*aR;) < L. (3.4)

Here, we prove an equivalence between equation (3.1)) with the periodic properties

and a certain integral equation.

Lemma 3.1 z € QNC (R, R) is a solution of equation (3.1)) if and only if x € Q is a

solution of the following integral equation:

z(t) = /tHT G (t,s) [bﬁxm (5) — b« (a:m (3))2} ds, (3.5)

where G is a Green’s function given in Lemma [2.2
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Proof. Let x € 2N C' (R, R) be a solution of equation (3.1)). Multiplying both sides
of this equation by exp < f(f p(u) du) we get

% {x (s) exp < /O “p(w) du)] ds = [B22 (t) - ¥ (2 (1) exp ( /0 () du> .

The integration from ¢ to t + T gives

/tHTd% [x (s)exp (/Osp(u) du)] ds
stk

The fact that = (t) = x (t + T') implies that

/tHT% {a: (s) exp (/Osp(u) duﬂ ds
e [exp (/OtJer(u) du) ~ exp (/Otp(u) du)]
—_— {exp (/Otp(u) du> <exp (/tHTp(u) du) _ 1)] |
Therefore

= - eXp(ftsp(u)du) 2 (5) — b2 (22 (5))?] ds
:E(t)_/t eXp(ﬁt+Tp(U)du)_1[b6H() b (H())]d

t+T
=[G [ () - a (5 )] .

which completes the first step of the proof.
Conversely, if we assume that z satisfies (3.5)) and by the derivation of this integral

equation, we infer that = satisfies equation (3.1). =

Remark 3.1 By using the inequality of Zhao [2.3] for £ = 2. We have
For all z,y € Q,

[ (8) =y ()| < o (@ () — 2 (y ()| + o (y (1) =y (v (D)
< Lle(t) —y (@) + [z —yll
< Lz =yl +llz =yl

So

Hx[z} _ y[z}H — sup ‘xm (t) — yl2 (t)\ <(1+L)|x—vy. (3.6)
te(0,7)
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3.3 Existence of Positive Periodic Solutions

In the first part of this section, we will use the Schauder fixed point theorem with
some properties of the obtained Green’s function to prove the existence of at least one
positive periodic solution for equation (3.1)). For this end and by virtue of Lemma

we define an operator K : 0 — Py as follows:

(Kz) () = /t TG [bﬁxm (s) — b2a (22 (s))Z] ds. (3.7)

So, fixed points of I are solutions of equation and vice versa. This means that our
main task is clearly to show that the operator K has fixed points which are solutions
to equation (|3.1)).

Let us begin by pointing out that by virtue of the periodic properties, the operator
KC is well-defined. Next, we state and prove the following lemma which establishes the

continuity and compactness of .

Lemma 3.2 The operator K: Q — Pr given by (3.7) is continuous and compact.

Proof. Thanks to Lemma Q) is a compact subset of Pr. So, to show that K is a

compact operator it suffices to show that it is continuous. For z,y € ), we have

T

() () = (o) (O <8 [ G (t.5) o ()~ 47 (5)] s
: 4T
+ b2a/ G (t,s) ‘xm (s) + y? (S)‘ ‘xm (s) — y? (3)‘ ds.

t

Taking into account the second property of Green’s function ([2.1]) and (3.6)), we obtain
() (1) = (Ky) ()] < (1 TbB (1 + L) + 2%, T0%aR: (1 + L)) ||z — y
= pllz =yl

where,

p=7Tb(B+2bak:)(1+ L),

which shows that the operator K is Lipschitz continuous and hence continuous. There-

fore, KC is compact. =
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Lemma 3.3 If conditions (3.2)) and (3.3)) hold, then
R() S (’CZE) (t) S Rl,

for all z € Q.

Proof. Let z € Q. In view of (3.2)) we have

(K) (1) = /t s 552 (5) — P (2 (5))°] ds

> 7,1 min {bﬂmm (s) — b (95[2] (3))2}

s€[0,T]

Ry
> vl — = R

and by using (3.3) we find

(Kx) () = /t e (t, s) [bﬁxm (s) — b (2 (s)ﬂ ds

t+T

<bs G (t,s) 2 (s)ds

Consequently, Ry < (Kz)(t) < R;. m
Lemma 3.4 If condition (3.4)) holds, then
[(Kx) (t2) — (Kx) (t1)| < Lt — ],

for all t1,t, € R.

Proof. Let t1,ty € [0,T] with ¢; < t5. For x € Q, we have

(a) (1)~ (o) ()] = | [ G ta,) [p30)(5) — B (a2 (5))"] s

)

- /tl+T G (t1,s) [bﬂxm (s) — bPa (2 (s))? ds| .

t1
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Thereby

|(Kx) (t2) — (Kx) (t1)] =

/tl G (tg, ) [bﬁxm (5) — b« (x[Q] (s))z} ds
r i
/ G (ts, s) bﬁxm (s) — b’ (xm (s))"| ds
to+T -
—l—/ : G (ts, s) bﬁx[Q] (5) — b« (a:m (s))2 ds
t1+T i

4T .
—/ G (ty, s) bﬁ:cm (5) — b’ (:IZ'[Q] (s))"| ds

+

Y

from which we infer that

t1

(K2) (t2) = (K2) ()] < [ G (ta,9) [p822 (5) = 020 (27 ()] ds

to

. /ttz-i-TG (ta. 5) [bﬂxm (s) — b2a ($[2] (s))2] ds

1+T

t1+T
[ 16 (ts) ~ G (ta8) 85 (5) = o (o (5)) | as.
t1
It follows from the two properties of Green’s function (2.1f), (2.2) and (3.4) that

|(Kz) (t2) — (Kaz) (t1)] < 27, (bBR1 + b*aRY) [ty — ]
+ T (bﬁRl + b2OéR§) |ta — t1]
= (72T + 27,) (bBR1 + V*aR}) [t2 — ¢

< Lty —t].

SO, ’(IC:L’) (tg) — (lCiL‘) (tl)‘ <L |t2 — t1| for all t1,t9 € R. m

Our first main result is the following theorem:

Theorem 3.1 Suppose that conditions (3.2) — (3.4) hold, then equation (3.1) has at

least one positive periodic solution x € ).

Proof. As a result of Lemmas and K maps Q into itself, i.e. K (2) C Q
and from Lemma [3.2] K is a compact and continuous operator, so all requirements of
the Schauder’s fixed point theorem are satisfied. This shows that IC has at least one
fixed point in €2, which means that equation admits at least one positive periodic

solution. m
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3.4 Uniqueness of Positive Periodic Solutions

The second part of this section will be devoted to establishing the uniqueness of solu-

tions by using the Banach contraction principle.

Theorem 3.2 Besides of the assumptions (3.2) — (3.4)) if we further assume that pn < 1,
then equation (3.1) has one and only one solution x € €.

Proof. From Lemma [3.2] for all 2,y € 2 we arrived at

|(Kz) (1) = (Ky) (O] < pllz =yl

Thanks to condition ;1 < 1 and the Banach fixed point theorem, operator I has a
unique fixed point in . From Lemma[3.1] this unique fixed point is the unique positive
periodic solution of equation ([3.1). =

3.5 Continuous Dependence on Parameters

Now, we establish the continuous dependence of the solution upon the adult mortality

rate.

Theorem 3.3 The solution obtained in Theorem[3.2] depends continuously on the func-

tion p.

Proof. Let

x1 (t) = /tHT G (t, s) _bﬁx[f] (5) — b’ (x[f] (s)>2 ds,

be the unique solution of equation (3.1]) and let

xo (t) = /tHT Gs (t, s) -bﬁx[;] (5) — b’ (x[;] (s)>2_ ds,

be a solution of the perturbed equation with a small perturbation in the adult mortality

rate py () where

exp (f: p1(u) du)
exp (fOT p1 (u) du) 1

exp (LS po (1) du) ‘
exp (fOT P2 (u) du) -1

Gy (t,s) = Gy (t,s) =
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Estimating the difference between x; (t) and x5 (), we obtain

+T 2
o) = ma 1< [ (G () - Galt,) \b@x?l (s) =t (af ()| ds
t
t+T
[ Gattos) [[pa (5) — ba ()
t
2 (23 e (2 )
+ b« (a:l (3)) — b« (m2 (s)) ds.
Thanks to the mean value theorem, we get
t+T
| 1619~ Gatt o)l ds < nllpn -~ mal. (38
t
where
T2 Ip2l+max(py . lp2) 72T max((lpa | 1p21)
77 =

<exp (fOTpl (u) du) — 1) <exp (fOTpg (u) du) — 1) ! exp (fOTpl (u) du) 1
It follows from , and that

|21 (1) — 22 ()] < TbRy (B — baRy) nlp1 — p2|
+ 9, Tb (14 L) (8 4 2baRy) |z (t) — 22 (1)) .
So

Tleﬁ (ﬁ — bCYRl)
1—

21 — 22| < Ipy = 2| -

This completes the proof. m

3.6 Example
Here is a concret example illustrating Theorems and

Example 3.1 Consider the following iterative houseflies model:

2

o' (t)+ (0.025 + 0.024 sin? %) () = (0.05) (0.4) 2 (¢)—(0.05)* (0.000226) (= (1)),
(3.9)

where

ot
p(t) = 0.025 + 0.024 sin? 3—7; b=0.05 8=04and a = 0.000226.
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Let
le{.%'EPTIO<R0§$(t) < Ry, ]r(tz)—$(t1)| SL’tz—tﬂ, Vi1, 1y € [O,T]},

where T' = 35, Ry = 0.00721, Ry = 0.8 and L = 0.2.

We define an integral operator KC; : €y — Pr as follows:
435 )
(Kaz) () = / G (t, s) [(0.02)3:[2] (s) — (565 x 107°) (22 (s)) ]ds,
t

where its kernel is the following Green’s function:

exp (f7*7 (0.025 +0.0245in* 22 du)

t

G(t,s) =

exp ( (0025 + 0.024 sin? 2) du) —1
Thanks to the periodic properties, the operator Iy is well-defined.
We have

p = 0.049, ~v,~0.10332, v,~1.3772 and p = 1, Tb (5 + 2baR;) (1 + L) ~1.1569 > 1.

Moreover, we find

R
min {bﬁxm (s) — ba (22 (s))2} ~1.9996 x 103 > % ~1.9938 x 10,
5€[0,35] Yol

which means that condition (|3.2)) is satisfied. And
v, 103 = 0.96404 < 1,
which implies that condition (3.3)) is fulfilled. We have also
(12T + 27,) (bBRy + b*aR}) ~8.1863 x 1072 < L = 0.2.

Then condition is also satisfied.

Finally, we conclude that all conditions of Theorem hold and hence equa-
tion has at least one positive periodic solution in €2;. Indeed since conditions
— are satisfied, then Lemmas and show that IC; maps €); into itself.

Furthermore, we get

|[(Kaz) () = (Kay) (0)] < 11569 [z — y]],
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and therefore the continuity of the operator K; results immediately afterwards. In
addition, Arzela-Ascoli theorem ensures the compactness of the departure set £2; which,
in turn, proves the compactness of the continuous operator I;. Therefore, we conclude
by the Schauder’s fixed point theorem that the operator K; has at least one fixed point
in ; which is a positive periodic solution of equation (j3.9).
But

pw="y,Tb(p+ 2baR;) (1 + L)~1.1569 > 1.

Therefore, Theorems [3.2] and [3.3] cannot be applied here. Indeed, the additional cri-
terion (3.8)) is not fulfilled and hence the solution of equation (3.9)) is not necessarily

unique and we cannot get any information about the stability of solutions.
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In this chapter, we are interested in studying the existence, uniqueness and con-
tinuous dependence of positive periodic solutions of a first order delay differential
equation with iterative terms by means of the Schauder and Banach fixed point fixed

point theorems along with the Green’s function method.
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4.1 Introduction

Our foremost concern in this chapter is to establish some sufficient criteria that assure
the existence, uniqueness and stability of positive periodic and bounded solutions to
the following first-order differential equation with a time-varying delay and iterative

terms:
2 () +pt)x(t) =ax® () —d (@ 1) — P () E(tx(t), 2 (t—7(), (4.1)

where x12 (t) = x (2 (t)) is the second iterate of z, a,d,q > 0, p, 7 € C (R, (0, +0)) are
two T-periodic functions and E € C (R?, (0, +00)) is a T-periodic function with respect

to the first variable and satisfies the following Lipschitz condition:
|E(t, @1, 22) — E(ty1,52)| < by |oy — ya] 4 o |wz — o] - (4.2)

equation is usually relevant to the dynamics of single-species population growth
with harvesting strategy where x (¢) represents the population density at time ¢, p(t)
is per capita daily adult mortality rate, az? (t) — d (z (t))2 is the recruitment term
and gz (t) E (t,z (t), 2 (t — 7 (t))) is the harvesting term which may be due to live
capture, fishing, hunting or trapping individuals where ¢ is the catchability coefficient,
7 (t) is referred to as the time delay required for harvesting mature individuals and
E' is the harvesting or fishery effort that depends on both the current and the past
densities. So, our new results shed lights on an important question which is about the
effect of the harvesting strategy on the population dynamics. Indeed, such external
factor which reduces the population affects the mathematical model as it plays a key
role in the dynamics of the population and, in some cases, can even lead to the eventual
extinction.

Despite the long history of iterative differential equations, there were very little
works available in the literature that dealt with these equations as realistic models. But
although the authors generally face some difficulties in studying them, such equations
have recently attracted considerable attention that led to several recent contributions
including (see [9]-[89]).

The purpose of this work is twofold: first, it aims to contribute to the emerging

literature on this topic, and, secondly, to highlight the impact of the harvesting strategy
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on the population dynamics as our new findings highlights on this effect where the
harvesting term involves two delays, the first lag depends on time while the second one
which gives the second iterate z!? (t), depends not only on the time but also depends
on the population density.

The plan of this manuscript is organized as follows. In Section 2, we present some
definitions and materials needed to establish our main results. In Section 3, we give
certain conditions for which the Schauder’s fixed point theorem could be applied and
hence could guarantee the existence of at least one positive periodic and bounded
solution of equation . Further, by means of the Banach contraction principle,
we are also able to derive the existence and uniqueness result and also establish the

continuous dependence of the unique solution on parameters.

4.2 Preliminaries

In this section, we shall recall some relevant preliminaries, which are crucial in our
arguments.
Let the Banach space Pr of all continuous and periodic functions with the period

T defined in the Example and the subset Q given in Lemma [2.3
Remark 4.1 It follows from Lemma 2.3] that
2 2
| @) = 2)*|| < 2R (14 L) = w1l

for all x,y € €.

We first begin by giving an equivalence between our equation (4.1)) and an integral

one.

Lemma 4.1 z € QN C' (R, R) is a solution of equation (4.1) if and only if x € Q is

a solution of the following integral equation:

t+T
z(t) = / G (t,s) {axp] (s)—d (J:m (s))2 — gz (s)E (s,x(s),x(s—T (5)))} ds,
t
(4.3)
where G is a Green’s function given in Lemma [2.2]
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Proof. Let z € QN C!' (R,R) be a solution of equation (4.1). Multiplying both sides
of this equation by exp < f(f p(u) du) we arrive at

d

< [x (s) exp (/Osp(u) du)} ds

- [amm ) —d(z? () = 2 () E(t, 2 (t) 2 (t—7 (t)))] exp ( /O Y () du) .

Integrating from t to t + T we get

[ & s e ([ pd)]as

_ /t”T [0 (5) — d (47 (5))° — qo () E (s, (5) , (5 — 7 (5)))] exp (/Osp (w) du) ds.

By the periodic properties we find that
t+T d s
/ — {:v (s) exp (/ p(u) du)] ds
t ds 0

— () [exp </Ot+Tp(u)du) ~ exp (/Otp(u)duﬂ
(1) [exp </Otp(u) du) (exp (/tt+Tp(u) du) _ 1)} |

x (t) /t G (t,s) {amm (s)—d (:L‘m (s))2 - qu (s)E (s,x(s),x(s—T (s)))} ds.

Now, let us recover equation (4.1).

Conversely, assume that z satisfies the integral equation (4.3]), by differentiation

one can easily verify that = is a solution of equation (4.1]). m

From the last lemma, we define an operator F : {2 — Pr as follows:

t+T 9
(Fa) (1) = /t G (t,5) {aa (s) = d (27 (5))" = g2l () B (5,2 (5) .2 (s = 7 (5))) } ds.

(4.4)
So equation ({4.1f) associated with the periodic properties can be converted into a fixed

point problem. In other words, if x is a fixed point of the operator F then z is a
solution of equation (4.1]) and vice versa.
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4.3 Existence of Periodic Solutions

Now, we intend to state and prove our first main result. For this purpose, we will use
Schauder’s fixed point theorem to prove that operator F has at least one fixed point
in Q which means that equation (4.1]) has at least one positive periodic and bounded

solution.

Lemma 4.2 Operator F is continuous.

Proof. It is not difficult to show that F (t +T) = F (t) . For z,y € Q, we have
t+T
(Fo) O - F @I <a [ Gts) o ) -y (5)] ds
t
+T ) )
+ d/ G (t,s) (xm (s))" — (ym (s))
t

—i—q/t G (t,s) |x[2] (s)E(s,z(s),z(s—17(s))) ds

~y? () E(s.y(s),y (s — 7 (5)))] ds.

ds

But

[ () E (5,2 (s) @ (s = 7 () =y () B (5,9 (5) ,y (5 — 7 (5)))]
<IE (5,2 (s), (s = 7 ()] [« (s) = 5 (5)]

+ Y2 () [E (5,2 (s) 2 (s = 7(s))) = E(s,9(5),y (s = 7 ()]

By using (4.2) and Remark [4.1| we obtain

|E(s,2(s),x (s —7(s)))] < Eo+ ({1 + b2) Ry, (4.5)
with
Ey = tg%(‘?:% E (tu 0, 0) )
and

|22 () E (s, 2 (s) 2 (s — 7(s))) — 2P (s) E (5,9 (s),y (s — 7(s)))]
< (Bo+ (b +bo) By) (L +1) ||z — yl| + Ry (61 + £2) [l — y|

<(Eo(L+1)4 Ry (L +2) (61 + ) |z — ]| (4.6)
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It follows from , , Lemma and Remark that
|Fz = Fyll < Al —yll,
where
A=7T(L+1)(a+2dR:) +q(Ey (L + 1)+ Ry (L+2) (61 +£3))),

from which we infer that F is a Lipschitz continuous operator and hence is a continuous

operator.

Lemma 4.3 If aTv, <1 and

2

az (s) —d (2P (s))” -

Then

for all x € Q and t € R.

Proof. Let z € Q. Since a7y, < 1, it follows from ({2.1]) that

T
(Fz)(t) < a/t G (t,s)z? (s)ds

<alvy, Ry

S R17

and by taking into account (2.1]), (4.5) and (4.7)) we obtain

2

(Fz) () = /t G (t,5) {aa (5) = d (a2 (5))" = 2 () B (5, (5) 2 (s = 7 (s))) |

> T7, min {aa:m (s)—d (xm (s))2 — gz (s)E (s,x(s),x(s—T (3)))}

s€[0,7T

0

Consequently, Ry < (Fx)(t) < Ry forallz € Qandt€R. m

45



Chapter 4. Existence, Uniqueness and Continuous Dependence on Parameters of
Solutions for a Recruitment Model with lterative Terms and a Nonlinear Harvesting

Lemma 4.4 If
v1R1 (pT + 2) (¢Eo + a + dRy + q¢l1 Ry + qlaRy) < L, (4.8)

then
[(Fx) (t2) — (Fr) (t1)| < Lty — 1],

foralltit; € R and x € Q.

Proof. Let t;t; € R and x € 2. We have

to+T

[(Fz) (ta) — (Fx) (t1)] < a/ 1 2@ () G (ta, 5) ds + a/ 22 () G (ta, 5) ds

to t1+T

t1+T

—i—a/ 2 (s) |G (ty, 8) — G (t1, 5)| ds
t1

to+T

+ d/tl (xm (s))2 G (tg,s)ds + d/ (x[Q] (s))2 G (tg, s)ds

to t1+T

t1+T 9
+ d/ |G (ta,s) — G (t1, 9)| (xm (s))"ds
t1
t1

+q G (ty,s) 22 (s) E (s,2(s),z (s — 7 (s))) ds

to

tot T
+q/t G (t2, s) 22 (s)E(s,z(s),x(s—7(s)))ds

1+T

—i—q/1 |G(t2,s)—G(t1,s)\x[2] (s)E(s,z(s),xz(s—71(s)))ds.

t1

From (2.1)), (4.5) and (4.5) we achieve

[(Fz) (t2) = (Fz) (t1)] < 2aRiyy [t — ta| + Rial'py, [tz — ti]
+ 2dRy vy, |ta — t1| + AR Tpy, |t2 — ti]
+2q7v, Ry (Eo + (01 + l3) Ry) [ta — t4]
+ qRy (Eo + (1 + £2) Ry) Tpyy [tz —

<y R (pT +2) (q¢Eo + a+ dRy + ¢t1 Ry + qlaRy) |ta — t] .
It follows from and Lemma that
[(Fz) (t2) — (Fx) (t1)| < Lta — tal,

forall tyt c Randz € Q. =
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Theorem 4.1 Suppose that conditions (4.7), (4.8) and aT~vy, < 1 hold, then equation
(4.1) has at least one positive periodic and bounded solution in €.

Proof. From Lemmas [4.3] and we conclude that operator F maps the compact
subset 2 into itself and since Lemma [4.2] guarantees the continuity of the operator F,
then all conditions of Schauder’s fixed point theorem are satisfied. Accordingly, F has
at least one fixed point x € 2 such that Fx = z. Thanks to Lemma , equation

has at least one positive periodic and bounded solution. m

4.4 Existence and Uniqueness of Periodic Solutions

Theorem 4.2 Suppose that conditions ({4.7)), (4.8)) and aT~, < 1 are fulfilled. If \ < 1,
then equation (4.1)) has a unique positive periodic and bounded solution x € Q.

Proof. Let x,y € Q). From the proof of Lemma [4.2| we have

|Foe— Fyll < Xl —yl.

Since A\ < 1, then F is a contraction. So, by the Banach fixed point theorem, F has
a unique fixed point which is the unique positive periodic and bounded solution of

equation (4.1). m

4.5 Stability

Theorem 4.3 The unique solution obtained in Theorem [1.2] depends continuously on

the death rate p and the harvesting effort E.

Proof. Let

71 (1) = /t " G (t, ) {aa;[ﬂ (s) —d (x[f] (s)>2 — g2 (5) By (5,21 (8) 1 (s — 7 (s)))} ds,

and

s (1) = /t o Gs (¢, 5) {axgﬂ (s) —d (x[f] (s)>2 — g2 (8) By (5,22 (5) w2 (5 — T (s)))} ds,
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where

exp ( ft pa ( du)
exp (fo po ( du) -1

exp ( ft 1 ( du)
exp (fo pr( du) -1

are two different solutions of equation (4.1]). We have

2 (8) — 22 (8)] < /

t+T
+d /

t

t+T
+q/

t

— a2 (5) By (5,22 (5) 22 (5 — 7 (5))) Ga (¢, s)( ds.

Gi(t,s) = and G (t,s) =

22 (5) G (1, 5) — 22 (5) G (1, s)) ds

ds

(59" G (t.5) = 282 () Ga (0.5)

22 () By (s, 21 (s), 21 (s — 7(5))) Gy (¢, 5)

Thus

21 (8) — 22 (8)]

<a /t HTGH (t,s) |22 (s) — 27 (s)| ds + a /t HT:A;] (s)|G1 (t,s) — Ga (t,5)| ds

v [ | (o8 @) = (B 6) asra [ (1869) 16169 - 60,9005
+q/tt+T Gy (t,8)|Ey (5,21 (s), 31 (s — 7 (8))) — Ba (5,21 (s), 21 (s — 7 ()| ds

+q / Tl (9) By (5,21 ), 1 (5 = 7(9) G (1,) — G (t,)] ds

+ q/tHT 2 () Ga (t,8) | By (5,21 (5), 21 (s — 7 (3))) — Ba (5,22 (s) , 2 (s — 7 (s)))| ds

22 (s) = 22 (5)| Ga (¢, 8) Ba (5,32 (5) , 22 (s — 7 (5))) ds.

+q/
t

The mean value theorem leads to

t+T
/ Gl (£, 5) — G (£, 5)] ds < o [lp1 — pall (4.9)
t

where

T2 (lp2][+max(|p1]],[Ip211)) T2 T max([[pa |l llpzll)

(exp (fo 1 ( du) — 1) <exp (fo pa ( du) — 1) i exp (fo 1 ( du) — 1‘

g =
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It follows from , , , , Lemma and Remark that

|21 — 2o < aTvyy (1 + L) |21 — 22| + aRio |lp1 — pa|
+2dTy, Ry (1 + L) ||x1 — 23| + dRyo ||p1 — 2|
+ qR\ Ty [[Ey — Ea|| 4+ q (Eo + (61 + £2) Ry) o [[p1 — po
+ g Ty, (G + b2) [|z1 — 2o

+qTy, (Bo + (01 +42) Ry) (14 L) || — 22| -
Therefore,

1
|21 — 22|| £ —— [Rio (a + dRy + q (Ey + (€ 4 £3) R1)) ||pr — p2|]
1—)

+qRi Ty, || By — Es] .

This completes the proof. m
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In this chapter, we are concerned with the study of the existence, uniqueness and
stability of positive periodic solutions for a first order neutral iterative differential
equations by using the Krasnoselskii and Banach fixed point fixed point theorems as

well as the Green’s function method.
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5.1 Introduction

Recently, a great attention has been devoted to investigate neutral differential equa-
tions where the highest order derivatives occur with delays. These equations arise
in various applied sciences such as population dynamic, biology, hematology, physics,
economics, chemistry, and so forth. For any further and detailed information, we refer
the interested reader to [11I, 211, (51, 59, [75] and the references cited therein. Among
the papers that dealt with the existence of periodic solutions for first order neutral dif-
ferential equations, we cite some of them which are relevant to what we are discussing
in this work.

In 1991, Serra [75] used the Mawhin coincidence degree theory to investigate the

existence of periodic solutions for the following neutral differential equation:

d

E[;p(t)—cx(t—T)] = f(t,z (1)),

with t € R, ¢ € R, 7 € ]0,27[, f : RxR — R is Caratheodory function and
2m—periodic with respect to the time variable.

In 2008, by means of the Krasnoselskii fixed point theorem, Luo et al. [59] gave the
sufficient conditions that guarantee the existence of positive periodic solutions of the

following neutral differential equation:

d
Glet)—ex(t—r@)]=-a)z )+ ftz(t 7)),

where a € C'(R,(0,00)), 7 € C(R,R) and f € C' (R x R,R) are common periodic
functions with respect to the time variable.

In 2016, Candan [21] employed the same aforementioned fixed point theorem to

discuss the positive periodic solutions for the following neutral differential equation:

Cle(t) = P(t)a(t—m)) = —a(t)e(t)+ ] (ta(t 7).

here 7 > 0, a € C(R,(0,00)), P € C'(R,R) and f € C (R x R,R) are common
periodic functions with respect to the time variable.
In the present work, we give new sufficient criteria for the existence, uniqueness

and continuous dependence of positive periodic solutions for the following first order
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neutral differential equation with iterative terms:

% @) —cx(t—7®))=-pBx@)+f ot —7)—H(tx@),zB@),. . M@

(5.1

)

where the iterate z[" () stands for x composed with itself n times, ie. 2@ (1) =
z(z(t),..., 2 () =2 (2 (t),c€ (0,1),p,7 € C(R,(0,00)), f € C([0,T] xR, (0,00))
and H € C ([0, T] xR", (0, 00)) are T—periodic functions with respect to the time vari-
able. Furtheremore, the functions f (¢,z) and H (¢, x4, z3, ..., x,) are supposed globally
Lipschitz in z and x4, ..., x, respectively, i.e. there exist a positive constant k£ and n

positive constants Iy, s, ..., [,, such that

|f () = f (2] < Elle— =], (5.2)

and

[H (t, 21,2, ) = H (621, 2,000y 20)| <) L[l — )] (5.3)
=1

It is noteworthy that equation is a first order iterative differential equation and
such equations as we said before are used to model a variety of phenomena observed
in an extremely wide range of areas, including life sciences (see, e.g., [8, [16, 85], and
references cited therein). For instance, it can model many biological and ecological
equations such as: Neutral Mackey-Glass models with harvesting, Neutral Wazewska-
Lasota model with harvesting, Neutral Nicholson’s blowflies model with harvesting and
Neutral houseflies model with harvesting.

So, to put forward a more meaningful and realistic model that can describe a
biological phenomenon and contain the minimal basic biological information about
it, we assume that the production f (flux or recruitment) term incorporates a time-
varying delay and also we take into account a harvesting strategy H with time and
state dependent delays that lead to the appearance of the iterates z!’ (t).

The strong interest in this work is motivated by the fact that the harvesting of indi-
viduals provides a good description of the population dynamics and plays a prominent
role in getting a better understanding of its effects on the management of biological
resources. Moreover, in many biological and vital phenomena, the delays are generally

depending on both the time and the state variable that can give the iterations in the
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model such as in infectious diseases spread, blood cell production and insect population
growth.

We now outline some key features of our work by the following items:

- It should be pointed out that equation is more general than those investigated
in [T6], 21, 59, [75]. Furthermore, to the best of our knowledge, there are no published
papers that address this problem with a time varying delay and an iterative harvesting
term that involves implicitly (n — 1) time and state dependent delays.

- Despite that recent years have gradually witnessed an unprecedented interest
towards such kind of equations (we can mention, for instance, [8], [I3]-[16], [22]-[50],
[54], [60], [85]-[89] ), the investigation in this direction remains scarce and their theory
has not yet been developed enough. So, it is our belief that our work is of significance
because it contributes in the literature of this emergent theory.

- There is no doubt that the harvesting strategy plays a crucial role in the population
dynamics and it is also quite normal that it involves many delays. So, on account of
these facts, we attempt to understand the effect of the harvesting strategy on the
population dynamics by adding an iterative harvesting term involving implicitly many
time and state dependent delays.

- We are interested in the positivity, boundedness and periodicity of solutions which
makes our results even more powerful and biologically meaningful. This is due to the
fact that the state x (t) in biological phenomena could, for example, stand for an
amount of cells, a density, a number of individuals or a size of the population which
should be positive and bounded quantities and generally periodic.

The rest of the chapter is furnished as follows: In Section 2, we start with some
preliminaries which will be needed in what follows. In Section 3, by virtue of the
Krasnoselskii fixed point theorem and some Green’s function properties, we construct
some new results about the existence of positive periodic solutions for equation (|5.1]).
In Section 4, the existence, uniqueness and continuous dependence on parameters of
the solutions are established by using the Banach fixed point theorem. In Section 5,

we exhibit an example to which our key outcomes can be applied.
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5.2 Preliminaries

In this Section, we present some notations and preliminary material needed to establish
our main findings and we also state and prove some preliminary results.

Let the Banach space Pr of all continuous and periodic functions with the period
T defined in the Example and the subset 2 given in Lemma [2.3

For convenience, throughout this work, we introduce the following notations:

n i—1
= t,0)|, H; = H(t,0,0,...,0)[, A=Y Ly L.
fl trer%oa,% ’f( ) )’7 1 trerféi:%(]’ ( s Uy Uy eeny )‘7 ; Jgo

In the sequel we will assume that the following hypotheses are satisfied:

There exists a positive constant f; > 0 such that
f(t,z)> fo, Vt€R, Vx € (0,00). (5.4)

The following estimates are satisfied:

CRl + ’}/IT (le + fl) < Rl, (55)
VoI fo — 11T (RiA + Hy) — cTvpR1 + cRy > Ry, (5.6)

and
Y 2+pT)(Hi+ fi+Ri(k+A+cp)+L(1+L)c<L. (5.7)

Now, we state and prove the following lemma, which we intend to use later.

Lemma 5.1 z € QN CYR,R) is a solution of (5.1)) if and only if x € Q) satisfies the

following integral equation:
T
x(t) = /t G(t,s)[f(s,z(s—7(s))— H(s,z(s) @ (s), .., (s))
—cp(s)x(s—71(s))]ds+ cx(t —7(t)), (5.8)

where
exp ([ p (u) du)

exp <f0Tp(u) du) 1

G(t,s) =

o4
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Proof. Let z € QNCHR,R) be a solution of (5.1]). Multiplying both sides of (5.1]) by
exp (fgp (u) du), we obtain

et -ct-renes ([ pwa)]

— [fta(t—7 (1) — H (tx (), 2 (1), o™ (£))] cxp (/Otp () du)
—ep(t) (t — 7 (1)) exp (/Otp(u) du) .

Tt follows from the periodic properties and the integration from ¢ to ¢ + 7' that
(x(t) —cx(t—7(1))) (exp </0t+Tp (u) du> — exp (/Otp(u) du))
= [ s )~ H (560,07 (9,00 9)
—e(s)p(s)z (s —7(s))}exp (/Osp(u) du) ds.

Therefore

o (t) = HT exp (ftsp(u) du) Fs,2(s—7(s) = H (5,2 (5), 22 (5), .., ") (s)
/t exp <f0Tp(u) du) -1 { ( )

—cp(s)x(s—71(s))}tds+cx(t—7(1)).
This completes the proof of the lemma. m
For all t,s,t1,t2 € R and in view of (5.2)), (5.3)) and Lemma we get
If (s,2(s—7(s)))| < kRy+ f1, (5.10)

and
|H (s, z(s) 2l (s), ..,z (s))| < RiA+ Hy, (5.11)

for all z € Q.

5.3 Existence of Positive Periodic Solutions

In this section, we will use the Krasnoselskii fixed point theorem to prove the existence
of positive periodic solutions of equation (5.1)). For this and, by virtue of Lemma

we define an operator S : 2 — Py as follows:

(Sz) (t) = (Fir) (1) + (Fax) (1),
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where I, Fy : 2 — Pr are defined as follows:
(Fix) (t) = /t G (t,s) [f (s,z(s—7(s))—H (s,x (s) ,zl? (s), i (s))
—cp(s)z (s —7(s))]ds,

and

(Fox) (t) =cx (t —7(t)).
So, the existence of solutions for equation is equivalent whether or not the operator
S has a fixed point.

Since ¢ € (0,1), then F» is a contraction. So, to apply Krasnoselskii’s fixed point
theorem, it suffices to prove that F} is continuous and compact and that Fix+ Foy € 2
for all z,y € Q2.

We start by proving the compactness and the continuity of F}.

Lemma 5.2 Operator F : Q — Pr is continuous and compact.

Proof. Since (2 is a compact subset of Pr, then the compactness of F; follows imme-
diately from its continuity.

Let us prove that F} is continuous. Indeed, for all z,y € €2, we have
t+T
|(F1z) (1) — (Fuy) (7)] </ [f (s, (s =7(s)) = [ (s,y(s =7 ()]G (L, ) ds
/ G (t,s)|H (s,2 ( 2Pl (s), ..., 2l (s)) ds
H (5,y/() 52 (5) , oy (5)) ] ds
t+T
+/ ()2 (5 =7 (5)) —y s = 7 ()| G (t5) ds.
t
It follows from (5.2)), (5.3)) and ([2.1)) that
[P = Fugll < 11Tk |l = yll + 3T Y4 [Ja) =y + 3, Tep o — ]
i=1
By using Lemma [2.3] we get

[Pz = Fiyll < T (k+cp+A)flz —yll, (5.12)

which establishes that the operator F} is Lipschitz continuous and hence continuous.

Therefore, F} is compact. =
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Lemma 5.3 Let 7 € Q. If conditions (5.4)-(5.7)) hold, then
Fix + ng € Q,

forall z,y € Q.

Proof. Let z,y € Q. From (5.5, (2.1) and (5.10) we obtain

(Fiz) (t) + (Fay) (1) < ey (t =7 (1) + /t ) G(t,s) f(s,2(s —7(s)))ds

S CRl -+ ’71T (le + fl)

S R17

and from (5.4), (5.6)), (2.1) and (5.11f), we arrive at

(Fiz) (1) + (Fay) (1) > voT fo — T (RiA + Hy) — cTypRy + cRy

> Ry.

Consequently,
Ry < (px) (1) + (By) () < Ry, (5.13)

for all x,y € (.
Let 7 € Q and t1,ty € [0,T] with ¢; < t5. For all x,y € Q, we have

|((Frz) + (Fay)) (t2) — ((Fue) + (Fay)) (4]
t1+T

to+ T
/ G(tQ,s)f(s,x(s—T(s)))ds—/ G (t1,8) f(s,x (s —7(s)))ds

to t1

/ 2 G (t2,8) H (5,2 (s) 2 (s), ..,z (s)) ds

to

<

+

4T
- / G (t1,s) H (s, z (s) xl(s), .., (s)) ds

t1

t1+T

/2 G(tg,s)cp(s)a:(s—r(s))ds—/ G (t1,s)ep(s)z(s—71(s))ds

to t1

+

+ley (ta — 7 (t2)) — cy (i — 7 (t1))] -
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By using , and , we get
to+T t14+T
/ G(tQ,S)f(S,{L'(S—T(S)))dS—/ G (t1,8) f(s,x (s —7(s)))ds

to t1

G (tas) f (5,2 (s — 7 (s))) ds /HT G (b, ) f (5,2 (s — 7 (s))) ds

to

ty+T
"’/ |G (t2,5) — G (t1,9)| f (s,2 (s — T (s))) ds.

t1

< +

< 2+pD) vy (kR + fi) [t — ] (5.14)

From (2.1, (2.2) and (5.11)), we obtain

tot+T
/ G (t2,5) H (s, z (s) 2 (s), ..,z (s)) ds

t2

—/1 G(tl,s)H(s,m(s),a}[Q] (s),...,zl (s)) ds

t1

< /t 1 G (t2, ) H (s, z (s) 2P (s) ., 2l (s)) ds

+ / 2 G (t2,8) H (s,z (s) 2 (s), ..,z (s)) ds
t1+T
4T

+/t |G (t2,5) — G (t1,5)| H (5,2 (s) 2l (s), .,z (s)) ds

< (24 pT) (RN + Hy) vy |t — 1] - (5.15)

In view of we get
to+T t14+T
/t G (t2,s) cp(s)x(s—r(s))ds—/t G (t1,8)ep(s)x(s—7(s))ds

1 G (ta,s)ep(s)x(s—7(s))ds

to

< +

/t2 G (ta,s)ep(s)xz(s—7(s))ds

1+T

+/1 G (t2,5) = G (tr, 5)| cp (s) 2 (s — 7 (s)) ds

t1

Since 7 € €2, then
ey (ta = 7 (t2)) — ey (th = 7 ()| < cly (b2 =7 (2)) =y (b — 7 (1a))]
S LC|t2 — tl +T(t2) — T(t1)|
S LC(|t2 - t1| + L |t2 - t1|)
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Thus, it follows from and (5.14)-(5.17) that
(((Fyz) + (Foy)) (2) — ((Fiz) + (Foy)) (f)| < Lfta — ], (5.18)

for all t1,t5 € R and z,y € €.
According to (5.13]) and (5.18)) we conclude the desired result. =

Now we are ready to present our first existence theorem.

Theorem 5.1 Let 7 € Q. If conditions (5.4)-(5.7) hold, then equation (5.1) has at

least one positive periodic solution in €.

Proof. Based on Lemmas[5.2) and [5.3] the fact that Q is a compact subset of Pr and
that F, is a contraction, we conclude by the Krasnoselskii fixed point theorem that
there exists at least x €  satisfies S (z (t)) = x (¢). Thanks to Lemma T is a

solution of equation ([5.1]). m

5.4 Existence and Uniqueness of Positive Periodic
Solutions
Theorem 5.2 Let 7 € ). If conditions - and the following estimate:
Ty, (k+A+cp)+c<1, (5.19)

are fulfilled, then equation (5.1)) has a unique positive periodic solution x € Q.

Proof. Let z,y € . By repeating the same steps as those in the proof of Lemma [5.3
we infer that S (Q) C Q and similarly as in the proof of Lemma[5.2] we get

Sz — Syl| < (Ty, (k+A+cp) +c) ||z —yl.

According to (5.19) and the Banach fixed point theorem, S is a contraction and hence
S has a unique fixed point which is the unique solution of ([5.1). =
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5.5 Stability

Remark 5.1 If

exp ([ p1 (v) du) exp ([ p2 (u) du)

Gl (t, 8) y G2 (t, 8) = s
exp <f0 1 ( du) -1 exp (fo P2 (u du) -1
then
t+T
[ 1619~ Galt9)]ds <l (5.20)
t
where
_ T2 exp (T (||p2|| + max (||p]], Ip21]))) +T2 exp (T max (||p1]] , ||P2||)).

N (exp (fo 1 ( du) — 1) (exp (fo pa ( du) - 1) exp (fo P ( du> -1

Theorem 5.3 The unique solution obtained in Theorem [5.2] depends continuously on

functions p, f and H.

Proof. If G; and G5 are given as in Remark [5.1], let
T
0 :/t Gy () | f1 (5,01 (s = 7 (5))) = Hy (5,21 (5) 2l (5), . 2" (5)
—cp1 () x1 (s —7(8))]ds + cxq (t — 7 (1)),
and
x (t) = /t Go (t,s) [fz (s,22 (s —7(5))) — Hy (s, xo (), m[;} (8), .., a:[gn] (s)>
—cps () ko (s — 7 (8))] ds + cxo (t — 7 (1)),
be two different solutions of equation . We have
T
21 (t) — 22 ()] < /t G1(t,s) fi(s,z1 (s —7(5)) — Ga (L, ) fa (s, 22 (s — 7 (5)))|ds
+ /t ’Gl (t,s) Hy (s, x1(8) ,x[12] (s), ...,x[ln] (s))
—Gy (t,s) Hy (s, 29 (s), 2 (s), ..., al (s)) ‘ ds
+ /t |Gy (t,8)cpr(8) w1 (s —7(8)) — Ga (t,8) cpa (8) 3 (s — 7 (s))|ds

+|cxy (t—7(t)) — cxe (t — 7 (1))].
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Using 52), (53), (), (5:10), (E-11) and B30), we get
161 05) i (s = 60 = G £ 5. 5 = 7 (D) ds
< [T G 1 5 =7 )~ 1 5 = () s
+ /tt+T fa(s,x1(s—7(5)))|G1(t,s) — Ga (t,s)|ds
# [ G0 =T oo - )l

STy || fi = foll + p (BRy + f1) [[p1 — pal| + Ty k ||z — 22|, (5.21)

and

/tt+T ‘Gl (t,s) Hy (5,.731 (s), 2 (5) oy (8)> — G2 (t, s) Hy (57%2 OR:HORSE L (5)> ‘ ds
. /t»t+T G\ (t.5) )Hl (5,131 (s) ’x[lz} (), x[ln] (8)) — H, <S,l’1 (s) ,:L‘[f] (s), _,,,a:[ln} (5)) ‘ ds
+ / T, (5:21(5), 28 ()2l (5)) (G (1) = Ga (1. 9)] ds

t+T
+ / Ga (t,3) |Ha (5.1 ()2 () ool () = Ha (5,2 () 0 (5) ool (5)) | s
t
< Ty | Hy — Hol| + pt (ARy + Hy) [[ps — pall + Ty Al — o] (5.22)

On the other hand, we have
/t |G1 (t,s)epr(s)z1 (s —7(s)) — Ga (t,s) cpa (s) xa (s — 7 (s))|ds
T
< /t cpr () Gy (t,s) |z (s = 7(8)) — 22 (s — 7 (s))|ds
w [ ©m = ()6 (ts) - G5 ds
[ =) Gt (o) = e (9] ds

< Tyicllpl |o1 — 22| + cllprl] Rupe [|pr — pall + TyicRy [p1 — pal| (5.23)

and

lexy (t—7 (1) —caa(t —7 (1) < cl|lzr — a2 . (5.24)
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Thanks to (5.21))-(5.24)), we get

|21 = 2o|| STy || fo = foll + e (kRy + f1) |lpr — D2l + Tk || 21 — 22|
+ Ty, [|Hy — Hal| + p (ARy + Hy) [[py — pal| + Ty Al — 2]
+Tvycllpu| |z — 22| + cllp|| Rup ||pr — pall +TyicRy [[p1 — pal|

+ c|lxy — xo| -

Taking into account ([5.19) we obtain the following estimate:

1
— Ty, (k+A+cp)

(1w (ERy + f1) + o (ARy + Hy) + pc|[pi]| Ry + Ty cRy) ||py — p2l])

lzy = 22l < 5 (Tyi [l = foll + Ty |y = Hall

which completes the proof. m

5.6 Example

In this section, we are going to perform an illustrating application of our obtained

findings.

Example 5.1 Consider the following neutral differential equation with an iterative

harvesting term:
d 1 1 2T
l —0.001z (t — — (=4 —sint (2
o [z (t) —0.001z (t — 7 (1))] (70 + =g Sin (3575)) x(t)

(s L () i () w e — ()
— Sin —_— — S1n —_— X — T
O3 " 3673 35 ) " Tnd 35

where Ry = 0.05, Ry = 1.5, L = 7 and ¢ = 0.001.

We have
1 1 1
hL=— lo=—— H; =— A~1981 107
LT 90 T 308 1T g 9819 x 1077,
fo= 1 fi= J k= 1 _ ! ~ 0.50856 ~ 2.0114
0_971'3’ 1_3671'37 _77'('3, p_357 70_ * 771_ * N
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So

Ry +vT (kRy + f1) = 0.80337 < Ry = 1.5,
YoI ' fo — T (RiA+ Hy) — ¢Ty,pRy + cRy = 0.05.7901 > Ry = 0.05,

v1 2+ pT) (ERy + f1) + (RiA+ Hy) + cRip) + L(14+ L) ¢~ 0.082252 < L =,

and

YTk + v, TN+ v,Tep+ ¢ >~ 0.32876 < 1.

Then all conditions of Theorems and are satisfied. Thereby equation ([5.25)) has
one and only one positive periodic solution in €2 that depends continuously on p, f and

H.
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Functional differential equations with delays or iterative terms have captivated the
attention of the majority of the scientific community and now occupy a more central
place in all fields of science due to the increasing number of their applications.

This work is concerned with the study of three first order iterative-delay differential
equations most often arising either from biological phenomena or from ones in popu-
lation dynamics. The first chapter’s goal was to provide a quick introduction to the
subject and a synopsis of the dissertation’s content. In the second chapter, we have
presented some concepts, tools and sufficient preliminary results to allow us to develop
a better understanding of the remaining chapters in which we have investigated these
equations by means of a compelling technique that combines the fixed point theory
along with the Green’s functions method. Thus, by using this hybrid approach, we
have been able to prove some existence, uniqueness and stability results which have
been published in reputable journals.

Now, we will outline the steps we took to get the intended results. Our first and
key step was to choose a suitable Banach space and a subset of it. They have satisfied
all our requirements, whether biological or mathematical ones, such as the control of
the iterative terms as well as the periodicity, the positivity and the boundedness of
the sought solutions. The second step is to reformulate each problem from a differ-
ential equation with the periodic conditions to an integral one with a Green’s kernel
whose solutions were solutions of the suggested equations and vice versa. The third
step is to apply the Schauder or the Krasnosleskii fixed point theorems for proving

the existence of positive bounded and periodic solutions. Finally, under certain addi-
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tional hypotheses, the Banach contraction principle has guaranteed the existence and
continuous dependence on the parameters of the unique solution.

More work can be done on this topic, especially since the theory of iterative dif-
ferential equations is not very well developed yet. So, there are a lot of prominent
research prospects of this direction including:

-The possibility of applying the used technique to deal with many iterative-delay dif-
ferential equations resulting from several phenomena such Nicholson’s blowflies model,
neural network models, fisheries management models, hematopoiesis models, etc.

- It appears to be significant to study the existence of almost-periodic, pseudo-
almost-periodic or anti-periodic solutions for iterative-delay differential equations.

- We can expand the scope of the study by paying attention to fractional iterative
differential equations and iterative-delay differential equations of higher order.

- It would also seem valuable to employ numerical methods or software to get
approximate solutions or even to provide numerical simulations to show the outcomes.

To sum, we think that the outcomes in this dissertation, which extend and enhance a
lot of previous findings in the literature, can contribute even a little to the development

of the theory of iterative differential problems.
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