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Abstract

In this memory we study a class of parabolic problems in periodically perforated domains
with a homogeneous Newmann condition on the boundary of the holes. We focus on the
homogenezation of these equations. The proof is based on th periodic unfolding method
in perforated domains.

Key words : hyperbolic problem, periodic unfolding, perforated domain, homognisation.

Résumé

Nous considérons dans cette mémoire une class de Problème parabolique dans un domaine
perforé avec des petits trous périodiquement et de condition de Newmann hmogène. Nous
nous concentrons sur l’homogenisation de ces équation. Lépreuve est basée sur la méthod
d’eclatement periodique dans les domaines perforés.

Mots clés : probléme hyperbolique, éclatement périodique, domaine perforé, homogénéisation.
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INTRODUCTION

Various physical phenomena can be described in terms of conduction thermique. In these

studies, researchers aim to find averaged characteristics of the conduction such as energy

transfer.

To drive some quantities, mathematicians used several mathematical approaches collectively

known as Homogenization Theory.

Energing in the late 1960’s and early 1970’s, this theory became a significant part of mathe-

matics concerning partial differential equations and their numerical approximations. It orig-

inated from works in physics and machanics, where equivalent macroscopic stuctures were

obtained for microscopic heterogeneous madia, as seen in works by Bruggman [4](1935),

Hashin and Shtrikman [9](1963), among others. Applied mathmaticians and numerical ana-

lysts became increasingly interested in the late 1960’s, with seminal works by De Giorgi and

Spagnolo [8](1973), Babuska [1](1975), Bensoussan, Lions, and Papanicolaou [3](1978), and

Sanchez-Palencia [12](1980), among others.

Homogenization theory enables the replacement of problems strongly oscillating coefficients

with approximate problems having constant coefficients. This implies that the solution of

a boundary value problem, dependent on a small parameter, converges to the solution of a

limit boundary value problem explicity describes, making it much easier to process numeri-

cally.
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In our paper, we utilize the periodic unfolding method due to its simplicity in handing perfo-

rated domains without the need for extension operators. This metod also allows us to adress

second-order operators with highly oscillating coefficients, which may not be feasible with

order approaches.

The periodic unfolding method was first introduced in Cioranescu, Damlamian and Griso

[6] for the case of fixed domains (see [7] for more details)

We extend the unfolding operator introduced in pervious works [6] to time-dependent func-

tions and thoroughly examine its properties. Then we apply the periodic unfolding method

to homogenization results for the heat equation with oscillating coefficients in domains con-

taining small holes.

The paper is structured as follows: chapters 1,2 provide background on the geometric frame-

work of perforated domains and define properties of unfolding operators for fixed and perfo-

rated domains with small holes. Additionally, we present the extension of the local average

operator to time dependent functions in this chapter. Chapter 4 presents the main homog-

enization results for the heat equation and the main results for the problem.



CHAPTER

1

THE PERIODIC UNFOLDING METHOD

IN PERFORATED DOMAINS

In this chapter we recall the definition and some properties of the periodic unfolding operators

in perforated domains Tε for the classical homogenization.

1.1 The periodic unfolding operator Tε

In this section, we introduce the periodic unfolding operator in the case of perforated domains

introduced by Cioranscu et all [5] and [6].

Definition 1.1 [5]. Let ϕ ∈ Lp(Ωε), p ∈ [1 +∞]. We define the function

Tε(ϕ)(x, y)=ϕ̃(ε[
x

ε
]Y + εy) (1.1)

for every x ∈ RN and y ∈ Y .
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Remark 1.1 Notice that the oscillations due one see immediately the interest of the un-

folding operator. Indeed, when trying to pass to the limit in a sequence defined on Ωε one

needs first, while using standard methods, to extend it to a fixed domain. With Tε, such

extensions are more necessary.The main properties given in for fixed domains can easily be

adapted for the perforated ones without any major difficulty in the proofs. These properties

are listed in the proposition below. To do so, let us first define the following domain:

Ω̃ε=int

 ⋃
ξ∈Λε

(ξ + Y )

 ,
where

Λε{ξ ∈ ZN , ε(ξ + Ȳ ) ∩ Ω 6= 0}.

The set Ωε is the smallest finite union of εY cells containing Ω.

Proposition 1.1 [5]:The unfolding operator T has the following properties :

1. Tε is a linear operator.

2. Tε(ϕ)
(
x, {

x

ε
}Y
)

= ϕ(x) ∀ϕ ∈ Lp(Ωε) and x ∈ RN .

3. Tε(ϕψ) = Tε(ϕ)Tε(ψ), ∀ϕ,ψ ∈ Lp(Ωε).

4. Let ϕ in Lp(Y ) or Lp(Y ) be a periodic function. Set ϕε(x) = ϕ
(x
ε

)
. Then,

Tε(ϕε)(x, y) = ϕ(y), a.e. in Ω̃ε.

5. One has the integration formula

∫
Ωε
ϕ dx =

1
|Y |

∫
Ω̃ε×Y

Tε(ϕ) dx dy , ∀ϕ ∈ L1(Ωε).
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6. For every ϕ ∈ L2(Ωε),Tε(ϕ) belongs to L2(RN×Y ) it also belongs to L2(Ω̃ε×Y ).

7. For every ϕ ∈ L2(Ωε)

||Tε(ϕ)||L2(RN×Y ) =
√
|Y |||ϕ||L2(Ωε)

8. ∇yTε(ϕ)(x, y) = εTε(∇xϕ)(x, y) for every (x, y) ∈ Ω× Y .

9. If ϕ ∈ H1(Ω̃ε), then Tε(ϕ) is in L2
(
RN ,H1(Y )

)
.

10. One has the estimate

||∇yTε(ϕ)||(L2(Ω×Y ))N = ε
√
|Y |||∇xϕ||(L2(Ωε))N

1.2 proof

1. Let α, β ∈ R and ϕ,ψ ∈ L2(Ωε)

Tε(αϕ+ βψ) = ϕ(α(ε[
x

ε
] + εy)) + ψ(β(ε[

x

ε
] + εy))

= αϕ(ε[
x

ε
] + εy) + βψ(ε[

x

ε
] + εy)

= αTε(ϕ) + βTε(ψ).

Then Tε is a linear operator.
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2.

Tε(ϕ)(x, {
x

ε
}) = ϕ(ε[

x

ε
] + ε{

x

ε
})

= ϕ(ε[
x

ε
] + x− ε[

x

ε
])

= ϕ(x).

3. Let ϕ,ψ ∈ L2(Ωε), we have by definition 1.1

Tε(ϕψ) = ϕψ
(
ε[
x

ε
]y + εy

)
= ϕ

(
ε[
x

ε
]y + εy

)
ψ
(
ε[
x

ε
]y + εy

)
= Tε(ϕ)Tε(ψ).

4. and by definition for all ϕε = ϕ(
x

ε
), ϕ ∈ L2(Y ), we have

Tε(ϕε)(x, y) = ϕ

(
ε

[
{x
ε
}
ε

]
+ ε

{
{x
ε
}
ε

})

= ϕ{
x

ε
} = ϕ(y).

5. According the definition 1.1, we have

1
|Ȳ |

∫
Ω×Y
Tε(ϕ)(x, y) dx dy =

1
|Y |

∫
Ω̃ε×Y

Tε(ϕ)(x, y) dx dy

=
1
|Y |

∑
ξ∈Ξε

∫
(εξ+εY )×Y

Tε(ϕ)(x, y) dx dy

on each set (εξ+εY )×Y with ξ ∈ Ξε, the function Tε(ϕ)(x, y) dx dy = ϕ(εξ+εy)

is constant in x, it is consequence of (1.1). So, for each integral in the sum of the right

member, we have :

∫
(εξ+εY )×Y

Tε(ϕ)(x, y) dx dy = |εξ + εY |
∫
Y
ϕ(εξ + εy)dy

= εN |Y |
∫
Y
ϕ(εξ + εy)dy = |Y |

∫
(εξ+εY )

ϕ(x)dx

(1.2)
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we suppose x = εξ + εy, this implies dx = εNdy =⇒ dy =
1
εN

by summing in Ξ,

the right member be
∫

Ω̃ε
ϕ(x) dx.

so we get: ∑
ξ∈Ξε

εN |Y |
∫

(εξ+εY )
ϕ(x)

1
εN
dx =

∫
Ω̃
ϕ(x) dx.

Now, we remplace this expression in (1.2), we get the result.

7. For all ϕ ∈ L2(Ωε)

‖Tε(ϕ)‖L2(RN×Y ) =
(∫
|Tε(ϕ)|2 dx dy

)1
2

=
(
1
∫

Ω×Y
|ϕ|2 dx dy

)1
2

=
(∫

1 dy
)1

2
(∫
|ϕ|2dx

)1
2

=
√
|Y |||ϕ||L2(Ωε).

8. For all ϕ ∈ L2(Ωε)

∇yTε(ϕ)(x, y) = ∇yϕ

(
ε
[x
ε

]
y

+ εy

)

= ε∇xϕ

(
ε
[x
ε

]
y

+ εy

)

= εTε(∇xϕ)(x, y).

10. We apply proposition 1.1, we obtain

‖∇yTε(ϕ)‖(L2(Ω×Y ))N = ‖εTε(∇xϕ)‖(L2(Ω×Y ))N

= ε
√
|Y |‖∇xϕ‖(L2(Ωε))N .



CHAPTER

2

THE TIME-DEPENDENT UNFOLDING

OPERATOR IN PERFORATED DOMAINS

In this chapter, we adapt the unfolding operator T ∗ε in to time-dependent functions We

present the unfolding operator T ∗ε which maps functions defined on the oscillating domaine

Ω∗ε × (0, T ) into functions defined on the fixed domaine Ω × Y ∗ × (0, T ). This avoids

the use of any extension operator. We also give some properties by extending the previous

ones for more details and for the classical unfolding theory) For any z ∈ RN , we use [z]y to

denote the T, unique integer combination
∑n

j=1 kJbJ of the period such that z− [z]Y ∈ Y

Set:

{z}Y = z − [z]Y ∈ Y a.efor z ∈ RN (2.1)

Then for each z ∈ RN , we have:

x = ε
({x
ε

}
Y

+
[x
ε

]
Y

)
. (2.2)
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a.e for x ∈ RN . Let us first recall the unfolding operator Tε for the fixed domain Ω× (0, T )

introduced in [17], where the properties of Tε, are shown without proofs.

Definition 2.1 for p ∈ [1,+∞) and q ∈ [1,∞], let φ be in Lq(0, T ;Lp(Ω)). The

unfolding operator Tε:Lq(0, T ;Lp(Ω)) 7→ Lq(0, T ;Lp(Ω× Y )) is defined as follows:

Tε(φ)(x, y, t) =


φ
(
ε
[x
ε

]
Y

+ εy, t
)

a.e. for (x, y, t) ∈ Ω̂ε × Y × (0, T ),

0 a.e. for (x, y, t) ∈ Λε × Y × (0, T ).

In a similar way, we extend the unfolding operator for the perforated domain Ω∗ε to the

following unfolding operator T ∗ε for the perforated domain Ω∗ε × (0, T ).

Definition 2.2 For p ∈ [1,+∞) and q ∈ [1,∞], let φ be in Łq(0; T ;Lp(Ω∗ε)). The

unfolding operator T ∗ε :L
q(0, T ;Lp(Ω∗ε)) 7→ Lq(0, T ;LpΩ× Y ∗) is defined as follows:

T ∗ε (φ) =


φ
(
ε
[x
ε

]
Y

+ εy, t
)

a.e. for (x, y, t) ∈ Ω̂ε × Y ∗ × (0, T ),

0 a.e. for (x, y, t) ∈ Λε × Y ∗ × (0, T ).

From this definition, the following properties are immediate:

T ∗ε (vw) = T ∗ε (v)T ∗ε (w), ∀w, v ∈ Lq(0, T ;Lp(Ω∗ε)),

T ∗ε (ψϕ) = ϕT ∗ε (ψ), ∀ψ ∈ Lp(Ω∗ε) and ϕ ∈ Lq(0, T ),

∇y(T ∗ε (φ)) = εT ∗ε (∇φ), ∀φ ∈ Lq(0, T ;W 1,P (Ω∗ε)).

(2.3)

Remark 2.1 Concerning Tε and T ∗ε , we have the following :

T ∗ε (ω|Ω∗ε×(0,T )) = Tε(ω)|Ω×Y ∗×(0,T ),

T ∗ε (ψ) = Tε(ψ̃)|Ω×Y ∗×(0,T ),

where ω and ψ are defined on Ω× (0, T ) and Ω∗ε × (0, T ), respectively.

In Definitions 2.1 and 2.2, if φ is independent of t, then Tε and T ∗ε are the classical unfo-

liding operators defined in [6] and [1], respectively.

For simplicity, we always write T ∗ε (φ) instead of T ∗ε (φ|Ω∗ε×(0,T )) for any function φ defined

in Ω× (0, T ).
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Next we list some properties of the unfolding operator T ∗ε used in this paper. The proofs are

essentially the same as those in [4] and [7].

Proposition 2.1 for p ∈ [1,+∞) and q ∈ [1,∞] the operator T ∗ε linear and contin-

uous from Lq(0, T ;Lp(Ω∗ε)) to Lq(0, T ;Lp(Ω × Y ∗)). Let φ ∈ Lq(0, T ;L1(Ω∗ε)) and

ω, v ∈ Lq(0, T ;Lp(Ω∗ε)).

For a.e. t ∈ (o, T ), we have :

(i)
1
|Y |

∫
Ω×Y ∗

T ∗ε (φ)(x, y, t) dx dy =
∫

Ω̂∗ε
φ(x, t)dx =

∫
Ω∗ε
φ(x, t)dx−

∫
Λ∗ε
φ(x, t)dx,

(ii) ||T ∗ε (ω)||Lp(Ω×Y ∗) = |Y |
1
p ||ω||Lp(Ω∗ε) 6 |Y |

1
p ||ω||

LP (Ω̂∗ε)
.

Proposition 2.2 for q ∈ [1,+∞], let φε be in Lq(0, T ;L1(Ω∗ε)) and satisfy

∫ T

o

∫
Λ∗ε
|φε|dx dt→ 0,

then ∫ T

0

∫
Ω∗ε
φεdx dt−

1
|Y |

∫ T

0

∫
Ω×Y ∗

T ∗ε (φε)dx dy dt→ 0.

As usual, this convergence is denoted by

∫ T

0

∫
Ω∗ε
φεdx dt w

1
|Y |

∫ T

0

∫
Ω×Y ∗

T ∗ε (φε)dx dy dt→ 0.

Moreover,we have the following convergences :

Proposition 2.3 (i) For p, q ∈ (1,+∞], let φε ∈ Lq(0, T ;Lp(Ω∗ε)) and ψ ∈

Lq
′(0, T ;Lp′(Ω∗ε))

(1/p+ 1/p′ = 1, 1/q + 1/q′ = 1) such that

||φε||Lq(0,T ;Lp(Ω∗ε)) 6 C and ||ψε||Lq′(0,T ;Lp′(Ω∗ε))
6 C , (2.4)

then ∫ T

0

∫
Ω∗ε
φεψdx dt w

1
|Y |

∫ T

0

∫
Ω×Y ∗

T ∗ε (φε)T ∗ε (ψ) dx dy dt.
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(ii) For p, q ∈ (1,+∞], let φε ∈ Lq(0, T ;Lp(Ω∗ε)) and ψε ∈ Lq
′(0, T ;Lpo(Ω∗ε))

(1/p+ 1/po < 1, 1/q + 1/q′ = 1) such that

||φε||Lq(0,T ;Lp(Ω∗ε)) 6 C and ||ψε||Lq′(0,T ;Lpo(Ω∗ε))
6 C, (2.5)

Then ∫ T

0

∫
Ω∗ε
φεψεdx dt w

1
|Y |

∫ T

0

∫
Ω×Y ∗

τ ∗(φε)T ∗(ψε)dx dy dt.

Proposition 2.4 (some convergence properties )

(i) For p, q ∈ [1,∞), let ω ∈ Lq(0, T ;Lp(Ω)). Then

T ∗ε (ωε)→ ω strongly in Lq(0, T ;Lp(Ω× Y ∗)).

(ii) For p, q ∈ [1,∞), let {ωε} be a sequence in Lq(0, T ;Lp(Ω)) such that

ωε → ω strongly in Lq(0, T ;Lp(Ω)).

then

T ∗ε (ωε)→ ω strongly in Lq(0, T ;Lp(Ω× Y ∗)).

(iii) For p ∈ (1,∞) and q ∈ (1,∞], let {ωε} be a sequence in Lq(0, T ;Lp(Ω∗ε)) such

that

||ωε||Lq(0,T ;Lp(Ω∗ε)) ≤ C.

If

T ∗ε (ωε) ⇀ ω weakly in Lq(0, T ;LP (Ω× Y ∗)),

then we have

ω̃ε ⇀ θMY ∗ weakly in L
q(0, T ;Lp(Ω)).

For q =∞ the weak convergences above are replaced by the weak* convergences, respectively

proof:
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(i) Using proposition 2.4 and (2.3), we have:

||T ∗ε (ω)− ω||Lq(0,T ;Lp(Ω×Y ∗)) = ||T ∗ε (ω − φϕ) + T ∗ε (φϕ)− φϕ− ω||Lq(0,T ;Lp(Ω×Y ∗)),

6 2|Y |
1
p ||φϕ− ω||Lq(0,T ;Lp(Ω)) + ||(T ∗ε (φ)− φ)ϕ||Lq(0,TLp(Ω×Y ∗))

for any φ ∈ D(Ω) and φ ∈ D(0, T ). Since

T ∗ε (φ)→ φ strongly in Lp(Ω× Y ∗),

then

||(T ∗ε (φ)− φ)ϕ||Lq(0.T ;Lp(Ω×Y ∗)) → 0.

Consequently, we have

lim sup
ε−→0

||T ∗ε (ω)− ω||Lq(0,T ;Lp(Ω×Y ∗)) 6 2|Y |
1
p ||φϕ− ω||Lq(0,T ;Lp(Ω)),

which implies statement (i) due to the density of D(0, T )⊗D(Ω) in Lq(0, T ;Lp(Ω)).

(ii) From proposition 2.1 follows from statment (i).

(iii) Let ψ ∈ Lq′(0, T ;Lp′(Ω)) (1/p+ 1/p′ = 1, 1/q+ 1/q′ = 1) from proposition 2.3(i)

lim
ε→0

∫ T

0

∫
Ω
ω̃εψ dx dt = lim

ε→0

∫ T

0

∫
Ω∗ε
ωεψdx dt = lim

ε→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

T ∗ε (ωε)T ∗ε (ψ) dx dy dt.

Since statement (i) gives

T ∗ε (ψ)→ ψ strongly in Lq
′(0, T ; (Lp′Ω× Y ∗)),

then we get

lim
ε→0

∫ T

0

∫
Ω
ω̃εψdx dt =

∫ T

0

∫
Ω

{
1
|Y |

∫
Y ∗
ω̂dy

}
ψdx dt = θ

∫ T

0

∫
Ω
MY ∗

ˆ(ω)ψdx dt.

which implies the desired result.

Now we complete this subsection with a convergence result related to the space Lq(0, T ;W 1,p(Ω∗ε))

this proof can be directly obtained from that of Theorem 2.1 in [4].
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Proposition 2.5 ([15], [17]) let p ∈]1,+∞[ and {ϕε} be a sequence in the space

L∞(0, T ;W 1,p
0 (Ω)) such that

||∇ϕε||L∞(0,T ;Lp(Ω)) 6 C.

Then there exist ϕ ∈ L∞(0, T ;W 1,p
0 (Ω)) and ϕ̂ ∈ L∞(0, T ;W 1,p

per(Y )) such that up to a

subsequence,

Tε(∇ϕε) ⇀ ϕ weakly∗ in L∞(0, T ;Lp(Ω;W 1,p(Y ))),

Tε(∇ϕε) ⇀ ∇xϕ+∇yϕ̂ weakly∗ in L∞(0, T ;Lp(Ω× Y )).

We end this section by recalling the definition of the mean value operatorMY and that of

the local averageMε
Y and give some of their properties that will be useful in the sequel.

Theorem 2.1 For p ∈ (1,+∞), let {ωε} be a sequence in L∞(0, T ;W 1,p
0 (Ω∗ε; ∂Ω))

such that

||∇ωε||L∞(0,T ;Lp(Ω∗ε)) ≤ C and

∣∣∣∣∣
∣∣∣∣∣∂ωε∂t

∣∣∣∣∣
∣∣∣∣∣
L∞(0,T ;Lp(Ω∗ε))

≤ C. (2.6)

Then there exist ω ∈ L∞(0, T ;W 1,p
0 (Ω)) with

∂ω

∂t
∈ L∞(0, T ;Lp(Ω)) and

ω̂ ∈ L∞(0, T ;W 1,p
per(Y )) withM∗

Y ≡ 0, such that, up to a subsequence,

T ∗ε (ωε) ⇀ ω weakly ∗ in Ł∞(0, T ; (Ω;W 1,p(Y ∗))),

T ∗ε (∇ωε) ⇀ ∇ω +∇yω̂ weakly ∗ in L∞(0, T ;Lp(Ω× Y ∗)),

T ∗ε

(
∂ωε

∂t

)
⇀

∂ω

∂t
weakly ∗ in L∞(0, T ;Lp(Ω× Y ∗)),

T ∗ε (ωε) −→ ω strongly in Lq(0, T ;Lp(Ω;W 1,p(Y ∗))),

||ωε − ω||Lq(0,T ;Lp(Ω∗ε)) −→ 0,

(2.7)

where q is any number in (1,+∞)

Definition 2.3 let p ∈ [1,+∞[ and q ∈ [1,+∞]. The mean value operator
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MY :Lq(0, T ;Lp(Ω× Y )) 7−→ Lq(0, T ;Lp(Ω)) is defined by

MY (u)(x, t) =
1
|Y |

∫
Y
u(x, y, t) dy,

for every u ∈ Lq(0, T ;Lp(Ω× Y )).

Definition 2.4 Let p ∈ [1,+∞[ and q ∈ [1,+∞]. The local average operator

Mε
Y :L

q(0, T ;Lp(Ω)) 7−→ Lq(0, T ;Lp(Ω)) is defined by

Mε
Y (ϕ)(x, t) =

1
|Y |

∫
Y
Tε(ϕ)(x, y, t) dy,

for every ϕ ∈ Lq(0, T ;Lp(Ω)).

Remark 2.2 In connection, some of the properties of Tε (in the case of dependence on

time) can be derived directly for those of the unfolding operator for fixed domains from [4]

with the time t as a mere parameter.

As a consequence, we have the following result.

Proposition 2.6 Let p ∈ [1,∞[ and q ∈ [1,∞].

(1) For ϕ ∈ Lq(0, T ;Lp(Ω)), one has

Tε(Mε
Y (ϕ))(x, y, t) =MY (Tε(ϕ))(x, t) = M ε

Y (ϕ)(x, t) in Ω× [0, t].

(2) Let {ωε} be a sequence in Lq(0, T, LP (Ω)) such that

ωε → ω strongly in Lq(0, T, Lp(Ω)).

Then

Mε
Y (ωε)→MY (ω) = ω strongly in Lq(0, T, Lp(Ω)).

(3) For ϕ ∈ Lq(0, T ;Lp(Ω)),

||MY (ϕ)||Lq(0,T ;Lp(Ω)) 6 |Y |
1−p
p ||ϕ||Lq(0,T ;Lp(Ω)).



CHAPTER

3

UNFOLDING OPERATOR IN DOMAINS

DEPENDING ON TWO PARAMETERS

In this chapter we recall the definition and some of its properties of the unfolding operator

Tε,δ depending on two mall parameters ε and δ, as introduced in [6].

Definition 3.1 [6] Let p ∈ [1,+∞[. For φ ∈ Lp(Ω), the unfolding operator Tε,δ is

the function Tε,δ : Lp(Ω)→ Lp(Ω× RN) defined by

Tε,δ(φ)(x, z) =


Tε(φ)(x, δz) if (x, z) ∈ Ω̂ε ×

1
δ
Y

0 otherwise,

where Tε is the operator for fixed domains as introduced in [4].

To go further, let us introduce what is called a perforated domain with small holes, denoted

here Ω∗ε,δ. Let B ⊂⊂ Y and denote Y ∗δ = Y/δB̄. Then Ω∗ε,δ is defined as

Ω∗ε,δ = {x ∈ Ω such that {
x

ε
}Y ∈ Y ∗δ },
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where δ → 0 with ε. This definition means that Ω∗ε,δ, is a domain ε-periodically perforated

by holes εδB, see Figure3.

Remark 3.1 As shown in [6], it turns out that the operator Tε,δ is well-adapted for do-

mains with small holes when dealing with functions which vanish on the boundary of Ω∗ε,δ.

It is precisely the case we treat in this work. We will deal with functions belonging in par-

ticular, to H1
0(Ω). The extensions of these functions by zero to the whole of Ω, belong to

H1
0(Ω). Consequently in the sequel, we will not distinguish the elements of H1

Ω∗ε,δ
and their

extensions from H1
0(Ω).

Proposition 3.1 [6]

(1) for any v, w ∈ Lp(Ω),Tε,δ(v, w) = Tε,δ(v)Tεδ(w)

(2) for any u ∈ L2(Ω),

δN
∫

Ω×RN
|Tε,δ(u)|dx dz 6

∫
Ω
|u|dx.

(3) for any u ∈ L2(Ω),

||Tε,δ(u)||2L2(Ω×RN ) 6
1
δN
||u||2L2(Ω).

(4) for any u ∈ L1(Ω),

|
∫

Ω
u dx− δN

∫
Ω×RN

Tε,δ(u)dx dz| 6
∫

Λε
|u|dx.

(5) Let u ∈ H1(Ω). Then

Tεδ(∇εu) =
1
εδ
∇ε(Tε,δ(u)), inΩ×

1
δ
Y.

(6) Suppose N ≥ 3 and let ω ⊂ RN be open and bounded. The following estimates hald:

||∇z(Tε,δ(u))||2L2(Ω×1
δ
Y ) 6

ε2

δN−2
||∇u||2L2(Ω),
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||(Tε,δ(u−M ε
Y (u))||2L2(Ω;L2∗(RN )) 6

Cε2

δN−2
||∇u||2L2(Ω),

||∇z(Tε,δ(u))||2L2(Ω×w) 6
2Cε2

δN−2
|w|2/N ||∇u||2L2(Ω) + 2|ω|||u||2L2(Ω),

Definition 3.2 A sequence {vε,δ} in L1(Ω) satisfies the unfolding criterion for inte-

grals(u.c.i) if ∫
Ω
vε,δ dx− δN

∫
Ω×RN

Tε,δ(vε,δ)dxdz → 0,

for every sequence (ε, δ)→ (0+, 0+). This property is denoted

∫
Ω
vε,δ dx

Tε,δ
w δN

∫
Ω×RN

Tε,δ(vε,δ)dx dz.

Proposition 3.2 [6] (u.c.i) if {vε} is a sequence in L1(Ω) satisfying

∫
Λε
|uε|dx→ 0,

then it satisfies u.c.i..

Corollaire 3.1 [6] Let {uε} be bounded in L2(Ω) and {vε} be bounded in Lp(Ω) with

p > 2. Then {uεvε} satisfies u.c.i

Remark 3.2 As observed in [6], for any ψ ∈ D(Ω), one has

||Tε,δ(ψ)− ψ||L∞(Ω̂×1
δ
Y ) −→ 0,

3.1 Time-dependent Unfolding Operator In Domains

With Two Parameters

In this subsection, we extend the operator Tε,δ, defined in the previous section to time-

dependent functions by adapting what is done in [15]. We start by defining the unfolding

operator for time-dependent functions in the domain Ω∗ε,δ×]0, T [, depending on ε and δ.

In what follows, we have (ε, δ)→ (0, 0) through any sequence and subsequence.
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Definition 3.3 Let p ∈ [1,+∞[ and q ∈ Lq(0, T ;Lp(Ω)) The unfolding operator

Tε,δ : Lq(0, T ;Lp(Ω))→ Lq(0, T ;Lp(Ω)) is definded as

Tε,δ(ϕ)(x, z) =


Tε(ϕ)(x, δz, t) if (x, z, t) ∈ Ω̂ε ×

1
δ
Y×]0, T [

0 otherwise,

that is,

Tε,δ(ϕ)(x, z, t) =


Tε(ϕ)(ε

[x
ε

]
Y

+ εδz, t) if (x, z, t) ∈ Ω̂ε ×
1
δ
Y×]0, T [

0 otherwise,

As mentioned above, for δ = 1 we are in presence of the unfolding operator for fixed

domains introduced in [4].

Remark 3.3 From now on, if a function does not depend on t, by Tε,δ(ϕ) we simply mean

the operator introduced in Definition 3.1.

Being defined by means of the operator Tε, the unfolding operator Tε,δ, inherits most of the

general properties of it. In particular, the following proposition is straightforward:

Proposition 3.3 Let p ∈ [1,+∞[ and q ∈ [1,+∞[.

1. Tε,δ is linear and continuous from Lq(0, T ;Lp(Ω)) to Lq(0, T ;Lp(Ω× RN)).

2. Tε,δ(vw) = Tεδ(v)Tεδ(ω) for every v, w ∈ Lq(0, T ;Lp(Ω)).

3. ∇z(Tε,δ(ϕ)) = εδTε,δ(∇ϕ) in Ω×
1
δ
Y×]0, T [ for all ϕ ∈ Lq(0, T ;H1

0(Ω)).

Theorem 3.1 Let p ∈ [1,+∞[ and q ∈ [1,+∞[.

(1) Let ϕ ∈ Lq(0, T, Lp(Ω)).

δN

|Y |

∫
Ω×RN

Tε,δ(ϕ)(x, z, t)dxdz =
∫

Ω̂ε
ϕ(x, t)dx

=
∫

Ω
ϕ(x, t)dx−

∫
Λε
ϕ(x, t)dx

for a.e. t ∈]o, T [
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The continuity of the operator Tε,δ, from Proposition 3.3 reads as follows:

||Tε,δ(ϕ)||Lq(0,T ;Lp(Ω)) 6

(
|Y |
δN

)1
p

||ϕ||Lq(0,T ;Lp(Ω)).

(2) Let ϕ ∈ Lq(0, T ;H1(Ω)) and N > 3. Then for a.e. t ∈]0, T [,

‖∇z(Tε,δ(ϕ))‖Lp(Ω×1
δ
Y ) ≤

ε|Y |
1
p

δ
N
p
−1
‖∇ϕ‖Lp(Ω).

Proposition 3.4 Let q ∈ [1,+∞] and ϕε ∈ Lq(0, T ;L1(Ω)) satisfying

∫ T

0

∫
Λε
ϕεdxdt→ 0 ,

Then ∫ T

0

∫
Ω
ϕεdxdt ∼=

δN

|Y |

∫ T

0

∫
Ω×RN

Tε,δ(ϕε)dx dz dt.

The proof of the following proposition is essentially the same as that of [15], Proposition

2.6].

Proposition 3.5 Let p, q ∈]1,+∞]. Let {ϕε} be a sequence in Lq(0, T ;Lp(Ω)) and

{ψε} be a sequence in Lq′(0, t;Lp0(Ω)), such that

‖ϕε‖Lq(0,T ;Lp(Ω)) ≤ C and ‖ψε‖Lq′(0,T ;Lp0(Ω)) ≤ C ,

where
1
p

+
1
p0
≤ 1 and

1
q

+
1
q′

= 1. Then,

∫ T

0

∫
Ω̂ε
ϕεψεdxdt ∼=

δN

|Y |

∫ T

0

∫
Ω×1

δ
Y
Tε,δ(ϕεψε)dxdzdt .

The next two propositions extend to time-dependent functions some properties given in [6],

Theorem 2.11].

Proposition 3.6 Let u ∈ Lq(0, T ;H1(Ω)). For q ∈ [1,+∞[ , one has the estimates

‖Tε,δ(u−Mε
Y (u))‖Lq(0,T ;Lp(Ω;Lp∗(RN )) ≤

Cε|Y |1/p

δ
N
p
−1
‖∇u‖Lq(0,T ;Lp(Ω)) ,
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and for ω an open and bounded subset of RN ,

‖Tε,δ(u)‖Lq(0,T ;Lp(Ω×ω))

≤
2Cε|Y |1/p

δ
N
p
−1

‖∇u‖Lq(0,T ;Lp(Ω)) + 2|ω||Y |
1−p
p ‖u‖Lq(0,T ;Lp(Ω))

where C is the Sobolev-Poincar’e-Wirtinger constant for H1(Y ).

Theorem 3.2 Let p ∈ [1,+∞[, q ∈ [1,+∞], N ≥ 3, {wε,δ} be a sequence in

Lq(0, T ;H1(Ω)) which is uniformly bounded with respect to ε and δ as (ε, δ) −→ (0, 0).

Then up to a subsequence, there exists W in Lq(0, T ;P (Ω;Lp∗(RN))) with ∇zW in

Lq(0, T ;P (Ω;Lp(Ω× RN))) such that:

δ
N
p
−1

ε
(Tε,δ(wε,δ)−Mε

Y (wε,δ)11
δ
Y ⇀W weakly in Lq(0, T ;Lp(Ω;Lp∗(RN))), and

δ
N
p
−1

ε
∇z(Tε,δ(wε,δ))11

δ
Y ⇀ ∇zW weakly in Lq(0, T ;Lp(Ω× RN)) .

Furthermore, if :

k∗ = lim sup
(ε,δ)→(0+,0+)

δ
N
p
−1

ε
< +∞ ,

then one can choose the subsequence above and some U ∈ Lq(0, T ;Lp(Ω;Lploc(RN)))

with :

δ
N
p
−1

ε
Tε,δ(wε,δ) ⇀ U weakly in Lq(0, T ;Lp(Ω;Lploc(RN))) .
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4

HOMOGENIZATION OF A CLASS OF

PARABOLIC PROBLEMS

In this chapter, we use the adapted unfolding method presented in Section 2 to study the

asymptotic behavior of a class of parbolic problems in perforated domains. To introduce the

coefficient matrix, we define, for α, β ∈ R with 0 < α < β, the set M(α, β,O) of the

n× n matrix- valued functions in L∞(O) such that:

A(x)λ, λ) ≥ α|λ|2 , |A(x)λ| ≤ β|λ|

for any λ ∈ RN and a.e. on O.

For any ε, we suppose that:  Aε ∈M(α, β,Ω) ,

Aε symmetric.
(4.1)
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Consider the following parabolic problem with homogeneous Dirichlet-Neumann boundary :



u
′

ε − div(Aε∇uε) = fε in Ω∗ε × (0, T ),

uε = 0 on ∂Ω× (0, T ),

Aε∇uε · nε = 0 on ∂Sε × (0, T ),

uε(x, 0) = u0
ε in Ω∗ε

(4.2)

where nε is the outward unit normal vector fietd defined on ∂Sε.

We suppose that :  u0
ε ∈ V

ε,

fε ∈ L2(0, T ;L2(Ω∗ε)).
(4.3)

Set

Wε =
{
vε|vε ∈ L2(0, T ;V ε) , v

′

ε ∈ L
2((0, T ;L2(Ω∗ε))

}
(4.4)

with the norm defined by

‖vε‖Wε = ‖vε‖L2(0,T ;V ε) + ‖v′ε‖L2(0,T ;L2(Ω∗ε)) .

4.1 Homogenization of parabolic problem in the per-

forated domain Ωε

4.1.1 variational formulation

We multiply (4.2) by a test function v, where v ∈ V ε we get:

∫
Ω∗ε
u
′

εv dx −
∫

Ω∗ε
(divAε∇uε)v dx =

∫
Ω∗ε
fεv dx (4.5)

we integrate on Ω∗ε and by Green’s formula, we get :

−
∫

Ω∗ε
(divAε∇uε)v dx =

∫
Ω∗ε
Aε∇uε∇v dx−

∫
∂Sε∩∂Ω

Aε∇uεvnε dΓ (4.6)
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this implay that

−
∫

Ω∗ε
(divAε∇uε)v dx =

∫
Ω∗ε
Aε∇uε∇v dx−

∫
∂Sε
Aε∇uεvnε dΓ

+
∫
∂Ω
Aε∇uεvnε dΓ

(4.7)

Then

−
∫

Ω∗ε
div(Aε∇uε)v dx =

∫
Ω∗ε
Aε∇uε∇v dx (4.8)

we replace (4.7) in (4.5), we get:

∫
Ω∗ε
u
′

εv dx −
∫

Ω∗ε
Aε∇uε∇v dx =

∫
Ω∗ε
fεv dx (4.9)

Now, the variational formulation of problem (4.2) is to find uε ∈ Wε such that


〈u′ε, v〉(V ε)′ ,V ε +

∫
Ω∗ε
Aε∇uε∇v dx =

∫
Ω∗ε
fεv dx

in D′(0, T ) for all v ∈ V ε ,

uε(0, x) = u0
ε in Ω∗ε .

(4.10)

For every fixed ε, classical results provide that problem (4.9) has a unique solution uε such

that

uε ∈ C0 ([0, T ];V ε) ∩ C1
(
[0, T ];L2(Ω∗ε)

)
.

In order to study the homogenization of problem (4.2), we suppose that there exists a matrix

A = (aij)1≤i,j≤n such that

T ∗ε (Aε) −→ A strongly in (L1(Ω× Y ∗))n×n , (4.11)

which implies A ∈M(α, β,Ω×Y ∗) (see also [4] and [7]). Concerning the initial data, we

assume that 

‖u0
ε‖V ε ≤ C,

ũ0
ε ⇀ θu0 weakly in L2(Ω)

ũ1
ε ⇀ θu1 weakly in L2(Ω)

f̃ε ⇀ θf weakly in L2(0, T ;L2(Ω)) ,

(4.12)
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where C is a constant independent of ε. under these assumptions, classical results show

that problem (4.9) has a unique solution uε with the following uniform estimate:

‖uε‖L∞(0,T ;H1(Ω∗ε)) + ‖u′ε‖L∞(0,T ;L2(Ω∗ε)) ≤ C (4.13)

where the constant C does not depend on ε.

Now we state the main theorem of this section.

Theorem 4.1 Let Aε satisfy (4.1) and (4.10). suppose that uε is the solution of problem

(4.2) with 4.3 and 4.11. Then there exist u ∈ L∞(0, T ;H1
0(Ω)) with u′ ∈ L∞(0, T ;L2(Ω))

and û ∈ L∞(0, T ;L2(Ω,H1
per(Y

∗))) withMY ∗(û) = 0, such that



T ∗ε (uε) ⇀ u weakly∗ in L∞(0, T ;L2(Ω,H1(Y ∗))) ,

T ∗ε (u′ε) ⇀ u
′
weakly∗ in L∞(0, T ;L2(Ω× (Y ∗)) ,

T ∗ε (∇uε) ⇀ ∇u+∇yû weakly
∗ in L∞(0, T ;L2(Ω× (Y ∗)) ,

T ∗ε (uε) −→ u strongly in Lq(0, T ;L2(Ω,H1(Y ∗))) ,

‖uε − u‖Lq(0,T ;L2(Ω∗ε)) −→ 0 ,

(4.14)

where q is any number in (1,+∞). the pair (u, û) with MY ∗(û) = 0 is the unique

solution of the following problem :



θ
∫ T

0

∫
Ω
uΨϕ′ dxdt+

1
|Y |

∫ T

0

∫
Ω×Y ∗

A(∇u∇yû)(∇Ψ∇yΦ)ϕ dx dy dt

= θ
∫ T

0

∫
Ω
fΨϕ dx dt

for any Ψ ∈ H1
0(Ω), Φ ∈ L2(Ω;H1

per(Y
∗)) and ϕ ∈ D(0, T ) ,

u = 0 on Ω× (0, T )

u(x, 0) = u0 in Ω

(4.15)

We also have

û = Σn
j=1

∂u

∂xj
Xj (4.16)
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with Xj ∈ L∞(Ω;H1
per(Y

∗)) (j = 1, . . . , n) being the solution of the cell problem


−divy(A∇y(Xj + yj)) = 0 in Y ∗ ,

A∇y(Xj + yj) · n1 = 0 on ∂S ,

MY ∗(Xj)(x, .) = 0, Xj(x, .)Y − periodic.

(4.17)

Remark 4.1 :Observe that the homogenized matrix A0 here, as defined in [4], differs

from the classical one (see for instance [9]) by a factor of θ−1. We also notice that here A0

depends up on x while the one in [9] does not.

proof of theorem 4.1: In view of (4.12) and theorem 2.1, we get that there exist

u ∈ L∞(0, T ;L2(Ω)) with u′ ∈ L∞(0, T ;L2(Ω)) and û ∈ L∞(0, T ;L2(Ω,H1
per(Y

∗)))

with MY ∗ = 0,such that, up to a subsequence (still denoted by ε), (4.13) holds. From

proposition 2.5, we further get that

ũε ⇀ θMY ∗(u) weakly∗ in L∞(0, T ;L2(Ω))

Aε∇̃uε ⇀ θMY ∗[A(∇u+∇yû)] weakly∗ in L∞(0, T ;L2(Ω))) (4.18)

Since u is independent of y, then convergence holds true for the above subsequence.

Let Ψ, φ ∈ D(Ω) and ψ ∈ H1
per(Y

∗). Set

vε(x) = Ψ(x) + εφ(x)ψε(x) with ψε(x) = ψ(
x

ε
) (4.19)

Then

∇xvε = ∇x (Ψ(x) + εφ(x)ψε(x))

= ∇xΨ(x) + ε∇x

[
φ(x)ψ(

x

ε
)
]

= ∇xΨ(x) + ε∇xφ(x)ψ(
x

ε
) + ε

1
ε
φ(x)∇yψ(xε)

= ∇xΨ(x) + εψε∇xφ+ φ(∇yψ(
.

ε
)).

(4.20)
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By Proposition, we have


T ∗ε (vε) −→ Ψ strongly in L2(Ω× Y ∗)

T ∗ε (φψε) −→ Φ strongly in L2(Ω× Y ∗) with Φ = φ(x)ψ(y),

T ∗ε (∇vε) −→ ∇Ψ +∇yΦ strongly in L2(Ω× Y ∗)

(4.21)

Let ϕ ∈ D(0, T ). From (4.13) and (4.19) and proposition 2.6, we deduce

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dx dt −→ θ
∫ T

0

∫
Ω
uΨϕ′ dxdt. (4.22)

∫ T

0

∫
Ω∗ε
Aε∇uε∇vεϕ dxdt −→

1
|Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+∇yû)(∇Ψ∇yΦ)ϕ dx dy dt.

(4.23)

By virtue of 4.11, we have

∫ T

0

∫
Ω∗ε
fεvεϕ dxdt −→ θ

∫ T

0

∫
Ω
fΨϕ dxdt. (4.24)

Now, choosing vεϕ as test function in the variational formulation (4.9), we get

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dx dt−
∫ T

0

∫
Ω∗ε
Aε∇uε∇vεϕdx dt =

∫ T

0

∫
Ω∗ε
fεvεϕdx dt

Now, we pass at the limit in this expression term by term, we start by the first term

lim
ε−→0

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dxdt = lim
ε−→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

Tε(uε)Tε(vε)Tε(ϕ
′)dxdydt

By theorem 4.1, (4.13) proposition 2.6, (4.22) :

lim
ε−→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

Tε(uε)Tε(vε)Tε(ϕ
′)dxdydt = lim

ε−→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

uΨϕ′ dxdydt

By Fubini’s theorem:

lim
ε−→0

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dxdt = lim
ε−→0

1
|Y |

∫ T

0

∫
Ω
uΨϕ′ dxdt

∫
Y ∗

dy
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lim
ε−→0

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dxdt =
−|Y ∗|
|Y |

∫ T

0

∫
Ω
uΨϕ′ dxdt

lim
ε−→0

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dxdt = −θ
∫ T

0

∫
Ω
uΨϕ′ dxdt

lim
ε−→0

∫ T

0

∫
Ω∗ε
u
′

εvεϕ dxdt −→ θ
∫ T

0

∫
Ω
uΨϕ′ dx dt (4.25)

For the second term we use here the operator Tε we get

lim
ε−→0

∫ T

0

∫
Ω∗ε
Aε∇uε∇vεϕ dx dt = lim

ε−→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

Tε(Aε)Tε(∇uε)Tε(∇vε)Tε(ϕ) dx dt

lim
ε−→0

∫ T

0

∫
Ω∗ε
Aε∇uε∇vεϕ dx dt = lim

ε−→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+∇yû)(∇Ψ+∇yΦ)ϕ dx dy dt

Now the limit of the second term is

lim
ε−→0

∫ T

0

∫
Ω∗ε
Aε∇uε∇vεϕ dx dt =

1
|Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+∇yû)(∇Ψ+∇yΦ)ϕ dx dy dt

(4.26)

Finally for the last term we use also the operator Tε

lim
ε−→0

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt = lim

ε−→0

∫ T

0

∫
Ω×Y ∗

Tε(fε)Tε(vε)Tε(ϕ) dx dy dt

we have:

Tε(vε) −→ Ψ ; Tε(ϕ) −→ ϕ ; Tε(fε) −→ f this implies that

lim
ε−→0

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt = lim

ε−→0

1
|Y |

∫ T

0

∫
Ω×Y ∗

fΨϕ dx dy dt

applying Fubbinni’s Theorem, we obtain:

lim
ε−→0

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt =

1
|Y |

∫ 0

T
fΨϕ dx dt

∫
Y ∗

dy

lim
ε−→0

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt =

|Y ∗|
|Y |

∫ 0

T

∫
Ω
fΨϕ dx dt

lim
ε−→0

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt = θ

∫ T

0

∫
Ω
fΨϕ dx dt
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lim
ε−→0

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt −→ θ

∫ T

0

∫
Ω
fΨϕ dx dt (4.27)

Choosing vεϕ as test function in the variational formulation (4.10), passing to the limit and

making use of (4.22)-(4.24), we obtain:

θ
∫ T

0

∫
Ω
uΨϕ′ dx dt+

1
|Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+∇yû)(∇Ψ +∇yΦ)ϕ dx dy dt

= θ
∫ T

0

∫
Ω
fΨϕ dx dt

This gives the equation in (4.15), due to the density of D(Ω) in H1
0(Ω) and the density of

D(Ω)⊗H1
per(Y

∗) in L2(Ω,H1
per(Y

∗)).

Setting Ψ = 0 in (4.15), we get

divyA(∇u+∇yû) = 0

Since u is independent of y andMY ∗ = 0, we obtain (4.16). Then by standard computation,

convergence (4.1.1). Moreover, we have the following identity:

∫
Y ∗
A(∇u+∇yû)∇Ψ dy = |Y ∗|A0∇u∇Ψ, (4.28)

Substituting (4.16) and (4.28) into (4.15), we get that

u
′ − div(A0∇u) = f in Ω× (0, T )

which gives the equation in (4.18) and u′ ∈ L2(0, T ;H−1(Ω)). Hence from classical results,

we have:

u ∈ C0([0, T ];L2(Ω)) and u′ ∈ C0([0, T ];H−1(Ω))

Now, in order to check the initial condition, let vε be given by (4.19) and ϕ ∈ C∞([0, T ])

with ϕ(0) = 1 and ϕ(T ) = 0. Choosing vεϕ as test function in the variational formulation

(4.10) and integrating by parts, we have:

−
∫ T

0

∫
Ω∗ε
Aε∇uε∇vεϕ dx dt+

∫ T

0

∫
Ω∗ε
fεvεϕ dx dt
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=
∫ T

0
〈u′ε, vε〉(V ε)′ ,V εϕ dt (4.29)

=
∫ T

0

∫
Ω∗ε
u
′
vεϕ dx dt

=
∫

Ω∗ε
(uεϕ)|T0vε dx−

∫ T

0

∫
Ω∗ε
uεvεϕ

′
dx dt

=
∫

Ω∗ε
vεϕ(T )uε(T ) dx−

∫
Ω∗ε
vεuε(0)ϕ(0) dx−

∫ T

0

∫
Ω∗ε
vεuεϕ

′
dx dt

= −
∫

Ω∗ε
vεuε(0)ϕ(0) dx−

∫ T

0

∫
Ω∗ε
vεuεϕ

′
dx dt

= −
∫

Ω∗ε
vεuε(0)−

∫ T

0

∫
Ω∗ε
vεuεϕ

′
dx dt

Passing to the limit, we have:

= −θ
∫

Ω
u0Ψ dx− θ

∫ T

0

∫
Ω

Ψuϕ′ dx dt, (4.30)

also we integrating by parts the term
∫ T

0

∫
Ω

Ψuϕ′ dx dt, we get

−θ
∫ T

0

∫
Ω

Ψuϕ′ dx dt = −θ
∫

Ω
uϕ|T0 Ψ dx+ θ

∫ T

0

∫
Ω
ϕu

′
dx dt

−θ
∫ T

0

∫
Ω

Ψuϕ′ dx dt =
∫

Ω
u(T )ϕ(T )Ψ dx−

∫
Ω
u(0)ϕ(0)Ψ dx−

∫ T

0

∫
Ω
ϕu

′Ψ dx dt

− θ
∫ T

0

∫
Ω

Ψuϕ′ dx dt = −θ
∫

Ω
u(0, x)Ψ dx−

∫ T

0

∫
Ω
ϕu

′Ψ dx dt (4.31)

By (4.30) and some calculus, we obtain:

−
∫

Ω∗ε
vεuε(0)−

∫ T

0

∫
Ω∗ε
vεuεϕ

′
dx dt = −θ

∫
Ω
u0Ψ dx−θ

∫
Ω
u(0, x)Ψ dx−

∫ T

0

∫
Ω
ϕu

′Ψ dx dt

Passing to the limit, we get:

−
1
|Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+∇yû)(∇Ψ +∇yΦ)ϕ dx dy dt+ θ
∫ T

0

∫
Ω
fΨϕ dx dt

= −θ
∫

Ω
u0Ψ dx− θ

∫ T

0

∫
Ω

Ψuϕ′ dx dt (4.32)
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= −θ
∫

Ω
u0Ψ dx− θ

∫
Ω
u(0, x)Ψ dx−

∫ T

0

∫
Ω
ϕu

′Ψ dx dt

Combining this with (4.15), we have:

u(0, x) = u0

4.2 Homogenization of parabolic problem in the per-

forated domain Ωε,δ

We want to study now the asumptotic behavior of our problem as ε −→ 0 .



u
′

ε,δ(x, t)− div(Aε(x)∇uε,δ(x, t) = fε,δ(x, t) in Ω∗ε,δ×]0, T [,

uε,δ(x, t) = 0 on ∂Ω∗ε,δ×]0, T [,

Aε∇uε,δ · nε,δ = 0 on ∂Sε,δ×]0, T [,

uε,δ(x, 0) = u0
ε,δ in Ω∗ε,δ

(4.33)

We suppose that the data satisfy the following assumptions:


Aε ∈M(α, β,Ω) , Aεsymmetric.

fε,δ ∈ L2(0, T ;L2(Ω))

u0
ε,δ ∈ L

2(Ω)

(4.34)

Moreover, we assume that :

 u0
ε,δ ⇀ u0 weakly in L2(Ω),

fε,δ ⇀ f weakly in L2(0, T ;L2(Ω)),
(4.35)

Set

Wε,δ = {vε,δ ∈ L2(0, T ;H1
0(Ω∗ε,δ)); v

′

ε,δ ∈ L
2(0, T ;H−1(Ω∗ε,δ))}

equipped with the norm:

‖vε,δ‖Wε,δ
= ‖vε,δ‖L2(0,T ;H1

0 (Ω∗ε,δ)) + ‖v′ε,δ‖L2(0,T ;H−1(Ω∗ε,δ)) .
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4.2.1 Statement of the main homogenization result

In this section, we suppose that N ≥ 3 and that ε and δ = δ(ε) holds, that is, there exists

the following limit and is finite:

k∗=̇ lim
ε−→0

δ
N
2 −1

ε
< +∞ .

We also denote byM(α, β,Ω) the set ofN×N matricesA = (aij)1≤i,j≤N in (L∞(Ω))N×N

such that

(i) (A(x)λ, λ) ≥ α|λ|2 ,

(ii) |A(x)λ| ≤ β|λ| ,

for any λ ∈ RN and almost everywhere on Ω, where α, β ∈ RN such that 0 < α < β.

4.2.2 Variational formulation

We multiply 4.33 by a test function v, where v ∈ V ε,and we integrate on the domain Ωε,δ,

we get ∫
Ω∗ε,δ

u
′

ε,δv dx −
∫

Ω∗ε,δ
(divAε∇uε,δ)v dx =

∫
Ω∗ε,δ

fε,δv dx, (4.36)

and by Green’s formula, we get:

−
∫

Ω∗ε,δ
(divAε∇uε,δ)v dx =

∫
Ω∗ε,δ

Aε∇uε,δ∇v dx−
∫
∂Sε,δ∩∂Ω∗ε,δ

Aε∇uε,δvnε,δ dΓ

−
∫

Ω∗ε,δ
(divAε∇uε,δ)v dx =

∫
Ω∗ε,δ

Aε∇uε,δ∇v dx−
∫
∂Sε,δ

Aε∇uε,δvnε,δ dΓ

+
∫
∂Ω∗ε,δ

Aε∇uε,δvnε,δ dΓ

(4.37)

Then

−
∫

Ω∗ε,δ
div(Aε∇uε,δ)v dx =

∫
Ω∗ε,δ

Aε∇uε,δ∇v dx (4.38)

we replace (4.38) in (4.36), we get:

∫
Ω∗ε,δ

u
′

ε,δv dx −
∫

Ω∗ε,δ
Aε∇uε,δ∇v dx =

∫
Ω∗ε,δ

fε,δv dx (4.39)
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The variational formulation of problem (4.33) is to find uε,δ ∈ Wε,δ such that, for all

v ∈ H1
0(Ω∗ε,δ)



〈u′ε,δ, v〉(H1
0 (Ω∗ε,δ))

′
,H1

0 (Ω∗ε,δ)
+
∫

Ω∗ε,δ
Aε∇uε,δ∇v dx =

∫
Ω∗ε,δ

fε,δv dx

in D′(0, T ) for all v ∈ V ε ,

uε,δ(0, x) = u0
ε,δ in Ω∗ε,δ .

(4.40)

For this problem, classical results [8, 19] provide for every fixed ε and δ the existance and

uniqueness of a solution of problem (4.40), such that:

uε,δ ∈ L2(0, T ;H1
0(Ω∗ε,δ)) ∩ C

0([0, T ];L2(Ω∗ε,δ))

and satisfies the estimate

‖uε,δ‖L∞(0,T ;H1
0 (Ω∗ε,δ)) + ‖u′ε,δ‖(0,T,L2(Ω∗ε,δ)) ≤ C (4.41)

Where C is independent of ε and δ.

Remark 4.2 In the following, we identify functions inH1
0(Ω∗ε,δ) with their zero extension

to H1
0(Ω) so that we can write (4.41) as

‖uε,δ‖L∞(0,T ;H1
0 (Ω)) + ‖u′ε,δ‖L∞(0,T ;L2(Ω)) ≤ C (4.42)

where C is independent of ε and δ.

We adapt here for the evolution problem some arguments introduced in [6]. Let us introduce

the functional space

KB = {Φ ∈ L2(0, T ;L2∗(RN)) : ∇Φ ∈ L2(0, T ;L2(RN)), Φ is constant on B}

(4.43)

We also need the following lemmas from [6] in order to pass to the limit in equation (4.40)

Lemma 4.1 ([6]). Let N ≥ 3. Then, for every δ0 > 0, the set

∪0<δ<δ0{φ ∈ H1
per(Y ) : φ = 0 on ∂B},
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is dense in H1
per(Y ).

Lemma 4.2 :([6]). Let v ∈ D(RN)∩KB (i.e., v = v(B) is constant on B) and set

wε,δ(x) = v(B)− v
(

1
δ
{
x

ε
}Y
)
for x ∈ RN .

Then

wε,δ ⇀ v(B) weakly in H1(Ω) (4.44)

Remark 4.3 (1) From the definition of wε,δ above, one has

Tε,δ(wε,δ)(x, z) = v(B)− v(z) in Ω̂ε ×
1
δ
Y,

and consequently (see [6]),

Tε,δ(∇wε,δ) =
1
εδ
∇z(Tε,δ(wε,δ)) = −

1
εδ
∇zv in Ω̂ε ×

1
δ
Y (4.45)

(2) Let {wε,δ} be a sequence satisfying 4.44. We have,

Tε(wε,δ) ⇀ v(B) strongly in L2(Ω× Y ) (4.46)

Indeed, it was shown in [6] that {wε,δ} is bounded in H1(Ω) so that together with 4.44 and

Rellich compactness theorem, one has wε,δ ⇀ v(B) strongly in L2(Ω); that is,

‖wε,δ − v(B)‖L2(Ω) −→ 0.

(see [6]) This, together with Proposition 4.46(2) gives 4.46.

We state now a homogenization theorem for system 4.33:

Theorem 4.2 Under assumptions (4.34) and (4.35), suppose that as ε −→ 0, there is a

matrix field A such that

Tε(Aε)(x, y) −→ A(x, y) a.e. in Ω× Y, (4.47)
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and as both ε, δ −→ 0, there exists a matrix field A0 such that

Tε,δ(Aε)(x, z) −→ A0(x, z) a.e. in Ω× (RN\B).

Let uε,δ be the solution of (4.40). Then there exists u in L∞(0, T ;H1
0(Ω)) and û in

L∞(0, T ;L2(Ω;H1
perY ))), such that


uε,δ ⇀ u weakly∗ in L∞(0, T ;H1

0(Ω)),

Tε(uε,δ) ⇀ u weakly∗ in L∞(0, T ;L2(Ω;H1Y ))),

Tε(∇uε,δ) ⇀ ∇xu+∇yûweakly
∗ in L∞(0, T ;L2(Ω× Y )).

(4.48)

Moreover, there exists U ∈ L2(0, T ;L2(Ω;L2
loc(R

N))) such that

δ
N
2 −1

ε
Tε,δ(uε,δ) ⇀ U weakly in L2(0, T ;L2(Ω;L2

loc(R
N))) (4.49)

with U vanishing on Ω × B×]0, T [ and U − k∗u ∈ L2(0, T ;L2(Ω;KB)) (KB being

defined by 4.60).

The couple (u, û) satisfies the limit equation

∫
Y
A(x, y)(∇xu(x, t) +∇yû(x, y, t))∇yφ(y) dy = 0, (4.50)

for a.e. x ∈ Ω, a.e. t ∈]0, T [ and for φ ∈ H1
per(Y ). While the function U obeys

∫
RN\B

A0(x, z)∇zU(x, z, t)∇zv(z) dz = 0, (4.51)

for a.e. x ∈ Ω, a.e. t ∈]0, T [ and for all v ∈ KB, with vB = 0. The ordered triplet

(u, û, U) satisfies the limit equation

〈u′(., t), ψ〉(H1
0 (Ω))′,H1

0 (Ω) − k∗
∫

Ω×∂B
A0(x, z)∇zU(x, z, t)vBψ(x) dx dσz

+
∫

Ω×Y
A(x, y)(∇xu(x, t) +∇yû(x, y, t))∇ψ(x) dx dy (4.52)

=
∫

Ω
f(x, t)ψ(x) dx, for a.e. t ∈]0, T [ and for all ψ ∈ H1

0(Ω),
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u(x, 0) = u0 in Ω.

where vB is the inward normal to ∂B and dσz its surface measure.

In what follows, we will use the notation mY (.) for the average over Y defined as

mY (v) =
1
|Y |

∫
Y
v(y) dy, ∀v ∈ L1(Y )

The result below describes now the homogenized problem in the variable (x, t) in Ω×]0, T [.

To this aim, let us consider the correctors X̂j, j = 1, · · · , N solutions of the cell problem;

they are the same for domains without holes (see [2, 8]).

X̂j ∈ L∞(Ω;H1
per(Y )),

∫
Y
A∇(X̂j − yj)∇ϕ dy = 0 a.e. x ∈ Ω, ∀ϕ ∈ H1

per(Y ) (4.53)

mY (X̂j) = 0,

where A is given by (4.47).

We consider also the cell problem corresponding to the holes B defining the corrector θ for

small holes, introduced in [6]

θ ∈ L∞(Ω;KB), θ(x,B) ≡ 1,

∫
RN\B

A0(x, z)∇zθ(x, z)∇zΨ(z) dz = 0 (4.54)

a.e. for x ∈ Ω, ∀Ψ ∈ KB with Ψ(B) = 0.

4.3 Proof of main results

Let us now present the proofs of the homogenization results stated in the previous section.

We adapt here some ideas in [6, 15].
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4.3.1 Proof of Theorem 4.2

We prove the results in several steps

Step 1. The existence of u ∈ L∞(0, T ;H1
0(Ω)) such that up to subsequences, convergences

(4.48) hold, follows from estimate (4.41) while the existence of û inL∞(0, T ;L2(Ω;H1
perY )))

and such that convergence (4.48) hold, (see also Remark 4.3).

On the other hand, from (4.42) there exists a function

W ∈ L2(0, T ;L2(Ω;L2∗(RN))) with ∇zW ∈ L2(0, T ;L2(Ω× RN)) such that (up to

a subsequence)

δ
N
2 −1

ε
(Tε,δ(uε,δ)−Mε

Y (uε,δ)11
δ
Y ) ⇀W weakly in L2(0, T ;L2(Ω;L2∗(RN))) (4.55)

Moreover, there exists U such that (up to a subsequence) (4.49) holds.

Step 2. Let us check the properties of the function U. From (4.48) we have by compactness,

uε,δ ⇀ u strongly in L2(0, T ;L2(Ω)), (4.56)

so that

δ
N
2 −1

ε
Mε

Y (uε,δ)11
δ
Y ⇀ k∗u strongly in L2(0, T ;L2(Ω;L2

loc(R
N))). (4.57)

Thus, from (4.49), (4.55) and (4.57) we conclude that

U = W + k∗u and ∇zU = ∇zW.

Moreover, we have

δ
N
2 Tε,δ(∇uε,δ) =

δ
N
2 −1

ε
Tε,δ(uε,δ)11

δ
Y ⇀ ∇zU w − L2(0, T ;L2(Ω× RN)) (4.58)

Also, from Definition 3.3,

Tε,δ(uε,δ) = 0 in Ω×B×]0, T [,
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and thus from (4.49), (4.57),

U = u = 0 in Ω×B×]0, T [. (4.59)

This means that

W = U − k∗u ∈ L2(0, T ;L2(Ω;KB)).

Step 3. Let us prove the first limit equation. Letψ ∈ D(Ω) and φ ∈ C1
per(Y ) vanishing

in a neighborhood of y = 0, and set vε(x) = εψ(x)φε(x) with φε(x) = φ(
x

ε
). By

Proposition 3.3,

Tε(∇vε) −→ ψ∇yφ strongly in L2(Ω× Y ). (4.60)

Taking vε as a test function in (4.40), multiplying by ϕ ∈ D(0, T ), and integrating over

]0, T[, we obtain

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)vε(x)ϕ′(t) dx dt

+
∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇vε(x)ϕ(t) dx dt

=
∫ T

0

∫
Ω∗ε,δ

fε,δ(x, t)vε(x)ϕ(t) dx dt.

(4.61)

Note that this equation can be written as

ε
∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)ψ(x)φε(x)ϕ′(t) dx dt

+
∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇vε(x)ϕ(t) dx dt

= ε
∫ T

0

∫
Ω∗ε,δ

fε,δ(x, t)ψ(x)φε(x)ϕ(t) dx dt.

(4.62)

The aim is to pass at the limit in this expression.

We first use the unfolding operator Tε to pass to the limit in the second term of the left-hand
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side of this equation. Using some propositions together with (4.47) and (4.60), we obtain

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇vε(x)ϕ(t) dx dt

= lim
ε−→0

1
|Y |

∫ T

0

∫
Ω×Y
Tε(Aε)Tε(∇uε,δ)Tε(∇vε)Tε(ϕ) dx dy dt

=
1
Y

∫ T

0

∫
Ω×Y

A(x, y)(∇xu(x, t) +∇yû(x, y, t))ψ(x)∇yφ(y)ϕ(t) dx dy dt.

(4.63)

On the other hand, the first term on the left-hand side of (4.70) as well as the term on the

right-hand side goes to zero as ε −→ 0, which implies

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇vε(x)ϕ(t) dx dt = 0,

So that

∫ T

0

∫
Ω×Y

A(x, y)(∇xu(x, t) +∇yû(x, y, t))ψ(x)∇yφ(y)ϕ(t) dx dy dt = 0.

By Lemma 4.1, we obtain (4.50) which describes the asymptotic behavior of the problem

based on the oscillations in the coefficients of (4.40).

Now, to take into account the effect of the perforations, let us use wε,δψ as a test function

in (4.40), where wε,δ is the function defined in Lemma 4.2 and for ψ ∈ D(Ω). Thus, we

have

〈u′ε,δ(x, t), wε,δ(x)ψ(x)〉(H1
0 (Ω∗ε,δ))′,H

1
0 (Ω∗ε,δ)

+
∫

Ω∗ε,δ
Aε(x)∇uε,δ(x, t)∇wε,δ(x)ψ(x) dx

+
∫

Ω∗ε,δ
Aε(x)∇uε,δ(x, t)wε,δ(x)∇ψ(x) dx

=
∫

Ω∗ε,δ
fε,δ(x, t)wε,δ(x)ψ(x) dx.

(4.64)
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Let ϕ ∈ D(0, T ) and multiply the integrands in this equation and integrate over ]0, T[,

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)wε,δ(x)ψ(x)ϕ′(t) dx dt

+
∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇wε,δ(x)ψ(x)ϕ(t) dx dt

+
∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)wε,δ(x)∇ψ(x)ϕ(t) dx dt

=
∫ T

0

∫
Ω∗ε,δ

fε,δ(x, t)wε,δ(x)ψ(x)ϕ(t) dx dt.

(4.65)

Remark 4.4 We take |Y | = 1

For the first term on the left-hand side of this equation, we apply the operator Tε.

Thus, Definition 3.3 together with Remark 4.3 and (4.48), we obtain,

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)wε,δ(x)ψ(x)ϕ′(t) dx dt

= lim
ε−→0

∫ T

0

∫
Ω×Y
Tε(uε,δ)Tε(wε,δ)Tε(ψ)Tε(ϕ′) dx dy dt

=v(B)
∫ T

0

∫
Ω×Y

u(x, t)ψ(x)ϕ′(t) dx dy dt.

(4.66)

So that :

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)wε,δ(x)ψ(x)ϕ′(t) dx dt −→ v(B)
∫ T

0

∫
Ω×Y

u(x, t)ψ(x)ϕ′(t) dx dy dt

(4.67)
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For the second term on the left-hand side of equation (4.65), we use the operator Tε,δ (4.47),

(4.58), (4.59), and Remark 4.3, yield

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇wε,δ(x)ψ(x)ϕ(t) dx dt

= lim
ε−→0

δN
∫ T

0

∫
Ω×RN

Tε,δ(Aε)Tε,δ(∇uε,δ)Tε,δ(∇wε,δ)Tε,δ(ψ(x))Tε,δ(ϕ(t)) dx dz dt

= lim
ε−→0

δN
∫ T

0

∫
Ω×RN

Tε,δ(Aε)Tε,δ(∇uε,δ)(−
1
εδ
∇zv)Tε,δ(ψ(x))Tε,δ(ϕ(t)) dx dz dt

= lim
ε−→0

δ
N
2 · δ

N
2

∫ T

0

∫
Ω×RN

Tε,δ(Aε)Tε,δ(∇uε,δ)(−
1
εδ
∇zv)Tε,δ(ψ(x))Tε,δ(ϕ(t)) dx dz dt

= lim
ε−→0
−
δ
N
2

εδ

∫ T

0

∫
Ω×RN

Tε,δ(Aε)δ
N
2 (Tε,δ(∇uε,δ))(−

1
εδ
∇zv)Tε,δ(ψ(x))Tε,δ(ϕ(t)) dx dz dt

= lim
ε−→0

−δN2 −1

ε

∫ T

0

∫
Ω×RN

Tε,δ(Aε)Tε,δ(∇uε,δ)(−
1
εδ
∇zv)Tε,δ(ψ(x))Tε,δ(ϕ(t)) dx dz dt


=− k∗

∫ T

0

∫
Ω×RN

A0(x, z)∇zU(x, z, t)∇zv(z)ψ(x)ϕ(t) dx dz dt

=− k∗
∫ T

0

∫
Ω×(RN\B)

A0(x, z)∇zU(x, z, t)∇zv(z)ψ(x)ϕ(t) dx dz dt,

So that :

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇wε,δ(x)ψ(x)ϕ(t) dx dt −→

− k∗
∫ T

0

∫
Ω×(RN\B)

A0(x, z)∇zU(x, z, t)∇zv(z)ψ(x)ϕ(t) dx dz dt,
(4.68)

For the third term on the left-hand side of (4.65), we use Tε. From Proposition 3.3(2)(4),

Proposition 3.4(1), Definition 3.3 together with Remark 4.3,(4.46), Proposition 3.5(ii),

passing to the limit gives

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)wε,δ(x)∇ψ(x)ϕ(t) dx dt

= lim
ε−→0

∫ T

0

∫
Ω×Y
Tε(Aε)Tε(∇uε,δ)Tε(wε,δ)Tε(∇ψ)Tε(ϕ) dx dy dt

=v(B)
∫ T

0

∫
Ω×Y

A(x, y)(∇xu(x, t) +∇yû(x, y, t))∇ψ(x)ϕ(t) dx dy dt.
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So that :

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)wε,δ(x)∇ψ(x)ϕ(t) dx dt −→

v(B)
∫ T

0

∫
Ω×Y

A(x, y)(∇xu(x, t) +∇yû(x, y, t))∇ψ(x)ϕ(t) dx dy dt
(4.69)

For the term on the right-hand side of equation (4.65), we also apply Tε, Definition 3.3,

Remark 4.3 and (4.35), passing to the limit, yield

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

fε,δ(x, t)wε,δ(x)ψ(x)ϕ(t) dx dt

= lim
ε−→0

∫ T

0

∫
Ω×Y
Tε(fε,δ)Tε(wε,δ)Tε(ψ)Tε(ϕ) dx dy dt

=v(B)
∫ T

0

∫
Ω×Y

f(x, t)ψ(x)ϕ(t) dx dy dt

So that :

lim
ε−→0

∫ T

0

∫
Ω∗ε,δ

fε,δ(x, t)wε,δ(x)ψ(x)ϕ(t) dx dt −→

v(B)
∫ T

0

∫
Ω×Y

f(x, t)ψ(x)ϕ(t) dx dy dt.
(4.70)

Thus, combining (4.66)-(4.70), the limit equation of (4.65) is

v(B)
∫ T

0

∫
Ω×Y

u(x, t)ψ(x)ϕ′(t) dx dy dt

− k∗
∫ T

0

∫
Ω×(RN\B)

A0(x, z)∇zU(x, z, t)∇zv(z)ψ(x)ϕ(t) dx dz dt

+ v(B)
∫ T

0

∫
Ω×Y

A(x, y)(∇xu(x, t) +∇yû(x, y, t))∇ψ(x)ϕ(t) dx dy dt

= v(B)
∫ T

0

∫
Ω×Y

f(x, t)ψ(x)ϕ(t) dx dy dt,

which is true for all ϕ ∈ D(0, T ),ψ ∈ H1
0(Ω) and v ∈ K(B). So, we obtain (4.51) for

v ∈ K(B) such that v(B) = 0.

If v(B) 6= 0, by applying Stoke’s formula and (4.51), we have

∫ T

0

∫
Ω×(RN\B)

A0(x, z)∇zU(x, z, t)∇zv(z)ψ(x)ϕ(t) dx dz dt

= v(B)
∫ T

0

∫
Ω×∂B

A0(x, z)∇zU(x, z, t)vBψ(x)ϕ(t) dx dσz dt,
(4.71)
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which used in (4.3.1) gives the first equation of problem (4.52).

Step 4. It remains now to check the limit initial condition. Let vε = wε,δψ where wε,δ is

given by Lemma 4.2 and ψ ∈ D(Ω). Let ϕ ∈ C∞([0, T ]) with ϕ(0) = 1 and ϕ(T ) = 0.

Take vεϕ as a test function in (4.40).

Using the initial conditions in (4.40) and by integration by parts, we have

∫ T

0

∫
Ω∗ε,δ

fε,δ(x, t)vε(x)ϕ(t) dx dt−
∫ T

0

∫
Ω∗ε,δ

Aε(x)∇uε,δ(x, t)∇vε(x)ϕ(t) dx dt

=
∫ T

0
〈u′ε,δ(x, t), vε(x)〉(H1

0 (Ω∗ε,δ))′,H
1
0 (Ω∗ε,δ)ϕ(t) dt

=
∫

Ω∗ε,δ
(uε,δ(x, t)ϕ(t))|T0vε(x) dx−

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)vε(x)ϕ′(t) dx dt

= −
∫

Ω∗ε,δ
uε,δ(T )ϕ(T )vε dx−

∫
Ω∗ε,δ

uε,δ(0)ϕ(0)vε dx−
∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)vε(x)ϕ′(t) dx dt

= −
∫

Ω∗ε,δ
u0
ε,δvε(x) dx−

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)vε(x)ϕ′(t) dx dt

Passing to the limit, we get :

−
∫

Ω∗ε,δ
u0
ε,δvε(x) dx−

∫ T

0

∫
Ω∗ε,δ

uε,δ(x, t)vε(x)ϕ′(t) dx dt =
∫

Ω×RN
u0ψ dx−

∫ T

0

∫
Ω
ψuϕ′ dx dt

In view of (4.68)-(4.70) and (4.35), passing to the limit in this equation yields

v(B)
∫ T

0

∫
Ω×Y

f(x, t)ψ(x)ϕ(t) dx dy dt

+ k∗
∫ T

0

∫
Ω×(RN\B)

A0(x, z)∇zU(x, z, t)∇zv(z)ψ(x)ϕ(t) dx dz dt

− v(B)
∫ T

0

∫
Ω×Y

A(x, y)(∇xu(x, t) +∇yû(x, y, t))∇ψ(x)ϕ(t) dx dy dt

= v(B)
∫

Ω
u0ψ(x) dx− v(B)

∫ T

0

∫
Ω
u(x, t)ψ(x)ϕ′(t) dx dt

= −v(B)
∫

Ω
u0(x)ψ(x) dx+ v(B)u(x, 0)ψ(x) dx

+ 〈u(x, t), ψ(x)〉(H−1
0 (Ω),H1

0 (Ω)ϕ(t) dt.

(4.72)

Combining this equation with (4.3.1) yields

−
∫

Ω
u0(x)ψ(x) dx+

∫
Ω
u(x, 0)ψ(x) dx = 0, ∀ψ ∈ D(Ω), (4.73)



4.3 Proof of main results 49

which implies u(x, 0) = u0(x).

This concludes the proof.



CONCLUSION

In this work we study the homogenization of the heat equation in the perforated domain Ωε

and Ωε,δ, we get

For the domain Ωε, we have the following homogenized problem


u
′ − div(Ahom∇u) = f in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

u(x, 0) = u0 in Ω

were the homogenized matrix Ahom = (a0
i,j)1≤i,j≤n is defined by

a0
i,j(x) =MY ∗

(
ai,j + Σn

k=1aik
∂Xj
∂yk

)

And for the domain Ωε,δ, we have the following homogenized problem



u′ − div(Ahom∇u) + (k∗)2Θu =f in Ω×]0, T [

u = 0 in ∂Ω×]0, T [,

u(x, 0) = u0, in Ω
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where the homogenized matrix field is

Ahom = mY

aij +
N∑
k=1

aik
∂X̂j
∂yk

 ,
and

Θ =
∫
∂B
A0∇zθνB dσz.
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