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Abstract

In this memory we study a class of parabolic problems in periodically perforated domains
with a homogeneous Newmann condition on the boundary of the holes. We focus on the
homogenezation of these equations. The proof is based on th periodic unfolding method
in perforated domains.

Key words : hyperbolic problem, periodic unfolding, perforated domain, homognisation.

Résumé

Nous considérons dans cette mémoire une class de Probleme parabolique dans un domaine
perforé avec des petits trous périodiquement et de condition de Newmann hmogéne. Nous
nous concentrons sur I’homogenisation de ces équation. Lépreuve est basée sur la méthod
d’eclatement periodique dans les domaines perforés.

Mots clés : probléme hyperbolique, éclatement périodique, domaine perforé, homogénéisation.

Jasle

e2s oo bl oYL 3 BRI Al Pl e 0l Dl L Joodl Tia 3 Joodl Jian 3
G b Lo skl @3 g oYkl sds ild” Ly & il sgue le Ll Glogs by
Al SYAE 3 6,9l sl

I el 2590 YT K da.e 1tz Ol



CONTENTS

Introduction 7

1 THE PERIODIC UNFOLDING METHOD IN PERFORATED DOMAINS 9
1.1 The periodic unfolding operator Tz . . . . . . . . . . . .. .. ... ... 9
1.2 proof . . ..o 11

2 The TIME-DEPENDENT UNFOLDING OPERATOR IN PERFORATED
DOMAINS 14

3 UNFOLDING OPERATOR IN DOMAINS DEPENDING ON TWO PA-

RAMETERS 21
3.1 Time-dependent Unfolding Operator In Domains With Two Parameters . . . 23

4 HOMOGENIZATION OF A CLASS OF PARABOLIC PROBLEMS 27
4.1 Homogenization of parabolic problem in the perforated domain €2, . . . . . 28
4.1.1 wvariational formulation . . . . . . .. ..o oo 28

4.2 Homogenization of parabolic problem in the perforated domain .5 . . . . . 36
4.2.1 Statement of the main homogenization result . . . . . . . . . . . .. 37

4.2.2  Variational formulation . . . . . . . .. ..o 000000 L 37

4.3 Proof of main results . . . . . . .. 41



4.3.1 Proof of Theorem 4.2

Conclusion

Bibliography

52



INTRODUCTION

Various physical phenomena can be described in terms of conduction thermique. In these
studies, researchers aim to find averaged characteristics of the conduction such as energy
transfer.

To drive some quantities, mathematicians used several mathematical approaches collectively
known as Homogenization Theory.

Energing in the late 1960’s and early 1970’s, this theory became a significant part of mathe-
matics concerning partial differential equations and their numerical approximations. It orig-
inated from works in physics and machanics, where equivalent macroscopic stuctures were
obtained for microscopic heterogeneous madia, as seen in works by Bruggman [4](1935),
Hashin and Shtrikman [9](1963), among others. Applied mathmaticians and numerical ana-
lysts became increasingly interested in the late 1960’s, with seminal works by De Giorgi and
Spagnolo [8](1973), Babuska [1](1975), Bensoussan, Lions, and Papanicolaou [3](1978), and
Sanchez-Palencia [12](1980), among others.

Homogenization theory enables the replacement of problems strongly oscillating coefficients
with approximate problems having constant coefficients. This implies that the solution of
a boundary value problem, dependent on a small parameter, converges to the solution of a
limit boundary value problem explicity describes, making it much easier to process numeri-

cally.



In our paper, we utilize the periodic unfolding method due to its simplicity in handing perfo-
rated domains without the need for extension operators. This metod also allows us to adress
second-order operators with highly oscillating coefficients, which may not be feasible with
order approaches.

The periodic unfolding method was first introduced in Cioranescu, Damlamian and Griso
[6] for the case of fixed domains (see [7] for more details)

We extend the unfolding operator introduced in pervious works [(] to time-dependent func-
tions and thoroughly examine its properties. Then we apply the periodic unfolding method
to homogenization results for the heat equation with oscillating coefficients in domains con-
taining small holes.

The paper is structured as follows: chapters 1,2 provide background on the geometric frame-
work of perforated domains and define properties of unfolding operators for fixed and perfo-
rated domains with small holes. Additionally, we present the extension of the local average
operator to time dependent functions in this chapter. Chapter 4 presents the main homog-

enization results for the heat equation and the main results for the problem.



CHAPTER

THE PERIODIC UNFOLDING METHOD
IN PERFORATED DOMAINS

In this chapter we recall the definition and some properties of the periodic unfolding operators

in perforated domains T, for the classical homogenization.

1.1 The periodic unfolding operator 7.

In this section, we introduce the periodic unfolding operator in the case of perforated domains

introduced by Cioranscu et all [5] and [6].

Definition 1.1 /7. Let o € LP(Q.), p € [1 + oo]. We define the function

T (@, y) =G ([l + <) (1)

for every x € RN andy € Y.



1.1 The periodic unfolding operator 7, 10

Remark 1.1 Notice that the oscillations due one see immediately the interest of the un-
folding operator. Indeed, when trying to pass to the limit in a sequence defined on 2. one
needs first, while using standard methods, to extend it to a fived domain. With Tz, such
extensions are more necessary. The main properties given in for fized domains can easily be
adapted for the perforated ones without any major difficulty in the proofs. These properties

are listed in the proposition below. To do so, let us first define the following domain:

Q.=int ( U €+ Y)) :

€A,

where

A{E € ZN,e(€+Y)NQ # 0}
The set €2 is the smallest finite union of €Y cells containing 2.
Proposition 1.1 [5]:The unfolding operator T has the following properties :

1. Tz is a linear operator.

T
2. To(p) (m {e}Y) — p(z) Vg € LP(Q) and = € RV,
3. Too) = Ti(@) (W), Ve, b € LP(Q).

4. Let @ in LP(Y) or LP(Y') be a periodic function. Set ¢.(x) = Qp(:):) Then,
~ €
T (@) (x,y) = ©(y), a.e. in Q..

5. One has the integration formula

1

d:—/ “(¢) de dy Vo € LY(9.).
/Qecpw v oy Te(#) o dy Ve € (%)



1.2 proof 11

6. For every o € L*(Q.), Tz(p) belongs to L>(RN x Y) it also belongs to L*(Qe X Y).

7. For every ¢ € L*(Q.)

| Te(O) | r2mm vy = VIY llellr2 @0

8. VyT(p)(xyy) = eTe(Vap)(x,y) for every (z,y) € QXX Y.
9. If p € H'(S,), then T.(y) is in L? (RN,Hl(Y)) .

10. One has the estimate

||Vy7;(90)||(L2(Q><Y))N = &4/ |Y|||VmS0||(L2(ﬂs))N

1.2 proof
1. Let a, B € R and ¢, € L*(£2.)
T(ep + Bv) = (el ] + ew)) + w(B(El ] + ev)

= ap(elZ] +ev) + Bu(el] +ev)

= aT(¢) + BT-(v).

Then 77 is a linear operator.
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T (@ AZ}) = (e[l +e{2})
= p(c[Z]+2 —<[2])

= ¢(x).
3. Let ¢, € L?*(2.), we have by definition 1.1

T(pp) = oy (6[?]1; + sy)
= ¢ (el +ey) v (L2l +ev)
= Te(p)Te(3)-

L. r 2
4. and by definition for all . = ¢(—), ¢ € L*(Y), we have
5

(o) (@ y) = ¢ (5 [{ﬂ e {{s}}>

T
=e{-} =¢)-
€
5. According the definition 1.1, we have
| T@@ydedy= [ T(e)(y) ded
|Y| Oy e\PIN\TY) ax y_|Y| Xy e\P)\T,Yy) axr ay
1
=T 2 sy ) @9) do dy
cex, /(ebte

on each set (e€4eY ) XY with & € E, the function T (¢)(x, y) dx dy = p(e€+ey)
is constant in x, it is consequence of (1.1). So, for each integral in the sum of the right
member, we have :
T dx dy = Y / d
S oy @) @) da dy = |e€ <Y | [ 0(e6 + ey)dy
N
:sY/s—|—ed:Y x)da
Y] | p(e€ +ey)dy = Y| (EE+EY)SO( )
(1.2)
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1
we suppose = e€ + ey, this implies de = eNdy = dy = = by summing in E,
EN
the right member be /V p(x) dz.
Qe

so we get:

1
NY/ - d :/ de.
SN[ @) do= [ (@) da

£€E,

Now, we remplace this expression in (1.2), we get the result.

7. For all p € L*(Q2.)

||7;((p)||L2(RNXy) — </|7;(<p)|2 da dy)é

1 1 1
(1t ) = (1) (1570
QXY
= VIYllellr2.)-

8. For all ¢ € L*(Q)

xXr
V,T(p)(x,y) = Vyp (e s sy>
Yy

= eV (s {:L + ey)

= eT(Va) (2, y)-

10. We apply proposition 1.1, we obtain

IV Te(P) l z2@xyyy = [[€Te(Vap) | (z2@xyy~
= e\/|Y IVl (2.~



CHAPTER

THE TIME-DEPENDENT UNFOLDING
OPERATOR IN PERFORATED DOMAINS

In this chapter, we adapt the unfolding operator 7 in to time-dependent functions We
present the unfolding operator 7_* which maps functions defined on the oscillating domaine
QX x (0,T) into functions defined on the fixed domaine £ X Y™ x (0,T). This avoids
the use of any extension operator. We also give some properties by extending the previous
ones for more details and for the classical unfolding theory) For any z € RY, we use [z], to
denote the T, unique integer combination Z:Zl ksb; of the period such that z — [z]y € Y
Set:

{z}y =2—[2]y €Y a.efor z€cRY (2.1)

Then for each z € RY, we have:

-=<({2}, )
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a.e for £ € RN. Let us first recall the unfolding operator 7T; for the fixed domain © x (0, T")

introduced in [17], where the properties of T¢, are shown without proofs.

Definition 2.1 forp € [1,+00) and q € [1,00], let ¢ be in L1(0,T; LP(Q)). The
unfolding operator Tc:L1(0,T; LP(2)) — L(0,T; LP(2 X Y')) is defined as follows:

m A
J— ,t «Co. 9 3t QE Y O’T’
72(¢)(w,y,t):{¢(€{s]y+sy) a.e. for (z,y,t) € Q. XY x (0,T)
0 a.e. for (z,y,t) € A. XY x (0,T).

In a similar way, we extend the unfolding operator for the perforated domain 27 to the

following unfolding operator T_* for the perforated domain 22 % (0,T).

Definition 2.2 Forp € [1,+00) and g € [1,00], let ¢ be in £9(0; T; LP(2*)). The
unfolding operator T :L%(0,T; LP(22)) — L%(0,T; LPQ X Y™) is defined as follows:

7;*<¢)—{¢<€ E

0 a.e. for (z,y,t) € Ac X Y* x (0,T).

+ ey, t> a.e. for (z,y,t) € Q. X Y* x (0,7,
Y

From this definition, the following properties are immediate:

T (vw) = T (v) T (w), Vw,v € L(0,T; L*(Q2])),
Tx () = T (), Vip € LP(R?) and ¢ € LY(0,T), (2.3)
V(T2 (¢)) =T (Vo), Yo € LU0, T; WP (Q})).

Remark 2.1 Concerning Tz and T.*, we have the following :

7;* (w|9;x(0,T)) = 7::(‘—0) |Q><Y*><(0,T)a

7;* () = 7::(1;) |ﬂ><Y*><(0,T),

where w and v are defined on X (0,T) and Q% x (0,T), respectively.

In Definitions 2.1 and 2.2, if ¢ is independent of t, then Tc and T are the classical unfo-
liding operators defined in [0] and [1], respectively.

For simplicity, we always write T (@) instead of T (¢
in Q x (0,T).

Qxx(0,r)) for any function ¢ defined
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Next we list some properties of the unfolding operator T_* used in this paper. The proofs are

essentially the same as those in [/] and [7].

Proposition 2.1 for p € [1,400) and g € [1, 00| the operator T* linear and contin-
uous from L(0,T; LP(S2})) to L0, T; LP( X Y*)). Let ¢ € LI(0,T; L' (2F)) and
w,v € L1(0,T; LP(£2)).
For a.e. t € (0,T), we have :
(i) m . @)@y, 0) dedy = [ g t)de = [ o(@, t)da— [ o(, t)dz,
(ii) || T (W)llzr@xy = [Y[7[|wllze@z) < [Y[7[|@]lpe @)

Proposition 2.2 for q € [1,+0o0], let ¢. be in LI(0,T; L*(Q2*)) and satisfy

T
/ /A \po|da dt — 0,

then

/OT q’)edw dt — |Y|/ /QXY* T (¢e)da dy dt — 0.

As usual, this convergence is denoted by

T 1 T
/ / boda dt = 7/ / T*(¢.)dzx dy dt — 0.
o Jox Y| Jo Jaxy=
Moreover,we have the following convergences :

Proposition 2.3 (i) For p,q € (1,+00], let ¢. € LY(0,T;LP(})) and ¢ €
L7(0,T; L ()
(1/p+1/p =1,1/q+1/q" = 1) such that

||¢5||L‘1(0TLP(Q*)) C and ||¢||e (0,107 (922)) X <C, (2.4)

then
[, |, @-pan dt = |11,| L[ T 60Tz () de dy db.
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(it) For p,q € (1,4+00], let . € LU0, T;LP(Q2Y)) and 9. € LqI(O,T; LP*(Q2))
(1/p+1/po<1,1/q+1/q" = 1) such that

| @ellLaosLr(0)) < € and ||¢e||Lq’(0,T;LPO(Qg)) <G, (2.5)

Then
/oT /n; Petped db = |}1;| /OT /ﬂxy* () T (Ye)dx dy dt.

Proposition 2.4 (some convergence properties )

(i) For p,q € [1,00), let w € LY(0,T; LP(2)). Then

T (we) = w strongly in LY(0,T; LP(Q2 X Y™)).
(ii) For p,q € [1,00), let {w:} be a sequence in LY(0,T; LP(Q)) such that
w. = w strongly in L(0,T; L?(Q?)).

then
T (we) = w strongly in L0, T; LP(Q2 X Y™)).

(iii) For p € (1,00) and g € (1,00], let {w.} be a sequence in LI(0,T; LP(K2})) such
that
|lwellzao,rzo (o)) < C-

If
T (we) — w weakly in LY(0,T; L (2 x Y*)),

then we have

@, — OMy+ weakly in L1(0,T; LP(Q2)).

For q = oo the weak convergences above are replaced by the weak™ convergences, respectively

proof:
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(i) Using proposition 2.4 and (2.3), we have:
|72 (w) — wllzarszr@xy) = 1T (w — ) + T (dp) — P — w||pa(o,mszr(2xv));

1 %
<2|Y7||pp — wl|Laqo,rse()) + |1(T (@) — d)pllLaorir@xy=))

for any ¢ € D(2) and ¢ € D(0,T). Since
T2 (¢p) — ¢ strongly in LP(Q X Y™),

then

(T2 (@) — &)pl|Lao.1sLr(@2xy+)) — 0.

Consequently, we have

lim sup | T (w) — wl|Lao,r3er(2xv*)) < 2Y |7 ||pp — w||za(oiLr(2))>
_%

which implies statement (i) due to the density of D(0,T) ® D(2) in LI(0,T; LP(£2)).
(ii) From proposition 2.1 follows from statment (7).

(iii) Let ¢ € LY (0,T; LP (£2)) (1/p+ 1/p' =1 1/q—|— 1/q' = 1) from proposition 2.3(i)
T
2133/0 /Qweqp dz dt = hm/ [, wetbde dt = lim |Y|/ [T @)T () de dy dt.

Since statement (i) gives

T () — ¢ strongly in LqI(O,T; (LPIQ X Y™)),

then we get

T T 1 T R
lim / / Goabdx dt = / / — [ ody'pdo dt = 6 / / My-(&)pda dt.
e—0.Jo Jo o Ja Y] v 0o Jao

which implies the desired result.

Now we complete this subsection with a convergence result related to the space L4(0, T’ Wl’p(Q:))

this proof can be directly obtained from that of Theorem 2.1 in [/]].
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Proposition 2.5 ([15], [17]) let p €]1,400| and {p.} be a sequence in the space
L>(0,T; WP () such that

||V pe||L=(o0,r;r()) < C.

Then there exist o € L®(0,T; WP (2)) and ¢ € L>(0,T; W-P(Y)) such that up to a

per

subsequence,
T-(Ve.) — ¢ weakly* in L>(0,T; L?(Q; W'P(Y))),

T:(Ve) = Voo + V@ weakly™ in L>(0,T; LP(2 X Y)).

We end this section by recalling the definition of the mean value operator My and that of

the local average M3, and give some of their properties that will be useful in the sequel.

Theorem 2.1 For p € (1,+400), let {w.} be a sequence in L>(0,T; WP (25; 0€2))

such that
ow,

ot

<cC. (2.6)

[|Vwe||Leoo,13zr(2r)) < C and || <
L°°(0,T;LP(£2%))

) 1 0w
Then there exist w € L>(0,T; W,P(82)) with Bt € L>(0,T; LP(2)) and
& € L™(0,T; WLP(Y)) with M3, = 0, such that, up to a subsequence,

per

T (w.) = w weakly * in L°(0,T; (4 WP (Y™))),

T (Vwe) = Vw+ V,& weakly * in L>(0,T; L?(Q2 X Y™)),

ow, ow .
T Y — B weakly x in L*>(0,T; LP(2 X Y™)), (2.7)

T (w.) — w strongly in L(0,T; LP(\; WP (Y™))),

|lwe = wl|zaomizr(z)) — 0,
where q is any number in (1, +00)

Definition 2.3 let p € [1,+o0[ and q € [1,4+00]. The mean value operator
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My LU0, T; LP(2 X Y)) — L9(0,T; LP(2)) is defined by

My )@t) = o [ uey.1) dy

for every uw € LY(0,T; LP(2 X Y)).

Definition 2.4 Let p € [1,400[ and q € [1,+00]. The local average operator
M, L0, T; LP(2)) — L9(0,T; LP(Q2)) is defined by

1

M;(LP)(:I% t) = m

/Y Te(p)(x,y,t) dy,

for every ¢ € L1(0,T; LP(S2)).

Remark 2.2 In connection, some of the properties of T, (in the case of dependence on
time) can be derived directly for those of the unfolding operator for fixed domains from [/]
with the time t as a mere parameter.

As a consequence, we have the following result.

Proposition 2.6 Let p € [1,00[ and q € [1,00].

(1) For ¢ € L(0,T; LP(R)), one has
T- (M5 (9))(x,y,t) = My (Te(p))(z,t) = My (p)(z,t) in QX ][0,1].
(2) Let {w.} be a sequence in LY(0, T, L*(Q)) such that
w. — w strongly in L1(0,T, LP(Q)).

Then
M (we) =+ My (w) =w strongly in L0, T, LP(Q2)).

(3) FOT'QO € Lq(07 T; LP(Q))7

|| My (0)||zao,rsz00)) < Y77 |||l zao,msze())-



CHAPTER

UNFOLDING OPERATOR IN DOMAINS
DEPENDING ON TWO PARAMETERS

In this chapter we recall the definition and some of its properties of the unfolding operator

T-,s depending on two mall parameters € and 6, as introduced in [0].

Definition 3.1 /0] Let p € [1,400[. For ¢ € LP(Q), the unfolding operator T, s is
the function To 5 : LP(Q2) — LP(Q x RY) defined by

T A 1
€ T, 6Z 1: T,z QE -
Tes(9)(x,2) = (@) (@,62) if (z,2) € Qe x Y

0 otherwise,

where Tz is the operator for fized domains as introduced in [/].

To go further, let us introduce what is called a perforated domain with small holes, denoted

here Q. ;. Let B CC 'Y and denote Y5 = Y/6B. Then 7 5 is defined as

9 E
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where 8 — 0 with €. This definition means that Q:’ s5» s a domain e-periodically perforated

by holes ed B, see Figures.

Remark 3.1 As shown in [0], it turns out that the operator T. s is well-adapted for do-
mains with small holes when dealing with functions which vanish on the boundary of QZ,J'
It is precisely the case we treat in this work. We will deal with functions belonging in par-
ticular, to Hg(Q) The extensions of these functions by zero to the whole of €2, belong to
H&(Q) Consequently in the sequel, we will not distinguish the elements of HI:’(S and their

extensions from Hy ().

Proposition 3.1 /1]

(1) for any v,w € LP(2), Tcs5(v, w) = Tc5(v)Tes(w)
(2) for any u € L*(Q2),
N
< .
5 /MN | Te.s(u)|dz dz < /Q|u|d:1:
(3) for any u € L*(£2),
1Ts(Wz20xrm) < sxllullzz)-
(4) for any w € L*(Q),
N
— < .
|/ﬂu der — 9 /anN Tes(w)dx dz| < /Ag |u|dx
(5) Let u € H'(Q). Then

1 1
Tes(Veu) = 5V€(7;5(u)), inQ X EY.

(6) Suppose N > 3 and let w C RN be open and bounded. The following estimates hald:

2
g
||Vz(ﬁ,5(u))||i2(ﬂx%Y) < m”vullfﬁ(n)a
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Ce?
1(Tes(u — Mg (w)||72 012+ mny) < mllvulﬁz(g)a

2C¢e?
IV A(Tes () 122(0xw) < W|w|2/N||VU||iz(n) + 2|w][|ul|Z2(q)

Definition 3.2 A sequence {v.s} in L*(Q) satisfies the unfolding criterion for inte-
grals(u.c.i) if

/ Ve,s dx — 5N/ T:5(ves)dxdz — 0,

Q QxRN

for every sequence (e,8) — (0%, 0%). This property is denoted

/ Ve dx [e3 5N/ Tes(ves)dx dz.
Q QxRN

Proposition 3.2 [0] (u.c.i) if {v.} is a sequence in L*(2) satisfying

/ |uc|de — 0,
A

€

then it satisfies wu.c.i..

Corollaire 3.1 /0] Let {u.} be bounded in L*(2) and {v.} be bounded in L*(§2) with
p > 2. Then {u.v.} satisfies u.c.i

Remark 3.2 As observed in [0], for any ¢p € D(Q), one has

[172,6(¥) — ¥llpeo(axiyy — 0,

3.1 Time-dependent Unfolding Operator In Domains
With Two Parameters

In this subsection, we extend the operator 7¢ s, defined in the previous section to time-
dependent functions by adapting what is done in [I5]. We start by defining the unfolding
operator for time-dependent functions in the domain £ ;x]0,T'[, depending on € and 4.

In what follows, we have (e,d) — (0, 0) through any sequence and subsequence.
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Definition 3.3 Let p € [1,+o0[ and ¢ € L(0,T; L*(Q)) The unfolding operator
Tes : LU0, T; LP(?)) — L0, T; LP(S2)) is definded as

. A 1
7;,6(Q0)(CU,Z) = 7;(S0)(w’6z’t) if (33,2, t) € Q. X SYX]O,T[

0 otherwise,

that is,
T(@)e 2] +edzt) if (@zb) € Qx ¥x]0, T
(p)(e |— edz i T,z e X =Y X
7;,6(90)(337 Zy t) = ely ’ T 4 ’
0 otherwise,
As mentioned above, for 8 = 1 we are in presence of the unfolding operator for fized

domains introduced in [/].

Remark 3.3 From now on, if a function does not depend on t, by Tz s(p) we simply mean
the operator introduced in Definition 3.1.
Being defined by means of the operator Tc, the unfolding operator Tc s, inherits most of the

general properties of it. In particular, the following proposition is straightforward:
Proposition 3.3 Let p € [1,400[ and q € [1, +00].
1. Tz is linear and continuous from L9(0,T; LP(2)) to L9(0,T; LP (2 x RY)).
2. Tes(vw) = Tos(v) Tes(w)  for every v,w € L0, T; LP(R2)).
3. V. (Tes(p)) =0T 5(Ve) in 2 X :;YX]O,T[ for all ¢ € LU0, T; HY(2)).
Theorem 3.1 Letp € [1,+oo[ and q € [1,+oo0].
(1) Let ¢ € L(0, T, LP(S2)).

5N

77 o Tea(9) (@ 25 )drdz = ), el tydz

= /Qcp(w,t)dzc — /Ae p(x, t)dx

for a.e. t €)o, T
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The continuity of the operator Tz s, from Proposition 3.3 reads as follows:

Y|

1
P
T momamon < (g ) lellmorse,

(2) Let ¢ € LY(0,T; H'(R2)) and N > 3. Then for a.e. t €]0,T],

s|Y|%
IV (Tes(@Dlroxivy < w5 [IVellze)-
5 5 1

Proposition 3.4 Let g € [1,+00] and . € LY(0,T; L*(2)) satisfying

T
/ / pedxdt — 0
o JA.

Then

' dxd ot dr dz d
€ t= — € € t.
/0 /n“” v |Y|/0 /MNT";(‘O) v

The proof of the following proposition is essentially the same as that of [15], Proposition
2.0].

Proposition 3.5 Let p,q €]1,+o00]. Let {p.} be a sequence in LI(0,T; LP(2)) and
{4} be a sequence in LY (0, t; LP°(R)), such that

l¢ellzaorszr(@)) < € and ”"vbs”LQ’(O,T;LPo(Q)) <C ,

1

1 1 1
where — 4+ —<1 and -+ /:1. Then,

P DPo q9 g

T oN T
/ /A potbodadt = 2 / / Tz 5 (potp.)dadzdt
0o JO. Y| Jo Jaxiy

The next two propositions extend to time-dependent functions some properties given in [0],

Theorem 2.11].

Proposition 3.6 Let w € LI(0,T; H'(2)). For q € [1,+00][ , one has the estimates

Tes(u — M: < GV o
| 7%,5(w Y(u))”L‘I(O,T;LP(Q;LI’*(RN))_ 5g_1 IVu||Lao,rszre()) >
P
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and for w an open and bounded subset of RY |

172,56 (w) || Lago,r;2r (2 xw))

2Ce|Y |'/P 1-p
S — x5 IVullomr@) + 2(0|Y 7 |[ullzaorze @)
p

where C is the Sobolev-Poincar’e- Wirtinger constant for H*(Y).

Theorem 3.2 Let p € [1,400[, ¢ € [1,4+00], N > 3, {w.s} be a sequence in
L0, T; H*(Q)) which is uniformly bounded with respect to € and § as (€,6) — (0, 0).
Then up to a subsequence, there exists W in L9(0,T;F (5 LP (RN))) with VW in
L0, T;" (Q; LP(2 x RY))) such that:

N
ot

T(7;5(106,5) — M5 (wes)liy — W weakly in L9(0, T; LP(9; LP" (RM))), and

N

ot

N .(Tes(wes))lay — V.W weakly in L%(0, T; IP(2 x RN))
€

Furthermore, if :

N
§v» 1

k* = limsup
(e,0)—(0F,0%) €
then one can choose the subsequence above and some U € L%(0,T; L*(Q; L}, .(RY)))

< 400,

with :

N
5t

——T.s(w.5) — U weakly in LY(0,T; LP(; LE (RY))) .
1)



CHAPTER

HOMOGENIZATION OF A CLASS OF
PARABOLIC PROBLEMS

In this chapter, we use the adapted unfolding method presented in Section 2 to study the
asymptotic behavior of a class of parbolic problems in perforated domains. To introduce the
coefficient matrix, we define, for a, 8 € R with 0 < a < 3, the set M (a, B, O) of the

n X n matrix- valued functions in L>°(O) such that:
AN A) > afAl* , A(z)A] < BIA

for any A € RY and a.e. on O.

For any e, we suppose that:

(4.1)
A symmetric.

{AEGM(a7IB7Q) 9
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Consider the following parabolic problem with homogeneous Dirichlet-Neumann boundary :

u, — div(A°Vu.) = f. in QF x (0,T),
u. =0 on 02 x (0,T
(0,1, (4.2)
A°Vu,-n.=0 on 8S. x (0,T),
ue(z,0) = u in QF
where n, is the outward unit normal vector fietd defined on 8.S..
We suppose that :
uO e V'€
c ’ (4.3)
fe € L*(0,T; L*(2))).
Set
W, = { wlo. € L*(0,T3V9) v, € L2(0,T; L3(2)) | (4.4)

with the norm defined by

’
lvellw. = llvellzz0.ve) + llv 20,122 (0r))

4.1 Homogenization of parabolic problem in the per-

forated domain €2,

4.1.1 wvariational formulation

We multiply (4.2) by a test function v, where v € V¢ we get:

uv dx —/ (divA*Vu,.)v dz :/ fev dzx (4.5)
2 Q3 Q@

we integrate on Q7 and by Green’s formula, we get :

- /Q (divA*Vu)v dz = | AVu. Vv da — / AVuoon, dT (4.6)

Qx 8S5.NdN
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this implay that

—/ (divA*Vu.)v doe = . A*Vu Vv dx — . A*Vu,vn, dI'
Qx Qr as
< < c (4.7)
+/ A*Vu,vn, dI'
a0

Then

—/Q div(A*Vu.)v dx = o A*Vu . Vv dx (4.8)

we replace (4.7) in (4.5), we get:

/ u;v dr — A*Vu Vv dx :/ fev dx (4.9)
Q 2z

027

*
€

Now, the variational formulation of problem (4.2) is to find u. € W, such that

(u;,'U)(VE)/,VE + /ﬂ;‘ A*Vu Vv dx = /9;‘ fev dx
in D' (0,T) for allv e V¢, (4.10)

u:(0,z) = ul in QF .

For every fixed e, classical results provide that problem (4.9) has a unique solution u,. such
that
u. € C°([0,T); V) nc* ([0, T]; L*(27))

In order to study the homogenization of problem (4.2), we suppose that there exists a matrix

A = (a;j)1<ij<n such that

T (A®) — A strongly in (L' (Q x Y*))"" (4.11)

which implies A € M(a, 8,2 X Y™) (see also [1] and [7]). Concerning the initial data, we

assume that
|ulllve < C,

0~ 0u’ weakly in L*(Q
: y ) (4.12)

u
@l — Ou' weakly in L*(Q)
f- — 6f weakly in L*(0,T; L*(Q)) ,
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where C' is a constant independent of €. under these assumptions, classical results show

that problem (4.9) has a unique solution u. with the following uniform estimate:

l|te || Lo 0,751 (022)) + ||| Lo 0,7522(025)) < C (4.13)

where the constant C' does not depend on €.

Now we state the main theorem of this section.

Theorem 4.1 Let A® satisfy (4.1) and (4.10). suppose that u. is the solution of problem
(4.2) with 4.3 and 4.11. Then there existu € L>(0,T; Hy (2)) with u € L®(0,T; L*(Q))
and @ € L*>(0,T; L*(Q, H: (Y™*))) with My~(@) = 0, such that

per

T (ue) — u weakly* in L=(0,T; L*(Q2, H' (Y™))) ,
T*(u.) — u weakly* in L>=(0,T; L*(Q x (Y™*)),
T (Vu.) = Vu + Vi weakly* in L>(0,T; L*(2 x (Y*)) , (4.14)
T (u.) —> u strongly in L9(0,T; L*(2, H' (Y™))) ,

||we — u”Lq(O,T;L2(Q*e)) — 0,

where q is any number in (1,400). the pair (u, @) with My«(@) = 0 is the unique
solution of the following problem :
T , 1 T
0/0 /Qu\Ilgo dzdt + |Y|/0 /QXY*A(VuVyﬁ)(V‘IIqu))cp dz dy dt
:O/T/ FUo dx dt
Jo Ja

* 4.15
for any ¥ € HX(Q), ® € L*(Q; HY, (Y")) and ¢ € D(0,T),  *+19)
u=0o0on N x (0,T)
u(xz,0) = u® in Q
We also have
. ou
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with X; € L®°(Q; H: (Y*)) (j = 1,...,n) being the solution of the cell problem

per

—divy (AV,(X; +y;)) =0in YY",
AV, (X; + y;) -n1 =0o0n 9S, (4.17)
My (X)) (x,.) =0, Xj(x,.)Y — periodic.

Remark 4.1 :Observe that the homogenized matriz A° here, as defined in []], differs
from the classical one (see for instance [9]) by a factor of @~*. We also notice that here A°

depends up on x while the one in [9] does not.

proof of theorem 4.1: In view of (4.12) and theorem 2.1, we get that there exist
u € L*(0,T; L*(Q)) with w’ € L>(0,T; L*(2)) and & € L>(0, T; L*(Q, H},, (Y™)))
with My~ = 0,such that, up to a subsequence (still denoted by €), (4.13) holds. From

proposition 2.5, we further get that
Gte — OMy«(u) weakly* in L=(0,T; L*(Q))

A*Vu, — OMy.[A(Vu + V,i)] weakly* in L=(0,T; L*(22))) (4.18)

Since u is independent of y, then convergence holds true for the above subsequence.

Let U, ¢ € D(Q) and v € H: (Y*). Set

per

v(2) = ¥(@) + cp(@)¥*(2)  with (@) = $(7) (4.19)

Then

Vave = Vo (¥(2) + ed(x)y ()

= V.0 (@) + Ve [p@)e (D)
T 1 (4.20)
= V(@) + eVas(@)p(5) + e d(@)V, (@)

= V. ¥(2) + 9Vt + (Vi ().
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By Proposition, we have

T2 (v.) — ¥ strongly in L*(Q x Y™
T (pp°) — ® strongly in L*(Q X Y*) with & = ¢(z)y(y), (4.21)
T (Vv.) — VU + V,® strongly in L*(2 X Y*)

Let ¢ € D(0,T). From (4.13) and (4.19) and proposition 2.6, we deduce
T , T ,
/ / u v dxr dt — 9/ / u¥y dxdt. (4.22)
o Jor o Ja

T 1 T
/ A*Vu.Vo.p dedt —s — / / A(Vu + V,2)(VEV,®)p dz dy dt.
0 Jag Y| Jo Jaxy+

(4.23)
By virtue of 4.11, we have
T T
/ / fovep dedt —s 0 / / Fp dadt. (4.24)
o Jox 0o Jo
Now, choosing v.¢ as test function in the variational formulation (4.9), we get
T , T T
/ / u v.p dx dit —/ A*Vu.Vo.pdx dt = / / fevepdx dt
o Jox o Jax o Jox
Now, we pass at the limit in this expression term by term, we start by the first term
. T !
Elino/ / u v dedt = lim m . Te(ue)Te(ve) Te (o ) dedydt
By theorem 4.1, (4.13) proposition 2.6, (4.22) :
1 T ,
elino m 0 oy Te(ue)Te(ve) Te (¢ )daxdydt = 1£>n0 v Jo / /QXY* uPy dedydt

By Fubini’s theorem:

T ’
E1£>r10/ / u, Ve dxdt = El£>110|Y|/ /u\Ilgo dxdt /Y* dy
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. T ’ _|Y*| T ’
lim / / u_v.p dedt = / / uWy dxdt
e—0 Jo € Y| Jo Ja
T , T ,
lim / / u v drdt = —0/ / uWy dxdt
e—0.Jo Jar 0o Ja
T ’ T ’
lim [ [ W dadt — 0 [ [ wby da dt 4.25
lim /. o u_v.p dr |, el de (4.25)

For the second term we use here the operator T; we get

T
lim A*VuVo.pdrdt = lim — / /Q  T(A)Te(Vue)Te(Voe) Te(p) da di

e—0Jo Jar e—0 |Y|

T
lim/ /*Afvueva dz dt = lim —/ /ﬂxy A(VutV,a)(VE+V,8)¢ dz dy dt

e—0 Jo e—0 |Y|

Now the limit of the second term is

. T I3 1 T A
lim [ AVuVop de dt = |Y|/O /wa A(VutV,a)(VE+V,®)p de dy dt
(4.26)

Finally for the last term we use also the operator 7;

T T
tim, [ [ fovep dardt = Jimy |7 [ T(L)T(0)Te() der dy

e—0 Jo e—0 Jo

we have:

Te(ve) — ¥ 5 To(p) — ¢ 5 To(f:) — f this implies that

: T N
Elino/o /Q: fevep dx dt = sllnom/o /QXY* Yo dx dy dt

applying Fubbinni’s Theorem, we obtain:

T 1 /0
lim / / fevep dax dt = —/ Yo dx dt/ dy
Qx Y| /T y*

e—0 Jo

|/ /f'l’god:cdt

T T
lim / / fevep dxr dt = 0/ / Py dxdt
Qx o Ja

e—0 Jo

T
slino/o /Q; fevep dx dt =

Y]
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e—0

T T
lim / / fovep dz dt —s 0 / / o dx dt (4.27)
o Jar o Ja

Choosing v.¢ as test function in the variational formulation (4.10), passing to the limit and

making use of (4.22)-(4.24), we obtain:

T , , 1 T
9//\1: dx dt —// A(Vu + V,4) (VT + V., 8o dz dy dt
R +|Y| o Joxy- (Vu + Vya)( + Vy®)p dz dy

T
:9/ /f\Ilcpda:dt
0 Q

This gives the equation in (4.15), due to the density of D(€2) in H_(£2) and the density of
D(Q) ® H;er(Y*) in LZ(Q’ H;GT(Y*))
Setting ¥ = 0 in (4.15), we get

divy,A(Vu+ V,4) =0

Since u is independent of y and My~ = 0, we obtain (4.16). Then by standard computation,

convergence (4.1.1). Moreover, we have the following identity:
/Y CA(Vu+ V, )V dy = [Y*|AVuVY, (4.28)
Substituting (4.16) and (4.28) into (4.15), we get that
v — div(A°Vu) = f  in Q x (0,T)

which gives the equation in (4.18) and ' € L2(0,T; H~(R2)). Hence from classical results,
we have:

u € C°([0,T]; L*()) and u" € C°([0, T]; H'(R))

Now, in order to check the initial condition, let ve be given by (4.19) and ¢ € C*°([0,T])
with ¢(0) = 1 and ¢(T") = 0. Choosing v.¢ as test function in the variational formulation
(4.10) and integrating by parts, we have:

T T
—/ A*Vu . Vu.p de dt + / / fevep dx dt
0o Jox 0o Jox
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T ’
— /0 (UL 02 ey e (4.29)
T ’
= / u v.p dx dt
o Jor
T ’
:/ (u€g0)|;‘)rve daz—/ / uvp dx dt
Q: 0o Jor
T ’
:/ vep(T)u(T) d:v—/ vu:(0)p(0) dx —/ / veup da di
Qr Qr 0o Jar

T ’
= —/ veu:(0)p(0) de — / / veup dx dt
Q: o Jor

T !
= —/ veu:(0) —/ / veusp dx dt
Q: o Jar

Passing to the limit, we have:

T ’
= —9/ u’¥ dr — 0/ / Yup dx dt, (4.30)
Q o Jo
T ’
also we integrating by parts the term / / Yup dx dt, we get

o Jo

T ! T !

—0/ / Pup dazdt:—G/ ugo|0T\Ilda:—|—0/ / pu dx dt
0o Jo Q 0o Jo

T ’ T ’
—0/ / Yup drdt = / u(T)(T)¥ dx —/ u(0)p(0)¥ dx —/ / pu ¥ dx dt
o Jo Q Q o Ja
T , ' T ’
— 0/ / Yup drdt = —0/ u(0,x)¥ dx — / / pu ¥ dr dt (4.31)
o Jo Q o Ja

By (4.30) and some calculus, we obtain:

T ’ T ’
—/ ’vsus(O)—/ / veup da dt = —0/ u’W dw—@/ u(0, )W da:—/ / pu ¥ dx dt
Qr o Jor Q Q 0o Jo

Passing to the limit, we get:

1

T ~ T
_|y|/0 /Qxy* A(Vu+ V,a) (V¥ + V@) dz dy dt + 0/0 /Q fU da dt

T ’
= —9/ W dx — 0/ / Yup dx dt (4.32)
Q 0o Jo
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T ’
:—O/UO\IId:c—G/u(O,:B)\IId:c—/ /cpu\IId:I:dt
Q Q Jo Ja

Combining this with (4.15), we have:

u(0,z) = u°

4.2 Homogenization of parabolic problem in the per-
forated domain €2, 5

We want to study now the asumptotic behavior of our problem as e — 0 .

u'e,&(ac, t) — div(A°(x)Vucs(xz,t) = fo5(x, t) in ] %10, T,
Ues(x,t) =0 on 99 ;Xx]0,T7,
A*Vu.5-nes =0 on 0S.5x]0,T],

Ues(x,0) = ug’é n Q;J
(4.33)

We suppose that the data satisfy the following assumptions:

A* € M(a,3,9Q) , A°symmetric.
f-s € L*(0,T; L*(2)) (4.34)
“2,5 € L*(Q)

Moreover, we assume that :

ug’é — u® weakly in L*(Q),

(4.35)
fes — f weakly in L2(0,T; Lz(Q)),

Set
Wes = {ves € Lz(o, T; Hg(QZ,a)%U;,a < Lz(O’T§ H_l(ﬂz,a))}

equipped with the norm:

!
”'UE,JHWa,a = ”'UE,JHL?(O,T;H&(Q:’J)) + ”,0575||L2(07T;H_1(ﬂ:75))
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4.2.1 Statement of the main homogenization result

In this section, we suppose that N > 3 and that € and § = d(&) holds, that is, there exists

the following limit and is finite:

571
k*= lim < 400
e—0 g

We also denote by M (a, B, 2) the set of N X N matrices A = (ay;)1<ij<n in (L°(£2))V*N
such that

(1) (A@)A ) > alA?,
(i) [A(z)A] < BIAL,

for any A € RY and almost everywhere on €, where a, 8 € RN such that 0 < o < 3.

4.2.2 Variational formulation

We multiply 4.33 by a test function v, where v € V¢ and we integrate on the domain €25,

Ja

and by Green’s formula, we get:

we get

'u,; svdr — / (divA*Vu.s)v doe = / feov dx, (4.36)
’ D D

*
£,0

A*Vu,;Vv dx — / A*Vu, son.s dl’

—/ (divA*Vu.s)v doe =
Qr, 8S: 5NN 5

*
Qe,é

—/ (divA*Vu.s)v doe = A*Vu, Vv de — A*Vu, svn.s dI
Qr, Qr, 8S..5

+ ) A*Vu, son. s dI'
09 5

(4.37)

Then
- / div(A Vu.;)v do = /Q AV, 5V dz (4.38)
oy

*
£,0

we replace (4.38) in (4.36), we get:

/ u'E sV dx —/ A*Vu.;Vv dx = / feov dx (4.39)
9*5 ’ Q:,J Q:,J

€,
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The variational formulation of problem (4.33) is to find u.s € W,s such that, for all
v E H&(QZ,a)

<us,6’v>(H&(ﬂ:75))',H3(Q:’5) —+ /ﬂ*éAsVus,(;V'v dr = /9*5 feov dx
in ’D,(O,T) forallve Ve, (4.40)

Ue5(0, ) = ug’[; in Q5.

For this problem, classical results [3, 19] provide for every fixed € and § the existance and

uniqueness of a solution of problem (4.40), such that:
ues € L?(0,T5 Hy (2 5)) N CO([0, T); L*(2 5))
and satisfies the estimate

||u€,5||L°°(O,T;H(}(Q:’5)) + “ug,(;”(O,T,Lz(ﬂ:’&)) <C (4.41)

Where C is independent of € and 9.
Remark 4.2 In the following, we identify functions in H&(Q:’é) with their zero extension

to Hy () so that we can write (4.41) as

[[te,6ll oo oms 113 (2)) + 10 gl Loeo.rs22(0)) < C (4.42)

where C' is independent of € and 4.
We adapt here for the evolution problem some arguments introduced in [0]. Let us introduce

the functional space

Kp = {® € L*(0,T; L*(RY)) : V& € L?*(0,T; L*(R")), ® is constant on B}
(4.43)

We also need the following lemmas from [0] in order to pass to the limit in equation (4.40)

Lemma 4.1 (/0]). Let N > 3. Then, for every 8o > 0, the set

Uo<s<s,{® € H', (Y) : ¢ = 0 on 0B},

per
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is dense in H' (Y).

per

Lemma 4.2 :(/1]). Letv € D(RN)NKp (i.e., v = v(B) is constant on B) and set

wes(z) = v(B) — v (;{:}Y> for x € RV,

Then

w5 — v(B) weakly in H'(Q) (4.44)

Remark 4.3 (1) From the definition of wes above, one has

~ 1
Tes(wes)(x, 2) = v(B) — v(2) in Q. X gY,

and consequently (see [0]),

1 1 ~ 1
Tes(Vwes) = —V. (Tes(wes)) = ——V,v n Q. X =Y (4.45)
’ ’ ) ’ ’ ) o

(2) Let {wes} be a sequence satisfying 4.44. We have,

T (w.5) — v(B) strongly in L*(2 X Y) (4.46)

Indeed, it was shown in [0] that {w. s} is bounded in H'(2) so that together with .44 and

Rellich compactness theorem, one has w. s — v(B) strongly in L*(2); that is,
||w5,5 — ’U(B)”Lz(ﬂ) — 0.

(see [0]) This, together with Proposition 4.46(2) gives 4.40.
We state now a homogenization theorem for system 4.33:

Theorem 4.2 Under assumptions (4.34) and (4.35), suppose that as € — 0, there is a
matriz field A such that

T-(A®%)(z,y) — A(x,y) a.e. in Q2 XY, (4.47)
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and as both e, 8 —> 0, there exists a matriz field A° such that
T.5(A%)(z, z) — A%z, 2) a.e. in 2 x (RV\B).

Let ucs be the solution of (4.40). Then there exists u in L>(0,T; Hy(2)) and @ in
L*>=(0,T; L2(Q;Hp1 Y))), such that

er

U5 — u weakly* in L>(0,T; H,(Q2)),
T-(ue5) — u weakly* in L*(0,T; L*(Q; H'Y))), (4.48)
Te(Vues) — Veu + Vydweakly* in L*(0,T; L*(2 X Y)).

Moreover, there exists U € L*(0,T; L*(2; L2 (RY))) such that

loc

621
T.5(u.5) — U weakly in L?*(0,T; L*(; L2 (RY))) (4.49)

loc

with U vanishing on @ X Bx]0,T[ and U — k*u € L*(0,T;L*(; Kg)) (Kp being
defined by 4.60).

The couple (u, @) satisfies the limit equation

| A@,y)(Vou(@,t) + V,a(z,y,8) Vyb(y) dy = 0, (4.50)

for a.e. ¢ € Q, a.e. t €]0,T[ and for ¢ € H* (Y). While the function U obeys

per
A(z,2)V.U(z, 2, 1)V, dz =0, 4.51
Lo A% 2) VU @, 2, ) V.0(2) dz (451)

for a.e. * € Q, a.e. t €]0,T[ and for all v € Kpg, with vg = 0. The ordered triplet

(u, @, U) satisfies the limit equation
(W (oy £), ) (a1 )y (@) — B /Q A2, ) V.U (2, 2, vpy(e) de do.

+ /QXY A(z,y)(Veu(z,t) + Vyi(x,y,t)) Vi (x) dx dy (4.52)

= /ﬂ F(z, t)(x) de, for a.e. t €]0,T[ and for all € H, (),
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u(z,0) = u° in Q.
where vy is the inward normal to OB and do, its surface measure.

In what follows, we will use the notation my (.) for the average over Y defined as

my (v) = |Y1| [ o) dy,  woer'()

The result below describes now the homogenized problem in the variable (x, t) in Qx]0, T'[.
To this aim, let us consider the correctors 22'3-, j =1,.--, N solutions of the cell problem;

they are the same for domains without holes (see [2, &]).

X; € L™(Qs Hy,,(Y)),

per

(V) (4.53)

per

/YAV()?J- —y;))Vepdy =0a.e.xz € Q,Vp € H'
my (X;) = 0,

where A is given by (4.47).
We consider also the cell problem corresponding to the holes B defining the corrector @ for

small holes, introduced in [(]
0 € L>~(Q; Kp), 0(x,B) =1,

/RN\B A%(x,2)V.0(x,2)V.¥(z) dz =0 (4.54)

a.e. forx € Q, V¥ € Kg with ¥(B) = 0.

4.3 Proof of main results

Let us now present the proofs of the homogenization results stated in the previous section.

We adapt here some ideas in [0, 15].
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4.3.1 Proof of Theorem 4.2

We prove the results in several steps

Step 1. The existence of u € L>(0, T; H,(£2)) such that up to subsequences, convergences
(4.48) hold, follows from estimate (4.41) while the existence of @ in L*(0, T'; L*(2; H;eTY)))
and such that convergence (4.48) hold, (see also Remark 4.3).

On the other hand, from (4.42) there exists a function

W € L?*(0,T; L*(Q; L**(RY))) with V.W € L?(0,T; L*(©2 x RY)) such that (up to

a subsequence)

N

621

15

(Tes(ues) = My (ues)liy) = W weakly in L?(0,T; L*(92; L*(RY))) (4.55)

Moreover, there exists U such that (up to a subsequence) (4.49) holds.
Step 2. Let us check the properties of the function U. From (4.48) we have by compactness,

u.s — u strongly in L*(0,T; L*(Q2)), (4.56)

so that

N_q

02

M5 (ues)liy — k*u strongly in L*(0,T; L?(2; L2 (RM))). (4.57)

loc

Thus, from (4.49), (4.55) and (4.57) we conclude that
U=W+k*u and V.U =V_.W.

Moreover, we have

N_q

82 Tos(Ves) =

Tes(tes)liy = V.U w— L*(0,T;L*(2 x RY))  (4.58)
Also, from Definition 3.3,

Tes(ucs) =0 in Q x Bx]0,T],
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and thus from (4.49), (4.57),
U=u=0 inQ x Bx]0,T]. (4.59)

This means that

W =U — k*u € L*(0,T; L*(Q; Kp)).

Step 3. Let us prove the first limit equation. Letyy € D(2) and ¢ € C} _(Y) vanishing

per
in a neighborhood of y = 0, and set v.(x) = e(x)d®(x) with ¢°(x) = qz’)(f) By
€
Proposition 3.3,

T.(Vv.) — ¥V, ¢ strongly in L*(Q X Y). (4.60)

Taking v, as a test function in (4.40), multiplying by ¢ € D(0,T), and integrating over
10, T, we obtain

.T ’
/0 /Q:’E Ue,s(T, t)ve () (1) do dt
T 1>
+/0 /ﬂ:,a AN (@) Ve (2, ) Vo () (t) do dt (4.61)
T
_/0 /Q:,a fg,g(iL‘, t)vs(m)so(t) dx dt.
Note that this equation can be written as
! l4
e [ s @) (@) (1) da dt
£,0
+ /T / Af(x)Vues(x, t) Vo (z)p(t) dr dt (4.62)
0o Jar, O .

_ e/OT /Q Fos(@, )0 ()5 ()0 (t) da dt.

The aim is to pass at the limit in this expression.

We first use the unfolding operator 7¢ to pass to the limit in the second term of the left-hand
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side of this equation. Using some propositions together with (4.47) and (4.60), we obtain

T
lim / / A%(2) Ve s(z, t) Vo (z)p(t) de dt
o Jaz,

e—0

1 T
i e 4.
g, L] TA)T(Vues) T (Vo) To() de dy dt (4.63)

:; /OT /QXY A(z, y)(Vau(z, t) + V,a(z, y, 1) (2)V,0(y)e(t) de dy dt.

On the other hand, the first term on the left-hand side of (4.70) as well as the term on the

right-hand side goes to zero as € — 0, which implies

T
lim / / A (x)Vues(xz, t) Vo (x)p(t) de dt = 0,
0 Ja,

e—0

So that

/OT /QXY A(z,y)(Vau(z,t) + Vyi(z,y, 1)) (x) Vo (y)e(t) de dy dt = 0.

By Lemma 4.1, we obtain (4.50) which describes the asymptotic behavior of the problem
based on the oscillations in the coefficients of (4.40).
Now, to take into account the effect of the perforations, let us use we 59 as a test function

in (4.40), where w, s is the function defined in Lemma 4.2 and for ¢p € D(2). Thus, we

have

(ug 5 (2, 1), we s () () (13 (02 )y 13 (92,

[ A@) Vues(@, ) Ve s(@)b(a) do

4.64
—l—/ﬂ* A®(x)Vues(x, t)we 5(x)Vip(z) dx (4.64)

= [ fes(@ Dwes(@)p (@) da.
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Let ¢ € D(0,T) and multiply the integrands in this equation and integrate over |0, T|,

/OT /Q Ue 5(T, )we 5(x) P (x) ' (t) dz dt
+/0T /Q Af(2)Vues(x, t) Vwe s(x)h(x)p(t) de dt
v (4.65)
+/0 /Q* Af(x)Vues(x, t)we 5(x)Vip(x)p(t) de dt

=[] | Feala s (@) (@)p(t) da d.

Remark 4.4 We take |Y| =1

For the first term on the left-hand side of this equation, we apply the operator 7.
Thus, Definition 3.3 together with Remark 4.3 and (4.48), we obtain,

T
tig, [, wea(@: wes(@)d @) (1) dz dt

e—0

T
— lim /0 /Q T Te(wen) L) To(¢) da dy dt (4.66)

e—0

—v(B) /OT/M w(z, £ ()¢ (t) da dy dt.

So that :

lim, /O ' /ﬂ ucs(@, )wes(@)(2)¢ (t) de dt —> v(B) /0 ' /Q  ul@, )y ()¢ (t) de dy dt
- (4.67)
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For the second term on the left-hand side of equation (4.65), we use the operator T¢ 5 (4.47),
(4.58), (4.59), and Remark 4.3, yield

tim, | ’ / A Vues (o, ) Vs @) (@)p(0) do dt

=1im 0N [ [ T (A Tea (Vo) Te (Voo ) T (6(2) Te (0 (8)) d iz it

—aim o™ [ 7;,5<A€>7;,5(Vu€,5>(—;vzvm5<¢(a:)>7;5(so<t)) do dz dt

— Iim 6% - 5% /OT/WR T 5 (A% T (Ve s) (— —V ) Tes (9 (2)) Tes(0(2)) da d= dt
Jing,  Tea(A)8% (Tos (Vo) (= s Vo) Tea () Tes(p (1)) o dz i

— lim (—5i_1 [ Teol A Tea(Vites) (== Vo) Teo (@) Tea (o () de dz dt)

— Kk /OT /anN A%z, 2) V., U(x, 2,t) V. v(2)(x)p(t) de dz dt

T
__k*// A%(z, 2)V.U(x, 2, 1)V, t) de dz dt,
o Jax®N\B) (x, 2) (z, 2,t) V.v(2)9p(2)p(t) do dz
So that :

lim / ' / A0 Vues(@, ) Vs (@) (@)e(t) do dt —

e—0 Jo

T (4.68)
_ k;*/o /QX(RN\B) A°(z, 2) V., U(x, 2,t) V. v(2)Y(x)p(t) de dz dt,

For the third term on the left-hand side of (4.65), we use 7¢. From Proposition 3.3(2)(4),
Proposition 3.4(1), Definition 3.3 together with Remark 4.3,(4.46), Proposition 3.5(ii),
passing to the limit gives

lim / ' /  A(@) Ve (@, wes (@) Vb @)e(t) do dt

e—0 Jo

T
—lim [ [ T(A)TAVues) Te(wes) TV Tel0) da dy dt

e—0 Jo

=u(B) [ [ A(w,)(Veu(w,t) + V,a(e, 5, 0) V(@)p(t) da dy dt
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So that :

e—0

lim /0 ! / A (@) V(@ t)w.s(2) Vi (2)p(t) do dt —s
(4.69)

v(B) /OT/(M A(z,y)(Vou(z, t) + Vyi(z,y,1)) Vip(z)p(t) de dy dt

For the term on the right-hand side of equation (4.65), we also apply Tz, Definition 3.3,
Remark 4.3 and (4.35), passing to the limit, yield

e—0

T
lim /0 /Q ) Foi(@, )we s(z)9 (2)p(t) dz dt
T
=lim [ [ T(£o) Te(wes) () Telp) da dy dt

e—0

=o(B) [ [ fastrpa)e(t) de dy di

So that :

e—0

lim [ [ fos(@ tywes(z) (@) p(t) de dt —>
/O'/“Z’ﬁ ’ ’ (4.70)

oB) [ [ @ tib@)e() de dy dr.

Thus, combining (4.66)-(4.70), the limit equation of (4.65) is

o(B) [ [ e typ(@)e(¢) de dy dt
g /OT /QX(RN\B) A%z, 2)V, U (z, 2,8) V.0(2)(z)p(t) dz dz dt
+o(B) [ [ Alw,y)(Veu(e,t) + Vyis(@,y,0) Vir(@)p(t) de dy de
=o(B) [ [ fe09@)e) de dy dt,
which is true for all ¢ € D(0,T),5p € H;(Q2) and v € K(B). So, we obtain (4.51) for

v € K(B) such that v(B) = 0.
If v(B) # 0, by applying Stoke’s formula and (4.51), we have

/T/ N A%z, 2)V.U(x, 2, t) V. v(2)(x)p(t) de dz dt
o (4.71)

= v(B) /OT /QxaB A%z, 2)V. U (x, z,t)vpy(x)p(t) de do. dt,



4.3 Proof of main results 48

which used in (4.3.1) gives the first equation of problem (4.52).

Step 4. It remains now to check the limit initial condition. Let v. = w, 5% where w,; is
given by Lemma 4.2 and ¢ € D(R). Let ¢ € C*([0,T]) with ¢(0) = 1 and (T) = 0.
Take v as a test function in (4.40).

Using the initial conditions in (4.40) and by integration by parts, we have

T T
/ /Q Fos(@, t)v.(x)p(t) dz dt — / /Q A% (2) Ve s(z, t) Vo (z)p(t) de dt
o Joz, o Jaz,
T /7
:/0 (U 5(5 1), ve()) (13 (@ )y 3 (01 )P (T) dE

— /ﬂzd(ue,a(w,t)SO(t))|OTve(w) de — /OT /Q;,; ue 5(x, t)ve () (t) do dt
—_ /ﬂ , uea(D)p(T)ve da - /ﬂ , uea(0)p(0)v: dz — /OT /ﬂ | e (@, )0e(@)! (1) de dt

. T
==/ u sv:(x) dx —/ /* Ue5(x, t)ve ()’ () dx dt
€,0 0 Qe,5

Passing to the limit, we get :

T T
— /9;5 u 50 () dw—/o /9;‘,5 e s5(x, t)ve ()’ (t) de dt = /anN u’p dw—/o /ﬂ Yup’ de dt
In view of (4.68)-(4.70) and (4.35), passing to the limit in this equation yields

oB) [ [ @ t)p@)e) da dy di

+ K /OT/W(RN\B) A%z, 2)V, U (z, 2, t) V.0(2)(z)p(t) de dz dt
—o(B) [ [ A,y)(Veu(z,t) + Vyis(@,y,0) Vir(@)p(t) de dy di
= o(B) [ w(@) dz —v(B) [ [ ule,tpp(a)e!(t) dw di

= —v(B) [ w’(2)¥(x) dz + v(B)u(=, 0)¥(=) dz

(4.72)

Combining this equation with (4.3.1) yields

_ /Quo(a:)'zp(a:) dz + /ﬂu(a:,O)z/J(az) dz =0, Vi € D(Q), (4.73)
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which implies u(x, 0) = u°(x).

This concludes the proof.



CONCLUSION

In this work we study the homogenization of the heat equation in the perforated domain €2,
and 2. 5, we get

For the domain 2., we have the following homogenized problem

u — div(A™Vu) = f in Q x (0,T),
u=20 on 092 x (0,T),
u(z,0) = u’ in

were the homogenized matrix A"™ = (a i)1<ij<n is defined by

OX;
a?’j(w) = My~ (ai,j + 2k:1&ik8y:>

And for the domain €2, 5, we have the following homogenized problem
u' — div(A"™"Vu) + (*)?0u =f in 2x]0,T]

u=0 1in 9oNx]0,T|,

u(xz,0) = u?, in Q
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where the homogenized matrix field is

N 9X,
A" = my ay + Y an——
( ’ k§1 oYy,
and

® = A’V _.0vp do..
oB

).
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