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Abstract

A mixed finite element is presented with an isoparametric formulation in the natural plane
(&,1).This element extended for the analysis of the bending functionally graded beams un-
der static loads. The Parameters of beams like Young’s modulus and Poisson’s ratio are
changing through the thickness direction as a power-law distribution. The results obtained
by the present mixed finite element are presented and compared with analytical and nu-
merical solutions obtained in the literature.
The present element is also proposed to analyze kinking crack in functionally graded ma-
terials. Quasi-static crack propagation under mode 1, and the mixed-mode is performed
for the homogenous and functionally graded plate under uniform axial tension. The results
obtained by the present mixed finite element presented and compared with previous ex-
perimental and numerical obtained by finite element software in the literature. Where the
present element proven a good results with the fewer elements and lower computational
effort.

Keywords: Mixed finite elements, composite materials, functionally graded materials,

FGM beam, FGM plat, crack, kinking.
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Chapter

General introduction

1.1 Introduction

The homogeneous materials failed, the industry needs advanced materials able to stand the
high stress results under different loading. The Japanese researchers devloped new thin
composite material ables to decrease the high thermal stress and eliminate the sharp inter-
face. The new materials are considered as an advanced materials composed of two materials
and more. The interface between materials is replaced by graded material, where the pro-
prieties of the two materials vary smoothly.
Functionally graded materials (FGM) are materials made of several layers containing dif-
ferent components such as ceramics and metals. They are advanced composites exhibiting
macroscopically inhomogeneous characteristics. In 1987, the Japanese researchers initiated
a large-scale project, this latter aims to develop structures materials used as a thermal bar-
rier in aerospace programs.
The walls of spacecraft constitute materials work at surface temperatures of 1800 ° C as it
is a temperature gradient of 1300 ° C. At that time, no industrial material product resists
such thermo-mechanical stresses. Three characteristics considered for the design of such
materials:

- The surface layer of the material resists thermal and high-temperature oxidation.

- Toughness is related to the low-temperature side.

- The relaxation affected the thermal stress along with the material.
The FGM proposed to develop a new composite that has the advantage of the both proper-
ties of ceramics and metals.
The microstructural phases of FGM have different functions, and the FGM achieves multi-
structural status by variation of their properties. The gradually varying the volume fraction
of one constituent of the material, their material properties present a smooth and contin-
uous passage from one surface to another, thus eliminating interface problems and the at-
tenuating the stress concentrations. The ceramic constituent of the functional gradient ma-
terial can withstand high-temperature environments due to their better thermal resistance
characteristics. On the other side, the metallic ensures better mechanical performance and
reduces the possibility of a rupture and damage (see figure 1-1).
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Stress Discontinuity
Material 2
.-/-’J-—_
-
i (b) e
Bi-material interface Graded Interface

Figure 1.1: (a) The high stress in the sharp interface in bi-material. (b) Graded region to
eliminate the interface (FGMs)[1].

In the first period (1987-1989), the researchers had succeeded in fabricating small ex-
perimental pieces (1-10 mm thick and 30 mm in diameter) that could withstand maximum
temperatures of 2000K (surface temperature), where the temperature gradient of 1000K.
In the second period (1990-1991), the aim was to produce parts with larger sizes and more
complex shapes, unlike those are fabricated before. Ten years later, the FGM applications
extended to other applications: optics, sensor technology, biomechanical (see figure 1-2).

optics

Energy

conservation biomaterials

chimical

commuodities
plant

nuclear

@erospace
ENEFEY

Figure 1.2: Field application of FGMs .

From 1992 until our days, the researches in FGMs know a high published year after year
in many fields (see figure 1-3), so FGM has become an essential material for researches (see
figure 1-4).

The new analysis is about crack analysis which is different from the classical one, which
refers to analysis materials with not considering the small deflect as results of manufactur-
ing or displacements but only stress analysis and defining the critical stress region. The re-
cent in this analysis is crack analysis which considers the presence of a defect in the material

2
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with different crack orientations and lengths. The experimental test includes the fracture
toughness test, which is the ability of a material to resist the propagation of a crack, and it
is opposite to fragility. So in this research, an analysis of the bending and crack behavior of
FGM:s is presented.
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Figure 1.3: Number of documents includes FGMs in Scopus data bases.
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Figure 1.4: Engineering materials devolvement.
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1.2 Problem statement

The composite materials have a complex fracture interface. This interfacial material fails
and delaminates because of the stress concentration in their interface and the stress out-
come of thermal, static, and dynamic loading. The interface is replaced by a graded region
constituted by a variation of two materials properties to avoid the stress concentration. In-
vestigating the bending behavior under static loads with different boundary conditions is
necessary.

The crack behavior of the gradient materials has been treated through the conception of
fracture mechanics, which involves the interface crack. The crack modeling in the graded
region is related to the complex geometry of these composite materials. On the other hand,
the experiment tests are not available for all cases. So a numerical model implanted in a
software program is more suitable to treat the failure of FGMs in different cases to avoid the
experimental test.

1.3 Objective of study

The study aims to develop and use the mixed finite element RMQ7 ( Reissener Modified
Quadrilateral ) developed by Bouzerd [2] and reformulated by Bouziane [3]. This latter in-
troduced the isoparametric form, which represented the kinking and curves crack to model,
compute and evaluate the energy release. This research aims to model and analyze the
bending behavior of FGM under static loads. The study also extended the mixed element
for crack analysis in FGMs includes a straight and kinking crack.

1.4 Scoop

The bending behavior of FGM under static loads is investigated using a special mixed finite
element. The crack behavior and the affection on the crack prediction and propagation cross
the graded region are presented.

The problem of the crack in FGMs under model and mixed mode is investigated in the case
curved or kinking crack. This issue is treated with a special mixed finite element.

1.5 Importance of study

The FGMs are valuable materials in the industry fields after the failure of the homogenous
and composite materials. The need to analyze the crack in these materials is required to de-
fine their bending behaviors under static loads and their safety conditions such as maximum
stress and crack length before the break-up. Evaluating the damage inspection intervals is
necessary to construct a better design and obtain the maintenance plan to avoid disasters.
Using such numerical simulation is low cost and more effort time than experiments.

1.6 Thesis organization

The study consists of six chapters:

The first chapter is a general introduction to this work. In this part, the problem statement,
the aime of the study, the importance of the study, and the thesis organization are presented.
The second chapter is reserved for definition the development, manufacture, fields of ap-
plication and properties variation of FGM. The comparison between FGMs and traditional

4
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composite materials is presented in this section.

In the third chapter, a general overview of different theoretical models of beams and plates
is presented.

In the fourth chapter, a theoretical crack in FGMs, the analytical, and the numerical analysis
of the crack problem is discussed.

The fifth chapter is devoted to the presentation of the formulation of the mixed finite ele-
ment that used to analyze the FGMs after the above two chapters indicate and clarify the
bending and crack problem in FGMs.

The sixth chapter is reserved for studying the application examples to validate the tech-
nique proposed in this work. These examples deal with the analysis of functionally graded
beam bending and kinking crack problems analysis in FGMs under static loads. A general
conclusion is presented for the current research and the proposal for future study.



Chapter 2

Literature review

2.1 Introduction

Functionally graded materials (FGMs) are a new class of composite material created by dis-
continuously or continuously varying the volume fractions in the thickness direction. Re-
cently this type of material attracted the attention of many researchers because of the ad-
vantages of decreasing the disparity in material properties and reducing thermal stresses.
The research and publication activity in FGMs increased over the past few years. The re-
searchers define property gradient materials as a particular compound material for which
the volume fraction varies continuously through the thickness.

The mechanical properties between adjacent layers in multilayers produce high stresses
at the interfaces. These high interfacial stresses can lead to cracks at the interface region
known as delamination. Moreover, other fracture mechanisms result from an unexpected
change in the mechanical and thermal properties of the layers. FGM microstructure was
designed to optimize the performance of structural by the distribution of corresponding
properties. These property distributions are assembled into the products, it ensuring mul-
tiple functions such as bonds between particles. The product will be tough enough on the
inside to resist breaking and protect from corrosion on the outside.

2.2 Processing methods for FGM

In this section a bibliographic study presents processing methods which are used for the
fabrication of FGMs.

2.2.1 Deposition based methods

The deposition based methods are precious methods for manufacturing thin FGM as a dis-
continuous or continuous graded layer. The vapor deposition methods, electrophoretic de-
position, and thermal spray methods produce FGM for coating applications. The gradient
properties were manufactured in FGM in one or more directions [4].

The deposition-based method fabricated the characterization of functionally graded coat-
ings bonded to substrate stainless steel material. The vacuum chamber deposits two mate-
rials on a substrate where the composition of the deposited mixture gradually changes from
FGM YSZ (Ni-yttria-stabilized zirconia) to stainless steel, along the growth coating direction
as a linear composition profile [4].
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2.2.1.1 Vapor deposition techniques

The vapor deposition method manufactured a thin graded layer. The technique divides into
chemical and physical desposition techniques.

* Chemical vapor deposition techniques

The chemical vapor deposition fabricates the layer by transferred the gas into the sam-
ple. The chemical reaction during the transport or on the sample surface takes place.
The layer build-up by the parts of the redacted material, which stay at the surface (see
figure 2-1).

Vacuum chamber
& - ® » Ij'l_l_:nm:nh

Flon IR & af <% 4

controller

Value i i i = e s i — Qﬂhnmt

Monomers

Initiator —
- ] (®)
Monomer
-
Initiator

Figure 2.1: Chemical vapor disposition [5].

kawase et al.[6] prepared a compositionally gradient layer with a continuous composi-
tion distribution. They also changed the reactant mixture composition gradually from
propane to dimethyldichlorosilane by the chemical vapor deposition method. The
graded material resists under quick cooling tests (1000 to 0°C). Chemical vapor depo-
sition technique was used to coat Tungsten on a W/Cu FGM. The coated-tungsten tile
was brazed on the CuCrZr heat sink with a cooling channel [7].

* Physical vapor deposition techniques

Physical vapor deposition (PVD) is a coating process that uses an evaporative con-
denser of film material on a substrate to deposit thin films. This process contains var-
ious types such as evaporative deposition, electron beam physical vapor deposition,
cathode arc deposition, ion plating, sputtering, and enhanced sputtering. In the phys-
ical vapor deposition, the material is transported from a condensed state to a vapor
stage and returns to a thin condensed film stage (see figure 2-2).
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Figure 2.2: PVD techniques [8].

The PVD techniques used the heat or the bombardment with ions (sputtering) to evap-
orate the solid coating material with introduced reactive gas. It creates a composition
with the metal vapor. The technique deposited the thin film on the substrate. A com-
prehensive review of the information and knowledge related to physical vapor depo-
sition and their industry uses was detailed [9].

Abegunde et al.[10] presented a review of deposition techniques based on chemical
and physical vapor deposition techniques and their application region for surface coat-
ing.

2.2.1.2 Thermal spray method

The thermal spray method used a heat source to liquefy the raw materials for coating. The
process sprayed the raw materials into a base material by treating gases at the end. The
molten material (liquid) is still pushed until it solidifies and forms a solid layer (see figure
2-3).
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Figure 2.3: Thermal spray coating [11].

The vacuum plasma spraying fabricated functionally graded Ni-yttria-stabilized zirco-
nia (YSZ) coatings. The graded coating changes in the coating direction. This latter is em-
ployed as a thermal barrier in aerospace industries [12].

2.2.1.3 Electrodeposition method

The electrophoretic deposition (EPD) method has been used in the production of FGMs.
This method is a simple method for producing graded materials based on electrophoresis
principles (see figure 2-4).
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Figure 2.4: (a) Schematic diagram of EPD process and (b) Concept of EPD process for
produced FGM [13].

Electrophoretic deposition is applied electric field to a suspension of a powder in a lig-
uid. The powder particles move under the effect of the electric field. Regularly the powder

9



Chapter 2. Literature review

particles also deposit at one of the electrodes. The form of the electrode determines the de-
posit form. Electrophoretic deposition is compatible with shaping layered microstructures
(laminates). The manner varies continually between two or more suspensions.

High hardness and high toughness combined in one component as graded WC-Co by de-
positing from a powder suspension when the other one is added continuously during the
process [13]. The advance of coating techniques and methods was recently reviewed [11].

2.2.2 Solid-state methods

Solid-state methods are hopeful methods of the production of FGM materials.

2.2.2.1 Additive manufacturing method

Additive manufacturing is an approach to producing metallic FGMs, which widely studied
in the recent years. The additive manufacturing process fabricated metallic materials.
Yan et al. [14] presented an overview of the advances in metallic FGMs produced by laser
metal deposition (LMD) .

The modeling, processing, microstructures, and mechanical properties of FGMs pro-
duced via additive manufacturing are discussed [15].

2.2.2.2 Powder metallurgy method

The powder metallurgy methods manufactured FGM (see figure 2-5). The basic principles
of FGM structure, properties, and their applications are discussed [16]. The manufacturing
of aluminum-steel FGMs formed by the powder metallurgy process was presented [17].
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Figure 2.5: The production process of the FGMs by powder metallurgy method [18].

2.2.3 Liquid state methods

The liquid state divides into many producing processes of gradient properties, such as cen-
trifugal force, slip casting, tape casting, and infiltration process.

10
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Centrifugal casting is an advanced casting branch commonly used in the metallurgical in-
dustry. The centrifugal force makes the material stronger. The design and the fabrication
of a low-cost horizontal and vertical centrifugal casting machine illustrated the effect of
horizontal and vertical centrifugal casting parameters [19].

2.2.3.1 Centrifugal force methods

Centrifugal casting is a potential solidification processing technique. The method is used
for producing almost symmetric in shape cast components with improved properties. Cen-
trifugal casting has been considered the cost-effective technique for producing functionally
graded metal matrix composites. Rajan et al.[20] presented an overview of centrifugal pro-
cessing techniques in functionally graded aluminum alloys and composites. The centrifugal
solid-particle method and centrifugal mixed-powder fabricated FGMs [21].

Centrifugal in-situ techniques produced a gradient Fe-TiC composite via a combination of
in situ reaction. Cast iron and Ferrotitanium melted with a high-frequency induction fur-
nace coupled with centrifugal equipment [22]. In addition, there exist other methods like
the centrifugal slurry method and the centrifugal pressurization method detailed in [18].

2.2.3.2 Slip casting methods

The slip casting used a liquid matrix with fine grain sizes to suspense ceramic particles. The
surface is shaded capillary into a porous mold, where the matrix is drained from the slip.
The walls of the mold stay in a layer of clay slip. The left-over fluid is drained out of the
mold after the thickness is attained. When the mold is dry, the cast will be removed away.
The benefit of this process is the capability to fabricate complex shapes and continuously
graded materials.

Centrifugal slip casting technique was used for producing FGM from the Al203-Cu-Ni
system[23]. FGMs (metal-ceramic) were fabricated by using the slip casting method (the
sealing cap) [24].

2.2.3.3 Tap casting methods

Thin FGMs produced by tape casting with a high up of modern ceramics. Tape casting is
a suitable technique to fabricate ceramic tapes. This technique is applied to process dense
substrates for electronic applications. Tape casting makes it possible to change the thickness
of the product. A comprehensive review of new strategies and accomplishments to produce
porous ceramic materials by tape casting was presented [25]. Tape casting technique fabri-
cated functionally graded ceramic tapes side-by-side [26].

2.2.3.4 Infiltration methods

The liquid state process of fabricating the FGMs like an infiltration, which soaks in a molten
matrix space that fills the space between ceramic particles, holds preformed ceramic parti-
cles.

Graded silicon carbide (SiC) is made by changing the concentration of the inorganic salt
mixture and using Aluminum as the binder. The microstructure analysis shows the graded
distribution of SiC particles. All the melt has infiltrated throughout the performance to
produce FGMs [27]. The process infiltrated the pressure-less sintering with molten copper
(Cu) to fabricate the FGM (Cu copper /W Tungsten) [28].

11
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2.3 FGM types

The concept of FGM was to eliminate the sharp interface that existed in the traditional
composite material and replace it with a progressively varying interface, the changing in this
region of the interface called the graded region. The gradual region has led to the progress
of different types of FGMs. The FGM produced include porosity gradient, microstructure
gradient, and the chemical composition gradient. Each of these types of FGMs is described
bravely in the following sections.

2.3.1 Gradient of the microstructure in FGMs

The microstructural of FGM changes gradually. The FGM microstructure was designed to
fabricate material with different microstructures. This latter changes gradually to obtain
the required properties of the material [29]. In some cases, the FGM could be made of the
same material but with different microstructures like bamboo tress [30].

2.3.2 Gradient of the porosity in FGMs

Porosity is a morphological property independent of the material. Others defined it as a
percentage of voids in solid [31]. The porosity of this material changes with the variation
of the spatial position. The schematic diagram of the typical porosity gradient of a FGM is
shown in figures 2-6.

Figure 2.6: Porosity gradient of a FGM.

The porosity gradient of a FGM can be divided into a porosity density gradient or a pore
size gradient. In the gradient, the porosity density is produced depending on the spatial
position through the volume of the material. While the porosity size is fabricated depending
on the varying pore sizes, the pore shape, or both [29]. In addition, there is a natural porosity
gradient in bones [32].

2.3.3 Gradient of the chemical composition in FGMs

The graded chemical composition varies depending on the spatial position in the FGM. The
variation could be in the form of a single-phase or a multi-phase material [33].
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The graded single-phase is produced when the compound consists of a single-phase due to
the solubility of chemical elements from one to the other [29] ( see figure 2-7).

100%:Nb
100%Mo

Ti + 25%Nb
TiGAMY + 25%Mo

Figure 2.7: Chemical composition samples for the Ti/Nb and Ti6Al4V /Mo couples [34].

Most FGMs with a multi-phase chemical composition are commonly used and designed
[29].

2.4 Application of FGMs

The FGMs have high potential in sensitive applications where the working conditions are
strict, including the heat shields of spacecraft, tube heat exchangers, biomedical implants,
and plasma coatings in fusion reactors. Numerous combinations of normal mismatched
functions created modern materials for chemical plants, aeronautics, and nuclear reactors.

2.4.1 Civil engineering

Graded concrete elements adjust the interior composition of structural components with
structural performance and specific thermal requirements. The properties change continu-
ously of the material depending on its porosity, strength, or stiffness. The gradual change of
concrete components allows the continuous alteration of concrete properties in all spatial
dimensions. The porosity influences the structural and thermal insulation characteristics
(see figure 2-8) [35].
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Figure 2.8: Porosity and density characteristics of hardened concrete [35].

The graded characteristic of concrete affects sections in positive bending only and does
not affect in a negative moment, the decrease rate and the ultimate moment capacity [36].
The gravitational approach (see figure 2-9), which has proven excellent in artificially creat-
ing a graded concrete specimen, is developed [37].

Tamping rod

Perforared thin plare
/{_, Oyiindrica mold

60 MPa

Figure 2.9: The gravitational approach for functionally graded concrete production[37].

2.4.2 Aeronautics

The FGM concept was invented from the research field at materials properties, including
the requirements such as thermal conductivity and thermal barrier property in a material.
At present, it can produce lightweight, durable, and hard materials which are applicable
to a large type of fields such as structural materials, energy conversion equipment, and
others. FGM will be an indispensable technology for space station construction. FGM is
also applicable to the outer wall of space planes and rocket engine parts [38].
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2.4.3 Biomaterials

FGM enhances the biocompatibility of the medicinal components. While the uniform struc-
ture failed to achieve the strength of bonding, corrosion, and abrasion resistance. FGMs in
the present moment are widely used in prosthetic devices and bones and joints replace be-
cause it has high hardness, strength, and a long lifetime [8]. A new approach used gradient
material manufacturing to improve the load transfer to the bone [39].

2.4.4 Energy

Energy conversion devices used FGM. The concept of FGMs with a graded thermal is used
in various energy systems, such as running a single material at very high temperatures or
low temperatures as in the thermal power generators, solar power components, energy con-
version devices capacitors, electrodes, and sensors [40].

2.5 The materials distribution

The materials with gradient properties are produced by changing the composition of materi-
als continuously with non-uniform microstructures and spatially graduated macro-properties.
The FGM is characterized by the variation of volume fractions of one phase or more. Most
researchers use the power function, the exponential function, or the sigmoid function in the
objective to describe material distribution [41].

2.5.1 Power-law form (rule of the mixture)

Power-law is a mathematical function used to approximate mechanical and thermal prop-
erties in composite materials by the relative amounts of the constitutes and their individual
properties.

The Japanese researchers used the power law to illustrate the volume fraction of the other
phase, which is graded in the first phase in thickness direction [42],[43],[44],[45] (see figure
2-10).

Recently thickness variation model was used on FGM with cross-section by refined Timo-
shenko beam theory and Euler-Bernoulli beam theory [46].
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Figure 2.10: The power law describes the volume fraction distribution in FGMs|[1].
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If g(H) =1, that require g(0) = 0, then the material at the FGM surface is pure ceramics, and
at the bottom is pure metal. In this case, g(x) is a pure power-law function of x.

g =(%) (2.2)

Where:

n the nonhomogeneity parameter of FGM between zero and infinity.

H the thickness of graded material.
In the infinty cases. E(x) would approach E,, for n going to 0, and E(x) would approach E,
for n going to infinity.
The value of n = 1. 0 corresponds to the linear variation of E(x), for n between zero and one,
the FGM is metal-rich, for n between one and the infinity is ceramic-rich.

2.5.2 Exponential form

This form was the vast model applied to model the continuous changing in FGM [47],[48],[49]
[50],[51]. The exponential form (see figure 2-11) is defined by:

E(x) = Ege™
plx) = poe™ (2:3)

Where:
E and p are the value of the Young modulus and the shear modulus varies along
the X direction.
Ej and p are the value of the Young and shear modulus at X = 0.
n is a nonhomogeneous constant.

Exponential distribution

Py

Material property

Py

x/H

Figure 2.11: Exponential material property in the graded region.

2.5.3 Sigmoid form

The material properties of the FGM change continuously in the thickness direction (x-axis)
only. The Young’s modulus and Poisson ratio are functions only of x. The volume fraction
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of the FGM coating—substrate system was described using two power-law functions. The
functions guarantee the distribution of the stresses along with all the interfaces [52]. The
two power-law functions are defined by:

(x) = l(—X )n- 0<x<ht/2
si) = \n2) SXs

(2.4)

n
$2(x) 1—%(}”_’6); ht/2 < x < ht

ht/2

where 7 is a material parameter, and ht is the thickness of the coating, using the law of
mixtures, Young’s modulus of the S-FGM beam can be calculated by:

E(x) = g(x)E,;+(1-g1(x))E; 0<x<ht/2

E(x) = ©(0)E,+(1-g(x)E;  ht/2<x<ht (2.5)

Figure 2-12 represents the sigmoid distributions, and this FGM beam is called (S-FGM
beam).

Pc

Material property

Ps

substrate S-FGM coating

Figure 2.12: Volume fraction variation through-thickness (S-FGM).

2.6 Comparison of FGMs and traditional composite materi-
als

FGMs are materials made of several layers containing different components such as ceramics
and metals. They are composites exhibiting macroscopically inhomogeneous characteristics.
The material properties change continuously in the composition. The microstructure of the
material distinguishes FGMs from conventional composite materials (see figure 2-13). This
difference is the gradient parameter that characterizes the material properties of FGMs.
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Figure 2.13: Characteristics of FGM and composite materials [53].

A simple model illustrating the differences between materials with gradient properties

and conventional materials (see figure 2-14) was established by Uchidat [54]. The com-
pound plane material has a plane characteristic, and the connected material has a boundary
on the interface of two materials. FGMs have exceptional characteristics which differ from
those of compound and bonded planar materials.
Therefore, FGMs create a center of attention because of their application in industrial fields
since they have a twin property of the two mixed raw materials. The component distribution
is continuously graduated. For example, an FGM with a ceramic-metal component has ther-
mal conductivity and metallic strength on the metal side, and high temperature resistivity
with non-oxidation on the ceramic side.

Figure 2.14: The component distribution of materials: Connected material (a), Compound
plane material (b), Property gradient material (c)[54].

2.7 Conclusion
In this chapter, the development, manufacture, application areas, progress, and properties

variation of the FGMs are outlined. An illustration is presented to clarify the difference
between FGMs and traditional composite materials.
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Bending theories in the FGMs

3.1 Introduction

The composite material analysis is more complex than homogeneous structure materials
because of their basic mechanical properties. Numerous theories simplified the complexity
of these materials in engineering structures. In this chapter, a bibliographical review of
different types of models and approaches used for composite materials. In addition, the
bending theories applicable to functionally graded structures are presented.

3.2 Displacement based beam theories

The deformation kinematics of the beam was represented by using theories such; the clas-
sical beam theory (CBT), the first-order shear deformation theory (FSDT), and the higher-
order shear deformation theories (HSDTs). CBT neglects the effect of the transverse shear
deformation where FSDT and HSDTs considered the influence of transverse shear defor-
mation. The analytical solution by this theories and the numerical solution by the finite
element method were presented.

3.2.1 Classical beam theory(CBT)

The classical beam theory, developed by Bernoulli-Euler, this theory is the uncomplicated
beam theory. It is also known as the Euler-Bernoulli beam theory. The CBT assumes that
the plane section perpendicular to the neutral layer before bending remains plane and per-
pendicular to the neutral layer after bending (see figure 3-1).

12

h?2 —

-

Figure 3.1: The classical beam theory.
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The normal transverse and transverse shear deformation were neglected in these as-
sumptions. The displacement field of the classical beam theory written as CBT:

dw
u(x,z) = uo(x)—zd—xo (3.1)

w(x) = wo(x)

Where:
u and w: The displacement in x and z directions, respectively.
ugand wy: The neutral axis displacement in x and z directions, respectively.

3.2.2 First-order shear deformation theory (FSDT)

The First-order shear deformation theory, recently known as the Timoshenko-Ehrenfest
beam theory [55], predicts constant transverse shear stress through the thickness. FSDT
assumes that the plane sections perpendicular to the neutral layer before bending remain
plane but not necessarily perpendicular to the neutral layer after bending. The FSDT re-
quires the problem to depend on the shear correction factor, where the influence of trans-
verse shear deformation should consider it. Displacement fields of Timoshenko beam theory
written as FSDT : (x.2) (x)— 26(x)

u(x,z) = up(x)—zd(x

W) = wol 32
Where:

¢: The rotation of cross-section.

3.2.3 Higher order shear deformation theories (HSDTs)

The limitations of CBT and FSDT led to the development of HSDTs.HSDTs use polynomial
or non-polynomial shape functions to account the effect of transverse shear deformation
and to get the realistic variation of transverse shear stress across the thickness of the beam.
Unified displacement fields of several HSDTs which consider the effect of transverse shear
deformation and neglect the influence of normal transverse deformation written as:

The first higher shear deformation theory:

u(x2) = gl 21 s flap(y 5.3

w(x) = wo(x)
Or the second higher shear deformation theory:

d d d
u(X, Z) = MO(X) -2z u;bx(x) — U;JEX)] + f(Z) LZiX) (3.4)
w(x) dwy(x) + dwg(x)

Where:
f(2): The shear stress function.
wy: The shear components for the transverse displacement.
wg: The bending components for the transverse displacement.
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3.2.4 Analytical solutions for FGM beams

Daouadji et al. [56] used the partial differential equation to solve the plane stress prob-
lem of a cantilever functionally graded beam subjected to a linearly distributed load. Zhong
and Yu [57] analyzed cantilever functionally graded beam variations with arbitrary material
properties subjected to different loads. They presented a general two-dimensional solution
by using the Airy stress function. Chu et al. [58] developed a two-dimensional elasticity
solution of FGMs under tension and bending. The elasticity solution is based on the Airy
stress function method and strain compatibility equation. Xu et al. [59] studied the stress
and displacement distributions of simply-supported functionally graded beams at two ends.
They obtained the two-dimensional elasticity solution for the problem by considering the
Young’s modulus change over the thickness as exponential-law and constant Poisson’s ratio.
Huang et al. [60] presented a semi-analytical solution for the anisotropic functionally graded
beams under the arbitrary load, the solution based on the sub-layer approximation. The ma-
terial parameters changed in the thickness direction. Yang et al. [61] developed a general
two-dimensional solution for a bilayer functionally graded cantilever beam with concen-
trated loads at the free end. The functionally graded beam problem was treated as a non-
homogeneous plane stress problem and proposed the solution for the functionally graded
sandwich beams problem.

Nguyen et al. [62] analyzed rectangular functionally graded beams axially loaded under
static and free vibration by the first-order shear deformation beam theory. The solution was
obtained using the Navier solution technique. The influence of the power-law index, mate-
rial contrast, and Poisson’s ratio on the displacements, natural frequencies, buckling loads,
and load—frequency curves were investigated.

Benatta et al. [63] used higher-order shear deformation theory for short functionally graded
symmetric beams bending under a three-point test. The virtual work principle was utilized
to obtain the governing equations. Benatta et al. [64] studied the static response of simply-
supported functionally graded hybrid beam by the higher-order shear deformation beam
theory under the transverse uniform load. Sallai et al. [65] used various shear deformation
theories to analyze the simply-supported sigmoid FGM beam bending subjected to a uni-
formly distributed transverse loading using shear deformation theories. Thai and Vo [66]
developed higher-order shear deformation beam theories for bending and free vibration of
graded beams. The influences of the power-law index and shear deformation in graded ma-
terials bending and free vibration responses are studied.

Hadji et al.[67] developed a new higher-order shear deformation model for static and free
vibration analysis of functionally graded beams. Hamilton’s principle was used to derive
the equations of motion. The Navier solution was used to obtain stresses, displacements,
and frequencies for different material properties. Atmane et al. [68] presented an efficient
hyperbolic beam theory for bending, free vibration, and buckling analysis of FGM porous
beams resting on a two-parameter elastic foundation using Hamilton’s principle and Navier
technique.

Li et al. [69] used load equivalence and mathematical similarity of the governing equations,
bending solutions homogenous Euler— Bernoulli beams into FGM Timoshenko beams solu-
tion by the same geometry, loading, and end stresses. Akbas [70] used the Euler-Bernoulli
beam theory and Timoshenko beam theory to investigate free vibration and static bending
analysis of simply-supported functionally graded beams resting on the Winkler founda-
tion. Generic N-order estimation based on Carrera’s unified formulation was supposed for
the unknown variables displacement over the beam cross-section. A Navier type, closed-
form solution based Euler-Bernoulli’s and Timoshenko’s, were obtained for the linear static
analysis of functionally graded beams under bending and torsional loadings [71].

Li [72] presented a new unified approach for analyzing static and dynamic behaviors of
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functionally graded beams by two theories (The Rayleigh and Euler-Bernoulli beam theo-
ries) which were reduced from the Timoshenko beam theory. The method can apply to lay-
ered Timoshenko beams. Li et al. [73] presented bending solutions of functionally graded
beams based on the Levinson beam theory. The deflection, the rotational angle, the bending
moment, and the shear force of FGM Levinson beam were expressed in terms of the deflec-
tion of homogenous Euler-Bernoulli beams, with the same geometry, loading, and boundary
conditions.

3.2.5 Numerical solutions by the finite element methods for FGMs beams

Static analysis of cantilevered and simply-supported beams using a new mixed finite ele-
ment based on higher-order shear deformation theory was studied [74]. Ziou [75] developed
a finite element with three degrees of freedom per node, based on the Euler-Bernoulli beam
theory (CBT) and the Timoshenko beam theory (TBT). This element was used to analyze the
bending, vibration FGMs beams. Guenfoud [76] developed a new finite element for bend-
ing the functionally graded beam and coque. In addition, a new shear function based on the
higher-order shear deformation theory was used in the same analysis.

Vo et al. [77] developed a two-noded Hermite-cubic element based on a refined shear de-
formation theory. The finite element was used to analyze static and vibration analysis of
functionally graded beams with simply-supported, cantilever-free, and clamped-clamped
boundary conditions.

Kapuria et al.[78] used a finite element model based on a third-order zigzag theory to ana-
lyze the layered functionally graded beams. This latter accurately models the mechanics of
layered functionally graded beams.

Jing et al. [79] used a combination approach based on the cell-center finite volume method
and the Timoshenko beam theory to analyze static and free vibration of functionally graded
beams one dimensional. Carrera’s unified formulation was employed for the static analysis
of functionally graded beams. The governing is derived and solved by the finite element
Method [80].

Aldousari [81] used Euler-Bernoulli theory and modeled the bending of a functionally
graded beam subjected to a uniform distributed load. The power function, symmetric power
function, and sigmoid function describe the distribution of material properties through the
beam thickness. The virtual work and the weak form derive the element stiffness matrices
and force vectors using the finite element method, the power index exponent, and the elas-
ticity ratio effect on the static deflection and stress distribution.

Akbas [70] employed Euler-Bernoulli beam theory and Timoshenko beam theory to study
free vibration and static bending analysis of functionally graded beams resting on the Win-
kler foundation. The material properties change in the thickness direction according to
power-law distributions. The foundation parameter and the material properties distribu-
tion affect the response of the static and vibration of the functionally graded beam.
Recently, Rahmani et al.[82] analyzed bending of functionally graded and porous function-
ally graded beams based on various beam theories. The results were proved numerically by
the finite element method. The material properties change through the thickness direction
as power-law volume fraction. They also investigated the effects of the power-law index,
porosity exponent, and different boundary conditions on bending.
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3.3 Displacement based plate theories

3.3.1 Classical plates theory (CPT)

The classical plates theory (CPT) is based on the assumptions of Kirchhoff-Love, which as-
sumed that the straight lines remain straight and perpendicular to the midplane after de-
formation (see figure 3-2).

This theory is considered to be the simplest model of the equivalent single layer (ESL) theo-
ries. The classical plates theory is suitable only for thin plates like thin functionally graded
plates/shells. The deflection generated by the shear deformation remains negligible com-
pared to the deflection obtained by the plate curvature, where the shear and normal defor-
mation effects are neglected. The field of displacement is written as follows:

dw
u(x,y,2) = wolxy)-z—>
_ Wo (3.5)
v(x,v,2) = vo(x,9)—z—
y o\x%y dy
w(x,p,z) = wo(x,p)

Where:
(1g,vp, wpy) are the components of the field of displacement on the mean plane of the plate
(z=0).

Figure 3.2: The classical plate displacement [83].

Ma and Wang [84] used CPT to analyze bending and the thermal post-buckling behaviors
of functionally circular plates. Damanpack [85] used the boundary element method of the
neutral surface. In addition, they used the CPT model for analyzing the bending behavior
of functionally graded plates.

3.3.2 First order shear deformation theory (FSDT)

Mindlin [86] developed the first-order shear deformation theory (FSDT). Mindlin’s approach
[86] assumed that the displacement field in the plane through the thickness is linear. The
theory accounts for the shear deformation effect by a linear variation of in-plane displace-
ments through the thickness. The shear correction factor is necessary in this case, it relating
to the loading, boundary conditions, and geometric parameters (see figure3-3).
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The displacement field of the first-order shear strain theory is given by:

u(x,9,2) = ug(x,9)+f(2)Px(x,9)
v(x,9,2) = (%) + f(2)Py(x) (3.6)
w(x,y,2z) = wo(xy)

where:
(10,vo, wp) are the membrane displacements and (¢,, ¢,) the rotations around the x and y
axes, respectively given by:

dWO

dy

dWO

¢x:d_

0, (3.7)

(Py:

And
flz)=z (3.8)

f(z): The shear stress function.

Figure 3.3: The first shear deformation theory displacement [83].

Della and Venini [87] used the FSDT and a variational hierarchic family of finite element

formulation to study the bending of functionally graded plates under thermal and mechan-
ical loadings.
Ardestani et al. [88] analyzed eccentrically and concentrically graded hardened plates bend-
ing under transverse loadings. The kernel particle method and FSDT were employed. Reddy
et al. [89] analyzed functionally graded circular and annular plate bending and stretching
analysis using the FSDT.

3.3.3 High order shear deformation theory (HSDT)

Generally, the shear correction factor in the FSDT and TSDT is not easy to obtain. Several
theories of high order were developed by Reddy [90], [91] and Taj et al [92] to avoid the
employ of the shear correction factor (see figure 3-4).

Generally, these theories describe the displacement field by using a Taylor series expansion
across the thickness of the width and can be written as:

u(x,v,z) =ug(x,v)+2¢,(x,y)+ zqug(x,y) +..+ z”qbZ(x,y) (3.9)
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Where:
1n: The order used in the model.

Figure 3.4: The higher shear deformation theory displacement[83].

According to Mallikarjuna and Kant [93], [94], the development of these high order the-
ories is based on this hypothesis:
-The displacements are small compared to the thickness of the plate.
-The transverse sections, initially plane and normal to the mean plane, do not remain nec-
essarily plane after deformation.
-The axial strain in the transverse direction is not negligible.
-The normal stress in the transverse direction generally not negligible.

The field of displacements which used in most high order theories (HSDT) and based on
Mindlin theory [86] written in the following form:

dwy(x,y
u(x,y,2) = uy(x,y)—z—s—+ f(2)yx(x,p)
dw 3.10
vnp2) = volny)- + F27y(%9) 3.10)
w(x,p,2) = wy(x,p)
with p
w
Vx = -2 by
£ (3.11)
7y Wﬂi’y
Where:

(19, vp, wo) : The membrane displacements.

(¢x, ¢y) : The rotations around the x and y axes, respectively.

(¥x,7y) : The transverse shear strain measured on the mean plane.
Reddy [95] analyzed functionally graded plates under thermo-mechanical loading by de-
veloping a general HSDT in addition to Von Karman geometric nonlinearity. There is a
possibility to deduce the others theory (CPT, FSDT, TSDT, and HSDT) with free traction in
the top and the bottom surfaces directly from the developed general HSDT.
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Kant et al. [96] used HSDT for static bending and free vibration responses of plates with
functional properties. Jha et al. [97] [98] used HSDT to study the static bending of func-
tionally graded plates. Meksi et al. [99] presented a new shear deformation plate theory for
bending, buckling, and free vibration responses of FGM sandwich plates.

3.3.3.1 Third shear deformation theory (TSDT)

Reddy [90] developed the third shear deformation theory (TSDT) for laminated composite
plates by introducing the effect of transverse shear deformation. The results proved and
satisfied the zero-traction boundary conditions on the top and the bottom of plate surfaces.
Reddy proposed the shear stress function as follow:

f(z):z(l—izz) (3.12)

The analytical and the finite element formulations based on the TSDT were solved by Reddy
[91]. The formulations were used for the thermo-mechanical coupling, time dependency,
and Von Karman-type geometric nonlinearity. A finite isoparametric element content nine-
node with seven degrees of freedom per node was developed by Gulshan Taj et al. [92]. The
finite element formulation is based on the TSDT. They used it for the bending analysis of
functionally graded plates under thermo-mechanical loadings.

Tran et al. [100] used TSDT and isogeometric analysis (IGA) for bending, buckling, and free
vibration of plates with functionally graded proprieties. Jari et al. [101] use the TSDT and
IGA to study the linear and non-linear buckling and free vibration of functionally graded
plates under mechanical and thermal loadings. Oktem et al. [102] used the TSDT and
boundary-discontinuous generalized double Fourier series approach to analyze simply sup-
ported plates with functional properties, and also obtained the analytical solutions for bend-
ing analysis of doubly-curved shells. The other theories based on the development of the
shear stress function are addressed in table 3-1.

The theory The shear stress function
h
The Sinus shear deformation plate theory (SSDT) [103] flz)= P sin(%)
The exponential shear deformation plate theory (ESDPT) [104] f(z)= z¢~2(/H)
h(r/2 (h/m)sinh( %z
The hyperbolic shear deformation plate theory (HSDPT) developed by [105] | f(z) = [cocs(;f(n(/nz/)—) 1~ [cosh(n/2)(—h1])z

Table 3.1: The shear stress function.

3.3.4 Numerical solutions by the finite element method for FGM plates

Martinez-Paneda [106] modeled the functionally graded properties in finite elements by
employing two formulations, point-based integration and a nodal-based variation via tem-
perature dependence. The FGM plate is under uniform displacement perpendicular to the
material gradient direction and uniform traction perpendicular and parallel to the material
gradient direction. The element-based formulations [106] were proposed for fracture anal-
ysis of FGM in future research.

The Kirchhoff-Love theory and the isoparametric mixed finite element concept have been
used by Orakdogen et al. [107] to study the coupling effect of extension and the bending of
FGM plate under transverse loading. The material properties vary continuously throughout
the thickness direction according to sigmoid distribution in the functionally graded plates.
They proved that the influence of membrane extension-bending is better than others in some
simply supported FGM plates.
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The unified formulation (UF) and Reissner’s mixed variational theorem were used by Brischetto
and Carrera [108] for plates with functionally graded properties under a transverse mechan-
ical load investigation.

The material properties change continuously in the thickness direction according to thick-
ness functions as Legendre’s polynomials. Van Long et al.[109] used a new eight-unknown
shear deformation theory and finite element for bending and the free vibration of function-
ally graded plates analysis. The finite element with four nodes was employed. The graded
properties vary continuously in the thickness direction as power-law distribution. They also
performed a parametric study to investigate the effect of the power-law index and the thick-
ness ratio on the behavior plate bending.

Recently, Tran et al.[110] used an edge-based smoothed finite element method associated
with the mixed interpolation of tensorial components technique for the three-node trian-
gular element to analyze static bending and free vibration of functionally graded porous
variable-thickness plates.

3.4 Discrete layer and layer-wise approach (local approxi-
mation)

Layer-wise models assume separate displacement fields to each material layer rather than
global kinematics. The model provides a correct kinematic representation of deformation
in the discrete layers and describes the accuracy of stresses at the folds.

In this approach, each layer is treated individually by imposing the continuity conditions
in displacements or stresses on the interfaces. The first and the higher-order theories were
tested for each substructure. The theory development was based on the layer-wise approach
proposed by Reddy [111], who defined the thinner layer-by-layer approximation of the fields
of displacement along with the thickness of a multilayer (see figure 3-5). This model repre-
sented the displacements as a linear combination of the materials by coordinates functions
in the plane or thickness. The corresponding displacement field in the k' layer was written

as follows:
n

u(x,y,z) = Zulk(x’}’)(f)f(z)

i=1

n

v(x,9,2) = va‘(x,y)¢f.‘(z) (3.13)

i=1

w(x,y,z) = wa(x:l?ﬁpf(z)
i=1

where :

uk,vk,wk : The components of the displacements of the layer k in the directions x, y, and z,
respectively.

(f)f (z): Lagrange interpolation functions (1D) continuous according to the thickness coordi-
nates.
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Ith layer Ny
".

Figure 3.5: Displacements and linear approximation functions used in the Laye-rwise
theory[83].

A general finite element formulation based on the layer-wise theory was developed for a

functionally graded plate with piezoelectric layers under static loads modeling [112]. The
intermediate functionally graded layer was made of many anisotropic sub-layers. The non-
linear distribution of electric potential in thick piezoelectric layers was obtained.
Carrera et al. [113] used the equivalent single layer and layer-wise approaches to investigate
the static response problem of multilayered plates and shells embedding graded material
layers. Carrera’s unified formulation (CUF) was employed to obtain a refined model based
on Reissner’s mixed variational theorem. The CUF described the continuous variation in the
thickness direction for the embedded FGM layers.

3.4.1 Zig-zag theories

The zig-zag theories involve taking a movement pattern (or stress) in each layer, and the
compatibility conditions and equilibrium interface are used to reduce the number of un-
known variables [114]. The number of kinematic variables is dependent on the number of
layers as in the equivalent single layer approach (ESL). Figure 3-6(a) shows the geometry
and notations of a three-layered laminate used in zig-zag theories, and figure 3-6 (b) shows
a generic zigzag function in terms of interfacial axial displacements.
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I » ¢"' zig-zag function

1

It

Figure 3.6: Geometry and notations of a generic zigzag function used in zig-zag theories
[115].

Tessler et al. [115] proposed higher-order zig-zag theory to calculate transverse shear

stresses from constitutive equations. This theory presents the variation of the piecewise
shear stresses, which vanish in the upper and lower surfaces as a parabolic variation. Di
Sciuva and Sorrenti [116] presented a refined zig-zag theory (eRZT) in conjunction with the
Ritz method to bending analysis of functionally graded sandwich plates (carbon nanotube-
reinforced ) under bi-sinusoidal and uniform transverse pressure. The eRZT predicts the
response for static more accurately than FSDT and TSDT.
Dorduncu [117] presented a novel non-local model for stress and displacement prediction
analysis of a graded sandwich plates core with the refined zig-zag theory (RZT) without
shear correction factors. The material graded properties treating by using mixing rules
and change through the thickness. The interfacial stresses can be avoided by grading the
material properties of the core through the thickness direction. A review of theories and
modeling of FGMs was presented [118][119].

3.5 Conclusion

In this chapter, the layered approach or the single-layer equivalent approach for beams
and plates are presented. classical beam theory (CBT), first-order shear deformation beam
theory (FSDBT), and high-order shear deformation beam theory (HSDBT) are detailed. The
classical plate theory (CPT) of Love-Kirchhoff used for the study of thin plates, the first-
order shear theory (FSDT), and the high order theories (HSDT) also presented. The discrete
layer, layer-wise approach, and zig-zag theories are presented for the multilayered structure.
These theories are developed in order to study displacements and stresses in plates and
beams where HSDT gives realistic displacement and stresses unlike other theories.
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Fracture theories in the FGMs

4.1 Introduction

Fracture mechanics is the best available design technology for developing the failure crite-
rion with the local discontinuity of material. The purpose of fracture mechanics is to study
macroscale cracks by fracture mechanism to understand the mechanical process that pro-
duced a notch. The microcracks propagated at the microscopic scale, and it started from
existing microcracks or other modes of failure, such as creep. The fracture mechanics are
also used in the design and dimensioning of materials after a damage analysis. This analysis
predicts a damaged band in the material by evaluating the residual life of a cracked struc-
ture.

Fracture mechanics divides into the brittle fracture (Linear-elastic fracture mechanics), in
the absence of significant plastic deformation and ductile fracture (Elastic-plastic fracture
mechanics), in the presence of non-negligible plastic strain.

In this chapter, the notion of fracture mechanics and the fracture criteria used in function-
ally graded materials (FGMs) are presented, and also the techniques to evaluate the fracture
parameters as stress intensity factors (SIF’s) or the energy release rate (G).

4.2 Cracks and notches

The crack is new internal borders in the structure presented by local discontinuity. The
crack has lips and cracks front, where the lips of crack are surfaces that form the new border
of a crack. The lips are connected by a curve called the crack front. This curve is open for an
emerging crack (see figure 4-1.a) and closed for an internal crack (see figure 4-1.b). In 2D
analysis, the lips are straight segments in the simplest case and curves in the complex case.
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ey VT

Figure 4.1: Crack and notche.

4.3 Propagation mode

The lips of the crack displacement of crack propagation associated with the three modes
(see Figure 4.2):

Mode 1: Opening mode.

Mode 2: Plane sliding mode.

Mode 3: Anti-plane sliding mode.

L WL WY

maode 1 mode 2 mode 3

Figure 4.2: Failure mode.

4.4 Cracked elastic medium

In a cracked elastic medium, the region close to the crack tip divides into three zones:

1- The crack tip front zone: is the direct vicinity of the crack tip. Studying this zone is very
complex in the far fields as the stresses tend towards infinity at the crack tip. This zone was
considered a punctual from a mechanical point of view.

2- The singular zone: in this zone, the stress field présents a singularity r /% , where r is the
singularity of order —1/2. The singular zone characterizes by obtained the solution in pure
elasticity.

3- The far fields zone: is the external zone of the region close to the crack tip, which connects
the singular zone with the boundary conditions of loading and displacement.

/
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X2
Crack
¥ --:' y = -

Far field zone

Crack tip front zone The smgular zone

Figure 4.3: Mechanical field zones in cracked medium.

4.5 Stress concentration factor

By considers a defect of the elliptical form of length 2a and the radius at the bottom of notch
[ (see figure 4.4).

Figure 4.4: The stress concentration.

The local stress at the end A is written :

GL(A):aa(l+%):aa(l+2\/§) (4.1)
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In the case concerning a very smaller notch, I < a the local stress and the stress concen-
tration factor were written as:

or(A)

Q

)
S
|

(4.2)

|
)
|

KT

Where:

xr: The stress concentration factor.

The stress concentration factor can become very large for sharp notches such as cracks.

The important thing is to distinguish between the stress concentration factor xp, which
only gives local information at the very tip of the notch, and the stress intensity factor «,
which describes the whole of the spatial singularity of the stress field.
xr has no dimensions, it is not the same for K which related by the square root of a length,
namely:

[K]=SIF’s  Mpaym

4.6 Stress intensity factors

Irwin [120] presented the stress intensity factors corresponded to particular kinematics of
the crack movements (see figure 4-5). In the frame of linear fracture mechanics, the stresses
and strains in the vicinity of a crack admit an asymptotic development whose singular term
is written as:

K;

= 1
0ij \/2—7”/’1 (0) +

Kip

V27mr

filtoy+ 1L Afi0) for(ij=1.3) (43)

Where:

fiI.(Q)fl-I.I(Q)fiI.H(G) :The angular function for the mode 1, 2 and 3 respectively, which de-
pends on the variable 6.

Ki, Ki1, Kppp :The stress intensity factors for mode 1,2, and 3, respectively.
SIFsindependent of, r et 6, and depend only on the geometry of the crack and the boundary

conditions.

———-—.._\_‘__‘___\_ I '-'F_J., -,_-___“_\_‘_‘_"‘————
X:4 % o,
| .
e
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o
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—
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(~; _______r-—— e — ________,_,--'—_

Figure 4.5: The stresses in the vicinity of a crack.

The relation (4-3) shows that the singularity r~/> when the components u; of displace-
ment in the crack tip r~/2 tending towards zero. The displacement expression in the vicinity
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of the crack tip is written:

K r K r K r ..
ui:—I‘/gg{j(enl,/Eg{j’(enﬂ,/ﬁg{jf(e) for (i,j =1,3) (4.4)
Iz Iz 1z
Where:

giI(O),giH(E)), g{”(e): The angular function for modes 1,2 and3.
The angular function does not control the stress distribution and it depends only on the
crack length and the loading mode.

4.7 Fracture mechanics approaches

Fracture mechanics studied the fields of displacements, strains, and stresses in the vicin-
ity of a crack by two approaches: A local approach studied the stress and strain fields in
the vicinity of the crack front. The global approach is studying the global behavior of the
cracked structure on the energetic level.

4.7.1 Local approach

The local approach is used in fracture mechanics to models the damage. It specifies fracture
mechanics parameters using local stress and strain fields at the tip of the crack. The ap-
proach introduced the notion of stress intensity factors. This approach obtained the fields
at the crack tip. The field is strongly disturbed by the singularity created by the crack point.

4.7.1.1 Solution of Muskhelishvili

Muskhelishvili [121] studied an infinite panel containing a crack of length 2a according to
the axis x;, and applied a uniform traction according to the axis x,. (Figure 4.6 a). There
exists an exact analytical solution of this problem, on the axis x, = 0, by supposing a state
of plane stresses:

Ifx;>a
011 =022 -0 022 = Lz (4.5)
(1= (&)
522:(04”) v+ 1-v (4.6)
)
[f0<x;<a
[115] = 21, = (4“5"") [1 —(xil)z] (4.7)

The displacement formula u, (on the boundary of the crack) represented the lips opening
by an ellipse.

The change of variable X; = a+r shows a singularity in the the vicinity of the crack tip a
in r'/2 when r tends towards 0.

a
— 4.8
0722 X A0 (Zr) (4.8)
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4.7.1.2 Asymptotic solution of Westergaard

Westergaard [122] introduced the Airy function and verified the equilibrium equations of
the solution bi-harmonic equations AAyp = 0. Then the Airy ¢(x,y) function is the stress
function.

The method of complex function obtains the asymptotic solution in the vicinity of the
crack tip.

ARARIRRRARARTE S
| -
= |oep
I‘_r;.h ﬁ_____‘.j X
IRRERRRERRR
- it}

Figure 4.6: The stresses distribution ahead of the vicinity of a crack.

Irwins [120] showed that the first term of the limited expansion is the same, except for
a multiplicative factor, for all the problems corresponding to a given opening mode. The
stress of a linear crack in a plane medium related to mode 1 is perpendicular to its axis,
where the stress intensity factor in mode 1 is:

KI = liI’I(l)(CTzz V2T(7’) (49)
r—

4.7.2 Global approach

The dissipation energy is the value between the energy state of a system before and after
cracking [123]. This energy can be linked to surface energy, and this was an intrinsic char-
acteristic of the material.

4.7.2.1 The energy release rate

Irwins [120] defined the energy release rate G, which reflects the balance of the energies
intervening during the increase of cracks ( The elastic energy restored during the crack
propagation. While the energy dissipated during the creation of new surfaces). The energy
release rate is related to a variation of the potential energy stored in the structure compared
to an increase in the crack. The energy balance for a cracked solid after an increase dS is

written:
oWt = OW, 06 + OWijy + 8me and é’me =21ds (4.10)

Where:
W,y : The extern energy.
W,4s : The elastic energy.
Wrin : The kinematic energy.
W;yup : The rupture energy.
Starting from a state of equilibrium (Wy;,, = 0), the energy release rate and the balance
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become respectively:

0 OWpos
ng(wext_welas):Tpo (4-11)
(G—=2A)ds = dW,, (4.12)
Where:
W, is the potential energy.

ds=b.Aa
A is the energy required to create the surface.
G is a quantity independent of the geometry of the material and characteristic of the
stability of the propagation of a crack.
If G = 2A: The crack propagates while maintaining the equilibrium.
If G < 2A: The crack cannot extend.
If G > 2A: The crack will be unstable.
G is a negative value since W,,; decreases with the increase of s.

For a two-dimensional cracked medium with thickness b, G is written from the relation
(4-11) as:

1 Wy
=4 A;"’ (4.13)
Where Aa is the increased crack length
For a unit thickness:
IWpo1
G= A (4.14)

4.8 Fracture mechanics in FGMs

The FGMs developed to be one of the successful advanced composite materials entered in es-
sential fields. The researcher’s trying to understand the damage in these materials. Fracture
mechanics theories and experimental tests provide technical support for design and manu-
facturing. They study the effect of external loads and geometry of material and the crack tip
and its location with different boundary conditions. Remarkable theories are based on the
principle of continuum solid mechanics and thermodynamics to determine the criterion for
fracture initiation and propagation, the influence of material graded on stress distribution
in the crack tip in FGM studied in various studies [124], [125], [126], [127], [128], [129].
The singularity and the angular distribution of stress and displacement field in the crack
tip is like in homogenous materials [48],[51],[130],[131],[132],[133]. So this applied com-
putational fractures on FGM as homogenous. The finite element is utilized without any
modification by treating it as homogenous materials crack problems.

4.9 FGMs crack tip field

FGMs are new advanced materials with properties (E,v) change with spatial position.
Williams [134] proposed the eigenfunction expansion technique, which investigated the
nature of near-tip fields in a cracked material.

Eischen [135] use the eigenfunction expansion technique to investigate asymptotic crack-
tip fields in graded materials. He has also shown that the material property variation is not
affected by the stress field angular functions, which are associated with the first two terms
( 7712 and r°), but on the other hand, the nonhomogeneity parameter affection related by
the higher-order terms ( r'/? and higher). Eischen [135] proposed that (E, v) are piecewise
continuously. He also showed that nonhomogenous and homogeneous materials have the
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same crack-tip elastic fields.

Jin and Noda [136] accurate the studies in the paper [135]. For further studies extended to
3D, anisotropic, and for elastic-plastic FGM problem ( [135], [136], [137]). Jin and Noda
[136] give asymptotic crack-tip stress and displacement fields in FGMs as follow:

| S KH
oy = —L_fl(g)+ 10) + 04 + -
11 \/2— 1]( ) \/2—7” ) x0
K L(0)+ Ky 1) + .. (4.15)

o = —
22 V27mr 22 \V2mr

K K
o1 = ——=f(0)+ = f1(0)+

V271r 12 \V2mr 12

Where:
Kj, K : The stress intensity factors in mode 1 and 2.
i§(9) and i?(@) for (i,j = 1,2) : The angular function for mode 1 and 2.
oyo: The non-singular stress.
The near-tip displacement is written:

KH "I :
u; / = J—dlo)+.. for(i=1,2 4.16
,”tzp 271 I/‘tiP 27.(gz ) ( ) ( |
Where:

Hiip: The shear modulus.

giI(Q), gl-H(G): The angular function for mode 1, 2.
E. Erdogan [48] used a singular part of the crack-tip stresses in a graded material given in
the equation (4-15) under plane stress conditions.
The crack-tip energy release rate G is related to the stress intensity factors by the relation
below:

G = E—(kI2 ~k%) in plane-stress condition
(1“f vi) (4.17)
G = E—p(kl2 ~ k) in plane-strain conditions
tip

Where:
Eiip and vy : The Young modulus and poisson ration at the crack tip, respectively.

4.9.1 Auxiliary fields

Kim and Paulino [138] used the auxiliary fields (displacements, stresses, and strains) to
evaluate mixed-mode SIFs, these fields based on the interaction integral methods. They also
developed fields for homogeneous materials and used an incompatible formulation which
accounts for the mismatch displacement between graded materials and the homogeneous.

4.9.1.1 Auxiliary fields for SIFs

For evaluating mixed-mode SIFs Kim and Paulino [138] used the auxiliary displacement and
stress fields of asymptotic fields of crack-tip [134] with the properties of material simplified
at the location of crack-tip ([135],[136]).

aux
KI

Kﬂlix
(g for(i,j=1,2 4.18
Norr (0)+... or(i,j =1,2). (4.18)

V2mr g

Uij

o)+
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Kfmx\/T I Ko™ [ r u :

u = —glO)+ L | —¢(O)+... for(i =1,2). (4.19)
l Htip 2t Htip 2n®

Where:

Hip: The shear modulus at the crack tip.

KX K#H**: The auxiliary stress intensity factors for modes 1 and 2.
[ II y y

giI,gZ-H: The angular functions for mode 1 and 2.

4.9.2 Displacement correlation technique

The displacement correlation technique (DCT) represents one of the simplest methods to
evaluate SIFs. It correlates the numerical results for displacement at specific locations on
the crack with available analytical solutions. The crack opening displacement (COD) for
quarter-point singular element, at x = —r, is given by Shih et al. [139] and used by Kim and
Paulino [137]( See figure 4-7), can be written as:

r

COD(-r) = (4uy,;_1 —upi_p) Iy

(4.20)
Where:
u, : The displacements relative to the crack tip at locations (i_;) and (i_,) in the
x, direction.
r : The distance from the crack tip along the x; direction.
Aa : The characteristic length associated with the crack-tip elements.

Aa Aa  Aa Aa

Figure 4.7: Crack tip rosette of singular quarter-point [137].

The material properties were considered at the crack-tip location. Thus, consistent with
the equation (4-16), the analytical expression for equation (4-19) without introducing the
higher-order terms, can be written as:

k+1 [ r
COD(—T) = kl ( U )tip A_T( (421)

(4.22)
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Note that for mode 2, the COD was replaced by CSD (crack sliding displacements ).
Where:

pu = u(X) and k = k(X) are the material properties in the crack tip location for SIFs ex-
pressions.

4.9.3 Modified crack closure

Rybicki and Kanninen [140] employed Irwin’s [120] virtual crack-closure method and pro-
posed the modified crack-closure integral method. They obtained the energy release rates
for modes 1 and 2. The displacements behind the crack tip and the stresses ahead of the
crack tip are used by utilizing only a one-step finite element analysis, without local homo-
geneity around the crack tip, which is a suitable method for FGMs.

The energy release rate is predictable with a virtual crack extension technique. Irwin
[120] give the expression for G; (mode 1) and G;; (mode 2) as:

2 xlzaa 1
G = lim —J —090(r=x1,0 =0,a)uy(r =da—x;,0 = 7,a+ da)dx;
da—0 0a x1=0 2 (4 23)
2 x1:6’u 1 :
G = lim —f —012(r=x1,0 =0,a)uy(r =da—x1,0 = 1,a+ da)dx,
da—0 0a x;=0 2
Where
01, and 05,: The shear and the normale stress ahead of the crack tip.
u; and u,: The relative displacements.
The energy release rates related to the stress intensity factors as following
k+1
o = ()
H - rip (4.24)

k+1
G = (—) kf
8]1 tip 11

Raju [141] has shown that the values of G for mode 1, and 2 are expressed in terms of
the equivalent nodal forces and the relative nodal displacements employing it in singular
quarter-point elements around the crack tip [137] (see figure 4-8).

uxAr, 6 )

Figure 4.8: Virtual crack extension and normal crack distribution [137].

39



Chapter 4. Fracture theories in the FGMs

4.9.4 J-integral

The J-integral is also called the path of the independent integral [142]. J-integral is widely
used in predicting fracture of materials (see figure 4-9).

Figure 4.9: J-integral path.

The J-integral extended of nonhomogeneous elastic materials by Honein and Herrmann
[143], when Young’s modulus is parallel to the crack direction, the shear modulus change
exponentially in the direction of x; (see equation (4-25)). Poisson’s ratio is independent of
X1 -

p(x1,x2) = po(x2)exp(pxy) (4.25)

Where:

B: The material constant.

Ho(x7): The arbitrary function of x,.
The path-independent integral for this nonhomogeneous material proposed by Honein and
Herrmann [143] and used by Kim and Paulino [137] in FGM is as follow:

au,- /3
]:J;[(wdnl—Uijnja—ﬁ)—iaijnjujlds (4.26)

Where:

I': The contour enclosing the crack tip.

ny: The first component of the unit outward the normal to I'.

o;inj = s;: The tractions components along I'.

ds: The infinitesimal length element along T'.

wy: The strain energy density.
Honein and Herrmann [143] written relation between the independent J-integral and stress
intensity factors k as :

1
J = E—(kl2 —k¥) in plane-stress condition
tip
(1-v7,) (4.27)
J 3 P (kI2 - kaz) in plane-strain conditions
tip

Where:
Eiip and v4;,: The Young modulus and poisson ration at the crack tip.
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4.9.5 Maximum strain energy release rate

Hussain et al.[144] analyzed a branch and straight crack at an arbitrary angle, they proposed
that crack propagate in the direction where there is a maximum strain energy release, and
they give the energy release rate as a function of angle which used by Kim and Paulino [138]
in FGM and given as follow:

G(0) =

4 1\ (1-1/6)\0
. (3+cos29) —(1+Z;9)9(1+C0829)k§+88in9C089k1k2+(9—5C0829)k§ (4.28)
tip

The initiation angle obtained from these conditions

JdG(6)  9°G(0) B

The crack initiation angle determined by the condition

G(60) = Gc(x) (4.30)

4.9.6 The maximum circumferential stress

Kim and Paulino [138] give the asymptotic stress fields for cracked linear elastic FGMs as
follow:

1 0 0\ 3 0
= —k(l i 2—) —k ( 0-2t 2—)]
(o \/Z_WCOS 2[ I + Sin 5 + 17 {sn an >
0, = ! cosg[k cos? Q——k sm@] (4.31)
O = cos—[k151n9+k11(3sm9 1)]

2V 2mr

The maximum circumferential stress theory was proposed by Erdogan and Sih [145]. The
mentioned theory used by Kim and Paulino [138]. The kink angle is relative to the original
crack line.

The initiation angle obtained from these conditions

8093 820'96
=0, 0=0 4.32
a0) " o)~ 0T (432
krsin® —k;;(3cos6—1) =0 (4.33)
The crack initiation angle determined by the condition
0 6y 3
cos 70 k; cos 70 - EkH sinBy | = k;.(x) (4.34)

4.10 Crack modeling in FGM

Modeling and optimizing the graded properties was studied to analyze thermal stress in-
tensity factors in FGM. The analytical model with arbitrary distributed properties was used
to solve the crack parallel to the gradient direction [146]. The finite element method is used
for computing stress fields near the crack tip in FGM under thermal loading [130]. FEM
is used to analyze crack with the arbitrary variable for structure reliably calculation[147].
FEM modeling using the virtual crack extension was used to compute SIFs and energy re-
lease rate directly from exiting cracks, the graded variation modeled by determining the
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stiffness and the energy across each element [148]. A dummy thermal loads technique was
proposed to model FGM using the finite element code ANSYS APDL [149]. The previous
code was used to model the continuous variation of the graded properties at each finite ele-
ment.

The stress intensity factors were evaluated as a function at each increment of crack exten-
sion [150],[151], and also for thermal loading conditions by using the displacement-based
method, which termed to the generalized displacement correlation[152], and by using a
modified displacement extrapolation technique method [153]. Kjj,,i, criterion would pro-
vide a strong prediction robust for crack growth direction. In addition, the finite element
formulation and the simulation of the graded material are done by modeling the conti-
nuity of material properties as the continuity of displacement function. The integral of
Gauss’s points were obtained using the isoparametric transformation technique to confirm
the mathematical solution. The model is proposed for further studies as 3D problem FEM
computation[154].

A new formulation of a finite element using interpolation function and exponential material
properties gradient, this element solves the unformed displacement loading problem per-
pendicular to the graded region [155]. The finite element analysis of graded cellar structure
shows that increasing the density flow increases the effective elastic modulus [156]. The
performance of high order elements is better than the conventional homogenous element in
the same case when they have the same shape function [157]. The material force method
evaluates J-integral in FGM [49]. A numerical model capable to estimate the kinking angle
crack in FGM [158]. The boundary element methods are used to model and analyze crack
growth[131].

4.11 Crackinvestigation in FGM by the finite element method

Crack behavior was investigated in orthotropic FGM by a generalized finite element devel-
oped to compute SIFs. The finite element formulation is based on the displacement cor-
relation technique and the modified crack closer integral [159]. The numerical results are
accurate to the analytical solution results of Erdogan [48].

The virtual crack closer technique by one step was used to compute the energy release rate
for kinking cracks [160]. The mentioned technique evaluated kinking crack angle by a func-
tion of SIFs under the mixed-mode problem. Where the finite element method and dis-
placement extrapolation technique based on strain energy density theory [161]. The same
mentioned technique evaluated SIFs and the energy release rate. In this case, the material
properties were modeled by a linear function of temperature distribution which was im-
planted into the software by setting thermal expansion to zero [162].

The finite element formulation coupled with thermoelasticity theory. SIFs and T stress were
evaluated for orthotropic FGM crack problems under static and dynamic thermal loads. The
numerical results proved a small influence of thermal graduation on the SIFs and T stress
[163]. The FEM analyzed the crack problem by the modified crack closer integral. The en-
ergy release rate and SIFs were evaluated in the double cantilever beam test [140].

The FEM was also used for simulating crack behavior under static and dynamic loading.
SIFs and the energy release rate evaluated by local flexibility formulation in Timoshenko
beam with functionally graded properties. The study proved that the effect of crack depth
on the natural frequency, the natural frequency decrease as the crack depth and slenderness
are increased [44], for SIFs evaluation around the crack tip in functionally graded /micro-
discontinuous interface [164], for crack simulation and SIFs evaluation of the interface crack
problem in bi-material FGM coating bonded to the homogenous substrate [165], and for dy-
namic fracture analysis of the sandwich structure. The experimental data of crack histories
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were used [166].

A computational investigation of cracked FGM and SIFs evaluation by different approach
like J-integral, modified crack closer, displacement correlation technique, theses approaches
coupled to finite element formulation for elastic FGM under mixed-mode [137]. J-integral
contour is evaluated in FGM using the material force [49]. The FEM used the node release
technique to analyze the transient crack problem in FGM [167].

The virtual crack closure technique was proposed to analyze FGM fracture by using a graded
finite element. The computational simulation solved the linear quasi-static thermoelastic
problem in the plane strain state by the FEM [43]. The graded quadrilateral element in
isoparametric form was used in the weak path test for FGM [168]. Quasi-static crack be-
havior in gradient material was investigated under mixed loading. In this case, the finite
element is coupled with the generalized maximum tangential stress criterion. The numeri-
cal results were proved by the experimental digital image correlation technique [169].

The displacement correlation technique analyzed crack in orthotropic FGM coating under
thermal loads. The influence of parameter geometry, boundary condition, and nonhomo-
geneous parameters on SIFs was discussed [170]. The clamped displacement discontinuous
technique used a numerical model by FEM to evaluate SIFs for a kinking crack problem
in anisotropic FGM [171]. A new finite element with singularity formulation based on the
Westergard stress function was presented to analyze the crack problem in isotropic FGM
[172]. The graded finite element analyzed the dynamic crack problem by a 2D virtual crack
closer technique. The element used the subroutine ONAT and UEL through Abacus soft-
ware [173].

4.12 Kinking crack

The kinked crack is the crack that propagates in a new direction from the old one (see figure
4-10). The crack growth occurs in a path that provides the maximum energy release rate
or the crack propagation direction related to maximum circumferential stress values. The
theories were used to predict the kink angle.

Gu and Asaro [174] proposed the small crack kinking model of Cotterell and Rice [175]
for FGMs. Cotterell and Rice [175] used the first-order approximation and obtained these
coefficients.

1 360
Cy; = Z(3C089+C087)

Cip = —E(sing+sinﬁ)
S S 2
(4.35)
Cy = 1 ( in o +sin ﬁ)
27 g\ Ty
1 30
Cyp = Z(cos@+c057)
The SIFs at the kinked crack tip was expressed as :
ki = Cu(0)ki+ Cip(0)kyy (4.36)

kip = Co(0)kr + Cr(0)kpy

where:
ki and kj;: The SIFs at the kinked crack tip.
K; and Kj; : The SIFs at the main crack tip.
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0: The kink angle.

C;j for (i,j = 1,2): The coefficients depending on 0, for smaller kink angle.
Gu and Asaro [174] used a local homogeneous core near the main crack tip (characterized
by the near-tip fields) to model kinking crack for small-kink conditions in the four-points
bending fracture test. They employed Cotterell and Rice’s [175] expression for kink crack,
and they showed the affection of graded material on the kink angle. T. L. Becker et al. [176]
used finite element methods to study a finite kinked crack by evaluating the SIFs at the tip
of small-kink angle, the SIFs on the kinked angle is linked to the original crack SIFs.

Figure 4.10: kink crack-tip.

A numerical solution for kinked and slightly curved crack in mode 1 proves that crack
stability depends on tensile stress [175], the vanish mode 2 , the maximum energy release
rate criterion, and disturbed dislocation technique based on the integrated solution were
used in case of under combined loading [177]. The using of Irwin-Williams expression test
to get the solution form of SIF’s under non-symmetric loading [178]. There is little effect on
the material gradient in FGM with a crack, but the length and thickness of the surface crack
affect the direction of the kinked crack. This crack will propagate in a direction where there
is a maximum energy release rate [179]. The crack propagation relates to the competition
of the direction force, the energy release rate, the toughness of FGM, and the same energy
release rate in bi-material and FGM fracture [180]. Prediction kinking crack in FGM by ap-
plicable a maximum tangential stress criterion with setting large length scale was presented
[158].

A solution that tasted the crack behavior and toughness in FGM proves that material gradi-
ent effect to the kinking crack direction [174]. The theory of complex potentials (complex
functions and complex variables) was used to study the effect of the in-plane tensile stress
on crack stability. The angle form, the initial angle of crack growth, and tensile stress affect
the SIFs at the tip of kinking crack. The results prove that positive tensile stress makes the
initial crack angle extended as kinking crack. The negative tensile stress will push the crack
to grow straight due to the mode 2 type loading [180]. The crack propagates straight just
for a short distance before kinking, and it will be followed by a curved direction [181].
Kinking crack in linear elastic FGM was investigated, the FEM evaluated T stress with the
energy release maximum and the vanish mode 2 (k;; = 0)criterion [176].

The virtual crack closer technique proposed to compute strain energy release in kinking
interface crack problem [160], a kinked crack in CU-W graded material under mechanical
and thermal loads was invistegated, the graded material with crack analyzed by numerical
and proved by experiments [182], the virtual crack closure technique used by the FEM to
investigate kinking crack in tri-material under the mixed-mode [183].
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4.13 Analytic and numerical solutions for the crack prob-
lem in FGMs

Several analytic solutions were proposed for crack problem analysis in FGM, such as the
edge crack problem of the graded layer under mode 1. The gradient material effect to stress
distribution and SIFs, the solution was generalized for the 3D surface crack problem in FGM
plat using the application of the line spring model [124]. The criterion proposed for inter-
face kinking crack in the bi-material crack problem using T stress with the energy condition
and maximum tension before failure. The SIFs were assumed as a function of the length to
predict kinking crack [184]. A generalized method (refers to the force balance) and isostrain
condition were proposed to evaluate SIFs in the crack tip in FGM. The solution coupled by
FEM with different crack lengths in distinct regions on FGM, the FEM simulation has the
same analytic solution results and proved that SIFs affected by changing the modulus of
layer, the SIFs equation evaluate the toughness of FGM [185].

Another solution for analyzing the crack problem in FGM, the Kirchhoff’s-classical plat the-
ory obtained by the Galerkin methods, where the equation of motion defining the vibrations
in FGM plate with arbitrary center crack oriented, and the crack angle increase by raising
the level of frequency parameter [42].

a TSSR (tangential stress concept by Scharmm and Richard) concepts was proposed to pre-
dict kinking crack growth under mode 1 in 2D and 3D crack problem in FGM [186]. Ritz ap-
proximation, natural frequency response surface method, and frequency contour were ob-
tained using the genetic algorithm optimization technique. The cracked Timoshenko beam
with graded properties was studied, the non-destructive vibration and hybrid method were
employed to detect a crack in FGM [187].

Timoshenko beam with graded properties was analyzed by wave method. Waves reflection
was used to locate the discontinuity. SIFs and energy release rate were evaluated by the
equation of motion, the first principle of Hamilton, and local flexibility [44]. The crack
analysis in the graded Timoshenko beam was done using a natural surface approach with
non-linear free vibration clamped-clamped and clamped-free to get the crack location. The
crack depth affects on the natural frequencies [188]. A developed method was proposed to
locate the crack location, the situation simulated by the FE model [189].

The investigation of the interface crack problem between FGM coating bonded to a homoge-
nous substrate was studied [190], the energy release rates and SIF’s were evaluated under
thermal loading. The interface crack problem in bi-material consists of functionally graded
and homogenous material was studied[191]. Where the maximum density circumferential
and the minimum strain energy density were used to evaluate SIFs. The geometer and non-
homogeneous parameters influence on SIFs. The determined optimal crack configuration
showed a minimal interface crack failure with minimum values of SIFS at the crack inter-
face .

Fracture toughness and kinking crack in graded material were analyzed by the Weiball
statistics under mixed-mode [192]. The weight function, SIFS, and residual stress in graded
thermal barrier coating (TBC) were evaluated by the finite element method, the influence
of parameter geometer, thermal release rate, and the interface toughness to avoid delimita-
tion [193]. The cracked cylinder-shell with gradient properties subject to thermal loads was
studied [194]. The problem is approximated as a graded plate with a crack on the elastic
foundation.

An analytical approach was proposed to investigate delamination failure in FGM. The en-
ergy release rate and SIFs were evaluated for FGM beam cross-section and behind the crack
in strain and stress state [195], the approach used for the 2D crack problem, the influence
of the graded material, and crack location on delamination were discussed [196].
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4.13.1 Dynamic crack

Many numerical types of research investigated the dynamic crack problem in FGM, the
numerical solution based on Fourier transform solved by singular integral equation [197].
The preceding solution is used for FGM coating-substrate system [198]. The numerical
solution also solved the problem by using the batto-chebcheve method, in interface crack in
FGM under anti-plan [199], in weak/macro-discontinuous interface[200], in bi-FGM weak-
discontinuous interface [201], under anti plan shear [202], and by using asymptotic analysis
[186]. The numerical solution combined the finite element method [166] with using the
virtual crack closure technique [173] and by using a cohesive zone mode [203].

Recent study included a transient dynamic for FGM coating problem [204], for more farther
studies in the field [205],[206],[207],[208],[209].

4.13.2 Transient crack

Numerical solution based on Fourier transform solved by the singular integral equation was
used to investigate the transient crack problem in FGM [210], for anti plan weak/interfacial
discontinuous transient interface [211], for the dynamic transient crack problem [212], and
by using a generalized pattern differential equation into Laplace equation and the isochro-
matic stress under mode 1 and 2 [213],[214].

4.13.3 Fatigue crack

Cyclic fatigue came inspectorate structure failure because the loading repeated with sub-
critical values flowed by material degradation and crack propagation, which is difficult to
predict in many situations. The fatigue crack problem was studied in graded material due
to thermal fatigue as TBC system [215],[216].

The reducing stress result from cyclic heat-cool thermal loading and the graded material
influence on the crack path [179],[217],[218]. The reducing stress also influences frac-
ture strength and fatigue resistance in FGM [219]. The problem was solved numerically as
elastic-plastic fatigue crack initiation [220], a fatigue life analysis was proposed for different
situations using the extended finite element of the Galerkin method (EFGM) to investigate
the crack in bi-layered plat under thermo-mechanical [221]. In addition to the EFGM, the
extended finite element (XFEM) was used in FGM [222] because the simplest and effective-
ness of new element criterion prove that the spatial location of the crack is important for
fatigue life analysis in FGM.

4.13.4 Thermal crack

Various analytical and numerical methods have been studied to simulate thermal crack of
FGMs. The collinear crack in graded material interface subject to thermal shock was solved
using a singular integral equation [223].The Fourier transform was introduced in the edge
crack problem [224]. The thermal intensity factors were investigated in FGM [225], for
stress relaxation at the vicinity of edge crack [226], under two dimensions thermal loading
by using the thermal coefficient expansion [227].

The transient thermal stress of edge crack in the stripe of FGM was solved by a multi-layered
model [228] and asymptotic analysis [229].

Recently, the weight function was used for mode 1, the integral equation was used to de-
velop Fredholm integral equation in the Laplace field to compute SIFs. The finite element
results present a high accuracy than the different finite element methods [230].

46



Chapter 4. Fracture theories in the FGMs

Analytical solutions for the thermoelastic problem and optimization technique are suit-
able for graded material [231]. Ax symmetric study was proposed for the nonhomoge-
neous infinite body with a penny shaped crack under thermal loading [232]. The previ-
ous study was used for transient thermal stress problems in a nonhomogeneous plat with
temperature-dependent on material proprieties [233]. The thermal shock and transient
thermal in cracked FGM interface problems were studied respectively in [234],[235].

The finite element method was applied to handle graded materials with two cracks [236]
and with edge crack cases [237]. The FEM coupled with the domain interaction integral in
plastic elastic behavior of cracked FGM [238], for investigation of the singularity field in the
crack tip of cracked FGM under elastic and plastic condition [239], the analytical and the
numerical solution were combined to solve thermal shock crack problem [128].

The experimental investigation of edge crack interface in bi-material FGM coating bonded
to a homogenous substrate under thermal loading [240].

The recent investigation included the interaction of two crack inclines arbitrarily to non-
homogenous half plan boundary under cyclic heating-cooling thermal solved by integral
equation and the maximum circumferential stress criterion [241]. The integral equation
and generalized differential quadratic method were used for the thermal crack analysis in
orthotropic FGM [242], fatigue crack studied by using XFEM [243], for 3D linear elastic
fracture [244]. The 3D curved crack in FGM was analyzed by FEM coupled with an integral
equation [245]. Analysis crack in FGM under thermo-viscoelastic mode [215]. The model-
ing of 2D thermoelasticity crack in graded material was studied by the numerical manifold
method [246]. A mathematical model was proposed for the pre-existing crack problem in
FGM under thermal loading [247], an effective numerical technique coupled with isogeo-
metric analysis to investigate internal defects in FGM plats[248].

4.14 Experimental studies

The investigation of mixed-mode fracture in FGM using the digital image correlation and
T stress criterion. The experiment based poly-based FGM manufacturing by selective ultra-
violet irradiation of poly. The maximum energy and the generalized maximum hop stress
criterion were used to predict crack in the homogenous material. The criterion also extended
for the graded materials with a kinked crack, where the k=0 criterion has satisfying results
in the case of finite crack extension in FGM [181]. The experimental test using isochromatic
contours was used to analyze the displacement around the crack-tip fields in graded materi-
als. The results prove that the nonhomogeneous parameter affects on the singularity in FGM
[249]. Experimental test accurate the TSSR concept depends on stress result from different
loading in the different region of contours in 2D and 3D crack problem in FGM [186]. The
experimental investigation by the optical interferometer, the high-speed plot growth and
the data analysis from crack histories were used [166].

4,15 Conclusion

In the chapter above, crack and notch were defined, and their propagation mode was pre-
sented. There are two approaches to solving failure problems local and global approach. A
literature review of the crack problem in FGM with different kind of crack was presented.
The techniques to investigate the crack-tip field in FGM were presented with considering
kinked crack.
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Special mixed finite element for the FGMs

5.1 Introduction

Mixed finite elements are based on the principle of displacements and stresses fields si-
multaneously. Many formulations developed and aimed to model heterogeneous materials
exhibiting cracking. Reissner [250] implemented a mixed formulation and represented the
kinematics sizes (displacements) and the static quantities (stresses ). This formulation sub-
sequently served as a basis for many other kinds of research. However, Reissner’s elements
present a high degree of freedom. This disadvantage made computation heavy and consid-
erably longer.

Courtade [251] imployed the mixed formulation of Reissner into rectangular four-node fi-
nite element. Aivazadeh et al. [252] formulated the mixed interface elements rectangular
from the Reissner element by applying the relocation procedure of degrees of freedom, the
removal technique from the behavior law materials, and kept only the sizes displacements.
Verchery [253] developed mixed elements from Reissner’s formulation. The stresses and
displacements appear simultaneously unknown. Habib [254] developed a mixed finite el-
ement formulation of interfaces axisymmetric applicable to bonded assemblies of tubes in
composite materials. Sarhan-Bajbouj [255] developed a family of mixed elements to study
the interfaces in bi-materials. Bouzerd [2] developed a mixed finite element able to repre-
sent the coherent and the cracked interface. The new genre basis on the mixed principle
of Reissner, and by using of Verchery technique [253] to displace some unknowns static to-
wards the inside or on one side of the element, then use static condensation of unknowns
internal to the element, and called it Reissner Modified Quadrilateral element with seven
nodes (RMQ-7). Bouchemella et al.[256] extended the use of this element to orthotropic
homogeneous materials and bi-material in the coherent or cracked interfaces. Boufelloussa
[257] made its extension for the cases of cracked interfaces in anisotropic media.

Bouziane [258] used the mixed finite element RMQ-7 for the crack analysis in anisotropic
bi-materials interface. Bouziane et al. [3] formulated the mixed finite element RMQ-7 in
the isoparametric form [259]. The mixed finite element RMQ-7 guarantees the continu-
ity of displacement and stress vectors through the interface between two materials in the
laminated composite analysis. Boulares [260] used the isoparametric mixed finite element
RMQ-7 to study kinking crack in homogenous material. Mouats [261] used RMQ-7 to study
materials composites fracture in the mode 2.

Djoudi [262] used RMQ-7 to study interlaminar fracture in multilayered composite materi-
als. Remmach [263] used RMQ-7 to study kinking crack in linear, elastic, and anisotropic
homogenous material. Bouziane et al. [264] used mixed finite element RMQ-7 to analyze
sandwich beams. Then formulated the interface mixed element to study the interface crack
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problem in sandwich material [265].

In this work, an extended use of this element in a bending and crack analysis using func-
tionally graded material (FGM) has been accomplished, where the material properties of
the FGM change according to different distribution. The graded material modelled as sev-
eral homogenous layers every one contained several constant homogenous element. The
material property located at the centre of the element.

5.2 Formulation of special mixed finite element

The RMQ-7 is a quadrilateral element that has seven nodes and fourteen degrees of freedom.
The three sides of the quadrilateral element are compatible with the classical one. In each
corner of the quadrilateral element, there is a displacement node. While the fourth side,
in addition to the two displacements nodes (node 1, node 2), there is a median node (node
5), and also two stress intermediate nodes located in the middle between the node 1 and 5,
and 5 and 2. Respectively (as nodes 6 and 7). The two nodes compute the components the
stress along with the interface. The continuous displacement and stress vectors are taken
into consideration at this particular side, which will be replaced along with the interface.
In the cracked structures cases, the median node is related to the crack point. The two static
nodes on the two sides make it possible to satisfy the essential requirements like the free
edge condition on the cracked lips and the continuity condition into the interface.

The Reissner mixed formulation used the nodal variables of all displacements and stresses
to construct the interface mixed element. Anywhere the Reissner element is excess nodal
variables.

The formulation imposes a strong continuity at the interface level. The stress oy, appears
along with the variables considered in the Reissner functional eliminated in the formulation
of the interface element because it doesn’t appear along with the interface stresses (keeping
just the normal stress 0,, and shear stress oy5).

The advantage is to have elements with a few numbers degrees of freedom as possible. In the
other hand using the Reissner functional formulates the elements with a very high number
of degrees of freedom.

5.2.1 Construction stages of the RMQ-7 element

Bouziane et al. [3] configured the interface RMQ-7 element in the natural plane coordinate
(&,1) by three steps. The first one is the Reissner mixed finite element formulation (see
figure 5-1) by adding a medium displacement node on the bottom side. The result is a
mixed finite element with five nodes with 22 degrees of freedom called RMQ-5 (see figure
5-2). The second one is the delocalization of some variables within the RMQ-5, adding
unknown nodal static displacement of the corners. The result of the delocalization is a
mixed RMQ-11 element with 11 nodes and 22 degrees of freedom (figure 5-3). The third
one is a static condensation of the unknown internal variables of RMQ-11. This procedure
condensed the elementary matrix, which enabled to obtain the present element only with
seven nodes and two degrees of freedom by node (see figure 5-4).

5.2.1.1 Reissner mixed finite element

The mixed finite element of Reissner is a four-node element with five degrees of freedom
(all displacements and all the stresses) by node (figure 5-1). This element was formulated
by using the Reissner variational principle [250].
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By posing for an element:
(e} =[Ly]{u®} on A€ (5.1)

) ={a°) on L, (5.2)

The Reissner functional is

t
R({o), (u)) = gL{g} [{L[f]] [[Lg]]]{Z}ds—eL{T‘}f{u}dLa—eL{f}f{u}ds—eL{T}f({u}—{andLu

The Reissner functional can be written as:

t
R«a},{u}):gje{{{gg} [‘[[fj] [[é]]]{{{‘;}}dAe—eL (1l —e [ (7Y A (5.4
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Where:
[I]: The unit matrix.
[S]: The matrix of flexibility.
A€ : The elementary area.
e : The thickness of the element (assumed constant).
L, : The part of finite element contour where the forces {T°} are imposed.
{0} : The vector of stresses for the finite element.
¢} : The vector of deformations for the finite element.
u} : The displacement field.
£¢} : The volume forces vector.
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Figure 5.1: The Reissner element.

The stress field at any point is expressed:

{o} = [M]{r} (5.5)
Where:
[M]: The shape functions matrix (linear in &, linear in 7).
with

t_
{0}_{0%1'0%20%2}2 2 2 3 3 3 4 4 4
t_
{7} ={011,027015,011,05,012,071,05,015,071, 05,075}
M, 0 0 My 0 0 M,

[M]:[o My 0 0 M,

0 (5.6)
0 0 M, 0 0 M,
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The shape functions are given by G.Dhatt and G. Touzot [266]:

M= ta-gi-n

; My = 3(1+&)(1-1)

My=S(1+&)1+y)

; My= (1)1 +n)

The field of displacement is written:

{u} = [Nl{q}

Where:

[N]: The shape function matrix (linear in &, linear in #) of displacements.

with
{u}::{ull,u%} 2.2 .3 3 4 4
{q} ={ul,uz,ul,uz,ul,uz,ul,uz}
IN; 0 N 0 N3y 0 Ng O

MI=1'0 N, 0 N, 0 N5 0 N,

The functions of form are given by:

1

Ni=-(1-&)(1-n)

; Ny=7(1+€)(1-n)

Na=3(1+8)1+n) 5 Ny=3(1-81+n)

4

By introducing the strains using the matrix:

{e} = [Bl{q)

With:
[B] : is the strains-displacements matrix.
{e)f = {e11, €20, €10}

(N1 INo g N5 ONg
dx ox dx ox

N, N, JN; INy

Bl=| O 5, ° 2 % o5 ° o

IN; JN; JN, JN, JN3 JIN; JINy OJN,

| dy Jdx dy JIx dy JIx dy  Ix |

(5.10)

(5.11)

(5.12)

As the matrix [N]is a function of the variables (&, 77), we use the Jacobian [] ]_1 of the inverse
geometric transformation to be able to express the derivatives concerning (x,y) as a function

of (&, 7).
The Jacobian matrix []] is defined by:
dx dy
_|9& ¢
Ul= ox dy
an I
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there is:
4

X = ZNixi

i=1 (5.14)
Z N;y;

i=1

So the terms of the Jacobian matrix can be calculated by:

y

Py N o N
0& — 0& on L= dy
(5.15)
dy wOIN,  dy N
28 = ;8—53@' ) o ;a—ﬂyi
When the Jacobian matrix []] is not singular, and it written as:
IN; oN;
S5 =01 5% (5.16)
9y I
The nodal estimation of the kinematic and static fields is written as:
{o}| _|IM] [O]]){z}
= 5.17
{{e} o] 8] {a) (317)

replacement of the last expression in the Reissner functional ( 5-4 ) gives to the discretized

form of (R) [250]:
S Sl [
R‘z{{q}} [Ke]{{q}} {{q}} {{Fi}} (5:18)

Where
[K,]: The elementary stiffness-flexibility matrix defined by :
K= | ) 519
With
(Kool ==e | [MIIs)iMIan (5.20)
Koul=c | [M1(BldA (5.21)

The vector of equivalent elementary forces is composed of two vectors: the displacements
vector {F;} and the stresses vector {F¢}. This latter is null in the absence of initial strains.
The vectors {F;} and {F.} are given by:

(F¢) = efL INT{Te)dL, (5.22)

(F} =0 (5.23)
Where:
L,: The part of the contour where the stresses are imposed.
[N]: The shape functions matrix of displacements.
{T*}:The imposed traction L.
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5.2.1.2 Parent element RMQ-5

The RMQ-5 [2] is a mixed element with five nodes and 22 degrees of freedom (see figure
5.2). This element is made by adding a displacement node to the four nodes of Rissners’s
element. It has a side (associated with the interface) presenting three nodes. The bottom
side of the RMQ-5 related to the interface presented three nodes. The displacement middle
node is associated with the bottom of the crack.

[-L,+1) o 3“ (+1,+1)

£
"

(1-1) e 5 24 (+1,-1)
(0,-1)

® 011,033 ,013.U, Uz

O
Uy, Uz

Figure 5.2: The RMQ-5 element.

The number and the position of stress nodes are not changed. The RMQ-5 and Reissner
element have the same static behavior. The stress field is written with the same shape func-
tions M; for (i=1,4).

The field of displacement is written:

{u} = [N]{q} (5.24)

With
t 1 1,2 .2 .3 3 _ 4 _ 4 _ 5 5
{q} :{ul,uz,ul,uz,ul,uzyuI;uZ;uliuz}

[Ny 0 N, 0 Ny O Ny O N5 0

INI=I'0 N, 0 N, 0 Ns 0 Ny 0 Ns (5.25)
The shape functions are written:
1 1 1
Ny =-2(1=8)A-n)& Np=7(1+&)(1-n)&; Ny=7(1+&)(1+7)
(5.26)
1 1
Ny= (=81 +n;  Ns=(1-£)1-n)
The matrix [B] linking the strain to displacements is defined by:
ONi Ny AN Ny Ny
dx dx dx dx dx
IN, dN, JdN3 JdNy JdNs
dN; JN; JN, JN, JIN3; JIN3 JNy JIN, JINs5 OINj
| dy Jdx dy dx dy dx dy JIx dy Ix |
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In the case of element RMQ-5, the terms of the Jacobian matrix are given by:

g LN T g L

dy > oN; Cdy N
%_;«86% , %—Zarl})l

i=1

i=1

(5.28)

The kinematic and static fields are expressed by:

{o}| _ [IM] [O]] J{7}
= 5.29
{{e} ol [B1]\(a) (529
The elementary stiffness-flexibility matrix is calculated using the formulas (5—-19), (5-20),
and (5-21).

5.2.1.3 Construction of the RMQ-11 element

The RMQ-11 element is an element with 11-node and 22-degree-of-freedom (see figure 5-
3). The relocation technique [253] avoids excessive continuity at the interface. This latter is
used to obtain the RMQ-11 from the RMQ-5 parent element by relocating certain variables
inside the RMQ-5 and moving static nodal unknowns from the ends to the side itself.

(-1,+1) o (+1,+1)
4

-t

{-1,-1}) 1

ey ko b
-
-

o—i-24 (+1,-1)
=

& Uy, Uz & Ty %22 Tz

0 S22 ,02 A Ty

Figure 5.3: The RMQ-11 element.

The number and the position of stress nodes are not changed. The elements RMQ-5
and RMQ-11 have similar kinematic behavior. The displacement field is expressed with the
same shape functions.

The generalized approximation of the stress field in the element RMQ-11 according to the
nodal variables {7} is:
o (&) = {P(E MR (e} = M) (5.30)
Where:
{P(&,n)} ={1 & 1 £n}: The polynomial basis of the element.
[P,] : The nodal matrix.
The stress o1 in the element is expressed by:

8 8
4]0 o

o11(& 1) = {PE P T T b = (M) 1D (5.31)
1 1
o1 O11
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With
1 & ng s
1 &9 19 Eong
P..l=
(P11 I &0 M0 S10M10
I &1 i1 S
And
+0,5 +0,5 +0,25
-0,5 +0,5 -0,25
-0,5 -0,5 +0,25
+0,5 -0,5 -0,25

[Pui1] =

— =

And
[M11]={1 &3 &) [Pai]™!

The shape functions are given by:

1 1
Mpy = g(L+28)(1+2n) 5 M7= 2(1-28)(1+2n)

1 1
MY =Z(1-28)(1-2n) 5 Mif=Z(1+26)(1-2n)

The stresses 0,, and 07, reevaluated by:

6 6
0ip Oip
-1 0-72 0-72 .
0i2(&,1) ={P(&, )} Paiz2] Ofs =[M;,] Ofs for(i =1,2).
2 i
Oip 0ip
With
I & 16 Sotls
L & n7 &y
P..]=
[P ] 1 &g ns &g
1 & 19 &otg
And
1 -0,5 -1 +0,5
b= |l F05 -1 =05
ni2l =1 40,5 +0,5 +0,25
1 -0,5 +0,5 -0,25
And

[Mip] = {1 &5 &En}[Pya]™" for(i =1,2)

The shape functions are given by:

1
Mf2:€(1_25)(1—217) ;o ML =—(1+2&)(1-27)

| =

1
MS, = S22+ M}y = =(1-2&)(1+n)

W | =

The stress field is given by:
011
o(&,n) =402 =[M]{t}

012
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(5.35)

(5.36)

(5.37)

(5.38)
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With
My} {0} {o}}
M]=]| {0} {Ma} {0}
{0} {0} {My,}
And
{r}f = {018110191:‘71110’01111)‘7262"7272r0'§2:‘7292"7162' ‘7172: 01821‘7192} (5.40)

The elementary stiffness-flexibility matrix is given by :

— [KUO] [KUM]
[Ke] - [[Kou]t [0] ] (541)
And
(Kol == [ [MYIs][MIaA (5.42)
K] = f [M][BldA° (5.43)

The calculation of the elementary matrix is carried out by numerical integration according
to the method of Gauss. The passage of the integration of the natural element to that of
reference involves the Jacobian geometrical transformation.

In the reference configuration, the integration is written:

+1 +1
K] = —eL ds L k(& ) )det] (£, )y (5.44)

4 point integration formula (2 points in each direction (p = 2)) were used in the calculation
of the elementary matrix .
There is :

2 2
[KY=) ) waw;[k* (&, np)ldet (1)) (5.45)
i=1 j=1
Where:

&, 1j: The coordinates of the integration points.
Wi, Wj: The coefficients of weight.

5.2.1.4 Construction of the RMQ-7 element

The static condensation was used to obtain element RMQ-7 from element RMQ-11 by elim-
inating the internal variables of RMQ-11. (see figure 5. 4)

n

Figure 5.4: The RMQ-7 element.
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The internal nodes of the RMQ-11 element do not participate in the matrix assembly
and complicate the data setting operation. The size of the half-bandwidth increased during
assembly, which will increase the computing time.

The condensation of internal variables to the contour is related to the reduction concept of
the system size of equations (the elimination of some number of degrees of freedom). In
structural analysis, this type of procedure is called analysis by substructures [267].

The discretized form of the Reissner functional:

N t N t
1 {r°) {r°} {4 J {0}
R== K — 5.46
z;{{cf}}[ e]{{qE} 2 \iei] (5:46)
The operation of condensation calculation is done by breaking up the stress degrees of free-
dom at the elementary level into two groups:

{t.}: stresses on the contours of the element.

{t;}: stresses inside of the finite element.

The decomposition of the elementary matrix [K,] relative to the groups of degrees of free-
dom {g},7. and 7; is written:

[Kaa]i [Koa]ci [Kou]i
[Kocr]ci [Kao]c [Kau]c
[Kouli  [Koule (0]

The stress variables {r;} are not assembled. Consequently, the relating equations only in-
volve the degrees of freedom {gq} {7.}.

We can then find a relation between these different types of degree of freedom by translating
the condition of stationary of (R) concerning {7;}:

~

[K.] = (5.47)

SR

or 0 (5.48)
which gives as a relation:
(Koo liftit + [Koo leifte} + [Koulifq) = 0 (5.49)
And
{Ti} = _[Kaa]i_l[Koa]ci{Tc} - [Kacr]i_l [Kou]i{q} (5'50)

The matrix [K,]; is always invertible because it is a diagonal sub-block of a negative definite
symmetric matrix.

From the relation (5-50), the transformation matrix of the degree of freedom [I'] is defined.
This latter defined the reduced stiffness matrix relating to the variables {g}{7.} .

there is -
T
{Tc} =F{{TC}} (5.51)
(a) {q}
With
[_Koa]i_l[KoU]ci _Koa]i_l[Kau]i
[I]= [1] [0] (5.52)
[0] [1]
Where:
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[I]: The unit matrix.
By substituting the relation (5-52) in the R functional (5-46), to obtain the reduced R func-
tional R* depending only on the contour variables {g} and {z.} :

I [N e [N S [ [ (o)
5 ‘E;{m} (K] {m}‘;{m} {{F;}} (5:33)

Where the reduced elementary matrix defined by:

[K]" = [T [K][T] (5.54)

The matrix [K,]" is written:
=t ol 559

With

[Kool" = [Koole — [Kooleil Koo )i Koot (5.56)
[Koul" = [Koule = [KoulilKou 7 [Kou ! (5.57)
(Ko " = [Kgu I (5.58)
[Kuu]" = =[Koulil Kool (Ko (5.59)

The reduced stiffness matrix has a positive semi-definite block [K,,, |*, unlike the unreduced
form where this block is always zero. The condensation of the internal variables is used to
reduce the time of computation during an analysis.

The practical construction does not modify the vector of the second member. The con-
struction simplicity came through the assumption concerning the static nodes without loads.
The static condensation technique allows us to construct the RMQ-7 element owning only
seven nodes with 2 degrees of freedom per node (nodes 6 and 7 are in pure stress and the
rest of the nodes are in pure displacement).

5.3 Formulation of special mixed finite element for FGMs

FGMs are not like previously known materials. Modeling the change of properties in these
materials constituted a problem for researchers. The researchers model it in two ways, ei-
ther by using homogenous finite elements or using graded finite elements.

The conventional finite element formulation interpolates displacements and coordinates
from the nodal element values. Likewise, material properties can also be interpolated from
the element nodal values using shape functions. The general approach interpolates mate-
rial properties at each Gaussian integration point from the nodal material properties of this
element using isoparametric formulation. The shape functions are the same for spatial co-
ordinates and displacements.

The graded element computes different properties in each node of the element. Li et al.
[268] simulated the variations of the material properties by using an isoparametric finite
element formulation. Santare and Lambros [155] used graded elements to analyze FGM
plate under traction loading perpendicular to the graded material direction. The numerical
result proves the outperformance of the graded element from the conventional one. Kim
and Paulino [157] used isoparametric graded elements to analyze orthotropic and isotropic
plates. The plate has infinite length and finite width subject to fixed grip, tension, and
bending conditions. The linear Q4 and quadratic Q8 quadrilateral elements are more per-
formance than the classical elements and have given a good argument with analytical solu-
tions.
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Paulino and Kim [168] used graded finite elements to analyze the consistency and stability
of FGM by weak patch test and using graded quadrature elements Q4, Q8, and Q9 for ax-
isymmetric problems. The study discussed the effect of these elements on the analysis.
In this section, the necessary modification into RMQ-7 to handle isotropic FGMs is pre-
sented.

The displacement component of the element is estimated by:

{u} = [NNq) (5.60)

Where [N] is the interpolation functions matrix of stresses and {gq} is the nodal displace-
ments vector.
The shape functions N; used to estimated u, u, [3] are given as follows:

1 1 1
Ni=-3(1=1-n& Ny= 2(1+&)(1-mE& Ny=Z(1+E)(1+7)
(5.61)
1 1
No=Z(1-&)1+n);  Ns=3(1-&)(1-n)
The stress component of the element is estimated by:
{o} = [M]{r} (5.62)

Where [M] is the matrix of interpolation functions for stresses and {7} is the nodal stresses
vector.

For the RMQ-7 element, the shape functions M;,, used to evaluate oy, and o,, [3] for
nodes 6, 7 are given by:

—_

Mf, = —(1-2¢)(1-27)

(@)}

(5.63)
M, = %(1+2cf)(1—217) for(i =1,2)

The nodal displacement and stress fields were approximated by the expression:
{o}| _[IM] [O]f {r}
= 5.64
[t il {i (564

Where [B] strain-displacement transformation matrix.
The element matrix [K,] is given by:

=it | 565
The sub-matrix [K,] is approximated by:
Kool ==t | (I [S(@IMIdA° (5.66)
and the sub-matrix [K,,] is given by:
[K,,]= tJe[M]T[B]adAe (5.67)
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Where [S(z)] is the compliance matrix, A° is the element area, t is the thickness, and T indi-
cates the matrix transpose.

Taking into consideration a FGM their properties (Poisson’s ratio v and Young’s modulus
E) change in the thickness direction (z-axis direction), the compliance matrix [S(z)] for
isotropic material with functionally graded properties is written as follows:

1 —v(2) 0 ]
~v(z
[S(2)] = B E@) i) (5.68)
0 0 M

5.3.1 Modeling of FGMs

A FGM beam made from different phases of material, ceramic, and metal is considered for
example (see figure 5-5).

+hf2 —ee. ' Ceramic

Metal !

Figure 5.5: The geometry of multi-layered FGM beam:s.

In this study, the material with functionally graded properties is modeled as numerous
homogeneous layers. Each layer has constant material properties. The homogeneous layer
is composed of multiple homogeneous elements (see figure 5-6). The elastic properties of
elements are related to the property located at the centroid element.

Figure 5.6: Modeling functionally graded properties.
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In this work, the material properties of the FGM change according to different distribu-
tion. This section is devoted to the presentation of the power law, the exponential and linear
variation laws.

5.3.1.1 Power-law

The changing of the mechanical properties in composite materials by the relative amounts of
the constituents and their self-properties are approximated by a mathematical relationship,
as shown below:

z 1\
(Em_Ec)(E‘FE) +Ec

e]
—~
N
S—

|

b (5.69)
V@) = v (243) 4
Where :

k: The power-law index (positive variable parameter).
The subscripts m and c indicated the metal and ceramic constituents of the FGM.

5.3.1.2 Exponential law

This model is applied in order to model the continuous changing in FGM in various re-
searches especially in fracture mechanics and it is expressed by this relation:

E(x) = E%Fr
v(x) = vOePr* (5.70)
where E® = E(x = 0) and v° = v(0), and the coefficients Be, B, are the nonhomogeneity
parameters given by:

1 E(W)
= oo 22!
Be W' %8| E0)
| (W) (5.71)
= —I
where W is the width of the FGM and E(W) = E(x = W).
5.3.1.3 Linear law
The linear variation of the material properties of an FGM plate is expressed by:
_ g0
E(x) = E0+7/Ex (5.72)
v(x) = v +y,x
where E® = E(x = 0) and v° = v(0).
The nonhomogeneity parameters yg, y, are characterized by:
E(W)-E(0)
VE =
7/1/ - W
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5.4 Evaluation of the energy release rate

The virtual extension method [269] [270] coupled with element RMQ-7 is used to calculate
the rate of energy release G, in the case of a collinear crack extension [2]. Bouzerd [271]
showed that a single discretization is sufficient to calculate the energy release rate . Kinking
crack is analyzed in homogenous materials by one-step finite element analysis [272] (see
figure 5-7-b ). Bouziane et al. [273] formulate it to model kinking crack in homogenous and
bi-materials. Bouziane et al. [274] used it to compute the energy release rate in dissimilar
isotropic materials crack. The interface crack in orthotropic bi-materials was studied by the
previous computation [275].

Recently, Mohamed Ben Ali et al. [276] use 2D mixed finite element with virtual crack
extension technique to evaluate strain energy release rate of interfacial crack in sandwich
beams delamination. Derouiche et al. [277] implemented virtual crack closure-integral
technique and stiffness derivative procedure to a mixed finite element, to evaluate the en-
ergy release rate of cracked anisotropic materials.

The kinking crack was represented by considering an extension (Aa) of the first crack ac-
cording to the direction to forming an angle 6 with the initial direction (a) (see figure 5-7-a
and 5-7-b). The situation can be represented by an oblique segment arising at the medium
node of the upper crack tip element and passing through the new position of the crack tip
after extension as shown in (see figure 5-7-c).

This approximation is acceptable as (Aa) is small. Theoretically, the Aa must be chosen as
small as possible to represent numerically [260].

This geometric approximation requires a rearrangement of the mesh around the crack tip
dealing with only four elements, the two elements containing the crack tip and the two el-
ements linked to them in the crack direction. While the rest of the mesh is unchanged (see
figure 5-7-c).

Bouzerd [2] evaluated the energy release rate of G from the analysis of the (a+Aa) configura-
tion with inclination (kinking). In this analysis, the configuration (a) is computed implicitly
in the first processing by canceling (4) and storing the corresponding elementary matrices

of the respective elements.
thppz crack-tip slament]
Aa
:Bﬁ/ 6

Lowar crack-tip slamen

New Pﬂ_iﬂi‘m of Upper crack-tip element] Upper linked zlement
erack-tip {distrubed) (distrubed)

Unchanged slement ﬁﬂ_’_‘—?‘b—\u\’\m‘
. o - o - pL:] !

a

Lovwercracktipalemenly oo oo

Unchanged element (distrubed) (distrubed)

C

Figure 5.7: Infinitesimal extension of kinking crack [272].

The solutions u(a) and u(a + Aa) were obtained by the assumptions of the linear elastic
behavior in small displacements and the crack length (a) and crack length (a + Aa) is closer,
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as the disturbance Aag is smaller than dimensions of the element of crack. Therefore the

approximation is written:
u(a) = u(a+ Aa) (5.74)

The energy release rate is calculated by considering a constant applied loading during the
enlarging of Aa, as follows:

W, Wi (a)— Wi (a+A)
(e) (e) (€)
p— = .7
G Aa Aa (5.75)

Where:

W¢)(a) is the strain energy of cracked material in the configurations (a).

Wi¢)(a+ Aa) is the strain energy of cracked material in the configurations (a + Aa).
In this discretized the strain energy is written:

Wie)= 3 ) (uKful; (576)
i=1

Where:
n, : The total number of elements in the discretized structure.
[K]; : The elementary matrix of the element.
{u}l_ : The column vector containing the nodal values of element i, and the exponent ¢
indicates the transposed vector.
By substituting (5-76) into (5-75) and taking into account (5-74), the expression of the en-
ergy release rate G is given by the relation :

i
_ﬁf (u(a+Aa)[[K(a+Aa)ly ~ [K(a)]f] fula+ Aa)) (5.77)
=1

G=

Where:
ny: The number of elements concerned by the disturbance Aa due to the inclined
extension of the crack.

5.5 Conclusion
In the above chapter the formulation steps of mixed finite element with seven nodes based
on the Reissner formulation is presented. In addition, the reformulation of this element

to the natural coordinate is presented. The special mixed finite element was adapted with
necessary modification to handle with isotropic FGMs with different material distribution.
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Numerical examples

6.1 Introduction

The interest of this chapter is to present the numerical results to validate the proposed
model and verify the accuracy of this special mixed finite element in the analysis of isotropic
functionally graded materials (FGMs). In this study, a mixed finite element was developed
to analyze materials that have functionally graded properties. The construction of the el-
ement has been employing an isoparametric formulation in the natural plane coordinate
(&5m).

Firstly the mixed finite element has been extended for bending analysis of beams which has
functionally graded properties. Two numerical examples are treated cantilever and simply
supported isotropic beams with functionally graded properties under uniform distributed
loads. The parameters of beams like Poisson’s ratio and Young’s modulus are changing
through the thickness direction as a power-law distribution. The third example treated a
cantilever isotropic functionally graded beam, Where the material properties are changing
quadratically through the thickness.

Secondly, the special mixed finite element has been prolonged to analyze kinking crack in
FGMs. Two numerical examples are treated. Quasi-static crack propagation simulation in
model and the mixed-mode is performed for the homogenous and functionally graded plate
under uniform axial tension.

The results presented by the present mixed finite element are satisfied after the comparison
with numerical, analytical solutions, and experimental results published in the literature.

6.2 Bending of functionally graded beam

A beam with functionally graded properties was analyzed using the proposed mixed finite
element. In this work, two examples are treated: cantilever beam and simply supported
beam with functionally graded properties under static load as shown in figure 6-1 and fig-
ure 6-4 respectively. The graded beams are composed of ceramic and metal, the material
properties vary through the thickness as a power-law distribution given by the equation:

E(z) = (E, —Ec)(% ' %)k L E,

(6.1)
V(Z) = (Vm_vc)(%"'%) + V.

Where:
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k: The power-law index (positive variable parameter).
The subscripts m and c indicated the metal and ceramic constituents of the FGM.

The two graded beams are composed of aluminium (E,, = 70GPa, v,, = 0,3) and zirco-

nia (E. = 200GPa, v. = 0,3). The width of the graded beam b = 0, 1m. The thickness of the
graded beam h = 0, 1m. The length of the beam L = 0.4m where the load applied on the top
beam has the value is g = 5000N/m?.
The used mesh contained 10 layers. Figures 6-1 and 6-4 illustrate the boundary conditions.
The present element presents results which compared to those presented by numerical sim-
ulation based on Timoshenko beam theory (TBT) [75], Classical beam theory (CBT) [75],
Timoshenko beam theory (TBT) [278], and the computational results found by Alexraja et
al. [279], this latter study used also 10 layers for the two examples in the ANSYS code.

6.2.1 Graded cantilever beam under uniform static load

Consider a cantilever beam with functionally graded properties as shown in figure 6-1.

Zz
& — q

Va
bedbiedtbodieebtioedbbietiisie

f
-
. -

Figure 6.1: FGM cantilever beam.

In the first analysis, the graded cantilever beam is considered with one fixed end. The
upper side of the graded beam (zirconia side) is loaded with a uniform distributed load. The
effect of the power-law index on the bending behavior of FGM is presented in this numerical
example.

The case of the graded cantilever beam, with different power-law index k, is modeled and
analyzed. There is a good correlation between the numerical and analytical values (see table
6-1) for the situation of homogeneous materials pure Aluminium k = 0 (full metal) and pure
Zirconia and k = 100 (full-ceramic) and the other values of k.

The non dimensional displacement is written as:

Where:
w: The maximum displacement.
w: The non dimensional displacement.
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Power-law Non Non
index Dimensional Dimensional
Deflection Deflection
[279] Present element
k = 0 (full metal) 1.05110 1.05110
k=02 0.79562 0.71168
k=0.5 0.66788 0.65693
k=1 0.58759 0.59854
k=2 0.52190 0.54745
k=5 0.45620 0.49270
k =100 (full ceramic) 0.36861 0.36861

Table 6.1: Maximum non dimensional deflections for FGM cantilever beam.

Table 6-1 summarized the maximum nondimensional displacements for different values
of the power-law index k. Through the comparison of the values obtained by the present
mixed finite element and those published by Alexraj et al. [279] using the ANSYS code.
There is practically a similar behavior of the graded beam under the applied load for the
different values of k. For k = 0 there 1.05110 was obtained by ANSYS code and 1.05110
using the present mixed finite element. While for k = 100 the vertical non-dimensional
displacements 0.36861 for ANSYS code and 0.36861 using the present mixed finite element.
There is a good agreement between the results obtained. It is noted that when the power-law
index increases, the maximum nondimensional deflection decreased.

The results of the variation of the vertical nondimensional displacements along the can-
tilever beam with functionally graded properties for different values of the power-law index
presented by the present mixed finite element and by Alexraj et al. [279] are dressed in
figure 6-2.
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Figure 6.2: Non dimensional displacement of cantilever beam.

The comparison of the displacement along the cantilever beam between the present
mixed finite element and the ANSYS code [279] is dressed in figure 6-3. An excellent agree-
ment can be observed. The displacements given using the present mixed element models are
dressed in figure 6-4. The results confirmed a similar behavior of the graded beam for many
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values of the power index. This latter describes the variation of the material properties of
this graded beam.
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Figure 6.3: The displacement along cantilever beam by MFE.
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Figure 6.4: The displacement along cantilever beam by MFE and ANSYS.

6.2.2 Graded simple supported beam under uniform static load

Let be a simply supported beam with functionally graded subject to a uniform distributed
static load as shown in figure 6-5. The lower side of the graded beam is fabricated of Alu-
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minum (metal) and the upper side of Zirconia (ceramic).
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Figure 6.5: FGM simply supported beam.

The second numerical analysis has been performed for a simple supported FGM beam
under mechanical load. First, the cases where k = 0 and k = 100. There is a good correlation
between numerical and analytical values for homogeneous materials and for the other val-
ues of k (see table 6-2).

Power-law Non Non Non
index Dimensional | Dimensional Dimensional
Deflection Deflection Deflection
[278] [279] Present element

k = 0 (full metal) 1.13002 1.11888 1.14685
k=02 0.84906 0.84965 0.76573
k=0.5 0.71482 0.71329 0.68881
k=1 0.62936 0.62238 0.62588
k=2 0.56165 0.55245 0.56644
k=5 0.49176 0.48252 0.51049
=100 (full ceramic) 0.39550 0.39161 0.40210

Table 6.2: Maximum non dimensional deflections for FGM simply supported beam.

Table 6-2 is summarized the maximum non-dimensional deflections at the center of the
beam obtained using the two numerical models (ANSYS code [279] and the present mixed
finite element) and the analytical solution (TBT) [278] for various values of the power-law
index. The maximum non-dimensional obtained using the present mixed finite element
is 1.14685.While the maximum value using the ANSYS code [279] is 1.11888. The mini-
mum value of the non-dimensional displacement obtained using the ANSYS codeis 0.39161,
while the present mixed element is 0.40210. It appears an excellent agreement between the
results obtained using the two models.

The comparison between the non displacement values of the simply supported graded beams
for the present mixed finite element and the numerical solution of Sismek[278], the TBT and
CBT of ziou [75]is dressed in figure 6-6.

68



Chapter 6. Numerical examples

13 T T T T

121 —+— present MFE B
d —H— Sizsmek

0, ——— (BT Ziou
—=— TEBT Ziou

Figure 6.6: Non dimensional displacement of FGM simply supported beam.

The comparison between the displacement along the simply supported beam for the
present mixed finite element and the numerical solution of Alexraj [279] obtained by AN-
SYS code is presented in figure 6-7. An excellent accord of the results is observed between
the values given by the two models.
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Figure 6.7: The displacement of FGM simple supported beam

The changing of the vertical displacements along the simple supported graded beam
for different values of the power-law index k presented by MFE is shown in figure 6-8. It
observed a similar behavior of the graded beam under the applied load, in addition to the
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same remark made for the case of graded cantilever beams. The maximum displacement is
related to the power-law index k changing. The increases in the value of power-law index k
are followed by decreasing in the displacements values.
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Figure 6.8: The displacement along with simple supported FGM beam By MFE.

The figure 6-8 illustrated the results presented by the present mixed finite element for
different indexes of a power k. It is observed from the comparison of the different displace-
ments that the center deflection of the graded beam reaches the highest values when there
is a lower index of a power law.

6.2.3 Graded cantilever beam under uniform static load

An elastic cantilever beam is treated in this example (see figure 6-9), the FGM made of a two-
phase. The material properties are varied quadratically through the thickness, according to
this equation:

E(x;) = 2.5a¢(1 + fx,)? (6.3)

Where:

The graded parameters are ay = 28Gpa. f = 0.49mm™",
In the analysis with the proposed mixed finite element, the graded beam with functionally
properties divided into 10 layers along the graded direction and modeled by 250 mixed
finite element.
Wang and Qin [280] modeled the FGM beam with 8 and 12 hybrid elements and divided
the beam into 12 and 20 layers along the graded direction by ABAQUS with 300 HFS-FEM.
The mesh configuration used in the present MFE and HFS-FEM is shown in figure 6-10.
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The displacement distributions in the right and the top facade of the functionally graded
beam are dressed in figures. 6-11 and 6-12 respectively.

X2 4 10 Mpa
E,
3mm
E 2
s Xi E:
'1 10mm g

Figure 6.9: functionally graded cantilever beam.

Figure 6.10: Mesh configuration of the FGM beam (a) by the MFE (b) by the HFS-FEM.

The numerical results of the present MFE with seven nodes are in accord with those
from HFS-FEM with eight nodes. The two homogenous models results are also presented in
figures 6-11 and 6-12 to illustrate the power of graded beams over traditional homogenous
materials.

The two homogeneous beam results are similar to the upper and lower bounds of function-
ally graded beam deformation. Moreover, it can see from figure 6-11 that there is a similar
deformation center (1; = 0) for the two homogeneous beams, and the location of the defor-
mation center is the geometric center of the cross-section. The effect of FGM could move
this latter upwards because the upper half of the beam is stiffer than the lower half in FGM.
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Figure 6.11: The displacement distributions in the right facade of the functionally graded
and homogenous beam.
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Figure 6.12: The displacement distributions in the top facade of the functionally graded
and homogenous beam.

6.3 Kinking crack in FGMs

Quasi-static crack propagation in homogenous and FGM plates under uniaxial tension is
simulated. In this study, the problem was treated with 2380 mixed elements and 6145
nodes.

The mixed finite element results were compared to the finite element results obtained us-
ing the maximum hoop stress [181] and the maximum strain energy release rate [176]. In
addition, to the experimental results [181].
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6.3.1 Kinking crack in homogenous materials

A sheet of irradiated ECO (poly-ethylene carbon monoxide) is studied as a homogeneous
material. Where the elastic properties are E = 280MPa, v = 0.45. An inclined edge cracked
specimen, dimensions and geometry are shown in Table 6-3. The boundary conditions and
mixed mode fracture specimen configuration are dressed in figure 6-13-a. Where v, a and
@ are the applied displacement, initial crack length and crack orientation to the applied
displacement respectively. The geometry under consideration is an edge cracked plate sub-
jected to uniaxial tension [181].

The two specimens with 7/3 and 7t/6 crack inclination angles are studied.

H|W/| h | a | Drad)
Homegenous 1 | 90 | 70 | 45 | 33 | 1t/3
Homegenous 2 | 90 | 70 | 45 | 40 | 1/6

Table 6.3: Geometry of homogeneous plate and crack direction.

The simulation results tabulated in table 6-4 and table 6-5 for kinking direction (see fig-
ure 13-b) in the homogeneous plate with initial crack angle 7/6 and kinking direction in the
homogeneous plate with initial crack angle 7/3, respectively.

The present mixed element predicted the crack direction with high accuracy to the experi-
mental and numerical results for different initial crack directions.

\ “x
: = ,ﬁ
| ¢ g o
~“a

w w

(a) (b)

Figure 6.13: (a) Geometry and boundary conditions of the homogeneous plate under
uniaxial tension. (b) Crack path prediction.

HOMGENOUSE 1t/6
Expérimental | Finite element | Finite element | Present MFE
[181] [181] [176]
-52+1.5 -47.9 -49 -53.13

Table 6.4: Kinking direction in homogeneous plate with initial crack angle 7t/6.

HOMGENOUSE 1t/3
Expérimental | Finite element | Finite element | Present MFE
[181] [181] [176]
-28+1.5 -26.9 -27 -27.53
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Table 6.5: Kinking direction in homogeneous plate with initial crack angle /3.
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6.3.2 Kinking crack in FGM

A sheet of FGM (graded eco) specimen was produced by Abanto-Bueno and Lambros [181].
The geometry and boundary condition are shown in figure 6-14-a. vy, a and @ are the
applied displacement, initial crack length and crack orientation to the applied displacement
respectively. The crack path predicted for this case is shown in figure 6-14-b.

The material properties like Poisson ration is constant v = 0.45. While the Young modulus
changes in the X direction as:

E(X)=-9.2x10"7X*+4.1x107X3 - 5.01072X? - 0.2X + 437.2 (6.4)

w

(b)

Figure 6.14: (a) Geometry and boundary conditions of FGM plate under uniaxial tension.
(b) Crack path prediction.

The results of crack simulation in FGM plates are tabulated in Table 6-6. The present
finite element predicted good results compared to the experimental using and numerical
results for different crack directions.

FGM 71t/3
Expérimental | Finite element | Finite element | Present MFE
[181] [181] [176]
-28+1.5 -24.20 -24 -28.70

Table 6.6: Kinking direction in FGM plate with initial crack angle 7/3.

6.4 Conclusion

The mixed-finite element has shown its performance with few degrees of freedom at the
bending analysis of the beam with functionally graded properties with different boundary
conditions like simply supported and cantilever beam. the present element compute the
displacement and represent the behavior of the FGM for different power law index.

The mixed-finite element extended for the crack analysis in the functionally graded plate
for different material distribution. The mixed finite element has proven its performance in
crack path predicting with high accuracy and similar to the experimental results, unlike the
other numerical results.
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General conclusion

In this study, a mixed finite element is proposed to analyze the static behavior of beams that
have functionally graded properties under mechanical loads. The present mixed finite ele-
ment, formulated in the natural plane, has been extended to study the bending and cracking
of FGMs.

In this work, the beam with functionally graded properties is treated as several homoge-
neous layers. The material properties are considered constant for each layer. The properties
of the homogeneous element correspond to the property at its center.

The first part of the study deals with the bending behavior of isotropic FGMs. Three ex-
amples were treated in this study, a cantilever and simple supported isotropic beams have
functionally graded properties under uniform static load. From the results obtained and the
comparisons made, the proposed mixed finite element gives accurate results compared to
those found by analytical solution (TBT) and other numerical models in the literature. The
performance of the present mixed finite element has shown few degrees of freedom in the
bending analysis of FGM beams.

In the second part, the study deals with kinking crack behavior of FGMs. The presented
mixed finite element present satisfies numerical simulation results compared to numerical
and experimental results with fewer elements and lower computational effort. The energy
release rate in cracked FGMs is evaluated using a formulation based on the requirement of a
lower number of nodal points discretization grid. The graded material is modeled as several
homogeneous layers, and the proprieties are situated at the center of the homogenous ele-
ment. The mixed finite element predicts the direction of kinking crack and accurate results
for numerical examples and experiments in the literature.

The numerical results of this study motivated us to use the present mixed finite element
in bending and crack analysis of orthotropic FGMs in future studies. To further motivate
use the graded element by reformulate the special mixed element to compute the mate-
rial properties (in each Gaussian integration point) within the present element by using the
generalization isoparametric shape functions. The material properties will be interpolated
using the same isoparametric shape functions which used for the natural coordinates for-
mulation.
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