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On the existence of nontrivial solutions of a system of 

nonlinear partial differential equations 

                                         

   

                                                                               Abstract 

   The purpose of this work is to study some nonlinear fractional differential problems with boundary 

conditions in a bounded domain in order to generalize some results from the classical differential problems 

to the fractional case, which has a diversity of applications in various fields, manly physics, engineering, 

mathematical biology, signal processing, and image processing. In this study, under some suitable conditions 

on the nonlinearities, we apply the Leray-Schauder degree and the Schauder fixed point theorem to establish 

the existence of solutions; also, the Banach principle of contraction and the absurd reasoning are applied to 

prove the uniqueness of solutions. The first problem is a coupled semilinear fractional Laplacian system in a 

fractional Sobolev space, and the second problem is a semilinear equation involving the distributional Riesz 

fractional gradient in a Bessel potential space. The third problem is a nonlocal nonlinear equation related to 

the distributional Riesz fractional derivative in a Bessel-potential space. Finally, the fourth problem is a 

nonlinear problem involving left and right Riemann-Liouville fractional derivatives in a new fractional space 

of Sobolev type, the study of this problem is illustrated with an example to affirm the validity of methods 

used. 

  
Keywords:  Leray-Schauder degree, fixed point theorem, fractional laplacian, distributional Riesz 

fractional derivative, weak solution, nonlinear problem, fractional Sobolev spaces, Sobolev space with 

left  Riemann-Liouville fractional derivative .  

 



 

 

                                                                 

Sur l'existence de solutions non-triviales d'un système des 

équations aux dérivées partielles non linéaires 

                                         

   

                                                                    Résumé  

  Le but de ce travail est d'étudier quelques problèmes différentiels fractionnaires non-linéaires avec des 

conditions aux limites dans un domaine borné afin de généraliser certains résultats des problèmes 

différentiels classiques au cas fractionnaire qui a une diversité d'applications dans divers domaines tels que 

la physique, l'ingénierie, la mathématique biologie, traitement du signal et d’image, etc. Dans cette étude,   

nous appliquons sous certaines conditions appropriées sur les non-linéarités le degré de Leray-Schauder et le 

théorème du point fixe de Schauder pour obtenir l'existence de solutions ; aussi le principe de contraction de 

Banach et le raisonnement par absurde sont appliqués pour prouver l'unicité des solutions. Le premier 

problème est un système de  Laplacien fractionnaire semi-linéaire dans un espace de Sobolev fractionnaire, 

et le second problème est une équation semi-linéaire avec le gradient fractionnaire distributionnel de Riesz 

dans un espace de potentiel de Bessel. Le troisième problème est une équation non-linéaire non locale liée à 

la dérivée fractionnaire distributionnelle de Riesz dans un espace de potentiel de Bessel. Enfin, le quatrième 

problème est un problème non-linéaire contient des dérivées fractionnaires gauche et droite de Riemann-

Liouville dans un nouvel espace fractionnaire de type Sobolev, l'étude de ce problème est illustrée par un 

exemple pour affirmer la validité des méthodes utilisées. 

  
Mots-clefs : Degré de Leray-Schauder, théorème du point fixe, Laplacien fractionnaire, dérivée 

fractionnaire de Riesz distributionnelle, solution faible, problème non linéaire, espaces de Sobolev 

fractionnaires, espace de Sobolev avec dérivée fractionnaire de Riemann-Liouville à gauche. 

 



 

 

                                                                 

خطية غيرمعادلات تفاضلية جزئية  جملةالبحث على وجىد حلىل غير تافهة ل  

                                         

   

   ملخص                                                                       

الغرض من هذا العمل هو دراسة بعض المسائل التفاضلية الجزئية غير الخطية ذات الشروط الحدودية في مجال    

التي لها تطبيقات متنوعة في  الكسريةالحالة  الىالتفاضلية الكلاسيكية  سائلمحدود من أجل تعميم بعض نتائج الم

، معالجة الإشارات والصور ، إلخ. الرياضياتي اء، علم الأحيةمجالات مختلفة ، مثل الفيزياء والهندس  

نظرية النقطة الثابتة  وليراي شودر  خطية درجة غيرال العناصر على تفرضمعينة تحت شروط نطبق في هذه الدراسة  

الحلول. المشكلة  وحدانيةلإثبات  بالخلف  وجود الحلول ؛ كما يتم تطبيق مبدأ تقلص باناخ والاستدلالبرهان لشودر لـ  

، المشكلة الثانية هي معادلة نصف فضاء سوبولاف الكسريالكسري شبه الخطي في  لابلاسيان جملةالأولى هي 

خطية غير  غير. المشكلة الثالثة هي معادلة بيسال بالقوةتعلقة بمشتقة ريس التوزيعية الكسرية في فضاء خطية م

ة غير خطية . أخيرًا ، المشكلة الرابعة هي مشكلبيسال  للقوةاء في فض ي لريستوزيع يمحلية تتعلق بمشتق كسور

اليسرى واليمنى في فضاء كسري جديد من نوع سوبوليف ، وقد تم توضيح  الكسرية ليوفيل-ريمان تحتوي على مشتقات

.دراسة هذه المشكلة بمثال لتأكيد صحة الطرق المستخدمة  

  
شتق ريس الكسري التوزيعي، حل ، نظرية النقطة الثابتة، لابلاسيان الكسري، مدرجة ليراي شودر  المفتاحية الكلمات

    ريمان ليوفيل الكسريغير خطية، فضاءات سوبولاف الكسرية، فضاءات سوبولاف مع مشتق  سألة، مضعيف 

          .                                                                                                                            الأيسر
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NOTATION

→ The strong convergence.

⇀ The weak convergence.

↪→ The continuous embedding.

∆s The fractional Laplace operator of order s.

Ds The distributional Riesz fractional gradient of order s.

⟨·, ·⟩ The scalar product.

meas(Ω) Measure of Ω.

u ∈ AC[a, b] u fonction absolument continue sur [a, b].

Wm,p(Ω) is the Sobolev space.

p.v. is the abbriviation for ”in the principal value sense”.

a.e. is the abbriviation for ” almost everywhere”.

Γ is the usual Gamma function.



divsv = Ds ·Dsv is the fractional divergence of v.

BR is the open ball with center 0 and radius R.

H1[a, b] = W 1,2[a, b] is the Sobolev space.
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INTRODUCTION

In the last few years, partial differential equations have made large strides
in research. This progress is mainly due to an eminent factor, which is
the diversity of applications for partial differential equations in various

fields, mainly physics and engineering. The development of this type of
equation was not only in the classical case but also in the fractional case.

Recently, fractional calculus has become one of the most important math-
ematical fields that attracts the attention of researchers. This discipline in-
vestigates the properties of fractional derivatives and fractional spaces, and
it is a generalization of integral and differential calculus. The history of frac-
tional calculus started in 1695 with an idea of a derivative of any arbitary
order that was mentioned in a letter written by Leibniz to Guillaume de
l’Hôpital. Fractional calculus is constructed gradually by many mathemati-
cians, for example Abel, Liouville, Heaviside Grünewald, and Riemann. For
more information about the history of this field; see previous work [49, 61, 56].
One of the primary reasons why fractional calculus dominates various topics
in mathematics papers is its applications in various fields, such as: mechan-
ics, engineering, physics, biology, signal and image processing, economics,
dynamic systems, and other sciences; see for example, [38, 35, 72, 70, 75, 30].

Among the various applied mathematical research subjects, fractional
equations involving fractional derivatives have taken an important and valu-
able place due to their many applications in various scientific fields such as
mechanics, physics, image processing, electrochemistry, mathematical biol-
ogy, and viscoelasticity, etc. For example, see [17, 38, 50, 52, 69, 71, 75, 44, 51]
and the references therein, as well as the variety of definitions of fractional

1



0

derivatives provided by researchers in this field, such as: the Hilfer derivative,
the Caputo derivative, the Marchaud derivative, the Katugampola deriva-
tive, the AtanganaBaleanu derivative, the Davidson derivative, the Caputo
Fabrizio derivative, etc.; see previous work [7, 9, 16, 24, 27, 44]. Other well-
known definitions that we will use in the problems in this thesis include the
fractional Laplacian operator, the distributional Riesz fractional derivative,
and the Riemann-Liouville derivative.

In the past few years, nonlinear fractional elliptic problems have taken
a valuable place in fractional calculus. This importance is due to the desire
of mathematicians to strengthen the construction of fractional calculus and
expand the results from the classical case of partial differential equation to
the fractional case in both theoretical and numerical study [58, 57, 43, 45,
76, 65, 22], it is also due to the possible applications that can be obtained in
science and engineering; see previous work [4, 5, 25, 41, 46].
The fundamental object in nonlinear fractional elliptic equation is the frac-
tional Laplacian. The fractional Laplacian of u is defined as

(−∆)su(x) = cn,sp.v.
∫
Rn

u(x) − u(y)
|x− y|n+2s dy,

where cn,s is a normalization constant and p.v. denotes the Cauchy principal
value.

(−∆)su(x) = F−1(|ξ|2sû(ξ))(x),
where F denotes the Fourier transform.
This nonlocal operator is a fractional order generalization of the Laplacian
operator; one means of recognizing the difference between the two operators is
that the classical Laplacian describes a function’s local behavior, whereas the
fractional Laplacian considers non-local interactions between different parts
of the function. Furthermore, the fractional Laplacian operator has many
interesting properties, such as symmetry, positivity, and continuity, making
it an effective tool for studying a wide range of mathematical problems, and
it has many applications in various fields; see previous work [8, 23, 46].
The above benefits of studying nonlinear fractional elliptic equations and
systems prompted us to choose the first problem in this thesis, which is the
following system:

(−∆)su(x) + g1(x, u(x), v(x)) = f1(x) in Ω,
(−∆)sv(x) + g2(x, u(x), v(x)) = f2(x) in Ω,
u = v = 0, on Rn\Ω,

(1)

where Ω ⊂ Rn is a bounded open set with a Lipschitz boundary, with s ∈

2
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(0, 1), f = (f1, f2) ∈ L2(Ω)×L2(Ω) and g1, g2 : Ω×R×R → R are satisfying
the Carathéodory conditions and some assumptions.

Shieh and Spector (2015) introduced a new kind of fractional derivative
named the distributional Riesz fractional derivative. This derivative has the
important property that it is the foundational object in the constructions
of weak formulations of partial differential equations, which makes it more
fundamental than the fractional Laplacian; see [66, 67].
From the definition of this derivative, the authors in [47] could introduce a
nonlocal operator −Ds · (ADs(.)) in the duality sense, which is a generaliza-
tion of the fractional Laplacian.
The non-local operator −Ds·(ADsu) can be applied to any multi-dimensional
system, for example, a thin material that is usually viewed as 2D, a normal
3D crystalline solid, or a multi-dimensional Lévy flight.
This operator is the main object in the second problem studied in this thesis,
which is the following equation:{

−Ds · (A(x)Dsu(x)) = f(x, u(x)) in Ω,
u = 0 on Rn\Ω, (2)

where Ω ⊂ Rn is a bounded open set with a Lipschitz boundary, s ∈ (0, 1)
and n > 2s, with some suitable conditions on the nonlinear term f and the
matrix A(x).

The following equation is the third class of fractional problems studied in
this thesis; it is a class of nonlocal nonlinear fractional Laplacian equations
where the distributional Riesz fractional gradient is the founder object in the
associated variational formulation.{

−M(
∫

Ω u(x)dx)Ds · (Dsu(x)) = f(x, u(x)) in Ω,
u = 0 on Rn\Ω,

where Ω is a bounded open subset of Rn with a Lipschitz boundary s ∈ (0, 1)
with n > 2s, M : R → R+ and f : Ω × R → R. are satisfying certain
hypotheses.
The study of nonlocal nonlinear fractional elliptic equations appears in many
papers in recent years, including the fractional equations of Kirchhoff type;
see previous work [48, 73, 32, 33].

In [42] the authors introduced a new fractional Sobolev space using Riemann-
Liouville fractional derivatives and established in their paper the important
properties of this space that helped them apply the results to a fractional
concave-convex problem. They show for this problem the existence of weak
solutions using the variational principle and the Mountain Pass Theorem.

3
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This intriguing space inspired us to investigate the following problem related
to the Riemann-Liouville fractional derivative:xDs

b(aDs
xu(x)) = φ(x) − ψ(x, u) in (a, b),

Ps(u) = 0 on ∂(a, b),
(3)

where s ∈ (0, 1
2) ∪

(
1
2 , 1

)
, φ ∈ L2([a, b]) and ψ(x, k) : [a, b] × R → R is

a Carathéodory function. Ps(u) represent the boundary condition of the
problem which depend of the behavior of s ∈ (0, 1

2) ∪
(

1
2 , 1

)
, that is:

Ps(u) =

 lim
x→a+ aI

1−s
x u(x) = 0, if s ∈

(
0, 1

2

)
,

u(a) = u(b) = 0, if s ∈
(

1
2 , 1

)
.

Moreover, aD
s
xu(x), xDs

bu(x) are the left and right Riemann-Liouville frac-
tional derivatives of u.
Several works with the left and right Riemann-Liouville fractional derivatives
appeared in the fractional field, we refer to [12, 13, 36].

Topological theory is one of the most crucial theories that are flour-
ishing domains of research in nonlinear analysis like Schauder and Banach
fixed point theorems, Brouwer degree, and Leray-Schauder degree. In 1930,
Schauder gave a fixed point theorem in an infinite dimensional Banach space.
After that, in 1934, Leray and Schauder introduced in a famed paper a degree
of compact perturbations of the identity in Banach spaces of infinite dimen-
sion; this degree is named the Leray-Schauder degree, which has the same
finality as the degree of Brouwer that is defined only in finite dimensional
spaces. The Schauder fixed point theorem is one of the topological results
that can be proved using the Leray-Schauder degree. Schauder fixed point
theorem and Leray-Schauder degree method have many important applica-
tions in mathematical problems such as nonlinear fractional partial differen-
tial problems; for more information about this theory, we refer the readers
to [54, 28, 21, 29, 34].

In this thesis, we are interested in the existence of solutions for the
three above fractional differential problems using the Leray-Schauder degree
method and the Schauder fixed point theorem, and we used absurd reasoning
under a certain assumption on the nonlinear functions to prove the unique-
ness of solutions for the first problem, and we apply the Banach principle of
contraction to prove the uniqueness of solutions for the second problem and
the fourth problem in a particular case.

4



PLAN OF THESIS

This thesis consists of the following four chapters:

� The first chapter is divided into two sections. The first section is de-
voted to certain preliminary notions, theorems, and properties on the
LP spaces, fractional spaces, fractional Laplacian, and the distribu-
tional Riesz fractional gradient. After that, we give in the second sec-
tion some important theorems and properties on the topological degree
theory and the fixed point theory.

� In the second chapter, we present a study of the existence of solutions
for a nonlinear fractional Laplacian system with Dirichlet boundary
conditions and some suitable conditions on the nonlinearities. This
study is based on the application of the Leray-Schauder degree method.

� The third chapter deals with a nonlinear elliptic equation involving a
nonlocal operator that is defined using the distributional Riesz frac-
tional gradient. We prove the existence of weak solutions using the
Leray-Schauder degree theory and their uniqueness using the Banach
fixed point theorem.

� The problem studied in the fourth chapter is a class of nonlocal quasil-
near fractional elliptic problems with Dirichlet boundary conditions
using the Schauder fixed point theorem.

5
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� The fifth chapter is dedicated to a study of the Riemann-Liouville frac-
tional derivative problem in a new fractional Sobolev space using an
application of the Leray-Schauder degree theory.

6



CHAPTER

1

PRELIMINARIES

In this chapter, we recall briefly some preliminary notions of base and
the principal mathematical results in functional analysis, which we will
use through this thesis. In particular, we cite firstly the theory of Lp

spaces and fractional Sobolev spaces with some definitions and properties of
fractional Laplacian and distributional Riesz fractional derivatives, and sec-
ondly, we introduce the following topological theories: topological degree and
Schauder fixed point theorem, the presentation of definitions and theorems
in this chapter is without demonstrations.

In all the rest of this chapter, Ω represents an open subset of Rn with the
Lebesgue mesure dx.
First, we recall the following spaces:

C(Ω) the space of continuous functions.

C(Ω) = {f : Ω → R with f continuous }.

Cm(Ω) the space of the real functions m times continuously differentiable
on Ω.

Cm(Ω) = {v ∈ C(Ω) : Dαv ∈ C(Ω) for all α such that |α| ≤ m} .

7



1.1. Functional spaces 1

Let K be a compact subset of Ω, we introduce the following space that
contains continuous functions with compact support.

Cc(Ω) = {f ∈ C(Ω) such that f(x) = 0 for all x ∈ Ω\K}.

We note C∞
c (Ω) the space of infinitely differentiable functions with compact

support.

1.1 Functional spaces
In this part, we give some important definitions and results of functional
spaces that we will use in the next chapters.

We start it with the Lp spaces.

1.1.1 The Lp spaces
Firstly, we define the Lp spaces for 1 ≤ p < ∞.

Definition 1.1.1. [14] Let p ∈ R with 1 ≤ p < ∞; we pose

Lp(Ω) =
{
f : Ω → R : f measurable function and

∫
Ω

|f(x)|pdx < ∞
}
,

with the norm
∥f∥Lp(Ω) =

( ∫
Ω

|f(x)|pdx
) 1

p . (1.1)

Particular case
The L2(Ω) space is a particular case (p = 2) of the space Lp(Ω). It is a
Hilbert space, equipped with the following inner product:

⟨f, g⟩L2(Ω) =
∫

Ω
f(x)g(x) dx.

Now, we define the space of measurable functions, which is bounded almost
everywhere, noted L∞(Ω).

Definition 1.1.2. [14] We pose

L∞(Ω) =
{
f : Ω → R : f measurable and ∃C a constant, such that

8



1.1. Functional spaces 1

|f(x)| ≤ C a.e. on Ω
}
,

with the norm

∥f∥L∞(Ω) = inf
{
C : |f(x)| ≤ C a.e. on Ω

}
.

Remark 1.1.1. If f ∈ L∞(Ω), we have

|f(x)| ⩽ ∥f∥L∞(Ω) a.e. on Ω.

Next, we define the following space of locally integrable functions on Ω:

LpLoc =
{
f : Ω → R measurable: for all K ⊂ Ω compact,

∫
K

|f(x)|pdx < ∞
}
.

In addition, we have
Lp(Ω) ⊂ LpLoc(Ω).

Proposition 1.1.1. [14]

1. For 1 ⩽ p ⩽ ∞, (Lp(Ω), ∥ · ∥p) is a Banach space.

2. For 1 ⩽ p < ∞, (Lp(Ω), ∥ · ∥p) is a separable space.

3. For 1 < p < ∞, (Lp(Ω), ∥ · ∥p) is a reflexive space.

Theorem 1.1.1 (Minkowski inequality). [14] Let f, g ∈ Lp(Ω) and p ⩾ 1,
then

f + g ∈ Lp(Ω) and ∥f + g∥p ⩽ ∥f∥p + ∥g∥p.

Theorem 1.1.2 (Dominate convergence theorem of Lebesgue). [14] Let (fn)
be a sequence of functions of L1(Ω). We suppose that

1. fn(x) → f(x) a.e. on Ω.

2. There exists a function g ∈ L1(Ω) such that,

∀n ∈ N, |fn(x)| ⩽ g(x) a.e. on Ω.

Hence, f ∈ L1(Ω) and lim
n→+∞

∥fn − f∥L1(Ω) = 0.

Theorem 1.1.3. [15] Let (fn) a sequence of functions of Lp(Ω) and f ∈ Lp(Ω)
such that lim

n→+∞
∥fn − f∥p = 0. Then there exists a subsequence (fnk

) and a
function g ∈ Lp(Ω) such that

9



1.1. Functional spaces 1

1. fnk
(x) → f(x) a.e. on Ω.

2. ∀k ∈ N, |fnk
(x)| ⩽ g(x) a.e. on Ω.

Theorem 1.1.4 (Tonelli). [14] We suppose that

1. ∫
Ω2

|f(x, y)|dy < ∞ for almost every x ∈ Ω1.

2. ∫
Ω1
dx
∫

Ω2
|f(x, y)|dy < ∞.

Therefore, f ∈ L1 (Ω1 × Ω2) .

Theorem 1.1.5 (Fubini). [14] We suppose that f ∈ L1 (Ω1 × Ω2). Hence,
for almost every x ∈ Ω1,

y 7→ f(x, y) ∈ L1 (Ω2) and x 7→
∫

Ω2
f(x, y)dy ∈ L1 (Ω1)

The same, for almost every y ∈ Ω2,

x 7→ f(x, y) ∈ L1 (Ω1) and y 7→
∫

Ω1
f(x, y)dx ∈ L1 (Ω2)

Moreover, we have∫
Ω1
dx
∫

Ω2
f(x, y)dy =

∫
Ω2
dy
∫

Ω1
f(x, y)dx =

∫∫
Ω1×Ω2

f(x, y)dxdy.

Notation: Let 1 ⩽ p ⩽ ∞; we denote by q the conjugate exponent of p
i.e. 1

p
+ 1

q
= 1.

Theorem 1.1.6 (Hölder inequality). [14] Let f ∈ Lp(Ω) and g ∈ Lq(Ω) with
1 ⩽ p ⩽ ∞. Therefore, f · g ∈ L1(Ω), and∫

|f(x)g(x)|dx ⩽ ∥f∥Lp(Ω)∥g∥Lq(Ω).

Remark 1.1.2. In the space L2(Ω), the Cauchy-Schwarz inequality is given
as follows: ∣∣∣ ∫ f(x)g(x)dx

∣∣∣ ⩽ ∥f∥L2(Ω)∥g∥L2(Ω).

10
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Theorem 1.1.7. [14] Let f ∈ L1 (Rn) and g ∈ Lp (Rn) , with 1 ⩽ p ⩽ ∞.
Hence, for almost everything x ∈ Rn, the function y 7→ f(x − y)g(y) is
integrable on Rn. We pose

(f ∗ g)(x) =
∫
Rn
f(x− y)g(y)dy.

Therefore, f ∗ g ∈ Lp (Rn) and

∥f ∗ g∥Lp(Rn) ⩽ ∥f∥L1(Rn)∥g∥Lp(Rn).

We note f̃(x) = f(−x), and we give the following proposition.

Proposition 1.1.2. [14]
Let f ∈ L1 (Rn) , g ∈ Lp (Rn) and h ∈ Lq (Rn). Thus, we have∫

(f ∗ g)h =
∫
g(f̃ ∗ h).

Definition 1.1.3. [59] Let Ω ⊂ Rn be a domain. We say that the following
function

f : Ω × Rm → R
(x, u) 7→ f(x, u)

satisfies the Carathéodory conditions if u 7→ f(x, u) is continuous for almost
every x ∈ Ω and x 7→ f(x, u) is measurable for every u ∈ Ω.

Given any f satisfying the Carathéodory conditions and a function u :
Ω → Rm, we can define another function by composition

F(u)(x) := f(x, u(x)). (1.2)

The composition operator F is called a Nemytskii operator. The theorem
that follows is about the boundedness and continuity of the Nemytskii oper-
ator from Lp(Ω) to Lq(Ω).

Theorem 1.1.8. [59] Let Ω ⊂ Rn be a domain, and let

f : Ω × Rm → R
(x, u) 7→ f(x, u)

satisfy the Carathéodory conditions. In addition, let p ∈ (1,∞) and g ∈
Lq(Ω) (where 1

p
+ 1

q
= 1) be given, and let f satisfy

|f(x, u)| ≤ C|u|p−1 + g(x).

Therefore, the Nemytskii operator F defined by (1.2), is a bounded and conti
nuous map from Lp(Ω) to Lq(Ω).

11
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Theorem 1.1.9 (Lax-Milgram theorem). [15] Let l be a continuous linear
form on Hilbert space H and a is a continuous and coercive bilinear form,
then there is one and only one function u ∈ H such that:

a(u, v) = l(v), ∀v ∈ H.

Moreover, if the bilinear form a is symmetric, then u is the only element of
H that minimizes the functional J : H → R defined by

J(v) = 1
2
a(v, v) − l(v), ∀v ∈ H,

i.e.
J(u) = min

v∈H
J(v) and J(u) < J(v) if u ̸= v.

1.1.2 Fractional Sobolev spaces
Fractional Sobolev spaces are an important topic that has the capability to
extend many classical Sobolev spaces results to the nonlocal and fractional
setting. These spaces have served as the basis for much recent research on
fractional differential equations.
We start this subsection by defining the W s,p spaces and giving their impor-
tant properties and inequalities.

The W s,p fractional Sobolev spaces
We will give the definition of W s,p(Ω) for any real s > 0 and for any p ≥ 1.

Definition 1.1.4 ( 0 < s < 1). [26]
For s ∈ (0, 1) and any p ≥ 1, the space W s,p(Ω) is defined as follows:

W s,p(Ω) :=
{
u ∈ Lp(Ω) : |u(x) − u(y)|

|x− y|
n
p

+s ∈ Lp(Ω × Ω)
}
,

equipped with the norm

∥u∥W s,p(Ω) :=
(∫

Ω
|u|pdx+

∫
Ω

∫
Ω

|u(x) − u(y)|p

|x− y|n+sp dxdy

) 1
p

,

where

[u]W s,p(Ω) :=
(∫

Ω

∫
Ω

|u(x) − u(y)|p

|x− y|n+sp dxdy

) 1
p

12
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is the Gagliardo semi-norm of u.

Proposition 1.1.3. [26] Let Ω be an open subset of Rn and 0 < s < 1, then
we have

1. For 1 ⩽ p < ∞,W s,p(Ω) is a Banach space.

2. For 1 ⩽ p < ∞,W s,p(Ω) is a separable space.

3. For 1 < p < ∞,W s,p(Ω) is a reflexive space.

Proposition 1.1.4. [26] Let p ≥ 1 and 0 < s ≤ s′ < 1. Let Ω be an open
subset of Rn and u : Ω → R be a measurable function. Therefore,

∥u∥W s,p(Ω) ≤ C∥u∥W s′,p(Ω),

where C = C(n, s, p) ≥ 1 is a positive constant.
Particularly,

W s′,p(Ω) ⊆ W s,p(Ω).

Proposition 1.1.5. [26] Let p ≥ 1 and 0 < s < 1. Let Ω be an open subset
of Rn of class C0,1 with bounded boundary and u : Ω → R be a measurable
function. Therefore,

∥u∥W s,p(Ω) ≤ C∥u∥W 1,p(Ω),

where C = C(n, s, p) ≥ 1 is a positive constant.
Particularly,

W 1,p(Ω) ⊆ W s,p(Ω).

Proposition 1.1.6. [26] Let Ω be a Lipschitz open subset of Rn, s ∈ (0, 1)
and p > 1, then

1. If sp < n, then W s,p(Ω) ↪→ Lq(Ω) for every q ⩽ np/(n− sp).

2. If n = sp, then W s,p(Ω) ↪→ Lq(Ω) for every q < ∞.

3. If sp > n, then W s,p(Ω) ↪→ L∞(Ω) and, more precisely,

W s,p(Ω) ↪→ C0,s−n/p(Ω).

Theorem 1.1.10. [26] [Compact embeddings] Let Ω be a bounded Lipschitz
open subset of Rn, 0 ≤ s < 1, p > 1, and n ≥ 1, then

1. If sp < n, then the embedding of W s,p(Ω) into Lk(Ω) is compact for
every k < np/(n− sp).

13



1.1. Functional spaces 1

2. If sp = n, then the embedding of W s,p(Ω) into Lq(Ω) is compact for
every q < ∞.

3. If sp > n, then the embedding of W s,p(Ω) into C0,λ
b (Ω) is compact for

λ < s− n/p.

Definition 1.1.5 (s > 1). [26] For s > 1 and it is not an integer, we write
s = m + σ, where m is an integer and σ ∈ (0, 1). The fractional Sobolev
space W s,p(Ω) is defined as follows:

W s,p(Ω) := {u ∈ Wm,p(Ω) : Dαu ∈ W σ,p(Ω) for any α s.t. |α| = m} ,

with the norm

∥u∥W s,p(Ω) :=

∥u∥pWm,p(Ω) +
∑

|α|=m
∥Dαu∥pWσ,p(Ω)

 1
p

. (1.3)

Theorem 1.1.11. [26] W s,p(Ω) is a Banach space with the norm (1.3).

Remark 1.1.3. If s = m is an integer, the space W s,p(Ω) coincides with the
Sobolev space Wm,p(Ω).

Proposition 1.1.7. [26] Let p ≥ 1 and s, s′ > 1. Let Ω be an open set in
Rn of class C0,1. Then, if s′ ≥ s, we have

W s′,p(Ω) ⊆ W s,p(Ω).

Theorem 1.1.12. [26] For any s > 0, the space C∞
c (Rn) is dense in

W s,p (Rn).

Remark 1.1.4. We note W s,p
0 (Ω) = C∞

c (Ω)∥·∥W s,p ( the completion of the
space of infinitly differentiable functions with compact support), according to
the previous theorem 1.1.12, we have

W s,p
0 (Rn) = W s,p (Rn) ,

however, when Ω is a subset of Rn, W s,p
0 (Ω) ̸= W s,p(Ω) i.e., in general

W s,p
0 (Ω) is not dense in W s,p(Ω).

Remark 1.1.5. For s < 0 and p ∈ (1,∞), we can define W s,p(Ω) as the
dual space of W−s,q(Ω) where 1/p + 1/q = 1. Notice that, in this case, the
space W s,p(Ω) is actually a space of distributions on Ω, since it is the dual
of a space having C∞

c (Ω) as density subset.

14
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The Hs,p fractional Sobolev space, 0 < s < 1
In this part, we define the W s,p (Rn) fractional Sobolev space in the case
(p = 2), for 0 < s < 1, that is noted Hs,p (Rn).

Hs (Rn) =
{
u ∈ L2 (Rn) : |u(x) − u(y)|

|x− y|n
2 +s ∈ L2 (Rn × Rn)

}
,

which equipped with the inner product and norm

⟨u, v⟩Hs(Rn) =
∫
Rn
u(x)v(x)dx+

∫∫
R2n

(u(x) − u(y))(v(x) − v(y))
|x− y|n+2s dydx, (1.4)

∥u∥Hs(Rn) :=
(
∥u∥2

L2(Rn) + [u]2Hs(Rn)

) 1
2 , (1.5)

where

[u]Hs(Rn) :=
(∫

Rn

∫
Rn

|u(x) − u(y)|2

|x− y|n+2s dxdy

) 1
2

.

Theorem 1.1.13. [26] Hs(Rn) equipped with the inner product < ·, · >Hs(Rn)
is a Hilbert space.

Fractional Laplacian operator (−∆)s

There are several definitions of the fractional Laplacian [26], including the
following: as an integral in the sens of the Cauchy principal value in the real
space

Definition 1.1.6. [26]

(−∆)su(x) = c(n, s)p.v.
∫
Rn

u(x) − u(y)
|x− y|n+2s dy (1.6)

= c(n, s) lim
ε→0+

∫
CBε(x)

u(x) − u(y)
|x− y|n+2s dy, x ∈ Rn,

∀u ∈ S , ∀s ∈ (0, 1)

c(n, s) := π−(2s+n/2) Γ(s+ n/2)
Γ(−s)

, (1.7)

and S is the Schwarz space.

Lemma 1.1.1. [26] Let s ∈ (0, 1) and let (−∆)s be the fractional Laplacian
operator defined by (1.6). Then, for any u ∈ S ,

(−∆)su(x) = −1
2
C(n, s)

∫
Rn

u(x+ y) + u(x− y) − 2u(x)
|y|n+2s dy, ∀x ∈ Rn.
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The Ds,2(Ω) fractional Sobolev space, 0 < s < 1
Next, we denote by Ds,2(Ω) the completion of the space C∞

c (Ω) compared to
the Hs norm, i.e., Ds,2(Ω) = C∞

c (Ω)∥∥Hs .

Theorem 1.1.14. [26] Let Ω be a bounded Lipschitz open set we have

Ds,2(Ω) = {u ∈ Hs (Rn) , such that u = 0 in Rn\Ω} ,

Now, we give the inner product in Ds,2(Ω) and norm inherited from
Hs(Rn)

⟨u, v⟩Ds,2(Ω) = C(n, s)
∫∫

R2n

(u(x) − u(y))(v(x) − v(y))
|x− y|n+2s dydx,

∥u∥Ds,2(Ω) =
(∫∫

R2n

|u(x) − u(y)|2

|x− y|n+2s dydx

) 1
2

.

Theorem 1.1.15. [26]

1. Ds,2(Ω) equipped with the inner product < ·, · >Ds,2(Ω) is a Hilbert space.

2. Ds,2(Ω) is a closed subspace of Hs(Rn).

Proposition 1.1.8. [26] Let Ω be a Lipschitz bounded open subset of Rn and
s ∈ (0, 1) such that n > 2s. Let u : Ω → R be a measurable function com-
pactly supported. Then, there exists a positive constant cemb > 0 depending
on n, s and Ω such that

∥u∥L2(Ω) ≤ cemb∥u∥Ds,2(Ω).

Theorem 1.1.16. [55] Let s ∈ (0, 1), n ≥ 1, Ω ⊂ Rn be a Lipschitz bounded
open set and T be a bounded subset of L2(Ω). Suppose that

sup
f∈T

∫
Ω

∫
Ω

|f(x) − f(y)|2

|x− y|n+2s dxdy < +∞.

Then T is precompact in L2(Ω).

The compact embedding theorem 1.1.16 gives that Ds,2(Ω) is compactly
embedded in L2(Ω).
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The distributional Riesz fractional derivative Ds

Shieh and Spector (2015) introduced the following definition of distributional
Riesz fractional derivative: We note C(n, s) = c(n, s) 1

2 , with c(n, s) is the
constant defined by (1.7).

Definition 1.1.7. For u ∈ Lp (Rn) , p ∈ (1,∞),

Ds
ju = ∂su

∂xsj
= ∂

∂xj
(I1−s ∗ u) , 0 < s < 1, j = 1, . . . , n,

where ∂
∂xj

is taken in the distributional sense, for every v ∈ C∞
c (Rn),⟨

∂su

∂xsj
, v

⟩
= −

⟨
(I1−s ∗ u) , ∂v

∂xj

⟩
= −

∫
Rn

(I1−s ∗ u) ∂v
∂xj

dx,

with I1−s denoting the Riesz potential of order 1 − s:

(I1−s ∗ u) (x) = C(n, 1 − s)
∫
Rn

u(y)
|x− y|n−1+sdy,

with

C(n, s) = 2sπ− n
2

Γ
(
n+s+1

2

)
Γ
(

1−s
2

) .

Theorem 1.1.17. [66] For u ∈ C∞
c

(
RN

)
,

Dsu = I1−s ∗Du.

Definition 1.1.8. [47, 66, 67, 68, 19] For sufficiently regular functions u
and vector G the fractional gradient (Ds) and the fractional divergence (Ds·)
are written in integral form respectively by

Dsu(x) : = C(n, s) lim
ϵ→0

∫
Rn

zu(x+ z)
|z|n+s+1 χϵ(0, z)dz

= C(n, s)
∫
Rn

u(x) − u(y)
|x− y|n+s

x− y

|x− y|
dy,

and

Ds ·G(x) : = C(n, s) lim
ϵ→0

∫
Rn

z ·G(x+ z)
|z|n+s+1 χϵ(0, z)dz

= C(n, s)
∫
Rn

G(x) −G(y)
|x− y|n+s · x− y

|x− y|
dy,

where χϵ(x, z) is the characteristic function of the set {(x, z) : |z − x| > ϵ}
for ϵ > 0.
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Proposition 1.1.9. [47, 60] distributional Riesz fractional derivative verifies
the following properties.

1. For u ∈ C∞
c (Rn)

(−∆)su = −Ds ·Dsu,

2. For s → 1 : if Du ∈ Lp (Rn)n ∩Lq (Rn)n , 1 < q < p, then Dsu −→
s→1

Du

in Lp (Rn)n.

Remark 1.1.6. The fractional divergence of v ∈ C∞
c (Rn,Rn) is defined as

follows:
divsv = Ds ·Dsv.

The following proposition gives the fractional integration by parts for-
mula.

Proposition 1.1.10. Let s ∈ (0, 1), we have that∫
Rn
u divsv dx = −

∫
Rn
v ·Dsu dx,

for all u ∈ C∞
c (Rn) and v ∈ C∞

c (Rn,Rn).

The fractional spaces Xs,p and Ls,p

Let 1 < p < ∞ and s ∈ (0, 1). If u ∈ C∞
c (Rn), we define the the following

space,
Xs,p (Rn) = C∞

c (Rn)∥·∥Xs,p(Rn)
,

where the norm

∥u∥pXs,p(Rn) = ∥u∥pLp(Rn) + ∥Dsu∥pLp(Rn) .

Let us introduce the space Ls,p (Rn), we first recall the Bessel potentials gs,
for s ∈ R. The Bessel potentials gs are defined by (see [53] )

gs(x) := 1
(4π) s

2 Γ
(
s
2

) ∫ ∞

0
e

−π|x|2
δ e

−δ
4π δ

s−n
2
dδ

δ
,

Then the Bessel potential spaces Ls,p (Rn) are defined as follows:

Ls,p (Rn) := gs (Lp (Rn)) ,
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in the sense that every u ∈ Ls,p (Rn) can be written as

u = gs ∗ f,

for some f ∈ Ls,p (Rn).
For s ∈ (0, 1), we consider the Bessel Potential space Ls,2 (Rn)( see [66]).
We have from remark 2.3 and theorem 1.7 in [66] that

Hs(Rn) = Ls,2 (Rn) = Xs,2 (Rn) ,

with
∥u∥2

Ls,2(Rn) := ∥u∥2
L2(Rn) + ∥Dsu∥2

L2(Rn) .

The norms ∥u∥2
Ls,2(Rn) and ∥Dsu∥2

L2(Rn) are equivalent according to the fol-
lowing proposition.

Proposition 1.1.11. [66] Let 1 < p < ∞ and s ∈ (0, 1), and define 1
p∗ :=

1
p

− s
n
. If 1

q
> 1

p∗ and q ≥ 1, then there exists Cemb = Cemb(Ω, n, s, p) such
that (∫

Ω
|u|qdx

) 1
q

≤ Cemb ∥Dsu∥Lp(Rn) ,

for all u ∈ Ls,p (Rn).

We consider the space Ls,20 (Ω). Namely, we set

Ls,20 (Ω) = {u ∈ C∞
c (Rn), supp(u) ⊂ Ω}∥∥Ls,2(Rn) ,

also, we can set

Ls,20 (Ω) =
{
u ∈ Ls,2 (Rn) : u = 0 in Ωc

}
,

which equipped with the inner product

⟨u, v⟩Ls,2
0 (Ω) =

∫
Rn
Dsu ·Dsvdx,

and with the following equivalent norms

∥u∥2
Ls,2

0 (Ω) = ∥Dsu∥2
L2(Rn) =

c2
n,s

2
[u]2s,Rn ,

is a Hilbert space.
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Proposition 1.1.12. [47, 66] Let 1 < p < ∞ and s ∈ (0, 1) be such that
sp < n. Then there exists a constant C = C(n, p, s) > 0 such that

∥u∥Lp∗ (Rn) ≤ C ∥Dsu∥Lp(Rn) ,

for all u ∈ Ls,p (Rn), where p∗ = np
n−sp .

Proposition 1.1.13. [47] For 0 < s ≤ 1 and 1 ≤ q ≤ 2∗, where 2∗ = 2n
n−2s .

Then, by the Sobolev-Poincaré inequalities, we have the embeddings

Ls,20 (Ω) ↪→ Lq(Ω),

Those embeddings are compact for 1 ≤ q < 2∗.

1.2 Topological degree and Fixed point the-
orems

1.2.1 Topological degree
The topological degree is a tool developed for nonlinear applications which
plays the same role as the determinant for linear applications. The topolog-
ical degree which indicates by its non-nullity that the following problem

Find x ∈ Ω such that f(x) = y. (P)

has at least one solution, and it is a ”stable” solution. Obviously, this degree
will depend on f and y, but also of the set on which we seek the solutions to
(P).
We begin by giving the existence and uniqueness of a map, which is the
topological degree, in finite dimension, is called the Brouwer degree, after
that we give it in infinite dimension, which is called the Leray-Schauder
degree.
Brouwer degree

The Brouwer degree is a topological degree in the finite dimensional case.
Before defining the degree of Brouwer we recall the following definition

Definition 1.2.1. [28] Let Ω be a bounded open subset of Rn and F ∈
C
(
Ω̄,Rn

)
∩ C1 (Ω,Rn) , y0 ∈ Ω is called regular point if JF (y0) ̸= 0 (or

JF (y0) = detDF (y0) with DF (y0) =
(
∂Fi

∂xj

)
i,j

(y0)
)

, Otherwise, x0 is called
critical point or singular point. Let us designate by

SF (Ω) = {y0 ∈ Ω : JF (y0) = 0} ,

the set of singular points of F on Ω.
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Definition 1.2.2. [28] Let Ω be an open and bounded subset of RN and let
F ∈ C

(
Ω̄,Rn

)
∩C1 (Ω,Rn). Assume that y0 ∈ RN\F (∂Ω) and y0 is a regular

value of F. Then we define the Brouwer degree of F as

deg (F,Ω, y0) =
∑

x∈F−1(y0)∩Ω
sgn JF (x) · (1.8)

The sum in (1.8) is finite. Indeed, otherwise the set

F−1 (y0) ∩ Ω := {x ∈ Ω : F (x) = y0} .

The following theorem indicates the existence and uniqueness of Brouwer’s
topological degree with its properties.

Theorem 1.2.1. [34] Let n ≥ 1 and A be the set of triples (f,Ω, y) where Ω
is a bounded open subset of Rn, y ∈ Rn and f : Ω̄ → Rn is continuous such
that y /∈ f(∂Ω) There is one and only one app d : A → Z which satisfies the
following properties:

• Normalization if Ω is a bounded open set of Rn and y ∈ Ω then
d(Id,Ω, y) = 1.

• Additivity if Ω is a bounded open set of Rn , y ∈ Rn, f : Ω̄ → Rn

is continuous and Ω1,Ω2 are disjoint open sets included in Ω such that
y /∈ f(Ω\(Ω1 ∪ Ω2)), then d(f,Ω, y) = d(f,Ω1, y) + d(f, (Ω)2, y).

• Invariance by homotopy if Ω is a bounded open set of Rn, h : [0, 1]×
Ω̄ → Rn and y : [0, 1] → Rn are continuous and for all t ∈ [0, 1],
y(t) /∈ h(t, Ω̄), then d(h(0, ·),Ω, y(0)) = d(h(1, ·),Ω, y(1)).

d is called the Brouwer topological degree.

Leray-Schauder degree
The Leray-Schauder degree is a topological degree in the infinitely dimen-
sional case. The following theorem gives the existence of the Leray-Schauder
degree with its principal properties.

Theorem 1.2.2. [34, 28] Let E be a Banach space and A the set of triplets
(Id − f,Ω, y) where Ω is a bounded open subset of E , y ∈ E and f : Ω̄ →
Rn is compact which means ({f(x), x ∈ Ω̄} is relatively compact and f is
continuous), with y /∈ (Id − f)(∂Ω), then there exists a map d : A → Z
satisfy the following properties:

• (Normality) if y ∈ Ω therefore d(Id,Ω, y) = 1.
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• (Additivity) d(Id − f,Ω, y) = d (Id − f,Ω1, y) + d (Id − f,Ω2, y) if Ω1 ∪
Ω2 ⊂ Ω,Ω1 ∩ Ω2 = ∅ and y /∈

{
x− f(x), x ∈ Ω̄\Ω1 ∪ Ω2

}
.

• (Homotopy invariance) if h is a compact map from [0, 1] × Ω̄ into E
(which is equivalent to say h is continuous and {h(t, x), t ∈ [0, 1], x ∈
Ω̄}is relatively compact in E ), y ∈ C([0, 1], E) and y(t) /∈ {x −
h(t, x), x ∈ ∂Ω} (for all t ∈ [0, 1]), then

d(Id − h(t, ·),Ω, y(t)) = d(Id − h(0, ·),Ω, y(0)),

for all t ∈ [0, 1].

d is named the Leray-Schauder degree.

Proposition 1.2.1. [28] The Leray-Schauder topological degree verifies the
following properties:

• If d(Id − f,Ω, y) ̸= 0 then there exists x ∈ Ω such that x− f(x) = y.

• For all z ∈ E, d(Id − f,Ω, y) = d(Id − f − z,Ω, y − z).

• Let (Id − f,Ω, y) ∈ A and r = dist(y, Id − f)(∂Ω)) > 0. If g : Ω̄ → Rn

compact and z ∈ Rn are such as sup
∂Ω

(∥g−f∥)+∥y−z∥ < r, then d(Id−

f,Ω, y) = d(Id − g,Ω, z).

• d(Id− f,Ω, ·) is constant on connected components of E\(Id − f)(∂Ω).

• For all z ∈ E, d(Id − f,Ω, y) = d((Id − f)(· − z), z + Ω, y).

1.2.2 Fixed point theorems
Theorem 1.2.3 (Brouwer Fixed Point Theorem). [28] Let K be a nonempty,
convex, closed and bounded subset of RN . Assume that F : K → K is con-
tinuous. Then F has a fixed point in K.

Now, we give the Brouwer fixed point theorem version in a particular
case, where K is a ball in Rn with center 0 and radius noted R and ∥.∥
denoted a norm in RN .

Theorem 1.2.4. [34] Let N ≥ 1, R > 0 and f ∈ C (BR, BR) with BR ={
x ∈ RN , ∥x∥ ≤ R} Then f admits a fixed point, i.e. there exists x inBR

such that f(x) = x.

The following theorem is a generalization of the Brouwer Fixed Point
Theorem into the infinite dimensional setting.
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1.2. Topological degree and Fixed point theorems 1

Theorem 1.2.5. [28] [Schauder Fixed Point Theorem] Let K be a nonempty,
closed, convex and bounded subset of a normed linear space X. Assume that
F ∈ C (K, X) and F (K) ⊂ K. Then there is a fixed point of F in K.

The Schauder Fixed Point Theorem version is given as follows in a specific
case, where K is a ball included in E a Banach space, with centre 0 and radius
noted R.

Theorem 1.2.6. [34] Let (E, ∥.∥E) be a Banach space, R > 0, BR = {x ∈ E ,
∥x∥E ≤ R} and f a compact map from BR into BR (i.e. f continues and
{f(x), x ∈ BR} relatively compact in E. Then f admits a fixed point, i.e.
there exists x ∈ BR such that f(x) = x.

Definition 1.2.3. [62] Let X be a metric space, with metric d. If f : X → X
and if there is a constant c < 1 such that

d(f(x), f(y)) ≤ c d(x, y),

for all x, y ∈ X, then f is a contraction of X into X.

Theorem 1.2.7 (Banach fixed point theorem). [62] Let X be a complete
metric space and f be a contraction of X into X, then there exists a unique
x ∈ X such that f(x) = x.
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CHAPTER

2

LERAY-SCHAUDER DEGREE FOR A
NONLINEAR FRACTIONAL LAPLACIAN
SYSTEM

In this chapter, we consider a coupled semilinear fractional elliptic system
with Dirichlet boundary conditions using some suitable conditions on the
nonlinearities, and we investigate the existence and uniqueness of weak

solutions for this problem in a fractional Sobolev space. Our study into the
existence of solutions is based on the Leray-Schauder degree method, while
the uniqueness of solutions is investigated using an additional assumption.
This chapter exposes results published in [1].

2.1 Motivation for the problem
Over the last few decades, many researchers have worked to expand the field
of fractional calculus in order to develop advanced mathematical models that
have the ability to describe more complex systems, see the previous work [70].

In particular, the current work investigates the existence of weak solutions
in fractional Sobolev space for a semilinear fractional elliptic system of non-
local equations involving the fractional Laplacian with Dirichlet boundary
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2.1. Motivation for the problem 2

conditions involving the fractional Laplacian. This problem is a fractional
version of the problem in [40], which is concerned with establishing the exis-
tence of weak solutions in the classical Sobolev space for a semilinear elliptic
system of local equations involving the classical Laplacian with Dirichlet
boundary conditions.

Fractional elliptic systems involving fractional Laplacian with nonlineari-
ties has been the subject of many papers, as the work of W. Dai et al. (2017)
who studied the Liouville type theorems for the following problem on a half
space.


(−∆)α/2u(x) = vq(x), x ∈ Rn

+,
(−∆)α/2v(x) = up(x), x ∈ Rn

+,
u(x) = v(x) = 0, x /∈ Rn

+.

Mana Manassés de Souza (2020) studied the existence and multiplicity of
solutions for the following fractional elliptic system involving concave-convex
nonlinearities.

(−∆)σui + ai(x)ui = fi (x, u1, . . . , um) for x ∈ Rn and i = 1, . . . ,m

where σ ∈ (0, 1), n ≥ 1, (−∆)σ denotes the fractional Laplacian of order σ ,
ai(x) are continuous.
H. Fan et al.(2016) studied the multiplicity of positive solutions for the fol-
lowing fractional elliptic system with critical nonlinearities.

(−∆) s
2u = λ|u|q−2u+ α

α+β |u|α−2u|v|β in Ω,
(−∆) s

2v = µ|v|q−2v + β
α+β |u|α|v|β−2v in Ω,

u = v = 0 on ∂Ω,

where Ω is a bounded set in RN with smooth boundary, N > s with s ∈ (0, 2)
fixed, 1 < q < 2, λ, µ > 0, α, β > 1 satisfy α + β = 2∗

s = 2N
N−s , 2

∗
s is the

fractional Sobolev critical exponent, and (−∆) s
2 is the fractional Laplacian.

The idea of using the fractional Laplacian in the place of the classical
Laplacian in many problems is very interesting mostly because of the non-
local property of this operator, this idea has been used in many model of
applications in different fields such as physics, mechanics, mathematical bi-
ology, electrochemistry,...etc. We state the following three models:

Quasi-geostrophic [20]

∂tθ + u · ∇θ + κ(−∆)α/2θ = f.
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2.2. Mathematical formulation of the problem 2

Cahn-Hilliard[6]

∂tu+ (−∆)α/2
(
−ε2∆u+ f(u)

)
= 0.

Porous Medium [6]

∂tu+ (−∆)α/2
(
|u|m−1 sign u

)
= 0.

The topological degree method was effectively applied to study the exis-
tence of solutions for different nonlinear problem, see [54, 28]. We will use
the Leray-Schauder degree to study the existence of weak solutions for our
problem.

The rest of this chapter is organized as follows: in the second section
we give the mathematical formulation of our problem with some assump-
tions and preliminaries. The study of existence of solutions using the Leray-
Schauder degree is presented in section 3.

2.2 Mathematical formulation of the problem
We consider the following semilinear fractional Laplacian problem:

(−∆)su(x) + g1(x, u(x), v(x)) = f1(x), in Ω,
(−∆)sv(x) + g2(x, u(x), v(x)) = f2(x), in Ω,
u = v = 0, on Rn\Ω,

(2.1)

where Ω ⊂ Rn is a bounded open set with a Lipschitz boundary, (−∆)s
is the fractional Laplacian defined in definition 1.1.6, with s ∈ (0, 1), n >
2s, f = (f1, f2) ∈ L2(Ω) ×L2(Ω) and we cite the following hypothesis on the
nonlinearities:

(h1) g1, g2 : Ω ×R×R → R are satisfying the Carathéodory conditions and
satisfy the following growth conditions:
there exist a, b ∈ L2(Ω) and K1, K2, r1, r2 ∈ R∗

+ such that

|g1(x,m, p)| ≤ a(x) +K1|m| +K2|p|, ∀m, p ∈ R and a.e. x ∈ Ω.
|g2(x,m, p)| ≤ b(x) + r1|m| + r2|p|, ∀m, p ∈ R and a.e. x ∈ Ω.

(h2) Sign conditiong1(x,m, p)m ≥ 0, ∀m, p ∈ R and a.e. x ∈ Ω.
g2(x,m, p)p ≥ 0, ∀m, p ∈ R and a.e. x ∈ Ω.
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2.3. Existence of weak solutions for the main problem 2

Remark 2.2.1. From the hypothesis (h1), the Nemytski operators G and F
respectively defined as:
G(u, v)(x) = g1(x, u(x), v(x)) and F (u, v)(x) = g2(x, u(x), v(x)) are contin-
uous and bounded from L2(Ω) × L2(Ω) into L2(Ω).

2.3 Existence of weak solutions for the main
problem

Our purpose in this section is to prove the existence of weak solutions for the
problem (2.1) by satisfying the Leray-Shauder degree conditions. For this
purpose, firstly, we give the following definition of weak solutions, according
to [11].

Definition 2.3.1. [11] We say that (u, v) ∈ Ds,2(Ω) × Ds,2(Ω) is a weak
solution for the problem (2.1), if for every (ψ1, ψ2) ∈ Ds,2(Ω) ×Ds,2(Ω), the
system

C(n, s)
∫∫

R2n
(u(x)−u(y))(ψ1(x)−ψ1(y))

|x−y|n+2s dydx =
∫

Ω f1(x)ψ1dx

−
∫

Ω g1(x, u(x), v(x))ψ1dx,

C(n, s)
∫∫

R2n
(v(x)−v(y))(ψ2(x)−ψ2(y))

|x−y|n+2s dydx =
∫

Ω f2(x)ψ2dx

−
∫

Ω g2(x, u(x), v(x))ψ2dx,

holds.
Where, C(n, s) = 1

2c(n, s), with c(n, s) is the constant defined by (1.7).

Remark 2.3.1. We obtain the precedent weak formulation by multiplying
the first and second equations of the problem (2.1) by ψ1 ∈ C∞

c (Ω) and ψ2 ∈
C∞
c (Ω) respectively, then integrating over Rn, using the Definition 1.1.6 of

fractional Laplacian, the symmetry of the integrand, and some calculus.
We can also prove this weak formulation using the definition of fractional
Laplacian in Lemma 1.1.1, and we apply the integration by parts formula
proved in Lemma 5.6 of the paper [64].

Next, we state the following theorem that gives the existence of weak
solution for the problem (2.1).

Theorem 2.3.1. Under the assumptions (h1) and (h2), the problem (2.1)
has at least one weak solution (u, v) ∈ Ds,2(Ω) ×Ds,2(Ω).

Before proving the main result, we provide some lemmas that we will
need in our proof.
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2.3. Existence of weak solutions for the main problem 2

Auxiliary results
The outcome of the following lemma is necessary to formulate a new problem
that is equivalent to our main problem.

Lemma 2.3.1. For (u, v) ∈ L2(Ω) × L2(Ω), (f1, f2) ∈ L2(Ω) × L2(Ω), t ∈
[0, 1] and under the assumption (h1), the following problem has a unique weak
solution (φ, ϕ) ∈ Ds,2(Ω) ×Ds,2(Ω).

(−∆)sφ(x) + tg1(x, u(x), v(x)) = tf1(x) in Ω,
(−∆)sϕ(x) + tg2(x, u(x), v(x)) = tf2(x) in Ω,
φ = ϕ = 0 on Rn\Ω,

(2.2)

Proof. For all (u, v) ∈ L2(Ω) × L2(Ω), we have g1(., u, v), g2(., u, v) ∈ L2(Ω)
from the assumption (h1).
To prove the existence and uniqueness of weak solution for the problem (2.2)
we will use the Lax-Milgram theorem.

Weak formulation of the problem (2.2)

We can conclude from the same ideas in Remark 2.3.1 that the problem (2.2)
is weakly formulated as follows:



Find (φ, ϕ) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(φ(x)−φ(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tf1(x)ψ1dx

−
∫

Ω tg1(x, u(x), v(x))ψ1dx,∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(ϕ(x)−ϕ(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tf2(x)ψ2dx

−
∫

Ω tg2(x, u(x), v(x))ψ2dx,∀ψ2 ∈ Ds,2(Ω).

Then, we pose


Find (φ, ϕ) ∈ Ds,2(Ω) ×Ds,2(Ω),
a1(φ, ψ1) = l1(ψ1), ∀ψ1 ∈ Ds,2(Ω),
a2(ϕ, ψ2) = l2(ψ2), ∀ψ2 ∈ Ds,2(Ω),

(2.3)

with

a1(., .) : Ds,2(Ω) ×Ds,2(Ω) −→ R
(φ, ψ1) 7→ a1(φ, ψ1) = C(n, s)

∫∫
R2n

(φ(x)−φ(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx,

28



2.3. Existence of weak solutions for the main problem 2

l1 : Ds,2(Ω) −→ R
ψ1 7→ l1(ψ1) =

∫
Ω tf1(x)ψ1dx−

∫
Ω tg1(x, u(x), v(x))ψ1dx,

a2(., .) : Ds,2(Ω) ×Ds,2(Ω) −→ R
(ϕ, ψ2) 7→ a2(ϕ, ψ2) = C(n, s)

∫∫
R2n

(ϕ(x)−ϕ(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx,

l2 : Ds,2(Ω) −→ R
ψ2 7→ l2(ψ2) =

∫
Ω tf2(x)ψ2dx−

∫
Ω tg2(x, u(x), v(x))ψ2dx.

Let us prove that the bilinear forms a1(., .) and a2(., .) are continuous and
coercive in Ds,2(Ω) ×Ds,2(Ω). In addition, we prove that the linear forms l1
and l2 are continuous.
We have
|a1(φ, ψ1)| =

∣∣∣∣∣C(n, s)
∫∫

R2n

(φ(x) − φ(y))(ψ1(x) − ψ1(y))
|x− y|n+2s dydx

∣∣∣∣∣
≤ C(n, s)

∫∫
R2n

|φ(x) − φ(y)∥ψ1(x) − ψ1(y)|
|x− y|n+2s dydx

≤ C(n, s)∥φ∥Ds,2(Ω)∥ψ1∥Ds,2(Ω),

which shows the continuity of the bilinear form a1(., .), where we have used
the Cauchy-Schwarz inequality.
Moreover,
a1(ψ1, ψ1) =C(n, s)

∫∫
R2n

(ψ1(x) − ψ1(y))(ψ1(x) − ψ1(y))
|x− y|n+2s dydx

= C(n, s)
∫∫

R2n

(ψ1(x) − ψ1(y))2

|x− y|n+2s dydx

= C(n, s)∥ψ1∥2
Ds,2(Ω),

thus, a1(., .) is coercive.
For the linear form l1 we use the Cauchy-Schwarz inequality, we obtain
|l1 (ψ1)| =

∣∣∣∣∫
Ω
tf1(x)ψ1dx−

∫
Ω
tg1(x, u(x), v(x))ψ1dx

∣∣∣∣
≤ ∥f1∥L2(Ω) ∥ψ1∥L2(Ω) + ∥g1(., u, v)∥L2(Ω) ∥ψ1∥L2(Ω)

≤
[
∥f1∥L2(Ω) + ∥g1(., u, v)∥L2(Ω)

]
∥ψ1∥L2(Ω),

then, the proposition (1.1.8), gives that
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|l1 (ψ1)| ≤ cemb
[
∥f1∥L2(Ω) + ∥g1(., u, v)∥L2(Ω)

]
∥ψ1∥Ds,2(Ω) ,

hence, l1 is continuous.

Similar to the calculus of a1(., .), we can obtain that a2(., .) is continuous
and coercive.
The Cauchy-Schwarz inequality implies that

|a2(ϕ, ψ2)| =
∣∣∣∣∣C(n, s)

∫∫
R2n

(ϕ(x) − ϕ(y))(ψ2(x) − ψ2(y))
|x− y|n+2s dydx

∣∣∣∣∣
≤ C(n, s)

∫∫
R2n

|ϕ(x) − ϕ(y)∥ψ2(x) − ψ2(y)|
|x− y|n+2s dydx

≤ C(n, s)∥ϕ∥Ds,2(Ω)∥ψ2∥Ds,2(Ω),

which shows the continuity of the bilinear form a2(., .).
Furthermore,
a2(ψ2, ψ2) =C(n, s)

∫∫
R2n

(ψ2(x) − ψ2(y))(ψ2(x) − ψ2(y))
|x− y|n+2s dydx

= C(n, s)
∫∫

R2n

(ψ2(x) − ψ2(y))2

|x− y|n+2s dydx

= C(n, s)∥ψ2∥2
Ds,2(Ω),

hence, a2(., .) is coercive.
For the linear form l2 we use the Cauchy-Schwarz inequality, we obtain
|l2 (ψ2)| =

∣∣∣∣∫
Ω
tf2(x)ψ2dx−

∫
Ω
tg2(x, u(x), v(x))ψ2dx

∣∣∣∣
≤ ∥f2∥L2(Ω) ∥ψ2∥L2(Ω) + ∥g2(., u, v)∥L2(Ω) ∥ψ2∥L2(Ω)

≤
[
∥f2∥L2(Ω) + ∥g2(., u, v)∥L2(Ω)

]
∥ψ2∥L2(Ω),

then, the proposition (1.1.8), gives that

|l2 (ψ2)| ≤ cemb
[
∥f2∥L2(Ω) + ∥g2(., u, v)∥L2(Ω)

]
∥ψ2∥Ds,2(Ω) ,

hence, l2 is continuous.
Consequently, we may apply the Lax-Milgram theorem, and we conclude that
the problem (2.2) has a unique weak solution (φ, ϕ) ∈ Ds,2(Ω) ×Ds,2(Ω).
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The previous lemma ensures that we can define the following map, noted
A by

A : [0, 1] × L2(Ω) × L2(Ω) −→ Ds,2(Ω) ×Ds,2(Ω)

(t, u, v) 7→ A(t, u, v) = (φ, ϕ),
where (φ, ϕ) is a weak solution to the problem (2.2).

The proof of the existence of weak solutions for the problem (2.1) is equiva-
lent to prove the existence of solution to the following problemFind (u, v) ∈ L2(Ω) × L2(Ω),

(u, v) = A(1, u, v).
(2.4)

Priori estimate

Lemma 2.3.2. Under the assumption (h2), there exists R > 0, ∀(u, v) ∈
L2(Ω) × L2(Ω) such that:
If we suppose that {

A(t, u, v) = (u, v),
t ∈ [0, 1], (u, v) ∈ L2(Ω) × L2(Ω),

we get the following priori estimate of the solution

∥(u, v)∥L2(Ω)×L2(Ω) < R + 1.

Proof. Let A(t, u, v) = (φ, ϕ) = (u, v), we obtain


Find (u, v) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(u(x)−u(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tf1(x)ψ1dx

−
∫

Ω tg1(x, u(x), v(x))ψ1dx, ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(v(x)−v(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tf2(x)ψ2dx

−
∫

Ω tg2(x, u(x), v(x))ψ2dx, ∀ψ2 ∈ Ds,2(Ω).

(2.5)

Let us choose (ψ1, ψ2) = (u, v) in the equation of (2.5) and obtain

C(n, s)
∫∫

R2n
|u(x)−u(y)|2

|x−y|n+2s dydx = t
∫

Ω f1(x)u(x)dx
−t
∫

Ω g1(x, u(x), v(x))u(x)dx,
C(n, s)

∫∫
R2n

|v(x)−v(y)|2
|x−y|n+2s dydx = t

∫
Ω f2(x)v(x)dx

−t
∫

Ω g2(x, u(x), v(x))v(x)dx.
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Applying the assumption (h2) and the Cauchy-Schwarz inequality, we have

C(n, s)
∫∫

R2n
|u(x)−u(y)|2

|x−y|n+2s dydx ≤ ∥f1∥L2(Ω)∥u∥L2(Ω),

C(n, s)
∫∫

R2n
|v(x)−v(y)|2
|x−y|n+2s dydx ≤ ∥f2∥L2(Ω)∥v∥L2(Ω),

and Proposition 1.1.8 implies that
C(n,s)
c2

emb
∥u∥2

L2(Ω) ≤ ∥f1∥L2(Ω)∥u∥L2(Ω),
C(n,s)
c2

emb
∥v∥2

L2(Ω) ≤ ∥f2∥L2(Ω)∥v∥L2(Ω).
(2.6)

Adding the two inequalities of (2.6), we get

∥(u, v)∥L2(Ω)×L2(Ω) ≤ c2
emb

C(n, s)
∥f1∥L2(Ω) + c2

emb

C(n, s)
∥f2∥L2(Ω).

If we set R = c2
emb

C(n,s)∥f1∥L2(Ω) + c2
emb

C(n,s)∥f2∥L2(Ω), we obtain

∥(u, v)∥L2(Ω)×L2(Ω) < R + 1.

We note

BR+1 = {(u, v) ∈ L2(Ω) × L2(Ω); ∥(u, v)∥L2(Ω)×L2(Ω) < R + 1}.

Lemma 2.3.3. Under the assumption (h1), the following set{
A(t, u, v), t ∈ [0, 1], (u, v) ∈ B̄R+1

}
is relatively compact in L2(Ω) × L2(Ω).

Proof. Let (tn)∈N ⊂ [0, 1] and {(un, vn)}n∈N ⊂ B̄R+1. So using the assumption
(h1), the sequences {g1(., un, vn)}n∈N and {g2(., un, vn)}n∈N are bounded in
L2(Ω).
Firstly, setting A(tn, un, vn) = (φn, ϕn), we get



Find (φ, ϕ) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(φ(x)−φ(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tf1(x)ψ1dx

−
∫

Ω tg1(x, u(x), v(x))ψ1dx ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(ϕ(x)−ϕ(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tf2(x)ψ2dx

−
∫

Ω tg2(x, u(x), v(x))ψ2dx ∀ψ2 ∈ Ds,2(Ω).

(2.7)
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Let us choose (ψ1, ψ2) = (u, v) in the equation of (2.9), apply the Cauchy-
Schwarz inequality and obtain

C(n, s)
∫∫

R2n
|φn(x)−φn(y)|2

|x−y|n+2s dydx ≤ ∥f1∥L2(Ω)∥φn∥L2(Ω)

+∥g1(., un, vn)∥L2(Ω)∥φn∥L2(Ω),

C(n, s)
∫∫

R2n
|ϕn(x)−ϕn(y)|2

|x−y|n+2s dydx ≤ ∥f2∥L2(Ω)∥ϕn∥L2(Ω)

+∥g2(., un, vn)∥L2(Ω)∥ϕn∥L2(Ω).

Then, using the fact that {g1(., un, vn)}n∈N and {g2(., un, vn)}n∈N are bounded
in L2(Ω) and the proposition 1.1.8, we obtain∥φn∥2

Ds,2(Ω) ≤ cemb

C(n,s) [∥f1∥L2(Ω) +M1]∥φn∥Ds,2(Ω),

∥ϕn∥2
Ds,2(Ω) ≤ cemb

C(n,s) [∥f2∥L2(Ω) +M2]∥ϕn∥Ds,2(Ω).
(2.8)

By simplification and adding the two inequalities of (2.8), we arrive at

∥(φn, ϕn)∥Ds,2(Ω)×Ds,2(Ω) ≤ cemb
C(n, s)

[∥f1∥L2(Ω) +M1]+
cemb

C(n, s)
[∥f2∥L2(Ω) +M2].

Then,
∥(φn, ϕn)∥Ds,2(Ω)×Ds,2(Ω) ≤ K,

where K = cemb

C(n,s) [∥f1∥L2(Ω) +M1] + cemb

C(n,s) [∥f2∥L2(Ω) +M2].

Therefore {(φn, ϕn)}n∈N is bounded in Ds,2(Ω) ×Ds,2(Ω).
Next, using the Compact Embedding Theorem 1.1.16, we deduce that there
is a subsequence of {(φnk

, ϕnk
)}k∈N which converges to (φ, ϕ) strongly in

L2(Ω) × L2(Ω).

We conclude that
{
A(t, u, v), t ∈ [0, 1], (u, v) ∈ B̄R+1

}
is relatively compact

in L2(Ω) × L2(Ω)
Lemma 2.3.4. Under the assumption (h1), A is continuous from [0, 1] ×
L2(Ω) × L2(Ω) into L2(Ω) × L2(Ω).
Proof. Let {(tn, un, vn)}n∈N ⊂ [0, 1] × L2(Ω) × L2(Ω) be a sequence which
converges to (t, u, v) in [0, 1] × L2(Ω) × L2(Ω) when n → +∞.
We pose for all n ∈ N that A(tn, un, vn) = (φn, ϕn) and A(t, u, v) = (φ, ϕ),

we obtain

Find (φn, ϕn) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(φn(x)−φn(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tnf1(x)ψ1dx

−
∫

Ω tng1(x, un(x), vn(x))ψ1dx ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(ϕn(x)−ϕn(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tnf2(x)ψ2dx

−
∫

Ω tng2(x, un(x), vn(x))ψ2dx ∀ψ2 ∈ Ds,2(Ω).

(2.9)
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2.3. Existence of weak solutions for the main problem 2



Find (φ, ϕ) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(φ(x)−φ(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tf1(x)ψ1dx

−
∫

Ω tg1(x, u(x), v(x))ψ1dx ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(ϕ(x)−ϕ(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tf2(x)ψ2dx

−
∫

Ω tg2(x, u(x), v(x))ψ2dx ∀ψ2 ∈ Ds,2(Ω).

(2.10)

Making the difference between the two previous systems, we get

C(n, s)
∫∫

R2n
((φn−φ)(x)−(φn−φ)(y))(ψ1(x)−ψ1(y))

|x−y|n+2s dydx = (tn − t)
∫

Ω f1(x)ψ1dx

+
∫

Ω(tg1(x, u(x), v(x)) − tng1(x, un(x), vn(x)))ψ1dx,

C(n, s)
∫∫

R2n
((ϕn−ϕ)(x)−(ϕn−ϕ)(y))(ψ2(x)−ψ2(y))

|x−y|n+2s dydx = (tn − t)
∫

Ω f2(x)ψ2dx

+
∫

Ω(tg2(x, u(x), v(x)) − tng2(x, un(x), vn(x)))ψ2dx,

∀(ψ1, ψ2) ∈ Ds,2(Ω) ×Ds,2(Ω).
(2.11)

Let us choose (ψ1, ψ2) = (φn−φ, ϕn−ϕ) in the equation of (2.11), apply the
Cauchy-Schwarz inequality and Proposition 1.1.8 and obtain

∥φn(x) − φ(x)∥L2(Ω) ≤ c2
emb

C(n,s) [∥tg1(x, u(x), v(x)) − tng1(x, un(x), vn(x))∥L2(Ω)

+|tn − t|∥f1∥L2(Ω)],
∥ϕn(x) − ϕ(x)∥L2(Ω) ≤ c2

emb

C(n,s) [∥tg2(x, u(x), v(x)) − tng2(x, un(x), vn(x))∥L2(Ω)

+|tn − t|∥f2∥L2(Ω)].

We have that (tn)n∈N converges to t and {(un, vn)}n∈N converges to (u, v) in
L2(Ω)×L2(Ω) when n → +∞ and from the assumption (h1), we deduce that
{g1(., un, vn)}n∈N, {g2(., un, vn)}n∈N converge respectively to g1(., u, v), g2(., u, v).
Therefore, {(φn, ϕn)}n∈N converges to (φ, ϕ) in L2(Ω) × L2(Ω).
We conclude that A is continuous from [0, 1] × L2(Ω) × L2(Ω) to L2(Ω) ×
L2(Ω).

Proof of Theorem 2.3.1
Now, we prove Theorem 2.3.1. We have according to the previous lemmas:

1. There is no solution (u, v) for the equation A(t, u, v) = (u, v) in the
boundary of the following ball

BR+1 = {(u, v) ∈ L2(Ω) × L2(Ω); ∥(u, v)∥L2(Ω)×L2(Ω) < R + 1},

and that’s for all t ∈ [0, 1].
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2. The set
{
A(t, u, v), t ∈ [0, 1], (u, v) ∈ B̄R+1

}
is relatively compact in

L2(Ω) × L2(Ω).

3. The map A is continuous from [0, 1]×L2(Ω)×L2(Ω) to L2(Ω)×L2(Ω).

These results allow us to define the Leray-Schauder degree d(Id− A(t, ·, ·),
BR+1, 0).
Next, the homotopy invariance property of the degree implies

d(Id− A(t, ·, ·), BR+1, 0) = d(Id− A(0, ·, ·), BR+1, 0) = d(Id,BR+1, 0),

then, using the normality property of the degree, we obtain

d(Id− A(t, ·, ·), BR+1, 0) = 1 ̸= 0, for allt ∈ [0, 1].

Therefore, there exists (u, v) ∈ BR+1 such that

Id(u, v) − A(1, u, v) = 0,

equivalently, there exists (u, v) ∈ BR+1

A(1, u, v) = (u, v),

which proves that the problem (2.1) has at least one weak solution (u, v) ∈
Ds,2(Ω) ×Ds,2(Ω).

2.4 Uniqueness of solutions
In this section, we prove the uniqueness of solution in a particular case using
the absurd reasoning.

We assume that

(h3) The functions g1, g2 verify the following assumption. There exists
c1, c2 ∈ R+ such that

(g1(x, s1, p1) − g1(x, s2, p2))(s2 − s1) ≤ c1|s1 − s2|2,
∀s1, s2, p1, p2 ∈ R and a.e. x ∈ Ω.

(g2(x, s1, p1) − g2(x, s2, p2))(p2 − p1) ≤ c2|p1 − p2|2,
∀s1, s2, p1, p2 ∈ R and a.e. x ∈ Ω.
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Next, we state the following theorem which give the existence and the unique-
ness of solution.

Theorem 2.4.1. Under the assumptions (h1), (h2) and (h3), and if we have
min{c1, c2} < C(n,s)

c2
emb

, the problem (2.1) has a unique weak solution (u, v) ∈
Ds,2(Ω) ×Ds,2(Ω).

Proof. We have already shown the existence of solutions, we pass to the
uniqueness.
Let (u, v), (ũ, ṽ) ∈ Ds,2(Ω) × Ds,2(Ω) two different weak solutions of (2.1),
then we obtain

Find (u, v) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(u(x)−u(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tf1(x)ψ1dx

−
∫

Ω tg1(x, u(x), v(x))ψ1dx, ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(v(x)−v(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tf2(x)ψ2dx

−
∫

Ω tg2(x, u(x), v(x))ψ2dx, ∀ψ2 ∈ Ds,2(Ω).

and

Find (ũ, ṽ) ∈ Ds,2(Ω) ×Ds,2(Ω),
C(n, s)

∫∫
R2n

(ũ(x)−ũ(y))(ψ1(x)−ψ1(y))
|x−y|n+2s dydx =

∫
Ω tf1(x)ψ1dx

−
∫

Ω tg1(x, ũ(x), ṽ(x))ψ1dx, ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

(ṽ(x)−ṽ(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx =

∫
Ω tf2(x)ψ2dx

−
∫

Ω tg2(x, ũ(x), ṽ(x))ψ2dx, ∀ψ2 ∈ Ds,2(Ω).

Making the difference between the two previous systems, we get

C(n, s)
∫∫

R2n
((u−ũ)(x)−(u−ũ)(y))(ψ1(x)−ψ1(y))

|x−y|n+2s dydx

=
∫

Ω(g1(x, ũ(x), ṽ(x)) − g1(x, u(x), v(x)))ψ1dx, ∀ψ1 ∈ Ds,2(Ω),
C(n, s)

∫∫
R2n

((v−ṽ)(x)−(v−ṽ)(y))(ψ2(x)−ψ2(y))
|x−y|n+2s dydx

=
∫

Ω(g2(x, ũ(x), ṽ(x)) − g2(x, u(x), v(x)))ψ2dx, ∀ψ2 ∈ Ds,2(Ω).

Let us choose (ψ1, ψ2) = (u− ũ, v − ṽ) and get

∥u− ũ∥2
Ds,2(Ω)

= 1
C(n, s)

∫
Ω
(g1(x, ũ(x), ṽ(x)) − g1(x, u(x), v(x)))(u(x) − ũ(x))dx,

∥v − ṽ∥2
Ds,2(Ω)

= 1
C(n, s)

∫
Ω
(g2(x, ũ(x), ṽ(x)) − g2(x, u(x), v(x)))(v(x) − ṽ(x))dx,
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now, we use the assumption (h3) and the proposition 1.1.8, we obtain
∥u− ũ∥2

Ds,2(Ω) ≤ 1
C(n, s)

∫
Ω
c1|u(x) − ũ(x)|2dx,

∥v − ṽ∥2
Ds,2(Ω) ≤ 1

C(n, s)

∫
Ω
c2|v(x) − ṽ(x)|2dx,

hence, 
∥u− ũ∥2

Ds,2(Ω) ≤ c1c
2
emb

C(n, s)
∥u− ũ∥2

Ds,2(Ω),

∥v − ṽ∥2
Ds,2(Ω) ≤ c2c

2
emb

C(n, s)
∥v − ṽ∥2

Ds,2(Ω),

next, 
1 ≤ c1c

2
emb

C(n, s)
,

1 ≤ c2c
2
emb

C(n, s)
,

then, 
C(n,s)
c2

emb
≤ c1,

C(n,s)
c2

emb
≤ c2,

It follows from the above inequalities a contradiction with the hypothesis
min{c1, c2} < C(n,s)

c2
emb

, then we conclude that the problem (2.1) has a unique
weak solution.
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CHAPTER

3

ON A NONLINEAR ELLIPTIC EQUATION
INVOLVING THE DISTRIBUTIONAL
RIESZ FRACTIONAL DERIVATIVE

In this chapter, we consider a nonlinear elliptic equation involving a non-
local operator defined using the distributional Riesz derivative that was
defined with his important properties in the preliminaries. We show that

this problem has at least one weak solution u. In our proof, we use the Leray
Schauder degree method to prove the existence of weak solutions and the
Banach fixed point theorem to prove the uniqueness of weak solutions in a
particular case. This chapter presents some results published in [2].

3.1 Motivation for the problem
In recent years, many researchers have considered problems related to the
distributional Riesz fractional derivative, where they defined it and gave its
important properties in their papers, we refer to [47, 60, 63, 66, 67, 68]. In
our work, we study the existence of solutions in a Bessel Potential space for
the previous problem in the nonlinear case.
We studied in this chapter the existence of weak solutions in a Bessel potential
space Ls,20 (Ω) using the Leray-Schauder degree for the following problem that
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3.1. Motivation for the problem 3

contains the distributional Riesz gradient.{
−Ds · (A(x)Dsu(x)) = f(x, u(x)) in Ω,
u = 0 on Rn\Ω.

here Ω ⊂ Rn is a bounded open set with a Lipschitz boundary, Ds is the
distributional Riesz fractional derivative (Definition 1.1.7), s ∈ (0, 1) with
n > 2s, A(x) : Rn → Rn×n is a measurable, bounded, positive definite ma-
trix and f : Ω × R → R.
The weak solutions for the previous problem are the solutions for the follow-
ing problem.

Find u ∈ Ls,20 (Ω),∫
Rn
A(x)Dsu(x) ·Dsv(x)dx =

∫
Ω
f(x, u(x))v(x)dx, ∀v ∈ Ls,20 (Ω),

this problem was considered by Shieh and Spector (2015) in the linear case
as follows:

Find u ∈ Hs
0(Ω),∫

Rn
A(x)Dsu(x) ·Dsv(x)dx =

∫
Ω
g(x)v(x)dx, ∀v ∈ Hs

0(Ω).

they studied for it the existence and uniqueness of solutions using Lax-
Milgram theorem.

Shieh and Spector (2015, 2018) show that the ditributinal Riesz derivative
is an interesting object for the study of fractional partial differential equation
from its ability to expand many results in the classical Sobolev spaces to the
fractional case, see [66, 67].

The distributional Riesz fractional gradient is more fundamental than the
fractional Laplacian because of its important property that it is the founda-
tional object in the construction of weak formulations of partial differential
equations unlike the fractional Laplacian which does not have this property.
Distributional Riesz fractional derivative satisfy basic physical invariance re-
quirements, see the paper of Silhavy (2020) who presented a novel approach
to fractional gradient analysis.

As is well known in harmonic analysis, the only higher dimensional op-
erator that is translational and rotational invariant is the Riesz operator.
Moreover, the operators that can be used independently of any dimension
and coordinate system are only fractional gradients defined with the Riesz
operator. The interest of the matrix A is that it introduces anisotropy, which
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often occurs in the case of physical systems, like crystals or materials. Com-
bining the above benefits, gives that we can apply this to any multidimen-
sional systems which may differ along different vectorial directions, whether
it is a thin material that is usually viewed as 2d, or a normal 3d crystalline
solid, or a multidimensional Lévy flight. In general, problems similar to our
second problem can be used to model the behavior of crystalline solid mate-
rials, which may help in the development and creation of new materials for a
variety of applications. The function u(x) can describe the displacement of
the material at a given point x in the space. The matrix A(x) represents the
stiffness or elastic properties of the material at that point, which is dependent
on its location. The distributional fractional Riesz operator Ds indicates the
non-local behavior of the material, which takes into account its history and
memory. The function f(x, u(x)) can represent the external forces acting on
the material, as well as any non-linear effects caused by material deformation;
see for example [37, 68].

We study also in this chapter the uniqueness of solutions for the problem
(??) in a particular case using the Banach fixed point theorem.

The organization of this chapter is as follows. In section 2, we present
some preliminaries and we pose our problem. Section 3 contains the main
result of this paper and some auxiliary results with their proof. Section 4
contains the uniqueness result in a particular case.

3.2 Preleminaries and position of the prob-
lem

Let Ω be an open subset of Rn, the following nonlocal operator −Ds ·(ADs(.))
is defined in the duality sense which is a generalization of the fractional Lapla-
cian for the distributional Riesz derivative, with a measurable, bounded, pos-
itive definite matrix A : Rn → Rn×n and for u, v ∈ Hs

0(Ω), extended by zero
outside Ω :

Definition 3.2.1. [47]

⟨−Ds · (ADsu) , v⟩ :=
∫
Rn
A(x)Dsu ·Dsvdx.

The operator −Ds · (ADs(.)) was defined as follows:
−Ds · (ADs(.)) : Ls,20 (Ω) −→ (Ls,20 (Ω))′

u 7→ −Ds · (ADsu) ,
when ADsu ∈ [L2 (Rn)]n.
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We study in this chapter the following problem involving the nonlocal
operator −Ds · (ADs(.)):{

−Ds · (A(x)Dsu(x)) = f(x, u(x)) in Ω,
u = 0 on Rn\Ω. (3.1)

Where Ω ⊂ Rn is a bounded open set with a Lipschitz boundary, s ∈ (0, 1)
with n > 2s, A(x) : Rn → Rn×n is a measurable, bounded, positive definite
matrix and f : Ω × R → R.
We will use the following assumptions:

(h1) A : Ω → Rn×n with coefficients bounded, measurable and strictly ellipt-
ic, such that α|z|2 ≤ A(x)z · z and A(x)z · z∗ ≤ β|z| |z∗| for some α, β > 0,
for all x ∈ Ω and all z, z∗ ∈ Rn.

(h2) f satisfies the Caratheodory conditions.
(h3) ∃C1 ≥ 0 and d ∈ L2(Ω) such that |f(x,m)| ≤ d(x) + C1|m|, ∀m ∈ R.
(h4) lim

m→±∞
f(x,m)
m

= 0, ∀x ∈ Ω.

3.3 Existence of weak solutions for the prob-
lem (3.1)

This section contains the main result of this paper and some auxiliary results
with its proof.

First, we give the weak formulation of the problem (3.1):
Find u ∈ Ls,20 (Ω),∫
Rn
A(x)Dsu(x) ·Dsv(x)dx =

∫
Ω
f(x, u(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

(3.2)

It is a consequence of the fractional integration by parts formula relating
the distributional Riesz gradient(Proposition 1.1.10), for more details; see
[68, 19].
Therefore, a solution of the problem (3.2) is a weak solution of the problem
(3.1).
The following theorem gives the existence of weak solutions for the problem
(3.1).

Theorem 3.3.1. Under the assumptions (h1), (h2), (h3) and (h4), the problem
(3.1) has at least one weak solution u ∈ Ls,20 (Ω).
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New formulation of the problem (3.2)
In this subsection, we give a new problem equivalent to the problem (3.2).
First, we define the following operator noted T by

T : [0, 1] × L2(Ω) −→ Ls,20 (Ω)

(t, u) 7→ T (t, u) = w,

where w is a solution to the following linear problem.
Find w ∈ Ls,20 (Ω),∫
Rn
A (x)Dsw(x) ·Dsv(x)dx =

t
∫

Ω f(x, u(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

(3.3)

Lemma 3.3.1. For u ∈ L2(Ω), t ∈ [0, 1] and using the assumptions (h1) and
(h3), the map T associates each (t, u) ∈ [0, 1] ×L2(Ω) with a unique function
w ∈ Ls,20 (Ω).

Proof. To prove that the map T associates each (t, u) ∈ [0, 1] × L2(Ω) with
a unique function w ∈ Ls,20 (Ω), we prove the existence and uniqueness of
solution w ∈ Ls,20 (Ω) for the problem (3.3) using the Lax-Milgram theorem.
We have Find w ∈ Ls,20 (Ω),

a(w, v) = l(v),∀v ∈ Ls,20 (Ω),
(3.4)

with
a(., .) : Ls,20 (Ω) × Ls,20 (Ω) −→ R

(w, v) 7→ a(w, v) =
∫
Rn
A (x)Dsw(x) ·Dsv(x)dx,

l : Ls,20 (Ω) −→ R
v 7→ l(v) = t

∫
Ω
f(x, u(x))v(x)dx.

Let us prove that the bilinear form a(., .) is continuous and coercive.

Using the assumption (h1) and the Cauchy-Schwarz inequality, we get
|a(w, v)| =

∣∣∣∣∫
Rn
A (x)Dsw(x) ·Dsv(x)dx

∣∣∣∣
≤ β

∫
Rn

|Dsw(x)| |Dsv(x)| dx

≤ β∥Dsw∥L2(Rn)∥Dsv∥L2(Rn)

≤ β∥w∥Ls,2
0 (Ω)∥v∥Ls,2

0 (Ω),

therefore, the bilinear form a(., .) is continuous.
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We have
a(v, v) =

∫
Rn
a(x, u(x)) |Dsv|2 dx

Applying the assumption (h1), we get

a(v, v) ≥ α
∫
Rn

|Dsv|2 dx = α∥Dsv∥2
L2(Rn) = α∥v∥2

Ls,2
0 (Ω),

which gives that the bilinear form a(., .) is coercive.

In addition, we prove that the linear form l is continuous.
Using the Cauchy-Schwarz inequality, the assumption (h3) and the proposi-
tion 1.1.11, we obtain
|l(v)| =

∣∣∣∣t∫
Ω
f(x, u(x))v(x)dx

∣∣∣∣
≤
∫

Ω
(d(x) + C1 |u(x)|) |v(x)| dx

≤ ∥d∥L2(Ω)∥v∥L2(Ω) + C1∥u∥L2(Ω)∥v∥L2(Ω)

≤ (Cemb∥d∥L2(Ω) + CembC1∥u∥L2(Ω))∥v∥Ls,2
0 (Ω),

hence, the linear form l is continuous.

Therefore, the problem (3.3) has a unique weak solution w ∈ Ls,20 (Ω).
We conclude that the map T associates each (t, u) ∈ [0, 1] × L2(Ω) with a
unique function w ∈ Ls,20 (Ω).

u is a solution for the problem (3.2) if and only if u is a solution to the
following problem Find u ∈ L2(Ω),

u = T (1, u).
(3.5)

We will prove using the Leray-Schauder degree that the problem (3.5) has at
least one solution.

Priori Estimate, Compactness and Continuity Results
This subsection is devoted to present some auxiliary results about the con-
ditions of the Leray-Schauder degree method.
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Lemma 3.3.2 (Priori estimate). Under the assumptions (h1), (h3) and (h4),
there exists R > 0, ∀u ∈ L2(Ω) such that{

T (t, u) = u
t ∈ [0, 1], u ∈ L2(Ω)

}
⇒ ∥u∥L2(Ω) < R.

Proof. Let t ∈ [0, 1] and T (t, u) = w = u, which means that
Find u ∈ Ls,20 (Ω),∫
Rn
A(x)Dsu(x) ·Dsv(x)dx = t

∫
Ω
f(x, u(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

Let us choose v = u in this equation and using the assumption (h1), we
obtain

α∥u∥2
Ls,2

0 (Ω) ≤
∫

Ω
|f(x, u(x))u(x)|dx,

we will deduce from this inequality that there exists R > 0 such that
∥u∥L2(Ω) < R.

Let us assume that thisR don’t exist, so there exists a sequence (un)n∈N ⊂ Ls,20 (Ω)
such that

∥un∥L2(Ω) ≥ n and α ∥un∥2
Ls,2

0 (Ω) ≤
∫

Ω
|f (x, un(x))un(x)| dx,

and we will arrive to a contradiction.

We pose vn = un

∥un∥L2(Ω)
. So, we have ∥vn∥L2(Ω) = 1 and

α ∥vn∥2
Ls,2

0 (Ω) ≤
∫

Ω

∣∣∣∣∣∣ f (x, un)
∥un∥L2(Ω)

vn

∣∣∣∣∣∣ dx,
in addition, |f(x, s)| ≤ |d| + C1|s|, it gives

α ∥vn∥2
Ls,2

0 (Ω) ≤
∫

Ω

|d| + C1 |un|
∥un∥L2(Ω)

|vn| dx

≤
∫

Ω

|d| |vn|
∥un∥L2(Ω)

dx+ C1

∫
Ω

|vn|2 dx

≤ ∥d∥L2(Ω) + C1.

Therefore, (vn)n∈N is bounded in Ls,20 (Ω), then it has a subsequence,

lim
n→+∞

vn = v in L2(Ω).
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Consequently ∥v∥L2 = 1 (which implies that v ̸= 0). We have also by Theo-
rem 1.1.3

lim
n→+∞

vn = v a.e.,
|vn| ≤ H with H ∈ L2(Ω).

Finally, using Proposition 1.1.11, we get

α

C2
emb

= α

C2
emb

∥vn∥2
L2(Ω) ≤ α ∥vn∥2

Ls,2
0 (Ω) ≤

∫
Ω

|f (x, un)|
∥un∥L2(Ω)

|vn| dx,

we pose
Xn =

∫
Ω

|f (x, un) ∥vn|
∥un∥L2(Ω)

dx,

and we prove that lim
n→+∞

Xn = 0, which is impossible because Xn is
minored by the constant α

C2
emb

which is positive.
Let us prove that

lim
n→+∞

|f (x, un)| |vn|
∥un∥L2(Ω)

= 0 a.e. with domination
(
in L1(Ω)

)
,

we will obtain using the dominated convergence theorem that lim
n→+∞

Xn = 0.
First, we prove the domination

|f (x, un)|
∥un∥L2(Ω)

≤ |d| + C1 |un|
∥un∥L2

≤ |d| + C1 |vn| ≤ |d| + C1H.

So ∣∣∣∣∣∣ f (x, un)
∥un∥L2(Ω)

vn

∣∣∣∣∣∣ ≤ (|d| + C1H)H ∈ L1(Ω).

Now, we prove the convergence almost everywhere.
We have vn → v a.e. so ∃F such as meas (F c) = 0 and

lim
n→+∞

vn(x) = v(x) ∀x ∈ F.

First case: if v(x) > 0; lim
n→+∞

vn(x) = v(x) and lim
n→+∞

∥un∥L2(Ω) = +∞,

then
lim

n→+∞
un(x) = lim

n→+∞
vn(x) ∥un∥L2(Ω) = +∞.

f (x, un(x))
∥un∥L2(Ω

vn(x) = f (x, un(x))un(x)
un(x) ∥un∥L2(Ω)

vn(x) = f (x, un(x))
un(x)

(vn(x))2 ,
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lim
n→+∞

f (x, un(x))
un(x)

(vn(x))2 = 0.

We have used here the assumption (h4); lim
s→+∞

f(x,s)
s

= 0.

Second case: if v(x) < 0; we have the same lim
n→+∞

f(x,un(x))
∥un∥L2(Ω)

vn(x) = 0,

because lim
s→−∞

f(s)
s

= 0.
Third case: if v(x) = 0, we obtain∣∣∣∣∣∣f (x, un(x))

∥un∥L2(Ω)
vn(x)

∣∣∣∣∣∣ ≤ |d(x)| + C1 |un(x)|
∥un∥L2(Ω)

|vn(x)|

≤ (|d(x)| + C1 |vn(x)|) |vn(x)| ,

hence

lim
n→+∞

∣∣∣∣∣∣f (x, un(x))
∥un∥L2(Ω)

vn(x)

∣∣∣∣∣∣ = 0.

We conclude from the three cases that

lim
n→+∞

f (x, un)
∥un∥L2(Ω)

vn = 0 a.e.

Consequently, we have proved that lim
n→+∞

Xn = 0, but we have Xn ≥ α
C2

emb

for all n ∈ N⋆, which is a contradiction.

We deduce that there isn’t any solution u for the equation T (t, u) = u in
the boundary of BR = {u ∈ L2(Ω); ∥u∥L2(Ω) < R} and that’s for all t ∈ [0, 1].

Lemma 3.3.3. Under the assumptions (h1) and (h3), the following set{
T (t, u), t ∈ [0, 1], u ∈ B̄R+1

}
is relatively compact in L2(Ω).

Proof. Let R > 0, We suppose that ∥u∥L2(Ω) ≤ R, we obtain∫
Rn
A(x)Dsw(x) ·Dsv(x)dx = t

∫
Ω
f(x, u(x))vdx

≤ ∥d∥L2(Ω)∥v∥L2(Ω) + C1∥u∥L2(Ω)∥v∥L2(Ω)

≤ (Cemb∥d∥L2(Ω) + CembC1R)∥v∥Ls,2
0 (Ω).

Consequently,∫
Rn
A(x)Dsw(x) ·Dsv(x)dx ≤ R̄∥v∥Ls,2

0 (Ω)∀v ∈ Ls,20 (Ω), (3.6)
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where, R̄ = Cemb∥d∥L2(Ω) + CembC1R.
Let us take v = w in the inequality (3.6) and using the assumption (h1), we
conclude that

∥w∥Ls,2
0 (Ω) ≤ R̄

α
= R̃,

then,
∥T (t, u)∥Ls,2

0 (Ω) ≤ R̃.

Therefore, the set
{
T (t, u), t ∈ [0, 1], u ∈ B̄R

}
is bounded in Ls,20 (Ω) and from

the proposition 1.1.13, Ls,20 (Ω) is compactly embedded in L2(Ω), we deduce
that

{
T (t, u), t ∈ [0, 1], u ∈ B̄R

}
is relatively compact in L2(Ω).

Lemma 3.3.4. Under the assumptions (h1), (h2) and (h3), T is continuous
from [0, 1] × L2(Ω) into L2(Ω).

Proof. Let (tn)n∈N ⊂ [0, 1] such as tn → t when n → +∞ and (un)n∈N ⊂
L2(Ω) such as un → u inL2(Ω) when n → +∞.
We want to prove that A(tn, un) converges to A(t, u) in L2(Ω).
We pose wn = A(tn, un) and w=A(t, u).
For proving that wn converges to w in L2(Ω), we need to cross the limit in
the following equation

Find wn ∈ Ls,20 (Ω),∫
Rn
A (x)Dswn(x) ·Dsv(x)dx = tn

∫
Ω
f(x, un(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

(wn)n∈N is a bounded sequence in Ls,20 (Ω), therefore (wn)n∈N has a subse-
quence converge weakly to w̄ in Ls,20 (Ω) and strongly in L2(Ω).
We have also un → u a.e. and ∃M ∈ L2(Rn) : |un| ≤ M a.e.
Now, let us prove that Dswn → Dsw̄ weakly in (L2(Rn))n in the sense of
distribution.
lim

n→+∞

⟨
∂swn
∂xsj

, v

⟩
= lim

n→+∞

∫
Rn
I1−s ∗ wn

∂v

∂xj
dx

= lim
n→+∞

∫
Rn
wnI1−s ∗ ∂v

∂xj
dx

=
∫
Rn
w̄I1−s ∗ ∂v

∂xj
dx

=
∫
Rn
I1−s ∗ w̄ ∂v

∂xj
dx

=
⟨
∂sw̄

∂xsj
, v

⟩
.
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We conclude that

lim
n→+∞

∫
Rn
ADswn ·Dsv dx =

∫
Rn
ADsw̄ ·Dsv dx.

For the last term of the equation of the problem, we get using the assumption
(h2), lim

n→+∞
f(x, un) = f(x, u) a.e., in addition using the assumption (h3) and

the Dominate Convergence theorem, we obtain

lim
n→+∞

f(x, un) = f(x, u) in L2(Ω),

and
lim

n→+∞

∫
Ω
f(x, un)vdx =

∫
Ω
f(x, u)vdx.

By crossing the limit in the equation of the problem, we obtain that∫
Rn
A(x)Dsw̄(x) ·Dsv(x)dx = t

∫
Ω
f(x, u(x))vdx.

Therefore,
w̄ = T (t, u) = w.

Proof of Theorem 3.3.1
Now, we can prove Theorem 3.3.1 by applying the Leray-Schauder degree
method.

Proof. We have according to Lemma 3.3.2 that there is no solution of the
equation Id(u) − T (t, u) = 0 in the boundary of the ball BR and Lemma
3.3.3 gives us that

{
T (t, u), t ∈ [0, 1], u ∈ B̄R

}
is relatively compact in L2(Ω).

Furthermore, according to Lemma 3.3.4, the homotopy T is continuous from
[0, 1] × L2(Ω) into L2(Ω). Consequently, we can define the degree d(Id −
T (t, ·), BR, 0) and with the homotopy invariance property we have

d(Id− T (t, ·), BR, 0) = d(Id− T (0, ·), BR, 0) = d(Id,BR, 0) = 1 ̸= 0,

for all t ∈ [0, 1].
Therefore, there exists u ∈ BR such that

Id(u) − T (1, u) = 0,

which is equivalent to
T (1, u) = u,

and proves that the problem (3.1) has at least one weak solution u ∈ Ls,20 (Ω).
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3.4 Uniqueness of solutions

In this section, we prove the uniqueness of weak solution u ∈ Ls,20 (Ω) of the
problem (3.1) in a particular case where the function f satisfies the following
assumption
(h5) ∃C > 0, for a.e.x ∈ Ω and ∀p1, p2 ∈ R

∥f (x, p1) − f (x, p2)∥L2(Ω) ≤ C ∥p1 − p2∥L2(Ω) .

We define the following operator
B : L2(Ω) −→ Ls,20 (Ω)

u 7→ B(u) = w,

where w is a solution to the problem (3.3) (for t = 1).

Lemma 3.4.1. Under the assumptions (h1) and (h5) and for CC2
emb < α,

the operator B admits a unique fixed point.

Proof. We use in this proof an application of the Banach fixed point theorem,
so we need to prove that B is a contraction.
For all u1, u2 ∈ L2(Ω), we pose B(u1) = w1 and B(u2) = w2, then we obtain
the two following problems

Find w1 ∈ Ls,20 (Ω),∫
Rn
A (x)Dsw1(x) ·Dsv(x)dx =

∫
Ω
f(x, u1(x))v(x)dx, ∀v ∈ Ls,20 (Ω).


Find w2 ∈ Ls,20 (Ω),∫
Rn
A (x)Dsw2(x) ·Dsv(x)dx =

∫
Ω
f(x, u2(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

We make the difference between the two previous equations, take v = w1−w2,
apply Cauchy-Schwarz, use the assumption (h1) and obtain

∥w1 − w2∥2
Ls,2

0 (Ω) ⩽
1
α

∥f (x, u1) − f (x, u2)∥L2(Ω) ∥w1 − w2∥L2(Ω) .

Using Proposition 1.1.11 and the assumption (h5), we get

∥w1 − w2∥L2(Ω) ⩽
CC2

emb

α
∥u1 − u2∥L2(Ω) . (3.7)

Consequently, for CC2
emb < α, the operator B is a contraction. Therefore, B

admits a unique fixed point, and we conclude that the problem (3.1) has a
unique weak solution.

49



CHAPTER

4

STUDY OF A NONLOCAL FRACTIONAL
ELLIPTIC PROBLEM WITH NONLINEAR-
ITIES

In this chapter, we study the existence of weak solutions in the fractional
space Ls,20 for a class of nonlocal nonlinear fractional elliptic problems
with Dirichlet boundary condition. The proof of the existence of weak

solutions in Ls,20 for our problem is based on the application of the Shauder
fixed point theorem. This chapter presents some results published in [3].

4.1 Motivation for the problem
We are interested in this chapter in the existence of weak solutions for the
following nonlocal problem{

−M(
∫

Ω u(x)dx)Ds · (Dsu(x)) = f(x, u(x)) in Ω,
u = 0 on Rn\Ω.

Where Ω is a bounded open subset of Rn with a Lipschitz boundary s ∈ (0, 1)
with n > 2s, M : R → R+ is a continuous function and the nonlinear function
f : Ω × R → R.
This problem is the fractional version of the following problem, which was
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studied by Chipot and Lovat; see [18].{
−a (

∫
Ω u(x)dx) ∆u = f in Ω

u(x) = 0 on Γ

Here Ω is a bounded open subset in Rn, n ≥ 1 with smooth boudary Γ, a is
some function from R into (0,+∞).
The following problem is the parabolic version of the previous problem, which
was studied by the same authors

ut − a (
∫

Ω u(x, t)dx) ∆u = f in Ω × (0, T ),
u(x, t) = 0 on Γ × (0, T ),
u(x, 0) = u0(x) on Ω.

T represents an arbitrary time. We can use u the solution of this problem
to describe the density of bacteria, or in general, a population susceptible
to spreading. a is the coefficient of diffusion, which depends on the entire
population in the domain rather than the local density; the global of medium
state guides those moves.

Many researchers have recently become interested in nonlinear nonlocal
fractional elliptic problems, such as the work of Xiang M et al. (2015) used
the Fountain theorem and the dual Fountain theorem to study a nonlocal
nonlinear fractional elliptic problem of Kirchhoff type, and the work of Fis-
cella A. et al. (2019) provided the existence of two solutions for a nonlocal
fractional elliptic problem with critical nonlinearities using variational meth-
ods.

The significance of our problem stems from its ability to generalize many
results from classical Sobolev spaces to the fractional case.

The organization of this chapter is as follows. In section 2, we present our
problem and his weak formulation. Section 3 contains the existence results
using the Schauder fixed point theorem.

4.2 Mathematical formulation for the prob-
lem

We consider the following nonlinear fractional elliptic problem{
−M(

∫
Ω u(x)dx)Ds · (Dsu(x)) = f(x, u(x)) in Ω,

u = 0 on Rn\Ω. (4.1)

Where Ω is a bounded open subset of Rn with a Lipschitz boundary s ∈ (0, 1)
with n > 2s, M : R → R+ is a continuous function and the nonlinear func-
tion f : Ω × R → R, satisfy the following hypothesis:
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

(h1) ∃α, β > 0 : α ≤ M(t) ≤ β, ∀t ∈ R.
(h2) f satisfies the Caratheodory conditions.
(h3) Growth condition

∃C1 ≥ 0 and d ∈ L2(Ω) such that |f(x, s)| ≤ d(x) + C1|s|γ, ∀s ∈ R,
where γ ∈ (0, 1).

Next, using the fractional integration par parts formula relating the dis-
tributional Riesz fractional gradient, the problem (4.1) is weakly formulated
as follows:

Find u ∈ Ls,20 (Ω),
M
(∫

Ω
u(x)dx

) ∫
Rn
Dsu(x) ·Dsv(x)dx =

∫
Ω
f(x, u(x))v(x)dx, ∀v ∈ Ls,20 (Ω),

(4.2)

we refer to the papers [68, 19].

4.3 Existence results using the Schauder fixed
point theorem

This section is devoited to study the existence of weak solutions for the
problem (4.1) using an application of Schauder fixed point theorem.
First of all, we start this section by giving the theorem of existence of weak
solutions

Theorem 4.3.1. Under the assumptions (h1), (h2) and (h3), the problem
(4.1) has at least one weak solution u ∈ Ls,20 (Ω).

This study is divided into three main steps:

Step 1

In this step, we are interested in the following problem in order to formulate
a fixed point problem equivalent to the problem (4.1) using a certain opera-
tor.
For ū ∈ Ls,20 (Ω), we have the following linear weak problem:

Find u ∈ Ls,20 (Ω),
M
(∫

Ω
ū(x)dx

) ∫
Rn
Dsu(x) ·Dsv(x)dx

=
∫

Ω
f(x, ū(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

(4.3)
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We will prove the existence and uniqueness of solutions for the previous prob-
lem, as well as define the following operator:

T : L2(Ω) −→ Ls,20 (Ω)

ū 7→ T (ū) = u,

where u is a solution to the linear problem (4.3).

Lemma 4.3.1. For ū ∈ L2(Ω)and using the hypothesis (h1) and (h3), the
problem (4.3) has a unique solution u ∈ Ls,20 (Ω).

Proof. To prove the existence and uniqueness of solution u ∈ Ls,20 (Ω), we will
use the Lax-Milgram theorem. We haveFind u ∈ Ls,20 (Ω),

a(u, v) = l(v),∀v ∈ Ls,20 (Ω).
(4.4)

With
a(., .) : Ls,20 (Ω) × Ls,20 (Ω) −→ R

(u, v) 7→ a(u, v) = M
(∫

Ω
ū(x)dx

) ∫
Rn
Dsu(x) ·Dsv(x)dx,

l : Ls,20 (Ω) −→ R
v 7→ l(v) =

∫
Ω
f(x, ū(x))v(x)dx.

Now we prove that the bilinear form a(., .) is continuous and coercive. More-
over, we prove that the linear form l is continuous.

The continuity of a(., .)

Using the assumption (h1) and the Cauchy-Schwarz inequality, we get
|a(u, v)| =

∣∣∣∣M (∫
Ω
ū(x)dx

) ∫
Rn
Dsu(x) ·Dsv(x)dx

∣∣∣∣
≤ β

∫
Rn

|Dsu(x)| |Dsv(x)| dx

≤ β∥Dsu∥L2(Rn)∥Dsv∥L2(Rn)

≤ β∥u∥Ls,2
0 (Ω)∥v∥Ls,2

0 (Ω),

therefore, the bilinear form a(., .) is continuous.

The coercivity of a(., .)

Applying the assumption (h1), we get
a(v, v) = M

(∫
Ω
ū(x)dx

) ∫
Rn
Dsv(x) ·Dsv(x)dx

≥ α
∫
Rn

|Dsv|2 dx = α∥Dsv∥2
L2(Rn) = α∥v∥2

Ls,2
0 (Ω),
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which gives that the bilinear form a(., .) is coercive.

The continuity of l(.)

Using the Cauchy-Schwarz, Minkowski and Holder inequalities, the assump-
tion (h3) and Proposition 1.1.11, we obtain
|l(v)| =

∣∣∣∣∫
Ω
f(x, ū(x))v(x)dx

∣∣∣∣
≤
(∫

Ω
|d(x) + C1 |ū(x)|γ|2 dx

) 1
2
(∫

Ω
|v(x)|2 dx

) 1
2

≤
[(∫

Ω
|d(x)|2 dx

) 1
2

+ C1

(∫
Ω

|ū(x)|2γ dx
) 1

2
]

∥v∥L2(Ω)

≤
[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 ∥ū∥γL2(Ω)

]
∥v∥L2(Ω)

≤ Cemb
[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 ∥ū∥γL2(Ω)

]
∥v∥Ls,2

0 (Ω),

hence, the linear form l is continuous.

We conclude that the problem (4.3) has a unique solution u ∈ Ls,20 (Ω).
Remark 4.3.1. The problem (4.1) has at least one weak solution u ∈ Ls,20 (Ω)
if and only if the following fixed point problem has at least one solutionFind u ∈ L2(Ω),

u = T (u).
(4.5)

Later, we prove The existence of solutions for this fixed point problem using
the Schauder fixed point theorem.

Step 2

This step is devoted to give some auxiliary results which are the conditions
of the Schauder fixed point theorem.
Lemma 4.3.2. Under the hypotesis (h1) and (h3), the operator T maps the
ball B̄R = {w ∈ L2(Ω) : ∥w∥L2(Ω) ≤ R} into itself.
Proof . For each ū ∈ B̄R, we will prove that T (ū) ∈ B̄R.

Noting u = T (ū), we obtain
Find u ∈ Ls,20 (Ω),
M
(∫

Ω
ū(x)dx

) ∫
Rn
Dsu(x) ·Dsv(x)dx

=
∫

Ω
f(x, ū(x))v(x)dx, ∀v ∈ Ls,20 (Ω).
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Let us choose v = u in the equation of the previous problem, we get

M
(∫

Ω
ū(x)dx

) ∫
Rn
Dsu(x) ·Dsu(x)dx =

∫
Ω
f(x, ū(x))u(x)dx,

using Cauchy-Schwarz inequality and the hypothesis (h1) and (h3),

α∥u∥2
Ls,2

0 (Ω) ≤
(∫

Ω
|d(x) + C1 |ū(x)|γ|2 dx

) 1
2
(∫

Ω
|u(x)|2 dx

) 1
2
,

applying the Minkowski inequality, we get

α∥u∥2
Ls,2

0 (Ω) ≤
[(∫

Ω
|d(x)|2 dx

) 1
2

+ C1

(∫
Ω

|ū(x)|2γ dx
) 1

2
]

∥u∥L2(Ω),

using Holder inequatlity, we obtain

α∥u∥2
Ls,2

0 (Ω) ≤
[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 ∥ū∥γL2(Ω)

]
∥u∥L2(Ω),

next, using the proposition 2.3, we get

∥u∥L2(Ω) ≤ C2
emb

α

[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 ∥ū∥γL2(Ω)

]
,

then, we have

∥u∥L2(Ω) ≤ C2
emb

α

[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 Rγ

]
,

here, we used the assumption that ū ∈ B̄R.
Now, we choose R large enough such that

Cemb
α

[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 Rγ

L2(Ω)

]
≤ R,

hence
∥T (ū)∥L2(Ω) ≤ R.

Lemma 4.3.3. Under the assumptions (h1) and (h3),
{
T (w), w ∈ B̄R

}
is

relatively compact in L2(Ω).

Proof . Let {ūn}n∈N ⊂ B̄R. Setting that T (ūn) = un, we get
Find un ∈ Ls,20 (Ω),
M
(∫

Ω
ūn(x)dx

) ∫
Rn
Dsun(x) ·Dsv(x)dx

=
∫

Ω
f(x, ūn(x))v(x)dx, ∀v ∈ Ls,20 (Ω).
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Let us choose v = un in the equation of the previous problem, we get

M
(∫

Ω
ūn(x)dx

) ∫
Rn
Dsun(x) ·Dsun(x)dx =

∫
Ω
f(x, ūn(x))un(x)dx,

using Cauchy-Schwarz, Minkowski and Holder inequatlities and the hypothe-
sis (h1) and (h3), we obtain

α∥un∥2
Ls,2

0 (Ω) ≤ Cemb
[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 ∥ūn∥γL2(Ω)

]
∥un∥Ls,2

0 (Ω),

then
∥un∥Ls,2

0 (Ω) ≤ Cemb
α

[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 Rγ

]
.

Consequently,
∥un∥Ls,2

0 (Ω) ≤ R̄,

with
R̄ = Cemb

α

[
∥d∥L2(Ω) + C1(meas(Ω))

1−γ
2 Rγ

]
,

therefore, {un}n∈N is a bounded sequence in Ls,20 (Ω), and from the proposition
1.1.13 , Ls,20 (Ω) is compactly embedded in L2(Ω), we deduce that there is a
subsequence {unk

}k∈N which converges to u strongly in L2(Ω). We conclude
that

{
T (w), w ∈ B̄R

}
is relatively compact in L2(Ω).

Lemma 4.3.4. Assume that the assumptions (h1), (h2) and (h3) are satisfied,
the operator T is continuous from L2(Ω) into L2(Ω).

Proof . Let {ūn}n∈N ⊂ L2(Ω) such that lim
n→+∞

ūn = ū in L2(Ω). Next, we
are going to prove that T (ūn) converges to T (ū) in L2(Ω).
We pose un = T (ūn) and u = T (ū).
For proving that {un}n∈N converges to u in L2(Ω), we need to cross the limit
in the following equation:

Find un ∈ Ls,20 (Ω),
M
(∫

Ω
ūn(x)dx

) ∫
Rn
Dsun(x) ·Dsv(x)dx

=
∫

Ω
f(x, ūn(x))v(x)dx, ∀v ∈ Ls,20 (Ω).

(un)n∈N is a bounded sequence in Ls,20 (Ω), therefore (un)n∈N has a subsequence
converges weakly to w in Ls,20 (Ω) and strongly in L2(Ω).
For the first term of the equation of the previous problem, we have
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• lim
n→+∞

ūn = ū in L2(Ω), and using the continuity of the function M , we
arrive at

lim
n→+∞

M
(∫

Ω
ūn(x)dx

)
= M

(∫
Ω
ū(x)dx

)
.

• Dsun → Dsw weakly in (L2(Rn))n in the sense of distribution.

lim
n→+∞

⟨
∂sun
∂xsj

, v

⟩
= lim

n→+∞

∫
Rn
I1−s ∗ un

∂v

∂xj
dx

= lim
n→+∞

∫
Rn
unI1−s ∗ ∂v

∂xj
dx

=
∫
Rn
wI1−s ∗ ∂v

∂xj
dx

=
∫
Rn
I1−s ∗ w ∂v

∂xj
dx

=
⟨
∂sw

∂xsj
, v

⟩
.

Hence, ∂sun
∂xsj

→ ∂sw

∂xsj
weakly, for j = 1, . . . , n.

From the two previous point, we conclude that

lim
n→+∞

M
(∫

Ω
ūn(x)dx

) ∫
Rn
Dsun(x) ·Dsv(x)dx

= M
(∫

Rn
ū(x)dx

) ∫
Rn
Dsu(x) ·Dsv(x)dx.

Next, for the second term f(x, ūn), we get using the assumption (h2),
lim

n→+∞
f(x, un) = f(x, u) a.e., in addition using the assumption (h3) and the

Dominate Convergence theorem, we obtain

lim
n→+∞

f(x, ūn) = f(x, ū) in L2(Ω),

and
lim

n→+∞

∫
Ω
f(x, ūn)vdx =

∫
Ω
f(x, ū)vdx.

We have proved that T (ūn) converges to T (ū) in L2(Ω). In conclusion, the
operator T is continuous from L2(Ω) into L2(Ω).

Step 3

In This step, we apply Schauder fixed point theorem using the previous
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auxiliary results to prove the main result.
Proof of Theorem 4.3.1
It follows from the Lemmas 4.3.2, 4.3.3 and 4.3.4, that

1. The operator T maps the ball B̄R = {w ∈ L2(Ω) : ∥w∥L2(Ω) ≤ R}
into itself.

2.
{
T (w), w ∈ B̄R

}
is relatively compact in L2(Ω).

3. The operator T is continuous from L2(Ω) into L2(Ω).

Then we can apply the Schauder fixed point theorem and conclude that
the fixed point problem Find u ∈ L2(Ω),

u = T (u).
(4.6)

admits at least one solution u ∈ L2(Ω) which is equivalent to deduce that
there exists at least one weak solution u ∈ Ls,20 (Ω) for the problem (4.1).
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CHAPTER

5

STUDY OF LEFT AND RIGHT RIEMAN-
LIOUVILLE FRACTIONAL DIFFEREN-
TIAL EQUATION

The aim of this chapter is to study the existence and uniqueness of solu-
tions for a semilinear fractional problem involving Riemann-Liouville
fractional derivatives in a new fractional function space that is in-

troduced by Cesar E et al. in the paper [42]. This study is based on the
Leray-Schauder degree theory to obtain the existence of solutions. For the
uniqueness, we apply the contraction principle of Banach. We illustrate this
study with an example. This chapter presents some results published in [39].

The organization of this chapter is as follows. In section 2, we give some
preliminaries and the mathematical formulation of our problem with his
weak formulation. Section 3 contains the existence results using the Leray-
Schauder degree method. Section 4 is devoted to study the uniqueness of
soltions using the Banach principle of contraction. Finally, in section 5, we
present an example to prove the validity of our results.
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5.1. Preliminaries and position of the problem 5

5.1 Preliminaries and position of the prob-
lem

Preliminairies
We will introduce some fractional spaces and results that are presented in
[10, 42, 31], we will use them in this chapter.

Definition 5.1.1. Let s ∈ (0, 1), the left and right Riemann-Liouville frac-
tional integrals of u for u ∈ L1[a, b] are defined as:

aI
s
xu(x) = 1

Γ(s)

∫ x

a
(x− α)s−1u(α)dα, xI

s
bu(x) = 1

Γ(s)

∫ b

x
(α− x)s−1u(α)dα

Definition 5.1.2. aD
s
xu(x), xDs

bu(x) are the left and right Riemann-Liouville
fractional derivatives of u, respectively, are defined if u ∈ AC[a, b], as follows:

aD
s
xu(x) = d

dx
aI

1−s
x u(x), and xD

s
bu(x) = − d

dx
xI

1−s
b u(x),

where x ∈ [a, b] and s ∈ (0, 1).

Theorem 5.1.1 (Integration by parts for fractional derivatives). Let s ∈
(0, 1) and for p ≥ 1, f ∈ Lp[a, b] and g ∈ AC[a, b]. Then:∫ b

a
f(x)aDs

xg(x)dx =
∫ b

a
g(x)xDs

bf(x)dx+ g(b)xI1−s
b f(b−),

and ∫ b

a
f(x)xDs

bg(x)dx =
∫ b

a
g(x)aDs

xf(x)dx+ g(a)aI1−s
x f(a+).

Definition 5.1.3. Let u ∈ L1(a, b) and s ∈ (0, 1). If there is v ∈ L1
loc(a, b)

such that: ∫ b

a
u(x)xDs

bw(x)dx =
∫ b

a
v(x)w(x)dx, ∀w ∈ C∞

0 [a, b], (5.1)

then v is called the weak left fractional derivative of u which we denote by:

aDs
xu = v,

Theorem 5.1.2. Let s ∈ (0, 1), The weak fractional derivative aDs
x is unique

and linear.
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•Let s ∈ (0, 1), we define the fractional left derivative space of Sobolev
type as:

Es
L[a, b] = {u ∈ L2[a, b] : aDs

xu ∈ L2[a, b]}

endowed with the inner product

⟨u, v⟩Es
L[a,b] =

∫ b

a
u(x)v(x)dx+

∫ b

a
aDs

xu(x)aDs
xv(x)dx.

and the norm

∥u∥Es
L[a,b] =

(∫ b

a
|u(x)|2dx+

∫ b

a
|aDs

xu(x)|2dx
)1/2

. (5.2)

is a Hilbert space. We denote by Es
L,0[a, b] as a closure of C∞

c [a, b] in Es
L[a, b]

endowed with the norme of Es
L[a, b], that is:

Es
L,0[a, b] = C∞

c [a, b]∥.∥L
.

Theorem 5.1.3. Let s ∈ (0, 1), u ∈ Es
L[a, b] if and only if u ∈ L2[a, b],

aI
1−s
x u ∈ H1[a, b] and

aDs
xu(x) = d

dx
aI

1−s
x u(x) a.e. x ∈ (a, b),

where d

dx
is understood in weak sense.

Proposition 5.1.1 (Fractional Poincaré inequality). Let s ∈ (0, 1), for
all u ∈ Es

L,0[a, b] we have

∥u∥L2[a,b] ≤ (b− a)s

Γ(s+ 1)
∥aDs

xu∥L2[a,b]. (5.3)

From the Fractional Poincaré inequality, the norm of Es
L,0[a, b] is de-

fined by ∥u∥Es
L,0[a,b] =

(∫ b
a |aDs

xu(x)|2dx
)1/2

which is equivalent to the norme
∥.∥Es

L[a,b].

Embedding results

Theorem 5.1.4.

• For s ∈ (0, 1
2), the embedding Es

L,0[a, b] ↪→ Lq[a, b] is compact for every
q ∈ [1, 2∗

s) .
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• For s ∈
(

1
2 , 1

)
and let (un)n∈N ∈ Es

L,0[a, b] such that un → u in
Es
L,0[a, b]. Then

un → u in C[a, b],

that is lim
n→∞

∥u− un∥∞ = 0.

Theorem 5.1.5. Let s ∈ (0, 1), then
Es
L,0[a, b] =

{
u ∈ L2[a, b] : aDs

xu ∈ L2[a, b] and lim
x→a+ aI

1−α
x u(x) = 0 a.e.

x > a
}
.

Also, if s ∈
(
0, 1

2

)
we have:

Es
L,0[a, b] =

{
u ∈ L2[a, b] : aDs

xu ∈ L2[a, b] and lim
x→a+ aI

1−α
x u(x) = 0 ∀x > a

}
.

And if s ∈
(

1
2 , 1

)
we have:

Es
L,0[a, b] =

{
u ∈ L2[a, b] : aDs

xu ∈ L2[a, b], u(a) = u(b) = 0
}
.

Theorem 5.1.6. Let s ∈ (0, 1), Es
L,0[a, b] is a closed subspace of Es

L[a, b].

We consider the following Rieman-Liouville fractional differential equa-
tion: xDs

b(aDs
xu(x)) = φ(x) − ψ(x, u) in (a, b),

Ps(u) = 0 on ∂(a, b).
(5.4)

Where s ∈ (0, 1
2) ∪

(
1
2 , 1

)
, φ ∈ L2([a, b]) and ψ(x, k) : [a, b] × R → R is

a Carathéodory function. Ps(u) represent the boundary condition of the
problem which depend of the behavior of s ∈ (0, 1

2) ∪
(

1
2 , 1

)
, that is:

Ps(u) =

 lim
x→a+ aI

1−s
x u(x) = 0, if s ∈

(
0, 1

2

)
,

u(a) = u(b) = 0, if s ∈
(

1
2 , 1

)
.

Remark 5.1.1. The case s = 1
2 is sill an open problem.

Now we give the weak formulation of the problem (5.4), see [42].

Find u ∈ Es
L,0[a, b],∫ b

a Ds
a,xu(x)Ds

a,xw(x)dx =
∫ b
a φ(x)w(x)dx−

∫ b
a ψ(x, u)w(x)dx, ∀w ∈ Es

L,0[a, b].
(5.5)
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Remark 5.1.2. The precedent weak formulation is a consequence of the the-
orem of integration by parts for fractional derivatives and Theorem 5.1.3, for
more details, see [42].

We will use the following assumptions:

(h1) Growth condition
|ψ(x, k)| ≤ a(x) + h|k|, ∀k ∈ R, a.e. x ∈ [a, b],
such there exist a ∈ L2([a, b]), and h ∈ R+.

(h2) Sign condition:
ψ(x, k)k ≥ 0, ∀k ∈ R and a.e x ∈ [a, b].

5.2 Existence results
In this section, we give the theorem of the existence of weak solutions to our
problem (5.4), we reformulate our problem, and show the Leray-Schauder
degree conditions to prove the result.
The following theorem gives the existence of solutions to the weak formula-
tion (5.5).

Theorem 5.2.1. Under the hypotheses (h1) and (h2), the problem (5.4) has
a weak solution u ∈ Es

L,0([a, b]).

To reformulate our problem, we need to define the following operator:
T : [0, 1] × L2([a, b]) → Es

L,0([a, b]), such that T (t, u) = u, where u is a solu-
tion to the following linear problem:


Find u ∈ Es

L,0[a, b],∫ b
a Ds

a,xu(x)Ds
a,xw(x)dx = t

∫ b
a φ(x)w(x)dx− t

∫ b
a ψ(x, u)w(x)dx,

∀w ∈ Es
L,0[a, b]

(5.6)

We must prove the existence and the uniqueness of a solution to this problem
in order to obtain that T is a well-defined operator, and this is implied by
the following theorem:

Theorem 5.2.2. Thanks to hypothesis (h1) the problem (5.6) has unique
solution u ∈ Es

L,0([a, b]).
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Proof. To prove Theorem 5.2.2, we use the Lax-Milgram theorem.

We pose

a(u,w) : Es
L,0([a, b]) × Es

L,0([a, b]) → R

(u,w) 7→ a(u,w) =
∫ b

a
Ds
a,xu(x)Ds

a,xw(x)dx,

and

l(w) : Es
L,0([a, b]) → R

w 7→ l(w) = t
∫ b

a
φ(x)w(x)dx− t

∫ b

a
ψ(x, u)w(x)dx ∀t ∈ [0, 1],

Step 01 We will prove the bilinear form a(., .) is coercive.
For all Es

L,0([a, b])

a(w,w) =
∫ b

a
Ds
a,xw(x)Ds

a,xw(x)dx,

= ∥w∥2
Es

L,0([a,b]),

thus, a(.,.) is coercive.

Step 02 We will prove the bilinear form a(., .) is continuous.
For all u,w ∈ Es

L,0([a, b]), we have

|a(u,w)| = |
∫ b

a
Ds
a,xu(x)Ds

a,xw(x)dx|,

Then, applying the Cauchy-Schwarz inequality, we find

|a(u,w)| ≤ ∥Ds
a,xu∥L2([a,b])∥Ds

a,xw∥L2([a,b])

= ∥u∥Es
L,0([a,b])∥w∥Es

L,0([a,b]).

Therefore, a(., .) is continuous.

Step 03 We will prove the linear form l(.) is continuous.
For all w ∈ Es

L,0([a, b]), we have

|l(w)| = |t
∫ b

a
φ(x)w(x)dx− t

∫ b

a
ψ(x, u)w(x)dx|

≤ |
∫ b

a
φ(x)w(x)dx| + |

∫ b

a
ψ(x, u)w(x)dx|.
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Hence, from Proposition 5.1.1, the Cauchy-Schwarz inequality and hypothesis
(h1), we obtain

|l(w)| ≤
(

(b− a)s

Γ(s+ 1)

)
∥φ∥L2([a,b])∥w∥Es

L,0([a,b])

+
(

(b− a)s

Γ(s+ 1)

)(
∥a∥L2([a,b]) + h∥u∥L2([a,b])

)
∥w∥Es

L,0([a,b])

≤
(

(b− a)s

Γ(s+ 1)

)(
∥a∥L2([a,b]) + h∥u∥L2([a,b]) + ∥φ∥L2([a,b])

)
∥w∥Es

L,0([a,b]),

hence, l(.) is continuous.
• As a result, we may apply the Lax-Milgram theorem, and we conclude
that the problem (5.6) has a unique solution u ∈ Es

L,0([a, b]).

We observe that to prove the existence of weak solutions for the problem
(5.4) is equivalent to show the existence of solutions for the following problem.Find u ∈ L2([a, b]),

u = T (1, u).
(5.7)

For this purpose, we will give some results that satisfy the Leray Schauder
degree conditions.

Leray-Schauder degree conditions
Lemma 5.2.1. (Priori estimate) Let ψ satisfy the assumption (h2), we will
show that
∃R > 0 such thatT (t, u) = u

t ∈ [0, 1], u ∈ L2([a, b])
⇒ ∥u∥L2([a,b]) < R + 1.

Proof. Let T (t, u) = u, ∀t ∈ [0, 1], and we apply the hypothesis (h2) to get∫ b

a
aDs

xu(x)aDs
xu(x)dx =

∫ b

a
tφ(x)u(x)dx−

∫ b

a
tψ(x, u)udx,

≤
∫ b

a
φ(x)u(x)dx.

By Cauchy-schwarz inequality, we arrive at∫ b

a
|aDs

xu(x)|2dx ≤ ∥φ∥L2([a,b])∥u∥L2([a,b]).
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Moreover, from the Poincaré inequality, implies that

∥u∥L2([a,b]) ≤
(

(b− a)s

Γ(s+ 1)

)2

∥φ∥L2([a,b]).

We note

R =
(

(b− a)s

Γ(s+ 1)

)2

∥φ∥L2([a,b]),

then,
∥u∥L2([a,b]) < R + 1. (5.8)

We conclude from (5.8) that there are no solutions to the equation T (t, u) =
u,∀t ∈ [0, 1] in the boundary of the ballBR+1 = {u ∈ L2([a, b]) : ∥u∥L2([a,b]) <
R + 1}.

Lemma 5.2.2. Let the assumption (h1) be satisfied, T : [0, 1] × L2([a, b]) →
L2([a, b]) is continuous.

Proof. Let {tn, un}n∈N ⊂ [0, 1] × L2(Ω) which converges to (t, u) in [0, 1] ×
L2(Ω) when n → +∞. We will show that T (tn, un) converges to T (t, u),
putting T (tn, un) = un and T (t, u) = u, we have

∫ b

a
aDs

xun(x).aDs
xw(x)dx =

∫ b

a
tnφ(x)w(x)dx−

∫ b

a
tnψ(x, un)w(x)dx,

∀w ∈ Es
L,0([a, b]),

and ∫ b

a
aDs

xu(x).aDs
xw(x)dx =

∫ b

a
tφ(x)w(x)dx−

∫ b

a
tψ(x, u)w(x)dx,

∀w ∈ Es
L,0([a, b]),

substracting the last two equations, we obtain∫ b

a

(
aDs

xun − aDs
xu
)
.aDs

xwdx =
∫ b

a
(tn − t)φwdx

−
∫ b

a
(tψ(x, u) − tnψ(x, un))wdx, ∀w ∈ Es

L,0([a, b]).

We take w(x) = un(x) − u(x) and apply the Cauchy-Schwarz inequality and
Proposition 5.1.1, we obtain

∥un − u∥L2([a,b])

≤
(

(b− a)s

Γ(s+ 1)

)2 (
|tn − t|∥φ∥L2([a,b]) + ∥tψ(., u) − tnψ(., un)∥L2([a,b])

)
.
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Then, our hypothesis un → u in L2([a, b]) implies thatun → u a.e on [a, b]
|un| < H a.e on [a, b], with H ∈ L2([a, b]),

from the assumption (h1) and the Dominate convergence theorem, ψ(x, un) →
ψ(x, u) in L2([a, b]) and we have (tn)n∈N converges to t when n → +∞.
Therefore (un)n∈N converges to u in L2([a, b]). So T is continuous from
[0, 1] × L2([a, b]) into L2([a, b]).
Lemma 5.2.3. Under the assumption (h1), the following set

{T (t, u), t ∈ [0, 1], u ∈ BR+1}
is relatively compact in L2([a, b]).
Proof. Let (tn)n∈N ⊂ [0, 1] and (un)n∈N ⊂ BR+1, using the Cauchy-Schwarz
inequality, we get∣∣∣ ∫ b

a
aDs

xun(x).aDs
xun(x)dx

∣∣∣ =
∣∣∣ ∫ b

a
tnφ(x)un(x)dx−

∫ b

a
tnψ(x, un)un(x)dx

∣∣∣
∥un∥2

Es
L,0([a,b]) ≤

(
∥φ∥L2([a,b]) + ∥ψ(., un)∥L2([a,b])

)
∥un∥L2([a,b]).

From Proposition 5.1.1, we obtain

∥un∥Es
L,0([a,b]) ≤ (b− a)s

Γ(s+ 1)
(
∥φ∥L2([a,b]) + ∥ψ(., ūn)∥L2([a,b])

)
. (5.9)

Using the hypothesis (h1), the sequence (ψ(., un))n∈N is bounded in L2([a, b]).
In addition, from the last inequality, (un)n∈N is bounded in Es

L,0([a, b]), so
we have that un ⇀ u in Es

L,0([a, b]), Es
L,0([a, b]) is compactly embedded in

L2([a, b]). We conclude that there is a subsequence (unk
)k∈N which converges

to u in L2([a, b]).

Now, we can prove Theorem 5.2.1.

Proof. From Lemmas 5.2.1, 5.2.2 and 5.2.3, we conclude that d(Id−T (t, .),
BR+1, 0) is well-defined.
By the homotopy invariance property, we have

d(Id − T (1, .), BR+1, 0) = d(Id − T (0, .), BR+1, 0)
= d(Id, BR+1, 0) = 1 ̸= 0,

Therefore, there exists u ∈ BR+1 such that
u− T (1, u) = 0 ⇔ u = T (1, u).

Hence, we have shown that u is a solution of (5.4).
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5.3 Uniqueness results
Let assume that ψ is Lipschitz continuous with respect to the second variable,
that is, there exists a constant C > 0 such that for almost every x ∈ [a, b]
and for any k1, k2 ∈ L2([a, b])

(h3) ∥ψ(x, k1) − ψ(x, k2)∥L2([a,b]) ≤ C∥k1 − k2∥L2([a,b]). (5.10)

Thus, in order to prove that T admits a unique fixed point, it is sufficient
to prove that T is a contraction.
We take Bt(u) = T (t, u) for all t ∈ [0, 1].

Lemma 5.3.1. Thanks to assumption (h3), The operator Bt is a contraction
from L2([a, b]) to L2([a, b]) for all t ∈ [0, 1].

Proof. For all ū1, ū2 ∈ L2([a, b]), we pose Bt(ū1) = u1 and Bt(ū2) = u2,
∀t ∈ [0, 1], and get∫ b

a
aDs

xu1aDs
xwdx = t

∫ b

a
φ(x)wdx− t

∫ b

a
ψ(x, u1)wdx, (5.11)

and ∫
a
aDs

xu2aDs
xwdx = t

∫ b

a
φ(x)wdx− t

∫ b

a
ψ(x, u2)wdx, (5.12)

By taking the difference between the equations (5.11) and (5.12), we take
w = u1 − u2, use Cauchy-Schwarz inequality and obtain

∥u1 − u2∥2
Es

L,0([a,b]) ≤ ∥ψ(., u2) − ψ(., u1)∥L2([a,b])∥u1 − u2∥L2([a,b]),

From Proposition 5.1.1, and hypothesis (h3), we get

∥u1 − u2∥L2([a,b]) ≤ C

(
(b− a)s

Γ(s+ 1)

)2

∥u1 − u2∥L2([a,b]).

Consequently, if C
(

(b− a)s

Γ(s+ 1)

)2

< 1, Bt is a contraction, ∀t ∈ [0, 1].

As a result of the previous lemma, we have if C
(

(b− a)s

Γ(s+ 1)

)2

< 1, Bt is

a contraction, ∀t ∈ [0, 1], so we may apply the Banach fixed point theorem,
and we conclude that B1 admits a unique fixed point u ∈ L2([a, b]). Hence
the problem (5.4) admits a unique weak solution.
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5.4 Example
To validate our theoretical results, we present an example to illustrate Lem-
mas 5.2.1, 5.2.2, 5.2.3, and 5.3.1

In this example, if we take, s = 1
4

, φ(x) = sin(x) and ψ(x, u(x)) = 1
2u(x),

we have ψ satisfied the assumptions (h1), (h2) and (h3). So our problem is
considered as follows:

xD
1
4
1 (0D

1
4
x u(x)) = sin(x) − 1

2
u(x) in (0, 1),

lim
x→0+ 0I

1− 1
4

x u(x) = 0 on ∂(0, 1),
(5.13)

where a = 0, b = 1 and Γ(5/4) ≈ 0.90640248.
We have

E
1
4
L [0, 1] = {u ∈ L2[0, 1] : 0D

1
4
x u ∈ L2[0, 1]and lim

x→0+ 0I
1− 1

4
x u(x) = 0,∀x > a}

and
E

1
4
L,0[0, 1] = C∞

0 [0, 1]∥.∥L
.

Using the assumption (h2) and the example (5.13), we find from Lemma
5.2.2 that

∥u∥L2[a,b] ≤ R with R ≈ 0.63559578.

Thus
BR+1 = {u ∈ L2([a, b]) : ∥u∥L2([a,b]) < 1.63559578}.

Indeed, for the uniqueness of u, we have used the Banach fixed point theorem,
which is satisfied for the example 5.13 as follows,

∥u1 − u2∥L2([a,b]) ≤ 0.60859424 ∥u1 − u2∥L2([a,b]).

We remark from the above inequality that 0.60859424 < 1. Then, Bt is a
contraction, so Problem (5.13) admits only one weak solution u ∈ E

1
4
L,0[a, b].
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CONCLUSION

The focus of this work was on nonlinear fractional differential problems,
which can generalize many results from classical Sobolev spaces to fractional
Sobolev spaces, where our problems contain two important nonlocal oper-
ators: fractional Laplacian and distributional Riesz fractional gradient, as
well as the left and right Riemann-Liouville fractional derivatives.

First, we have given the weak formulation for each of our problems. Next,
we used the Lax-Milgram theorem to prove the uniqueness of solutions for
the linear problem associated with our nonlinear weak problem. This result
helped us to define an operator that is used to formulate a new problem
whose existence is equivalent to the existence of solutions for our nonlinear
weak problem. Under some hypotheses in nonlinear terms, we applied two
topological methods:

• We satisfied the conditions of the Leray-Schauder degree theorem,
where we constructed a ball that contains the solutions in such a way
that these solutions are not in the boundary of the ball. We also proved
that the operator defined is compact, and using the homotopy invari-
ance and normality properties, we obtained our results for the first,
second, and fourth problems.

• For the third problem, we satisfied the conditions of the Schauder fixed
point theorem for our operator that is compact and maps the closure
of the ball BR into itself to prove the existence of weak solutions.

The different studies in this thesis are in the following spaces:
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• Fractional Sobolev space Ds,2(Ω) relating to the fractional Laplacian.

• Bessel potential space Ls,20 (Ω) relating to the distributional Riesz frac-
tional gradient.

• The left Riemann-Liouville fractional Sobolev space Es
L,0[a, b] relating

to the left Riemann-Liouville fractional derivative.

These spaces, with their nice properties (Poincaré inequalities, embedding
theorems, etc.), helped us obtain our results and generalize important prob-
lems from the classical case to the fractional case.

We concluded that topological methods are efficient methods not only for
nonlinear differential problems but also for fractional differential problems.

For the uniqueness of solutions, we have used the Banach principle of
contraction and absurd reasoning under certain assumptions on the nonlin-
earities.

The study of fractional problems is extensive for generalizing other prob-
lems with significant applications in other sciences.



BIBLIOGRAPHY

[1] Abada E, Lakhal H, Maouni M. Topological degree method for fractional
Laplacian system. Bulletin of Mathematical Analysis and Applications.
2021; 13(2): 10-19.

[2] Abada E, Lakhal H, Maouni M. Existence and uniqueness of solution for a
nonlinearfractional problem involving the distributional Riesz derivative.
Mathematical Methods in the Applied Sciences. 2022; 45(10): 6181-6193.

[3] Abada E, Lakhal H, Saadi C. Application of Shauder fixed point theorem
to a nonlocal fractional elliptic problem with nonlinearities. Submitted for
publication in international journal.

[4] Ainsworth M, Mao Z. Analysis and Approximation of a Fractional Cahn-
Hilliard Equation. SIAM J. Numer. Anal. 2017;55(4):1689-1718.

[5] Ainsworth M, Mao Z. Well-posedness of the Cahn-Hilliard equation with
fractional free energy and its Fourier Galerkin approximation. Chaos Soli-
tons Fractals. 2017;102:264-273.

[6] Akagi G, Schimperna G, Segatti A. Fractional Cahn-Hilliard, Allen-
Cahn and porous medium 1125 equations. J. Differential Equations.
2016;261(6):2935-2985.

[7] Anderson DR, Ulness DJ. Properties of the Katugampola fractional
derivative with potential application in quantum mechanics. J. Math.
Phys. 2015;56(6):063502.

72



BIBLIOGRAPHY 5

[8] Antil H, Rautenberg NC. Fractional elliptic quasi-variational inequalities:
theory and numerics. Interfaces Free Bound. 2018;20(1):1-24.

[9] Atangana A, Baleanu D. New fractional derivatives with nonlocal and
non-singular kernel: Theory and application to heat transfer model. Ther-
mal Science. 2016;20(2):763-769.

[10] Bahrami F, Fazli H. A new approach on fractional variational problems
and EulerLagrange equations. Commun Nonlinear Sci Numer Simulat.
2015;23:39-50.

[11] Biccari U, Warma M, Zuazua E. Local Elliptic Regularity for the Dirich-
let Fractional Laplacian. Adv. Nonlinear Stud. 2017; 17(2): 387-409.

[12] Bonanno G, Rodriguez-Lopez R, Tersian S. Multiple solutions to bound-
ary value problem for impulsive fractional differential equations. Fract.
Calc. Appl. Anal. 2014; 17(13):717-744.

[13] Boucenna A, Moussaoui T. Existence of a positive solution for a bound-
ary value problem via a topological-variational theorem. J. Fract. Calc.
Appl. 2014;5(18):1-9.

[14] Brezis H. Analyse fonctionnelle: Théorie et application. Paris: Masson;
1983.

[15] Brezis H. Functional analysis, Sobolev spaces, and partial differential
equations. New York: Springer; 2010.

[16] Caputo M, Fabrizio M. Applications of New Time and Spatial Frac-
tional Derivatives with Exponential Kernels. Prog. Fract. Differ. Appl.
2016;2(1):1-11.

[17] Carpinteri A, Mainardi F. Fractals and Fractional Calculus in Contin-
uum Mechanics. New-York: Springer; 1997.

[18] Chipot M, Lovat B. Some remarks on nonlocal elliptic and parabolic
problems. Nonlinear Anal. 1997;30:4619-4627.

[19] Comi GE, Stefani G. A distributional approach to fractional sobolev
spaces and fractional variation: Existence of blow-up. J. Funct. Anal.
2019;277(10):3373-3435.

[20] Constantin P, Wu J. Behavior of solutions of 2D quasi-geostrophic equa-
tions. SIAM J. Math. Anal. 1999;30(5):937-948.

73



BIBLIOGRAPHY 5

[21] Cronin J. Fixed point and topological degree in nonlinear analysis. Prov-
idence, RI: American mathematical society; 1972.

[22] Dai W, Liu Z, Lu G. Liouville type theorems for PDE and IE sys-
tems involving fractional Laplacian on a half space. Potential Anal.
2017;46(3):569-588.

[23] Danielli D, Salsa S. Obstacle problems involving the fractional Lapla-
cian. In book: Recent Developments in Nonlocal Theory. 2018;81-164.

[24] De Oliveira EC, Machado JAT. A Review of Definitions for Fractional
Derivatives and Integral. Math. Probl. Eng. 2014;2014:1-6.

[25] De Pablo A, Quiros F, Rodriguez A, Vazquez J. L. A fractional porous
medium equation. Adv. Math. 2011;226(2):1378-1409.

[26] Di Nezza E, Palatucci G, Valdinoci E. Hitchhikers guide to the fractional
Sobolev spaces. Bull. Sci. Math. 2012;136(5):521-573.

[27] Dob S, Lakhal H, Maouni M. Existence and uniquness of solutions for a
nonlinear fractional elliptic system. Malays. J. Math. Sci. 2021;15(3):15-
24.

[28] Drábek P, Milota J. Methods of nonlinear analysis: Applications to dif-
ferential equations. Basel: Birkhauser; 2007.

[29] Droniou J. Degrés topologiques et applications. Département de mathé-
matiques: Université Montpellier; 2006.

[30] Evans RM, Katugampola UN, Edwards DA. Applications of fractional
calculus in solving Abel-type integral equations: Surfacevolume reaction
problem. Comput. Math. Appl. 2017;73(6):1346-1362.

[31] Fazlia H, Bahramia F. On the Steady Solutions of Fractional Reaction-
Diffusion Equations. Faculty of Sciences and Mathematics, University of
Nis, Serbia. 2017;31(6):1655-1664.

[32] Figueiredo G. M, Bisci G. M, Servadei R. On a fractional Kirchhoff-type
equation via Krasnoselskii’s genus. Asymptot. Anal. 2015;94(3):347-361.

[33] Fiscella A. A fractional Kirchhoff problem involving a singular term and
a critical nonlinearity. Adv. Nonlinear Anal. 2019;8:645-660.

[34] Gallouët T, Herbin R. Equations aux dérivées partielles. Université Aix
Marseille; 2019.

74



BIBLIOGRAPHY 5

[35] Jacobs BA, Harley C. Application of nonlinear time-fractional partial
differential equations to image processing via Hybird Laplace tranform
method. J. Math. 2018;29:1-9.

[36] Jiao F, Zhou Y. Existence results for fractional boundary value problem
via critical point theory. Int. J. Bifur. Chaos 22. 2012.

[37] Jug K, Bredow T. Models for the treatment of crystalline solids and
surfaces. J. Comput. Chem. 2004;25(13):1551-1567.

[38] Kilbas AA, Srivastava HM, Trujillo JJ. Theory and application of frac-
tional differential equations. Amsterdam: Elsevier; 2006.

[39] Lakhal H, Abada E, Saadi C. Study of a nonlinear equation involving
Left-right Riemann-Liouville fractional derivative. Submitted for publi-
cation.

[40] Lakhal H, Khodja B, Gharbi W. Existence results of nontrivial solu-
tions for a semi linear elliptic system at resonance. Journal of Advanced
Research in Dynamical and Control Systems. 2013;5(3):1-12.

[41] Laskin N. Fractional quantum mechanics and Levy path integral. Phys.
Lett. A. 2000;268(4):298-305.

[42] Ledesma C, Bonilla M. Fractional Sobolev space with Rie-
mannLiouville fractional derivative and application to a fractional
concaveconvex problem. Advances in Operator Theory. 2021;65(6).
https://doi.org/10.1007/s43036-021-00159-w

[43] Leite EJF, Montenegro M. A priori bounds and positive solutions for
non-variational fractional elliptic systems. Differential Integral Equations.
2017; 30: 947-974.

[44] Li C, Li Z. Asymptotic behaviours of solution to CaputoHadamard frac-
tional partial differential equation with fractional Laplacian. Int. J. Com-
put. Math. 2021;98(2):305-339.

[45] Lin L. A priori bounds and existence result of positive solutions for frac-
tional Laplacian systems. Discrete Contin. Dyn. Syst. 2019;39(3):1517-
1531.

[46] Lischke A, Pang G, Gulian M, Song F, Glusa C, Zheng X, Mao Z,
Cai W, Meerschaert M. M, Ainsworth M, Karniadakis G. E. What is the
fractional Laplacian? A comparative review with new results. J. Comput.
Phys. 2020;404:109009. https://doi.org/10.1016/j.jcp.2019.109009

75



BIBLIOGRAPHY 5

[47] Lo CWK, Rodrigues JF. On a class of fractional obstacle type prob-
lems related to the distributional Riesz derivative. arXiv preprint
arXiv:2101.06863. 2021.

[48] Chen W. Multiplicity of solutions for a fractional Kirchhoff type prob-
lem. Communications on Pure and Applied Analysis. 2015;14(5):2009-
2020. doi:10.3934/cpaa.2015.14.2009

[49] Machado J.T., Galhano A.M., Trujillo J.J. On development of fractional
calculus during the last fifty years. Scientometrics. 2014;98(1):577-582.

[50] Mainardi F. Fractional calculus and waves in linear viscoelasticity: An
introduction to mathematical models. London: Imperial College Press;
2010.

[51] Meerschaert MM, Sikorskii A. Stochastic Models for Fractional Calculus.
Berlin, Boston: De Gruyter; 2019.

[52] Metzler R, Nonnenmacher TF. Space-and time-fractional diffusion and
wave equations, fractional Fokker-Planck equations and physical motiva-
tion. Chem. Phys. 2002;284:67-90.

[53] Mizuta Y. Potential Theory in Eucliean Spaces. Tokyo: Springer; 1996.

[54] Oregan D, Cho Y, Chen Y. Topological degree and applications. Boca
Raton: Chapman and Hall /CRC; 2006.

[55] Palatucci G, Savin O, Valdinoci E. Local and global minimizers for a
variational energy involving a fractional norm. Ann. Mat. Pura Appl.
2013;192(4):673-718.

[56] Podlubny I, Magin R. L, Trymorush I. Niels Henrik Abel and the birth
of fractional calculus. Fract. Calc. Appl. Anal. 2017;20(5):1068-1075.

[57] Quaas A, Xia A. Existence results of positive solutions for nonlinear co-
operative elliptic systems involving fractional Laplacian. Commun. Con-
temp. Math. 2018;20(3). https://doi.org/10.1142/S0219199717500328

[58] Quaas A, Xia A. Liouville type theorems for nonlinear elliptic equations
and systems involving fractional Laplacian in the half space. Calc. Var.
Partial Differential Equations. 2015;52(3):641-659.

[59] Renardy M, Rogers R. C. An introduction to partial differential equa-
tions. New-York: Springer; 1993.

76



BIBLIOGRAPHY 5

[60] Rodrigues JF, Santos L. On Nonlocal Variational and Quasi-Variational
Inequalities with Fractional Gradient. Appl. Math. Optim. 2021;80:835-
852. https://doi.org/10.1007/s00245-021-09760-0

[61] Ross B. The development of Fractional Calculus 16951900. Historia
Math. 1977;4(1):75-89. https://doi.org/10.1016/0315-0860(77)90039-8

[62] Rudin W. Principles of Mathematical Analysis. USA: McGraw-Hill;
1976.

[63] Saadi C, Lakhal H, Slimani K, Dob S. Existence and uniqueness of
distributional solution for semilinear fractional elliptic equation involv-
ing new operator and some numerical results. Math. Methods Appl. Sci.
2021;45(81)1-12.

[64] Servadei R, Valdinoci E. LewyStampacchia type estimates for varia-
tional inequalities driven by (non)local operators. Rev. Mat. Iberoam.
2013;29(3):1091-1126.

[65] Servadei R, Valdinoci E. Weak and viscosity solutions of the fractional
Laplace equation. Publ. Mat. 2014;58(1):133-154.

[66] Shieh TT, Spector D. On a new class of fractional partial differential
equations. Adv. Calc. Var. 2015;8(4):321-336.

[67] Shieh TT, Spector D. On a new class of fractional partial differential
equations II. Adv. Calc. Var. 2018;11(3):289-307.

[68] Silhavý M. Fractional vector analysis based on invariance require-
ments (critique of coordinate approaches). Contin. Mech. Thermodyn.
2020;32:207-228.

[69] Shangbo Z, Liping W, Xuehui Y. Applications of fractional partial differ-
ential equations in image processing. Journal of Computer Applications.
2017;37(2):546-552.

[70] Sun H, Zhang Y, Baleanu D, Chen W, Chen Y. A new collection of
real world applications of fractional calculus in science and engineering.
Commun. Nonlinear Sci. Numer. Simul. 2018; 64: 213-231.

[71] Uchaikin VV. Fractional derivatives for physicists and engineers:
Volume II, Applications. Heidelberg, Dordrecht, London, New-York:
Springer; 2013.

77



BIBLIOGRAPHY 5

[72] Valério D, Machado J. T, Kiryakova V. Some pioneers of the applications
of fractional calculus. Fract. Calc. Appl. Anal. 2014;17(2):552-578.

[73] Xianga M, Zhang B, Guo X. Infinitely many solutions for a frac-
tional Kirchhoff type problem via Fountain Theorem. Nonlinear Anal.
2015;120:299-313.

[74] Yan B, Wang D. The multiplicity of positive solutions for a class of
nonlocal elliptic problem. J. Math. Anal. Appl. 2016;442:72-102.

[75] Yang Q, Chen D, Zhao T, Chen YQ. Fractional calculus in image pro-
cessing: A review. Fract. Calc. Appl. Anal. 2016;19(5):1222-1249.

[76] Zhen M, He J, Xu H. Critical system involving fractional Laplacian.
Commun. Pure Appl. Anal. 2019;18(1):237-253.

78


	Introduction
	Preliminaries
	Functional spaces
	The Lp spaces
	Fractional Sobolev spaces

	Topological degree and Fixed point theorems
	Topological degree
	Fixed point theorems


	Leray-Schauder degree for a nonlinear fractional Laplacian system
	Motivation for the problem 
	Mathematical formulation of the problem
	 Existence of weak solutions for the main problem 
	Uniqueness of solutions

	On a nonlinear elliptic equation involving the distributional Riesz fractional derivative
	Motivation for the problem
	Preleminaries and position of the problem
	Existence of weak solutions for the problem (3.1)
	Uniqueness of solutions

	Study of a Nonlocal fractional elliptic problem with nonlinearities
	Motivation for the problem
	Mathematical formulation for the problem
	 Existence results using the Schauder fixed point theorem 

	Study of Left and Right Rieman-Liouville fractional differential equation
	 Preliminaries and position of the problem
	Existence results
	Uniqueness results 
	Example

	Conclusion
	Bibliography

