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On the existence of nontrivial solutions of a system of
nonlinear partial differential equations

Abstract

The purpose of this work is to study some nonlinear fractional differential problems with boundary
conditions in a bounded domain in order to generalize some results from the classical differential problems
to the fractional case, which has a diversity of applications in various fields, manly physics, engineering,
mathematical biology, signal processing, and image processing. In this study, under some suitable conditions
on the nonlinearities, we apply the Leray-Schauder degree and the Schauder fixed point theorem to establish
the existence of solutions; also, the Banach principle of contraction and the absurd reasoning are applied to
prove the uniqueness of solutions. The first problem is a coupled semilinear fractional Laplacian system in a
fractional Sobolev space, and the second problem is a semilinear equation involving the distributional Riesz
fractional gradient in a Bessel potential space. The third problem is a nonlocal nonlinear equation related to
the distributional Riesz fractional derivative in a Bessel-potential space. Finally, the fourth problem is a
nonlinear problem involving left and right Riemann-Liouville fractional derivatives in a new fractional space
of Sobolev type, the study of this problem is illustrated with an example to affirm the validity of methods
used.

Keywords: Leray-Schauder degree, fixed point theorem, fractional laplacian, distributional Riesz
fractional derivative, weak solution, nonlinear problem, fractional Sobolev spaces, Sobolev space with
left Riemann-Liouville fractional derivative .




Sur I'existence de solutions non-triviales d'un systeme des
equations aux derivees partielles non lineaires

Résumé

Le but de ce travail est d'étudier quelques problemes différentiels fractionnaires non-linéaires avec des
conditions aux limites dans un domaine borné afin de généraliser certains résultats des problemes
différentiels classiques au cas fractionnaire qui a une diversité d'applications dans divers domaines tels que
la physique, I'ingénierie, la mathématique biologie, traitement du signal et d’image, etc. Dans cette étude,
nous appliquons sous certaines conditions appropriées sur les non-linéarités le degré de Leray-Schauder et le
théoreme du point fixe de Schauder pour obtenir I'existence de solutions ; aussi le principe de contraction de
Banach et le raisonnement par absurde sont appliqués pour prouver l'unicité des solutions. Le premier
probleme est un systéme de Laplacien fractionnaire semi-linéaire dans un espace de Sobolev fractionnaire,
et le second probléme est une équation semi-linéaire avec le gradient fractionnaire distributionnel de Riesz
dans un espace de potentiel de Bessel. Le troisiéme probléme est une équation non-linéaire non locale liée a
la dérivée fractionnaire distributionnelle de Riesz dans un espace de potentiel de Bessel. Enfin, le quatriéme
probléme est un probléme non-linéaire contient des dérivées fractionnaires gauche et droite de Riemann-
Liouville dans un nouvel espace fractionnaire de type Sobolev, I'étude de ce probléme est illustrée par un
exemple pour affirmer la validité des méthodes utilisées.

Mots-clefs : Degré de Leray-Schauder, théoréme du point fixe, Laplacien fractionnaire, dérivée
fractionnaire de Riesz distributionnelle, solution faible, probleme non linéaire, espaces de Sobolev
fractionnaires, espace de Sobolev avec dérivée fractionnaire de Riemann-Liouville a gauche.
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NOTATION

— The strong convergence.

—  The weak convergence.

— The continuous embedding.

A?® The fractional Laplace operator of order s.

D?® The distributional Riesz fractional gradient of order s.
(-,-) The scalar product.

meas(2) Measure of ).

u € AC[a,b] wu fonction absolument continue sur [a, b].
WmP(Q) is the Sobolev space.

p.v. is the abbriviation for ”in the principal value sense”.
a.e. is the abbriviation for ” almost everywhere”.

I' is the usual Gamma function.



div’v = D* - D*v s the fractional divergence of v.
Bpr is the open ball with center 0 and radius R.

H'[a,b] = W2[a,b] is the Sobolev space.
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INTRODUCTION

in research. This progress is mainly due to an eminent factor, which is
the diversity of applications for partial differential equations in various
fields, mainly physics and engineering. The development of this type of
equation was not only in the classical case but also in the fractional case.
Recently, fractional calculus has become one of the most important math-
ematical fields that attracts the attention of researchers. This discipline in-
vestigates the properties of fractional derivatives and fractional spaces, and
it is a generalization of integral and differential calculus. The history of frac-
tional calculus started in 1695 with an idea of a derivative of any arbitary
order that was mentioned in a letter written by Leibniz to Guillaume de
I’Hopital. Fractional calculus is constructed gradually by many mathemati-
cians, for example Abel, Liouville, Heaviside Griinewald, and Riemann. For
more information about the history of this field; see previous work [49, 61, 58].
One of the primary reasons why fractional calculus dominates various topics
in mathematics papers is its applications in various fields, such as: mechan-
ics, engineering, physics, biology, signal and image processing, economics,
dynamic systems, and other sciences; see for example, [B&, B5, (72, 70, [75, B0].
Among the various applied mathematical research subjects, fractional
equations involving fractional derivatives have taken an important and valu-
able place due to their many applications in various scientific fields such as
mechanics, physics, image processing, electrochemistry, mathematical biol-
ogy, and viscoelasticity, etc. For example, see [I7, BR, b0, 52, 69, [71, 75, 44, 51|
and the references therein, as well as the variety of definitions of fractional

In the last few years, partial differential equations have made large strides



derivatives provided by researchers in this field, such as: the Hilfer derivative,
the Caputo derivative, the Marchaud derivative, the Katugampola deriva-
tive, the AtanganaBaleanu derivative, the Davidson derivative, the Caputo
Fabrizio derivative, etc.; see previous work [, 8, 08, 24, 27, A4]. Other well-
known definitions that we will use in the problems in this thesis include the
fractional Laplacian operator, the distributional Riesz fractional derivative,
and the Riemann-Liouville derivative.

In the past few years, nonlinear fractional elliptic problems have taken
a valuable place in fractional calculus. This importance is due to the desire
of mathematicians to strengthen the construction of fractional calculus and
expand the results from the classical case of partial differential equation to
the fractional case in both theoretical and numerical study [568, 57, 43, 45,
76, 65, 27], it is also due to the possible applications that can be obtained in
science and engineering; see previous work [4, 5, 25, A1, 46)].
The fundamental object in nonlinear fractional elliptic equation is the frac-
tional Laplacian. The fractional Laplacian of u is defined as

(—A)u(x) = cnjsp.v./ Mdy

R o —y[rres

where ¢, s is a normalization constant and p.v. denotes the Cauchy principal
value.

(—A)u(z) = FH(E[*a(€)) (),
where F denotes the Fourier transform.
This nonlocal operator is a fractional order generalization of the Laplacian
operator; one means of recognizing the difference between the two operators is
that the classical Laplacian describes a function’s local behavior, whereas the
fractional Laplacian considers non-local interactions between different parts
of the function. Furthermore, the fractional Laplacian operator has many
interesting properties, such as symmetry, positivity, and continuity, making
it an effective tool for studying a wide range of mathematical problems, and
it has many applications in various fields; see previous work [8, 23, 46].
The above benefits of studying nonlinear fractional elliptic equations and
systems prompted us to choose the first problem in this thesis, which is the
following system:

(=A)u(z) + g1(, u(x),v(2)) = fi(z) in 2,
—A Sv(x> + gg(x,u(x),v(x)) = fQ(x) in Qa (1)
u=uv=0, on R™\(2,

where 2 C R" is a bounded open set with a Lipschitz boundary, with s €



(0,1), f=(f1, f2) € L*(Q) x L*(Q) and g1, g2 : 2 X R X R — R are satisfying
the Carathéodory conditions and some assumptions.

Shieh and Spector (2015) introduced a new kind of fractional derivative
named the distributional Riesz fractional derivative. This derivative has the
important property that it is the foundational object in the constructions
of weak formulations of partial differential equations, which makes it more
fundamental than the fractional Laplacian; see [66, 67].

From the definition of this derivative, the authors in [47] could introduce a
nonlocal operator —D* - (AD?*(.)) in the duality sense, which is a generaliza-
tion of the fractional Laplacian.

The non-local operator —D*-(AD*u) can be applied to any multi-dimensional
system, for example, a thin material that is usually viewed as 2D, a normal
3D crystalline solid, or a multi-dimensional Lévy flight.

This operator is the main object in the second problem studied in this thesis,
which is the following equation:

{ —D? - (A(x)D*u(x)) = f(z,u(x)) in €, (2)
w=0 on R™\Q,

where 2 C R" is a bounded open set with a Lipschitz boundary, s € (0, 1)
and n > 2s, with some suitable conditions on the nonlinear term f and the
matrix A(x).

The following equation is the third class of fractional problems studied in
this thesis; it is a class of nonlocal nonlinear fractional Laplacian equations
where the distributional Riesz fractional gradient is the founder object in the
associated variational formulation.

{ —M(Jqu(x)dz)D* - (D*u(z)) = f(z, u(z)) in €,
u=20 on Rn\Q,

where (2 is a bounded open subset of R™ with a Lipschitz boundary s € (0, 1)
with n > 25, M : R — R and f : Q@ x R — R. are satisfying certain
hypotheses.

The study of nonlocal nonlinear fractional elliptic equations appears in many
papers in recent years, including the fractional equations of Kirchhoff type;
see previous work [AR, 73, B2, B3].

In [@2] the authors introduced a new fractional Sobolev space using Riemann-
Liouville fractional derivatives and established in their paper the important
properties of this space that helped them apply the results to a fractional
concave-convex problem. They show for this problem the existence of weak
solutions using the variational principle and the Mountain Pass Theorem.



This intriguing space inspired us to investigate the following problem related
to the Riemann-Liouville fractional derivative:
a:Dg(aD;u(I)) = (,0(1’) - @D(% U) in (CL, b)? (3)
P(u)=0 on d(a,b),
where s € (0,3) U (%,1), o € L*([a,b]) and ¥(z,k) : [a,0] x R — R is
a Carathéodory function. Ps(u) represent the boundary condition of the
problem which depend of the behavior of s € (0, %) U (%, 1), that is:

: 1-s _ . 1

Po(u) = I11>I£1+ oL, Pu(z) =0, ifse (0, 5) ,
u(a) = u(b) =0, if se (%, 1) )

Moreover, ,Diu(z),,Diu(z) are the left and right Riemann-Liouville frac-

tional derivatives of w.

Several works with the left and right Riemann-Liouville fractional derivatives

appeared in the fractional field, we refer to [12, I3, B6].

Topological theory is one of the most crucial theories that are flour-
ishing domains of research in nonlinear analysis like Schauder and Banach
fixed point theorems, Brouwer degree, and Leray-Schauder degree. In 1930,
Schauder gave a fixed point theorem in an infinite dimensional Banach space.
After that, in 1934, Leray and Schauder introduced in a famed paper a degree
of compact perturbations of the identity in Banach spaces of infinite dimen-
sion; this degree is named the Leray-Schauder degree, which has the same
finality as the degree of Brouwer that is defined only in finite dimensional
spaces. The Schauder fixed point theorem is one of the topological results
that can be proved using the Leray-Schauder degree. Schauder fixed point
theorem and Leray-Schauder degree method have many important applica-
tions in mathematical problems such as nonlinear fractional partial differen-
tial problems; for more information about this theory, we refer the readers
to [b4, 28, 21, 29, 34).

In this thesis, we are interested in the existence of solutions for the
three above fractional differential problems using the Leray-Schauder degree
method and the Schauder fixed point theorem, and we used absurd reasoning
under a certain assumption on the nonlinear functions to prove the unique-
ness of solutions for the first problem, and we apply the Banach principle of
contraction to prove the uniqueness of solutions for the second problem and
the fourth problem in a particular case.



PLAN OF THESIS

This thesis consists of the following four chapters:

*® The first chapter is divided into two sections. The first section is de-
voted to certain preliminary notions, theorems, and properties on the
L? spaces, fractional spaces, fractional Laplacian, and the distribu-
tional Riesz fractional gradient. After that, we give in the second sec-
tion some important theorems and properties on the topological degree
theory and the fixed point theory.

*& In the second chapter, we present a study of the existence of solutions
for a nonlinear fractional Laplacian system with Dirichlet boundary
conditions and some suitable conditions on the nonlinearities. This
study is based on the application of the Leray-Schauder degree method.

*® The third chapter deals with a nonlinear elliptic equation involving a
nonlocal operator that is defined using the distributional Riesz frac-
tional gradient. We prove the existence of weak solutions using the
Leray-Schauder degree theory and their uniqueness using the Banach
fixed point theorem.

*® The problem studied in the fourth chapter is a class of nonlocal quasil-
near fractional elliptic problems with Dirichlet boundary conditions
using the Schauder fixed point theorem.



*& The fifth chapter is dedicated to a study of the Riemann-Liouville frac-
tional derivative problem in a new fractional Sobolev space using an
application of the Leray-Schauder degree theory.



CHAPTER

PRELIMINARIES

the principal mathematical results in functional analysis, which we will

use through this thesis. In particular, we cite firstly the theory of L?
spaces and fractional Sobolev spaces with some definitions and properties of
fractional Laplacian and distributional Riesz fractional derivatives, and sec-
ondly, we introduce the following topological theories: topological degree and
Schauder fixed point theorem, the presentation of definitions and theorems
in this chapter is without demonstrations.

In this chapter, we recall briefly some preliminary notions of base and

In all the rest of this chapter, €2 represents an open subset of R"™ with the
Lebesgue mesure dx.
First, we recall the following spaces:

C(€) the space of continuous functions.

C(Q2) ={f:Q— R with f continuous }.

C™(£2) the space of the real functions m times continuously differentiable
on ).

C™(Q) ={veC(Q): D € C() for all « such that |a] < m}.

7



1.1. Functional spaces 1

Let K be a compact subset of €2, we introduce the following space that
contains continuous functions with compact support.

C.() ={f € C(Q) such that f(z) =0 forallz € Q\K}.
We note C'°(€2) the space of infinitely differentiable functions with compact
support.
1.1 Functional spaces

In this part, we give some important definitions and results of functional
spaces that we will use in the next chapters.

We start it with the LP spaces.

1.1.1 The L? spaces
Firstly, we define the LP spaces for 1 < p < oo.

Definition 1.1.1. [74] Let p € R with 1 < p < oo; we pose
LP(Q) = {f : Q — R: f measurable function and / |f(z)Pdx < oo},
0

with the norm

iy = ([ £ d)” (1)

Particular case

The L?*(f2) space is a particular case (p = 2) of the space LP(Q2). It is a
Hilbert space, equipped with the following inner product:

(f,9) 2 = /Qf(x)g(x) dz.

Now, we define the space of measurable functions, which is bounded almost
everywhere, noted L>(£2).

Definition 1.1.2. [14] We pose
L>(Q) = {f Q= R: f measurable and AC a constant, such that

8



1.1. Functional spaces 1

f(zx)] <C ae. onQ},
with the norm
| fl| Lo () = inf {C’: |f(x)] < C ae. on Q}
Remark 1.1.1. If f € L*™(Q), we have

|f(x)| < ||f||L00(Q) a.e. on Q.

Next, we define the following space of locally integrable functions on €2:
LY, = {f : 2 — R measurable: for all K C €2 compact, / |f(z)|Pdx < oo} :
K

In addition, we have
LP(Q) C Lh,.(2).

Proposition 1.1.1. [17/
1. For 1 < p<oo,(LP(2),]-]lp) is a Banach space.
2. For1<p<oo,(LP(Q),| |y is a separable space.

3. For1 <p <oo,(LP(Q),| -y is a reflexive space.

Theorem 1.1.1 (Minkowski inequality). [I4] Let f,g € LP(2) and p > 1,
then
f+ge L) and ||f +gllp < Ifllp + llgllp-

Theorem 1.1.2 (Dominate convergence theorem of Lebesgue). [14] Let (f,)
be a sequence of functions of L*(S). We suppose that

1. folz) — f(x) a.e. on Q.

2. There exists a function g € L*(Q) such that,

Vn € Ny|fu(2)] < g(x) a.e. onQ.

1 - _
Hence, f € L'(Q) and nggloo | frn — f”Ll(Q) =0.

Theorem 1.1.3. [77] Let (f,,) a sequence of functions of LP(S2) and f € LP(Q)
such that EIJP | fn. — fllp = 0. Then there exists a subsequence (f,) and a

function g € LP(Q)) such that



1.1. Functional spaces 1

1. fo (z) = f(z) a.e. on Q.
2. Vk e N,|fn. ()] < g(z) a.e. onQ.

Theorem 1.1.4 (Tonelli). [14] We suppose that

1.
/ |f(z,y)|dy < 0o for almost every x € €.
Qo

[ e [ 1y < oc.

Therefore, f € L' (Q1 x Q).

Theorem 1.1.5 (Fubini). [14] We suppose that f € L'(; x Q). Hence,
for almost every x € Qq,

yor Sy € L) and we [ flay)dy e L ()
The same, for almost every y € s,
v flay) €L () and yo | flay)dee L)
1

Moreover, we have
/ dx/ f(as,y)dy=/ dy f(x,y)darz// [, y)dzdy.
Q1 Qo Qo Q1 Q1 %80

Notation: Let 1 < p < oo; we denote by ¢ the conjugate exponent of p

. 1,1
ie. =+ ==1.
p+q

Theorem 1.1.6 (Holder inequality). [14] Let f € LP(Q) and g € LY(Q) with
1 < p<oo. Therefore, f-ge LYQ), and

[ 1F@g(@)ldz < 1l gl

Remark 1.1.2. In the space L*(Q), the Cauchy-Schwarz inequality is given
as follows:

| [ f@g@)dz] <11 lz@llgll o

10



1.1. Functional spaces 1

Theorem 1.1.7. [14] Let f € L' (R") and g € LP (R™), with 1 < p < oo.
Hence, for almost everything x € R", the function y — f(z — y)g(y) is
integrable on R™. We pose

(fx9)@) = [ fla=p)gly)dy.
Therefore, fxg € LP (R™) and
LF * gllony < 1LF N2 @y llgll o gen).
We note f(x) = f(—z), and we give the following proposition.
Proposition 1.1.2. [17/
Let f € L' (R"),g € LP (R™) and h € LY (R"). Thus, we have
[ean=[g(Fn).

Definition 1.1.3. [59] Let Q C R™ be a domain. We say that the following
function

FiQxR™ SR
(x,u) = f(z,u)

satisfies the Carathéodory conditions if u — f(x,u) is continuous for almost
every x € Q and x — f(x,u) is measurable for every u € ).

Given any f satisfying the Carathéodory conditions and a function u :
2 — R™, we can define another function by composition

Flu)(x) = [z, u(x)). (1.2)

The composition operator F is called a Nemytskii operator. The theorem
that follows is about the boundedness and continuity of the Nemytskii oper-
ator from LP(Q) to LI().

Theorem 1.1.8. [59] Let Q C R™ be a domain, and let
FiQxR™ SR
(z,u) = f(z,u)

satisfy the Carathéodory conditions. In addition, let p € (1,00) and g €
L9(QY) (where %D + % = 1) be given, and let f satisfy

[f(z,u)] < Clul™ + g(2).

Therefore, the Nemytskii operator F defined by (I2), is a bounded and conti
nuous map from LP(S2) to LI(Q).

11



1.1. Functional spaces 1

Theorem 1.1.9 (Lax-Milgram theorem). [74] Let [ be a continuous linear
form on Hilbert space H and a is a continuous and coercive bilinear form,
then there is one and only one function w € H such that:

a(u,v) =1(v), Vve H.
Moreover, if the bilinear form a is symmetric, then u is the only element of

H that minimizes the functional J : H — R defined by

J(v) = ;a(v,v) (), Wued,

i.e.

J(u) = min J(v) and J(u) < J(v) if u # v.

veH

1.1.2 Fractional Sobolev spaces

Fractional Sobolev spaces are an important topic that has the capability to
extend many classical Sobolev spaces results to the nonlocal and fractional
setting. These spaces have served as the basis for much recent research on
fractional differential equations.
We start this subsection by defining the W*? spaces and giving their impor-
tant properties and inequalities.

The W*? fractional Sobolev spaces

We will give the definition of W*P?(Q) for any real s > 0 and for any p > 1.

Definition 1.1.4 (0 < s < 1). fzd/
For s € (0,1) and any p > 1, the space W*P(Q)) is defined as follows:

Wer(Q) == {u e () =0l g o Q)} ,

|z —y|» ™

equipped with the norm

1
u(z) —u(y)? v
HUHWS,p(Q) = (/Q |u’pdﬂf+/ﬂ/gx_y‘n+spd$dy ,

e = </Q 0 ‘u(x)_u<y)’pd:ccly>]i

o =y

where

12
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is the Gagliardo semi-norm of w.

Proposition 1.1.3. [2d] Let Q be an open subset of R™ and 0 < s < 1, then
we have

1. For1 < p < oo, W*P(Q) is a Banach space.
2. For 1 < p < oo, W*P(Q) is a separable space.
3. For1 < p<oo,WP(Q) is a reflexive space.

Proposition 1.1.4. 2] Let p > 1 and 0 < s < s’ < 1. Let Q be an open
subset of R™ and u : 2 — R be a measurable function. Therefore,

||U||WS’P(Q) < C||u||W5'vP(Q)7

where C'= C(n,s,p) > 1 is a positive constant.

Particularly,
WeP(Q) C W*P(Q).

Proposition 1.1.5. [26] Let p > 1 and 0 < s < 1. Let Q2 be an open subset
of R"™ of class C%' with bounded boundary and u : Q — R be a measurable
function. Therefore,

ullwes@ < Cllullwna,

where C'= C(n,s,p) > 1 is a positive constant.
Particularly,

WP (Q) C W*P(Q).

Proposition 1.1.6. [24] Let Q) be a Lipschitz open subset of R™, s € (0,1)
and p > 1, then

1. If sp <n, then WP (Q) — LI(Q2) for every g < np/(n — sp).
2. If n = sp, then WP (Q) — L4(Q) for every q < cc.
3. If sp > n, then W*P(Q) — L*>(Q) and, more precisely,
WeP(Q) — CO/P(Q).
Theorem 1.1.10. [26] [Compact embeddings] Let Q be a bounded Lipschitz
open subset of R", 0 <s<1,p>1, and n>1, then

1. If sp < n, then the embedding of W*P(Q) into L*(Q) is compact for
every k < np/(n — sp).

13
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2. If sp = n, then the embedding of W*P(Q) into LI(Y) is compact for
every q < 0.

3. If sp > n, then the embedding of W*?(Q) into CyNRQ) is compact for
A<s—n/p.

Definition 1.1.5 (s > 1). [2d] For s > 1 and it is not an integer, we write
s = m+ o, where m is an integer and o € (0,1). The fractional Sobolev
space W*P(Q) is defined as follows:

WP(Q) == {u € W™P(Q) : D%u € WIP(Q) for any a s.t. |a] =m},

with the norm

D=

[ullwsr@) = (HuH%’Vm,p(mﬂL ) \!DQUI\%,p(Q)) : (1.3)

|a|=m
Theorem 1.1.11. [2d] W*P(Q) is a Banach space with the norm (I=3).

Remark 1.1.3. If s = m is an integer, the space W*P(Q2) coincides with the
Sobolev space W™P(£).

Proposition 1.1.7. [26] Let p > 1 and s, s’ > 1. Let Q be an open set in
R™ of class C%'. Then, if s > s, we have

WeP(Q) C W*P(Q).

Theorem 1.1.12. [Zd] For any s > 0, the space C°(R"™) is dense in
Wee (R™).

Remark 1.1.4. We note Wy"'(Q) = Cy(Q)”“‘WW ( the completion of the
space of infinitly differentiable functions with compact support), according to
the previous theorem 1123, we have

Wo(R") = W (R"),

however, when € is a subset of R™, W5P(Q) # W*P(Q) i.e., in general
WP (Q) is not dense in W*P(Q).

Remark 1.1.5. For s < 0 and p € (1,00), we can define W*P(Q2) as the
dual space of W=4(Q) where 1/p+ 1/q = 1. Notice that, in this case, the
space WP (Q) is actually a space of distributions on (), since it is the dual
of a space having C(2) as density subset.

14
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The H*? fractional Sobolev space, 0 < s < 1

In this part, we define the W*? (R") fractional Sobolev space in the case
(p =2), for 0 < s < 1, that is noted H*? (R™).

[z —y|2
which equipped with the inner product and norm

(U, V) s (mny = / z)dr + //R% u(y))(v(z) = U<y))dydx, (1.4)

’I _ ’n+25

H* (R") = {u e 2@ M) 4Ol pa g s ]R”)} ,

1
HS(R'”) = (HU/H%Q(R”) + [u]%[s(Rn))z , (15)

Y2 3
HSR") —</n/n |x— |n+25 ddy) )

Theorem 1.1.13. 2] H*(R™) equipped with the inner product < -,- > s wn)
is a Hilbert space.

[l

where

Fractional Laplacian operator (—A)*

There are several definitions of the fractional Laplacian [26], including the
following: as an integral in the sens of the Cauchy principal value in the real
space

Definition 1.1.6. [Zd]
(—=A)°u(x) = c(n, s)p.v. /Rn Wdy (1.6)

=¢(n,s) lim ulw) = uly)

n
0t Jep. () |7 — y|n 2 dy, v € R",

Vue S, Vs e (0,1)

_(2s4ny2) L (s +1/2)

c(n,s):=m T s)

(1.7)

and .7 is the Schwarz space.

Lemma 1.1.1. [Z6] Let s € (0,1) and let (—A)® be the fractional Laplacian
operator defined by (ICQ). Then, for any u € .7,

(—A)°u(z) = —;C(n, s) /n uz+y) +’Z|(Z+;s y) = 2u(x)dy, Vo € R".

15
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The D*?(Q) fractional Sobolev space, 0 < s < 1

Next, we denote by D*?(2) the completion of the space C°(f2) compared to
the H® norm, i.e., D*?(Q) = WH”HS‘

Theorem 1.1.14. [2d] Let Q be a bounded Lipschitz open set we have
D**(Q) = {u € H* (R"), such thatu =0 in R™\Q},

Now, we give the inner product in D*?(€Q) and norm inherited from

H(R)

(0 h o = o) [, MO ol

|l’ _ |n+25

ju(e) —u@)P )
Ds2(Q) = (//R% y\”“s —————dydz | .

Theorem 1.1.15. [2d]

i

1. D**(Q) equipped with the inner product < -,- >ps2(q) is a Hilbert space.

2. D*2(Q) is a closed subspace of H*(R™).

Proposition 1.1.8. [2d] Let Q be a Lipschitz bounded open subset of R™ and

€ (0,1) such that n > 2s. Let u :  — R be a measurable function com-
pactly supported. Then, there exists a positive constant Cemp > 0 depending
on n,s and € such that

ull2) < Cempl|t||ps2e)-

Theorem 1.1.16. [23] Let s € (0,1), n > 1, Q C R™ be a Lipschitz bounded
open set and T be a bounded subset of L*(Q). Suppose that

wp [ [ L) = F@)P

reztala  |x—y|rt2s dxdy < +oo.

Then  is precompact in L*(9).

The compact embedding theorem I8 gives that D*?(Q) is compactly
embedded in L%().
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1.1. Functional spaces 1

The distributional Riesz fractional derivative D?*

Shieh and Spector (2015) introduced the following definition of distributional
Riesz fractional derivative: We note C(n,s) = c(n, s)z, with c(n,s) is the

constant defined by (IZ7).
Definition 1.1.7. For u € L? (R"),p € (1,000),

d*u 0
Diu = =— (Lsxu), 0<s<l1l, j5=1,...,n,
J Ox: O (L ) J
where % is taken in the distributional sense, for every v € C (R"™),

0°u ov ov
<8:cj-’v> == <(115 *u), 81:]> = —/n (1 * u) 87:jdx’

with I,_, denoting the Riesz potential of order 1 — s:

(s o) =Clnt =) [0y
with
r (=)
()

Theorem 1.1.17. [66] For u € C° (]RN),

C(n,s) =2°1"%

Dy = I_4 x Du.

Definition 1.1.8. [77, 64, &7, 68, 19] For sufficiently reqular functions u
and vector G the fractional gradient (D®) and the fractional divergence (D*-)
are written in integral form respectively by

. o ) zu(z + 2)
D U(l’) . —C(TL,S) 11_{% Rn |Z’n+s+1 Xe

ey [ M)

=yt e —yl

(0, 2)dz

and
s o . z-G(x+ 2)
D?. G(fl}') .= C(n,s) 11_{% an er(o,Z)dZ
Glx)—Gly) -y
= C n,s : d )
9 o g el

where x.(x,z) is the characteristic function of the set {(z,z) : |z — x| > €}
for e > 0.

17



1.1. Functional spaces 1

Proposition 1.1.9. [/77, 60/ distributional Riesz fractional derivative verifies
the following properties.

1. Foru e CZ (R")
(—=A)’u = —D? - Du,

2. Fors —1:if Due LP(R")"NLI(R")",1< q < p, then D°u — Du
S—
in LP (R")".

Remark 1.1.6. The fractional divergence of v € C°(R", R") is defined as
follows:
div’v = D® - D%v.

The following proposition gives the fractional integration by parts for-
mula.

Proposition 1.1.10. Let s € (0,1), we have that
/ udivsvdx:—/ v+ D*u dzx,

for all uw € CX(R") and v € C°(R™,R").

The fractional spaces X*? and L*”

Let 1 <p<ooands e (0,1). If u e C*(R"), we define the the following
space,
Xs,p (Rn) — W|H‘Xs,p(]%n)7

where the norm

[ullon@ny = llullTo@ny + 1D ullZo(gn) -

Let us introduce the space L®P (R"), we first recall the Bessel potentials g;,
for s € R. The Bessel potentials g5 are defined by (see [53] )

1 /OO —w\x\ —3§ _s— nd(s
s €T) .= — e § 647\'5 2 -,
g ( ) (47T)§F (%) 0 5

Then the Bessel potential spaces L*? (R™) are defined as follows:

L*P(R") := g, (LP (R")),

18



1.1. Functional spaces 1

in the sense that every u € L*P (R") can be written as

u:gs*f7

for some f € L%7 (R™).

For s € (0,1), we consider the Bessel Potential space L*? (R")( see [66]).
We have from remark 2.3 and theorem 1.7 in [66] that

HY(R") = 2 (R") = X*2 (R"),

with
s 2
HUH%&?(R") = HUH%Z’(Rn) +[|D UHL?(R")'

The norms ||u] iS,Q(Rn) and HDSuHiQ(Rn) are equivalent according to the fol-
lowing proposition.

Proposition 1.1.11. [66] Let 1 < p < oo and s € (0,1), and define z% =
% -2, [f% > z% and g > 1, then there exists Cepp = Cemp(€2, 1,8, p) such
that

</Q |u|qd1'> "< Comp 1D ull o (geny 5
for all w € L*P (R"™).

We consider the space L (). Namely, we set

Ly (@) = Tu € CE (R, supp(u) € Q11+,
also, we can set
Li*(Q) = {ue L** (R") :u=01in Q°},
which equipped with the inner product

(u, U>L8,2(Q) = I D*u - D*vdx,

and with the following equivalent norms

C2

2 9
iSvQ(Q) = ||D5u||L2(R”) = %[u]g,R”v

lul

is a Hilbert space.
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1.2. Topological degree and Fixed point theorems 1

Proposition 1.1.12. [77, 66] Let 1 < p < oo and s € (0,1) be such that
sp < n. Then there exists a constant C' = C(n,p,s) > 0 such that

ol oy < C 1D ull oy
for all w € L*? (R™), where p* = —=£

n—sp’

Proposition 1.1.13. 7] For 0 < s <1 and 1 < ¢ < 2%, where 2* = 22
Then, by the Sobolev-Poincaré inequalities, we have the embeddings

Ly () = L(Q),

Those embeddings are compact for 1 < q < 2.

1.2 Topological degree and Fixed point the-
orems

1.2.1 Topological degree

The topological degree is a tool developed for nonlinear applications which
plays the same role as the determinant for linear applications. The topolog-
ical degree which indicates by its non-nullity that the following problem

Find z € Q such that f(z) = y. (P)

has at least one solution, and it is a ”stable” solution. Obviously, this degree
will depend on f and y, but also of the set on which we seek the solutions to
(P).
We begin by giving the existence and uniqueness of a map, which is the
topological degree, in finite dimension, is called the Brouwer degree, after
that we give it in infinite dimension, which is called the Leray-Schauder
degree.
Brouwer degree

The Brouwer degree is a topological degree in the finite dimensional case.
Before defining the degree of Brouwer we recall the following definition
Definition 1.2.1. [28] Let Q be a bounded open subset of R" and F €
C (Q,R”) NCHQ,R") ,yo € Q is called regular point if Jr (yo) # 0 (or
Jr (yo) = det DF (yo) with DF (yo) = (8F’j), (yg)), Otherwise, xo s called

BI] 27]‘
critical point or singular point. Let us designate by

Sr(€2) = {yo € 2 Jr (yo) = 0},
the set of singular points of F on ).
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1.2. Topological degree and Fixed point theorems 1

Definition 1.2.2. [28] Let Q be an open and bounded subset of RN and let
F e C’SQ, R”) NC (Q,R™). Assume that yo € RN\F(9Q) and yo is a reqular
value of F. Then we define the Brouwer degree of F' as

deg (F7 Qa yO) - Z sgn JF(.’E) : (18)

Z‘EFﬁl(yo)ﬂQ
The sum in (ICR) is finite. Indeed, otherwise the set
Fly)nQ:={r€Q: F(z)=1y}.

The following theorem indicates the existence and uniqueness of Brouwer’s
topological degree with its properties.

Theorem 1.2.1. [34/ Let n > 1 and A be the set of triples (f,2,y) where )
is a bounded open subset of R",y € R™ and f : Q — R" is continuous such
that y & f(02) There is one and only one app d : A — Z which satisfies the
following properties:

e Normalization if 2 is a bounded open set of R" and y € ) then
d(1d,Q,y) = 1.

o Additivity if Q is a bounded open set of R" , y € R*, f: Q — R”
1s continuous and 21,y are disjoint open sets included in ) such that
Yy ¢ f(Q\<Ql U QQ)); then d(f7 Qa y) = d(f7 Qh y) + d(f> (Q)Za y)

¢ Invariance by homotopy if (2 is a bounded open set of R™, h : [0, 1] x
Q — R" and y : [0,1] — R"™ are continuous and for all t € [0,1],

y(t) & h(t,Q), then d(h(0,-),2,y(0)) = d(h(L,-), 2, y(1)).

d s called the Brouwer topological degree.

Leray-Schauder degree

The Leray-Schauder degree is a topological degree in the infinitely dimen-
sional case. The following theorem gives the existence of the Leray-Schauder
degree with its principal properties.

Theorem 1.2.2. [3], 28] Let E be a Banach space and A the set of triplets
(Id — £,Q,y) where Q is a bounded open subset of E , y € E and f : Q —
R" is compact which means ({f(z),z € Q} is relatively compact and f is
continuous), with y ¢ (Id — f)(0Q), then there exists a map d : A — Z
satisfy the following properties:

o (Normality) if y € Q therefore d(1d, <), y) = 1.
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1.2. Topological degree and Fixed point theorems 1

o (Additivity) d(Id — f,Q,y) =d (Id — f,Q,y) +d(Id — f,Qq,y) if Q3 U
2 COUNY=0andy ¢ {z— f(z),7€ QU UL},

e (Homotopy invariance) if h is a compact map from [0,1] x Q into E
(which is equivalent to say h is continuous and {h(t,x),t € [0,1],z €
QYis relatively compact in E ), y € C([0,1],E) and y(t) ¢ {x —
h(t,x),x € 00} (for allt € [0,1]), then

for all t € [0,1].
d is named the Leray-Schauder degree.

Proposition 1.2.1. [28] The Leray-Schauder topological degree verifies the
following properties:

o [fd(Id — f,Q,y) # 0 then there exists x € Q such that x — f(x) = y.
e forallze€ E,d(Id — f,Q,y) =d(Id — f — z,Q,y — 2).

o Let (Id — f,Q,9) € A and r = dist(y,Id — £)(09Q)) > 0. If g : Q — R"
compact and z € R"™ are such as sup(|lg—f|)+|ly—=|| <r, then d(Id—
)
f7Q7y) = d(Id_g7Qv’2)
o d(Id— f,8,-) is constant on connected components of E\(Id — f)(0%2).

o Forallze E,d(Id— f,Q,y) =d((Id— f)(- — 2), 2+ Q,y).

1.2.2 Fixed point theorems

Theorem 1.2.3 (Brouwer Fixed Point Theorem). [28] Let K be a nonempty,
convex, closed and bounded subset of RYN. Assume that F : K — K is con-
tinuous. Then F has a fized point in IC.

Now, we give the Brouwer fixed point theorem version in a particular
case, where K is a ball in R” with center 0 and radius noted R and ||.||
denoted a norm in RY.

Theorem 1.2.4. [3]]/ Let N > 1,R > 0 and f € C(Bg,Bg) with B =
{:c e RN ||z|| < R} Then f admits a fized point, i.e. there ewists x inBgr
such that f(x) = z.

The following theorem is a generalization of the Brouwer Fixed Point
Theorem into the infinite dimensional setting.
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Theorem 1.2.5. [28] [Schauder Fized Point Theorem] Let KC be a nonempty,
closed, convex and bounded subset of a normed linear space X. Assume that

Fe¥€K,X)and F(K) C K. Then there is a fized point of F' in K.

The Schauder Fixed Point Theorem version is given as follows in a specific
case, where C is a ball included in F a Banach space, with centre 0 and radius
noted R.

Theorem 1.2.6. [7]] Let (E, ||.||g) be a Banach space, R > 0, B = {z € E,
|lz||lg < R} and f a compact map from Bg into By (i.e. f continues and
{f(x),z € Br} relatively compact in E. Then f admits a fized point, i.e.
there exists x € Br such that f(x) = x.

Definition 1.2.3. [62] Let X be a metric space, with metricd. If f : X — X
and if there is a constant ¢ < 1 such that

d(f(z), f(y)) < cd(z,y),
for all x,y € X, then f is a contraction of X into X.

Theorem 1.2.7 (Banach fixed point theorem). [62] Let X be a complete

metric space and f be a contraction of X into X, then there exists a unique
x € X such that f(z) = x.
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CHAPTER

2

LERAY-SCHAUDER DEGREE FOR A
NONLINEAR FRACTIONAL LAPLACIAN
SYSTEM

with Dirichlet boundary conditions using some suitable conditions on the

nonlinearities, and we investigate the existence and uniqueness of weak
solutions for this problem in a fractional Sobolev space. Our study into the
existence of solutions is based on the Leray-Schauder degree method, while
the uniqueness of solutions is investigated using an additional assumption.
This chapter exposes results published in [f].

In this chapter, we consider a coupled semilinear fractional elliptic system

2.1 Motivation for the problem

Over the last few decades, many researchers have worked to expand the field
of fractional calculus in order to develop advanced mathematical models that
have the ability to describe more complex systems, see the previous work [70].

In particular, the current work investigates the existence of weak solutions
in fractional Sobolev space for a semilinear fractional elliptic system of non-
local equations involving the fractional Laplacian with Dirichlet boundary
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2.1. Motivation for the problem 2

conditions involving the fractional Laplacian. This problem is a fractional
version of the problem in [d0], which is concerned with establishing the exis-
tence of weak solutions in the classical Sobolev space for a semilinear elliptic
system of local equations involving the classical Laplacian with Dirichlet
boundary conditions.

Fractional elliptic systems involving fractional Laplacian with nonlineari-
ties has been the subject of many papers, as the work of W. Dai et al. (2017)
who studied the Liouville type theorems for the following problem on a half
space.

(—=A)*u(z) = vi(z), = €RY,
—A)(x) = w(z), @ eRE,
u(x) =v(x) =0, r ¢ RY

Mana Manassés de Souza (2020) studied the existence and multiplicity of
solutions for the following fractional elliptic system involving concave-convex
nonlinearities.

(—=A)u; + ai(z)u; = fi (x,ug, ..., uy) forzeR" andi=1,...,m

where o € (0,1),n > 1,(—A)? denotes the fractional Laplacian of order o ,
a;(x) are continuous.

H. Fan et al.(2016) studied the multiplicity of positive solutions for the fol-
lowing fractional elliptic system with critical nonlinearities.

(—A)2u = Nu|9%u + aiw|u|°‘_2u|v|5 in €,
(—A)%U = ,u‘v|q721) + o/%ﬁ]u|°‘|v|f8’2v in €,
u=v = 0 on 89,

where © is a bounded set in RY with smooth boundary, N > s with s € (0, 2)
fixed, 1 < ¢ <2, \,p>0,a,8 > 1satisfy a+ 5 =2 = ﬁﬂ,Q; is the
fractional Sobolev critical exponent, and (—A)? is the fractional Laplacian.

The idea of using the fractional Laplacian in the place of the classical
Laplacian in many problems is very interesting mostly because of the non-
local property of this operator, this idea has been used in many model of
applications in different fields such as physics, mechanics, mathematical bi-

ology, electrochemistry,...etc. We state the following three models:

Quasi-geostrophic [20]

00+ u- VO + k(—A)20 = f.
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2.2. Mathematical formulation of the problem 2

Cahn-Hilliard|[6]
O+ (—A)*? (=2Au+ f(u)) = 0.
Porous Medium |[f]
dyu + (—A)*/? (|u]m’1 sign u) =0.

The topological degree method was effectively applied to study the exis-
tence of solutions for different nonlinear problem, see [64, 28]. We will use
the Leray-Schauder degree to study the existence of weak solutions for our
problem.

The rest of this chapter is organized as follows: in the second section
we give the mathematical formulation of our problem with some assump-
tions and preliminaries. The study of existence of solutions using the Leray-
Schauder degree is presented in section 3.

2.2 Mathematical formulation of the problem

We consider the following semilinear fractional Laplacian problem:

(—A)u(x) + g1z, u(z), v(z)) = fi(z), in €,
(=A)v(x) + gao(z, u(z),v(x)) = fa(2), in €, (2.1)
u=uv=0, on R™\Q,

where 2 C R” is a bounded open set with a Lipschitz boundary, (—A)*
is the fractional Laplacian defined in definition I1T8, with s € (0,1),n >
2s, f = (f1, f2) € L*(Q) x L*(Q) and we cite the following hypothesis on the
nonlinearities:

(h1) 91,92 : 2 xR xR — R are satisfying the Carathéodory conditions and
satisfy the following growth conditions:

there exist a,b € L*(Q) and K;, Ko, 71,72 € R% such that

g1z, m, )| < alz) + Krm| + Kaolp|, Ym,p € R and ae. z € Q.
|g2(x,m,p)| < b(x) +ri|m|+r2p|, Vm,p € R and a.e. x € Q.

(hg) Sign condition

gi(x,m,pym >0, Ym,p € R and a.e. x € Q.
g2(x,m,p)p >0, Vm,p€e R and a.e. z€Q.
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2.3. FExistence of weak solutions for the main problem 2

Remark 2.2.1. From the hypothesis (hy), the Nemytski operators G and F
respectively defined as:

G(u,v)(x) = q1(z,u(x),v(z)) and F(u,v)(x) = go(z,u(z),v(x)) are contin-
uous and bounded from L*(Q2) x L*(Q) into L*().

2.3 Existence of weak solutions for the main
problem

Our purpose in this section is to prove the existence of weak solutions for the
problem (E) by satisfying the Leray-Shauder degree conditions. For this
purpose, firstly, we give the following definition of weak solutions, according
to (o).

Definition 2.3.1. [11] We say that (u,v) € D%*(Q) x D**(Q) is a weak
solution for the problem (21), if for every (1,12) € D¥*(2) x D**(Q), the
system

C(n, 8) ffaon =0 Gy iy = [, fr(2)rda

— Jog1(z, u(z),v(x))rdz,
C(n, s) [fom (v(a:)—v%%z‘pfgs)—wz(y))dydx = [o fo(2)thodz

= Jo 92(z, u(z), v(2))Y2dz,

holds.
Where, C(n,s) = tc(n,s), with c(n, s) is the constant defined by (I1).

2

Remark 2.3.1. We obtain the precedent weak formulation by multiplying
the first and second equations of the problem (2) by ¢y € C°(QQ) and ¢y €
C(Q) respectively, then integrating over R™, using the Definition 18 of
fractional Laplacian, the symmetry of the integrand, and some calculus.

We can also prove this weak formulation using the definition of fractional
Laplacian in Lemma T, and we apply the integration by parts formula
proved in Lemma 5.6 of the paper [64)].

Next, we state the following theorem that gives the existence of weak
solution for the problem (271).

Theorem 2.3.1. Under the assumptions (hy) and (hy), the problem (BT)
has at least one weak solution (u,v) € D**(Q2) x D*?(Q).

Before proving the main result, we provide some lemmas that we will
need in our proof.

27



2.3. FExistence of weak solutions for the main problem 2

Auxiliary results

The outcome of the following lemma is necessary to formulate a new problem
that is equivalent to our main problem.

Lemma 2.3.1. For (u,v) € L*(Q) x L*(Q), (f1, f2) € L*(2) x L*(Q), t €
[0, 1] and under the assumption (hy), the following problem has a unique weak
solution (¢, @) € D*?(Q) x D*2(Q).

x),v(z)) = tfa(x) in Q, (2.2)

Proof. For all (u,v) € L*(2) x L*(Q), we have g1(.,u,v), g2(.,u,v) € L*(Q)
from the assumption (h;).

To prove the existence and uniqueness of weak solution for the problem (222)
we will use the Lax-Milgram theorem.

Weak formulation of the problem (22)

We can conclude from the same ideas in Remark 2231 that the problem (222)
is weakly formulated as follows:

Find (¢, ¢) E D32(Q) x D*2(Q),
C(n,s) ffR2 \x))ﬁﬂ 2= dydy = Jotfi(z)irde
— Jotgr(w, u(z), v(w))yrdz, Vi € D**(9),
C(n,s) ffR?n ‘x))ﬁf(zs 220 dydy = Jo tfa(x)hrdx
— Jotga(z, u(w), v(x))ihadz, ¥iby € D**(Q).

Then, we pose

Find (p, ¢) € D*2(Q) x D*?(Q),
ar(p,¥1) = L), Yo € DS2( ), (2.3)
ax(¢,Va) = la(1h2), Viby € D¥*(Q),

with

ai(.,.): D¥2(Q) x D*2(Q) — R

(0, ¢1) = ai(p, 1) = C(n, s) [[en s ﬂ(f));‘nfzg —41)) dydz,
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2.3. FExistence of weak solutions for the main problem 2

ll : DS’2(Q) — R
U1 = L(Y1) = Jotfi(x)de — [otg(z,u(x), v(x))id,

as(.,.) : D*2(Q) x D*2(Q) — R
(6,¢02) = a(,15) = C(n, s) [fgan HO=HILG=020) dyy,

12 : Ds’2(Q) — R
Yy = 1a(Y) = Jotfo(x)edr — [otge(z,u(x), v(x))eds.

Let us prove that the bilinear forms a;(.,.) and as(.,.) are continuous and
coercive in D*%(Q) x D*?(Q). In addition, we prove that the linear forms Iy
and [y are continuous.

We have
A
<C(n,s //RZ" )||w|1n(+21 Uy Ndydx

< C(n,s)llel

Ds:2(Q ||1/)1||DS)2(Q)7

which shows the continuity of the bilinear form a;(.,.), where we have used
the Cauchy-Schwarz inequality:.

Moreover,
mn ) =Clns) [, L;_}gﬁggs> W) g
=C(n,s /Rgn (¢ (@ y‘n+(25)) dyda

=cmwwmwm
thus, a4(.,.) is coercive.
For the linear form [; we use the Cauchy-Schwarz inequality, we obtain
i @)] = | [ thi@de — [ te, (@ u(@), o(w))irde
< [ fill 2o 191l L2y + 191 (s v) || L2y 1011l L2y
< (111l gy + N1 (w0 gy | 11l 2y
then, the proposition (ICIR), gives that
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2.3. FExistence of weak solutions for the main problem 2

D2(Q)

3 (001 < Comn 112y + 191 (o, 0) |z I
hence, [y is continuous.

Similar to the calculus of a4(.,.), we can obtain that as(.,.) is continuous
and coercive.
The Cauchy—Schwarz inequality implies that

|ZE— |n+25
O(y)||v2(z) — ¥a(y)]
< C(n,s //R% |$ [ dydx
< C(n, 8)[|9l ps2@) V2]l pe2(0),
which shows the continuity of the bilinear form as(., .).
Furthermore,
az (2, 102) =C(n, s / Wl |:r(—))(|1ﬁ2+(25> wz(y))dydx
B wz Ua(y))?
=C(n,s /R% ‘n+2s dydx
= C(n, 5)||¢2| Ds:2(Q)

hence, as(.,.) is coercive.

For the linear form Iy we use the Cauchy-Schwarz inequality, we obtain

W)l = | [ tfalainda = [ tgy(wu(e), v(a))ade
< ||f2HL2(Q) H1/12||L2(Q) + ||92(->U7U)HL2(Q) ||¢2||L2(Q)
< [If2ll gy + N2 0) gy | 02l 2y

then, the proposition (I'IR), gives that

2 (¥2)] < Comp [l Fll 2y + 192 s 0) | 2y | 1422]

D=2(Q)

hence, [, is continuous.

Consequently, we may apply the Lax-Milgram theorem, and we conclude that
the problem (22) has a unique weak solution (p, ¢) € D*2(Q) x D*?(Q).
O
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2.3. FExistence of weak solutions for the main problem 2

The previous lemma ensures that we can define the following map, noted
A by

A[0,1] x L3(Q) x L2(Q) — D*2(Q) x D*2(Q)

(t,u,v) = At u,v) = (p,9),
where (¢, ¢) is a weak solution to the problem (22).

The proof of the existence of weak solutions for the problem (21) is equiva-
lent to prove the existence of solution to the following problem

{Find (u,v) € L*(Q) x L*(€), (2.4)

(u,v) = A(1,u,v).

Priori estimate

Lemma 2.3.2. Under the assumption (hy), there exists R > 0, Y(u,v) €
L3(Q) x L*(Q) such that:

If we suppose that

{ A(t,u,v) = (u,v),
t €0,1], (u,v) € L*(Q) x L*(Q),

we get the following priori estimate of the solution
||(u, U)HLQ(Q)XLQ(Q) < R+ 1.
Proof. Let A(t,u,v) = (¢, ¢) = (u,v), we obtain

Find (u,v) € D**(Q) x D*?*(Q),
C(n, 5) [fyon OO0 gy gy — [ 1 £, (2) 1 de

— Jotoi(z, u(z), v(@))hidz, Vi € D**(Q), (2.5
C(n,s) [fpon (v(z)— U(y))(w2(w) Y2(y)) dydx = [y tfo(z)toda

33 y‘n 2s

— fotge(x,u(x), v(x))bodz, Vipy € D2(Q).
Let us choose (¢1,%) = (u,v) in the equation of (2H) and obtain

C(n, ) Jfuan B9 dydy = 1, f1(2)u(x)dz

—t Jo g1(z, u(z), v(x))u(z)dz,
C(n, ) fazn B2  dyda = t [y, fo(w)v(x)da

—t [q 92(x, u(x),v(x))v(x)d.
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2.3. FExistence of weak solutions for the main problem 2

Applying the assumption (hy) and the Cauchy-Schwarz inequality, we have

C(n, s)ffRn%dydx < Al llul 20
C(n,s) [fgen %dydx < [ foll 2 |Vl 2 () »

and Proposition ICT"8 implies that

C(n,s
c(gmb)HUH%z(m < [ fillez@ llullz2 ) (2.6)
C(n,s .
vl < Iflr@llvlize
Adding the two inequalities of (21), we get
Com Com
1(w, v) || 2@ x22(2) < Cln bs) [f1llz20) + Cln bs) /2]l 220
If we set R = C(eg‘;) | fill2 o) em” Hf2HL2 (@), We obtain
H(U,U)HLQ(Q)XLQ(Q) <R+1.
O

We note
Bri1 = {(u,v) € L*(Q) x L*(Q); ||(u, v) || r2(@)xr2() < B+ 1}.
Lemma 2.3.3. Under the assumption (hy), the following set
{A(t,u,v),t € [0,1], (u,v) € BR+1}
is relatively compact in L*(Q) x L*(Q).

Proof. Let (t,)en C [0, 1] and {(t,, vy) bnen € Bryi. So using the assumption
(hy), the sequences {gi(., un, V) }nen and {ga(., Un, vy) fnen are bounded in
L3(9).

Firstly, setting A(t,, tun, vy) = (©n, On), We get

Find (¢, ) € D*2(Q) x DSQ(Q)
C(n,5) [fgen LI Gydy = [o t f(2)ihrde

—Ja tgl(fﬂ U( ) v(x))rdr Vi € D**(Q), (2.7)
C(n, 8) ffgon L= Gy gy — [t f () podr

— Jotga(z,u(x), v(x))hedx Vipy € D*?(Q).
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2.3. FExistence of weak solutions for the main problem 2

Let us choose (11,12) = (u,v) in the equation of (29), apply the Cauchy-
Schwarz inequality and obtain

C(n,s) [[gzn %dydﬁ < [[fillz2@llenll z2()

g1 (s wns va) | 2@ llonll 22 ()
C(n,5s) [fgen %dydm < [ foll 2 |on |l L2 ()

g2 (s tny vn) | 22 |00 ]l 2(02)

Then, using the fact that {g; (., un, V) }neny and {ga2(., Un, U5) }nen are bounded
in L?(Q) and the proposition I8, we obtain
b2 < ceslllfillze) + Millenllpezg)

{Hwn!2
16l

Dea) < ces (il fallzae) +M2]H</5n||Ds’29

By simplification and adding the two inequalities of (2R), we arrive at

1(ns &n)
Then,

(2.8)

Cemb Cemb
Dsﬂ(ﬂ)xDsﬂ(mSC( )[||f1||L2 o)+ M|+ Clns) )[I\fz||L2<m+Mz]

[ (¢n; @n)]
Where K Cemb [Hfl“L? Q) +M1] ‘l‘ Cemb [

Dss Q(Q)XDS 2( ) < K
fall L2 ) + M,).
Therefore {(gpn, ®n) }nen is bounded in Ds’z(Q) x D%2(92).

Next, using the Compact Embedding Theorem II1d, we deduce that there
is a subsequence of {(¢n,,®n, )} keny Which converges to (¢, @) strongly in

L3(Q2) x L*(Q).

We conclude that {A(t,u,v),t € [0,1], (u,v) € BR+1} is relatively compact
in L2(Q) x L*(2) O
Lemma 2.3.4. Under the assumption (hy), A is continuous from [0, 1] x
L*(Q) x L2(2) into L*(Q) x L*(Q).

Proof. Let {(tn,tUn,vn)}nen C [0,1] x L3(Q) x L*() be a sequence which
converges to (t,u,v) in [0,1] x L*(Q) x L*(Q) when n — +oo.

We pose for all n € N that A(t,,, u,, v,) = (¢n, &n) and A(t, u,v) = (@, ¢),

we obtain
Find (pn, ¢n) € D¥2(Q) x D¥2(Q),
C(n,s) [fpen Enlel=en@IW @) gy — [ ¢, f ()1 d

|z—y[nt2s

— Jo tng1(z, u, (), vo (7)) h1dx Vo € DS2(Q), (2.9)
C(n,s) [fgon (¢n(z) ¢n(y))(¢2(w) Y2(y)) dydz = [otnfo(z)tod

|z —y|n+2s

_fQ ng2(x7un(x)> n( ))dex va € DS?Q(Q)'
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2.3. FExistence of weak solutions for the main problem 2

Find (¢,0) & DP2(9) x D-2(0),
C(n,s) [fon )=o) (1 (x) =1 (y)) dydz = [ tfi(x)de

ERaes

— fotgi(z,u(x), v(x))bdz Vi, € D¥2(Q), (2.10)
C(n,s) ffR% )= 3(y) (W2 (z)—2(y)) dydz = [yt fo(z)oda

lw—y[t2s

— Jatge(z,u(x), v(x))odr  Vipy € D**(Q).

Making the difference between the two previous systems, we get

C(n, 5) ffgon Lozl DN Gydy = (1, — 1) [, fi(x)erde
+fn(t91(x u(x),v(x)) —tngl(x un (), v (2))) 1 d
O, s) [fgan (o= ONaI=(0a= 0N Ol valo)) gy gy — (1, )hﬁm%m
+ Ja(tga(z, u(z), v(z)) — trga (2, un(z), vn(2))) 2
V(¥1,¢) € D**(Q) x D**(Q).

(2.11)

Let us choose (11,12) = (¢n — @, ¢ — @) in the equation of (211), apply the
Cauchy-Schwarz inequality and Proposition [CI8 and obtain

[on(z) — o(z)[lr20) < cc(zn 5tg(, u(@), v(z)) — tagi (@, un(2), va(2)) | 120
+tn =t fill 2],

[¢n(2) — &(@)[r2(0) < c(ns)[Htgz(I u(z),v(x)) — tnga(@, un(x), va(2)) | 22(0)
+tn =t f2ll L2 ()]-

We have that (t,)nen converges to t and {(uy,, v,) tnen converges to (u,v) in
L*(Q2) x L*(Q) when n — +o00 and from the assumption (h;), we deduce that

{91045 Uny Un) Fnens {92(., Un, V) }nen converge respectively to g1 (., u, v), ga(., u, v).
Therefore, {(¢n, dn) nen converges to (o, @) in L*(Q) x L*(2).
We conclude that A is continuous from [0,1] x L*(Q) x L*(Q) to L*(Q) x

L2(Q). 0
Proof of Theorem 231

Now, we prove Theorem PZ31. We have according to the previous lemmas:

1. There is no solution (u,v) for the equation A(t,u,v) = (u,v) in the
boundary of the following ball

Bri1 = {(u,v) € L*(Q) x L*(Q); [|(w, v) || 2 x120) < R+ 1},
and that’s for all t € [0, 1].
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2. The set {A(t,u,v),t € [0,1], (u,v) € ERH} is relatively compact in
L3(Q) x L*(Q).

3. The map A is continuous from [0, 1] x L*(Q2) x L*(R2) to L?(Q) x L*(9).

These results allow us to define the Leray-Schauder degree d(Id — A(t, -, -),
Bgry1,0).
Next, the homotopy invariance property of the degree implies

d(.[d - A(t, ) '), BR+1, O) = d(_[d - A(O, %y '), BR+1, O) - d(_[d, BR+17 0),
then, using the normality property of the degree, we obtain

d(Id — A(t,-,), Bry1,0) = 1 £ 0, for allt € [0, 1].

Therefore, there exists (u,v) € Bgy; such that
Id(u,v) — A(1,u,v) =0,
equivalently, there exists (u,v) € Bry1
A1, u,v) = (u,v),

which proves that the problem (270) has at least one weak solution (u,v) €
D%%(Q) x D*2(Q).

2.4 Uniqueness of solutions

In this section, we prove the uniqueness of solution in a particular case using
the absurd reasoning.

We assume that

(hg) The functions g, ge verify the following assumption. There exists
c1,co € Ry such that

(91(33, 31>P1) - 91(37782,292))(32 —51) < 01’81 - 82’27
Vs, 82,p1,p2 € R and a.e. x € .

(gQ(xJ Sl7p1) - 92(1',82,]?2))(192 _pl) S 02’p1 _p2|27
Vs1, 82,p1,p2 € R and a.e. x € Q.
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Next, we state the following theorem which give the existence and the unique-
ness of solution.

Theorem 2.4.1. Under the assumptions (hy), (he) and (hs), and if we have
C’(n s)

min{cy, ce} < the problem (2) has a unique weak solution (u,v) €

D2(Q) x D2(SY.

Proof. We have already shown the existence of solutions, we pass to the
uniqueness.

Let (u,v), (a,9) € D**(Q) x D**(Q) two different weak solutions of (21),
then we obtain
Find (u,v) € DSQ(Q) X DSZ(Q)
C(n, ) [fon D00 dydie = [t f1 ()
= Jatgi(z, u(z), v(z ))%dﬂ? Vip € D**(Q),
C(n,5) [fpan == dyde = [ tfz(x)wzdx
)2

|z —y|n+2s

= Jotga(z, u(z), v(z)

Vipy € D*2(Q).
and
Find (@, ) € D”(Q) x D52(9),
C(n, 8) [fzn FE=HMDE=0D Gyl = [, 8 f1 ()1
— Jotgr(z, (), o(x ))1/1 Vi € D**(Q),
)
)i

C(n, S) ffR% (0(z)—9(y)) (Yo (z) =2 (y )dyd:v _ fQ th(x w

|z —y|n+2s

= Jotga(, ax), o(x)

Making the difference between the two previous systems, we get

Viby € D¥2(Q).

O, 5) ffgon B iidyda
= la(on(a,2(a), o)) = 1z ) )i, Wy € D)
Cln, 5) ffyo (PRSI dyde

= Jalg2(z, 0(z), 0(2)) — g2(z, u(z), v(2)))¢odz, Vi € D**(Q).

Let us choose (¢1,1%9) = (u — @,v — 0) and get

|u — %)S»Q(Q)
1 Y 7 ~
= Clns) /Q(gl(m,u(:v),v(x)) —gi(z,u(z),v(x)))(u(x) — a(z))dz,
o =l

~ Cln,s) | (2l 0(@), 5(2)) = go(ar, u(x), () (v0() — B(x)da
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now, we use the assumption (hs) and the proposition I8, we obtain

~ 1 -
o= lpaey < gy ealet) - )P,
)
||U — f)| %5,2(9) S (TS) o C2|U(l‘) - {J(x)|2d$,
)
hence,
~ 112 Clc?zmb ~ 12
[|u — Ds2(Q) = C(n,s) lu — @l Ds2(Q)>
Y
- Ca2C -
I = e < gl = olbee,
)
next,
2
C1Comp
1 < em
— C(n’ 8)7
| < CoCemb
= C(n’ 8)7
then,
P <
<o

It follows from the above inequalities a contradiction with the hypothesis

(n

min{cy, c2} < 6;2—’5), then we conclude that the problem (20) has a unique
emb

weak solution.
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CHAPTER

3

ON A NONLINEAR ELLIPTIC EQUATION
INVOLVING THE DISTRIBUTIONAL
RIESZ FRACTIONAL DERIVATIVE

local operator defined using the distributional Riesz derivative that was

defined with his important properties in the preliminaries. We show that
this problem has at least one weak solution w. In our proof, we use the Leray
Schauder degree method to prove the existence of weak solutions and the
Banach fixed point theorem to prove the uniqueness of weak solutions in a
particular case. This chapter presents some results published in [2].

In this chapter, we consider a nonlinear elliptic equation involving a non-

3.1 Motivation for the problem

In recent years, many researchers have considered problems related to the
distributional Riesz fractional derivative, where they defined it and gave its
important properties in their papers, we refer to [A7, 60, 63, 66, 67, 68]. In
our work, we study the existence of solutions in a Bessel Potential space for
the previous problem in the nonlinear case.

We studied in this chapter the existence of weak solutions in a Bessel potential
space L5?(9) using the Leray-Schauder degree for the following problem that
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3.1. Motivation for the problem 3

contains the distributional Riesz gradient.

{ —D* - (A(z)D*u(z)) = f(z,u(z)) in €,
u=20 on R™\Q.

here €2 C R" is a bounded open set with a Lipschitz boundary, D?® is the
distributional Riesz fractional derivative (Definition IT-7), s € (0,1) with
n > 2s, A(z) : R™ — R™ " is a measurable, bounded, positive definite ma-
trix and f: Q2 xR — R.

The weak solutions for the previous problem are the solutions for the follow-
ing problem.

Find u € Lj*(Q),
/n A(x)D*u(z) - D*v(z)dx = /Qf(x, u(x))v(z)dz, Yo € LY (Q),

this problem was considered by Shieh and Spector (2015) in the linear case
as follows:

Find u € H§(Q),
/ A(x)D*u(x) - Du(a)de = /Q g(x)v(x)dz, Yo € H(Q).

they studied for it the existence and uniqueness of solutions using Lax-
Milgram theorem.

Shieh and Spector (2015, 2018) show that the ditributinal Riesz derivative
is an interesting object for the study of fractional partial differential equation
from its ability to expand many results in the classical Sobolev spaces to the
fractional case, see [6G, B7].

The distributional Riesz fractional gradient is more fundamental than the
fractional Laplacian because of its important property that it is the founda-
tional object in the construction of weak formulations of partial differential
equations unlike the fractional Laplacian which does not have this property.
Distributional Riesz fractional derivative satisfy basic physical invariance re-
quirements, see the paper of Silhavy (2020) who presented a novel approach
to fractional gradient analysis.

As is well known in harmonic analysis, the only higher dimensional op-
erator that is translational and rotational invariant is the Riesz operator.
Moreover, the operators that can be used independently of any dimension
and coordinate system are only fractional gradients defined with the Riesz
operator. The interest of the matrix A is that it introduces anisotropy, which
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3.2. Preleminaries and position of the problem 3

often occurs in the case of physical systems, like crystals or materials. Com-
bining the above benefits, gives that we can apply this to any multidimen-
sional systems which may differ along different vectorial directions, whether
it is a thin material that is usually viewed as 2d, or a normal 3d crystalline
solid, or a multidimensional Lévy flight. In general, problems similar to our
second problem can be used to model the behavior of crystalline solid mate-
rials, which may help in the development and creation of new materials for a
variety of applications. The function u(x) can describe the displacement of
the material at a given point x in the space. The matrix A(z) represents the
stiffness or elastic properties of the material at that point, which is dependent
on its location. The distributional fractional Riesz operator D? indicates the
non-local behavior of the material, which takes into account its history and
memory. The function f(z,u(z)) can represent the external forces acting on
the material, as well as any non-linear effects caused by material deformation;
see for example [37, BY].

We study also in this chapter the uniqueness of solutions for the problem
(??) in a particular case using the Banach fixed point theorem.

The organization of this chapter is as follows. In section 2, we present
some preliminaries and we pose our problem. Section 3 contains the main
result of this paper and some auxiliary results with their proof. Section 4
contains the uniqueness result in a particular case.

3.2 Preleminaries and position of the prob-
lem

Let © be an open subset of R, the following nonlocal operator —D*-(AD*(.))
is defined in the duality sense which is a generalization of the fractional Lapla-
cian for the distributional Riesz derivative, with a measurable, bounded, pos-
itive definite matrix A : R" — R™™ and for u,v € H§(2), extended by zero
outside €2 :

Definition 3.2.1. [77]
(—D* - (AD*u) ,v) = / A(z)D*u - D¥vd.

The operator —D* - (AD*(.)) was defined as follows:
—D* - (AD*()) : L5 () — (Lg*(2))

u+— —D*- (AD%u),
when AD*u € [L* (R™)]".
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3.8. Existence of weak solutions for the problem (BI) 3

We study in this chapter the following problem involving the nonlocal
operator —D* - (AD*(.)):

{ —D*- (A(@)Du(a)) = f(x,ux)) i Q

u=>0 on R™\Q. (3.1)

Where Q2 C R” is a bounded open set with a Lipschitz boundary, s € (0, 1)
with n > 2s, A(z) : R® — R™" is a measurable, bounded, positive definite
matrix and f: Q xR — R.

We will use the following assumptions:

(hy) A: Q — R™™ with coefficients bounded, measurable and strictly ellipt-
ic, such that a|z]* < A(x)z -z and A(z)z - 2* < B|z| |z*| for some o, 8 > 0,
for all x € 2 and all z, 2z* € R™.

(hy) f satisfies the Caratheodory conditions.

(h3) 3C, > 0 and d € L*(2) such that |f(z,m)| < d(x) + Cy|m|, Vm € R.
(hy) lim &™) — 0 vz e Q.

m—too

3.3 Existence of weak solutions for the prob-
lem (B1)

This section contains the main result of this paper and some auxiliary results
with its proof.

First, we give the weak formulation of the problem (B):

Find u € L*(Q),

3.2

/ A(z)D?u(x) - D*v(z)dx = / f(x, u(z))(z)de, Yo e Ly (Q). (32)
n Q

It is a consequence of the fractional integration by parts formula relating
the distributional Riesz gradient(Proposition I1T10), for more details; see
[BR, 19].
Therefore, a solution of the problem (B3) is a weak solution of the problem
(5T).
The following theorem gives the existence of weak solutions for the problem

(&)

Theorem 3.3.1. Under the assumptions (hy), (he), (hs) and (hy), the problem
(B) has at least one weak solution u € Ly*(Q).
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3.8. Existence of weak solutions for the problem (BI) 3

New formulation of the problem (32)

In this subsection, we give a new problem equivalent to the problem (82).

First, we define the following operator noted T by
T:[0,1] x L*(Q) — Ly*(Q)

(t,u) — T(t,u) =w,

where w is a solution to the following linear problem.

Find w € Ly*(9),
/ A (x) D°w(x) - D°v(x)dx = (3.3)
t o f (@, u(@))v(z)de, Yo € Lg*(9).
Lemma 3.3.1. Foru € L*(2), t € [0,1] and using the assumptions (h) and

(hs), the map T associates each (t,u) € [0,1] x L*(Q) with a unique function
w e Ly ().

Proof. To prove that the map T associates each (t,u) € [0,1] x L?(Q) with
a unique function w € LS’Q(Q), we prove the existence and uniqueness of
solution w € Ly*(Q) for the problem (B3) using the Lax-Milgram theorem.
We have

{Find w e LY(Q), 3.4)

a(w,v) = U(v), Vv € Lg*(2),

with
a(, ) Ly*(Q) x LY*(Q) — R
(w,v) = alw,v) = / A(x) D*w(x) - Dv(x)dx,
1LY () — R
vi— l(v) = t/ flz,u(x))v(z)de.
Q

Let us prove that the bilinear form a(.,.) is continuous and coercive.

Using the assumption (h;) and the Cauchy-Schwarz inequality, we get
/ A(x) D°w(x) - D°v(x)dx

a(w,v) = | [
<5 [ 1D w@)|D*u()] dr

S ﬁHDSwHLz(Rn) HDSUHLZ(Rn)

< Bllw LS’Q(Q)”U L3%(Q)
therefore, the bilinear form a(.,.) is continuous.
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3.8. Existence of weak solutions for the problem (BI) 3

We have
a(v,v) = / a(z,u(z)) | D) d
RTL

Applying the assumption (h;), we get

a(v,v) > oz/R D] do = o D*0[Faqgny = [0l g

which gives that the bilinear form a(.,.) is coercive.

In addition, we prove that the linear form [ is continuous.

Using the Cauchy-Schwarz inequality, the assumption (hs) and the proposi-
tion [CIT, we obtain

1l(v \—’t/f:cu (x)dx
< [ (@) + C1 Ju(@))) o) do
< Nllzzqoy o llz2(0) + Cillull 2oy o200

< (Cemplld]| z2) + CempCilull L2 ||V
hence, the linear form [ is continuous.

L3 ()

Therefore, the problem (B33) has a unique weak solution w € LS’Q(Q).
We conclude that the map T associates each (t,u) € [0,1] x L*(Q) with a
unique function w € L*(9Q). O

u is a solution for the problem (B3) if and only if u is a solution to the
following problem

(3.5)

Find u € L*(),
u="T(1,u).

We will prove using the Leray-Schauder degree that the problem (833) has at
least one solution.

Priori Estimate, Compactness and Continuity Results

This subsection is devoted to present some auxiliary results about the con-
ditions of the Leray-Schauder degree method.
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3.8. Existence of weak solutions for the problem (BI) 3

Lemma 3.3.2 (Priori estimate). Under the assumptions (hy), (hs) and (hy),
there exists R > 0, Yu € L*(Q) such that

{ T(t,u) =u

t€1[0,1],u € L*(Q) } = |lullz2@) < R.

Proof. Let t € [0,1] and T'(t,u) = w = u, which means that

Find u € Ly*(Q),
/n A(z)D’u(zx) - Dv(x)dz = t/ﬂ f(x,u(@)v(z)ds, Yo € LY*(K).

Let us choose v = wu in this equation and using the assumption (h;), we
obtain

allullZye ey < [ 1£(e,ule)ule)dr,

we will deduce from this inequality that there exists R > 0 such that
||U||L2(Q) < R.

Let us assume that this R don’t exist, so there exists a sequence (u,,), .y C Lg*(Q)
such that

b < [ 1F @ (@) (@) da,

“unHL?(Q) > n and o |[un|

and we will arrive to a contradiction.

We pose v, = Hu"h‘ﬁ So, we have [|vn||12q) =1 and
2 f(xaun)
a||vn | 752 g/ S, | da
) Q ||UnHL2(Q) i

in addition, |f(z,s)| < |d| + Ci]s|, it gives

: d] + Ci Ju)
Ve < [ o da

[enll 20y
dl |vn
_d] Jon] da:+C'1/ | da
Q HunHL2(Q) Q
< |\d[| 2 + Ci.

a|lvg|

Therefore, (v,),,oy is bounded in Li*(€), then it has a subsequence,

lim v, = v in L*(9).
n—+oo
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3.8. Existence of weak solutions for the problem (BI) 3

Consequently ||v||r2 = 1 (which implies that v # 0). We have also by Theo-
rem T3

lim v, =v a.e.,
n—-+o0o

lv.| < H with H e L*Q).
Finally, using Proposition IIT-T1, we get

a |f (@, un)]
= v < o|vnl|ze2q) < / — dx
Ce2mb Cem H nHLQ(Q) H n L H nHL2 | n| )
we pose
Vx%HM
[unllpo@y
and we prove that LHE X, = 0, which is impossible because X, is
n (o ¢]
minored by the constant CQ which is positive.
emb
Let us prove that
lim 1 G, ) o] = 0 a.e. with domination (in LI(Q)> )
n—4o00 ||un HLQ(Q)

we will obtain using the dominated convergence theorem that 1115{1 X, =0.
n—-+0oo

First, we prove the domination

1 (yun)] _ 1]+ Ci Ju

Tl

< |d| + C1 |va| < |d| + C1H
el 2oy

(o)

||UnHL2(Q)

Wl < (|d|+Ci1H) H € L'(Q).

Now, we prove the convergence almost everywhere.
We have v,, — v a.e. so 3F such as meas (F°) = 0 and

lim v,(x) =v(z)Vz € F.

n—-+o0o

First case: if v(z) > O;nl_i)rfOO vp(z) = v(z) and nl_l)rJPOO HunHLQ(Q) = +00,
then

lim wu,(x) = n1—1>IJ£loo Un (@) ||unll p2(q) = +o0.

vp(T) = f (&, un(2)) un(2)

[ (@, un(x))

[nll 220

v () =
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3.8. Existence of weak solutions for the problem (BI) 3
lim f (@) (vn(2))* = 0.
n—-+0o0o un(x)
We have used here the assumption (hy); EIJP ! (i’s) =0.
Second case: if v(z) < 0; we have the same lim 2@l () —
n—-+o00 ||“n||L2(Q)
because li}r_n @ = 0.
Third case:  if v(z) = 0, we obtain
f (@, un(x)) |d(2)] + Ch |un(2)]
T Un(T)| < |vn ()|
||Un||L2(Q) ||Un||L2(Q)
< (ld(@)] + C v (@)]) [on(2)]
hence
lim Mvn(a:) —0.
n=too | [t || 12(q)
We conclude from the three cases that
lim L% g g
=00 |[un [ 12
Consequently, we have proved that EIE Xn = 0, but we have X,, > 5—
n o0 emb
for all n € N*, which is a contradiction. Il

We deduce that there isn’t any solution u for the equation T'(¢t,u) = u in
the boundary of Br = {u € L*(Q); ||ul|r2() < R} and that’s for all ¢ € [0, 1].

Lemma 3.3.3. Under the assumptions (hy) and (hs), the following set

{T(t,u),t €[0,1,ue BR—H}
is relatively compact in L?(Q).

Proof. Let R > 0, We suppose that ||u|| ;2@ < R, we obtain

/n A(x)D*w(zx) - D*v(z)dx = t/Q f(z,u(x))vdz

<l 2@ [vll 22y + Cullull 2@ vl 220

< (Cemb||dHL2(Q) + CembClR)HUHLg’Q(Q)'

Consequently,

/n A(x)D*w(z) - D*v(z)dx < R||v

8,2
L2 @)V € Lo (),
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3.8. Existence of weak solutions for the problem (BI) 3

Where, R = Cemb||dHL2(Q) + C’embClR.
Let us take v = w in the inequality (88) and using the assumption (h;), we
conclude that

p— R’

Q| =

||wHL8’2(Q) <

then,
IT°(¢, )

Therefore, the set {T(t, u),t €[0,1],u € BR} is bounded in L{*(Q2) and from
the proposition I3, Ly*(Q) is compactly embedded in L*(), we deduce
that {T(t,u),t € [0,1],u € BR} is relatively compact in L?((Q). ]
Lemma 3.3.4. Under the assumptions (hy), (he) and (hs), T is continuous
from [0,1] x L%(Q) into L*(Q).

Proof. Let (tn),cn C [0,1] such as t,, — t when n — 400 and (uy)nen C
L*(2) such as u, — u inL?(Q) when n — +oo.

We want to prove that A(t,,u,) converges to A(t,u) in L*().

We pose w,, = A(t,, u,) and w_A(t, u).

For proving that w, converges to w in L?(f2), we need to cross the limit in
the following equation

Find w, € Ly*(Q),
/ A(x) D*wy(x) - Du(a)de = t, /Q Fl@, un(2))o(z)dz, Yo € LEX(9).

(wn)nen is a bounded sequence in Li?(Q), therefore (w,)nen has a subse-
quence converge weakly to w in LS’Q(Q) and strongly in L?(2).

We have also u,, — v a.e. and IM € L*(R") : |u,| < M a.e.

Now, let us prove that Dw, — D*w weakly in (L?*(R™))" in the sense of
distribution.

o0*w,, ov

lim ( ——,v)= lim I s w,=——dz
n—-+o0 axj ’ n—+o0o JRrn 1=s naxj
. ov
= lim wpli_s ¥ =—dx
n—-+oo JRrn axj
_ ov
wl_s * —dx
n

R al'j
:/ I, *w&dx
R™ al'j

o
N oxs’ [
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3.8. Existence of weak solutions for the problem (BI) 3

We conclude that
lim AD*w,, - D°v dx = AD®*w - D%v dx.

n—+o0o JRn Rn
For the last term of the equation of the problem, we get using the assumption
(hy), hIJIrl f(z,u,) = f(x,u) a.e., in addition using the assumption (hg) and
n—-—+0oo

the Dominate Convergence theorem, we obtain

lim f(z,u,) = f(x,u) in L*(Q),

n—-+oo

and

lim /Qf(w,un)vdx:/gf(x,u)vdx.

n—-+o00

By crossing the limit in the equation of the problem, we obtain that

/ A(x)D*i(x) - Do(a)dr = ¢ /Q (o, u(z))vdz.

Therefore,
w="T(t,u) = w.

Proof of Theorem 331

Now, we can prove Theorem B3 by applying the Leray-Schauder degree
method.

Proof. We have according to Lemma B=3™2 that there is no solution of the
equation Id(u) — T(t,u) = 0 in the boundary of the ball Br and Lemma
B2373 gives us that {T(t, w),t € [0,1],u € BR} is relatively compact in L?(2).
Furthermore, according to Lemma B=34, the homotopy 7' is continuous from
[0,1] x L*(Q) into L*(). Consequently, we can define the degree d(Id —
T(t,-), Br,0) and with the homotopy invariance property we have

d(Id — T(t,-), Br,0) = d(Id — T(0,-), Bg,0) = d(Id, Bp,0) = 1 # 0,

for all t € [0,1].
Therefore, there exists u € By such that

Id(u) —T(1,u) =0,

which is equivalent to
T(1,u) = u,

and proves that the problem (B has at least one weak solution u € L3”(Q).
[l
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3.4. Uniqueness of solutions 3

3.4 Uniqueness of solutions

In this section, we prove the uniqueness of weak solution u € L3*(Q) of the
problem (B) in a particular case where the function f satisfies the following
assumption

(hs) 3C' > 0, for a.e.x € Q and Vpy,ps € R
1f (z,p1) = f (xap2)||L2(Q) < Cllps _P2||L2(Q)'

We define the following operator
B:L*Q) — L)

u— B(u) = w,
where w is a solution to the problem (B33) (for t = 1).

Lemma 3.4.1. Under the assumptions (hy) and (hs) and for CC? , < a,
the operator B admits a unique fized point.

Proof. We use in this proof an application of the Banach fixed point theorem,
so we need to prove that B is a contraction.
For all uy,uy € L?(2), we pose B(u;) = w; and B(ug) = ws, then we obtain
the two following problems

Find w, € L§*(Q),

/ A(x) D*wi () - Dvl(x)da = /Q Fla, w(2)o(x)dz, Yo € LE2(Q).

Find w, € L§*(Q),
/ A(x) D*wy(x) - D*v(x)dx = / f (@, ug(x))v(z)dz, Yo € L*(9Q).
n Q
We make the difference between the two previous equations, take v = w; —ws,

apply Cauchy-Schwarz, use the assumption (h;) and obtain

1
2
@) S o I (@) = f (2, u2) 20 wn = wellp2q) -

[y — wy]
Using Proposition I and the assumption (hs), we get
CC?

emb

lwr — wallr2(q) < [Jur = uall 2 - (3.7)

Consequently, for CC?

2 < o, the operator B is a contraction. Therefore, B
admits a unique fixed point, and we conclude that the problem (B1) has a

unique weak solution. O
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CHAPTER

4

STUDY OF A NONLOCAL FRACTIONAL
ELLIPTIC PROBLEM WITH NONLINEAR-
ITIES

space Lg? for a class of nonlocal nonlinear fractional elliptic problems

with Dirichlet boundary condition. The proof of the existence of weak
solutions in LS’Q for our problem is based on the application of the Shauder
fixed point theorem. This chapter presents some results published in [3].

In this chapter, we study the existence of weak solutions in the fractional

4.1 Motivation for the problem

We are interested in this chapter in the existence of weak solutions for the
following nonlocal problem

{ —M(Jou(z)dz)D* - (D*u(x)) = [(z, u(z)) in €,
u=20 on R™\.

Where € is a bounded open subset of R” with a Lipschitz boundary s € (0, 1)
withn > 2s, M : R — R™ is a continuous function and the nonlinear function
f:OxR—=R

This problem is the fractional version of the following problem, which was
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4.2. Mathematical formulation for the problem 4

studied by Chipot and Lovat; see [IJ].

{ —a(Jou(x)dx) Au=f in
u(z)=0 on T

Here € is a bounded open subset in R”, n > 1 with smooth boudary I', a is
some function from R into (0, 400).

The following problem is the parabolic version of the previous problem, which
was studied by the same authors

u —a(fou(z,t)de) Au=f in Qx(0,7),
u(z,t)=0 on I x(0,7),
u(z,0) =ug(x) on €.

T represents an arbitrary time. We can use u the solution of this problem
to describe the density of bacteria, or in general, a population susceptible
to spreading. a is the coefficient of diffusion, which depends on the entire
population in the domain rather than the local density; the global of medium
state guides those moves.

Many researchers have recently become interested in nonlinear nonlocal
fractional elliptic problems, such as the work of Xiang M et al. (2015) used
the Fountain theorem and the dual Fountain theorem to study a nonlocal
nonlinear fractional elliptic problem of Kirchhoff type, and the work of Fis-
cella A. et al. (2019) provided the existence of two solutions for a nonlocal
fractional elliptic problem with critical nonlinearities using variational meth-
ods.

The significance of our problem stems from its ability to generalize many
results from classical Sobolev spaces to the fractional case.

The organization of this chapter is as follows. In section 2, we present our
problem and his weak formulation. Section 3 contains the existence results
using the Schauder fixed point theorem.

4.2 Mathematical formulation for the prob-
lem

We consider the following nonlinear fractional elliptic problem

—M(Jqu(x)dx)D? - (D*u(x)) = f(z,u(x in €,
[ M0 U = Slowe) 8

Where (2 is a bounded open subset of R with a Lipschitz boundary s € (0, 1)
with n > 2s, M : R — R* is a continuous function and the nonlinear func-
tion f:Q x R — R, satisfy the following hypothesis:
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4.8. FExistence results using the Schauder fixed point theorem 4

(hy) Ja, 5 >0: a < M(t) < 3, Vt € R.
(hs) f satisfies the Caratheodory conditions.
(hs) Growth condition
3C; > 0 and d € L*(Q) such that | f(x,s)| < d(z) + Cy|s|?, Vs € R,
where v € (0,1).

Next, using the fractional integration par parts formula relating the dis-
tributional Riesz fractional gradient, the problem (B1) is weakly formulated
as follows:

Find u € L§*(Q),
M (/Q u(x)dx) - Déu(zx) - D*v(z)dx = /Qf(x,u(a:))v(a:)dx, Yo € L*(9),

we refer to the papers [68, 19].

(4.2)

4.3 Existence results using the Schauder fixed
point theorem

This section is devoited to study the existence of weak solutions for the

problem (B) using an application of Schauder fixed point theorem.

First of all, we start this section by giving the theorem of existence of weak
solutions

Theorem 4.3.1. Under the assumptions (h), (h2) and (hs), the problem
(E0) has at least one weak solution u € Ly* ().

This study is divided into three main steps:
Step 1
In this step, we are interested in the following problem in order to formulate

a fixed point problem equivalent to the problem (BZT) using a certain opera-
tor.

For i € Li?(Q), we have the following linear weak problem:

Find u € Lj*(Q),

(/ d:c)/ Déu Sv(z)dx (4.3)

= [ fla >> (w)dz, Vv € Ly*(Q).
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4.8. FExistence results using the Schauder fixed point theorem 4

We will prove the existence and uniqueness of solutions for the previous prob-
lem, as well as define the following operator:

T:L*(Q) — L*(Q)

u— T(u) =u,
where u is a solution to the linear problem (E=3).

Lemma 4.3.1. For u € L*(Q)and using the hypothesis (h1) and (h3), the
problem (B23) has a unique solution u € Ly (Q).

Proof. To prove the existence and uniqueness of solution u € LS’Q(Q), we will
use the Lax-Milgram theorem. We have

(4.4)

Find u € Ly*(Q),
a(u,v) = 1(v),Yv € LY*(Q).

With
a(.,.) : LY (Q) x LY*(Q) — R

(u,v) — a(u,v) =M (/Q u(x)dx) - D?u(zx) - D*v(z)dz,
1:Li*(Q) — R
szwyiéﬂ%m@w@mﬂ

Now we prove that the bilinear form a(.,.) is continuous and coercive. More-
over, we prove that the linear form [ is continuous.

The continuity of a(.,.)

Using the assumption (h;) and the Cauchy Schwarz inequality, we get

(/ dx)/ Déu ‘v(z)dx
< g |IDu(@)|[D()] dx

S ﬂ”u L8’2(Q)7
therefore, the bilinear form a(.,.) is continuous.

ja(u, v)| =

L3?(Q) ||U

The coercivity of af(.,.)

Applying the assumption (h;), we get
a(v,v) = (/ da:)/ D?v(z) - D°v(x)dx

za/|D%um_Mm%hwﬂ_mm52)
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4.8. FExistence results using the Schauder fixed point theorem 4

which gives that the bilinear form a(.,.) is coercive.
The continuity of [(.)

Using the Cauchy-Schwarz, Minkowski and Holder inequalities, the assump-
tion (hz) and Proposition II11, we obtain

)] = | [ f(z a())o(a)do

(/|d )+ Cy |z |dx> </|U |dx)
(e’ e ([ ) vt

< [lldll2(0) + C1(meas(©)) =" |rur|L2 @) ]|z
< Comp [|ldl| 20 + Cr(meas(92) = [ 7y Il

,2
L™ (@)
hence, the linear form [ is continuous.

We conclude that the problem (E=3) has a unique solution v € Ly*(Q). O

Remark 4.3.1. The problem (B has at least one weak solution u € Ly ()
if and only if the following fixed point problem has at least one solution

Findu € L*(Q),
() (4.5)
u="T(u).
Later, we prove The existence of solutions for this fized point problem using
the Schauder fixed point theorem.
Step 2

This step is devoted to give some auxiliary results which are the conditions
of the Schauder fixed point theorem.

Lemma 4.3.2. Under the hypotesis (h1) and (hs), the operator T maps the
ball Br ={w € L*(Q) : ||w||12@) < R} into itself.

Proof . For each i € Br, we will prove that T(u) € Bg.
Noting uw = T'(u), we obtain
Findu € Ly*(Q),

( / da:) / Déu(z) - D*v(x)dz

= [ fla >> (w)da, Yo € L3A(Q).
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Let us choose v = u in the equation of the previous problem, we get

M (/Q ﬂ(:v)dx) . Diu(x) - D*u(x)dz = /Qf(x,ﬂ(x))u(x)d:c,

using Cauchy-Schwarz inequality and the hypothesis (hy) and (hg),

</Id )+ Cy Ja(e |d:v) </|u |dx),

applying the Minkowski inequality, we get

(/Q |d(x)? da:)é +C, (/Q |a(z)|* dx) 5] ]| 12y

using Holder inequatlity, we obtain

aHuHLsz

allull? 200y < [Ildll20) + Ca(meas(2) 7 72 0| lull 20,

next, using the proposition EZ3, we get

Cgm 1 _
lull 2y < =22 [lld] 2@ + Cr(meas(€2) = ||l 2|

then, we have

C? 1-y
lullzzey < = [lldllz2(@) + Cr(meas(€2)) 2

RV] :

here, we used the assumption that u € Bp.
Now, we choose R large enough such that

Ce

mb 11—y
]l z2(0) + Cr(meas()) = Riaq)] < R,

hence

T2 @) < B.

Lemma 4.3.3. Under the assumptions (hy) and (hs), {T(w),w € BR} is
relatively compact in L*((2).

Proof . Let {ui,}nen C Bg. Setting that T(u,) = u,, we get
Find u, € Ly*(Q),
M (/ ﬁn(az)dx) Déu,(z) - D*v(x)dx
Q
= | flz,u,(2))v(x)ds, Vv € Ly ().

)
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Let us choose v = u,, in the equation of the previous problem, we get

M (/Q ﬂn(x)d:c> - Déuy(z) - Duy(z)dx = /Qf(x,an(a:))un(a:)dx,

using Cauchy-Schwarz, Minkowski and Holder inequatlities and the hypothe-
sis (hy) and (h3), we obtain

1=
olltunll2 2y < Coms [l ) + Ca(imeas(2))' T [l eyl

Lg*(@)
then o .
fn L) < ;m [HdHL?(Q) + Cl(meas(Q))%Rv} _
Consequently,
[tn @) S R,
with o N
f= ;m [HdHL2(Q)+Cl(meas(Q)) 2 R’q’

therefore, {uy }nen is a bounded sequence in Ly*(Q), and from the proposition
113, Ly*(Q) is compactly embedded in L*(Q), we deduce that there is a
subsequence {un, tren which converges to u strongly in L*(Q2). We conclude

that {T(w), w e BR} is relatively compact in L*().

Lemma 4.3.4. Assume that the assumptions (hy), (hy) and (hs) are satisfied,
the operator T is continuous from L*(Q) into L*(Q).

Proof . Let {u,}nen C L*(Q) such that nl_l&loo U, = u in L*(Q). Next, we
are going to prove that T(u,) converges to T(u) in L*(2).

We pose u, = T(uy,) and v =T(u).

For proving that {u, }nen converges to u in L*(2), we need to cross the limit
in the following equation:

Find u, € Ly*(Q),
M </Q ﬂn(x)dzr> /Rn Déu,(x) - D*v(z)dx

_ /Qf(x,ﬂn(x))v(x)dx, Yo € Ly (Q).

(Un )nen is a bounded sequence in LY* (), therefore (un)nen has a subsequence
converges weakly to w in Ly*(Q) and strongly in L*().
For the first term of the equation of the previous problem, we have
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4.8. FExistence results using the Schauder fixed point theorem 4

o lim u, =u in L*(), and using the continuity of the function M, we

nl_lglooM (/Q ﬁn(x)dx> =M (/Qﬂ(x)da:) :

arrive at
o Du, — D*w weakly in (L*(R"™))" in the sense of distribution.

lim <(9 Un v> = lim I % un@dx

n—+oo n—+oo JRn axj

. ov
= lim Upli_s ¥ —dx
n—-+oo JRrn axj

ov
= I o —d
Rnw 1 * 81'] X
ov

= L_yxw—-dx
R™ Ox;

_ (v
= 8x§,v .

o*uy, R 0w
S S
azcj azcj

Hence, weakly, forj=1,...,n.

From the two previous point, we conclude that

lim M (/Q ﬁn(:c)dx) - Déu,(z) - D*v(x)dx

n—-+o0o

=M (/n u(m)dx) - Déu(z) - D*v(z)dz.

Next, for the second term f(z,u,), we get using the assumption (hy),

1_1)111 (x,u,) = f(x,u) a.e., in addition using the assumption (hy) and the

Dominate Convergence theorem, we obtain

lim f(x,u,) = f(z,u) in L*(Q),

n—-+00
and

lim /Qf(x,ﬁn)vdx:/gf(x,ﬂ)vdx.

n—-+o0o

We have proved that T(u,) converges to T(u) in L*(Q2). In conclusion, the
operator T is continuous from L*(Q) into L*().

Step 3

In This step, we apply Schauder fixed point theorem using the previous
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4.8. FExistence results using the Schauder fixed point theorem 4

auxiliary results to prove the main result.

Proof of Theorem A3

It follows from the Lemmas B-32, B33 and B34, that

1. The operator T maps the ball Br = {w € L*(Q) : w2 < R}
into itself.

2. {T(w), w e BR} is relatively compact in L?(Q).
3. The operator T is continuous from L?(Q) into L*().
Then we can apply the Schauder fixed point theorem and conclude that

the fixed point problem

{Find u e LA(Q), (46)

u="T(u).

admits at least one solution u € L*() which is equivalent to deduce that
there exists at least one weak solution u € L§?(Q) for the problem (ET).
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CHAPTER

5

STUDY OF LEFT AND RIGHT RIEMAN-
LIOUVILLE FRACTIONAL DIFFEREN-
TIAL EQUATION

tions for a semilinear fractional problem involving Riemann-Liouville
fractional derivatives in a new fractional function space that is in-
troduced by Cesar E et al. in the paper [d2]. This study is based on the
Leray-Schauder degree theory to obtain the existence of solutions. For the
uniqueness, we apply the contraction principle of Banach. We illustrate this
study with an example. This chapter presents some results published in [39].
The organization of this chapter is as follows. In section 2, we give some
preliminaries and the mathematical formulation of our problem with his
weak formulation. Section 3 contains the existence results using the Leray-
Schauder degree method. Section 4 is devoted to study the uniqueness of
soltions using the Banach principle of contraction. Finally, in section 5, we
present an example to prove the validity of our results.

The aim of this chapter is to study the existence and uniqueness of solu-
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5.1.  Preliminaries and position of the problem 5

5.1 Preliminaries and position of the prob-
lem

Preliminairies

We will introduce some fractional spaces and results that are presented in
[0, @2, 31], we will use them in this chapter.

Definition 5.1.1. Let s € (0,1), the left and right Riemann-Liouville frac-
tional integrals of u for u € L[a,b] are defined as:

1 z 1
i) = 5 [ = ) ule)da, ut) = o
Definition 5.1.2. ,D3u(x), ,Diu(x) are the left and right Riemann-Liouville
fractional derivatives of u, respectively, are defined if u € AC|a,b|, as follows:

/:(a —z)* tu(a)da

d d
oDiu(z) = %ali’su(x), and Dju(z) = —%xlg’su(x),

where x € [a,b] and s € (0,1).
Theorem 5.1.1 (Integration by parts for fractional derivatives). Let s €
(0,1) and forp > 1, f € LP[a,b] and g € ACa,b]. Then:

b

[ F@Digar = [ gw).Dif () + o).} 00

a

and
b

[ #@)Digwyir = [ g@)aDif (@ + gla)alt f(a”).

a

Definition 5.1.3. Let u € L'(a,b) and s € (0,1). If there is v € L},.(a,b)
such that:

b b
/a u(m)ngw(m)da::/ v(z)w(z)dx, Yw e Cila,b], (5.1)

a

then v is called the weak left fractional derivative of u which we denote by:
«Diu =,

Theorem 5.1.2. Let s € (0,1), The weak fractional derivative ;D5 is unique
and linear.
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5.1.  Preliminaries and position of the problem 5

elet s € (0,1), we define the fractional left derivative space of Sobolev
type as:
Eila,b] = {u € L*a,b] : ;Diu € L*[a,b]}
endowed with the inner product

b

(U, V) B3 [a,) :/ u(m)v(m)dm—l—/@b oDou(z)Dov(x)de.

a

and the norm

B2 ag] = (/ lu(z |dx+/ D u( \dx) " (5.2)

is a Hilbert space. We denote by E} ,[a, b] as a closure of C¢°[a,b] in Ej[a, b]
endowed with the norme of F% [a, b, that is:

[l

EZ,O[av b] = Cgo[av b]H”L

Theorem 5.1.3. Let s € (0,1), u € E{[a,b] if and only if u € L*[a,],
oI175u € H'a,b] and

d
Diu(z) = %afi_su(x) a.e. x € (a,b),

d
where e 1s understood in weak sense.
T

Proposition 5.1.1 (Fractional Poincaré inequality). Let s € (0, 1), for
all u € Ej y[a,b] we have

( )
o Doull 10 . 5.3
HUHL2[ b = F( + 1) ” zu||L2[ ,b] ( )

From the Fractional Poincaré inequality, the norm of E} j[a,b] is de-
1/2
fined by [lullgs (ap = (f;’ |aD§u(x)|2dx) ”? which is equivalent to the norme

E3 [a,b]-

Embedding results

Theorem 5.1.4.

o Fors e (0,3), the embedding E; y[a,b] — L%a,b] is compact for every
q€[1,2) .
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5.1.  Preliminaries and position of the problem 5

o for s € (%,1) and let (un),cy € Ejfgla,b] such that w, — u in

B3 gla,b]. Then
u, — u in Cla, b,

that is lim ||u — u,||, = 0.
n—oo

Theorem 5.1.5. Let s € (0,1), then
E3 jla,b] = {u € L?[a,b] : ,Diu € L*a,b] and lim Ju(z) =0 ae.
’ T—a

v >al.
Also, if s € (0, %) we have:

E3 ola.b] = {u € L2a,b] : Dou € L2[a,b] and  lim oI “u(z) = 0 Vo > a} .

z—at
. 1 .
And if s € (5, 1) we have:
Ejola,b] = {u € L’[a,b] : o Diu € L[a,b], u(a) = u(b) = 0}.

Theorem 5.1.6. Let s € (0,1), £ [a,b] is a closed subspace of E[a,b].

We consider the following Rieman-Liouville fractional differential equa-
tion:

(5.4)

D5 (o Dyu(z)) = o(x) — ¢(z,u) in (a,b),
Py(u) =0 on d(a,b).

Where s € (0,1) U (%,1), o € L*([a,b]) and ¢¥(x,k) : [a,b] x R — R is

12
a Carathéodory function. Ps(u) represent the boundary condition of the
problem which depend of the behavior of s € (0, %) U (%, 1), that is:

. 1—s o . 1
P — Jim oI} tu(z) =0, if s € (0.3),
u(a) =u(b) =0, ifse(3,1).

Remark 5.1.1. The case s = % 1s sill an open problem.

Now we give the weak formulation of the problem (54), see [42].

{Find u € B gla,b],
f;’ D; u(x)D; jw(r)dr = f; o(x)w(z)dr — ff Y(x,u)w(xr)dr, Yw € Ei, a, b].
(5.5)
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5.2. Ezistence results 5

Remark 5.1.2. The precedent weak formulation is a consequence of the the-
orem of integration by parts for fractional derivatives and Theorem B3, for
more details, see [42].

We will use the following assumptions:

(hy) Growth condition
[z, k)| < a(z)+hlk|, VEER, ae z€lab]
such there exist a € L?([a,b]), and h € RT.

(hy) Sign condition:
Y(z,k)k >0, VkeR anda.ex € [a,b].

5.2 Existence results

In this section, we give the theorem of the existence of weak solutions to our
problem (64), we reformulate our problem, and show the Leray-Schauder
degree conditions to prove the result.

The following theorem gives the existence of solutions to the weak formula-
tion (B3).

Theorem 5.2.1. Under the hypotheses (hy) and (hy), the problem (64) has
a weak solution u € E} o([a,b]).

To reformulate our problem, we need to define the following operator:
T :10,1] x L*([a,b]) = E3 o([a,D]), such that T'(t,u) = u, where u is a solu-
tion to the following linear problem:

Find u € Ej y|a, b],
Ja D; pu(2)D; yw(w)de = t [} p(z)w(z)dr — t [; ¥(z, @)w(z)dz,  (5.6)
Vw € Ej yla, b]

We must prove the existence and the uniqueness of a solution to this problem
in order to obtain that T is a well-defined operator, and this is implied by
the following theorem:

Theorem 5.2.2. Thanks to hypothesis (hy) the problem (B8) has unique
solution u € E3 (([a,b]).
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5.2. Ezistence results 5

Proof. To prove Theorem 522, we use the Lax-Milgram theorem.

We pose
a(u,w) : B (la.b]) x B offa.b]) > R
(.0) > aw,w) = [ D3 u(a) D3 (),
and
l(w) : B fa.b) —+ R
w e L(w —t/ dx—t/abz/z(x,u)w(a:)da: vt € [0, 1],

Step 01 We will prove the bilinear form a(.,.) is coercive.
For all E3 (([a, b])

b
alw,w) = [ D; w(@)D; sulz)de,

= ||w| Q‘Eio([a,b])’

thus, a(.,.) is coercive.

Step 02 We will prove the bilinear form a(.,.) is continuous.
For all u,w € E} 4([a,b]), we have

b
au,w)| = | [ Diu(@)D; w(w)dal,
Then, applying the Cauchy-Schwarz inequality, we find

|a(u, w)| < IIDZ,;CUIIL?(ab] IDg,zwll 22 0.

= [|ul

E7 o O( a,b])-

Therefore, af.,.) is continuous.

Step 03 We will prove the linear form I(.) is continuous.
For all w € E} (([a,b]), we have

umn=mﬁ<> (@)t [ v mola)dn
<|/ d:c]—i—]/wxu w(x)dz|.
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5.2. Ezistence results 5

Hence, from Proposition b1, the Cauchy-Schwarz inequality and hypothesis
(hy), we obtain

(b—a)’

) < (05 ) Nellzstomole o

b—a)’
() el + i)

(b—a)® _
< (F(8+1) (el z2(aey + PlEll c2an) + el ) 1wl

B3 o (a.b))

EE’O([a,b})v

hence, [(.) is continuous.
e As a result, we may apply the Lax-Milgram theorem, and we conclude
that the problem (58) has a unique solution u € Ej (([a, b]). O

We observe that to prove the existence of weak solutions for the problem
(B3) is equivalent to show the existence of solutions for the following problem.

{Find u € L*([a,b]), (5.7)

u="T(1,u).

For this purpose, we will give some results that satisfy the Leray Schauder
degree conditions.

Leray-Schauder degree conditions

Lemma 5.2.1. (Priori estimate) Let 1) satisfy the assumption (hy), we will
show that
3R > 0 such that

{T(t, u) =u

= ||u ) < R+ 1.
t €0,1],u € L2([a, b]) lell o

Proof. Let T'(t,u) = u, Vt € [0, 1], and we apply the hypothesis (hy) to get

b b b
/ oDou(z)Diu(z)dr = / to(x)u(z)dr — / t(z, u)ude,
b
< | o(x)u(x)dz.
By Cauchy-schwarz inequality, we arrive at

b
| 1Dt e < Nl eaqony Il 2o
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5.2. Ezistence results 5

Moreover, from the Poincaré inequality, implies that

2
el ooy < (=25
U - .
L2([a,b]) = F(s—l— 1) Pl L2([a,b])
We note )
(b—a)’
R=|——""2
(F(S + 1) ‘|90||L2([a,b])a
then,

[l 2 oy < R+ 1. (5.

oo
~—

We conclude from (53) that there are no solutions to the equation T'(¢, u)
u, YVt € [0, 1] in the boundary of the ball Bri1 = {u € L*([a,b]) : ||ullr2(fas)
R+ 1},

Lemma 5.2.2. Let the assumption (hy) be satisfied, T: [0,1] x L*([a,b])
L?([a,b]) is continuous.

L oa

Proof. Let {t,, U, }nen C [0,1] x L?(2) which converges to (t,u) in [0, 1] x
L*(Q) when n — +oo. We will show that T'(¢,,,) converges to T(t, ),
putting 7'(t,,a,) = u, and T(t,w) = u, we have

/ab Do (). Diw(x)de = /: top(x)w(x)dx — /ab tnt)(x, Uy, )w(z)dz,
Vw € Ej o([a, b]),
and
/ab Diu(z). Diw(x)dr = /ab to(x)w(x)dx — /ab tY(x, w)w(x)d,
Vw € EE,O([a’b])’

substracting the last two equations, we obtain

b b
/ (aD;un - aD;u) oDiwdr = / (t, — t)pwdx

- / (0, ) — b, 0,)) wde, Yo € B} o([a, b]).

We take w(z) = u,(z) — u(z) and apply the Cauchy-Schwarz inequality and
Proposition BT, we obtain

|tn — ull 22((a,))

b—a)\’
< (S%5) (e = el + 10608 = ) o).
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5.2. Ezistence results 5

Then, our hypothesis W, — @ in L?([a, b]) implies that
U, —u aeon |a,b
[, <H a.eon[a,b], with H € L*([a,b]),

from the assumption (h;) and the Dominate convergence theorem, ¥ (z,a,) —
Y(z,u) in L*([a,b]) and we have (t,)nen converges to t when n — +oo.

Therefore (uy,)nen converges to u in L*([a,b]). So T is continuous from
[0,1] x L*([a, b]) into L*([a, b]). O

Lemma 5.2.3. Under the assumption (hy), the following set
{T(t,u),t € [0,1],u € Bpi1}
is relatively compact in L*([a,b]).
Proof. Let (tn)nen C [0,1] and (@,)new C Bgas1, using the Cauchy-Schwarz
inequality, we get

’/ Do (x Dsun( dm ’/ too(T)uy(x dx—/ tot(z, Wy )uy (x )da:’
|

stoa) < (lellzzqan + 1€ T 2 lunllrzgos)-

From Proposition b1, we obtain

b
18(4_)1) (HSDHL (lat) T (., un)HL?([a,b})) . (5.9)

Using the hypothesis (hy), the sequence (1(.,%y))nen is bounded in L*([a, b]).
In addition, from the last inequality, (u,),cy is bounded in E} 4([a,b]), so
we have that u, — u in E} (([a,b]), £ (([a,b]) is compactly embedded in

L*([a, b]). We conclude that there is a subsequence (u,, )reny Which converges
to u in L*([a, b]). O

[t 25 (0D <

Now, we can prove Theorem B2l

Proof. From Lemmas 6271, 522 and 6223, we conclude that d(I;—T(t,.),
Bpg.1,0) is well-defined.
By the homotopy invariance property, we have

d(l;—T(1,.),Bgr+1,0) =d(Ilqs — T(0,.), Bry1,0)
=d(ly, Bry1,0) =1 #0,
Therefore, there exists u € Bry1 such that
u—T(1u)=0<u="T(1,u).

Hence, we have shown that u is a solution of (54).
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5.3. Uniqueness results 5

5.3 Uniqueness results

Let assume that v is Lipschitz continuous with respect to the second variable,
that is, there exists a constant C' > 0 such that for almost every x € [a, b
and for any ki, ko € L*([a, b])

(hs) [, k) = (ko) 2(ap)y < Cllky = Kallr2agy.  (5.10)

Thus, in order to prove that T" admits a unique fixed point, it is sufficient
to prove that T is a contraction.

We take B;(u) = T'(t,u) for all t € [0, 1].

Lemma 5.3.1. Thanks to assumption (hs), The operator By is a contraction
from L*([a,b]) to L*([a,b]) for all t € ]0,1].

Proof. For all uy,uy € L*([a,b]), we pose Bi(u1) = u; and By(uz) = wuo,
Vt € [0, 1], and get

b b b
/ oDiur,Diwdr = t/ o(x)wdx —t/ U(z, w )wde, (5.11)
and
b b
/ancugaD;wdx = t/ o(x)wdr — t/ U(z, ) wdz, (5.12)

By taking the difference between the equations (A1) and (612), we take
w = up — us, use Cauchy-Schwarz inequality and obtain

Jur — us ?;;’O(W,b]) < [ (u2) = () |2 e lur — vallL2(am),

From Proposition 5171, and hypothesis (hs), we get

b—a)\’
w1 — s L2(fap)) < C (H) i1 — 2| £2([a,p))-

I'(s+1)
(b—a)\
Consequently, if C (M) < 1, By is a contraction, Vt € [0, 1]. Il
(b—a)\’
As a result of the previous lemma, we have if C | ——~ | < 1, B; is
I'(s+1)

a contraction, Vt € [0, 1], so we may apply the Banach fixed point theorem,
and we conclude that B; admits a unique fixed point u € L*([a,b]). Hence
the problem (642) admits a unique weak solution.
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5.4 Example

To validate our theoretical results, we present an example to illustrate Lem-
mas b2, b2 b3, and b3

1
In this example, if we take, s = —, (z) = sin(z) and ¢ (z, u(z)) = u(z),
we have 1 satisfied the assumptions (h;), (hs) and (hs). So our problem is
considered as follows:

1 1 1
+Di (0Dzu(x)) = sin(x) — zu(x in (0,1),

i (o 1_1( ) (z) — Fulz) (0,1) (5.13)
lim ofz *u(z)=0 on 0(0,1),

z—0t

where a = 0,0 =1 and I'(5/4) ~ 0.90640248.
We have

E[0,1] = {u € L2[0,1] : ¢Diu € L*[0, 1]and lim o[} Tu(z) = 0,z > a}

z—0t

and ) —
E},[0,1] = Cg°[0,1] .

Using the assumption (hy) and the example (513), we find from Lemma
6272 that
[ull 2y < R with R ~ 0.63559578.

Thus
By = {u € L*([a,b]) : |lullr2(ap) < 1.63559578}.

Indeed, for the uniqueness of u, we have used the Banach fixed point theorem,
which is satisfied for the example b13 as follows,
||u1 — u2||L2([a7b]) < 0.60859424 ||U1 — ﬂ2||L2([a,b])'

We remark from the above inequality that 0.60859424 < 1. Then, B; is a
1

contraction, so Problem (5T3) admits only one weak solution u € E7 y[a, b].

69



CONCLUSION

The focus of this work was on nonlinear fractional differential problems,
which can generalize many results from classical Sobolev spaces to fractional
Sobolev spaces, where our problems contain two important nonlocal oper-
ators: fractional Laplacian and distributional Riesz fractional gradient, as
well as the left and right Riemann-Liouville fractional derivatives.

First, we have given the weak formulation for each of our problems. Next,
we used the Lax-Milgram theorem to prove the uniqueness of solutions for
the linear problem associated with our nonlinear weak problem. This result
helped us to define an operator that is used to formulate a new problem
whose existence is equivalent to the existence of solutions for our nonlinear
weak problem. Under some hypotheses in nonlinear terms, we applied two
topological methods:

e We satisfied the conditions of the Leray-Schauder degree theorem,
where we constructed a ball that contains the solutions in such a way
that these solutions are not in the boundary of the ball. We also proved
that the operator defined is compact, and using the homotopy invari-
ance and normality properties, we obtained our results for the first,
second, and fourth problems.

e For the third problem, we satisfied the conditions of the Schauder fixed
point theorem for our operator that is compact and maps the closure
of the ball By into itself to prove the existence of weak solutions.

The different studies in this thesis are in the following spaces:
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e Fractional Sobolev space D*?(Q) relating to the fractional Laplacian.

e Bessel potential space Ly*(Q) relating to the distributional Riesz frac-
tional gradient.

e The left Riemann-Liouville fractional Sobolev space Ej j[a, b] relating
to the left Riemann-Liouville fractional derivative.

These spaces, with their nice properties (Poincaré inequalities, embedding
theorems, etc.), helped us obtain our results and generalize important prob-
lems from the classical case to the fractional case.

We concluded that topological methods are efficient methods not only for
nonlinear differential problems but also for fractional differential problems.

For the uniqueness of solutions, we have used the Banach principle of
contraction and absurd reasoning under certain assumptions on the nonlin-
earities.

The study of fractional problems is extensive for generalizing other prob-
lems with significant applications in other sciences.
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