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0.1 Introduction

The purpose of this handout is to provide an introduction
to the general principles of probability and statistics, which may
be of interest to anyone interested in this discipline, regardless of
their specialization. It may be of particular interest as a refer-
ence for second-year students in civil engineering, mechanical en-
gineering, process engineering, control systems, and electronics.
Probability s one of the modules taught by numerous research-
ers, as most sciences rely on probabilities for studies; results are
often based on probabilities that are primarily governed by laws,
and each phenomenon has a specific law. On the other hand,
statistics plays an increasingly important role in almost all as-
pects of human behavior. Initially developed in public affairs,
which explains its name, its influence has now expanded to agri-
culture, medicine, biology, physics, and other branches of science
and technology. At the beginning of each chapter, we provide
important definitions and theorems, and then we offer some ex-
ercises with solutions. The first part of the handout is devoted to
probability, which includes combinatorial analysis, probability cal-
culations, and random variables. The second part focuses on stat-
iwstics. First, we cover the terminology of statistics, and then we
offer some exercises with solutions. The first part of the handout
15 devoted to probability, which includes combinatorial analysis,
probability calculations, and random variables. The second part
focuses on statistics. First, we cover the terminology of statist-
1cs, and then we have two chapters: statistical series with one
variable and statistical series with two wvariables. Through this
content, the main objective is to understand the definitions and
theorems, and the student will also be able to study probability
and statistical models. .

0.1. Introduction
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Recommended Prerequisite Knowledge: The student should have a good under-
standing of the previous lessons related to Mathematics 1 and 2, which promote a better

comprehension of the lessons covered in this module, which are as follows:

1-Concept of sets and subsets: -Concept of set-element of a set.inclusion relation
(properties).

- Intersection and union (properties).

- Complement of a set (properties).

- Difference of two sets (properties).

- Partition of a set.

2- Integrals: - Integration of a continuous function (definition and primitive function).
- Integral over a bounded interval (properties).
- Integral over an unbounded interval (properties).
- Integration by parts.

- Integration using a change of variable.
3- Expansions: - Expansions of exponential, logarithmic, and power functions.

4-Derivatives: - Higher-order derivatives.

- Successive derivatives.

Chapitre 0
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Probability



A brief history

The calculation of probabilities: “A problem related to games of chance proposed to
an austere Jansenist by a man of the world was the origin of the calculus of probabilities."
Denis Poisson (1781-1840). The Chevalier de Méré presented Blaise Pascal (1623-1662)
with problems on games of chance, including the "problem of parts": The prize of a
tournament is won by the first participant who wins a fixed number of rounds. If the
game is interrupted before completion, how should the prize be fairly distributed among
the participants?

Many incorrect solutions had been proposed for this centuries-old problem. Pascal
provided a correct solution, which he submitted to Pierre de Fermat (1601-1665) in 1654.
He published his solution in his work "Treatise on the Arithmetical Triangle" in 1665. In
1657, Christiaan Huygens (1629-1695) published the book "De ratiociniis in ludo aleae,"
which presented the fundamental concepts of probability calculus, such as the calcula-
tion of the expected value of a random variable taking a finite number of values. In his
posthumous work "Ars conjectandi" in 1713, Jacques Bernoulli (1654-1705) further de-
veloped the results of Huygens. He also demonstrated, using combinatorial calculations,
the law of large numbers (convergence of the empirical mean to the true mean), which
was instrumental in the development of probability theory. In 1733, in "The Doctrine of
Chances," Abraham de Moivre (1667-1754) provided a precise statement, in a particu-
lar case, of the convergence rate of the law of large numbers. This was the first version
of the central limit theorem. This result was further extended by Pierre-Simon Laplace
(1749-1827). Laplace, using infinitesimal calculus and developing generating functions
and characteristic functions in his work "Théorie Analytique des Probabilités," published
in 1812, went beyond the scope of combinatorial calculations and gave new impetus to
the field of probability calculus.

General results on the law of large numbers and the central limit theorem were estab-
lished in the 19th century by Denis Poisson (1781-1840), Irénée-Jules Bienaymé (1796-
1878), and the St. Petersburg school, including Pafnouti Tchebychev (1821-1894), Andrei
Markov (1856-1922), and Alexandre Liapounov (1857-1918). In the 20th century, the the-
ory of measure and integration clarified the fundamental concepts of probability calculus,
such as probability measures, random variables, probability distributions, expectations,
and conditional probabilities. The monograph "Grundbegriffe der Wahrscheinlichkeits-
rechnung" by Andrei Kolmogorov (1903-1987), published in 1933, provided the theoretical
framework that still underlies the field of probability calculus today.




In the first half of the 20th century, probability calculus experienced a new surge
with the study of stochastic processes and, more importantly, their numerous applica-
tions. These applications multiplied in the second half of the century: modeling physical
phenomena (especially at the microscopic level for complex fluids or materials and in
statistical physics) or biological phenomena (in demography and epidemiology, but also
at the cellular or DNA level), in computer science (algorithm analysis, image processing,
or network analysis), in economics (insurance or market finance), as well as in engineering
(reliability, optimization, risk analysis, management of random environments). Finally,
with the increased power of computers, simulations and Monte Carlo methods, developed
in the 1940s, have amplified the use of random models and have become an important

field within probability theory.




CHAPTER 1

Combinatorial analysis

Principle of multiplication: Allows counting the number of results of experiments

that can be decomposed into a sequence of sub-experiments.

Principle: Suppose that an experiment consists of a sequence of m sub-experiments. If
the i — th experiment has n; possible outcomes for i = 1, ..., m, then the total number of

possible outcomes of the overall experiment is

n = nina...Nm (1.1)

1.1 Arrangement

1.1.1 Arrangement with repetition

Definition 1.1 Given a finite set of n objects, an arrangement with repetition of these
n objects p by p is defined as any ordered grouping of p objects chosen from the n objects

with repetition.

e The number of arrangements of n objects p by p is equal to
nP. (1.2)
Example 1.1 The arrangements with repetition of 2 elements taken from {1,2, 3,4} are
{1,1},{1,2},{1,3},{1,4},{2,1} ,{2,2},{2,3},{2,4},{3,1}
{3,2},{3,3},{3,4},{4,1},{4,2} ,{4,3} ,{4,4} .

There are 16 of them.
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1.1.2 Arrangement without repetition

Definition 1.2 Given a finite set of n objects, an arrangement without repetition of these
n objects taken p at a time refers to an ordered grouping of p objects chosen from the n

objects without repetition.

e The number of arrangements of n objects taken p at a time is equal to n(n—1)...(n—

p+ 1) and will be denoted as AP.

(1.3)

Example 1.2 The arrangements without repetition of 2 elements taken from {1,2, 3,4}

are

{1,2},{1,3},{1,4},{2,1},{2,3},{2,4} ,{3,1}
{3,2},{3,4},{4,1},{4,2},{4,3}.

There are 12 of them.

1.2 Permutation

1.2.1 Permutation without repetition

Definition 1.3 Given a finite set of n objects, an arrangement without repetition of

these n objects refers to any ordered grouping of n objects chosen from the n objects.

e The number of permutations of n objects is equal to

n! (1.4)

A permutation is an arrangement without repetition of these n objects taken n at a

time, thus falling within the scope of the previous paragraph.
It can be noted that n! (n factorial) is the number of ways to arrange n objects.

Remark 1.1
P,=nl=nn—-1)(n—-2)...21 (1.5)

1.2. Permutation
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1.2.2 Permutation with repetition
The n objects are not all distinct, and it is assumed that they are divided into K distinct
k

groups with respective sizes ny, na, ....,nk, such that E n; = n.
1

Definition 1.4 Given a finite set of n objects, a permutation with repetition of these n

objects refers to any ordered grouping of n objects chosen from the n objects.

e The number of permutations with repetition of n elements divided into K groups

with respective sizes ny, ns, ....,ng is given by

— n!
= 1.6
Example 1.3 The number of words that can be constructed from the word ’Canada’

containing 6 letters is Pg = %1,3, = 120.

1.3 Combination

1.3.1 Combination without repetition

Definition 1.5 Given a finite set of n objects, a combination without repetition of these
n objects taken p at a time is defined as an unordered grouping of p objects chosen from

the n objects without repetition

e The number of combinations of n objects taken p at a time is equal to:

AP !
cr="no T (L.7)
pt pl(n—p)!
Example 1.4 The combinations without repetition of 2 elements taken from {1,2,3,4}

{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}.

There are 6 of them.

1.3. Combination
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1.3.2 Combination with repetition

Definition 1.6 Given a finite set of n objects, a combination with repetition of these n
objects taken p at a time is defined as an unordered grouping of p objects chosen from

the n objects with repetition.

e The number of combinations with repetition of these n objects taken p at a time is

equal to:

(n+p—1)
pln—1)!

Example 1.5 The combinations with repetition of 2 elements taken from {1, 2, 3} are:

P _ (P _
Kn - “n+4p—1

(1.8)

, (3+2-1)
{111 21 {1, 3142 242, 30,43, 8} K =S50y =6

Proposition 1.1 We have:
Chr=0C}" (1.9)

CP=CP 4+ CP ] (1.10)

Pascal’s Triangle The previous formula allows us to construct Pascal’s Triangle,

where we plot p horizontally and n vertically

P

[ T N S ]
u::»-l
b

LT B ST N S

Each number in Pascal’s Triangle, denoted as C?, is obtained by adding the number
just above it (C?_,) and the number above and to the left (C?77) . As

Ci=2+1=3.

By convention, 0! = 1, which implies that C? is equal to 1 for all n.

1.3. Combination
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The Binomial Formula We can find the Binomial Formula, which is the formula that

gives the coefficients in the expansion of the Binomial (a + b) raised to any power n

(a+0)° =1
(a+b)" = C%+Ch
(a+0b)° = CYa%+ Clab+ C2p?

More generally, it is possible to prove that:

(a+b)" =C%" +Cla" b+ C2a" 20" + ... + C" ta'b"t + CM", (1.11)

1.3. Combination



CHAPTER 2

Introduction to Probability, Conditioning, and Independence

2.1 Introduction to Probability

2.1.1 Algebra of events

An experiment is a random experiment £ whose outcome is uncertain. The possible
outcomes of an experiment typically involve randomness. The set of possible outcomes
(possible results, eventualities) is called the sample space.

We denote by €2 the set of possible outcomes, F the set of events, and P the probability.

An outcome of the random experiment ¢ is called an event.

An event is called an elementary event if it cannot be decomposed using other events
from the same random experiment.

A set of events associated with e, any subset of F from P (), satisfying the following
three properties

1) pand Q € F

2) If Ae F , then A°e F

3) Let I be a finite or infinite subset of N. If (A;),; is a sequence of events in F, then
U A; € F and ﬂ A e F.

A set of events satisfying the three properties below is called a o—algebra.

A and B are two subsets of a set €2, then we have

*AUB={rxe€Q; x€ Aorxe B}

*ANB={rxeQ, reAandz € B}

*A—B={zxeQ recAandx ¢ B}

Remark 2.1 *Ac = Q_A, (AC)C :A’ Oc — ¢’ (bc -0



Chapter 2.

Introduction to Probability, Conditioning, and Independence 10

« ANA=A AUA=A, ANA°=¢; ANQ=A; AUQ=Q: A—B=ANB°
*ACB=ANB=A;ACB=AUB=2RB

*(AN B) = A°U B°
*(AU B)® = A°N B

With this representation method, logical operations on events such as "and," "or," and

"negation" are translated into set operations: intersection, union, and complement. Here

is a correspondence table between the two languages.

Notations | Set-based vocabulary Probabilistic vocabulary
) empty set impossible event
Q complete set certain event
w element of €2 elementary event
A subset of 2 event
weA w belongs to A the outcomes of w are possible realizations of A
ACB A is included in B A implies B
AUB union of A and B Aor B
ANB intersection of A and B A and B
A° complement of A in €2 complementary event to A
ANB=¢ | Aand B are disjoint A and B are incompatible

2.1.2 Definitions

Table 1

Definition 2.1 Two incompatible or disjoint events A and B if AN B = ¢.

Definition 2.2 A probability on (2, F) is a mapping P from F to [0, 1] satisfying the

following two properties

1) P(Q) =1

2) For any sequence (A4;),.;, finite or countably infinite, of mutually exclusive events

in F, we have

P (U Ai)
el
el

(2.1)

=> P(4).

2.1. Introduction to Probability
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2.1.3 Probability Spaces

Definition 2.3 A finite probability space associated with a random experiment ¢ is the
triplet (2, P (2),P), where the sample space €2 is finite.

2.1.4 General Theorems of Probability

For all events A and B in P (), we have
1. P(A)=1-P(A)
P(9) = 0.
P(A-B)=P(A)—P(ANB)
If AC B, then P(A) <P(B)
P(AuB)=P(A)+P(B)-P(ANB)
6. If A and B incompatibles, then
P(AUB) =P(A) +P(B). More generally, if A;, ..., A, are n events pairwise incom-

AN

patible, then
i (iQIAZ») ~ Y P(4). (2.2)
=1

Proof. . =

Equiprobability and uniform probability We will say that there is equiprobability

if all elementary events are equal in probability
In this case, P is the uniform probability on (2, P (2),P).

Application If event A is the union of k elementary events, then

_ Card(A)  Number of favorable cases

P (A) (2.3)

~ Card(Q)  Number of possible cases '

2.2 Conditioning and independence

2.2.1 Conditioning

Definition 2.4 Let (€2, F,P) be a probability space, A and B be two events. The con-
ditional probability of event A given event B is defined as the quotient

P (AN B)

P(A/B) = 15

, with P (B) # 0 noted by Pg (A). (2.4)

Py (.) defines a probability on €.

2.2. Conditioning and independence
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Example 2.1 An urn contains 5 white balls numbered from 1 to 5 and two green balls

numbered from 1 to 2. We draw a ball.

What is the probability of obtaining a white ball given that it is numbered 1.
Solution. Let event A be the event "the ball is white" and event B be the event "the
ball is numbered 1. m

Then P(B) = 2, The event AN B is "the ball is white and numbered 1", then
P(ANB)=1.

Therefore P (A/B) = Pgégf) 3

Theorem 2.1 Let A and B be two events in a probabilistic space (2, F,P). Then
P(ANnB)=P(A/B)P(B) (2.5)
formula of compound probabilities.
If A and B are two independent events and [P (B) # 0, then
Pg(A)=P(A/B)=P(A). (2.6)

2.2.2 Independence

Definition 2.5 Let (2, F,P) be a probability space, we say that two events A and B are

independent if we have
P(ANB)=P(A)P(B). (2.7)

m events Ay, As, ..., A,, are independent if

P <i”rlei> = P(A)P(4A)..P(A). (2.8)

2.3 Bayes’ formula

Complete system of events:

Let (A;),.; be a sequence of events. We call the family (A;),.; a complete system of events
when

1) V(i,7) € I?, such that i # j, A;NA; = ¢;

2) z’LeJIAi =1

2.3. Bayes’ formula
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Formula of total probabilities Let (A;),.; be a complete system of events with all

non-zero probabilities. For any event B, we have:

P(B)= Y P(BNA) = 3 B(B/A)P(4) (29)

i€l i€l

Bayes’ formula: Let (A;),.; be a complete system of events with non-zero probabilities.

For any event B with non-zero probability, we have:
P(A;)P(B/A;
P(A;/B) = (4:) P(B/A;) . (2.10)
2P (A;)P(B/A;)

jel

2.3. Bayes’ formula
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Random Variables and Standard Probability Distributions

3.1 Random Variables

Let (2, F,P) be a probability space. A random variable is any function X : Q2 — R that

satisfies:
X () ={a/TweR/a=X (w)}. (3.1)

VaR: X 1({a}) e F, X '({a})={w:weQand X (w) =a}.

3.1.1 Various types of random variables

Discrete random variable: A random variable is said to be discrete when X (2) has

a finite number or a countably infinite number of elements.

Probability density: A probability function (probability density) f such that
flai) =P (X = x) (3.2)

is a function that satisfies the following two conditions:
1) f(z;) 20
2) Zf (2;) = 1.
X

The probability distribution: The probability distribution is generally given by the
following table

Xi Xy Xz Xz | e
) f{%4) fXz) fixs) |

14
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Table 2

Distribution function: The cumulative distribution function of the variable X is the
probability that X < z, denoted by F'(x).

F(z)=P(X <a)=Y fl(z:). (3.3)

r; <z

Characteristics of random variables:

Mathematical Expectation: The mathematical expectation of a random variable X

is given by:
=1 =1

and is also referred to as the mean.

Variance and Moments: The mathematical expectation of the random variable X*

is called the non-central moment of order £ of variable X, and is given by:

XF) = P (3.5)
=1

Remark 3.1 -The mathematical expectation of the random variable (X — E(X))* =

(X — ml)k is called the central moment of order k of variable X and is given by:

M, = E(X —my)" ZIP’ . (3.6)
Remark 3.2 The central moment of order 2 is called variance
Var (X)=E(X —m)? = E (X?) - E(X)*. (3.7)
-The standard deviation ox is the square root of the variance
ox =+/Var (X) > 0. (3.8)

Continuous Random Variables: A random variable X is said to be continuous if the

set X () is an interval or a union of intervals in the real numbers R.

3.1. Random Variables
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Mathematical Expectation: If the integral

+o00

E(X)= /xf(x)dx (3.9)

—00

converges, its value will be called the mathematical expectation of the random variable
X.

Probability Density: A function f is called the probability density of the variable X
if

1) f(x) >0,Vz eR

2) [ fla)de = 1.

Distribution Function: The cumulative distribution function of the random variable
X is called the function F' such that:

F(z) = /f(t)dt. (3.10)
Variance and Moments: -Non-central moment of order £ is
“+oo
my, = B(X*) = /xkf(x)dx (3.11)
-Central moment of order k£ is
+oo
My = B(X —m)]* = / (v —m)* f(x)da. (3.12)
-The variance is given by:
“+o00
Var (X) = / (- my)? f(x)de = B (X?) — E (X)?. (3.13)
F(z)= /f(t)dt =P(X <ux). (3.14)

3.1. Random Variables
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Consequence:

Pla< X <b) = /f(a:)dm = F(b) — F (a). (3.15)

Proposition 3.1 Let X be a random variable and let Y = aX +b. We then
E(Y)=aE(X)+V, (3.16)

Var (Y) = a*Var (X). (3.17)

3.2 Common Probability Distributions( Usual Prob-
ability Laws)

3.2.1 Common Discrete Probability Distributions
Bernoulli distribution:

Definition 3.1 It is said that the real random variable X follows the Bernoulli distribu-

tion with parameter p if it takes only the values 0 and 1, such that
PX=1)=p, P(X=0=1-p=gq. (3.18)
It is denoted as: X ~ B(p).

Characteristics:

E(X)=p, Var (X)=pq, ox =/Dq. (3.19)
Proof. We have:

E(X)—ixﬂ?i—l xP(X=1)+0xP(X =0)=p.
And -
E[(X - E(X)Y] =E[(X-p'] = (-p'a+1-p)p

Let

B(X =B = (e 0-p'p
In particular

V(X) = E[(X-EX)"] =(-p)*q+1-p)p
= p’q+(L—p)’p=pq(p+q) =npq

3.2. Common Probability Distributions( Usual Probability Laws)
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Binomial distribution:

Definition 3.2 A random variable X follows a Binomial distribution with parameters

n and p if it has the following probability density:

Vk=01,2..,n PX=Fk=C"""* q¢=1-p (3.20)
It is denoted as: X ~ B (n,p).

A Bernoulli variable is a specific case of a binomial variable.

X ~B(1,p). (3.21)
Characteristics:
E(X)=mnp, Var(X)=np(1 —p) =npq, ox =+/npq. (3.22)
Proof. We have
S5 (@) = SR (X = k) = 3 ChF (1= ) 323
k=0 k=0 k=0

This results in, using the binomial formula.

Zf —(p+(1—-p)" =1 (3.24)
Thus, if we take, for any integer k less than or equal to n,
P(X =k)=f(z), (3.25)

we define a discrete random variable and its probability distribution.
The definition of E(X) yields

=Y kChp* (1—p)"™F = kO (1 —p)" " (3.26)
k=0 k=1

Since, we have C* = %Cffj, it follows

= npz Pt —p)F (3.27)
Therefore, we can write again using the binomial formula

E(X)=npp+(1—p)]"" =np. (3.28)

3.2. Common Probability Distributions( Usual Probability Laws)
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Similarly, we have

EX(X-1)]=) k(k—1)Clhpr1-p)"™" (3.29)
k=0
Since, we have : )
k_nm—1) 4o
C, = an,2 (3.30)
It follows
EX(X-1)] = nn-1)p") Cr3p*?(1—p)"" (3.31)
= nn-Dpp+1-p)" > =n(n—1)p
Hence,
E(X2) = EX(X-1)]+F[X]
= nn—1)p*+np
Next,
Var (X) = E(X?) - [E(X)] (3.32)
= np(l—p)=npg.
]

Example 3.1 We toss a fair money 10 times. What is the probability of getting a total
of 8 heads? Let X be a random variable that assigns the number of heads in these 10

money tosses.

We have: X ~ B (10,
P(X =8)=C% (3)

Poisson distribution:

Definition 3.3 A random variable X follows a Poisson distribution with parameter
A (A > 0) if it has the following probability density:

e M\E
P (kA= P(X=k) = 1 k=0, 1, 2,... (3.33)

3.2. Common Probability Distributions( Usual Probability Laws)
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Characteristics:
E(X)=X Var(X)=X, ox=V\ (3.34)

Proof. We have

(3.35)

Then the relation P (X = k) = f(z) defines a discrete random variable X and its

probability distribution.
The definition of E (X) yields

e ef)\)\k \ 0 )\k—l
k=0 k=1
As -
o] A — \
= e (3.37)
k=1
it follows
E(X)=2A
Similarly, we have
o 67)\>\k:
EX(X-1)] = > k(k-1) o (3.38)
k=0

Since, Z%, we obtain
k=2
E[X (X —1)] =)
Therefore
E(X?) = E[X(X-1)]+E[X]
= A+
This results in

Var (X) = E(X?) - [E(X)] (3.39)
= A\

3.2. Common Probability Distributions( Usual Probability Laws)
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Hypergeometric distribution

Among the N individuals in a population, Np have a certain characteristic A. We simul-
taneously draw n individuals. Let X be the random variable representing characteristic
A. The probability that we have drawn = individuals possessing the studied characteristic

is:

C C'n xr
f (@) =P(X =) = 222 (3.40)
N
Characteristics: We have
N —
E(X)=np; Var(X) = 5— Tllnp (1-p). (3.41)

Proof.
zlnlcxlcnl (z—1)

B(X) = Ynf@)=np Y, 00
=0 z—1=0

N-1

The expectation of X is independent of N and identical to that of the B (n, p) distribution.

r=n Cm C’n*I
E[X(X-1)] = Zx(w—l)w
=0
VP = 1) (0= 1) SRR O )
N -1 2—2=0 Cl?f—é
Hence,
~ (Np—=1)(n—1)
EX(X—-1)]=np o1
So,
Var (X)=E[X (X —1)]+ E(X) - [E(X)]?
Then, N
Var (X) N:Tllnp(l — D)
| |

Geometric distribution

Definition 3.4 Consider a sequence of Bernoulli trials with parameter p. The probability

that the first success occurs on the k" trial is:

P(X=k)=q¢" 'pwithg=1-p (3.42)

3.2. Common Probability Distributions( Usual Probability Laws)
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Characteristics: We have

1 1-
E(X)=- Var(X)=-—". (3.43)
p P
Proof. We have
E(X) = > ip =pY ig™" (3.44)
i=1 i=1

_ PNl P
B q;w .’

The sum
S =q+2¢>+3¢+ ..
Therefore,
Sq=¢q*>+2¢°+3¢* + ...
Then,
S—Sq¢ = q+¢@+¢+ ...
- _1
l—q
consequently,
q q
S — —_ —
(1-¢* P
Finally,
1
EX)=2s= ]2% z
q qp p
[ |

For the variance, the same procedure.

3.2.2 Common continuous probability distributions ( Usuel

Continuous Probability Laws)
Uniform distribution:

Definition 3.5 A continuous random variable X follows a uniform distribution over [a, ]

if its probability density function is defined by the function f:

f(x) = { i i g a0 (3.45)

if x € [a, b]

It is denoted as: X ~ Uy .

3.2. Common Probability Distributions( Usual Probability Laws)
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Characteristics:

E(X) = a;b, Var (x) = ¢ 120‘) R U 12“) . (3.46)

Proof. By definition of FE (X)), we have

“+o00

E(X) = /xf(m)dx:]bfada:

—00

b
_ ; “ (3.47)

Similarly,

“+o0o

E(X?) = /xzf(a:)da:—ibe dx

—a
—00

b? b+ a?
_ rtao+te (3.48)

Since,

Var (X) = E(X?) - [E(X)]

it results

(3.49)

Exponential distribution:

Definition 3.6 A continuous random variable X follows an exponential distribution with

parameter A if its probability density function is defined by the function f:

Ae ™M ifx>0
7) — ’ = 3.50
/@) { 0, ifz<0O. ( )
Charactcristics:
1 1 1
E(X)_X’ Var(X):F, ox = — (3.51)

3.2. Common Probability Distributions( Usual Probability Laws)
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Proof. By definition of F (X)
+0o0 “+o0o
E(X) = /xf (x)dx = /)\xe_’\mdm (3.52)
—00 0
= lim [ Me Mdt,
T—+00
0
integration by parts yields
)\t —\x 1 -z
/)\te dt = —ze —i—x(l—e )
0
Therefore, .
EF(X)=—.
() =3
Similarly,
+oo +oo
E(X*) = /xkf (x)dx = //\xke_’\””dx (3.53)
—00 0
= lim [ MFe Mdt,
r—+00
0
By integrating by parts, we obtain
xT k €T
/ MFeMdt = —akFe™" + 3 / MFte At
0 0
Consequently,
kEk—1 2
E(X") = t— . JEX
(o) = B 2o
k!
Y
Finally,
Var (X) = E(X?) - [E(X)]? (3.54)
1
RN
|

3.2. Common Probability Distributions( Usual Probability Laws)
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Normal distribution (Standard normal distribution or Gaussian distribution):

Definition 3.7 A continuous random variable X follows a standard normal distribution
denoted by N (0, 1), if its probability density function is defined on the real numbers R

by the function f: .
22
€Tr) = 6_7 3-55
fla) == (3:55)

f being a density, the area between the x-axis and the curve y = f(x) has a finite area

equal to 1.
The distribution function of X: = +— ¢ (z / f(t
Figure 1
¢(—z) =1-¢(x). (3.56)
Characteristics:
E(X)=0,Var(X)=1, ox=1 (3.57)
Proof. According to the definition of
+o0o
E (X ):/xf dx—/ _33’6 > do (3.58)
e

»

x

The function x — ze™ 2 is odd, so we have
E(X)=0 (3.59)

Similarly,

Var (X / Em e (3.60)

3.2. Common Probability Distributions( Usual Probability Laws)
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22

The function x — 2%e~ "z is even, so we have,

+oo
1 22
Var (X) = 2/—x26_2dx
(X) o
0

90 T
— ﬁ/x%_”’zdﬂ:
0

Let’s make the change of variables using polar coordinates, which easily gives us

Var (X) = % X \/7% = 1. (3.61)

]
Remark 3.3 if we have the random variable Y = 0 X + p, then

E(Y) = E(oX+p) =cE(X)+p (3.62)

And
Var (Y) = o*Var (X) = o*. (3.63)

Cauchy Distribution

Definition 3.8 A continuous random variable X follows a Cauchy distribution if its
probability density function is:

k

Remark 3.4 E (X*) does not exist for k > 1.

Gamma Distribution

Definition 3.9 A positive random variable X follows a Gamma distribution with para-
meter k if its density is:
f(z) = =——e k! (3.65)

“+o0o
where I' (k) = /tkletdt.

0

3.2. Common Probability Distributions( Usual Probability Laws)
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Characteristics:
E(X)=k, Var(X) = k. (3.66)
We have, when k is a natural integer
I'k)= (k-1 (3.67)
Proof. By definition of E (X)), we have
+o0 1 +o0
_ _ k_—x
E(X) = /xf(:c) = —F(k:)/x e “dx (3.68)
0 0
_ D(k+1)  kI(k) _
-~ T() Tk
Similarly,
“+o0o +o0o
E(X?) = = — Frleg=eq :
(X%) / NG / z (3.69)
0 0
F(k+2) kE+DIK)
= =k(k+1)
I (k) I (k)
Therefore,
Var (X) = E(X?) - [B(X)) (3.70)
= k(k+1)—k =k
]

3.2. Common Probability Distributions( Usual Probability Laws)
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The statistis The word ’statistics’ comes from the German ’Statistik,” which in the
mid-17th century referred to the analysis of data relevant to the state. The processing
of a large amount of numerical data that is sorted, classified, or summarized corresponds
to what is now called ’statistics’ in the plural. They are distinct from ’statistics’ in the
singular, which corresponds to the modeling of this data, seen as the results of experiments
in the presence of randomness, and the study of this randomness. The emergence of
statistics can be dated to the early 19th century, with the study of data from astronomy
on the positions and trajectories of planets. In particular, in 1805, Adrien-Marie Legendre
(1752-1832) introduced the method of least squares to estimate coefficients from data,
and in 1809, Carl Friedrich Gauss (1777-1855), using a model of errors based on the
normal distribution, found that by maximizing the density of the normal distribution
of errors (i.e., the likelihood or posterior distribution), he could derive the least squares
estimate. These works influenced Pierre-Simon Laplace (1749-1827), who in 1810 showed
that the normal distribution naturally emerges as the distribution of errors thanks to
the central limit theorem. In his book on the ’average man’ in 1835, Adolphe Quetelet
(1796-1874) used Laplace’s results to analyze social data using the normal distribution

and demonstrated the stability of this data over several years.
It wasn’t until the end of the 19th century for a new breakthrough in the field of stat-

istics. In 1885, Francis Galton (1822-1911) presented a study on the height of boys based
on the average height of their parents. He observed both a phenomenon of dependence,
which would be translated into a correlation effect, and a return to the mean or regres-
sion. Karl Pearson (1857-1936) and Udny Yule (1871-1951), building upon the work of
Francis Edgeworth (1845-1926) on multidimensional normal distributions, extended linear
regression to a broader framework. It’s also important to highlight the y? goodness-of-fit

tests introduced by Pearson in biometrics in the late 19th century.
At the beginning of the 20th century, the 1920s were marked by the foundational

work of Ronald Fisher (1890-1962), which was motivated by agronomy problems. Fisher
introduced concepts such as statistical modeling, sufficiency, and maximum likelihood
estimation. The use of statistical models allowed for the analysis of small datasets. Sim-
ilarly on the same theme, we note the contributions of William Gosset (1876-1937) for
Gaussian samples. Working for the Guinness brewery, he used the pseudonym ’Student’

to publish his work.
Motivated by the study of the effects of different treatments in agriculture, Jerzy Neu-

mann (1894-1981) introduced interval estimation and hypothesis testing in 1934, and
further developed these concepts with Egon Pearson (1895-1980). The term "null hy-




30

pothesis" comes from the hypothesis corresponding to the absence of an effect from the
treatment being considered. In 1940, Abraham Wald (1902-1950) proposed a unified view
of the theory of estimation and hypothesis testing.

Starting from the 1950s, statistics experienced exponential growth with applications in
all fields: engineering, experimental sciences, social sciences, medicine and life sciences,
economics, etc. It has become an indispensable tool for the analysis and understanding
of data.




CHAPTER 4

Statistical Series with One Variable

4.1 Basic Definitions

Statistics is a scientific method that involves gathering numerical data about large sets,

and then analyzing, interpreting, and critiquing this data.

Population : The entire set under observation that will undergo statistical analysis.

Each element within this set is an individual or statistical unit.

Sample: It’s a subset of the considered population.

e The number of individuals in the sample is referred to as the sample size.

Characteristic: It’s the specific property or aspect that one intends to observe within
the population or sample. A characteristic that is the subject of a study is also referred

to as a statistical variable.

Absolute frequency: The absolute frequency of a class is the number of elements from

the population observed within that class. It’s denoted as: n;

Frequency: Frequency is the ratio of this frequency to the total absolute frequency of

the population. It is denoted by f;:
1
fi=—. (4.1)

n
n is the total number of the absolute frequencies.

31
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Example 4.1 Consider the following statistical series:

12; 13; 4; 13; 12; 14; 15; 7; 15; 13; 12; 15; 7

w4l 712]13]14]15

ni| 11213/ 3[1]3

1 2 3 3 1 3

filg |6 5l 3 |5
Table 3

1=1 =1

Accumulated increasing absolute frequency: The accumulated increasing fre-

quency is the number N; T such that

Np T=ny +ng+ ... + ny. (4.3)

Accumulated Decreasing absolute frequency: The decremental accumulated fre-

quency is the number N; | such that

Nk l:n—(nl—i-ng—i—...—i—nk_l). (44)

Example 4.2 Consider the following statistical series:

125 13; 45 13; 12; 14; 15; 7; 15; 13; 125 15; 7

i | ni | NeT| Nel

1|1 13

2 13 12
1213 |6 10
1313 19
1411 |10
1513 | 13

Table 4

4.1. Basic Definitions
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Increasing cumulative frequency: The increasing cumulative frequency is the num-
ber F; T such that

F, 1= NeT (4.5)

n;
i=1

Decreasing Cumulative Frequency: The decreasing cumulative frequency is the
number F; | such that

Fkl:Nkl.

(4.6)
n;
i=1

Example 4.3 Let’s consider the following statistical series:

125 13; 45 13; 12; 14; 15; 7; 15; 13; 125 15; 7

Ti | Ty FkT:M Fkl:N—kl
=1 ' =1 '
1
4 1 5 1
3 12
2 |13 13
6 10
12 3 13 5
9 7
133 13 13
10 4
1411 3 3
3
1513 |1 3
Table 5

Different Types of Statistical Variables: * When the variable does not lend itself
to numerical values, it is called qualitative (example: political opinions, eye colors...). It
can be ordered or not, dichotomous or not.

* When the variable can be expressed numerically, it is called quantitative (or meas-
urable). In this case, it can be discrete or continuous.

B [t is discrete if it takes only isolated values from each other. A discrete variable that

takes only integer values is called discrete (example: number of children in a family).

B It is called continuous when it can take all values within a finite or infinite interval

(example: diameter of parts, salaries...).

4.1. Basic Definitions
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4.2 Measures of Central Tendency

Central tendency parameters, or ‘'measures of central tendency,’” are values that aim to
best represent a set of data. The term ’central tendency’ comes from the fact that these
parameters provide an idea of what is happening at the center of a distribution, of a
dataset.

Three measures of central tendency are distinguished:

4.2.1 The Mean

The mean is one of the fundamental parameters of central tendency, but it’s not sufficient
alone to characterize a distribution. Complementary to the mode and especially the
median, the mean is undoubtedly the most calculated and commonly used measure when
describing statistical data sets. There are several types of means, each suited to specific

situations: arithmetic mean, geometric mean, harmonic mean, and quadratic mean.

1) Arithmetic Mean

- Simple Arithmetic Mean This is the simplest and most commonly used mean,

although not always used appropriately. It is often denoted by X

n

>

X = e (4.7)

-Weighted arithmetic mean. The weighted arithmetic mean, let’s say it right away,
gives, in its classical usage (meaning when all individuals have the same weight), the same
result as the simple arithmetic mean. Its formula is, however, different as it introduces the
notion of weight through an additional term that can prove useful in certain situations,
especially when the individuals composing a population do not have the same weight or
coefficient: some individuals, for various reasons, have more influence in the said popula-
tion than others. This can be the case, for example, when dealing with a series of grades

with different coefficients. This average is written as follows:

m

4.2. Measures of Central Tendency
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Example 4.4 Consider the following statistical series:

12; 135 4; 13; 12; 14; 15; 7; 15; 13; 125 15; 7
S
_ =1
>
i=1

Example 4.5 Consider the following statistical series:

_3><12—|—2><13+1><4—|—1><14—|—3><15+1><7_
- 13 N

Weight | [50,55[ | [55,60[ | [60,65] | [65,70]
n; 2 4 8 6

Table 6

We replace the x; with the class midpoints c;.

PiCi
;  2X525+5x75.5+8Xx625+6x675

- 20
izlpz

2) The geometric mean

- Simple geometric mean Let {z1, 23,...,2,} be a statistical series. The formula for

the simple geometric mean of this series is given by:
G = {] N, (4.9)

- The weighted geometric mean Let {x, zo,...,x,,} be a statistical series and
{n1, na,...,n,} be the corresponding frequencies. The formula for the weighted geo-

metric mean of this series is given by:
G={ Il 27" (4.10)

The geometric mean is a tool used to calculate average rates, especially average annual

rates.

3) The harmonic mean

4.2. Measures of Central Tendency
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- Simple harmonic mean The harmonic mean is used when one wants to determine

an average ratio in areas where there are inverse proportional relationships.

Let {z1, xo,...,z,} be a statistical series. The formula for the simple harmonic

mean of this series is given by:

n

n
1

T
=1

H =

(4.11)

e For a given distance, the travel time is shorter the higher the speed.

e Rent in the private housing market is higher the smaller the size or surface area of

the accommodation.

- The weighted harmonic mean Let {z;, z3,...,x,,} be a statistical series and
{n1, ng,...,n,} be the corresponding frequencies. The formula for the weighted har-

monic mean of this series is given by:

(4.12)

4) The root mean square

- The simple root mean square An average that finds applications when dealing
with phenomena that exhibit a sinusoidal nature with alternation between positive and
negative values. It is, therefore, widely used in electricity. It is used to calculate the

magnitude of a set of numbers. For your information.

Let {x1, xa,...,x,} be a statistical series. The formula for the simple root mean

square of this series is given by:

(4.13)

-The weighted root mean square Let {x;, xo,...,2,,} be a statistical series and
{n1, na,...,n,} be the corresponding frequencies. The formula for the weighted root
mean square of this series is given by:

Q= (4.14)

4.2. Measures of Central Tendency
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4.2.2 The mode

The mode (Mod) of a statistical series is the value of the most frequent or dominant
characteristic in the sample. In other words, it’s the value with the highest (absolute
or relative) frequency. When the distribution has more than one mode, it’s referred to
as a 'multimodal’ distribution (bimodal, trimodal, etc.). However, if we’re dealing with
grouped data in classes, the mode will relate to the class containing the largest number
of individuals: this is then referred to as the modal class. Nevertheless, there might be
instances where we’re interested in obtaining the approximate or exact value of this mode.
Therefore, it’s recommended to follow the following approach:"

- To obtain an approximate value of the mode, calculate the mean of the class with
the highest frequency.

- To obtain an exact value, the mode is calculated as follows:

Mod:a:m—i—ﬁ X 1, (4.15)

where

T, . Lower limit of the modal class;

i : Width of the modal class;

A i @ Absolute frequency difference between the modal class and the nearest lower
class;

A s : Absolute frequency difference between the modal class and the nearest upper

class.

Example 4.6 Consider the following statistical series:
12;13:4;13;12;14;15;7;15;12;15;7
Mody, = 12; Mody = 15.
Consider the following statistical series:
12;13:4;11;12;14;11;7;11;12;11;7
Mod =11

Example 4.7 Consider the following statistical series:

Weights  [50550  [55600 (60650  [6570[  [075[  [7580[ (3085
ni B S 12 16 il : 3

Table 7

4.2. Measures of Central Tendency
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The modal class is:[65, 70[
T, =65

1 =70-65=5H

A 1=16-12=4

A s = 16-14=2

Therefore,

N
Mod =z, + —=' % i—65+

X 5~ 68.33.
ASs+ A1 2+4

4.2.3 The Median

In the calculation of the median (Med), two cases are distinguished:

1- If the variable is discrete:

Let n be the number of observations

- If n is even: the median is then equal to the average of the values that surround the
middle of the series.

- If n is odd: it is possible to simply identify the value that divides the population into
two equal frequencies. The central rank being equal to [(n + 1)/2].

2- If the variable is continuous and grouped into classes, we search for the class contain-
ing the 7 individual of the sample. This class is called the median class. Assuming that
all individuals in this class are uniformly distributed within it, the median is calculated
using the following linear interpolation method:

BN 1
— X

Med = x,, + 2 i (4.16)

n;
T,, : Lower limit of the median class;
1 : Width of the median class;
n; : Frequency of the median class;
N; T : Cumulative frequency below x,,;

n : Sample size.

Example 4.8 Consider the following statistical series:

12; 13; 4; 13; 17; 14; 15; 7; 15; 12; 13; 7; 18
The frequency count n = 13 is even, so the median is the value at the ( "T“)th position,

13+1
= 7,

The order of values: 4;7;7;12;12;13;13;13;14;15;15;17;18. The value at the Tth position
is Med = 13.

which is

Example 4.9 Consider the following statistical series:

4.2. Measures of Central Tendency
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12; 13; 45 17; 14; 15; 7; 155 12; 20; 7; 18

The frequency count n = 12 is odd, so the median is the arithmetic mean of the values
at the Zth position, which is 22 = 6 and at the (2 + 1)th position,which is¥ + 1 = 7.

The order of values: 4; 7; 7; 12; 12; 13; 14; 15; 15; 17; 18; 20

The value at the 6th position is 13

The value at the 7th position is 14, Then Med = 13—;“14 =13.5

Example 4.10 Consider the following statistical series:

Weights [50,55] [55,60[ [60,65( [65,70] [70,75] [75,80[ [80,85]
ni 3 12 16 14 3
Ni 7 13 35 49

Table 8

We have § = % = 30 The median class is the first class where the cumulative frequency

becomes greater than or equal to 30; Therefore, the median class is: [65, 70]
T =065
1=70—-65=5
n; =16
N; T =19
n = 60
Then, Med = @, + 20 % i = 65 +

n

60
80_19
16

X 5~ 68.44

4.3 Graphical Representations

4.3.1 Case of discrete variables

Diagram of bands A diagram of bands is a graphical representation of statistical data
using segments. The values of the studied characteristic are represented on the horizontal
axis, and the absolute frequencies (or frequencies) are represented on the vertical axis.
Each value corresponds to a band. The heights of the bars are proportional to the absolute

frequencies (or frequencies) being represented.

Example 4.11 Consider the following statistical series:

X 9ormore
il 4500 3500 500 300 200 300

4.3. Graphical Representations
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Table 9

9000
8000
7000 +
6000 ~
5000 +
4000 +
3000
2000

1000 - ‘ I )
a - ; ; ; ; ———n o~ n X

Figure 2

Cumulative increasing and cumulative decreasing curves:

Definition 4.1 The cumulative curve is a graphical representation of the distribution of
cumulative absolute frequencies or cumulative frequencies. It differs depending on whether

one is working with an observed distribution or with a grouped distribution (class)

Example 4.12 Consider the following statistical series:

C.l. and C.D. values
14
2 — Pt
10 "”’
8 —4—Nit
5 ——Nil
4 / "
2 /
0
4 7 10 12 X
Table 10 Figure 3

Example 4.13 Consider the following statistical series:

4.3. Graphical Representations
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c.e.iand c.e.d values

Classes — ni NN A /

o5 PRORENENENEN . ™ /

sl 6 5 00 B | \>\/ s

msl NN s s B N e

500 7 75 2 I I

[20:25[ 8 225- 8 0 5 10 15 20 25 30
Table 11 Figure 4

4.3.2 Case of continuous variables

Histogram: An histogram is a diagram composed of adjacent rectangles whose areas are
proportional to the frequencies (or relative frequencies) and whose bases are determined

by class intervals.

Polygon of frequencies: Polygon of frequencies (or relative frequencies) formed by

connecting the midpoints of the upper bases of the rectangles with a polygon.

Frequency curve: Frequency curve (or relative frequency curve) formed by connecting

the midpoints of the upper bases of the rectangles with a curve.

Example 4.14 The human resources manager of a company has recorded the following
statistical distribution corresponding to the length of service of managerial personnel in

the company, expressed in years:

4.3. Graphical Representations
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Classes ni »
[6.580 [Na |
[8,9.5[ 8 . Histogram.
[9.5,11] 12 . . :'uem e
[11,12.5] 19 : i -
[12.5,14] 9 s 1 Polygon of frequencies
[14,15.5] : .
[15_5, 1?[ [6.5; B[ [8; 9.5[ [9.5; 11] [11;125] [125;14[ [14;155[ [155;17[
Total

Table 12 Figure 5

4.3.3 Case of qualitative variables:

Circular diagram: A circular diagram is a graph consisting of a circle divided into
sectors, where the central angles are proportional to the absolute frequencies (or the
frequencies ). Consequently, the dissected areas are proportional to the frequencies. The

angle «; of a category with a frequency of n; is given in degrees by:

a; = 2% 360 = f; x 360 (4.17)
n

Poar o
middle me
Rich
-Circular diagram-
Table 13 Figure 6

4.3. Graphical Representations
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4.4 Positional Characteristics

Quartiles, deciles, and percentiles are characteristics that correspond to the same kind of

concern as the median. They are values of the variable that correspond to cumulative

frequencies:
T %T”, ?jT” for quartiles; the 2" quartile is the median.
L2 3 for deciles; the 5™ decile is the median.
n_ 2n 99n iles: rd ile i i
106> 1067 7 100 for percentiles; the 50" percentile is the median

They are called position characteristics since they allow the placement of variable

values.

Example 4.15 Case of a continuous variable:

Consider the following statistical series (Values in grams):

Valuesing  [700750] [TS0S00 [S00%40 [nB0[ [B80%00] %0
ni 10 A 4 15 ] 1§
Ni 10 i i 1 i 10

Table 14
750 | 10
Qi | 25
800 | 33

Hence,
Q1 — 750  25-10

800 — 750 33 —10

Which gives (); = 782,61g.
Similarly, we can find the 3" quartile:

Q3 —880 75 —52
920 — 880 84 — 52
which gives (3 = 908, 75, namely 909g.
We would calculate the deciles in the same way. Let’s provide the value for D; = 750¢
and Dy = 935g.

Example 4.16 Case of a discrete variable:

4.4. Positional Characteristics
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Consider the following statistical series:
We recorded the height in centimeters of basketball players on a team, 302, 187, 185,

206, 180, 188, 198, 195, 200, 195, 218, 210.

Let’s arrange the series in ascending order.

X
ni
Ni 3 4 i 7 8 9 10 1 1

Table 15
The order of the value of () is: }1 x 12 =3, so () = 187.

The order of the value of (3 is: % x 12 =9, so ()1 = 203.

4.5 Measures of Dispersion

The extent: The extent, denoted as F, represents the difference between the extreme

values of the distribution:
E = Max (x;) — Min (z;) . (4.18)

Variance: Variance is the most commonly used measure of dispersion, denoted as:
var (X)

k N2

k
E 2

_ k )
i=1 2

= - X ZE 22— X
n i=1fxz

Standard deviation: The standard deviation, o, is the square root of the Variance:
ox = wvar (X). (4.20)

The coefficient of variation: The coefficient of variation (C'V) is given by:

v = (%) x 100. (4.21)

4.5. Measures of Dispersion
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e If CV < 0.25 — concentration.

o If C'V > 0.25 — dispersion.

4.6 Shape Characteristics

There are two shape measures that characterize the shape of curves representing distri-

butions:
- Asymmetry coefficient

- Kurtosis coefficient

4.6.1 Asymmetry coefficient

A coefficient is used to measure the asymmetry of a distribution

* If the coefficient is zero (S = 0), then it represents a perfectly symmetrical distribu-

tion. And mean = median = mode.

Figure 7

- Values are equally distributed on either side of the central value.

** If the coefficient is less than 0, then the distribution is on the lower side (spread to

the left), then, mean < median < mode.

Mode
Median

Mean

4.6. Shape Characteristics
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Figure 8

- The highest frequency value is located to the right of the mean.

kI the coefficient is greater than 0, then the distribution is on the upper side (spread

to the right), then mean > median > mode.

Mode
Median

Mean

Figure 9

- The highest frequency value is located to the left of the mean.

Calculation of the coefficient: ¢ Peason/s skewness( asymitrical) coef ficient
It is denoted by Sp

Sp:_— or Sp:_— (4.22)
o If Sp < 0 left-asymmetrical (left-skewed ) distribution.
e If Sp = 0 symmetrical distribution.
o If Sp > 0 right-asymmetrical distribution.

¢ Yulels skewness coef ficient

It is denoted by Sy
Q3 + Q1 — 2Q

Qs — @

o If —1 < Sy <0 left-asymmetrical (left-skewed ) distribution.

Sy =

(4.23)

o If Sy = 0 symmetrical distribution.

o If 0 < Sy <1 right-asymmetrical distribution.

4.6. Shape Characteristics
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¢ Fisher skewness coef ficient

It is denoted by Sg v
Sp=— (4.24)

oX
where Ms; = % Z 7 (acl — 7)3 is the third-order central moment.
o If Sp < 0 left-asymmetrical (left-skewed ) distribution.

o If Sy = 0 symmetrical distribution.

o If Sp > 0 right-asymmetrical distribution.

4.6.2 Kurtosis Coefficient

To measure the kurtosis of the curve, we use

The Peason coefficient Pp: The Peason coeflicient Pp is based on the fourth-order

central moment
Pp=—"= (4.25)

e Pp > 3 leptokurtic or hypernormal curve.

e ’p = (0 normal curve.

e Pp < 3 platykurtic or hypornormal curve.

The Fisher coefficient Pr: The Fisher coefficient Pr is given by
Prp=—-3 (4.26)
e Pr > 0 leptokurtic or hypernormal curve.

e Pr = 0 normal curve.

e Prp < 0 platykurtic or hypornormal curve.

4.6. Shape Characteristics
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Leptokurtic| curve

curve

platykurtic | curve

Figure 10

4.7 Statistical Tables

Data from a study can be represented in a table. However, it is possible to create a clearer
table by grouping the data into classes. One selects classes that are not too numerous
but sufficient to avoid any loss of information. It is important that these classes cover
all the results and have no overlap; the difference between the two extremes is called the

class width.
The number of classes can be determined using one of the following two formulas:
i) The Sturge Rule:

number of classes = 1 + (3.3 logn) (4.27)
1) The Yule Rule:
number of classes = 5.2v/n (4.28)

With n being the sample size
The class width is then given by:

maximum value-minimum value

(4.29)

number of classes

Remark 4.1 In the case of a continuous statistical variable, we replace the x; with the

centers ¢; of the it" classes.

4.7. Statistical Tables
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Statistical Series with Two Variables

Definition 5.1 A statistical series with two numerical variables, X and Y, is a function

that associates the value taken by both characteristics with each individual.

(X,Y) : Q>R (5.1)
w — (X (), Y(w),

with card(X (2)) > 2 and card(Y (Q2)) > 2.

5.1 Data Tables (Contingency Table) and Scatter-
plots

The main problem encountered in bivariate statistical series is primarily the question of

whether or not there is a relationship between each of the variables.

Problem Statement For the sake of clarity, this course is developed based on the

following example:

Example 5.1 The following table shows the evolution of the number of members in a
rugby club from 2001 to 2006.

Scatterplot

The first step is to create a graph that represents the two statistical series above.

49
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Definition 5.2 Let X and Y be two numerical statistical variables observed on n in-
dividuals. In an orthogonal coordinate system (0; 7; 7), the set of n points with

coordinates (z;, y;) forms the scatterplot associated with this statistical series.

Definition 5.3 The joint distribution of the frequencies of X and Y will be called the

set of information (z;, y;, n;;) fori =1, .., kand j =1, ..., L.

5.2 Marginal Distributions, Conditional Distribu-

tions and Covariance

5.2.1 Marginal Distributions

We add the row and column totals to the contingency table.

. yr | e | Y| e | e totaux
)& J
T i1 ny; nyg Nie
xI; i1 Nij LT3 Nie
I Tk1 Mg Ty Ne
totaux | el ‘ | Tlej | | Tet || N = 7ee
Table 21

e In the right margin (row totals): the distribution of X: for each index i, the fre-
quency n;, is the total number of observations for the modality x; of X, regardless

of the category of Y. That is to say

!
Nie = Znij = total of row i. (5.2)
j=1

Definition 5.4 The k pairs (x;, n;.) define the marginal distribution of the variable X.

e In the bottom margin (column totals): the distribution of Y: for each index j, the
frequency n.; is the total number of observations for the modality y; of Y, regardless

of the category of X. That is to say

k
Nej = Zniﬂ' = total of column j. (5.3)
i=1

5.2. Marginal Distributions, Conditional Distributions and Covariance
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Definition 5.5 The ¢ pairs (y;, n.;) define the marginal distribution of the variable Y.

Remark 5.1 . l
Zni. = Zn.j = N. (54)
i=1 j=1

Example 5.2 Consider the following table of a group of 100 people categorized by age
group (X) and gender (V).

X\Y Men Women ni.
[0,18] 20 40 60/

nesol a0 30 a0/
g o oy [

Table 22

Example 5.3 Let’s add a row and a column to the table, and fill them with n,; and
n.;. These added row and column are the marginal distributions of the contingency table.
Thus, the column n;. represents the marginal distribution of z, which means the possible
values of x regardless of y. Similarly, the row n.; represents the marginal distribution of

y, which means the values of y regardless of x.

5.2.2 Marginal Frequencies

The definitions of marginal frequencies are as follows:

Marginal frequencies of X:
Marginal frequencies of Y::

Example 5.4
X\ Men  Women fi

os 2 FRESNGE

[18.50[ 10 30 4

(R B A

5.2. Marginal Distributions, Conditional Distributions and Covariance
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Table 23

5.2.3 Marginal Means and Marginal Variances

Marginal Means

The marginal means of X and Y are given by the following formulas:

— 1&

X = — T 5.7
LS 5

- 14

y:_E )
. j:1njyj (5.8)

Example 5.5 Consider the following contingency table

X\Y

4 9 ni.
5 5 4 9
5 2 3 5
.| 7 7 14
Table 24
— 26
X = fanxl_ (9% 3+5x5) =
Y = —Zny— 7><5+7><4):9
. 7 2

Marginal Variances

The marginal variances of X and Y are given by the following formulas:

= —an (331 > an x; — ?2 (5.9)

>~<l\')

_Zn ( )2 — %in.jy]? e (5.10)

5.2. Marginal Distributions, Conditional Distributions and Covariance



Chapter 5. Statistical Series with Two Variables 53

5.2.4 Conditional Distributions

Definition 5.6 The distribution of observations according to the modalities of variable
Y, given that variable X takes the modality x;, is called the conditional distribution of
Y for X = ;.

e In row ¢ of the contingency table, we read the distribution of variable Y given that
X = x;, denoted as Y| x—g,.

Definition 5.7 The distribution of observations according to the modalities of vari-
able X, given that variable Y takes the modality y;, is called the conditional distri-
bution of X for YV = y;.

e In column j of the contingency table, we read the distribution of variable X given
that Y = y;, denoted as X|y—,,.

Example 5.6 We keep the previous example

K\‘f 4 9 ni,

5 4 g

5 5
n ] ]
Table 25

The boxed column represents the distribution of X when Y = 4.

Xy 9 ni
3 {4/ 9
b] ]

n.j ] li

Table 26

The boxed row represents the distribution of Y when X = 3.

5.2. Marginal Distributions, Conditional Distributions and Covariance



Chapter 5. Statistical Series with Two Variables 54

5.2.5 Conditional Means and Conditional Variances
Conditional Means

For each conditional distribution, we can calculate a mean. For example, in the previous

table, we have two conditional means for X

1
Xj= _anxz l<j<p (5.11)

X to denote the conditional mean of X when Y = 4.
X5 to denote the conditional mean of X when Y = 9.

In the same way

_ 1 &
m}}%% <i<gq (5.12)

j=1

Y to denote the conditional mean of Y when X = 3.

Y5, to denote the conditional mean of Y when X = 5.
Example 5.7 The previous example

— 1
X1:?(5><3+2><5)z3.57

and

— 1
Vy=c(2x4+3x9) =17

Conditional Variances

For each conditional distribution, one can calculate a variance. For example, in the

previous table, we have two conditional variances of X.

p p
7 =1 =1

Var (X1) to refer to the conditional variance of X when Y = 4.
Var (X3) to refer to the conditional variance of X when Y = 9.

Similarly,

5.2. Marginal Distributions, Conditional Distributions and Covariance
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2

1 < - 1< =
7 j=1 [ _]21

Var (Y1) to refer to the conditional variance of Y when X = 3.

Var (Y3) to refer to the conditional variance of Y when X = 5.

Example 5.8 Let’s calculate the conditional variances for the data in the previous table.

5.2.6 Covariance

All statistical individuals would therefore have the same value on this variable, a value
that would also happen to be the mean. Let’s imagine that this variable starts to vary a
little. Consequently, we will find some values that are a little higher than the mean, and
others that are a little lower than the mean. If the variable varies a lot, we will find more
and more individuals producing a value very different from the mean. Based on this, it
seems quite natural to use the deviation from the mean to quantify the degree of variation
exhibited by a given individual.

Let’s suppose

T, T, Yi, g
respectively the mean value observed on variable X, the mean value observed on vari-
able Y, the measurement of variable X obtained for the i** individual, and finally the

measurement of variable Y obtained for the #*" individual.

So, the measure of variation on variable X for individual ¢ can be directly given by the
value

(zi — )

Similarly, the measure of variation on variable Y for individual 7 can be given by the

value

(yi —7)

Note that both of these values are signed, in the sense that a deviation in the direction
where the value is greater than the mean will have a positive sign, whereas a variation

where the measurement is smaller than the mean will result in a negative deviation.

5.2. Marginal Distributions, Conditional Distributions and Covariance
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Definition 5.8 The covariance of the double statistical series of variables x and y is

defined as the real number.
Cov(z, y) =04y = Z -7). (5.15)

For calculations, you can also use:

Cov (x, y) leyl : (5.16)

Remark 5.2
Cov(x, &) =0, =V (x) =[o(2)]*. (5.17)

5.3 Linear correlation coefficient

The linear correlation coefficient is a number that helps determine the strength of a linear

relationship between two interval- or ratio-scale quantitative variables.

Definition 5.9 The linear correlation coefficient of a statistical series of variables z and

y is the number r defined by:

Oy
r=———-,. (5.18

7@ x o) )

Remark 5.3 e The correlation coefficient r is a dimensionless value that always falls

between —1 and +1.

e A positive linear correlation coefficient indicates a positive linear relationship,

whereas if r is negative, the linear relationship between the two variables is negative.

e The closer the value of r is to —1 or +1, the stronger the linear relationship between

the two variables.

5.4 Regression Line and Mayer’s Line

5.4.1 Regression Line

A regression line is the line that best fits a scatterplot showing a linear correlation. The
regression line is used for making predictions. We talk about a linear correlation when the
points in a scatterplot tend to align. The stronger the tendency, the stronger the linear

correlation.

5.3. Linear correlation coefficient
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Definition 5.10 In a plane equipped with an orthonormal coordinate system, consider
a set of n points with coordinates (x;;y;). The line D with the equation y = ax + b is
called the regression line of y on x for the statistical series if the following quantity is
minimized: .

S = Z (M;Q)* = Z [yi — (az; +b)”. (5.19)

i=1
Remark 5.4 To define the coefficients a and b, we expand S and consider it successively

as a trinomial in b and then, with b determined, as a trinomial in a. We obtain:
b=7y—aT (5.20)

and

Z (zi —7T) (yi — ¥) szyl — nTy

- n
Z (v; — T?) fo — nz?
i=1

i=1

(5.21)

The form of the coefficient b allows us to observe that the fitting line passes through
the point (Z, y) satisfying ¥ = aT + b.

Remark 5.5 The regression line D for y on x has the equation y = ax + b where:

a= 2%
{ [oe] (5.22)

b satistying y = a7 + b.

xi

Figure 11

Remark 5.6 It would be just as wise to consider the line D" that minimizes the quantity
n

Z [z; — (ay; + b)]”. This line is called the regression line of = on y.
i=1

5.4. Regression Line and Mayer’s Line
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Example 5.9 Here is the number of kilometers covered by cyclists as a function of the

number of hours spent on the track during an endurance race.

The first column represents the number of hours, and the second column represents

the distance covered in kilometers.

Hours Distance

1 9
2 20 120 Linéaire [Distance)
2 31
3 36 100 ad
f T e &0 / ¥=0.200x+ 7.368

g * /’
5 a7 ] &

g 60 & i
5 71 H /.
6 a5 £ 40 },.r
7 60 20 T

*
7 71 0
8 i 0 5 10 15 Hours
9 98
10 97 regressionline
10 104
Table 27 Figure 12

The equation of the regression line is: y = ax + b

O b= — a7 (5.23)

a =
o.]*

We haveZ = 5.64, § = 59.28, then, 0, = 1) a; — 7y = 77.03 and 0, =
=1

n

1) "2 — 7% = 8.37, we obtain, a = 9.20.

n i

On the other hand, b = 59.28 — 9.20 * 5.64 = 7. 39
Finally, we have the regression line: y = 9.20x + 7.39.

Definition 5.11 Consider a statistical series with two variables, X and Y, whose values

are pairs (x;; y;). We call the series’ mean point the point G with coordinates:

{ To = $1+$2I---+In'

_ yity2+...+ty
Yo = T

(5.24)

5.4.2 Mayer’s Line (or Method of Mean Points)

This adjustment involves determining the line passing through two mean points of the

scatterplot.

5.4. Regression Line and Mayer’s Line
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Example 5.10 Find the regression line representing the results of a group of students in

Mathematics and Probability using the Mayer’s line method.

Students Math(%)  Proba(%)

Table 28
Math(%) a2 a5 60 55 58 64 65
Proba(%) 63 40 82 50 75 50 80
Math(%) | 71 7 8 8 & 9 %
Pobal%) [NBNIR W n 8 &7

Table 29

Therefore,

12442 +45+ 60+ 554+ 58 +64 +65 391

IGI = —_—
8 8

90+ 63 +40+82+50+75+50+80 530

yor = 8 R

So, the coordinates of the point G (%, %) :

65+71+75+824+83+86+91+95

TG, = 3 &1
80+60+62+70+87+714+85+87 301
yGl = = —
8 4
So, the coordinates of the point Go (81, %) .
The regression slope is a = % = % with b = %
In the end, we have:
72 n 54029
=—x+ —.
Y= 575" T 1028

5.4. Regression Line and Mayer’s Line
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Question: What would be the probability grade of a student who scored 75% in math-
ematics?

Answer: We have:
72 54029

5757 T 1028
72 54029
75

875 < 0" 1028
73.6%

12

5.5 Regression curves, regression corridor, and cor-

relation ratio

5.5.1 Regression curves

A regression curve allows for the analysis of the relationship between two variables (ex-
planatory variable and response variable) and highlights the nature of this relationship
without making any prior assumptions about its form. It associates the values of the first
variable with the conditioned means of the second variable. Therefore, from two variables,

X and Y, two regression curves can be constructed:
—The X on Y curve, denoted as Cx,y: it relates the values of Y (y;) to the conditional

means of X: 7.

—The Y on X curve, denoted as Cy,x: it relates the values of X (x;) to the conditional

means of Y: ;.

Aside from providing a visual representation of the relationship between two variables,
regression curves have important properties:

— They best summarize the shape of the scatterplot because, on average, they are
closest to the points in the scatterplot (the sum and average of the squared distances
between the points in the scatterplot and the regression curves are minimal).

— They intersect at a point that represents the center of gravity of the scatterplot (i.e.,

a point with approximate coordinates being the marginal means of the two variables).

Definition 5.12 If, for each value of X, we plot the point corresponding to the average
of the Y values at that value of X (the conditional means of Y given X'), and then connect
these points, we obtain a curve known as the regression curve of Y on X (see figure below).
If we imagine that X perfectly predicts Y, then the average conditional value of Y at each
X point should be the value predicted by the relationship. Consequently, the regression

curve would actually be the curve that expresses the relationship between X and Y. In

5.5. Regression curves, regression corridor, and correlation ratio
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practice, however, empirical measurements are always affected by noise, so there is always
some amount of variation around the conditional mean (in other words, the conditional

variance is never zero).

i yi 20
5.3 13 18 .
7.2 13 16 -
5.6 3.4 14
7.1 15.4 2 _—
5 7.8 - m g .'1
3.3 9.3 6 m
5.2 10.1 a =
as 7.1 2
4 8.9 0
2 aa o 1 2z 3 4 5 & 7 8
5.7 121
a.7 115 -Scatterplot-
T'able 30 Figure 13

In the example in the figure above, the regression curve does not necessarily pass
through the middle of the points on a given vertical. This is because each point is weighted
by the number of corresponding observations. A point present in many observations will
'pull’ the regression curve more than the other points.

Conversely, one can plot the regression curve of X on Y, and this regression curve
represents the best possible estimate of Y ability to predict X.

For each point in the scatterplot, its coordinate y; (resp x;) can be decomposed into a
part corresponding to the regression curve in X (resp Y') plus a residual part. Expressed
in terms of variance, this yields:

Var(Y') = variance ’explained by the regression curve’ in X + Residual Variance

Or alternatively:

Var(X) = variance ’explained by the regression curve’ in Y+ Residual Variance

5.5.2 Correlation Ratio

To study the relationship between a qualitative variable and a quantitative variable, we
decompose the total variation into intergroup (or interclass) variation and intragroup (or
intraclass) variation. To measure the strength of the relationship, one can calculate a

parameter called the correlation ratio.

5.5. Regression curves, regression corridor, and correlation ratio
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The concept of variation

The variance of a quantitative variable is, by definition, the average of the squares of the
deviations from the mean. We define:

- Total variation: Total variation is the sum of the squares of the deviations from

the mean.

] — )
tot = — i__ 2
Varto n;(x T) (5.25)

-Intergroup variation: Intergroup variation is the square of the differences between

the group mean and the global mean.

1 p
Varintr = —an (Tr — T)° (5.26)
M4
where T It designates the mean of group k, where ny, represents the number of indi-

viduals belonging to the same group.

- Intra-groupe variation: In general, the total variation is the sum of intergroup
variation and intragroup variation. The latter is the weighted sum of variances calculated
within each group.
12
Varintra = — 2 .
nansk, (5.27)
k=1
where s7 is the descriptive variance within group k. It is easily obtained by taking
the difference between the total variation and the intergroup variation. We then have the

following fundamental relationship in statistics:

Vartot = Varintr + Varintra. (5.28)

We calculate the correlation ratio, denoted as:

p
N ({L‘_k — f)
o Varintr o
g Vartot n

> (@i -2

=1

2

(5.29)

Example 5.11 We consider a population in which we observe a variable X, which rep-
resents the number of days of absence per year. This variable is observed across different

professional sectors (primary sector (P), secondary sector (S), and tertiary sector (77)).

5.5. Regression curves, regression corridor, and correlation ratio
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This essentially involves introducing a second variable Y, whose categories define three

groups (sectors).

X|7]6|7]12{6 |9 |12 14 | 11 | 10
Y|/P|S|S|T|P|P|S |S|T|T| T]|S P

(@)
Qo

Table 31

The variable X is quantitative; however, the variable Y is qualitative.
We have:

84
X =09, Var(X):Vartot:ﬁ:6

The variable Y, whose categories define 3 groups, allows us to:

-Take an intragroup approach by studying the number of days of absence by sector.
This will involve means and intragroup variances.

-Take an intergroup approach by studying the variability between groups (represented
by their means). This will involve intergroup variance.

For each sector, we consider the distribution of the number of days of absence, and
thus, we can calculate 3 means and 3 variances, referred to as conditional means and

conditional variances.

absence n, | mean my, | variance Vi, | nyp X V;
6, 7, 9,10 4 |8 10/4 10
S16,7,9,9,11,11 |6 |9 26/4 26
T16,8, 12, 14 4 |10 40/4 40
Table 32
Therrefore,
Varintra = E
14

The Intra-Variance (varintra) is equal to the average of conditional variances. It meas-

ures residual variability.

absence ng | mean my, | my — 9 | ng X (my — 9)2
6, 7, 9,10 4|8 1 4
S 16,7909 11,116 |9 0 0
6,8, 12, 14 4 |10 1 4
Table 33

5.5. Regression curves, regression corridor, and correlation ratio
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Then,

Varinter = —

14
The inter-variance (var inter) is equal to the variance of conditional means. It measures

variability between groups.

Therefore,
2 8

= — =0.095
84

n

Remark 5.7 - n? always between 0 and 1.
-n? = 0 if and only if varinter = 0, which implies that the two variables are independent.
- n? = 1 if and only if varintra = 0, indicating a perfect relationship.

- 0 < n? < 1 represents the percentage of one variable’s explanation by the other.
n

5.6 Functional Adjustment

When we want to model data, the next question that arises is to find the equation for
the regression curves. Regression curves typically correspond to complex functions, but
we can try to approximate them with simpler functions. The general principle is to start
with a known functional form and seek the parameters that best fit the obtained curves

to the regression curves.

For example, if we begin with the idea that the regression curve, disregarding meas-
urement errors, would be a straight line, then it would be characterized by an equation

of the type:

y =az+b. (5.30)

We would then need to identify the parameters a and b to determine the equation of

the straight line.
If we imagine that the regression curve corresponds to a parabolic, the sought-after

equation would be of the form:

y = ar® + bz + c. (5.31)

And in this case, we would need to find the values of the three parameters a, b, and c.

5.6. Functional Adjustment
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5.6.1 Power adjustment

Power adjustment is based on the curve represented by the equation of the type
y = az’. (5.32)

We notice that
Iny=alnz +Inb,

we define V = Iny and U = Inx, nd determine the equation of the regression line of v
on u using the Mayer method or the least squares method. The obtained equation
is of the form v = Au + B, from which we deduce the equation of the power function
curve:

y = ax’, since, A=band B =1Ina.
Example 5.13 We use the example data and we seek the regression curve of the

following power equation:

5.6. Functional Adjustment
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5.6.2 Exponential adjustment

Exponential adjustment has an exponential function curve with the equation:
y = ab”. (5.33)

We notice that
Iny=2Inb+ Ina,

We set z = Iny,, determine the equation of the regression line of z on = using the
Mayer method or the least squares method. The obtained equation is of the form

z = Au+ B , from which we deduce the equation of the exponential function curve.
z=Ar+ B,
This leads to the equation of the exponential function curve:
y = ab®, since, A =Inb and B = Ina.

Example 5.14 We use example [5.9] we are looking for the regression curve of the fol-
lowing exponential equation.

y = ae”,

5.6. Functional Adjustment
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