Acta Math. Univ. Comenianae 9
Vol. XCII, 1 (2023), pp. 9-22

ON THE EXISTENCE OF PERIODIC SOLUTIONS
OF A SECOND ORDER ITERATIVE
DIFFERENTIAL EQUATION

R. KHEMIS, A. BOUAKKAZ anxDp S. CHOUAF

ABSTRACT. In this work, we consider a class of second order iterative differential
equations. Using Schauder’s fixed point theorem and the Green’s functions method,
the existence of periodic solutions is proved after establishing the equivalence of
our problem with a certain integral equation. Finally, we end this article with a
simple conclusion recapitulating the guiding idea of our approach. Obtained findings
complement some previous publications in the literature.

1. INTRODUCTION

In this work, we are interested in the following class of second order iterative
differential equations:
2

de?
(1) n oo d

=33 Cln) (@ 0) + =9 (t,x[” (1), 22 (¢), ..., 2l (t)) h(),

m=1£¢=1

where 22 (1) = w(x(t)), 21")(t) = 2" U(2(t)), p,q,Com, heC(R,R), m =T,
(=100, and g€ C' (R""1 R).

This kind of equation, which can be regarded as a special type of retarded
differential equations with lags that depend on the time and the state, appears
in many models that describe miscellaneous natural phenomena, such as insect
population dynamics models in ecology, models of hematopoiesis in hematology,
epidemiological models in epidemiology, two-body equations of motion in classical
electrodynamics, and so on (see [7, 9, 10, 14, 17]).

Until relatively recently, there was a little interest in the theory and applications
of iterative differential equations which have distinctive characteristics and do not
possess a well-developed theory. This is due to many reasons, perhaps the most
obvious one is the fact that the iterative terms in these equations, obstacle the
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application of habitual methods and yield some difficulties during their study.
However, in the last few years, there has been a great resurgence of interest in
this topic where several important achievements have been made. For first order
iterative differential equations, the interested reader can consult the articles [2, 7,
18, 19] and references therein. For second order ones, see [3, 4, 6, 11, 20], while
virtually no significant progress has been achieved regarding higher order iterative
differential equations except the works of the first author and his collaborators on
third-order ones [5, 8, 13].

So, it is highly desirable to investigate in this direction which poses a special
challenge for us and especially since the above involved papers motivated us to
try to improve and extend some existing results in order to participate in the
development of this emerging theory.

In this manuscript, we are to consider the existence of periodic solutions of
equation (1). By employing Schauder’s fixed point theorem as well as some prop-
erties of an obtained Green’s function, we establish a set of sufficient conditions
that guarantee the achievement of this aim.

Now, we feel the need to highlight some of the key aspects of our contributions
which lie in three points:

— Several researches and documents have revealed that the delay in many real
phenomena actually depends on the time and the state. Equation (1) involves
iterative terms resulting from many delays of this kind.

— Up to now, there have been few works that focus on the study of second order
iterative differential equations. So, our results enrich and complement some earlier
works to some extent (see [1, 3, 11, 12]).

— The approach used here has proven to be an efficacious tool to deal with other
iterative problems.

The plan of our paper is as follows: In the next section, we present some
notations and materials needed to establish our main findings. We also state and
prove some preliminary results. The third section is consecrated to discuss the
existence of periodic solutions of equation (1). Finally, we draw a brief conclusion
in the last section.

2. PRELIMINARIES

Let
Pr={xeCR,R), z(t+T)==x(t)} for T'> 0.

Endowing Pr with the norm

]| = suplz(t)] = sup [z(t)],
teR t€[0,T]

(Pr, | -|) is a Banach space and for every L, M > 0,
PT(L,M) = {CL‘ € Pr: ||{,C|| <L, |{E(t2) —m(t1)| < M|t2 —t1|, t1,t9 € R},

is a closed, convex, and bounded subset of Pr.
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Furthermore, we need the following hypotheses:
D, ¢, Com, m =1,n, £ = 1,00, and h are continuous and T-periodic real-valued
functions such that

) p(t+T) =p(t), q(t+T) = q(t),
( ) Oé,m(t + T) = Cf,m<t)a h(t + T) = h(t>7
and

T T
(3) /0 p(s)ds > 0, /0 q(s)ds > 0.

The function g(t, z1, 2, ..., 2,) is supposed T-periodic in ¢ and globally Lipschitz
inTy,...,rn,l.e.,

(4) g(t+T,I1,I2,...,ZL'n):g(t,Il,SCQ,...,I'n),
and there exist n positive constants ¢y, cs,..., ¢, such that
n
(5) |g(t,$1,l'2, DR 7x7l) - g(tﬂyhyQa e ayn)| S Z Cmem - ymH
m=1

Lemma 2.1 ([15]). Suppose that (2) and (3) hold and
Ry |exp Tp(u)du -1
oo (00 1]

(6) o7
where HT oxp (fsp(u)du)
R; = ma / ¢ q s)ds’
te[0,Tt] t exp (f(;r p(u)du) —1
and

Q1= (1 + exp (/OTp(u)du»QR%.

Then there are continuous and T-periodic functions a and b such that

b(t) >0, /0 a(u)du > 0, a(t) + b(t) = p(t),
and

Sb(0) + al)p(t) = g(1)

for allt € R.

Lemma 2.2 ([16]). Suppose that conditions of Lemma 2.1 hold and ¢ € Pr.
Then the equation
2

%m(t) + p(t)%x(t) +a(t)z(t) = (t)

has a T-periodic solution. Moreover, the periodic solution can be expressed as

t+T
o(t) = /t G(t, 5)6(s)ds,
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[exp [ b(v)dv + [ a(v)dv] du
[exp fo a(u)du) — 1} [exp(f b(u)du — 1}
fSHT exp {ft v)dv + fHT )dv} du
+ .
[exp(fOT a(u) du) — 1} [exp(fo b(u)du) — 1]

Corollary 2.3 ([16]). Green’s function G defined by (7), satisfies the following
properties

G(t,s) =

G, t+T)=G(t,t),
Git+T,s+T)=G(t,s),
(8) exp [, b(v)dv
exp (fOT b(v)dv) -1
Theorem 2.4 ([18]). Let M be a closed convex compact subset of a Banach

space (X, ||-|]). Suppose that H: M — M is continuous. Then there exists x € M
such that x = He.

Lemma 2.5. Suppose (2)—(4) and (6) hold. If x € Pr(L, M)NC? (R,R), then
x is a solution of (1) if and only if

1= 33 [ Cunto) (479) 1890

m=1 ¢=1

t+
/
t

[E(t, s)
+ /t+T G(t, s)h(s)ds,

3}
&G(t, s) = a(s)G(t,s) —

—a(s)G(t,s)] g(s, x[ll(s), gl (8),... M (s))ds

where

(©) B(ts) = exp [ b(v)dv

exp (fOTb(v)dv) 1

Proof. Suppose that * € Pr(M,L) N C?(R,R) is a solution of (1). From
Lemma 2.2, we have

x(t):/HT [ZZCM (x[m] ))i]ds

m=1 (=1

/ Gt s) [ (s,xm(s>,xm(s>,...,x[nl(s)ﬂds

T
+ G(t,s)h(s)ds.
t
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An integration by parts gives

/tHT G(t,s) {%g (8, M (s), 2Bl(s), ... 2] (8)) }ds

= Gt 9)g (5.2 (5).2(s). ... (0)) [

t

. /tHT [0tt,5)]g (5,2(5), 2 (5), ., a(5)) s

It follows from Corollary 2.3 that
t+T

[G(t,s)g (s,x(s),x[z}(s),...,x[”](s))} =0

t
and

/ttJrT G(t,s) {%g (s, 2 (s), 2Pl(s), ... 2" (s)) }ds

t+T
=/t g(s,x[”(s),wm(s)7...,:c["](s)) [E(t,s) — a(s)G(t, s)] -
Consequently,

2(t) = i i /t - Com (s) (x[ml (s))ZG(t,s)ds

m=1£¢=1

t+T
+ /t [E(t,s) —a(s)G(t,9)]g (s, xm(s), zl2 (8),... ,x["] (s)) ds

+ /t+T G(t, s)h(s)ds.

It is not hard to obtain the converse implication. Indeed, the derivation of the
last integral equation completes the proof. O

Lemma 2.6 ([16]). Let A = fOTp(u)du and B = T? exp (%fOT In (q(u)) du). If

(10) A? > 4B,
then

; ! ! 1 VA2 —
mln{/o a(u)du,/o b(u)du} > - (A— A —4B> =M

2
and

max { /OT a(u)du, /OT b(u)du} < %(A + VA2 - 4B) = Mo.

Corollary 2.7 ([16]). Functions G and E satisfy

(11) 0<a; <Gt s)<ay and |E(ts)| <P,
where
T T
T Texp [, p(u)du exp [, b(v)dv
= = gt end = T :
(e —1) (e —1) exp (fo b(v)dv) -1
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Lemma 2.8 ([19]). For any ¢, ¥ € Ppr(L, M),

r—1

||<P[r],1/,[r]||SZMJ'HwﬂpH, r=12,...

j=0
Lemma 2.9 ([18]). It holds
Pr(L,M)={z€Pr, |z|| <L, |x(ta)—z(t1)| < Mlta—t1| for all t1,t2 € [0,T]}.

We use in the sequel the following notations:

T
A= max O A= max a(0), 7:%XP(A b)),

I =T)\3,p= 0 =p+1L M
B.p= max lgt.0,....0l,  <=p+ > D ¢

5= ([exp( /OTamdv) ~1][exn ( /OTb@)dU) - 1}) |

p=Te*M25 [Thy (2% +1) + ™ +1],
Pr(L)=A{z e Pr, |z| <L},

and we suppose that

n co m—1 n m—1
(12) 7oLt Y0303 b M+ (aahi 4 8) 30 Y el ) < v,

m=1/¢=1 j=0 m=1 j=0
(13) T » > Lo, L'+ (B + azhi) Ts + a2TLy, < L,
m=1¢=1
and

Lt Le,,, (2o 4 p)+<5 (28 +T) 4Ly, (202 + p) + 15 (22 + p) < M.

m=1 =1

~

Lemma 2.10 ([4]). For any t1,t3 € [0,T],

t14+T
| 162 ta9) = Gattro)lds < it 1.
ty
Lemma 2.11. For any t1,ts € [0,T], we have

t1+T
/ ‘E(tg, ) (tl, )|d8 < F|t2 — t1|

t1
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Proof. Let tq1,ts € [0,T], we have

ti+T
/ B (t2,5) — E (11, 9)) ds

_ /t1+T ’exp ( b(v) ) —exp ( )dv) ’ "y
t1 (exp( b(v )dv) - 1)

fttl1+T exp (ftsz b(v)dv) ’1 —exp (fttlz b(v)dv) ’ as

(exp (foT b(v)dv) - 1)

By applying the mean value theorem to the function f(t) = exp ( f b(v )dv) over
the interval [t1,to], there exists & € ]tl, to[ such that

|f(t2) = f(t1)

dv —eXp / b(v dv

ta

\1—exp(/ beyde) | = I (©)llt2 — 1]

£) exp / (v} [t — 1.
/ttlJrT exp (/ts b(v)dv) ‘1 — exp (/ttz b(v)dv) ‘ds

1 2 1

So,

to

_ /:+T exp (/t b(v)dv)b(g) exp (/5 b(v)dv) Ity — 1] ds

2

t1+T s

< sup |b(s)||t2 — t1| exp (/t2 b(v )dv) exp (/ b(v)dv)ds

s€[0,Tt] to

t1+T
= sup |t2—t1|/ exp / b(v dv—i—/ b(v))ds
SGOTt]

t1+T s
= sup |b(s)]|te 7t1|/ exp(/ b(v)dv)ds
t1 3

s€[0,T't]
T t14+T
< sup |b(s)||ta — t1]exp (/ b(v)dv)/ ds
s€[0,T1) 0 t

T
= AT exp (/ b(v)dv) [ta — t1].
0
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Consequently,
t1+7T
/ |E (t2,s) — E (t1,s)|ds
t1
fttllJrT exp (j;z b(v)dv) ‘1 — exp (fttf b(v)dv) ‘ ds
(exp (fOT b(v)dv) - 1)
exp (fOT b(v)dv)
=AT T |t2 - tl‘
(exp (fo b(v)dv) - 1)
=ATB [ty —t1| =T |ta — t4],
which completes the proof. 0

3. EXISTENCE OF PERIODIC SOLUTIONS

In this section, we state and prove the existence result.
By virtue of Lemma 2.5, we define an operator H: Pr (L, M) — Pr by

A0 =3 3 [ Cunts) (#7169) 9105

m=1 (=1

Clearly, (Hy) (t+T) = (Hep) (t) which shows that the operator H is well defined.
Furthermore, fixed points of the operator H are solutions of equation (1) and vice
versa.

Remark. Thanks to Arzela-Ascoli theorem, we can prove the compactness of
Pr(L,M).

Theorem 3.1. Let Cy, € Pr(Le,,,) and h € Pr(Ly). Suppose that condi-
tions (2)—(6), (10), and (12)—(14) hold. Then equation (1) has at least one periodic
solution in Pp(L, M).

Proof. For establishing the existence result, we use Schauder’s fixed point the-
orem and for the sake of clarity, the proof is done in two steps.
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Step 1: We show that H is a continuous operator on Pp(L, M).
Let ¢, v € Pr(L, M). We have

|(Hep) () — (H)(2)]

t+T
n / 1a()| G (£, 5) |g (s, o (5), 92 (5), ... 7 (5))

—g(s, Pl (s), e (8),... ] (s)) ’ ds.

From (5) and Lemma 2.8, we obtain

95 61(9), #2(5), . 1 (8)) = g (5,01, 02 (s), ... 01 (5)|
(16) g

3

IN

cmM? o = v

I
=)

m=1 j

From the mean value theorem, it follows that
(17) [ ()" = (@) | < (@) || o) — vt

for some constant 7,,(s) such that pl"™(s) < n,,(s) < ¥"(s).
Taking into account (16), and (17) and using Corollary 2.7, we get the following
estimate

(M) () — (HY) (1) < an Y > . (TL" Le, ,, M |lp — 4|

n m-—1

(M +B)T Y Y emM o -y,

m=1 j=0

which yields

[(He — (Ho|l = sup [(He) (t) — (He)(1)]

te[0,Tt]
n oo m—1 n m-—1
< T(azL“ DD D Lo, Mt (ashi + ) cmM1> le =l
m=1¢=1 j=0 m=1 j=0

Using (12), we infer that A is continuous.



18 R. KHEMIS, A. BOUAKKAZ anp S. CHOUAF

Step 2: The main concern now is to prove that H maps the set Pr(L, M) into
itself.

First, we prove that |[He|| < L for all ¢ € Pp(L, M).
Let ¢ € Pp(L, M). Using (5), we obtain

(18) lg(s,61(5), (), (5)) | < <.
In view of Corollary 2.7 and (18), we get

t+T
|(He)()] = ZZ/ |Cl,m(5)|‘(So[m](s))e‘G(t,s)ds
m=1 /(=1
t+7T
+/ B (t5)] |9 (s, 2 (5), 6 (5), . o7 (5)) | ds
t

t+T
+ /t la(s)| G (t, s)

t+T
+ / G(t, ) [h(s)| ds
t
< (B+ o) T + axT (Lh + Z ZLCz,mLe)'

m=1¢=1

9(s, oM (s),(s), ..., oM (s ’ )| ds

Thus, from (13), we find that
(19) (He)(t)| <L for all ¢ € Pp(L, M).

Now, we show that |(He)(t2) — (He) (t1)] < M |ta — t1| for all ¢ € Pp(L, M) and
t1,ta € R.

For ¢ € Pr(L, M) and t1,t5 € [0,T] with ¢; < t5, we have

to+T ‘ t1+T ’

/t Crm(s) (™ (5)) G (ta, 5) ds — /t Com(5)(p™(5)) G (t1,5) ds
’ t1 ¢ 1t2+T ‘

= t Cg,m(s)((p[m](s)) G (ta,5)ds +/t+T Cg’m(s)(sp[ﬂl]<5>) G (s, s)ds

v f o [Com(s) (£ ())"] (G (22, 5) = G (11, 9)) s

ty

</  Corn | ((9)'] G (. 5)ds + / G| ()| 6 (12 5) s

to t1+T
t1+T

+/ |Cem (s |‘ bl (s ’|G ta2,s) — G (t1,s)|ds.
t1

Using Corollary 2.7 and Lemma 2.10, we arrive at
(20)

to+T . t14+T !
/ Com(5) (2)(5))'G (2, 5) ds — / Com(3) (2 (5))'C (11, 5) ds

to t1

<2a2L'Le,,, [ta — t1| + L'Le, , |t — t1] = L*Le, ,, (202 + p) [ta — t1] .
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Arguing as before, we also get

to+T
/ E (t2,5) g(5, 6V (5), 03 (5), ..., ") (5)) ds

ta

t+T
- / E (1, 9) g(s, w[l](s), <,0[2](s)7 . tp["] (s))ds

t1

< [ 1B 29 (s (6. 0). .5 ds

ta

to+T
[ B ) a5 6) P 0), ) s
t1+T

t1

Lemma 2.11 and (18) give

tot T
/ E(to, s)g(s, <p[1](s), <,0[2](s)7 . cp["] (s))ds

to

ti+T
(21) - / E(t1, 8)9(s, 61 (5), 62 (5), ..., ") (5)) ds

ty

<S(28+T) [t —tal.

Furthermore,

to+T t1+T
/ Glt, s)h (s)ds — / G(tr, s)h(s)ds

to ty
t1 to+T
s/ Gt ) (s >\ds+/ Glt2, ) [h(s)|ds
t2 t1+T

t+T
+/t (G2, 5) — G(t1, )| [h(s)| ds.

Using Corollary 2.7 and Lemma 2.10, we obtain

to+T t1+T
/ G(ta, s)h(s)ds —/ G(t1,s)h(s)ds

tg tl

(22)

We have also

to+T
[ a6tz 9195, 2 (5), 0P (s) . () ds

to

t+T
— / a(s)G(ty, s)g(s, <p[1](5), <p[2] (s),..., ga["] (5))d5

t1

t+T
+ / |E(ts,s) — E (t1, )] ’g(s, gom(s), (,0[2] (8)y .-y cp[”](s)) ‘ ds.

< Lp (a2 + p) |t2 —t1|.

19
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< / ' Ja(s)| Gltz, 5)

ta

95,1 (5), 62 (5), .., 9" (5))] s

to4+T
[ a1 69 oo, 19, 60,6 s
t1+4T

t1+T
[ 161629 = Gt ) oo o)) 0) .

By means of Corollary 2.7, Lemma 2.10, and (18), we find

to+T
‘ /t a(s)G(ta, s)g(s, ol (s), <,0[2](s)7 e (8))ds

t+T
. - / a(s)G(t1,5)g(s, o' (s), o(s), ..., l"(s))ds

t1
< A15(2an + p) [t2 — t1] .
According to (20)—(23), we get
|(He)(t2) — (Hep) (t1)]
< (X X ELe aa ) ) It~ il +5 (254 T) s —

m=1 (=1
+ Lh (20[2 + M) |t2 — t1| + )\1§ (20[2 + /J) |t2 — t1| .

So,
[(He)(t2) — (He) (t1)]
< |: Z ZLZLC[” (2042 + /L) +g< (2ﬂ + 1—‘)
m=1¢=1

+ Ly, (202 4 1) + A5 (200 + ) | X [t2 — 1]

In light of (14) and Lemma 2.9, we get
(24) [(Hp)(t2) — (Hp) (t1)] < M |ta — t1| for all ¢ € Pp(L, M) and ¢;,t2 € R.

From (19) and (24), we conclude that H (Pp(L, M)) C Pr(L, M).

As a consequence of these two steps, Remark 3 and Schauder’s fixed point
theorem, we conclude that operator H has at least one fixed point in Pr(L, M)
which is a solution of equation (1). O

4. CONCLUSION
The existing results in the literature reveal that despite the great deal of inter-

est being shown in the investigation of iterative differential equations over recent
decades, their theory remains an emerging one and has not been yet well-developed.
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The present work has aimed to contribute to the investigation of such equations
and more precisely, we have probed into the existence of periodic solutions for a
second order iterative differential equation by following the steps below.

Firstly, based on some earlier publications, we have introduced a new second
order iterative differential problem and set up an appropriate subset of the Ba-
nach space of continuous periodic functions. Secondly, we have established an
equivalence between this problem and a certain integral equation with a Green’s
function type kernel. Finally, with the aid of Schauder’s fixed point theorem, some
properties of the obtained kernel and the Arzela-Ascoli theorem, we have proved
that the corresponding integral operator admits at least one fixed point which is
a solution of the original problem.
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