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Abstract

This memory concerns the asymptotic behavior of the hyperbolic-parabolic problems in
periodically perforated domains with small holes and Dirichlet conditions on the bound-
ary of the holes. We focus on the homogenezation of these equations. Using the time-
dependent unfolding method, we obtain some homogenization and corrector results.

Key words : hyperbolic-parabolic problem, periodic unfolding, perforated domain, ho-
mognisation.

Résumé

Ce mémoire porte sur le comportement asymptotique d’un probléme hyperbolique-parabolique
dans un domaine perforé périodiquement avec des petit trous. Nous nous intressons sur

I’ homogénéisation de ces équations avec des conditions de Neumann et de Dirichlet sur

le bords des trous. En utilisant la méthode de ’éclatement périodique dépendant du
temps, nous obtenons des résultats d’ homogénéisation et des résultats correcteurs.

Mots clés : probléme hyperbolique-parabolique éclatement périodique, domaine perforé,
homogénéisation.
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Notation

Symbole Signification

Vu The gradient of u, Vu = (%, ey ;:j\] >
Au = div(Vu)
D(2) The set of continuous functions whose support is a compact set of RV contained in §
LP(Q) The Lebesgue space,
{u: 2+ R mesurable ; [, |ul|P < 400} if 1 <p<4oo,

{u: Q — R, u mesurable and such that there exists C € R; with |u| < C} if p=+oo
P (Q) = {u € LP(w), for any open bounded set w with @ C Q}
)i (22) The dual space of LP(2)

LP(2;X)  The set of measurable functions: u : € Q — u(x) € X such that ||u(z)||x € LP().

HY(Q) {ueL2(Q),%eL2(Q),i:1,...,N}

H(Q) The space of function in H'(Q) will vanish on the boundary in the sens of the trace.

H-1(Q) the dual space of H}(Q)



CONTENTS

1 THE PERIODIC UNFOLDING METHOD IN PERFORATED DOMAINS 9

1.1 The periodic unfolding operator 7. . . . . . . . . . . . .. .. ... ... 9
1.2 unfolding operator in domains depending on two parameters . . . . . . . . 13
2 Time-dependent unfolding operator in perforated domains 16
2.1 The time-dependent unfolding operator in perforated domains . . . . . . . . 16
2.2 Time-dependent unfolding operator in domains with two parameters . . . . 21

3 HOMOGENIZATION OF THE HYPERBLOIC-PARABPLIC PROBLEM 25
3.1 homogenization of hyperbolic-parabolic problem in domains €, . . . . . . . 25

3.2 Homogenization of hyperbolic-parabolic problem in the domains 2.5 . . . 36



INTRODUCTION

The theory of homogenization plays a fundamental role in the analysis of partial differen-
tial equations (PDFEs) with rapidly oscilating coefficients or defined in domains with fine
structures. It provides powerful tools to approximate complex heterogeneous media by effec-
tive homogeneus models, which are often easier to analyse and simulate numerically. This is
particularly relevant in the modeling of physical phenomena such as heat conduction, fluid
flow, or wave propagation in compsite or perforated materials.

In homogenization we have a lot of methods like energy method, multiscal method, periodic
unfolding method ..., we use here the periodic unfolding method.

This method was initially introduced by Cioranescu, Damlamian, and Griso [3] for fixed
domains(see [1] for further details ). It was subsequently extended to perforated domains
by Cioranescu, Donato, and Zaki [10]. This method was later adapted for two-component
domains separated by a periodic interface by Donato, Nguyen, and Tardieu [13]. Recently,
Cioranescu, Damlamian, Donato, Griso, and Zaki [6] provided a comprehensive overview of
the periodic unfolding method for perforated domains, addressing both cases where the unit
hole is compact within the open unit cell and when this compactness cannot be achieved.
Concerning the time-dependent periodic unfolding method for fixed domains, our reference
is Gaveau [15], which provides a list of elementary results without proofs.

However, to address time-dependent problems in perforated domains, we adapt the results



from [0] to accommodate time-dependent functions. Specifically, we focus on treating per-
forated domains with small holes.
The aim of this work is to study the asymptotic behavior of the following hyperbolic-parabolic

system

ul s(x,t) + uls(x, t) — div(A®(z)Vue5(x,t)) = feos(z,t) in Q;%]0,T|

ucs(z,t) =0 on AN ;x]0, T, (1)

Ue,s(x,0) = ug,a(‘ff') ) ué,é(w7 0) = u;(;(a:) in Q:,a

For the initial data, we always assume ug’ s € Hé(QZ s) ,u:’ s € L*(Q) and

fes € L0, T; ()

The problem (1) models many kinds of phenomena arising in electricity and mag- netism,
in the theory of elasticity, in hydrodynamics and in vibration theory [17] and [18].

Our aime here is to apply the periodic infolding methode due to cioranescu, Damlamian and
Griso [[3], [1]] and extended to perfated domains in Cioranescu, Damlamian, Donato, Griso
and Zaki [7].

This memory is organized as flows:

In the first chapter: we define first the periodic unfolding for one in perforated domains
and some properties and also we define the unfolding operator in domains depending on two
parameters and some properties .

In the second chapter:we define the time periodic unfolding for one and two parametres in
perforated domains and some properties.

In the last chapter: we study the homoginization of hyperbolic-parabolic problems in the

perforated domain €2, and €2 5.



CHAPTER

THE PERIODIC UNFOLDING METHOD
IN PERFORATED DOMAINS

In this chapter we recall the definition and some properties of the periodic unfolding operators

in perforated domains 7T for the classical homogenization .

1.1 The periodic unfolding operator 7.

In this section, we introduce the case of perforated domains introduced by cioranescu at all

in the following we denote:

Definition 1.1 /3] Let ¢ € LP(Q2.),p € [1,+00]. We define the function:

T(p)(x,y) = ¢ (s [: + ey) (1.1)

for every € € RY and y € Y.



Remark 1.1 Notice that the oscillations due to perforation are shifted into second variable
y which belongs to the fized domainY , while the first variable x belongs to RN .

One see immediatly the interst of the unfolding operator. Indeed when trying to pass to the
limit in sequance defined on 2. one needs first, while using standard methods,to extend it to
a fized domain. with Tz, such extensions are more necessary.

The main properties given inf[7] for fived domain can easily be adapted for the perforated

ones without any major difficlty in the proofs. These properties are listed in the proposition

below. To do so, let us first define the following domain: Q. = |int U &+ Y)) where:
geAe

A ={e€ZV,e(¢+Y)NQ#£0} =\ (.

E.={¢e€ZN,e(¢+Y) CQ}

The set S, is the smallest finite union of €Y cells containing

Proposition 1.1 /3] The unfolding operator Tz has the following properties :
1. Tz is a linear operator.
2. Te(p) <ac, {:}Y> = p(x) Vo € LP(Q.) , = € RN.
5. Tolp) = Te(@)Te(w) Vot € LP(R2).

4. Let ¢ € LP(Y) or LP be periodic function set q’)(z) Then Te(pe)(xz,y) = ©(y).
€

a,€e. in Qe.
. , 1 1
5. one has the integration formula: / pdr = —/ T-(p) dxdyVe € L (Q2.).
JQ |Y| Qxy
6. For every p € L*(Q.), T(g) belongs to L2(RN x Y. It also belongs to L2(2. X Y).

7. For every ¢ € L*(Q:) [|T(9) lz2@nxyy = VIV [llellz2(a.)-
8. VTecp(x,y) = €T (Vaup)(x,y) for every (z,y) € Q2 X Y.
9. If p € HY(S2,), then Ti(p) is in L*(RN, HY(Y)).

10. One has the estimate ||VT(@)|lr2@nyxyy = e\ |Y ||| Vel (2~



Proof 1.1 1. Leta,B € R and ¢, L*(Q2)

“lrey)) v (B[] +ev))

: +€y> +61/)<€ [:L+6y>

Te (ap+ pu) = ¢ (a (e

:ago<€

= aTi(p) + BT:(¥)

T- is a linear operator .
T

2 7 o (2]) = (2] e (2] = o [ oo

3. Let p,vp € L*(Q2), have by definitionl.1

T-(py) = ¢y <s m + sy)

= (6 [aj +sy> Y (e E] +ey>

= Te(¢)Te(¥)

T
4. by definition for all p. = (=), € L*(Y), we have
€

()
=<p{j}=so(y)

Te(pe)(z,y) = ¢ (6

5. According the definition 1.1 we have

1 1
Wﬂwzmmwzm/ T:(¢) (2, y)da dy

> T(9) (. y)da dy

|Y|£€— (e€+eY )XY

on each set (e€+eY )XY with & € B, the function To(p)(x,y)dx dy = p(e+ey)

is constant in x , it is consequence of 1.1.S0 for each integral in the sum of the right



member, we have:

/(e£+sY)><Y 7;(90)(%, y) dx dy = |€£ + 8}/| /Y 90(65 + sy) dy

= VY| [ (et +ey) dy (1.2)

=10Y x) dx.
Y[, o@

1
we suppose T = € + ey, this implies dx = e dy = dy = —~ dx by summing in
€

=, the right member be / p(x) dx, so we get
Qe

1
ZEEEEEN|Y| /(e£+sy) (’O(w)eiN dr = /n #(@)de.

Now we remplace this expression in (1.2) we get the result.

6. For all € L*(£2.)

||7;(<P)||L2(RNXY) = (/|72(<P)|2da: dy)é
(1 /Qxy|90|2d€vdy);

_ (/ 1dy>; (/|90|2>;
= m||<P||L2(ns)

7. For all ¢ € L*(R2.)
x
VyT(o)(x,y) = Vyo (5 L_]y + €y>

=eVyp (s my + sy>

= eTe(Vaep) (2, y)

8. We apply proposition 1.1, we obtain:

IV, T (@) 2@y = T (Va) | aa@ry
= e\/IY ][IVl 20



1.2 unfolding operator in domains depending on two
parameters

In this chapter we recall the definition and some of its properties of the unfoling operator

T:,s depending on two small parameters € and § as introduced in [5].

Definition 1.2 Let p € [1,4o00[. For ¢ € L*(Q) the unfolding operator T, s is the
function
T.s: LP(Q2) — LP(Q x RY)defined by:

~ 1
Te(P)(x,62) if (£,2) € Q. X =Y
Ts(@)(w o= |0 T €8

0 otherwsise.

where is T, the operator for fired domaines as introduced in. To go futher , let us introduce

what is called a perforated domain with small holes denpted here Q;é. Let B be an open set,

Y
such that B CC 'Y and denote Y,* = 5B’ 0B is the holes in'Y
m .
set:Bes = Uecon <(€+68) yQes ={z € Q|{g} € Y5} Then 2 5 is defined as
x
Q , = {x € Q such that {—}y € Y} where § — 0. this definition means that Q7 5, is
9 8 9

a domain € periodically perforated by holes €d0B,

Remark 1.2 As shown in , it turns out that operator Tz 5 is well-adapted for domains with
small holes when dealing with functions which vanish on the boundry of QZ s+ 1t is precisely the
case we treat in this work. We will deal with functions belongin in particular, to H&(Q:’é).
The extensions of these functions by zero to the whole of €2 , belong to H&(Q) consequently

in the sequel, we will not distinguish the elements of I-Ié (9275) and their extensions from

Hy ()

Definition 1.3 Let p €]1,+oo[. The local average My, : LP(2) — LP(2), is defined

for any @ in LP(Q) by Mg (¢)(x) = /( oy T 2) =

1
note that Te (M5 (¢)) = My (¢p) on Q X gY.
Also, if {v.} is a bounded sequence in LP(S2), such that v. — v strongly in LP(2), then
M (v.) = v strongly in LP(§2).



Proposition 1.2 :

(1) For any v,w € LP(2), T s(vw) = Tz 5(v)Tes(w).
1 N
(2) For anyu € L*(R),8 /QXRN|7;5(u)|da:dz < /Q|u|d:1:.
1
(3) For any w € L*(Q), || Tz5(w) |72 qurryy < ﬁIIUIIiz(Q)-

(4) For any u € L*(£2),

/ udx — 5N/ Tes(u) dx dz
Q QxRN

1

S/ |u| dx.
A
1

(5) Let w € H'(Q). Then To5(Vau) = JVz(ﬁ,g(u)), in Q X gY.

9

(6) suppose N > 3 and let w C RY be open and bounded . The following estimates hold:
2

g
IV-(Tes (@) aare gy < gVl
2
g
I Tes(u = M ()32 @iz S g Vel

2
€ 2
1 725(w)12(0xw) < mlwINIIVUIIiz(Q) + 2|w] [ w72 g

where C is the sobolev-poincare-wirtinger constant for H*(Y).

(7) Suppose N > 3 and let w. 5 be a sequence in H*(2) which is uniformly bounded
as both € and § approach 0. Then there exists Win L*(2; L>(RN)) with V., W in

N
N1

L*(Q2 x RYN) such that, up to a subsequence, —— T 5(we.s) — Mecs(wes) — W
€

weakly in L*(Q; L2(RY)), and
531

€

V. (Te5(wes)) = V. W weakly in L*(2 x RY).

N
6z 1

Furthermore if, lim  sup < +o0, then one can choose the subsequence
e,0—(0t,0t) €&

N_1

above and some U € L*(Q; L2 _(RY)) such that
L*(Q; L2 (RM)).

loc

Tes(wes) — U weakly in

Definition 1.4 A sequence {v. s} in L'(2) satisfies the unfolding criterion for integrals
(u.c.) if
/ Ve, dr — 6N/ Te5(ves) dxdz — 0,
Q QxRN
for every sequence (e,8) — (0%, 07m) this property is denoted

Te,s
/ Vep dx = 6N/ Tes(ves) do dz.
Q QxRN



Proposition 1.3 ([[/]u.c.i) if v. is a sequence in L*(2) satisfying
/ |ue de — 0
A

then it satisfies:

Te,s
/ Ve,s dx = 5N/ Te6(veys) da dz.
Q QxRN

Remark 1.3 As observed in [5], for any 1p € D(QQ), one has

1 7e.s06)—wll Lo ax2vy = 0.



CHAPTER

TIME-DEPENDENT UNFOLDING
OPERATOR IN PERFORATED DOMAINS

2.1 The time-dependent unfolding operator in perfo-
rated domains

In this section, we adapt the unfolding operator in [7] to time-dependent functions we present
the unfolding operator 7. which maps functions defined on the oscillating domain

Q x (0,T) into functions defined on the fixed domain £ x Y™ x (0,T). This avoids the
use of any extension operator. We also give some properties by extending the previous ones
(see [7] for more details and [1] for the classical unfolding theory).

For any z € R", we use [z], to denote the unique integer combination zn: k;b; of the period

j=1
such that z — [z]y € Y set:

{z}y =z —[z]y € Y ae Forz € R". (2.1)

16



Then for each z € R", we have:

z=¢ ([ﬂy n {j}) ae. forz € R

Let us first recall the unfolding operator ¢ for the fixed domain € X (0, T') introduced in

[11], where the properties of Tz, are shown without proofs.

Definition 2.1 Forp € [1,4+00) and q € [1,00), let ¢ be inL?(0,T; LP(2)). The
unfolding operator T : L(0,T; L (2)) — L(0,T; LP(Q X Y')) is defined as follows:

o <5 [:}Y + sy,t) yae., for (z,y,t) € Qe X Y x (0,T),

0, a.e., for(z,y,t) € Ac XY X (0,T).

7?(¢)((B,y,t) = (2.2)

In a similar way , we estend the unfolding operator for the perforated domain 2 to the

following unfolding operator T_* the perforated domain 2% x (0,T).

Definition 2.2 Forp € [1,+00) and q € [1,400] let ¢ be in LI(0,T; LP(2)) the
unfoldin operator

T : LY0,T; LP(2)) — LU0, T; LP(2 X Y')) is defined as follows:

xr
g

o) (s + sy,t) a.e. for (xz,y,t) € Q. XY™ x (0,T7),
t*(way,t) =

0 ace. for(xz,y,t) € Ac X Y™* x (0,T).

From this definition, the following properties are imediate:
(i) for w,v € LU(0, T; LP(€X;)), T (vw) = T (v) T (w)

(it) For4p € L1(Q2) ande € L1(0,T)
T2 (b)) = T (), (2:3)

(iti) for ¢ € LU0, Ts WHP($7)), V(T2 (9)) = T (V)
Remark 2.1 concerning T and T, we have the following:

(i) 7;*(W|n;><(o,T)) = 7;(w)|n><Y*><(0,T)a



(”) 7;*(¢) - 7:*(";)|ﬂ><Y*x(O,T)’

where w and 1) are defined on X (0, T) and 2%, respectively. in definition2.1 and 2.2 if ¢
is independent of t, then T and T are the classical unfolding operators defined in [7] and
[2], respectively .

For simplicity, we always write T (@) instead of T (¢
in Q x (0,T).

Qxx(0,1)) for any function ¢ defined

Next we list some properties of the unfolding operator T_* used in this work.

Proposition 2.1 for p € [1,+00) and g € [1,00). the operator T is linear and
continuous from L(0,T; LP(S2)) to LY(0,T; LP(Q X Y™*)). let ¢ € LI(0,T, L' (QF))
and w € L1(0,T, LY(822)) for a.e. t € (0,T) we have:

(i) @) (@, y,t) dw dy dt = /ﬂ o(x,t) de dt = /Q o(x, t) dz dt—/A* o(x, t) dz di

IYI

. " 1 1
(ii) |72 (W) llzraxy=) = [Y]7 |0l poery < 1Y [P [lwllzeaz)-

Proposition 2.2 For g € [1,+00], let ¢. be in LI(0,T; L' (QF)) and satisfy

T
//|¢€|d:vdt—>0
0 JAx

Then

T

As usual , this convergence is denoted by :

T 1 T
cdrdt © — *(¢e) dz dy dt.
/o Qx Pe d Y| Jo Jaxy= 72(¢.) de dy

Morever, we have the following convergences:

Proposition 2.3 (i) For p,q € (1, +00] let ¢. € L4(0,T; LP(2F)) and

’ ’ 1 1 1 1
Y € L1 (0,T; LP (222)), ( +—-=1,—4+—= = 1) such that:
p p q9 4q

|6l saomizr@zy < C andl|ll o ziss' ey < C-



then
[RETEE |,1/| I [ T 00T () dady .

(ii) For p,q € (1,+0o0] let ¢. € LP(0,T; LP(2Y)) and . € LI(0,T; LP°(Q2Y))
1

1 1 1
-+ —<1,—+4+ — =1 such that:
P Po a 4q

1@ellzaqo.rev@z)) < C and||Yell 1 o 110002y < Cs

then
T 1 T
fy Jo pepedwde= o [7[TH@IT () dady dt.

Proposition 2.4 (some convergence properties)

(i) For p,q € [1,00), let w € L(0,T; LP(2)). Then:
T (w) — w strongly in LY(0,T; LP(2 X Y™)).
(ii) For p,q € [1,00), let {w:} be a sequence in L1(0,T; LP(2)) such that:

we — w strongly in L1(0,T; LP(S2)).

then
T (we) = w strongly in LI(0,T; LP(Q2 X Y™)).

(iii) For p € [1,00) and q € (1,00), let {w.} be a sequence in LI(0,T; LP(2Y)) such

that: ||wellzao,mizr(0z)) < C, if

T (we) = @ weakly in L1(0,T; LP(2 X Y)),

then we have
G — OM.(&) weakly in L1(0,T; LY (Q)).

For q = oo, the weak convergence above are replaced by the weak™ convergence,respectively.

Proposition 2.5 [[12],[1/]] Let p €]1, +oo[ and {p.} be a sequence in the space



L>(0,T; Wy P(2)) such that

||V90||L°°(0,T;LP(Q)) < C.

Then there exist @ € L>(0,T; WyP(2)) and ¢ € L>(0,T; WEP(Q)) such that up to a

per

subsequence :

o (i) T (pe) — @ weakly* in L=(0,T; WLP(Y))

per
o (i1) TX(Vp:) = Voo + V@ weakly”™ in L(0,T; LP(Q2 X Y))

Theorem 2.1 Forp € (1,+00), let {w.} be a sequence in LP(0, T; WP (€3 R™)) such

that:
ow,

ot

lwe || zro,7500(2)) < C and || | Lo 0,m;w1e(02)) < C,

; D 1,p ; ow -~ oo 1,p
Then there exist w € LP(0,T; WyP(Q)) with B = 0 and @ € L*=(0,T; W _P(Q))

per

with My« (W) = 0 such that , up to a subsequence:
(i) we — w weakly* in LP(0,T; LP(2; WP(R))),
(i) T (Vw) = Vw + Vb weakly* in LP(0,T; LP(£2 x R™)),
ow, ow .. Tp » n
1 ) — Bt weakly™ in LP(0,T; LP(©2 x R™)),
(iv) T (we) — w strongly in LI(0, T; WP (£2)),

(i) T2

(v) llwe — w”Lp(o,T;Wg”’(ﬂ)) — 0.
where q is any number in (1, 400).
We end this section by recalling the definition of the mean value operator My and

that of the local average M3, and give some of their properties that will be useful in

the sequel.

Definition 2.3 Let p,q € [1,+00]. The mean value operator
My : L0, T; LP(2 X Y)) — L%(0,T; LP(R?)) is defined by :

MY(u)(m9t) = W1|/1’u(w, Y, t) dy,

For every w € L1(0,T; LP(2 X Y))



Definition 2.4 Let p,q € [1,+o0], the local average operator
M, L9(0,T; LP(2)) — L%(0,T; LP(K2)) is defined by:

1

M () (@ 1) = 1o

/Y Te(u)(x, y, t) dy

For every w € L1(0,T; LP(2)).

Remark 2.2 In connection, some of the properties of T (in the case of dependence on
time) can be derived directly for those of the unfolding operator for fized domains frome [7]
with the time t as a mere parameter.

As a consequence , we have the following result .

Proposition 2.6 Let p € [1,00[ and q € [1, c0]for ¢ € L1(0,T; L*(R2)), one has
TeM5 (@) (2, y, t) = My (Te(9)) (2, t) = Ty (o) (2, t) in Q X [0, T].
Let{w.} be a sequence in L(0, T, LP(R)) such that
we — w strongly in L1(0,T; LP(2)).

Then
M (we) = My (w) = w strongly in L9(0,T; LP(2)).

For any ¢ € L(0,T; LP(2))

1-p
My (@)l Lao,rszr)) < 1Y |7 [lellrao,rr @)

2.2 Time-dependent unfolding operator in domains with
two parameters

In this section, we extend the operator 7T s, defined in the previous section to time-dependent
functions by adapting what is done in [12]. We start by defining the unfolding operator for
time-dependent functions in the domain QZ s %10, T[, depending € and §

In what follows , we have (g,) — (0,0) through any sequence and subsequence.



Definition 2.5 Letp € [1,+oo[ and q € L(0,T; L*(2)) the unfolding operator
Tes : LU0, T; LP(?)) — LU0, T; LP(Q2 X Y)) is definded as

1
7; 75 ’t ) ] 7t Q* *Y O,T
T () (@ 20 1) = (P)(,02,t) if (x,2,t) € 2, X ~¥X]0, T

0 otherwise.

that is,

P (e [ﬂ + eéz,t) if (x,2,t) € QF X 1Y><]0,T[,
Tes() (2, 2,t) = ely 0

0 otherwise.

As mentioned above , for 8 = 1 we are in presence of the unfolding operator for fired domains

introduced in [7]

Remark 2.3 From now on, if a function does not depend on t, by T.s(p) we simply
mean the operator introduced in definition 1.2.
Being defined by means of the operator Tc, the unfolding operator T s, inherits most of the

general properties of it. In particular, the following proposition is straightforward:
Proposition 2.7 Let p € [1,+o00[ and g € [1, +00]
(1) Tz is linear and continuous from L(0,T; LP(2)) to LY(0,T; LP(22 X R™)).
(2) Teo(vw) = T 5(v)Tes(w) for every v,w € LI(0,T; LP(Q2)).
(3) V(Tes(p)) = €0 Tes(Vep) in Q X ;YX]O,T[ for all ¢ € L(0,T; Hy(9)).
Theorem 2.2 Letp € [1,+oo[ and g € [1,+oo0].
o Let p € LY(0,T; LP(R2))

5N

m - Tesp(x, 2, t) drdz = /Q: p(z,t) dz

= /Qcp(:c,t) dr — /As p(x,t) de.



For a.e. t €]0,T]
The continuity of the operator Te s, as follows:

[Y]\*
1726 (#) Laco,rszr(ay || < (5]\, lellzaco,r;zr(2))-

o Let p € LI(0,T; H'(R)) and N > 3. Then for a.e. t €]0,T|

elY| v
IV=(Tes(@)lraxiyvy < (5N_1> IV ellrr )

Proposition 2.8 Let p € [1,+00] and . € LY(0,T; L'(2)) satisfying
T
/ pedxdt — 0
o Ja.

Then

! qwat = 9" dz dz d
€ t = 7/ / € € t.
/0 /QSO * Y| Jo JaxrN Tes(pe) dz dz

Proposition 2.9 Let p,q € [1,+00]. Let {p.} be a sequence in LI(0,T; LP(2)) and
{1} be a sequence in LqI(O, T; LP°(R2)) , such that

lellzorzriay < C and [l o rizmogeyy <

1 1 1 1
where — + — < 1 and — + — = 1. Then
p Do q q

T Tes &N T
/ / SO€¢€ dedt = — / / 7;,5(9051,[)5) dx dz dt.
0o Jor Y| Jo Jaxly

The next two propsitions extend to time-dependent functions some properties given in [5]

Theorem 2.11].
Proposition 2.10 Let w € L1(0,T; H'(Q)) for q € [1,400[ one has estimates

Ce|Y|»
TN V]| Lagoszr (),

1725 (w0 = M5 (@)l oo, 1s00 i1 vy < e
P



and for w an open and bounded subset of RY

1
2Ce|Y |» 1—
I'72,6(w)||zao,1;r(xw)) < 6N|_1| V|| pao.rszr @y + 21@l|Y 7 [[wl| pao.rs o))
P

Where C is the Sobolev-poincare- Wirtinger constant for H*(Y').

Theorem 2.3 Let p € [1,+o0[,q € [1,4+00]. N > 3, {w.s} be a sequence in
L0, T; H'(Q)) which is unformly bounded with respect to € and & as (€,8) — (0, 0)
Then up to a subsequence, there exists W in LY(0,T; LP" (R™)) with

V.W in L0, T; LP (2 x RN)) such that

N_q

pi (ﬁ,é(ws,é) - M;(we,J)l%Y) -~ W weakly in Lq(OaT; LP(Q; Lp* (RN)))a
€

and

N
§» !

——— V. (Tes(wes) 11y ) = VW weakly in L0, T; LP(Q x RV)). (2.4)
1S

furthemore if
N

§» !

K* = lim sup < 400, (2.5)

(e,6)—(01,01)

then one can choose the subsequence above and some U in L1(0,T; LP(Q; LY, (RN))) with

loc

N
§r» !

—Tes(we5) — U weakly in L0, T LP(€2; L? (RN))) (2.6)
€

loc



CHAPTER

HOMOGENIZATION OF THE
HYPERBLOIC-PARABPLIC PROBLEM

3.1 homogenization of hyperbolic-parabolic problem in
domains (2.

In this chapter , we study a class of hyperbloic-parabolic problems in periodically perforated
domains with a homogeneus Neuman condition on the boundary of holes. We focus on the
homogenization of equation(3.1). The proof is based on the periodic unfolding method in
perforated domains.

We consider the hyperbolic-parabolic equation with homogenious Dirichlet-Neuman bound-

ary in the perforated domain , namely:

25



u! + u. — div(A*Vu,) = f., on QF x (0,T),

u. =0, in 8N x (0,T), )

A*Vu..mn. =0, in 0SS, x (0,T),

0
e

ul(z,0) = ul, inQf

u:(x,0) = u :

where © C R is an open and bounded set with lipchitz continious boundary, S, is a set

of e-periodic holes of sise € and QX = Q\S,, n. is the outward unit normal vector field
defined on 8S..

For the unitial data , we always assume u? € Hy (), ul € L*(Q2F) and f. € L*(0, T, L*(2Y)).

The coefficient matrix A€ satisfies the following assumptions:

A® € M(a, B,9Q),

Afsymetric,

where M (e, B, Q) is the classical set of the n X m matrix-valued functions(see [3]).
We need to introduce some necessary asumptions. In what follow , we suppose that the

coefficient matrix A satisfies :

Te(A®) — A strongly in (L'(Q x Y))™*", (3.3)

where 7T¢ is the unfolding operator in fixed domains [3]. These assumptions recover the
classical periodic coefficient case mentioned above.

For the initial data, we make the following assumptions:

(2)u? — u® weakly in H, (),

(¢i)ul — u' strongly in L*(2), (3.4)

(i43) f. — f weakly in L?(0,T; L*(Q2F)).

set

We = {vslvs € L*(0,T; V*),v. € L*(0,T; Lz(Qg))} (3.5)



with

ve={ve HI(Q:)|U =0 on 09}

with the norm defined by

”’Us”WE = ||Ue||L2(0,T;Ve) + ||Ué||L2(0,T;L2(ﬂZ))'

Variational formulation

We multiply the equation of problem(3.1) by a test function v where v € V¢ and we

integer on Q7, we get

/ u;’vdm—k/ u;daz—/ div(AEV'u,s)vda::/ feudx (3.6)
Qr Q o Qr

Now, we apply the Green’s formula on third integral in above equation we get :

— A Au.,vdx = A*Vu . Vodx — / A*Vu.v.n.dIl'
Qx Q* aNUAS.

by Green’s formula for the second integral we get:

— A Au,vdx = A*Vu . Vodxr — A*Vuv.n.dx + A*Vu.v.n,
Qx Qx dSe 1y}

the last integral equal to zero because: A*Vu.v.n.dl' = 0 and v = 0 on 9L are
dS.

essential condtions.

Then

— A*Vu.vdx = A*Vu Vvdr (3.7)

Q2 02z

Substituting the formula (3.7) into (3.6)we get:

(Ul v) (vey ve + (Ul V) (vey,ve + /ﬂ* A*Vu . Vuvdr = /ﬂ* f-vdx



The variational formulation of problem (3.1) is to fined u. € W, such that

(Ul v) (vey ve + (U V) (yey e + /ﬂ* A*Vu Vodr = /Q fevdx

in D'(0,T) for all v € V*© (3.8)

ue(z,0) = w2, ul(z,0) = u! nQ.

For every fixed e, classical results provide that problem (3.6) has a unique solution u,. such
that:
ue € C°([0, T5 V<)) N C([0, T; L*(927))-

Homogenization of hyperbolic-parabolic equation

In this section we state our homogenization result of problem (3.1), the main result of the

homogenization give by the next theorem.

Theorem 3.1 Let A® be a matriz satisfying (3.2) and (3.3). Suppose that u. is the solu-
tion of problem (3.1) with (3.4). Then there exist u € L*(0,T; H}(Q)) with

u € L*(0,T; L*(Q)) and

a € L*(Q, H (22 xY™)) with My~«(@) = 0, such that

per

T — w strongly in L*(0,T; L*(2, H (Y™))),

T (ul) = ' in L*(0,T; L*(2 X ™)), a5
3.9
T (Vu.) = Vu + V, 4 weakly in L*(0,T; L*(2 X Y)),

lwe — wl|z2(0,1;22(022) — 0.



The pair (u, ) with M3, (u) = 0 is the unique solution of the following problem:

T T
0/ / uPo dxdt + 9/ / uPo dx dt
01 QT 0 Q T
+|Y|/0 /QXY* A(Vu + V,2)(VE + V,®)pdz dy dt = 9/0 /Q FUpdz dt

for any ® € Hy(Q),® € L*( HY (Y™)) and ¢ € D(0,T),

per
u=0onQx(0,T),
u(z,0) = u, u'(x,0) = u' in Q.
(3.10)
We also have
=Y ot 3.1)
j=1 9x; '

with x; € L*(82; per(Y ))(J = 1,...,m) being the solution of the cell problem

—divy(AV,(x; +y;)) =0 in Y7,

AV, (x; +yj).n1 =0, on 98,

ML (x;)(x,.) =0, x,(x,.) Y — periodic.
Moreover, u is the unique solution of the following homogenized hyperbolic-parabolic equation
u 4+ u — div(A°Vu) =071f, in Qx (0,T),

u=0, on 002 x (0,T), (3.12)

u(x,0) = 'u,O,'u,l(a:,O) =ul, inQ,

Where the homogenized matriz A® = (a )1<ij<n IS defined by

O
a?j(a:) My(a;j + Z ik IXiy, (3.13)
k=1 Oy
In addition, we have the following convergence:
i)u. — Ou weakly* in L>(0,T; L*(Q
(2) (0, T; L*(92)), (3.14)

(ii)AE% — 0A°Vu weakly* in L=(0,T; L*(Q)).



We would like to mention that the effective matriz filed A° depends on x, while the classical

matriz is constant .

Proof

The proof of theorem (3.1) is fondamentally based on periodic unfolding method. Our
starting point is following variational of problem (3.1). Find u. € L*(0,T;V®) with
u € L*(0,T; L*(Q)) and

u” € L*(0,T; (V*®)') such that (3.8)

. For every e, we have the following uniforme estimates:

l|te || zooo,75v) + [|1U || Lo (0,2 (02y) < C (3.15)

In view of (3.15) and Theorem (2.1), we get there exist w € L>(0,T.H,(£2)) with
u' € L>(0,T; L*(Q)) and & € L™(0,T; L*(Q, H), (Y™))) with My-(@&) = 0, such

that, up to a subsequence(still denoted by €), the convergence in (3.9) hold . From propostion

(2.4)(iii), we further get that

@ — OMy-(u) weakly* in L>(0,T; L*(Q)),

__ (3.16)
AVu, = OMy-[A(Vu + V,4)] weakly* in L>(0,T; L*()).
Now let ¥, ® € D(?) and ¢ € leer(Y*). set
v.(@) = (@) + cd(@)y (@) vith ¥*(2) = (). (3.17)

Then
Vv, = V. [¥(@) + (@) (@)
= V() + eV, [p(@)w (D)
= VO + eV,0u(0) + o x L o(@) V()

= VU +eyVo + qb(vyw)(g)



By propostion (2.4) (ii), we have

T*(ve) — ¥ strongly in L*(2 X Y),

T2 (¢¢°) — @ strongly in L*(Q X Y) with ® = ¢(x)¥(y), (3.18)

T (Vv.) = V¥ + V,® strongly in L*(Q2 X Y).

Let p(t) € D(0,T), we take v a test function in the problem (3.1) we get

T T T T
/ / u v dx dt+/ / u v dx dt—l—/ / A*Vu . Vo.pdrdt = / / Jfevepdx dt
0 Qx 0 Qx 0 * 0 QF

(3.19)
We pass at the limit in problem(3.19) term by term
We start by the firt term
T T
lim/ ulv.pdedt = lim/ u.v." dz dt (3.20)
e—0 Jo Qx e—=0 Jo
By the unfolding operator 7_* and we use the definition 2.2 (i)(ii) we get
: T : 1 T * * * /
ll_r)%/o /QZ UV dr dt = ll_I)l% |Y|/0 /QXY* T (ue) T () T (@) dx dy dt
by convergence (3.18) and (3.9) and, by Fubini theorem we get
. T n . |Y*| T n
llm/ / UV dxrdt = lim —— / uW'dx dt
e—0 Jo Qr e—0 |Y| 0 Q
such that @ = u, then we get
Y|
T T
lim/ uw'v.pdxdt = 0/ / uP” dx dt. (3.21)
e—0Jo JQr 0 JQ

For the second integral:

T T
lim/ / uv.pdrdt = — lim/ / u. v dx dt
0o Jar o Jar

e—0 e—0



We use the unfolding operator 7_* and by the definition (2.2) (i)(ii) we get

T 1 T
. ’ 13 * * *( 1
ll_l)%/o /Q: u v de dt = — lim %] /0 oy T2 (ue) T (v) T (') dae dy dt

By Fubini theorem and by convergence (3.18) and,(3.9) we get

T T
lim/ ulvipdrdt = —0/ / uW' dx dt (3.22)
o Jar 0o Ja

e—0

For the third term we use the unfolding operator 7_* and, by definition 2.2 (i) (ii) we get

T 1 T
lim / A*Vu Vu.pdxdt = lim — / TI(A®)T(Vu )T (p) dx dy dt
0o Jox | Jo Jaxyx

e—0 =0 |Y

By (3.3) and by convergence (3.9) and (3.18) we have

T (Vu.) = Vu + V, a4 weakly* in L>*(0,T; L*(2 X Y™)),

T*(Vv.) = V¥ + V& strongly in L*(0,T; L*(2 X Y*)),

7;*(146) — A strongly in (Ll(ﬂ X Y*))™<,

We get
1 /T
lig 1 [, TS AT (V) T2 (V) T2 (o) d dy
= lim Ill’l /OT /QXY* A(Vu + V,a) (V¥ + V,®)¢ dz dy dt
This imply :

. T I3 1 T A

25%/0 [, A VU Vop de dt = |Y|/O /wa A(Vu+V,0)(VE+V,8)p de dy dt
(3.23)

For the laste integral in equation (3.19) we use the unfolding operator 7_* and by definition

2.2 (i)(ii), we have

. T . 1 T * * *
lim [ [ foowpdudt =lim oo [0 T T (0T (o) da dy dt



By (3.4) and (3.19) we get

1 7 1 7
lim —— *E*E*dddtzl‘—// o de dy dt
=0 Y| Jo axys e J) T ()70 (0) de dy =0 Y] Jo oy d VP A dy
By Fubini theorem we obtain:
T T
lim / / fov.pdrdt =0 / / FUde dt (3.24)
e—0 Jo Q* 0 Q

Now we can pass at the limit in expression (3.19) using (3.21), (3.22), (3.23) and (3.24) we
get

T T
0/ / wly” da dt — 9/ / wly' da di
0 Q 0 Q

1 T
— A 7, v D) dx dy dt )
+ 157 | A(Vu+9,8)(V¥+ V,8)pdz dy (3.25)

T
:0/ / FUp dz dt.
0 Q

setting ¥ = 0 we get
Lo AV \Y% V., ®)edx dy d
— u t=0
|Y|/0 L A(Vu+9,8)(V,®)pde dy

We obtain
divy,A(Vu + V,a) = 0.

Since u is independent of y and My~ = 0 we obtain (3.11) Moreover we have the following
identity
/ A(Vu + V,2) VU de dy = [Y*|A'VuVE (3.26)
QxYy*

sabstituting (3.11) and (3.26) into (3.10), we get that
u 4+ u —div(A°Vu) = f in Q x (0,T).

Wich gives the equation (3.12) and " € L2(0,T; H*(Q)). Hence from classical results,
we have u € C°([0, T]; L*(Q)) and o € C°([0,T]; H1(2)).
Now, in order to chek the initial conditions, let v, be given (3.17) and ¢ € C*°([0,T]) with



©(0) = 1 and p(T') = 0. choosing v.¢ as test function in the variational formulation (3.8)

we have

T T T,
/ / fevepdx dt — / A*VuVo.pdxdt = / (u, vsgo)(vs)/ yvedx dt
Jo Jar o Jar 0 ’ (3.27)

T ’
— /0 (U Vep) (yey ve d dt

We integrate by parts (for the variable t) the first integral in the other side of the equation
(3.27) we get

T T T
/ / ulv.pde dt = / {gou;vg} dr — / ulp'v. de dt
0 Jor Qr 0 0 Jor
T
= /Q {go(T)u;(T)ve — go(O)u;(O)ve} dx —/ /Q u.p'v. de dt

T
= —/ u (x, 0)v.(x) d:z:/ / u.p'v. dx dt
Qr o Jar

(3.28)

substituting this formula into (3.27) we get

T T :

/ / fevepdx dt — / A*VuVuo.pdrdt = —/ u (x, 0)v.(x) dx
o Jar 0o Jar Qr

T T <329)

+ / u.p'v. dx dt — / ulv.p dx dt
0o Jar 0

oz

by similar method above, passing to the limit in the expretion (3.27), using (3.9), (3.21),
(3.22), (3.23), (3.24) we get

T .
= A(Vu + V,0) (VT + V., &) dz dt 9// Vo dz di
|Y| QxY* ( 'U,+ yu)( + Yy )90 T + 0 Qf SO T

T T
= —0/ ul\Ilda:—B/ / u'\Il<p'da:dt—0/ / u' W dx dt
Q 0o Ja 0o Ja

Also, using the integration by parts for the forth integral we get

1
|Y| QxY*

T T
:—0/ ul\Ild:c—l—H/ u’(w,O)\Ilda:—l—H/ /u”\Ilcpda:dt—H/ /u’\Ilcpdwdt
Q Q o Ja o Ja

T
A(Vu + V,2)(VE + V,®)p de dt + 9/ /Q FUpde dt
0



combining this equation with (3.25) we have
u'(x,0) = u'

Now for the second intial condition choosing ¢ € C*([0,T]) with
¢(0) = o(T) = ¢'(T) = 0, ¢'(0) = 1 and taking v as test function in the variational

formulation (3.8) we have

T T
/ / fevep dx dt — / A°Vu . Vou.pdzxdt
o Ja o Jax

r . (3.30)
= /0 <’Ll,”, ’U,._—(P> (ve),ve dx dt — /0 <’U/, UE(P>(VE)/’VE dx dt
The integration by parts gives
T / T T ’ /
/0 o dx dt = /Q*[cpuvg]o —/0 /Q* u v dx dt
T
= —/ / ul v, dx dt
o Jox
We use it for the second time integration by parts we get
T / / T "
—/ / u v drdt = / u.(x, 0)v. dx + / / uv.p" dx dt
o Jax Qx o Jox
by sabstituting this expretion into (3.30) we get
T 1 /T
/0 /Q fevepdx dt — m o A*Vu . Vu.pdx dt
‘ ‘ (3.31)

T T
= / u.(xz,0)v. dr + / / u.v.p" dx dt — / / ulv.p de dt
Q: 0o Jar 0o Jar
By similar method above passing to the limit into expretion (3.31), using (3.9), (3.3) and
(3.21), (3.22),(3.23), (3.24) we have

1

T
177 e ATUF V) (VE + V,8)p da dy dt + 0/0 /Q FUpdedt

T T
:0/u0\11dw+0/ /u\Ilgo”da:dt—H/ /u’\Ilcpdmdt
Q 0o Ja 0o Ja



By integration by parts two time for the forth integral we get

1

_m QxXY*

T T
:O/UO\I'dm—O/u(a:,O)lIlda:—l—O/ /u”\I'godmdt—O/ /’u,’lIlcpdmdt.
Q Ja 0o Ja o Ja

T
A(Vu + V,2)(VE + V,®)p de dy dt + 0/0 /Q FOpdadt

combining this equation with (3.27) we have

u(xz,0) = u’.

3.2 Homogenization of hyperbolic-parabolic problem
in the domains 2.

In this chapter, we suppose thas N > 3 and that € and § = d(e) are such that (2.5) holds,

that is, there exists the following limit and is finite:

N
* ki
k* = lim
e—0 g

< o0, (3.32)

We also denote by M (a, B, 2) the set of N X N matrices A = (aij)1<ij<n in (L®(Q))N*N
such that

(1) (A(@)A ) > alAf,

(i) [A(Z)Al < BIA],

for any A € RY and almost everywhere on ., where o, 8 € R such that 0 < a < 8. We

want to study the asymptotic behavior as € — 0, of the problem

ul 5(x,t) + uls(x, t) — div(A*(z)Vues(x, b)) = fes(z,t) in Q ;X]0,T[

Ues(z,t) =0 on 9Q ;x]0,T7,

ue5(x,0) = ul 5(x) , ul 5(x,0) = ul s(x) in Q.
(3.33)



We suppose that the data satisfy the following assuptions

Af € M(a, 3,€), A° symmetric,
fs,6 S L2(07 T; L2(QZ,5))7

ug,a € HS (QZ,a),

u:’a € L*(Q).

Moreover, we assume that

“2,5 — u® weakly in L?(Q),

u;ﬁ — u! weakly in L?*(Q),

fo5 — f weakly in  L?(0,T; L*(R2)).

The set
Weis = {ve5 € L2(0aT5 H&(Qz,a)) : ”;,5 € Lz(O’T; Lz(ﬂ:,é))}’
is equipped with the norm
e sllwes = lvesllzzo,rsmacar ) + 100 5llz2 0152202 )

Variational formulation

We multiply (3.33) by a test function v where v € V' we get :

u. vdx + u . dx — divA*Vu.s5)vdx = vdzx.
.0 .0 £,0 £,0
Qr; Qs Qs Qs

we integrate on Q:’ 5 and by Green’s formula we get :

* *
Qs,é Qe,ﬁ

— /Q div(A*Vu.s)vdx = A*Vu.;Vvdr — A*Vu, svn.sdl.
€,8

(3.34)

(3.35)

(3.36)

(3.37)



then:
_ / div(A*Vu. 5)v dzx = / A*Vu, ; Vv de (3.38)
oz, az,

we replace (3.38) in (3.37) we get :

/ u;’é’l) dx + / ’U/IE 5'U dx —|— AEVUg’(sVU dr = / fe’é’v dx (339)
Q* 9 Q* b Q*
€,0 €,0 €,8

Qs
The variational formulation of problem(3.33) is : find u. s € W, s such that for all
v E H& (Qz,a)

/ ul svdx + / u. svdx + A*Vu.;Vvdr = / fesvdx in D'(0,T)
Q* 9 Q* 9 Q*
£,8 £,0 €,0

*
Qs,&

Ue,s(z,0) = ug’é(w) ,u;’a(w,O) = uiﬁ(w) QZ,&

(3.40)
Classical results [[16],[3]] provide for every fixed € and d the existence and uniqueness of a
solution of problem (3.40) such that
ues € C([0, T]; Ho(27,5)) N CH(0, T L*(275))
and satisfies the estimate
[te sl Lo 0,713 02 0)) T Ul sllze 0z (s, < C, (3.41)

where C is independent of € and 4.

Remark 3.1 In the following, we identify functions in H&(Q;a) with their zero extension

to Hy(82) so that we can right (3.41) as

| we sl Loso,msmz )y + 1 sl L (0,1522(0)) < C, (3.42)

where C' is independent of € and 6. We adapt here for the evolution problem some arquments

introduced in [5] . Let us introduce the functional space

Kp = {@ € L*(0,T; L* (RY)) : V® € L?*(0, T.L*(R™)), ® is constant on B} .
(3.43)



We also need the following lemmas from [5] in order to pass to the limit in equation (3.40).

Lemma 3.1 [5]. Let N > 3.Then, for every 8o > 0, the set
Uo<s<so{@ € H: (Y): ¢ =0 on 6B},

per

is dense in H' (Y).

per

Lemma 3.2 [7]. Let v € D(RY) N Kp (i.e.,v = v(B) is constant on B) and set
1 x
wes(e) = o(B) — v 5 )
0 €
for x € RN. Then
w. s — v(B) weakly in H* (). (3.44)
Remark 3.2 1. from the definition of w.s above, one has
A 1
Tes(xyz) = v(B) —v(z) in 2 X gY,
and consequently (see [5]),

1 1 a 1
7;5(’(1}5,5) = —gvz(ﬁ,g(’wg’g)) = —gvz'v m QE X EY (345)

2. Let {wes} be a sequence satisfying (3.44). We have,
Te(wes) — v(B) strongly in L*(2 X Y) (3.46)

Indeed, it was shown in [5] that {w.s} is bounded in H*(2) so that together with
(3.44) and Rellich compatness theorem, one has we,s — v(B) strongly in L*(Q); that

15,
||'w5,5 — ’U(B)”Lz(g) — 0.

We state now a homogenization theorem for system (3.33):



Theorem 3.2 Under assumption (3.34) and (3.35), suppose that as € — 0, there is a
matriz field a such that

T-(A%)(x,z) > A(x,2) ae in Q2 XY, (3.47)
and as both €,8 — 0, there exists a matriz field A° such that
T.5(A%)(z,2) = A%(z,2) ae in Qx (RV\B). (3.48)

Let uc s be the solution of(3.40). Then there exists uw in L™(0,T; HY(2)) and 4 in
L>(0,T; L*(Q; H),(Y))

per

such that

(2)ue,s — w weakly* in L*(0,T; H} (2)),
(i)u, 5 — u' weakly* in L>(0,T; L*(2)),
(14) Te(ues) — w weakly* in L=(0,T; L2(£; HY(Y))), (3.49)

(iv)Te(ul 5) — u’ weakly” in L*>(0, T} L*(Q xY)),

(V)T:(Vues) — Vau + Vi weakly* in L=(0,T; L*(2 X Y)).

and U € L*(0,T; L*(2, L2 (RY))) such that

loc

571
T 5(ues) — U weakly in L*(0,T; L*(Q; L2 _(RY))), (3.50)

loc

with U vanishing on & X Bx]0,T[ and U — k*u € L*(0,T; L*(Q; Kp))
(Kp being defined by (3.43) ).

The couple (u, @) satisfies the limit equation

| A, 9)(Vou(@,t) + V,a(2, y,6) V,6(y)dy = 0, (3.51)

fora.e. x € Q, a.e. t €]0,T[ and for ¢ € H' (Y). while the function U obeys

per

/ . A%z, 2)V. U(x,2,t)V v(z)dz = 0. (3.52)
RN\B



fora.e. x € Q, a.e. t €]0,T| and for all v € Kp with vg = 0.
The ordered triplet (u, @, U) satisfies the limit equation

(W’ (s t), V) 2 @)y .m2 (@) + (W (5 1) ¥) (2 (@), HL ()
1 /M Az, y)(Vou(z, t) + Vya(z, y, ) Vi (z)de dy

—k* /ﬂxaB A°(z, 2)V. U(x, 2, t)vpy(x)dx do, (3.53)
— /Qf(m,t)q,b(m)dm, for a.e.t €]0,T[ and for all ¢ € HL(S),
u(z,0) = u® ,u'(x,0) = u' in Q.

where vy is the inward normal to OB and do . its surface measure.

In what follows, we will use the notation my (.) for the average over' Y defined as

my (v) = |Y1| [ vy dy, wo e n'(y)

The result below describes now the homogenized problem in the variable (x,t) in Qx]0,T.
To this aim, let us consider the correctors Xj,J = 1, ..., N solutions of the cell problem;

they are the same for domains without holes (see[[1],[5]]).

Xi € L®(Q HY, (Y)),

/Y AV(X; —y;)Vedy =0 ae x € Q,Vep € H;eT(Y) (3.54)
mY()Zj) =0,

where A is given by (3.47).

We condider also the cell problem corresponding to the holes B defining the corrector @ for

smal holes, introduced in [7],

0 € L~(Q2 Kg), 0(x,B) =1,
/ A @ 2)V.0(, 2) V. ¥ (2)dz = 0 (3.55)
RN

a.e. forx € Q,V¥ € Kpwith ¥(B) = 0.

corollary 3.1 Under assuption(3.34) and (3.35), uw € Hy(2) is the unique solution of



the limit problem

u’ +u — div(A"™Vu) + (k*)?0u = f in Ox]0,T],
u = 0 in 902x]0, TY, (3.56)

u(z,0) = u° ,u'(x,0) = u' in Q.

where the homogenized matriz field is

h ol OX;
A om — my(aij + Z a;r ). (357)
k=1 8yk
and
=/ 'A'V.0vpdo,. (3.58)

oB

Remark 3.3 as shown in [7], ® can be interpreted as the local capacity of B. (see also
([[11],[9]]). Moreover, from (3.55) it is easily seen that © is non -negative, i.e.,

O(x) = /RN\B Ao(x, 2)V.0(xz,2)V.0(x,z)dz > 0,

that is essential for the existence of the solution of the homogenized system (3.56).

proof of theorem

We prove the results in serval steps .

step 1

The existence of u € L>°(0,T; Hy (€2)) such that up to subsequences, convergences (3.49)(i)-
(ii) hold, follows from estimate(3.41) while the existence of & € L*(0,T; L*(; H;ET(Y)))
and such that convergences (3.49)(iii)-(v) hold, follows from (3.42) and theorem 2.3 there
exists a function W in L?(0,T; L*(Q; L* (RY))) with V.W € L*(0,T; L*(© x RY))

such that (up to a subsequence)

N_1

)2

€

(Tes(ues) — My (ues)lry) = W weakly in L*(0, T; L*(Q; L*" (RV))).(3.59)



Moreover, in view of (2.5), again by Theorem 2.3 there exists U such that (up to a subse-

quence) (3.50) holds.

step 2

Let us check the properties of the function U. From(i) and (ii) of (3.49) we have by com-

pactness,
u. s — u strongly in  L?(0,T; L?*(Q)) (3.60)

so that from proposition 2.6 and theorem 2.3,

N_1

02

M;(ug,g)l%y — k*u strongly in L?(0,T; L*(Q; L? (RM))). (3.61)

loc

Thus, from (3.50) , (3.59) and (3.61) we conclude that
U=W+Ek*u and V,U =V, W

Moreover, by using (2.4) of theorem 2.3, we have

N_1

5%7;,6(VU5,5) =

- Va(Tes(ues))lay — VU w—L*(0,T; L*(2xRY)). (3.62)
Also, from definition 2.5

Tes(ucs) =0 in Q x Bx]0,T],
and thus from (3.50), definition 2.4 and (3.61)

U=u=0 in Q x Bx]|0,T. (3.63)

this means that

W = U — k*u in L?(0,T; L*(Q; K3)).



step 3

Let us prove the first limit equation.

Let ¥ € D(2) and ¢ € C;er(Y) vanisging in a neighborhood of y = 0, and set

v.(®) = ev(@)¢*(@) with ¢ () = $(2)- (3.64)
then
Vo (z) = V(eyp(z)9®(z)) (3.65)
= eVy(z)d°(z) + ¥(x) Ve (),
then
T.(Vv:) = ¢ V,¢ strongly in L*(2 X Y). (3.66)

Taking v, as a test function in (3.40), multiplyin by ¢ € D(0,T), and integrating over
10, T'[, we get

T T
/ / Ues5(x, t)ve ()" (t) dx dt — / / Ue5(x, t)ve ()’ (t) do dt
o Jaz, 0 JQI;

-l-/OT /Q:JAs(az)Vus,a(az,t)Vvs(ac)go(t) dz dt = /OT /ﬂzéfe’ﬁ(m,t)vs(:c)go(t) dx dt.

(3.67)

We have v, defind in (3.64) , this equation can be rewitten as

s/OT /Qzaus’,;(a:,t)z/)(a:)gbs(w)go"(t) dx dt — E/OT /Qzéus,(;v,b(a:)¢€(ac)go’(t) de dt

+/0T /QZJAs(ac)Vue,a(ac,t)Vve(:I:)so(t) dxdt = e/OT /QZJ Jes(x, t)ve(z)p(t) dz dt.

(3.68)



We first use the unfolding operator 7T, to pass to the limit in the third term of the left-hand

side of this equation using (3.65) and (3.66), we have

Te(pe) — ¢ weakly” in L>(0, T; LP(; WP(Y))).
Te(Vv.) — ¥V, ¢ strongly in L*(Q2 X Y).

T-(A%) > A(z,y) ae,in 2 X Y.

To(Vues) — Veu + Vi weakly* in L=(0,T; L*(22 X Y)).

then we get

lim /OT /an A (x)Vues(xz, t) Vo (x)p(t) de dt

e—0

. 1 T £
— lg%lYil /0 /Q T (AT (Ve ) To(V0o) To() da dy dt (3.69)

1 T
- m /0 /QxY Az, y)(Vou + V@) Vo (y)e(t) de dy di

On the other hand, the first term on the first and second term on the left-hand side of (3.68)

as well as the term on the right-hand side goes to zero as € — 0, which implies
T
/ / Af(x)Vus(xz,t) Vo (x)p(t) de dt =0,
0 JZ,
so that:
1 T R
i L] A@ ) (Vou + V,0)$V,6(y)e(t) de dy dt = o.

By lemma 3.1, we obtain (3.51) which describes the asymtotic behavior of the problem based
on the oscillations in the coefficients of (3.33) Now, to take into account the effect of the

perforations, let us use we 51 as a test function in(3.40), where w5 is the function defined



in lemma 3.2 and for ¥ € D(€2). Thus, we have
(ug 5 (2, 1), we s () () (my (02 )y ma 0z, T (U6 (T, 1), we s ()Y(2)) (my (2 ,)y 120 )
n / A%(2) V. 5(x, t) Vw59 (2) da + / A%(2) V. 5(x) Vip(z) de
Qs 25

= | fes(@, Hywes(@)v (@) da.
€,0
Let ¢ € D(0,T) and multiply the integrands in this equation and integrate over |0, T'[,

T T
/0 /Q* Ue 5(, t)we 510 ()" (t) dx dt — /0 /Q* Ues5(x, t)we 5(x) @ (t) dx dt
e,8 £,0

+/0T /ﬂ Af () Vues(x) Vwe s(x)(x)p(t) de dt
v (3.70)
+/0 /ﬂ A* () Vue s(x)wes(x) Vi (x)p(t) de dt

= [ [ Feslws tywesib() p(t) da dt.

For the first term on the left-hand side of this equation, we apply the operator 7.
Thus, from definition 2.2 with Remark 3.2(2) and (3.49)(iii) , we obtain,

lim [ [ (@ )we s (@) () (1) dv

e—=0 Jo

= tim iy ) [, ) o) T 1) dy (371)

_v(B) ..
o Y| e—)O

/ / u(w t)(x)p” (t) dx dy dt.

For the second term on the left-hand side of this equation, we apply the operator 7.
Thus, from definition 2.2 with Remark 3.2(2) and (3.49)(iii) , we obtain,

lim / /ﬂ 5 e 5(, ) we s ()P ()@ () da dt

e—0 Jo

1
=t g oy, T e Tewea) T (8) iz dy (3.72)

_v(B) ..
o |Y| e—>0

/ / u(w t)y(x)$'(t) dx dy dt.



For the third term on the left-hand side of equation(3.70), we use the operator 7T 5. Then,
Remark 1.3 toghether with (3.32),(3.48),(3.62), (3.64), and proposition 2.7 (2), proposition
2.8 and Remark 3.2, yield

e—=0 Jo

lim / ' / | AT(2) Ve s(x, 8) Vo, (2) 9 () (t) da di
= lim |Y|/ / Tes(A)Te5(Vues) Tz 5(wes) Tes (Y (x))p(t) de dz dt

= lim m / / Tes(A) Te s (Ve ) (— v ) Tes (W) (t) da dz dt

e—>0

— lﬂ%(_ s|Y| / /Q N Tz.5(A%) (6% Tes(Vue 5)) Voo Te () o(t) da dz dt)
= — v /0 /QXRN A%z, 2) V. U(x, 2,t) V. vp(x)p(t) de dz dt,
- Y| /0 /QX(]RN\B) (x,2)V. U(x, 2,t) Voo (x)p(t) de dz dt
so that
T
lim/ / Af(2)Vues(x, t) Vw, s(x)p () p(t) de dt
e—0 Jo :’5
_ T A0 (3.73)
Y] /0 /QX(RN\B) (2, 2)V.U(, 2, t) V.o (2)p(t) dz dz dt

For the forth term on the left-hand side of (3.70), we use T¢. from definition 2.2(2), propo-
sition2.1(i), 2.4, 2.5(ii), definition 2.5 together with remark 1.3, (3.47), passing to the limit

gives
T
lim / / A%(2) Ve (2, t)w. 5 () Vi (2)(t) da di
e—=0 Jo :’5
1 [T
=t [y FADT(Vued) T (Vo) To(V)e(t) dodt (374)
_ v(B)

Y| /OT /QXY A(z,y)(Veu(z,t) + Vyi(z,y,t)) Vip(z)p(t) dz dy dt.



For the term on the right-hand side of (3.70), we use T¢. from definition 2.5, Remark 3.2(2),
and (3.35), definition 2.2(2) and passing to the limit, yields

T
lim /0 /Q ) Foi (@, ) we sip () p(t) da dt.

=t [ T T T () da dy dt (375)
_ ”l(fl) /OT/QXY F(x, t)p(x)p(t) dz dy dt.

Thus, combining (3.71)-(3.75), the limit equation of (3.70)

oB) [ [ wlw,t)p(@)e! () dudydt—o(B) [ [ u(w,t)p(@)¢!(t) do dy di
—k* /0 /QX(RN\B) A%z, 2)V. U(z, 2,t) V. v(2))(x)p(t) dz dz dt

+o(B) [ [ A@y)(Vou(@,t) + V,a(2,y,8) V(@)e(t) de dy dt

=o(B) [ [ fatyb@)e(t) du dy d.

(3.76)

Which is true for all ¢ € D(0,T), ¢ € Hy(Q2) and v € Kp. So , we obtain (3.52) for
v € Kp such that v(B) = 0.
If v(B) # 0, by applying Stok’s formula and (3.52), we have

/OT /ﬂx(RN\B) A®(z, 2)V.U(z, 2, 1) V. 0(2)(z)p(t) de dz dt
= v(B) /OT /QXaB A%z, 2) V. U(x, 2z, t)vpy(x)p(t) dx do, dt.

which used in (3.76) gives the first equation of problem (3.53).

step 4

It remains now to check the limit initial condition. Let v. = w. 5% where w.s given by
lemma 3.2 and ¢ € D(Q). Let o € C*([0,T]) with ¢(0) = 1 and ¢(T") = 0. Take
Ve as a test function in (3.40). Using the initial condition in (3.40) and by integration by



parts, we have

T T "
A /Q fesve(@)p(t) dadt— [ [ | A%(@) Vatea (@, ) Voo () d
g " T ,
B ‘/0 /Q:,s ’UIE,(;(CL‘, t)’Ug(CB)cp(t) dz dt + /0 /Q:,,s us,ﬁ(ma t)ve(m)cp(t) dzx dt.

Using the initial condition in (3.33) and by integration by parts of this term
T

/ / U s(x, t)ve()p(t) do dt, we have
o Jaz,

T
L[ uts@ v @e® dedt = [ (ul (@ t)p®)§ve() da
€,0 £,0
T
—/ / u s(x, t)v. ()¢ (t) de dt
o Jaz, ©
_ _/ ! ;(z, 0)v.(z) da
s
T
—/ / u! s(x,t)v. ()¢’ (t) de dt
o Jar, *©
= —/ ul s(x)ve(z) do
s

T
_ / / ul (z, t)v.(z)¢ (t) de dt.
Jo Jaz; ©
In view of (3.72)-(3.75) and (3.35), passin to the limit in this equation yields

oB) [ [ @ tyb(@)e(t) du dy de

+ K /OT /QX(RN\B) A%z, 2) V.U (2, 2, t) V0 () () p(t) da dz dt

—o(B) [ [ A,y)(Veu(z,t) + V(@ y,0) Ve (@) (t) da dy dt

= —o(B) [ w'@)(@) do —o(B) [ [ (@, t)p(@)¢(¢) du di

+o(B) [ [ Wi, t0p()p(t) dedi

= —v(B) [ w!(@)y(@) dz +v(B) | v'(2,0)%(z) do

+ v(B) ./()T/Qu”(:v,t)?,b(m)go(t) dz dt + v(B) /()T/Qu'(:zz,t)w(m)go(t) dz dt.



Combining this equation with (3.76) yields

- /Qul(a:)l/)(a:) dz + /Qu'(zc,O)lp(a:) dz =0, Vo € D(Q), (3.77)

Which implies u/'(x,0) = w'(x). For the first initial condition, let us now choose ¢ €
C>([0,T]) with ¢(0) = @(T) = ¢'(T) = 0 and ¢’(0) = 1. Let us take again v.¢p as a
test function in (3.40).

Using the initial conditions in (3.40) and by integration by parts, we have

/OT/Q:’(s fg,a(a:,t)ve(:c,z)sa(t) dint_/OT/f'Z:’S AE(iB)Vue,a(aJ,t)vg(:c,z)go(t) de dt

T T
— /0 / . u;’,g(xa t)vs(w, Z)(P(t) dx dt —+— /0 /ﬂ* u;’é(w, t)’UE(.’B, Z)(p(t) dx dt.
&9 £,0
Using the initial condition in (3.33) and by integration by parts, we have

T
/ / u (x, t)ve(x, 2)p(t) da dt

0 A

/ T T , ,
= /Q;J(’%,a(w’ De(®))l5ve(2) dz — | /Q:’é ul 5(@, t)ve(x) @ (t) de dt
! T g "
= — /Q:,’s(’u,s,é(m, t)SO (t))|0'Us(33) dx + /0 ~/Q:’6 us,(;(ag, t)’Us(CB)so (t) dx dt
T "

= — /Q:’& ue,é(w’ O)UE(CC) dx + /0 /Q:’ls ’U;e’g(a}, t)'ve(w)(p (a;’ t) dx dt

T
= —/Q* ’U:g,o‘(il/', 0)'05(58) dm+A /Q* us,é(m, t),v€(w)(pll(m, t) dx dt,
£,0 o6



In view of (3.72)-(3.75), the initial condition in (3.40) together with (3.35), passing to the

limit in this equation yields

oB) [ [ fas tri)e(t) do dy di
+ k* /OT/QX(RN\B) A%z, 2)V, U(x, 2,t) V. v(2))(x)p(t) de dz dt
—o(B) [ [ A@,y)(Voule, 1) + Vi, y, 1) Vib(@)(t) da dy dt
0o Jaxy ., (3.78)
_ —v(B)/Quo(az)z,b(a:) dz —v(B)/O w(z, ) (z)p(t) dz dt
— —U(B)/nuo(a:)zb(:c) da:—l—v(B)/Qu(a:,O)¢(w) dz
+ v(B) /OT (2, 1) () o(t) da dt + v(B) /OT o (0, )0 (x) o (t) dac dit.

Combining (3.78) with (3.76)

— [ w@(@) de + | u(@,0)5(@)de vy € D),

which implies u(x,0) = u°(x). This cncludes the proof



CONCLUSION

In this memory, we have treated the asymptotic behavior of hyperbolic-parabolic problem
with boundary condition in perforated domain with small holes, we used the periodic un-
folding method we get that the triplet (u, @, U) with M(@) = 0 is unique solution of
problem (3.33), this implie that all convergence in theorem 3.2, and we get the following

homogeneous problem:

u” +u' — div(A""Vu) + (k*)?Qu = f in 2x]0,T],
u = 0 in dNx]0, T,

u(z,0) = u® ,u'(x,0) = u' in Q

52
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