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NOTATIONS

X A Banach space over C
T Compact operator
BL(X) The set of all bounded linear operators on X
||| The subordinated operator norm of 7' € BL(X)
re(T) The resolvent set of T' € BL(X)
R(z,T) The resolvent operator of T'€ BL(X) at z € re(T)
sp(T) The spectrum of T' € BL(X)
p(T) The spectral radius of 7" € BL(X)
T, 5T The pointwise convergence of T}, to T’
T, 5T The norm convergence of T" to T,
An An eigenvalue of T,




ABSTRACT

Abstract

In this memoir, we study spectral problems of integro-differential type. We will demonstrate
the property U is obtained under a convergence mode. We will construct the matrix formulation
of the problem based on the Kantorovich projection method.

Key words : Spectral problem, Kantorovich method, Compact operators, integro-differential

operator.

Résumé

Dans ce mémoire, nous étudions les problemes spectraux de type intégro-différentiel. No’us
allons montrer que la propriété U est obtenue sous un mode de convergence. Nous allons con-
struire la formulation matricielle du probléme étudié en se basant sur la méthode de projection
de Kantorovich.

Mot-clés : Probleme spectral, Méthode de Kantorovich, Opérateurs compact, Opérateur

intégro-différentiel.
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INTRODUCTION

In this memoir, we will study an integro-differential spectral problem. This type of problem
appears in several fields of applied mathematics. Our study is focused on the analytical and
numerical way. Analytically, we will see that the property U is obtained by replacing the
exact operator by a sequence of operators converging in norm. Numerically, we will put the
matrix formulation of the spectral integral-differential problem using the Kantorovich projection
method.

In the first chapter, we will provide the basic definitions around the theory of bounded
operators, then we will see precisely, the notions of compact operators.

In the second chapter, we will study analytically the spectral problems approximated under
a mode of convergence "convergence in norm”. We will show that the property U is obtained.

In the third chapter, we will put the matrix formulation of the approximated spectral

problem of integro-differential type.



CHAPTER 1

GENERAL NOTIONS AND CONCEPTS FOR BOUNDED

OPERATORS

In this chapter, we will begin to review the notions and concepts of bounded operators, so

we will recall the definition of compact operators on Banach space.

1.1 Notions on bounded linear operator

New definitions are thus needed, and things become more interesting.
In the following, X will denote a complex Banach space and BL(X) the Banach algebra of all
bounded linear operators from X into itself.
The identity operator will be denote by I. Let |-|| denote the norm on X.

The so-called subordinated operator norm is defined as follows :
|IT|| = sup{||Tx||x : z€X, |z||y <1} for T'e BL(X).

Proposition 1.1.1. The following properties are equivalent :
1. T is continuous.

2. T is continuous on X.



1.1. Notions on bounded linear operator

3. There is a constant ¢ such that.

Vee X: |Tx| <clz|.

Proof : Its clear that (1) = (2) = (3) = (1)

(1) = (2) is obvious.

We will show the implication (2) = (3), we suppose that T is continuous in 0,
so,Ve>0d6>0VrelX

llz]| <6 = ||Tz|| < e. (1.1)

T )
—— thus, ||2'|| = =
2||z||

Let € >0 and x € X, such that x # 0, we put 2’ =§ 5

from where ||2/|| < ¢ and therefore and according to (L.1)), || 72| < e. Then, follow that

]l

Tx|| < 2e—.
| 72]| < 27

Then there exists ¢ satisfying the assertion (3). This is inequality is also true for z = 0 and (3)

checked with

We will show the implication (3) = (1). We suppose that (3) is verified so for all z,y € X we

have

IT(z = y)llx <clz—ylx

That is to say,

|Tx — T?/HX <z — ?JHX>

from where, the application T is lipschitzian, so it is continuous.

Definition 1.1.1. [1)

An operator T € BL(X) is said to be compact, if it transforms any bounded subset of X into



1.2. Properties of compact operators

arelatively compact set. ¥r > 0 the set T'(B,) is compact such that
B, ={re X : |z||y <r}.

Theorem 1.1.1. (Banach—Steinhaus) [2]
T € BL(X) is compact, if only if for any bounded sequence (xy,)n>1 of X then we can extract

a subsequence from (Txy,)n,>1 convergent.
Remark 1.1.1. The two definitions are equivalent because we work on Banach space.

Theorem 1.1.2. [7]
Let X and Y two normed vector spaces. Assume that X is a Banach space, where (1;),.; is a

collection of BL(X). If for any x € X, we have

sup | Ty(2)]| < oo,
el

then sup ||T;|| < oc.
el

1.2 Properties of compact operators

In the following, we give properties concerning the operators compact.
Proposition 1.2.1. [1)

1. Any T compact operator is a bounded operator, the converse is false.
2. Any T linear combination of compact operators is an operator compact.
3. Let T,S € BL(X), if S is a compact then T'S and ST are two compact operators.

4. Let (T,)) C BL(X) be sequence of compact operators, if
lim||T, —T| =0,
n—0o0

then T is compact,

5. Let (T') € BL(X) with finite dimensional image dim (Im(T")) < 400 then T is compact,

whene Im (T) ={ye X: Jzxe X, y="Tx}.

10



1.3. Spectrum and resolvent

1.3 Spectrum and resolvent

Definition 1.3.1. [3/

The resolvent set of T is defined by
re(T)={z¢€C : T —zI is bijective} .

for z € re(T),
R(z,T)= (T —zI)~".

is called the resolvent operator of T at z.We shall write R(z) for R(z,T) when there is no

ambiguity. The spectrum of T is the set
sp(T)=C\ re(T).

An element of sp (T) will be called a spectral value of T. If X is finite dimensional, then sp (T)

consists of eigenvalue of T. The spectral radius of T is defined by
p(T) =sup{[A] : Aesp(T)}.

Proposition 1.3.1. [/
Let T € BL(X), such that z — T is bijective, then

(z—T)"' € BL(X).

Theorem 1.3.1. [3/
Let T € BL(X), for z € C such that |z| > p(T'), we have z € re(T) and R(z) has the Laurent

Ezxpansion
R(z) ==Y TFz*"
k=0
If in fact |z| > ||T||, then
1
IR < T
2| = (I

1
Proof : Let ¢t = lim sup HT’“H * Then t < ||T||. For z € C such that |z| > ¢, it follows that

k—o0

11



1.3. Spectrum and resolvent

the power series ) T*27F=1 converges in BL(X). Settings
k=0

n
k_—k—1
I
k=0

we have
n+1
B, (2) (T —=2I) = (T —2I)B, () = I — (f) ,

which tends to I as n — oo provided |z| > ¢, and then the sum of the series is the operators

R(2).If|z| > p(T), then 2 ¢ sp(T). Thus {z € C : |z| > p(T)} is containded in re(T") and

the function R(-) is analytic in this set. Hence the Laurent Expansion
_ i Tszkfl
k=0
is valid for all z such that |z| > p (7). For |z| > ||T'||, We have

e Ls Ty
R Tk: k—1 T < 77
| H Z NEPS NFE

as desired.

Example 1.3.1. In this ezample, some spectral values are not eigenvalues

(ex) be the standard basis for X. Consider the left shift operator on X :

Te=>Y z(k+1e, x= Y z(k)ege
k=1 k=1

s Let X = 0%, Let

Let us first compute the eigenvalues of T. The equation Tx = Az leads to x (k+ 1) = Az (k)

for each positive integer k. Fizing (1) = 1, we get

oo
T = Z Nele,
k=1

Now z € X if and only if |A\| < 1. Hence any complex number X such that |\ < 1, is an

eigenvalue of T. Since sp(T) is closed, this implies that sp(T') contains {\ € :

12

IA| < 1}. It can



1.3. Spectrum and resolvent

1
be easily seen that for any integer k > 0, T’“H =1, so that p(T) = lim HT’“H h_ 1 and hence

k—o0
sp(T)={ e: [N <1}.
Howewver, no point A on the boundary of the spectrum is an eigenvalue, because then Z Mol ¢ (2,
k=1

Lemma 1.3.1. [}

1. If T € BL(X) with |T|| < 1, then (I —T)"" € BL(X) and
I-T)"'=> 1"
n=0

2. If 2 € C, with ||T|| < |z|, then (z +T) " € BL(X).

3. If S~V e BL(X) and T € BL(X), then (S+T) ' € BL(X) if and only if
(I+5'T)" e BL(X).

4. Let I(X) the space of invertible bounded operators in X. 1(X) is an open subset of BL(X).
Proof : (1) Consider the series

fj ™. (1.2)

In the Banach space BL (X), Since ||T"|| < ||T||" and ||T|| < 1, the series > [|T™|| converges

n=0
and therefore the series in ([1.2)) converges in BL (X). Now observe that

(I—T)ZT”:ZT”—ZT”“: ZT”—ZT”:[,
n=0 n=0 n=0 n=0 n=1
and, analogously

(g)T”) (I-T)=1.

The previous identities ensure that I — 7' is invertible and
I-17)y'=> 1"
n=0

(2) Since ||z T|| < 1, by property (1) we get that (I + z7T)"" € BL(X)
and so (z+T) " = 2(I +27'T)"" € BL(X).

13



1.3. Spectrum and resolvent

(3) Since S is invertible, it follows that S+ T = S (I + S~!T).
Hence, (S+T)"' € BL(X). if and only if (I + S™'T) "' € BL (X)
(4) Let I(X) the space of invertible bounded operators in X. Then /(X)) is an open subset of
BL(X).
|s7 7 <z~ nsi <

Combining properties (1) and (3), we get that (I +ST) " € BL(X), and therefore
(S+T)' € BL(X), this means that the open ball with center S and radius ||S~Y] " is
contained in BL (X). By the arbitrariness of S € BL (X). It follows that /(X) is an open
subset of BL (X).

Proposition 1.3.2. [/

The following properties hold

1. Let zg € re(T) If z € C and |z — 20| < ||R(20,T)|| ™", then z € re(T) and
R(z,T) = (20 — 2)"R(z0, T)"*", (1.3)
n=0

where the series in (1.3) Converges in the operator norm.
2. re(T) is open.
3. If re(T) # 0, then the maping R(-,T) : re(T) — BL(X) is analytic.

4. Resolvent identity for every z, u € re(T)

In particular, R(z,T) and R(u,T) commute.

5. Let (zp)nen C e (T) be sequence converging to some zg € C.Then zy € re(T) if and only

i Jim IR (. T = ox.

Proof : (1) Observe that
z2—T=z—20+2—-T=[1+(2—2)R(2,T)](20—-T), z€C (1.4)

14



1.3. Spectrum and resolvent

If |2 — 2| < ||R (2, T)||”", namely if ||(z — z) R (2, T)|| < 1, then, By applying, (Lemma

1.3.1 (1)) we conclude that

I+ (z—2) R(2,T) € BL(X).

Combining this fact with the identity (1.4) yields that operator z — T is bijective with bounded

inverse operator given by

R(2,T)=R(z,T)[I — (20— 2) R(2,T)] "

=R (Z(), T) io (Z() — )\)nR(Zo, T)n
= i (20— 2)"R(20, 7).

n=0

Properties (2) and (3) follow by property (1). In particular, the series representation of the
resolvent ([1.3)) gives that R (-,T) is analytic on the open set re(T) # 0. (4) Fix z,u € re(T).
Then,

R(zT)=R(zT)(p=T)=R(=T)[(p—2)+(z-T)]R(uT)

=(n—2)R(=T)RpT)+RT).

Thus
R(zT)-R(uT)=p—-2)R(=T)R\T).

(5) Assume that zo € p(T'). For every ¢ > 0 there exists ny € N such that, for every n > ny, it

holds |z, — zo| < €. By property (1),

1
€>zn— 20| 2
1R (zn, T
For every n > no. Hence lim |R (2, T)|| = 0o. Vice versa, assume that zy € re(7") Then the

function R (-,T) is clearly bounded on the compact set {z, n € U{0}} C re(T), contracting
the assumption that

lim ||R (20, T)|| = 0.

n—oo

15



1.4. Application on integral operators

|
Remark 1.3.1. [3]

1. By (Proposition 1.3.2 (3)), z € re(T) — |R(z)| € R is a continuous function which
takes only positive values. Hence it attains a maximum value and a positive minimum

value on each compact subset of C contained in re(T).

2. If X # {0}, then sp(T) is nonempty and the spectral radius of T is related to the powers

of T in a peculiar manner.

1.4 Application on integral operators

Theorem 1.4.1. [5]

The integral operator defined on

b

(Tu) (2) = [ ke, y)uly)dy.

a

is compact on the space (C ([a,b]) , ||.||.), where

Jull = mas u(a).

Proof : Let B the unit ball of C' ([a, b]), to show that our operator is compact, we are inspired
by Ascoli’s theorem [5], it suffices to establish that H = T(B) is equicontinuous. For all
x € [a;b] the set H,={u(zx) : uwe H}. We first notice that K is uniformily continuous on

[a,b] x [a,b] for everything u of B and everything x, 2’ of [a, b] we write

[Tu(z) — Tu(z')] =

[ ) = )

<

[ kw) = k' 0) Ju(w)l dy

b
< ul | Ho) = HGa'
b

<

/a k(z,y) — k(fﬂ’,y)dy‘ :

16



1.5. Conclusion and comments

The uniform continuity of K on [a,b] X [a, b] allows associate to any real ¢ > 0 and other real

a > 0 so that
€

=2 < o= |K(,) - K@ y)] < -

So

v — 2| <a=|Tu(zx) — T(uz")| <€, YueB.

which means that is equicontinuous. Let is move on to the second condition. so that the set
H, = {g9(x) =Tu(z) : ue B} is relatively compact, it is enough that it is bounded let us

calculate for this purpose

Tu(@)] =lo@)| = [k pu) <l [ s k)ldy < 6 )b

a z,y€(a,b]

M= sup [|k(z,y)|.

z,y€(a,b]

Thus, It appears that H, is bounded, which completes the demonstration.

1.5 Conclusion and comments

In this first chapter, we have approached some fundamental notions and concepts about
bounded linear operators and in particularly compact operators. We showed the basic defini-
tions of the spectral theory such as the resolvent, the spectrum set, the spectral radius. These
notions will play major stone, for the next chapter. For more details about the spectral theory

see [3].

17



CHAPTER 2

SPECTRAL APPROXIMATION

Our main interest lies in determining the spectral values of finite type of a given bounded
linear operator 7. Since exact computations are almost always impossible, we attempt to
obtain numerical approximations. Usually these approximations are the exact results of spectral
computations on a sequence of bounded operators (7},),., which converges to T pointwise, or

with the norm converges to 7.

2.1 Convergence of operators

In this chapter, T" and (7;,) denote bounded linear operators on a Banach space X. If (7},)
converges to 1" in some sense, the following questions arise naturally :
If A, € sp(T,) and A\, — A, does A € sp(T) 7
We shall say that under a given mode of convergence, denoted by :
Property U holds if, whenever T,, — T , A, belongs to sp(7T,,) and ()\,) converges to A, we
have X € sp (7).
Let us consider two well-known modes of convergence.

The pointwise convergence, denoted by T), = T :

|Tx — Tx|y — 0 for every z € X.

18



2.2. Property U

The norm convergence, denoted by 7T}, = T :

T, — T — 0.

If T, & T, then clearly T, Ly T But the converse is not true.

Example 2.1.1. In this ezample, T, = I but T,, = I does not hold :

Consider X = (P, 1<p<oo. Forn=1,2..andz = > z(k)ey in X, let
k=1
Tz =>_ x(k)e.
k=1

Then each T, is a bounded finite rank operator on X and T, 2 1. But T,, 2 I does not hold :

since | T, — I|| =1 for each n. [{|]

2.2 Property U
If T, & T, then we may have \, € sp(T},) with A, — X, but A & sp (T5,).

Example 2.2.1. Property U does not hold under pointwise convergence :

Consider X = (°. Forx =Y x(k)ey € X, let Tx = x(1)e1 and for each integer n > 2,
k=1

Tox = x(1)e; — x(n)e,.
Since || T, — Tz, = |z(n)] = 0 for every x € X, we see that T, 571

Now
sp(T) = {0,1} and sp(T,) ={-1,0,1}.

Since N, = —1 € sp(T,,) for each n, but —1 ¢ sp(T,,), we see that Property U does not hold.
For T and T in BL (X), we shall denote R(-,T) and R(-,T) by R(-) and R (-), respectively.

Proposition 2.2.1. [/
Let T and T be in BL (X).

19



2.2. Property U

1. Second Resolvent Identity : Let z € re (T) Nre (f) .Then
R(z)=R(z) = R(2) (T=T)R(2) = R(2) (T - T) R (2).

2. Second Neumann Ezpansion : Let z € re(T) be such that p ((T — T) R (z)) < 1. Then
zere (f) and

Proof :

1. For zere(T)Nre (f), we have

R(z)(T=T)R(z) = R(2) (T = 2I) = (T = 2I)| R(2) = R(2) - R(2).

Interchanging 7" and T, we obtain the other equality.

2. For z € re (T), consider the identity

T—2l=T-2—(T=T)=[I-(T=T)R(z)| (T - 2I).

Since p ((T - f) R (z)) < 1, the operator I — (T — f) R (z) is invertible.

The identity stated above shows that z € re (f) and by (Theorem 1.3.1 )

R(z)=(T-=D'I-(T-T)R(z)]



2.2. Property U

Let ||(T—T) R(2)| < 1. Then

p((T-T)R(2) < |(T-T)R(z)|| < 1.

and we have

IE (=)l .
T-T)R(z)|

[R)| < IRIS (T -T) RE2)| =
- 1= (

For T, in BL (X),we denote R(-,T,,) by R, (-).

Theorem 2.2.1. [/

Let T € BL(X) and E be a nonempty closed subset of re (T'). Then
ap (E) =sup{||R(2)|| : z€ E} < .
If T,, % T , then there is a positive integer ng such that E C re (T,) for all n > ng and
asy (E) =sup{||R. 2)|| : 2€ E, n>np} < .

Proof : If |z| > ||T||, then by (Theorem 1.3.1)

1
IR () < 77
2| =T

Hence |R(z)|| — 0 as |z| — oo and there is some « > 0 such that ||R(z)|| <1 for all z € C
with |z|] > a. Now Ey = {2z € E : |z] < a} is a compact subset of re (T') and the function
z +— || R (z)]| is continuous on Ey by (Remark 1.3.1) There is, therefore, some 5 > 0 such that

|R(2)|| < S for all z € Ey.Thus
ay (E) :==sup{||R(2)]] : z€ E} <max{l,f} < 0.

Let T, & T.
Case(i) : 0 €

21



2.3. Kantorovich projection method

Since E C re(T), we see that 0 ¢ sp (7). Find ng such that ||7,, — T'|| < , for all

1
(201 (E))
n > ng. Then for z € E and n > ng,

—_

(T =T) R < T = Tl (B) < 5

and by (Proposition 2.2.1 (2)) z € re (T},) with

1R ()]

.- R = 2 )

R <
This shows that

as (E) =sup{||R. (2)|]| : z€ E, n>ng} <2a;(F) < 0.

Theorem 2.2.2. [/
Property U hold under norm convergence, that is, if T, = T, A\, € sp(T},) and X\ — \,, then
Aesp(T).

Proof : Suppose for a moment that A € re (T"). Since the set re (T") is open in C by (Theorem

1.3.1) there is some r > 0 such that
E={ze€C: |z=\<r}Cre(T).

By (Theorem 2.2.1), E C re (T,) for all large n Since and A\, — A, we see that \,, € E C re (T},),
for all large n, which is contradictory to the hypothesis that A, € sp(T},) for each n. Hence A

must belong to sp (T).

2.3 Kantorovich projection method

Consider the space X = C([0,1]), provided by the uniform standard :

22



2.3. Kantorovich projection method

foru e X,

o = #)].
ol = ma u(t)

For n € N* such as n > 0, we define the subdivision (t;);<;<, as following, t;, = (1 —4)h and
h=2Xfori=12...,n+1
Thus, we define the hat functions (e;,)i1<i<, by the following relation:

W it tel0,ta,],

617,1(15) =
0 else.

t—t;n

L+ = if e [timint],

Cim = Q145220 if [t 1],

0 else.

t—tn_1m
Elotn if ¢ € [ty 1],
en,n -

0 else.

Definition 2.3.1. We say that an operator P is a projection if and only if :
1. P € BL(X),
2. PP=P.

Let n > 2, then we define the projection operator 7, by the following formula : for u € X,

Tau(t) = ieijn(t)u(ti). (2.1)

It’s clear that,

=g, =7, and T, € BL(X).

(Trn

Definition 2.3.2. We say that the approzimation sequence (K, ),>1 C BLX of K € BL(X)

is from the kantorivich projection method if :

23



2.3. Kantorovich projection method

Theorem 2.3.1. : Let u € X et (m,)n>1 the projection operator defined

by @) so,

lim |[(m, — I)ul|x = 0.

n—-+o0o

Proof : It is clear that for all ¢ € [0, 1],

n

> lein()] =1,

i=1
S0,

I(1 = 7 )ul| x = max Ii(U(t) = ultin))ein(t)] < woo(u, h).

0<t<r

or

Weo (U, h) = sup{|u(t) —u(s)| ,t,s€[0,1], |[t,s] <h}.

There by, weo(u, h) — 0 when h — 0, that implies :

lim (I — m)ul| = 0.

n—-+o0o

when h — 0
|
Let us now show that Kantorovich’s projection method establishes a uniform approximation.

Theorem 2.3.2. Let n € N*, suppose K is a compact operator and that K, = 7, K, so

lim ||K, — K| =0.

n—-+o0o

Proof : Let n € N*, we have :
K,-K=mK-K=(r,— K.

Like the projection operator (m,),>1 converges for punctually to the identity operator I, so,
according to the Banach-Steinhaus (Theorem 1.1.1), we find that :

lim ||(r, — [)K| = 0.

n—-+00
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2.4. Conclusion and comments

2.4 Conclusion and comments

In this chapter, we have shown the property U under convergence in norm. This property plays
an important role in numerical approximation for the validation of adapted algorithms. For

more details, we refer to the book of M.Ahues. [3]
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CHAPTER 3

INTEGRAL-DIFFERENTIAL SPECTRAL PROBLEM

In this chapter, we study the main problem of this memory. We investigate the spectral

problem for an integro-differential operator.

3.1 Position of the problem

We consider the following problem : find the pair (A, u) € C x C([0, 1]) such as
Ku(t) = Au(t), for tel0,1],
where the operator K, is a bounded integro-differential operator :
1
Ku(t) = / k(t,s) (u(s) +u'(s)) ds, te0,1].
0

the function k(-,-) is given as :

k(-,-) € CH([0,1] x [0,1]).

Ok
5 () €C((0.1]x[0,1]).

(H) :
These conditions explain the regularity of the operator K.
Note that the operator K is a linear operator. Now, we going to show that the spectral

problem associated with the integro-differential operator is equivalent to an operator system
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3.1. Position of the problem

for a spectral problem.
Consider again the integro-differential spectral problem.

Find (A, u) € C x C'([0,1]).
1
/ k(t,s) (u(s) + ' (s)) ds = Mu(t), te0,1].
0
By describing this last equation, we obtain the following system :
1
/ k(t,s) (u(s) +'(s)) ds = Mu(t), te[0,1],
0
Lok , ,
/ o (t:9) (uls) + /() ds = M (1), € [0,1).
0
That implies

/0 Ukl s)u(s)ds + /0 Rt sy (s)ds = Mu(t),  te[0.1],

/01 g’z (t, ) u(s)ds+/01 g’; (t,s)u/(s)ds = X' (1), € 0,1].

We make the following change of variables:

u=u € C([0,1]),

u' =wv e C([0,1]).

Moreover, we use the following notation

Kih(t) = /01 k(t,s)h(s)ds  for h e C(]0,1]),

Kyh(t) = /01 (2]; (t,s) h(s)ds for h e C(]0,1]),

and for all (u,v) € C([0,1]) x C([0,1]), we have

u K1 K1 u

(% K2 Kg (%

Therefore, our differential integro spectral problem is written as :

To find (u,v) € C([0,1]) x C([0,1]), A € C :
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3.2. Numerical application

K2 K2 v v

3.2 Numerical application

First we define a uniform subdivision L,, on the interval [0, 1] by

n

The operators K; and K5 will be approached by the operators K ,, and K, respectively, using

Kantorovich’s method.

Ky pu(t) = mKqu(t) Z Kyu(t;

Ky pu(t) = m, Kou(t) ZKQU/

where u € C([0, 1]) and 7, is the projection operator defined previously

in chapter 2. That implies

Ky u(t) = Zn:/l k(t;, s)u(s)dse;(t),
Ky u(t) = zn:l/ (ti, s)u(s)dse;(t).

Then, by substituting the approximate operators in the spectral problem :

To find (A, un, v,) € C x C([0,1]) x C([0, 1]) such as :

3 [/ (£, 8)un () dse (t +/ (£, 8)va(s)dses(t )] — (), tE[0,1].  (3.1)

=1

" 1 8/€

) V (1, 8)un(s)dse, (¢ +/ (t, 8)vn(s )dsei(t)] = \wn(t), tE[0,1]. (32)
=1 0

Let now j = 1,2, ...n. By multiplying the equation (3.1)) by k(¢;,t) then by integration over the

interval [0, 1] on the interval [0, 1], we find

3 (/ (t:, $)un(s )ds> /Olk(tj,t)ei(t)dt

=1
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3.2. Numerical application

+ (/01 k(ti,s)vn(s)d8> /01 k(tj,t)ei(t)dt =\, /01 E(t u

We put :

1 1
T; = / k(t;, s)un(s)ds , yn :/ k(ti, s)vn(s)ds i=1,..,n.
0 0

_/ (t;, Des(t)dt , i,j=1,2,...,n.

That implies

Zaij(xi +yi) =Ny, j=1,2,...,n
i=1

ok
Now, let 7 = 1,2, ...,n. By multiplying the equation (3.2)) by e (tj,s), then by integration over

the interval [0,1] , we find :

we put :

That implies

=1

ok
Now let’s take the equation (3.1)) and multiply it by n (tj,t) then by integration over the
interval [0, 1] We find :

g;/olk(ti,s)un(s) /01 glz (1), )es(t dt+/ (t:, 5) vn(s)) ds

Ok 1 ok
x/o o (t) ei(t)dtf)\n/o o (D un(t)d.

That implies

n

> bij(w +yi) = ATy pour j=1,...,n
=1
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3.3. Conclusion and comments

Finally we take the equation (3.2) and multiply it by & (¢;,¢) then by integration over the
interval [0, 1] We find :

> (@i 4+ i) = Ny for j=1,..,n.
=1

So, we can reformulate these equations, to get the following system :

AO0AO| |x x
BOAO| |z x
:/\n
0AO0B]| |y Y
0B 0B]| |y Y

This system is finite dimensional. Finaly, we use the function "eig” in Matlab to compute the

eigenvalues of the problem

AOQAO | |z T
BOAO| |x x
0AO0B]| |y Y
_OBOB_ a a

3.3 Conclusion and comments

In this chapter, we have treated a spectral problem for an integro-differential operator.
We have shown the finite dimensional system implemented on machine (Matlab) to solve this

spectral integro-differential problem.
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