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ABSTRACT

In this work, we focus on partial differential equations of the elliptic and parabolic types.
The aim of this thesis is to find weak solutions for these equations, Which includes both the
classical and fractional Laplace operator.

We first present the basic concepts and general results necessary for the study. We then address
the existence and uniqueness of solutions for elliptic equations with homogeneous Dirichlet
boundary conditions, using methods from convex analysis and critical point theory.

The study is then extended to fractional Laplace operator with the same boundary condition.
After , we study the existence of non-trivial solutions for equations driven by a non-local inte-
grodifferential operator with semi-linear term and homogeneous Dirichlet boundary conditions.
employing variational methods : the Mountain Pass theorem and the Linking theorem.
Finally, we discuss a model problem of parabolic partial differential equations, in both linear
and nonlinear cases. For linear case, we apply the Faedo-Galerkin method, while for nonlinear

case, we use the Schauder Fixed Point theorem.

Key words : Weak solution ,classical Laplace operator ,fractional Laplace operator,non-local
operator,linear,nonlinear,semi-linear, Mountain pass theorem,Linking theorem,Faedo-Galerkin

methode,Schauder Fixed point theorem .



RESUME

Dans ce travail, nous nous concentrons sur les équations aux dérivées partielles de type
elliptique et parabolique. L’objectif de cette mémoire est de trouver des solutions faibles pour
ces équations, incluant a la fois I'opérateur de Laplace classique et 'opérateur de Laplace
fractionnaire. Nous présentons d’abord les concepts de base et les résultats généraux nécessaires
a ’étude. Ensuite, nous abordons l'existence et 1'unicité des solutions pour les équations
elliptiques avec des conditions aux limites de Dirichlet homogenes, en utilisant des méthodes
d’analyse convexe et de théorie des points critiques. L’étude est ensuite étendue a 'opérateur
de Laplace fractionnaire avec la méme condition aux limite. Ensuite, nous étudions ’existence
de solutions non triviales pour des équations conduites par un opérateur intégral-différentiel
non local avec un terme semi-linéaire et des conditions aux limites de Dirichlet homogenes, en
utilisant des méthodes variationnelles :le théoreme du pass mountain et le théoreme de liaison.
Enfin, nous discutons d’un probléme modele d’équations aux dérivées partielles paraboliques,
dans les cas linéaire et non linéaire. Pour le cas linéaire, nous appliquons la méthode de Faedo-

Galerkin, tandis que pour le cas non linéaire, nous utilisons le théoréme du point fixe de Schauder.

Mots clés : Solution faible, opérateur de Laplace classique, opérateur de Laplace fractionnaire,
opérateur nonlocal, linéaire, non linéaire, semi-linéaire, théoréeme du pass montagne, théoreme

de liaison, méthode de Faedo-Galerkin, théoreme du point fixe de Schauder.
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Introduction

A partial differential equation (PDE) establishes a relationship between a function whose
behavior is not fully known and its partial derivatives. PDEs are prevalent across all fields of
physics and engineering . Recently, there has been a significant surge in their application in
disciplines like biology, chemistry, computer science (especially in image processing and graphics),
and economics (finance) ,(see [12],[2],[13],[1]). In each of these fields, where interactions among
multiple independent variables occur, efforts are made to define functions involving these
variables. This enables the modeling of various processes through the formulation of equations.
In our work, we focus on certain elliptic and parabolic problems. There is no general theory
known regarding the solvability of all partial differential equations. The existence of such
a theory is highly unlikely, given the rich variety of physical, geometric, and probabilistic
phenomena that can be modeled by PDEs.

We will focus on two important operators that are involved in many PDEs:
n 2

The classical Laplacian, defined by Au = Z 92
i=1 9L
equations. The fractional Laplacian, (—A)® with 0 < s < 1, is a generalization of the classical

is commonly used in elliptic and parabolic

Laplacian operator .

Well-posed Problems and Classical Solutions

The informal concept of a well-posed problem includes many desirable characteristics of solving
a PDE. A problem for a PDE is considered well-posed if:

1. The solution exists;
2. The solution is unique;
3. The solution depends continuously on the problem’s given data.

The third condition is especially important for problems derived from physical applications,
where we prefer that our unique solution changes minimally when the problem’s conditions
change slightly. For many problems, however, uniqueness might not be expected. In these cases,
the main mathematical tasks are to classify and characterize the solutions.

Clearly, it would be ideal to solve PDEs such that conditions (1) — (3) are met. However, we

still need to carefully define what we mean by a "solution". Should a solution, for instance, be
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real analytic or at least infinitely differentiable? While this might be desirable, it could be too
demanding. It might be more reasonable to require a solution of a PDE of order %k to be at
least k times continuously differentiable. This ensures that all derivatives appearing in the PDE
are continuous, even if some higher derivatives do not exist. We can informally call a solution
with this level of smoothness a classical solution of the PDE, which is the most straightforward
notion of a solution.

Thus, solving a partial differential equation in the classical sense means, if possible, to write
down a formula for a classical solution that meets the criteria (1) — (3) above, or at least to
demonstrate that such a solution exists and to deduce various properties of it.

Limitations of Classical Methods

Traditionally, solutions to PDEs are sought in the form of strong solutions, meaning functions
that are sufficiently smooth to satisfy the given equations pointwise. However, in many cases,
the conditions required for the existence and uniqueness of strong solutions are too strict and
are not always achievable for complex practical problems.

The Weak Solution

Faced with the limitations of strong solutions, weak solutions offer a more general and flexible
approach. A weak solution is a function that satisfies the equation in an integral sense rather
than pointwise, allowing for consideration of less regular functions.

This concept appeared as a result of the emergence of distribution theory. This theory was
formalized by the French mathematician Laurent Schwartz, earning him the Fields Medal in
1950.

The idea is that we usually evaluate a function by calculating its value at a point. However,
this method heavily emphasizes the irregularities (such as discontinuities) of the function. The
underlying idea of distribution theory is that there exists a better evaluation process: calculating
an average of the function’s values over a domain that narrows progressively around the point of

interest. By considering weighted averages, we are thus led to examine expressions of the form

Ij(¢) = [ fl@)ela)da

where ¢ is a test function.

Objectives and Motivation of the Study
The objective of this thesis is finding weak solutions to elliptic and parabolic equations involving
the classical Laplacian and the fractional Laplacian. The main motivation is to overcome the
limitations of strong solutions and provide effective tools for addressing complex problems where
classical methods fail.

Structure of the Thesis
This thesis is organized as follows:

The first chapter is a review of some concepts and general results on standard functional tools.
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The second chapter discusses the existence and uniqueness of solutions for elliptic problems
involving the Laplacian operator under homogeneous Dirichlet boundary conditions.

The first problem is defined as follows:

—Au=f inQQ
u=0 on o)

Then we generalized this problem to:

(]

u=20 on 0f)
When A = (A’Lj>lj € Cd(Q, RNXN>.

The third chapter extends the previous study to include the fractional Laplacian operator,

considering homogeneous Dirichlet boundary condition.

(—A)Y’u=f inQ,
u=0 inRY\Q

Both chapters utilize a method derived from convex analysis and critical points.

In the fourth chapter,we study the existence of non-trivial solutions for equation driven by a
non-local integrodifferential operator Ly with semi-linear term , and homogeneous Dirichlet

boundary condition More precisely, we consider the problem

—Lyu — A= f(z,u) in§,
u=20 in RV \ Q

As a particular case, we derive an existence theorem for the following equation driven by the

fractional Laplacian
(=A)Yu — Au = f(x,u) in €,
u=0 in RV \ Q

Employing two distinct variational methods: the Mountain Pass theorem and the Linking
theorem.

In the last chapter, we discuss a model problem of parabolic PDEs dependent on the Lapla-
cian operator called the heat equation ,including both linear and nonlinear cases.

The first one defined as:
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Ou—Au=f in Qx]0,77,
u=0 on 00Nx]0,T],
u(-,0) = uo

by using The Faedo- Galerkin method

And the second one defined as :

Ou = div (A(u)Vu) + f, € Qx]0, T
u =0, o010, T
u(.,0) = up,

Where we prove the existence of the solution using Schauder’s fixed point theorem ,and

we presente a condition in order to obtain the unicity of the solution.



Chapter

Preliminaries

In this chapter, we will establish and review the essential mathematical tools, fundamental
definitions, and results required for the subsequent chapters. This tools will be presented

without proofs.

Contents
1.1 Element of functional Analysis . . . . . . .« v v v v v v v v v v 5
1.2 Sobolev space . . . . .« v i i i i e e e e e e e e e e e e e e e e e e e e 7
1.3 Fractional Sobolev spaces . . . . . . . . . ¢ i i i it i i e e e e e e 10
1.3.1 Fractional Sobolev inequalities . . . . . . . .. ... ... .. ... 11
1.3.2 H® Space . . . . . . . e 11
1.4 Review of Conver Analysis . . . . . . ... 12
1.4.1 Convex sets,Lower semi-continuous functions . ... ... .. 12
1.4.2  Fréchet and Gateaux differentiability. . . . . . .. .. ... ... 12
1.5 Propertie of the Weak Topology o(E,E*) . .. ... ... 13

1.1 Element of functional Analysis

Definition 1.1.1. [J].Let Q be a set , p € Rwith 1 <p < oo, we set
Lp(Q2) ={f : Q@ — R, fis measurable and / |f|P < +oo}
Q

with

e = 161 = [ 15@)ras)’



1.1. ELEMENT OF FUNCTIONAL ANALYSIS

when p = 400
L>*(Q)={f:Q =R fis measurable and 3 C > 0 such that |f(z)| < Ca.e. in Q}

with
[fllzoe@) = I flleo = { inf{C;[f(2)] < C a.e. inQ}}

Proposition 1.1.1. []

(i) For 1 <p < oo, the space (L*(2),| - ||,) is a Banach space.
(i) For 1 <p < oo, the space (L*(2),|| - ||,) is a separable space.
(111) For 1 < p < oo, the space (LP(Q), ]| - ||,) is a reflexive space.

Theorem 1.1.1. [J] (Hélder’s inequality). Assume that f€ LP and g € L? with 1 < p < o0
1 1

such that —+ - =1
b q

then fg € L' and :

gl < [ f1lzllgll 2o

In the particular case p = q = 2 we get the Cauchy-Schwartz inequality:

1fgllze < 17 112llgll2

Lemma 1.1.1. [](Young inequality). Let a,b € Ry and p,q €|1,+o0[ such that E + E =1
,then b
a? bl
ab < — 4+ —
p q
Theorem 1.1.2. [1(] (Dominated convergence theorem, Lebesgue) .Let Q) be a set ,
(fn)n be a sequence of functions in LP and 1 < p < oo that satisfy:
(a) fo(x) = f(x) a.e. on Q
(b) there is a function g € LP such that ¥ n, |f.(x)] < g(x) a.e. on § .
Then fe LP and
fo = fin LPiellfu—fly — 0
Theorem 1.1.3. [1(] (Inverse of dominated convergence theorem). Let ) be a set
(fn) be a sequence in LP and let f€ [P 1 <p < oo, be such that || fn— fl, B 0
Then, there exist a subsequence (fy,) and a function g € LP such that
(a) fo.(z) = f(z) a.e. on Q
(b) |fn,(z)] < h(z)VE, a.e. on Q) .
Theorem 1.1.4. [)] (Fatou’s lemma). If (f,.) is a sequence of nonnegative measurable

functions, then
[ (i iuts) < timgar [ 7,

6



1.2. SOBOLEV SPACFE

Theorem 1.1.5. [7] (Fibini). Let (2, My, 1) and (22, Mo, p2) be two measure spaces that

are o-finite.
Assume that F € L'( X Qy). Then for a.e. x € Oy, F(x,y) € L,(s) and/ F(z,y)du, €
Q2

LL(Qy) . Similarly, for a.e. y € Qo; F(x,y) € LL(Q) cmd/Q F(x,y)dpy € Ly(9s) .
1

Moreover, one has

/ dm/ F(z,y)dps =/ duz/ F(z, y)dp :// F(z, y)dpdpe
Ql Q2 QQ Q1 Q1><QQ

Proposition 1.1.2. [5] (Dual of L? )

1 1
e Forpe[l,+0], and —+ — =1 the dual space of LP is LY ,and we note that : (LP)* = L.
p q

e For p=+oo , We have (L™®)* is strictly bigger than L' ,so :
(L) # Lt
Corollaire 1.1.1. [J] Let Q@ C RY be an open set. Then C>°(Q)is dense in LP(Y) for
any 1 < p < co.

Corollaire 1.1.2. [J] Let Q C R be an open set and let u € LP(Q) be such that

Aﬂf:o Vf e C2(Q)
Then uw=20 a.e. on ().

Theorem 1.1.6. [7/(Ascoli-Arzela)) Let K be a compact metric space and let H be a bounded
subset of C'(K). Assume that H is uniformly equicontinuous, that is, for every e > 0, there
exists 6 > 0 such that d(xy,xe) < § = |f(z1) — f(x2)| < € forall f € H. Then the closure of H
in C(K) is compact.

1.2 Sobolev space

Let Q@ ¢ RY be an open set and let p € R with 1 < p < co.

Definition 1.2.1. 7] The Sobolev space W*(Q) is defined by

u e LP(Q)
WP (Q) = 91,92, ..., 9n € LP(Q) such that

)
u¢:—/W7WE@%MW:L%”W
Q Ox; Q

We set
HY(Q) = W2(Q).

7



1.2. SOBOLEV SPACFE

For u € WHP(Q) we define Ou

i

= ¢;, and we write

Vuzgmduz(au Ou au).

8£C17(9{E2"“78$N

The space W'P(Q) is equipped with the norm

1/p
Nl ou
Jullwro =l + (Z o )
i= P
N au p

or sometimes with the equivalent norm (||ullh +

|| 9,
i=1 tlip
The space H'(Q) is equipped with the scalar product

)P (if 1 <p < oo).

<u,v>H1:/qu+/QVu-Vv.

N o (ou Ov
(u,v) g1 = (u,v) 2 + ; <8;pl’ 8%) 2

N
:/uv+26u ov
Q i—1

— &’B, (9.7:1

o\ 1/2
2) .
Proposition 1.2.1. [J] W"P(Q) is a Banach space for every 1 < p < co. W'P(Q) is reflexive
for 1 < p < oo, and it is separable for 1 < p < co. H'(Q) is a separable Hilbert space.

The associated norm is defined by

ou
al'i

N
Jullm = (IIUII% +2
i=1

Definition 1.2.2. [J] Let 1 < p < co; Wy P(Q) denotes the closure of C1(Q) in WP(Q).
Set

Hy () = Wy™(Q).

The space Wol’p, equipped with the WP norm, is a separable Banach space; it is reflexive if
1 < p<oo. HY, equipped with the H" scalar product, is a Hilbert space.

Proposition 1.2.2. [J] C®(Q) is dense in W, (Q).

Notation. [3] Given x € RY write

r= (2 xy) with 2’ € RN 2/ = (21, 29,...,25_1),
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and set
N1 1/2
2’| = x? :
i=1

RY = {z = (¢/,zn);2n > 0},

We define

Q={x=(2,zn);|2'| <1and |zy| < 1},
Q+ = Qmea
Qo = {z = (2,0); |2'] < 1}.

Definition 1.2.3. [J] We say that an open set Q is of class C* if for every x € 00 =T there
exist a neighborhood U of z in RY and a bijective map H : Q — U such that

HeC\@), H'ecd\U)

H(Qy)=UNQ, and H(Q,) =UNT.

The map H is called a local chart.

Corollaire 1.2.1. [J] (Poincaré’s inequality). Suppose that 1 < p < oo and 2 is a bounded
open set. Then there exists a constant C (depending on Q2 and p) such that

HuHLp(Q) < CHVUHLF(Q) Yu € Wol’p(Q).

In particular, the expression ||Vul| sy is a norm on Wy*(2), and it is equivalent to the

norm ||ullwie. On HY(SY), the expression

(Spom)

is a scalar product that induces the norm ||Vul|rz and is equivalent to the norm ||u||g:.

Proposition 1.2.3. [J] We denote by WP (Q) the dual space of Wy(R2), 1 < p < oo, and by
H™Y(Q) the dual of Hy (). The dual of L*(Y) is identified with L*()) We have the inclusions

Hy () € L*(Q) ¢ HH(Q),
where these injections are continuous and dense.

If Q) is bounded then

/ 2N
Lp 2 —Lp f — <
WyP(2) C L(Q) C W Q) if N+2_p<oo,
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with con%wous and dense injections. If ) is not bounded, the same holds, but only for the
<p<2.
5 = JZIRS

range

Proposition 1.2.4. [15](Gauss-Green Formula for the Laplacian). Let S be an open
set of class C'. If u € H*(Q) and v € H'(Q), then:

—/ Au(z dx—/Vu )Vo(z )dm—/ v(m)%(x)df(x)

o0N

2,,
where Au = Z g Moreover, if v € H*(SY), then:
z?

i=1

/Q (u(z) Ao(z) — Au(z)v(z)} dx = /8 ) {u(a;)gz(x) - v(:t)an(:v)} AT ().

1.3 Fractional Sobolev spaces

Definition 1.3.1. [7] Let Q CRY. For0 < s <1 and any 1 < p < +o0, we define W*F(Q) as

follows

Wer(Q) = {u € L(Q); “’“ z) ’“( Dl e pr« Q)}
x—y|»

i.e., an intermediary Banach space between LP(QY) and WP(Q) , endowed with the natural norm

u(a ’
|lwllwsr(o) - (/ ]u‘de—i-// x—y|N+SP dxdy )

1
o |u(x) — uly)l” ’
[ulwsr) © = (/Q o |z — g dzdy |

is the Gagliardo semi-norm of u.

where the term

Proposition 1.3.1. [7] Let Q be an open subset of RN, 0 < s < 1, then we have
(a) For 1 <p < oo, W*P(Q) is a Banach and separable space.
(b) For1<p < oo, W*P(Q) is a reflexive space.

Theorem 1.3.1. [7] For any s > 0, the space C>°(RY) of smooth functions with compact support
is dense in WP (RY).

Definition 1.3.2. [7] We note W5*(Q) = Cg’o(Q)”'st’p(Q), according to above Theorem (1.3.1),
we have
WGP (RY) = WP(RY).

In fact, when Q is a subset of RY, WP(Q) # W*P(Q).

10



1.3. FRACTIONAL SOBOLEV SPACES

1.3.1 Fractional Sobolev inequalities

Theorem 1.3.2. [7] Let s € (0,1) and p € [1,4+00) be such that sp < n. Then there exists a
positive constant C = C(n, p, s) such that, for any measurable and compactly supported function

u:RY 5 R we have :
’P
lul? <04M@VM_|dedy

S . L N
where px = p * (n, s) is the so-called "fractional critical exponent” and it is equal to P

_Sp.

Consequently, the space W*P(R™)is continuously embedded in LYRN) for any q € [p, p]

Theorem 1.3.3. [7] Let s € (0,1) and p € [1,+oo| be such that sp < n. LetQ C RY be an
extension domain for W*P . Then there exists a positive constant C' = C(n,p, s, ) such that, for

any v € WP we have :

[ull Loge) < ellullwsr)

for any q € [p,px|; i.e., the space W*P(Q) is continuously embedded in L(Y) for any q € [p, p%].
If, in addition, Q is bounded, then the space WP (Q) is continuously embedded in L(2)for any

q € [1,px].

Remark 1.3.1. [7] In the critical case ¢ = pxthe constant C in Theorem (1.5.3) does not
depend on §2.

Theorem 1.3.4. [7] Let s € (0,1),p € [1,+00),q € [1,p],Q2 C R¥be a bounded extension
domain for WP and T be a bounded subset of LP()). Suppose that :

|u(z) — u(y)”

sup ‘1}— ‘N—&-

ueg JQJQ

drdy < +o0.

Then T pre-compact in L(Q).

1.3.2 H°’ Space

Now, we looks at the case (p=2) in the space W*P(Q) this is a very special cases when the
Fractional Sobolev spaces W*2(Q) and W;*(Q) which are Hilbert spaces, they are noted H*(Q)
and Hj(Q) respectively, for s € (0,1).

# We define the space H*(2) as follows

Hmn:{ueﬁ«n:W@*?ﬁTeL%me},
r—y|2

with the norm

lul

lu(z 1/2
Hs(Q) = <|u||L2 +// y|N+25 d dy) .

11



1.4. REVIEW OF CONVEX ANALYSIS

The space H*(Q2) equipped with the inner product (., .)qs) is a Hilbert space .

For more informations see [7].

1.4 Review of Convexr Analysis

In this section, we recall results on convexity . In the following, X denotes a Banach space.
X" denotes its topological dual and we denote (.,.) the duality pairing between X and X*. In

this section, we assume the functions to be valued in R = RY U {400} U {—o00} .

1.4.1 Convex sets,Lower semi-continuous functions

Definition 1.4.1. [0] A subset C of X is said to be convezx if it is stable by convexr combination,
1.e.:

V(z,y) € C*?VA€[0,1] Mo+ (1-NyeC

Definition 1.4.2. (0] Let J be a function defined on X and taking values in R. It is said to be

lower semi-continuous at x, if for any sequence x, such that x, converges to x,we have:

“+oo

J(x) < lim J(z,)

Definition 1.4.3. [0] A functional J from X to R is said to be proper if it is not identically equal
to 400 and does not take the value —oo In particular, its domain dom(J) = {xz € X|J(z) € R}

18 non-empty.

1.4.2 Fréchet and Gateaux differentiability.

Definition 1.4.4. [0] Let Q be a subset of a Banach space X and F: Q — R. Ifu € Q , we
say that F is Gateauz-differentiable (or G-differentiable) at u if there exists | € X* such that for
any direction v € X where F(u + tv) exists for t > 0 sufficiently small, he directional derivative

F!(u) exists ,and we have :

lim F(u+tv) — F(u)
1—0+ t

= (l,v).
We will denote F'(u) := .

It should be noted that a Gateauz-differentiable function is not necessarily continuous. Finally,
we introduce the classical derivative (or Fréchet derivative). ( The Landau notation o(x)

is used to denote a function of x such that ”lz"‘moo(x) \|lz|]|=0)
z||—

Definition 1.4.5. [0] Let X be a Banach space, Q an open set in X, and F: — R a function.
If u € Q , we say that F is differentiable (or derivable) at u (in the Fréchet sense) if there exists

12



1.5. PROPERTIE OF THE WEAK TOPOLOGY o(E,E")

[ € X* such that :
Vo eQ F(u+wv)— F(v)={(,v)+o(v)

If F is differentiable, the derivative is unique and we denote it by DF(u) := l. The set of
differentiable functions from Q to R will be denoted by C* (€, R) .

Proposition 1.4.1. [0] Let F be a continuous function from § to R and G-differentiable in
a neighborhood of uw € Q0 . Let F’(v) denote the G-derivative of F at v, and suppose that the

application v — F'(v) is continuous in a neighborhood of u. Then
Flu+v) = F(v) = (F'(u), V) + o(v)

i.e.F is Fréchet differentiable and its (classical) derivative DF(u) coincides with F’(u,).

1.5 Propertie of the Weak Topology o(E, E")

Proposition 1.5.1. [J] Let E be a Banach space and let f € E* ,and let (x,,) be a sequence in
E. Then

(i) [xn — x weakly in o(E, E*)] < [(f,z,) — (f,z)Vf € E*].
(ii) If x, — x strongly, then x, — v weakly in o(E, E*).
(iii) If z, — = weakly in o(E, E*), then (||x,||) is bounded and ||z| < liminf ||z,||.

() If x, — x weakly in o(E, E*) and if f, — [ strongly in E* (i.e., ||fn — fllg- — 0), then
(fnsxn) = (f, ).

13



Chapter

Solving Dirichlet problem of linear
elliptic PDEs

I n this chapter, we present a method for solving certain elliptic partial differential equations
(PDEs), specifically those of the form DJ(u) = 0, where DJ denotes the differential (in a weak
sense) of a functional J, which is typically convex. The characteristics of convex functions
enable us to find a solution to the PDE by minimizing a functional, assuming this functional
tends towards 400 at infinity. For this reason, we will first present some theoretical concepts
that ensure the existence of a minimum for J and how this leads to the existence of the weak

solution to the PDEs. Afterwards, we will illustrate several classic examples of boundary
problems governed by linear elliptic PDEs, which can be resolved using the variational method.

For details on the regularity of the solutions to these problems, please refer to the book [(].

Contents

2.1 Minimization of a Convex Functional . . . . . ... ... ...... 14

2.2  Solving linear elliptic PDFEs with Dirichlet boundary conditions . 15

2.2.1  Introduction . . . . . . . . . e e e e e 15
2.2.2  Dirichlet problem associated to the Laplacian . . . . . . .. ... ... 15
2.2.3  Dirichlet problem for another operator A . . . . . . .. ... ... .. 20

2.1 Minimization of a Convexr Functional

In the following, X denotes a Banach space. X™* denotes its topological dual, and (-, -)
denotes the duality pairing between X and X*. In this section, we consider functions taking
values in R = RU {400} U {—o0}.

Definition 2.1.1. A functional J defined on a separable Banach space X is said to be

14



2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY
CONDITIONS

coercive if

J(x) = 400
||| x —-+o0 (z)

We are concerned with the problem of minimizing J over a closed convex set in X. Two

results are useful:

Proposition 2.1.1. If there exists a solution uw € X to the problem in)f( J(u) and if J is
ue

Gateauz-differentiable at this point u, then the subdifferential at u, denoted 0J(u), is reduced to

{J' (u)}. Conversely, if J is convex and Gateauz-differentiable at u with J'(u) =0, then u is a

Theorem 2.1.1. Let X be a separable and reflexive Banach space, U a closed convex subset of
X, and J a convex, proper, coercive, and lower semi-continuous functional. Then there exists a

solution to the problem:

inf J(u)

uelU

2.2  Solving linear elliptic PDEs with Dirichlet bound-

ary conditions

2.2.1 Introduction

Consider the physical problem of studying the equilibrium position of an elastic membrane
in the plane. The membrane projects onto the plane in an open set €2 , its edge remaining coin-
cident with the boundary curve 9 of this open set.At each point z = (x1,x3) , the membrane
is subjected to a tension, a vertical force defined by a function z +— f(x) . The displacement
of this point x is identified with the elevation of the membrane z = u(x) at this point. The
physical equations lead to the equation satisfied by u, namely —Awu = f, with, in addition, the
boundary condition u = 0 on 02 . This is one of the physical models of the Dirichlet problem.

2.2.2 Dirichlet problem associated to the Laplacian

Let © be a bounded domain of class C*(R"). Let f € L*(Q2),we are looking for u a solution
to the problem :
—Au=f in{Q

(1) : (2.1)
u=~0 on 02

15



2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY
CONDITIONS

f(z)dx

55'31

i ) L™ T

!
&= (Ly,x3)

Figure 2.1:

Let u € H*(Q) N Hy () a strong solution of (P).
Since Au € L*(2) ,and f € L*(Q) , and by using the fact that L*(2) C D'(Q2) , then the equation
of (P;) has a sense in D'(Q) .

Existence of a weak solution of (P;)

1) The variational formulation : We have
/Q—Au vdr = /Qf vdr Vv e D(Q)
With Green formula we obtain :
/Q VuVouds = /Q fudz  Wue D(Q)
D(€Q) dense in H, (), then
/Q VuVods = /Q fodr Yo € HY(Q)

Let a(u,v) = / VuVudz 5 l(v) = / fodx
Q 0

2) The variational problem : Let J : Hy(Q) — R defined by :
Iw) = [ 1VePdr — [ fud
V) = = v|*dx — vdx
2 Ja Q
The variational problem associate to (2.1)is :
Find u € H}(Q) such that

J(u) =infJ(v)

veH}(Q)

16



2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY
CONDITIONS

3) The existence of the minimum of J in H;(Q)
For that ,using Theorem (2.1.1) .
Note that H;(f2) is a closed convex subset of H'(€2)

i) We show that J is convex in Hy(S2) :
Let uy,up € Hy(2) ,and A € R
1
J(Aup 4+ (1 = Nug) = ia()\ul + (1= Nug, Aug + (1 — Nug) — L(Aug + (1 — Nug)
1
= §)\z(z(ul, uy) + 2M(1 — Na(ug, us) + (1 — X)2a(ug, ug) — Ml (uq)

— (1= N)l(uz)

On the other hand we have :
(ur,ur) + alug, us)

2

a
a(ug — ug, uy — ug) > 0 = alug, ug) <

then

TOwun + (1= Au) < A (;a(ul, ) — l(u1)> (1= (;a(uz,ug) - l(u2)>
So
Then J is convex in H} () .

i) We show that J is coercive in Hy(Q) : let v € Hy(9)

J(v) = ;/Q]Vv\Qd:c—/vadx

1 . .
> 5”1}”%’&(9) — I fllczellv]l 22 (Cauchy Schwartz inequality )

Also we have : [[v||2(q) < Cp||Vv|12(q) (Poincaré’s inequality)
Then
[vllz2@) < Cpllvllmie)
We deduce that :
Tw) > el — Col el g

1
> [[vllge) | Sllvllmz@) — Cpflle@)
2

Finally
J(v) = 400

v — 400
|| HH(%(Q)

17



2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY
CONDITIONS

Then J is coercive in Hy ().
ii1) We show that J is lower semi-continuous functional :

Remark 2.2.1. We can prove that J is continuous,and thus we will get that J is

lower semi-continuous.

ol 72
Indeed, let (v,)nen Ll vin Hy(Q2) then (vn)nen L1, in LX) and , Vv, —
Vv in L*(Q), and we show that
J(vp) = J(v) in R.

1
) = 300 =[5 [ 902 = (9oP)ae = [ o, = vyt
2 Ja Q
1
< /an — V) (Vo, + Vo)dz] +/ny|yvn ~o|de
Then with Cauchy Schwartz inequality we obtain :

1
|J(vy) = J(v)] < §HV% — Vol 2| Vun + Vol 2@ + | fll2@)lvn = vll2) = 0

n—-+0o00

Then J(v,) = J(v) in R,s0 J is coninuous in Hj(f2), then J is lower semi-
continuous in Hj (). Finally, according to the Theorem (2.1.1) ,the problem (2.2)

has a solution in Hj ().

4) The solution of the variational problem(2.2) is a weak solution of the prob-
lem(2.1).

1) The minimum of J is a solution of the variatioal formulation : Indeed, we will use
the proposition (2.1.1).So we have to prove that J is Gateau differentiable at u where

u is the minimum of J . Let u,v € H;(9)
1 1
J(u+tv) — J(u) = ia(u +tv,u+tv) — l(u+tv) — ia(u,u) + l(u)

as a(.,.)is bilinear and symmetric ,and also 1(v) is linear ,we obtain :
2

J(u+tv) — J(u) = ta(u,v) + 2;a(v,v) —tl(v)

then
J(u+tv) — J(u)

=a(u,v) + ;a(v,v) —(v)

So

18



2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY

CONDITIONS

ii)

i.e.

(J'(u),v) :/QVqudx:/vadx Yo € Hy ()

After that ,we prove that J'(u) € H ™' is continous . Indeed ,let u, S uin H ()
then Vu, — Vuin L*(9Q).
n——+00

Vo€ Hy(Q) [ (up),v) — (J'(u),v)| = /Q(Vun) — Vu)Vodx

< [IVup) = Vull 2| Vollr2@) = 0

n——+oo

Then we conclude that :

Vo€ Hy(Q)  (J'(up),v) — {(J(u),v)

n—+oo
i.e. J'(u)is continuous , then J is Gateaux differentiable ,( moreover J is Fréchet

differentiable then J'(u) = DJ(u) ).

Since u minimizes J , then according to the proposition (2.1.1), DJ(u)=0
i.e.

— 1
/QVUVde—/vadx Vv € Hy(Q)

u is a solution of the Dirichlet problem: Indeed ,as u € Hy () , then u = 0 a.e. in
O jand since D(2) C Hj(€2) then :

/ VuVude = / fvdx Vv e D(Q)
0 0
with Green formula we obtain :

/Q—Au vdr = /va dr Yv e D(Q)

then
/Q(—Au—f)vdx:() Yo € D(Q)

then
—Au=f ae. in)

So the minimum of J is the solution of Dirichlet problem (2.1) .

Uniqueness of the solution

Suppose that u,v € H} () are two solutions of the problem (2.1) .by difference ,we obtain :

Alu—v)=0
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2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY

CONDITIONS
Multiplying by u — v,integrate over €2 ,using Green’s formula we obtain :
/Q V(1 — v)2(x)dz = 0
Then u — v = cte
since u — v = 0 on 02 ,we conclude that v — v = 01in Q ,then u = v a.e.in
2.2.3 Dirichlet problem for another operator A
Let f € L*(Q),and let A = (A;;);; € C'(Q,RY*Y) such that :
2. Ja>0,Yz € RN : Y A, z2; > alz|? ( (uniform ellepticity of A )
(]
Looking for a solution of the problem :
(p2) ¥ (2.3)

u=0 on 0f)

Remark 2.2.2. 1. The problem (2.3)can be written as —div(A(x)Vu) = f , thus as a PDE

in divergence form ,this formulation gives us an advantage among several other advantage

is to obtain a variational formulation to our problem .

2. This problem is a generalization of problem (p1),sence it is enough to choose A = §;jto

obtain 1t.

Then ,we we are searching of u ,a solution of:

—div(A(x)Vu) = in
oy | AT = § o
u=0 on 0f)

We will do the same way ,we did in the first problem .

Ezxistence of a weak solution of (P)

1) Variational formulation :
/—div(A(x)Vu)vdx:/fvdx Vv € D(Q)
) Q

Using Green formula and density of D(Q)inH; () ,we obtain :
/ A(x)Vu.Vodr = / fodz Vv € Hy (%)
Q 0
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2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY

CONDITIONS
2) Variational problem
The functional J associated for this problem is :
Jw) =5 [ A@Voe~ [ fod
v) =3 |, A@)Vo.Vo— | fud
Or A(x).X.Y denotes the scalar A;; X;Y; .
The variational problem of (p9) is
Find u € Hj(Q)
_ (2.5)
J(u) = inf J(v)
veEH0(Q)
3) Existence of solution for the variational problem
i) The continuity of J :
Let v, — v in Hy(9), we have:
lvn = [l g) — 0
This implies both:
||Un — ’U||L2(Q) — 0
and
||an — VUHLz(Q) —0
J(v,) — 2 / z)Vu,.Vu,dx — 3 / A(z)Vo.Voudz —/ f(v, —v)dx

=3 /Q A(x)Vu,.(Vv, — Vu)dx + 3 /Q A(z)(Vv, — Vv).Vodr — /Q f(vn — v)dx

A(z) € CH(Q,RY*N), then each component A;;(z) is continuous, on the compact set
Q). This implies that each A;;(z) is bounded on .
then

N
D> |Ay(x)] < M; forall z € Q
=1

such that M; = max A;; and we have :
1<j<N

[A@) @) = max Z|Aw

1<1<N
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2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY
CONDITIONS

then
JA@) @ < max Mi = M

1<i<N

using the Cauchy-Schwarz inequality and we get :

1
[/ (vn) = J ()] < S[IA@) [l o@ I Von = VUl [ Von|l 2w
1
+ 5 l1A@lo@ Von = Vol [Vl + [ fllz@llon = vl
1
S iMvan — VUHLQ(Q)HVUnHLQ(Q)

1
+ §M|\an — Vol [|Vllz2) + [ fll2@llvn — vz — 0

n—-+o0o

Then J(vn) — J(v) in R,so J is coninuous in H;(€),wich leads to that J is lower

semi-continuous .
2) The convexity

Remark 2.2.3. we can use the same way in the previous problem ,because a(v,v) =
/ A(x)Vu(x).Vo(z)dx > 0 ,wich is positive as a result of the uniform ellepticity of
Q
A .

3) Coercivity
Let v € Hy(Q2)we have :
J) = 5 [ A@)Vo(w) Vode — [ fod
v) == z)Vou(z).Vodr — vdx
2 Ja Q
1
> §a||Vv||g — | fll2llv]l2(using Cauchy Schwartz inequality and uniforme ellepticity of A)

1 . ; P .
§oz||v||§{1o(m — Cpllfll 2@l VUl 2 (using poincaré’s inequality)

v

(07
> ol (5 1oy = Gollfll) = +o

”U”Hé(g)_H‘oo

4) The solution of the variational problem(2.5) is a weak solution of the prob-

lem(2.4).
The functional J is Gateaux-differentiable, with its derivative defined by:

(J'(u),v) :/QA(x)Vu.Vvdx—/vadx.

Using Green’s formula, we prove that the minimum of J on Hy () is indeed the solution
to the problem (2.4). Finally ,we deduce that the minimum of J is a weak solution of
Dirichlet problem (2.4).

Remark 2.2.4. Note also that f € L*(Q) can be replaced by f € H (). In this case, we
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2.2. SOLVING LINEAR ELLIPTIC PDES WITH DIRICHLET BOUNDARY
CONDITIONS

replace the integral / fudzx by the duality pairing (f,u).
Q

Uniqueness of the solution

Suppose that u,v € Hy(2) are two solutions of the problem (2.2) .by difference ,we obtain :
div(A(x)V(u—1v)) =0
Multiplying by (u — v),integrate on € ,jusing Green’s formula we obtain :
/QA(x)V(u —0).V(u—v)(z)de =0

In the other hand we have :

alV(u =)Lz < /QA(SC)V(U —0).V(u—v)dz < M||V(u—)|[f20) = o[ V(u—v)|z =0

But
a>0=|V(u-— U)H%Q(Q) =0

Then u —v =cte ,but u —v=0o0n 02 ,s0o u —v=01in Q ,then u =v in
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Chapter 3

Solving Dirichlet problem depends on
the fractional Laplacian operator of

elliptic type

In this chapter we are insterested in studying the nonlocal version of the linear problem

—Au=f in
u=0 on 09,

(3.1)

where, from now on, 2 is a bounded domain in RY, N > 2, and f : R — R is some suitable

function. Namely,

(=A)Yu=f inQ,

(3.2)
u=0 inRY\Q

We'll begin by establishing a weak formulation for the equation (—A)*u = f . This will allow us
to prove the existence and uniqueness of a solution in the weak sense .To lay the groundwork,
we’ll first establish some essential concepts and notations that will be used throughout the

chapter .

3.1 Functional setting

For u € /(RV) !
the fractional Laplace operator can be expressed in Fourier frequency , as stated in the

following Definition.

!The Schwartz space is defined as .7 (R") = {f € C°(R") | Vo, B € N, sup [¢*DP f(z)| < oo}.
:EERTI
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3.1. FUNCTIONAL SETTING

Definition 3.1.1. [/] For u € ./ (RY), we have that

(—A)u(z) = FH((2rlg))*a(s)) (3.3)

Roughly speaking, formula (3.3)characterizes the fractional Laplace operator in the Fourier
space, by taking the s-power of the multiplier associated to the classical Laplacian operator.
Indeed, by using the inverse Fourier transform, one has that

Au(z) = A (F (@) (@) = A [ u(@e™=<dg = [ (2nle)u(€)e®™=¢de = F~* ((2mle])*u(e))

Rn

From this and Lemma (3.1.1 )it also follows that the classical Laplacian is the limit case of the

fractional one, namely for any u € .7 (RY)

(a) lim (—A)'u(x) = u(x),

s—0t

(b) lim (—A)°u(z) = —Au(x).

s—1—

Consider the function g(x) = (27|z|)*a(x), 2 € RY .In general, the function g does not belong
to .Z(RY,C) ,since |z|*or its derivatives eventually become singular at z = 0. However, g
belongs to L'(RY,C). So the inverse Fourier transform of g is well defined.

Hence, we can define the fractional Laplacian (—A)%u as follows

(=AY u(x) = @r)* [ e ya(y)dy

Furthermore,we can define the fractional laplacien as in the following definition.

Definition 3.1.2. [7] The fractional Laplacian operator is given by the Cauchy principal value
integral in the real space, for all s € (0,1) and every u € . (R")

(=A)*u(z) = C(N,s)P.V. Mdy vz e RY,

RN |z — y|N+2s

-1
1 —rcosy
C(N,s) = (/RN T dy)

In other side, P.V. denotes the Cauchy principal value defined by

where

1s a normalization constant.

py [ M@ =), u(z) — u(y)

RN |2 — y|N+2 77 Dot JRN\B(ee) |z — y|NT2 T

Theorem 3.1.1. [1)]
Let 0 < s <1 and ¢ € S (RY). Then for v € RY,
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3.1. FUNCTIONAL SETTING

Cons [ 9@ ty) —20(z) + oz —y)
2 RN ‘y’N-i-Qs

(—A)d(x) = dy (3.4)

N

Why we do call the fractional laplacien as the nonlocal operator ?

Observe that the classical Laplacian, denoted as —A | is a local operator because the value of
—Awu at a point x is determined only by the value of u in a small neighborhood of x. On the
other hand, the fractional Laplacian is a nonlocal operator; as described in equation (3.4), the

value of (—A)* at a point x depends on the values of u far away from x.

Definition of (—A)® in the space of tempered distribution /'

Lemma 3.1.1. [16] Let Q C RN be a bounded open set. Then there exists a constant
C =C(n,s,Q) >0 such that Vo € C(Q)

o(x) — oY) lelle2 @) N
2 P gyl < 0 gy e RN £ <1
/|my|>s o — gl ) = T s B

We will introduce another functional class relevant to the nonlocal operator (—A)*. Previously,
to define (—A)*u(z) pointwise as in definition (3.1.2), we considered functions u in .7 (RY).
However, there are larger spaces where it is still possible to define the nonlocal Laplacian either

pointwise or as a tempered distribution.

Definition 3.1.3. [11]
Let 0 < s < 1. We denote by Z°(RY) the space of measurable functions v : RY — R for

which the norm
|[u(z)|

HU”XS(]RN) = [RN de < Q.

Notice that we trivially have u € Z*(RY) = wu € L} (RY). This inclusion implies in

loc

particular that

S (RY) ¢ Z5(RY) ¢ 7" (RY).
We also note that for any 1 < p < 400 , we have LF(RY) C £*(R")

Corollaire 3.1.1. By the previous result, we have that for any u € Zy(RY) then (—Au)® €
S (RY). Then we have

(—A)*u, ) = /]R _u(=A)pdr Yo e DRY)
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

3.2 FExistence and Uniqueness of the Weak Solution

Let Q C RY be a bounded open set with Lipschitz boundary.

Definition 3.2.1. [19] A natural functional space to find the weak solutions of the problem

(3.5 ) is given by following non—Ilocal version of Hg ()
HERY) :={u € H¥(RY) :u=0inRY\ Q}

Remark 3.2.1. H5(RY) preserves some important density properties of the classical Sobolev

spaces such as
o IfQ is Lipschitz then HE(RY) is the closure of C°(Q) in H*(RY).

1
o [f Qis Lipschitz and s # 3 then HS(RY) is the completion of C°(Q) with the norme of
H(9)

Another important feature of this space is that the functions contained in it satisfy a nonlocal

version of the Poincaré inequality.

Theorem 3.2.1. (poincaré inequality) .If Q is Lipschitz then there exist a constant C' > 0 such
that
HUHLQ(Q) S C[u]Hs(Rw)Vu € HE(RN)

Remark 3.2.2. Theorem (3.2.1) implies that, in HS(RY), the Gagliardo seminorm is actually
a norm equivalent to the H® norm. Hence, in the sequel, given u,v € Hg(RN) we will use the

following conventions

I HE(RN) = [u] s (mvy

(u, U>H5(RN) = / (u(@) = uly)(v(z) = U(y))dxdy.

SRS

Now , we consider our problem as follows

(—A)Yu=f inQ,

(3.5)
u=0 onRY\Q

Proposition 3.2.1. Let Q C RY be an open set, 0 < s < 1, f € L*(Q) . A function
u € HY(RYN) is a weak solution to the Dirichlet problem (3.5) if

C;V’S /RN /]RN (u(z) 1???;&%1_ v(®)) dz dy — /Q fodr =0 Yoe HE(RY)

Remark 3.2.3. [15] Let 0 < s < 1 and u € .Z(RY), then u € H*(R")
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

Proof. Step 1: Weak formulation
By definition (3.1.3) , u € Z(R") then u € .Z*(R"), then by Corollary (3.1.1) we get:

(~a)u,0) = [ u(=a)vde Vo e D)

Using the fact that v = 0 in RV \ ©

u(r) —u(y) / / u(z) —u(y)
dydr =1
/Qv(x)/RN\B(xe |x y|NJr2 RN JRN\B(z,¢) |x—y|N+25 v(x)dydx

then

u(z) — uly) 1 u(z) — u(y)
= / J dyde+5 [ [ et v(@)dyd
2 Jay Jen\B(e) |$—?J|N+2S v(@)dyda + 2 JRN JRN\B(z.e) |x—y|N+25U(x) e
Using Fubini theorem ,we get

—u(y) 1 / / u(z) — u(y)
dydx + — A G dxd
Z/JRN /]RN\B$5) ’ﬁ_ N2 vie)dyde + 2 JRN JRM\B(ye) |T — y|V T2 v(w)drdy

u(y) 1 / / u(y) — u(z)
dydx — - — dxd
2 \/]RN /]RN\B (z,8) |[L‘ — |N+2s (CU) yar 2 JrN RN\ B(y,e) |I’ _ y|N+25 U(.ZTJ) ray

taking x = X ,and y =Y ,then

u() —uly) / / uY) —u(X)
x)dydr — - X)dXdy
Q/RN /RN\B(:EE |a:—y|N+23 RN JRN\B(Y¢) |X Y]N“ v(X)
Choosing X = y.and Y = x then

1 U(y) u(z) — u(y)
- 2)dyds — 7/ / dyd
2/ /N\B(“ |NJr2 Jdydx RN JRN\B(z¢) |$— |N+2s vly)dyde
1 —u(y))(v(z) — v(y))
— dyd.
2/ /N\B(:ps ‘513' — ‘N+2S e
Then,we get
u(z) —u(y) 1 (u(z) — uly))(v(z) —v(y))
OS/ / 7dd:(]s—// dyd
we Jo 70 RN\B(oe) |2 — YT D e Jevisae) |w — y| Ve -
(3.6)
The next step is to prove that :
—u(y))(v(z) —v(y)) 1 (u(z) — uly))(v(z) —v(y))
li / / dydz = 7/ / dyd
502 Jmx RN\B(wef) |z — y|NF2s YEE =95 Jan Jaw |z — y|N+2s yar

for that, will use the dominted convergence theorem
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

taking

_ (u(z) = u())(v(z) = v(y))
@)= /RN\Bu,p |z — y| N dy
D lim () = [ @) = uw)@) ) ,

n—+oo n RN ‘ZE _ y‘N+25

u(e) — u(w)lo(x) ~ o),

RN |z — |2

I(x)=1

3=

Y

i) 11 (@)] <

by Young inequality ,we get :

u(z) = u()l? 1 @) = o)

lu(x
z)| < Q/RN y|N+25 Y15 fon |z — y[N+2s

Now,taking
S S E O W G 1 B
2 JRN |x— |N+23 2 Jry |z — |N+25
y)|?
)dr < = / / dd / / 2= 2 gyd
/]R | . RN JRN |I—y|N+25 +2 RN JRN |x_y|N+28 x

using the fact that D(RY) ¢ (R"),and by By remark (3.2.3), we obtain v € H*(R") , then

y)[?

/RN/RN ‘N+2 ———————dydxr < +o0

()2

/RN /RN ‘N+2 ————"—dydr < +0

So g € L'(RY ) Finally ,by the dominated convergence theorem ,we get
—u(y))(v(z) —v(y)) 1 (u(z) —u(y))(v(z) —

zcs// dyde =Cx [ ]
NGNS Jg RN\Bace) |z — y|N+2s e N5 Jry Jrw |x — y|N+2s

Now,we will prove that

. u(z) — uly) Al
lim [ o(z) /R N\B(m)md ydz = /Q (@) (=A)u(z)d

e—=0 JQ

again , using dominated convergence theorem, taking

I'(x) = /R Mv(az)dy

€ N\B(:E,E) |x_y|N+2s

limlIl(x) = lim I (2) :/R Mdy.v(x)

e—0 ¢ n—+o0o n N ’x_y’NJrQs
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

it) By lemma (3.1.1) we get

/ [o(2)]
(@) < Cllulloo T

jo(2)]

h(l‘) = C”UHCQ(Q)W ,then

|v()|
(@Ndeﬂdv:CMUWﬂmxéN1+¢ﬂN%hdt
as D(RY) c Z(RY) c Z'RY) then

/]R 7|v(x)| dr < o0

N T+ o]V

then h € L'(RY) So ,by dominated convergence theorem ,we get

lm”LC’NS/Qv(x)/]R wdydm /Q v(x)(—A)u(zr)dr (3.8)

e—0 N\ B(ae) |z — y| N2

then by (3.6), (3.7), and (3.8) we get

/Qv(a:)(—A) x)dr = Cns /RN /RN W)(v() _v(y»dydx Vv € D(RY)

‘iL‘ _ ‘N+2s

we deduce that

Cns () (v(z) = v(y))
/RN /RN \a: [ dydx = /vadx Yv € D(Q)
‘ N 7o (RY) N
by remark (3.2.1),we have H3(R™) = D() sthen Yo € HS(R™), 3(pn)nen such that
©On : ”ﬂm v ,then
: |Ons y)(@n(®) — @n(y)) CN.s (u(x) — u(y)(v(z) —v(y))
— 2 <
[ o S [ ]
Cn.s Yll(en = v)(@) = (en = v)(Y)|
AN /]RN ’l’ _ y’NJrQs dyd{lj

Applying Cauchy Schwartz inequality we get :

i< CNS</RN/RN |ﬂv—y|N+2 ) </RN/RN |a:—y|§ms_ )(y)‘Qdydxy/z'

. ” HHS RN ” HLQ RN
Since ¢, 8 v, we deduce that On €Yy and

[ s @)
-

n
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

/2
— (o0 — V) () 1
<~/RN _/RN |x —_ y|N+25 dy dx njoo 0
then
Cn.s (¥)(en(z) — vn(y)) Cn.s (y)(v(z) —v(y))
dyd / / dyd
/RN /RN \x—y\N”S YaT e RN JRN \x—y\N”S -
On the other hand
| [ Fuda = [ fode) < [ |fllpn = vido
Q Q Q
< [ fllez@llen = vlirz) 7 0
Finally we get
Cs y)(v(z) —v(y)) s (N
/RN /RN |x_y|N+28 dydz — /vadx Vo € H(RY)

by remark (3.2.2),we obtain

O .
2 (u, 0 (R) = /Q fode Yo € H5(RY)

Step 2:Existence of minimizers

Proposition 3.2.2. Consider the following variational problem

Findu € HS(RY)  such that

(£ J(u,u) = min_ J(v,v)
' veHE,(RN)
Where
CN,S
J(v,v) = 4 <U>"U>H5(RN) —/vadx

Then (P;) admits a unique solution.
We need to prove some results before the proof of the existence

Lemma 3.2.1. Let J be such that

Cn,s
i(u,1)>H§;](]RN) —/vadx Vo € HE(RY)

J(u,v) = 1

Then J is continuous.

Proof. We can put J(u,v) = a(u,v) — L(v) such that :

Cn,s
CL(U,U) - 17 <u7 U>H§(RN)
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

L(v) = / fuodz
Q
For all v € H&(R"Y) and by using Cauchy-Schwartz inequality we have :

CN,S
4

CN,S
< 1 HU||H5(RN)||U||H5(RN)

|au, )| = == (1, V) g )|

Then a(.,.)is continuous in H§(RY) x H&(RY)

()| = | [ fodal
< | fllzz@llull 2@
< Cll fllzz@lul

ms®~)  ( Poincaré inequality)

Then , L(.) is continuous in Hg(R"Y).

Finelly , J(.,.) is continous in H(RY) x H&(RY). O

Lemma 3.2.2. Let (up)p>1 C HE(RY) be a minimizing sequence, i.e.

limp—tood (Un,un) = inf  J(v,v) =m
veHg (RN)

Then, (Up)n>1 is bounded in HE(RYN).

Proof. According to the definition of the inf of function we have :
1
m< J(pp)<m+— n>lpeDQ) (3.9)

With Cauchy-Schwartz inequality and (3.9) we get that:

Cns
m < J(p,p) = %II@OI He (RN) — /Qfsodx

ON,S
< ] %Jg(RN) + lgllzz@llell 22
m < 00
on the other hand o
N,s
I (U, up) = 1 ||| ?'{5(1&1\]) — /Q fu,dz (3.10)

32



3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

Using Cauchy-Schwartz inequality and Young’s inequality we obtain :

| Fundz < fllizy < Cl iz

HE(RN)
< &HUH HE(RN) = 1220
<7 s \/C—NS
2
< S g + o
then we get :
2
1) = S gy = 2 gy = o o
hence )
By < St + 5 B
Then )
By < 0+ 3+ 2 e
S0
||| ?{é(RN) < Ci (m + ]1 + ;||f||%z(9)> — ReR,k— +o00
Then (ty,)p>1 is bounded in H(RY) O

Proof. (of Proposition (3.2.2) ) With the regularity assumptions of €2 , the compact
embedding Theorem with the fractional H*norm tells us that H(RY) is compactly embedded
(pre-compact) in L*(€2)

Since (uy,), > 1 is bounded in H&(RY) by lemma (3.2.2) , then there exists a subsequence
(Unk)k>1 of (uy), > 1 such that

Upe — u in HS(RY)( weak convergence)

and also :

Une — win L*(Q)by compact embedding

that implies a pointwise convergence in ) and a weak one i.e.
Upp — uin L*(Q) as | — 400

. Notice that we have here three different convergences with different subsequence, but we keep
the same notation. With the pointwise convergence, we get the same limit by unicity of the

limit.
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

Therefore, we get that:

I (Upy s Up,y, ) = CZ“S o |unk|ix)_ &TZ(S )l dxdy — / fup, dr < m—|— - Vk >0
So
CZ’S o |Un,€|i$) &TQ(S Ol dxdy < / funkdx+m+ R ,Vk >0
then
COn.s lim ki)rifoo o |u”’“‘(xxz;‘%jf2iy)| dy dx < hm mf/ fup, dx +m

Since u,, — u in H&(RY), then by proposition (1.5.1),we get:

C s - 2 C s n - Un 2
o [u(z) = u(y)] dy dx < N5 i inf [t () = oy ()]
4 Jren |z —y|NH2s 4 oo Jr2N |z — y|NH2s

dy dzx.

Then
Ch,s |un(2) = un(y)|?
4 Jrev  |w— gV

dydx < hm 1nf/ fup,dx +m

Since u,, — u in L*(Q), it implies that for all v € L*(Q),

/unkvdx%/uvdx.
Q Q

Specifically, choosing v = f, we get

/Qunkfdx%/ﬂufdx.

we deduce that
liminf/funkd:v— hm /funkdz—/fudm

k—4o00 JO

e C |un (%) — un(y)?
N,s Unp (T U,
1 o e gyl < | fudz+m
Therefore o (&) — (g )‘
_ YN,s Un (T Unp,
J(u,u) = 1 Sy oo g dd:v—/fud:v<m
So

J(u,u) <m = J(u,u) =m

Finally J has a minimizer u € Hg(RY).

Step 3: Weak Euler—Lagrange equation Given w € HE(RY) and t € R we have that
u+tw € HE(RY), so ¥(t) := F(u+ tw) > F(u) = 1(0). Hence, the function ¢ has a minimum
at t = 0. If ¢ is differentiable at ¢ = 0, then ¢'(0) = 0. But

(u(z)+tw(z) —uly) —tw(y))* = (u(z) —u(y))*+2t(u(z) —u(y))(w(z) —w(y)) +t*(w(z) —w(y))*,
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

which implies

R B B

9 |z — y|Nt2s — y|N+2s
— / fwdzx.
Q
_, Ons () (w(z) — w(y))
/RN/RN RpwIa=> dxdy—/gfwda;.
Thus, we have shown that
_ COnes y))(w(z) —w(y))
o /
0=1 /]RN/]RN [V da:dy—/ﬂfwd:z:.
This proves that u is the weak solution to our problem.
O
[

Uniqueness of minimizers

let u; and uy € HE(RY) be solutions of (3.5) , by difference ,end by put w = u; — us we obtain:

(=AYw=0 inQ

(3.11)
w =0 in RV \ ©

The weak formulation of the equation of (3.11),with chossing the test fuction ¢ = w ,we get :

lw(z) —w(y)® s (TN
/RZN oo yp ude = 0w & Hy(R")

On the other hand by Poincaré’s inequlity we deduce:

|72y <cHw\Hé @) = 0= flwllfag =0=w=0n0Q=u =uinQ

Finally u; = uy in RV,
Stability
Proposition 3.2.3. The equation 3.5 has a unique solution that depends continuously on the

data f € L*(Q)

Proof. To show that the solution depends continuously on the data f, let uy, uy € H5(RY) with
u; # Uy ,be solutions of the same type of equation as 3.5 with data f1, fo € L*(£2) respectively.
Note that

(U, V) g (mN) = /vada: (3.12)
<U1 — U2, U — U2>H5(RN)
[[ur — us] HE(RN) =
[[ur — uel HE(RN)
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3.2. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

According to (3.12) we get :

lur — ual| L2y | f1 = fallL2 (o)

U —Uu s N
H 1 2| Hg(RN) > ||U1 — u2| )
< CHM — |l gz @™ 1 f1 — foll 2@
w1 —U2HH5(RN)
< cllfi = follr2 (o
we are done. O
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his chapter investigates the existence of non zero solutions to equations governed by the nonlocal
operator £ with homogeneous Dirichlet boundary conditions .Specifically we consider the

problem:
—Lru—Au= f(x,u) in§

(pa) :
u=0 in RV \

Where the set Q € RY, N > 2s, is open, bounded and with Lipschitz boundary. A € R,and f is

the non linear term.
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41. INTRODUCTION

4.1 Introduction

We are insterested in studying the problem :

(—A)Yu—Au= f(z,u) inQ

u=20 in RY \ 00 4

for s € (0,1)and (—A)? is the fractional laplace operator which (up to normalization factors)

may be defined as :

_ (_A)SU(ZE) _ /RN u(x + y) +‘Z’(§+;sy> _ 2u(x) dy, = RN (4.2)

To be precise ,the aim of this work is studying the following equation

(52) —Lgu— = f(x,u) inQ (43)
u=0 in RV \

where L is the nonlocal operator defined as follows :
Licu(w) = [ (ulz +y) +ule —y) = 2u(@)) K(y)dy,o € RY (4.4)

Here , K : RY \ {0} — (0,+00) is a function such that :

i)

mK € L' RY) : m(x) = min{|z|*, 1} (4.5)

i)
30 >0: K(x) > Wv9+2s7\7f € RV \ {0} (4.6)

i)
K(z) = K(—x),Yr € RV \ {0} (4.7)

1
TN sthen Ly is the fractional Laplace operator

A typical example for K is given by K(z) = —
x

—(—A)?® define in (4.2) The weak formulation of (4.3) is given by the following problem:

u € X such that :

| (wl@) = ulg) (o) — @) K (@ = y)dady =\ [ w@)p(@)de = [ fla,u@)p()de Vo € Xo
(4.8)
Here the functional space X denotes the linear space of Lebesgue measurable functions from RY

to R such that the restriction to € of any function g in X belongs to L*(2) and the map :
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41. INTRODUCTION

(z,y) = (9(z) — g(y))\/ K (z — y)is in L*(R*N \ (CQ x CQ, dwdy),where CQ =: RV \ Q. Moreover
Xo={g€ X :g=0ae. in R\ Q}
We note that
C3 () € Xo (4.9)

see, e.g., [[23], Lemma 11] (for this we need condition (4.5), and so X and X, are non-empty.
Finally, we suppose that the nonlinear term in equation (4.3)is a function f: Q2 xR — R

verifying the following conditions:
1)
f is continuous in Q x R (4.10)

2N
N —2s

2) dag, a9 > 0 jand ¢ € (2,27),2" =

exponent ) such that :

(the element 2" is called the critical Sobolev

|f(z,1)] < a1+ ot/ Vo € Q,t €R (4.11)
3)
TRRACGI (4.12)
t—0 t
uniformely in x € Q ( fis super -linear)
4)

tf(z,t) >0V e Q,teR (4.13)
5) Ju > 2, and r >0 such that Vo € Q,t e R |t| > r

0 < pF(z,t) <tf(x,t) (4.14)

Where the function F is the primitive of f with respect to its second variable ,that is

Fla,t) = /Ot (o 7)dr (4.15)

( f is super -quadratic) ,this hypothesis is also known in the literature as the " Ambrosetti-

Rabinowitz hypothesis'.

> we remark that f(z,0) = 0 thanks to (4.12) = u = 0 is a trivial solution of (4.3).
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N

Our scope

We will constrate non-trivial solutions for (4.3). Using two different variational tricks .
When A < Aj(where);is the first eigenvalue of —Lj ,see Section 3 ),we can find a non
-trivial solution using "The Mountain Pass theorem " .

When A > \; we can achieve our goal using "the Linking theorem".

The main result of the present chapter is an existence theorem for equation driven by general

integrodifferential operators of non-local fractional type ,as stated here below .

Theorem 4.1.1. Let s € (0,1),N > 2sand 2 be an open bounded set of RY with Lipschitz
boundary. Let K : RN\ {0} — (0, 4+00)be a function satisfying conditions (4.5) to (4.6) and let
[ QxR — R verify (4.10) to (4.14). Then, for any A € R problem (4.8) admits a solution

u € Xowhich is not identically zero.

In the nonlocal framework, the simplest example we can deal with is given by the fractional

Laplacian (—A)?®, according to the following result:

Theorem 4.1.2. Let s € (0,1), n > 2s and Q be an open bounded set of R"™ with Lipschitz

boundary. Consider the following equation

/ (u(x) —u(y))(p(x) — v(v))

|z —y|+e

dx dy — )\/Qu(x)cp(x) dx = /Qf(:v,u(x))gp(x) dr  (4.16)

for any ¢ € H*(R") with ¢ =0 a.e. in R™\ Q.
If f: QxR = R is a function verifying (4.10) — (4.14), then, for any X\ € R, problem (4.16)

admits a solution u € H*(R"™), which is not identically zero, and such that u =10 a.e. in R™\ Q.

4.2 Some preliminary results

This section establishes preliminary results essential for later sections.

4.2.1 The vartational methods
Palais-Smale Condition

To express the compactness of minimizing sequences, or more generally of sequences that
converge to a point which one hopes to show is a critical point, one often resorts to the

Palais-Smale condition.

Definition 4.2.1. [1]] Let E be a Banach space, and J : E — R a function of class C*. If

c € R, we say that J satisfies the Palais-Smale condition (at level ) if every sequence (uy), in
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E such that
J(u,) — ¢ in R, and J'(u,) — 0 in E’

contains a convergent subsequence (up, ).

Mountain Pass Theorem

Theorem 4.2.1. [1]] Let E be a Banach space, J € C*(E,R) satisfying the Palais-Smale
condition. We assume that J(0) = 0 and that:

1. There exist R > 0 and a > 0 such that if ||u|| = R, then J(u) > a;
2. There ezists ug € E such that ||uo| > R and J(ug) < a.

Then J has a critical value ¢ such that ¢ > a. More precisely, if we define

B = {p([0,1]); ¢ € C([0,1], E), ¢(0) = 0,(1) = uo},

and:

¢ = inf max J(v),
A€B veA

then c is a critical value of J, and ¢ > a.

Linking Theorem

Theorem 4.2.2. [17]
Let E be a real Banach space with E =V & X, where V is finite dimensional. Suppose
J € CY(E,R) satisfies (PS), and

(i) there are constants p,a > 0 such that || Jop,nx| > a, and

(ii) there is an ug € 0B1 N X and R > p such that if Q = (BRNV) @ {re |0 <r < R}, then
Iag < 0.

Then J possesses a critical value ¢ > a which can be characterized as

¢ fepugg ),

where

F={heC(Q,E)|h=idondQ}.

0Q refers to the boundary of Q relative to V & spane{ug}
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4.2.2 FEstimates on the nonlinearity and its primitive

We gather some basic results that will be crucial for the main estimates later. Leveraging
the growth conditions on f, to deduce some bounds from above and below for the nonlinear

term and its primitive.

Lemma 4.2.1. Assume f: Q x R — R is a function satisfying conditions (4.10)—(4.12). Then,
for any € > 0,36 = d(¢)such that Vo € Q and t € R

[f (2, 6)] < 2eft] + qo(e)|t]* (4.17)
as a consequence
|F(z,t)] < elt]* +d(e)|t]? (4.18)
Where F is defined as in (4.15).
For the proof of Lemma (4.2.1) see ([22], Lemma 3)(similar estimates are also in ([17], [21])

Lemma 4.2.2. Let f : Q xR — R be a function satisfying conditions (4.10) and (4.14). Then,

there exist two positive constants as and oy such that Vo € Qand t € R
F(z,t) > as|t|* — ay (4.19)

Proof. Let r > 0, be as in (4.14) then, Vo € Q and t € R with [t/ >r >0 :

tf(x,t)
Flat) = F

case 1: supposet >1r

Dividing by ¢ and integrating both terms in [r,¢] we obtain

bz, 7) b
/r F(I,T)dT Z/r 'u;dT

then
In P, 7). > pln !
So -
F(z,t) > (l;j r) th VreQ, teR, t>r (4.20)
r
since x +— F(z,r) is continuous in Q, by the Weierstrass Theorem there exists min F'(x, 7).
z€eQ)

Hence we get:

F(z,t) > min F(z,r) r #t" Ve eQ, teR, t>r (4.21)

e

case 2: t< —r <90
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with the same argument we get: [we dividing by ¢ < 0]

o, 7) o
de S/t ;dT

t

we put T'= —7 we get:

[enmeel s

yn
A Gt Y (S IO
F(z,t) (=t~
F(z,—r)
In L,[t) <0
T
[¢]
_ Iz
Lo < F@
F(x,t)
F —
#ﬂ@wz@;”mﬂ

by Weierstrass Theorem we obtain:

F(x,t) > min F(x,—r)r #t* Vo e Q, teR, t < —r
e

so, Vz € Q, and t € R with [t| > r we get:

F(x,t) > ag|t|" (4.22)

e
Note that az > 0 being F(z,t) > 0, Vo € Q and ¢ € R such that [¢t| > r ,(see assumption (4.14)).

Since the function F is continuous in Q x R, by the Weierstrass Theorem, it is bounded for any
z € Q and t € R such that [t| < r, say:

where az = r~* min {min F(x,7),cq, min F(z, —r)} > 0.
€

|F(x,t)] <dyin Qx {|t| <7} (4.23)
fore some positive constant ay. Then we obtain:

Fz,t) > —dy in Qx {[t| <r) (4.24)
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on the other hand: for |[t| < r we have: ag|t|" < aszr* then

aslt|* —azr* <0

a3|t|“ — agr“ — d4 S —CL~4

by (4.24):

F(z,t) > as|t|* — agrt — ay

Finally: F(z,t) > as|t|* — a4 with: ay = agr* + day > 0 O

4.2.3 The functional sitting

Now we recall some basic results on the space X and Xj. In the sequal we set Q = R*Y \ O

where

O = (CQ) x (CQ) c RN (4.25)

and CQ = R\ Q. The space X is endowed with the norm defined as:

D=

l9llx = llgllz2@) + (/ l9(z) — g(y)PK (z — y)dfrdy> (4.26)
Q

Proposition 4.2.1. ||.||x is a norm on X.

Proof. We only show that if ||g||x = 0 = then g = 0 a.e in RY Let g € X: such that ||g||x = 0,
then:

1.
l9llL2) =0=9g=0 a.einQ (4.27)

/ 9(z) — g(y) K (z — y)dzdy = 0 = g(z) = g(y) a.e. (z,y) € Q
Q

(because of K (x — ) > 0¥z, y € RV \ {0})

Then: g = c a.e in RY.
By (4.27) we conclude that: ¢ = 0 so that: g = 0 a.e in R". O

N

N Why didn’t we use H*(Q2) instead of X %

Remark 4.2.1. We denote by H*(Q) the usual fractional sobolev space endowed with the norm:

lg(x) — g(y)?
|$ _ y|N+25

91l +) = ll9ll2@) + dedy | . (4.28)

QXN
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In the model case which K(x) = the norms in (4.26) and (4.28) is not the same, because

x| N+2s’
Q x Q) is strictly contained in Q) that makes the classical fractional sobolev approach not sufficient

for studying the problem.

For further details on the fractional Sobolev spaces we refer to [7] and to the references therein.

Lemma 4.2.3. (The relation between X and Xo with H*) Let K : R™ \ {0} — (0, +00) satisfy

assumptions (4.5)-(4.7). Then the following assertions true:

a) ifve X thenv e H*(). Moreover:

[Vl o0y < e(8)-[[v]lx

b) if v € X, then v € H*(RY). Moreover:

[0l 220y < [0l =ery < e(0)-1v]lx

1
c(f) = max {1, \/5}’ where 0 is given in (4.6).

Proof. Let us prove part a.
By (4.4) we get:

v(x) —o(y)[? 1 2
/ T g WS / lvi@) = v(y) K (e —y)dydy

QxQ QxQ

| /\

/ Y)|2K (x — y)dxdy

(/ lv(z) — v(y)PK(z — y)dxdy)
Q

1

2
v(z) —v(y)?
[v][r20) + (/ dey < Jvllz2() +
Q

X

1
2

Sk

D=

1
lollms@ < max 1, —= b | [ o) = o(y) PK(x — y)dady
Vo
Q
since v € X we obtain:
[0l a20) < c(0)][v]lx
(0) = max 1,
c(f) = max{ 1, —
Vo
. part b
since v € X then v = 0 a.e in CQ then [|v||2@ny = ||v]|22(0)
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So:

[v(z) —v(y)|? v(z) —v(y)?
/ ’m_y’NJrQs d$dy—/ |N+2s d:zcdy
R2N

_0/| Y)IPK(z — y)drdy < oo

follageny + (R / “yNiﬁsdxdy) <uin {1, | (w(m [ 1) v<y>|2f<<xy>dxdy)
Q

then

ol sy < e(@)]]ollx

SO

[olls) < vl @yy < c(@)lvllx

Now we give a sort of Poincaré-Sobolev inequality for functions inX

Lemma 4.2.4. Let K : RV \ {0} — (0, 00) satisfy assumptions (4.5) — (4.7). Then:

a) 3 c=c(n,s) > 0 such that:

@) = vl

Ve Xor vl = ol a <c [ O

R2N
where 2" is given in (4.11).

b) 3C > 1, C = C(n,s,0,Q) such that:

Ve Xo: [ lo(e) - o)k — y)dudy < il < C [ o) - vo(y) k(e — y)dudy

that is:

1
2

lollx, = ( [ 10() = vm)Ph - y)dmdy> (429)
Q

is a norm on Xg equivalent to the usual one define in (4.26)

Proof. Part a):
Let v € Xo: by lemma (4.2.3) , we have v € H*(R") by theorem (1.3.2) , with p = 2, we get

[o(z) = v(y)?
oIz vy < / o =y Gedy

R2N
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and ¢ = ¢(N, s)
Since v = 0 a.e in RV \ Q then [[v]| 2 vy = [[0]l 2+ (0
then we obtain: o(2) )P
v(x) —v(y
[v]| 72 ) < € / dedy

R2N

Part b): by (4.26) it follows that:

ol = [ [o(2) = v@)Pk(z - y)dady
Q

1 2

2

vavm@+(/wwww%@ww@>
Q

< 2ol +2 [ [o(2) = v(y) PRz — y)dedy.
Q

Now, using that L* (Q) < L*(Q) continuously

22
o]l <210

0]12 ) + 2 [ 10(2) = v(y)Pk(z — y)dady.
Q

By lemma (4.2.4) part a) we have:

2
2*—2 vr) — vy
< 2c|Q T / dedy + 2/ lv(z) — v(y)*k(z — y)dzdy
R2N Q

by assumption (4.6) we deduce:

Q)=
1 7=
we take C' = 2 0 +1] >1.

Now we show that (4.29) is a norm in X .we just prove that ||g||x, = 0= g = 0 in a.e. R".

x 2N
VL7 (Q) < L*(Q) continuously ( being © bounded and .2 < 2* = N 25) we have :

22
[vl1720) < 19177 [[0ll72x g
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Let g € X:
lgllxy =0 = [ lgx) = g() *h(z — y)dady = 0
Q

then g(x) — g(y) =0 ae (v,y) €EQ = g=c€Raein RY
sinceg=0aeRY\Q=c=0=g=0aecinR". O

Lemma 4.2.5. (Xo,||.||x,) is a Hilbert space with scalar product

(1,0)x, = [ (ule) = u(y)(v(@) = v(y)k(z — y)dedy (4:30)
Q

Remark 4.2.2. Note that in (4.30) and (4.29) the integrals come be extended to all R*N, since
v € Xy (and sov =0 a.cin RV \ Q)

Proof. Part a) proving that (u,v) s, is scalar product in Xo:

let u,v,w € Xy and A € R:

L (), = [ lu(z) = u(®)Ph(e = y)dedy 2 0 (k(z —y) > 0)
Q

2. (u,u)y, =0= / lu(x) — u(y))*k(z — y)dody = 0 = u = 0 a.e in RY (It has been proven
Q

before)

4 o), = A [ (o) = um) (o) — o) — y)dedy = A (u,v)y,
Q

5. (u,v)x, = (v,u) x, (Multiplication is commutative).

Part b):
we show that X is a Hilbert space, i.e X is complete with respect to the norm ||.||x,-

(see [22] Lemma 7 for the prove) O

For the following lemma we need that() has a Lipschitz boundary .
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Lemma 4.2.6. (see [22] Lemma 8) let k : RN\ {0} — (0, +00) satisfy assumptions (4.5) — (4.7)
and let v; be a bounded sequence in X then, there exists Voo € L”(RN) such that up to a sequence

V; —— Uso for any n € [1,27).

n—-+o0o

Proposition 4.2.2. ( Relation between ||.|| 2+ ) and ||.||x, ). Let v € Xo,then

c
[011Z2+ ) = 1ollz2 @y < Floll%,

Proof. By assumption (4.7) we get
o) =P 1 2
/RQN dey = gfw [v(z) —v(y)"K(z — y)dady

by lemma (4.2.4) part b ;we obtain :

/ [v(x) = v(y)”

1 2
|I _ y|N+2S dl’dy S §||UHX0

then by lemma (4.2.4) part a ,we deduce that :

c
101172+ ) = Iollz2 vy < Floll%,
[
Proposition 4.2.3. (Relation between ||.||racoyand||.||x, ) . Let v € Xy then
@) 0
q 2o (€2
lllzay < 19177 (5] lIvllx,
Proof. Let v € X
using the fact that : L¥ (Q) < LY(Q) continuously * and by proposition (4.2.2) we get
c\ 32
ol @ = (5) o,
so that .
2*—q (C\2
ol < 1255 () lol%,
[

Remark 4.2.3. (Relation between ||.| 2 and ||.||x, ) by proposition (4.2.3) we get

2*—2C
1ol1Z2(0) < 1927 Il

2 127 (9) = LYQ) continuously being Q bounded and max{2,¢} = ¢ < 2*). i.e

2*—¢q

< Q)

0120 g ol
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4.3 An etgenvalue problem

We consider the following eigenvalue problem

—Liyu=Mu in )

(4.31)
u=0 in RV \ Q

where s € (0,1), N > 2s, Q is on open bounded set of RY .
More precisely, we discuss the weak formulation of (4.31) which consists in the following

eigenvalue problem

@) = u@) (@) = o)K@ — ) dody = A [ u(@)e(e)dz Vi € Xo,

UEXO

(4.32)

We recall that A € R is an eigenvalue of —L; provided there exists a non-trivial solution v € X,
of problem (4.32) , in fact, of its weak formulation(4.32), a and in this case any solution with
called an eigenfunction corresponding to the eigenvalue A.

We will present result specific to this problem without proof. Which we need in studying

our basic problem, but you will find all the results and proof in [23].

Proposition 4.3.1. (Eigenvalues and eigenfunctions of —Lx ). Let s € (0,1), N > 2s, Q be an
open bounded set of RY and let K : R¥\{0} — (0,400) be a function satisfying assumptions
(4.5) — (4.7). Then,

a) problem (4.32) admits an eigenvalue Ny which is positive and that can be characterized as

follows
A1 = min / lu(z) — u(y)|*K (z — y)dzdy, (4.33)
u€eXo R2N
||u||L2(Q):1
or, equivalently,
2
2 — K(x —

u€Xo\{0} fQ |u(x)|2d$

b) there exists a non-negative function e; € Xy, which is an eigenfunction corresponding to

A1, attaining the minimum in (4.33), that is |le1| ;o) = 1 and
M= [ @) =) K - y)dedy (435)
c) A1 is simple, that is if u € Xy is a solution of the following equation
/RW (u(z) — u(y))(o(z) — e(Y)) K (x — y)drdy = M /Q u(z)p(r)de Vo € Xo,  (4.36)

20
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then u = Cey, with ( € R;

d) the set of the eigenvalues of problem (4.32) consists of a sequence { ¢}, oy with 3

0</\1<)\2<~-</\k</\k+1<-~ (437)

and

A, — +00 as k — +oo. (4.38)

Moreover, for any k € N the eigenvalues can be characterized as follows:

Moo= min [ fule) = uly) K (e — y)dedy, (4.39)

u€P 11
H“HL2(Q):1

or, equivalently,

Jrex Jux) — u(y) K (z — y)dady

Akl = min , 4.40
ML ePea\(0) Jo lu(z)|?dz (4.40)

where
Py = {u € Xj s.t. <u,ej}XO =0 Vj=1,..., k} (4.41)

e) for any k € N there exists a function eyy1 € Pyy1, which is an eigenfunction corresponding

to A1, attaining the minimum in (4.39), that is [|egi1] p2(q) = 1 and

Mot = [ le(@) = v )] K(w = y)dady (442)

f) the sequence {ey},cn of eigenfunctions corresponding to Ay is an orthonormal basis of
L*(Q) and an orthogonal basis of X;

g) each eigenvalue N, has finite multiplicity * , more precisely, if A, is such that

)\k—l < )\k == )\k+h < >\k+h+1 (443)

for some h € Ny, then the set of all the eigenfunctions corresponding to N\ agrees with

span {eg, ..., erin}- (4.44)

3 As usual, here we call \; the first eigenvalue of the operator —Lf . This notation is justified by (4.37).
Notice also that some of the eigenvalues in the sequence A\pcn may repeat, i.e. the inequalities in (4.37) may be
not always strict.

4We observe that we already know that the eigenfunctions corresponding to); are spane;, thanks to c), so g)
is interesting only when k£ > 2 .
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4.4  Existence of solutions depends on Ly

We will prove theorem (4.1.1)

4.4.1 A variational problem

1) Another structure of Ly

We have:
Liculz) = AN[u<x+y>+u<x— v) — @Ky «eR
= [t + ) = @Ky + [ ul—y) — (e
put : y=—=z2
EKu(x):/RN[u(x—z dz—i—/ u(x —y) —u(x

K is symetric so:

LKu(x):/RN[ (x —2z) — dz+/ u(lx —y) —u(x

put y =z

EKu(m):/[(x— —u(x dy+/ u(x —y) —u(z

put y =z —y
= =2 | lu(@) = u()]K (@ —)dy

put =y
Lxu(r) = =2 [u(z)—u(y)]K(z—y)dy

2) The Weak formulation
Let u € X

K(y)dy

K(y)dy

K(y)dy

K(y)dy

1= [ ~Lxul@) o) de =2 [ ([ Tul) - u@))K @ - y)dy ) olo)do
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then

1= [ ] @) —ule@ K@ —ydydo+ [ [ ()~ u@m)e@)K @ - y)dyda

Using changing of variable x = y and Fubini theorem for the second term, we get:

I= /RN /RN (u(e) — uly)) (@)K (& — y)dydz — /]R i /R (u(2) = u)p W) K (@ - y)dyda
B /nw /RN (u(z) — u(y))(p(z) — ¢(y)) K (x — y)dydz

then the weak formulation of 4.3 is given by the following problem

u € Xy such that
L L)~ u))(ele) — o)K@~ y)dyds — A [ u()p()de = [ o u(@)p()da

Vo e Xo
(4.45)

3) The variational problem
The problem (4.3),has a variational structure,it is the Euler-Lagrange equation of the
functional Jy : Xg — R defined by:

1

"~ 2 Jrew

() u(e) — uly) PK (e — y)dydz — 5 [ fufa)Pdr — [ F(o, u(e))ds

Jy is well defined, indeed
Lo @) = u@)PE (@ = y)dyde = [Jull, < oo

= f
/Q\u(x)\zdx: lullf ey < “—5—llulik, < o0 (by remark (4.2.3))

]/QF(x,u(x))dx| §/9|F(x,u(x))|dx
< /Q (chu(@) + 6(&)lu(@)|) dz ( by 4.18)
sg/ﬂ\u(x)ﬁdxm(@/gyu(x)|qu

< ellul|720) + () |ull 0

2% 2

<elQ ™=

2*—q C. g

lull%, + 3(e)IU™= (5)2 llullx, by proposition(4.2.3)

¢
6
and remark (4.2.3)
< o0

Then J, is well defined in X,
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4) Jy is Fréchet differentiable in Xy (Jy € C*(Xp))
Indeed, let u, ¢ € Xo we pose Jy(u) = Jy(u) — Jg( ) such that :
2/ ) —u(y)|? K (z — )dydx——/|u ) da
and
Jo(u) = /Q F(z,u(z))de
It is easy to check that J; is Fréchet differentiable and we get:
<Jiw),p>= | (u(x) —u(y))(e(x) = () k(z — y)dydr — A/{)U(%)@O(l’)daf

R2N

Now, we will work on Jy

first remarking that :
1
/o vf(z,u+tp)dt = F(x,u+tcp)|é = F(z,u+¢) — F(x,u)
then we obtain

1
F(z,u+¢)— F(z,u) — we = [ vf(r,u+tp) — xugp/ dt
0
1

= vfa:u+tgodt—/ f(z,u)pdt
0 0
1

= Ov flz,u+tp) — f(z,u))dt

Jo(u + @) — /fxugodx—// flz,u+tp) — f(z,u))dtdx

Using Fubini theorem ,Cauchy-Schwartz inequality,and ramark (4.2.3),we get:

[ Tou+ ) — /fxumm</ /wwxu+mﬂ f(x,u)|dedt

< [ Mellallf @+ ) = £l

2*—2 C %
< (1915°5) Hull £ u + ) = £ )220

[lut o) = hw) = Jo e wedel 6,222 €)1y v 1) — £, )l = 0
Julx, 0 -

then
< Jy(u), o >= /Qf(x,u)godx
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Finally we obtain :

< K)o >=< J()p > = < Blup >= [ (u@)=u(y))(ple)=py)ka—y)dyds

/\/ da:—/f:cu x)dx

Proposition 4.4.1. The critical points of Jy are solutions to problem (4.8).

In order to find these critical points, we will apply two classical variational results. the first one
is "the mountain pass theorem" and the second one "is the linking theorem " respectively in the
case when A < A\ and A > Ay, where )\, is the first eigen value of the non-local operator - Ly
(as we introduced in proposition 4.3.1)

Both these minimax theorems require that the functional J,

1. has a suitable geometric structure ( for the Mountain Pass Theorem in conditions (1), (2)
of (4.2.1) and for the Linking Theorem conditions (), (i7) of (4.2.2).

2. satisfies the Palais—Smale compactness condition at any level ¢ € R (see, for instance,

definition (4.2.1) , that is for any ¢ € R any sequence u,, in Xy such that
Ji(un) = ¢ and  sup {[(J5(un), )| : ¢ € Xo, |@llx, =1} = 0 as n — +o0,

admits a subsequence strongly convergent in X.

4.4.2  Solutions of the variational problem with the Mountain Pass

theorem (A < \i)

Here we assume that the non-linearity f satisfies conditions (4.10) — 4.12) and (4.14).
We will verify that the functional J, satisfies the assumptions of the Mountain pass theorem for
(A < A1) In this subsection, in order to verify that the functional J, satisfies the assumptions of

the Mountain Pass Theorem, we need the following lemma.

Lemma 4.4.1. Let k : RV \ {0} — (0, 400) satisfy assumptions (4.5) - (4.7) and let X € R,
then there existe two positive constant my and M, . depending only on \,such that for any

v e Xp

millelk, < [ lo(@) = v(y) Pz = y)dedy = A [ o(@)fde < Mol (4.46)

that is
Jollxon = ([, l6@) = 0@tz = p)dady = A [ [o(a) Pdo)? (1.47)
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is a norm on Xy equivalent to the ones in 4.26 and 4.29 .

The constant m and M, are given by

m) = min 1,1—i and My = max 1,1—i
A A

1

Proof. 1. If v =0 the 4.46 is trivially verified. so we take v € X\ {0} .
To make the computation clearer, let’s examine two possibilities which (0 < A < Ay or (A <

0). (Remark that Ay > 0 by proposition 4.3.1)

i) we assume that 0 < X\ < Ay :

In this case we have

Lo 10@) = o) bz = y)dady = [ fo(@)de < [ fo(a) = o(y)] k(z - y)dedy

2N

then

/RQN lo(z) — v(y)|* k(z — y)dzdy — )\/Q v(x)|* dz < Jull% e (1)
Now, using the variational characterization of \; in 4.33 we get

Jron [0(2) — v(y)|” k(z — y)dady

/\1 <
Jo|v(@)[* do

then
(@) de < 5 [ o) = o(y) ke~ y)dady

Lo @) = o) ka—y)dady=x [ fo(@)P dz> [ Jo(a) = o(y)] ka—y)dzdy

b fon 10@) = o) o — y)dady

[ @) = o) K—g)dady=2 [ o) = (13 [ 1o(e) = ofy)]* Ko—y)dady
(2)

from (1) and (2) ,we get

(1 - j) ol < [, 10(@) = o) ko = y)dady = X [ [o(@)do < o], ()

26
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i) We assume that A < 0:
Lo 10(@) =0 k@ = y)dady = [ fo(@) o = [ Jo(@) = o(y) klx — y)dzdy
then

Lo @) = o) bz = y)dedy =X [ [o@) de > ollk, ()

According to 4.33 we get
2 2 A 2
[ 060 = o) blo-shady2 [ o) e < (15 ) [, Ioe) = o) bto-dady

[ 1o@) = o) ko = dedy =3 [ ) do < (1= Dol -6)
by (4) and (5), we deduce that

o, < [, Io@) = o)l bz = y)dady = [ o(a)] do < <1—;1>Hvu_%<o (6)

from (3) and (6) we get

min {1’ 1= ;\} < /RQN [u(x) = v(y)l” k(:v—y)dxdy—A/Q v(z)]* dv < max {1, 1— ;1}

1

A
which 1 — - > 0 because A\; > 0.
1

2. Now we have to show that formula 4.48 defines a norm on X,. For this we claim that
< U, v >y /R (u(@) —u(y) (v(z) — v(y)k(z — y)dedy — A /Q w(@)o(z)de  (4.48)

is a scalar product on Xj.

for that Jlet u,v,w € Xp,a, 3 € R
) <uusxoa= [ Jule) = uly)P Kz - y)dedy = [ Ju(@) do = m} o, >0 (by
4.46)

i) <wu,u>x,0=0=m)lull}, =0=|lul}, =0=u=0in X,
(ramrk that my|lullk, < 0 < Myllullk, = m)lul%, = 0)

u=0=<u,u>x, =0 (trivially)
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31)
< au+ fu,w > = /RQN (au + pov(x) — au+ Pu(y)) (w(z) —w(y)) k(z — y)dzdy
)\ /Q (au + Bv) (2)w(z)de
= a( [, (uw) = ulp)w(@) - we)k(e - ydudy = [ u@yw(z)iz)
8 ([, (@) = o)) = w)k(e = ydzdy = A [ v()w(z)de)

=a<u,v>x,+8 <v,w>

_|_

4i) < u,v >x, A=< U, U >x,0

Hence,the claim is proved. since

HUHXO,/\ = 4/< VU,V >x4,A

the formula 4.48 defines a norm on X

3. the equivalence of the norms

with lemma 4.2.4 part b ,we have :
Vo e Xo: |olk, < Ik <C vl (1)

and now, we can write 4.46 as the following:

millvllx, < [lvllk, » < Millvl,

then ” ||2
1 v X 1
™= g, =M
Xo
1l 1
My~ |lvll% — ma
1 1
EHUH%( < lol%, < m7||v||§( - (2)

by (1) and (2), we get

C
Tl < ol < Il < Cllol, < Cololly

then ||.]|x, |-l xos II-l|xo.1 are equivalent in Xj.
[

Now we can prove that the functional Jy has the geometric features required by the Mountain

Pass Theorem.
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J) has the geometric features required by Mountain Pass theorem

Proposition 4.4.2. Let (A < A1) and let f be a function satisfying conditions (4.10)- (4.12),
then there exist p > 0 and 5 > 0 such that for any u € Xy with ||u||lx, = p it results that

Proof. Let u € X

1

JA(U) - 5 R2N

lu(x) — u(y)|Pk(z — y)dady — ; [ lu@)Pde = [ Fla,u()da.

from(4.18) we get that for any ¢ > 0

) > 5 [ )~ uly) PhGe — y)drdy — 5 [ fua)Pdr
—€/|u )|?dx — §(e /|um|qu.
1

> 5 llullxon = ellullZz@) — (@) [ulliaq)

\V)

By lemma (4.4.1) and proposition (4.2.3) and remark (4.2.3) , we get

q

ml 22 (C 2*—q [ C\ 2
R lully, — el (5) iy, - 0@12F (5) ul,

(M—€C|Q|22*2>Hu||§<o— SEA =" ) g,
2 0 03

1 = QQ*:q q - *
z(w; €c|§29| )u %, - (W) ull el (g€ 22> g>2=9-2>0),
2

v

J,\(u)

v

2*—2
choosing € > 0 such that (m eclQ = ) >0 = my > 25C|Q] > | then we pose
2 0

o= (mh - o)
2 0

2"—q g
) 2 el (1 Hul?) where & = (wm) .

02

we get

Now let [Jul[%, = p >0
Ja(u) > ap*(1—kp™?)
since q >2 ,then we can choose p such that (1 — kp??) > 0i.e.0 < p? % < li,so that
I(u) > ap*(1 = kp??) =: >0,
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Hence, the proposition is proved. O

Proposition 4.4.3. Let A\ < Ay and let [ be a function satisfying (4.10) to (4.12) and (4.14),
then there existe e € Xq such that e > 0 a.e in RY,|le||x, > p and Jx(e) < B, where p and j3

are given in proposition (4.4.2).

Proof. Let u € X; such that ||ullx, =1 and « >0 a.e in RY, now let ( > 0

TG =5 [ 1ula) — Culy) Phtx — y)dedy — 5 [ Cluto)de ~ [ F,cuta))dr
= SNculin — [ Fl,uta))dz

1
= 5l r = [ Fe,Culx))da,

by lemma (4.2.2) and (4.4.1) using the choice we made in the first, we get

Ml
I < A2 - aggu/Q ()| dz + aqlQ)

o (4.49)
< ¢ (2’\ - 043@‘72/9 |u(x)|“da:> + 4| Q.

Since p > 2, passing to the limit as ( — +o00 we get Jy(Cu) —> —o0, so that we can take
e = Cu with ( sufficiently large. m
The palais-Smale condition

This will be accomplished with forthcoming propositions (4.4.4) and (5.28)

Proposition 4.4.4. Let A < A1 and let [ be a function satisfying conditions (4.10) to (4.12)
and (4.14).Let ¢ € R and let u,, be a sequence in Xy such that

Ia(un) —> ¢ (4.50)

and

sup {[(Jy(un), )|, ¢ € Xo} — 0 as n — +o0, (4.51)
llellx,=1

then u, s bounded in Xj.

Proof. Let n € N by (4.50) and (4.51) it follows that there exists £ > 0 such that

Ja(un) < k, (4.52)
and
(T (), 2 )| < k. (4.53)
[l x,
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44. EXISTENCE OF SOLUTIONS DEPENDS ON Lk

Indeed, we have
(J,\(un) —c in R) & (V5>0,30>O:Vn>a | ) (un) — | §5>,
on the other hand we have
|[a(un)| = [Ix(un) — e+ ¢| < [Ix(un) — ¢ + ] <e+]d],

choosing € = 1, we get
| a(un)| < 1+ cf.

Then taking k = 1+ |¢| > 0 we obtain |Jy(u,)| < k

also we have
( sup {|(J4(un), )], € Ao} — 0 as nﬂﬁo)

lellxg=1
that implies for any ¢ € Xo,with |l¢]lx, =1
(Jy(un), ) — 0 as n — +oo
then this implies that

Ve' > 0,30 >0:¥n >0 [(Jy(un),9) <€,

Since ¢ € Xy and ||¢|x, = 1,we take

Un [[n xo
o= = el = o = 1
[[en xo D [lunllx,
then we get
’ Up, ’
<J>\(un)7 <e ’
[[n | 2
Choosing € = 1+ |¢| = k getting
’ Un
(Ir(un), =) < k.
[[een | 2

Moreover, by lemma (4.2.2) applied with ¢ = 1 we have
|f (@, un(2))] < 2fun(2)] + d(1)]un(2)|"

and
|F (2, un ()] < g ()] 4+ 6(1)|un(2)|? with |ua(2)] <7,

then we obtain
| f (2, un ()] < 2r + qo(1)r!
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and
|F(z,u,(2))] <%+ 5(1)r9

1 1
|~/Qﬂ{un|<7"} F(z,up(v)) — pf(x,un(x))un(x)dxl < /Q (IF(x,un(x))l + u|f(x,un(m))un(x)|> da
q 2 q5<1) q—1
< /Q (27“4‘(15(1)7‘ + ;T%— Tr ) dz
< <2r +qd(1)r? 4+ gr + (](5(qu_1> Q) = i
oo

then

1 ~
/Qm{|un|<r} <F(x, Un(x)) — pf(:v, un(x))un(x)dx> dr <k, (4.54)

such that & > 0 since r > 0.
Also by lemma (4.4.1) and (4.50) ,(4.51)

) = ), ) = (5 = el = 2 = Dl = [ Pl
1
+M/Qf(a:,un(x))un(x)dx
= (3= 1) (Il =G = Dl ) = [ P
+ 1 [z un(2))uy (z)de

JI)

L1 1
> (5 - ;)m,\Hun”XO - /m{|uj<r} (F(x,un(x)) - Mf(x,un(x))un($)> dz.

By (4.54), we get

1, 1 1 ~
In(tn) — = (I3 (un), un) > (= — =)m) |lun %, — k- 4.
Mun) = 20\ (wn)s wn) 2 (5 = Z)milunll, (4.55)
As a consequence of (4.50) and (4.51) we also have Jy(u,) < k
and
=) = 1 () )| < Kllualxg
[[n ] x
= <J;\(un)7un> > _kHun“Xov

(5 (un),

then

1, k
Ia(Un) — ;(JA(un)vun> <k-— ﬁ”un”Xo
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So

1 . 1
In(un) — = (I (un), un) < k{14 —||unlx, |-
) = (3 ). ) ( 2 HX)

1 1 1 1
Since p >2=0< — < 5= —tn || x, < §||un]|X0 < g || x,, We get
7 p

T (1) — ;<J;<un>,un> < k(1 + [l o).

This and (4.55) implies that, for any n € N
1 1, 9 ~
(5 = Zmallunll, =k < k(1 fJunllx)

1 1 ~
(5—;WWWM%—%WMRV%k+@SO-

Taking Z = ||u,| x,, we get

1 1 -
2 L1, A 7 1
A=k —1—4(5 ——)my(k+k)>0 (k>0,k>1,m, >0,u>2) then
1
k4R 445 — Dymi(k + k)
1= I _ 1y, 1 >0,
2(3 — ﬁ)m)\
and -
k= k2440 — Dmi(k+ k)
Zy = 2(L — Dym} ’
2 I A
X, < 0, indeed posing that Xy > 0= k2 > k? + 4(= — —)mi(k + k), which implies that
1
1 1 ~
4(5 = —)ma(k + k) <0,

and this is impossible because my > 0, > 2,k > 1, k>0, then X, < 0.

Since we are interested to Z = ||u,|| x,, we get
11 4,5 ~
(z——mZ°—kZ —(k+ k) <0.
2
hold when 0 < Z < Z;. O
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Hence (uy)nen is bounded in X.

Proposition 4.4.5. Let [ be a function satisfying condition (4.10) — (4.12) and (4.14). Let
(un) be a sequence in Xg, such that u, is bounded in Xy and (4.51)holds true. Then there exists

Uso € Xo such that up to a subsequence ||u, — U] P 0.

Proof. Since (u,)nen is bounded in Xy and Xjis a reflexif space (Xj is a Hilbert space by
lemma (4.2.5) ), then there exists a subsequence still denoted (u,,),en such that w, converges
weekly to some limit noted uy, € Xy
i.e
(Un, ) = (U, ), Yo € Xp (4.56)

Then V¢ € Xy

/ (un (@) — un(y)) (p(x) — o(y)) K(z—y)dzdy — | (ueo(®) — use(y)) (p(z) — (y)) K(z—y)drdyVe € X

R2n R

on other hand we have:

Jim [ = el = Jim [ (= 1) (2) = (n = woe) )] K (@ = )dady

So we will prove that
nli—>nolo<un’U<>O>Xo = <u007u°°>X0

First, by lemma (4.64), up to a subsequence

Uy, — Usoin L*(9) (4.57)
Up — Usin LI(Q), g € (2,27) (4.58)

Ju,; and g€ LI(€2) Such that

by Dominated.C.T
=

Up — Uy 0 LI(Q) Dty, = u a.e on Q. (4.59)

2)[un, (2)] < gla), V), ae on Q.
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Next, we have /f(x,un(x))un(x)dx — /f(m,uoo(m))uoo(x)dm ,indeed, by Dominated
0 0

convergence theorem, and de fact that the map t — f(.,¢) is continuous in ¢ € R, we will obtain

our convergence as follows:
Taking hy(2) = f (@, un(x))un(z)

lim h,(z) = lim f(z,u,(x))u,(x)

n—-+o0o n—-+o0o

= f(z, LIIE un(2z)) lim w,(z)(usinge the fact that t — f(.,t) is continous)

n—-+4o0o

Then by (4.59) nl—Z;Toohn(x) = f(Z, Uoo (T) ) Uoo ()

and we have

by (4.11) ,we get

()] < (0 + aofun (2)|77") fun ()|

< o fun ()] + azfun ()]
again by (4.59) we deduce

[ ()] < arg(e) + aa(g(x))?

taking
R(z) = ang(x) + az(g(x))*

/]R(x)]d:v < / lg(z)|dz + a2/|g(x)\qu
Q Q Q
< a1llg()[lpr(e) + e2llg(@) |70

because of g € LY(Q) and ¢ € (2,2*) we obtain L4(Q) — L'(Q)
S0

[ IR@)de < arellg(@) e + allg@) aa < o
Q

then R € L'(Q).
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Hence, by the dominated convergence theorem, we obtain
lim /hn(as)dm = [ lim h,(z)dz
n—-+o0o n—-+o0o
Q

i.e

lim /f(w,un(x))un(x)dz:/f(x,uoo(m))uoo(x)dx

n—-+o0o
Q

and here we have proven what we wanted.

Also we can conclude that

/f(:v,un(x))uoo(x)dx—>/f(x,uoo(x))uoo(x)dx

n—-+4o0o
Q

because uq, € Xj.
Moreover, by (4.50) we have that

/ Un X /
<‘]A(“”)’ ||un||XO> o 0= (Aln) ) S5 0
le
[ lun@) = un (@)K (@ = y)dady = A [ (@)
R2n Q
- /f(xaun<x>>un<x)dx — 0
Then,

lim [ (1) — un (y) 2K (2 — y)dady = hm /|un )|dx — /f z, U (7)) uy (z)dz

n—-+o0o
RQn

by (4.57) we have w, — us in L*(2) e [lu, — too| r2(0) ) T 0

unllz2@) = lJucoll 2| < lJun = tooll2(0) 7 O then [lunllr2@) — [luccllz2()-

Now, we have:

lnllz2(@) 7= lucollizi)

/f(x,un x) )y (x)dx m/f(x,uoo(x))uoo(x)dx

then

tim [ fun(z) = un(y) P (2 = y)drdy = Muso(2) 30y + [ £ toe(@) e () (4.60)

n—-+o0o
Q
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Furthermore, using again(4.51)

<J§\(un),uoo> —0

Tim [ (n(2) — 00 (1)) — (o) — t0(9) K (& — )y
- )\/un(x)uoo(x)dx - /f(x,un(x))uoo(x)dx =0
Q Q
then

lim [ (un () = un(y)) (oo (2) = uso(y)) K (x — y)ddy

n—oo
R2n
= lim )x/un(x)uoo(x)d:v+/f(x,un(x))uoo(x)dx (4.61)
0 0
(4.62)
by (4.56) we obtain
Tim [ (1n(2) = n(9)) (o) — (%)) K (& — y)ddy =
R2n
and we have u,, — s in L*(Q) = u, — us in L*(Q)
i.e (U, ) — (Uso, ), Vi € L*(Q) ;50 we get form (4.61):
s Iy = M2y + [ (2 o0 ()i () (4.63)
Q

Finally, by (4.63) and (4.60) we get

loanllZy —= llueel e,

lunll%y ——= llucoll,
n—-+00

(Uns Uoo)xo =7 Nusollk, (by (4.56))

n—-+4o0o

Now we have
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SO

nlggo |t — Uoo||§c0 = nhg{.lo Hun“%(() + ||uw||§(0 - QnILIEO<un>UOO>Xo

= [[too I, + lltcoll5, — 2lluccllk,

=0

then the subsequence u,, converges to u., strangely in Xj.

Then, the assertion of proposition is proved. O
Hence, the Palais-Smale conditions is verified by proposition (4.4.4) and (4.4.5).

Remark 4.4.1. Note that Proposition (4.4.5), holds true for any value of the parameter A, so

we can use such result also for X > A\

conclusion: When A < \;, the geometry of the Mountain Pass theorem of J, and the
Palais-Smale condition is verified. Then we conclude that there exists a Critical point u € X of
Jy such that

Ja(u) = > 0= J)(0)

so that u # 0

Figure 4.1: The Mountain Pass type geometry of Jy, when A\ < A;.
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4.4.3 Solutions of the variational problem with the linking theorem
(A= A1)

Since A > A1, we can suppose that A € [A\g, \p + 1), k € N where )y is the k—th eigenvalue
of the operator —L.
We recall that, in what follows, e, will be the k—th eigenfunctions corresponding to the eigenvalue
A of Lk, and
Pri1:={ue Xy, (u,en)x,=0 Yn=1,. k}

as defined in Proposition (4.3.1), while span {ey, ..., ;. } will denote the linear subspace generated
by the first k eigenfunctions of —Lg for any k£ € N.

First of all, we need a preliminary lemma.
Lemma 4.4.2. Let k, RV\{0} — (0,400) satisfy assumptions (4.5)- (4.7) and let X €

[Aks Aky1) for some k € N. Then for any v € Pryq

[ 10@) = v@PK (@ = y)dady = A [ lo(@) Pdz = miy, ol (4.64)

R2N

where

My, =1 >0 (4.65)

M
Proof. First of all not that A > Ay > Ay > 0, (thanks to proposition (4.3.1) ).
Let v € Pgyq.

If v =0, then (4.64) is trivially verified.

Now, assume v % 0.

The variational characterization of Ay (formula 4.40) gives as

(@) = v()PK(z - y)dedy

A\ < R2N
e [ |v(z)[*dz
Q

then

[1o@Pds < o= [ 1o(@) = o)K@ = y)dady

then

A [ o) > A‘kﬁ [ lelw) = o@)PK (e — y)drdy

Q + R2N

[ 10@) = v@)PK (@ = y)dady = A [ |oz) d

R2N

> (1— 4 ) [ 1ofa) - o) K )y

A
RV
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So
A
/ lv(2) — v(y)PK (x — y)dzdy — )\/ lv(2))?dx > (1 — A) H’UH_2X0
BN 2 k+1
Then the lemma is proved. ]

No we prove that the functional J) has the geometric structure required by the linking

theorem.

The geometric features required by Linking theorem

Proposition 4.4.6. Let A € [\g, \gr1) for some k € N and let f be a function satisfying
conditions (4.10)-(4.12).

Then there exists p > 0 and 8 > 0 such that for any u € Pryq with ||u||x, = p it results that
Ia(u) = 8.

Proof. This proof is quite similar to that of proposition (4.4.2). The key difference is that
lemma (4.4.1)is not applicable here, so we must use the previous lemma (4.4.2) instead. This
substitution changes m7 from proposition (4.4.1) to mj, ;.

While the rest of the proof remains largely unchanged. We provide a detailed explanation for
the reader’s convenience.

Let u € Pryq. By (4.18) we get that for any € > 0

B 2 5 [ fule) ~ ul) PK (e — y)drdy / ju(e) P — = / ju(e) Pz — 6() / [u(a) *d.

R2N
My 2 2 q
> = / u(z) — w(y) K (x — y)dedy — ellullzz(q) — 5(e)[ullZoq)
R2N
m)‘ 2*—2 C 2*—q
> = lullx, — el Slullx, = o)1= Jlullk,
mj c|Q|% > g (C)2
> | M- Sl - s@I T (5) ull,
M C|Q|22772 A 22
choosing € > 0 such that 2+ & > 0= my, 0 > 2ec|Q 7
A 0 2*:2
then pose a = M1 €C| - we get

2 9

70



44. EXISTENCE OF SOLUTIONS DEPENDS ON Lk

Now, let u € P41 be such that ||ul|x, = p > 0, since ¢ > 2 we can choose p such that

1
1—kpq_2>0=>0<pq_2<%
so that
inf  Jy(u) > ap*(1 —kp"?):=5>0
u€Ppq

]

Proposition 4.4.7. Let A\ € [\g, M\gr1) for some k € N and let f be a function satisfying
conditions (4.10),(4.11) and (4.13). Then Jx(u) < 0 for any u € Span{ey, ..., ex}.

Proof. Let u € Span{ey,...,ex}. Then u(x Zu,ez ) with w; € R, ¢ =1,...,k. Since

{e1, ..., ek, ...} is an orthonormal basis of L*(Q) and orthogonal one of Xy (by proposition 4.3.1
-f). We have:

<€z’,€j>L2(Q) =0, fori# j,

H6i||%2(9) =1, for all 7,

<ei,ej>XO =0, fori#j, Vije{l,... k).
then

/ lu(z) Pz = (u, u) 2

Q

Il
—
=
S
£
O
N
~

@
I
—

I

M-
&
)

s
Il
—

(), u(r)) 2(0)

Z uje;(x

Il
£
£°

@
Il
MR

uZZuj ei(z), ej(x )>L2(Q)

j=1

Il
Mw

@
Il
MR

when 7 = 7 we get
k
[ lu(@)Pde = 3 Juil?

and
[ ulw) = uly) PK (e ~ y)dady = ulik, = (u,u)y,

R2N
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:<§¥&@%Q%

k k
= Z uife;(x Z uje;(z
=1 =
k
= Zl u; Zl uj{ei(r), e;(x))x,
i= j=

when ¢ = j
k
20 112
= luillleill%,
i=1
Morever, we have F/(z,t) >0, Vx € Q, t e R .
t
F(x,t) :/ f(x,7)dr
0
Indeed, we have and

tf(z,t) >0, Ve e Q, teR
Iift>0= f(z,t) >0, Ve € Q= f(x,7) >0, 7 €[0,1]
There fore, the integral of a positive function on a positive interval is positive.
then F(x,t) >0
Ift<0= f(z,t) <0, Ve € Q= F(x,t) = —/tof(l’,T)dT

flz,7) <0, Vr € [t,0] = F(z,t) > 0.

Ift=0= F(x,t) =0
then F(z,t) >0, Ve € Q, t € R.
We get

1 A
) = 5l = Sl = | Fle,u@)de

2: 2||ez||X0—fzu - [ P, u(a))de
Z“? (HQH%Q, — )\) —/QF(az,u(:U))d:c

because of F(z,u(z)) >0, Vo € Q = —/ F(z,u(z)) <0
Q
then

| —
'Mw

Ia(w) < 532 (leillk, — A)

1

1

and by proposition 4.3.1 , we have
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A= [ lei@) = es)PK (@ — y)dady, e € X

R2N

Mot = [ lea(@) = e () PK (2 — y)dady, eer € Pryy

R2N

Then )\z = HeiH_2Xo7 Vi € 1,7

IAEES SPVRPY

since \; <Ag <\, Vi=1,...k=(\—X) <0
then Jy(u) <0.

Proposition 4.4.8. Let A > 0 and let f be a function satisfying (4.10)- (4.1)and (4.14).

Moreover,let F be finite dimensional subspace of Xo. Then, there exists R > p such that
Ja(u) <0 for any u € F with ||u||x, > R. Where p is given in the previous proposition 4.4.6.
Letu € ¥, by lemma 4.2.2, we get:

1 A .
Aw>SﬂWﬁb—yWan—%Aﬂwwhm+aﬁﬂ

1
A2 0 then Jy(u) < Slullx, — asllu(@)llu) + asl?|
Thanks to the fact that in any finite dimensional Space all the norms are equivalent we
deduce that
de >0, Jullpe@) < cllullx,

1 -
Then Jy(v) < Sllullk, — dsllu(@)l%, + asl2|

for some positive constant daz. Then

r _ .
1) < Nl (5 - @lu@ll?) (since >

Hence, if ||u||x, —> 400, then Jy(u) — —o0 ,and then the assertion of proposition (4.4.8)is
proved.
Proposition (4.4.6)-(4.4.8) give ° that Jy has the geometric structure required by the Linking

theorem.

® In particular, we use Proposition (4.4.8) with A\ € [Ag, Apy1) and
F:=spanfey, ... ex41} =span{es, ... ex} @ span{epi1},

while [17, Remark 5.5-(iii)] is used here with V := span{es,...,ex} and e := ex4q1. With this choice, F =
V @ span{e}.
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The Palais-Smale condition:

To prove the Palais-Smale compactness condition we essentially follow the approach used for
the Mountain pass theorem. However some significant technical differences arise, particularly
regarding the boundedness of the Palais-Smale sequence. There fore, we provide a detailed

explanation for the reader’s convenience.

Proposition 4.4.9. Let A > A1 and let of be a function satisfying conditions (4.10)-(4.15). Let

c € R and let (up)nen be a sequence in Xo such that:
Ia(up) — ¢ (4.66)

and

n—-+o0o

s {[(0.0)

lellxo=1

then (up)nen s bounded in X.

Proof. However, lemma (4.4.1) cannot be applied in this situation leading to some technical
challenges that necessitate the introduction of an additional parameter ~.

there are the details of the proof.

For any n € N, by (4.66)and (4.67) it follows that 3k > 0 such that

| Ix(un)| < K

u?’b

Let us fix v € (2, ) where p > 2, by lemma (4.2.1) applied with € = 1 we have that

(Feun) = Lo (o)) o]

N{|un|<r}

IN

2 .
<r2 —o(1)r? + ;r + §5(1)rq_1> Q] = K

So that, using also (4.14) and lemma (4.2.2).

1 1 1
i) = (). ) = (2 - 7) (aliZ, = Al 220

- Q/ (F(m,un(x)) - i f(x,un(x))un(a:)> da
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44. EXISTENCE OF SOLUTIONS DEPENDS ON Lk

on the other hand

/ (F(a:, () — i fz, un(x))un(x)> dr= [ (F ) - i z, un(as))un(aj)> du

Q QN{|un|>r}

b (P - ) d

QN {un|<r}

by (4.14) we have:

Then

(F(x,un(x)) - i f(a, un(x))un(x)> dz <

QN{lun|2r} QN{|un|2r}

1, 11
i) = (). ) 2 (2 - 7) (uallZ — Mt

+<N_1> / Flz, un(z))do

v QN{|un|>r}

- (P - ) @

QN {un|<r}

1 1 9 9
> (52 (ol = MunlEs)

+ (u - 1) / F(x,uy(x))de — K
v QN{|un|>r}

by lemma (4.2.2) and the fact that <,u — 1) > 0 since v € (2, ) we get
v

1 1 1
Iun) = = (i (tn) un) > (2 - 7) (lunll3, = Mlletall 720

pan (M)l o [ a4

QN{|un|>r}
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44. EXISTENCE OF SOLUTIONS DEPENDS ON Lk

dx < /dx = || then

QN {fun|2r} Q

1 1 1
Bon) = 2 () 2 (3= 2 ) (lnlBy = M)

M o W [
+a3<—1> Uy, —a4<—1)Q—K.
E 1) ey — o (£ = 1) 9
Moreover, for any € > 0
p—2
[unlZ20q) < 191 [JunlZu @

2 1 n—2
< ¥ |lunl[Tn i) —= |91
En

1 1
such that — 4+ — =1,
p—2 poq

Using Young inequality with conjugate exponent p = g >1, qg=

we get

2 =2 =2
HunHiz(mSﬁéHunl’Zu(mﬂL eIl

Hence, we deduce

1 1 1 2
Bn) = 2 (i) 2 (5= 2 ) lonly =3 (5 - 1) ettt

+ as ( — 1) Hun|
fy

11 ,
> 375 ||, +

ILL ~

i 1 1Y)\ 2 s
L I I N (R J— ol —
as (7 ) <2 7) [L&] [u ”LH(Q) Ce

1 1\ pu—2 - N
=Mz — ) e ay (B - 1) 10+ K
2 v) nw g

Suchthat65?+oo(2<7<uand)\>)\1>0).

Now, choosing ¢ such that:
1 1)\ 2
a3<’u—1>—)\<—>>0
gl 2 ) pe

then, we get
1 1 1
Itn) = = (3 () ) ( - 7) lunlk, = e (4.68)
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44. EXISTENCE OF SOLUTIONS DEPENDS ON Lk

As a consequence of (4.66) and (4.67)we also have
1 !
Iun) = (T3 (), ) < R(1+ ] x,)

so that by (4.68), we obtain for any n € N

1 1
(2 N 7) [nll% = ce < k(L + [lunllx,)

then we have:
1 1
(5= 1) bl = Hllalls = (e + 1) <0

pose that Z = ||u,||x, then
A=k +4 11 (cc+k)>0
- 775 ) e

then

but
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4.5. EXISTENCE OF SOLUTIONS DEPENDS ON (—A)°

and

c. +k>0

So, contruduction.

Finally, we deduce the solution of our equation is:

|tn|lx, = < 00.

then (uy,)nen is bounded in Xp.

Hence, the assertion of proposition is provided.

By proposition 20 and remark 15 we deduce the validity of the Palais-Smale condition for the
Functional Jy, A > ;. O

Conclusion :
The geometry of the linking theorem is assured by proposition (4.4.6)- (4.4.8) and the Palais-
Smale condition is given by proposition 4.4.9and remark(4.4.1).

So we deduce that there exists a critical point u € Xq of J,.

Furthermore

J)\(U) > 5 >0= JA(O)

and so u # 0, this ends the proof of theorem 1.

4.5  Existence of solutions depends on (—A)°

4.5.1 Proof of theorem (4.1.2)

It is a consequence of theorem (4.1.1)by choosing K (x) and by recalling that

- || N2
Xo C H¥(RY), due to lemma (4.2.3) — b).
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5.1 The heat equation

5.1.1 Introduction

n this chapter, we’ll consider a typical model of a parabolic problem called the heat equation,

or diffusion equation. Let © be a bounded open set of R, T' > 0, and u, a function from Q to

R, and let f be a function from 2x]0,7[ to R. We consider the heat equation:

Owu—Au=f in Qx]0,T7,
u=0 on 00Nx]0,T],
u(-,0) = ug

We can model the problem by a heat flow within a body (see [25])such that:

1) The term O,u describes the evolution of the heat distribution over time. Specifically, we

expect to be able to define the value of the solution at any time 7" > 0 by knowing the

distribution at time 0.
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5.1. THE HEAT EQUATION

2) The term Awu corresponds to a variation of u related to its local average. A point x
where Au(z) < 0 is colder than its immediate surroundings, and its temperature will
increase, and vice versa. This term thus corresponds to averaging phenomena and tends

to regularize the solutions of the equation.
3) The term ug corresponds to the heat distribution at the initial instant.

4) When we put u(z,t) = g(x,t) on 9Q2x]0,T[, the term g corresponds to a thermostat
located at the boundary of the domain, imposing its heat on the system’s boundary.
Therefore, in our case where g(x,t) = 0 on 0§2x]0,T, it means that there is no heat

imposed on the boundary of the system by a thermostat.
5) The term f represents an external source or sink of heat.

Let’s go back to the mathematical concepts: for ug € LQ(Q) and f in a suitably chosen space,

we seek a weak solution to this problem. For that, we will use Faedo’s Galerkin method.

The Faedo-Galerkin method is a very general and robust method. The idea of the method is

as follows:

1) Starting from a problem posed in an infinite-dimensional space, we first proceed with an

approximation in an increasing sequence of finite-dimensional subspaces.

2) Then we solve the approximated problem, which is generally easier than solving directly

in infinite dimensions.

3) Finally, we pass in one way or another to the limit as the dimension of the approximation

spaces tends to infinity to construct a solution to the weak formulation of the problem.

We previously mentioned that we will search for the weak solution in the space L*(]0, T[, H3(£2)),
which we note is characterized by the presence of time.

To investigate evolving partial differential equations, we require specialized spaces that incorpo-
rate both spatial and temporal dimensions, underscoring the significance of the forthcoming

subsection.(See [21]).

5.1.2 Preliminaries
Functions with values in Banach spaces

The natural functional setting for evolution problems requires spaces which involve time.
Given a function u = u(z,t), it is often convenient to separate the roles of space and time
adopting the following point of view. Assume that ¢ € [0,7] and that for every ¢, or at least for
a.e. t, the function u(-,t) belongs to a Banach space E' . Then, we may consider u as a function

of the real variable ¢t with values in F:
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5.1. THE HEAT EQUATION

uw:[0,T] — E.

When we adopt this convention, we write u(t) and «'(¢) instead of u(z,t) and u(x,t).
We can extend to these types of functions to the notions of measurability and integral .
First, we introduce the set of functions s : [0,7] — V which assume only a finite number of

values. These functions are called simple and are of the form :

N
=> xy(thy;  0<t<T
=1

Where uq,...,uy € E and Vi, ..., Vy are Lebesgue measurable, mutually disjoint subsets of
[0, TJ.

We say that a function f : [0,7] — E is measurable if there exists a sequence of simple
functions Sy : [0, 7] — E such that, as k — oo,

1Se(t) = fF(B)lz — 0, ace. in [0,T]. (5.1)

It is not difficult to prove that, if f is measurable and v € E, the (real) function t — (f(t),v)g
is Lebesgue measurable in [0, 7.

The notion of integral is defined first for simple functions. If s is given by (5.1) we define

T N
| st =31l
0 =

Then

Definition 5.1.1. [21] We say that f : [0,T] — E is summable in [0,T] if there exists a
sequence Sy : [0, T] — E of simple functions such that

T
/ 1Su(t) — f(D)l[pdt =0 as k — +oo. (5.2)
0
If f is summable in [0, T], we define the integral of f as follows:
T T
/ FOydt= lim [ Sy(t)dt as Kk — +oc. (5.3)
0 k—+o0.J0

Since (check it)

I [ 1500~ Sedtlls < [ 15(6) ~ Sille

</ 1154 (t) ||Edt+</ 1Se(t) — F(1)|]5 dt,
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5.1. THE HEAT EQUATION

it follows from (5.2) that the real sequence

{/OT Si(t) dt}

is a Cauchy sequence, so that the limit (5.1.1) is well defined and does not depend on the choice

of the approximating sequence {Sk}.
Moreover, the following important theorem holds:

Theorem 5.1.1. (Bochner)[?)] A measurable function f :[0,T] — E is summable in [0,T] if

and only if the real function t — ||f(t)||g is summable in [0,T]. Moreover,

H /0 oL

< [T 1@ . (5.4

and for any u € E, . .
(w, [ F@ )y = [ 0)y (55)

The inequality (5.4) is well known in the case of real or complex functions.
By Riesz’s Representation Theorem,(5.1.1) shows that the action of any element of V* commutes

with the integrals.

L? Spaces involving Time

Once the definition of integral has been given, we can introduce the spaces C([0, 7], E') and
LY(J0,T[,E), 1 < p < 0.

Definition 5.1.2. [21]
The symbol C([0,T], E) denotes the set of continuous functions u : [0,T] — E, endowed with

the norm:

ol o) = s [u(t)e

C([0,T], E) is a Banach space.
We define
Lr([0,T], E)

as the set of measurable fuctions u: [0,T] — E such that :
if1<p< o

1

T b2
”“HLPuo,TLE):(/O HU(t)HEdt> < 00

while if p = oo

1wl oo jo.11,8) = €88 supyeomllu(t)| e
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5.1. THE HEAT EQUATION

Proposition 5.1.1. [J]
Let 1 < p < oo, Eis a Banach space ,then :

1. L*()0,T[, E) (with its usual norm) is a Banach space.
2. If p < +o00 and E is separable, L*(]0,T[, E) is separable.

8. Ifp=2 and E is a Hilbert space, then L*(|0,T[, E) is a Hilbert space whose scalar product
is defined by: .
(u, ) 2ot E) = /0 (u(t), v(t)) g dt

Consequently, for any bounded sequence in L*(]0, T[, E), we can extract a weakly convergent
subsequence in L*(]0,T[, E).

Proposition 5.1.2. [)] Dominated Convergence Theorem
Let 1 < p < +00 and (Uy,)nen is a subsequence of L*' (10, T, E) .If :

a) U, — U a.e.
b) |[Unlle < G ae. ¥n €N with G € L*(]0, T, R)

Then U, — U in L¥(10,T|, E).

Different Notions of Derivative for a Vector-Valued Function

du
We will properly define the derivative with respect to time, 0;u = o for a function defined
on the interval |0, T'[ in V', which is not differentiable in the classical sense (meaning the existence

of the limit in E of the usual differential quotient).

Definition 5.1.3. [J] (Derivative by Transposition)

Let E be a Banach space, 1 < p < +oo, and u € LP(]0,T[, E). We denote D as the space
C>(]0, T[,R) and D}, as the set of linear mappings from D to E.

We define Oyu € Dy, by :

T
(Ovu, @)pr p = —/0 u(t)d'(t)dt € E

Definition 5.1.4. [9](Weak Derivative)

Let E and F be two Banach spaces and 1 < p,q < +00. Assume there exists a vector
space G such that E C G and F C G. Let uw € LP(]0,T[, E) (thus, Ouu € Dy). We say that
o € LEL(]0,T[, F) if there exists a function v € L%(]0, T, F) such that

T

(OG0 =~ [ w01t = [ o(0)o0)

this equality only makes sense if there exists a vector space G such that E C G and F C G.
In this case ,we equate Oyu € Dy, and v € LP(]0, T, F).
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5.1. THE HEAT EQUATION

Examples

1 1
1. For 1 < p < +o0, with = + = =1, and E = Wy?(Q), F = W 19(Q),we have E, F C G =
p q
D*(Q).

2. We can conclude from Example 1 that for £ = H}(Q), F = H *(Q),we have E, F C G =
D*(Q).

In summary, we have three notions of the derivative of a function w :J0,7[— E (a Banach

space):
1. Classical derivative: u' : [0,T] — E (rarely exists).

2. Derivative by transposition: dyu € D}, (exists as soon as u € LP(]0,T[, E)).

3. Weak derivative: dyu € LI(]0,T[, F') where F is a Banach space such that F, F' C G with

G being a vector space.

Remark 5.1.1. [0] (The comparison between the spaces LF(]0,T|, LP(Q))) and L*(Q2x]0,T7))
Given T > 0, Q an open subset of RY, and 1 < p < 400, let u € LP(]0,T[, L’(Q)). Then,
there exists v € LP(2x]0,T[) such that u(t) = v(.,t) a.e. in Q, and for almost every t €]0,T7.
(Note that this equality holds regardless of the representatives chosen for u and v).
Conversely, if v € LP(Qx]0,T7]), there exists u € LP(]0,T[, LP(2)) such that u(t) = v(.,t)
a.e. in Q and for almost every t €0, T7.

U
Using these notations, we can then compare i (which applies to an element of C°(]0, T[,R))

and 8: (which applies to an element of C*(2x]0,T[,R)). The answer is that for every
¢» € CX(0,T[,R) and every v € CF(Q,R), we have:

[ o otenvtoras = [ ([T uto) ) (ota) o
:—AAZMﬁ¢®ﬁM@®ﬁ

v
= {55 PV o- (o) (0071, ()

Lemma 5.1.1. [I](Continuity in time) Let E be a Banach space, 1 < p < 400, and let
u € LP(]0,T[, E). Suppose that Ou € LP(]0, T, E) (thus we write u € W(]0,T[, E)).
1

Then u € C([0,T], E) and even v € C™'"#([0,T], E).
t

More precisely, there ezists a € E such that u(t) = a +/ Owuds for almost every t €0, T
0

¢
and w is then identified with the function (continuous on ]0,T[) t — a +/ Oru(s)ds.
0
In particular, this gives for any 0 < t; <ty <T:
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5.1. THE HEAT EQUATION

ults) —uft)) = [ ® Oyu(s)ds.

t1
Lemma 5.1.2. [0](Continuity condition) Let E be a Banach space and F a Hilbert space
such that E C F, with a continuous injection, and E is dense in F. We identify F with F' (So
that EC F=FE CF')
Let w € L*(]0,T[, E) and suppose that O,u € L*(J0,T[, E'), then u € C([0,T], F), and for
any 0 <t; <ty <T , we have :

to
Ju(ta) [ — ult)|F = 2/t (Opu, u) pr,pt

5.1.3 Study of the heat equation by Faedo-Galerkine methode

Let Q be a bounded open set of R", 7' > 0, f : 2x]0,7[— R and ug : 2 — R.
We seek for u such that:

Ou—Au=f in Qx]0,T]|
u=0 on 90x]0, T (5.6)
u(+,0) = ug

The weak formulation of the heat equation

We multiply the diffusion equation by a test function ¢ € C2°(Q) and integrate over Q2. We
find:

—/Qatu(t,x)gp(x) da:—/QAu(t,m)go(x) d:L‘:/Qf(t,x)gp(a:) dx (5.7)

We can consider u = u(x,t) as a function of ¢ with values into a suitable Hilbert space E:
uw:[0,T] - E

When we adopt this convention, we write u(t) instead of u(¢,x), and v’ instead of du.
Accordingly, we write f(t) instead of f(z,t) . With this notations, (5.7) becomes

/Q (1) ()dz + /Q Vu(t)Vé(x)de = /Q F(D)(x)de. Vo € C(Q) (5.8)

In order for the integrals to be well defined, it is enough to choose that:
u'(t) € L*(Q)

Vu(t) € (L*(Q)"
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f(t) € L*(Q)

From Vu(t) € (L*(2))" and the homogencous Dirichlet condition u(t) = 0 on 99 for
t €]0, T, it suggests that the natural space for u(t) is V = H} () for ¢ €]0, T7.

After multiplying equation (5.8) by a test function ¢ € C2°(]0,7]) and integrating over
[0, T'[, we obtain:

[ ([ wotpnvi — ([ Vutyvoanma = [ ([ 5

Vo € C2(Q), v € CZ([0,T1)

[ [ ot < [ [ W olloldede

< sup [op(x)| sup [(t)] / ([ 1oy da) ar
€N te[0,T] 0 Q
T
< sup lp(@)| sup [w(0)] [ 1/ (8) 2|22
zeQ te[0,7] 0
T !
<M [ (Ol et

Then if

u € L2 (0, T[, L*())

|/ / (t) dzdt| < oo

Then we can apply Fubini’s Theorem

we get

Y e CX(0,T)) = ¢(T)=0

Then (5.9) becomes:
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5.1. THE HEAT EQUATION

_/Qu()(a:W(O) - () da _/Q (/OTu(t)w’(t) dt) é(z) dz

_ /OT ( /Q Vu(t)Vo(z) d:z:) Y(t)dt = /OT ( /Q f()o(z) dx) Y(t)dt Vo e C(Q), Vi f cgo)([oj[)
5.10

[ us(@)(0)(x) do

< [ Juo@) (0] 6(x)]| da
< sup V(1) -sup (x| [ fuo(x)| da

tel0,T]

Then if uy € L*(Q2) we can deduce by Cauchy-Schwarz inequality that

[ wo@)i(0)o(a) da

< 00

on the other hand

/T/Q u(®)] [ (]| (x)| da dt

/ / z)drdt| <

T
<M [ a0 de

Since
Hj(Q) = L*(Q) then:

< [ 100y d

Then if u € L*(]0, T, H&(Q)), we can apply again Fubini’s theorem and get:

| ( / "l () dt) dla)dr = [ ' ([ wty t)o(z) do ) d

With the same method, we conclude that the second integral is well defined
for ¢ € C°([0,T7).

then
x)dxdt] <

dxdt‘<M/ 1 ()| 2

Then we suggest that f € L2(]0, T, L*(Q)).
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Finally, by taking ¢(z,t) = ¢(z)1(t),we obtain
For f € L*(]0,T], L*(£2)),"We thus obtain for the heat problem (5.6) that u satisfies:

u € L*(]0,T[, Hy(£2)), such that

/()T/ngotdxdt—l—/oT/QVu-Vgodxdt—/Quo(a:)w(x,O)dx:/()T/Qfgod:cdt, V(pEC;io(l[;)),T[xQ)

This formulation is equivalent to the another weak formulation given by the following lemma

Lemma 5.1.3. Let Q be a bounded open set of RN, T > 0, ug € L*(Q) and f € L*(|0,T[, L*(Q)).

Then u is a solution of (5.11) if and only if u is a solution of

we L2(0,T[ HA(Q)), due L20,TLH (), wue (0, T]; L))

u(0) =uy a.e.,

[ O vy e+ [ ([ e Vo) d (5.12)
= [ iy o € 200,71, HY()

f e 12007} B (@)

The prove of this equivalent is in [J].

Faedo-Galerkin method

As we say in the introduction, we will use the Faedo-Galerkin method for the existence of
a weak solution. We can construct by approximations a sequence of problems whose solution
exists and we show the convergence of the solutions of the approximate problems towards a
function which satisfies a weak formulation of (5.6).

Since Hy () is separable, there exists a sequence (F,)nen of spaces included in Hy (€2), of

finite dimension, for example:

dim F, = n, such that F,, C F,,, and

neN

Let {e1,...,e,} be a basis of E,. We seek for u,(t) as

un(t) = ; a;(t)e;,

where the coefficients a;(t) are chosen such that:
n

un(0) = > @i(0)e; — ug in L*(2) as n — oo.

i=1
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Solving the problem using the Faedo-Galerkin method.

In this subsection , we will give for this linear problem an existence result by the Faedo-

Galerkin method and uniqueness of weak solution .

Theorem 5.1.2. Let Q be an open bounded set in RY (T > 0), and ug € L*(Q2). We identify
L*(Q) with its dual and we assume that f € L*(]0,T[; H *(Q)). Then there exists a unique u
such that:

u € L*(]0,T[, Hy (), O € L*(]0,T[; H (),

T r ’
/0 (Orul5),v(5)) 10y my () 4 +/o /Qvu Vvduds, = /0 /Q<fv>H_1(m’H5(m o
Vo € L*(]0,T[; Hy (),

u(0) = ug a.e.

(5.13)
We recall that u(s) (resp v(s))denotes the function x w— u(z,t)(resp v(z,t))

We also have the following estimates on u and Oyu:
HUHL2(10,T[,H5(Q)) < HU0HL2(Q) + HfHL?(}o,T[,H—I(Q))

10cull 20,711y < lwoll2 + 2[| f [l 22q0,7pm-1(0)

for allt €0, T:

2
||u(t)||%2(§z) < ||u0||%2(9) + ||&tu||L2(]O,T[,H*1(Q)) + “u”%Q(]O,T[,Hé(Q))

Qﬁ Unicity

Initial

%Qi condition
Passing

407 to the limit

Estimates
M the approximate
Gelerkin solution

approximation

Proof. we will present the demonstation in several steps :

A) Galerkim approximation
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The idea is to construct the approximate solutions using the Faedo-Galerkin method .This will
be done in three steps :

Step 1: Construction of the problem in finite dimension

The idea to prove this theorem is to first solve the problem in finite dimensional spaces. One
could do this, for example, using finite element spaces. But it is simple to use a Hilbert basis
formed by eigenfunctions of the Laplacian, that is a Hilbert basis of L*(€2), denoted {e, }nen-
such that:

for any n e, is a weak solution of :

—Ae, = \e, 1n €
e, =0 on 0f)

with A, € R.
The family {e, }nen+ forms a Hilbert basis for L*(2) and satisfies:

en € Hy(Q)
/ Ve, - Vudxr = )\n/ eqvdr, Yv € Hy ()
Q 0

with A\, > 0,Vn € N*, and A\, — +00 as n — +0o0
Since {ey, }nen- is a Hilbert basis of L*(Q), we have:

Vw e L*(Q): w= > (w,ene,

neN*
We will show that the family <€n> is a Hilbert basis for Hy(€2).
\/ﬁ neN*
Le.
e
1. = is an orthonormal basis:
( \% A”)nGN*
< n_ Cm > 0 # e N*
Y = ) n m? n7 m
VAn: V[ )
2
™
Anlli e
e
2. The vector space generated by ( — ) is dense in Hy ().
)\n neN* "
We show (1) :

we recall that :
H}(Q) is a Hilbert space with [ull za ) = IVullz2@)
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5.1. THE HEAT EQUATION

and the inner product:

(u, ) i) = /QVu -Voudr, Yu,v e Hi(Q)

First, note that for all n, m € N* we have:

/ Ve, - Ve, dr = )\n/ enemdr, Ve, em € Hy(Q)
Q Q

i.e.,

<V€n> Vem)H&(Q) - >\n<en7 em>L2(Q)

Since A\, # 0 for all n € N*, then

(enrem)r2i =0 if n#m

Then

VA

a

<6” em>:0 if ntm (1)

and

/(

o

) (\/6;_) dx—/\ln)\n/genenda:—l (2)

} is an orthonormal basis in Hj(€2).
neN

" ILHG ()

From (1) and (2), {

2. We show that the vector space generated by the family (R),ecn+, denoted by {\e/n_, n € N* },
n
is dense in H(€2).

Remark 5.1.2. If H is a Hilbert space, then an orthonormal system is a Hilbert basis if and

only if
(r,6;) =0,Viel=2=0

Let v € Hy(f2) such that (v, Ro) i) =0, Vn € N™.
Therefore, Vn € N*:

Then
)\<UR> —0:>)\(
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Since {e, }nen is a Hilbert basis in L?(Q) and A, # 0¥n € N*, then v = 0 a.e. in Q.
This shows that the orthogonal in Hy () of the set en} is reduced to {0}. Therefore,
neN*

vn
that vect {en}, - 15 dense in Hg(€2). Finally, we obtain that the family \(7_} is a Hilbert
n neN*
basis of Hy(€2).

Step 2: Approximate Solution
Now, we denoteR,, by e,.
Let n € N*, we define E,, = vect{e,,p = 1,...,n}. We seck an approximate solution in the

form:
n

u,(t) =Y ay(t)e; with «a; € C([0,T];R)

=1

Assuming that «; are differentiable for all ¢ (which is not true in general). So we have:

Therefore, for any ¢ € H}(Q2) and ¢ €]0, T, we have:

(1, (), V) v, @) = D @€ V) n-1(9).m1 )
i=1
Taking into account the countinuous embedding of L*(Q2) into H (),

we have:

(€, V) r-1(0),H1 () :/Qei@bdm
So,

n

(uy, (1), ¢>H*1(Q),H§(Q) = Z@é(t)/ e dw

i=1 Q

Moreover, Vt €]0,T'[, we have:

But we have Ae; = \e;,

Au,(t) =D a;(t)Nie;  in D*() and in H(Q)
i=1
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5.1. THE HEAT EQUATION

i.e. Vo € Hy(Q),
(=Aun(l), ©) g-1(0),H1(Q) = / Vu,(t)Ve de
- / v (t)es, Vo) dz

= Z a;(t) /Q Ve, Vdx
i=1

but we have:

/ Vejpdx = )\i/ eipdr Yo € Hy(Q)
Q Q

Then,

(=Au,(t), ) 10 Q),HL(Q) = Zaz /Qeigadm

Finally, since f € L*(]0,T[, H*()), we have, Yy € H} (),

(f(1), @)H*l(Q),Hgl(Q) e L'(J0,TY)

Hence, the quantity (f(.), <,0>H71(Q)7H3(Q) is defined for almost every t.
For almost every t and for any ¢ € H,(£2), we obtain:

<U;1(t) — Vu,(t) — f(1), 80>H—1(Q),H5(9) = ; (Oéé(t) + >\z'04i<t)) /ei@dfﬂ — (f(1), ()0>H*1(Q),H[}(Q)
To obtain u,,, the idea is to choose «; such that

(%0~ 2w (0 - 1(0.0) 0

H=1(2),Hy(Q)

For ¢ € Ey, let fi(t) = (f(t), ei) u-1(q) mi()-
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5.1. THE HEAT EQUATION

051(0) = <UO, €i>2 = Oégo)

Then we have:
a;(t) + N (t) = fit)
a;(0) = oV

(2

(5.14)

First, we need to solve the homogeneous equation:

we get:

;i (t), = ce Nt

Now, we find a particular solution for the equation using the method of variation of the
constant:
put a;(t), = c(t)e

then we substitute it in (5.14) , we find for ¢ € [0, T]:

d(t) = e fi(t) = c(t) = /t e fi(s) ds + ¢
0

Then
Oé(t At+/ stfZ

Then
()_a(o)—kt_’_/ ts)fl

The functions «; thus defined belong to C([0,7],R), and consequently w,, € C([0,T], E,) C
C([0,T], H3(R)). With
Step 3: Accuracy of the time derivative

Let n € N and w,, be the approximation solution given by the previous step. The functions
«; are not necessarily differentiable. We will specify the value of the derivative and denote this

derivative by (uy):.

A tronsposition derivative (u,); is an element of D}, , where E = Hj(Q)) ,Let p € C>°(Q) ,

we have :

(tn(0), )0 = = [ wnl0)6/0) i € B, < HY(O)
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Since

then we have

(un(t). ) = = / zaz et

using integration by part we obtain

T (0) Mt 4 (0) —\t ’ g —Ait
Ti:/o Q; 6190(75): a; e ZSOO‘F 0 Aic;e ng(t)dt

Since ¢ € C5° (]0, T[,R)) then ¢(0) = ¢(T) =0

AN Opp
then Ti:/ a; e Mo(t) dt
0

S; = /OT </Ot e M=) £(s) ds) o' (t) dt
= [ ([ e s as) o)

By Fubini’s Theorem, we get:

5= [ ([ ven@erOpwar) sy o
_ /0 ! ( / " en=9) () dt> fi(s) ds

On the other hand,

T T
/ e MG (1) dt = [e ()] A [ e M p(t) dt
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Then,

g, = / (/ Ao i) dt) fi(s )ds—/OTgp(s)fi(s)dS
= [ ([ wemtone s ae) s as - [ oo a

Using again Fubini’s Theorem, we get:

= [ ([ m@ne s as) etvyar - [ sretn)
_/ (/Ae“m ds) £)dt — /fz

Since a;(t) = “—i—/ i(t=s fl )ds ,then

T
/ e M=) £.(5) ds = au(t) — a(o)e At
0

S; = /O ' (x\iozi(t) - /\Z-ozz(-o)e_’\it> o(t) dt — /0 ' Fi(t)e(t) dt
—)\/ a;(t)e(t) dt — )\/ alVe ity —/OTfi(t)w(t)dt

T 0y - r
Ti+sl:/0 o e lgo(t)dt+/0 N (8)p(t) dt

- " na@e M) dt — / YR )o(t) dt
_/ N (t dt—/Tfi(t)go(t)dt

then
)\az )dt—/Tfi(t)gp(t) dt) e

/ st dt+z / fiteipi(tydt, Vo € C(0,T]R)

un ty P

-f

(— z”: e (t) + Z fi(t)eZ) o(t) dt

96



5.1. THE HEAT EQUATION

Then  (up): Z)\ e;0(t) + zn: fit)e; € L*(0,T[, E,)

Put f(”) = Z fi€e;, and since Au,, = — Z Aie;,
i=1 -
we obtain

(un)e = Auy, + f™ € L2()0,T[, E,) € L*(J0, T[, H} (Q)) € L*(]0,T[; H1(Q)) (5.15)
and now, let v € L*(]0, T[, H}(f2)), since (u,); € L*(]0,T[, H *(R)), we get:
((un)t, ) g=1(),m30 € L]0, TT)
Indeed, by Cauchy-Schwarz inequality, getting:

()0 ] e = [ 1 vl

—/ / Up)ev dx
< [ N laz oz < o0

< (un)ellz2gorre2) 10l z2gor 22 ()

dt

Then, we deduce from (5.15) :

T T
/0 ((Un)e, v) g-1(0), 11 (0) At = _/0 /QVun -Voudxdt

n_ .7
se;v dr dt
+;/O/Qfevx

This gives, returning to the definition of f;,
T
| 4o vy e dt+/ [ Vi Fvdodt = Z/ )by ([ ewda) de

_/ 7 ez (Q),Hé(Q) </Q €; U dx) dt

= / ), € n ~1(Q),H} () (e, U>L2(Q)dt

- "o,

Next, we denote P, as the orthogonal projection operator such that:

M:

I
—

%

M:

@
Il
—_

M:

(€i, v) 2@ €i) 10, my @) A

s
Il
—

P, : L*(Q) — E,,, therefore, the operator P,
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5.1. THE HEAT EQUATION

can be seen as an operator from L?*(Q) to Hy(Q)
(since E, C H&(Q))

we then denote P! as the transposed operator from H~'(Q) into (L?*(€2))’, which is identified
with L*(Q2) and is also a subspace of H ()

We obtain them for all v € L*(]0, T[, Hy(2)):

T T T T
/ (O, V) g1 g1 dt +/ /QVun -Vodzdt = / (f, Pov) g1 g dt = / (P! f,0) g1 g dt.
0 0 0 0 no 0 wo
(5.16)
also we have u,, € C([0,T], Hy($)) and

n n

un(O) = ZO@(O)Q = Z<UO, ei>L2(Q)ei = Pnuo

i=1 =1

Thus we have arrived at the approximate problem with all its concepts.

B) Estimates of the approximate solution
Let n € N*, we have (u,) € C([0,T], H}(Q)) c L*(0,T[, L?, H}(Q)) and (uy,); = Au,+f™ €
L*(J0, T[, H"*(€2)). Then by lemma (5.1.2), we get:
1 g 1 2 4
Sleun (@) = a3 = [ ((unes ) i-sc0ymycoy

taking v = u,, in (5.16)we get:

T T T
/ ((n)g, Un) g1 g dt +/ / |V, |*dzdt = / (f, Potiy) g1 gndt
0 wo 0 JQ 0 7o

So

1 2 1 2 T T 2

Slun (D)3 = Sl = [ 4F Po) gyt = [ [ [V Pt
then

1 2 1 2 r 2

§||un(T)||2 - 5”“0”2 = /0 (f, Pn“n)Hfl,Hgdt - ||Un||L2(]0,T[,H5(Q))
then

1 1 T
320130 = 51013 = 5 un(T)IE + [ (F. Patwa)s
1 T
< Sl + [0 Puttn) s syt

Noting that P,u, = uy,, because P, : L*(Q) — Hy(Q) and (u,), C Hj(Q) = u C L*(f), then
Pou,(t) € HE(2) but u,(t) € Hy(Q) so, the orthogonal projection of an element from a space
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onto the same space is the same element, then we get:

||un||L2 (10, T[HL (R |U0||2+/ (fsun) b~ 1H1dt

by Cauchy Shwartz, and Young inequalities, we obtain:

1
||un||%2(]0,T[,H01(Q)) 5”“0”2 ”f“%?(]O,T[,H*l(Q)) + §||Un||2L2qo,T[,H3(Q))
So
1 1
H“nH%?(]o,T[,Hg(Q)) 5”“0”2 ||fH%2(}O,T[,H*1(Q))||unH%2(]O,T[,H§(Q)) < luoll3 + ||f||%2(]O,T[,H*1(Q)

That also means:
1
H%HL?(}@,T[,H&(Q) < ﬁ (HUOHz + HfHLQ(]O,T[,H—l(Q)))

(using that (a + b)? < 2P (a? 4 bP))
then
lunllL2qo,r,H2 ) < luollz + (1l z2go.rpa-1(2) (5.17)

so, we obtain the first estimate for (u,),en--

For obtain an estimation for ((u,);)nen using that (u,): = Au, + P! by (5.16) , then we get:

| (wn)ellz2qorpr-1(0) = [[Aun + P f |l z2g0.mpm-10)
< N Aun || 2qo0,rpr-10) + 1 PLf |l L2q0rpm-1 ()

on the other hand , for all v € H} ()

(A, v) g1 g3 = —/QVuand:v

S0
(A, v) -1 2| < |V 220 [Vl 22(0)
< [Vunllzz@llvll g @
then [Auyllz-1) =  sup  [{Aun, v)g1 g1 < [[Vuallze()
||’U||H(%(Q)§l
S0

HAunHH‘l(Q) < HunHHg(Q)

and we obtain that:

HAun H L2(]0,T[,H-1(2) < HunHm(]o,T[,Hg Q) (5- 18)
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also for all v € Hy(Q)

(P f, U>H*1,H3| = [(f, PnU>H*1,Hé|

< [ lla-1@ 1 Pavll a0

ysing the fact that :
||an||Hg(Q) < ||U||H3(Q) for all v e Hj(Q),

then
(Puf,v) g1 mp | < N fll-v@llollme)
then
|Paflla-r = sup [Pufv) v ml < [ fl-10)
ol ) <1
we can now deduce that
1P f Nl 2qorpm-10) < 1 ll2qorp -1 (5.19)

by (5.18) and (5.19) we get

[ (wn)ellL2qorpm-1(9) < lunllz2gorrmi@) + 120, a-100)

Finally by (5.17)we get

unll 2o m-1) < [Jwollz + 2| fllL2qo,rp a1 () (5.20)

with this two estimates 5.17 and (5.20), we conclude that (u,, ),en- is bounded in L*(]0, T'[, Hy ()
and ((uy)¢)nen- is bounded in L*(J0,T[, H1(Q)).

C) Existence of a week solution by passing to the limit
By the previous step , and by using the fact that L*(]0, T[, H;(Q)) and L*(J0, T[, H *(Q)) are

reflexif spaces ,we can extract a subsequence still denoted (u,,) such that:

u, — u weakly in L*(]0,T[, Hy(Q))
(u,); — w weakly in L*(]0, T[, H *(Q))

Previously we proved that

HunHLQ(]O,T[,H(}(Q)) < HUOHLQ(Q) + HfHLQ(}mT[,H—l(Q))

| (un)ell 2qo,rp 1)) < lJuollz2) + 21 fll 2qorpa-1@)
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then we deduce:
i inf (Jun | 20 r a3 < llwollz@) + [ Fllzzgorg 1)

nJlrlgnoo inf H(un)th(]O,T[,H—l(Q)) < HUOHLQ(Q) + 2’|fHL2(]07T[7H_1(Q))

and by (1.5.1) we deduce that:

[ell 2o mgey < Him inf [} (un)ll 2o, mi o)

lwl < lim inf [} (wn)el 2oz -1 ()

then
lull z2gorrma) < lluollzz@) + 1 flle2qorpr-1(0)
H”CUHL2(10,T[,H3(Q)) < HUOHLQ(Q) + 2HJCHLQ(}O,T[,H—I(Q))

We will first show that w = Otu after we will show that u ia a solution of 0t, = Au + f in
the sense required by(5.1.2). We null show that w = d;u = Au + f in the sence required by
(5.1.2).

1)Showing that w = dyu
By definition of d;u,we have for all ¢ € C°(]0,T[, R)

/OT Oru(t)p(t)dt = — /OTu(t)cp'(t)dt

To demonstrate that d;u = w, it suffices to show that for all ¢ € C°(]0,T[, R)

/0 L w®)pt)dt — /0 L) ()t (5.21)

We recall that the left term of the equality is in H () while the term on the right is in H} ().
This equality therefore uses the fact that Hy(2) € H (), this inclusion being due to the
fact that we have identified (L*(2))" with L*(€2).
Let therefore. ¢ € C>°(]0,T[,R). We will show (5.21). For 1 € H}(2), we consider the

application.

v—>S(v):/

Q

<_ | ! v(t)go’(t)dt) (x)dz
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the application S is linear, continous from L*(]0, T[, Hj(Q2)) to R

since u,, — u weakly in L*(]0,T[, Hy(£2)) then we have

S(un) —— S(u)

then we get

<—/0sz(t>so’(t) dt,¢> — <—/0Tu(t)g0’(t) dt,1/)>

>+
H-my T H~1,H}

We now use the fact that

- /0 () (1) dt — /0 () (Do(t) dt (by definition of(u,);)

Therefore, we have

</OT(un)t(t)<p(t) dt, w> — — </0Tu(t)g0’(t) dt, w> (5.22)

-1 T H-1,H]}

We now consider the application S from L*(]0,T[, H *(f2)) to R defined by

5t = (| vot o)

H-1,H]

for v € L*(]0,T[, H ().
The application S is a continuous linear map from L*(]0, T[, H~*(2)) to R. since (u,); — w
weekly in L*(]0, T[, H*(€2)) then we have S((uy);) — S(w) i.e .

n—-+o0o

([ et 9oy ([ w00t ) (5.23)
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Then we conclude from (5.23) and (5.25)

Vip €HL(Q) :
T

([l Ot ) oy = w00

then
~ [Futeg it = [ wleyettyin, v € 020, 7L R)

So Oyu = w.

we therefore know that:

u, — u weakly in L*(]0, T, Hy(Q))

(5.24)
O, — Ou weakly in L*(]0,T[, H1(Q))

2) showing that u is a solution of du = Au + f.

To show that u is a solution of dyu = Au + f in the sense required by (5.13), it is now
sufficient to pass the limite in (5.16)

Let v € L*(]0,T[, Hy(2)), we have for n € N*, according to (5.16) ,

T T T
/ ((wn)e, v) g1 g dt +/ (Uns V) g1y dt = / (f, Pav) 1 g dt
0 0 0

Thanks to the convergence in 5.24 we obtain:

T T
/0 <(un)t7U>H*1,Hédt m 0 <8tu, U)Hfl’Hédt
and we have
T T
/0 (n, V) @y dt —— A (u, v) gy oy dt

T
For demonstrate that / (fs Pav) g1 padt ———
0

T
n—+oo Jo

(f;v)g-1gdt  we will use the dominated

convergence theorem.

we put hy(t) = (f, Pov) g1 m

i) P, — I uniformely in H; () then we get
[ Po0) sy — (£ 0)mrvy = |(F (Po = D0) g1,y

< a2 [1(Pa = D)ol

< 2P = Tyl gy — 0

then

(f, PnU>H*1,Hé o (f, U>H*1,H01 a.e.
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if)
(ha ()] = [{fs o) -1z | < N f -2 [1Pavll g < [ f -2 llo]

we pose g(t) = || fllz-1/[v][ sy, using Cauchy-Schwartz inequality, we get:

T T
L a@lde = [ 1Al ollmyt
< [[flle2gozrm-r@pllvll2gorymi () < o0

then g € L*(]0, 7).

So, by Domited convergence theoreme, we obtain

lim

T
n—+o0 J(

T
@Rmﬁ:A lim (f, Pyo)dt

n—-+0o0o

:AZﬁwﬁ.

Finally we get:

T T T
| 0wyt + [ vyt = [ fohg
and this is the desired sense in formulation (5.16).

D)Initial condition

Since u € L*(]0, T, Hy () and d,u € L*(]0,T[, H *()). then u € C([0,T], L*(R)) . see
(5.1.2).

To complete the demonstration of the fact that u is a solution to (5.16), it remains therefore
only to show that u(0) = ug a.e. (that is, u(0) = ug in L*()).
We know that u € C([0,T], L*(2)) then

limu(t) = u(0) € L*(Q)

t—0

N
_ 0) . . 2
We also know that u,(0) = ; ;e g in L*(Q).

It suffices to show that (u,),en-is relatively compact in C([0, 7], H~'(£2)) because ,with it , we
can conclude that there exists a subsequence ,still denoted (u,),en+,and a function
€ C([0,T], H *(Q)),such that

Un(t) — w(t) in H Q)

uniformly with respect to ¢ € [0,7] ( and then also in L*(]0,T[, H *(Q))........ (1)
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So,we have

u,(0) — ug € L*(Q) € H1(Q) continously

n—-+o00

u,(0) —  w(0) € H Q)

n—-+00o

Then w(0) = up (from the uniqueness of the limite) but we know that u, — n weakly in
L*(]0, T[, H3(£2)), then also weakly in L*(]0, T[, H *(Q))......(I])
then by (I and (II)) ,and by unicity of the limite we have

w=u ae. in]0,T]
but for all ¢ € [0,7] u and w are countinous on [0, 7] then
u(t) =w(t), forallte[0,T]

Finally, we get w(0) = u(0) = uy.
It remains to show that (u,)nen- is relatively compact in C([0, T, H (). By Ascoli-Arzela
theorem (1.1.6) , it suffices to show that:

a) Yt €[0,T], (un)nen- is relatively compact in H ()

b) [Jun(t) — un(s)||z-1( — 0 as s — t. uniformly with respect to n € N* (and for all
t€[0,77).

Proof. For a): we have u, € L*(0,T[, H}(Q)) and (u,), € L*(]0,T[,H*(Q)) by lemma
(5.1.2), we have for all ¢, s € [0, T

(1 = ()1 +2 [ 400 (6), €)1y

and then

Jan )18 = I +2 [ ()€, E)) -m
< en(E+2 [ [(s)e€)s @)1

dg
dg

Using Cauchy-Schwartz, we get

lun (0113 < Mln ()15 + 2 (un)ell z2go.p-2 @ 1ml| 2o )

integrate this inequality. with respect to s in [0, 7], one can deduce;

T
T|un(t)]13 S/O ()13 + 27| (wn)e | 2o, =10 [ | 220,71 113 (0
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then

T||Un(t)||§ < ||un||%2(}0,T[,L2(Q)) + 2T||(Un)tHL?(]O,T[,H*l(Q))||Un||L2(}0,T[,H3(Q))
This shows that the sequence (u,(t))nen+ is bounded in L*(Q2)),Vt € [0,T] (and even

uniformly with respect to t.

Now, we will demonstrate (b)
For b) :
using the facy that
(un)e € L*([0,T], H~H())

for all t1,ty € [0,T], t; > to, Vn € N* we have (in H'(Q)):

u(ty) —u(tz) = /t1 (un)e(s)ds

to

and then

Ju(t) = u(t) sy < [ )e5) s 5

t1 % t1 %
< </t 12d3> (/t ||(Un)t(3>||§rl(ﬂ) ds)
T
<V | @) ds

Since ((tn)¢)nen+ is bounded in L*(10, T, H()): (i-e ||(wn)ellz2qorpm-1@) < 00 ) then
|2n (1) = [Jun(t2)]| m-1(0) —0 uniformly, with respect to n € N* (and for all ¢ € [0, T7).
2 1

So, we conclude finally by Ascoli-Arzela theorem that (u,),en+ is relatively compact in
C([0,T], H()).
O

E) Unicity
Now we demonstrate the "uniqueness' part of Theorem (5.1.2) Let u; and us be two solutions
of ((5.13)) . let u = u; — uy. By taking the difference of the equations satisfied by u; and usy

and choosing for ¢ € [0, T, v = uxjo,r[, as a test function, we obtain:

/Ot (Opu(s), u(5)>H—1,H3 ds + /Ot /Q Vu(s)Vu(s)dzds =0

Since u € L*(J0, T, Hy(Q)) and dyu € L*(]0, T[, H~'(2)) by lemma (5.1.2), we get:

5 (1) = 1u(0)1) = [ (@ruls), u(s)) 1y s
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We deduce that, for all ¢ € [0, T,

(la®l3 = Ne@)[B) +2 [ [ Futs) - Fu(s) deds = 0

Finally, since u(0) = 0,then
9 t
@3 +2 [ uls) ) ds = 0

lu@®)|5=0=u(t) =0 aeinQ
= qand
[ ) gy = 0= () lgar = 0= uls) =0 acin
then uq; = upy = a.e. in .

Thus we have finished proving the existence and uniqueness of the weak solution.

Proof of the last estimation in Theorem (5.1.2)
Since u € L*(]0, T, Hy(Q)) and dyu € L*(]0, T[, H~*(R2)) by Lemma (5.1.2) for all t € [0, T]]

Ju(t) 1B = ()] +2 [ (@eu(s), u(s)) 12 gy s

with Cauchy-Schwartz inequality, and young inequality we get:

t

113 < luoll3 +2 | 104(5) -1 0 () g s
T

< ol +2 [ 10(s) 1520 () 15y oy

< luoll3 + 210wl L2go .1 lull 2,71 13 (0

Then we conclude

||U(t)||% < ||U0||3 + ||atu||%2(]0,T[,H*1(Q))||u||%2(]O,T[,Hé(Q))'

Proposition 5.1.3. Continuous dependence Let Q0 be an open bounded set in RN, T >
0. For ug € L*(Q) and f € L*(]0,T[, Hy(2)), we note T(ug, f). the solution of ((5.13)).
T is continuous linear operator from L*(Q2) x L*(]0,T[, H1()) to L*(]0,T[, Hy(Q)) and to
C((0.7]; ().

Proof.

| - llz2@xr2qorpa-1@) = [ - [l2@) + [ - lz2q0 510
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Then T est continuous from L*(Q) x L*(]0,T[, H*()) means that:
Je > 0, for (ug, f) € L*(Q) x L*(J0,T[, H 1 (Q)):

|7 (wo, f)HLQ(]O,T[,Hé(Q)) <c (HUOHLQ(Q) + HfHLQ(]O,T[,H—l(Q)))

ie:
HUHLQ(]O,T[,Hg(Q)) <c (HUOHH(Q) + Hf”L2(]O,T[,H*1(Q)))

and by the first estimation of u, we get:

ullz2qorpmr ) < llwollz2) + 1l e2qo 19

Then We conclude that what is stated in the proposition is verified for L*(]0, T[, Ha(£2)). We
have the third estimate of u(t):

lu®113 < lluoll3 + 10l Z2g0, -1 @ lullE 2o mapds: ¥t € [0,T]
Then by the first and the second estimate of Jyu, we get:

lu(@)I13 < 3lluoll3 + 3I1f[lz2go.r. -1 @)

then
Sup lu@®)11z < 3lluollz + 3l fllz2qorpa-10)
So
Hu“%’([QT];H(Q)) <3 (HU0H§ + Hf”L?(]O,T[ﬂ—l(g)))
then
1T (uo, F)llcqo.mzz@)) < 3l (uos £)ll 2@ x 22 g0, H-1@)
so we obtain what is stated in proposition for C([0, T]; L*(f2)). O

5.2 Nonlinear Diffusion

Let’s first consider the following example.
Let © be a bounded open set in RY and A : R — My(R) (where My(R) denotes the set of

N x N matrices with real coefficients) such that:

Vs e R, A(s) = (aij(s)> where a;; € L(R)NC(R x R) (5.25)

ij=1,.,N
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Ja >0, A(s)E-E>alél?, VEERY ¥VseR (5.26)

We have the following problem:

Ou = div (A(u)Vu) = f, =€ Q,t€)0,T]
u(.,0) =0, 90x]0, T
u(0) = o,

Then we can show by Schauder’s theorem that there exists a solution u of (Still with L*(Q)
identified with (L*(€2) ) "):

we L2 (0, T HY(Q), e L* (0, T], H 1(Q)) (and then e C([0,7], L2(Q)))

T a T A T
/0 ( tu?”)H—l,H& dt—i—/o /Q (v)Vu.Voudzrdt :/0 (f, U>H_1’HS dt
u(,0)=ug and feL*(J0,T[ H'(Q)), uye L*Q).

(5.27)
To use Schauder’s theorem, we use the resolution of linear problems:
Let u € L*(]0, T[, L*(R?)), we define the operator:
T:L*(0,T[,L*(Q)) — L*(J0,T[, L*(Q))
u—T(u)=u
where u is the solution of the problem (5.27) where we replaced A(u) with A(u),i.e.:
we L*(10,T[, Hy(2), dw e L*(0,T[, H ()
T T T
/0 <8tU7U>H_1’H& dt+/0 /QA(u)Vu.Vv dx dt :/0 (f, U)H_17Hé dt,
u(.,0) = ug Yo € L2(]0, T[, Hy (%))
(5.28)

First, We need some preliminaries

5.2.1 Preliminary result

Theorem 5.2.1. [I](Schauder Fixed Point Theorem) .Let E be a Banach space. For any
R > 0, define the closed ball Br by

Br={z € F||z| < R}.
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Let f be a compact mapping from Br to Br, meaning that f is continuous and the set

{f(z) | x € Br}

is relatively compact in E. Then f has a fized point, i.e., there exists v € Br such that f(x) = x.

Theorem 5.2.2. [I] (Aubin-Simon) .Let 1 < p < 400, and let X, B, and Y be three Banach

spaces such that
(i) X C B with compact injection,

(i) X CY, and if (fn)nen is a sequence of elements in X such that the sequence (|| fnllx)nen
is bounded in R, f, — f in B, and f, = 0 inY (asn — +o0), then f = 0.

Let T > 0 and (un)nen be a sequence of elements in LP((0,T"), X) such that

1. (up)nen s bounded in LP((0,T), X),

duy,

9. (Hn is bounded in L*((0,T),Y).
dt neN

Then there exists w € LP((0,T), B) such that, up to a subsequence, u, — u in L*((0,T), B).

Lemma 5.2.1. [25] (Space-Time Compactness in the L* Framework).Let Q be a
bounded open subset of RY and let (u,)nen be a sequence in L*(]0, T[, L*(Q)). We identify
L*(Q)o with L*(Q). Suppose that:

1. The sequence (up)nen is bounded in L*(]0,T[, Hy(Q)),
2. The sequence (Oyup)nen is bounded in L*(]0,T[, H ().

Then, the sequence (uy,)nen is relatively compact in L*(]0,T[, L*(R)).

5.2.2 The existence of Solutions by Schauder’s fixed point theorem
1- We show that T is continuous from L*(]0,T][, L*(Q)) to L*(]0, T[, L*(£2)).
Let (i, )nen be a sequence of L*(]0, T, L*(2)), and u € L*(]0, T[, L*()) such that:

Uy —— U in L*(]0, T, L*(%2)).

n

We set u, = T(u,) and u = T(u). To show that u, converges to u in L*(]0,T][, L*(Q)) as
n — oo, we proceed by contradiction.

If u, - u in L*(]0,T[, L*(Q)), then 3 > 0 and a subsequence still denoted (u,,) such that:

Hun — UHL?(}QTLLQ(Q)) > g, Vn € N
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Uy, is the solution of (5.28) with u, instead of u. By taking v = u,, as a test function, we get:

T T T
/ (Ortt ) 1 gt + / /Q A(n) Vit Vi di dt = / TRIR - (5.29)
0 ’ 0 0 ’
T 1 2 1 2
I [ Ot un) s gyt = S ln(DlFa0) = 5 1ua(0) ey

T
I = / / A(n) V.V, da dt
0 Q

by the assumption (5.26) we get:

T
I, > a/o /QIVuan:c dt = allunl|72g0.7,m1 (o)

T
I3 = /0 <f, un>H*1,Hé dt.

By Cauchy-Schwartz inequality, we get:

I <[ fllz2gorp 1@ llunll 2 go.rp i)

By Young’s inequality, we have:
1 Q 9 1 9
ﬁ“f”L?(]O,T[,H*l(Q)) Vallull 2oz 30 < §||Un||L2(]o,T[,H3(Q)) + %HfHL?(]O,T[,H*l(Q))

then
1

(8%
I3 < 5”“””%2(]0,T[,H5(Q)) + %Hf”%%]O,T[,H*l(Q))

after (5.29) becomes:

a||un||%2(]o,T[,Hg(Q)) < Jun (0)[1 726y + EHfH%?(}O,T[,H*l(Q))

then (u,)nen is bounded in L2(]0, T'[, Hy (Q2))
on the other hand we have:
(un)e = div(A(tn)Vuy,) + f

Remark 5.2.1. i, € L*(|0,T[, L*(Q)) , since the a;; are continuous and bounded
then A(u,) € L]0, T[, L>(Q)) ,s0 A(tu,)Vu, € L*(]0,T], L*(2))
then div(A(t,)Vu,) € L*(]0, T[, H *(Q)).

div(A(u,)Vu,) € L*(]0, T[, H*(Q)); and since f € L*(]0, T[, H 1(2))
then
(un)e € L*(J0, T[, H~H())
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we deduce that ((uy,))nen is thus bounded in L*(0, T[, H (). Now, we have:

(tn)nen bounded in L2(]0, T[, H(2))
((tn)¢)nen bounded in L2(J0, T[, H*())

then we can extract a subsequence still denoted (u,),en such that

Jw € L*(]0,T[, Hy(Q)) and & € L*(J0,T[, H *(Q))
u, — w weakly in L*(]0, T[, Hy(£2))
(u,); — € weakly in L*(]0,T[, H 1 ()).

By theorem (5.2.2) we also conclude that the subsequence:
u, — win L*(]0, T, L*(2)). (I)

On the other hand, as shown in the Proof of theorem (5.1.2), we necessarily have £ = w;. And
as we have u,, — U in L*(]0, T[, L*(£2)) then
We can also assume, after extracting a subsequence that 4, — u a.e. on |0, T[x
Then, we deduce that: A(@,) — A(u) a.e. on |0, T[xQ (thanks to the continuity of A ) .
Let v € L*(]0, T[, Hy(Q?)) .Now, take the limit as n — +oo in (5.28).written with %, and @

instead of w and w.

T

T
lim <8un,v>H,17Hé dt + lim /0 /QA(ﬂn)Vun.Vvdxdt (5.30)

n—+oo Jo n+—00

T
= dm 0 gy dt

As (un); — w; weakly in L*(]0, T[, H*(Q2))
then

T T
/0 (O, V) -1 gy oy dt ——— ; (we, v) g1, 110 dt, Yo € L*(]0,T[, Hy(2)).

n—-+o0o

Also, for demonstrating that:

T T
/ /A(ﬁn)Vun.Vvda:dt—>/ /A(a)vw.vudxdt, Vo € L0, T, HA(Q)).
0 Q 0 Q

n—-+o0o

We will use Fubini Theorem.
Taking T, = A(u,)Vu, € L*(J0,T[, (L*(Q))™).

i) We have A(u,) — A(u) a.e. on ]0,T[x
and Vu, — Vw a.e. on |0, T[x€ since u,, — w weakly in L*(]0,T[, H}(Q))
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then
A(t,)Vu, - A(uw)Vw a.e.on |0,T[xQ

if)
1Tl (r2)~ = (/Q |A(Un)Vun|2d~”C> = || A(Un) Vun|| (20~
Taking G/(¢) = | A(6n) Vitn | 22

T
| IGWFEdt = AVl gom aamyv) < o0

Then G € L*(]0,T[,R).

By Dominated Convergence Theorem, we get that

T, — T in L*(]0, T[, (L*(Q))™).

n—-4o00

Then
T, —— T weakly in L*(]0, T, (L*(Q))™)

n—-+oo

. So
T
/0 (T, 0) g2y it —— <T,v>(L2(9))N dt o e L2(]0, T, (L2(Q)N)

n—-+o0o

i.e.

/OT/QA(un)Vun.vdxdt — /OT/QA(u)vw. vdedt, o e L2(0,T], (L2(Q)Y)

n—-+o0o

then

n—-+o00

T
A(u,)Vu, - Vodr dt —— w)Vw.Voudzrdt, v e 0,7/,
% Vuvdxd QA Vw.Vvdxdt, Yve L? H;(Q

Then (5.30) becomes

T T T
/ (We, V) g1 g dt +/ / A(uw)Vw - Vodr dt = / (f,0) g o dt, Vv € L*(]0,T[, Hy(52))
0 0 0 JQ 0 no

Then w is a solution of (5.28).

which means that w = u = T'(u).

Then we have u,, — u in L*(]0,T[, L*(Q2)) (by (I)) , in contradiction with our hypothesis.

Then T is continuous. From L*(]0,T[, L*(Q)) to L*(]0, T[, L*(Q2)).

2) Shown that T is compact from L*(]0,T[, L*(Q)) into L*(0,T[, L*(2)). The begin-
ning of the reasoning from the previous question shows that Im(7’) is bounded in L*(]0, T, Hy ()

and that {9,u | u € Im(T)} is a bounded subset of L*(]0,T[, H *(2)). By lemma (5.2.1) of
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compactness then implies that Im(7) is relatively compact in L*(]0, T'[, L*(£2)), which establishes
the compactness of T
3) We show that there exists R > 0, such that ||T(u)| 2007 2(0) < R, for all
u € L*(]0,T[, L*(Q)).

We have I'm(T) is bounded in L*(]0, T, H3(f2)), then by the continuous injection Hg(£2) <
L*(Q), we deduce that

Im(T) is bounded in L*(]0, T[, L*(£2)). Then

3R > 0, such that ||T(@)]z2q01;r20) < R

4) Show that there exists a solution u for (5.27)

Let Bg denote the ball in L*(]0, T[, L*(Q2)) centered at 0 with radius R, where R is given as
in the preceding step. The operator T is continuous and compact from Br to Bg.

The Schauder’s fixed point theorem guarantees the existence of u € Bpg (hence u €
L*(]0, T[, L*(£2))) such that u = T'(u), meaning u is a solution of (5.27).

5.2.3 Unicity of the solution if a;; is lipschitz functions

Let uy, us be two solutions of (5.27). Define u = u; — uy, and we will show that u =0 a.e.

For € > 0, we define the function

7. R —> R

s = T.(s) = max{—e, min{s,e}}.

We can also denote . as the primitive of 7. that vanishes at 0.

By taking v = T.(u) in the weak formulation satisfied by u; and uy, we obtain:

/(]T(@u,Tg(u))HlyHédt + /[)T/Q(A(ul)Vu.VTa(u))da:dt (5.31)

— /0 ' /Q (A(uz) — A(uy)) Vs VT.(u)dadt

T T
/0 (D, T () s gt = /0 /Q yule, ) Tou(z, t)dadt
/T/ Orp-(u(x, t))dxdt

/ 0,6. (u(x, 1)) dtdx
u(z, T)) alm—/(b8 (x,0))dz
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Since VT, (u) = VuXo<ju<e ;then (5.31) becomes:

/Q(b(U(x,T))dx—/Q(b(u(a:,O))daH—a/oT QVu. Vuy dzdt

0<|ul<e

§/OT/Q|(A(U1)—A(UQ))Vu2||Vu| X dedt (5.32)

0<|u|<e

Since the a;; are Lipschitz functions, there exists an L such that, for all 4,5 € {1,..., N} and
S1,82 € R

|ai j(51) — aij(s2)| < Lfs1 — sqf.

We then use the fact that ug = 0 a.e. and ¢. > 0, to deduce from (5.32), with A, = {0 < |u| < &}
and y = (z,1):

1
T 2 T 2
o [ [ 19T.(w)dedt < N*Le (/ |Vu2|2dy> (/ / |VT6(u)|2dxdt>
0 u Ac 0 Q

So we have: af||VT.(u)|||r2@) < a.e with @ =]0,T[xQ and

-

2
a. = N*L (/A |Vu2|2dy>

Since ﬂ A. = ¢, then, The decreasing continuity of a measure implies that Lebesgue measure
e>0
((N + 1)-dimensional) of A, tends to 0 as £ — 0, and therefore, since Vuy, € L*(Q)". (Note

that L?(Q) can be identified with L*(]0, T'[, L*(22)))

lim/ |Vuy|*dy = 0
Ac

e—0

which gives ll_I% a. = 0.
Now we can use, for example, the injection of Wy (Q) in to L' (). This gives a, for
t €]0,T7:
T (u(E)] 1 0y < VT (u(®))]]Lr@)- (5.33)

We denote by mes the Lebesgue measure in RY. We now notice that for ¢ €]0, T7:

e mes{[u(t)| > £} < (/Q T ()| d:v)ll*

then we have with (5.33):

emes{|u(t)] = e} < [|[[VT(u(®))]l[L1@) = /Q [VTe(u(z, )] dx
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and integrating with respect to ¢, such that 11* = N]\_[17 and using Cauchy-Schwartz inequality:
e /OTmes{|u(t)\ > e} W dt < /OT/Q VT (u(x, 1))| d dt

< VT (u)lll2(g) (T mes(£2))

< (Tmes(Q))% .

=

then we have:

Ase — 0, by dominatechonvergence, we deduce:
(since li_r)rtl)ae =0): /0 mes{\u(t)\}% dt <0
which gives:
mes{|u(t)| > 0} = 0 a.e. in for t €]0,T[, and therefore u = 0 a.e. which completes this proof

of uniqueness.
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