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Symbole

Vu

wip(Q)
HY(Q)

Hg(9)

H=H(Q)

Notation

Signification

i — (Ouw du
The gradient of u, Vu = <8z1 ey 311\7)
= div(Vu)

The set of continuous functions whose support is a compact set of RV contained in

The Lebesgue space,
{u: Q — R mesurable ; [;|ul? < +oc0} if 1 <p < +oo,
{u: Q2+ R, u mesurable and such that there exists C € R; with |u| < C} if p=+4o0

= {u € LP(w), for any open bounded set w with w C Q}

The dual space of LP(Q)

The set of measurable functions: u : & € Q — u(z) € X such that ||u(z)||x € L(Q).

The Sobolev spaces, W1P(Q) = {u € LP(Q); |Vu| € LP(Q)}
{u € L2(Q), 2% € L2(Q),i = 1,..‘,N}

The space of function in H'(2) will vanish on the boundary in the sens of the trace.

the dual space of H} ()
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Introduction

Various physical phenomena can be described in terms of fluid flow in porous
medium. It occurs in the study of filtration in sandy soils or blood circulation
in capillaries, see Bear [§] and Hornung [39] for more examples and motivation. In
the study of such processes, one would like to find some averaged characteristics
of the flow, e.g. permeability, macro-velocity, and macro-pressure. To obtain such
quantities, there exist several mathematical approaches collectively referred to as ho-
mogenization theory. The homogenization theory is a branch of the mathematical
analysis which treats the asymptotic behavior of differential operators with rapidly
oscillating coefficients.

The aim of homogenization theory is to establish the macroscopic behavior of a sys-
tem which is microscopically heterogeneous, in order to describe some characteristics
of the heterogeneous medium (for instance, its thermal or electrical conductivity).
This means that the heterogeneous material is replaced by a homogeneous ficti-
tious one (the ‘homogenized’ material), whose global (or overall) characteristics are
a good approximation of the initial ones. From the mathematical point of view,
this signifies mainly that the solutions of a boundary value problem, depending on a
small parameter, converge to the solution of a limit boundary value problem which

is explicitly described.

In this thesis we study the asymptotic behavior of the Stokes system with two
different kinds of boundary condition on the boundary of the holes, which are non-
homogeneous slip boundary conditions, we consider the flow of an incompressible
viscous fluid through a porous medium, under the action of an exterior electrical
field.

The problem of the homogenization of the Stokes equations in a perforated domain
has been thoroughly investigated by Grégoire Allaire in 1990 [4], [5].

The classical approach is to model the perforated domain with holes periodically
distributed with a period .

The periodicity assumption is neither realistic nor absolutely necessary, but greatly

simplifies the analysis: namely, methods that rely on the construction of test func-
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tions in a given geometry do not lend themselves easily to the case of truly random
media. Letting ¢ approach zero, one obtains one of the three possible homogeneous
problems, depending on the ratio of the obstacle and cell sizes. The first of them,
Darcy’s law, was first formulated by Henry Darcy in his 1856 a report on the con-
struction of the municipal water system of the town of Dijon, France [38]. Another
extension to the traditional form of Darcy’s low is the Brinkman term, which is
used to account for transitional flow between the Stokes and Darcy equation. Fi-
nally, when the permeability is large enough and the obstacles asymptotically null,
they cease to have any effect and the process converges to an ordinary Stokes prob-

lem.

On the other hand, we also discuss the study of a class of hyperbolic-parabolic
problems which modelize many kinds of phenomena arising in electricity and mag-
netism, in the theory of elasticity, in vibrations theory and in hydrodynamics. Our

objective is to homogenize the Stokes and hyperbolic-parabolic systems.

To study the homogenization of the Stokes and hyperbolic-parabolic problems
we apply the periodic unfolding method. The periodic unfolding method was intro-
duced in 2002 by D. Cioranescu, A. Damlamian, and G. Griso [I5].This method is
based on two ingredients: the unfolding operator and a macro-micro decomposition
of functions which allows to separate the macroscopic and microscopic scales. The
interest of the method comes from the fact that it only deals with functions and
classical notions of convergence in L spaces. This renders the proof of homogeniza-
tion results quite elementary. It also provides error estimates and corrector results.
This thesis is organized as flows:

In the first chapter, we present the the multiple-scale and energy method for the
Stokes equation.

In the second chapter, we define first the periodic infolding for one and two pa-
rameters in perforated domains and some properties and we treat an elliptic model
problem with a Robin boundary condition.

chapter 03 is dedicated to the first problem of Stokes equation in perforated domains
with small holes. we study the asymptotic behavior of the velocity and pressure of
the fluid as ¢ — 0.

In chapter 04 we present the homogenization results of the second Stokes problem
in porous medium with Robin-type condition depending on a parameter ~.

Finally, in chapter 05 we are concerned with the asymptotic behavior of hyperbolic-
parabolic problem in perforated domains with small holes.

In the end, we give a conclusion about the thesis with some perspectives.
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Chapter 1

The Multiple-Scale and Energy
Method for The Stokes Equation

In this chapter we apply the multiple-scale and the energy methods to the study the
asymptotic behavior of the Stokes equation [49)].

1.1 The Multiple-Scale Method

Let a small positive parameter € and the fluid domain defined by
Q. ={z;z €Y} (1.1)

where Q2 is a given domain. We consider a formal expansion of the velocity and
pressure out a neighborhood of 0f2; consequently.

We consider the Stokes problem

—grad p.+Av.+ f=0 in €,
div v, =0 in S (1.2)

Veloo =0 on 08,
Now, we postulate an asymptotic expansion

(z,9) + %v1(z;9) + ...

{ v.(z) = %0y 13)
pe() = po(z) +epr(z,y) + ...

x

with y = —,v;,p; Y-periodic in Y, for x € Q,y € Y. Note that we postulate that
€

po does not depend on Y, gradp., depends on y from the first term because of the

classical relation

d _ 0,19
dxi_(?xi anz‘

(1.4)



1.1 The Multiple-Scale Method

The same relation ([1.4]) shows that the expansion of A is

A=A+ (1.5)
where A,, denotes the laplacian with respect to the variables y; (x; being para-
maters). The form of the relation (|1.5)) shows that the first significative term in
must be in the €2 term. As usual in homogenization problems, if we postulate
an expansion beginning by ¢y terms, the two first terms will be find to be zero.

To study the problem ({1.2)), we replace (|1.3]) into . Then, by taking the gy term
for the first equation of , the € term for the second equation of and the

2 term for the last equation of (1.2), we have

—apl—i—Ayv?—l— fi—% =0 mnY
0y, ox;
divyvg = 0 nyY (1.6)

volr =0 on I’

with the supplementary conditions vy, p; are Y-periodic in Y. This is the local
problem, where x is a parameter and the term in parenthesis of the first equation of

(1.6 plays the role of given force, vy and p; are the unknowns. Before , we consider
the 2 term for the second equation of (T.2)

div,vy + divyv; =0 (1.7)
and we apply the classical mean value operator

My(.)_f_%/y. dy (1.8)

Not that v; as functions of y are defined on Y: it is natural to extend them to Y
with value zero on 9Y. Then, we have

1 v} 1

div, v1)” = — —dy = —
(ivy o)™ =57 ), 3. % = W )y

nivido =0 (1.9)

To see that the surface integral of is zero it suffices to see that n;v; is zero on I
and that the integral on the parts of 0Y lying on dY annihilate by periodicity. On
the other hand, the operator 9/0z; commutes with ~ as usual. Then, by applying
~ to (|1.7) we obtain

div, 0" = 0 (1.10)

which is the macroscopic equation.

Now we study the local problem (|1.6)). We define an appropriate space of Y-periodic

functions
V ={u;u € H'(Y);ulr = 0,divyu = 0; Y — periodic} (1.11)
U, W)y = d 1.12
(w,w)y v Oyr Oy " (1.12)



Chapter 1. The Multiple-Scale and Energy Method for The Stokes
Equation

which is a Hilbert space; the associated norm is equivalent to the H*(Y") norm.
To obtain a variational formulation of (1.6, we take a test function w € V' and we
multiply the first equation of ([1.6)) by w;; by integrating over Y we have

dp1 / 0 /
/Y ayl Y v 8% (pl ) Y oy b1 ( )
0 0 9o,
[ by~ [ [i@”’ wy) - 20 8“”} dy
Y y LUk Oyi Oyr, Oyp, (1.14)
/ . a—?}?w»da [ o] 8wid I 8wid '
oy Oy y OYr Oy Y y OYr Oy
Then, by using ((1.12), we get
(vo, w)y — (fi — 8p0)/ widy=0 YweV (1.15)
(%Ei Y

Conversely, if vg € V' and satisfies (1.15]), by integrating by parts it satisfies

/ {Ayv? +(fi — Gp())] wdy=0 YweV (1.16)
Y 0z,

Now, we show that the function p; just found is Y-periodic. In fact, gradp; is
periodic because p; satisfies the first equation of (1.6)). We multiply this equation
by w; and we integrate on Y. By comparing with (1.16)) we have

and because divw = 0, we have

/ 0 (plwi)dy:/ prwin;do =0 (1.17)
y Oy Yy

Consequently, the local problem ([1.6) is equivalent to the following variational prob-

lem:

Find vy € V satisfying (1.15)) (1.18)

Moreover, by using the standard linearity property, we have

Proposition 1.1. If we postulate an asymptotic expansion (1.3|) the first term
vo(z,y) is given by f;(x) and Opo/Ox;(z) as

o Ipo
(‘9@-

vo = (fi Jvi (1.19)

where v;(y)(i = 1,2,3) are the solutions of

Find v; €V such that

1.20
(v, w)y = / w;dy Yw eV ( )
Y



1.2 The Energy Method for The Stokes Problem

The existence and uniqueness of the solutions of (1.18)) or ([1.20)) are immediate

consequences of the Lax-Milgram theorem on V.
Now, if we apply the mean operator ~ (defined by ((1.8])) to (1.19)), we have

Ip ~i
0 = kiy(fi — 8:1:3); kij = j (1.21)

Relation is the Darcy’s law. The mean value value of the velocity of the
fluid is equal to f — gradp, multiplied by a constant tensor with components k;;
which only depend on the geometry of the period Y. It is noticeable that was
obtained from the first equation of , i.e., for the viscosity coefficient v equal to

one. If we consider

—gradp. + vAv. + f =0 (1.22)
instead of ((1.2)), we obtain
ki Ipo .
~0 2 . 1
K VJ (fi ox; S kg =1 (123)

instead of (1.21). It is also necessary to introduce the coefficient =" at the right

hand side of (|1.19)

Proposition 1.2. The matriz k;j, defined by (1.21)y will be called permeability

tensor. It is a symmetric, positive definite matriz.

Proposition 1.3. The macroscopic equation (1.10) may be written in the form

2 .
00 00 (1.24)

g 81'1813] g 8_56’1
which is an elliptic equation for the unknown po(x). If po(x) is obtained, the velocity
field vo(x, y) is given by (1.19) and the mean value of the velocity satisfies the Darcy’s

law (T21).

1.2 The Energy Method for The Stokes Problem

We consider the solution u. € Hg(.),p. € L*(£).) of Stokes problem in €,

Ope .
g, T AU T " (1.25)
divu, = 0 mn €,

Moreover, we consider the local periodic problem in Y, : if e, is the unitary vector

in the direction of the axis k v and ¢, are defined by

Ay, — gradyq, + e, =0
divyuy, =0:  vlp =0 (1.26)

Uk, Qe Y — periodic
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We continue vy, with value zero to Ys. (The notation is not changed after continua-

tion). The mean value vy, is defined by

- 1/
v = — [ wvpdy
YA

and the permeability tensor k;; (which is symmetric and positive definite is defined
by

Moreover, we define the asymptotic velocity uy and pressure py by

divug = 0 mn €2
, 0
b = kij(f; — %) in Q (1.28)
j
ug.n =0 on 0f)

Theoreme 1.1. Let u.,p. (resp ug,po) be defined by (1.25) (resp (1.28))). There
exists a continuation of u. and p. to Q(in fact u. is continuated by zero) such that

Ue ,
= 7 o in L*(Q) weakly (1.29)

Pe = Do in L*(Q) weakly (1.30)
The proof of this theorem will be given after several lemmas.

Lemma 1.1. The constant of the Friedreich’s inequality in Q. is of the form C.g%,

1.€e:

lu|*dx < 0.82/ \grad,u|*dz (1.31)
Qe

Qe
Lemma 1.2. We continue u. (initially defined on ) to Q with value zero out
of Q.. Then, after extraction of a subsequence (it will be proved to be the whole

sequence by uniqueness of it limit):

= u* in L*(Q) weakly (1.32)
where
divu* =0 onQ ; w'n=0 on 00 (1.33)
moreover
|graduc||r2@) < Ce ; |ucllr2@) < Ce? (1.34)

Lemma 1.3. We consider a period Y. We consider a smooth surface ~ strictly

contained in Y, enclosing Ys and we note Yy, the domain contained between v and
' (see fig 1). Then for given u € H'(Y), there exist v € H*(Yy;)/R satisfying

Av=—Au+gradqg in Yy (1.35)

10



1.2 The Energy Method for The Stokes Problem

1
divv = g = divu + — divudy in Yy (1.36)
Yar Jy.
vly=ulr ; v[r=0 (1.37)
vl van) < Clliullme (1.38)

Lemma 1.4. There exists a (restriction) operator

R.: HY(Q) — H}(Q.) such that

we HY{(Q) = R.(w) =w (1.59)
(elements of Hy(Q.) are extended by continuity by 0 to 2)
divw =0=  divR.w =0 (1.40)
[Rewl|r2(0.) < Cllw|r2(0) + Cellgradw| 12 (1.41)
|lgradRew|| 20,y < g”wHLQ(Q) + Cllgradw|| 12 (q) (1.42)

Proof. of theorem We see from (1.25)) that gradp. € H*(£.). We continue it
to Q in the following way. Let us define F. € H*(Q) by

(F.,w)q = (gradp., R-w)g,  Yw € Hy(9) (1.43)

where R, is defined in lemma We calculate the right side of ((1.43) by using
(1.25) and we have

ous O(R.w)
F — i - - 1.4
(F.,w)gq /QE 9r, O, dx + o fi(Rew);dx ( )

and by using (1.41]) and (1.42)) for fixed ¢ we see that it is a bounded functional on
H} (), and in fact F. € H'(Q). Moreover, if w € H;(S.) and we continue it by
zero out of €., we see from ([1.43]) and ([1.39) that

F|o. = gradp. (on Q) (1.45)

Moreover, if divw = 0, by ((1.40)), (1.43) and the classical orthogonality property,
(F.,w)q = 0 and this implies that F. is the gradient of a function of L*(f2).
This means that F. is a continuation of gradp. to €2, and that this continuation is

a gradient. We also may say that p. has been extended by contituity to €2 and
F.=gradp. ; p.€L*(Q)/R (1.46)

Let us estimate p. and its gradient. From (1.44)), with (1.34), (1.41)) and (1.42]) we

have

[(gradpe, w)a| < C (|lwl|r2@) + ellgradw| 12(0)) (1.47)

11



Chapter 1. The Multiple-Scale and Energy Method for The Stokes
Equation

then, as € < 1, we see that the right hand side of (1.47)) is bounded by CHwHH& and

consequently

lgradp||p-10) < C (1.48)

and from the inequality

Ipllz2()/m < C(E)llgradpll a1 () (1.49)

we see that p. remains bounded in L*(©2)/R and consequently, after extraction of a

subsequence
pe — p* in L*(Q)/R weakly (1.50)
gradp, — gradp* in H () weakly '
Moreover, let w. be a sequence of elements of H, such that
w, —w in Hy(Q) weakly. (1.51)
From (|1.47) applied to w, — w* we have
|{(gradp.,w.) — (gradp*, w")|
< [{gradpe, w. — w*)| + |(gradp. — gradp*, w")| (1.52)

<C <||w5 — w2 + el|w. — w*||H01) + (term which — 0)
which tends to zero by virtue of and the Rellich theorem. This implies
gradp. — p* in H Y(Q) strongly (1.53)
And from ([1.49)) we have

p. — p*in L*(Q)/R strongly (1.54)

From (1.32), (1.33)) and (|1.54) it only remains to prove that ™ and p* satisfy equation

two of problem ([1.28]), then u* and p* are the solution ug and pg of ([1.28)).
We write the local problem ([1.26]) in terms of x = ey:

vi() =ot(zfe) 5 qi(x) = q(a/e)
E2AF — egrad,q® + ex = 0 (1.55)
divgvf =0

and because v*(), ¢*(y) are independent of ¢, we have

It ]| 20 < C 5 [[0E |2y < C (1.56)

(1.57)

C
||gradmvf||Lz(Q) < -

12



1.2 The Energy Method for The Stokes Problem

Now, we apply the standard method to prove convergence in homogenization prob-
lems. We take ¢ € D(2) and we multiply the second equation of problem ([1.55]) by

¢u; and integrate on (2 we get

ok, d(gus) 1 1
S dy = = [ ¢fdiv(put)dr + = °d 1.58
| s = = [ dhaioyao 5 [ o s
then, by (1.56]),, (1.34]), and second equation of problem ({L.25)):
1
'—/ ¢ div(ouf)dr| = /qé€ ¢ uidr| < Ce =0
e Jq € ox;
then, passing to the limit in the right hand side of (1.58) by (1.32)) we have:
OvE. d(pus)
o 91, 0, —dr — / ourdr  as € — 0 (1.59)

On the other hand, we take the duality product of the first equation of problem
(T25) by ¢ut:

(f, 0v8)a. + (pe, div(dvl))a.

/ figvlida + / Pe a¢ vk dx

(note that v and u) are zero out of €., and we may write the integrals either on

/ dug (9(@251)@) do —

Q. or Q). Moreover, by the classical lemma on Y-periodic function
vh s =Ky in LA(Q) weakly (1.61)

where Kj; are the components of the permeability tensor . We pass to the

limit in (1.60) by using and -

gzj a(;s:; / fida + Ky, /

(it is to be noticed that

/ ¢ vhdr = / div(pv®)dr = [ ¢v*.dS =0
o Or; Q a0

and then p. is defined up to an additive constant in ([1.60)); Consequently the con-

(1.62)

vergence in L*(Q) /R suffices to pass to the limit). Now, we compare the left hand

sides of (|1.59)) and (| . Their difference is
’ / / ' <Ce—=0

(%EZ Eagzﬁd _/8u1 09
8:1;J “i 83:'J oz; Vei 8:6]

where ((1.34)), (1.56]) and (1.57)) have been used. Consequently, the right hand sides

of (1.59)) and 1' are equal and by writing them as distribution we have:

(up, @) = Khi <fz' o7 ,¢> (1.63)

which is satisfied for any ¢ € D(Q)

=t (1-57)

which is (L.28)) for u*,p* and theorem [L.1]is proved ]
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Chapter 2

The Periodic Unfolding Method in

Perforated Domains

In this chapter we recall the definition and some properties of the periodic unfolding
operators in perforated domains 7; for the classical homogenization and 7.5 depend-
ing on two parameters € and ¢ and in the end we apply these method for a Robin

model problem.

2.1 The periodic unfolding operator 7

In this section, we introduce the periodic unfolding operator in the case of perforated
domains introduced by Cioranescu et all [I5] and [22].
In the following we denote:

e ) an open set in RY

e Y =11, [0;1;] the reference cell I; > 0 for all 1 <4 < N, or more generally a set
having the paving property to a basis (by, ..., by) defining the periods,

e T an open set included in Y such that 97" does not contain the summits of Y. We

can be, sometimes, transported to this situation by a simple change of period,
e Y* =Y \ T a connected open set.

we define

T.= | Je(€+7) and Q. \T.

cezN
We assume in the following that ). is a connected set and we take the regularity
hypothesis
09| = 0. (2.1)

In the sequel, we will use the following notation:

14



2.1 The periodic unfolding operator 7

e  for the extension by 0 outside 2. for any function ¢ € LP(€.),

e . for the characteristic function of 2.,
Y7
Y

o0 for the proportion of the material in the elementary cell, i.e. § =

op(Y) for the diameter of the cell Y,
o7 for the set of holes that do not intersect the boundary 9.

By analogy to the 1D notation, for z € R", [z]y- denotes the unique integer com-
j=N

bination Z k;b;, such that z) [z]y belongs to Y. Set {z},, = z — [2],-. Then, for

J=1

x
almost every x € R”, there exists a unique element in R, denoted by [—] , such

r-c[2], =<2},
{2}, e
7
Y]]
/] ] ]

that

where

Fig. 1. The basic decomposition.

definition 2.1. Let ¢ € LP(Q).),p € [1,+00]. We define the function

X

T y) =3 (e [2] +ev). (2.2)
for every x € RY andy € Y*

Remark 2.1. Notice that the oscillations due to perforations are shifted into the
second variable y which belongs to the fized domain Y™, while the first variable x
belongs to RY.

One see immediately the interest of the unfolding operator. Indeed, when trying to
pass to the limit in a sequence defined on ). one needs first, while using standard

methods, to extend it to a fized domain. With T., such extensions are more necessary.

The main properties given in [I5] for fixed domains can easily be adapted for

the perforated ones without any major difficulty in the proofs. These properties are

15



Chapter 2. The Periodic Unfolding Method in Perforated Domains

listed in the proposition below.

To do so, let us first define the following domain:

ﬁ;:mt<U(§+Y))

§€Ae

where

A{EeZNie(¢+Y)NQ £ D}

The set 5; is the smallest finite union of €Y cells containing (2.

Qg \:| Q C) AE .
Fig. 2. The sets @\5, Q) and A,

Proposition 2.1. [15] The unfolding operator T. has the following properties :

1. 7T; is a linear operator.
2. T-(v) (x, {—}Y> =p(r) Vo€ LP(Q) and z € RN
3. Te(py) = Te(0)T(),  Vop,b € LP(4)

4. Let @ in LP(Y) or LP(Y™) be a Y-periodic function. Set o.(x) = ¢ <—>
Then,
Te(p)(x,y) = @(y), a.e.in S

5. One has the integration formula

1
/ podr = — Tp)dedy Ve € L'()
& |Y| SZXY*

16



2.1 The periodic unfolding operator 7

6. For every o € L*(Q0), To(¢) belongs to L*(RY xY™*). It also belongs to L*(Q. x
Y™).

7. For every p € L*(9).), one has

\’7;(90)HL2(Rny*) =V |Y|”90HL2(QS)-

8. VyT(p)(z,y) = eT- (Vo) (z,y)  for every (z,y) € A x Y™
9. If o € H'()), then To(p) is in L* (RN, HY(Y™)).

10. One has the estimate
‘|Vy7;<90)’|(L2(Q><Y*))N =&V ’Y’HVISOH(B(QE))N-
Proposition 2.2. [15] Let ¢ € L*()). Then,

1. T:(p) — @ strongly in L*(RY x Y*)
2. xe — 0p weakly in L*().

3. Let (¢.) be in L*(Q) such that
e —> strongly in L*(12).

Then
To(p) — @ strongly in L*(RY x Y™*)

Proposition 2.3. [15] Let ¢. in L*(.) and el r2(0.) < C for every €, such that
To(pe) = @ weakly in L*(2 x Y™).

Then,
N 1 . .
Ve = 7 o(.,y)dy weakly in L* ()
Y] Sy

Proposition 2.4. [15] Let ¢. be in L*().) for every e, with

||¢8||L2(§Z) S 07

EllVagell co@myn < €
Then, there exists @ in L*(Q; H'(Y™)) such that, up to subsequences

17



Chapter 2. The Periodic Unfolding Method in Perforated Domains

1 Te(pe) = @ weakly in L*(S; H'(Y™)).
2. €T:(Vaope) = V0 weakly in L*(Q xY),
where

y— pe L HL (YY)

per

2.1.1 Macro-Micro Decomposition

Following [15], we decompose any function ¢ in the from

o = Q.(p) + Re(p),

where R. is designed in order to capture the oscillations.

As in the case of fixed domains, we start by defining Q. on the nodes & of the
eY -lattice.

Here, it is no longer possible to take the average on the entire cell Y as in [15], but
it will be taken on a small ball B, centered on €&, and not touching the holes. This
is possible using the fact that 9T does not contain the summits of Y. However, B,
must be entirely contained in ()..

To guarantee that, we are let to define Q.(¢) on a subdomain of €2, only. To do so,

for every 6 > 0, let us set

={zr € Qd(z,00) > 0} and (2% =nt U eE+Y) |,

gelnd

where

= {¢eZV;e(¢+Y) C O5}

e For every node €& in 925 o(v) We define
1
Q(p)(e&h) = 5= | (& +e2)dz.
|B:| J.

Observe that by definition, any ball B, centered in a node of ﬁ;s o(v) S entirely con-

tained in €., since actually they all belong to stp

e We define Q.(¢) on the whole ﬁgs o(v)» Dy taking a ()i-interpolate, as in the finite
element method, of the discrete function to Q.(y) (k).

e On ﬁgsp(y), R. will be defined as the remainder : R.(¢) = ¢ — Q.(p).

Proposition 2.5. [15] For ¢ belonging to H(S).), one has the following properties

18



2.1 The periodic unfolding operator 7

1. “Qa(‘p)HHl(ﬁQsp(y)) < H@”Hl(ﬁzepw))

2. [[R(@)l . < Cel[Vapll 12
(

Qocpivy) = Qo pry)) N

3 IVaR( O 2@, < CIVebll 2@,y 08

We can now state the main result of this section.

Theoreme 2.1. [15] Let ¢. be in H'(Q.) for every e, with ||¢:|mq.) bounded.
There exists ¢ in H'(Q) and @ in L*(Q; H'., (V™)) such that, up to subsequences

per

1. Qc(pe) —  weakly in Hy,(Q)

2. To(pe) = ¢ weakly in LZQOC(Q; HI(Y*))7

o | =

T-(Re(pe)) = @ weakly in L}, (Q; H' (Y™)),

4. T-(Va(p2)) = Vap + V@ weakly in L, . (Q; L*(Y™)).

loc

2.1.2 The Averaging Operator U

definition 2.2. For ¢ € L*(Q x Y*), we set
U-(p)(T) ! / ~<€[x]+6 {x}>dz for every x €
€ X)) =757 - Z,y—~ )
7 [Y*| Jy~ 4 £ 3 Y

Remark 2.2. For V € L'(Q x Y*), the function x — V (w, {f}
ely
not measurable (for example, we refer to [18]). Hence, it cannot be used as a test

function. We replace it by the function U.(V').

) 15 generally

The next result extends the corresponding one given in [15].

Proposition 2.6. [22] One has the following properties

1. The operator U, is linear and continous from L*(Q x Y*) into L*(Q), and one
has for every ¢ € L*(2 x Y*)

Ul 22@) < [lollLiaxy
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Chapter 2. The Periodic Unfolding Method in Perforated Domains

2. U. is the left inverse of T. on ., which means that U. o T, = Id on $.,

1

3 TOaU) @) = | e (e[Z], remv) e Ve e @ x Y,

4. U- is the formal adjoint of T..

Theoreme 2.2. [27] Let ¢. be in L*(S).) for every e, and let ¢ € L*(RY x Y™).
Then,

1. To(p:) — ¢ strongly in L*(RY

L*(R™)

X Y") <= p. —U.(p) —> 0 strongly in

2. T(pe) — ¢ strongly in L?OC(]RN; LQ(Y*)) < p. — U.(p) — 0 strongly in
L} (RM)

loc

This result is essential for proving corrector results when studying homogeniza-
tion problems.

Let us first state the following proposition.

Proposition 2.7. [29] For every ¢ € H'(€.) one has

IR(P)L20) = [0 = Qe(P)ll 20y < Cell Vel 2o
Theoreme 2.3. [22] Let v, be in H'().) for everye and v € H'(Q) such that

1. vl ar .y is bounded

2. U, — Ov weakly in L*().
Then,
To(ve) — v strongly in L. _(Q,L*(Y™"))

2.1.3 The Boundary Unfolding Operator

We define here the unfolding operator on the boundary of the holes 07, which is
specific to the case of perforated domain. To do that, we need to suppose that T’

has Lipschitz boundary.

definition 2.3. Suppose that T' has a Lipschitz boundary, and let ¢ € LP(0T.),p €
[1, 400].
We define the function T?(¢) € LP(RY x 9T) by setting

TAe)wy) = (e |Z] +ev)

for every x € RY and y € 0T
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2.1 The periodic unfolding operator 7

Observe that if o € WHP(Q,) and ¢ = 0 on 9. \ T is the set holes that do
not intersect the boundary 99,one has T’(¢) = T-() on 1. The next assertion
reformulate those presented in proposition [2.1], when functions are defined on the
boundary 9T..

Proposition 2.8. [22] The boundary unfolding operator 7?’ has the following prop-

erties :

1. T2 is a linear operator.

2. T2(p) (:L‘, {E} ) =p(z) Vo€ LP(OT.) and v € RY
Y

3. Tew) = AT (W), Vo € L(IT)

4. Let ¢ in LP(OT) be a Y-periodic function. Set p.(x) = ¢ <§> . Then,
T2 () (2,) = #(y)-

5. For every o € L*(9T.) we have the integration formula

| ewin) = 7 [ THat)
- TA(¢)dwdo(y)

5‘Y| f’l\;xaT

6. For every ¢ € L*(OT.), T2(¢) belongs to L*(RY x OT). It also belongs to
L*(Q. x OT).

7. For every ¢ € L*(0T.), one has

172 (@) || z2r xory = VeElY @l z2or)-

Proposition 2.9. [29] Let g € L*(0T) and ¢ € H (Q) s.t. ¢ =0 on 09, \ OT™.

One has the estimate

dwéwwwmazéwmmwmmmw
< C(IMar(9)| +)lIVell @y,
where Mar(g) = ﬁ - g(y)do(y).
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Chapter 2. The Periodic Unfolding Method in Perforated Domains

Proof. See [22] O

Proposition 2.10. [29] Let g € L*(0T) a Y-periodic function, and set g.(z) =

g(g). On has the following convergence results as e — 0
€

1. If Mar(g) # 0, then

o7 1
. / ale)p(ado(s) — [ Mor(o) / o@)dr Ve H\(Q).

2. If Mar(g) =0, then
/BT 9-(z)p(x)do(x) — 0 Yo € HY(Q).

The next result is the equivalent of proposition (1) and 2.3} to the case of

functions defined on the boundaries of the holes.

Proposition 2.11. [22]

1. Let o € H'(Q). Then, as € — 0, one has the convergence

/ T ) y)dzdo(y) - / Fdrdo(y)
RN x9T

RN x9T
2. Let o € H'(Q). Then

TX(¢) = ¢ strongly in L*(R™ x OT)

3. Let @, be in L*(OT,) for every ¢, such that
TX(p.) = @ weakly in LA(R™ x 9T
Then,

e / pepdo(z) = B(e,y)(0)dudoly) Vo € H(Q).
oT- |Y| RN x0T

2.2 The unfolding operator 7.; depending on two

parameters ¢ and )

Following [19], the geometry of domains with small holes requires a specific unfolding
operator depending on both parameters € and . So, we will consider functions which
vanish on the whole boundary of the perforated domain 2.5, namely belonging to
the space Hj(f2;). These functions are naturally extended by zero to the whole of
Q and these extensions belong to Hj(f2). Consequently, from now on, we will not

distinguish elements of Hj(€.5) and their extensions in H;(€2).
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2.2 The unfolding operator 7.; depending on two parameters ¢ and ¢

definition 2.4. For ¢ € LP(Q), p € [1,400], the linear and continuous unfolding
operator Tes : LP(Q) — LP(Q x R"™) is defined by

—_

To(d)(z,2) a.e for (x,z)€ (AZE x =Y,

[e9)

Tes (D) (2, 2) =

0 otherwise.

Proposition 2.12. [79/
1. For any u,v € LP(Q), Tos(vw) = Tos(v) Tes(w).
2. | Tes ()| 20y < < l1ull?
€ L2OxRN) = 5N L2(Q)

3. Letu € HY(Q). Then

1 1

Tes(Veu) = gvz (Tes(u))  in Q x SY

Concerning the integral formulas; we have the following results, similar to those

of the previous section.

Proposition 2.13. If {w.} is a sequence in L*(Q) satz’sfyz'ng/ |we| de — 0, then

Ae
Tes N
/wE dr =~ ¢ / Tes(we) dxdz.
Q QxRN

definition 2.5. Let p € [1,00[. The local average My, : LP(Q2) — LP(Q), is defined

for ¢ € LP(Q2) by
T) = [y Tes(0)(z, 2)dz

Ta(M3(6) = Mi(6) on Qx5

Also, if {v.} is a bounded sequence in LP(QY), such that v. — v strongly in LP(2),
then My (v.) — v strongly in LP(2)

Note that

Proposition 2.14. [79] Suppose N > 3 and denote by 2* the Sobolev exponent

2N

N3 associated to 2. Let w be open and bounded in RY. Then the following

estimates hold: -
IV (Tes () 21y < 57l Vellze) (2.3)

e 2 Ce? 2
15 (u — My-(w)) |7 (@@L (RV)) = WHVUHH@, (2.4)
202

1728 (W1 Z20m0) < - s W F VUl 2oy + 20w [Jul22q), (2.5)

where C' denotes the Sobolev-Poincaré-Wirtinger constant for H*(Y) and M is
actually given by Definition[2.5.
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Chapter 2. The Periodic Unfolding Method in Perforated Domains

2.2.1 The boundary unfolding operator 7;%

We suppose in the sequel that the set B has Lipschitz boundary. We define a linear
unfolding operator on the boundary of the holes B.s, specific to the case of domains

with small holes.

==
a
=i
qu
e
ol
(<]
i

Fig. 3. The domain 4.

Fig. 4. The cell Y5 and the set B.

definition 2.6. For ¢ in LP(0B.s),p € [1,00[, the boundary unfolding operator
TS . LP(0B.s) — LP(RYN x OB) is defined by T5 : LP(0B.s) — LP(RY x OB) is
defined by
Th0)(w,2) = 6(c|2] +202), weRY, zeom. (2.6)
ely

Proposition 2.15. [/7] The linear and continuous boundary unfolding operator TX

has the following properties:

1. Tost(6) (x % {g}y) — ¢(x) Vo€ LP(OBy),x € RV,

2. Let ¢ € LP(0B.s) and set
Ges(x) =@ (% {g}) then Tos"(¢)(z,2) = ¢(2).

3. For every ¢ € L'(0B.s),

N-1

o(2)do(z) = /R T drda(z),

OB.s €

4. Let ¢ € L*(Q), then

T’ (¢) — ¢ strongly in L*(RY x OB).
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2.2 The unfolding operator 7.; depending on two parameters ¢ and ¢

5. Let {¢.}. be a sequence in L*(0B.s), such that

Tos'(0) — ¢ weakly inL*(RY x 0B.)

SN1 ¢ (7)Y (z)do(x) — oz, 2)(z)drdo(z) YV € HY(Q)

dB.s RN xdB

Lemma 2.1. [27] Let g € L*(0B) and ¢ € H' (). The following estimate holds:

< O (IMoas(g)] +€9) [Vl 2(a)n-

[ o) Th@)ndo(:)

Proposition 2.16. [/7] Let g € L*(0B) and set

1
ge(7) :g(g{g}) VxERN\éeLJZE(f—I—éB). (2.7)
Then for all ¢ € H* (), one has the following estimate:
5N—1
/83 ge(x)(z)do(x)| < C——(|Mon(g)| + £0) [[Vo| L2~ (2.8)

Proof. By using (2) and (3) of proposition [2.15 the result is a direct consequence
of lemma 2.1 above. O

Proposition 2.17. [{7] Let g € L*(0B) and g. be defined by (2.7). Then, for all
¢ € H'(Q), one has the convergences:

€

L Mosle) 0= 5 | a(@)o@)as = 10B1Moto) [ o(a)s

2. If Mpp(g) =0 — . g=(z)p(x)ds — 0

Proof. 1. Let ¢ € D(RY). One has, by unfolding with 7%,

s | a@e@aste) = [ gTHO) e )dedo(s),

RN x0B

which, as € tends to zero,converges to
0B Manls) | (o)
Q

so, by density, the result is still true for every ¢ in H'(Q)

2. The result is straightforward from proposition [2.16)

Remark 2.3. A simple consequence of proposition |2.17 is the convergence,

/ T5(¢)(z, 2)dwdo(z) — |0B] pdrdo ()
RN xOB RN
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Chapter 2. The Periodic Unfolding Method in Perforated Domains

2.2.2 Application: Homogenization of a Model Problem with
Robin condition(P.;)

We consider the following problem (P.s)

—div(A*Vuzs) = f mn Qs
AV Ucsnes = ge on OT'3 (2.9)
ue =0 on s\ 0T

where 7.5 is the unit outward normal vector to T.s.

Introduce the functional space
Vis={p € H' Q) | =0 on 0O\ 0T
Then, the variational formulation of problem is
Find u. € Vs satisfying

/Qsé A*Vu sV odr = /956 fodx + /<9ng g-0do () (2.10)

for every ¢ € Vs

Suppose that € and § are such that there exists a constant k satisfying
N-1

k = lim
e—=0 €

We now state the unfolded formulation of the limit problem for (2.9)) as € goes to

zero. At the limit we will observe the contribution of the periodic oscillations of the

. 0<k< 40 (2.11)

operator A as well as the contribution of small perforations.

Theoreme 2.4. Assume that (2.11)) is satisfied. Let A° belong to M(«, 8,92), f to
L*(Q) and g to L*(OB).
Suppose furthermore that; as tends to 0., there exists a matriz A such that

T-(A%)(z,y) — A(z,y) ae in QXY (2.12)

Let ugs be the solution of the problem (2.10). Then there exist ug in Hy(Q) and u
in L*(Q; H! (Y)) such that (up to a subsequence)

.
Ues — ug  weakly in L*(Q) (2.13)
with uy and @ satisfying
/Y A, y) (Vo) + Vyila, y) Vyd(pdy = 0 ace xe Ve HL(Y) (2.14)
and
A, )(V.t(a) + Vo 9) Vol)dady = | fode + HOBMan(s) [ v,
vy € Hy(Q)

QxY

(2.15)
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2.2 The unfolding operator 7.; depending on two parameters ¢ and ¢

Proof. Let K > 0. Observe first that Lax-Milgram theorem, there exists a unique
solution u.s of (2.9). Taking it as a test function in (2.10)), one has

/ getesdo(x)
0Bcs

al|[Vuss||F2 v < Iz Vaes 2y +

Then by proposition [2.16, we get
N-1

)
o[ Vuues |20, pyv < C (1 + (IMar(9)] + 55))

€

and so, the following a priori estimate holds:

lues || 1) < C.

This implies convergence ([2.13]) up to a subsequence. Next, by theorem , there
exists U € L*(Q2; HY, (Y)) such that

per

T-(Vues) = Vaoug + V,u  weakly in (L*(; L7, (Y)Y (2.16)

loc

With ¢ € D(Q) as test function in (2.10), we have

/ AEVUE§V¢dZL':/ f@/}d:t%—/ g:=Ydo(x). (2.17)
Qes Qcs 0Bcs

By the unfolding criterion for integrals and proposition [2.15 we get

T-(A%)Te(Vuss) T- (V) dady

QXY5

T N-1
~

TNTW)ndy+*— [ )T 0)dudorz)
QxYy RN xOB

In view of (2.17)), theorem [2.1| and proposition at the limit we obtain equation
([2.15)) for all ¢p € D(Q2), and by density for all 1) € Hy(£2).
Use now & = £(.)¢(./e) with ¢» € D(2) and ¢ € C,,,.(Y), as test function in (2.10),
to get

e | Af(2)Vus(x) Ve <§) dr +

Qes

A Vs () () Vb (g) dx

X

Qes
=¢ o (x)(z)o <§> dr + 5/8355 ge(z)(x)p ( ) do(z).

The first integral, as well as the right-hand side of the above equality, converge to

£

zero . the second integral above is unfolded 7; to get

/QE(; A*Vues(z))(x)V o <§> dx

L To(A%) (2, 9) T (Vaues) (2, y) Vo (y) To () (2, y)dady,

QXY5
since the unfolding criterion of integrals (theorem [2.1)) is satisfied due to the choice

of test functions. Then, as above, we can pass to the limit with respect to ¢ and
obtain , the first equation of the unfolded formulation for the limit problem.
This equation describes the effect of the periodic oscillations of the coefficients in
(2.15)).

m
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Chapter 2. The Periodic Unfolding Method in Perforated Domains

Strong formulation of the limit problem of P.;

We now show that the unfolded problem is well posed and give the formulation in
terms of the macroscopic solution ug alone.
First, let us introduce the classical correctors X/, (j = 1,..., N) defined by the cell

problems (see, for example, [9])

X' € L*(Q; H,,(Y)),
/ Az, y) V(X! —y;)Védr =0 a.e. z € Q.
i Vo € H),.(Y).
Assuming ug is known and solving equation(2.14)) for @ as a function u, gives

N
3ug

—— (@)X (2,9),
1 al’j

u(z,y) =
Which used in equation (2.17)) from theorem 2.4 yields

/ Ar 74 Vipda = / fodz + k|OB|Mag(g) / wdr Yy € HY(Q)  (2.18)
Q Q Q

where, for a.e. z € Q, A"™(z) is the homogenized matrix.

a?jom<x) = /Y (aij(x7y) - Zalk(xvy)g_i(xvy>> dy.

Equation (2.18) is actually the variational formulation of the equation

—div(A""Vug) = f + k:/ gdo in Q
OB
u=20 on 0f.

Theoreme 2.5. The limit function ug given by theorem (2.4, is the unique solution

of the homogenized equation
ug € HY(Q)
/ ATy Vepdr = / fabdx + k|0B|Map(g) / Ydx
) o € () )

Remark 2.4. The contribution of the oscillations of the matriz A® in the homog-
enized problem is reflected by the presence of the homogenized operator A™™ fl in

the left-hand side. The contribution of the perforations is the constant k gdo =
oB
k|OB|Mag in the right-hand side term.

Remark 2.5. If £ = 0 the small holes have no influence at the limit.

Remark 2.6. If Myg(g) = 0, we obtain the result for domains without holes from
197
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Chapter 3

Asymptotic Behavior of the Stokes
Problem with Robin Condition in

a Domain with small Holes

abstract We consider the Stokes problem in a domain Q.55 of RY, N > 3 &
periodically perforated by holes of size (1) and r2(d2)(g, 91 = 01(€), 02 = da(e)
being small parameters), with r1(ed;)/e — 0 and r9(ed2)/e — 0 as € — 0. Our
aim is to descrabe the asymptotic behavior of the velocity and the pressure of the
fluid as ¢ — 0 and give, if possible, a limit ("homogenized”) problem. To do so,
we use the periodic unfolding method introduced by Cioranescu, Damlamian and
Griso(C.R. Acad. Sci. Paris, Ser. I 335(2002)99-104; SIAM J. of Math. Anal.
40(4)(2008)1585-1620). It allows us to consider ageneral geometric framework and
so, to extend the result from Cioranescu, Donato and Ene (Math. Models and
Methods in Appl. Sciences 19(1996)857-881) and Capatina and Ene (European J.
of Math. 22(2011)333-345)

Keywords : Stokes problem, Robin condition, unfolding method.

3.1 Introduction

The aim of this work is to apply the unfolding method to perforated domains by
holes size 6, distributed periodically with period e. We consider here the case where
d = 0(e) is such that 6 — 0 as ¢ — 0. Such kind of holes are known in literature as
”small holes” (see e.g [25] 20]), or "tiny holes” (see e.g. [1I, 41]).

Let Q be a bounded open domain of RY, N > 3 with |0Q| = 0. The reference
(periodicity) cell Y is given by
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Introduce now the compact subsets sets 7" and B of Y (the holes in Y'), such that
TNB = (0. We assume that B and T have Lipschitz boundary. For two small
positive parameters 0; and 0 with dy # 61, the perforated (periodicity) cell Yy 5 is

Vs, =Y\ (6:BU&T). (3.1)

then the holes in ) are the following sets:

T, = | (e6:T + £¢) Bes, = | (e6:B + €9), (3.2)

£€E, EEE,
where

E.={¢cZN (¢ +Y)CQ}.

By construction, the size of the holes in 7.4, is of order €4;, and the size of those in
B._s, is of order £9,.
Notice also that by construction, the boundary 92 do notintersect that of the holes.

Then, the perforated domain €24, is defined as
Q55152 = \ (T€51 U BE52)'

In the following, we suppose that d; = d§;(¢), and J; = d2(¢) depend on &, and
satisfy
lim §; (¢) = lim d2(e) = 0. (3.3)

e—0 —0
This means that we are typically in the framework of domains with ”small” holes

mentioned at the beginning of this section.

We now consider the Stokes problem in (2.5, with a Robin-type condition on
the boundary the set of holes T.s,, and a homogeneous Dirichlet one on the external
boundary 0f2 of the domain and on the boundary of the holes in B.s,. The unknowns

Ues, 5, the velocity field, and p. the (scalar) pressure, are characterized by the system,

( —vAU5, + VP = fo in Sesysy,
divugs, s, 0 in Q6
Uess, = 0 on 0QUIBes,, (3.4)
V% + acues,5, = g on I,
.

where f. is the field of exterior body forces and g. is the field of exterior surface
forces. The constants o > 0 and v are given, as well as v > 0 which is the viscosity
of the fluid. The outward normal to T.s n, while 7 is the tangent vector to 1.5, so
that for a function v, v, = v — v,,.n where v,, = V.n

There is an extensive literature on the homogenization in perforated domains in
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RY. For the case of “small” holes of size €%, a > 0, let us mention the works of
Cioranescu and Murat [25], 26], concerning the homogeneous Dirichlet problem for
the Poisson equation. They showed that the size e¥/¥=2 (N > 2) is “critical” in the
sense that the limit problem not only contains the laplacian but also an additional
zero order term, called by the authors “strange term”, it depends on the capacity
of the set of holes at the limit.

The non homogeneous Neumann problem for the laplacian in the same geomet-
rical framework, was studied by Conca and Donato [32]. In this case, the critical

N/N—-1

size of the holes is of order ¢ , and the contribution of the holes at the limit is

an additional right-hand side integral term.

As concerning the Stokes problem, a pioneering work is that of Ene and Sanchez
Palencia [49] who considered a periodic porous medium (with e-size holes) with a
Dirichlet condition on the boundary. They obtained at the limit the Darcy law, by
applying the multiple scale method (introduced in [9]), together with sharp error
estimates. This is the first mathematical justification of the experimental Darcy’s

law.

The Stokes problem with non homogeneous slip boundary condition depending
on a parameter v € RY (with still e-size holes) was studied by Cioranescu, Donato
and Ene in [21] by energy methods. They obtained at the limit, for different values

of v, either a Darcy-type law, or a Brinkman equation or a Stokes-type system.

In the framework of small holes, Allaire considered the Stokes system in [2] and
the Navier-Stokes equation in [4, 3]. He obtained at the limit the same laws (Darcy,
Brinkman or Stokes) but now it is the order of the size of holes with respect to ¢

who determines the type of the homogenized problem.

When working in perforated domains, the main difficulties are related to the fact
that the equations and their solutions are defined on domains which strongly depend
on e. In order to speak about convergence when ¢ — 0 (that is to “homogenize”),
one needs to introduce extension operators to a fixed domain and to construct test
functions, specific for each situation. To do that, several restrictions on the geometry

of the holes and of the domain are necessary.

These difficulties are solved by the periodic unfolding method ([15] and [16]), as
can be seen for example, in Cioranescu et al [20]. The advantage of the unfolding
method, it is the fact that it separates the scales. So, one can treat in particular,
holes at different scales in the same period. Such kind of problems, because of their
complexity, cannot be solved by the classical methods in homogenization. For the
Stokes problem, the method was applied by Capatina and Ene [12] and by Zaki [55]
in the case of e-size holes. This method was also extended to domains with small
holes in Cioranescu et all [19] and used by Ould Hammouda in [46] and [47]. Our
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aim here is to apply it for the Stokes problem (|3.4]).

The paper is organized as follows. In Section 2 we give the variational formulation
of the problem . In the Section 3, for the reader’s convenience, we recall briefly
the different definitions of the periodic unfolding operators and their properties. So,
in Section 3.1, we list some notations. Section 3.2 is devoted to the periodic unfolding
operator for fixed domains introduced in [15]. Section 3.3 recalls the definition and
the properties of the unfolding operator for perforated domains with holes of size
and finally Section 3.4 those of the unfolding operator corresponding to the case of
volume-distributed small holes. In Section 3.5 we introduce the boundary operator

related to the case of small holes, and prove some of its properties.

Finally, the homogenization result concerning problem ((3.4]) is stated and proved

in Section 4.

3.2 The variational formulation

From now on, we make the following hypotheses on the data f. and g.:

fo€ (L2 (s,s,))N, ef- = f weakly in (L2(Q))V. (3.5)
and
ge(x) = g(%{?}), g € (L*(0T))", Y — periodic function. (3.6)
1

Let use introduce the functional space
‘/55152 = {90‘90 € (Hl(Q€5152))N7 Y = 0 on 002U aBadga p-n= 0 on aT&(Sl} y

which is Hilbert for scalar product

i) = |

The variational formulation of system (3.4)) is then the following:

8162 61069 8xj 6xj

N
Vynablay doe = Z / Opi O dx
ij=17%

(

Find us,5, € Vesys,, Pe € L*(Qes,5,) satisfying

J

Vies, s,V dr 4+ ae” /

T,
/Q

/ Uesy 65 V(p dr = O, Vg& < ‘/55152.
Q

5102

Uesy 55 P dO’(;C) o / Pe div ¥ dLU,

6109 Q569

fagOdl' +/ gESDdO-(:I;)) \V/(P 6 %5152;
aTeél

8109

\

It is classical that this problem (see e.g [53]) is well-defined, it has a unique solution.
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3.3 The periodic unfolding operators

3.3 The periodic unfolding operators

3.3.1 Some notations

In the sequel, we will use the following notations:

~

mterlor{ U §+ Y Ao =0\ Q.

£eEe

Y; =Y\ 6T for >0,

@ = the extension by 0 to Q, YV € LP(O), O C Q.

For every z in R, we denote by [z] the unique integer combination of periods
such that {z}y = 2z — [2]y belongs to Y. It follows that any 2 € R" can be written

in the (unique) form

xz&([f] +{§} ) with {E} ey.

ely ely ely

For any subset K of Y, the average of ¢ over K and on 0K, are given respectiely,
by

1 1
Mg (o) = W/}(@i% Mok (@) = 0K 8K<Pd0‘

3.3.2 The unfolding operator 7. for fixed domains

We now recall from [46] and [27], the definition and some properties of a variant of

the periodic unfolding operator introduced in [I5] and [16].

definition 3.1. For ¢ € LP(Q), p € [1,+00], the unfolding operator
T 1/Q) — Q% Vi),

1s defined as follows:

* ~
TA(9)(x,y) = d)(g [Z}y + 5y> a.e. for (z,y) € Qo x Y;,
0 a.e. for (z,y) € A x Y;.

Proposition 3.1. If {w.}. is a sequence in L'(£2) satisfyz’ng/ |we| dx — 0, then

Ae
/ w, do — To(we) dedy — 0.
Q QxYs

Notice that if we replace Ys by Y, we retrieve the original unfolding operator 7;
as defined in [15], [16].
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definition 3.2. The local average My : LP(Q2) — LP(Q), is defined for any ¢ in
LP(Q), 1< p <oo, by

J%@wzﬁzwmw@

It is known that if {v.} is a bounded sequence in LP(f2), such that v. — v
strongly in LP(2), then

M5 (v.) — v strongly in LP(Q2). (3.8)

3.3.3 The unfolding operator 7" for perforated domains

Following [20], an unfolding operator 7_* for functions defined on perforated domains
Q2F with holes of size e. We will give here some of its main properties, needed later
on. For more details and proofs, we refer the reader to [20]. Let first define the

geometric settings for this special case.

With the notations from Section 3.1 (recall that 7" is a closed strict subset of Y),
the part occupied by the material in the cell Y, supposed to be connected, is now

denoted Y* = Y \ T. Then the perforated domain ¥ is obtained by removing from
Q2 the set of holes T,

QZ:Q\Taz{xEQ’ {g}eY} (3.9)
With this definition, we also set
Q= QT
. (3.10)
A =02\ QL

definition 3.3. For ¢ Lebesgue-measurable on §2%, the linear and continuous un-

folding operator
T D92 — QX Y™), p € [1, 400,

is defined by

ole L + ey a.e. for (x,y) € Q. x Y™,
roen - { L)
0 a.e. for (z,y) e A xY".

The main characteristic of this operator is that it maps functions defined on the

oscillating domain €27, into functions defined on the fixed domain € x Y.

It is easily seen that for any function w € LP(€2}), one has

T (w) = To(@) |y (3.11)
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This implies that the main of properties of 7" are consequences of those of 7T;, as in

particular, the integration formula written for every ¢ in LP(§2})

@) dedy = [ o) de= [ o) de= [ o) de

QxY*

An equivalent of Proposition holds, allowing to pass from integrals over € to

integrals over the fixed domain €2 x Y™*.

Proposition 3.2. If {¢.} is a sequence in L*(QF) satisfying / |pe| dx — 0, then
Al

/ ¢e dr — / T (w.) dedy — 0.
QF QxY*

Proposition 3.3. Let {w.} a sequence in LP(Q) such that w. — w strongly in
LP(Q), then T2 (w.) — w strongly in LP(Q2 x Y™).

The main result concerning perforated domains is the next theorem.

Theoreme 3.1. Let p be in |1, +00]. Let {w.} be a sequence in WP () such that

£
| we||wrpe < C.

Then, there exist a subsequence (still denoted € ), w in W'P(Q) and @ in LF(Q; WLP(Y™)),

per
such that
we = Y w  weakly in LP(Q),

T (w.) — w  strongly in LY (Q; WHP(Y™)),

loc

“(we) —w  weakly in LP(Q; WHP(Y™)),

€

*(Vw,) = Vw + V, 0 weakly in LP(Q x Y*)V.
€ Y

(3.12)

3.3.4 The unfolding operator 7.; depending on two param-

eters ¢ and 9§

We start by recalling the definition and the main properties of the periodic unfolding
operator with two parameters ¢ and ¢ introduced in [19] (see also [46]).

Following [19], the geometry of domains with small holes requires a specific un-
folding operator depending on both parameters € and . When considering functions
belonging to the space H}(f).;), one naturally can extend them by zero to the whole
of Q, and obviously, these extensions belong to Hj($2). It is why one may not

distinguish the functions of Hj(.s) and their extensions in Hj(€2).

definition 3.4. For ¢ € LP(Q), p € [1,400], the linear and continuous unfolding
operator
Tes - LP(Q) — LP(Q2 x R™),
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18 defined by

T-(9)(x,02) a.e. for (z,2)¢€ QE X lY,

(=2

Tes(9)(w, 2) =

0 otherwise.

Proposition 3.4. 1. For any u € L*(9)

1
175122y < 53 llullZeey

2. If {w.} is a sequence in L'(Q) satisfying / |we| dx — 0, then
Ae

/ w, dr — 5N/ Tes(we) dedz — 0.
Q QxRN

2N
N -2
associated to 2. Let w be an open and bounded set in RY. Then the following

Proposition 3.5. Suppose N > 3 and denote by 2% the Sobolev exponent

estimates hold: )

£
IV=(Tes () 721y < m”vuﬂé(ma (3.13)
e 2 Ce? 2
1725 (u — My (u)) 12202 ) < SN2 [Vull72q), (3.14)
20?2
1725 (W) 205wy < W\W\Nﬂvuﬂiz(m +2|w | [ull 72, (3.15)

where C' denotes the Sobolev-Poincaré-Wirtinger constant for H'(Y) and Ms is
actually given by Definition[3.3

We will also make use later on, of the following definition:

definition 3.5. The local average M : LY (Q) — LY(Q) is given for any ¢ in
Lr(Q), 1<p<oo, by

M (9)(z) = 67 / Tl u)dy

3.3.5 The boundary unfolding operator 7;%

definition 3.6. For ¢ in LP(01.s), p € [1,+o0o[, the boundary unfolding operator
TS« LP(0T.s) = LP(RN x OT) is defined by

b _ f N
725(¢)(x,2)—¢<e[€]y+edz>, reRY, 2 € aT. (3.16)
Remark 3.1. Observe that if 6 = 1, 7;11 1s nothing else than the boundary unfolding

operator T2 defined in [20)].
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Proposition 3.6. The linear and continuous boundary unfolding operator ’7;% has

the following property:

5N71

¢(x) do(x) =

IT.s €

[, ThO)w) dudo(s), o€ L1OTs)
RN xOT

} 1
Proposition 3.7. [7] Let p. in WP (Q.5) for every e, and let ¢ € Wl,p(gy)) such
that
. 1
Tos(p) = ¢ weakly in LP(Q; WLP(SY))'

Then the following convergence holds true:
Th(p.) = ¢ weakly in LP(Q; Wl_%’p(ﬁT)),

Proposition 3.8. [{7] Let g € L*(0T) and set
1z N
ge(x)—g<g{g}>, Ve e RY\ U (&4 0T). (3.17)
gezN
Then, for all p € H*(Q), one has
N_1

‘ /E)TE5 ge(z) o(x) dm‘ < 0525

Proposition 3.9. [/7] Let g be in L*(OT) and g. be defined by . Then, for
all p € H*(Q), one has the convergences

(28 + 1 Mon(9)] ) V9l (3.18)

£

SN /aT g:(z) p(x) ds — lﬁT\MaT(g)/ﬂ¢(x). (3.19)

Proposition 3.10. For g € L*(0T) and v € H'(Q), we have the estimate,

N 5N—1
/8Tg(a:')v(a:)da(:c) <c <(52 Vv L2y + . HUHLz(Q))

Proof. By using the boundary unfolding operator 7%, we have successively,

/8 g(w)u(a)doz)

5N71

/Q 0T (w)drdoz)

3

<[ 06) (Th0) - M) dado(:)
5N71 €0
+ . /QxaTg(Z>MY (v)dzdo(2)]| .

Let now estimate the two integral terms on the right-hand side of this inequality.

On the one hand, by using Cauchy-Schwarz inequality and recalling (3.14}), we get

5N—1

- < 87 ||Vl 2 (3.20)

/Q XaTg(z) (TS5 (v) — M§?(v)) dzdo(2)

37



Chapter 3. Asymptotic Behavior of the Stokes Problem with Robin
Condition in a Domain with small Holes

On the other hand we have

(5N—1 N-1

)
<c 9]l 20 HMis/é(U)HLQ(QXBT)

/Q 0 )dzdo(2)

9 S

€ 2 2
gl z2o1)- </ |MY5(U)‘ dxda(z))
QxoT

N-1

)
<c

Applying the Fubini theorem we immediately obtain

gN-1 N—1 1/2

<c

9 S

| s wso )] < " lalwaniortt ([ 1357() ao)
QxoT Q

(3.21)
Let have a look to the last integral above. By Cauchy-Schwarz inequality and
Proposition [3.4[1), it follows that

( /Q ‘Mff(v)fdm) e 5N ( /Q ( /5 . 7;5(v)dz>2dx) "

N
< 02T (V)| 2 gax vy < [lolle2)-

This inequality used in (3.21)) yields

oN-1 5 N-1
| s wddo )| < gl ol
€ Qxar
which, together with (3.20]), gives the result. O

3.4 Main results

3.4.1 A priori estimates for u., 5 and p.

Proposition 3.11. Let v € R and (ucs,s,, pe) be the solution of problem (3.4]). Then

there exists a positive constant C' independent of € such that,

Hu55152HH1(QE§152)N <, (3.22)
H5u56162HH1(Q€5152)N <C, (3.23)

and
H€_1U55152||L2(956162)NXN < C. (3.24)
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Proof. Taking u.s,s, as test function in (3.7)) (which makes sense), we get

v||Vues,s, ||%2(955162) + ag”||uzs,s, ||%2(8T€51)

/ f£u€(51 (52 dl'
Q

8109

<

_F

/ gauaélézda(x)
oT.5,

We have successively, by using Cauchy-Schwarz and Poincaré inequalities as well as

Proposition [3.10]

v||Vues,s, ||%2(Q + ae”||ues, 5, ||%2(6T551)

65162)

(3.25)

N—-1
1

N0
< C<||f||L2<955152> I )||Vu55152||m€5152>-

which implies that

VI Vtes,5, | T2y, ,) + @€ et [ T20msy, ) S CllVUcss |l 2200s,5,)-

65152)

Using herein the Poincaré inequality yields

[tesi6, [ 11(020s,5,) < C.

On the other hand, by using the Young inequality in (3.25)), we have
V|yvu85152”%2(§255152) + a57|‘u85152‘|i2(8T€61)
% 1 1 n—1\2
<C(1+07 +ng+ 5(51 )" I Vues 6, 12(0.5,5,)

which implies, in view of (3.22]) and Poincaré’s inequality,

H€u55152HH1(956162) <C. (326>

Finally, by using estimate and the fact that for v € H'(€).) (see for example,
[3, 132]),
[ollz2@y < Cel|Voll 2o ywxn,
we get estimate ((3.24)).
O

To describe the limit behavior of system (3.7)), we need to use some special test
functions belonging to V.s,5,. For the construction of these functions, we follow the

procedure from [12].

Consider the local periodic problem in Y™:

(

—Ayvk + quk = e inY”
divyvk = 0inY”
o= 00ondT
P, k
() (ai) = 0on dT
on ) _
(v*; q") Y — periodic
\ My (qk) = 0,

39



Chapter 3. Asymptotic Behavior of the Stokes Problem with Robin
Condition in a Domain with small Holes

where (e")z—1...n is the canonical basis in R".

Now, in order to write the local problem (P;) in terms of 2 = ey, we extend v*
and ¢* by periodicity to Q.s,5, and set
T x
VM (z) = Uk(—), ¢ = qk(—) for x € (..
5 5
Consequently, problem (P;) writes
—2A 0 + eV = €F in Q,
(F:)

. ke .
div,o™ = 0 in €,

and it is easily seen that the following estimates hold:
HUkEH(LZ(Qeéléz))N <, (3.27)

as well as

C
HV:;:UICE”(LQ(QSM@))NXN < Z (328)

Multiply now (FP.) by v € V5,5, and integrate on (l.s,5,, to obtain

1

5/ VoV dr +/ ¢ divvdr = —/ e vdr, Vv € Vs, (3.29)
Qesy 6, Qs 65 € Qs 65

At this point, we recall the fact (|29, [55]) that, if ¢ € L?(Qs,5,), then there exists
@ € Vzs,s,, such that

div ¢ = ¢ with ||90||V55152 <C ||¢||L2(955152)'
Using this in (3.29)), together with (3.27)) and (3.28)), gives to the estimate

19" | 26205, < C- (3.30)

Other tools that will be needed below are some results from [19]. To formulate

them, define the space Kp as
Kp={® e L* (RY) | V& € L*(R"), ® constant on B}.
Lemma 3.1. ([19] ) Let N > 3. Then, for every dy > 0, the set

U {¢€HL(Y)]é=00n8B),

0<d2<do

is dense in H' (V).

per

Lemma 3.2. ([19]) Let v € D(RY) N Kp and

wes, () = v(B) — v <512 {f}) for z€RY,

9

Then
Wes, — v(B)  weakly in H(Q). (3.31)
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Now, as in [19], let the function x be the solution of the following cell problem:

X € LOO(Q, KB)>
V.x(x,2)V,U(2)dz =0 foraex €, YV e Kg with ¥(B) =0,
RN\T
(3.32)
and introduce the function © given by
O(x) = V.x(x,2) V.x(z, z)dz. (3.33)

RN\T
Notice that @ can be interpreted as a local capacity of the set B since it is positive

by definition. Assume now that there exist k1 with 0 < k; < +o0o, and ks with
0 < k9 < +00, such that

N—-1
Fy = lim ! (e) and Ky = lim
e—0 £ e—0 )

(3.34)

Remark 3.2. [t is easily seen that ki corresponds to the critical size of Dirichlet
small holes from [25], that is CeN/N?72 As concerning ko, it corresponds to the
critical size from [39], that is Ce™ 2. Observe also that, as ¢ — 0, by , the
holes in T.5, approach quicker zero, than those from B.s,. Consequently, for e small
enough, the holes from 1.5, do not intersect those from B.s, for each . It is why
that one could make the hypothesis that from now on, in the limiting process ¢ — 0,

the holes 1.5, and B.s, do not intersect.

We are now in position to give the homogenization result for the Stokes problem

ED).
Theoreme 3.2 (Main Theorem). Assume that (3.34)) hold true and that the data
f- satisfies the the additional property

6ﬁ — f weakly in (L*(Q))Y

and Let (ues,5,,p:) be the solution of (3.4). Then, there exist u € (L*(Q))",p €

L*(Q) and an extension p. of the pressure p. such that

—_~—

Uesrs, —u  weakly in (L*(Q))Y, (3.35)
and
ep. —p  weakly in L*(9), (3.36)
(i) Ify < —1, then u = 0.
(i) Ifv=—1, then (u,p) (u= (uy,...,uyn) is solution in S0 of the problem
vug + a k0T | Mor(v®)u + k2 My (v*) Ou

(3.37)
= My~ (V") (f — Vp) + |0T | Mar(gv®),
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forke{l,...,N}.
(1) Ify>—1, then (u,p) (u= (uy,...,un) is solution in Q of the problem
5 K 1 K 07| K

U + ]{32 ./\/ly* (U ) Ou = ;My* (U )(f — Vp) + TMaT(gU ), (338)
forke{l,...,N}.
Remark 3.3. Observe that in both systems (3.37)) and (3.38)), we have the "strange
term” involving the function O, it represents the contribution of the set of small holes
B.s, with the homogeneous Dirichlet condition on their boundary. This makes the

link with the results from [25], where this phenomenon was observed for the Poisson

equation, as mentioned in the Introduction.

In turn, the contribution of the holes of the set of small holes 1.5, with Neumann
condition, is reflected by the additional term involving g in the right-hand side of
the limit equation. This makes the link with the result from [32] mentioned in the

Introduction.

Proof of Theorem 3.2. Thanks to estimates (3.24)) and (3.23)), we can apply Propo-
sition . Thus, there exists some U in L*(Q; L?_(RY)) such that, up to a subse-

quence,
LA |
6 2
2
€

Using (13.8)), one also has the convergence

Tes, (SUes,5,) — U weakly in L2(Q; L7 (RY)). (3.39)

loc

N
¥

0

M (eues,s,) — ko u strongly in L*(Q; L2 (RM)). (3.40)

On the other hand, due to Proposition , there exists W in L*(Q; L* (R™)) with
V.W in L*(Q x RY), such that

N
N_g
2
0
€

From (3.39),(3.40) and (3.41]), one conclude that

U=W+kyu and V,U=V,W.

(Tes, (Etes,s,) — M5 (€ues,s,)) — W weakly in L2(Q; L (]RN)). (3.41)

By Proposition [3.5| again, one also has convergence

-1

0

Nl

N
2

V. Tos, (etes,s,) = 05 Tos,(Veues,s,) — V.U weakly in L*(Q x RY).  (3.42)

3

Let go back to (3.7)) where we would like to pass to the limit. To do so, we introduce
the function v, defined by

Ves, () = ev® (g)wa;Q o(x),
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3.4 Main results

where p € D(Q), v* € (H!,(Y™*)) is solution of (P;), and w.s, was defined in Lemma

per

3.2 We can choose v.g, as test function in (3.7). We get

o [
Q

Vua(;l(;Qwa;ZV(vkEgo)dx + El// Ve, 5, VWes, (vk‘;gp)dm

Qesy 89

+ ag? / Uy, U P wes, do () — / epe div(v*pues,) do (3.43)
s, Q

€109
/

where to simplify, we used the notation

v (z) = oF <£> :

€

8109

ot uspde s [ g pdo(o)

€610 s,

Now, we shall pass to the limit as ¢ — 0 in (3.43)).
Case 1. v > —1. The first term in (3.43)) is written as

Il = 51// Vites, s, Wes, V (ov*)dx
0

£5109
:51//
Q

On the other hand, considering the integral

Ves, 5, Wes, vke Vodr + cv / Ves, 5, Wesy @ Vo dz.

€109 Q€51 S0

J. = su/ Wes, VU V (pucs, s, ) da
Q

otz (3.44)
= 8V/ Vure wes, Vioues, s, do -+ 81// Voke w.s, Vies,s, © dr,
Q
and using estimates (3.22), (3.24) and (3.28)), we obtain

€616 Qesy69

1 k k
|I; — J.| < sy‘ / Ve, 5, Wesy VU™ dw‘ + eu‘ / Vo™ wes, Vipues, s, dx
Qesy09 Qes16,

< Ce(IVttess, (2005, 5, 105 2005, 5,0
IVl 120,508 [ttt ll (12005, 5,7) < Ce

Consequently, we have

lim I} = lim J,. (3.45)
e—0 e—0

Now take v = wgg,Ues,5, as test function in (3.29)), multiply by v and use (3.44)) to

get
J. = 51//
Q

1
X 1// qks Wes, Uesys, V @ dT + EV/ ek Weg, Uesy 5, P AT
9] Q

Voke V (Wes,) Ues, s, @ dx + V/ ¢ V(Wes,) Ues, 5, © dx

8169 9651 S0

8102 £5109
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Chapter 3. Asymptotic Behavior of the Stokes Problem with Robin
Condition in a Domain with small Holes

Unfolding with 7s, the right-hand term, yields

J. = —veb) Tesy (V™) T,V (Wes,) Tosy (tesys,0) da
QxRN
+ Véév N 7;52 (qu) 7;52 (vw552) 7;52 (u65152 90) dx
R (3.46)

+ V/ To(0") T (wes,) Tosy (es,5, Vo) da
QxRN

+v / 7;(6’“)7;(%52)7;(“55152) T-(0) dzdy.
QxRN £

Since 1.s,5, — 0 strongly in (L*(€2))", using the boundedness of ¢**, convergences

(3.22) and (3.24]) from (3.46|), as well as (3.45)), we deduce that
lim Il = vv(B) / uy p dz. (3.47)
e—0 Q

Unfolding the second term of (3.43)) by 7Tzs, and using lemma , we get

k
V/ Ve, 5, Vs, (V50) dx
965162

N_1

52
—v2 0y
€ QxRN

Then, convergence ([3.42)) as well as hypothesis (3.34)), imply that

vl

Tes,(eVues,s,) (—V,0) vk(y) o(z) dzdz — 0.

lim l// Vs s, Vwes, (V) da
Qesy69

e—0
(3.48)
= —vky / V.U(z,2) V.v(2) v*(y) p(z) dzdz.
Qx(RN\B)
For the third term in (3.43]), we have two cases.
1. if v > —1, it is clear that this term tends to zero as € — 0,
2. if v = —1, after unfolding with 7;%1 we have,
ot / Ues 5, Wes, V0(2) do(z)
aTsél
51
a0 [T () T (5 o4 0) () dador(z)
€ Jaxar
Passing to limit and using hypothesis (3.34]), we get
lim a/ Ues, 5, Wes, V7 (1) do(x)
0 Jor, (3.49)

= ak; v(B) /QxaTuvk(z) o(x) dedo(z).
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3.4 Main results

For the fourth term, we define the extension p. of the pressure p., by
/ pe div(v™ w.s, ) do = / P P(v™) V(wes,p0) dz, Vo € D(Q),  (3.50)
Qesy69 Q

where P(v") is an extension of v* to Y . It is easy to verify that a possible of such

an extension choice is the following one:

where w” is the solution of

(AW + V" = 0 inT
divywl‘C = 0 inT,
w® = of on JT,
L Mzp(wF) = 0.

Arguing as in [21], it can be shown that up to a subsequence, convergence ([3.36))

holds. Therefore we have,

),

pe div(v™w.s, ) (z) do = /(Ef)\g)?(vka) V(wes, ) dz

5159 Q

= / (D2 )P (v*) wes, Vo d + / (eD2) P(v™) Vs, ¢ da.
Q Q

Unfolding by 7z, the last integral gives

/Q (52) P(%) V (wasp) dt

= / (D) P(v*) wes, V() d + 65 / Tes,(€De) Teo (V%) Tes, (Vwes, ) Tes, () dd
Q

QxRN

N
N

—~ )
- / (eP.) o wns, V() da + 2 / 5
Q OxRN

3

Tt (€De) Tes, (09) (= V20) Tos, () dvdz.

MM‘Z

Clearly, the last integral goes to 0 as ¢ — 0. Consequently,

limg/ pe div(v™ w.s, ) dr = v(B) / pv* Vo dr. (3.51)
e—0 Qs 5 Q

Using 7: in the fifth integral of (3.43)), we get

/ efot g pde= | Tief.) (1) Towes) o dedy,
Q

B R xY

which implies that

lim efo v wes, ¢ dv = v(B) / fo*(y) o dady. (3.52)

e=0 9551(;2 Rr XY
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Chapter 3. Asymptotic Behavior of the Stokes Problem with Robin
Condition in a Domain with small Holes

Finally, the sixth term after unfolding by 7 becomes
[ guwaeda@) = [ o) T i) oM 0) ele) dndo(y),
8T€51 R x0T

so that, passing to the limit yields

lim e / e wes, v () do(z) = v(B) / () (y) pdedo(y).  (3.53)

e=0 R x AT
Let now pass to the limit in (3.43). To do so, we use convergences (3.47)-
(3.49), (3.51)-(3.53)) and assumption on f.. We have to distinguish the three cases

mentioned above.

Case 7 = —1. We obtain the equation,

v(B) /uk o(x)dr — ko / V.U(z,2) V.v(2) v*(y) varphi dvdz
Q Qx (RN\B)

+ ak, v(B) /

QxoT

uvk(z)goda:da(z)+U(B)/vak(y) div(p)dzr  (3.54)

= v(B) ka(y)god:vderU(B)/ 9(y) " (y )p dzdo(y),
QxY QxoT

for all ¢ € D(N).

Integrating by parts in second term, it is easily seen that
kov®(y) / V. U(x,2) V,u(z) pdrdz
Qx(RN\B)

= kgv(B)Uk(y)/Q ) V.U -vgpdrdo(z) (3.55)

= k’gv(B)/ { V.U - VBdO'(Z)}’Uk(y) pd.
o \JoB
On the other hand, from (3.32)) by Green’s formula, we have

V.U -vgdo = / V. (U = kyu) -vgdo = —kou V.x -vgdo. (3.56)
OB OB OB

Passing to the limit in (3.55)), using (3.56|) and unfolding with 7z, gives

ko v* () / V.U(x,z) V.u(z) p(x)dedz
OEI) (3.57)

= k3B IMy-(0) | O(a)ula) ole) dr.

where O is defined by (3.33)). Then equation (3.37) is simply obtained by replacing
(13.57) into (3.54)).

Case 7 > —1. We now have at the limit

yv(B)/Qukgp(m)da:ijQ /QX(RN\B) V.U(z,2)V.0(2)v* (y)¢(x)dzdz
+U(B)/vak(y)Vg0dx

—o(B) [ pory)pdady +o(B) / F)g(y)o(@)dzdo(y),

QxY QxoT
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3.4 Main results

from which (3.38)) follows by using (3.55)).
Case v < —1. Multiply (3.43) by e '™ to get

eIl + w—:/
Qesy69

Q

- 5176/ gV w5, pdo(z) =0, Vo € D(Q).
8T551

Vs, 5, Vwes, (vkggo)dx + a/ u55152vk€<pw552 do(x)
8T561

ep-div(v*pw.s,)dr — 777 / e fov*wes, pd
Q

€6109 0169

Passing to the limit we observe that all the integrals vanish, except for the second
integral by using (3.49)), which gives

ozk;lv(B)/ wo(r)drdo(z) = 0,
R™ x0T
and so u = 0. This ends the proof of Theorem [3.2 O]

Remark 3.4. The case 61 = 1 and ko = 0, corresponds to the classical homogeniza-

tion. The results above in this case are those from Capatina and Ene [12].

In the cases listed below, we have various variants of the Darcy law for v > —1.

1. If ky =0 and ky = 0, then we retrieve the result from [5],

u=0>0

if v < —1,
e = My () = ) + O My (g fr> -1

2 Ifky =0 and ky #0,
u=>0 if v < —1,

vuy + k%/\/ly* (vk)G)u = My« (vi)(f — Vp) + ](?T\./\/laT(gvk) if v > —1.
3. ]fk’l 7é 0 and k’Q = O,

u=20 if v < —1,

vuy + Ozk1|8T|./\/laT(vk)u = My« (v)(f — Vp) + |8T]M3T(gvk) if v = —1,
1 oT
up = — My (V) (f = Vp) + o7

TMaT(gUk) Zf’y > —1.

Accepted for publication in Asymptotic Analysis Jornal
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Chapter 4

Asymptotic Behavior of the Stokes
Problem in a Domain with Small
Holes under Non-Homogeneous

Slip Boundary Conditions

Abstract We consider the Stokes problem in a domain of RN, N > 3, e-periodically
perforated by holes of size r(¢) with r(¢) — 0 as ¢ — 0. A Robin-type condition
depending on a parameter vy is prescribed on the boundary of some holes while
on the boundary of the others as well as on the external boundary of the domain,
a Dirichlet condition is imposed. The aim is to give the asymptotic behavior of
the velocity and the pressure of the fluid as € goes to zero. We use the periodic
unfolding method introduced by Cioranescu, Damlamian and Griso in [16] which
allows to consider a general geometric framework. and so, to generalize the results
of R. Zaki [55]. According to the values of 7, we obtain at the limit a Darcy law, a

Brinkmann or Stokes type equations.

4.1 Introduction

Let © be a bounded domain in R, N > 2 with [0Q| = 0. To define the perforated
11
272

are compacts strictly included in Y with Lipschitz boundary such that TN B = 0.

We assume that the holes, B and T" have Lipschitz boundary.

N
domain €2.,5,, we introduce the following sets: Let ¥ = } [ and 7" and B

We denote by €, ; and d, three small parameters.
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4.1 Introduction

Define the following sets:

B, = interior( U (01 B + 55)),

Eelle

B = | (0B + <),

§EE.
where
IL={ecZ |e(6+Y)NQ#D}
E.={¢eZV |e(€+Y)C

Tes, = | (02T + £9),

sk (4.1)
Tslg;t = U (€52T + 85)7
cez.

Q. = interior( U (eY + 5§)>

gelle

such that V (£1,&) €112, & # &, = (G +Y)N(&L+Y) =0.

Then, we set Q.5,5, = 2\ (Bes, U T.s,).

5,8

-
QD

?

Fig. 5. the domain s,

The main feature of the perforated domain 4,5, is that the size r(g) = €d1, ed, 0 <

01,02 < 1 of the holes is not proportional to the size of the reference cell €Y and

r(g)/e tends to zero as ¢ is taking values in a decreasing sequence of positive numbers

which tends to zero. Let us consider the following problem:

(

(P€5152>

8u 8§16
_p€(§152'n + v e

\

_VAu€5152 + Vp85162 == fE ln 955162

div u.s,5, = 0 on Qg5,5,

(4.2)

int
+ e Ues,5, = G on OB

int
U169 = 0 on 8Q85152 U ang;

These problems modelize the flow of an incompressible viscous fluid through a porous

medium under the action of an exterior electric field.
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Chapter 4. Asymptotic Behavior of the Stokes Problem in a Domain
with Small Holes under Non-Homogeneous Slip Boundary Conditions

In [49] Ene and Sanchez-Palencia study the Stokes flow in a periodic porous medium
with Dirichlet condition on the boundary of the holes. The limit law describing the
homogenized medium is a Darcy’s law. In [32], Cioranescu and Donato consider the
Laplace equation with non-homogeneous Robin conditions on the boundary of the
holes containing a term of type ac’ucs,45,. According to the values of ~, several a
priori estimates are obtained. They lead to different limit laws.
In the first cas we present here (i.e the Stokes system with non-homogeneous Fourier
boundary conditions) we obtain at the limit, according to the values of 7, a Darcy’s
law (v < 2), a Brinkmann-type equation (y = 2) or a Stokes-type equation (v > 2).
This phenomenon was already observed by Conca [27] when studying the two-
dimensional Stokes equation with homogeneous Fourier boundary conditions. It
was also noticed by Allaire [4] and [5], who considered the Stokes equation in a per-
forated domain with holes of size r. with r. < €. The boundary conditions on the
holes are of Dirichlet type in [4] and of slip type in [5]. In these situations it is the
geometry of the domain, more precisely the size r. which determines the type of the
limit law. Similar results have been obtained by Brillard [10] by using I'-convergence
methods.
Here, our aim is to study the asymptotic behaviour of problem using the pe-
riodic unfolding method due to Cioranescu, Damlamian and Griso (see [16]) and
Cioranescu et al. (see [19]). This model was studied in 1996 in the case of the
classical homogenization (6; = 1 and T.s, = ¢ by Cioranescu, Donato and Ene [21]
by the energy method and again in 2012 using the periodic unfolding method by
Zaki [55]. But in our case, the Bes, is formed by ”small” holes and the set T.s, is
non empty.

Let us now turn back to problem (P.s,5,). Suppose now that &, d;(¢) and dq(e)
are such that there exist two constants k; and ks

N
N—1 51

)
L [0, +00] and ky = lim 2— € [0, +o0]. (4.3)
g e—0 g

b =g
Under this assumption, and following the values of v we show that the solution of
(4.2]) converges in an approprite space to u which is characterized as the solution of
a limit problem (see Theorems , and . These theorems show the presence
of four types of contributions in the limit systems.
The term k36 from equations and corresponds to the ”strange term”
introduced for the Dirichlet problem in Cioranescu and Murat [25] and represents
the contribution of the Dirichlet holes Ts,.
Assuming this condition, we show that the solution of (P.s,s,) converges in ap-
propriate spaces to u characterized as solution of some limit problem as follows.
The paper is organized as follows. In Section 2, we list some notations and define

the different perforated domains. Afterwards, we recall the different definitions of
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4.2 Setting of the problem and variational formulation

the periodic unfolding operators and their properties. Section 3 is devoted to the
periodic unfolding operator for fixed domains, introduced in [16]. And we recalls the
definition and the properties of the unfolding operator for perforated domains with
holes of size € and Subection 3.4 those of the unfolding operator corresponding to the
case of volume-distributed small holes. In Subsection 3.5 we introduce the boundary
operator related to the case of small holes, and prove some of its properties.
Finally, the homogenization result concerning problem (P.s,s,) is proved in Sec-

tion 4.

4.2 Setting of the problem and variational formu-

lation

As in [16], for every z € R we denote by [z] the unique integer combination of

periods such that {z} = z — [2] is in Y. Due to the periodicity,

e=e([F+{2)) tracser”

Introduce now the following sets:

Q. = interior{ U e(& —i—?)}, A =0\ Q. (4.4)
§€E.

By this definition, the set SA)E is the largest finite union of €Y cells contained in €2

while A, is the subset of €2 containing parts of the €Y cells intersecting the boundary

0f).

Consider the system (4.2), where, us,s, is the velocity field, p.s,s, is the pressure,

f- is the field of exterior body force, G, is the field of exterior surface force. Recall

that @ > 0 and v are constant, and assume that the data f. and G. satisfy
(1) f& € L2(985152)N

(i) G- = g0 + 9=, 9 = g(;), where gy € L*(Q)" and g = (g1,.., gn) €
1
H_l/z((?B)N is Y-periodic. If gy = 0, we assume that there exists i € {1,..., N}

such that <gi7 1>H*1/2(8B),H1/2(8B) 75 0.
Let us introduce the following functional spaces:

H.ss, = {v |v e H (Qs,5,)Y, v=00n0QU 8T552} ,
Va(5152 = {U | v E Hg(glgz, divv =0 in 955152}
Which is Hilbert for scalar product

N
i O

RUNES Vo : Vipdr= / dx
{p,9) /Q ¢ Vi jzl S

€109

€6109
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Chapter 4. Asymptotic Behavior of the Stokes Problem in a Domain
with Small Holes under Non-Homogeneous Slip Boundary Conditions

and

Kr={®c L* (RY) | V® ¢ L*(R"), ® is constant on T'}. (4.5)
The variational formulation of system (4.2)) is

(. .
Find us,5, € Ves,s,, Desis, € L*(Qes,5,) satisfying

J

= / ferpdr+ / 9o - does, (T) + (9=, 0) 112055 )N H1/2(0B.5 )N
Qesy69 0Bes, ! !

Vies,s, : Vodr + ag? /

u55152 . (10 d0551 ('7;) - / pa6162diV QD dl'
OB.s,

6189 Qesy 09

L VQO - H€5152‘
(4.6)

Lax-Milligram theorem gives the existence of a unique solution of problem ({4.6)).
Note that this solution is defined in the highly oscillating (with ) domain Q.s,s,.
Our aim is to give the asymptotic behavior of (ugs,s, Pes,s,) as € — 0. To do so,

we apply the periodic unfolding method.

4.3 Some recalls on the periodic unfolding oper-

ators

4.3.1 Notations

(AZE = interior{ U 6(5 —i—?) }, and set A, = Q '\ ﬁe.
§EE,
Denote Y5 = Y \ 6B. If § is small enough this open set is connected.

In the sequel, ¢ denotes the extension by 0 outside )5 for any function ¢ in
LP(Qes).
For every z in RY, we denote by [z] the vector whose coordinates are the integer

parts of the corresponding coordinates of z.

4.3.2 The unfolding operator 7. for fixed domains

Below we recall the definition and some properties of a variante of the periodic

unfolding operator (see [27, [46]).
definition 4.1. For ¢ € L*(Q), p € [1, +00], the unfolding operator
To o LP(Q2) — LP(Q2 x Yj) is defined as follows:

(0)(z,y) = Qﬁ(g [E] +€y> a.e. for (z,y) € Qe x Y3,
0 a.e. for (z,y) € A x Y;.

7T
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4.3 Some recalls on the periodic unfolding operators

Proposition 4.1. If {w.} is a sequence in L*(Q) satisfying / |w:| dx — 0. Then
Ac

/ w.dx = To(we) dxdy.
QE QXY(;

Proposition 4.2. Let w. in H'(Q.) for every e, with |w.| ., bounded. Then,
there exist w in H'(QY) and W € L*(; H,(Y)) such that, up to a subsequence

per

To(w.) = w  weakly in L*(Q; H. (Y)),

(4.7)
T.(Vw.) = Vw + V,@ weakly in L*(; L}, (V).

We note that if we replace Ys by Y, we retrieve 7; as defined in [16], and the

related convergences in propositiond.2] become global with respect to the variable y.

definition 4.2. The local average My : LP(Q2) — LP(R2), is defined for any ¢ in

LP(Q2), 1 <p<oo, by
= [ Ty

It is classical that, if {v.} is a bounded sequence in LP(2), such that v. — v
strongly in LP(£2), then

M; (v.) — v strongly in LP(Q). (4.8)

4.3.3 The unfolding operator 7. for perforated domains

Following [20], an unfolding operator 7_* for functions defined on perforated domains
Q). with holes of size €. Let first define the geometric settings for this specific case.
With the notations of Section 2.1,

(4.9)

> {O>

I
ZD ‘Q)
S

e\
e\
The part occupied by the material in the cell Y, supposed to be connected, is now

denoted Y* =Y \ B. So, perforated domain €. is obtained by removing from € the
set of holes B,,

Q—Q\B—{x€§2|{ }eY*} (4.10)

definition 4.3. For ¢ Lebesque-measurable on 2., the linear and continuous un-
folding operator T : LP(Q.) — LP(Q2 x Y™), p € [1,400] is defined by

ole z + ey for a.e. (x,y) € Q0. x Y™,
T2 (@) (. y) = ( [5] )
0 for a.e. (x,y) € Ao x Y™,
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Chapter 4. Asymptotic Behavior of the Stokes Problem in a Domain
with Small Holes under Non-Homogeneous Slip Boundary Conditions

The main characteristic of this operator is that it maps functions defined on the

oscillating domain €., into functions defined on the fixed domain Q x Y™*.

It is easily seen that

T (w) = To(@ (4.11)

Moy
Consequently, the most of properties of 7 follow from those of 7.. In particular,
the integration formula written for every ¢ in L'(€.)
THO),y) dedy = [ ¢(x)de— [ ¢(z)de = [ ¢(x) de.
QxY™* Qe e Qe
There fore, an equivalent of Proposition holds, allowing to pass from integrals

over §2. to integrals over the fixed domain  x Y.

Proposition 4.3. If {¢.} is a sequence in L'(Q.) satisfying / |pe| dx — 0, then
Af

6. d = T (6.) dudy

oh Qxy*
Proposition 4.4. Let {w.} a sequence in LP(SY) such that w. — w strongly in
LP(QY), then T2 (w:) — w strongly in LP(Q x Y™).

noindent Now, we add an assumption on Y*. For each i € {1,..., N}, the

interior of Y* U (e; + Y*) is connected, where (ey, ..., ey) is the usual basis of RY.

Theoreme 4.1 (Theorem 2.12 in [20]). Assume p in (1,+00). Let {w.}. be a

sequence in W'P(QF) satisfying
| we[wrpey < C.

Then, there exist a subsequence (still denoted £ ), w in WP(Q) and @ in LP(Q; WE(Y™)),
such that

T (w.) = w  strongly in LP(Q; WHP(Y™)), (4.12)

T (Vw.) = Vw + V,@  weakly in LP(Q x Y*)V. '

4.3.4 The unfolding operator 7.; depending on two param-

eters ¢ and 9§

We start by recalling the definition and the main property of the periodic unfolding
operator with two parameters ¢ and ¢ introduced in [19].

According to [19], the geometry of the domains with small holes requires a specific
unfolding operator depending on both parameters ¢ and J. So, we will consider
functions which vanish on the whole boundary of the perforated domain €25, namely
belonging to the space Hj({.5). These functions are naturally extended by zero to
the whole of © and these extensions belong to H;(f2). Consequently, from now on,

we will not distinguish elements of Hj(f.s)and their extensions in Hy ().
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4.3 Some recalls on the periodic unfolding operators

definition 4.4. For ¢ € LP(Q), p € [1,400], the linear and continuous unfolding
operator Tos : LP(Q)) — LP(Q x RY) is defined by

~

1
T-(p)(x,02) for a.e. (x,2) € Q. X 2Y,
Tes(9) (@, 2) = 0
0 otherwise.
For u € L*(Q2), from definition [4.4| the estimates
Tes(u)l3 < a2 4.13
I 85(“)”L2(Q><]RN) = 5_N||u||L2(Q) (4.13)

Proposition 4.5. If {w.} is a sequence in L*(Q) satisfying |w.| dz — 0, then
Ae

/ we dx — (5N/ Tes(we) dedz — 0.
Q QxRN

2N
Proposition 4.6. Suppose N > 3 and denote by 2% the Sobolev exponent

N -2
associated to 2. Let w be open and bounded in RY. Then the following estimates
hold:

IV=(Tes () 2o vy < 57 2||Vu||L2 (4.14)
e 2 Ce? 2
H’Eé(u - MY(U))HLQ (@127 (®N)) = WHVUHL%Q)? (4.15)
20?2
1725 ()1 Z20x0) < 5= gl R VUl + 21w | lull3). (4.16)

where C' denotes the Sobolev-Poincaré-Wirtinger constant for H'(Y) and My is
actually given by Definition[{.5

N_g

From now on, we assume that 0 < lim

< 00,
e—0 g

definition 4.5. The local averge MY : LY (Q) — LY(Q) is difined for any ¢ in
LP(Q), 1<p<oo by

M (6)(x) = 6~ / Tl 2):

4.3.5 The boundary unfolding operator T

definition 4.6. For ¢ in LP(0B.s), p € [1,+o0], the boundary unfolding operator
TS . LP(0B.s) — LP(RY x OB) is defined by

Tho)w,2) = 6(=[2] +e02), zeRY, 2 0B (4.17)

The boundary unfolding operator 75 is linear and continuous, it satisfies

5N—1

o(x) do(x) = /RN . 7;%(gb)(x, z) dxdo(z), V¢ € L'(0B.;). (4.18)

9B.s €
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Proposition 4.7. Let ¢ in WP (Q.s) for every e and o € WHP(Y)) such that

7;5(905) — ¢  weakly in LP(Q; lep(y))’

then
Th(pe) = ¢ weakly in LP(Q; W' »7(9T),

For every domain K included in Y with Lipschitz boundary and for every ¢ €

L'(0K), we denote Mg () L

= — pdo, the average of ¢ over 0K.
0K| /8[( !

Proposition 4.8 ([47]Proposition 18 ). Let g be in L*(0B). Set
1z
ge(z) = g(S{g}) for a.e. v € RN\ U e(€+6B). (4.19)
gezN

Then, for every ¢ € H'(Q), one has

N-1

— (c0+ IMon(@)]) IVl @y (4.20)

[t otw) dosta)| < °

Proposition 4.9. Let g be in L*(0B) and v be in H'(S)), one has

N-1

N )
| / 9(@)0(@)do(@)| < c(8% Voo + [0l r2e))
OB.s

€
Proof. Transforming by unfolding with 7;% gives

5N71

€

‘ / gla)u(a)do(a)

§N71

/Q o) Th(wdrdo2)

N-1
<

+

| s (T3 @) drin) | [ gt M)

€ €

We estimate now the two integral termes on the right-hand side of this inequality,

indeed:

Using Proposition [4.6] the first integral in the right hand side becomes:

5N—1

- < ¢87 ||Vl 12 (4.21)

/ 9()(TH) = M5 (v) ) dedo(2)

On the other hand we have

[N

5N—1 N—1

)
<c

/QX&B 9(2) M3’ dzdo (2) 91l 2(o5)- ( /Q . M5 w) ‘zdxda(z))

3

and by Fibini theorem we obtain

SIS

N-1

5 L UNNE
< e Hg\|L2<aB>|aB|2( | o) dx)

5N—1

/ g(2)MP dxdo(2)
€ Qx8B
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But, by Cauchy Schwartz inequality, using definition and (4.13), one has:

(A‘M;é(v) de>é 5N</Q.([Y7;5(v)dz>2dx)%,

N
< 07| Tes ()l 2 gax vy < llvllz2)-
Finally, we obtain:

SN-1 5 N-1
| aleMdudo(2) < ™ lgllzmoll20
€ Ox8B
This estimate, together with (4.21]), gives the result . O]

4.4  Main results
Assume that the data f. € L?(Q4s,5,)" and satisfies the additional property

f- = f weakly in L*(Q)V (4.22)
From now on, we assume that e, §; and d, satisfy .

Theoreme 4.2 (Darcy type law). Let (u55152,p55152) be the solution of (4.6)). For
v < 0 the sequence {871%,8_7@/152}6 is uniformly bounded in L*(Q)N x L*(Q).
So, up to a subsequence, there exist (u,p) € L*(Q)Y x L*(Q) such that:

Vlgs 5, — u  weakly in LZ(Q)N,

€ "Pasis, — P weakly in L*(€2).

Note U = Myp(u) then
—1

U=——Vp.
akoB] ¥

Theoreme 4.3 (0 < v < 2). The sequence {e'Vicss,,€Des s, }. 15 bounded in
LAY x L*(Q). So, up to a subsequence, there exist (u,p)e L*(Q)Y x L*(), such

that

" Vs s, — u weakly in L*(Q)Y,

EDesys, — D weakly in L*(9).
It satisfies the following equation:

1

= (- B B .
u=rap (~ V2108l -+ 0B Mos(0))

Theoreme 4.4 (Brinkman type law). Assume that e, d1, 02 satisfy (4.3). Let (uzs,s,, Peoys,)
be the solution of problem (4.6)).
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If v = 2, the sequence {(Ezm,pﬂ;@) }5 is uniformly bounded in L*(Q)N x L*(€2).
So, up to a subsequence, there exists (u,p) € L*(Q)N x L*(Q) such that

2Ugs,s, — u  weakly in L*(Q)Y,

Desis, — P weakly in L*(€2).

Moreover, there exist u € L*(Q; HY, (Y)Y, U € L*(Q; L} (RY)) with U — kyu €

per loc

L*(Q; K1), such that (u,,U,p) solves the equations:

V/Y(Vu(:p) + Vyu(z,y)) : Vyo(y)dy =0 for a.e. x € Q, Vo € H;GT(Y)N (4.23)

V.U(z,2): V,u(z)dz =0 for a.e. €, Yve Ky, v(T)=0 (4.24)
R\T

1// (Vu+ V,u)Vipdedy — vk, / V.Unripdxdo + ak,|0B] / wpdr + / Vpdz
axy Q Q Q

x0T
:/f¢dx+kllaB|/ggwdx+kz1|aB| M83/¢dx

Q Q Q
(4.25)

If v > 2, the sequence {(m,%)}a is uniformly bounded in L*(Q)N x L*(2).
Then, up to a subsequence, there exist (u,p) € Hy(Q)N x L*(Q) such that

Usgrs, — u  weakly in L*(Q)Y,

|tes,s, — ullL2() — 0,

Desis, — D weakly in L*(9).

Moreover, there exist u € LQ(Q; H!

per

L*(Q; K1), such that (u,u,U,p) solves the equations ([4.23)), (4.24) and

Y)Y, U € L*(Q; L (RY)Y with U — kyu €

loc

y/ (Vu+ Vyu) : Vipdredy — sz/ V. Unrpdrdo + / Vpdx =
axy Q Q

xoT

(4.26)
Q Q Q

Lemma 4.1. There exists a positive constant C' independent of € and § such that

1
leesllzzany < €20Vl iz + (€6)Hlveslizaor.s) ) Vous € Hosys,

Proof. We use the following inequality from [[29], Lemma 6.1]
||U||%2(Q€5) < C<||Vyv||%2(955) + ||U||2L2(aB)> Ves € Heyo,

and by the change z = %, we get the result. O]
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Lemma 4.2 ([29], Lemma 5.1). For every ¢ € L*(Q4s,5,), there exists ¢ € Vi.s,s,
such that

dive = ¢,

HQOHHl(Qsélaz) < C|‘¢‘|L2(955152)

4.4.1 Apriori estimates for u.,5 and p.,s,

Proposition 4.10. Let (ues,s,,Pes,0,) be the solution of problem (4.6). Then the
following a priori estimates hold true:
(i) For v <0

”67u55152HL2(Q£5152) <C
|Vt l£2(025,4) < C (4.27)
”6_’7])65152”[/2(956162) <C

(i1) For 0 <~ <2

e M tes, 6l 2 (6225, < C
H5%VU55152”L2(955152) <C (4'28>
H5p66152HL2(956152) <C

(1ii) For v =2

H52u€5152 HL2(955152) <C
|Vites,s 20155 < C (4.29)

[PesionllL2(92s,5,) <

(i) For v > 2

[tes,82 [ £2(025,5,) < €
IVues,s, | 22 (.5,5,) < C (4.30)

||p€6162HL2(Q€5162) <C

Proof. To prove this proposition, we combine the estimates given in Proposition [4.9]

Using u.s,5, as test fonction in (4.6) we get

g

:/ for tengdrt / 9o+ Uesr5,d0 (L) + (Ge Uebato ) (11-1/2(0 B, )N (112055, )N -
Qesy69 9Bcs,

NM@WMﬂw/ tesy5, 2o ()

6169 0Bcs,
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Then

IVt + 0 i oy < | [
€109

fa : UE(5152d'I‘ + ‘ / 9o - u55152d0(x))
613561

+ ‘ (Ges Uet152) 1172085 )N 11/2(0B,5, )N ’

By the Cauchy Schwartz and Poincaré inequalities , we have

[ e tssda] < 1ol | Vsl (4.31)

£8162

and we have successively, by using Proposition

N N—-1
‘/83 go-uaal@dU(I)‘ < O07 |Vues ] 12(005,5,) + C 15 [tesy6:1 120205, 5,)
ed1
and finally
N Nt
‘ <g€7 UE6162> ‘H—1/2(8Baél)N,Hl/Q(BBsél)N < 0512 ||vu€5162‘|l’2(9€5152)+0 € ’|u€6162||L2(Q€5152)'

Hence

N—-1
1

€

N
VIVtes, 50 | 220y, ,) T st Z2(05.,) < COA ) Vitesian [l 220005, + O Ittt £2(2.5,5,)-

From which, using the Poincaré inequality and due to assumption on ky in (4.3)),

that gives
N-1

IVtesisa 22050 < C (14 2= ) [Vt 1200,y

Thus
Hu€5152||H1(956162) <C. (432>

This estimate can be refined following the different values of 4. To do so, observe

that according to Lemma

1
[uesiss | 22005, 5,) < 0(551HVUE&@HL%QEW) + (g61)= HusélézHL%aBgal))

then

6N—1

N—-1_1
1 51

oy
) 0y ||U56162HL2(83551))

sz li2(.5,5) < C(07 IV tesis 20,0y +

Using Young’s inequality, we get

N—-1 N-1
51 1

”u€5152 HL?‘(anlsz) < C<5{VHVU56162 HL2(955152)+_ 577+77875{VHUE5152 H2
n L2(aBE§1)>.
Consequently
2 N\ v 2 N 05{\[_1 —
V([ Vttes,aoll720 5,5, H (= Cn0y ) ues, 5,12 08,5,y < C 146 )||VU66152||L2(955152)+5 p—
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Then for suitable  we finally obtain the following a priori estimate:

N-1
V||VU65152||%2(955152)+a€7”u€5152||%2(BB€51) < CHVU€5152HL2(955152)+C 16 e’ (433)

(i) Case v < 0. From (4.33)), one has

HVUE(5152 HL2(956162) < ¢

and then

||u€5152 HLQ((?BE(SI) < 05_%.

By lemma and using the Young inequality, we get

) B
[uesisn lL2(00s,5,) < Ce61 + Tl +ne 7).
Hence

||57u56152”L2(955152) <cC

which is the first estimate in (4.27))
(ii) Case 0 <~ < 2. On one hand by (4.33)), one has

<C.

i
||5 2 VU56152 ||L2(Q€5152) -

On the other hand we have

— 1
(5{\[ 1)2 2 e
2 2 .

6_ a— Hvu56152 HL2(QE§1§2) S 051 2 9

[Vt <

Then by the Poincaré inequality and again using the Young inequality, we get

C v -
[wes: | 12(0005,5,) < E(S{V PppeTt

Consequently,
1€ s, || 22(0205,5,) < C-
(iii) Case v = 2. From (4.33)), one has
N-1

< C(Sl 572
£

55162) -

2
VHVUE5152 HLQ(Q
then, again successively by Poincaré and Young inequalities, we get
2
e ues1: | 12(0205,5,) < C-

The estimate of Vu,s, follows easily from (4.32)).
(iiii) Case v > 2. The estimate of Vu.s,5, and u.s,s, in (4.30)) follow easily from (4.32)).

Now, we prove the upper estimates of the pressure.

In the end, we shall establish the a priori estimates of the pressure p.. Indeed, we
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choose ¢ € L*(Q.s,5,) as a test function in the variational formulation (4.6)) and by

Proposition [4.9) and Lemma (4.2 we get

N
‘ / DPesy6o gbdl" < C[(l + 57512 )||Vu65152”L2(955152)
Q5155 (4.34)

gyt o
||u65152”L2(955152) +

+e 1l 2205,

€

The a priori estimates for the pressure follow now from (4.34) and estimates the

Ues, s, and Vs, s, for the different values of v obtained above. O

4.4.2 Proof of theorem 4.2l

Proof. Case v < 0. The corresponding estimates (4.27]) from proposition as wel

as the following ones:
MlUes 5, — u  weakly in L*(Q)Y, € "Pesis, — p weakly in L*(Q).

Let ¢ € D(Q)" be a test fonction in (4.6). Multiplying (4.6) by 7, then unfolding.
That gives

N—-1

1)
ve 7 T-(Vues,s,) : To(Vo)dody + a— / ’7;’31 (Uesys,) - Z%l(go)da:da(z)
RN x0B

QxY €
/956162

+ 77 /83 g - pdoes, ()
€dy

€ "esys, divpdr = 5_7/

Qesy09

ferpdr +e77 / go - pdoes, ()

aBsél

Now, we can pass to limit in all terms. Using again the fact that Vus, s, is uniformly

bounded in L*(Q.s,5,) Y and as —y > 0, we get at the limit the following identity:

akl/ updrdo(z) —/pdivcpd:v =0 (4.35)
OxOB Q

one has Darcy law
-1

-V
aki|0B] ' P

u

Remark 4.1. If k; = 0 we get: / Vppdr = 0 implies Vp = 0, i.e p = constant
Q

4.4.3 Proof of theorem 4.3

Proof. 0 <~ < 2. From corresponding estimates (4.28)) in Proposition it follow
that

eV gs,s, — u weakly in L*(), EDesis, — p  weakly in L*(Q).
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Let ¢ € (D(Q2))Y be a test function in ([{.6). Multiply equation (4.6) by ¢ and we

use the unfolding operator 7. we get

5N—1
vl d [ TV T(Vedady + 0t — [T () T, ()ddo(2)
OxY € OxOB

EPes,6,div p dz = / efe - pdx + T2(90) - pdwdo(y) + T2 (g )pdado(y)

955152 Qx0B QOx0B

¥

We can now pass to limit in all the expression. By using the estimate (4.28)) and
the assumption for f. (4.22)), we get

£8162

akl/ wpdrdo(z) —/pdiv wdx :/ go - pdxdo(y) —l—/ gpdzrdo(y).
Qx0B Q QxoB

Ox0B
Then
/ (akil0Blu+ Vp —9Blg — 0B Mos(a) ) pd = 0.
Q
So that
= (Vo + [2Blgo + 0B Mon(9))
u_ak1|6B] p Jo oB\Y9) |-

Remark 4.2. If k; = 0 we obtain:

Vp = |0B|go + |0B|Mas(g)

4.4.4 Proof of theorem 4.4

The proof of theorem [4.4] makes use the next two elementary results.

Lemma 4.3 (see [19]). Suppose N > 3. Then, there exists 6o > 0 such that

U {¢€H,(Y) | $=00n0T}

0<d<do

is dense in H', (V).

per

Lemma 4.4 ([19], Lemma 3.3). Let v be in D(RY) N K1 (i.e v =v(T) onT). Set

Wes, () :U(T)—U<1 {E}) for a.e. v € RY.

5 Le

Then
w5, — v(T) weakly in H*(Q). (4.36)

Proof of Theorem[{.4 Due to the estimates (4.29) in Proposition [4.10 the case

v = 2 is the easiest.
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From (4.32) we have ”u55162”(H1(Q56162))N < C. Applying Propositionone has

the convergences

T-(Vues,s,) — Vu+V,a  weakly in L*(Q x Y)VN,
T:(tes,s,) — v weakly in L*(€; H' (Y)Y

where u € Hy(Q)™ and uw € L*(; H . (Y))".

per

By Proposition there exists U in L*(; L?

2 (R™)) such that, up to a subsequence,
57
25, (ues,s,) — U weakly in L2(Q; L2

loc

(RY)). (4.37)

On one hand, by (4.8)), one has

N_g
5.2
2 M;(Ue(glgz) — k‘gu in LQ(Q L2

loc

(RM)). (4.38)

On the other hand, by Proposition there exists a W in L*(Q; L*" (RY)) with
V. W in L*(Q x R"Y) such that

-1

J

o |Vl

(7252(%5152) - Mf/(ueal(sg)) — W weakly in L*(Q; L (RY)) (4.39)

From (E:37),(:38) and (E39), it yields
U=W +kyu and V, U=V, W

and again by Proposition
5"
€

VZ'E(SQ (u55152) = 6277;52(Vug5152) — VZU weakly mn LQ(Q X RN). (440)

Now, in choose the test function v, = 5@#(2) with @ € D(Q)" and ¢ in
H;GT(Y)N Since Vv, = 51/1( )V@ + @Vyw< ) we get
Jaota)

” / Vies,s, (w (f) Vb + OV, (§> ) dr + ae’ / u551525¢w<
Qesy69 € € 0B.s,
—5/ Desis, div @p(f)dz - 5/ fa (f) dz + 5/ g0 - gzw(f) o(z)
Qesy 09 € Qesy09 € 0Bcs, €
re [ gy (—) o()
9B.s, €

Vs, s5,P(x) y¢< )dxdy:O

o8

When ¢ — 0 we obtain

gt

By unfolding with 7: one has

v /QXY T (vugm) TD(2))Te (vyw <§) ) dady = 0
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By passing to limit we obtain (4.23))

v /Q N (Vu(x) + v, y))VyLD(x, y)dady = 0

In order to describe the contribution of the perforations, we use the function w.s,
introduced in lemma [£.4] For ¢ in D(f2), chooe w.s,7 as a test function in ([4.6).
We get

v / Vs, 5, Vwes,dx + v / Vs, 5,Wes, Vipda + ag? / Ues, 5, Wes, do(x) —
Qesy09 Q509 0Bes,
/ Pes15,div (W5, )dw = / Jewes,pdx ‘|‘/ JoWes,Ypdoes, () ‘|’/ 9-Wes,does, (7)
Qesy 69 Qesy69 0B.s, 0B.s,
(4.41)

By unfolding the first term in (4.41]) with 7Zs,, we get
Tes
/ Vu55152vw552¢d$ 22 59[/ 7252(Vu55152)7;52(Vw552)7;52 (w)dxdz (442)
955152 QxRN

since by lemma |4.4] one has:

1
7;(52 (Vw€52> - - %vzv

then

N
21 N
Pl

Tesy O
/ Vu55152Vw552@/1dx é - / 62 7;52(vu€5152)(_vzv)7;52 (@Z))dmdz
Qesy 6y € QxRN

Convergence ([4.40]) as well as hypothesis (4.3)), allows us to pass to the limit in (4.42))

to obtain:

lim Vs, 5, Vwes,dr = —kg/ V.U(z,2)V,v(2)Y(z)dzdz (4.43)

e—0 Qesy 65 Qx(RN\T)

The second term in (4.41)) is unfolded with 7: and we have,

/ Vs, 5,Wes, Vbd e T-(Vues,s,) Te(Wes, ) To(V))dxdy
Q

6189 QxYy

Using proposition and convergence ([4.36]), we can pass to the limit with respect

to € in tne above equality to get :

lim Ve, 5,Wes, Vpdz = v(T) / (Vu+ V)V, (x)dzdy (4.44)

e—0 955152 QXY

For the third term in (4.41)) by using (4.18)) we get

e—0 e—0 £

6N—1
hm Q / €2u55152 was? wda(x> = hm : o / 7;%152 (82u551 ! )7;%1(52 (w562 )7;%162 ('l/})dxdo'(Z)
83551 RN x0B
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Passing to the limit yields

lim oz/ 25,5, Wes,0do (1) = aklv(T)/ wpdrdo(z) (4.45)
0B,

e—0 RN x3B

For the fourth term in (4.41]) we have

/ P5,5, iV (Wes, ) dr = / D515, Wes, div () d + / Pesi6, VWes, P d
Qesy69 Qesy 69 Qesy 69

(4.46)
For the second term of right-hand sid of this equation we apply the operator 7,

and we use the lemma [4.4 we get

/ Desnis Veosytde = 85 [ Tona(pe) Tess (Vawess) To () dirdz
Qstsl 5o QxR
N_q

07 N
=2 Oy Ts, (pS)(_szZ)’E(Sz (@Z))dxdz
€ OxR

For € — 0 this integral go to zero. Passing to the limit in (4.46)) we get

lim Pesys, div (wes, ) dx = v(T) / p div (¢)dx (4.47)
0

e—0
Qs 65

Similarly, for the fifth, sixth and seventh terms, in view again (4.18]), we get

lim fawa;de:U:v(T)/fwd:U (4.48)
e—0 Q Q
5102
i, [ gowspdo(a) =bo(D) [ go(ededo(z) (149
=0 JoB.s, RN x9B
im [ gowes,vdo(x) = ko(T) / o(2)idzdo(2) (4.50)
e—0JoB.s, RN x9B

Passing to limit in (4.41)) and using (4.42)), (4.44), (4.45)), (4.47)), (4.48)), (4.49), and
(4.50) we obtain

o(T) /Q (V) V() dady — ko /Q V.U (2, 2)V.0(2)0(x)ded=

X (RN\T)

+akv(T) /

RN x0B

wpdrdo(z) +U(T)/9prda: = U(T)/wadm

+kv(T) /RN . go(2)Ydxdo(z) + k:lv(T)/R g(2)Ydxdo(z)

NxoB

Which by density, holds true for all ¢ € H3(2) and v € K. With v(T) = 0 above
we obtain the limit equation . Equations follow simply by integrating
by parting the above equation.

If v > 2 by similar argument as those used in all termes of exeprition except

66



4.4 Main results

the third term the bihaviour at the limit for v > 2, this term goes to zero, in view
of (4.42)), (4.44), (4.47)), (4.48), (4.49)), and (4.50) we obtain

v(T) /Q Y(Vu + V,u)V i (x)dedy — kQ/Q V. U(z,2)V,v(2)¢(x)dzdz

X (RN\T)

T)/Vp@/)d:v = U(T)/f@/)dl‘—k klv(T)/ go(z)dxdo(z)
Q Q RN x9B
+ k:lv(T)/ g(2)Ydxdo(z)
RN xOB
Equation (4.26]) follow simply by integrating by parting the above equation. O]

To finish let us give the classical "strong” formulation of the homogenized prob-
lem obtained in theorem (|4.4]). We skip the proof since the strong formulation from

the unfolded problem is standard, we refer the reader for instance to [27] or [46]

Remark 4.3. For the case v = 2, a tensor B = by, is introduced. Its form is

found following standard argument, as shown in [21]

The next theorem gives the classical (standard) from of homogenized system
(4.23])-(4.26]). To state it, we follow the procedure from [19] , where more details

can be found.

Theoreme 4.5. (u,p) is the unique solution of the homogenized problem
Ifv=2

82,
— b”’“ha o + aky|0B|u; + Vp + k360u = ki|0B|goi + k1|0B|M,, + f; in Q1
Th
u=0 on 69
(4.51)
if v > 2
0?
— b”kha gk + Vp+ k%@u = ]{71|8B|901' + k1|aB|M91 + f, m Q, 1 S 1 S N
Th
u=0 on aQ
(4.52)
In both systems the function @ giving rise to a "strange term”, is given by
O(z) = V.x(z,z)dz (4.53)

RN\T
Introduce first the classical correctors X;,j = 1, ..., n, for the homogenization in

fixed domains (see for instance [9]). They are defined by the cell problems

%€ Lo 1 <Y>>

per

/V Xi—y))Vé = 0 aexecQ, (4.54)
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Chapter 4. Asymptotic Behavior of the Stokes Problem in a Domain
with Small Holes under Non-Homogeneous Slip Boundary Conditions

Here x is the solution of the cell problem corresponding

X €LY Kr) (x,T)=1

V.x(z,2)V,¥(2)dz = 0 a.exeQVVeKp, ¥(T)=0.
R\T

(4.55)

To do so, observe that gives U in terms of Vu and a tensor B = (b;jkn) ex-
pressed as integrals of function defined on cell problems. The procedure is standard,
for the Stokes problem.The procedure is standard, for the Stokes problem the details
can be found in [21]. We will just recall here the definition of B.

For k,h = 1,...,N let II* = (IT"); with II" = &y, (6 being the Kronecker
symbols) and introduce the solution (x*”,¢"") of the Stokes cell system

(

A 4 Vgt =0 in Y,
div (x*" — IT") = 0 in Y*,
kh

— 11
—M +¢"™n=0ondB,
on

My« (x*#) = 0 x*" Y-periodic

\

the tensor B = (bjjyp) is defined as fllow:

O — ITF), O(x ¥ — 119,
R 4.

Proof. The proof follows the reasoning from [19], we just emphasize the main points.
The correctors defined by enable us to express u(x,y) in equation in
terms of u as
u= Z bijkn ?)Uk )f(\?l )
ijkh
replacing this expression it is easily seen that the limit function wu is solution
of

/bijthuV@bdxdy — I/k’g/
Q

QxoT

V.Unpydxdo + ak,|0B] / updx + / Vpudx =
Q Q

/f¢dx+k1|8B|/gO@/)dx+k:1|ﬁB| MaB/T/Mm
Q 0 Q
(4.57)

with bk, given by (4.56). Now, by integrating by parts in (4.24]), one easily gets

V. Uvrdo = V. (U = kyu)vpdo = —k2u<
aT aT

Wich, replaced into (4.57)) gives (4.51) with © defined by (4.53))

By similar method we get the equation (4.52))

V. XUTdO')
ar
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4.4 Main results

Remark 4.4. For ky = 0,ko # 0 and v > 2, arises the following equation
Ny 82uk
igkh al‘jal‘h
u =0 on Jf2

—b +Vp+kiOu=fi inQ1<i<N

Remark 4.5. For ky =0 and k; # 0 two following cases arise:
If v =2 we get
82uk . .
+ ak1|0B|u; + Vp = k1|0B|go; + k1|0B| My, + fi in Q,1 <i < N

— by
]khﬁxﬁxh
u =0 on I

If v > 2 we get
kR Oz ;0xy,
u=0 on 0

—b + Vp = k1|0B|go; + k1|0B|M,, + fi in 0,1 <i <N

Remark 4.6. For k; =0 and ky = 0 and v > 2, we get the following problem
(92uk

wgkh 81:j8xh

u =0 on N

—b Y Vp=finQ1<i<N

Remark 4.7. If ky = 1 and ks = 0 we become in the case of classical homogeniza-
tion and we find all the results established in [55].
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Chapter 5

Homogenization of a Class of
Hyperbolic-Parabolic Problems in

Domains with Small Holes

Abstract

We propose to study the asymptotic behaviour of a class of Hyperbolic-Parabolic
problem in a perforated domain in RY, N > 3, with small holes e-periodically dis-
tributed. The size of the holes is of the order (¢d(¢)) with d(¢) — 0 as € goes to
zero. On the boundary of some holes we prescribe a Dirichlet-type condition on the
boundary of the others, a Neumann type condition is assumed . To do so, we use
the periodic unfolding method introduced by Cioranescu, Damlamian and Griso in

[15] and [16] which allows to consider a general geometric framework.

5.1 Introduction

Let © be a bounded open domain of R, N > 3 with |0 = 0 and ¢ a small positive

parameter. To define the perforated domain €),s,, we introduce the following sets:
IR
272

compacts subsets of Y . We assume that the holes B and S have Lipschitz boundary.

Let Y = be connected and it’s boundary 0Y is a null set ;S and B are

For three small parameters ¢, d; and d5, we define the following sets

Sy = | J (€018 +28)  Buy, = | (€6:B +<9),

gelle Eelle
B=|JEns+e) B =] (e6:B+<¢) (5.1)
£€Ee £eEe
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5.1 Introduction

IL={¢eZ":e(¢+Y)NQ#0}
E={¢ezV ec+Y)cQl Vo= (J{e(Y + Ok
gelle

such that V (£,,&) € 112, & # &,= (G +Y)N (&L +Y) =0.
Then, we set 5,5, = 2\ (Se5, U Bes,). The main feature of the perforated domain
Qcs,6, is that the size r(e) = d1,ed,, 0 < 1,09 < 1 of the holes is not proportional
to the size of the reference cell €Y and r(¢)/e tends to zero as ¢ is taking values in
a decreasing sequence of positive numbers which tends to zero.
We consider the following Hyperbolic-parabolic systeme

;

Ctesy5,Ul5,6, (T, 1) + BesisyUis, s, (2, 1) —div(A%(2) Ve s, (2, 1)) = fo(2,)
in Qes,6,%]0, T
AV ues, 5,me + Ve ues, s, =0 on 0S5, %]0, T
Uss 5, = 0 on 05,5, %10, T
Ugsy5,(2,0) = ugélég on Sles,6,

/ _ 1
L (es16oUesy 64 (iL‘, 0) = V¥e§15,Ugs, 5, ON 956152

ne is the outword unit normal vector field defined on 0S.,, .55, and Pess, two

(5.2)

coeflicients such that:

Oesy 60y Besrs, € L(Q)
Qs > 0 a.e in €

585152 Z c>0 a.e in €2

For the initial data, we always assume uls 5 € Hy(Q),uls;, € L*(Qes6,) and
f- € L*(0,T, L*(Qes,5,))-

The problem (|5.2)) models many kinds of phenomena arising in electricity and mag-
netism, in the theory of elasticity, in hydrodynamics and in vibration theory [49]
and [51].

In 1977, Bensoussan, J. L. Lionand papanicolau [9] considered the hyperbolic-
parabolic system in the fixed domains. The problem (|5.2)) was studied by Migorski
in 1996 [44] in perforated domain subsequently in 2000 [52] Timofte further extended
the homogenization to the nonlinear case. Again in 2016 Zhanying Yang and Xianhe
Zhao [54] considered the problem under some condition weaker than usual. In
[37] Gaveau stadied the classical homogenization of the wave equation in period-
ically perforated domains and more recently in [35, B6] by Donato and Yong. In
2016 [32] Cabarrubias adn Donato studied the asymptotic behavior of the wave and
heat equation in perforated domains with small holes and Dirichlet conditions on
the boundary of the holes.

The Dirichlet problem for the Poisson equation in perforated domains with small

holes of size €%, o > 0 was treated in Cioranescu and Murat [25]. They showed that
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Chapter 5. Homogenization of a Class of Hyperbolic-Parabolic
Problems in Domains with Small Holes

the size eV/N—2

is "critical” in the following sense: the limit problem contains an
additional zero order term, called in [25] ”strange term”, depending on the limit of
the capacity of the set of holes.
Our aime here is to apply the periodic infolding methode due to cioranescu,
Damlamian and Griso [15, [I6] and extended to perfated domains in Cioranescu,
Damlamian, Donato, Griso and Zaki [20].
For the Laplace equation an homogeneous Dirichlet boundary condition in domains
with small holes, first applications of the unfolding method have been done in
[19, @5]. With small holes of size eV~ and non homogeneous Neumann condi-
tion in Ould Hammouda [46] and in Cioranescu and Ould Hammouda for mixed
boundary conditons [27].
The paper is organized as follows. in the section 2 we give some notations and defi-
nitions for fixed domains. In the section 3 we recall briefly the different definitions
of the time-dependent unfolding operator in fixed domains and their properties. In
Section 3.1, we list some notations and define the time-dependent unfolding oper-
ator in perforated domains. In section 4, we recall the different definitions of the
periodic unfolding operators 7.5 depending on two parameter € and ¢ as introduced
n [I9] . Section 5 we extend the operator 75 to time-dependent function and thier
properties

Finally, the homogenization result concerning problem is stadied and proved

in Section 6.

5.2 Notation and definitions

We recall here some notations and definitions as given in [I5] for fixed domains.

11y
Let © de a bounded open set in R™, such that [0Q|= 0 and Y = } ~33 { , be the

reference periodicity cell. Let us now introduce the sets

Q. = interior U (E+Y),E.=€€Z:e(6+Y)CQ

EEEL
Ac=Q\ Q.. (5.3)

By construction, @\E is the interior of the largest union of £(£+Y) cells fully contained
in Q, while A, is the subset of ) containing the parts from the (& + Y) cells
intersecting the boundary 0.

As in [15], for every z € RY we denote by [z]y the unique integer combination of

periods such that
{zly=2—-[¢]y €Y (5.4)

72



5.3 Time-dependent unfolding operator in fixed domains

Then, because of the periodicity and recalling , each € RY can be uniquely

written as

z=e({Zhy + [Zhy). (5.5)

5.3 Time-dependent unfolding operator in fixed

domains

Throughout this paper, T will be a given positive number. This section recalls the

time-dependent unfolding operator for fixed domains as introduced in [37].

definition 5.1. ([37]) Let p € L9(0,T; LP(S2)) where p € [1,00[ and q € [1,+o0]
the unfolding operator Tz: L4(0,T; L*(Q)) — L0, T; LP(Q2 X Y')) is defined as

‘P(s[q + 5y,t> a.e. for (z,y,t) € Qa x Y x]0,T],
ely
0 a.e. for (x,y,t) € A, x Yx]0,T].

Te(@) (@, y,t) =

Some of the properties of this operator which were stated in [37] are listed below.
For perforated domains with holes of the same size as the period and for detailed

proofs ( in definition [5.1| obviously true for fixed domains), we refer to [36]

Remark 5.1. Notice that if in definition we take ¢ in LP(§2) independent of

time, we recover the definition of the unfolding operator for fixred domains from [15]

Proposition 5.1. ([36,(37]) Letp € [1,+o0] and q € [1,400]. Suppose thatu and v
are functions in L(0,T; LP(2)). Then

(1) Tz is linear and continuous from L%(0,T; LP(Q2)) to LY(0,T; LP(2 x Y'));
(2)T-(uv) = To(uw)To(v)  Yu,v € L0, T; LP())

(3) If u € L0, T; WP(Q)) then T.(u) € LU0, T; LP(; W' (Y))) and

Vi (Te(u) = eT(V(u)) in Q x Y x]0,T[

(4) For almost every t €]0, T,

= Te(u) (2, y, t)dvdydt = /

|Y| QxY Q

u(z,t)dr — /5 u(z, t)dz

- /ﬁ E u(z, t)dz

Proposition 5.2. ([37,[36]). Letp,q € [1,400[. Suppose that ¢ € L(0,T; LP(2)) and {¢.}
is a sequence in L(0,T; LP(Q2)).

(1)T(p) — & strongly in LU0, T; LP(Q2 x Y)).

(2)If . —> ¢ strongly in LI(0,T; LP(52)), then T-(¢p.) — ¢ strongly in the space
LU0, T; LP(Q x Y))
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Proposition 5.3. ([37,136]). Let p €]|1,4o00[ and {y.}be a sequence in the space
L=(0,T; Wy*(Q)) such that

Vel zorrr@) < C.

Then there exist o € L=(0,T; W, "(Q)) and § € L>(0,T; LP(Q; WEE(Y))) such that

per

up to a subsequence,
(1) Te(pe) = @ weakly” in L>°(0,T; LP(; Wl’p(Y))),
(it) To(Vpe) = Vi + V0 weakly™ in L=(0,T; LP(2 X Y)).

We end this section by recalling the definition of the mean value operator My
and that of the local average operator M5 and give some of their properties that

will be useful in the sequel.

definition 5.2. Let p € [1,400[ and q € [1,+00]. The mean value operator
My :L9(0,T; LP(2 X Y)) — L9(0,T; LP(Q) is defined by

My (u)(z,t) / u(z,y,t)
]
for every u € LY(0,T; LP(2 x Y)).

definition 5.3. Let p € [1;4+00] and q € [1,4+00]. The local average operator
My : L9(0,T; LP(Q)) — L9(0,T; LP(Q)) is defined by

M (e)(e.0) = 7 | Te)ey.
for any p € L0, T; LP(Q2)).

Remark 5.2. In connection with remarkl some of properties of T. (in the case
of dependence on time) can be derived directly for those of the unfolding operator

for fixzed domains from [15] with the time t as a mere parameter.

As a consequence, we have the following result.

Proposition 5.4. [11)] Let p € [1,+0o0[ and g € [1,+00].
(1) For ¢ € LY(0,T; L*(Q2)), one has

Te(My () (2, y,t) = My (Te(@)) (2, 1) = My (o) (2, 1) in 2x]0,T]
(2) Let {w.} be a sequence in L1(0,T; LP(QY)) such that
w. — w strongly in L1(0,T; LP(2)).
Then
My (w.) — My (w) = w strongly in L(0,T; LP(2)).
(8) For any ¢ € L0, T; LP(Q)),
1055 () lnoiamen < Y17 lelsoiis

Proof. see [11] O
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5.3 Time-dependent unfolding operator in fixed domains

5.3.1 The time-dependent unfolding operator 7* in perfo-

rated domains

In this subsection, we present the unfolding operator 7. wich maps functions defined
on the oscillating domain € x (0,7) into functions defined on the fixed domain
QxY* x (0,T). This avoids the use of any extension operator. We also give some

properties (see [20] B5] for more delails ).

definition 5.4. Let ¢ € L%0,T;LP(Q))) where p € [1,00] and q € [1,400] the

€

unfolding operator T : LY(0,T; LP(Q2)) —— L9(0,T; LP(2 x Y™)) is defined as
T (o)1) = g0<5[gy + 5y,t> a.e. for (z,y,t) € Q. x Y*x]0,T7,
0 a.e. for (z,y,t) € A x Y*x]0,T][.
From this definition, the following properties are immediate:
(1) T2 (vw) = T2 (0) T (w) Yw,v € LU0, T; LP(27))
()7 (W) = ©T(¥), Vo € LP(Q7) and ¢ € LU(0,T)
(iii) V,(72(9)) = €T (V9), Vo € L0, T; WH(Q1))
Remark 5.3. Concerning Tz and T, we have the following:
7;*(10)|Q;x(0,T) = 7;<w)|§2><Y*><(O,T)7
T () = To(0) sy xom),
where w and 1 are defined on 2 x (0,T) and Q% x (0,T), respectively.

Next we list some properties of the unfolding operator 7_°. the proofs are fond in
[35]

Proposition 5.5. [3]] Let p € [1,4+o00] and q € [1,4+00], the operator T is linear
and continuous from L(0, T; LP (X)) to LY(0,T; LP(QxY™)). Let ¢ € LU(0,T; L*(Q))
and w,v € L1(0,T; LP(Q2)).

Fort e (0,T) we have

01 | Ty sy = [ otz = [ o= [ oo

QxY* Qx As*
. . 1 1
(1) || T (w) || exyy = Y7 llwll o @sy < VTP lw]Leer)

Proposition 5.6. [35] Let q € [1,+00], let ¢. be in LU(0,T; L*(QF)) and satisfy

£

T
/ |be|dadt — 0
0 Jax

Then
T 1 /7
/ Gedxdt — —/ T (¢.)dxdydt — 0
o Jor Y Jo Jaxy-
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As usual, this convergence is denoted by

T 1 (T
/ Gdxdt ~ — / T (e )dxdydt
o Ja: Y1 Jo Jaxy-

Moreover, we have the following convergence:

Proposition 5.7. [35] For p,q € (1,400|, let ¢. € LI0,T;LP(2)) and ¢ €
LT(0,T; LF' (1))

1 1 1 1
(=+—=1,-+— =1) such that
p D qa g
[0cllLaorizrey < C and 9] o o110 (02.) < C (5.6)
Then

T 1 /T
/ Gpdxdl ~ —/ T2 (o) T2 (W)dxdydt.
0 QF |Y| 0 QxY™*
(i1) Forp,q € (1,+00], let ¢. € LI(0,T; LP(£2})) and 1. € LT (0,T; LP°(Q2))
1 1 1 1
(= +—<1,-+ = =1) such that
P Do qa ¢

@<l Laoizr(z)) < C and ||¢€||Lq’(0,T;LP0(Q;E)) <C (5.7)

Then . .
1
/ / G ddt ~ —/ T ()T (e )dzdydt.
0 Jar Y| Jo Jaxy

Proof. (i) For x € €, notice that 1x- — 0 holds true. For a.e. ¢ € [0,7], in view of
(5.6)), it follows from the Lebegue dominated convergence theorem that

| dz — 0
At

[,
Ai&WWMMP%O

Hence statement (i) holds true due to Proposition
(i) Let 1/p' +1/p = 1. By (5.7)) and the Holder inequality, we have

T T / d/v 1/q
/ |¢a¢a‘dmdt <C (/ |: |2Z)g|p d!B:| dt)
0 JAz 0 Ax
T q'/po /d
<C /{/WW%4 dt | AZ| /P po)
0 Ax

< C|Az|1-W/pH1/po),

and

) q /v
W]p dx) dt — 0

This implies

76



5.3 Time-dependent unfolding operator in fixed domains

As e tends to zero, we get

T
/ |Gt dzdt — 0
0o Jax

which implies that statement (ii) holds true, due to Proposition

Proposition 5.8. [35/(Some convergence properties)
(i) For p,q € [1,+00), let w € L(0,T; L*(2)). Then

T (w) — w strongly in LY(0,T; LP(Q x Y™)).
(i1) For p,q € [1,+00), let {w.} be a sequence in LI(0,T; LP(2))such that
w. — w strongly in L1(0,T; LP(§2))
then
T (w.) — w strongly in LY(0,T; LP(2 x Y)).

(iii) For p € (1,400) and q € (1,+00], let {w.} be a sequence in LI(0,T; LP(2))
such that
lwe || Lao,rsze(02)) << C

If
T (w.) = w weakly in LY(0,T; LP(Q x Y™))

then we have
we — OMy« (W) weakly in L(0,T; LP(2)).

For ¢ = oo, the weak convergences above are replaced by the weak® convergences,

respectively.
Proof. (i) Using Proposition [5.5] we have

|72 (w) — wl|zao,rszr@xy+)) = | T2 (w — ¢p) + T (dp) — dp + ¢ — wl|Lao.1sLr(@xv))
< 2lY Y7l gp — wl Laorszr)) + (T2 (0) = 0)@ll oo izr@xy =)

for any ¢ € D(Q2) and ¢ € D(Q). Since
T2(¢) = ¢ strongly in L(0,T; LP(Q x Y™))

then
1(T2(9) — @)l Lao.r;r@xy+)) — 0

Consequently, we have

lim s$1p||(7;*(w) — W) || a0, Lr(@xy ) < 2|Y|1/p||¢90 — wl|La(o,riz0 ()
E—r
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which implies statement (i) due to the density of D(0,7) @ D(Q2) in LI(0,T; LP(£2)).
(ii) From Proposition [5.5] we have

|72 (we — w)]| Lago,r;r(@xy+)) < Y|P jw, — w|| Lago,7;10 ()

Hence statement (ii) follows from statement (i).
(iii) Let ¢» € L7 (0,T; L” (Q)(1/p+ 1/p' = 1,1/q+ 1/¢ = 1). From Proposition
p-7(1)

T
lim/ /wgwdmdt = hm/ / wpdrdt = lim — / T2 (we) T (V) dadydt.
=200 : =0 Y] Qxy*

Since statement (1) gives
T (w) = w strongly in L7(0,T; L7 (Q x Y™)),

then we get

lim / / Wpdzdt = / {% / *wdy} bdwdt = 0 /0 ' /Q My (@)dadt

which implies the desired result.

Proposition 5.9. [35] For p € (1,400) and q € (1,+00], let ¢. belong to
L0, T; WHP(QF)) and satisfy

|Pell Laco,rsrrz2)) + €|V e Lao.rir sy < C

Then, there exists ¢ € L(0,T; LP(; WELE(Y™))), such that, up to a susequence,

per
7;-*((%55) — ¢ weakly in Lq(()7T; LP(Q; Wl,p(y*))),

T (V) — V¢ weakly in LU0, T; LP(2 x Y™)).
For q = oo, the weak convergences above are replaced by the weak™ convergences,
respectively.
Theoreme 5.1. ([35])
For p € (0,400) let {w.} be a sequence in L>=(0,T; Wy (2;09)) such that

ow
|Vwe|| 07,00 02)) < C and H d

HLOO(OTLP(Q gy <O

then there exist w € L=(0,T; WyP(Q)) with %—1: € L>(0,T; L* () and
W € L0, T; LP (S WLE(Y™))) with My«(@) = 0, such that, up to a subsequence,

per

(i) T2 (we) = w weakly” in L(0,T; LM (@ W'?(Y*))
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(i1) T (Vw.) = Vw + VU weakly* in L=(0,T; LP(2 x Y))

(iii) T (85125) - aa—lfweakly* in L=(0,T; LP(Q2 x Y™))

(iv) T (w.) — w strongly in L9(0, T; LP(; WP (Y™))),
(v)lwe = wllzoor;00z7) = 0

5.4 Unfolding operator in domains depending in

two parameters

in this section we recall the definition and some of this properties of the unfolding

operator T.s depending on two parametres ¢ and §, as introduced in [19].

definition 5.5. ([19]) Let p € [1,4+o0[. For ¢ € LP(Q), the unfolding operator T.s
is the function Tos : LF(Q) — LP(Q x RY) defined by

T-() <x752> if (x,2) € Qg X 1Y,

Tes() (2, 2) = 0

0 otherwise.
where T2 is the operator for fivred domains as introduced in [15]
To go further, let us introduce what is called a perforated domain with small holes,
denoted here 2’5, Let B CCY and denote Yy =Y /0B. Then 5 is defined as

Qs = {x € Q such that {g}y € Y;s*}
Where 6 — 0 with ¢.

Remark 5.4. As shown in [19], it turns out that the operator Tzs is well-adapted for
domains with small holes when dealing with functions which vanish on the boundary
of Q5. It is precisely the case we we treat in this work. We will deal wiyh functions
belonging in particular, to H}(SY'5). The extensions of these functions by zero to the
wholr of 2, belong to Hy (). Consequently, we will not distinguish the elements of
H}(25) and their extensions from H(S2).

Proposition 5.10. ([19/)
(1) For any v,w € LP(Q), Tes(vw) = Tes(u) Tes(w)
(2) Eor any u € L*(Q2),

(5N/ ]ﬁg(u)]dxdzg/wdx
QxRN Q
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(3) For any u € L*(2),

“7;5(“)”%2(Q><RN) < 5_]\7”“”%2@)

< / |uldz.
A

(4) For any u € L'(9),

/uda: — 5N/ Tes(u)dzdz
Q QxRN

(5) Let u € H' (). Then

1
£d
(6) Suppose N > 3 and let w C RY be open and bounded. The following estimates
hold:

Tos (Vo)) = — V. (Tos(w)) in Q %y

IV(Tes () 7201y < S SNT QIIVUIILz

Ce?
1725 (u = My (w)) |72 (0,12 (mvy) < SN2 IVullZ2 ),

20¢e?
1725 (u) 1220y < e |w] PN Vul|720) + 2Jw|[ullFq

where C'is the Sobolev-Poincaré-Wirtinger constant H'(Y).

(7)Suppose N > 3 and let w.s be a sequence in H' () which is uniformly bounded
as both ¢ and § approach 0. Then there exists W in L*(Q; L* (RY)) with V. W in
L*(Q x RN)such that, up to a subsequence,

N
gzt

(Tes(uwes) = M (wes) 13y ) = W weakly in L0 L* (RY)),

and
U |
2

J

5 V. (Tos(wes)) 1%1/ — V. W weakly in L*(Q x RY).

Furthermore, if
N g
2

lim sup
(e,6)—(0t,0+) €

< +00,

then one can choose the subsequence above and some U € L*(Q; L7 (RY)) such that

loc

o3
——Tos(w.s) — Uweakly in L*(S2; L,

c ZOC(RN))'

definition 5.6. A sequence {v.s} in L*(Q) satisfies the unfolding criterion for in-
tegrals (u.c.i) if

/ vesdx — 6N Tes(ves)dxdz — 0,
Q QxRN

for every sequence (g,8) — (0%,0). This property is denoted

Jvade =5 [ Ttudeae
Q QxRN
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5.5 Time-dependent unfolding operator in domains with two parameters

Proposition 5.11. ([19))(u.c.i). If {v.} is a sequence in L'(Q) satisfying
|ue|dx — 0
A

then it satisfies u.c.i.

Corollaire 5.1. ([19/). Let {u.} be bounded in L*(Q) with p > 2. Then {u.v.}

satisfies u.c.i.

Remark 5.5. As observed in [19], for any ¢ € D(Q)), one has

|’7;6(¢) - Qz]HLoo(@EX%y) — 0

5.5 Time-dependent unfolding operator in domains

with two parameters

In this section, we extend the operator 7.5 defined in the previous section to time-
dependent functions by adapting what is done in [36]. We start by QZ;%]0,T7,
depending on € and 9.

definition 5.7. Let p € [0,00] and q € [1,+oo]Let p € LI(0,T; LP(Q2)). The unfold-
ing operator Tos : LU(0,T; LP(Q)) — LU0, T; LP(Q x RY))

To(p)(z,02,t) a.e. for(z,z,t) € ﬁs X le]O,T[,

725(90)<:U7Z7t) = 0

0 otherwise .

that is

t . ~ 1
Tos(@) (2, 2,t) = S0<€ [E]Y +55Z7t> if (z,2,t) € Q. X SYX]O’T[’

0 otherwise .

As mentioned above , for § = 1 we are in presence of the unfolding operator for
fixed domains introduced in [I5] Being defined by means of the the operator 7z, the
unfolding operator 7.5 inherits most of the general properties of it. In particular,

the following proposition is straightforward:

Proposition 5.12. [7])] Let p € [0, +o0| and ¢ € [1,+0o<].
(1) Tas is linear and continuous from L(0,T; LP(2)) to L(0,T; LP(Q x RY)).
(2) Tes(wv) = Tes(u)Tes(v) for every u,v € L0, T LP(£2)).

(3) V.(Tos(0)) = £0To5(Vg) im Q x %YX]O,T[ for all € L9(0, T: H'()).
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Problems in Domains with Small Holes
The proofs of the following theorem is finde in [11]

Theoreme 5.2. [I1] Let p € [0,400[ and q € [1,+0o0]
(1) Let ¢ € LU0, T; LP(Q))

sN
VT Jomn Tes(o)(z, 2, t)dxdz = /As o(z,t)dr = /Q(@)(x,t)da:—/ o(x, t)dx
for a.e. t €]0,T]|

£

(2) The continuity of the operator Tes from proposz'tz'on reads as follow

Y
ITos (@) ooy < (' |

1/p
5_N) ol ago,7;Lr(02))-
(3) Let o € LU0, T; H'(Q)) and N > 3. Then, for a.e. t €]0,T]

e|Y /P
IVa(Tes(@))ll o ivy < A |

= IVelr

Regarding the integral formulas, one still has an unfolding criterion for integrals
which is very useful in homogenization problems

Proposition 5.13. [11] Let q € [1,+00] and p. € LY(0,T; L (2)) satisfying

T
/ / pedxdt — 0
0 JA.
then - ——
/ /%dﬂﬁdt = —/ / Tes(pe)dxdzdt
0 Ja Y1 Jo Jaxey

The proof of the following proposition is essentially the same as that of [36]

Proposition 5.14. [11)] Let p, q €]1,400]. Let {¢.} be a sequence in L0, T; LP(Q2))
and {1.} be a sequence in L9(0,T; LP(Q)), such that

H%HL‘I o015z < C and ‘Ws”m’(o,TLpo(Q)) <C,
1
where—+—<1 and +——1 Then,

b

/ /@5¢5d$dt = / / QOg(ﬁe da:dzdt
|Y| Ox1 ;Y

Proposition 5.15. [71] Let u € L0, T; H(Q)). For q € [1,4+oc[, one has the
estimates

Cely|'/r
| Tes(u — MXE/(U))HLQ(O,T;LP(Q Lr*(RV))) =

sao ||VU||L4(O,T;LP(Q))7
P

and for w an open and bounded subset of R

2Ce|Y|V/P

Tes() lnoiracreay < oo~

N_q
p

1-p
IVl oo rszry + 2|wl[Y 7 [ull Logo,ri0 (@)
where C' is the Sobolev-Poincaré-Wirtinger constant for H*(Y')
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5.6 Homogenization of a class of hyperbolic-parabolic problems

Theoreme 5.3. ([11]) Let p € [1,400[,q € [1,400], N > 3,{w-s} be a sequence
in L0, T; H(Q)) which is uniformly bounded with respect to € and § as (g,8) —
(0,0). Then up to a subsequence, there exists W in L(0,T; LP(Q; LP" (RY))) with
V.Win L0, T; LP(Q x RY))

5P .
——(Tes(wes) — M (wes)1sy) — W weakly in L9(0, T; LP(9; LY (RY)))  (5.9)
and
571!
V(Tos(wes)lsy) — VW weakly in L?(0, T; LP(2 x RM)) (5.10)
Furthermore, if
57!

k= limsup < 400 (5.11)

(e.0)— (0t 0t) €
then one can choose the subsequence above and some U € L(0,T; LP(); P (RM)))

loc
with
N

N
0 V. (Tes(wes) — U weakly in L9(0,T; LP(Q; L (RY))) (5.12)

loc

5.5.1 The time-dependent boundary unfolding operator in

domains with two parameters

definition 5.8. Let p € [0,00] and ¢ € [1,4o00]Let ¢ € L(0,T; LP(01.s)). The
unfolding operator Tos" : LU(0,T; LP(0TLs)) — L4(0,T; LP(RY x 9T))
x
6[—] +€5z,t) if (z,2,t) € RN x 9T x]0, T,
Toteie 0= | LD =) o

0 otherwise .

Proposition 5.16. The linear and continuous boundary unfolding operator 7;% has
the following propertie: for every ¢ € L9(0,T; L'(0T.s))

5N

/OT » ¢(x,t)do(z) = - /OTANxaTﬁ%(¢)(x,z,t)dxdo(z)dt

£
5.6 Homogenization of a class of hyperbolic-parabolic
problems

In this section, we suppose that N > 3 and that € and 0, = 01(¢),09 = da(€) are
such that (5.12)) holds, that is, there exists the following limit and is finite:

N
N-1 21
ky = lim +— < 400  and ky = lim 2— < 400 (5.13)
e—0 ¢ e—0 ¢

We also denote by M(a,3,€2) the set of N x N matrices A = (a;j)1<ij<n I
(L2(9))"" such that

(1) (A@@)A, ) = alAl%,

(i) A(z) Al < BIA|
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Chapter 5. Homogenization of a Class of Hyperbolic-Parabolic
Problems in Domains with Small Holes

5.6.1 Hyperbolic-parabolic equation

We want to study the asymptotic behavior as ¢ — 0, of the problem (5.2) We
suppose that the data satisfy the following assumptions:

(i) A° € M(a, B,), A® symmetric

(ii) f. € L*(0,T; L*(Qs,5,)) (5.14)
(iii) uls,5, € Ho(Qes160)s
(iv) uzs,s, € L*(Q)
For the coefficients a.s,5, and fB.s,s,, we assume that a.s,5, > 0 and
(Dllazsis, | oo (o) < ¢ and [|Besis,ll L) < ¢
(2) Tz(tes,5,) — afx,y) strongly in L*(Q x Y) and a* = My(a) (5.15)
(3) Te(Betnsy) — Bz, y) strongly in L*(Q x V) and 5" = My (8)
(4) /Cesr5, — p weakly inL*()

Moreover, we assume that

(i) uls,s, = u” weakly in Hj(2)

(i) uls g, — u' weakly in L*(€2), (5.16)
(iii) f. — f weakly in L*(0,T; L*(2))

the set

W€5152 = {085152 € LQ(OvT; H&(QE(5152)) :,025152 € Lz(ov T; LQ(Q65152))’

05661521}‘/5,6162 € L2<O, T; H_I(Qsélcsg)}
The variational formulation of problem ([5.2)) is:

( Find wu.s,5, € Wes,s, such that for all v € Hj(Qes,5,),

(s, sy, (75 1), 0(0)) (13 (s, 50 1Y @245, T+ /

SZE&]&Q
%_ J/r
Q

<
— /Q fe(z, t)v(x)dz in D'(0,T)

»356162“/55152 (z)v(x)dw

Ues, 5, (2, )v(x)do(x)

€109

A% (x)Vues,s, (z,t)Vo(z)de + ve? /

85;51

£8189
Uesy 5, (l’, 0) = u26162 (ZE) in 95(5162
L 04551521/55152 (.T, 0) =V a€5152u25152 (QZ’) in 956152

(5.17)

For every fixed ¢, following the classical arguments [44], we know that the problem
(5.2) has a unique solution wu.s,s, such that

Ues, 6, € LOO(OvT; H&(Q€5152))u;5152 € L2(07 T; L2(965152)) and a55152u'€'5152 € L2(07T; <H6<Q€5152)),)
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5.6 Homogenization of a class of hyperbolic-parabolic problems

Lemma 5.1. Suppose that the assumptions (5.14), (5.15) and (5.16]) are satisfied.

For every €, we have the following uniform estimates:

||u55162 ||L°O(0,T;H(%(Q55152))+||u/651§2 ||L2(07T§L2(Qa§152))+|| V a55152u/65152 ||L°O(07T§L2(955162)) S ¢
(5.18)
where ¢ is independent of € and ¢

We adapt here for the evolution problem some argument introduced in [19]. Let

us introduce the functional space

Kp={®e L*0,T;L* (R")) : V® € L*(0,T; L*(R")), ® is constant on B}
(5.19)

We also need the following lemmas from [19] in order to pass to the limit in equation

(5.17))
Lemma 5.2. ([19]).
Let N > 3. Then, for every do > 0, the set

U {gzﬁEH;er(Y):gb:O on 5B},

0<d6<do

is dense in H', (V)

per

Lemma 5.3. ([19)).
Let v e DRY) N Kp(i.e., v=uv(B) is constant on B) and set

wes(x) = v(B) — v (%%“) for z € RY.

then
wes — v(B) weakly in H'() (5.20)

Remark 5.6. (1) From the definition of w.s above, one has

Tes(wes)(z, 2) = v(B) —v(z) in Q. x 1Y,

J
and consequently (see [19]),
1 —~ 1
7;;(Vw€5) = —szv m Qg X EY (5.21)
(2)Let {wes} be a sequence satisfying (5.20). We have,
Tes(wes) — v(B) strongly in L*(Q x Y). (5.22)

Indeed, it was shown in [19] that {w.s} is bounded in H'(2) so that together
with and Rellich compactness theorem, one has w.s — v(B) strongly in
L*(2); that is

[wes = v(B)||r2) — 0

(see [19]) This, together with proposition).1| (2) gives (5.22)
We state now a homogenization theorem for system ({5.2))
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Chapter 5. Homogenization of a Class of Hyperbolic-Parabolic
Problems in Domains with Small Holes

Theoreme 5.4. Under assumptions (5.14)), (5.15) and (5.16), suppose that as e —
0 there is a matriz field A such that

T-(A%)(z,y) — A(x,y) a.e. in Q XY, (5.23)
and as both €,5, — 0, there a matriz field A° such that
Tos, (A%) (2, 2) — A2, 2) a.e. in Q x (RV\ B). (5.24)

Let u.s,5, be the solution of (5.17). Then there exists u in L°°(0,T; Hy () and u
in L>=(0,T; L*(Q; HY (Y))) such that

per

(i) Uesy5, — u weakly* in L>°(0,T; Hy(Q)),

(it) uls,s, = v’ weakly" in L>(0,T; L*(2)),

(ii1) Tz (ues,s,) — u weakly* in L>=(0,T; L*(Q; H'(Y))), (5.25)
() To(uls,s,) — v weakly* in L®(0,T; L*(Q x Y)),
(v) T:(Vues5,) — Vou+ V0 weakly* in L(0,T; L*(2 x Y)),

and U € L*(0,T; L*(Q; L2

loc

(R™M))), such that

LA |
6 2
2 Tes, (Uesis5,) — U weakly in LQ(O,T; LQ(Q LZQOC(RN))), (5.26)

3

with U wvanishing on Q x Bx|0,T| and U — kou € L*(0,T; L*(Q; Kp)) (Kp being
defined by (5.19) ). While the function U obeys

/ Az, 2)V. U(z,2,t)V,v(2)dz = 0 (5.27)
RN\B

for a.e. x € Q, a.et €]0,T[ and for all v € Kp, with v(B) = 0.
The ordered triplet (u,w,U) satisfies the limit equations
For v=10

(au” (z,1), %) m1 0y, / Bu' (z, 1)
+ / Az, y)((Vau(z, t) + Vyu(z, y, 1) Vi (z)dedy
QxYy
— ko / Az, 2)V. U (z, 2, t)vpy(z)drdoz + vk, / u(z, t)(z)dzdo(2)
RN x0B RN x9S

/f:ct x)dx; for a.e. t €)0,T[ and for all yp € Hy(Q)
(5.28)

u(z,0) = u’, u'(z,0) =u' in Q
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5.6 Homogenization of a class of hyperbolic-parabolic problems

For v>0
(o (z,1), V) (@) HI@Q) T / B (x,t)Y(x)dx
Q

n / e (Ve t) + Ve, 5.0) Vla)dody

(5.29)

_kQ/ AO(:B, )V, U (x, z,t)vpy(z)drdo(2)

RN x0B
= / f(z, t)(x)dx; for a.e. t €)0,T[ and for all 1 € Hy ()
Q
u(z,0) = u°, u'(z,0) =u' in Q
where vp is the inward normal to OB and do(z) its surface measure.
For v <0
vk / w(, )(x)dado(2) = 0 (5.30)
RN %08

In what follows, we will use the notation my(.) for the average over Y defined as

1 1
my (v) = m/yv(y)dy, Yoe L' (Y).

The result below describes now homogenized problem in the variable (x,¢) in €2x]0, T7.
To this aim, let us consider the correctors X, j = 1, ..., N solutions of the cell prob-

lem, they are the same domains without holeys (see[9, [18]).
Xj € L=(; Hy,, (Y)),
/ AV(X; —y;))Vedy =0 ae. z € QVp € H), (V) (5.31)
Y

my (X;) =0

where A is give by ([5.23))

We consider also the cell problem corresponding to the holes B defining the corrector

¢ for small holes, introduced in [19]
6 e L>(Q; Kp),0(x,B) =1,
/ PAY(z, 2)V.0(x, 2) V.V (2)dz = 0 (5.32)
RN\B
a.e. for z € Q, VU € Kp with ¥(B) =0

Corollaire 5.2. Under assumption (5.14), (5.15) and (5.16), u € H(Q) is the

unique solution of the limit problems
For v=0

(0 + B — div(APV) + vkt k2Ou = f in 9x]0,T]
u = 0on 00x]0,T]

0.33
u(z,0) = u® on (5.33)
u'(xz,0) = ﬂ*ul on
x «
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For v>0

(0 4+ fU — div(APV) + k20u = f in Qx]0, T
u = 0on 00x]0,T]

5.34
u(z,0) = u® on (5:34)
u'(z,0) = ﬁ*u1 on ()
\ o

N ~
Ahom = My (CLU -+ Z a,k%> (535)

and
0= [ 'A°.Ovgdoz (5.36)

0B

Remark 5.7. As shown in [19], ©can be interpreted as the local capacity of B.
(See also [25, [Z])] ) Moreover, from (5.32)) it is easily seen that © is non-negative,

1.€

O(z) = / Az, 2)V.0(x, 2)dz > 0.
RN\B

that is essential for the existence of the solution of the homogenized system (5.33))

5.6.2 Proof of theorem [5.4]

In view of (5.18) and theorem , we get that ther exist u € L>(0,T; Hj(Q2)) and
u€ L®0,T; L*(Q, H (Y*))) with My-(u) = 0 such that

p

T (Vs 5,) — Vu+ V, i weakly* in L>(0,T; L*(Q2 x Y)) (5.37)

Moreover by theorem [5.3| there exist U € L*(0,T; L*(Q; L2 (R™))) and

loc
W e L*0,T; L*(; L* (RY))) with V.W € L*(0,T; L*(Q x RY)) such that
N _
57 !

3

Toss(ttensy) — U weakly in L2(0, T: I(Q, I, (RY)))  (5.39)
on the other hand and from (i) and (ii) of (5.25)) we have
Uzs,5, — u strongly in L*(0, T; L*(Q2)) (5.39)

then

N1
6 2
2 M5 (Uesy5,) — kou strongly in L*(0,T; L*(; L2 (RM))) (5.40)

loc
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5.6 Homogenization of a class of hyperbolic-parabolic problems

from ([5.39)) and (5.40|) we have

N

N1

2
0y

3

(7;52 (U€5152) - M;(Uah&z)) — U — ku
this and from theorem eqaution (5.9) we have
W — U — kou imply V.W — V., U

by definition we have

5%_1 5%—1 N
2T (vzﬁ& (u55152)) = 28 5527;52 (vu€6162)) = 522 7;52 (Vu€5152) (541)

on the other hand by (5.10) we have

o

VZ(7;62(U56162)1%3/) — V,W = V.U weakly in L*(0,T; L*(Q x RY))
by identification with ((5.41]) we get
N
622 7;52 (VU’85152) - VZU (542)

also we have

7;52(1155152) =01in ) X BX]O,T[

This mean that
W =U — kyu in L*(0,T, L*(Q x Kg))

Now we have

For v=0

Let ¢ € D(Q?) and wes, is the function defined in lemma 5.3 then we have w.5, —
v(B) and by remark |5.6| We have

1

L T (ws)) = ——V0(2) (5.43)
8(52

852

7;52 (vw&éz) =

Now, to take into account the effect of the function of the perforation, let use w.s,

as a test function in (5.17)), we get

(Ctes10,ls, 5, (T4 1), Wety (T)V()) (13 (95,5, HY ety 5) T / BesyayUss, 5, (T)Wesy (7)1 () da

5286] So
+ /
Q

A% (2)Vues,s, (2, ) Vwes, () (x)dr + / A% (2)Vues, s, (2, t)wes, () VO (z)dx

€610 Qesy09

+v /6 | Uenan (@ e ()¢ (2)do(7) = /Q Je (@, wes, (2) () dx

€d1d9
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Let ¢ € D(0,T) and multiply the intergrands in this equation and integrate over
10, 7] then

/ / sy ttzsyay (2, ey (2)ep() " (8 deedt

55162

/ / Besioyting, s, (2)Wes, (7)1 () p(t)dadt

56152

/ / ) Ves, s, (2, 1) Vwes, (2)1(x)p(t)dxdt

55162

/ / )Vt (1, D)0y (2) V() o)l

56152

T / /a ety g0, ()0 () dor ()t = / / o, s, (2) 0 () p (1)

55152
(5.44)

For the first and second term on the left-hand side of this equation, we apply the
operator 7.

Thus, from propositin , remark |5 - - (2,3) and - we obtain

e—0

i [ st e s (00

65162

T
= lim 7}(%5152)72(%5152)7}(w552)7;(¢)<,0”(t)dmdydt <545)

e—0Jo Jaxy
T
B "(Hdxdyd
) / / _alep)ule. 00 () (0 dodyde

and

e—0

lim / / Bsisytil 5, (2 s, (20 () o (£)dardt

85162

T
= lim Te(Besr5) Te(uls,5,) Te(wes, ) T () (t) dardy dt (5.46)

e—0Jo Jaxy

B) / [ ol o 0@l dady

For the third term on the left-hand side of equation ([5.44)) we use the operator 7,
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5.6 Homogenization of a class of hyperbolic-parabolic problems

then proposition [5.13],(5.13), (5.24),(5-42), (5-43),and remark [5.6,we get

lim/ / ) Vs, s, (2, ) Vwes, () (x)p(t)dadt

e—0
551 do

~ lim 5} / / oo (AT Tog, (Vites,n, ) sy (Vits, )V Togy (1) (£ ezt
QxRN

= lim 6% / / Tes, (AT (vue(glgz) VZ7;52(w€52)7;52(w)g0(t)dxdzdt
QxRN

e—0
6N 1
= Jim % / / (A Tess (V50 ) (= 0(2)) Tosy (4 () izt
e—> QxRN
- hmf? / Toon (A9)65 Tosy (Vitessas)(—V-0(2)) Tesy (0) (1) drdzdt
e— QxRN
; 265 (A%)05 Tos, (Vtesys,) (= Vo (2)) Tes, (¥) p(t) dxdzdt
g— QxRN

= —kg/ / Az, 2)V. U (z, 2, 1)V 0(2)0(x)p(t)dedzdt
0 Joxry
T
= —k2/ / Az, 2)V. U (z, 2,t)V0(2)0 () p(t)drdzdt
0 Jax®N\B)

now we have

lim / | A Vi .0V (el o
es152 (5.47)

= —k2/ /QX ., Az, )V, U (x, 2,t)V.u(2)(x)p(t)drdzdt

For the forth term on the left-hand side of ([5.44) ,we use 7. from proposition
together with remark [5.6] passing to limit gives

/ / 0) Vet (1, D)y (2) V() () vl

85162

= lim T (AT (Vuess,) To(wes, ) To (Vb)) o(t ) dxdydt (5.48)

e—0 QxYy

B) /0 /Q Alw)(Vu(e. )+ V.. 0) Vo (@)e(tdrdyds

For the fifth term on the left-hand side ([5.44)), we use 7'51 we get

limy/ / Ues, 5, Wes, W () () do (x)dt
e—0 83551

N 1

= limy

/ /IRN s b (Uesy5,) T3, (Wesy ) TS, (0 (2))p(t)dado (2)dt— (5-49)
= vkv(B) /0 /R Nxasu(x,t)w(x)gp(t)dzdo(z)dt

91



Chapter 5. Homogenization of a Class of Hyperbolic-Parabolic
Problems in Domains with Small Holes

For the term on the right-hand side of equation (5.44]) we apply 7. from proposition
b.1] together with remark [5.6] yields

I

(2, ) wes, ()1 (x)p(t)dtdx = hm/ g Y’T Jo)Te(wes, ) T (V) @ (t)daxdydt

56152

B [ [ sos@eoda
0 QxY
(5.50)
Thus combining (5.45)),(5.46), (5.47), (5.48), (5.49) and (5.50)), the limit equation of

ETD i

B)/O /Q><Y a(z,y)u(x, t)(x)e" (t)drdydt
B[ B nv@sddy

T
- kQ/ / Az, 2)V, U (z, 2,4)V0(2)0(2)p(t)dedzdt
0 Jax®N\B)

B)/ i YA(x,y)(Vu(x,t) + V,u(x,y, 1)) Vi (z)e(t)dedydt

+1/klv(B)/0 /RNanu(x,t)@b( x)p(t)drdo(z) / QXYf (z,t)(x)p(t)dxdydt
(5.51)

which is true for all p € D(0,T), ¢ € Hy(Q) and v € Kp
If v(B) =0 we get:

T
kg/ / Az, 2)V, U (z, 2,t)V0(2)0(2)p(t)drdzdt = 0
o Jax@®v\B)

this imply equation ([5.27])
if v(B) # 0, by applying Stoke’s formula we have

/ /Q ) AO(IE,Z)VZU(QS,Z,t)vzv(z)q/;(g;)(p(t)dxdzdt

= v( / / 02, 2)V.U(x, 2, t)vpip(x)p(t)dedo zdt
Qx0B
remplaced in (5.51) we get

B)/O /Q><Y alx, y)u(z, t)(x)e" (t)dedydt
B[ [ B nv@sddy

- k’gv(B)/O /Q . Az, 2)V.U(z, 2, t)vpip(x)p(t)dedo zdt
B)/O /Q><Y Az, y)(Vu(z, t) + Vyu(x,y, 1) Vip(z)e(t)dedydt

+uk1v(B)/0 /RNanu(x,t)w( Jo(t)dzdo(2) / Qfo (x, ) (x)o(t)dzdydt
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5.6 Homogenization of a class of hyperbolic-parabolic problems

gives the equation of problem (|5.29)
Now, in order to chek the initial condition, let v. = wgs,% where w,s is given by
lemma and ¢ € C*(]0,T[) with ¢(0) = 1 and ¢(T) = 0. Take v.¢ as a test

function in (5.17) we have
T
/ (ates, s /3/5152(513 t), Ua(x»(H (Qesy59)) HE (Qesy55) P p(t)dt

/ / Besiayiss, s, (X)ve(x dxdt+/ / x)Vues,s, (2, 1) Vo (x)p(t)dzdt

56162 86162

+a/ / Ues, 5,V () p(t)do (z)dt = / / fe(z, t)ve(z)p(t)dxdt
s

€dq 55162

using the initial condition in (5.17)) and by integration by parts, we have

[

T
—/ / A% (2)Vues,s,(z, ) Vo (z)p(t)dxdt — 1// / Ues, 5, V= () p(t)do (z)dt
o Jas,s, a3

€dy

T
(z, t)v-(2)p (t)dxdt—/ Besio,Usg, s, ()0 (2)p(t)dadt
0 Qee

T
:/ (a8, Ul5,5, (T, 1), V() (3 (2 Qus,5,), H1(§255152)90(t)dt
— [ cwmtlas (@000 vl M—/“/ ey, (1) (@)t
Qesy 69 Qesy6,
-/ am@d@mowszm—/‘/ s syt 5, (0, £) (E) oo ()
Qesy 5, Qesy5,

= [ v [ sl 08 0@

55162 56152

In view of ((5.45)),(5.46), (5.47), (5.48)), (5.49) (5.50), (5.15) and ([5.16)), passing to

the limit in this equation yields:

lﬂA [ p0la)plt)dndyat
—I—kg/o /Q ., Az, 2)V. U (z, 2,t)V0(2)0(x)p(t)dedzdt
B) /0 /Q Al )(Vaua.0) + Ve, . 0) V() (Odrdyd

— yklv(B)/O /RNxas u(z, t)(x)p(t)dedo(z)dt 552
lﬂA [ Bl o 0a)ple)dadyt

:—U(B)/qul(x)w(x)d:v—v(B)/o /Qau'(x,t)w(x)gol(t)dxdt

= —v(B) / pu' (z)(x)dz + v(B) / ool (2, 0 () ()
/ /Q v a(z, y)u (x, t)(x)e(t)dedydt
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Combining this equation with (5.51)) yields
—v(B) / pu () (z)dx + v(B) / a*u/(x,0)dz =0 (5.53)
Q 0
imply
' (x,0) = 2l (x)

Now choosing ¢ € C*([0,T]) with ¢(0) = ¢(T) = ¢'(T) = 0 and ¢'(0) = 1 and

taking v.¢ as test function in the variational formulation ([5.17)) we have

/ / (2, ). () (1)t — / / Bsssaileg s, (2)ve(2)p(t)dadt

55152 65152

—l// / Ues, 5,V (t)do (x dt—/ / ) Vs, s, (2, t) Vo () p(t)dedt
S5,

56152

=/«m@%@mw%mmm%wH@mwwﬁ
= [ sl @00 [ ot w—/ﬂ/ et 0 (80 ()t
0109

55152

—— [ sl 000 v M—/’/ et (1) (O ()l
Qesy 5, Qesy 5,
:/ Qegy 65 Uesy 5, (T, 0)ved —/ / ey 55U 55152 (z, ) (t)vo(x)dzdt
955152 55162

:/ Qe 5y Uesy o, (T, O)UEd:E—I—/ / gy 5, Uesy s, (T, 1) " (B)ve (x)dadt
Q€5152

55152

we use 7. passing to the limit gives

.mé [ yotayplt)dndydt
/@/ /QX . Az, 2)V, U (z, 2, )V u(2)Y(2)p(t)dedzdt
B) / [ A ) (Voule, )+ V(e 0)T0@)p(0)dodyi

T (5.54)
ml [ Bl (o 0la)plt)dadyt

—aklv(B)/O /RNxaBu(x,t)w(:c)gp(t)dxdo(z)dt
:v(B)/Q Yauo(x)w(x)dxdy—i-v(B)/o /Qozu(:z:,t)w(x)go"(t)dxdt

For the second term on right-hand side of this equation we apply the stok’s formula
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we get

B)/O /Q><Y au(m,t)@[)(x)gpu(t)dxdydt = U(B)/ a“(fyt)<ﬁ'(t)|§w(:v)d:pdy

QxY

/ /QXY au'(z,t)¢ (t)dzdydt = —v(B) /Qxy au(x,0)Y(x)dxdy
au/(z,t)¢ (t)dedydt = —v(B) au(z,0)Y(x)dzdy

/ /QXY /QXY

- /Q . ol (1) o(t)]g v (z)dady + /0 ' /Q . o (2, t) () dadydt

finaly we have

B)/O /QYozu(x,t)w(x)go”(t)dxdydt:—U(B)/Q Yozu(ac,())l/J(x)dxdy

T
- / / au’ (x,t)e(t)drdydt
0 QxYy

(5.55)

remplace in (5.54) we get

B) / [ e tyita)elt)dndyat
kg/o /QX(RN\B) Az, 2)V. U (z, 2, )V, 0(2)0 () p(t)drdzdt
B) / [ A ) (Vo) + 9, .0) V() Odody

B) / [ Bl 00 @l dadyt

—Vklfu(B)/O /RNxaBu(x,t)w(x)go(t)dxda(z)dt
= (B)/Q Yauo( x)p(x )dxdy—v(B)/Q au(z,0)yY(x)dxdy

xY
/ / au”(z, t)(t)dzdydt
QxYy

combining this equation with (5.51)) gives

v(B) /Q y o’ (2 )1 (x)drdy — v(B) / au(z,0)y(x)dxdy =0

QXY

imply

o(B) /Q e (2)b(x)dzdy — v(B) / o u(, 0)i(x)dzdy — 0 Vb € D(S)

Q

which implies u(z,0) = u’(x).
For v > 0 System ([5.29) is obtained by similar arguments observing that in this

case the boundary term has no contribution at the limit.
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For v <0
We mutltiply (5.17) by e77 we have

{510, Ul5,5, (T 1), V(X)) (13 (95,5,)) Y (Qety5) TE /Q Bes16: Uy s, (2)0(7)d

£8189
+e7 /
Qs g

= 6_7/9 fe(x, t)v(z)dx

£8109

A (2)Vues,s, (z,t)Vo(x)dx + 1// Ues, 5, (2, )v(x)do(x)
assél

Passing to the limit we observe that all the integrals go to zero, except for the forth
integral, wich gives

v / essiy (2, u(@)do () = 0
8Ses,

by unfolding 7;’51 we get
5N—1
1

€

14

| T o )T (o) doda(z) =0
RN %88
Let us now pass to the limit we get
l/kl/ u(z, t)v(x)drdo(z) =0
RN x9S

we get u = 0, which ends the proof.

Proof. of corollary

Let us show first that @ can be expressed as function of w.
This is a standard procedure in homogenization, see for instance [9] or [I8]. Recalling
the cell problem ([5.31)) defining the function X;,j = 1, ..., IV, this equation allows to

write 7 in the from
~ "L du
j=0 J

Pllugging this formula in the second integral from ([5.29) yields

(a*u",@D)(Hé(Q))/’Hé(Q)+/ﬁ*u'¢d1’+uk1/ uwdx

@ 03 (5.56)

—ky / A Uvpipdadoz + / Al Vipdr = / fudx
QOx0B Q Q

for t €]0,T[ and A"™™ given by (5.35). Now, by integrating by parts in (5.31]), one
easily gets

A, Uvgdoz = AV, (U — kqu)vpdoz = —kyu (

tAOVZHVBdaz)
oB OB

oB
= —kouO(x)

which, replaced into ([5.56) gives ([5.33) O
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5.6 Homogenization of a class of hyperbolic-parabolic problems

Remark 5.8. 1. Ifd =1 and ko = 0 we find the classical homogenization y = L
€
7 and we the results stablished in [54)]

2. If k1 =0 and ke = 0 we have
For v <0

For v>0

(ot + B — div(A""Vu) = fin Qx]0,T]
u = 0on 00x]0,T]

u(z,0) = u® on

'(2,0) =

p
Zuton Q
a*

u'(x,
\

3. If k1 =0 and ks # 0 we have
For v <0

For v>0

(o + Bu' — div(A""Vu) + k30u = f in Qx]0,T|
u = 0on 00Qx]0,T]

u(z,0) = u® on Q
u'(x,0) = ﬁ*ul on Q
\ «
4. If ky # 0 and ko = 0 we have
For v <0
u=10
For v=0

(ot + B — div(A""Vu) + vkiu = f in Qx]0,T]
u = 0on 00x]0,T]
) = u’ on 0

) = ﬁ*ulonQ
«

For v>0

(ot + B — div(A""Vu) = fin Qx]0,T]
u = 0on 00x]0,T]

u(z,0) = u® on

'(2,0) =

p
u'(x, Zut on Q
*
\ «
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Conclusion and Perspectives

In this thesis, we studied the asymptotic analysis of some boundary value problem
in domains with small holes.

In chapters tree and four, we treated the homogenization of the Stokes system with
two different kinds of non homogeneous slip boundary conditions on the boundary of
the holes. The problem describe the flow of an incompressible viscous fluid through
a porous medium under the action of an external electrical field. To do so, we used
the periodic unfolding method introduced by Doina Cioranescu, Alain Damlamian
and George Griso in (2002)[L5].

We obtained at the limit, following the values of a real parameter v, a Darcy or
Brinkmann type laws.

In the last chapter, we considered an hyperbolic parabolic problem for which we got
at the limit the homogenized problem.

For all the problems considered, appear some additional terms depending on two

constants k; and ky representing the critical size of the Neumann and Dirichlet holes.

Perspectives: In the near future, I want to focus on the stochastic homogeniza-
tion which use the probabilistic framework for mechanical modeling in the presence

of uncertainties.
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Abstract

In this thesis we consider the Stokes system with two different kinds of boundary condi-
tion on the boundary of the holes, which are non-homogeneous slip boundary conditions
depending a parametre vy, we consider the flow of an incompressible viscous fluid through
a porous medium, under the action of an exterior electrical field. In this work we apply
the periodic unfolding methode. The aim is to give the asymptotic behavior of the ve-
locity and of the pressure of the fluid as ¢ goes to zero. We use the periodic unfolding
method in perforated domains. We give the limit problems corresponding to different
values of v (Darcy, Brinkmann or Stokes type problems).

As we have already studied a class of hyperbolic-parabolic problems in periodically per-
forated domains with a homogeneous Neumann condition on the boundary of holes de-
pending a parametre v. We always apply the periodic unfolding method for study this
problem we get at the limit three defferent cases.

Key words : Stokes problem, periodic unfolding, Robin conditions, perforated domain, homognisa-
tion, Hyperbolic-parabolic equation.

Résumé

Nous considérons dans cette thése le Probleme de Stokes dans un domaine perforé avec
des petits trous périodiquement distribués de période r(¢). Sur le bord des trous, nous
imposons une condition de type Robin dépendant d’ un paramétre v . Notre objectif
est d étudier le comportement asymptotique de la vitesse d’ écoulement et de la pres-
sion du fluide quand ¢ tend vers zéro par la méthode de ’éclatement périodique. Nous
obtenons plusieurs cas différents (loi de Darcy, Brinkmann et Stokes). Par ailleurs, dans
cette thése, nous avons également abordé homogénéisation de probléeme hyperbolique-
parabolique. Ce probléme modélise de nombreux types de phénomeénes apparaissant dans
P’électricité et magnétisme, en théorie de I’élasticité, en hydrodynamique et en théorie de
la vibration. Nous étudions le comportement asymptotique du probléeme hyperbolique-
parabolique dans un domaines perforé avec des tropes s-périodiquement distribuée on
pose une condition de Neumann homogéne dépendent 4 paramétre v sur les tropes S.s,.
Sous les valeurs de v Nous présentons trois types de contributions dans les systémes de
limites.

Mots clés : probleme de Stokes, éclatement périodique, conditions de Robin, domaine perforé, ho-
mogénéisation, probleme Hyperbolique-parabolique
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