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Abstract 

 

In recent years, the control system is becoming decentralized in location and more extensive 

in scope, making it difficult to be implemented in the traditional point-to-point configuration. 

Therefore, the networked control system (NCS) is introduced to replace the traditional control 

due to its benefits in the wide industrial areas such as reduced installation costs, better 

maintainability, and greater flexibility, where the control loop is implemented via 

communication networks, and the data is transmitted between its different components 

through a limit communication channel.  

However, the use of communication channels in the control loop causes many problems and 

constraints such as network bandwidth limit, network-induced delays, packet loss, packet 

disordering, scheduling protocols, and variable sampling. These negative factors can degrade 

the NCSs performance and even lead to its instability. This thesis takes into account these 

problems in the analysis and the synthesis of NCSs where it analyses the robust stability and 

design of a new controller for NCSs subject to network-induced delay and packet dropout. 

The main contribution of this thesis is based on the reduction of the effect of network-induced 

imperfections on the stability of the networked system through deriving robust less 

conservative stability conditions and design a new control low ensuring the stability and good 

performance of networked systems subject to the maximum possible of these imperfections. 

And in addition, this work investigates the different modeling of NCSs such as stochastic, 

deterministic, and hybrid that mimic reality to use it in the analysis and synthesis of 

networked systems. 

Finally, the stability conditions obtained are tested using numerical illustrative examples 

representing different NCSs with network-induced imperfections, as well as a comparison 

with other existing methods in terms of conservativeness and robustness. 

 

 

 ملخص

 فٙ تُفٛزِ انصؼة يٍ ٚجؼم يًا انُطاق، فٙ اتساػًا ٔأكثش انًٕلغ فٙ يشكضًٚا لا انتحكى َظاو أصثح الأخٛشج، انسُٕاخ فٙ

 نفٕائذِ َظشًا انتمهٛذ٘ انتحكى يحم نٛحم (NCS) انشثكٙ انتحكى َظاو إدخال تى نزنك،. َمطح إنٗ َمطح يٍ انتمهٛذ٘ انتكٍٕٚ

 حهمح تُفٛز ٚتى حٛث ، أكثش ٔيشَٔح أفضم صٛاَح ٔلاتهٛح ، انتشكٛة تكانٛف اَخفاض يثم انٕاسؼح انصُاػٛح انًُاطك فٙ

 فئٌ ، رنك ٔيغ. يحذٔدج اتصال لُاج خلال يٍ نهُظاو انًختهفح انًكَٕاخ تٍٛ انثٛاَاخ ُتممت ٔ ، الاتصال شثكاخ ػثش انتحكى

 ػٍ انُاجى ٔانتأخٛش ، نهشثكح انتشدد٘ انُطاق حذ يثم كثٛشج ٔلٕٛداً يشاكم ٚسثة انتحكى حهمح فٙ الاتصال لُٕاخ استخذاو



 انسهثٛح انؼٕايم نٓزِ ًٚكٍ. انًتغٛش انؼُٛاخ ٔأخز ، انجذٔنح ٔتشٔتٕكٕلاخ ، انحضيح ٔاضطشاب ، انحضيح ٔفمذاٌ ، انشثكح

 ْزِ الاػتثاس فٙ انشسانح ْزِ تأخز. نهُظاو انًغهمح انحهمح استمشاس ػذو إنٗ تؤد٘ ٔحتٗ NCSs أداء تذْٕس إنٗ تؤد٘ أٌ

 انخاضؼح NCSs فٙ انتحكى جٓاص تصًٛى ٔيشكلاخ انمٕ٘ انثثاخ تحهٛم تذسط حٛث NCSs ٔتٕنٛف انتحهٛم فٙ انًشاكم

 ػٍ انُاجًح انؼٕٛب تأثٛش تمهٛم ػهٗ الأطشٔحح نٓزِ انشئٛسٛح انًساًْح ؼتًذت .انحضو ٔاَمطاع انشثكح ػٍ انُاجى نهتأخٛش

 ٚضًٍ لٕ٘ جذٚذ تحكى ٔتصًٛى تحفظًا ألم استمشاس ظشٔف اشتماق خلال يٍ انشثكٙ انُظاو استمشاس ػهٗ انشثكح

 انؼًم ْزا ٚثحث ، رنك إنٗ تالإضافح. انؼٕٛب ْزِ يٍ يًكٍ لذس لألصٗ انخاضؼح انشثكٛح نلأَظًح انجٛذ ٔالأداء الاستمشاس

 تحهٛم فٙ لاستخذايّ انٕالغ تحاكٙ انتٙ ٔانٓجُٛح ٔانحتًٛح انؼشٕائٛح يثم تانشثكح انتحكى نًحطاخ انًختهفح انًُزجح فٙ

 .انًتصهح انشثكاخ ٔتشكٛة

 ػٕٛب يغ يختهفح  NCSsتًثم ػذدٚح تٕضٛحٛح أيثهح تاستخذاو ػهٛٓا انحصٕل تى انتٙ الاستمشاس ششٔط اختثاس تى أخٛشًا،

 .ٔانصلاتح انًحافظح حٛث يٍ الأخشٖ انحانٛح انطشق يغ تٓايماسَٔ انشثكح ػٍ َاتجح

 

 

Résumer 

Ces dernières années, le système de contrôle est devenu décentralisé  et plus étendu, ce qui 

rend difficile sa mise en œuvre dans la configuration traditionnelle point à point. Par 

conséquent, le système de contrôle en réseau (NCSs) est créé pour remplacer le contrôle 

traditionnel en raison de ses avantages dans les zones industrielles étendu telles que la 

réduction des coûts d'installation, une meilleure maintenabilité et une plus grande flexibilité, 

où la boucle de contrôle est mise en œuvre via les réseaux de communication et les données 

est transmis entre ses différents composants via un canal de communication limitée. 

Cependant, l'utilisation des canaux de communication dans la boucle de contrôle entraîne 

plusieurs problèmes et contraintes telles que la limite de bande passante du réseau, les retards 

induits par le réseau, la perte de paquets, le désordre des paquets, les protocoles de 

planification et l'échantillonnage variable. Ces facteurs négatifs peuvent dégrader les 

performances des NCSs et même conduire à l'instabilité du système en boucle fermée. Cette 

thèse prend en compte ces problèmes dans l'analyse et la synthèse des NCSs où elle étudie 

l'analyse de stabilité robuste et la conception de contrôleurs du NCSs soumis à des retards 

induits par le réseau et à la perte de paquets. 

La principale contribution de cette thèse est basée sur la réduction de l'effet des imperfections 

induites par le réseau sur la stabilité du système en réseau par dériver des conditions de 

stabilité robustes et moins conservatrices et synthétiser un nouveau contrôle robuste assurant 

la stabilité et les bonnes performances des systèmes en réseau soumis à le maximum possible 

de ces imperfections. De plus, ce travail étudie les différentes modélisations de NCS telles 



que stochastiques, déterministes et hybrides qui imitent la réalité pour l'utiliser dans l'analyse 

et la synthèse de systèmes en réseau. 

Enfin, les conditions de stabilité obtenues sont testées à l'aide des exemples illustratifs 

numériques représentant différents NCS avec des imperfections induites par le réseau, ainsi 

qu'une comparaison avec d'autres méthodes existantes en termes de conservativité et de 

robustesse. 
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Chapter 1

General introduction

Classical control systems are designed to bring all sensors information to a central lo-

cation for processing, decisions about how to act are then sent to the actuators. In this

configuration, all components (controllers, sensors, and actuators) are typically situated

in the same physical area, and each of them is separately connected by electrical wiring.

This classical approach was successfully implemented in the industry for decades.

Nowadays, the classical point-to-point structure barely meet the modern control require-

ments such as decentralized control, remote control, and so on. In this context, the

introduction of communication networks in the control systems was a great revolution,

it offered new channels to exchange control data between decentralized system compo-

nents, thus reducing installation, time and maintenance cost (using considerably fewer

wires...etc) and developing the capabilities of the whole control system. A new paradigm

called the Networked Control Systems (NCSs) is then appeared from the end of nineties.

[19], [160].

The Networked control systems (NCSs) are decentralized or distributed control systems

(DCSs) wherein the control loop components (sensors, actuators, and controllers) are

closed through a single digital real-time communication channel Fig. 1.1. NCSs is, there-

fore, a field situated at the intersection of control and communication theories. Thus, the

scale of the networked control system is generally much larger than that of conventional

control systems. The appearance of this new discipline introduces a new control sys-

tem challenges concerning the stability analysis and controller design. Among them: the

great complexity of the network control system, the negative effect of transmission chan-

nel such as communication delay, packet loss, packet disordering and so on. But also the

1
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platform heterogeneity, the clock differences between the computers...etc. It is clear that

all this represents an extremely heavy burden for the control engineers who must solve

these problems when designing the control system loops.[76]

In addition, due to the development of the network access technologies such as: internet,

Figure 1.1: Networked Control System Architecture

controller area network (CAN), wireless LAN, Ethernet, etc, NCSs is being employed in

many real control systems such urban heating systems, wide area plant automation, in-

telligent transportation systems, surveillance, remote surgery, distributed power systems,

and smart grids [2, 10, 7, 71] and so on. This led to a growing interest in this field from

industrial companies, researchers and many control research groups.

1.1 Literature review and recent trends in NCSs

In the late 1990s, researchers began to identify the key distinctive issues of networked

control system , driving the main research topics of the next decade to focus on this field

and they classify two strategies to address those problems on NCSs. the first is called

control of network [28], which focus on the investigations of communication protocols

and qualities such that the real-time network-based systems have better network environ-

ments. The second is called control over network, which focuses on the control strategies

over present networks to reduce the effect of unreliable network-induced imperfections.

This thesis addresses the problem of the control over the network in order to minimize the

effects of the network-induced imperfections on the system stability and performances.

In recent decades, great effort has been devoted to modeling, stability analysis and con-

trol design of NCSs due to the existence of different network-induced imperfections which

need to analysis and synthesis methods including all these imperfections. Unfortunately,
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much of the available literature research on NCSs has considered some types of network

imperfections and ignored the other types where it is important to consider that the de-

sign of a typical NCSs requires trade-offs between the different imperfections types. For

example, reducing quantization errors leads to larger transmission delays this means that

it is necessary to do the trade-offs between these two imperfections to get a good quality

of service (QoS).Therefore, it is important to improve and integrate the available results

to obtain a framework in which all the network-induced imperfections can be studied

simultaneously with the possibility of trade-offs made. This section provides a general

overview of the literature on NCSs with a focus on methods for modeling, stability anal-

ysis, and control design that incorporate different communication imperfections.

On the same line, the available literature on modeling and stability analysis of NCSs can

be categorized on two classes, the first is based on the modeling and analysis approach

adopted to study the stability and stabilization of the NCSs under the network imperfec-

tions which will be shown in subsection 1.1.2. As for the second is based on the basis of

the types of network-induced imperfections like network-induced delay, packets loss, and

quantization error which will be display in subsection 1.1.1.

1.1.1 Different methods to model NCSs and network-induced imper-
fections : There exists two different ways to model network-induced imperfections,

the first one is the deterministic method which assumes a bounded model on the time de-

lays, the number of packet loss and sampling intervals where all possibilities of random

processes are ignored. The second class of methods use the stochastic information nature

of the network-induced imperfections to model the NCSs.

Several NCSs models appeared in the literature resulting from these two methods (eg.,

switched system approach, impulsive system approach, sampled data approach, and stochas-

tic approach ). Let us focus first on the deterministic method, where there are many

systematic approaches modeling the communication channels imperfection in order to

analyse the stability of NCSs by considering one or more of these network-induced chal-

lenges in the same time. Among them the authors of [23, 85, 144, 136] where they are

present different approaches to address the effects of quantization on the stability and per-

formance of NCSs, where [23] addresses the analyze of linear scalar systems with stabi-

lizing quantified feedback control where a general trade-off relation between the number
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of quantization intervals, quantifying the information flow, and the convergence time is

established,and based on the chaotic behavior of piece-wise affine maps, an alternative

stabilization method was proposed. In [85], the authors presents an H∞ controller design

for a linear networked control system where an innovative model is proposed describ-

ing both the network conditions and the state quantization of NCSs, a quantified state

feedback strategy is developed for global and asymptotical stabilization of the NCSs. An-

other approach appears in [144] studying the effect of quantization on event-triggered

NCSs, where an event-triggered dynamic quantifiers with zooming strategy are adopted

to design parameters of the quantifiers under the event-triggered control framework. The

advantage of using a zooming scheme is that it only has a finite number of quantization

levels but acts the same as a quantizer of infinite quantization levels. Recently, in[136],

the authors focuses on the design of a decentralized quantified controller for networked

control systems subject to communication constraints and limited bandwidth to study the

stability of NCSs, where a uniform quantizer is adopted to deal with limited bandwidth

and to switches between “zooming out” and “zooming in” modes, for that, they use a

variable called proportionality coefficient of saturation value to handle with the complex

coupling relationship between system states and quantified variables.

The studies in [46, 156, 108, 55, 159, 101] addresses the effect of time-varying transmis-

sion intervals and delays on NCSs stability: The authors of [156, 55] examine the stability

of Networked Control System with time-varying delay, where the time delay area are di-

vided into ’m’ pieces of sections unevenly and use Lyapunov-Krasovskii functional with

the help of free-weighting matrices approach to derive the stability conditions, while in

[108, 46] a novel delay-distribution approach for a continuous-time networked control

system with time-varying transmission delays is presented, based on an input-delay ap-

proach, where the NCSs is represented as an hybrid system with multiple input delay

subsystems and, the distribution of input delays is modeled as a continuous-dependent

and non-identically distributed (d.n.d.) process. On the other hand, the papers in [159]

studied the stability and stabilization for a networked control system with additive time-

varying delay components’ controller, where the sensor-to-controller delay and controller-

to-actuator delay are modeled independently (not combine together as one time delay)

with a novel approach with free parameters and input-output method is extended to study

the stability problem for the NCSs. Authors of [101] treats the linear networked control
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systems as a sampled-data model with both input delay and input saturation, where the

delay-induced non-linearity is over approximately modeled as polytopic inclusion, the

aim is to determine a robust model predictive controller (MPC) that asymptotically stabi-

lizes the uncertain system at the origin with a certain level of quadratic performance [72].

Concerning the effect of packet loss, we fined several studies addressing this imperfec-

tion as in [124]; [155]; [123]; [122]; [68]; [134]; [164]; [80, 162, 91]: authors of [68]

investigates the problem of linear-quadratic Gaussian feedback control over unreliable

communication channels, they focuses on the lossy communication networks, where data

loss occurs due to the unreliable nature of the link, transmission errors, and/or congestion

or long time delays, they derives stability conditions based on the linear-quadratic (LQ)

formalism, whereas in [134], the problem of controller design for such network-based

iterative learning control (ILC) processes is treated considering data dropout occurring

during transfers from the remote plant to the ILC controller. Study in [162] investigate

the adaptive event-triggered dynamic output feedback fuzzy control problem for nonlin-

ear NCSs subject to packet loss. The predictive control of network control system with

packet dropouts in the feedback and forward channels is presented in [80], introducing

data-based networked predictive control method in which a sequence of control incre-

ment predictions are calculated in the controller, where the number of consecutive packet

dropouts in both channels are assumed to be bounded.

In the case of considering two network-induced imperfection, there is many research in

the literature, among them : [93, 95, 16, 54, 142, 65], where in [135, 128, 127] a study of

the effect of quantization error and packet dropout on the stability of NCSs is addressed.

The authors of [95] focuses on the linear minimum mean square estimator for a networked

discrete time-varying linear system subject to data quantification and communication con-

straints. While in [54, 24, 105] treat the problem of stability and control design of NCSs

subject to network-induced delay and packet dropout, Especially the paper in [105] fo-

cuses on the mean-square stabilization problem for discrete-time networked control sys-

tems, where the control signal is sent to plant over a lossy communication channel, where

a network-induced delay and packet dropout occur simultaneously. The stabilization con-

dition is developed in terms of the unique positive-definite solutions to some coupled

algebraic Riccati equations (CAREs) . Furthermore, The paper in [151, 37] investigate

both the negative effect of quantization error and time transmission delay to derive the
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stability and stabilization condition of NCSs. The work in [16] addresses the stability

of networked control systems with aperiodic sampling and time-varying network-induced

delay where the sampling intervals are assumed to vary within a known interval and the

transmission delay is assumed to belong to a given interval.

Moreover, when we talk about the effect of more than two network-induced imperfection

to study the stability of NCSs, the work in [114] treat the effect the quantization effects,

packet dropouts, time-varying transmission intervals, time-varying transmission delays,

and communication constraints on the stability of NCSs, and the work in [133]studies

the robust H∞ control problem of networked linear time-delay systems with discrete dis-

tributed delays, involving random packet dropout and quantization. and the work in [30]

is concerned with the H∞ performance analysis for networked control systems with trans-

mission delays and successive packet dropouts under aperiodic sampling.

Now, lets present some literature’s concerning the second modeling method which is

the use of stochastic behavior of network-induced imperfections and their effects on the

stability analysis and performances of NCSs, between them, we mention the papers in

[121, 87, 18, 116, 154, 92, 132, 109]; [22, 97, 111].

Where in [22], the authors studied the stability of uncertain discrete-time networked con-

trol systems subject to random varying network-induced delay. Indeed, they modeled both

the measurement and actuation delays as two independent Bernoulli distributed white se-

quences. While [116] investigates the problem of robust H∞ fuzzy control for a class of

uncertain nonlinear Markovian jump systems with time-varying delay where the goal is

to design a fuzzy state-feedback controller such that the closed-loop system is stochas-

tic stable with a prescribed H∞ performance of disturbance attenuation for all admissible

parameter uncertainties. On the other hand, the papers in [111] employ the hybrid-system-

with-memory formalism to attain transmission intervals and delays that provably stabilize

Networked Control Systems where the authors consider nonlinear time-varying plants and

controllers with variable discrete and distributed input, output and state delays along with

non constant discrete and distributed network delays. In addition, the papers in [132]

present a novel stochastic optimal adaptive event-sampled controller scheme is proposed

in the application layer for each physical system or agent expressed as an uncertain linear

dynamic system.

To finish this subsection, it is worth noting some papers that study the other models of
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NCSs such as observer-based control problem as in [137], [120] [1],[52], [118], where in

[120], the authors are propose a new model for an observer-based continuous-time net-

worked control system with network-induced delays and packet dropouts by proposing

a linear estimation-based delay compensation method. While the authors in [52] inves-

tigates the problem of observer-based robust H∞ output feedback control for networked

control systems (NCSs) with randomly occurring uncertainties, dynamic quantization,

and packet loss. On the other hand, the studding of dynamic output feedback control for

networked control systems are presented in [117], [161], [109], [115]. First, the authors

in [117] study a dynamic output feedback (DOF) H∞ control for continuous-time net-

worked control systems (NCSs) subject to packet dropouts and network-induced delays

where a linear estimation-based method is proposed to estimate the measurement output,

and the non-uniform distribution characteristic of the measurement output arrival instant

is taken into full consideration to establish a new model for the considered NCSs. Then

the authors in [115] treat the problem of reliable event-triggered H∞ control for networked

control systems by using retarded dynamic output feedback by considering the random-

ness of actuators failures where is modeled by a stochastic variable in a Markov jump

model framework.

The tracking Control for Networked Control Systems is investigated in [59], [66], [79],

[150], where in [59], the authors investigates the observer-based H∞ tracking problem

of networked output-feedback control systems with consideration of data transmission

delays, data-packet dropouts, and sampling effects. While in [66], the H∞ output track-

ing control for networked control systems (NCSs) subject to network-induced short time

delays is investigated.

1.1.2 Literature concerning the stability analysis of NCSs : The study

of the stability problems of NCSs is a crucial objective in the control field where the main

goal is to reduce the effect of the network-induced imperfections on stability by ensur-

ing maximum allowable imperfections bound (MAIB) guaranteeing the stability of the

closed-loop and achieve a good performance(eg., guarantee a maximum allowable delay

bound, the maximum packet dropouts, the maximum quantization error ). Consequently,

the MAIB becomes a key performance index to reduce the conservatism of the stabil-

ity conditions. To achieve this goal, different interesting methods have been proposed to
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reduce the conservatism of the stability criterion mainly by constructing a new Lyapunov-

Krasovskii and use or develop lemmas to estimate its time derivative.

On the other hand, The developed stability criteria are generally classified into two cate-

gories according to their dependence on the size of the network imperfections: imperfections-

dependent(eg., delay-dependent), and imperfections-independent (eg., delay-independent)

stability criteria where at the beginning of studying the stability of NCSs the researchers

depended on Lyapunov-Razumikhin functional (due to its simplicity to handle with)to

derive an imperfections-independent stability condition [96]; [143]; [29]; [112]; [31].

The information about communication imperfections in imperfections-independent cri-

teria doesn’t get into account when deriving the stability condition which leads con-

sequently to a conservative result. While in the last few years the scientists move to

study the stability of imperfections-dependent ones which based on the way of using the

Lyapunov-Krasovskii functional to derive the stability condition which takes into account

the maximum information of negative network-induced effects which leads often to less

conservative than imperfections-independent ones [124]; [169]; [78]; [5]; [158]; [163];

[97].

In addition, the recently developed papers in the literature focus on how to get free results

to reduce the conservatism mainly by constructing new Lyapunov-Krasovskii functionals

to include the maximum information about network-induced imperfections in the deriv-

ing of the stability conditions. However, it is well known that LKFs is a powerful tool

for studying delayed systems stability ([4]; [126]) but there exist some difficulties to deal

with, among which: treating the cross-terms appearing in the time derivatives of LKFs,

finding an LKFs depending on the whole system states which is not an easy task even for

a linear time-delay system.

Hence, among the recent papers that investigate the choice of new LKFs the papers in [43,

42, 18, 156, 159] where the authors focuses in the construction of an appropriate LKFs

with double, triple and quadruple-integral terms to provide larger delay bounds, and intro-

duce several augmented functional which include single integral terms
(∫ t

t−τm
x(s)ds

)
and(∫ t−τM

t−τm
x(s)ds

)
, double integral terms

(
1
τm

∫ 0

−τm

∫ t

t+β
x(s)dsdβ

)
and

(
1

τM−τm

∫ −τm

−τM

∫ t−τm

t+β
x(s)dsdβ

)
and triple integral term

(
2
τ2

m

∫ 0

−τm

∫ 0

φ

∫ t

t+β
x(s)dsdβdφ

)
(where τm and τM are the lower and

upper bound of network-induced delay) to involve more cross terms between the elements

of the resulting augmented vector.
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the constructing of an augmented vector in LKFs are presented in several new research

such [57, 90] where the authors include simple and double and triple integral terms in an

augmented vector.

As we mentioned in the above paragraph that the NCSs developers used several new

Lyapunov-Krosovskii functional to derive the NCSs stability conditions, but when they

used the LKFs include more than single integral term, they fell in the problem of estima-

tion of the LKFs time derivative (how getting the exact estimation of LKFs time deriva-

tive), this problem set an attraction to the mathematics and NCSs researchers to derive

the good estimation, Among the papers issued in this regard, past and present, the papers

in [47], [35], [156], [57] [159], [152] use of Jensen inequality to estimate simple and

double integral terms of Lyapunov time derivative where in [156] and [159] the authors

use Jensen inequality to estimate both simple and double integral terms, while in [35]the

extended Jensen inequality are used to estimate simple integral terms.In [152] the authors

use Jensen inequality to estimate simple, double and triple integral terms.

The authors in ([104, 63, 83, 24, 100, 157, 15]) use Wirtinger-based inequalities to esti-

mate the cross term (single, double and triple integrals forms) in deriving process. where

in [157, 39, 56, 90] the authors use an extended Wirtinger’s integral inequality which in-

cludes the celebrated Wirtinger-based integral inequality as a special case.

When we discuss on the free-weighting matrix technique the authors in ([41, 60, 24, 149])

use free-weighting matrix to handle the cross terms in the derivative of LKFs, wherein the

model transformation and bonding techniques are avoided. In ([82, 45, 55, 15]), the con-

vex approach is employed to handle the cross-terms without enlargement, In the same

way, In order to add systems parameters in the stability conditions the use of Finsler’s

lemma are involved([13, 12]).

At the end of this section, it is worth noting some papers use other methods to modeling

the NCSs and studying the stability and stabilization among them the predictive control

problem for networked systems cited in [129, 139, 125, 11], [165, 86, 131], where in [129]

the authors treat the problem of data-driven predictive control for networked control sys-

tems (NCSs), which is designed by applying the subspace matrices technique, obtained

directly from the input / output data transferred from networks. while the paper in [139]

study the problem of predictive output feedback control for NCSs with random communi-

cation delays. which the goal of the paper are compensate for the network-induced delay
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by employ a new networked-predictive-control scheme. In [125] the authors propose a

new robust control scheme that contains an enhanced smith predictor to adaptively esti-

mate and identify control law on line to reply to the time-varying network induced delays.

The other control technique investigate the problems of modilization and stabilization

of NCSs is adaptive control [119, 17, 153, 53], [51], where the paper in [153] studies

an adaptive model-based event-triggered control of an uncertain continuous system with

external disturbance where the proposed framework incorporates two important control

techniques for reducing communication burden and regulating the states of the system

online in control network, that is, adaptive model-based networked control system and

event-triggered control (ETC).The paper in [53] studies the static output-feedback con-

trol in a class of networked control systems, where the transmission of control signals

is based on a novel adaptive event-triggered scheme and the adaptive thresholds depend

on the dynamic error of the system rather than predetermined constants as the traditional

ones.

At the end, the paper in [61, 48] investigate the sliding mode control technique, where the

paper in [61] focuses on the problem of sliding mode control for networked control sys-

tems with semi-Markovian switching and random measurement, where the measurement

channel is assumed to suffer from random sensor delays and the paper in [48]investigate

a discrete-time sliding mode control problem for the NCSs under fading channels.

1.2 Objectives and contributions

As we mentioned previously, the networked control system suffers from several imper-

fections due to the presence of communication channels, many researchers in the field of

control system acts daily to reduce the impact of these imperfections on the performance

and stability of networked systems. In the same way, in this thesis, we introduces a novel

contribution in the side of minimizing the impact of these imperfections. The main con-

tributions can be summarized briefly as follows:

•. In literature, most researches adopted the problem of random network-induced delay

modeling it by several stochastic processes like Bernoulli and Markov process [87, 130,

97, 73, 74], [49, 138, 34], the main results guaranteed the stability of NCSs subject to the
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largest possible network-induced delay imperfections, this is mainly achieved by intro-

ducing a new model of network-induced delay or considering a new Lyapunov Krasovskii

Functional including the maximum information of the network-induced delay effects on

the system. This leads to reduce the conservatism of the stability and stabilization con-

ditions. In this thesis, a random network-induced delay is introduced and modeled as

Bernoulli process, then, less conservative stability conditions are derived by the introduc-

tion of a new Lyapunov-Krasovskii functional (LKFs) formulated using the probabilistic

information of both lower and upper bounds of the time-varying network-induced delay.

Also, the LKFs time’s derivatives are estimated using novel integral inequalities lemma

(Wirtinger-based integral inequalities).

•When looking at the NCSs structure, we can see that the NCSs is a kind of sampled-

data system, they share and transmit the signals of the closed-loop by same manner (the

data are sampled and quantified before being transmitted, the controller is implemented in

a discreet form ), the only difference is that the NCSs contains a communication channel

between its components. Therefore, there exist several studies addressing the problem

of stability and control design of NCSs as sampled data, among them [57, 60, 50], the

main goal is to obtain a maximum allowable network-induced delay bound guarantying

the stability and stabilization of NCSs. In this thesis, we used the idea of addressing

NCSs as a sampled-data system by constructing new LKFs including simple, double, and

triple integral terms and also new augmented LKFs vector. We also used a novel lemmas

(Wirtinger and extended reciprocally lemmas) to estimate the LKFs vector derivatives.

• These contributions permits to improve the maximum allowable network-induced

delay bound guarantying the stability of NCSs compared with other methods results, a

robust state feedback controller is also derived based on the obtained stability conditions.

1.3 Thesis organization

The thesis is organized as follows:

Chapter 1 starts with a general introduction about NCSs, this introduction includes an

overview of the different aspect of the networked control systems and traditional point-

to-point communication which present the advantages of the implementation of NCSs in-
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stead of point-to-point and presented also the challenges to implementing this new struc-

ture of control loops. After that we find a section that presents the literature review and

recent trends of NCSs which is divided itself into two subsections, the first subsection dis-

cusses the different points to model the NCSs and network-induced imperfections. While

the second one presents a literature review of NCSs stability analysis and controller de-

sign methods. The contributions made within the framework of this thesis are presented

in the contribution section. Finally, this chapter is concluded by the thesis organization

section to summarize and facilitate the presentation of this work for readers.

Chapter 2 discusses the fundamental definitions, Architecture, Topologies, Modeling, and

Control of NCSs, the chapter is divided into five sections. The first one presents a defini-

tion of different components of NCSs and the role of each one on the signals processing

of the control-loop, while the second section presents the different structures of real-time

NCSs with the distribution of the elements of closed-loop in the process area. Two NCSs

structures are presented : the direct and hierarchical ones with the advantage of each

one and when to use each of them. The third section provides the different topologies

of networked control systems explaining the schematic description of the arrangement of

various nodes (sensors, controllers, and actuators) in the two NCSs structures discussed

in the previous section and illustrates how data flows between the devices of the control

loop connected between each other via this network. In section four, the different models

of NCSs existing in literature are presented including different NCSs modeling methods:

time-varying delays, time-varying sampling intervals, and packet dropouts, we also dis-

cusses both discrete-time and continuous-time NCSs models, linear and non-linear NCSs

mode, and uncertain and disturbed NCSs model. In the last section, we present the differ-

ent real protocols used in the real NCSs, we introduce the structure of the network based

on the International Organization for Standardization (OSI) and explain what is the layer

concerned when studying the control over network and the protocols responsible to man-

age this processes.

In Chapter 3, the stability analysis and control design techniques for NCSs are discussed,

we focus on the Lyapunov stability technique which is a most common and useful ap-

proach to analyze the stability of linear and nonlinear networked and non-networked sys-
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tems. In the beginning, the fundamental concept of the Lyapunov method is presented

with with its two forms : the direct and indirect one. Then we presents the different defi-

nitions and notations related to the method of Lyapunov stability analysis, we define both

an equilibrium point at which the system remains stable in the absence of external inter-

ference and the region of attraction using Lyapunov function. Then we define the differ-

ent Lyapunov stability aspects from Lyapunov asymptotic stability to Lyapunov uniform

and uniform asymptotic stability to Lyapunov global and global asymptotic stability to

Lyapunov exponential stability. Then when finishing a discussion of the different aspect

related to the Lyapunov method, we turn to the concept of stability by the Lyapunov-

Krasovskii Functional Approach where we needed it when we talk about the networked

delay by specifies the future evolution of the system beyond ’t’, and also when we talk

about the delay-dependent stability condition. Next, we discuss the delay-independent

stability condition using the Lyapunov-Razumikhin Functional Approach (LRF). The

chapter is concluded by the robust control technique section discussing the robustness

of the uncertain systems and the different ways the control systems subject to perturba-

tions and uncertainties, the robust H∞ technique is especially discussed to derive a robust

and non-fragile controller for NCSs.

Chapter 4 presents the first contribution for this thesis where a networked control systems

with stochastic time-varying network-induced delays in the given interval with known

lower and upper bounds is considered, the NCSs is modeled as a linear system with prob-

abilistic time-varying delay distribution using Bernoulli process. The non-uniform distri-

bution of network-induced delays which simulate the real delay in the real network are

fully introduced in the modeling phase. Next,a Lyapunov-Krasovskii functional (LKFs)

is formulated using probabilistic information of both lower and upper bounds of the time-

varying network-induced delay, then Wirtinger-based integral inequalities are used to es-

timate the accuracy of the resulting time derivatives and also to reduce conservatism of the

stability conditions. Afterward, stability condition based on a H∞ method is expressed to

guarantee the attenuation of external disturbances. The resulting stability conditions are

expressed in terms of a set of linear matrix inequalities (LMIs), and Finsler’s lemma is

used to relax this stability conditions by adding slack decision variables and decoupling

the systems matrices from those of Lyapunov-Krasovskii. This procedure permits to ob-
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tain a robust state feedback controller by the mean of a simple change in the variables

of LMI-stability conditions. Finally, a maximum allowable upper bound of the network-

induced delay and state feedback controller gains are calculated by resolving the above

relaxed LMIs’ convex optimization problem. Practical numerical examples are provided

to validate the proposed approach; the results show that the negative effects of the un-

predictable network-induced delays are compensated and the stability of NCSs with high

disturbance attenuation level is guaranteed.

In chapter 5, the second contribution for this thesis is presented, the problem of the sta-

bility analysis and state feedback control design of networked control systems (NCSs’s)

subject to time-varying network-induced delays are investigated using a sampled-data

system with network-induced delay NCSs modeling method. Less conservative stability

conditions in the form of linear matrix inequality (LMIs) are then derived by constructing

new augmented Lyapunov-Krasovskii functional (LKFs) with double and triple integral

terms with a novel augmented vector. Wirtinger-based inequalities and extended recipro-

cally convex approach are also used to estimate the time derivative of LKFs. The obtained

stability condition gives maximum allowable bound (MAUB ) of network-induced delay

that guarantees the stability of an NCSs and compared it with other existing methods in

the literature. Then, a state feedback controller is also derived from the proposed stabil-

ity condition. Finally, numerical examples clearly show the superiority of the proposed

method in terms of conservativeness and control performances over large delay bound.

Chapter 6 summarizes the contributions of this thesis in the field of the NCSs stability

analysis and stabilization, and concludes this thesis by some interesting potential future

research directions.



Chapter 2

Networked Control Systems (NCSs) :

Architectures, Topologies, Modeling

and Control

2.1 Introduction

As mentioned in the previous chapter, the loop signals (control and feedback signals)

are exchanged among all components of the system (sensors, controllers, and actuators)

through a common limited digital communication network. This paradigm brought new

challenges to the controlled system such as imperfections induced by the network which

include varying delays, packet dropouts, etc.

In this chapter, several models of networked control systems are presented where, it in-

cludes different models of the imperfections induced by the network and both discrete-

time and continuous-time NCSs models, linear and non-linear NCSs model, uncertain and

disturbed NCSs model. After that, the different structures, and topologies of NCSs are

presented which include the different structures between the components of closed-loop

interconnected through the network and the main and important types of NCSs topolo-

gies. finally, several techniques and approaches are presented to analyze the stability and

synthesis controller for NCSs while considering one or more of the imperfections will be

discussed in the next section.

15
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2.2 Networked control systems components

From the NCSs structure shown in figure 1.1, the typical NCSs consists of the following

four basic elements:

2.2.1 Sensors : In the beginner, it must address the general definition of sensors,

where it is the simple equipment in the control loop which its role is to measure the dif-

ferent physical quantities of systems and then convert it to electrical or pneumatic signals

formula. In a networked system which the communication channel replaces the wires,

which means that the physical quantities do not convert to analog signal but into a nu-

merical signal, from that, it can conclude that the sensor in the networked system plays

the role of sensing, sampling and quantifying the measurement signal before transmitted

through a network to the controller, this also means that the sensor plays an important role

in networked systems, and they are usually worked with limited sensing, computing and

communication capabilities (The number of sensors in the industrial zone is usually the

largest, hence they have to be its cost is cheap, this led to have a limitation in its roles).

for this reason, it should be taken these limitations into account in the analysis and design

of NCSs.

2.2.2 Controllers : The networked controller is the important element in the

closed-loop for many researchers, which receives the measurement signal from the sen-

sors and manipulates it subject to the inputs needed to drive the process variable toward

the desired set-point, where the controller manipulates the set-point changes defined by

operators as well as disturbances and systems uncertainties to the process variable caused

by internal and external forces. This operation is repeated over and over until the process

variable matches the set-point. In networked control systems, the controller is generally

implemented in a discrete-time format (computer or processor) and it differs from the

sensor in that it is aperiodic the treatment of signals, it waits the event to do its work

(event-driving). The signal of control (output of the controller) is transmitted to the next

equipment in the control loop in numerical format through the same communication chan-

nel. The networked controller cannot process signals at the same moment which the

sensor is sending the information due to the existence of different control node used the

communication channel(congestion) where it needs waits its turn to transmit its signal,
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this lead to occur a delay in the reception of signals and maybe a loss or disordering in

received signals. This phenomena induced by the network degrade the performance and

maybe lead to instability of the networked control systems which implies solving these

imperfections when designing the control system loops.

2.2.3 Zero Order Hold (ZOH) : The Zero-Order Hold (ZOH) is a device or

algorithm responsible for converting a discrete-time signal to a continuous-time signal

by hold each sample value for a specific sample interval. The role of ZOH in the net-

worked control loop is converting the numerical signal coming from the controller to an

analog signal to manipulate the physical continuous system. In NCSs, the ZOH receive

the discrete-signal at time tk + τk then convert it to the continuous form by hold it until

the next sampling time tk+1 + τk+1 (where k ∈ N), where it is driven by the event, not by

the time (the event is when the controller transmits the signal, generally, the event appear

after one sampling time plus an arbitrarily delay tk + τk). The accuracy of ZOH depends

on the sampling frequency,where when (tk+1 + τk+1) − (tk + τk) = h (where h is the sensor

sampling time) the output of ZOH approaches to the exact continuous-time signal.

2.2.4 Actuators : An actuator is a component of the control loop that is respon-

sible for moving the system subject to its limits safety states or working interval, for

example by opening a valve and, the actuators need a source of energy and control sig-

nal, the control signal is received from the controller and in NCSs, the control signal is

received exactly from the ZOH, where it is a low current or voltage. When the actuators

receive a control signal, their response is converting the signal energy into mechanical

motion (limited movements or position ), where the response can be linear or rotary.

In the linear motion the actuators convert energy into straight-line motions typically for

positioning applications, and usually have a push and pull function. On the other hand, ro-

tary actuators convert energy to provide rotary motion, typical use is the control of various

valves such as ball valves or butterfly valves.

2.2.5 Communication network : The implementation of a networked system

largely depends on the performance parameters of the communication network, which in-

clude quantization, transmission rate, delays, packet losses, and so on. When transmitting

a signal over a digital network, we need to sample and encode it in a digital format then

transmitted over the networks to the next equipment of closed-loop. the data received
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need to be decoded at the receivers, which induce delays and packet loss in the feedback

loop. On the other hand, the random distribution of the elements of the control loop affect

the propagation properties of the communication channels or even block the communica-

tion links which cause packet loss in transit through the communication network, the long

delay in transmission caused by node competition also lead to a packet loss this means

that the reliable transmission protocols such as TCP are not always appropriate for NCSs

since data that are re-transmitted are outdated and may not be useful. Thus, it is funda-

mentally important to investigate the effect of the network that closes the control loop in

NCSs. The communication networks can be also categorized based on the medium of

transport data into two groups: wired and wireless networks where wired network offers

many advantages like high reliability, high bandwidth, and high security whereas it de-

creases flexibility and mobility of networks.

On the other hand, wireless networks make remarkable flexibility and mobility in net-

works. However, the limited bandwidth and reduced reliability are the disadvantages of

wireless networks.

2.3 Architectures of networked control systems

The NCSs architecture is a distribution method of the closed-loop components in the

industrial area and it is divided into two types. The direct structure and hierarchical struc-

ture, where the hierarchical form is a hybrid system and can be used to study the inter-

connection of different plants, whereas the direct form is a standalone control application.

2.3.1 Direct structure : The direct structure is shown in Fig.2.1, where it com-

pose of one node includes the controller, sensor, and actuator (the actuator includes the

ZOH). Each component of the node uses a shared access link to form a closed-loop feed-

back control system. It must mention that the network has other nodes that have the same

structure shares the same communication channel and the network use buffers and several

protocols to organize the data flow to avoid congestion, long delay, and loss of informa-

tion. The controllers and actuators were chosen generally as event-driven mode and the

sensors as a time-driven mode.

The NCSs single loop shown in the figure Fig.2.1 is sufficient to study the effect of sam-

pling, delays, and packet dropout in NCSs as it captures the important features. Three
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Figure 2.1: Direct structure of an NCSs.

different control architectures are covered by the single feedback loop depending on the

presence and absence of delays and packet dropouts of different channels.

2.3.2 Hierarchical structure : On the other hand, the NCSs hierarchical struc-

ture is shown in Fig.2.2, the network connects the distributed sub-systems. Each sub-

system is a complete closed-loop control system including the self-contained controller,

sensors, and actuators. The main controller computes and sends the reference signal in

a frame or a packet via a network to the remote system and the remote system then pro-

cesses the reference signal to perform local closed-loop control and returns to the sensor

measurement to the main controller for networked closed-loop control.

Figure 2.2: Hierarchical structure of an NCSs.

2.4 Topologies of networked control systems

NCSs Topology is the schematic description of the arrangement of the various nodes

(sensors, controllers, and actuators) in the control loop closed through a communication

network in addition to how data flows between the devices of the control loop connected

between each other via this network where the first is called physical NCSs topology and

the second called logical topology of NCSs.
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In identical networks with have the same topology, the physical interconnections, signal

types, transmission rates, or distances between nodes may differ between them, wherein

practice, there are about five different topologies among them:

2.4.1 Star topology : A star topology is a topology where a central node links all

different nodes in the networked closed-loop which every component in the control loop

is directly connected to this central node and be indirectly connected to every other node.

The central node has the responsibility of managing data transmissions across the network

between all components of the control loop.Fig.2.3 show the type of star topology.

A star topology is a topology where a central node links all different nodes in the net-

worked closed-loop which every component in the control loop is directly connected to

this central node and be indirectly connected to every other node. The central node has

the responsibility of managing data transmissions across the network between all compo-

nents of the control loop.Fig.2.3 show the type of star topology.

Star topologies are very used to link the components of networked systems where it can

Figure 2.3: Star Topology of an NCSs.

manage the entire network from one location and If an extreme node goes down then the

networked closed-loop will remain work, whereas the networked closed-loop fail when

the central node fails.

In physical structure, star topologies require fewer cables compared with other topology

types, which makes them simple to set and manage over the long-term. As a consequence,

performance faults are easier to detect and correct but on another hand they are not cheap

and hard to set up and use.
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2.4.2 Bus topology : Another type of network topology is the bus topology or

often referred to as line topology (Fig.2.4) in which every component of closed-loop is

connected to a single cable, where the data is transmitted in a single direction between

elements of the control loop. If the bus topology has two endpoints then it is referred to

as a linear bus topology.

Bus topologies are generally used in the not complicated networked control loop, this

Figure 2.4: Bus Topology of an NCSs.

leads to keep the layout simple, which all devices are connected to a single cable therefore

not need to manage a complex topological setup or expensive cost.

However, the reliance on one cable does mean that bus topologies have a single failure

point which is if the common cable fails this leads to the entire networked control loop

goes down. And if you are use lots of components the performance of the control loop

will decrease significantly as all the data will be traveling through one cable. As a conse-

quence, the transmission speeds are going to be slower between the nodes.

2.4.3 Ring topology : In Ring topology shown in Fig.2.5, the components of the

networked control loop are connected to each other in a circular format, which causes that

the packets need to travel through all nodes on the way to their destination, and you must

choose one node to configure the network and monitor the other devices. Ring topology is

either half-duplex or full-duplex but when you made full-duplex you would need to have

two links between network nodes to form a Dual Ring Topology. Ring topologies can

support large networks much more effectively than bus and star topologies, and data can

flow in a clockwise or counterclockwise direction. The configuration of ring topology is

based mainly on the choice of one node as a monitor node that performs the operations

between the entire networked control loop. In Ring topology, the station which needs to
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Figure 2.5: Ring Topology of an NCSs.

transmit the data have to hold the token and after the finish of the transmission is done the

token is to be released for other stations to use. When no node is transmitting the signal,

then the token will circulate in the ring where there are two types of token release tech-

niques: One is Delay Token Release which releases the token after the acknowledgment

is received from the receiver node, the other is Early Token Release which releases the

token just after the transmitting the signal.

The risk of packet collisions in a Ring topology is very low due to the use of the protocols

of token-based, which is allowed for only one station to transmit data at a given time with

high speeds, on the other hand, the failure of one node can lead to a complete networked

control loop failure, this implies that it is necessary to ensure good health to all nodes in

the networked closed-loop and the transmission lines constantly.

If there is a need to perform maintenance for one of the nodes, it must turn off the entire

control loop. This is not ideal as you’ll need to factor in downtime every time you want

to make a change to the topological structure.

2.4.4 Hybrid topology : A hybrid topology is a topology that consists of several

different topologies as this new topology inherits all the advantages and disadvantages of

the topologies that form it. Fig.2.6 show the scheme of hybrid topology.

One of the most important reasons for using hybrid topologies is flexibility where it can

incorporate several topologies as buses, rings, and star topologies into one hybrid setup.

So, hybrid topology has few constraints on the structure which makes it scalability and

well-suited to larger networks. On the other hand, hybrid topologies can be quite complex
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Figure 2.6: Hybrid Topology of an NCSs.

and depending on the topologies that you decide to use which makes the engineering more

difficult and the installation can be quite costly.

2.4.5 Tree topology of an NCSs : Tree topology is a network structure that

has a root node that is connected hierarchy with other nodes, where it has three levels

of the hierarchy. Tree topology is used within a large control loop to guarantee lots of

spread-out devices. Fig.2.7 show the scheme of tree topology.

Tree topologies are used when a bus, star, or ring topologies can’t satisfied the require-

Figure 2.7: Tree Topology of an NCSs.

ment of the large networked control loop wherein this topology can easily add more nodes

to the network when need to extend the size of the networked control loop. The scheme

of tree topology allows us to find errors and check the performance issues systematically,

where if the root node fails then all of its sub-trees become partitioned but it stays partially
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connected with the other components in the networked control loop. Another problem of

the tree topology is the number of cables you required to connect every device through-

out the hierarchy which makes the layout more complex when compared to the simple

topologies.

2.5 Modeling of networked control systems (NCSs)

In this section, the modeling procedure of networked control systems (NCSs) is presented,

where there is an extensive literature is available in the modeling of NCSs, including the

different NCSs imperfections such, time-varying delays, time-varying sampling intervals,

and packet dropouts, modeling NCSs as discrete-time and continuous-time NCSs models,

linear and non-linear NCSs model, uncertain and disturbed NCSs model.

2.5.1 The continuous-time NCSs models : As shown in Fig. (1.1), the

components of NCSs are connected via a communication network, where notes that the

plant is a continuous-time system and the controller is in a discrete-time system manner

(engendering computer) where it generates a discrete-control signal in its output, this

discrete control signal is transmitted to the plant but before that, it must be reconstructed

this discrete-time output of the controller to a continuous signal form by zero-order hold

(ZOH) where this latter held the control signal constant until the next sampling instant.

Therefore and based on what we mentioned, it can describe the NCSs model as a linear

continuous-time model by the following closed-loop linear continuous state-space model:


ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t).
(2.1)

where x(t) ∈ Rn is the system state vector; u(t) ∈ Rm is the input vector; y(t) ∈ Rq is the
output vector; A, B, C and D are real constant matrices with appropriate dimensions.
As we mentioned at the top of this section that the components of NCSs are intercon-
nected with communication network and this connection produces new imperfections and
constraints that have to be considered in modeling the complete networked system.
Therefore, it is important before begin with the modeling procedure, discuss the mod-
eling of those imperfections and constraints in NCSs where it can be classified into
five types: network-induced delays, packet dropouts, quantization errors, variable sam-
pling/Transmission Intervals, bandwidth Limitation, and other communication constraints.
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At first, we present the modeling of different network-induced imperfections, including
the constant, the random, and stochastic ones.

2.5.1.1 Network-induced delay : Network-induced delay is the most important im-
perfection produced by the network control systems which change randomly as observed
by numerous researchers and from Fig. (2.1) we notice that there are two kinds of time
delays, the first is a delay from sensor-to-controller which represents the time between
sampling the signal from sensors and receiving it by the controller, the second is a delay
from controller-to-actuator, which represents the time between generating the control sig-
nal and its availability on the actuator which, the sources of these delays is generally a
result of limited data bandwidth, network traffic, and network protocols [120]. However,
these two kinds of delays are not treated separately in most cases and only the round trip
delay is considered. In practice, there are different types of communication networks be-
ing used in NCSs which leads to varying in characteristics of the network-induced delay
vary as follows; bounded constant delays in cyclic service networks (e.g., Toking-Ring,
Toking-Bus) [8]; Random and unbounded delays in random access networks (e.g., Ether-
net, CAN) [70]; unbounded delays for those with lower priority and bounded delays for
the data packets with higher priority in priority order networks (e.g., DeviceNet) [69].
The networked-induced delays can be obtained by using the time-stamp technique and
have been modeled as constant delays, random but bounded delays, independent stochas-
tic delay, and random delays governed by a Markov process. The modeling of NCSs with
constant time delay has presented in many existing works where delay normally equal
to the maximum network-induced delay in the system (sensor to controller delay or con-
troller to actuator delay) and it can be achieved by introducing a buffer longer than the
worst-case delay [81]. Furthermore, the assumption of constant delays produces a good
model of NCSs only when the introduced delays are much shorter than the processing
time constant but, the study of the case where the sampling period is longer than delays
is more complicated. And hence, the NCSs can be treated as a deterministic system that
can apply many deterministic control methods on this NCSs. The closed-loop on NCSs
with constant delay is represented as follows:

ẋ(t) = Ax(t) + BKx(t − τ),

y(t) = Cx(t) + DKx(t − τ),

x(t) = φ(t),∀t ∈ [0, τ].

(2.2)

where τ(t) = τsc + τca + τc with τ is the total network-induced delay, τsc, τca and τc are the
sensor-to-controller, controller-to-actuator and the processing delays, respectively.
The equation |sI−A−BKe−τs| = 0. is used to return to the transfer function of the system,
this equation is transcendental, which makes it very difficult to solve. Therefore, it would
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be convenient to get rid of the delay in the characteristic equation, so that conventional
analysis and design techniques could be applied.

2.5.1.1.1 Mutually stochastic delay model : In NCSs, The network-induced delay is
affected by many stochastic factors such as network load, nodes competition, and network
congestion hence, delay tends normally to be stochastic. so, the constant delay and the
corresponding deterministic control methodologies could hardly satisfy the performance
requirement of the system. The stochastic delay model can be divided into two categories:
the model in which delays are probabilistically dependent and the model in which delays
are mutually independent. The mutually independent stochastic delay model is often
applied to the modeling and control of NCSs with random delays when the probabilistic
dependence is unknown[26].
It can model the stochastic network-induced delay with the help of signal distribution
using a Bernoulli process where it describes as follows:
The stochastic network-induced delay is divided into two delays and its interval into to
sub-interval:

τ(t) = τ1(t) + τ2(t). (2.3)

where: τ1(t) = σ(t)τ(t),

τ2(t) = (1 − σ(t))τ(t).
(2.4)

with τ(t) ∈ [τmin, τmax] and (τmax ≥ τmin > 0), and where τmax and τmin is a given the upper
and the lower of the network-induce delay, respectively, and σ(t) is Bernoulli process
describe the delay distribution describe as:

σ(t) =

1 if t ∈ Ω1 = {t : τ(t) ∈ [τmin, τmed)} ,

0 if t ∈ Ω2 = {t : τ(t) ∈ [τmed, τmax]} .
(2.5)

with τmed ∈ [τmin, τmax] a parameter to be chosen in order to take benefit of distribution
of the delay. From (2.5), we can notice that the network-induced delay τ(t) changes
randomly and the probability of τ(t) ∈ Ω1 and τ(t) ∈ Ω2 can be known. Moreover, it is
straightforward that Ω1 ∪ Ω2 = [τmin, τmax] and Ω1 ∩ Ω2 = 0. Therefore, he closed-loop
dynamics expressed as:

ẋ(t) = Ax(t) + σ(t)BKx (t−τ1(t)) + (1 − σ(t)) BKx (t−τ2(t)) .

y(t) = Cx(t) + σ(t)DKx (t−τ1(t)) + (1 − σ(t)) DKx (t−τ2(t)) .

x(t) = φ(t),∀t ∈ [−τmax,−τmin].

(2.6)

2.5.1.1.2 Markov chain model : Sometimes, stochastic delays are not always mutu-
ally independent such, there are some probabilistic dependency relationships among the
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delays, such as Markov chain. According to the relation between the current time delay
and previous delays in the real network environment, reasonably modeling the stochas-
tic network-induced delays as Markov chains and the delay could be modeled in two
ways, one chain to represent the sum of two delays (full round trip delay); two chains
to represent the two delays separately, one for the sensor-to-controller delay and one for
controller-to- actuator delay.
Markov chain model for stochastic time delays provides another advantage that the packet
dropouts can be included naturally.
Markov chain is described as follows: There is a set of S = {s1, s2, ..., sr}, the process

Figure 2.8: Markov chain model.

starts in one of these states and moves successively from one state to another, each move
is named step. For clarification If the chain is currently in state si, then it moves to state
s j at the next step with a probability denoted by pi j, and this probability does not depend
upon which states the chain was in before the current state. An initial probability distri-
bution ( defined on S ) specifies the starting state. Usually, this is done by specifying a
particular state as the starting state.

2.5.1.1.3 Hidden Markov model : The stochastic factors induce by the communica-
tion network (network congestion, load in the network, and the competition of nodes) can
be grouped into a hidden variable and defined it as a network state governed the distribu-
tion in delays; this network state could not be directly observed, only rather it estimated
by observing network delays and use a hidden Markov model to represent the relation
between it and the network-induced delay.

2.5.1.2 Packet dropouts : Due to the use of the network to connect the components of
NCSs, It is required before sending the signals of the systems to be sampled and grouped,
each group called a “packet”, the size of the packet depends on the network used. The
transmission of packets could be either single or multiple, the sending of signals in single
packet transmission is being when all data from sensors or controllers are sampled and
grouped together. In a second way, the data are transmitted in several packets which caus-
ing non-simultaneous arriving of data to the actuators or controllers due to limited size
of the network and the distribution of sensors and actuators practically over a large area



28
Chapter 2. Networked Control Systems (NCSs) : Architectures, Topologies, Modeling

and Control

which make it difficult to lump data into one network packet.
When there are packets collisions, network congestion or buffer overflows the packet
dropout occurs and creates another critical problem for NCSs, leads this dropout in pack-
ets a degradation in system performance or even makes unstable. To this end, researchers
take into account the problem of packet loss in the design of the networked controller
for NCSs, by design a controller to withstand the upper bound of dropouts in the system
where they consider the packet dropout as a random process and model it as a Bernoulli
distribution or a Markov process or they considered as kind of time delay because if packet
dropout occur the receiver (actuator or controller) wait time for receiving another packet
(the lost packet has expired) this waited time is modeled as .

τp(t) = (η(t) + 1) ∗ h. (2.7)

where N ∈ N is the number of packets loss and h is the sampling time, and the number of
packet loss can be denoted by

η(t) =
tk+1 − tk

h
− 1. (2.8)

where [t1, t2, . . . , tk, tk+1] are the sampling instants of data transmitted from the sensor to
the ZOH.
According to the previous model of packet dropout, it can lumped the network-induced
delay and the packet dropout as one input delay system as

τ(t) = τd(t) + τp(t). (2.9)

And the closed-loop system formulated as an input delay system
ẋ(t) = Ax(t) + BKx(t − τ(t)),

y(t) = Cx(t) + DKx(t − τ(t)),

x(t) = φ(t),∀t ∈ [τ, τ̄].

(2.10)

with τ = infk∈N(τk) = τmin and τ̄ = supk∈N(τk+1) = τmax + (η̄ + 1)h and η̄ is the maximum
number of consecutive packet dropout.
In some reliable transmission protocols (eg., TCP), the lost packet is re-transmitted until
correct data are received. However, this solution not very useful for NCSs. thus, the
packet dropout still an important issue in NCSs design.

2.5.1.3 Quantization : In information theory, Quantization is a phenomenon occur-
ring in all data networks, and is considered as information encoders and thus as an integral
part of the whole system where a real-valued signal is transformed into a piece-wise con-
stant signal. By definition, a quantizer is a function that maps a real-valued function into
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a piece-wise constant function taking on a finite set of values. In the literature, there are
two common types of quantization and they are the uniform quantizer and logarithmic
ones, for the first kind maps the real-valued function to a finite number of quantization
regions with the rectilinear shape []or arbitrary shape. The study of a system affected by
uniform quantizer is always basing on a “zoom” strategy, which is usually composed of
two stages, i.e. “zooming-out” and “zooming-in”. In the first stage, the range of quan-
tizer is increased to guarantee the states of a system can be adequately measured. In a
second stage, the quantization error is decreased to drive the states to the origin. When a
system is affected by logarithmic quantizer, in which the quantization levels are linear in
logarithmic scale, the simple classical approach to analysis and mitigation of quantization
effects is to treat the quantization error as uncertainty or non-linearity and bound it using
a sector bound. The logarithmic quantizer is expressed as follows

qL(v) =

 sgn(v)Vi if Vi
1+∆

< |v| < Vi
1−∆

,

0 if v = 0.
(2.11)

where Vi = ρiV0, i = ±1,±2,±3, . . . , 0 < ρ < 1, V0 is a positive scaling constant,
∆ =

1−ρ
1+ρ

and sgn(.) is a sign function satisfying

sgn(v) =


1 if v > 0,
−1 if v < 0,
0 if v = 0.

(2.12)

The corresponding quantization error satisfies:qL(v) = δv. where δ ∈
[
−∆ ∆

]
.

Logarithmic quantizer provide a sector bound method to deal with the quantization errors,
and have been widely used in various control and filtering problems.
The other typical quantizer is the uniform quantizer, which is described as follows

qU(v) =

 sgn(v) |2
N−1v|+0.5

2N−1 if |v| < v̄,
sgn(v)(1 − 0.5

2N−1 )v̄ if |v| = v̄.
(2.13)

where v̄ > 0 is the given constant quantizer limitation, N is the number of given quantiza-
tion bits and |x| = {max z ∈ N, z ≤ x}.
The corresponding quantization error is obtained as |qU(v) − v| ≤ v̄

2N−1 .
The main problem with quantization is to find a quantified feedback control law to stabi-
lize the given system which can be stabilized by linear time-invariant feedback.

2.5.1.4 Variable sampling / Transmission intervals : Before grouped the signals of
NCSs and transmitted them through the network it needs to be sampled, which in the con-
ventional systems the sampling period are usually fixed due to their simplicity in design
and analysis and called “periodic sampling”, but in the recent NCSs, the sampling period
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is varying since there is awaiting in a queue before the transmission process which will
be based on the availability of the network and the protocol used and called “Aperiodic
sampling”. It was proved recently that aperiodic sampling may have better performance
than sampling at fixed intervals.

2.5.1.5 Bandwidth limitation : Any communication network has limited bandwidth
which is the number of bits that can be transmitted per second, this limitation of the band-
width depends not only on the physical bandwidth but also on the efficiency of encoding
the data into packets, how efficiently the network operates in terms of inter-frame times
(long or short), and whether network time is wasted due to message collisions. Which
imposes significant constraints on the operation of NCSs.
For this purpose, the researchers made tremendous efforts in determining the minimum
bit rate that is needed to achieve the control objectives, Among these research the in-
volving of Minimum bit rate necessary to stabilize an LTI system has been derived,
Average bit rate where is a measure of how infrequent feedback information is needed
(in digital networks) to guarantee that the system remains stable, Intermittent feedback
in which the open-loop is closed for certain fixed or time-varying periods, leading to op-
portunistic situations where the sensor sends bursts of information when the network is
available, this helps in taxing the network less. Quantified feedback which is provided
in the digital system implementation of NCSs, and if the open-loop system is unstable,
only then can we determine the minimum average bit rate to process feedback informa-
tion. Further research on communication constrained feedback channels is establishing
a connection between stabilizability and an inequality relating feedback channel data to
open-loop eigenvalues.

2.5.2 The discrete-time modeling approach : The discrete-time system of
networked control system equivalent to the continuous-time system in equation (2.1) is
obtained by sampled periodically and assuming that the continuous-time control input is
reconstructed via zero-order hold. The general solution of the system when the total time
delay in the system τ is less than one sampling period h (0 < τ ≥ h) is:

x(t) = eA(t−t0)x(t0) +

∫ t

t0
eA(t−s)Bu(s − τ)ds. (2.14)

When sampling time the system, the state of the plant is given as

x((k + 1)h) = eAch +

∫ kh+h

kh
eAc(kh+h−s)Bcu(s − τ)ds

= eAch + u(kh + h)
∫ kh+τ

kh
eAc(kh+h−s)Bcds + u(kh)

∫ kh+h

kh=τ

eAc(kh+h−s)Bcds.

(2.15)
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The control input is held constant typically over one sampling period but this fact is not
true always due to the time delay.
Then, we define

Ψ(τ) = eAch,

Γ0(τ) =

∫ h−τ

0
eAc sdsBc,

Γ1(τ) = eAc(h−τ)
∫ τ

0
eAc sdsBc.

(2.16)

The sampled version of (2.1) can be written as

x((k + 1)h) = Ψx(kh) + Γ0u(kh − τ) + Γ1u(kh). (2.17)

The state-space form of the sampled version of the system in Equation (2.1) is thus given
as: 

x((k + 1)h)

u(kh)

 = As(τ)

 x(kh)

u(kh − h)

 + Bs(τ)u(kh),

y(kh) = Cs(τ)

 x(kh)

u(kh − h)

 .
(2.18)

where

As =

Ψ Γ1

0 0

 , Bs =

Γ0

0

 ,Cs =
[
C 0

]
.

The dependence of As, Bs, and Cs on τ is due to the dependence of Ψ, Γ0, and Γ1 as in
(2.16).
In the second case when the time delay τ is longer than the sampling period, h, one may
receive zero, one, or more than one control sample in a single sampling period. The
analysis needs a little adaptation. Decompose τ, such that

τ = (σ − 1)h + τ0, 0 < τ0 ≤ h. (2.19)

where σ is an integer. The analysis is modified to

x((k + 1)h) = Ψx(kh) + Γ0u(kh − (σ − 1)h) + Γ1u(kh + σh). (2.20)
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The corresponding state-space description is

x((k + 1)h)
u(kh − (σ − 1)h)

...

u(kh − h)
u(kh)


=



Ψ Γ1 Γ0 0 0
0 0 I 0 0
...

...
...

...
...

0 0 0 0 I

0 0 0 0 I





x(kh)
u(kh − σh)

...

u(kh − 2h)
u(kh − h)


+



0
0
...

0
I


u(kh). (2.21)

In the following, we present the different control approaches of networked control systems
and denoted the benefit of each one when used to analyze the stability and synthesis of a
new control law for NCSs.

2.6 Control approaches of networked control system

As we all know that there are advantages and challenges of a system controlled over a
network such as a scalability (adding sensors connected through the network at different
locations), low maintenance cost, and so on. However, is difficult to find the NCSs con-
troller makes the closed-loop stable and guarantee the system performance. for this fact,
the researchers have given us precise and optimum control strategies emerging from clas-
sical control theory, starting from PID control, optimal control, adaptive control, robust
control, intelligent control and many other advanced forms of these control algorithms.
Applying all these control strategies over a network, however, becomes a challenging task
where manifested in ensuring stability and good performance of systems. To deal with
the stability problem of NCSs the research community develops several methods when
considering one or more of the imperfections discussed in the previous section, where the
main issue is to guarantee the stability or other performance objectives of NCSs subject
to these imperfections. In this section, we discussion on each of these approaches which
include the input delay approach, switched approach, Markovian approach, impulsive ap-
proach, stochastic approach ...etc.

2.6.1 Input delay system approach : In input delay approach, the NCSs is
modeled as a system with time-varying delay where the time-varying delay includes the
delay from the sensor-to-controller, the delay from controller-to-actuator, the computation
delay, and the packets dropout represented as a delay. This approach was developed also
to solving the synchronization problem of the complex network by considering the signal
sampling. The main and important issue in this approach is determining the maximum
allowable upper bound (MAUB) of transmission delay which guarantees the stability and
the good performance of NCSs. Also, the determination of maximum allowable upper
bound of transmission delay are important factors for practical applications Therefore,
the NCSs closed-loop was described by the following time-varying system with input
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delay:  ẋ(t) = Ax(t) + BKx(t − τ(t)),
x(t) = φ(t), τ(t) ∈ [−τM,−τm) .

(2.22)

with  0 ≤ τm ≤ τ(t) ≤ τM or (τM + (η + 1)h if packet dropout),
τm > 0, τM > 0, η ≥ 0.

(2.23)

where τm, τM, η are the upper value and lower value and number of packet loss, respec-
tively.
A sufficient condition of stability of this NCSs is derived based on a proper Lyapunov
function and presented using the LMI method in Chapter 5.

2.6.2 Stochastic system approach : In general, the constraints of commu-
nication in NCSs such time delay and packet dropout are stochastic in nature, so the
application of conventional stochastic control approaches to NCSs is possible by using
Bernoulli distribution or Markov chain. This system model simulates the NCSs model
in realities and the closed-loop of NCSs was described by the stochastic time distribu-
tion delay system with random delay using a Bernoulli distribution sequence or Markov
chain. Firstly, the stochastic system using a Bernoulli distribution sequence where the
closed-loop of NCSs was described as follows: ẋ(t) = Ax(t) + σ(t)B̄Kx (t−τ1(t)) + (1 − σ(t)) B̄Kx (t−τ2(t)) ,

x(t) = φ(t), τ(t) ∈ [−τmax,−τmin) .
(2.24)

where σ(t), is describe in (2.5) and 0 < τmin ≤ τmed ≤ τmax,

τmin > 0, τmed > 0, τmax > 0.
(2.25)

with τmed a parameter to be chosen in order to take benefit of distribution of the delay and
the network-induced delay τ(t) changes randomly along the interval [τmin, τmax] and its
probability is be known. A sufficient condition of stability and controller design of this
model of NCSs is derived based on a Layapunov Krasovskii functional and formulated as
LMI conditions in Chapter 4.

2.6.3 Markovian system approach : The NCSs modeled as Markovian jump
systems generally consist of a finite number of subsystems and a jumping law govern-
ing the active or deactivate mode switches among these subsystems. These subsystems
are typically modeled as differential equations, and the jumping law is a Markov chain.
Markovian jump systems are a powerful modeling tool in Networked control systems.
The NCSs can be modeled as having different dynamics at the abrupt changes, and the
changes are typically memoryless, thus resulting in a Markovian jump system. The NCSs
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as Markovian jump linear systems are expressed as follow: ẋ(t) = A(r(t))x(t) + B(r(t))u(t),
y(t) = C(r(t))x(t) + D(r(t))u(t).

(2.26)

where x ∈ Rn, u ∈ Rm, and y ∈ Rp are the state, input, and output, respectively. The
parameter r(t) denotes a continuous-time Markov process on a probability space, which
takes values in a finite set S := {1, 2, . . . ,N} with transition probabilities given by

Pr((t + δ) = j|r(t) = i) =

 πi jδ + o(δ), i f i , j

1 + πiiσ + o(δ). i f i = j
(2.27)

where δ > 0, and πi j denotes the transition probability rate from mode i to mode j when
i , j. Furthermore, for all i ∈ S , πi j satisfies πi j > 0, (i , j) and πi j = −

∑
j∈S ,i, πi j.

The Markov process {r(t), t > 0} is assumed to have an initial process r(0) = (µ1, µ2, . . . , µn).
The matrices A(r(t)), B(r(t)), C(r(t)) and D(r(t)) are contained in {A1, A2, . . . , AN},
{B1, B2, . . . , BN}, {C1,C2, . . . ,CN} and {D1,D2, . . . ,DN}, respectively, and if r(t) = i ∈ S ,
we have A(r(t)) = Ai, B(r(t)) = Bi, C(r(t)) = Ci, and , D(r(t)) = Di. When studying
the NCSs as a markovian jump system, generally the jumping parameters are often as-
sumed to be precisely known, this assumption is usually incorrect in practice, while the
system states can often be observed. So, the Wonham filter is used to estimate the jump-
ing parameters using the given system matrices. On a parallel line, in analog systems,
imprecise measurements are often present and the quantization error sometimes can not
be ignored which makes the implementation of control almost impossible. In addition to
that and which make it worse, the poor stability margins of systems will be present if not
implemented the robust control such as common techniques H∞, L2 or µ synthesis, etc.

2.6.4 Switched system approach : A switched linear system is a hybrid sys-
tem that consists of several linear subsystems and a rule that orchestrates the switching
among them. Switched linear systems provide a framework that bridges the linear sys-
tems and the complex and/or uncertain systems. On one hand, switching among linear
systems may produce complex system behaviors such as chaos and multiple limit cycles.
On the other hand, switched linear systems are relatively easy to handle as many power-
ful tools from the linear and multilinear analysis is available to cope with these systems.
Moreover, the study of switched linear systems provides additional insights into some
long-standing and sophisticated problems, such as intelligent control, adaptive control,
and robust analysis and control. In a switched system approach, the NCSs is represented
as a switched system that is typically used by modeling different network conditions in
NCSs as different system modes with a finite number of subsystems. This approach is
able to easily deal with network constraints such as transmission delay and packet loss.
The use of this approach is difficult and the difficulty to use it grounded on how well we



2.6. Control approaches of networked control system 35

Figure 2.9: Switched System Architecture.

understand the properties of the changes in the network conditions. The continuous-time
switched linear networked control system represented as following:

ẋ(t) = Ax(t) + BKσx(t − τσ) + Eω(t). (2.28)

initialized at x(t0) = x0 with input u and switching signal σ. Suppose that the switching
signal is well-defined and its switching sequence is

{x0, (t0, i0), (t1, i1), . . . , (tl, il)}.

As the i0 the subsystem is active during [t0, t1), we have

ẋ(t) = Ax(t) + BKix(t − τi) + Eω(t), x(t0) = x0 t ∈ [t0, t1). (2.29)

Definition: The system (2.28) is exponentially stable under the switching signal σ if there
exist positive constants γ andα such that the solution of x(t) of the system (2.28) satisfies

||x(t)|| ≤ γ||x(t0)||ee−α(t−t0), t ≥ t0.

where
||x(t0)||e

∆
= sup−hM+1≤θ≤0{||x(t + θ)||, ||ẋ(t + θ)||}.

For a switched linear NCS, the system permits a unique solution for the forward time-
space, hence, any discrete-time switched NCS is well-posed.
The state transition matrix is multiple multiplications of matrices. Accordingly, the prop-
erties of matrix multiplication play an important role in analyzing the switched NCS.
Finally, for both continuous-time and discrete-time switched linear NCS, the state trajec-
tory possesses several nice properties under mild conditions.
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2.6.5 Impulsive system approach : Between the most important kind to rep-
resent the NCSs model is linear impulsive systems where the reason is that the linear
impulsive systems are a class of hybrid systems where the state propagates according to
linear continuous-time dynamics except for a countable set of times at which the state can
change instantaneously, as is the case in NCSs where the plant is a linear continuous-time
system and the controller is a linear discrete-time system. In impulsive systems, the im-
pulsive effects can be event-driven and/or time-driven.
The linear impulsive systems can be represented as:

ẋ(t) = AC x(t) + BCu(t) + ECω(t), t ∈ R T , x(t0) = x0,

x(tk) = AI x(tk
−) + BIu[k] + EIω[k], t ∈ Z+

Z(t) = CC x(t),
y(tk) = CI x(tk

−).

(2.30)

Where x(t) is the continuous-time state, u(t) is a continuous-time control input, ω(t) is a
continuous-time exogenous input, u[k] is a discrete-time control input, w[k] is a discrete-
time exogenous input, z(t) is a continuous-time output to be controlled, and y[k] is a
discrete-time measurement, T = {τ1, τ2, . . . } is a set of impulse times assumed to con-
tain a finite number of elements on any finite time interval. The state space for (2.30)
is denoted by X. For a function of time f (∆) that is continuous from the right but pos-
sibly discontinuous at some t, f (t−) denotes lim

ε→0
f (t − ε), assuming that the limit exists.

To distinguish continuous-time signals from discrete-time signals, using the parentheses
surrounding a real-time argument to identify the quantities that evolve in continuous time,
and the square brackets surrounding an integer index to represent the quantities that are
available or computed only at the impulse instants.
In the event-driven case, we can represent the impulsive system with the same minor or
formulate but occur at a countable number of events when the state vector crosses a given
hyper-surface of the state space. In such a case, impulses can still be indexed by time, and
the set of impulse times can be expressed as {τi(x)|i ∈ N} [140], [141].

2.7 Networked control systems in Real-Time (Protocol
used in the implementation of NCSs)

The real-time network can be categorized into two groups. Data networks and control net-
works where the data networks are designed for communication networks to send large
data packets with high throughput. On the other hand, control networks are designed
where a large amount of small packets have to be transmitted at a high frequency between
a large number of nodes and meet the real-time constraints. The main difference between
the two networks is the capability of control networks to meet real-time constraints. Based
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on the International Organization for Standardization (OSI), the network is described in
seven layers, Each layer has its own protocols which it is carefully designed. With this,
developers can focus on the design of one layer and still the overall network keeps work-
ing because of the fixed interface definitions between the individual layers. Since only
one node in NCSs can send a message over the shared network at any given time and as
several nodes are connected to the network, access to the network has to be controlled.
In the Data Link layer, three main types of medium access control are used in control
networks: random access with prioritization for collision avoidance (e.g., Controller Area
Network (CAN) ), random access with re-transmission when collisions occur ( e.g., Ether-
net and most wireless mechanisms) and time-division multiplexing ( such as master-slave
or token-passing). Within each of these three categories, there are Media Access Con-
trol (MAC) protocols that have been defined and used which, plays an important role in
determining the characteristics of delays and packet dropouts. It is therefore important
to also consider the MAC protocol in the analysis of an NCSs. Common examples of
the MAC protocols are the Time Division Multiple Access (TDMA) protocol, the Carrier
Sense Multiple Access (CSMA) protocol, and the Token passing protocol.

2.7.1 Ethernet (CSMA) : The Ethernet is well known as cheap and easy in
installation and is wide usage in industrial networks. the main disadvantage of Ethernet is
the collision between the data of nodes when the transmission where, If two nodes try to
transmit simultaneously, the collision appears and both nodes wait for a random time to
re-transmission. Generally, the Ethernet uses the carrier sense multiple access (CSMA)
with CD or CA mechanisms to avoid the problem of a collision during the communication.
In the industrial installation, there is three types of Ethernet: the hub-based Ethernet, the
switched Ethernet, and the wireless Ethernet, where the first type is widely implemented
and used in office environments and the second type is used in manufacturing and control
environments.

2.7.1.1 Hub-based Ethernet(CSMA/CD) : In Hub-based Ethernet, the devices of
the network are interconnected using a hub(s) interface where the hub role is to broadcast
the packets that come to it to all other hub interfaces. Hence, all of the devices on the
same network receive the same packet simultaneously, wich causing a collision. Hub-
based Ethernet protocol operates as follows: the node she wants to transmit a message
listening to the network to know if the network is busy or idle. When the network is busy
the node waits until the network is idle, otherwise, it transmits the message immediately.
If there is more than one node listening to an idle network and decided to send its mes-
sages simultaneously, the messages of these transmitting nodes collide and the messages
are corrupted. The nodes which transmit the message need to detect the message collision
while transmitting. When a collision between two or more messages is detected, trans-
mitting node stops send and waits a random length of time to retry its transmission.this



38
Chapter 2. Networked Control Systems (NCSs) : Architectures, Topologies, Modeling

and Control

Figure 2.10: Format of Ethernet (CSMA/CD) Frame.

steps are repeated until the node transmitting the message successfully or sends a failure
report back to the node microprocessor after 16 attempts. This random time is determined
by the standard binary exponential back-off (BEB) algorithm where the re-transmission
time is randomly chosen between 0 and (2i−1) slot times, where i denotes the ith collision
event detected by the node, and one slot time is the minimum time needed for the round-
trip transmission. However, when the node is arrived to detect 10 collisions, the interval
is fixed at a maximum of 1023 slots. After 16 collisions, the node stops attempting to
transmit and report failure back to the node microprocessor [106].

Fig,2.10 show the Ethernet frame format where the total overhead is 26 bytes. The
data packet frame size is between 46 and 1500 bytes where the standard states that valid
frames must be nonzero and its length is at least 64 bytes long, from destination address
to checksum (72 bytes including preamble and start of delimiter). If the data portion of a
frame is less than 46 bytes, the pad field is used to fill out the frame to the minimum size.
The reasons for this limitation return to:
First, when transceiver detects a collision, it truncates the current frame, which is mean
that the stray bits and the pieces of frames frequently appear on the cable, this lead to
facilitate to distinguish valid frames from “garbage.” Second, it prevents a node from
completing the transmission of a short frame before the first bit has reached the far end
of the cable, where it may collide with another frame. For a 10 − Mbps Ethernet with a
maximum length of 2500m and four repeaters, the minimum allowed frame time or slot
time is 51.2 us(micro-second), which is the time required to transmit 64 bytes at 10 Mbps
[106].
According to the low medium access overhead, Ethernet uses a simple algorithm to oper-
ate the network which leads to no delay at low network loads. What also distinguishes the
Ethernet is no communication bandwidth is used to gain access to the network compared
with other protocols (bus or token ring protocol) In the Ethernet used as a network to close
the control loop commonly uses the 10 Mbps standard (e.g., Modbus/TCP).
Moreover, Ethernet has many disadvantages where it is a non-deterministic protocol and
not support the prioritization at the transmission of messages, Also do not forget the main
problem that is the message collisions caused by the greatly affect data throughput, which
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greatly affects the time delay to become unlimited. In Ethernet, the node transmitting
the message transmits packets exclusively for a long time despite other nodes waiting for
transmitting its messages, which cause unfairness and substantial performance degrada-
tion [94].
According to the BEB algorithm, the message to be sent may be ignored after a series of
collisions, which means that end-to-end communication is not guaranteed. Because of the
required minimum valid frame size, Ethernet uses a large message size to transmit a small
amount of data. However, to use this form of Ethernet protocol, researchers proposed
several solutions, for example, every message could be time-stamped before it is sent, but
this solution cause requires of clock synchronization which is not easy to accomplish. Al-
though, this can be achieved at the expense of inferior performance to CSMA/CD at low
to moderate channel utilization in terms of delay throughput [40]. Among the solutions
also try to prioritize CSMA/CD (e.g., LonWorks) to improve the response time of critical
packets [75].

2.7.1.2 Switched Ethernet (CSMA/CA) : The switched Ethernet protocol format
utilizes switches device to connect the components of the Networked control system this
leads to avoiding collisions, improving determinism, increasing network efficiency. The
main difference between switch Ethernet and hub Ethernet protocol is the intelligence of
forwarding packets, where the hub(s), transfer the incoming traffic from any port to all
other ports, Although there are ports not concerned with this message. thus, the collision
appears, whereas switches learn the topology of the network and forward packets to the
destination port only, this means that the message which arrived at the switch, it forwards
to the destination component only. for example, In a network star topology, every node is
connected with a single cable to the switch. Thus, collisions can no longer occur on any
network cable.
To forward packets from one port to another, switches use the cut-through or store-and-
forward technique, where it utilizes the per-port buffers to do the operation, this implies
that the packets wait a short time before being sent to its concerned destination. Switches
with cut-through technique read first the MAC address and then transfer the packet to its
destination according to this MAC address and the forwarding table found on the switch.
Whereas, the store-and-forward technique examines the complete packet first using the
cyclic redundancy check (CRC) method in order to make sure that the frame has been
correctly transmitted before forwarding the packet to its destination. If there is an error
during this verification the frame will be ignored. that is, the message corrupted is not
forwarded. this operation leads to slower sending which resulting in a significant delay
and packets loss. In switched Ethernet, the message collision is avoided successfully but
this protocol creates another new challenge to NCSs which is the congestion that appears
inside the switch when one port suddenly receives a large number of packets from the
other ports which cause fullness in the buffer.
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This issue can be solved by implement three main principles for queueing, First is the
First-In-First-Out (FIFO) queue, where is simple and fair, however, the quality of service
(QoS) cannot be guaranteed if the network traffic is heavy. the second method is the
priority queueing scheme, where the network manager reads some of the data frames to
distinguish which queues will be more important. therefore, the packets are classified
into different levels of queues. The third method is the per-flow queue, where the queues
are assigned in different levels of priority (or weights) then all queues are processed one
by one according to priority, the queues with higher priority will generally have higher
performance and could potentially block queues with lower priority.

2.7.1.3 Wireless Ethernet (CSMA/CA) : In a wireless Ethernet protocol format, the
wired connection between the components of closed-loop is replaced by wireless connec-
tion where space plays the physical medium for transfer the data and based on the OSI
model , wireless Ethernet protocol implements the two lowest layers such wired Ethernet
whereas the main difference between them lies in the physical layer exactly in the medium
access control and the connection media.
As we mentioned in the previous Ethernet protocols that collision is an important issue
trying to solve it, wireless Ethernet uses a collision avoidance mechanism but cannot en-
tirely prevent it because the wireless stations cannot “hear” the collision where when the
destination node receives the packet successfully it sends a short acknowledgment packet
(ACK) back to the original sender. If the sender does not receive an ACK packet, it as-
sumes that the transmission was unsuccessful and re-transmits. We can summarize the
wireless Ethernet collision avoidance mechanism as follow:
When a node wants to send a message while the network is busy, it firstly sets its back-off

counter to a randomly chosen value, then when the network is idle, the node waits for an
inter-frame space and then back-off time for this wait before attempting to send. If another
node accesses the network during that time, it must wait again for another idle interval,
which means that the node with the lowest back-off time sends first, for example, Ac-
knowledgment message (ACK) has a higher priority because it has a shorter inter-frame
space. According to the random nature of the back-off time, the collision always happens
where it could be two nodes have the same back-off time.
To improve wireless Ethernet protocol, several ideas were proposed where nodes can be
reserve the network either by sending a request to send (RTS) message or by breaking a
large message into many smaller messages (fragmentation), where can be sent each suc-
cessive message after a smallest inter-frame time. If there is a single master node on the
network, the master can poll all the nodes and effectively create a TDM contention-free
network [58].

2.7.2 Time-Division Multiplexing (TDM) networks : Time-division mul-
tiplexing is one of the widely used types of media access control (MAC) protocols in net-
worked control systems where can be accomplished in one of two ways, the master-slave
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network or single master polls multiple slaves. In a master-slave network, the slaves can
only send data over the networks when requested by the master which leads to avoiding
the collision, since the master node schedule carefully the transmissions data. Where, in
a token-passing network, the node that has currently the token is allowed to send data and
when the sending data is finished or the maximum token holding time has expired, the
node that owns the token passes it to the next logical node on the networks, if this node
has no message to send, it just passes the token to the successor node. This kind of TDM
leads to no collision of data, as only one node can transmit at a time. The maximum time
between network accesses for each node is a factor guaranteed by most token-passing
protocols where this kind has provisions to regenerate the token if the token holder stops
transmitting and does not pass the token to its successor. Token-passing protocols distin-
guished by the ability to add nodes dynamically to the bus and can request to be dropped
from the logical ring.
Among several Typical examples of master-slave networks include Bitbus, Interbus-S,
and ASI, while ControlNet and Profibus are typical examples of token-passing networks.
In the ControlNet network, the nodes are arranged logically into a ring, where each node
in the ring knows the address of its predecessor and its successor, the node with the token
transmits data frames until either it runs out of data frames transmitting or when the time
of holding token reaches the limit, whereas the Profibus network, each peer node can also
behave like a master and communicate with a set of slave nodes during the time it holds
the token.

Figure 2.11: ControlNet message frame format.

As we mentioned that the time-division multiplexing has several typical examples in in-
dustrial and manufacturing fields grouped in two main kinds, master-slave network, and
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token-passing network.To do an in-depth study, we take an example of the token-passing
network, it is ControlNet, and specialize it with more interpretation and explanation.
Fig.(2.11) shows the message frame format of ControlNet where the total overhead is 7
bytes including preamble, start delimiter, source MAC ID , CRC , and an end delimiter
and data packet frame called link packet (Lpacket) with total frame size between 0 and 510
bytes, which is may compose of several Lpackets that contain size, control, tag and data
fields where the tag field is responsible for the individual destination address, whereas the
size field specifies the number of byte pairs contained in an individual Lpacket (from 3 to
255) including the link data fields, size, tag, and control.
The ControlNet protocol is based in its work on an implicit token-passing mechanism
where it defines a unique MAC ID to each node or device and its work philosophy is as
follow :
The node which has the token can send data as in token passing buses. Instead, each node
reads the source MAC ID of each message frame received, at the end of a message frame,
each this node sets an “implicit token register” to the received source MAC ID+1, the
node which has the token can now transmit messages if its MAC ID equals the implicit
token register. all the nodes in the ControlNet network have the same value in their im-
plicit token registers, this leads to avoiding collisions on the medium, on the other hand, if
this node has no data to send, It only has to send a message with an empty Lpacket field.
In general, the length of a data cycle is divided into three major parts: scheduled, un-
scheduled, and guard band, the data cycle in ControlNet is called the network update time
(NUT) whereas in general token buses called Token Rotation Time (TRT).
At the end of speak on the token bus protocol, we can conclude that the token bus protocol
is a deterministic protocol that leads to providing excellent throughput and efficiency at
high network loads, the token bus protocol can add nodes or remove it from the network
easily and dynamically. In ControlNet protocol, scheduled and unscheduled segments
make a suitable solution for both time-critical and non-time-critical messages.
Instead, the token bus protocol cannot compete the transmission performance compared
with other contention protocols at low channel traffic also a large percentage of the net-
work time is used in passing the token between nodes -when data traffic is light - caused
by there are many nodes in one logical ring.

2.7.3 CAN-Based networks- DeviceNet : Another kind of real NCSs proto-
col is the serial communication protocol ’CAN’ where is mainly developed for applica-
tions of the automotive industry, after that, it was used in time-critical industrial applica-
tions due to its capability to offering a good performance.
The CAN protocol is oriented to transport the short messages where it uses a CSMA/arbitration
on message priority (AMP) medium access method. In the case of simultaneous trans-
mission, each message has a specific priority that is used to arbitrate access to the bus
where the bit-stream of transmission is synchronized on the start bit, and the arbitration
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is performed on the following message identifier, in which a logic zero is dominant over
a logic one ([58]). When the bus is free the node that wants to transmit a message starts
to send the identifier of its message bit by bit.
The problem of conflicts for access to the bus can be solved during transmission by an
arbitration process at the bit level of the arbitration field, which is the initial part of each
frame, so, if two or more devices want to send messages at the same time, the first con-
tinues to send the message frames and then listen to the network.
When one of these nodes wants to transmit and it receives a different bit to the one it sends
out then it deprived the right to continue sent and the other node wins the arbitration. This
method allows for continuous and never corrupted in transmission.

2.8 Conclusion

Networked control systems are a wide field of control systems, in this chapter, we pre-
sented the major components of NCSs with the main role of each one, then we introduced
different real structures and topologies with their benefits and disadvantages. After that,
we focused on a very important part of this thesis concerning the modeling of NCSs in-
cluding continuous and discrete models, and the network-induced imperfections (time
delays, packet dropouts .etc.) with theirs effects on the stability of NCSs. On the other
hand, we presented several techniques of analyzing stability and designing controllers for
NCSs, and finally, we introduced some Protocols used in the implementation of NCSs
with their characteristics, advantages and inconvenient.





Chapter 3

Stability analysis and robust control of
NCSs

3.1 Introduction

The stability analysis plays an important role in engineering and industrial systems, mainly
when analyzing the behavior of systems and synthesizing controllers where it is known
that the stability of the system is mandatory to perform the required process performances.
The stability analysis can be defined as the technical methods that deal with the stability
of the differential equations solutions and of the trajectories of dynamical systems under
the small disturbances of initial conditions.
In NCSs, The stability analysis problems are a crucial objective which the problem is
about how to determine the maximal range of network imperfections (delays, packet loss,
quantization error . . . etc) that keeps the system stable with the best possible perfor-
mances, for example, the network-induced delay is an important factor to evaluate con-
servatism of the stability criteria in the networked systems, it is defined by the critical
value of network delay at which a system becomes unstable.
The study in this thesis is mainly based on the Lyapunov-Krasovskii stability theorem
[166], it is the most recent stability analysis technique, we investigate the approach based
on reducing conservatism of stability criteria by constructing an appropriate Lyapunov-
Krasovskii functional LKF candidate from the selection of LKFs including maximum
information about the network-induced imperfections.
On the other hand, controlling NCSs requires dealing with different uncertainties acting
on the system including the network-induced imperfections, for that, the robust control
techniques [32] are the most suitable for the NCSs control. Our approach consists to
take advantages of the stability analysis phase and derive a robust controller from the ob-
tained stability criteria. In the sections below, we give further explanations on the adopted
stability analysis methods and robust control technique’s of NCSs.

45
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3.2 Lyapunov stability of NCSs

When looking at the NCSs stability analysis literature, we find that most of the papers
adopt the Lyapunov stability theorem to derive the stability conditions criteria instead of
all other approaches studying the stability of the linear and nonlinear systems, this is due
to its capacity to assess the stability of equilibrium points of a system without solving the
differential equations that describe the system. The study of stability in Lyapunov’s sense
is a general mathematical theory applicable to all differential equations and to differences.
The principle of stability as adopted by Lyapunov is based on the energy of the dynamic
system. In this sense, we speak of a ’dissipative system’ if this energy (which is usually
scalar) is constantly dissipated, hence we can also say that the system tends towards a
point of equilibrium. Lyapunov’s idea was to examine the variation of a scalar function
for the study of the variation in the energy of a given system, thus, the Lyapunov method
consists mainly of two steps:

• Constructing a suitable scalar function denoted as a Lyapunov function

• Evaluating its first-order time derivative along the trajectory of the system where
if the first-order time derivative of the Lyapunov function is decreasing along the
system trajectory as time increases, then the system energy is dissipating and the
system will finally stabilize.

Notice that there is no method for the choice of the Lyapunov functions, it is generally
based on trial and error and mathematical/physical insight is often used with other meth-
ods such as the variable gradient method [38] and the sum of squares decomposition
[84, 81].
By coming back to the control of NCS, the stability of NCSs is considered the main as-
pect treated by the engineers in real systems, it about determining the maximum range of
the network-induced disadvantages on the stability of systems, this is a critical objective
to determine the extent to which the system can be implemented in the reality, where the
critical value of the resulting network-induced imperfection at which a system becomes
unstable is used to derive less conservative criteria guaranteeing the stability of NCSs.
Among all the disadvantages of using control via networks, the network-induced delay
is the most important indexes to evaluate the conservatism of stability criteria. Hence,
many researchers in the control field tried to develop and improve the stability condi-
tions of NCSs by ensuring the maximal allowable upper bound of network-induced delay
(MAUB). Most researches are based on two main fundamental key points: the choose
of the Lyapunov function (especially the Lyapunov Krasovskii Functional ) and the use
of some mathematical tools properly in deriving the stability conditions (especially the
estimations of integral terms of LKFs time derivatives). First, we will present some fun-
damental notions and concepts relating to the stability of NCSs in the sense of Lyapunov,
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while paying particular attention to the temporal approaches linked to the second Lya-
punov method, namely Lyapunov - Krasovskii approach and Lyapunov- Razumikhin ap-
proach. Note that the results that we will develop in chapters 3 and 4 will mainly rely
on these approaches in order to demonstrate the stability properties used subsequently.
To clarify the formulations and definitions to be introduced in the current section, we
consider an ordinary NCSs described by the general model of the following form:ẋ(t) = Ax(t) + BKx(t − τ(t)),

x(t) = φ(t),∀t ∈ [t0 − τ̄, t0 − τ].
(3.1)

where x(t) is the state vector, A, B and are real matrices of appropriate dimensions, K

non-networked control gain matrix τ(t) represents the network-induced delay.
Note that the function φ(t) ∈ C ([t0 − τ̄, t0 − τ],Rn) (φ(t) is a function belonging to C the
set of functions [t0 − τ̄, t0 − τ] to Rn ) we will define the continuous norm ||.|| for the delay
system (3.1) as follows:

||φ(t)||c = max
t0−τ̄<θ<t0−τ

(||φ(θ)||) (3.2)

In this definition, the norm ||.|| represents the norm L2 (||.||2).
In what follows, we will discuss the main definitions and tools related to the stability of
NCSs in sense of Lyapunov, we will assume that the NCSs linear model admits a single
solution.

3.2.1 Stability notions and preliminaries : This subsection addresses the
different notions used in stability analysis and needed to study the stability of NCSs in-
clude the definition of the different types of stability analysis and the Lyapunov, Lyapunov
Krasovskii and Lyapunov Razumikhin methods used to analyze the stability of NCSs, and
it can begin with these notions by:
3.2.1.1 Stability (equilibrium point) : The trivial x(t) = 0 solution of the system
(3.1) is said to be stable for all t0 ∈ R if for all ε > 0, there exists δ = δ(t0, ε) such that
||xt0 ||c < δ implies ||xt|| < ε for t ≤ t0, or simply [27]:

∀ε >,∃δ = δ(t0, ε), such that ||xt0 ||c < δ =⇒ ||x(t)|| < ε,∀t ≤ t0 (3.3)

3.2.1.2 Asymptotic and global Asymptotic stability : The Lyapunov asymptotic
stability can be defined with the help of geometric interpretation shown in (3.2) where we
assume that the initial state x0 is located in a closed ball region with equilibrium state xe of
its center and its arbitrary radius δ when time t tends to infinity, the system state x(t) can
be converged to equilibrium state xe, then the system is in Lyapunov asymptotic stability.
To more illustration, the mathematical definition of Lyapunov Asymptotic Stability is
presented as follow:
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Figure 3.1: Stability in the sense of Lyapunov for an equilibrium point xe.

Definition 3.1 The trivial solution x(t) = 0 of the system (3.1) is asymptotically stable if

it is stable and attractive and in addition:

∀ε > 0,∃δa = δ(t0, ε), such that ||xt0 ||c < δa =⇒ (||x(t)|| < ε) and (lim
t→∞
||x(t)|| = 0),∀t ≤ t0

(3.4)
It is globally stable if it is stable and globally attractive.

Figure 3.2: Lyapunov asymptotic stability trajectory.

3.2.1.3 Uniform and uniform asymptotic stability : The trivial solution x(t) = 0 is
called a uniformly stable if it is stable and δ can be chosen independently of t0, For clarifi-
cation, the uniform stability means that the equilibrium point is not getting progressively
less stable with time [99].

Definition 3.2 The trivial solution x(t) = 0 of the system (3.1) is uniformly asymptotically

stable if it is uniformly stable and attractive, so if there is δa as for all η > 0 it exists

T = T (δa, η) such as ||xt0 ||c < δa implies ||xt|| < η for all t ≤ t0 + T and t0 ∈ R or simply:

∃δa > 0, such that, ∀η > 0,∃T = T (δa, η), such that, ||xt0 ||c < δa =⇒ ||x(t)|| < η,∀t ≤ t0+T

(3.5)

Remark 3.1 It is worth mentioning that the definition of the asymptotic stability do not

express the speed of convergence of trajectories to the origin, which is exponential in time-
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invariant linear systems either to or from the origin. But, for time-varying and nonlinear

systems, the rate of convergence can be different according to different system types.

3.2.1.4 Exponential and global exponential stability : Lyapunov exponential sta-
bility includes both the uniform and the asymptotic stability, it is particularly necessary
when studying stability of uncertain systems and advanced control algorithms like adap-
tive ones.

Definition 3.3 The trivial solution x(t) = 0 of the system (3.1) is exponentially stable if it

is stable and if there are three strictly positive constants λ1 > 0, λ2 > 0, δ > 0, such as for

any initial condition xt0 = φ and for all t ≤ t0

||xt0 ||c ≤ δ =⇒ ||x(t)|| <
(
λ1||xt0 ||e

λ2(t−t0)||
)
,∀t ≥ t0 (3.6)

In this case, the constant λ2 is called the "rate of decay" or the "rate of exponential

convergence".

Figure 3.3: Lyapunov exponential stability trajectory.

Remark 3.2 We said that the system is globally exponentially stable around an equilib-

rium state if the bound in equation (3.6) holds for all x(t) = 0 ∈ Rn.

The uniform and asymptotic stability of a linear system with uncertain coefficients/delays

or time-varying does not imply the exponential stability. To search the decay rate and the

constant λ2 of exponential stability in (3.6), the Lyapunov–Krasovskii method is the most

recommended to give sufficient conditions.

3.2.1.5 Robust stability : We say that an uncertain system is robust asymptotically
stable if it is asymptotically stable for all allowable uncertainties on the model parameters
and we say also that an uncertain system is H-robustly stable or stable with respect to
space H if its equilibrium is asymptotically stable for all the admissible uncertainties on
the parameters of the model and for any delay function τ(t) defined in space H [9].
Note that Lyapunov second method relies on the existence of a positive definite function
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V > 0 so that along the trajectories of the system (3.1) we have V̇ < 0. This method is
valid only for a limited class of systems delay, because V depends on the past values xt.
This is why it is very difficult to apply in the general case of delay systems.
Two techniques based on extensions of Lyapunov second method were developed by
Krasovskii and Razumikhin respectively in the context of delay systems. In what fol-
lows, we will briefly present these two extensions.

3.2.2 Stability by Lyapunov-Krasovskii Functional approach (LKFs)
: The Lyapunov approach is an effective method to study the stability of systems with-
out any parameter variations like time-delay, it requires the construction of a Lyapunov
function, V(t, x(t)), which can be viewed as a measure of how much the state x(t) deviates
from the trivial solution 0, only the state x(t) is required to specify the future evolution
of the system beyond t. In the same line, when studying the NCSs or time-delay sys-
tem, we also need the value of x(t) in the interval [t − τmin, t − τmax] (that is, xt). So, it is
natural to expect that, for a networked control system, the Lyapunov function becomes a
functional V(t, xt) that depends on xt and indicates how much xt deviates from the trivial
solution 0. This type of functional is called a Lyapunov-Krasovskii functional. In fact,
it is an extension of the second Lyapunov method dedicated to the stability analysis of
functional differential equations, the main idea is based on how we can construct a Lya-
punov Krasovskii functionals ( energy functionals) including all the information of the
effect of network-induced delay or packet dropout on the stability of NCSs i.e. (functions
of the state x(t) in the form V(t, xt), that are positive definite function with its first-time
derivative negative), this means that the LKFs is decreasing along the trajectories of sys-
tem (3.1).
Before mentioning the Lyapunov-Krasovskii Theorem, let first introduce the Krasovskii
method :
- Let V : R × C [−τ, 0] → R be a continuous functional, and let xτ(t, φ) be the solution of

(3.1) at time τ ≥ t with the initial condition xt = φ. We define the right upper derivative

V̇(t, φ) along (3.1) as follows:

V̇(t, φ) = lim sup∆t→0 +
1
∆t

[
V(t + ∆t, x∆t→0(t, φ)) − V(t, φ)

]
. (3.7)

Intuitively, a non-positive V̇(t, xt) indicates that xt does not grow with t, meaning that the

system under consideration is stable.

3.2.2.1 Lyapunov-Krasovskii theorem : In addition to constructing the appropriate
LKFs, the other main idea of the Lyapunov-Krasovskii theorem is that it is not necessary
to guarantee the negative definiteness of V(t, x(t)) along all the trajectories of the system
(the time derivative of LKFs). Indeed, it is sufficient to ensure its negative definiteness
only for the solutions that tend to escape the neighborhood of V(t, x(t)) ≤ c of the equi-
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Figure 3.4: Razumikhin approach.

librium. This idea is formalized in the following theorem.

Theorem 3.1 Suppose f : R × C [−τ, 0] → R maps R× (bounded sets in C [−τ, 0]) into

bounded sets of Rn and that u, v and w : R+ → R+ are continuous nondecreasing func-

tions, u(s) and v(s) are positive for s > 0, and u(0) = v(0) = 0. The trivial solution of

(3.1) is uniformly stable if there exists a continuous functional V : R × C [−τ, 0] → R+,

which is positive definite

u(|φ(0)|) ≤ V(t, φ(t)) ≤ v(|φ|c) (3.8)

such that its derivative along (3.1) is non-positive in the sense that

V̇(t, φ) ≤ −w(|φ(0)|) (3.9)

If w(s) > 0 for s > 0, then the trivial solution is uniformly asymptotically stable. If in

addition lims→∞ u(s) = ∞, then it is globally uniformly asymptotically stable.

3.2.3 Stability by Lyapunov-Razumikhin Functionals approach (LRF)
: Sometimes, it is difficult to construct or select an appropriate Lyapunov-Krasovskii
functional because it requires the state variable x(t) in the interval [t − τmin, t − τmax], it
can only be obtained by manipulating the LKFs. This difficulty can be circumvented by
using the Razumikhin theorem, this alternative involves only functions, but no function-
als. The idea of Razumikhin method can be explained geometrically as follow: for the
typical choice of (quadratic) Lyapunov functions of the form V(x) = xT Px; P > 0, if a
solution start inside the ellipsoid V(x(t0 + δ)) = xT (t0 + δ)Px(t0 + δ) ≤ θ,∀θ ∈ [−τ, 0] and
is about to leave this ellipsoid at time t ≥ t0, then

xT (t0 + θ)Px(t0 + θ) ≤ xT (t)Px(t),∀θ ∈ [−τ, 0] (3.10)

So, the solution will not leave the ellipsoid xT (t)Px(t) ≤ δ if d
dt V(x(t) ≤ 0 along ẋ(t) =
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f (t, xt) for all xt(θ) = xt(t + θ), θ ∈ [−τ, 0] satisfying the Razumikhin condition (3.10):

V(x(t + θ)) ≤ V((x(t)),∀θ ∈ [−τ, 0] (3.11)

(and not for any x(t + θ)). This guarantees the stability of the system. To give a precise
formulation of Razumikhin method, let consider a differentiable function V : Rn × R →
R+ and define the derivative of V along the solution x(t) of (3.1) as

V̇(t, x(t)) =
d
dt

V(t, x(t)) =
∂V(t, x(t))

dt
+
∂V(t, x(t))

dx
f (t, xt) (3.12)

3.2.3.1 Lyapunov-Razumikhin theorem : Suppose f : R × C [−τ, 0] → R maps
R× (bounded sets in C [−τ, 0]) into bounded sets of Rn and that u, v and w : R+ → R+

are continuous nondecreasing functions, u(s) and v(s) are positive for s > 0, and u(0) =

v(0) = 0. The trivial solution of (3.1) is uniformly stable if there exists a continuous
functional V : R ×C [−τ, 0]→ R+, which is positive definite

u(|φ(0)|) ≤ V(t, φ(t)) ≤ v(|φ|c) (3.13)

such that its derivative along (3.1) is non-positive in the sense that

V̇(t, φ) ≤ −w(|φ(0)|), i f V(t + θ, x(t + θ)) ≤ V(t, x(t)),∀θ ∈ [−τ, 0] (3.14)

in addition, w(s) > 0 for s > 0, and there exists a continuous non-decreasing function
ρ(s) > s for s > 0, such that condition (3.15) is strengthened to

V̇(t, φ) ≤ −w(|φ(0)|), i f V(t + θ, x(t + θ)) ≤ ρ(V(t, x(t))),∀θ ∈ [−τ, 0] (3.15)

Then the trivial solution of (3.1) is uniformly asymptotically stable. If, in addition,
lims→∞ u(s) = ∞, then it is globally uniformly asymptotically stable.
In the next subsection, we will present the different lemmas and properties that are use-
ful and important for helping us to develop a less conservative stability conditions for
stability analysis and controller design of NCSs.

3.3 Properties and useful lemmas

Let us recall the following lemmas, which will be considered to derive the proofs of the
proposed theorems coming in the next chapters.

3.3.1 Schur’s lemma (Schur’s Compliment) : Let M(x) be a symmetric
matrix with:
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M(x) = MT (x) =

 Q(x) S (x)
S T (x) R(x)

 (3.16)

where Q(x) ∈ Rn×n and R(x) ∈ Rn×n are square matrices and S (x) ∈ Rn×m is any other
matrix.
The following inequalities are equivalent:

M(x) < 0 =⇒

R(x) < 0

Q(x) − S (x)R−1S T (x) < 0
=⇒

Q(x) < 0

R(x) − S (x)R−1S T (x) < 0
(3.17)

3.3.2 Finsler’s lemma : [102] Let ξ ∈ Rn, G ∈ Rm×n and Q = QT ∈ Rn×n such that
rank(G) < n. The following statements are equivalent.

ξT Qξ < 0, ∀ξ ∈ {ξ ∈ Rn : ξ , 0,Gξ = 0} . (3.18)

∃R ∈ Rn×m : Q +H(RG) ≺ 0 (3.19)

3.3.3 Inequality lemma ( Square matrices) : [146] Suppose that τi(t), (i ∈
I2) are defined as previously and φi, Ψi, (i ∈ I2) Ω = ΩT are some constant matrices with
appropriate dimensions, then:

Ω +
τ2 − τ1(t)
τ2 − τ1

φ1 +
τ1(t) − τ1

τ2 − τ1
φ2 +

τ3 − τ2(t)
τ3 − τ2

Ψ1 +
τ2(t) − τ2

τ3 − τ2
Ψ2 ≤ 0 . (3.20)

If the following inequalities hold:

Ω + φ1 + Ψ1 ≤ 0 ,

Ω + φ2 + Ψ2 ≤ 0 ,

Ω + φ1 + Ψ2 ≤ 0 ,

Ω + φ2 + Ψ1 ≤ 0 .

3.3.4 Wirtinger’s inequality lemma : [83] For any positive matrix Z, real
scalars a and b satisfying a < b, the inequalities (3.21), (3.22), (3.23) hold for any contin-
uously differentiable function x : [a, b]→ Rn.

−

∫ b

a
ẋT (s)Zẋ(s)ds ≤ −

1
b − a

ψ1

ψ2

T Z 0
∗ 3Z

 ψ1

ψ2

 (3.21)



54 Chapter 3. Stability analysis and robust control of NCSs

−

∫ b

a

∫ b

λ

ẋT (s)Zẋ(s)dsdλ ≤ −

ψ3

ψ4

T 2Z 0
∗ 4Z

 ψ3

ψ4

 . (3.22)

−

∫ b

a

∫ λ

a
ẋT (s)Zẋ(s)dsdλ ≤ −

ψ5

ψ6

T 2Z 0
∗ 4Z

 ψ5

ψ6

 . (3.23)

where
ψ1 = x(b) − x(a)

ψ2 = x(b) + x(a) − 2
b−a

∫ b

a
x(s)ds

ψ3 = x(b) − 1
b−a

∫ b

a
x(s)ds

ψ4 = x(b) + 2
b−a

∫ b

a
x(s)ds − 6

(b−a)2

∫ b

a

∫ b

λ
x(s)dsdλ

ψ5 = x(a) − 1
b−a

∫ b

a
x(s)ds

ψ6 = x(a) − 4
b−a

∫ b

a
x(s)ds + 6

(b−a)2

∫ b

a

∫ b

λ
x(s)dsdλ

3.3.5 Reciprocally convex lemma : [44] For any vectors x1, x2, constant
matrices S , Qi, (i ∈ I4), and real constant scalars α > 0 and β > 0 satisfying α + β = 1,
the following inequality holds:

−
1
α

xT
1 Q1x1 −

β

α
xT

1 Q3x1 −
1
β

xT
2 Q2x2 −

α

β
xT

2 Q4x2 ≤ −

 x1

x2

T  Q1 S

S T Q2

  x1

x2


subject to:  Q1 + Q3 S

S T Q2 + Q4

 > 0

3.3.6 Newton-Leibniz lemma: [87] For any constant matrix Q ∈ Rn×n, Q > 0,
scalars τ1 ≤ τ(t) ≤ τ3 and vector function ẋ : [−τ3,−τ1] → Rn such that the following
integration is well defined, then it holds that:

− (τ3 − τ1)
∫ t−τ1

t−τ3

ẋ(s)T Qẋ(s)ds ≤

− [x(t − τ1) − x(t − τ(t))]T Q[x(t − τ1) − x(t − τ(t))]

− [x(t − τ(t)) − x(t − τ3)]T Q[x(t − τ(t)) − x(t − τ3)] .

(3.24)

3.3.7 Free-Weighting Matrix FWM: The free weighting matrix method plays
an important role in the analysis of delay dependent stability and the synthesis of con-
trollers from various classes of delay systems. In the literature, this method is based ei-
ther on the structure of the model, or on the Newton-Lepinez formula. From the Newton-
Leibniz formula, the following equations are true for all matrices M1, M2 and M3, and of
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appropriate dimensions.

2
[
xT (t)M1 + xT (t − τ(t))M2 + ẋT (t)M3

]
×

[
x(t) − x(t − τ(t) −

∫ t

t−τ(t)
ẋ(t)

]
(3.25)

The matrices M1, M2 and M3, and indicate the relations between the terms of the Newton-
Leibniz formula. The left side of this equation is added to the derivative of the LKFs
function.

3.4 Robust control techniques

There is always a gap between the behavior of a real physical system and the system
mathematical model, this mainly due to several factors such as identification errors, sys-
tem parameters variations, non-linearities, simplifying assumptions, presence of delays,
etc. Physical phenomena cannot be completely translated by mathematical models, in-
deed, real systems has essentially a nonlinear dynamic behaviour which is approximated
by means of several linear models around several points of equilibrium. These factors are
called uncertainties.
The control field that synthesize controllers which not only ensures the desired perfor-
mances but also maintains them despite the uncertainties mentioned above is called "Ro-
bust Control". This field has grown rapidly in the industrial environment where it is an
invaluable tool for the analysis and design of control systems due to its applied nature and
its relevance to the practical problems of an automation engineer. Indeed, The control is
usually designed based on an idealized and simplified model of the real system, and to
function properly, it must be robust to the imperfections of the model, the uncertainty of
systems, and the external disturbances. Therefore, Engineers have to make control laws
that satisfy the two requirements mentioned above. Any synthesis of a robust control law
must therefore take into account, during its development, not only the nominal model but
also a set of uncertain models in order to guarantee the stability and have the desired per-
formances in closed loop for all these models. This task can sometimes be complicated
because there are several types of uncertainties (structured or unstructured) that can act
on the real system at several points of the loop (input, output or others). We will then say
that a system is robust if it remains stable and maintains the desired performance in the
presence of these various uncertainties.

3.4.1 H∞ Control : Between the robust controller design method, the H∞ tech-
nique is certainly the most used and confirmed one, in this method, the controller is
obtained by minimizing the H∞ norm of a criterion in the frequency plane taking into
account the robustness requirements in terms of stability and performance. This approach
was developed during the 1980s thanks to the work of researchers such as[147],[148],
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[20]. TheH∞ norm can be explained simply as the maximum energy amplification over-
all input signals, where for a single input single output system, theH∞ norm ||G||∞ equals
the peak magnitude in the Bode diagram of its transfer function.
InH∞ control, the performance to be optimized is defined in terms of minimizing theH∞
norm of the closed-loop transfer function, this type of optimization problem is also called
min-max problem ( theH∞ seeks to minimize the worst-case scenario).

3.4.2 Formulation of the standard H∞ problem : The configuration of
the standard problem H∞ is represented schematically by figure 3.5. where ω is a vector

Figure 3.5: Configuration of the standardH∞ problem.

of signals representing external inputs such as reference signals, disturbances, noise, u

is the vector of commands, z is the cost vector. These elements are signals representing
the outputs of the weighting functions (or matrices) chosen to characterize the correct
operation of the system, y are the vectors of the output signals or measurements available
to generate the commands.
The aim is to synthesize a control law u = K(s)y which minimizes the effect of the signals
ω on the signals of the vector z (problem of rejection of disturbances). These two sets of
signals being assumed to be of finite energy, the impact of ω on z can be measured by:
||z||2
||ω||2

, and in the worst case this report will therefore be: sup
w,0

‖z‖2
‖w‖2

= ‖Tzw‖∞ where Tzw is the

transfer between z and w.
Note that, according to the diagram in figure 3.5, the transfer Tzw can be expressed in the
form of a lower Linear Fractional Transformation LFT such that Fl(P,K).
The optimal H∞ problem consists in finding a stabilizing controller by minimizing the
H∞ norm of the Tyz transfer or in the following mathematical form:

min
Kstabilizing

‖Fl(P,K)‖∞ (3.26)

There is no analytical formula for solving this problem and its solution is not unique. This
is why this problem is treated in its sub-optimal form expressed as follows:
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Given γ > 0, find a stabilizing controller that ensures:

‖Fl(P,K)‖∞ < γ (3.27)

This problem is solved by different methods, the most common of which remains the ap-
proach using Riccati’s equations or the approach by affine inequalities (LMI) introduced
recently.

3.5 Conclusion

The notion of stability is very important in control systems, it has been the subject of many
theories. In this chapter, we focused on the systems stability in the sense of Lyapunov,
where we presented different related definitions . Next, we presented two approaches
frequently used for the stability analysis of NCSs, namely : the imperfections-independent
using Lyapunov Razumikhin method and the imperfections-dependent approach using
Lyapunov Krasovskii method . Finally, we recalled the standard problem of H∞ to deal
with different disturbances and uncertainties attaining NCSs, and to get robust stability
and control.
In the next chapter, we will focus on the stability and control problems of NCSs with a
stochastic model subject to distributed network-induced delays.





Chapter 4

Robust stability and stabilization of
networked control systems with
stochastic time-varying
network-induced delays

4.1 Introduction

As we mentioned in the chapters “General Introduction” and “NCS Modeling” that net-
work control systems are modeled or designed as deterministic or random/stochastic
methods depending on the type of network or protocol used. In this chapter, we focus
on the second method which is random ones, as this method has been widely used in
many previous and recent works such as these in [87, 108, 107] where the authors employ
the delay-distribution characteristics of the network-induced delay to model the stochastic
delay. and the works in [22] are focused on the random varying network-induced delay
to modeled both the measurement and actuation delays as two independent Bernoulli
distributed white sequences and use it to analyze the stability and design a networked
controller. Our contribution in this thesis to improving the stability analysis and con-
troller synthesis for NCSs using the stochastic method illustrated in using the network-
induced delay as a stochastic delay model in a given interval with known lower and upper
bounds and then the modeled the NCSs as a linear system with probabilistic time-varying
delay distribution, where the main goal is to reduce the effect of the network-induced
delay on stability of NCSs by ensuring maximum allowable delay bound (MADB) guar-
anteeing the stability of the networked closed-loop and achieve a good performance. The
Lyapunov-Krasovskii functional (LKF) method formulated using probabilistic informa-
tion of both lower and upper bounds of the probabilistic time-varying network-induced
delay is used to derive a new less conservative stability conditions and state feedback

59
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controller design in the form of linear matrix inequality, then a novel integral inequalities
such as Wirtinger integral inequality are used to estimate the accuracy of integral terms
of the time derivatives of LKFs and also to reduce conservatism by introducing some
new cross terms. Next, a set of LMIs stability conditions is constructed based on the
H∞ disturbance rejection level. Finsler’s lemma is then used to relax these set of LMI’s
by adding slack decision variables and decoupling the system’s matrices from those of
Lyapunov-krasovskii, this will facilitate the design of state feedback controller by the
mean of simple variables change. Then, a maximum allowable upper transmission delay
bound and an optimal state feedback controller gains are calculated by the resolution of
the above relaxed LMI’s convex optimization problem. Finally, five numerical illustrative
examples representing different NCSs with time-varying network-induced delay, as well
as a comparison with other existing methods in terms of conservativeness and robustness
are provided.

Notations 4.1 In the following, stars * in matrices denote bloc transpose quantities.

For a matrix M of appropriate dimension, one denotes H(M) = M + MT . A finite

set of r positive integers is denoted Ir = {1, ..., r}. Also, ∀ j ∈ I12, we denote the

block entry matrices e j =
[

0n×( j−1)n In×n 0n×(12n− j)n

]T
∈ R12n×n, for example: e4 =[

0 0 0 I 0 0 0 0 0 0 0 0
]T

.

4.2 System description and preliminaries

Let us consider the structure of a typical NCSs of Fig.1.1 with a continuous linear system
model described as follows:

ẋ(t) = Ax(t) + Bu(t) + Bwω(t),
y(t) = Cx(t) + Du(t) + Dwω(t),
x(t) = φ(t), t ∈ [−τ3,−τ1].

(4.1)

Where x(t) ∈ Rn is the system state vector. u(t) ∈ Rm is the control input vector. y(t) ∈ Rq

is the controlled output. ω(t) ∈ Rp denotes the external perturbation which is assumed to
belong to L2[0∞)] ∈ Rp. A, B,C,D, Bw and Dw are real constant matrices with appropriate
dimensions. φ(t) is a vector-valued initial function of initial condition for t ∈ [−τ3,−τ1].

Assumption 4.1 The sensor is clock-driven with a fixed sampling period T, the controller,

the zero-order holder (ZOH) and the Actuator are event-driven.

Assumption 4.2 Assuming that all the state variables are available from measurements

and that these data are transmitted to the controller part through the network by single-

packets.
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Let first consider the state feedback controller law given by:

u(t) = Kx(t − τ(t)), τ(t) ∈ [τ1, τ3]. (4.2)

Where K ∈ Rm, is the controller gain matrix to be designed and τ(t) is the network-induced
delay that represents the time delay of both the sensor-controller and the controller-
actuator channels which satisfies τ1 ≤ τ(t) ≤ τ3 < ∞, where τ1 = min(τ(t)) > 0 and
τ3 = max(τ(t)) < ∞ are the lower and upper bounds of τ(t) respectively.
Most of NCSs uses IP network, its nature is considered as multi-fractal with non-uniform
distribution with short delays occurring in a high probability and long delays in a low
probability [110]. Regarding the results of [87] who analyzes different class of IP based
NCSs models using stochastic variable and Bernoulli distributed white sequence, when
the delay distribution information of the network induced delay is introduced, the control
law (4.2) can be re-written as:

u(t) = σ(t)Kx(t − τ1(t)) + (1 − σ(t))Kx(t − τ2(t)). (4.3)

with :
τ1(t) = σ(t)τ(t), τ2(t) = (1 − σ(t))τ(t). (4.4)

where σ(t) is a stochastic variable given by:

σ(t) =

 1, t ∈ Ω1 = {t : τ(t) ∈ [τ1, τ2[} ,
0, t ∈ Ω2 = {t : τ(t) ∈ [τ2, τ3]} .

(4.5)

From (4.5), one can see that the communication delay τ(t) changes randomly and the
probability of τ(t) ∈ Ω1 and τ(t) ∈ Ω2 can be known.

Remark 4.1 It can be obviously seen that Ω1 ∪ Ω2 = R+ and Ω1 ∩ Ω2 = 0. In addition,

from (4.4): if t ∈ Ω1, the time-varying delay τ1(t) appear. Else if t ∈ Ω2, the time-varying

delay τ2(t) appear.

Substituting(4.3) into (4.1) yields to the following closed-loop state space expression: ẋ(t) = Ax(t) + σ(t)BKx (t − τ1(t)) + (1 − σ(t)) BKx (t − τ2(t)) + Bwω(t),
y(t) = Cx(t) + σ(t)DKx (t − τ1(t)) + (1 − σ(t)) DKx (t − τ2(t)) + Dwω(t).

(4.6)

Furthermore, in order to describe the network QoS, we use the Bernoulli distributed white
sequence related stochastic variable σ(t) described as follows [87]: Prob {σ(t) = 1} = E {σ(t)} = σ̄,

Prob {σ(t) = 0} = 1 − E {σ(t)} = 1 − σ̄.
(4.7)
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The closed-loop system (4.6) can be rewritten in the following form :

ẋ(t)= Ax(t)+σ̄BKx (t − τ1(t))+(1 − σ̄) BKx (t − τ2(t))

+ (σ(t) − σ̄) BK [x (t − τ1(t))−x (t − τ2(t))]+Bwω(t),

y(t)=Cx(t)+σ̄DKx (t − τ1(t))+(1 − σ) DKx (t − τ1(t))

+ (σ(t) − σ̄) DK [x (t − τ1(t)) − x (t − τ2(t))]+Dwω(t).

(4.8)

Remark 4.2 When σ(t) = 1 or 0, the control law (4.3) is reduced to the standard one

in (4.2), consequently, the closed loop system is also reduced to the following common

time-delay systems form:
ẋ(t) = Ax(t) + BKx(t − τ(t)) + Bwω(t),
y(t) = Cx(t) + DKx(t − τ(t)) + Dwω(t),
x(t) = φ, t ∈ [−τ3, 0].

(4.9)

The purpose of this work is first to propose a new relaxed LMI-based stability conditions
for the closed-loop dynamics (4.8) (and consequently for (4.9) too) when considering the
gain K known. Then, a convexification procedure will be proposed to design the state
feedback controller K when it is a priori unknown. Moreover, the considered NCSs is
subject to external disturbances ω(t) ∈ L2[0,∞), thus, for robustness purpose, the pro-
posed approach have to satisfy the following requirements:
• The NCSs closed-loop dynamics (4.8), without external disturbances (ω(t) = 0), is
asymptotically stable.
• Under zero initial conditions and with ω(t) , 0, the NCSs model (4.8) satisfies the
following H∞ constraint:

‖ y(t) ‖2< γ ‖ ω(t) ‖2 . (4.10)

Then, the H∞ disturbance rejection criterion can be expressed as:

J =

∫ ∞

0

(
yT (s)y(s) − γ2ωT (s)ωT (s)

)
ds < 0 . (4.11)

where the scalar γ > 0 denotes the disturbance attenuation level (performance index) to
be minimized.

4.3 Main results

In this section, we will develop a robust H∞ stability criterion as well a state feedback con-
troller design procedure for NCSs (4.8) with stochastic time delay distribution expressed
by the following theorem.
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4.3.1 NCSs stability analysis.

Theorem 4.1 For given scalars τi, (i ∈ I3), such that τ(t) ∈ [τ1, τ3] with γ > 0 and known

feedback gain K, the considered NCSs (4.8) is robustly stochastic asymptotically stable

with the H∞ performance index γ if there exist positive definite symmetric matrices P,

Ri,Qi(i ∈ I3), S j( j ∈ I2) and real matrices Ml(l ∈ I4) with appropriate dimensions such

that the following LMIs hold:
4∑

i=1
Φi +He (MG) + Π1 + Π3 D̃T

∗ −I

 < 0 , (4.12)


4∑

i=1
Φi +He (MG) + Π1 + Π4 D̃T

∗ −I

 < 0 , (4.13)


4∑

i=1
Φi +He (MG) + Π2 + Π3 D̃T

∗ −I

 < 0 , (4.14)


4∑

i=1
Φi +He (MG) + Π2 + Π4 D̃T

∗ −I

 < 0 . (4.15)

where:

G =
[

A 0 σ̄BK 0 (1 − σ̄) BK 0(1×5) −I Bw

]
,

D̃ =
[
C 0 σDK 0 (1 − σ)DK 0(1×6) Dw

]
,

Φ1 = 2e1PeT
11 + e1 (Q1 + Q2 + Q3) eT

1 − e2Q1eT
2 − e4Q2eT

4 − e6Q3eT
6 , (4.16)

Φ2 =e11

(
τ2

1R1 + τ2
2R2 + τ2

3R3

)
eT

11 − (e1 − e2)R1(e1 − e2)T − (e1 − e3)R2(e1 − e3)T

− (e3 − e4)R2(e3 − e4)T − (e1 − e5)R3(e1 − e5)T − (e5 − e6)R3(e5 − e6)T ,
(4.17)

Φ3 = e11

(
(τ2 − τ1)2S 1 + (τ3 − τ2)2S 2

)
eT

11 − (e2 − e3) S 1 (e2 − e3)T
− (e3 − e4) S 1 (e3 − e4)T

− (e4 − e5) S 2 (e4 − e5)T
− (e5 − e6) S 2 (e5 − e6)T

− 3 (e2 + e3 − 2e7) S 1 (e2 + e3 − 2e7)T

− 3 (e3 + e4 − 2e8) S 1 (e3 + e4 − 2e8)T
− 3 (e4 + e5 − 2e9) S 2 (e4 + e5 − 2e9)T

− 3 (e5 + e6 − 2e10) S 2 (e5 + e6 − 2e10)T ,

(4.18)

Φ4 = −γ2e8eT
8 , (4.19)

Π1 = − (e2 − e3) S 1 (e2 − e3)T
− 3 (e2 + e3 − 2e7) S 1 (e2 + e3 − 2e7) , (4.20)

Π2 = − (e3 − e4) S 1 (e3 − e4)T
− 3 (e3 + e4 − 2e8) S 1 (e3 + e4 − 2e8) , (4.21)
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Π3 = − (e4 − e5) S 2 (e4 − e5)T
− 3 (e4 + e5 − 2e9) S 2 (e4 + e5 − 2e9) , (4.22)

Π4 = − (e5 − e6) S 2 (e5 − e6)T
− 3 (e5 + e2 − 2e10) S 2 (e5 + e6 − 2e10) . (4.23)

Proof 4.1 Let us consider the following LKFs candidate

V(t) = V1(t) + V2(t) + V3(t) . (4.24)

where :

V1(t) = xT (t)Px(t) +

∫ t

t−τ1

x(s)T Q1x(s)ds +

∫ t

t−τ2

x(s)T Q2x(s)ds +

∫ t

t−τ3

x(s)T Q3x(s)ds .

(4.25)

V2(t) = τ1

∫ 0

−τ1

∫ t

t+s
ẋ(s)T R1 ẋ(s) ds dv + τ2

∫ 0

−τ2

∫ t

t+s
ẋ(s)T R2 ẋ(s) ds dv

+ τ3

∫ 0

−τ3

∫ t

t+s
ẋ(s)T R3 ẋ(s) ds dv .

(4.26)

V3(t) = (τ2 − τ1)
∫ −τ1

−τ2

∫ t

t+s
ẋ(s)T S 1 ẋ(s) ds dv + (τ3 − τ2)

∫ −τ2

−τ3

∫ t

t+s
ẋ(s)T S 2 ẋ(s) ds dv .

(4.27)

The LKFs candidate (4.24) is positive if P, Q1 Q2, Q3, R1, R2, R3, S 1 and S 2 are all

positive definite matrices. In this case, the NCSs system with network-induced delay is

stochastic asymptotically stable if:

V̇(t) = V̇1(t) + V̇2(t) + V̇3(t) < 0 . (4.28)

Let first focus on the time derivative of V1(t), one can write:

V̇1(t) = 2xT (t)Pẋ(t) + xT (t) (Q1 + Q2 + Q3) x(t)

− xT (t − τ1)Q1x(t − τ1) − xT (t − τ2)Q2x(t − τ2) − xT (t − τ3)Q3x(t − τ3)

= ζT (t)Φ1ζ(t) .

(4.29)

with Φ1 is expressed by (4.16) and ζ(t) is defined as:

ζ(t) =
[

x(t) x(t − τ1) x(t − τ1(t)) x(t − τ2) x(t − τ2(t)) x(t − τ3) 1
(τ1(t)−τ1)

∫ t−τ1

t−τ1(t)
x(s)ds

1
(τ2−τ1(t))

∫ t−τ1(t)

t−τ2
x(s)ds 1

(τ2(t)−τ2)

∫ t−τ2

t−τ2(t)
x(s)ds 1

(τ3−τ2(t))

∫ t−τ2(t)

t−τ3
x(s)ds ẋ(t) ω(t)

]T
.

(4.30)
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Now, let focus on the time derivative of V2(t). From (4.26), one has:

V̇2(t)=e11

(
τ2

1R1+τ2
2R2 + τ2

3R3

)
eT

11−τ1

∫ t

t−τ1

ẋT (s)R1 ẋ(s)ds−τ2

∫ t

t−τ2

ẋT (s)R2 ẋ(s)ds

− τ3

∫ t

t−τ3

ẋT (s)R3 ẋ(s)ds .
(4.31)

Applying Lemma 3.3.6 to all integral terms in (4.31), it yields :

−τ1

∫ t

t−τ1

ẋT (s)R1 ẋ(s)ds ≤ −(e1 − e2)R1(e1 − e2)T , (4.32)

−τ2

∫ t

t−τ2

ẋT (s)R2 ẋ(s)ds ≤ −(e1 − e3)R2(e1 − e3)T − (e3 − e4)R2(e3 − e4)T (4.33)

and

−τ3

∫ t

t−τ3

ẋT (s)R3 ẋ(s)ds ≤ −(e1 − e5)R3(e1 − e5)T − (e5 − e6)R3(e5 − e6)T . (4.34)

Considering (4.32), (4.33) and (4.34), we have:

V̇2(t) < e11

(
τ2

1R1 + τ2
2R2 + τ2

3R3

)
eT

11 − (e1 − e2)R1(e1 − e2)T

− (e1 − e3)R2(e1 − e3)T − (e3 − e4)R2(e3 − e4)T

− (e1 − e5)R3(e1 − e5)T − (e5 − e6)R3(e5 − e6)T

≤ ζT (t)Φ2ζ(t) .

(4.35)

with Φ2 is expressed by (4.17).
Finally, let us focus on time derivative of V3(t) in (4.24), one has:

V̇3(t) = ẋT (t)
(
(τ2 − τ1)2S 1 + (τ3 − τ2)2S 2

)
ẋ(t) − (τ2 − τ1)

∫ t−τ1

t−τ2

ẋT (s)S 1 ẋ(s)ds

− (τ3 − τ2)
∫ t−τ2

t−τ3

ẋT (s)S 2 ẋ(s)ds.
(4.36)

Using similar method in [57], the integral terms in (4.36) can be re-written as:

−(τ2 − τ1)
∫ t−τ1

t−τ2

ẋT (s)S 1 ẋ(s)ds = − (τ2 − τ1)
∫ t−τ1(t)

t−τ2

ẋT (s)S 1 ẋ(s)ds

− (τ2 − τ1)
∫ t−τ1

t−τ1(t)
ẋT (s)S 1 ẋ(s)ds.

(4.37)
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and

−(τ3 − τ2)
∫ t−τ2

t−τ3

ẋT (s)S 2 ẋ(s)ds = − (τ3 − τ2)
∫ t−τ2(t)

t−τ3

ẋT (s)S 2 ẋ(s)ds

− (τ3 − τ2)
∫ t−τ2

t−τ2(t)
ẋT (s)S 2 ẋ(s)ds .

(4.38)

Then, we can rewrite the previous equality as follows:

− (τ2 − τ1)
∫ t−τ1

t−τ2

ẋT (s)S 1 ẋ(s)ds =

− (τ2 − τ1(t))
∫ t−τ1(t)

t−τ2

ẋT (s)S 1 ẋ(s)ds − (τ1(t) − τ1)
∫ t−τ1

t−τ1(t)
ẋT (s)S 1 ẋ(s)ds

− (τ1(t) − τ1)
∫ t−τ1(t)

t−τ2

ẋT (s)S 1 ẋ(s)ds − (τ2 − τ1(t))
∫ t−τ1

t−τ1(t)
ẋT (s)S 1 ẋ(s)ds.

(4.39)

Since τ2 − τ1(t) ≤ τ2 − τ1 and τ1(t) − τ1 ≤ τ2 − τ1, we can write:

− (τ1(t) − τ1)
∫ t−τ1(t)

t−τ2

ẋ(s)T S 1 ẋ(s) =

−
(τ1(t) − τ1)
τ2 − τ1

∫ t−τ1(t)

t−τ2

(τ2 − τ1)ẋ(s)T S 1 ẋ(s) ≤ −
(τ1(t) − τ1)
τ2 − τ1

∫ t−τ1(t)

t−τ2

(τ2 − τ1(t))ẋ(s)T S 1 ẋ(s).

(4.40)
and

− (τ2 − τ1(t))
∫ t−τ1

t−τ1(t)
ẋ(s)T S 1 ẋ(s) =

−
(τ2 − τ1(t))
τ2 − τ1

∫ t−τ1(t)

t−τ1(t)
(τ2 − τ1)ẋ(s)T S 1 ẋ(s) ≤ −

(τ2 − τ1(t))
τ2 − τ1

∫ t−τ1

t−τ1(t)
(τ1(t) − τ1)ẋ(s)T S 1 ẋ(s) .

(4.41)

Next, applying Lemma 3.3.4 to (4.40) and (4.41), the equality (4.39) yields:

− (τ2 − τ1)
∫ t−τ1

t−τ2

ẋT (s)S 1 ẋ(s)ds ≤

− (e2 − e3) S 1 (e2 − e3)T
− 3 (e2 + e3 − 2e7) S 1 (e2 + e3 − 2e7) − (e3 − e4) S 1 (e3 − e4)T

− 3 (e3 + e4 − 2e8) S 1 (e3 + e4 − 2e8) − α (e2 − e3) S 1 (e2 − e3)T

− 3α (e2 + e3 − 2e7) S 1 (e2 + e3 − 2e7) − β (e3 − e4) S 1 (e3 − e4)T

− 3β (e3 + e4 − 2e8) S 1 (e3 + e4 − 2e8) .

(4.42)

where α =
(
τ1(t)−τ1
τ2−τ1

)
and β =

(
τ2−τ1(t)
τ2−τ1

)
.
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Similarly for (4.38), since τ3 − τ2(t) ≤ τ3 − τ2 and τ2(t) − τ2 ≤ τ3 − τ2, we get:

− (τ3 − τ2)
∫ t−τ2

t−τ3

ẋT (s)S 2 ẋ(s)ds ≤

− (e4 − e5) S 2 (e4 − e5)T
− 3 (e4 + e5 − 2e9) S 2 (e4 + e5 − 2e9) − (e5 − e6) S 2 (e5 − e6)T

− 3 (e5 + e6 − 2e10) S 2 (e5 + e6 − 2e10) − α1 (e4 − e5) S 2 (e4 − e5)T

− 3α1 (e4 + e5 − 2e9) S 2 (e4 + e5 − 2e9) − β1 (e5 − e6) S 2 (e5 − e6)T

− 3β1 (e5 + e6 − 2e10) S 2 (e5 + e6 − 2e10) .
(4.43)

where α1 =
(
τ2(t)−τ2
τ3−τ2

)
and β1 =

(
τ3−τ2(t)
τ3−τ2

)
.

Thus, from (4.36)-(4.43), the time derivative of (4.27) is equivalent to:

V̇3(t) ≤ ζT (t)Φ3 + αΠ1 + α1Π3 + βΠ2 + β1Π4ζ(t) . (4.44)

where Φ3, Π1, Π2, Π3 and Π4 are defined in (4.18), (4.20), (4.21), (4.22) and (4.23)
respectively.

Now, let us rewrite the NCSs model with network-induced delay (4.8) as:

Ax(t) + σ̄BKx(t − τ1(t)) + (1 − σ)BKx(t − τ2(t))

+ (σ(t) − σ)BK(x(t − τ1(t)) − x(t − τ2(t)))

+ Bwω(t) − ẋ(t) = 0 .

(4.45)

which can be rewritten as:

(G + Gσ(t))ζ(t) = 0. (4.46)

where

G =
[

Ā 0 σ̄BK 0 (1 − σ̄) BK 0(1×5) −I Bw

]
,

Gσ(t) =
[

0(1×2) (σ(t) − σ)B̄K 0 (σ(t) − σ)B̄K 0(1×7)

]
.

Since E{σ(t) − σ} = 0 (which implies E{Gσ(t) = 0}). From (4.29) - (4.44) and (4.45), and

applying lemma 3.3.2, the NCSs model with network-induced delay (4.8) is stochastic

asymptotically stable if there exists: M ∈ R4n×n such that:

V̇(t) ≤ ζT (t)
3∑

i=1

Φi +H (MG) + αΠ1 + α1Π3 + βΠ2 + β1Π4ζ(t) < 0 . (4.47)

Now, let us discuss the H∞ performance defined in Section II. It is well known that the H∞
performance and stability analysis can be derived from the following condition :

V̇(t) + yT (s)y(s) − γ2wT (s)w(s) < 0 . (4.48)



68
Chapter 4. Robust stability and stabilization of networked control systems with

stochastic time-varying network-induced delays

From (4.47), the inequality (4.48) can be rewritten as:

ζT (t)
3∑

i=1

Φi +He (MG) + αΠ1 + α1Π3 + βΠ2 + β1Π4ζ(t) + yT (s)y(s) − γ2wT (s)w(s) < 0 .

(4.49)

To deal with σ(t), we can express yT (t)y(t) as:

yT (t)y(t) = E{[Cx(t) + σDKx(t − τ1(t)) + (1 − σ)DKx(t − τ2(t))
+(σ(t) − σ)DK[x(t − τ1(t)) − x(t − τ2(t))] + Dwω(t)]T

×[Cx(t) + σDKx(t − τ1(t)) + (1 − σ)DKx(t − τ2(t))
+(σ(t) − σ)DK[x(t − τ1(t)) − x(t − τ2(t))] + Dwω(t)]}
≤ ζ(t)T D̃T D̃ζ(t) .

(4.50)

where

D̃ =
[
C 0 σDK 0 (1 − σ)DK 0(1×6) Dw

]
.

Therefore, the condition (4.49) becomes:

ζT (t)
3∑

i=1

Φi +He (MG) + αΠ1 + α1Π3 + βΠ2 + β1Π4 + D̃T D̃ζ(t) − γ2wT (s)w(s) < 0 .

(4.51)

Then, applying lemma (3.3.3) and Schur complement (3.3.1) to (4.51) with

−γ2wT (t)w(t) = ζT (t)Φ4ζ(t) .

where Φ4 is given in (4.19). We obtain the conditions expressed in Theorem 4.1. This

completes the proof.

Remark 4.3 lemma 3.3.6 is used to estimate the integral terms in the time derivative

of (4.26). We did not use lemma 3.3.4 (Wirtinger inequality) to avoid introduction of

new cross terms with poor information in the current terms of ζ(t). This lead to more

conservatism. Moreover, since the introduction of lemma 3.3.3, the convexity of the matrix

equations (4.42) and (4.43) is employed to derive the criteria without introducing any

additional variable.

The results of Theorem 4.1 can also be reduced to the case of unperturbed NCSs with
network-induced delay given by : ẋ(t)= Ax(t)+σ(t)BKx (t − τ1(t)) (1 − σ(t)) BKx (t − τ2(t)) ,

x(t) = φ(t) t ∈ [−τ3,−τ1].
(4.52)
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Then, we have the following corollary.

Corollary 4.1 For given scalars τi, (i ∈ I3) such that τ(t) ∈ [τ1, τ3] with known feedback

gain K, the considered NCSs in (4.52) is stochastic asymptotically stable if there exist

positive definite symmetric matrices P, Ri,Qi(i ∈ I3) and S j( j ∈ I2), and real matrices

Ml(l ∈ I4) with appropriate dimensions such that the following LMIs hold:

3∑
i=1

Φi +He

(
MḠ

)
+ Π1 + Π3 < 0,

3∑
i=1

Φi +He

(
MḠ

)
+ Π2 + Π4 < 0 ,

3∑
i=1

Φi +He

(
MḠ

)
+ Π1 + Π3 < 0 ,

3∑
i=1

Φi +He

(
MḠ

)
+ Π2 + Π4 < 0 .

(4.53)

where Φ1,Φ2,Φ3,Π1,Π2,Π3,Π4 are defined in Theorem 4.1 and

Ḡ =
[

A 0 σ̄BK 0 (1 − σ̄) BK 0(1×5) −I
]
.

Proof 4.2 From the conditions expressed in Theorem 4.1, by setting ω(t) ≡ 0, we easily

obtain the conditions expressed in corollary 4.53.

4.3.2 Stabilization and H∞ state feedback controller design. In this
section, based on Theorem 4.1, the robust H∞ controller problem of NCSs (4.8) using
the state feedback controller (4.3) will be studied. The main result is proposed in the
following theorem.

Theorem 4.2 For given scalars τi, (i ∈ I3) and γ > 0 such that τ(t) ∈ [τ1, τ3] the con-

sidered NCSs (4.8) is robustly stochastic asymptotically stabilized by the NCSs controller

(4.3) and satisfy the H∞ performance index γ, if there exist positive definite symmetric

matrices X, P̄, R̄i, Q̄i(i ∈ I3) and S̄ j, ( j ∈ I2) with appropriate dimensions and scalars

εr > 0 (r ∈ I3) such that the following LMIs hold:
4∑

i=1
Φ̄i +He (X) + Π̄1 + Π̄3 D̄T

∗ −I

 < 0 , (4.54)


4∑

i=1
Φ̄i +He (X) + Π̄1 + Π̄4 D̄T

∗ −I

 < 0 , (4.55)
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
4∑

i=1
Φ̄i +He (X) + Π̄2 + Π̄3 D̄T

∗ −I

 < 0 , (4.56)


4∑

i=1
Φ̄i +He (X) + Π̄2 + Π̄4 D̄T

∗ −I

 < 0 . (4.57)

where:

X=



AX 0 σ̄BK̄ 0 (1 − σ̄) BK̄ 0(1×5) −X Bw

ε1AX 0 ε1σ̄BK̄ 0 ε1 (1 − σ̄) BK̄ 0(1×5) −ε1X ε1Bw

ε2AX 0 ε2σ̄BK̄ 0 ε2 (1 − σ̄) BK̄ 0(1×5) −ε2X ε2Bw

0(5×1) 0(5×1) 0(5×1) 0(5×1) 0(5×1) 0(5×5) 0(5×1) 0(5×1)

ε3AX 0 ε3σ̄BK̄ 0 ε3 (1 − σ̄) BK̄ 0(1×5) −ε3X ε3Bw

0 0 0 0 0 0(1×5) 0 0


,

D̄ =
[
CX 0 σDF 0 (1 − σ)DF 0(1×6) Dw

]
,

Φ̄1 = 2e1P̄eT
11 + e1

(
Q̄1 + Q̄2 + Q̄3

)
eT

1 − e2Q̄1eT
2 − e4Q̄2eT

4 − e6Q̄3eT
6 , (4.58)

Φ2 =e11

(
τ2

1R̄1 + τ2
2R̄2 + τ2

3R̄3

)
eT

11 − (e1 − e2)R̄1(e1 − e2)T − (e1 − e3)R̄2(e1 − e3)T

− (e3 − e4)R̄2(e3 − e4)T − (e1 − e5)R̄3(e1 − e5)T − (e5 − e6)R̄3(e5 − e6)T ,
(4.59)

Φ̄3 = e11

(
(τ2 − τ1)2S̄ 1 + (τ3 − τ2)2S̄ 2

)
eT

11 − (e2 − e3) S̄ 1 (e2 − e3)T
− (e3 − e4) S̄ 1 (e3 − e4)T

− (e4 − e5) S̄ 2 (e4 − e5)T
− (e5 − e6) S̄ 2 (e5 − e6)T

− 3 (e2 + e3 − 2e7) S̄ 1 (e2 + e3 − 2e7)T

− 3 (e3 + e4 − 2e8) S̄ 1 (e3 + e4 − 2e8)T
− 3 (e4 + e5 − 2e9) S̄ 2 (e4 + e5 − 2e9)T

− 3 (e5 + e6 − 2e10) S̄ 2 (e5 + e6 − 2e10)T ,

(4.60)

Φ̄4 = −γ2e8eT
8 , (4.61)

Π̄1 = − (e2 − e3) S̄ 1 (e2 − e3)T
− 3 (e2 + e3 − 2e7) S̄ 1 (e2 + e3 − 2e7) , (4.62)

Π̄2 = − (e3 − e4) S̄ 1 (e3 − e4)T
− 3 (e3 + e4 − 2e8) S̄ 1 (e3 + e4 − 2e8) , (4.63)

Π̄3 = − (e4 − e5) S̄ 2 (e4 − e5)T
− 3 (e4 + e5 − 2e9) S̄ 2 (e4 + e5 − 2e9) , (4.64)

Π̄4 = − (e5 − e6) S̄ 2 (e5 − e6)T
− 3 (e5 + e2 − 2e10) S̄ 2 (e5 + e6 − 2e10) . (4.65)

Proof 4.3 Based on Theorem 4.1, let X be an invertible matrix with appropriate dimen-

sion and M1 = X−T , Mi+1 = εiX−T (i ∈ I3). The slack variables vector M defined in

Theorem 4.1 can be re-expressed with the previous change of variables as:

M =
[

X−T 0 ε1X−T 0 ε2X−T 0(1×5) ε3X−T 0
]

with εr(r ∈ I3) are arbitrary

scalars.
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Let DX = diag
[

XT XT XT XT XT XT XT XT XT XT XT I
]

Pre-and-post

multiplying (4.12), (4.13), (4.14) and (4.15), by DX and its transpose respectively and

with variables change F = KX, P̄ = XT PX, R̄i = XT RiX , Q̄i = XT QiX, (i ∈ I3) and

S̄ j = XT S jX( j ∈ I2), we obtain the conditions expressed in Theorem 4.2. This complete

the proof.

Remark 4.4 Using Theorem 4.2 and fixing the Network-induced delay bound, we can

obtain the optimal attenuation level γ by solving the following constrained optimization

problem:
min γ2

s.t

X > 0, P̄ > 0, R̄i > 0, Q̄i > 0,S̄ j > 0.(i ∈ I3, j ∈ I2),

LMI (4.54), (4.55), (4.56) and (4.57).

(4.66)

Theorem 4.2 considers the robust H∞ controller design. Further, when ω(t) = 0, we can
easily get the NCSs model in (4.1). Then, we can derive the following corollary:

Corollary 4.2 For given scalars τi, (i ∈ I3) such that τ(t) ∈ [τ1, τ3], the considered NCSs

(4.52) is stochastic asymptotically stabilized by the controller (4.3), if there exist positive

definite symmetric matrices X, P̄, R̄i,Qi(i ∈ I3) and S j( j ∈ I2) with appropriate dimen-

sions and scalars εr > 0 (r ∈ I3) such that the following LMIs hold:

3∑
i=1

Φ̄i +He

(
X̃
)

+ Π̄1 + Π̄3 < 0,

3∑
i=1

Φ̄i +He

(
X̃
)

+ Π̄2 + Π̄4 < 0,

3∑
i=1

Φ̄i +He

(
X̃
)

+ Π̄1 + Π̄3 < 0,

3∑
i=1

Φ̄i +He

(
X̃
)

+ Π̄2 + Π̄4 < 0.

(4.67)

where Φ̄1, Φ̄2, Φ̄3, Π̄1, Π̄2, Π̄3, Π̄4 are defined in Theorem 4.2 and

X̃=



AX 0 σ̄BK̄ 0 (1 − σ̄) BK̄ 0(1×5) −X

ε1AX 0 ε1σ̄BK̄ 0 ε1 (1 − σ̄) BK̄ 0(1×5) −ε1X

ε2AX 0 ε2σ̄BK̄ 0 ε2 (1 − σ̄) BK̄ 0(1×5) −ε2X

0(5×1) 0(5×1) 0(5×1) 0(5×1) 0(5×1) 0(5×5) 0(5×1)

ε3AX 0 ε3σ̄BK̄ 0 ε3 (1 − σ̄) BK̄ 0(1×5) −ε3X


.
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4.4 Numerical examples

In this section, many examples are provided to illustrate the effectiveness and the conser-
vatism reduction of the results presented in the previous section. The first three examples
are for the robust stability improvement (Theorem 4.1) and the two last ones for the H∞
state feedback controller design (Theorem 4.2). The purpose is to compare the maximum
allowable bounds of time-delay that guaranteed the asymptotic stability of the NCSs.

Example 4.1 Consider the following NCSs described by

A =

 0 1
0 −0.1

 , B × K =

 0 1
−0.3750 −1.1500

 , Bw =

0.10.1

 ,
C =

[
0 1

]
,D × K =

[
−0.3750 −1.1500

]
,Dw = 0.

Table (4.1) shows the minimized H∞ performance index γ by given values of lower and

upper bounds of network-induced delay, when different methods are applied. The results

show that the stability criterion in Theorem 4.1 gives the best H∞ performance index.

Table 4.1: Minimized H∞ performance index γ when σ̄ = 0.5 and τ2 = (τ3 + τ1)/2 of
Motor system

Methods τ3 = 0.8695 τ3 = 1
τ1 = 0 τ1 = 0.5695 τ1 = 0 τ1 = 0.5 τ1 = 0.9

[33] 0.87 0.81 4.05 3.27 2.59

[44] 0.81 0.72 2.95 2.13 1.73

[42] 0.78 0.73 2.61 1.76 1.87

[6](Cor1) 0.63 0.59 2.37 1.61 1.32

[6](Th1) 0.51 0.35 1.97 1.28 0.94

[98] 0.40 0.38 0.66 0.60 0.55

Theorem 4.1 0.44 0.27 0.65 0.39 0.28

Remark 4.5 In the next examples, we used the value of τ2 close to τ1 more than τ3, the

reason has been mentioned in [110]: the measure of the round-trip time (RTT) delays

from different Ethernet network nodes for 24h show that in an interval [20, 139ms], 90%
of τ(t) falls into the lower interval [20, 53ms] and only 10% are within the interval of

[53, 139ms].

Example 4.2 Consider the following linear system with time-varying delay (example

used in many papers):

A =

 0 1
−1 −2

 , B × K =

 0 0
−1 −1

 .
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Table (4.2) lists the maximum allowable upper bounds τ3 that guarantees the asymptotic

stability of system (4.8) for various values of τ1. It can be seen that the proposed method

gives best results compared with others.

Table 4.2: The obtained maub(τ3) with varying lower bound of networked-induced
delay τ1 of first order system

Considered results / τ1 1 2 3 4 5
[103] 1.6198 2.4884 3.3403 4.3424 5.2970
[167](m = 4) 1.7228 2.5608 3.4542 4.3787 5.3228
[62] 1.7753 2.6134 3.5046 4.4271 5.3696
[42] 1.8446 2.6344 3.5124 4.4304 5.3709
Corollary 4.1 (σ = 0.6) 2.4600 3.1040 3.8741 4.7112 5.5940
Corollary 4.1 (σ = 0.8) 3.5600 3.8301 4.3400 5.0330 5.7862

Now, in order to confirm the asymptotic stability of the system, Fig.4.1 presents a simu-

lations of the states responses of NCSs with network-induced delay profile of Fig.4.2 and

stochastic distribution of Fig.4.3. With: σ̄ = 0.2, τ1 = 0.5, τ2 = 0.7, τ3 = 1.5251 and the

initial conditions: x(0) =
[
−0.5 0.5

]T
, ∀τ(t) ∈ [−τ3,−τ1].
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Figure 4.1: States Trajectories in example of First order system.
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Figure 4.2: Delay profile in the simulation in example of First order system.
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Figure 4.3: Stochastic distribution Delay ’σ(t)’in the simulation of First order system.

Example 4.3 In this example, we apply Corollary 4.1 to examine the stability of a power

system with wide-area damping controllers ( 2-area, 4-machine) containing 11 nodes and

12 lines, the scheme of this power system is illustrated in Fig.4.4, (for more details, see

[67]). The system is represented as follow:

A=



0 0 0 376.9 0 0
0 0 0 0 376.9 0
0 0 0 0 0 376.9

−0.073 0.065 0.004 −0.730 0.272 0.076
0.058 −0.087 0.009 1.160 −0.343 −0.134
0.008 0.011 −0.082 −0.020 0.047 −0.554


,

B1 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −0.234 −0.839 0.010
0 −0.0011 0.0010 −0.348 −1.362 −0.138
0 0.0010 0 0.049 −0.290 −0.638


,

B1 = B × K.

Table 4.3 lists the maximum admissible upper bounds of input delay for various values of

σ̄ with the proposed method (Corollary 4.1) compared to [67] ,[57] and [159].

Fig.4.5 shows the states trajectories of the above power system with τ1 = 0.1, τ2 = 0.15,

σ̄ = 0.3, τ3 = 0.4032 and the initial condition x(0) =
[
−0.6 0.5 −0.4 0.5 0.3 0.2

]T
.

It can be seen that the system is asymptotically stable.

Example 4.4 (Robust H∞ state feedback controller design) : Consider the following
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Figure 4.4: 2-area 4-machine system [67].

Table 4.3: The obtained maub(τ3) with subject to varying σ̄ of 2-area, 4-machine

.

Considered results / τ1 0.1
[67] 0.2818
[57] σ = 2 0.2872
[57] σ = 10 0.2857
[159] Th2 0.3000
[159] Th1 0.3346
Corollary 4.1 (σ̄ = 0.3) 0.4032
Corollary 4.1 (σ̄ = 0.7) 0.7400
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Figure 4.5: States Trajectories of wide-area damping controllers ( 2-area, 4-machine).
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Figure 4.6: Delay profile in the simulation of wide-area damping controllers ( 2-area,
4-machine).

time-varying system model controlled over network given by:

A =


4 0.1 −0.3
−0.2 3 −0.2
0.2 −0.3 2

 , B =


−4 0.2 0
0 3 1

0.1 0 3

,Dw=0.1
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Figure 4.7: Stochastic distribution Delay ’σ(t)’ in the simulation of wide-area damping
controllers ( 2-area, 4-machine).

C =

0.1 0 0
0 0 0.1

 , Bw =


0.2 0
0.2 0
0 0.2

 ,D =

1 0 0
0 0 1

 .
The main goal is to design a robust state feedback controller guarantying the NCSs sta-

bility by the minimization of the H∞ disturbance attenuation level γ. For that, we use

Theorem 4.2 with: 0.1 ≤ τ(t) ≤ 0.4 ,τ2 = 0.15, ε1 = ε2 = 102 and σ = 1. After solving

the convex optimization problem (4.66), we obtain γ = 0.3851 under the state feedback

gains:

K =


1.4335 −0.0519 −0.0537
−0.0495 −1.3700 0.3977
−0.1116 0.1323 −1.0706

 ,
Now, in order to show the feasibility of the design procedure proposed above, let plot

the state trajectories Fig. 4.8 with the delay introduced in network channel Fig.4.8 and

commands trajectories Fig.4.10. The disturbance signal is defined as [a; b] with a, b are

uniformly distributed randomly over [−0.01 0.01] and the initial conditions are assumed

to be x(0) =
[

0.5 −0.5 1.4
]T

. One can see the good stabilization performances of the

obtained controller.
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Figure 4.8: States Trajectories of example 4.4.
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Figure 4.9: Delay profile in the simulation of example 4.4.
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Figure 4.10: Commands Trajectories of example 4.4.

Example 4.5 (state feedback controller design for inverted pendulum): In this example,

we apply the proposed feedback controller design method "Corollary 4.2" to control "T-

shape" inverted pendulum system over TCP network (more details on this system can be

found in [77]. The linearized model state matrices of the inverted pendulum (without

friction) are given by :

A=


0 1 0 0

−21.54 0 14.96 0
0 0 0 1

65.28 0 −15.59 0

, B =


0

8.10
0

−10.31

 ,

The inverted pendulum NCSs is modelled as continuous-time system with input delay as

in [145] :  ẋ(t) = Ax(t) + BKx (t − τ(t))

x(t) = φ, t ∈ [−τ3,−τ1]
(4.68)

For given various value of τ1, Table 4.4 lists the maximum allowable upper bound of τ3 us-

ing Corollary 4.2, and compare the obtained results with those of [21] who choose lower

bound of network-induced delay as h1 = 0 and get the maximum allowable value h2 =

0.0768 under the state feedback controller u(t) =−
[

11.1384 2.1632 3.3258 0.9217
]

x(t).
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Using Corollary 4.2, for given τ1 = 0, τ2 = 0.01, σ̄ = 0.7 and εr = 0.01, r ∈ I3, we ob-

tain the maximum allowable value τ3 = 0.1527 under the state feedback controller law

u(t) =
[
−13.2864 −3.6575 −6.6620 −1.8834

]
x(t). It is clear that Corollary 4.2

gives less conservative results than in [21]).

Table 4.4: The obtained maub(τ3) with τ2 = τ1 + 0.01 and varying τ1 of Inverted
pendulum system

.
Considered results / τ1 0 0.01 0.02 0.03
Corollary 4.2 (σ = 0.7) 0.152 0.120 0.094 0.070
Corollary 4.2 (σ = 0.9) 0.570 0.425 0.280 0.140

The states trajectories of the inverted pendulum system with the obtained state feedback

controller under the initial conditions x(0) =
[
−0.1 0.5 −0.3 0.2

]T
and 0 ≤ τ(t) ≤

0.1527 tends to zero as showed by Fig.4.11, under the delay profile Fig.4.12 and stochastic

distribution of of stochastic delay Fig.4.13. Hence, the proposed state feedback controller

design procedure clearly shows its effectiveness.
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Figure 4.11: States Trajectories of Inverted pendulum system.
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Figure 4.12: Delay profile in the simulation of Inverted pendulum system.

4.5 Conclusion

In this chapter, the problem of the stability analysis and robust state feedback controller
design for NCSs with stochastic delay distribution approach have been treated. Lyapunov-
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Figure 4.13: Stochastic distribution Delay ’σ(t)’ in the simulation of Inverted pendulum
system.
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Figure 4.14: Commands Trajectories of Inverted pendulum system.

krasovskii theorem have been used to develop stability condition using probabilistic in-
formation of both the lower and upper bounds of the network-induced time delay. The
accuracy of the resulting time derivatives has been estimated using Wirtinger-based inte-
gral inequalities, and for more conservatism, new cross terms has been introduced. A set
of LMIs stability condition is then constructed based on the H∞ disturbance attenuation
level, and Finsler’s lemma is used to relax it by adding slack decision variables and de-
coupling the system’s matrices from those of Lyapunov-Krasovskii ones. This procedure
greatly simplifies the state feedback controller design with simple variables change. The
resolution of such relaxed LMI stability condition provides both the maximum allowable
upper network-induced delay bound and optimal state feedback controller gains. The
proposed approach offers more conservatism reduction using fewer number of decision
variables, which leads to small amount of computing time compared with some existing
methods. Several simulation results illustrated the merits of the proposed method. re





Chapter 5

Relaxed stability analysis and controller
design for linear networked control
systems subject to network-induced
delays and packets dropout

5.1 Introduction

The Media Access Control (MAC) protocols based NCSs helps to determine the charac-
teristics of delays and packet dropout, and for categorizing the network imperfections into
stochastic (such as "Ethernet") or deterministic (such as "DeviceNet") based on "CAN"
protocol as we mention in several places in this thesis. In chapter 4 we focused on the
stochastic method to derive a new state feedback controller stabilize the networked sys-
tem, let us in this chapter switched to the deterministic method to synthesize a new control
low and analyze the stability of NCSs used in several works among them the works in
[101, 136], [57, 60, 50] where the main motivation of the authors is to obtain a maximum
allowable network-induced delay bound and packet dropout guarantee the stability and
stabilization of NCSs. As such, the main contribution of this chapter is to derive new less
conservative stability conditions and state feedback controller design for NCSs mainly by
constructing new augmented LKFs containing double-integral and triple-integral terms
and using a novel augmented vector, then the resulting integral terms of the LKFs time
derivative are estimated using Wirtinger-based inequalities combined with an extended
reciprocal convexity approach resulting in an LMI-based stability condition. For further
purpose of reducing conservatism, Finsler’s lemma is used to relax the obtained LMI’s
stability condition by adding slack decision variables and decoupling the system’s ma-
trices from the Lyapunov-Krasovskii ones. The resolution of the obtained LMI’s convex
optimization problem gives a maximum allowable upper network-induced delay bound

81
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and maximum number of packet dropout. We can also derive a state feedback control
gain. In order to demonstrate the feasibility of the proposed method, we provide numeri-
cal academic-used examples representing time-varying systems controlled over network,
we also present results comparison with others existing methods in terms of conservative-
ness and control performances.

Notations 5.1 In the following, stars * in matrices denote bloc transpose quantities.

For a matrix M of appropriate dimension, one denotes H(M) = M + MT . A finite

set of r positive integers is denoted Ir = {1, ..., r}. Also, ∀ j ∈ I13, we denote the

block entry matrices e j =
[

0n×( j−1)n In×n 0n×(13n− j)n

]T
∈ R13n×n, for example: e4 =[

0 0 0 I 0 0 0 0 0 0 0 0
]T

.

5.2 System description and preliminaries

Let us consider the class of continuous-time linear systems described by the following
state space representation:

ẋ(t) = Ax(t) + Bu(t). (5.1)

where x(t) ∈ Rn and u(t) ∈ Rm are respectively the state vector and the input vector,
A ∈ Rn×n and B ∈ Rn×m are real constant matrices. In this paper, we will focus on the
control of (5.1) via networks, i.e where the control loop is closed via a communication
network. In this context, the structure of a typical Networked Control Systems (NCSs) is
depicted in Fig.1.1, with the following assumptions to be accurately described.

Assumption 5.1 The sensor is clock-driven with a fixed sampling period h, whereas the

controller, the Zero-Order Holder (ZOH) and the actuators are event-driven.

Assumption 5.2 All the state variables are available from measurements and the data

are transmitted from the sensors to the controller and from the controller to the actuators

through the network channel with single-packets.

In the sequel, the sampling period h > 0 is assumed to be constant. Let us de-
note the sampling instants of data transmitted from the sensors to the ZOH by the set
[t0, t1, t2, . . . , tk] where k are positive integers. As shown in Fig.1.1, Some data may be
lost because of the presence of consecutive packet dropouts in transmission and its num-
ber is denoted by δk =

t(k+1)−tk
h −1 and there are two kinds of delays induced by the network

arise, the delay from the sensors to the controller is denoted as τsck and the one from the
controller to the actuators as τcak , ∀k ∈ N. Hence, the whole feedback loop network-
induced delay can be denoted as τk = τsck + τcak , and the updating instants of the ZOH as
tk + τk, for each k ∈ N, which implies that every control signal is held by the ZOH and is
only valid over the interval [tk + τk, tk+1 + τk+1).
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Assumption 5.3 The system (5.1) is use to give the mathematical model of the NCS only

for a single packet transmission, in the case of a multi-packet transmission ,system (5.1) is

always exploitable but we must place a buffer before both the controller and the actuator.

Furthermore the number of consecutive data packet dropouts and the network-induced

delay must be bounded and satisfy δk ∈ [0, δ̄] and τk ∈ [τmin, τmax]. Consequently we can

use η̄ to give the value of the maximum allowable bound of packet dropout and maub(τmax)
for maximum allowable bound network-induced delays.

Based on the previous assumptions, to stabilization the system (5.1) we consider,
∀t ∈ [tk + τk, tk+1 + τk+1), the state feedback control law given by:

u(t) = Kx(tk). (5.2)

where K is the state feedback matrix gain. Let us define, ∀t ∈ [tk + τk, tk+1 + τk+1):

τ(t) = t − tk. (5.3)

The control law (5.2) can be rewritten as:

u(t) = Kx(t − τ(t)), t ∈ [tk + τk, tk+1 + τk+1) . (5.4)

Note that, from (5.3), we obviously get τ̇(t) = 1. Moreover, according to as (5.3), the
input delay in(4.2) can be expressed as follows:0 < ηm ≤τ(t)≤ ηM, t ∈

[
tk +τk, t(k+1) +τk+1

]
,

τ̇(t) = 1, t , (tk + τk).
(5.5)

with ηm = infk∈N(τk) = τmin and ηM = supk∈N(τk+1) = τmax+(δ̄+1)h, t ∈ [tk + τk, tk+1 + τk+1) .
Substituting the networked controller (5.4) into (5.1), the considered NCSs closed-loop
dynamics can be express as the following systems with network-induced input time-
varying delays: ẋ(t) = Ax(t) + BKx(t − τ(t)),

x(t) = φ(t),∀t ∈ [−τM,−τm].
(5.6)

where φ(t) is a vector valued function for initial state conditions.

Remark 5.1 When no network-induced delays and packet dropout are non-considered,

i.e. τk = 0 and δk = 0, ∀k ∈ N, then the closed-loop system with input time-varying delay

(5.6) reduces to the particular case of a sampled-data control system where the input

delay satisfies 0 ≤ τ(t) ≤ h and τ̇(t) = 1, ∀t ∈ [tk, tk+1).

The goal of this paper is to propose new relaxed stability analysis and controller design
conditions that ensure the asymptotically stability of (5.6), where the maximal available
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upper bound of τ(t), denoted maub(ηM), for various values of ηm, will be considered as
the conservatism index for comparison purpose with previous related results.

5.3 Main results

The main contribution of this paper is establish a new relaxed delay-dependent LMI-based
stability conditions such that the NCSs (5.6) is asymptotically stable .

5.3.1 Stability analysis for NCSs. In this section, a novel delay-dependent sta-
bility of NCSs with new augmented LKFs are proposed to obtain less conservative stabil-
ity conditions via a single and double Wirtinger’s inequalities and an improved reciprocal
convexity. The main result of this section is proposed by the following theorem.

Theorem 5.1 Let i ∈ I2 and j ∈ I3. For given scalars ηm > 0 and ηM > 0 such that

ηm ≤ τ(t) ≤ ηM and feedback controller gain matrix K, the NCSs model with interval

network-induced delay and packet losses is Asymptotically Stable if there exist symmetric

positive definite matrices P, Ui, S i, Wi, Zi and R j (in Rn×n), matrices variablesM and N

(in R2n×n) and real matrix T ( in R11n×n) such that the following LMIs holds for q = 1 and

2: 
R2 + W1 0 M11 M12

0 3 (R2 + W1) M21 M22

MT
11 MT

21 R2 + W2 0
MT

12 MT
22 0 3 (R2 + W2)

 > 0. (5.7)


R3 + U1 0 N11 N12

0 3 (R3 + U1) N21 N22

NT
11 NT

21 R2 + U2 0
NT

12 NT
22 0 3 (R3 + U2)

 > 0. (5.8)

8∑
i=2

Φi +He(Π1T
q PΠ2

q) +He(TG) < 0, (q ∈ I2). (5.9)

where:

G =
[

A 0 BK 0 0 0 0 0 0 0 0 0 −I
]
, (5.10)

Φ1 = e1Z1eT
1 − e2Z1eT

2 − e4Z2eT
4 + e13

(
η2

mR1 + η2
MR2 + (ηM − ηm)2R3

)
eT

13

− (e1 − e2) R1 (e1 − e2)T
− 3 (e1 + e2 − 2e5) R1 (e1 + e2 − 2e5)T ,

(5.11)

Φ2 =
η2

m

2
e13 (S 1+S 2) eT

13 −

χ1

χ2

T  S1 0
∗ S2

 χ1

χ2

 , (5.12)
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Φ3 =
η2

M

2
e13 (W1 + W2) eT

13

−

χ3

χ4

T  W1 0
∗ W1

 χ3

χ4

 − χ5

χ6

T  W2 0
∗ W2

 χ5

χ6

 , (5.13)

Φ4 =
(ηM − ηm)2

2
e13 (U1 + U2) eT

13

−

χ7

χ8

T  U1 0
∗ U1

 χ7

χ8

 −  χ9

χ10

T  U2 0
∗ U2

  χ9

χ10

 , (5.14)

Φ5 = −

χ11

χ12

T  R2 M

∗ R2

 χ11

χ12

 − χ13

χ14

T  R3 N

∗ R3

 χ13

χ14

 , (5.15)

Π1
1 =



eT
1

ηmeT
5

ηmeT
6 +(ηM−ηm)eT

8

ηmeT
7

η2
meT

10+(ηM−ηm)2eT
12

ηm(ηM−ηm)eT
6 +(ηM−ηm)2eT

12


,Π1

2 =



eT
13

eT
1 − eT

2

eT
2 − eT

4

eT
1 − eT

5

ηMeT
1 −ηmeT

6 − (ηM−ηm)eT
8

(ηM − ηm)eT
2 − (ηM−ηm)eT

8


,

Π2
1 =



eT
1

ηmeT
5

ηMeT
6 +(ηM−ηm)e7

ηmeT
7

η2
MeT

10

(ηM−ηm)2eT
11


, Π2

2 =



eT
13

eT
1 − eT

2

eT
2 − eT

4

eT
1 − eT

5

ηMeT
1 − ηMeT

6

(ηM−ηm)eT
2 − (ηM−ηm)eT

7


,

χ1 =

 [e2 − e5]T

[e2 − 4e5 + 6e9]T

 , χ2 =

 [e2 − e5]T

[e2 − 4e5 + 6e9]T

 , χ3 =

 [e1 − e6]T

[e1 − 4e6 + 6e10]T

 ,
χ4 =

 [e3 − e8]T

[e3 + 2e8 − 6e12]T

 , χ5 =

 [e3 − e6]T

[e3 − 4e6 + 6e10]T

 , χ6 =

 [e4 − e8]T

[e4 + 2e8 − 6e12]T

 ,

χ7 =

 [e2 − e7]T

[e2 − 4e7 + 6e11]

T

, χ8 =

 [e3 − e8]T

[e3 + 2e8 − 6e12]T

 , χ9 =

 [e3 − e7]T

[e3 − 4e7 + 6e11]T

 ,
χ10 =

 [e4 − e8]T

[e4 − 4e8 + 6e12]T

 , χ11 =

 [e1 − e3]T

[e1 + e3 − 2e6]T

 , χ12 =

 [e3 − e4]T

[e3 + e4 − 2e8]T

 ,
χ13 =

 [e2 − e3]T

[e2 + e3 − 2e7]T

 , χ14 =

 [e3 − e4]T

[e3 + e4 − 2e8]T

 ,
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Ri =

Ri 0
∗ 3Ri

 , Si =

2S i 0
∗ 4S i

 , Ui =

2Ui 0
∗ 4Ui

 ,Wi =

2Wi 0
∗ 4Wi

 , (i ∈ I4).

Proof 5.1 Consider a Lyapunov-Krasovskii functional of the following form :

V(t) =

5∑
i=1

Vi(t). (5.16)

where:

V1(t) = θT (t)Pθ(t). (5.17)

θ(t) =
[

Ξ1 Ξ2

∫ −ηm

−ηM

∫ t

t+β
xT (s)dsdβ

]T
,

Ξ1 =
[

xT (t)
∫ t

t−ηm
xT (s)ds

∫ t

t−ηM
xT (s)ds

∫ t−ηm

t−ηM
xT (s)ds

]T
,

Ξ2 =

[
1
ηm

∫ 0

−ηm

∫ t

t+β
xT (s)dsdβ

∫ 0

−ηM

∫ t

t+β
xT (s)dsdβ

]T
,

V2(t) =

∫ t

t−ηm

xT (s)Z1x(s)ds +

∫ t−τ(t)

t−ηM

xT (s)Z2x(s)ds

+ ηm

∫ 0

−ηm

∫ t

t+β
ẋT (s)R1 ẋ(s)dsdβ + ηM

∫ 0

−ηM

∫ t

t+β
ẋT (s)R2 ẋ(s)dsdβ

+ (ηM − ηm)
∫ −ηm

−ηM

∫ t

t+β
ẋT (s)R3 ẋ(s)dsdβ,

(5.18)

V3(t)=

∫ 0

−ηm

∫ 0

λ

∫ t

t+β
ẋT (s)S 1 ẋ(s) ds dβ dλ+

∫ 0

−ηm

∫ λ

−ηm

∫ t

t+β
ẋT (s)S 2 ẋ(s) ds dβ dλ, (5.19)

V4(t)=

∫ 0

−ηM

∫ 0

λ

∫ t

t+β
ẋT (s)W1 ẋ(s) ds dβ dλ+

∫ 0

−ηM

∫ λ

−ηM

∫ t

t+β
ẋT (s)W2̇x(s) ds dβ dλ, (5.20)

V5(t)=

∫ −ηm

−ηM

∫ −ηm

λ

∫ t−ηm

t+β
ẋT (s)U1 ẋ(s) ds dβ dλ+

∫ −ηm

−ηM

∫ λ

−ηM

∫ t

t+β
ẋT (s)U2 ẋ(s) ds dβ dλ.

(5.21)
The LKFs candidate (5.16) is positive if P, Ri(i ∈ I3), Z j, S j, W j and U j ( j ∈ I2) are all

positive definite matrices. In this case, the networked control system (5.6) with network-

induce delay (5.5) is asymptotically stable if:

V̇(t) =

5∑
i=1

V̇i(t) < 0. (5.22)

Let us define:

ζ(t) =
[

xT (t) xT (t − ηm) xT (t − τ(t)) xT (t − ηM) VT
1 . . . VT

8 ẋT (t) .
]T

(5.23)
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where

V1 =
1
ηm

∫ t

t−ηm

x(s)ds, V2 =
1
τ(t)

∫ t

t−τ(t)
x(s)ds,

V3 =
1

(τ(t) − ηm)

∫ t−ηm

t−τ(t)
x(s)ds,V4 =

1
(ηM − τ(t))

∫ t−τ(t)

t−ηM

x(s)ds,

V5 =
1
η2

m

∫ 0

−ηm

∫ t

t+β
x(s)dsdβ,V6 =

1
τ(t)2

∫ 0

−τ(t)

∫ t

t+β
x(s)dsdβ,

V7 =
1

(τ(t)−ηm)2

∫ −ηm

−τ(t)

∫ t−ηm

t+β
x(s)dsdβ,V8 =

1
(ηM−τ(t))2

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
x(s)dsdβ.

The derivative of first term in (5.16) is given as follow :

V̇1(t) = He(θT (t)Pθ̇(t)). (5.24)

where:

θ̇(t) =



ẋ(t)
x(t) − x(t − ηm)
x(t) − x(t − ηM)

x(t − ηm) − x(t − ηM)
x(t) −V1

ηM x(t) − τ(t)V2 − (ηM − τ(t))V4

(ηM − ηm)x(t − ηm) − (τ(t) − ηm)V3 − (ηM − τ(t))V4

.


(5.25)

and we can re-write θ(t) in (5.24) as follow:

θ(t) =
[
θ1 θ2 θ3 θ4

]T
, (5.26)

θ1 =

[
xT (t)

∫ t

t−ηm
xT (s)ds

∫ t

t−τ(t)
xT (s)ds +

∫ t−τ(t)

t−ηM
xT (s)ds

]T
,

θ2 =

[ ∫ t−ηm

t−τ(t)
xT (s)ds +

∫ t−τ(t)

t−ηM
xT (s)ds 1

ηm

∫ 0

ηm

∫ t

t−ηm
xT (s)ds

]T
,

θ3 =

∫ 0

−τ(t)

∫ t

t+β
xT (s)dsdβ+

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
xT (s)dsdβ + (ηM−τ(t))

∫ t

t−τ(t)
xT (s)ds,

θ4 =

∫ −ηm

−τ(t)

∫ t−ηm

t+β
xT (s)dsdβ+

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
xT (s)dsdβ+(ηM−τ(t))

∫ t−ηm

t−τ(t)
xT (s)ds.

θ(t) =
[

x(t) η1V1 τ(t)V2 + (η2 − τ(t))V4 (τ(t) − η1)V3 + (η2 − τ(t))V4 η1V5

τ(t)2V6 + (η2 − τ(t))2V8 + τ(t)(η2 − τ(t))V2

(τ(t) − η1)2V7 + (η2 − τ(t))2V8 + (τ(t) − η1)(η2 − τ(t))V3

]
,

(5.27)
Therefore, from (5.25) and (5.26) and substituting β =

τ(t)−ηm
ηM−ηm

the following equations are
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true:

V̇1(t) ≤ ζT (t)He

(
βΠ1

1PΠ1
2 + (1 − β)Π2

1PΠ2
2

)
ζ(t). (5.28)

with Π1
1, Π2

1, Π1
2 and Π2

2 detailed in Theorem 5.1.

Likewise, let consider the time derivative of second term (4.26) in (5.16):

V̇2(t) = ẋT (t)
(
η2

mR1 + η2
MR2 + (ηM − ηm)2R3

)
ẋ(t) + xT (t)Z1x(t)

− xT (t − ηm) Z1x (t − ηm) + (1 − τ̇(t))xT (t − τ(t)) Z2x (t − τ(t))

− xT (t − ηM) Z2x (t − ηM) − ηm

∫ t

t−ηm

ẋT (s)R1 ẋ(s)ds

− ηM

∫ t

t−ηM

ẋT (s)R2 ẋ(s)ds − (ηM − ηm)
∫ t−ηm

t−ηM

ẋT (s)R3 ẋ(s)ds.

(5.29)

Applying lemma 3.3.4 to first integral terms in (5.29) yields:

− ηm

∫ t

t−ηm

ẋT (s)R1 ẋ(s)ds ≤

− ζT (t)


 [e1 − e2]T

[e1 + e2 − 2e5]T

T R1 0
∗ 3R1

  [e1 − e2]T

[e1 + e2 − 2e5]T


 ζ(t),

(5.30)

The inequality (5.29) can be written as:

V̇2(t) ≤ ζT (t)Φ1ζ(t) − ηM

∫ t

t−ηM

ẋT (s)R2 ẋ(s)ds

− (ηM − ηm)
∫ t−ηm

t−ηM

ẋT (s)R3 ẋ(s)ds.
(5.31)

with Φ1 is given in (5.11).

Continuing by the time derivative of the third term in (5.16) :

V̇3(t) =
η2

m

2
ẋT (t) (S 1 + S 2) ẋ(t) −

∫ 0

−ηm

∫ t

t+β
ẋT (s)S 1 ẋ(s)dsdβ

−

∫ 0

−ηm

∫ t+β

t−ηm

ẋT (s)S 2 ẋ(s)dsdβ.
(5.32)

From lemma 3.3.4, we can write: and

−

∫ 0

−ηm

∫ t

t+β
ẋT (s)S 1 ẋ(s)dsdβ ≤

− ζT (t)


 [e1 − e5]T

[e1 − 4e5 + 6e9]T

T 2S 1 0
∗ 4S 1

  [e1 − e5]T

[e1 − 4e5 + 6e9]T


 ζ(t),

(5.33)
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and

−

∫ 0

−ηm

∫ t+β

t−ηm

ẋT (s)S 2 ẋT (s)dsdβ ≤

− ζT (t)


 [e2 − e5]T

[e2 − 4e5 + 6e9]T

T 2S 2 0
∗ 4S 2

  [e2 − e5]T

[e2 − 4e5 + 6e9]T


 ζ(t),

(5.34)

leading to:

V̇3(t) ≤ ζT (t)Φ2ζ(t). (5.35)

with Φ2 is given in (5.12).

Next, let consider the time derivative of penultimate term in (5.16) :

V̇4(t) =
η2

M

2
ẋT (t) (W1 + W2) ẋ(t)

−

∫ 0

−τ(t)

∫ t

t+β
ẋT (s)W1 ẋ(s)dsdβ −

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
ẋT (s)W1 ẋ(s)dsdβ

− (ηM − τ(t))
∫ t

t−τ(t)
ẋT (s)W1 ẋ(s)ds

−

∫ 0

−τ(t)

∫ t+β

t−τ(t)
ẋT (s)W2 ẋ(s)dsdβ −

∫ −τ(t)

−ηM

∫ t+β

t−ηM

ẋT (s)W2 ẋ(s)dsdβ

− τ(t)
∫ t−τ(t)

t−ηM

ẋT (s)W2 ẋ(s)ds.

(5.36)

From lemma 3.3.4 we can write:

−

∫ 0

−τ(t)

∫ t

t+β
ẋT (s)W1 ẋ(s)dsdβ ≤

− ζT (t)


 [e1 − e6]T

[e1 − 4e6 + 6e10]T

T 2W1 0
∗ 4W1

  [e1 − e6]T

[e1 − 4e6 + 6e10]T


 ζ(t),

(5.37)

−

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
ẋT (s)W1 ẋ(s)dsdβ ≤

− ζT (t)


 [e3 − e8]T

[e3 + 2e8 − 6e12]T

T 2W1 0
∗ 4W1

  [e3 − e8]T

[e3 + 2e8 − 6e12]T


 ζ(t),

(5.38)

−

∫ 0

−τ(t)

∫ t+β

t−τ(t)
ẋT (s)W2 ẋ(s)dsdβ ≤

− ζT (t)


 [e3 − e6]T

[e3 − 4e6 + 6e10]T

T 2W2 0
∗ 4W2

  [e3 − e6]T

[e3 − 4e6 + 6e10]T


 ζ(t),

(5.39)
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and:

−

∫ −τ(t)

−ηM

∫ t+β

t−ηM

ẋT (s)W2 ẋ(s)dsdβ ≤

− ζT (t)


 [e4 − e8]T

[e4 + 2e8 − 6e12]T

T 2W2 0
∗ 4W2

  [e4 − e8]T

[e4 + 2e8 − 6e12]T


 ζ(t),

(5.40)

from (5.37)-(5.40) leading to:

V̇4(t) ≤ ζT (t)Φ3ζ(t) − (ηM − τ(t))
∫ t

t−τ(t)
ẋT (s)W1 ẋ(s)dsdβ

− τ(t)
∫ t−τ(t)

t−ηM

ẋT (s)W2 ẋ(s)dsdβ.
(5.41)

with Φ3 given in (5.13).
Finally, the time derivative of the last term in (5.16) :

V̇5(t) =
(ηM − ηm)2

2
ẋT (t) (U1 + U2) ẋ(t)

−

∫ −ηm

−τ(t)

∫ t−ηm

t+β
ẋT (s)U1 ẋ(s)dsdβ −

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
ẋT (s)U1 ẋ(s)ds

− (ηM − τ(t))
∫ −ηm

t−τ(t)
ẋT (s)U1 ẋ(s)ds

−

∫ −ηm

−τ(t)

∫ t+β

t−τ(t)
ẋT (s)U2 ẋ(s)dsdβ −

∫ −τ(t)

−ηM

∫ t+β

t−ηM

ẋT (s)U2 ẋ(s)dsdβ

− (τ(t) − ηm)
∫ t−τ(t)

t−ηM

ẋT (s)U2 ẋ(s)ds.

(5.42)

From lemma 3.3.4 we can write:

−

∫ −ηm

−τ(t)

∫ t−ηm

t+β
ẋT (s)U1 ẋ(s)dsdβ ≤

− ζT (t)


 [e2 − e7]T

[e2 − 4e7 + 6e11]T

T 2U1 0
∗ 4U1

  [e2 − e7]T

[e2 − 4e7 + 6e11]T


 ζ(t),

(5.43)

−

∫ −τ(t)

−ηM

∫ t−τ(t)

t+β
ẋT (s)U1 ẋ(s)dsdβ ≤

− ζT (t)


 [e3 − e8]T

[e3 + 2e8 − 6e12]T

T 2U1 0
∗ 4U1

  [e3 − e8]T

[e3 + 2e8 − 6e12]T


 ζ(t),

(5.44)
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−

∫ −ηm

−τ(t)

∫ t+β

t−τ(t)
ẋT (s)U2 ẋ(s)dsdβ ≤

− ζT (t)


 [e3 − e7]T

[e3 − 4e7 + 6e11]T

T 2U2 0
∗ 4U2

  [e3 − e7]T

[e3 − 4e7 + 6e11]T


 ζ(t),

(5.45)

and

−

∫ −ηm

−τ(t)

∫ t+β

t−τ(t)
ẋT (s)U2 ẋ(s)dsdβ ≤

− ζT (t)


 [e4 − e8]T

[e4 − 4e8 + 6e12]T

T 2U2 0
∗ 4U2

  [e4 − e8]T

[e4 − 4e8 + 6e12]T


 ζ(t).

(5.46)

From (5.43)-(5.45) it yields:

V̇5(t) ≤ ζT (t)Φ4ζ(t) − (ηM − τ(t))
∫ −ηm

t−τ(t)
ẋT (s)U1 ẋ(s)ds

− (τ(t) − ηm)
∫ t−τ(t)

t−ηM

ẋT (s)U2 ẋ(s)ds.
(5.47)

with Φ4 is given in (5.14).

From (5.24)-(5.47), the equation (5.22) can be writing as follow:

V̇(t) ≤ ζT (t)

 4∑
i=2

Φi +He

(
βΠ1

1PΠ2 + (1 − β)Π2
1PΠ2

) ζ(t)

− ηM

∫ t

t−ηM

ẋT (s)R2 ẋ(s)ds − (ηM − τ(t))
∫ t

t−τ(t)
ẋT (s)W1 ẋ(s)ds

− τ(t)
∫ t−τ(t)

t−ηM

ẋT (s)W2 ẋ(s)ds − (ηM − ηm)
∫ t−ηm

t−ηM

ẋT (s)R3 ẋ(s)ds

− (τ(t) − ηm)
∫ t−τ(t)

t−ηM

ẋT (s)U2 ẋ(s)ds − (ηM − τ(t))
∫ −ηm

t−τ(t)
ẋT (s)U1 ẋ(s)ds.

(5.48)
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So, the first three integral terms of (5.48) can be bounded via lemma 3.3.4 as follows:

−ηM

∫ t

t−τ(t)
ẋT (s)R2 ẋ(s)ds− ηM

∫ t−τ(t)

t−ηM

ẋT (s)R2 ẋ(s)ds

−(ηM − τ(t))
∫ t

t−τ(t)
ẋT (s)W1 ẋ(s)ds − τ(t)

∫ t−τ(t)

t−ηM

ẋT (s)W2 ẋ(s)ds ≤

− ζT (t)

 1
α1

 [e1 − e3]T

[e1 + e3 − 2e6]T

T R2 0
∗ 3R2

  [e1 − e3]T

[e1 + e3 − 2e6]T


+

1
β1

 [e3 − e4]T

[e3 + e4 − 2e8]T

T R2 0
∗ 3R2

  [e3 − e4]T

[e3 + e4 − 2e8]T


+
β1

α1

 [e1 − e3]T

[e1 + e3 − 2e6]T

T W1 0
∗ 3W1

  [e1 − e3]T

[e1 + e3 − 2e6]T


+
α1

β1

 [e3 − e4]T

[e3 + e4 − 2e8]T

T W2 0
∗ 3W2

  [e3 − e4]T

[e3 + e4 − 2e8]T


 ζ(t).

(5.49)

with α1 =
τ(t)
ηM

, β1 =
ηM−τ(t)
ηM

, β1
α1

=
ηM−τ(t)
τ(t) and α1

β1
=

τ(t)
ηM−τ(t) .

In the same way, the last three integral terms of (5.48) can be bounded via lemma 3.3.4

as follows:

− (ηM − ηm)
∫ t−ηm

t−τ(t)
ẋT (s)R3 ẋ(s)ds − (ηM − ηm)

∫ t−τ(t)

t−ηM

ẋT (s)R3 ẋ(s)ds

− (ηM − τ(t))
∫ t−ηm

t−τ(t)
ẋT (s)U1 ẋ(s)ds − (τ(t) − ηm)

∫ t−τ(t)

t−ηM

ẋT (s)U2 ẋ(s)ds ≤

− ζT (t)

 1
α2

 [e2 − e3]T

[e2 + e3 − 2e7]T

T R3 0
∗ 3R3

  [e2 − e3]T

[e2 + e3 − 2e7]T


+

1
β2

 [e3 − e4]T

[e3 + e4 − 2e8]T

T R3 0
∗ 3R3

  [e3 − e4]T

[e3 + e4 − 2e8]T


+
β2

α2

 [e2 − e3]T

[e2 + e3 − 2e7]T

T U1 0
∗ 3U1

  [e2 − e3]T

[e2 + e3 − 2e7]T


+
α2

β2

 [e3 − e4]T

[e3 + e4 − 2e8]T

T U2 0
∗ 3U2

  [e3 − e4]T

[e3 + e4 − 2e8]T


 ζ(t).

(5.50)

with α2 =
τ(t)−ηm
ηM−ηm

, β2 =
ηM−τ(t)
ηM−ηm

, β2
α2

=
ηM−τ(t)
τ(t)−ηm

and α2
β2

=
τ(t)−ηm
ηM−τ(t) .

Note that α1 + β1 = 1 and α2 + β2 = 1. Thus, applying lemma 3.3.5 to (5.49) and (5.50)

respectively, if there exist a matrix variablesM =

 M11 M12

M21 M22

 and N =

 N11 N12

N21 N22


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with appropriate dimension satisfying (5.7) and (5.8) respectively, we can rewrite the in-

equality (5.48) as follow:

V̇(t) ≤ζT (t)

 4∑
i=1

Φi +He

(
βΠ1

1PΠ1
2 + (1 − β)Π2

1PΠ2
2

)

−


[e1 − e3]T

[e1 + e3 − 2e6]T

[e3 − e4]T

[e3 + e4 − 2e8]T



T 
R2 0 M11 M12

∗ 3R2 M21 M22

∗ ∗ R2 0
∗ ∗ ∗ 3R2




[e1 − e3]T

[e1 + e3 − 2e6]T

[e3 − e4]T

[e3 + e4 − 2e8]T



−


[e2 − e3]T

[e2 + e3 − 2e7]T

[e3 − e4]T

[e3 + e4 − 2e8]T



T 
R3 0 N11 N12

∗ 3R3 N21 N22

∗ ∗ R3 0
∗ ∗ ∗ 3R3




[e2 − e3]T

[e2 + e3 − 2e7]T

[e3 − e4]T

[e3 + e4 − 2e8]T




ζ(t)

≤ ζT (t)

 5∑
i=1

Φi +He

(
βΠ1

1PΠ1
2 + (1 − β)Π2

1PΠ2
2

) ζ(t).

(5.51)

with Φ5 is given in (5.15).
Then, let us rewrite the NCSs model with the network-induced delay (5.6) with G defined

in (5.10):
Gζ(t) = 0. (5.52)

Applying apply lemma 3.3.2, the NCSs model with network-induce delay (5.6) is Asymp-

totically stable if there exists T ∈ R13n×n such that:

ζT (t)He (TG) ζ(t) = 0. (5.53)

with G is defined in (5.10).
Now, let consider the whole derivative of the LKFs, from (5.24)-(5.50)

V̇(t) ≤ ζT (t)
(

6∑
i=2

Φi(t) +He

(
βΠ1

1PΠ1
2 + (1 − β)Π2

1PΠ2
2

)
+He(TG)

)
ζ(t). (5.54)

Utilizing convex combination approach, so Π1
1PΠ1

2 < 0 and Π2
1PΠ2

2 < 0. Therefore, if

(5.7), (5.8) and (5.9) hold, then system (5.6) is asymptotically stable. This completes the

proof.

Remark 5.2 As it is well known, the choice of suitable LKFs is the first key factor to re-

duce conservatism. for that, the double integral terms
∫ −ηm

−ηM

∫ t

t+β
x(s)dsdβ,

∫ 0

−ηM

∫ t

t+β
x(s)dsdβ

and 1
ηm

∫ 0

−ηm

∫ t

t+β
xT (s)dsdβ are introduced in θ(t) to involve more cross terms among x(t),

x(t − ηm), x(t − τ(t)), x(t − ηM), 1
ηM−τ(t)

∫ t−τ(t)

t−ηM
x(s)ds and 1

τ(t)−ηm

∫ t−ηm

t−τ(t)
x(s)ds. This provide

more freedom to choose matrices in LKFs achieving the maximum stability margin. The
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simultaneous presence of triple-integral terms in (5.20) along the interval
[
0, ηM

]
could

contain more information about the time delay and consequently provide more relaxation

of the conservatism result.

Remark 5.3 Among the different methods reducing the conservatism, the free-weighting

matrices method [168] is the most promising, it consists in the expense of many additional

matrix variables. In our case, the matrices variable M and N in Theorem 5.1 are indis-

pensable to derive the stability criterion. In addition the Wirtinger inequality is used to

estimate the cross terms in the double and triple-integral forms, this give less conserva-

tive and more computationally stability criterion. Also, the application of the reciprocally

convex approach combined with Wirtinger inequality can handle the cross terms in (5.49)
and (5.50) without enlargement (only M and N are introduced).

Remark 5.4 In summary, the originality of the proposed method rely on both the choice

of LKFs and the way to estimate the integral inequalities of its derivatives using Wirtinger-

based inequalities and improved reciprocal convexity.

5.3.2 Obtaining a robust state feedback control law. In this section, based
on Theorem 5.1 presented above, we will show how we can obtain a robust feedback con-
trol law using the state feedback controller (5.4) (stabilization problem), for an NCSs
(5.6). The main results are presented below.

Theorem 5.2 Let i ∈ I2 and l ∈ I3. For given scalars ηm > 0 and ηM > 0 such that

ηm ≤ τ(t) ≤ ηM, the NCSs model with interval network-induced delay (5.1) is Asymptotic

Stabilize by the the feedback controller (5.4) if there exist symmetric positive definite

matrices X, P̄, Ūi, S̄ i, W̄i, Z̄i and R̄l (in Rn×n), matrices variables M̄ and N̄ (in R2n×n) and

real matrix F ( in Rm×n), such that the following LMIs holds:
R̄2 + W̄1 0 M̄11 M̄12

0 3
(
R̄2 + W̄1

)
M̄21 M̄22

M̄T
11 M̄T

21 R̄2 + W̄1 0
M̄T

12 M̄T
22 0 3

(
R̄2 + W̄1

)
 > 0. (5.55)


R̄3 + Ū1 0 N̄11 N̄12

0 3
(
R̄3 + Ū1

)
N̄21 N̄22

N̄T
11 N̄T

21 R2 + W̄1 0
N̄T

12 N̄T
22 0 3

(
R̄3 + Ū1

)
 > 0. (5.56)

5∑
i=1

Φ̄i +He(Π1T
q P̄Π2

q) +He(X̃) < 0 (q ∈ I2). (5.57)
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where:

X̃ =



AX 0 BF 0(1×9) −X

0 0 0 0(1×9) 0
ε1AX 0 ε1BF 0(1×9) −ε1X

0(9×1) 0(9×1) 0(9×1) 0(9×9) 0(9×1)

ε2AX 0 ε2BF 0(1×9) −ε2X


,

Φ1 = e1Z̄1eT
1 − e2Z̄1eT

2 − e4Z̄2eT
4 + e13

(
η2

mR̄1 + η2
MR̄2 + (ηM − ηm)2R3

)
eT

13

− (e1 − e2) R̄1 (e1 − e2)T
− 3 (e1 + e2 − 2e5) R̄1 (e1 + e2 − 2e5)T ,

(5.58)

Φ̄2 =
η2

m

2
e13

(
S̄ 1+S̄ 2

)
eT

13 −

χ1

χ2

T  S̄1 0
∗ S̄2

 χ1

χ2

 , (5.59)

Φ̄3 =
η2

M

2
e13

(
W̄1 + W̄2

)
eT

13

−

χ3

χ4

T  W̄1 0
∗ W̄1

 χ3

χ4

 − χ5

χ6

T  W̄2 0
∗ W̄2

 χ5

χ6

 , (5.60)

Φ4 =
(ηM − ηm)2

2
e13

(
Ū1 + Ū2

)
eT

13

−

χ7

χ8

T  Ū1 0
∗ Ū1

 χ7

χ8

 −  χ9

χ10

T  Ū2 0
∗ Ū2

  χ9

χ10

 , (5.61)

Φ5 = −

χ11

χ12

T  R̄2 M̄

∗ R̄2

 χ11

χ12

 − χ13

χ14

T  R̄3 N̄

∗ R̄3

 χ13

χ14

 , (5.62)

R̄i =

R̄i 0
∗ 3R̄i

 , S̄i =

2S̄ i 0
∗ 4S̄ i

 , Ūi =

2Ūi 0
∗ 4Ūi

 ,W̄i =

2W̄i 0
∗ 4W̄i

 , (i ∈ I4).

Proof 5.2 let Dl
x = diag

[
X X(l×1)

]T
. Pre-and-post-multiplying (5.7) and (5.8) by

D3
x and its transpose, (5.54) by D10

x and its transpose, respectively, with the following

variables changes F = KX, P̄ = XT PX, Z̄i = XT ZiX, S̄ i = XT S iX, R̄i = XT RiX,

W̄i = XT WiX(i ∈ I2), Q̄ j = XT Q jX, M̄ = XTMX and N̄ = XTNX( j ∈ I3), we ob-

tain the conditions expressed in Theorem 5.2. This completes the proof.

5.4 Numerical examples

In this section, we provide academic numerical examples to illustrate the effectiveness
and the conservatism reduction of the results proposed in Theorems 1 and 2 regarding to
previous relevant results. The purpose is to compare the maximum allowable bounds of
time-delay that guarantees the global asymptotic stability of the systems.
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Example 5.1 Let us consider the NCSs (5.6), with:

A =

−2 0
0 −0.9

 , B × K =

−1 0
−1 −1

 .
This system has been often considered in previous articles for the conservatism compar-

ison (see the references given in table 5.1) . The goal is to find the maximum allowable

upper bound ηM (denoted as maub(ηM) of the network-induced delay and packet dropouts

τ(t), which ensure that the considered NCSs is GAS).

Table 5.1 summarizes the obtained maub(τM) with fixed h = 0.01 and δ̄ = 10 from vari-

ous previous results, compared with ones obtained from Theorem 5.1. As one can notice,

Table 5.1: The obtained maub(ηM) with varying ηm of integrator system
.

Considered results /τm 2 3 4 5
[103] 2.5660 3.3400 4.1690 5.0270
[88] 2.6700 3.3800 4.1600 -
[89] 2.6900 3.4100 4.2000 5.0300
[62] 2.6987 3.4186 4.2097 5.0440
[64] (λ = 3) 2.7990 3.4990 4.2960 5.1400
[113] 2.8000 3.5000 4.3000 5.1400
[3] 3.0545 3.6939 4.4026 5.1557
[25] 3.4671 4.1535 4.4731 -
[25](σ = 10) 3.5836 4.2009 4.9268 5.8774
[57] (λ = 3, σ = 12) 3.6741 4.3021 5.0379 5.9536
[57] (λ = 3, σ = 15) 3.7293 4.3847 5.1125 6.0497
Theorem 5.1 4.1497 5.0601 6.0258 7.0019

among all the considered results, the ones obtained from Theorem 5.1 provide the biggest

maximal allowable values of ηM and the considered networked control system NCSs is

GAS for all τ(t) ∈ [ηm,maub(ηM)]. These numerical results confirm the reduction of the

conservatism provided by the LMI stability conditions proposed in Theorem 5.1 regard-

ing to the other considered results. The NCSs of example 5.1 state responses dynamics

with network-induce delay (5.3) (with delay profile in Figure 5.2) are plotted in Figure 5.1

with the initial conditions x(0) =
[
−0.5 0.5

]T
, ∀t ∈ [−ηM,−ηm], and with ηM = 3.0253,

ηm = 0.5. Figure 1 confirm the system stability.

Example 5.2 Consider the following closed loop linear time-varying system described

by (K is the controller gain matrix):

A =

 0.0 1.0
−10.0 −1.0

 , B × K =

0.0 0.1
0.1 0.2

 .
In this example the upper bounds of input delay (maub(ηM)) (with delay profile in Figure
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Figure 5.1: states trajectories of Integrator system.
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Figure 5.2: Delay profile in the simulation of Integrator system.

3) are calculated with various value of lower bounds of network-induced delay ηm by

the proposed Theorem 5.1, the obtained results are compared with those of some recent

papers results given in Table 5.2. The improvements brought by the proposed Theorem 5.1

Table 5.2: The obtained maub(ηM) with varying ηm of motor system.

Considered results ηm =0.3 ηm =0.7 ηm = 1 ηm = 2
[82] 1.28 1.64 1.94 2.94
[89] 1.33 1.73 2.03 3.03
[44] 1.64 2.02 2.31 3.31
[55](δ = 10) 1.93 2.22 2.44 3.37
Theorem 5.1 2.04 2.37 2.61 3.48

compared with other methods are clearly shown. For 2 ≤ τ(t) ≤ 3.48, Figure 5.3 shows

the state dynamics of the system (4.2) with the initial condition x(0) =
[

0.5 −0.8
]T

. As

one can see, the considered closed loop NCSs (5.6) is asymptotically stable.
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Figure 5.3: Delay profile in the simulation of Motor system.
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Figure 5.4: Delay profile in the simulation of Motor system.

Example 5.3 (Controller design for quadruple-tank process)

In this example, we apply the proposed method presented in section 5.3.2 to obtain a

robust state feedback controller for a real application namely "quadruple-tank process

system" controlled over network. The systems consists of four interconnected water tanks

and two pumps (Fig.5.5). the goal is to control the water level in the two lower tanks using

pump 1 and 2 (more details of this system can be found in [36] and [159]). The author

in Ref. [36] proposed a state-space model of the quadruple-tank process and designed a

state feedback controller as follows:

ẋ(t) = A1x(t) + A2x(t − ηm) + B1x(t − ηM) + B2x(t − τ3). (5.63)

Figure 5.5: Schematic representation of the quadruple-tank process ([36]).
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where

A1 =


−0.0021 0 0 0

0 −0.0021 0 0
0 0 −0.0424 0
0 0 0 −0.0424

 , A2 =


0 0 0.0424 0
0 0 0 0.0424
0 0 0 0
0 0 0 0

,

B1 =

0.1113γ1 0 0 0
0 0.1042γ2 0 0

T

, B2 =

0 0 0 0.1113(1 −γ1)
0 0 0.1042(1 − γ2) 0

T

,

γ1 = 0.333, γ2 = 0.307, u = Kx(t).

For our method presented in subsection 5.3.2, for simplicity purpose, assume that τ1 = 0
and ηM = τ3 = τ(t). Therefore, the control law is given by u(t) = Kx(t − τ(t)). Let

A = A1 + A2, B = B1 + B2, then, the quadruple-tank process model (5.63) can be rewritten

to the form of system (5.6). For given ηm = 0.01 and ε1 = 0.05 and ε2 = 0.03, the max-

imum allowable value network-induced delay are ηM = 0.9621 under the state feedback

controller

u(t) =

 0.3587 −0.8530 0.3775 −0.8975
−0.8769 0.4156 −0.9227 0.4374

 x(t).

With the above control law, the state trajectories of system (5.6) with the delay profile of

Figure 5.7 is given in Figure 6, when the initial conditions are x(0) =
[
−0.6 0.7 −0.2 0.4

]T

and 0.01 ≤ τ(t) ≤ 0.9621. It can be seen that the state trajectories of system (5.6) with

the commands signal trajectories of Figure 5.8 tends to zero, which demonstrates that the

proposed state feedback controller stabilize the considered NCSs (5.6).
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Figure 5.6: state trajectories of quadruple-tank process.

Example 5.4 (batch reactor) Let consider the benchmark example of a batch reactor

under networked state feedback controller suffering from network-induced delays, where
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Figure 5.7: Delay profile in the simulation of example 5.3.
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Figure 5.8: commands trajectories of quadruple-tank process ’u1(t) and u2(t)’.

:

A=


1.380 −0.208 6.715 −5.676
−0.581 −4.2902 0 0.675
1.067 4.273 −6.654 5.893
0.048 4.273 1.343 −2.104

 , B =


0 0

5.679 0
1.136 −3.146
1.136 0

 .
For various values of ηm given in Table 5.3, we apply Theorem 5.2 with ε1 = 10 and

ε2 = 10 to find the maximum values of ηM that guarantee that our NCSs (5.6) still GAS

under various induced-network delays with profile presented in Figure 9 . For given

Table 5.3: The obtaned maub(ηM) with varying ηm of Batch reactor
.

Results / ηm 0 0.1 0.2 0.3 0.5
Theorem 5.2 0.41 0.51 0.56 0.60 0.64

ηm = 0.5 and ε1,2 = 10 the maximum allowable value ηM = 0.64 under the state feedback

controller

u(t) =

 0.0738 −0.0211 0.0562 −0.0734
1.1220 0.2648 0.8187 −0.3670

 x(t).

To validate the effectiveness of our methods, the state trajectories of system (5.6) is plotted

and shown in Figure 5.9 for the initial condition x(0)=
[
−0.1 0.5 −0.3 0.2

]T
and 0.1 ≤

τ(t) ≤ 0.51 . It can be seen It can clearly be seen that the calculated state feedback

controller with the trajectories presented in Figure 5.9, can stabilize the considered NCSs

(5.6) under the considered network-induced delays.



5.5. Conclusion 101

0 5 10 15 20 25 30 35 40

Time(sec)

-0.4

-0.2

0

0.2

0.4

0.6

x
i (

t)

x
1
 (t)

x
2
 (t)

x
3
 (t)

x
4
 (t)

Figure 5.9: state trajectories of Batch reactor.
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Figure 5.10: Delay profile in the simulation of Batch reactor.
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Figure 5.11: commands trajectories of Batch reactor ’u1(t) and u2(t)’.

5.5 Conclusion

A new method of stability and stabilization improvement of Networked Control Systems
(NCSs), subject to network-induced delay is presented in this chapter. The method is
based on the combination of Wirtinger inequality with improved reciprocal convexity.
This allow us to address the problem of stability analysis and controller design for NCSs
in the form of LMIs. The resolution of such optimisation problem permits a relaxation
of the accepted network-induced delays. The proposed approach is validated with four
numerical examples and the obtained results are compared with those of other existing
methods, and their superiority in terms of conservativeness are proved.





Chapter 6

Conclusions and Future Work

This thesis presents some contributions in the stability analysis and robust state feed-
back controller design for NCSs subject to some network-induced disadvantages such as
network-induced delay and packet dropouts, as it is not possible to avoid these imper-
fections, they were incorporated into the controller design. In Chapter 1, we presented
an introduction in the field of Networked control systems including a brief History and
recent trends in the modeling and stability analysis of NCSs, Chapter 2 was dedicated to
the presentation of the principal definitions of NCSs and these stability analysis/robust
controller design challenges. In addition, different architectures and topologies for NCSs
were presented and actual and real implementation of NCSs in an industrial area were
discussed, then we mentioned different control techniques involved the study and design
controllers for NCSs, and we concluded the chapter by presenting the different protocols
used in the real implementation of NCSs.
In Chapter 3, we presented fundamental concepts of the stability analysis using the Lya-
punov theorem and different definitions and notation related to them, then we moved to
the presentation of the robust control techniques where we focused on theH∞ technique to
avoid perturbations and modeling uncertainties. In Chapter 4, we presented a first contri-
bution for the stability analysis and controller synthesis of NCSs where a stochastic NCSs
model with stochastic time-varying network-induced is used, the non-uniform and distri-
bution of network-induced delays which simulates the real delay in the real network are
fully introduced in the modeling and stability of NCSs. Then, the Lyapunov-Krasovskii
functional (LKF) is formulated using probabilistic information’s of both lower and upper
bounds of the time-varying network-induced delay and Wirtinger-based integral inequal-
ities are used to estimate the accuracy of the resulting time derivatives and also to re-
duce conservatism of the stability conditions. Afterward, stability condition based onH∞
disturbance attenuation level is expressed in terms of a set of linear matrix inequalities
(LMIs), and Finsler’s lemma is used to relax it by adding slack decision variables and de-
coupling the systems matrices from those of Lyapunov-Krasovskii. This procedure makes
the state feedback controller design as simple as a variables change. Finally, a maximum
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allowable upper bound of the network induced delay and state feedback controller gains
are calculated by resolving the above relaxed LMIs’ convex optimization problem.
In the last chapter, we presented a second contribution concerning the stability analysis
and controller design for NCSs modeled as a sampled-data system with network-induced
delay. Less conservative stability conditions in the form of linear matrix inequality (LMIs)
are derived by constructing new augmented Lyapunov-Krasovskii functional (LKFs) with
double and triple integral terms with a novel augmented vector. Wirtinger-based inequal-
ities and extended reciprocally convex approach are also used to estimate the time deriva-
tive of LKFs. The obtained stability condition gives maximum allowable bound (MAUB)
of network-induced delay that guarantees the stability of an NCSs compared with other
existing methods. A state feedback controller is also derived from the proposed stability
condition.
Finally, The contributions presented in chap 4 and 5 were validated by practical numerical
examples; the results show that the negative effects of the unpredictable network-induced
delays are compensated and the stability of NCSs guaranteeing high disturbance attenu-
ation level. These results were published in many international conference paper’s and
also in an international peer-reviewed journal.

6.1 Future Work

The work accomplished in this thesis has explored several NCSs stability analysis and
robust controller design, it achieved significant results in this domain where the researches
still at these initial stage. We believed that the improvements addressed in this thesis
should be more improved in future researches beginning from our obtained results, here
below some future research investigations :

• The Stability condition derived in Chapter 4 and 5 depends on the Network-induced
delay and Packet dropout, while the NCSs suffer from others several network-
induced imperfections and constraints (quantization error, variable sampling, band-
width limitation,...etc.). It is obvious that the inclusion of all the imperfections
will be most suitable for a possible real implementation of the obtained control
laws. Therefore, we will focus in our future works on the Trade-off between all
the network-induced imperfections to design an NCSs that can be implemented in
industries.

• The periodic transmission of closed-loop data through the network causes different
problems such as packet collision, buffer overflow, and network congestion which
lead to packet losses and degrade the network quality of services. this means that it
is necessary to design new data transmission strategies to avoid the loss in packets
by reducing the amount of data transmitted through a new event-triggered control
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design strategy based on aperiodic transmission and threshold between the latest
and current transmission to decide exactly the time required to transmit, or by in-
serting the buffer overflow challenge into the design of the network control system.

• Most of the real physical systems are inherently nonlinear, for that we will focus
in the future on the analysis of the nonlinear NCSs subject to network-induced im-
perfections by designing fuzzy controllers with Takagi–Sugeno (T-S) fuzzy NCSs
model subject to network-induced imperfections.
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Appendix A

LMI problems

Linear matrix inequalities are used to solve several automation problems (optimization
problems in control theory, system identification and signal processing) which are gener-
ally difficult to solve analytically. More specifically, they are used for stability analysis
and the synthesis of control laws for NCSs models. The advantage of LMI-based methods
is that they can be solved using convex programming.
In this appendix, we will give a brief reminder on convex analysis and linear matrix in-
equalities as well as the techniques used to solve the LMI problems established during
this thesis. For more details on the use of LMI in the field of control, the reader can refer
to [14].

A.1 Convex set

A set is said to be convex if:

∀λ ∈ [0, 1], ∀(x1, x2) ∈ C2 ⇔ (λx1 + (1 − λ)x2) ∈ C. (A.1)

• An important property of convex sets is that the intersection of two convex sets is a

Figure A.1: Convex (a) and non-convex (b) sets.

convex set.
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A.2 Convex function

Let be a function f : C → Rwhere the set C is convex, the function f is a convex function
if and only if:

∀(x, y) ∈ C2 ∀λ ∈ [0, 1], then f (λx + (1 − λ)y) ≤ λ f (x) + (1 − λ) f (y). (A.2)

Figure A.2: convex function.

A.3 Linear Matrix Inequalities LMIs

An LMI is a matrix inequality defined in the following form:

F(x) = F(0) +

m∑
i=1

xiFi > 0. (A.3)

where x ∈ Rm is the variable to be determined and symmetric matrices Fi = FT
i ∈ R

n×n, i =

0, . . . ,m, are given.

• The inequality ">" in (A.3) means that it is defined positive, that is to say, uT F(x)u >
0 for all u ∈ R, u , 0, that is to say all the eigenvalues λ (F(x)) of F(x) are negative.

• The LMI (A.3) is a convex constraint in, in other words the set {x|F(x) > 0} is
convex.

• The resolution of the LMI (A.3) amounts to determining the vector x(t) = [x1, x2, . . . , xn],
so F(x) > 0 that the convex constraint is verified. This then amounts to minimizing
the eigenvalues λmax (F(x)) > 0. This problem can be solved using the algorithm of
the interior point λ (F(x)) > 0 so that the function is convex.

• It is possible to convert non-linear matrix inequalities (BMI) into LMIs of the form
(A.3). The LMI formatting of a convex optimization problem therefore requires
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writing all the constraints of the problem in the form of affine LMI as a function of
the optimization variables.

• We can have a non-strict linear matrix inequality given by: F(x) ≤ 0.

A.4 Classic LMI problems

There are three types of optimization problems convex encountered in the form of LMI.

A.4.1 Feasibility problem: It is a question of finding a vector x such that the
convex constraint F(x) > 0 is satisfied. This problem is generally solved by looking for
the vector x minimizing the scalar t such that:

− F(x) < t × I. (A.4)

If the minimum value of is negative then the problem is doable.

A.4.2 Eigen-value problem EVP: It is a question of minimizing the greatest
eigenvalue of a symmetric matrix under a constraint of type LMI:

minimize λ,

subject to

λI − A(x) > 0,

B(x) > 0.

(A.5)

where the matrices A(x) and B(x) are symmetrical and linear with respect to the variable
x. In the literature, we can find another equivalent formulation of the EVP problem. For
example, the problem of minimizing a linear function is posed in the form of an x EVP
problem, as a variable as follows:minimize cT x,

subject to F(x) > 0.
(A.6)

A.4.3 Generalized Eigen-Value Problem GEVP: It is a question of mini-
mizing the greatest generalized eigenvalue of a pair of matrices, linearly dependent on the
x variable, under LMIs constraints. This problem is expressed as follows:

minimize λ,

subject to

λB(x) − A(x) > 0,

B(x) > 0,C(x) > 0.

(A.7)
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