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Abstract

We are interested in a one dimensional nonlinear stochastic partial differential equa-
tion: the generalized Burgers equation with homogeneous Dirichlet boundary condi-
tions, perturbed by additive space-time white noise. We present a result of existence
and uniqueness of the solution to the viscous equation using fixed point argument.
We prove also a result of existence and uniqueness of the entropy solution to the
inviscid equation using the concept of measure valued solutions and Kruzhkov’s

entropy formulation.

Then, we study the finite volume methods for the discretization of the inviscid
equation with additive stochastic force defined on a bounded domain D of R with
Dirichlet boundary conditions and a given initial data in L> (D). We prove that
the numerical solution converges to the unique stochastic entropy weak solution of
the continuous problem under a stability condition on the time and space steps.
This also yields a new proof of the existence of an entropy weak solution. Finally,
We present the simulations of stochastic and deterministic solutions for a particular

initial condition by finite volume methods with the software Matlab.

Keywords: Stochastic Burgers equation; Viscosity coefficient; Space-time white

noise; Finite volume method; Monotone scheme; Dirichlet boundary conditions.



Résumé

On s’ intéress a I’équation aux dérivées partielles stochastiques non linéaires unidi-
mensionnelles: 'équation de Burgers généralisée avec des conditions aux limites de
Dirichlet homogénes, perturbées par un bruit blanc additif du type espace-temps.
On présente un résultat d’existence et d’unicité d’une solution a 1’équation avec vis-
cosité en utilisant 'argument du point fixe. On donne aussi un résultat d’existence et
d’unicité de la solution entropique a I’équation non visqueuse en utilisant le concept

de la solutions a valeurs mesures et la formulation d’entropie de Kruzhkov.

Ensuite, nous étudions la méthode de volumes finis pour la discrétisation de
I’équation de Burgers stochastique généralisée non visqueuse définie sur un domaine
borné D de R avec des conditions aux limites de Dirichlet et une donnée initiale
dans L* (D). On montre que la solution numérique converge vers la solution en-
tropique stochastique unique du probléme continu sous une condition de stabilitée.
Ceci donne une nouvelle preuve d’existence d’une solution faible entropique. Fi-
nallement, on termine par quelques simulations numériques de la solution approchée
stochastique et deterministe, pour une conditions initiales particuliéreréalisées sous
le logiciel Matlab.

Mots-clefs: Equation de Burgers stochastique; Coefficient de Viscosité; Bruit blanc
espace-temps; Méthode des volumes finis; Schéma monotone; Conditions de Dirich-

let sur le bord.
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Introduction

We study the generalized Burgers equation with a stochastic source term. In every
natural system, all kinds of perturbative effects may be added to basic equations;
this is what we model by noise. When a stochastic term W, is introduced in an
equation, the solution u(t,z) becomes a random variable u(¢, z,w), which leads to
revisit the mathematical studies already carried out in the deterministic case.
Spatiotemporal systems in physics, chemistry, and biology are often subject to ran-
dom phenomena that can occur in the form of fluctuating forces, uncertain param-
eters, and random source terms or boundary conditions. It is therefore of essential
importance to be able to introduce uncertainty in the reality that the model must
represent, and this is often done by means of stochastic partial differential equations.
As a concrete example [19], where the author model the ocean and the atmosphere,
introduce a multiplicative noise to represent uncertainties due to the complexity of
the earth’s climate system. Another example is given by the stochastic Burgers
equation studied in this thesis. One of the main problems in the field of complex
systems is to achieve a sufficiently deep understanding of turbulence. However, one
still lacks a complete theory of turbulence that would permit to predict important
phenomena such as turbulent mixing, turbulent convection and turbulent combus-
tion starting from the basic equations of fluid dynamics.

The Burgers equation is due to the Dutch physicist J.M. Burgers [9] who in 1939
simplified the Navier-Stokes equation by neglecting the pressure term, obtaining the

following Burgers equation

ou O?u (t, ) (u(t,z))?

at P aaz Or 2
which can be studied in one space dimension, with or without a term source.
In the statistical theory of turbulence, a random force method was proposed in the
hope of finding a physically meaningful stationary distribution of turbulence.
The study of Burgers’ equation with a forcing term is interesting in view of the
phenomenological character of this equation. Since it represents an incomplete de-

scription of a system, a forcing term can provide a good model of the neglected
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effects. Thus equation , become

ou(t,r,w)  Pu(t,z,w) 5 (u (t, zw))?
ot e S

+&(t,x,w) (2)

where & (t,z,w), is a space time white noise.

Motivations for studying the stochastic Burgers equation are manifold. Just
to name a few, it is used to model vortex lines in high-temperature superconduc-
tors, dislocations in disordered solids and kinetic roughening of interfaces in epitaxial
growth, the formation of large-scale structures in the universe, constructive quan-
tum field theory [7], etc. Since in the deterministic viscous case, this equation is
furthermore explicitly solvable via the Hopf-Cole transform (v = 0,v/v, where v
solves the heat equation), it comes as no surprise that a wealth of numerical and
analytical results are available. From a purely mathematical point of view, let us
mention for example the well-posedness results from [§], [7], [I7]. One remarkable
achievement was the construction of a stationary solution in the inviscid limit with
non-vanishing noise (dissipation then occurs purely through shocks). From a more
quantitative perspective, the scaling exponents of the solutions in the small viscos-
ity limit have attracted considerable interest, both in the physics and the applied

mathematics literature.

For the numerical solution, we apply the finite volume method, this method
has first been developed by engineers in order to study complex coupled physical
phenomena where the conservation of extensive quantities (such as masses, energy,
momentum...) must be carefully respected by the approximate solution.

Another advantage of such schemes is that a large variety of meshes can be used.
From the industrial point of view, the finite volume method is known as a robust
and cheap method for the discretization of conservation laws (by robust, we mean
a scheme which behaves well even for particularly difficult equations, such as non-
linear systems of hyperbolic equations and which can easily be extended to more
realistic and physical contexts than the classical academic problems). The finite
volume method is cheap thanks to short and reliable computational coding for com-
plex problems. It may be more adequate than the finite difference method (which
in particular requires a simple geometry). However, in some cases, it is difficult
to design schemes which give enough precision. Indeed, the finite element method
can be much more precise than the finite volume method when using higher order
polynomials, but it requires an adequate functional framework which is not always
available in industrial problems.

The basic idea of the finite volume method is the following: one integrates the par-

tial differential equations in each volume element and then approximates the fluxes
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across the volume boundaries. It is the method which we apply to solve the stochas-
tic Burgers equation in one space dimension.

The main aim of this thesis is to study the finite volume methods for the discretiza-
tion of the stochastic Burgers equation, perturbed by additive space-time white
noise. This thesis is composed of four chapters. Chapter 1 contains various theories
and results that are required in the sequel. We present in Chapter 2 a result of
existence and uniqueness of the local solution to the viscous equation using fixed
point argument, then if we impose a condition to the viscosity coefficient we can
prove that this solution is global. In Chapter 3, we propose a result of existence and
uniqueness of the entropy solution to the inviscid stochastic Burgers equation using
the concept of measure valued solutions and Kruzhkov’s entropy formulation. In
Chapter 4, we study the finite volume methods for the discretization of the inviscid
stochastic Burgers equation with additive stochastic force defined on a bounded do-
main D of R with Dirichlet boundary conditions and a given initial data in L (D).
Then we prove that the numerical solution converges to the unique stochastic en-
tropy weak solution of the continuous problem under a stability condition on the
time and space steps. Finally, we propose a numerical application to the stochas-
tic Burgers equation in the one-dimensional case. We introduce the scheme used
and present the simulations of stochastic and deterministic solutions for a particular

initial condition by finite volume method with the software Matlab.

10



Chapter 1

Preliminaries

We introduce in this chapter some basic elements of probability theory, Stochastic

process and functional analysis for which we refer to [34] for further details.

1.1 Fondamental notion of probability theory

Think of an experiment, with an outcome that changes randomly with each rep-
etition. As the experiment is repeated, the frequencies of the outcomes vary and
statistical and probabilistic tools are needed to analyze the results. In particular,
we assign probabilities to each outcome as a limit of the frequency of occurrence
relative to the total number of trials. These ideas are simple and intuitive in an
experiment with a finite number of possibilities. To express these concepts in an
uncountable setting, such as the stochastic processes and random fields arising in
the study of stochastic PDEs, we use an abstract measure space ({2, F,P), called a

probability space.

1.1.1 Probability spaces and random variables

The probability space (€2, F,P) consists of the sample space (2, the o-algebra (the
set of events) F, and the probability measure P.

Definition 1.1 (the sample space Q). In an experiment, the sample space §) is the
set of all possible outcomes. In general, the sample space is simply an abstract set,

one large enough to parameterize all possible outcomes of the experiment.

Definition 1.2 (c-algebra). A set F of subsets of a set A is a o-algebra if
(i) the empty set {} € F,
(ii) the complement F*:={x € A:x ¢ F} € F forall F € F, and
(iii) the union UjenF; € F for Fy € F .

11



Chapter 1. Preliminaries

Thus, a o-algebra is a collection of subsets of A that contains the empty set and
is closed under forming complements and countable unions. Any F' € F is known

as a measurable set and the pair (A, F) is known as a measurable space.

Definition 1.3 (measure). A measure 1 on a measurable space (A, F) is a mapping
from F to RT U {oc} such that

(i) the empty set has measure zero, pn({}) =0, and
(1t) p (UjenF;) Zu 5) if F; € F o are disjoint (i.e., FyNE; = {} fork # j).

JEN

Together (A, F, ) form a measure space.

Definition 1.4 (probability measure). A measure P on (2, F) is a probability mea-
sure if it has unit total mass, P (Q2) = 1.

Definition 1.5 (almost surely). An event F' happens almost surely (a.s. or P-a.s.)

with respect to a probability measure P if P (F) = 1.

Definition 1.6 (Random variables, realisation). Let (2, F,IP) be a probability space
and let (V,G) be a measurable space. Then, X is a V-valued random variable if X
is a measurable function from (Q, F) to (V,G). To emphasise the o-algebra on €,
we may write that X is an F-measurable random variable. The observed value of

X (w) for a given w € Q belongs to ¥ and is called a realisation of X .

1.1.2 Expectation

Let X be a Banach space-valued random variable on the probability space (2, F,P).
If X is integrable, the expectation of X is

- [ X@an)

1.1.3 Gaussian distribution

A random variable X is said to follow the Gaussian or normal distribution on D = R

if, for some p € R and ¢ > 0, its probability density function is

1 —(z—p)’
p(z) = Wexp (T)

We write X ~ N (y,0°) ( the random variable X follow the Gaussian distribution

with mean p and variance o?).

12



1.2 Notion of stochastic process

1.2 Notion of stochastic process

1.2.1 Stochastic process

Given a set Z CR, and a Hilbert space H,a H-valued stochastic process is a set
of H-valued random variables {X (¢) : t € Z}. We some times drop the set Z and
simply write X (¢) to denote the process. This should not be interpreted as a simple
function of ¢ and, to emphasise the dependence on w and that X : Z x Q — H, we
may write X (¢,w) or X; (w). For a given probability space (2, F,P), we consider a
family of random processes X; (w) on this space with ¢ € [0, T], where ¢ usually is
understood as time variable, and T is a fixed parameter, called also terminal time.
For a fixed w € Q, the time function X, (w), t € [0,7] is called a trajectory or

realization corresponding to an elementary event w.

1.2.2 Brownian motion

The name Brownian refers to Robert Brown, who identified Brownian motion in
the movement of pollen particles. Brownian motion is frequently called the Wiener
process, after Norbert Wiener, who made a significant contribution to the mathe-
matical theory. In this section, we focus on real-valued processes and use the name

Brownian motion.

Definition 1.7 (Brownian motion). Let T € R* given. A Brownian Motion is a

stochastic process (t,w) € [0, T] x Q — B; (w), such that:
1. 8o =0 a.s.;
2. the increments are stationary: for any 0 < s <t < T, By — Bs ~ Pi_s;

3. the increments are independent: for any n € N* | for any 0 =t;5 <t; < ... <
t, <T, (ﬁti+1 — ﬂti)0<i<n—1 are independent;

4. the process is Gaussian: for anyn € N* | for any 0 <t; < ... <t, <T and

any A, Az, oo, Ay € R, N By, + .. + ABe, 1S a real Gaussian random variable;
5. foranyt >0, By ~ N (0,t);

6. the trajectories are almost surely continuous: for P-almost every w € Q, t €

[0,T] — B¢ (w) is continuous.

Usually, the variable w is not written.

13



Chapter 1. Preliminaries

1.2.3 Filtration

To handle the idea of past and future more generally, we use sub o-algebras and
introduce a sub o-algebra JF; for each time t. Intuitively, the events in F; are those
observable by time ¢ and, because we have more observations as time passes,

the o-algebras F; contain more events as ¢ increases. We make this precise with

the notion of filtration.

Definition 1.8 (filtration). (i) A filtration {F; :t > 0} is a family of sub o-algebras
of F that are increasing; that is, Fs is a sub o-algebra of F; for s < t.

(i1) A filtered probability space is a quadruple (2, F, Fy, P), where (Q, F,P) is a
probability space and {F; :t > 0} is a filtration of F.

Stochastic processes that conform to the notion of time described by the filtration

F; are known as adapted processes.

Definition 1.9 (adapted). Let (2, F,F,P) be a filtered probability space. A
stochastic process {X (t) :t € [0,T]} is F; -adapted if the random variable X (t) is
Fi-measurable for all t € [0,T)].

1.2.4 The cylindrical Wiener process and Stochastic integra-

tion in Hilbert spaces.

In this section, we recall the definition of the cylindrical Wiener process and of
stochastic integral on a separable Hilbert space H (its norm is denoted by |.|, or
just [.]).

We first fix a filtered probability space (Q, F, (Ft)tzo ,IP’). A cylindrical Wiener

process or cylindrical Brownian motion on H is defined with two elements:

e a complete orthonormal system of H, denoted by (e;)..;, where I is a subset

of N;

i€l

e a family (3;),.,0f independent real Wiener processes with respect to the filtra-
tion ((]:t>t20)3

then W is defined by

W(t)=>_ Bit)e:. (1.1)

iel
When [ is a finite set, we recover the usual definition of Wiener processes in the

finite dimensional space R/,

14



1.2 Notion of stochastic process

However the subject here is the study of some Stochastic Partial Differential
Equations, so that in the sequel the underlying Hilbert space H is infinite dimen-

sional; for instance when H = L? (0, 1), an example of complete orthonormal system
— (V2sin (k)

s (ex) (\/—sm( T.) -

The formal sum dW (t) = Z dp; (t) e; (x) is called space-time white noise.

iel
A fundamental remark is that the series in ((1.1)) does not converge in H; but is
convergent in any larger Hilbert spaces K such that H C K and the embedding is

Hilbert-Schmidt. We recall now the definition of such operators.

Definition 1.10 (Hilbert-Schmidt operator). Let H, K two separable Hilbert spaces,
and ¢ € L(H,K) a bounded linear operator. We say that ¢ is a Hilbert-Schmidt

operator if there exists a complete orthonormal system (ex),c, of H, I C N* , such

that Z |pex|% < 0.

kel

In this situation, the value Z |¢ek\§< < o0 1s finite for any complete orthonormal

kel
system, and does not depend on the choice of such a basis.

A typical example of Hilbert-Schmidt operator is the inclusion map i : L* (D) —
H™(Q) for s > 1/2.

15



Figure 1.1: Some realizations of Brownian motion
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Figure 1.2: Some realizations of white noise.
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1.3 Stochastic partial differential equations and their applications

1.3 Stochastic partial differential equations and their

applications

Let (V, H,V') be a triple of Hilbert spaces and (2, F,{F;},P) a stochastic basis.

Suppose that A(t) : V — V', My (t) : V — H are linear bounded operators
for all Kk € N, ¢t € [0,T], and for some finite terminal time 7. A general Linear

Stochastic Partial Differential Equation is written as

du (t) = (Au(t) + f (1) dt + (Myu () + ge (1)) dBi (1), w(0) =uo,  (1.2)

where t € [0,T], up € L*(; H) and ug is Fyp-measurable. We assume that S
(k € N) are independent standard Wiener processes, f, g (k € N) are Fi-adapted
random processes such that f € L*(Q x (0,T);V’) and g, € L*(Q x (0,7); H),

k € N. Depending on the noise term the equation ([1.2)) is classified as follows:
e Equations with additive noise, if My = 0;
e Equations with multiplicative noise, if My # 0.

Similar to classical deterministic PDEs, the solution of equation can be spec-
ified in different ways. Since the solution is a stochastic process, besides of PDE
part, where we have classical solution, strong/weak generalized solution and mild
solution, also we can specify strong and weak probabilistic solution. In this work we
consider only solution which are strong in probabilistic sense and weak/strong/mild
in PDE sense.

We say that Fj-adapted function u € L* (2 x (0,7);V) is a weak solution of equa-
tion ([1.2)), if for every p € V and all ¢ € [0,T7], the equality

<wowm:<wwm+%}AM@+fw»wHw
-gA<Auu@>+mm@7@Hdmxﬁ (13)

holds with probability one.
We say that Fj-adapted function u € L? (Q x (0,7);V) is a mild solution of

equation if
u(t) = S(t)uo+/ S(t—s)f(s)ds
0

+AS@—QM@M@+%@M@@%t€Wﬂ=

17



Chapter 1. Preliminaries

holds true with probability one, where S is a strongly continuous semigroup with
infinitesimal generator A. As we observed, stochastic evolution equations in infinite
dimensions are natural generalizations of classical PDEs and Systems of Stochastic
Ordinary Differential Equations. The theory related to all these equations has mo-
tivations coming from physics, chemistry, biology, medicine, finance etc. Although,
the theory of SPDEs is already established and widely developed field in mathe-
matics, and problems arising in this theory represent an interest for mathematics
itself.

1.3.1  Solutions of linear SPDEs perturbed by space-time

white noise: stochastic convolution

In an abstract form, we want to solve SPDEs written in the Hilbert space H
du(t) = Au(t)dt + dW (t), (1.4)

with an initial condition u (0) = uo € H, (W (t)),c(o 7 @ cylindrical Wiener process
in H (it could be in another space U), and A : H — H. We assume that A generates

a strongly continuous semi-group (5 (?)) (o 77-

Definition 1.11. u is a weak solution of the SPDE (1.4) if for any { € D (A*) and
any t > 0 we have

<Mm®=@m@+A<M$ATM&HW®£%

Theorem 1.1. Assume .
/0 \S(s)\iQ(HH) ds < 0. (1.5)

Then (1.4) admits a unique weak solution, which satisfies:

u(t):S(t)uo+/0 S(t—s)dW (s).

A function u satisfying such a formula is a mild (or integral) solution. Moreover

t
Ewwﬁzlnswmﬂww&

When uy = 0, the solution is denoted by W, and is called the stochastic convo-

lution .
Wy (t)= / AW (s).
0

The condition ([1.5)) is precisely the one required to be able to define the stochastic

integral in H. If it is removed, there exists no H-valued solution.
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1.4 Some notion of functional analysis

1.4 Some notion of functional analysis

Definition 1.12 (Sobolev spaces). Let D be a domain and Y be a Banach space. For
p > 1, the Sobolev space WP (D,Y') is the set of functions whose weak derivatives
up to order r € N are in LP (D,Y’). That is,

W™ (DY) :={u:D € L (D,Y) if |a| <r}.

If p=2 and H is a Hilbert space, H (D, H) is used to denote W"*(D, H).
W™ (D,Y) is a Banach space with norm

1/p
a, ||P
||“||WW(D,Y) = Z |D uHLP(D,Y)
0<|ar|<r
Definition 1.13 (L” (2, H) spaces). Let (2, F,P) be a probability space and let H
be a Hilbert space with norm ||.|. Then, LP (2, H) with 1 < p < oo is the space of

H -valued F-measurable random variables X : Q — H with E[||X||’] < oo and is a

Banach space with the norm

1/p
1X oy = ( / HX(w)delP’) _ BIx|P.

We recall now some Gronwall’s lemma.

Lemma 1.1 (Gronwall’s inequality (differential form)). (i) Let f(.) be a nonnega-
tive, absolutely continuous function on [0, T, which satisfies for a.e. t the differential
inequality

@) <g)f)+h(t),
where g(t) and h(t) are nonnegative, summable functions on [0,T]. Then
't S S t
o< ro [l
0
forall0 <t <T.
(i1) In particular, if
f"<gf on[0,T] and f(0)=0,
then
f=0 on [0,7T].
We also require the discrete Gronwall inequality

Lemma 1.2 (discrete Gronwall inequality). Consider z, > 0 such that

n—1

Zn < a—l—bsz, form=0,1,...
k=0

and constants a,b > 0. Ifb=1, then z, < zog+na. If b # 1, then

a
<b" —(1=0").
Zn_b20+1_b( b)
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Chapter 2

Existence and uniqueness of the
solution to the viscous stochastic

generalized Burgers equation

2.1 Introduction

It is well known that the Burgers equation is not a good model for turbulence. It
does not display any chaos; even when a force is added to the right hand side all
solutions converge to a unique stationary solution as time goes to infinity.

However, the situation is totally different when the force is a random one. Several
authors have, indeed, suggested to use the stochastic Burgers equation as a simple
model for turbulence ([14], [15], [16], [31]). The equation has also been proposed in
([32]) to study the dynamics of interfaces.

Here we consider the generalized Burgers equation with a random force which is

a space-time white noise

Ou(t,x)  0*ul(t,x) PPW
o o S uba)+ g

where p is the viscosity coefficient and, W (t,z), t > 0, z € R is a zero mean

(2.1)

Gaussian process whose covariance function is given by

E W(t,m)W(s,y)} =(tANs)(zAy),t,s>0,2,y € R.

Alternatively we can consider a cylindrical Wiener process W by setting

o0

W (t) = %—Z/ = ;ﬁheh, (2.2)

where {e;,} is an orthonormal basis of L? (0,27) and {#3,} is a sequence of mutually

independent real Brownian motions in a fixed probability space (€2, F,P) adapted
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2.2 Local existence in time

to a filtration {F;},.,. The series (2.2) defining W does not converge in L*(0,27)
but it is convergent in any Hilbert space U such that the embedding

L*(0,27r) C U
is Hilbert-Schmidt (|1§]).

In the following we shall write (2.1)) as follows:

du(t,z) = (p% — O f (u(t, a:))) dt +dW,z € [0,27],t > 0, (2.3)

where W is defined by (2.2). We assume that f : R — R is a locally Lipschitz

continuous function.

Equation is supplemented with Dirichlet boundary conditions
u(t,0) =wu(t,2n) =0, (2.4)
and the initial condition
u(0,2) = ug (z), = €0,27]. (2.5)

Our aim in this paper is to prove that problem (2.3), with boundary and initial
conditions (2.4)), (2.5 has a unique global solution.

In the next paragraph, we set the notations, introduce the stochastic convolution

and prove local existence in time.

2.2 Local existence in time

Define the unbounded self-adjoint operator A on L? (0, 27) by

0%u
Au=pgs

for v on the domain
D(A) = {u € H*(0,27) : u(0) = u(27) = 0}.

Denote e, t > 0 the semigroup on L?(0,27) generated by A. It is well known
that ¢, ¢ > 0, has a natural extension, that we still denote by e, ¢t > 0, as
a contraction semigroup on L?(0,27) for any p > 1. Finally we denote by {e;}
the complete orthonormal system on L? (0,27) which diagonalizes A and {)\;} the

corresponding eigenvalues. We have

2
e () = \/;sin krx, k=1,2,...
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Chapter 2. Existence and uniqueness of the solution to the viscous
stochastic generalized Burgers equation

and
e = —m2k% k=1,2, ...

Now we rewrite (2.3)), (2.4), (2.5 as the abstract differential stochastic equation

du = (Au — 0, f (u)) dt + dW,

(2.6)
u (0) = up.
Recall that the solution to the linear problem
du = Audt + dW,
(2.7)
u (0) = uo.
is unique and given by the so-called stochastic convolution
t
Wa(t) = / AW (s). (2.8)
0

It can be shown that W, is a Gaussian process and it is mean square continuous
with values in L?(0,27). Moreover W, has a version which is, a.s. for w € €,

a-Hélder continuous with respect to (¢, x) for any a € [0, 1/4] (|18]).
We set
v(t)=u(t)—Wal(t),t >0,

then u satisfies (2.6]) if and only if v is a solution of

dv
== A —0uf (v W), (2.9)
v (0) = up.

From now we will study equation (2.9)) a. s. w € Q and consider for the moment that
Wy is an a- Hoélder continuous function with respect to (¢, x) for any a € [0,1/4].
We will return to the stochastic point of view (and to equation (2.6])) at the end of
§3.

Let us write (2.9) as
t
v (t) = eug — / U949, f (v + W) ds; (2.10)
0

then if v satisfies (2.10]) we say that it is a mild solution of (2.9)).

We are going to solve equation (2.10)) by a fixed point argument in the space
C ([0, T*]; LP (0,2m)) for p > 1 and for some T > 0. We set

5, (m, T*) = {v € C([0.T: 27 (0,27)) : [0 ()] ogam) < sVt € [O,T*]} ,
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2.2 Local existence in time

and consider an initial datum wuy Fp-measurable and belonging to L? (0,2m),
w € Qa. s. We will see, in the proof of the Lemma 2.1 below that if z () is, a
bounded function from [0, 7" into L” (0, 27), then, for ¢ > 0, the function etA(% f(z)
is also in L? (0, 27). Hence the integral in (2.10]) is convergent in L? (0, 27) a.s. Thus
has a meaning as an equality in L? (0, 27).

Lemma 2.1 ([20]). For anyp > 2 and m > |uo| (g 9n), there exists a stopping time
T* >0 such that (2.10) has a unique solution in 3, (m,T™).

Proof- Take any v in ¥, (m,T™) and define z = Gv by

t
2 (t) = ey — / D49, f (v + W) ds,
0

where G : C (]0,77];LP(0,27)) — C ([0,77]; L? (0,27)) is a non-linear operator.
Then

t
A —s)A
|Z(t)‘LP(O,27r) < ‘et uO‘L:ﬂ(O,ZW) +/0 ’€(t : O f (v + WA)’LP(O,%) ds.

As we noticed before, e*, ¢t > 0 is a contraction semigroup on L? (0,27) which has
a regularizing effect and, for any s; < s, in R, and 7 > 1, e"* maps W (0, 27)
into W*27" (0, 27), for all ¢ > 0. Moreover the following estimate holds

5152

A
2] enrozmy < C1 (£ 1) [2hprom) (2.11)

for all z € W*"" (0,27). The constant C; depends only on sq, sy and r, see for
instance ([30]).

Using the Sobolev embedding theorem we have

|e(t_5)A8xf (U + WA 2

s

D=

)}Lp(ozﬂ) < Gy |40, f (v + WA)}W

(0,27r)’
and, thanks to (2.11)) with s = —1, s = 1/p, r = p/2

0920, (04 Wa) | 1y gy < C1Co (= 5) 5% 1) 00 (04 W)l 1

) ‘LP(O,Qﬂ' (0,2m)

(0,27)

< CiCa ((E= )5 1) 1 (0 4+ W)l g
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Chapter 2. Existence and uniqueness of the solution to the viscous
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Therefore

|2 (t) |Lp(o,27r)

¢ _1_1
< |u0‘LP(0,271—) + C'102/0 <(t —s) 2w+ 1) |f(v+ WA)‘L%(O,Q )ds
) ! _1_1
0 b
. ! _1_1
< Juol oo zm + Clc?L@pl/O (=757 1) (1ol g gy + 17l 8 ) 05

t
< ol o(o2m + C1CaLipy <1+<2ﬁ)ém+up)/0 <(t—s)—%—%+1) ds

1 2p 1_1
< |u0‘LP(O,27r) + Clchipl (1 + (27‘(’)1’ m + :up> (p plté 2117 + t) ,
where Lip; is the Lipschitz constant of f which depend on m + p,, and

= t:}ég] Wa (t)‘Lg(Oﬂﬂ) '

Hence |z (¢)| 5 (g 20 < m for all ¢ € [0,T7] provided

1 2 1_1
(o] 0.2y + C1C2Lipy (1 +(2m)r m+ up) (prl (T*)7" % + T*) <m (2.12)

It is clear that for any m > |ug|;,( o, there exists a T™ satisfying (2.12). Now

consider vy, vy € ¥, (m,T™") and set z; = Gv;, i = 1,2 and 2z = z; — 2. Then

t
0
z(t) = / e(tfs)A% [f (v1 + Wa) = [ (v2 + Wa)lds,

0
and we derive as above

K 1
2 Olimoam < (;102/0 (@ e 1) [ (00 + Wa) = f (02 + W)l 5 gy 5

According to the hypothesis on f, we have

|f (v1 + Wa) — f (v + Wa) < Lips [v1 — s

L% (0,27 L% (0,2m)

] 1
< Lipy (2m)7 |vg — U2|LP(0727r)
=Cs vy — U2’Lp(o,27r)

where Lip, is the Lipschitz constant of f which depend on m + p,, and

1

C3 = Lips (2m)7, hence
K _1_1
Ol sy < CCCs [ (=975 F 1) o = val,
0
0<s<t

t _1_ 1
< C max |on (5) = 13 () oo 2“)/0 (= s)#% +1) ds

2p N N
<(C (p__ 1 (T )2 2 + T ) ’U1 - U2|C([0, T+ Lr(0, 20))
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2.3 Global existence

for all ¢ € [0, 7] provided

2p ol .
|Gv1 — Gua| oo, 1+ 1o (0, 20 < C (pTl (T7)> > +T ) lv1 = val oo, 74, 10(0, 2m))
We take T such that

2p 1_1
Cl—— (T2 »+T") <1
(p—l( T )

and ([2.12)) holds so that G is a strict contraction on X, (m, 7). W

Remark 2.1. ([17]) As mentioned before all the previous results are valid a.s. for
w € §Q; in particular p, and T depend on w. In the next section we will show that
T =T a.s. forw € Q and hence remove the dependence on w for the time interval

on which the solution exists.

2.3 Global existence

We are still considering equation (2.10) as a deterministic one, working a. s. for
w e Q.

Theorem 2.1. (Global existence)

Let ug be given which is Fo-measurable and such that for some p > 2, ug € L? (0, 27)
Lipic

a.s. If p >

belongs a. s. to C ([0,T];LP (0,2)).

then there exists a unique mild solution of equation (2.6)), which

In the following Lemma, we derive an a priori estimate which yields global exis-

tence.

i
Lemma 2.2 ([20]). Ifv € C ([0,T7]; LP(0,27)) satisfies (2.10) and p > PIC then
i C(p_l) 2
v (t)‘LP(O,%) < ethmeTEs ’u0|LP(0,27r)'

where ¢ = (27T)P<P2*2) and jio = sup |Wy (t)‘LW(O,Qﬂ’)'
te[0,7)
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Proof Let {ug} be a sequence in C*° (0, 27) such that
uy — ug, in LP(0,27),
and let {W"} be a sequence of regular processes such that
t
W3 (t) = / AW (5) — Wa (t)
0

in C ([0, 7] x [0,27]) a. s. for w € Q.

Let v™ be the solution of
t
V" (t) = e tul — / A9, f (v + Wh) ds
0

given by Lemma It is easy to see that v™ does exist on an interval of time [0, T,,]
such that 7,, — T™ a.s. and that v" converges to v in C ([0, 77]; L (0,27)) a. s.

Moreover v™ is regular a.s. and satisfies

o™ 9*u"

ot p 0x?

Multiplying (2.13) by [v"[" % v" and integrating over [0, 2] we find
10 np 2m n|p—2 ov" 2
0ot 0" [T 02m TP (P — 1)/0 V"] e

27 o
+/ —f (" + W) [P odz = 0. (2.14)
0 Oz

+ O, f (0" + WD) =0. (2.13)

We integrate by parts the last integral

2
0 b2
n n n nd
/0 —(%f(v + W) [0 P v de

27 a
— -1 n Wn n|p—2 Il nd
(p )0 f "+ Wj) " ooV
then
I 0 27 a
/0 %f(anrWX)lv"Ip_zv”dx = (p—-1) /0 £ 0"+ W) [0 P2 %vndx
2 a
< (p—l)/ F@+ W) P = | da
0 Ox
27 , 8
< -0 [ Ll W L
0 ox
27 ) a
< (-1 /O Lipy "7~ a—xv"dx

2
+(p—1)/0 Lipy [v" P 1%1) dx

2
. 9 0
+@—n/ Lipy W3 102 Lo
0 Ox

26



2.3 Global existence

The first term is zero, indeed
2 2
0 0
n|p—2 nir — — —92) ™ p—2 nq
/0 [0 5 v e /O (p=2) 0" 5-v"da

27 o
(p— 1)/0 il i %v"dx =0

In the same way, we can prove that The second term is also zero.

hence

According to the Holder’s and Cauchy’s inequalities we bound the third term as

follows

2
‘ 7 5 0
Li (1) [ (W3l s

Y 2m 0 2
. n n| 2 np=2 "
< Lipi(p—1) ’WA|L°°(O,27r) v ‘LIQ’*Q(O,?W) (/0 v ‘P (%U ) dx)
1
- 2 , /0 2 2
< Li ) o n| 2z n|pP= —" d
< Lipie(p = 1) oo V"] 150,20 /0 [V <3wv ) v

(p—l) o . (p—l) 27 - 9 . 2

where ¢ = (27T)M D and ppeco = sup (Wi ()| (gon fora. s. we .
te(0,T] ’

Going back to (2.14) we obtain

10 .0 e (00
S e + o0 =1) [P (F) da

- (p-1 p=1) [ e (00
SLZplcg“noow Lw<o27r)+LZplc( 2 )/ ot 2<_ o
0

=

< Lipic

2 ox
It follows
10, , Lipic w0 2
5& ‘U II)}?(O,QW) + (p — ].) (p — 5 ) A |U |p % dx
=1 s,
< szlc 9 :unoo | ‘LP (0,27)
if we take p and Lip; such that
Lipc
p = 5
we obtain 5 ( )
" . plp—1 n
9t v I;Jp(o,%) < LZplcTﬂi,oo v |]}7;p(0,27r)

and, according to Gronwall’s lemma

tLipick plp— ),u
v} Lr(o2m) = € mee fug [ Lr(0,27) *
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Taking the limit as n — oo, we see that a.s.

p tLipy c22=1) )2 p
‘U‘LP(O,QW) <e 2= ’uO‘LP(O,Qw) .

It follows

< etLiplc (pgl)

|U‘LP(O,27r) =

2
oo |u0|LP(O,27r) :

and the assertion of the lemma follows. W

Proof (Theorem [2.1])
It is easily deduced from Lemma [2.1] and Lemma [2.2] W

28



Chapter 3

Existence and uniqueness of the
entropy solution to the inviscid
stochastic generalized Burgers

equation

3.1 Introduction

In this chapter, we are interested in the stochastic generalised Burgers equation of

the type :
du+ 0, (f (u))dt = dW (t) in Qx]0,7[x D, (3.1)
with an initial condition uy and homogeneous “Dirichlet” boundary condition.

In the sequel, one assumes that D = ]0,27[ , that T is a positive number,
Q =)0, T[xD and that W is a cylindrical Wiener process over L? (D, R). Our aim
is to adapt known methods of first-order nonlinear PDE to noise perturbed ones.

On the one hand, Note that, even in the deterministic case, the weak solution
to such a problem is not unique in general. One needs to introduce the notion of
entropy solution in order to discriminate the physical solution. On the other hand,
the stochastic perturbation will not simplify the situation.

Many papers on the viscous Burgers type stochastic problem (i.e. usually in 1D
with f (z) = 2? and a Laplacian) can be found in the literature, where, usually, the
stochastic convolution is used. Let us mention, without exhaustiveness [17], [18],
[20], [26] and [29].

Few papers exist concerning the stochastic perturbation of nonlinear first-order

hyperbolic problems. Most of them are interested in the Cauchy problem in the
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1D case. Let us cite the paper of H. Holden et al [30]. where an operator splitting

method is proposed to prove the existence of a weak solution to the Cauchy problem
du+ (f (u)),dt = g (u)dp in R.

Where § denotes a standard adapted one-dimensional continuous Brownian motion,
defined on some probability space (2, F,P).

In the paper of J. U. Kim [33], a method of compensated-compactness is pre-
sented to prove the existence of a stochastic weak entropy solution to the Cauchy
problem

du+ (p(u)), dt =g (t,x)dp in R.

Then, a Kruzhkov-type method is used to prove the uniqueness.

In our main result, we propose a result of existence and uniqueness of the stochas-
tic entropy solution to Problem . A one-dimensional bounded domain with
homogeneous Dirichlet conditions is considered. A method of artificial viscosity is
proposed to prove the existence of a solution. An adaptation of the classical method
of Kruzhkov is proposed to prove the uniqueness of the entropy measure-valued solu-
tion. The existence of such a solution follows as usual from the theorem of Prohorov

for Young measures.

After giving the assumptions on the data and the definition of an entropy so-
lution, we devote a section to the existence of an entropy measure-valued solution
in the sense of Young measures. The uniqueness of the entropy measure-valued so-
lution is proved by using the doubling-variable method of Kruzhkov in a following
section. Then, the result of existence of the entropy solution comes from the prop-
erties of Young measures connected to weak convergence. And for a basic reminder

on Young measures see the appendix.

As mentioned by J. U. Kim [33] for example, the equation has to be understood

in the following way:

ofu= [[aw ] +o.rw) =0

where /Ot dw (s) = /t Z exdf (s) = Z exfi (1) = W(t,.) .

0 k>1 k>1
Let us assume that f : R — R is a Lipschitz-continuous function, Elas well as [,

and f(0) =0
Our aim is to prove a result of existence and uniqueness of the stochastic entropy
solution to the above-mentioned problem. Let us fix in what sense such a solution

is understood.

1Some information are given in Sec. 3.4 about locally-Lipschitz f
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3.1 Introduction

Notation. In the sequel, for any bounded interval I C R, one denotes by H' (1)
the usual Sobolev space and by H; (I) the space of Sobolev functions null on the
boundary of I. Note that Hj (I) is also the closure in H' (I) of the test function
space D (I): the space of C*° (R) with compact support in /. Then, one denotes by
H~'(I) the dual space of H (I) (see for example R. A. Adams [I] or L. C. Evans
and R. Gariepy [2I]). In general, if I is not assumed to be an open set (I = D
or [0,7] x D), D(I) denotes the restriction to I of D (R) functions u such that
support(u)N I is compact. Then, D (I) will denote any non-negative element of
D(I) .

For convenience, for any function u of L* (2 x Q), any real x and any function
¢ in H' (Q), denote by :

(1) /OtdW(s):W(t,.) and wy = u— V.

(2) sgng (z) = 1ifz > 0, 0else; 27 = x sgnd (z); F¥(a,b) = [f (a) — f (b)] sgng (a —b).

Note, in particular, that F'* is a Lipschitz-continuous function.
(3) dP-a.s. in ©, denote by pf, the distribution in R?,

e i) = [ A= Wer) O+ @)~ OV + ) Do} e
{u>W+r}
—/ gpaxf(W—km)dtdqu/ (up — )" 0 (0,.) dx
{u>W+k} D
= / {(uw — K)o + FY (W + uw, W + k) Oy} dtdx
Q
—/ osgng (uw — k) O f (W + k) dtdz +/ (uo — r) " (0,.) dx.
Q D

(4) dP-a.s. in ©, denote by p, . the distribution in R?,

0 - 1o (0) = /{ oy (VR =) 200 5 £ OV 4) = 1 (1) )
s R did s [ (s w) (0. ds
{u<W+k} D
_ / [(k— uw)* Gup+ F* (W + 5, W + uy) O} dtde
Q

—l—/ wsgng (k — uw) O f (W + k) dtdz + / (K —uo)" ¢ (0,.) dx.
Q D

Then, one would say that
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Definition 3.1. Any function u of L* (2 x Q), adapted to the filtration F, as an

L? (D)-valued function, is an entropy solution if

1. For any (k,¢) € RxH (Q) such that k > 0 and ¢ > 0, and for any (k,¢) €
Rx [H'(Q)NL*(0,T; Hy (D))] such that ¢ > 0,

O S /”'LT—;H (90) ) dIP)-(Z.S.

2. For any(k,¢) € RxH' (Q) such that k < 0 and p > 0, and for any (k,¢) €
Rx [H'(Q)NL*(0,T; Hy (D))] such that ¢ > 0,

0 S :u;,n (()0) ) dP-a.s.

For technical reasons, one also needs to consider a generalized notion of entropy
solution. In fact, in a first step, we will only prove the existence of a Young measure-
valued solution. Then, thanks to a result of uniqueness, we are able to deduce the

existence of an entropy solution in the sense of Definition [3.1]

Definition 3.2. Any function u of L? (2 x Q x ]0,1[), adapted to the filtration F,

as an L? (D)-valued function, is a Young measured-valued entropy solution if

1. For any (k,¢) € RxH (Q) such that k > 0 and ¢ > 0, and for any (k, @) €
Rx [H'(Q)NL*(0,T; Hy (D))] such that ¢ > 0,

1
OS/ fi . (@) dex, dP-a.s.
0

2. For any (k,p) € RxH'(Q) such that k < 0 and ¢ > 0, and for any (k, ) €
Rx [H'(Q)NL*(0,T; Hy (D))] such that ¢ > 0,

1
Og/ fhar () da, dP-a.s.
0

Note that in this definition the measures uin, M also depend on «
because u does.

Therefore, immediate consequences are:

32



3.2 Existence of a Solution

Remark 3.1. Any entropy solution is also a.s. a weak solution. Following ([11))
dP-a.s., for any o € DT ([0, T[x D), note that

it (0) = /Q {(u— W) o+ f(u)uio)} dbde + /D up (0,.) di (=1,)
- /Q {KOp + f (W + k) Opp + @0p f (W + k) } dtdx — /D kp (0,.) dx
(=1I)

_ / (1= Wer) 0 + [ (u) = f (W + )] Do} dtde (= Iy)
{us<W+k}
+/ 0O f (W + k) dtdx—i—/ (wo — k) (0,.)dz (:=1y)
{usW+r} D
If Kk <0, then

%%
L] < / {<|u|+|W|)|atso|+ / i’ <s>|ds|axso|}dxdt Ny
{us<W+k} u k=00

L] < / 117 L (al WD) + £ ()] 100 o] deda+ / o] | (0,.)] d:
{u<W+xr} {

up<k}
Then, 1, tends to 0 with k to —oo and, since I = 0, one concludes that for any
v € DT ([0,T[xD),

0< /Q ((w— W) O+ f(w)dyp) dedt + /D uop (0,.) e |

Since the opposite inequality can be proved by using p,, . for large values of K, u is

a solution in the sense of distributions.

Remark 3.2. The unique solution obtained in this paper satisfies the initial condi-

tion in the following sense:

esslimE/ |uw — ug| dx = 0.
D

t—0t

Indeed, by the existence proof, the solution u will be in L™ (]O, T[, L* (Q x D))

3.2 Existence of a Solution

The aim of this section is to give a result on the existence of a measure-valued entropy
solution to the problem. The technique is based on the notion of narrow convergence
of Young measures (or entropy processes) (cf. the Appendix). Then, thanks to
the uniqueness result of the next section, one is able to prove that the measure-
valued solution is an entropy weak solution and that the sequence of approximation

proposed to prove the existence of the solution converges in L}  for any p < 2.
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Let us set, in the sequel of this section, for any positive integer n, u,, the unique

weak solution to the stochastic viscous parabolic equation:

O [y — W] — %@fun 4+ 0, (f (uy)) = 0:

i.e. u, exists in L (]0, T[xQ; Hy (D)), adapted to the filtration F; as an L? (D)-
valued function, with moreover 9, [u — W] € L* (]0, T[xQ; H™' (D)) and, a.s. in €,
a.e. in )0, T, for any v in Hy (D),

(O [un = W1, 0) gr-1(py, 2o / =0,upv'(z) — f (u,) V' (x)dz = 0. (3.2)

We admit such a result and refer e.g. to ( [I8], [26] and [38] ) for further infor-
mation on the viscous stochastic parabolic equation. Then, thanks to the stochastic

energy equality [26], the following estimate holds:
[[un (t HL2(D +2/ / { (Optr,) —f(un) Oy uy, | dxds

= |lu(0 HLQ +2//undxdW ) + mt. (3.3)

t
Since / / f (up) Opundxds = 0, one gets that
0o Jbp

Proposition 3.1. There exists a positive constant C' such that,

* 2 2
Vn € NY, ||unHL°°(]O,T[;L2(Q><D)) + n ||un||L2(}O,T[><Q;H01(D)) <C.

In particular, u, is a bounded sequence in L*(]0,T[ x 2 x D) and the associated
Young measure sequence u,, converges (up to a subsequence still indexed in the same
way) narrowly to an entropy process denoted by u (see the Appendix).

Consider 7, a non-decreasing Lipschitz-continuous function satisfying the as-
sumptions that supp 7’ is compact and 7(0) = 0, x an integer and ¢ a positive
element of D (Q) such that a.s. in Q and ae. in ]0,T[, v = n(u, — W — k) ¢
belongs to Hy (D). Therefore, v is an admissible test-function in (3.2)).

(i) Thanks to the chain rule lemma of Alt-Bamberger—Luckhaus-Mignot (see
(M) , |2])) based on convex inequalities, if W denotes the primitive of 1 such that
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3.2 Existence of a Solution

U(0) = 0, one has that
T
L, = /0 (O [un = W1,n(uy =W = K) ) g1 (), H(D) dt
= [Vl () =W T~ ke ()~ V[ (0.) ~ 0 (0..) da
D
—/ Ulu, — W — k]Owpdzdt
Q
> —/ U [u(0,.) — k] ¢ (0)dx — / Vu, — W — k|Owpdzdt ;
D Q
(ii) Concerning the viscous term, one gets that
Iy = / Ozt Oy [1 (U, — K) | dxdt
1
= / 0, (i — VW20 1) (U — W — &) dadt + — / Opttyy) (U, — W — k) Opipdadt
nJa nJq

1
"‘ﬁ/ 0 (uy — W — k) 90, W O, (u,, — W) dadt
Q

v

1/ 0 (uy — W — K) 90 W O, (u,, — W) dadt
/ Optinm (u — K) Oppdxdt
(iii) Then, for the flux term, the chain rule lead to
I, = / f(up) O [0 (uy, — W — k) ] dadt
Q
= [ 1) = 5OV 5 10k o = W )
—/ Ounf W + k)0 (up, — W — k) pdxdt
Q
= /Q [f (un) — f (W 4+ &) on (u, — W = K) Oy [uy, — W] dxdt
—l—/ [f (un) — f (W + &) n(u, — W — k) Oppdadt
Q
—/ n(u, — W —g)of (W + k) 0,Wdxdt
Q
Let us note that

o { [ e W) - s Wl 6w }

= = W = ) [ () — F (W + 5)] D (1 — W)

+/” Oy LF(r + W) = £ (W + K)] o (r — ) dr

= o (= W = ) [f () — F (W + 5)] 0 (1t — 0)
£

+/un_ 0 (r = &) [ (r+ W) = ' (W + &) 9, Wdr
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Thus, it yields
B = [ 1) = £ OV ) (0 = W = ) Oy
Q

_/ N (u, — W — k) of (W + k) 0,Wdzdt
Q

P [/:n_w n(r—=r)f'(r+W)—f"(W+k)]0,Wdr } dxdt

S

o, {/W [ (r+ W) = f(WHr)] 7 (r — R) dr} pdrdt

+
= S

. (un) — f(W 4+ K)|n(u, — W — k) Oppdzdt

n(u, — W — k) of (W + k) 0,Wdzdt

S

e[ et w - v mjowar | e
[ o= rwi -] e - toa
- /Q [/:n—w [f (r+ W) — f(WHr)] 7 (r — &) dr] Oppdzdt  (3.4)

Since 7 is a non-decreasing Lipschitz-continuous function with supp 7' compact, ¥
is a Lipschitz-continuous function and, for any A € F, U (u, — W — k) Oyply is

uniformly integrable. Then, one concludes that

liminfF [, ,14] > —FE [1A/ Yu(,a)—W-— ﬁ]@tgpdxdtda]
Q@x]0,1]

n—oo

_E [1A/D\I/[u 0,) - /i]gp((),.)dx} |

1
NZD
following result holds :

As ||un||iQ(}O,T[XQ;H3(D)) is bounded and since 7 is bounded function, the

liminfFE [1415,] > 0.

n—00

As 7 is a bounded Lipschitz-continuous function with supp 1’ compact, f is a
Lipschitz-continuous function (for the first term of I5,), the integrands involved
in the first term of E [I3,14] are uniformly integrable and the convergence in the
sense of Young measures holds. Noting that the fourth term is independent of n,
one needs to take care of the last one. As f is not a bounded function, the uniform

integrability of the integrand is ensured by the hypothesis of compact support for 7'.
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3.2 Existence of a Solution

Conclusion: testing (3.2)) with v = 9 (u,, — W — k) ¢ , estimating all terms as above,
yields for any A € F ,

0 > —-FE -1A/Q ]01[\If[u(.,0z)—W—/ﬁ:]@tgodxdtda] -F {1A/jj‘lf[u(0,.)—n]gp(0,.)dx]
+FE -1A/Q ]01[[]” (u(,a)—f(W+r)|n(a(,a)—W —k) &;dexdtda]

_Elf/ Mu@@—wﬂwmwav+@@WMﬁml
Qx]0.1[

u(.,a)—W
—E'u/ @t/ 0 — ) [f(r+ W) = f/ (W + )] 8, Wdr | dedtda
L Qx]0,1] K

B 1/ [ o= 6w e 2m - o oy

() —W
—F 1A/ / [f(r+ W)= f(W+g)|n (r — k) dr| Oypdrdtda
Qx]0,1] K

R T AN AN SIS A A

+

Assume now that 7 (z) = 7. (x) = min (1, x_) Then, in order to be compatible
€

with the boundary assumption for n (v, — W — k)¢, ¢ € D (Q) itk >0, p¢€

D ([0, T] x D) otherwise.

Obviously,

limJ; = —F 1A/ u(,a)—W - ﬁ]*@tgod:cdtda} —FE {1A/ [u(0,.) — kT (0,.) dw] ,
@x]0,1] D

e—0

limJ, = —F _1A/ | [[f (u(.,a))— f(W+k)]sgng (u(.,a) =W — k) &ccpdxdtda] :
@x]0,1

e—0

limJ; = —F [1A/ sgng (u (., ) =W —k)of (W + k) 8$dedtda}
e—0 Qx]0,1]

e—0

since f’ is a Lipschitz-continuous function,

e—0
since f is a Lipschitz-continuous function.
Then,

Jo = E

u(.,a)-W—k pr
1A/ / / f(W + k+o0)don (r)dr| O.pdrdtda
@x]0,1[ | JO 0
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vanishes as € goes to 01 thanks to the hypothesis on f’ and one gets that:

(i) For any (k,p) € RxH'(]0,T[x D) such that x > 0 and ¢ > 0, and for
any (k,) € R x [H'(]0,T[ x D)] N L*(]0, T[; H} (D)) such that ¢ > 0,

0 < /{ W+}{(u—W—/ﬁ)at(p—l—[f(u)—f(WjL/i)]axgo}dxdtda

—/ 00 f (W + k) dedtda + / (ug — k)T (0,.) du, dP-a.s.,
{u>W+k} D

1.e.

0 < / {(U_W_’f)+at90+F+ (H,W—i—/ﬁ)axgo}d:vdtda
Qx]0,1]

—/ sgng (0 =W — k) 0, f (W + k) dedtda + / (uo — )" (0,.) dr,
@x]0,1 D

where F'* (z,y) = f (z) — f (y) if z > y and 0 else.

In the same way, one can prove
(ii) For any (x,p) € RxH"(]0,T[ x D) such that k < 0 and ¢ > 0, and for any
(k, ) € R x [H*(]0,T[ x D)] N L*(J0,T[; Hy (D)) such that ¢ > 0,

0 < / {W+rk—=—u)opo+[f(W+k)— f(u)]dpp} dedtda
{u<W+s}
+/ 00 f (W + k) dedtda + / (k —up) ¢ (0,.)dr, dP-a.s.
{u<W+k} D

1.e.

o
IN

/ {W+k—w)' O+ FT (W +k,u)dpp} dedtda

@x]0,1

—I—/ sgng W + Kk — ) 90, f (W + k) dedtda + / (k —uo) 0 (0,.) dur,
Q@x]0,1] D

This proves that an entropy measure-valued solution exists. One needs to use the

uniqueness result to conclude that this Young measure is associated to a function

dP-a.s.

dP-a.s.

that should be the unique entropy solution. Moreover, u belongs to L™ (]0, T[,L*(Q x D))

and the strong convergence in L? would be obtained too, for any p € [1,2].
g g loc

Remark 3.3. Note that, for any (k,p) € R x [H' (0, T[ x D)]NL*(J0,T[; Hy (D))

38



3.3 Uniqueness

such that ¢ > 0, we also have

0 < / lu—W — k|0 + F (0, W + k) 0] dedtda
@x]0,1
—/ sgng (uw — W — k) 00, f (W + k) dzdtda + / lup — k| ¢ (0,.)dz,  dP-a.s.
@x]0,1 D

where F (z,y) = sgno (x —y) [f () — f (y)] and sgng (x) =0 if = 0 and |i—| else.

3.3 Uniqueness

Let us denote by u; and u; two admissible Young measure-valued solutions associ-

ated to two initial conditions u; ¢ and ugy .

3.3.1 Interior inequality

Consider ¢ in D ([0,T] x D) and G (t,z,s,y) = ¢ (s,9) pn (x —y) p1 (s — t) where

2
pn and p; denote the usual mollifier sequences in R, with supp p; C - 0. We as-

sume moreover that n and [ are large enough for G to belong to D ([0, 7] x Dx]0,T] x D).

Proposition 3.2. For any non-negative ¢ in H' (Q) N L* (]0,T[, Hy (D)),

0 < B[ (utea) - wtep) dedudtdads
Qxo,1?
+E/ F*(u (t,z,a),us (¢, x, ) Oppdrdtdad
QxJo,1[?

+/ (u1,0 — UQ,O)+ ¢ (0,z)dx.
D

For convenience set p = (t,z,a), ¢ = (s,y,0), uw =y — W, upy = ug — W.
Since u; is a solution, for k = ujy (¢), the following inequality holds dP-a.s. :
0 < [ ()~ uiv (q)" OGipdg
Q2x]0,1?
[ POV () ()Y () + i (0)) . Gdpdy
Q2x]0,1[?
= G G ()i 0 7 IV 0) i ()00 (1)
Q?x]0,1

Similarly, since uy is a solution, for k = uy (p), one has dP-a.s. :
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0 < / (e (0) = i (0)) " 0,Gidpdg
+/ FY* (W (s,y) +uw (p), W (s,y) + uv (¢)) 9,Gdpdg
Q?%x]0,1[
£ G0 9) =i (@) W 5,) e 9],V (5.9) o

+ / (ww (9) — w20 (1)) (0,9) pu (& — 9) p1 (—t) dpdy.
Qx]0,1[xD

Summing up the preceding two inequalities, we obtain

0 < / p) — v (¢))* (8, + 8,) Gdpdg
_'_

FX (W (t,x) +uw (p), W (t, ) + uw (¢)) 9.Gdpdq

2x]0,1[2

F* (W (s,y) +uw (p), W (s,y) + uw (¢)) 0,Gdpdq

2x]0,1[?

Gf' W (t,z) +uw (¢)] 0.W (t, ) dpdg

_I._
\,Q\»(Q\

{uw (p)>uiv (9)}

+ / Gf W (s,) +uw ()] O,W (s,) dpdg
{uw (p)>uiv (¢)}

+ / (uw (p) — u20 (¥)) " 9 (0,9) pu (x — y) pr (—t) dpdy, dP-a.s.
Qx]0,1[xD

For convenience, denote by A = {uw (p) > u (¢)}. Then we can rewrite the pre-

ceding inequality as
0 < / (uw (p) — v (0)* (8 + 0,) Gdpdg
Q2x]0,1]
+ / (W (8,2) + uw ()] — FIW (t.2) + wiw (q)]) D:Gedpdg
/ (W (5,9) +uw ()] — ST (5,9) + v (0)]) ,Gdpdy
/Gf (t,2) + iy ()] & W (¢, ) dpdg

4 / G (W (5,9) + uw () 0,V (s.) dpda
A

+ / (uw (9) — w20 (0))* 0 (0.9) pu (x — 4) pr (~t) dpdy,  dP-as,
Qx]0,1]
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3.3 Uniqueness

which yields

—/ Gf'[W (t,x) + uw (q)] 0:W (¢, x) dpdg

Gf (5,9) +uw (p)| 0,W (s,y) dpdg

/Q otien (uw (p) — u20 ()" 9 (0,9) pu (x — y) pi (—1t) dpdy, dP-as.,

0 < o (uw (p) — uw (@) Ds0 (5, 9) pu (& — y) p1 (s — t) dpdyg
L OV 5o0) i ()W (5.9) 4 () () (5 9) 5 — 1)
— [ IV s+ v (] = SOV (02) e )] D (=) ¢ (5.9) 1 (s = 1) dpd
[ 0 )+ i @) = SV () + i () B (5 = )10 550) 1 5 = 0
~ [ 61 W )+ i ()27 (1) dp
+ [ GFIV () + ww ()] 0, (5,) dpdy

/ (uw () — uzo (1)) @ (0,9) po ( — ) p1 (—t) dpdy,  dP-as.
Qx]0,1[xD
= ]1+]2+13+]4+I5+16+]7

Thanks to the properties of Lebesgue sets, the following convergence holds:

lim lim E(I; + 1) = E/ (wy (t, 2, 0) —uy (t,2,8))" Oypdrdtdads
Qx]0,1]

n—o0l—00

+E/ F*(u (t,z,0),uy (t, z, 8)) Oppdadtdadf.
@x]0,1*
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Note that

I; = A(O [Ty (p) + 0 (W (,y)—W(t,x))]dU)3mpn(w—y)(W(8,y)—W(t,x))

(5,y) pi (s —t) dpdg

uy (p)+o(W(s,y)—W(t,z))
_ (A/" FMM@>@m@—w@W&w—W@w»

p)+W(s,y)
(s,9) pi (s —t) dpdq

— /A [ uw (p) +W (s,9)] Oupn (x —y) (W (s,y) = W (t,2)) ¢ (s,y) pi (s — t) dpdg
= I31+ I3

Since f’ is assumed to be a Lipschitz-continuous function, one has the following

estimate

Tsal < 11"l /A 10pn (& = )| (W (s,9) = W (£,2))" @ (5,9) pu (s — t) dpdg.

Lemma 3.1. lim sup lim sup |E/;3,] < 0.

n— 00 l—00

Proof. Starting from the above inequality, using the classical properties of the

It6 integral, we deduce that

|Els,| < Hf”HOOE/ 10epn (= y)| (W (5,9) = W (t,2))* ¢ (s,9) pu (s — 1) dwdtdyds
QZ

< CE | |0upn (x —y)| (W (s,9) = W (,9))" o1 (s — t) dadtdyds
Q2

+CE /QQ 10w (& = y)| (W (t,y) = W (t,2))* pu (s — t) dadtdyds

IN

[ 0upn = )l [E OV (5,0))" + B OV ()] p 5 = 1) dcdidyds

+2C yaxpn (x—y)| [E(W (t,y))> + E(W (t,2))*] pi (s — t) ddtdyds

- zc/ |00 pn (2 — )] E(Zﬁk(s)ek@) +E(Zﬂk(z€)ek(m)>

Xp (s —t) dxdtdyds

+2C /Q N0z —y)| | E (Z By (t) ex (y)) +E (Z By (t) ex (m))

xp (s —t) dedtdyds

since The Brownian motions 3;, and 3; are independent and the cross terms for
k # j have mean zero and the series defining W does not converge in L? (0, 27) but
it is convergent in any Hilbert space U such that the embedding L?(0,27) C U is
Hilbert-Schmidt, one hase the following estimate
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3.3 Uniqueness

\El;| < 2C /Q2 |0ppn (x —y)| (s + 1) <Z HekH2U> pr (s —t) dedtdyds
k=1

<00

—i-QC'/ |02 (2 — ]t(Z Hek”U) p1 (s —t) dedtdyds
—_—

k=1

<oo

Thus, one has that

Bl < C(n (ZﬂekHU)/s—i—t)pl(s—t)dsdt
k=1
n) (Z HekH?]) /Rtpl (s —t) dsdt

k=1

") (Z ||ek||?]>

and the assertion of the lemma follows. W

In a similar way,

=/ 1f’[u2<q>+o<w<t,x>—W(s,ymda) Bupn (2 — ) (W (t,2) — W (s5,1)

@ (s,y) p (s —t) dpdg

uz(q)+o (W (t,x)-W(s,y))
_ / (/ / f”[n]dnda> Oupn (x —y) (W (t,2) = W (s,9))

W (t,z)+uwy (¢

(5,9) pi (s —1) dpdq

/f (t,z) + uw (¢)] Oupn (x —y) (W (t,2) — W (s,9)) ¢ (s,9) pi (s — t) dpdg

= Iy1+ Iyo.

Since f’ is assumed to be a Lipschitz-continuous function, one has the following

estimate

[Laal < [1F" Ml /A 10pn (& = )| (W (s,9) = W (t,2))" @ (5,9) pu (s — t) dpdg.

and, in the same way as for El3, we can prove

Lemma 3.2. lim sup lim sup |Ely;] < 0.

n— 00 l—00
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Next, note that,

hetlo = = [ ¢l (s=0 7 oy () + W (0]
X [Oppn (x —y) (W (s,y) = W (t,2)) — O,W (s,y) pu (x — y)| dpdg
= [ ool = ) law () + W (5.9)
Xy [pn (x —y) (W (s,y) — W (t,z))] dpdg

and

hetls = = [ o) pls=0 IV 60+ o)
X [Oppn (. —y) (W (t,2) = W (s,y)) + 0.W (t,2) pn (v — y)] dpdq
—— [ elmnts =07 IV (ta) + v ()
X0y [pn (x —y) (W (t,2) — W (s,y))] dpdg

Thus,

Lo+ Is+ 1o+ 15 = —/ASO(S»y)pl (s —t) f W (t, ) + uw (q)]

X0y [pn (x — y) (W (t,2) — W (s,y))] dpdg
[ (s =0 £ W (s.0) + uw )
Xy [pn (x —y) (W (s,y) = W (t,z))] dpdg

=~ [ lnn =07 W (t2) + uiv ()
X0y [pn (x —y) (W (t,2) — W (s,y))] dpdq
— [ (s =0 £ W s+ uw )
X0y [pn (x —y) (W (t,2) — W (s,y))] dpdq

=~ [ lsnn =0 W (t2) + uiv ()
< [0, on (2 — ) (W (t.2) = W (5,))] + % [pn (& — 1) (W (£,) = W (s,))]
~ [ =01 IV () + uw (] = £ IV (t.2) + i )]
%0y [pu (@ = y) (W (t,2) = W (s,))) dpdq

= L+

Note that

1 = | [ o= 0.0 W (t0) 4 i 10 (1.0) = (5] (e — ) ey

/ v (s,y) (s =) [[W(t,x) + uw ()] + 1|0 W (¢, 2) = 9, W (s, y)| pn (x — y) dpdq
A
since [’ is a Lipschitz-continuous function.

Lemma 3.3. lim sup lim sup |EJ;| < 0.

n— 00 l—00
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Proof. Note that one has:

A1 < CE [ (s =)0 (1.2) = 0.0 (5.2 [W (8.2) + iy (0) + Upa (& ) dpdy
A
+CE [ 1000 (5.0) 0,0 (5.)| IW (6:0) + i )]+ Upa (& =) g s = 1) doe
A
SC’{/ pl(s—t)|t—s\dxdtds2
Dx]0,T[?

1
2

9 [E [ ol =0 pu =) IV (00) + i (o) + 112dpdq]

+C [/ spn (x — 1) da:dyds}
D2x]0,T|

x [E [ s =00 =) (W (t.0) + uiv ()] + 1]2dpdq]

1

1
2

Therefore, lim sup lim sup |EJ;| < 0.

n—00 l—00
Moreover,

S = —/A[f’[ )+ W (s, )] = f' W (t,2) +uw (@) ¢ (s,y) pi (s — 1)

X0y [pn (x —y) (W (t,2) — W (s,y))] dpdg

= —/Aso(s,y)m(s—t)[ [ur (p) + W (s,y) = W (t,2)] — ' (p) + W (t,y) — W (t, 2)]]
X0y [pn (x —y) (W (t,2) — W (s,y))] dpdg
—/Aw(say)pz(s—t)[ [ur (p) + W (t,y) = W (¢, 2)] — f'[ua (@) + W (t,2) — W (s, 2)]]
X0y [pn (z —y) (W (L, 2) = W (s,y))] dpdg
—/Aw(s,y)pz(s—t)[ flua (@) + Wt ) = W (s,2)] — f'uz (¢) + W (t,2) — W (s,9)]]
X0y [pn (x —y) (W (t,2) = W (s,y))] dpdg

= Joy+ Jon+ Jos

Then, one has that

ol < ||f”||oo/QQsD(S;y) o (s — 1) W (s,9) = W (t,9)]
X [0y [pn (x = y) (W (t,2) = W (s,9))]| dvdtdyds
< Ilf’/lloo/QQso(&y) pr(s =) W (s,y) = W (t,y)| [W(t,z) = W (s,)|
X |0ypn (x — y)| drdtdyds
+15 /Q2 e (s,y) pu(s =)W (s,y) =W (t,y)| pu (x — y) [0,W (s,y)| dwdtdyds
Thus,

Lemma 3.4. lim sup lim sup |EJy] < 0.

n— 00 l—00
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Proof. Indeed,

0 < E/QQsO(S,y)pz(s—t)IW(s,y)—W(t,y)l|W(t,l‘)—W(say)lIaypn(w—y)ldxdtdyds

1
< 5K /Q o ls.) s — D)W (5,) = W (6,9)* [0y (2 — )] dedrdyds
1
+§E/ o (s,9) pu(s — ) [W (t,2) = W (5,9)[* |0ypn (& — y)| ddtdyds
QQ

and the terms on the right tend to 0 as first [ then n tend to oo, as has been

shown already in the study of integral /3. Moreover,

B [ 050) (s = W (5.9) = W (6:9)] (2 =) [,V (5,9)| s

N|=

< {E/ o (s,y)pi(s =) W (s,y) = W (t,y)|° pu (x — y) dwdtdyds]
QZ

N

9 [E | etmnts=0puta=n o0 sl dxdtdyds}

VI

< [E [ oGl =01 () = W o) pu o =) dxdtdyds]
QQ

x CIIW (s, 9 r2(ax0)

a terme of the same nature as the one studied already in connection with E.J;.
Next, observe that

ol < 1 [0 (5 = IV (5.9) = W (s,
X |0y [pn (x — y) (W (t,2) = W (s,y))]| dwdtdyds
= W) (s = DI () = W (s, 0)
% |0,0m (& — Y| W (t,2) — W (5, )| dwdtdyds
U oot = OIW () =W (s,2)
Xpn (x —y) [0,W (s,y)| dedtdyds
and thus, we can prove

Lemma 3.5. lim sup lim sup |EJy 3] < 0.

n—00 l—00

Proof. Indeed,
0< [ e mls =W (5) =W (s.0)
Iaypn =y W (t,z) =W (s,y)| dedtdyds

SB[ o) nls = 0W (sg) = W (s, 0y (o — )| dudedyds

| /\

+

E/zso s,9) pu(s — ) [W (£, 2) = W (5,9)[*|0ypn (& — y)| dedtdyds
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whose limite have been studied in the treatement of integral I3 ;.

Moreover,

B[ 0.0 (s = 0IW (5) = W (s.2)] o (= )W (5] declidyds

[V

< |8 [ elmmls =0 () = W (s, o (o — ) dodedyas
Q2

N|=

% [E | o G)nls= 0= 10 (. dxdtdyds]

N

< [E | e mls =01 (s.) = W (5.0) o~ ) dazdtdyds}
Q2

x C ||W(37y)||L2(Q><Q)

whose limit is similar to the one studied in the treatement of integral F.J;.
Since G(t,x,.,.) € D([0,T[xD), by chain rule, one has that

2 = _/ e (sy)pr(s =) ™ [ur (p) uz (q) + W (t,2) = W (s, )]
(@xJ0.1])
XOypn (v —y) (W (t,2) — W (s, y)) dpdg
= P 0 (e ) OV (42) =W (5.9)
X {F’+ [u1 (p) ,uz (q) + W (t,2) — W (s,y)] — F'F [uy (p) ,us (t,2,8) + W (t, ) — W(s,y)}}
w [ as = ) OV (t2) = W () B (5,0)
(@x0,1]
X F'™ [uy (p) ,ua (t, @, B) + W (t,x) — W (s, y)] dpdg.

Since f’ and F'" are Lipschitz-continuous functions, with a Lipschitz-constant

C depending on || f”|| .,

ol < C [ ()51, ouz ) OV (12) = W (5.9)]
< (2(W (L) ~ W (t,2)] + [ (0) — s (1,2, 6)]} dedidydsd
0 [ == ) W (ko) - W (s,0)
(@x]0,1))

X uy (p) —uy (t,z,8) — W (t,x) + W (s, x)| dpdq.
Now, we can prove

Lemma 3.6. lim sup lim sup |EJo 5| < 0.

n—00 l—0o0

Proof. On the one hand, in the same way as for Lemma |3.1] we can prove that
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the last integral vanishes since it is lower than
3
C| [ os =11 (= ) IV (t.0) = W (5,0) oy
2

X V pr(s—t) pn(x —y) [ (p) —ug (t,x,8) — W (t, ) + W (s,y)|* dpdg By
(@x]0,1))*

On the other hand, the first part of the first integral is similar to the one already

studied with Jy 3 so we consentrate on

E/QQ 101[(’0 (s,9) pr (s = )10y [pn (x — y) (W (t,2) = W (s,9))]| |z (q) — vy (t, z, B)| dzdtdg

< E/Q2 }01[@(8,9) pi (s =) |0ypn (x — )| |W (t,2) — W (s,y)| |uz (q¢) — vz (¢, z, B)| dxdtdg

B o (5:9) o1 (s = 1) pa (x = y) [0, W (s, 9)| [uz (q) — o (¢, 7, B)| dzdtdq
@Q?x]0,1
2 2
because |p], (x)] = % pn (x),0ne has
(|nz|” — 1)

E/Q2 o 1[90 (s, 9) pi (s = 1) [Oypn (x — y)| (W (t,2) = W (s,y))| |uz (q) — vz (¢, z, B)| dedtdydsdS

— E/ | [90(8,3/) p1 (s —1)|0ppn (x —y)| |W (t,x) — W (s,y)| |uz (¢) — vz (¢, z, 5)| dxdtdq
Q2x]o,1

<4 {E/ o (s,9) pu(s —t) pu (& — ) [uz (q) — 2 (¢, 2, B)] dwdtdq]
Q2x]0,1{

x s §— eyl T — z) — W (s,y)|* d sé
_E/QQSD( y) (s — 1) (nte—pP-1)° po (z —y) W (t,2) — W (s,y)]*d dtdyd]

_ . . n4‘l’—y‘2 . o . ) N . 2
+_E/QQSO(7?J)P1( t) (nte—pF 1) pn (= y) W (s,2) — W (s,9)] ddtdyd]

=4A.B

Note that, if one still denotes by u, the same function extended by 0 outside @,

we have

N|=

AS |:E/ pi (T)pn (Z)/ |u2 (t‘l’T,[L‘-}-Z,ﬁ)—UQ <t7$,5)|2d$dtd2’d7“dﬁ ;
R2 R2x]0,1[

which tends to 0 thanks to the continuity of translations in the Lebesgue spaces.

Let us prove that B is bounded. In order to do so,note that
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3.3 Uniqueness

D=

ntlz —y|
pr(s—t) | f | 7 Pn (@ —y) (t— S)dxdtdyds]
(1n (@ —9)P - 1)
|z —y|*
1 Pn (® —y) sdxdtdyds

S—

B<C

2

Q2

1t (In(x—y)P —1)
n4\x—y\2 %
<C /DXR2(—7“)01 (r)/D (e —)F - 1) pn (= y) dyd:cdtdr]

nt|2[? ]
C ——— 1 Pn (?) sdudtdyds
[/@ ()P -1)"" !

<n*C (—r)pu () dzdtdr
DxR?

4 2
/ % Pn (2) sdwdtdyds]
@ (In (

1
2

+C .
2)["—1)

n*C
=

D=

‘ 2

nt|z ]
+C ——— 1 Pn (?) sdudtdyds
o1 ’

Therefore, lim sup B becomes uniformly bounded with respect to n and the result

l—00

holds. One has that

ol

E/ o (s,9) pu(s =) pu (z = ) [O,W (s,9)] [uz (q) — w2 (¢, 2, )| dadtdg

Q?%x]0,1

< c [E [ e 4w+ 28) = s (1. ) dodedidsds
Q2x]0,1]

Again, the result follows from the continuity of translations in the Lebesgue spaces

Finally, let us show

/ (u1,0 — Uz,o)Jr (0, z)dx.
D

Lemma 3.7. lim sup lim sup |EI;| <
n—00 l—00

T
Proof. Denote by ¢ (t,z,y) / pi(=r)drpn (x —y) ¢ (0,y)

2
= /l pi (=) drp, (x —y) ¢ (0,y). Since it is a non-negative function of D ([0, T'[x D)
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for any y in D as soon as n is large enough, and as u; is a solution, one gets that

/D oot {(uw (p) = w20 (1)) 0 (0,9) pu (& — y) pr (=)} dpdy
= /D><Q><]O,1[ /i;lf(t,?) p(=r)dr {F+ (W + uw, Wz (y)) Ouvpn (2 — y) ¢ (0, y)} dpdy

- / / U (=) drsgnd (uw — usp (1)3s FIW + use (4)]n (z — y) (0. y) dpdy
DxQx]0,1[ Jinf(t,2)

~Io

[ e =) [ (=)o (2 =)0 0.1) dod

Thus,

n—oo l—00

limsup limsup E/ {(UW — U2 (?/))Jr ©(0,y) pn (x —y) o1 (—If)} dpdy
DxQ@Qx]0,1]

< [ (wno—ws0)" 0. dr
D
[ |

3.3.2 Global inequality
Proposition 3.3. For any non-negative ¢ in H' (Q),

0 < B[ (utea)-wtep) dedudtdads
QxJo,1[?
B[P (nea) o (1, 0) pdsdidads
Qx]0,1[?

+/ (u1,0 — U2,0)Jr ¢ (0,.)dx.
D

Following ([10], [12]), choose a partition of unity subordinate to a covering of D
by intervals I;, i = 0, ...., k satisfying Io N 9D = @, and, for ¢ > 0, I; C I| with
I NOD # (. Consider ¢ in DY ([0, T[xR) with supp ¢ C I := I; for some i > 0.
Moreover, we choose a sequence of mollifiers p; in R with supp p; C |]—2/1,0[ and
a sequence of mollifiers p, in R such that y — p, (y —x) € D (D) for all z € I,
on(y) = / pn (y — x) dx is an increasing sequence for y € I, and o, (y) = 1 for
any y € I guch that d (y, R\D) > ¢/n (with ¢ = C (i) depending on I). Denote
G(tz,8y) =¢(s,9) pn(y—2)pu(s —1).

Note that, for I, n suffisamment large, (t,2) — G (.,.,s,y) € D(]0,T[x D)
for any (s,y) € @, and (s,y) — G(t,z,.,.) € D([0,T[xD) for any (t,z) € Q.

Moreover, the function

Gn(sy) = /QG(t,w,s,y)dfcdt:w(s,y)/Dpn(y—x)d:v/0 pi(s—1)dt

= o (s,9)on(y),
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3.3 Uniqueness

satisfies: G,, € D ([0,T[xD), 0 < G,, < Gp41 < . Therefore, a non-negative Borel
function 9 exists such that the monotonically increasing sequence G, converges to
Y everywhere in I and 0 < ¢ < ¢. For convenience set p = (t,z,), ¢ = (s,y, 5),
uy =y — W, ujy = uy — W. Since k = uzy " (¢) > 0, using that u; is a solution
and G (t =0) = 0, dP-a.s. leads to
0< / (uw (p) — uiv* (q)) " 0,Gdpdg
Q*xJ0,1[*
e[ W) b ()W () + v (@) 0,Gdpdg
Q2x]0,1[*
— /2 i Gsgng (uw (p) —uw™ (q)) f' [W (t,z) + uw™ (q)] 0.W (¢, z) dpdg
Q*x]0,1]
= / (ufy (p) —uiv™ ()" 0:Gdpdg
Q*x]0,1[*
+ / FY (W (t,2) + gy (p), W (£, ) + uw ™ (q)) 0.Gdpdg
Q2x]0,1[*
— /2 i Gsgng (ufy (p) —ww™ (@) [/ [W (t,z) + uw™ (q)] O.W (¢, z) dpdg
Q*x]0,1]

Using that u, is also a solution, with k& = uy (p)Tand y — G (t,s,2,y) € D (D),

one gets, dP-a.s.,

0 < (uiy (p) — uiv ()" 9,Gdpdyq
Q2x]0,1[2

4 /Q OV () 0 ). W ) i (@) 4G
2%10,1[%

_l_

x10,1[J D

+ / O (i () — i () [V (5.0) 4 0] B .) e
Q2x]0,1[2
Next note

Lemma 3.8. For any real a, b and c,

(a+ — b)+ = (a — b+)+ +(=b)" = (a+ — b+)+ +(=b)",
Ffc+at,c+b)=F"(c+a",c+b")+F*(c,c+b).
f! (C + CL+) Lip<aty = f'(c) Lip<oy + I (C + CL+) Tipt<aty — f' () L{p<0<a}-
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We have,
< [ e -t @) 26
Q2x]0,1]
HE (W (s,9) +uiy (), W (s,9) + uiv ™ (q)) 9,Gdpdyq

+/Q2 o1 Gsgng (uw (p) = uiv (0)) f'W(s,9) + wyy ()]0, W (5, y)dpdg

/ / —uz0(y))" G (t,2,0,y) dydp
x]0,1]

‘LQWH{m‘“W<”+@G+F*0V@wr+aww&w+uww»@apm@

- /622 10,12 (“?/I/ (p) — uw™ (Q))+ 95G
+ET (W (s,y) + ujy (), W (s,9) +uw ™ (q)) 0,Gdpdg

+/ Gsgni (uiy (0) — vt (@) £'IW (5, ) + iy (0))0,W (5, 4)dpdg
Q2x]0,1]

{(0—uiv (¢))" 0,G + F* (W (s,y) + 0,W (s,y) + uw (q)) 9,G } dpdq

2x]0,1[*

.
/ o, / (p) — 20 ()" G (t,2,0,y) dydp
.
-,

- Gsgng (0 —uw (q)) f'[W (s, y)]0,W (s,y)dpdq
2x]0,1

(0
o Gsgng (uw (p)) sgng (0 —uw (q)) f'[W (s,)]0,W (s, y)dpdg

= /Q ol (wiy (p) — ™ (9)) " 0,G
(W (s,9) +uy (p) . W (s,9) +uiv™" (q)) 9,Gepdg

Gsgng (uyy (p) — ww (q)) F'IW(s,y) + uyy (0)]0,W (s,y)dpdg

2x]0,1[2

+F
+L; [
+/Q o {0 —wiv (9))" 0,Gr+ F* (W (s,y) + 0, W (s,y) + uiv (q)) 9,Gy } dg
+/ Gusgng (0 —uw (q)) f'W (s, )]0, W (s,y)dq

Qx]0,1[

Gf'[W(s,y)]0,W (s, y)dpdg

uty <0<uwpw

/ / uW - u20 <y>)+ G (t,[L‘, Oa y) dydp
x]0,1]

- | [(W@»—uw ()" 0.6
+F (W (s,y) + uiy (), W (s,9) + uiwv ™" (¢)) 8,Gdpdg
+ /QQ op Gsgng (ufy () — u (@) f'[W(s,9) + uy ()]0, W (s, y)dpdg
/ o / — Ug (y))Jr — (0 — ugp (y))ﬂ G (t,z,0,y) dydp
v [ 5.6y G IV (5, )10, (5,)dpda

uy <O<uw
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Therefore, with the first inequality, one gets that

0 < /Q . { (ufy () = wiv* (0))" (8 + 0,) G | dpdg

L OV ) i 00, W ) i (@) 2,6
+FY (W (t,2) + uly (p), W (t,2) + uiw ™ (q)) 0.G}dpdg
G i ) i @)
< [FIW(1,2) 4 ™ @I0V (1) — IV (5, 9) + i ()0, W (5, )] dpdg
+ / 1 (o> Gn) dB

e i) = @) G 4,0,

/ W)W (s, )dpds

0 < ot {(u% (p) — uiv " (9))" Dsp (5,9) pu (y — ) pu (s — t)} dpdg
+ /QQX]O,I[ F (W (s,9) + iy (), W (5,9) + aiv™ (@) 0y (5,5) pa (y = @) pu (s — 1) dpdg
+ /QQX]OJ[ FH (W (s,9) +uiy (0), W (5,9) + uiw™ (0)) @ (5,9) Oypn (y — ) pr (s — t) dpdg
- /QQX]OJ[Q F (W (t,2) +ufy (), W (t,2) + vt () @ (5,9) Oypn (y — ) pr (s — t) dpdg
< G ) i @)

X [FIW(t,x) +uw™ (q)]0W(t,x) — f'[W(s,y) + ujy ()]0, W (s, 9)] dpdg
+ <ﬂ;0= Gn> dp

/ [ (i) =ty @) G a0 dydp— [ GRG0 (s, o
x]0,1] uwy <0<uw

1. First, the Lebesgue set properties ensure that

n—o00 [—o00

lim lim [E/ o {(WV () — v (0))" Dup (5,9) pu (y — ) pr (s — t)} dpdq
Q2x]0,1[%
+E | O S0 ). ) i (@) 0 (5,9) 3 = ) (5 = 1)
@Q2x]0,1
_ E/ {(ufy = v )" o+ F* (W 4wy, W+ i) Duip } dpdB.
Qx]0,1]

2. The expectation of the third and fourth terms vanish following the same ar-

guments as the one proposed in the previous section.
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3. Then, since fi; , is a Radon measure in R?  the theorem of monotone conver-

gence ensures that

1 1
tim fin [ G, Goyas = [ (o) as

" :
L Denoteby 6(t.2.9) = [ (=) drpa v =) 0 0.0) = | oy D= D)5 0.0,
t inf i1
Since ¢ is a non-negative function of D ([0, T[x D) for any y in D as soon as

n is large enough, and as u; is a solution, one gets that

/D o0 {(Uﬂv{/ — g (y))+ p1 (=) pn (y — ) 0 (0, y)} dpdy

- /D 0 ]01[{(UW_uiO(y))erl(—t)pn(y—x)gp(ojy)}dpdy

< / / pr (=) dr {—F* (W + e, Wty (1) ypn (5 — 2) 0 (0,3) } dpdy

DxQx]0,1{ 1nf %

/ / P drpn (g — ) 0 (0, ) sgni (uw — ugo (1) F'IW + uzo (v)ldpdy
DxQx]0,1] mf %

+ + i

T / (uro (@) — udy (1) / pr (=) drpy (y — ) 0 (0, ) dady.

D2 0
Thus,

limsup lim supE/ {(u;{/ — uz (y))+ pr(—t) pn (y — ) ¢ (0, y)} dpdy
DxQ@Qx]0,1]

n—00 l—00

< / (ul,(] - UIO)—F 2 (07 ) dx = / (u1+,0 - u;r,O)+ ¥ (07 ) dx
D D

[ GrWis oW vdvdg

uy <0<uwpw

= / 1uf/v(q)<0f/[W<Svy)]ayW(57y)(p (S7y)
Qx]0,1]

X / Luy (ny>001 (s — 1) pn (y — ) dpdq
Qx]0,1[
— / 1u&y<0<uwf/[W]axW@dpdﬂ'

l—oo,n—o00 Q><]0,1[2

Therefore we may conclude
0 < B[ {(uh— i) Ot BTV i Wk i) B} dpa?
Qx]0,1[*

1
~— o+ +
o[ avyas v [ pwpavedds s [ (i) 0. dr
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Now, repeating the same arguments with u; replaced by —us, us by —uy, f by
—f(=.), W by —W and for the initial conditions —usy by —ui, lead to the

inequality:

0 < E/ (u{;y_ —u;v)+8tcp+F+ (W—u;v,W—u{/V_) O pdpdf
Qx]0,1[
1
[ wgwydar B [ arwinwdpds [ (- )00, de
0 uw <0<uw D
Summing up these two inequalities, one gets that

0 < E/ {(w — i) g+ P (W g, W+ i) i} dpd
Qx]0,1]

1 1
+/0 <ﬂ1_1,07 w> dﬁ + /0 <,UIO, w> do + \/D (ULO — U270)+ (2 (0, ) dx.

Note that (¢o,,),, € D ([0,T[xD) with ¢o,, = po,,0, for m large enough.
Thus, on the one hand, thanks to Proposition one has that

0 < E/ (y (t,z,a) — uy (t, 2, 8)) " Oppo,drdtdads
Qx]0,1]

+E/ F*(uy (t,z, ) ,uy (t, z, B)) O, [pom] drdtdadp.
@x]0,1]
On the other hand, one has

0 < B fw(tea) - utr6) e (1 - o)
Qx]0,1]
+F (uy (t, 2, ), uy (8,2, 8)) 0 [0 (1 — o) }dpd B

/%0, am)>d6+/ (itor o (1 — o)) da

+/D (U1 — u270)+ 0 (0,2) (1 — o,) dz.

Thus, for any n,

0 < E/ ((uy (t,7,0) —ws (12, ) Dhp
Qx]0,12

+F (uy (¢, x, ) ,uy (t, 2, B)) Opp}dpdf
/ (imor o (1 m>>dﬂ+/0 (00 (1= 0,)) da
—|—/D (u1,0 — uz0)" 0 (0,2) (1 — 0y,) da.
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Since G, (1 — 0,,) = po, — oo, =0 for m large,

/0 (st (1= 0,)) dB

= lim {(0—uw ()" 9,G (1 = o)

%0 JQx]0,1]

+FT (W (s,y) + 0, W (s,y) + uiv () 9y [Gn (1 — o) }g

+/’ G (1= 0,) sgnd (0 — wiw (@) £/ (5,910, (5. 9)dg
Q@x]0,1]

—i—/D (—uo)" G (0,2) (1 — 0,,) da
= 0.

Then, using the partition of unity, the result holds.

3.4 Uniqueness of the Measure-Valued Solution: Ex-

istence of Entropy Solution

Proposition 3.4. The measure-valued solution is unique. Moreover, it is the unique

entropy solution.

Proof. Since for any non-negative ¢ in H' (Q),
0 < B[ (utew) - wtep) dedudtdads
QxJ0,1[*
+E/ FT(u (t,z,a),us (¢, x, ) Oppdrdtdad
QxJo,1?
+/ (ul’o — U270)+ (2 (0, ) dzx.
D
if uy g =usp and @ (t,z) =T —t, one gets that
025 [ (w(tr.a) - w(t,n,8)" deddads
Qx]0,1[*
and, by permutation of the solutions,
0> E / (s (£, 2, 0) — 1, (£, 2, B))" dadtdads,
Qx]0.1[*
Therefore, on the one hand, the uniqueness of the measure-valued solution is proved

and, on the other hand, w (¢,z,a) = uy (t,z, 3) for a.e. « and /3 ensures that the

solution does not depend on « or f. |

Proposition 3.5. Moreover, entropy solutions satisfy a comparison and a contrac-

tion principle:
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Solution

1. If uio < ugp then uy < uy a.e. on Q, a.s. on (2.

2. E/ |u1 - U2| dxdt S / |U1,0 - U2’0| dz.
Q D

Proof. The first part of the Proposition is proved in the same way as Proposition

[3.4]
If uy g <ugp and uy > uy o (t, ) =T —t, one gets that

0> E/ (u1 — ug) dxdt,
Q

Therefore,

02u1—u2

contradiction with w; > us. and the first assertion follows.
(2) For any non-negative o in H' (]0, T[) with ¢ (T) = 0, one has that

0 < /OTE/D (uy — up) ™ day () dt + /D (ur0 — u2,0)+ ¢ (0) dx
- /OT E/D [(ul —up)t — (u10 — u270)+} dxy’ (t) dt,

and the second assertion follows. [ |

3.4.1 A remark about locally Lipschitz f

Assume in this section that f is merely a locally Lipschitz-continuous function with

a Lipschitz-continuous derivative f’ . Then, one has in particular:

L 3e(f) , Ve e R, |f ()] < e(f) (2* +1)
2. By Sobolev embedding, Vw € H' (D), f (w) € LP (D) for some p > 1.

3. By truncation arguments, Vw € H' (D), f' (w)w' () € L? (D) for some p > 1
and the chain rule holds: : 9,.f (w) = f' (w)w' (z).

In this case, the definition of a solution has to be slightly modified in order to
give sense to the integrals: the test-functions ¢ need to belong to D (Q) instead of
H"(Q) or to D([0,T] x D) instead of L* (0,T; Hy (D)) . The result of uniqueness
holds in the same way with such f, as well as the main part of the demonstrations
of the existence section. If one assumes again the existence of the solution to the
viscous problem , it remains to prove the property of uniform integrability of
the sequence (f (u,)) needed when one passes to the limit in the first term of I3,

in (3.4]). The aim of the following lemma is to propose a possible assumption for that.
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Chapter 3. Existence and uniqueness of the entropy solution to the

inviscid stochastic generalized Burgers equation

Lemma 3.9. If 36 € ]0,2[,3¢c > 0, such that Vo € R, |f(x)]
(f (up)) is uniformly integrable.

< ¢(|z]” +1) then

Proof. If 30 € ]0,2[,3¢ > 0, such that Vo € R, |f(z)] < ¢(]z]° 4+ 1), the
sequence is uniformly integrable since it is bounded in L# (0, T[ x Q x D) with
2

- > 1. |
5>
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Chapter 4

Numerical Approximation of
Stochastic Generalized Burgers

Equation on a Bounded Domains

4.1 Introduction

We wish to find an approximate solution to the following nonlinear scalar conser-
vation law with a stochastic additive force, posed over a bounded domain D with

initial condition and Dirichlet boundary conditions:

3u(w,t,x)+a(f(u<wvt’x))) :8W in Qx10,T[x D

ot Ox ot
u(w,0,x) =uy(r) wel,zeD, (4.1)
u(w,t,x) =0 weQtel0,T[,ze€dD

where D =10,27[, T > 0 and W is a cylindrical Wiener process.

Recall that the cylindrical Wiener process can be written as

W (t,x) = B (t)ex(z) (4.2)

where {e;,} is any orthonormal basis of L* (0,27) and {3} is a sequence of mutually
independent real Brownian motions in a fixed probability space (€2, F,P) adapted
to a filtration {F},5,. The series does not converge in L? (0,27) but in any
larger Hilbert space U such that the embedding L (0,27) C U is Hilbert-Schmidt.
In order to make the lecture more fluent, we omit in the sequel the variables w, x, t

and write u instead of u (w,t, ).
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4.2 New formulation of the problem

We take advantage of the fact that the noise is additive (independent on u) to rewrite

the equation in problem [4.1] as
Ou—-W)  9(f(u) _ oy
BT + e 0 in D' (Q), (4.3)

equation (4.3) can be formulated, via the change of variable uy := u — W, as the

random problem

Ouyy N 0 (B (w,t,z,uw))
ot ox
with a flux function B (w,t,x,uw ) := f (uw + W) . In this equation, the stochastic

=0

variable w, at least formally, only plays the role of a parameter and thus essentially
deterministic techniques can be applied (though it is not possible to use exclusively
pathwise arguments). Thus problem (4.1), become

8uw+8(3(w,t,aﬁ,uw)) —0 mQxDx]0,T],

ot ox
uw (w, 0, ) =uy(r) we,xzeD,
uw (w, t, x) =-W(wtx)=u we te]0,T[,ze€dD

(4.4)

Note that, even in the deterministic case, a weak solution to a nonlinear scalar
conservation law is not unique in general. The mathematical challenge consists in
introducing a selection criterion in order to identify a unique solution. The notion of
entropy solution was first introduced in the 70s by S.N. Kruzkhov in the case where
the domain was the whole space. In the present work we consider a stochastic
version of the entropy condition proposed by F. Otto in his PhD (see [35]) to take
into account our non-homogeneous Dirichlet boundary conditions. We assume the
following hypotheses:

Hy: uy € L™ (D).

Hy: wp € L (]0,T[ x OD).

Hs: B:Q x]0,T[ x D x R — R is locally Lipschitz-continuous.

Hy: 0.B (w,t,z,uy) =0 for a.e. (t,z,uw) €1]0,T[x D x R.

4.2.1 Goal of the study and outline of the chapter

The aim of this chapter is to propose a semi-discrete finite volume approximation for
Problem (4.4). Then, discretize the resulting system of stochastic ordinary differen-
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4.2 New formulation of the problem

tial equations in time using the explicit Euler schemes and studying the convergence

of this scheme.

The chapter is organized as follows. In section 2 we define a weak stochastic
entropy solution and a measure-valued entropy solution of Problem ; the class
of entropy-flux pairs considered in the definition of stochastic entropy solution can
be reduced to the one of the so-called “semi Kruzkov” entropies. It is one of the keys
of the result of convergence of the scheme.

In Section 3 we define the finite volume scheme with monotone fluxes used to ap-
proximate the stochastic entropy solution of . Then, in section 4 we give the
main result of this chapter, which states the convergence of the approximate solu-
tion towards the unique stochastic entropy solution of the equation. The remainder
of the chapter is devoted to the proof of this convergence result. In Section 5, sev-
eral preliminary results satisfied by the finite volume approximate solution denoted
u, ) are stated. In Section 6 we show the convergence of u,; towards the unique
stochastic entropy solution of Problem (4.1]), and therefore we get a new proof for

the existence of such a solution. And in section 7 we give some numerical simulation.

4.2.2 General notations
o Q=10,T] x [0,2n].

e E[] denotes the expectation, i.e. the integral over © with respect to the

probability measure P.
e We denote by LipB the Lipschitz constants of B.

e sgn¢ denote the application R — R defined by

N 1 ifs>0,
sgng (s) =
0 ifs<o0,
and sgn, (s) the application s — —sgng (—s). As usual, we set s = sgng (s) s
and s~ = (—s)".

Let x € R. The entropy-flux pair (", ¢}) (respectively (1., ¢, )) is defined by

K

i (s) = (s —r)",

O (w,t,z,8) = sgng (s — k) (B (w,t,2,8) — B(w,t,7,K)),

e (8) = (s = r)",

respectively
o, (w,t,x,8) =sgny (s — k) (B(w,t,x,s) — B(w,t,2,K))

61



Chapter 4. Numerical Approximation of Stochastic Generalized Burgers
Equation on a Bounded Domains

4.3 The continuous problem

Next we define a weak stochastic entropy solution of Problem (4.4)) as it has been
done in [40] :

Definition 4.1 (Stochastic entropy solution). A function uy of L* (2 x Q), adapted
to the filltration F;, as an L?(D)-valued function, is an entropy solution of the
stochastic scalar conservation law with the initial condition uy € L* (D),
if P-a.s in Q, For any k € R and for any p € C° ([0,T] x [0, 27] ,RY),

0 < // {(uw — k)"0 + [B (w,t,x,uw) — B (w,t,z, k)] sgng (uw — k) al,gp} dtdx
Q

—/ wsgng (uw — k) 0. B (w, t,z, k) dtdx +/ (uo — &) (0,2) dx
Q D

21

+Lz’pB/0 [(—W(t,l’)—%)+90(t,x)}0 dt
and

0 < //Q {(UW — k) O+ [B(w,t,z,uy) — B (w, t,z, k)] sgng (uw — K) 335%0} dtdx

—/ wsgng (uw — k) 0. B (w,t,x, k) dtdz +/ (wo — k) ¢ (0,2)dx
Q D

21

+LipB/0 (=W (t,z) — K)fgp(t,x)}o dt

For technical reasons, as in [5] for the case D = R" and as in [40] for the
deterministic case, we also need to consider a more general notion of solution.

In fact, in a first step, we will only prove the convergence of the finite volume
approximate solution u, to a stochastic measure-valued entropy solution.

Then, thanks to the result of uniqueness stated in Proposition we will be

able to deduce the convergence of u, to the unique stochastic entropy solution of
Problem (4.1)).

Definition 4.2 (Stochastic measure-valued entropy solution). A function uy of
L*(Qx Q x10,1[), adapted to the filltration F, as an L*(D)-valued function, is
a measure-valued entropy solution of the stochastic scalar conservation law
with the initial condition uy € L (D), if P-a.s in Q, for any k € R and for any
¢ € Cx([0,T] x [0,2n] ,RT),
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4.4 Main Result

1
0 < // / {(UW — k)" 0+ [B(w,t,z,u—W) = B(w,t,z,K)] sgng (uy — k) c%go} dovdtda
QJo

—/ osgng (aw — k) 0, B (w, t, z, k) dtdr + / (uo — k)" ¢ (0, ) da
Q D

2T

-I—LipB/O [(—-W (t,x)—ﬁﬁcp(t,a:)}o dt

The same entropy inequality holds when the negative entropy-fluz is selected as an

entropy-flux pair.

4.4 Main Result

In the sequel, assume that assumptions H; to Hy hold. Let us first give a definition

of the admissible meshes for the finite volume scheme.

4.4.1 Meshes and scheme

Definition 4.3 (Admissible mesh). An admissible mesh of D =10, 2n[, denoted by
T.for the discretization of Problem (4.4)), is given by a family (Ki)izl,...N’ N € N*,
such that K; = }xi_%,xﬂr% [, and a family (;),_y  n,, such that

To =2 :0<$1<$%<....<Q?i_%<$i<$i+%<....<ZEN<£EN+%:.CEN+1:27T.

1
2

The mesh T is the set T = {K;,i € {1,...N}} of subsets of R. The length of K; is
denoted by hi, so that h; = w1 — @,y for all i € {1,..N}. It is assumed that
h = size (1) = sup {h;,i € {1,..N}} < +00 and that, for some o € R, we have

ah <m(K;) , VK, €T, (4.5)

where we denote by
e m (K;) the onedimensional Lebesgue measure of K.
e N (K;) the set of control volumes neighbors of the control volume K;.

e 0k, 1, the common interface between K; and L; for any L; € N (k).

N

Remark 4.1. Since m (D) = Zm(Ki), Assumption (4.5)) yields the following
i=1

estimate on the number of control volumes:

m (D)

d <
card (1) < 3

(4.6)
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We now define the general monotone scheme. Consider an admissible mesh 7 in the
sense of Definition 4.3

We take M € N'and define the time step k£ = % € R} and t" = mk for all
m € {0,...., M — 1}. The equations satisfied by the discrete unknowns denoted by
Uy, m € {0,..., M — 1}, i = 1...N, are obtained by discretizing Problem (.4). For

the discretization of such a problem, we need to define the numerical flux.

Definition 4.4 (Monotone numerical flux). We say that a function F, R? —
R (for (K, L;) € 72, Lj € N (K;), for all m € {0,....,M —1}) is a monotone
numerical fluz if it satisfies the following properties of monotony, conservativity,

reqularity and consistency :
(i) Fi 1, (a,b) is nondecreasing with respect to a and nonincreasing with respect
to b, for (a,b) € R?,
- m _ _m 2
(i) Fip, (a,b) = =F[ . (b,a) for all (a,b) € R
(1i1) There exists Fy, Fy > 0 such that for any a,b € R we have

F, (ba)— Fp, (a,a)‘ <Fila—b| and ‘F;;;Lj (a,0) = Fy (a,0)| < Fy a—1].

tm+1

1
(iv) F.p, (a,a) = E/ B (w,0k,1,,t,a) dt for all a € R.
tm

Notice that the property of consistency (iv) above gives, owing to
0. B (w,t,z,uy) =0,

> Fp(a,a)=0 VK er, Vme{0,.,M—-1}, VaeR.

L;EN(K3)
The set {u?,i =1,..N } is given by the initial condition

1
0 __ .
w = TR /K ug () do, VK; € 7. (4.7)

The discrete unknowns are denoted by uw,, ¢ = 1...IN, and are expected to be

an approximation of the mean value of u — W over K, that is

1
m (K;)

uw, (t) = / uw (w, t,x)de, VK; € T.
K;

and

= dz,VK; € T.
ot m () ot v !
Where, uy; (t) = u; (t) — W/ (t), w;, i = 1...N are the discrete unknowns of
problem ([4.1]), and are expected to be an approximation of the mean value of u over
1

J
K;, W/ (t) = B-tefforJEN*,andegz /e-xdm.
=350 ) S oW

Quw,; (t) 1 / Ouw (w, t, )
K;
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The integration of equation (4.4) over the control volume K; = }xi_%,xi +%[

results

m (K;) ot

-+ (B <w,xi+%,t,uw) - B <w,xi7%,t,uw)> =0. (4.8)

The equation (4.8)) can be written as

8uwﬂ- (t)

m (K;) ot

+ (FI%Lj (uw,is uw,iv1) — Filp,) (Uw,H’UW,z')) =0 (4.9)

Notice that the semi-discrete equation (4.9) can be formulated as a system of

stochastic differential equations (SDEs) rewritten in a compact form as

duW
W g
dt (t, uw)
u(0) = wug
where
1 m m
Hi (t,uw) = — v ) (FKZ-LJ- (uwi—1, uwi) — Fip, (Um,Uw,m)) :

We then discretize the semi-discrete equation (4.9)) in time using the explicit

Euler schemes, we obtain

m (K;)
k

(“%tl - “%z) + (FITELJ- (UTV?/@’ u%i—i—l) - FIQL]- (u%z—l7u%z)> =0 (4.10)

for any ¢ = 1,...N , and any m € {0,..., M — 1},

where,

J J
uig ==Y _ B (t")e; (0), and ufjo, = — Y B (t")e; (27),
i=1 j=1
(4.11)

The approximate finite volume solution wuy ,; may be defined on 2 x D x [0, T[

from the discrete unknowns uyy;, i = 1,..N , m € {0,..., M — 1} which are com-

puted in (4.10) by:

uwrk (w,t,z) = Uy, = uj" — VViJ’m =Urp — Wik (4.12)

forwe Q, € K; andte [mk,(m+1)k[. Where u;" is the discrete unknowns of

7
problem [@.1)), and W, = W™ (t,z) = Z B; (™) el is the discrete noise terms.
j=1
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4.4.2 Main result

We now state the main result of this chapter.

Theorem 4.1. [f0] [Convergence to the stochastic entropy solution] Assume that
hypotheses Hy to Hy hold.

Let 7 be an admaissible mesh in the sense of Definition [{.5, M € N* and k =
i € R be the time step. Let uw, i be the finite volume approximation defined

by the monotone finite volume scheme (4.10) and (4.12)). Then uw., ) converges to
the unique stochastic entropy solution of (4.4) in the sense of Definition in
LY (Qx Q) forany1<p<2ash—D0.

loc

4.5  Preliminary results on the finite volume ap-

proximation

Let us state in this section several results satisfied by the finite volume approximate

solution uyw ., defined by (4.10) and (4.12).

4.5.1 Stability estimates

Proposition 4.1. (L°LZ , estimate) Let T >0, ug € L* (D), 7 be an admissible

T
mesh in the sense of Definition (4.3), M € N* and k = —

N € R’ satisfying the
Courant-Friedrichs-Levy (CFL) Condition

ah

k< T AL (4.13)

Let uw . be the finite volume approzimate solution defined by (4.10) and (4.12)).
Then we have the following bound

Juw,rr (W, 2, :1:)||Loo(07T;L2(QxD)) <,

where

-
N

C = (luollfap) + 7T) " + (22T7)

As a consequence we get

2
luw.rk (w, t, x)HB(QXQ) < TC?,
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4.5 Preliminary results on the finite volume approximation

Proof. First one has

ﬁ:m(Ki)E[(ug)Q] - iv:m(K E

2
< Nluollze(py

Set m € {0,...,M — 1}. Let us multiply the numerical scheme (4.10) by w;*, we
thus get

m(k ) |:U/7, +1_ui}ui = {FKZ_LJ_ (uZ 1,ul) Fgr, (uZ ,uiﬂ)}ui
O et

)

[(a+ b)* —a? — b*] with a = u]"*" — u]" and

N —

And by using the formula ab =

b = ;" we obtain

[(um+1)2 C ™Y — (L 2

= b { P, () - P, (uz,uzﬂ)}ur
o () (W = W],

and then

1

D [yt — ] = (um“ )’
Fy KLy \Wi— i1 2) FIT?-L (Uz ,um)}UT
—}-m(KZ) [Wm“ W] ur.

m+1 m

Using the finite volume scheme (4.10]) we can replace (uZ —u; )2 and we take

then the expectation. Thanks to the independance between the random variables

(I/VimJrl — W-m) and ", together with the equality

7

E [(VV[’”‘Jrl — W[”)Q} =k , we get

m (K;)
2

By -] = B |t (e () - R, )|
)

o ey
ul ufty) — Fep (u l,u;n)> (Wt - mm)]
Fip, () = Fie, (U?,uﬁl)}uﬂ
+m (K) B [(WZ”“ — W) ]
_ ka(QIQ)E {(F}QZM () — Fitp (U?il,u?“)ﬂ . kméKi)
+kE HF}?LJ (uy,u) = Fii, (“?1»“?11)}Uﬂ '
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This equality can be rewritten as, after summing for i =1,...., N,
N N
m (K;) 2 2 km (K;)
E[ m1) 2 _ (g m }:B—B , 4.14
; 92 (uz ) (uz ) 1 2 1 ; 92 ( )
where

N k? 2
B = Z om (Kz)E [<FIT?LJ (ufﬁl,u’f) — Py, (u?,uﬁﬁ) }

N
and B, = > kE [{F};@Lj () — Fitp, (u;il,u;n)}ur].

e Study of By: Using Cauchy-Schwarz inequality, we get the following estimate

2
B Yo B (FITZLJ' (uiy,w") = FRiy, (u;n’u;ﬂ))
1 =
S ()T |\ = (P, ui) = B, ()
2
AT (Fi, () = Fjty, (alw))
~ —_— 2
i=1 ah + (F}?Z-Lj (u;”,uﬁ_l) - FITZLJ- (", uZ”))
2
<%fﬁE(@@w%%ﬁ—W%®%m%D
< — 2
i-1 & + (F}QLJ- (uzmauﬁ—l) - FIQLJ- (UT>UT>)
2
L2 <le (ug' ul") = Fep (uf, um)>
+—hE K;L; (U » Uq K;L; \U1, Uy ) (4.15)
]+ (P, (i) = i, (i)

This finally gives:
By < Bi1+ By,

where
N-—1 m m ., m m m m 2
— k2 <FKiLj (Uz aui-i-l) - FKZ-LJ- (ui+17ui+1)>
By = E —F 2
——— + (Fp (ulufhy) — Fp (ul,ul)
i=1 KiLj 7 i+l KlLJ ()
and
m m m m m m 2
Bra=p¥ "o )
+ (FKiLj (Ui, uN1) — Frr, (UN7UN)>

e Study of By: We introduce the term B, defined by

o | R (R ) — R G ) o
2,1 —
—{ P, (g ) = Py, ()
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We have then

{F}?ZL]' (u;n7u7-|b-1) - FI?ZL (uz ) Uy )}

N-1 u
By~ Bpi=kY E
m m m m m
i=1 - {FKiLj (“z 7ui+1) — Fr.r, ( Uiyt Uz+1) } Ui

Denoting by W L the function defined for any a € R by

“d
U, (a) = / ST (F}(”L (s,s)) ds, an integration by parts yields, for all
il 0 s ilsg
(a,b) € R?

Wiy, () = Wi (@) = b (Fiy, (0,0) = Fy, (a0)) —a (FRep, (a,0) = Fi2y, (a,0))

_ /ab (FI’ng (s,8) = Fiep, (a,b)> ds.

Using this formula, we define B 5 and By 3 by

Byy =

Zk/ ”1< Ko, (8:8) = FRp, (uz’.”,uﬁl)>d8]

and

By =~ = B [k (Wi, (i) = W, ()]

NE; (Wi, () = Wi, ()

We have then split By into three terms:

By = Byy + Boo + By 3.

we first introduce the following technical lemma from [22], which will be used

several times in the sequel :

Lemma 4.1. Let G : R — R be a monotone Lipschitz-continuous function

with a Lipschitz constant Cg > 0. then:

1 2
dt‘ > 56, (9@ =G()*, VedeR.
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Thanks to this lemma, we estimate By; by treating separately the terms
uf (Fit, (i i) = Fitg, (i, i)

and —uf" (Fit, () = B, (i, u))

- Study of uly (F}?Z_Lj (uR, uf ) — Fp, (U, uﬁ)) : by using the nonincreas-

ing and F3-Lispchitz continuous function ¢, defined by
va(s) = Fg.p, (uy,s),Vs €R,
we have

e (P, (i) = Fit, (it ) ) = i (a (uhv) — pa ()

We now introduce the function ¢4 defined by ¢4 (a) = ap, (a) — / ©wq (8)ds
0
for any a € R, one has then for any a,b € R:

¢a (b) — ¢a(a) = b(wa(b) —pq(a)) — / 04 (8) — @a(a)ds.

With a = uy,, and b = u}y, we deduce from this last equality that

up (P, (i) = Fier, (i) = =l (pa (uf) = ga (1))

= ¢a (URry) — Pa (ufy)

m

[ el = e () ds

> Ga (URy,) — da (ufy)
1
+2_FQ (¢a (uf) — @a (U%+1))2
> ¢q (UTJGH) — ¢ (uy)

2
+ (F}?(ZLJ- (’LL?G, u%) - F}?iLj (u%> uy\fl—i—l))

1

xm. (4.16)
- Study of —ul" (F}?Z,Lj (uo's ui®) — Fip, (u, uT)) by using the nondecreas-
ing and Fj-Lispchitz continuous function ¢, defined by
pg(s) = F,p, (s,ui") Vs €R,
we have
—u (B, () = e, () =t (B, () = B, ()

m

= uy (909 (uy") — pg (ug')) -
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We now introduce the function ¢, defined by ¢, (a) = ap, (a) — / ©g(s)ds
0
for any a € R, one has then for any a,b € R:

6y (0) — &y (@) = b (12, (b) — wy (a) — / 0 (5) — 0y (a) ds.

With @ = uy" and b = uY", we deduce from this last equality that

(B, () = Fjey, () = g () = o ()
= ¢y (u") — g (ug') + /m1 ©g(8) — g (ug') ds

1
> ¢g (u") — @g (ug') + 5 (v (u7") — @y (ugz))2

) 2F1
ui") = &g (ug')

Vv
-
<

Thanks to (4.16]) and (4.17) we get

(i, (i) = Fitr, (it i) o
BQ,l - kE m m m m m m m
> kE [¢d (U%H) — ¢g (UX;)]
+ 2R+ ) ( Ko, (Unsuy) — Filp (UN,UNH)) }
+kE [d)g (UT) - ng (ugl)]
+ 2R+ R) ( wor, (i, ut") — Fip (ug' uf )) ]
= kE [de (UE-H) — Qa (Uﬁ) + ng (UT) - ng (ugl)}
ah
— B 4.18
ok (Fy+ F) (4.18)

Let us now turn to an estimate of Bys. To do this, we use again Lemma

which gives us for all a,b € R the following inequalities:

b b

1 2

> 25 (FIZLj (a,b) = F. 1, (a, a)) (4.19)

and
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b b
/ F}QLJ, (t,t) — F}?iLj (a,b)dt > / F}ng (t,b) — F}ng (a,b)dt
1 m m 2
2_F1 FKiLj (b,b) — FKZ-Lj (a, b)) - (4.20)

v

F: F;
Multiplying (4.19) (respectively (4.20])) by 2 (respectively by ! )
Fi+ Fy Fi+ Fy

and adding the two inequalities yields:

b
/ Fpp (t4) = Fi2y (a,b)dt

> m [(F}}éLj (a,a) — F ;. (a, b))2 + (Fits, (0,) = Fit, (o, b))Q]

We can deduce from this last inequality that

N—-1 um
7+1
Byy = E|Y k/ (F;ng (s,8) = Fip, (u;n,uﬁl)) ds]
=1 Ju
2

e ST (B ) - B (i)

- 2
2(F+ 1) + (FITng (ufprs uity) — gL, (uf", UZLH))
h
@ B, (4.21)

> 0
2k (Fy + F3)
In this way, combining (4.18)), and (4.21]), one gets

By = DByi+ Byas+ Bag
> C(Big+ Big) +kE [de (u%—&—l) — ¢a (uy) + &g (u") — &g (ugl)] + B
> OBy +kE [¢q (uftey) — da (ulh) + 6y () — b (ug?)] + Bay

ah

2k (Fy + F)
which implies thanks to the CFL Condition (4.13) that

where C' =

By > By + kE [de (U%H) — ¢a (uy) + g (u]") — &g (uglﬂ + By
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In summary, we showed that
N N N
m (K;) mt1) 2 m (K;) m km (K)
> Bl = % ; E[(ui)Q}Jrj_ffl—BmLiZ1 5

i=1 =1

IA
WE
3
B
=
%

—kE [gbd (uanH) — ¢a (uy) + ¢y (uy") — ¢y <u6n)}
_82’3 4 Z km (Kz)

i=1
+kE [—¢d (U%_H) + ¢ (uy) — By (uy") + ¢g (ug'

)]
B [k (g, () + W ()] + i i (15)

Since for any x € R we have
€T
¢g(x) = wFg,, (z,u™*") —/ Fgr, (s,ui"*) ds
0
T
= / Fg o, (x,u{”“) —Fyg, (S,UT—H) ds
0

< Fl/ (x — s)ds
0
2

X
= Fl?a

2
and similarly for any x € R, ¢4 () > —Fg%, one finally gets that

N

Z m (2KZ)E [(u?q+1)2:|

i=1 =1
FhE [=a (uff 1) + da (uff) — & (uf") + g (ug")]

m m m m = km (Kl)
+kE [_\I’KiLj (un) + Wi, p, (] )} + Z 5
i—1

m 2 m\2
plal | g ) ]

A
WE
S
=
1<
%

IN

3 m (i) [(u)?] + kE

< 3 gy 4 3 A

i=1 =1

In this way, we deduce from the discrete Gronwall lemma that for any m €
{0,..M}
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Zm(Ki)E[(uT)Q} < ﬁ:m(Ki)E[(ug)Q]+m§: kmém
B < Illzlollizw) + T h (4.22)
we get
im (5) B [(u)] < lluoll2a(p) + 7T

We conclude that

2
Jetrt @, 2) | e rsziayy < A/ 0l Fam) + 7T
This gives the LfoLi@ stability of the approximate solution. As a consequence,

we have

M-1

lurs (@t 0) | T2eg) = D D km (K B [(u]")’]
m=0 i=1

< T (lluolagp) +7T)

On the other hand

Zzijm (Ki) B [(me> 2} _ Zﬁ;m (Ki) B (JZ: B; (t™) ﬁ /K e; () d:z:) |
N 1 J . 2
- ;muﬂ) WE (JZ:;BJ (t )/KZ e; () da

The Brownian motions ; and 3; are independent and the cross terms for j # [

have mean zero and vanish, we thus get

N

Zm(Ki)EKWiJ’m)Q] B i\[:77”0(1Ki)E

=1 i=1

_ ém(lm ;tm (Le] (:L')d:v)2

(VAN
E
—
3
b?o

5
&

IN
[\
)

~
S
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we thus get

S m(K) E {(Wﬁmﬂ < 2rTJ

i=1

We conclude that

HWJ,T,/C ((-U7 t; :C)HLOO(O,T;L2(QXD)) S V 27TTJ

As a consequence, we have
Wik (@,,2) 22 0x0) < 27727 W

4.5.2 Weak BV estimate

Proposition 4.2 (Weak BV estimate). Let 7 be an admissible mesh in the sense of
Definition[{.3, T > 0,

M e N* and let k = r

i € R satisfying the CFL Condition

ah
k< ———,
T2+ Fy)

Let {u%z,l e{l,...,. N}, me{0,..M — 1}} be given by the finite volume scheme
@10).

Then the following hold:

1.
2
LS (Frs, (s o) = it (uiso i)
5l L 2
2(A+ B) m=0 i=1 + (F}?Z-Lj (U%,i_1au%,i) - FITZL]- (u%zv U%z))
1
< 3 ol 72y + (F1 + F2) T2J.
2.
M-1N-1 max (Fm_ (e, d) — F* d,d>
1 Z Z kE u%,i+1sd§6§u%,i Kl ( ) Kl ( )
2(h+F) 2= + max <FIT(nL (c,d) = Fi.p, (c, C))
upy ;g Sd<cSug © -

1 ) 27T
< - , T2J )4/ .
- \/(2(F1+F2) oz + ) ah
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Proof. By multiplying the numerical scheme (4.10) by uyy;, taking the expec-
tation and summing for i = 1,...., N, and after summing over m € {0,..M — 1}, we

have:

M-1

S p gy - )] = 3 28 [l )? - ()]

m=0 i=1 i=1

N

k2 m m m 2
where  Bs = Z Qm—(K)E {(F?LJ (Uw,i—pUW,z) - FKZ-L]- (u%wu%z—kl)) }

=1

N
and By = Z kE [{F}ZLj (u”vf,l, U%,iﬂ) — F}ZL]_ (u%i_l, u’{{,l) } u%l] )

e Study of Bs: Using Cauchy-Schwarz inequality, we get similarly to (4.15]) the

following estimate

2
(Frts, (o) — Fitr, (uibs i)

E 2
+ (F}?(ZLj (u%i7u%,i+1) — Fgp, (u%w qu?/z))

w
IN
1M
S

N-1

< k2 o ( I?iLJ- (“%,z‘au%,iﬂ) - FIQLJ- (u%,i+17U%,i+l)>
< — 2
ah
=1 + <F£Lj (u%,i’ u%,i+1) — Fr.r, (“Tv?/,z‘a UW/J)
2
E K,L'Lj VV,O’ W,l KiLj W,17 I/V,l
2
ah
+ <FIT£-LJ- (u%,N’ u%N-ﬁ-l) - FIZLj (“%NW%,N))
one gets:
Bs < B3y + B3, (4.23)
where
2
N-1 k2 Til;i%X< (FIT;L]- (Cu d) - F}?Z-Lj (d7 d))
Bs, = —F M SASeS 2
’ Oéh m m
— + max <F__cd—F.
i=1 o Dy KiL; (c,d) KL,
and Bao — k2 B (FKiLj (Ui 1) — Fg o, (Ui, wi )
32 = —F
’ ah

2
+ <FIT?;‘L]' (u%,Nvu%,N+1) - FIQL (UWNa Uy n ))

a

d
e Study of By: Using again the notation ¥, (a) = / ST (F}?L (s, 3)) ds,
g S K]

0
B, can be decomposed, as in the proof of Proposition , in the following way
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By = DBy1 + Bys+ Bys.

where
[ Fm ( m m )_Fm ( m m ) m
B LE K;L; \Uw,N> U, N+1 K;L; \Uw,N> Uw,N ) [ Uw,N
4,1 — )
m m m m m m m
- {FKiLj (“W,m UW,1) - FKiLj (UW,p UW,I)} U1
TN—1 .
Wittt m m m m
Byo=F E k <FK1~L]~ (s,8) — FKiLj (uW,i7 uW,i+1)> ds|,
L i=1 urv?/,i
and
N-1
. m m m m
Bys = —-FE E k (‘I’KiLj (qu) - ‘I’KiLj (uWi+1)>
i=1

- F [/f (qj’r[?i[zj (ulvn) — PR.1, (u%l)ﬂ '

Following the proof of Proposition [4.1] one shows that

2
k <Ffr<niLj (u%,Na Unml/N) - F}%Lj (U%Nv U%,NH))

a5/ D\ 2
2B (B (i) = Fits, (o))
TRE [0 (i) = by (uiio) + da (uifnsn) = da (uii )]

= KE [y (uiin) — b9 (i) + da (uitn11) = @a (uiin)]

. ah B
2% (FL + F) %

Bya

v

We still follow the proof of Proposition [4.1} In particular we use the fact that
F' is nondecreasing with respect to its first variable and nonincreasing with

respect to its second variable, we deduce that

Bii+ Bisz > KE [, (uiyy) — b (uitre) + ba (uifni1) — da (uin)]
ah
T (F B

+kE [(\P%Lj (uipn) — Y.L, (u%J)]

kE [_% (“TVrtL/,O) + Ga (U%N+1)]
ah 3
GE D

Bs

v

+ (4.24)

Let us now turn to an estimate of Byo. For this purpose, let a,b € R and
define
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C (a,b) = {(c,d) € [min (a,b) , max (a, D> :(d—c)(b—a)> 0}.

Thanks to the monotonicity of F', the following inequality holds for any (¢, d) €
C (a,b):

b d
/F[’}ZLj(s,s)—F]%Lj(a,b)ds > /FﬁLj(s,s)—Fng(a,b)ds

d
> / Fip, (s,8) = Fp, (e, d)ds.
We now use again Lemma [4.1| and deduce that for all (¢,d) € C (a,b):

b d
/ Fgp, (s,8) = Fi.p, (a,b)ds > / Fp, (s,8) = Fgp (c,d)ds

d
> / Fp, (e,s) = Fg.p, (c,d)ds

1 2
> (F}?_L_(c, &) —F . (e, d)) (4.25)
2, \" Kl i

and

’ d
/ Fgp, (s,8) — Fgp, (a,b)ds > / B, (s,5) = iy (c,d)ds
d
2 / F}?Z,Lj (S,d) _F}ZLJ' (c7d) ds
1 C m m 2
> 2—F1 <FKiLj (C; d) - FKiLj (d, d)) . (4.26)

E F
Multiplying (4.25)) (respectively (4.26])) by 2 (respectively by ———),
F1 + FQ Fl + FQ

taking the maximum for (¢, d) € C (a,b) and adding the two inequalities yields:

2

S (Fits, (e.d) — iy, (d.d))
+(c,cgé%}({a,b) KiLj (¢, d) KiLj( ,d)

b
/ Fgp, (s,8)—Fy . (a,b)ds >

We can deduce from this last inequality that

(V-1 UL 41
— ’ m m m m
By, = E E k’/ (FKiLj (s,8) — FKZ-LJ- (UW,i7uW,i+1)> ds
i=1 Uiy

2
S 1 urvyil/wrlrélfﬁ}iﬁu%i <F}2LJ (C’ C) B F}?;Lj (C’ d))
= E\ MR |, | 2
i= 1+ 42) | max (Fm_ (c,d) — F™, d,d)
L 1 ufy ;g SA<ceSugy KiL; ( ) KiL; ( )
) = b (4.27)
T2k R) T .
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In this way, using and (| -, one gets

By1+ By + Byjs
KE [0y (uio) + Ga (uifns1)]

ah
(Bs1 + Bss)

+—
2%k (Fy + )

Finally, since

M-1 N N
3D g [y ()] = 3w (i)~ (
m=0 1=1 i=1
M—1
= (Bs — Bu)
m=0
one gets with , and
N m( , N o M-1
. [“Wz)} = > |:qu ]+Z Bs — By)
i=1 =1 m=0

) ah
z 10—
9 ||UO||L2(D) + ( ok (Fl I FQ )

_kE [_(pg (Unmlf,o) + ¢4 (UW,N—H)} ;

IN

m=0

thus,
N om (K3) 2 1 ah
0 < g < | e
— ZZI 2 (UW,Z) 92 ||u0||L2 + 2 (Fl + Fg)
2
(Ml N-1 g2 . u%’iﬂlggégu% (FKiLj (c,d) — Fg.p, (d, d))
— 2
(07 m _m
meo +“%,i+1r£§§:§ua},i <FKiLj (c,d) FKiLj (c: C)>
2
SL (Fies, (uiorwifn) = Fit, (i, i)
0 ah + <Fm (um u™ ) _ fm (um u™ ))2
m= K;L; \Uw,N> Uw N1 K;L; \Yw N> Yw,N |

—kE [—¢g (uito) + ¢a (uifni1)]

(4.28)

M1
Z (Bs1 + Bsys)

Then, following again the proof of Proposition [£.I], and using in particular the fact

that for any = € R,

2 2

x x
Pg(x) < Fl? and ¢g4 (z) > —F27,
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we get thanks to the CFL Condition (4.13) that

2
1 M-1N-1 kE uWZ+lr£1da'<)(c<u (FKZ‘LJ‘ (C7 d) - FKZ‘L]‘ (d7 d))
2(F + F) ( m _m )2
m=0 =1 +uW1 +1111§1<}(C<UW’ FKZ'L]' (C, d) FKZ'L]' (C, C)
2
o S| (R i) — B i) )
PY S oA 2
2 (Fl + FQ) m=0 + <F}?Z’L]’ (u%,N7u%,N+l) - FIT?;‘LJ‘ (U%N7U%’N))
M-1 2 2
1 2 (uio) (Ui n41)
< §HU0HL2(D)+mZ:0kE 3 5 +FzT
M-1
2 1+ F2 I 2 m 2
< B [wollz2(py + 5 KE | (ufyo)” + (uiynia) ]
m=0 B
M-1 -
1 Fi + Fy m 2 m
= Gl + T Yk | (w5 o)+ (Wi o) ]
m=0 -
| | ’
1 2 m m
< 3 luoll 2y + 5 kE (Z B (t ) (Z B (t eQTr)
m=0 j=1
M-1 o
1 F1 + F2 m m
_ 5||uo||iQ(D)+ 5 STRE D (Bt 0||L2+2: (B; (t H%HLQ]
m=0 Lj=1
1 M-1
= 3 HU’OH%Q(D) + (F1 + F) kJt™
m=0
1
< 5 luollfag) + (Fr + F2) T2 (4.29)

taking ¢ = ujy. and d = ul .., in the maximum, we have in particular
Wi W,i+1 ’
2
m m m m m m
<FKiLj (UW,FMUW,Z') - FKiLj (Uw,iauw,i)>
2
m m m m m m
m=0 i=1 + (FKZ-LJ- (Uw,iauw,iﬂ) - FKiLj (Uw,w qu))

1
< 3 [uoll72py + (Fy + Fo) T2,

which proves the first point of the proposition.

Let us now turn to the second point of the proposition. To do this, we aim to

estimate
Fity, (eod) = Fp, (d,d) :
M—-1N-1 max < m (e, _ m ' 7 >
2 F1 + F2 m=0 i=1 max <FIT(nL (C, d) o F}(n-L- (C, C)) s
uW i1 Sd<csuyy idsj L

Let us denote by

T, = max (FI’QLJ_ (c;d) = Fgp, (d, d)>—|— max (F}ng (c,d) = Fgp, (c, c)> ,

Uy ;41 SAd<cSugy Uy ;41 SA<cSugy

80



4.6 Convergence of the finite volume approximate solution

Using Cauchy-Schwarz inequality, one gets

M-1N-1
(2 F + Fy) ZZkE Tl)

in

1 ~1N-1 2

= ——— VEVEE|T,

iy (2 2 VY

1 M-1N-1 M-1N-1

< - k kE [T?

4(F1+F2)2 m=0 i=1 > mz:(); [ J)

i 2
M-1N-1 max (Fm (e,d) — F}2 d,d)

S TN : L “W +1<d<c<uw K;Lj ( ) K;L; ( )

AR+ R)? | =4 + o omax_ (F}QLJ_ (c.d) — Fi2p (e, c))

Uy,i4120SCS Uy
2
M-1N-1 max (Fm (c,d) — F* ;. d,d)

< N Z Z kE Uy ;g SAsesugy; Kikg d) Kl (d,d) ,

<ﬂ+5>2fﬁﬁémwﬂ + o max (FR (ed) - B (e0)

upy ;41 SA<cSugy v -
1 2w\ (1 o ,
< | T— - Fi+Fy)T*J
< g (127) (5 lualio, + (5 + 72
Thus,

leNzlkET < ! 20N (L ol2ar ) + (B + ) T2
— lu 9
F1+F2 1 (Fi+ Fy) \ ah ) \ 270020 T 22

m=0 i=1

(37)
one finally gets
M—-1N-1 max <Fm (e,d) — F* d,d)
g, (P 00 - R, @
F —|—F Z Z ( m _m )
1 2 m=0 i=1 uW,i+1I£da§}i§“nV1V,i FK«;LJ- (C? d) FKiLj (C, C)

1 27T
< S — ol + T2 )
= \/(2(F1+F) luollzeo) + ) ah

which concludes the proof of the second point of the proposition. W

4.6 Convergence of the finite volume approximate

solution

First of all, note that the estimates stated in Proposition only provide (up to a
subsequence) weak convergences for uy ;. Moreover, due to the nonlinearity of f,
one needs compactness arguments to pass to the limit in the nonlinear terms and

these arguments have to be compatible with the random variable.
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The concept of Young measures is appropriate here and the technique is based
on the notion of narrow convergence of Young measures (or entropy processes), we
refer to Balder 3] but also to Eymard-Gallouét-Herbin [23].

In this way, taking a sequence of approximate finite volume solution wuyw ,z, it
converges (up to a subsequence still denoted uw ., x) in the sense of Young measures
to an “entropy process’ denoted by u — W which belongs to L* (Q x @ x (0,1)).
Precisely, given a Carathéodory function ¥ : Q x @ x R — R such that ¥ (., uw, )

is uniformly integrable, one has:

E{/Q\IJ(.,quk)dxdt} —>E{/Q/01\If(.,u(.,a) ~W) dudt| .

A proof of this result can be found in [6], Section A.3.2. We recall that a function
U Qx@Q xR — Risa Carathéodory function if for almost any (w,t,z) € Qx @ the
function v — ¥ (w, ¢, x,v) is continuous and for all v € R, the function (w,t,z) —
V (w,t,z,v) is measurable. We also recall that a sequence (¢,),, of functions
Y, : 2 x Q — Ris said to be uniformly integrable on the domain €2 x @) if it satisfies

the following properties:
® (¥n),so is bounded in L' xQ).

° (¢n)n20 is equi-integrable, that is to say that for any ¢ > 0, there exists 6 > 0
such that for any measurable set A of Q x @ satisfying (£* @ P) (4) < 8, we
have for any n € N,

/ [V (w, t, 7)| dodtdP <e
A

(where £? is the 2-dimensional Lebesgue measure).

Remark 4.2 (L (0,T; L* (2 x D x (0,1))) regularity of u)). Since the sequence of
approximate solutions u,y is bounded in L™ (O,T; L* (9 x D)) according to Propo-
sition following [6] we show that u € L (0, T L* (2 x D x (0,1))).

Note that if one is able to show that u — W is a measure-valued entropy solution
of Problem in the sense of Definition , then, u is a measure-valued entropy
solution of Problem (4.1) and using Proposition [3.4] we will be able to conclude
that all the sequence ., converges in L' (€ x Q) to the unique stochastic entropy
solution of in the sense of Definition . Since u satisfied the regularities
required by Definition [4.2] it remains to show that u satisfies the following entropy

inequalities:
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0 < E{lA / /Q /0 o (u(tza) —W(t,x))wt(t,x)dadxdt}
+E [1/4 / /Q /0 (6 otz (tr,0) —W(t,x))gom)dadxdt}
+8 L [ (w0 (0) ]

T Lip(B)E [1,4 / " (1, 20)) 0 (1, 2) — i (uy (£,0)) 0 (£.0) dt} .

This is the aim of the next section. We propose in this section entropy inequalities
satisfied by the finite volume approximate solution and aim to pass to the limit in

these formulations in order to show the convergence of the scheme.

4.6.1 Entropy inequalities for the approximate solution

In this section, we show how the approximate solution uyy, is close to the entropy
solution. First, we derive a discrete entropy inequality which is a consequence of the
monotony of the scheme. Then, we prove that wuy, ., verifies a continuous entropy

inequality, with some error terms.

To this purpose, we will work with the semi Kruzkov entropies; that is one of

the keys of the following results (the other key being the weak BV estimate).
We recall some notations about it.

Notations: n denotes the function from R to R defined by

ne(s)=(s—k)",

and ¢ the associated flux-function from © x @ x R to R defined by
¢: (wv t,x, 8) = SgnJr (S - K) (B (wvta Z, S) - B (w7t7 L, ’%)) :

Notice that, if aTb = max (a,b) and @ L b = min (a,b), then we have

77;r (s) =sTk—~R,

and

oF (w,t,x,8) = B(w,t,z,sTK) — B (w,t,7,K) .

Therefore, the associated entropy numerical flux function is defined by the for-

mula
\If}ﬁ]fi (a,b) = Fg. 1, (aTk,bTk) = FE 1 (K, k).
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Discrete entropy inequalities

Lemma 4.2. Assume that ([4.5)),([4.13) and the properties of Definition[4.4 hold. Let

uw.rk be the approzimate solution of the problem (4.4)) defined by (4.7)), (4.10) and
(4.11)). Then, for all k € R, for alli € {1,..N} , m € {0,...M — 1}, the following

local discrete entropy inequality holds:

774_ um-‘rl _ n+ un, . 1
- ( = )]{? - ( WZ) +m (K) (W;ﬁij,n (u%,iﬂ uTVrIL/,iJrl) o ‘Il;r(fz]"“ (u%’i*h uﬁl]ﬂ)) =0.
(2

(4.30)

Proof. From the monotony of the scheme we have

“%ng < upy, Tk + (K (K,) (FI%LJ. (Unv%/,z'AT"% U%z) - FIQLj (“Tvrtb/w “%,i+1T’€)>
K3

we set

then

m k m m m m
k< upy,; Tk+ m (FKZ_LJ_ (umi_l—l—/{, K) — Fgp, (/4:, uWﬂ-HTm))

m—+1 _ . m+l1
such that uy ;" Tk = up;” or &, thus

m m k; m m m m m m
qulTn < UWJTR—F—m (%) (FKZ,LJ (uWﬂ»_l Tk, UW’iTIi) — FKiLj (uW’iTFc, uWﬂ.HTﬁ))

Therefore

77-1- um{l —7]+ um . 1
o (v >k - (uii) < m () (\If};ﬁm (Ui, uir;) — \I’;ﬁj,n (u%ivu%,i+l))
(2

yields the result. W

Continuous entropy inequality on the discrete solution

Proposition 4.3. Assume that (4.5),(4.13|) and the properties of Definition
hold. Let uw., ) be the approzimate solution of the problem (4.4) defined by (4.7)),

(4.10) and (4.11), 7 be an admissible mesh in the sense of Definition (4.3)), M € N*

and let k = i € R be the time step. Then, P-a.s. in Q :

for all k € R and p € C* ([0,27] x [0, T[,R™)
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4.6 Convergence of the finite volume approximate solution

// (ufys) oo+ & (w,t, @, ufy,) o] dadt

+ [ o (o) 9 0,) d

#LipB [ [ (w120 (,27) =t (s (,0) 0 (1,0)]

> —erk (), (4.31)

where for any P-measurable set A, E [1a,% (p)] = 0 as h — 0.

The same result holds when the negative semi-Kruzkov entropies are considered.

Proof Let ¢ be in C° ([0, 27] x [0,T[,R*) and x € R. We fix T > 0 such that
¢ =0on [T,00] x D. We also denote by u? the application defined by u? (z) = u}
for a.e. € K, and by u?k the application defined by u?, (z) = —W (t,x) for a.e.

(t,xp) € [mk,(m+ 1)k[ x {0,27}. Multiplying The discrete entropy inequalities

(m+1)k
(4.30) by |K;| o = / / wdxdt, and summing over i = 1,..N, and m =
mk Ki
0..., M — 1, yields the inequality:

Th+1> <0, (4.32)
where
M-1 N
To= DIl (nf (") =t (ufis)) o7
m=0 i=1
and
M-1 N
Ty = 373k (W (0 i) — W, e (i) )
m=0 i=1
M-1

N
+,m m m +,m m
E k’ <\IJK1 Ljk (UW,i—lqu,i) - \IJK“L K (uWw uWZ)) Pi

we can decompose 15 as
int b
T, =T" + T,

where
M—-1N-1 +,m +,m m m m
Tint — Z Z I <‘I’K Lj.w (uquWH-l) — VL, (UW,i7uW,i)> ¥i
+,m m m ’
m=0 i=1 _< ( z?quJrl) \IIK L, (uVV,iJrl:uI/I/,iJrl)) Pit1
M—1 +,m +,m m m m
\IJK“L " (UWN7 uWN+1) - \IJKZ-,L',K (UW,N7 uW,N) PN
Tb _ ]C J j
Y = E
+,m +,m m m m
m=0 (\I!K Ljk (UW0= qu) - \IjKi,Lj,n (UW,IJ UW,1)) $1

Proving the approximate continuous entropy inequalities comes back to prove

Tio+ Too < €1 ()
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where T7¢ and Ty, are defined by

Ty = —// Ny (u%z) %:dxdt—/ ny (wo) ¢ (2,0) dz,
0 D

Tog = — // o (w,t,x, u%l) Opdxdt — Lz'pB/ [77: (up (¢, 7)) @ (1, 90)}27r dt.
Q 0

From the fact that 9,8 = 0 we can deduce that:

m+1
— + o+ m
— E / g o, (w t,x 1 ,uW’i> © (t,xﬂr ) o (w,t,xi_%,umi) %) (t,xz_%ﬂ dt

27

0

then we can decompose Tyg as follows Thy = ngt + T2bo,
where

M-1 (m+1)k N-1

Tégt:—Z/ Z [qbz (w tw; 1 qu,i> —gb+ (w £, 1 ,uW’iH)}go(t,xH )dt

m=0 v Mk i=1
and

M-1 (m+1)k 1
TZbO - Z k/ |:¢,: <w7t7xN+%7uYI/rIl/,N> ¥ (taxNJ,-%) - (rb: (Wat)xéau%J) ¥ (th%)] dt

—LipB /OOO [0 (w (8, 2)) 0 (2, x)}zﬂ dt.

To this purpose, we compare 1o to 177 and Ty, to 1.
1 Estimate on Ty — T}
Using the definitions of u? and u,, the quantity T3 reads:

M-1 N

+ um—i-l um (m+1)k
Z Z m Wi nl‘i Wi / / m + 1 k’) dxdt

+/D(n:<i>—m< ) @ (x,0) dz.

From the fact that n! is 1-Lipschitz continuous is deduced:

Tio —T1| <€) (@) + €1 (), (4.33)

where
& (p) = / ’u? — uo‘ ¢ (x,0)dx,
D

and
M-—1 m+1

N m
! _ it UWZ‘ o k) — drd
€ (p) = o Iso ,(m+1) k) — ¢ (t,z)| dxdt.

m=0 =1
Qo) = /Dlu?—uo\so<x,o>de||¢||oo i Zu?—uo dz
=1
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4.6 Convergence of the finite volume approximate solution

Before giving precise estimates on these quantities, we study the difference Toy — T5.
2 Comparison of Ty, and T5

2.1 Estimate on |75 — T5™

In order to compare Ta' to T3™ | let us introduce the average value of ¢ on an

edge, defined by
1 (m+1)k
=y eto

mk

where 0 = K\ L.
We have,
(m41)k N—1
TQl(T)Lt / ¢+ (W b2, 1 7qu> - (/b: (Wat7$i+l>u%i+1)} 2 (ta$i+l> dt,
=0 Jmk i=1 ’ 7 ’
then
M-1N-1 (m+1)k
T3t = [ o (wtorapuii) o (b ) de = WD (i) 27
m=0 i=1 mk 2

0
1 (m+1)k N
1M Y
% o (w, t Tivls u%,i-‘rl) 2 <t> xi-{—%) dt — \I/Ki,Lj,n (u%l, uTI/’IL/,i—H) P )

i+d
hence we can rewrite T”Lt in the followin way :
20

. M-1 - (m+1)k
Tint — Z k Z / o <w,t, xi%,u”‘,},’i) © <t, :UH%) dt

+,m m m ~m +,m m m +,m m m ~m
_\I'Ki,Lj,H (Uw,m uW,i) LY + (‘I’KZ,LJ-,H (uW,i’ uW,i) - \IjKi,Lj,n (uW,iv Umi+1)> P
2

it+d
1 (m-i—l)k’ N
+ m ;M m m ~m
-\ 7 o (Wat>37i+laumz‘+1> ¥ ( y Lyl ) dt — \I]Ki,L-,n (ul/V,i—f—lauVV,i—I—l) ¥
k mk 2 ’ i+3
+,m m m +,m m m A
- <qu Lj.k (Uw,z‘+1> uW,i+1) - \I’Ki,Lj,n (uw,m uW,i+1)> 90¢+1] .
2

Recall that the quantity T3 is defined by:

M—-1N-1
int _ +,m m m +m m o 5
T; E : § : k (\PKth,n (Wi i) — VKL, (ui s UW’)> ¥i
m=0 i=1

+,m m m +,m m m m
- <\I]K¢,Lj,/£ (UW,i> UW,Z‘H) - \IIKi,Lj,H (UW,Z‘H; UW,i+1)) <Pi+1] .
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Thus,

| To" = T3] <

M-1 N-1 1 [(m+Dk
+ +,m m m
E k E/ (% <W b1 >Uw,i) - ‘IJKZ-,L]-,K (U’W,i?uW,i)> 90( y il >dt
m=0 i=1 | mk
M-1 N-1T 1 [m+Dk
+ +,m m m
+ k 7 (% (W 2 ’UW,1'+1> - \IjKl—,Lj,n (UW,Z‘+1’UW,2‘+1)> ¥ < » Liql > dt
m=0 =1 L mk
M—-1 N-1
+,m m m +,m m m m ~m
+ k (‘I’Ki,Lj,n (“Wz“vvz) — Vi L (“W,w“w,m)) (%‘ - ‘P.+1)‘
Ty
m=0 i=1
M-1 N-1
+,m +,m m m m ~m
+ k (‘I’K Ljk (qu+1v uWH—l) - \IJKZ-,LJ-,K (ul/V,quJ—&-l)) (%‘H - SOH%) ‘
m=0 i=1

Then the following estimate holds:

Tt — T3] < e (9) + em™ (@) + ™ (). (4.34)

int int —
Where €%, ™" and €7~ are defined by

1 (m+1)k N
E/ <¢: <w i Ligpl 7qu> - \IJK;‘,LJ',H (u%“ ur&l)) ¥ < yLiql ) dt

mk

|

M-1 N-1 1 fm+Dk
+ +,m m m
+ k E/ (¢ <W 1,241 >uw,z‘+1> - ‘I’Ki,Lj,n (UW,i+17UW,i+1)) W( y Lyl >dt
m=0 i=1 mk
M-1 N-1
int,+ _ +,m m m +,m m m m ~m
Erk (¢) k (qui,Lj,n (uW,i7 uW,i) - \I/Ki,Lj,m (UI/I/,i7uW,i+1)) (%’ - 901_+1) ’
m=0 =1 2
M-1 N-1
int _ +,m +,m m m m ~m
Erk (p) = k (qu Ly (uWH-l’qu—i-l) \IJKZ',LJ-,K (uW,ivuI/I/,i—l—l)) (%H - @i+1) ‘ .
2
m=0 i=1

2.2 Comparison of 77 and 77,

Recall that the quantity Ty and Tk, are defined by:

Z k [ ( (uWN7 uW27r) - \II;’ZYE]',H (u%,N7 u%,N)) 90%

+,m m m +,m m m m
- (‘I’Ki,Lj,n (UW,07 UW,1) - \I/Ki,L]-,n (UW,D UW,1)> $1

dt

M— (m + m
=0 _¢: (C«),t, x%7unﬂq},1> @ <t7 CL’%) |

~LipB / " (0 (1,2m) 0 (8 27) = (1 (1,0)) ¢ (1,0)
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Now, let us denote by T. 21’0 the following quantity

M-1 M-1
Ty = Zk@;—(ﬂz o (Ui N Ui ) O Z k?\lj};mL « (Ul uigy) ot
m=0
Z kLZpB 77;@ uW27r) QON + T/m (UWO) ¥1 j|
m=0

Then T% can be compared to T. L

M-1
b b o +,m m m m +,m m m m
15 =Ty = E k |:\IJKZ~7L]',H (uW,N> U’W,QTC) PN — \IJKZ-,LJ-,H (UW,Ov UW,1) 1 }

m=0
M-1

+ 3 kLipB [0} (u o) ¢ + 0 (uli) 07]

m=0

and this quantity is nonnegative:

TP —T% > 0. (4.35)
Indeed, the following lemma holds:

Lemma 4.3. Assume that the properties of Definition [4.4] holds. Then: Vk € R,
Va,b € R,

Fg o, Tk bTR) = Fi& 1 (K, k) + (F1 + F2) (b— k)" > 0.

proof. The numerical fluxes being nondecreasing functions with respect to their
first variable, and nonincreasing with respect to their second variable, then the

following inequality holds:
Fip, (aTw,bTR) > FR2 o (5, bTH),

FR o, (aTebTR) = F (K, 0Tk) > Fi? (5, 0TkK) = FE (K, K) .

Moreover, from the fact that Fy L, Isa Lipschitz continuous function, we deduce

the inequality
Fip (hok) = Fie (5, bTR)| > (FL+ Fy) [k — 0T k|

thus,
F}?Z-,Lj (K, 0Tk) — FIQ,LJ- (8, k) + (F1 + Fy) (b — k)" >0,

if we take LipB = (F} + F5), which yields the result. W
Now, let us estimate the quantity T, — TQI’O
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. 1 (m+1)k
‘szo - szo‘ < /k W 13 xN+1>uWN) @t Tnp1) — ‘I’}"LK (uTVr[l/,Na U%N) SDTNn‘ dt

0 m
M-1 (m+1)k

+ K (UJ, t7 Zo, u%l) % (t7 1'0) - qj}ffij,m (unl/%/,h u7Vr[L/,1) SOT‘ dt
m=0 mk
M-1

+ ) k(P4 B)nf (uifen) |o8 — Py
m=0
M-1

+ k(Fy+ Fo)nt (Unv?/,o) !@T—Qﬁ”!
m=0

+

—~

P +F2)/ o — un (,0)] (£, 0)
0
(R —|—F2)/ e — 1y (£,2m)| o (¢, 2m) dit
0

and get

c,b

Thy — Tag| < €25 (0) + 855 (9) + €5 (), (4.36)

( M-1

, (m+1)k
=) = |

m=0 7 mk

+,m

M-1 +1)k
+ / w t, xg, qu) 2 (tv :L'O) - \Ij?:}zj,n (u%,lv UTI/yIL/,l) wgn) dt?

m=0 7 Mk
M-1

~c,b + m m e

2 = k(Fy + F: U _

where Tk (Sp) — ( 1 2) M ( W,Qﬂ) PN~ Pai

M—-1

+ k(Fy+ Fo)nt (UWO) }()01 - 2”},

3
I
o

en(p) =(F +F2)/0 |ulio + u (£,0)] @ (£,0) dt

oo

+(Fy + FQ)/ Ul e — up (t,27)| @ (¢, 2m) dt.

\ 0

Eventually, from (4.32)), (4.33)), (4.34)), (4.35) and (4.36]) is deduced the approximate
continuous entropy inequality (4.31]) with

wnt,+ int,—

erk () = € () +ery () e (@) +elit (p)+emt™ (@) +eh (9)+E55 (p)+eb s ()

Let us now turn to the study of e, .
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4.6 Convergence of the finite volume approximate solution

3 Estimate on ¢,

Convergence of E [14¢7) ()]

E [Lag2y" (#)]
M-1

1a k

=

-1

T =

(m+1)k
/ ((b: (w ta xz+ 7U’W,i) - ‘II;F(Z?IL]-,/@ (uTVrIL/,i? u%z)) 2 ( ) z+ ) dt ]

1 (m+1)k .
%/ (gb;f (W b1 7uVV,i+1> - ‘I/KZ,LJ,K (qu+17qu+1)> 90( il )dt

MHHM

iS

14 k;

m=0 %

|

1

As the numerical fluxes, the numerical entropy fluxes are consistents: for all
seR

1 (m+1)k
‘II}?:}/]',H (578) = E/ ¢: (w t,S,l’H_ ) dt

Therefore,

M-1 N-—

1
+7m m m
1A Z k ’ ( W7,7 qu) - \IJKth’K (uW,i? UVV,Z)) ‘]
1

=0 i=

E [Laei" (9)] < llollp B

-1

m +,m m m
1A k § : ‘( “W,i+1a “W,i+1) - ‘I’Ki,Lj,n (uW,iJrl’ uW,i+1)> ‘]

m=0 =1

,_.

+ el B

=0.

we deduce that,
E [14e27" (9)] =0

znt

t,+ (

We now study the errors ei”k @) and €7 (). Here, the weak BV estimate in

Proposition is required. Indeed, we have

+7
R (o) = Wil (b)) < max o (Fled) = F(e,0)

Therefore,

B [Lagly" (w)}

M—-1 -1
= Ella Z k Z ( KLy (Ui i) — Ui (urv%u”v"&,m)) (902” — 952%) ']
= =1
-1 N-1
< Dol Z_ k2P LW max  (Pled)=Fleo)+ - max o (Fled=F(d d>>]
C
< h ”SDz“Loo ﬁ = C\/EHSOxHLoo hjo 0
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where the constant C' is given by Proposition 1.2 We would follow the same lines

to get a similar estimate on 5m£ ().

Convergence of E [1A57,k (go)] :
E (1t (9)]

M-1 (m+1)k |
1a (Z k;/k —|of (w, b, v, ui ) @ (F ans) — \Il;r("zjﬁ (ul v Ui ) go%‘ dt)]
m=0 m

M-1

Z m—}—l)k
gl

m=0 k
< hHQDxHLOO =0

= F

+E

(W 12 $O>UW1> ¢ (t,z0) — \I’;r{mL 5 (uyvrllf,lvu%,l) SDT‘ dt)]
Convergence of E [lAéCT:I; (gp)] :

B L (9)

M-1
= E|14 Y k(Fi+F) (n (i 2r) |O8 = &, | 0 (uibo) |1 — &' )]
m=0
M-1
< hllgullye (Fi+ o) 3 KE [nf (ufan) + 0 ()] = 0
m=0

Convergence of E [1,4527/,€ (¢)] :

E [11462,1@ (80)}

= E{1A(F1+F2)/Ooo\u%ﬁub(t,omp(t,omt]
+E [1A (Fi + F) /OOO Ul or — up (t,2m)| @ (£, 27) dt}
= E{1A(F1+F2)/OOO‘—W‘](tm,O)—W(t,O)’gp(t,O)dt}

+E {1A (Fy + F) /OO | =W (t™,2m) + W (t, 2m)]| ¢ (¢, 2) dt}

IN

(Fit ) el £ |14 [0 (e0) = 7 (10

+ (Fl + Fz) ||<P||L<x> E {1A/ ‘_WJ (tm’ 27) +W (t’QW)’ dt} h:>0 0
0

Convergence of E [14¢2 ()] :

B[] = |1 [ i - wlpw.0)ds) < ol B

N
0
A E U; — Ug
D=1

dx]
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which goes classically to 0 when h tends to 0.
Convergence of E 1€, ()] -

X B M-1 N m+1 qu’ (m+1)k
E[lacr,(9)] = 1AZZ !cp ,(m+1) k) — ¢ (t,2)| dedt
m=0

=1

i
Vh
< .
< il VR 5 0

< ”SOtHLoo m (K;) k

where the constant C' is given by Proposition 4.2
To summarize, we proved in this second step that E [l4e,%(p)] — 0 as h — 0,

which concludes the proof of the proposition. W

4.6.2 Proof of the convergence

We prove now the convergence theorem (Theorem of the finite volume approx-
imation w4 to the stochastic entropy solution of Problem (4.4)).

We recall now this Theorem

Theorem 4.1[40] (Convergence to the stochastic entropy solution)

Assume that hypotheses H; to Hy hold. Let 7 be an admissible mesh in the sense
of Definition , M € N*and k = % € RY be the time step. Let w5 be the
finite volume approximation defined by the monotone finite volume scheme (4.10)
and (4.12). Then uy ., converges to the unique stochastic entropy solution of
in the sense of Definition in ! (2xQ)forany 1 <p<2ash—D0.

loc

Pro%f. Let 7 be an admissible mesh in the sense of Definition M € N* and
let k = i € R’ be the time step such that h — 0. In this way we suppose that (at
least for h small enough) the CFL Condition

ah
R —
T 2(F+ Fy)

In this manner, the estimates given by Proposition [4.1] and Proposition [£.2] hold.
Consider A a P-measurable set, ¢ € D* ([0,7] x R). Let us multiply Inequality
(4.31) by 14 and take the expectation. This yields:

E {1A // ne (uiy) o+ ) (w.t, z, ugy,) gpxd:vdt]
Q

+8 1 [ 0t () (0)ds]
D

+LipBE [IA /OOO (nf (up (£, 2m)) @ (£, 27) — m;f (wp (£,0)) ¢ (¢£,0)) dt}
Z —F [11457—’]C (QO)] . (437)

93



Chapter 4. Numerical Approximation of Stochastic Generalized Burgers
Equation on a Bounded Domains

To show the convergence of uyw ,j towards the unique stochastic entropy solution
of our problem [4.4] we aim to pass to the limit in the above inequality. Thanks
to Proposition [4.3| we know that for any P-measurable set A, E [1ae,x (¢)] — 0 as
h — 0. Thus it remains to study the convergence of the left-hand side of .
Recall that thanks to the estimate stated in Proposition Uw,r ) converges (up
to a subsequence denoted in the same way) in the sense of Young measures to an
“entropy process” denoted by u — W in L* (Q x @ x |0, 1]).

1. Study of E {1,4 // nt (uwrr) 1 (t, ) d:cdt] Note that A : (w,t,z,v) €
Q

Ox QxR —=14(w)n! (v)e:(t,z) € R is a Carathéodory function such that

A (., uw, 1) is bounded in L? (Q x Q), it is therefore uniformly integrable, thus

E [1A / /Q 0t (uwns) o1 (£ 7) dxdt]
— E{lA//Q/OIn;(u(t,x,a) —W(t,x,a))da@t(t,x)dxdt}

We know that the values of W (t,z,a) = W (t,x) = Zﬁj (t)e; (z) do not
=1

depend on «, hence

E [1A / /Q 0t (uwns) o1 (£ 7) dwdt}
— E{1A//Q/Olnj(u(t,x,a)—W(t,x))dagat(t,x)da:dt

2. Study of E [1,4// o (w,t,z, ulf;) gpmd:rdt]
Q

Since ¢, is bounded in L* (Q x @), using the same arguments as previously,

we obtain

E {IA// of (w, b, z,ufy,) goxdxdt}
Q
1
— E{lA/// (oF (w,t,z,u(t,x, ) — W (t, x)) ¢, )dadzdt
QJo

Finally, by passing to the limit in Inequality (4.37)), we obtain:

For any P-measurable set A, for any ¢ € D ([0, 7] x R)
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4.7 Numerical simulations

0 < E[1,4//@/0177:(u(t,x,a)—W(t,x))gpt(t,x)dadxdt]
Hﬂu/élﬁu%mm@%®—wmmmmmm4
v (1 [ () 0) s

+LipBE {lA /000 (nf (uwy (£,27)) @ (¢, 27) — (s (£,0)) ¢ (£,0)) dt} .

Hence u — W is a measure-valued entropy solution in the sense of Definition
[4.2] Thanks to Proposition , u is independent of o and is hence the unique
stochastic entropy solution in the sense of Definition and we denote it by
u. In this way, all the sequence of approximate solution u, converges to
uin L, (2 x Q). In addition, since up.,, is bounded in L* (9 x Q) from
the dominated in norme convergence theorem, all the sequence converges in

P (xQ)foranyl1 <p<2 N

loc

4.7 Numerical simulations

Our aim in this section is to numerically approximate solutions of the stochas-

tically forced inviscid Burgers equation

ou (w,t, ) +2 u(w,t,x)’
ot Ox 2

):g@mw in Qx Dx]0,T[, (4.38)

in a bounded domain D = |0, 27| with Dirichlet boundary conditions.
We suppose that the stochastic source term in (4.38)) is a space time white
noise, i.e.

E@€(t2)E(y,s) =0(t—s)0(x—y).

We realize the white noise £ as the generalized derivative of the cylindrical

Wiener process, i.e.
ow

G—E-

The integration of equation (4.38) over the control volume K; = }xi_%, TiyL [

results

. 2 2

m (K;) aual_t(t) + %u (w,t, :L'H%) - %u (w,t,xi%)
J

_mmw@%ﬁf (4.39)
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Where
1

u; (1) = m/&u(w,t,x)dx,VKi €T.

J
: , 1
and, W/ (t) =Y p;(t)el, where ¢ ——/ e; (z)dx.
=350 i e
The equation (4.39)) can be written as
m (K;) 815( ) + (FKiLj (Wi, wiv1) — Filp, (Uzehui))
oW (t)

We then discretize the semi-discrete equation (4.40)) in time using the explicit

Euler schemes, we obtain

K.
m(k D () + (P, () = Fit, (i) )
_m (Kl) m+1 m
= (W W) (4.41)

for any i = 1,...N , and any m € {0,..., M — 1},

where,

uy' =u(w, t™,0) =0, ujy =u(w,t™ 27)=0,

and

“?:m<1Ki)/Ki“°(”“")'

For the numerical flux, we use the Godunov scheme , which was introduced in
Godunov [25], it seems to be a suitable choice for the Burgers’ 1D-equation,
may be summarized by the following expression.

min {f (z),z € [a,b]} ifa <D,

F(a,b) = (4.42)
max{f (z),r € [b,a]} ifb<a.

Because f is a nondecreasing function, the Godunov monotone flux scheme
(4.42)) reduces to F(a,b) = f(a). Then, the scheme (4.41)) reduces to

2 o 2
om (K,) (1) = 5 (K))

"t =l +

(u™)? + (W — W) (4.43)
To illustrate our proposal, we need to revisit the deterministic methods in
order to understand the effect of this random source term. In particular, we
systematically draw graphs of two quantities: a prescribed single realization of
the space time white noise, and an average of a large number of realizations,
such that 200 and 80000.

We get the following graphics with the spatial and temporal step
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4.7 Numerical simulations

h = 2m/(n+1), dt = 0.01 respectively, where n is the number of control volume,
T = 0.1 and the numerical tests are all performed with the deterministic
initial condition ug(z) = sin2mx, x € ]0,27][. These simulations have been

implemented with the software Matlab.
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01
and number of control volume n=10
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Figure 4.2: Numerical solution by FV method in the
Figure 4.1: Numerical solution by FV method in the deterministic case
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01
and number of control volume n=19
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Figure 4.5: Numerical solution by FV method in the
stochastic case with one realization of the noise

Figure 4.7: Numerical solution by FV method in the
stochastic case average of 200 realizations of the noise
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01
and number of control volume n=100
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Figure 4.9: Numerical solution by FV method in the
stochastic case with one realisation of the noise
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Figure 4.11: Numerical solution by FV method in the
stochastic case average of 200 realization of the noise
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Figure 4.10: Numerical solution by FV method in the
deterministic case
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01
and number of control volume n=200
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Figure 4.13: Numerical solution by FV method in the
stochastic case with one realization of the noise
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Figure 4.15: Numerical solution by FV method in the
stochastic case average of 200 realization of the noise
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Figure 4.14: Numerical solution by FV method in the
deterministic case
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Figure 4.16: Numerical solution by FV method in the
stochastic case average of 80000 realization of the noise
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01
and number of control volume n=800
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Figure 4.17: Numerical solution by FV method in the
stochastic case with one realization of the noise
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Figure 4.18: Numerical solution by FV method in the

deterministic case
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Figure 4.19: Numerical solution by FV method in the
stochastic case average of 200 realization of the noise

Figure 4.20: Numerical solution by FV method in the

stochastic case average of 80000 realization of the noise
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4.7 Numerical simulations

Conclusion

The main goal of this thesis was to study the finite volume method for the
stochastic generalized Burgers equation with homogeneous Dirichlet boundary
conditions in a bounded domain of R. We have considered cases of white noise
in space and time. Here, the most important findings and achievements of this

work will be summarized.

As explained in the general introduction of this manuscript, the Burgers equa-
tion is not a good model for turbulence. It does not display any chaos, Then,
adding a stochastic perturbation in the model is a suitable choice to take into

account this imperfect knowledge of the studied phenomenon.

First, we establish a result of existence and uniqueness to the viscous equa-
tion using fixed point argument. Then, we prove a result of existence and
uniqueness of the entropy solution to the inviscid equation using the concept

of measure-valued solutions and Kruzhkov’s entropy formulation.

Finally, we propose a semi-discrete finite volume approximation of the problem,
and discretize the resulting system of SODE in time using the explicit Euler
schemes, we prove the convergence of the finite volume approximate solution
towards the unique stochastic entropy solution and we give some numerical

simulation by the software Matlab that supports the theoretical analysis.

We find that stochastic entropy solution have more dissipation than determin-
istic solutions. This can be expected because the stochastic entropy inequality
contains an additional dissipative term. Our numerical results for one realiza-
tion are very dispersed. However, the average of a large number of realizations
is very close to the deterministic solution (it is not equal to it), namely the
solution of the partial differential equation where the source term ¢ is such
that £ = 0.

So we conclude that our numerical results for the stochastic solution is a good
approximation of reality. and the finite volume method is more adequate than

other methods for the discritisation of stochastic conservation law.
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Chapter 4. Numerical Approximation of Stochastic Generalized Burgers
Equation on a Bounded Domains

Directions for Future Research

In view of the importance of the stochastic problem in physics, chemistry,
biology and its various applications. We hope to develop these results in

future. In particular, the following areas could lead to fruitful research:
(a) Study the problem with other type of noise such as colored noise and
fractional Brownian motion.
(b) Study the fractional problem.
(c) Investigate our numerical simulations with different initial conditions.

(d) Compare our numerical simulations with various amplitude of the noise.
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Appendix A

Basic Reminder of Young

Measures

In this section we recall some basic facts on Young measures and refer to ( [3],
[13], [23] and [37] ) for more information.

Consider the space L' (2, i1, R) where (2, F, ) is a measure space with a non-
negative bounded measure .

For u in L' (©, i, R) the Young measure associated with u is 7, the measure
on 2 X R image of u by = — (z,u (x)).

A general Young measure 7 is a non-negative measure on {2 x R such that, for
any Ain F, 7 (A X R) = p(A).

A Young measure 7 is described by its disintegration which is the unique family

of probabilities on R, (d7,) such that for any 7-measurable function 1,

e

r— / Y (z, N)dry (N) is p-measurable on 2 and
R

if v >0, - Ydr= /Q/Rz/) (2, N)dry (N) p (dx) .

Therefore, if 7=, is the Young measure associated with the above function

u, then 7, = dy(), the Dirac mass at v (z).

Another way to define Young measures on ) x R is to consider the notion of
entropy process proposed by (|23]). For a Young measure 7 on 2 x R and F,
the repartition function of 7,, one considers the function u, defined in £2x 0, 1]
by:

u(z,a) =inf{t e R, F, (t) > a}.
It is a u x L-measurable function on € x |0, 1[ (where L is a Lebesgue measure

on R) and for any non-negative Carathéodory function 1),

QXRWTZ /Q /R ¥ (2, A) dry (A) p(d) = /Q /0 1w(x,u(x,a))da,u(dw).
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Chapter A. Basic Reminder of Young Measures

A sequence of Young measure (7"), is said to converge narrowly towards 7 if

pdt"™ converges towards wdrt for all bounded Carathéodory function
QxR QxR

Consider now (uy,), C L'(Q,p,R) and denote by 7" the associated Young
measures. If the sequence(u,,),, is assumed to be bounded in L' (), the theo-
rem of Prohorov for Young measures ([3| and [37]) ensures that a subsequence
("), of (7"),, and a Young measure 7 exist such that 7"* converges narrowly
towards 7.

Moreover:

(i) for p-a.e. x in Q, supp (d7.) C M2y Upsp {un (2)},

(ii) for any Carathéodory function 1 such that the sequence of functions

{¢ (-, u, (.))},, is uniformly integrable,

/ﬂ b (e, (@) p(dr) = [ (@A) dr

QxR

(if the sequence (u,),, is uniformly integrable, the above convergence still holds
if one assumes that |[¢ (z,\)| < a (z) + &k |A| where k > 0 and o € L' (Q)),

(iii) for any measurable function v, l.s.c. with respect to its second variable

and such that {v (., u, ())7}71 is uniformly integrable,

lim inf /Q O (@ () p(de) > [ 0 (@A) dr.

n—oo QxR

As a consequence, if u,, converges weakly to some u in L', it converges strongly

to w in L', if and only if 7" converges narrowly to 7.
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