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Abstract

We are interested in a one dimensional nonlinear stochastic partial differential equa-
tion: the generalized Burgers equation with homogeneous Dirichlet boundary condi-
tions, perturbed by additive space-time white noise. We present a result of existence
and uniqueness of the solution to the viscous equation using fixed point argument.
We prove also a result of existence and uniqueness of the entropy solution to the
inviscid equation using the concept of measure valued solutions and Kruzhkov’s
entropy formulation.

Then, we study the finite volume methods for the discretization of the inviscid
equation with additive stochastic force defined on a bounded domain D of R with
Dirichlet boundary conditions and a given initial data in L∞ (D). We prove that
the numerical solution converges to the unique stochastic entropy weak solution of
the continuous problem under a stability condition on the time and space steps.
This also yields a new proof of the existence of an entropy weak solution. Finally,
We present the simulations of stochastic and deterministic solutions for a particular
initial condition by finite volume methods with the software Matlab.

Keywords: Stochastic Burgers equation; Viscosity coefficient; Space-time white
noise; Finite volume method; Monotone scheme; Dirichlet boundary conditions.
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Résumé

On s’ intéress à l’équation aux dérivées partielles stochastiques non linéaires unidi-
mensionnelles: l’équation de Burgers généralisée avec des conditions aux limites de
Dirichlet homogènes, perturbées par un bruit blanc additif du type espace-temps.
On présente un résultat d’existence et d’unicité d’une solution à l’équation avec vis-
cosité en utilisant l’argument du point fixe. On donne aussi un résultat d’existence et
d’unicité de la solution entropique à l’équation non visqueuse en utilisant le concept
de la solutions à valeurs mesures et la formulation d’entropie de Kruzhkov.

Ensuite, nous étudions la méthode de volumes finis pour la discrétisation de
l’équation de Burgers stochastique généralisée non visqueuse définie sur un domaine
borné D de R avec des conditions aux limites de Dirichlet et une donnée initiale
dans L∞ (D). On montre que la solution numérique converge vers la solution en-
tropique stochastique unique du problème continu sous une condition de stabilitée.
Ceci donne une nouvelle preuve d’existence d’une solution faible entropique. Fi-
nallement, on termine par quelques simulations numériques de la solution approchée
stochastique et deterministe, pour une conditions initiales particulièreréalisées sous
le logiciel Matlab.

Mots-clefs: Equation de Burgers stochastique; Coefficient de Viscosité; Bruit blanc
espace-temps; Méthode des volumes finis; Schéma monotone; Conditions de Dirich-
let sur le bord.
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 يهخض

 

 ح غٍز انخطٍ انثعذ حأحادٌانعشىائٍح  الجزئية انًعادنح انرفاضهٍحت حالأطزوح ِهذ فً هرىَ

 تٍضاء انشياٌ وانًكاٌ. تضجحًرجاَسح ، يضطزتح ان دٌزٌشهً ٌحتزغز انًعًًح يع شزوط حذح : يعادن

   

 .انُقطح انثاترح َظزٌحعهى يعايم انهشوجح تاسرخذاو  انًحرىاخانحم نهًعادنح  وحذاٍَحَرٍجح نىجىد و ذوَق حٌاذت

تاسرخذاو يفهىو انحهىل انًحسىتح  يعايم انهشوجح تذوٌ هًعادنحن الاَرزوتًانحم انضعٍف  وحذاٍَحوجىد و اٌضا ثزهٍَ

 .زوسكىفنهقٍاص وطٍاغح إَرزوتٍا نك

 حذ ثاًَ اضافح يعايم انهشوجح يعتذوٌ يعادنح تزغز انًعًًح  ٌة حمنرقز جانًحذود تالأحجاو ح انرقزٌةقٌَذرص طزثى 

خ أٌ انحم اثثا ًٌكُُا . ( )  فً أونٍح ويعطٍاخ ذٌزٌشهًن ٌحتشزوط حذ ℝيٍ    دويجال يحذ . انًعزفح عهىعشىائً

 تزهاَا . هذا ٌعطً رالاسرقزا زطش ذحد انًسرًزج عادنحنهً ىحٍذانحم انضعٍف الاَرزوتً انعشىائً ان َحىانعذدي ٌرقارب 

 اَرزوتً. جذٌذا عهى وجىد حم ضعٍف

. تإعطاء انطزٌقح انًسرعًهح و ذقذٌى انثعذ حأحادٌانعشىائٍح  تزغزح ًعادنن انرىضٍحاخ انعذدٌح  تعض عطًالاخٍز َ فًو 

 لتاسرعًا ،ج انًحذود تالأحجاو ح انرقزٌةقٌطزت ،شزط اونً خاص لتاسرعًا ،وانعادي انعشىائًانًقزب  ذىضٍحاخ نهحم

 تزَايج ياذلاب.    
 

: الكلمات المفتاحية  

ب بالأحجام المحدودة; شروط حدود ديريشلي العشوائية; معامل اللزوجة; ضجة بيضاء الزمان والمكان; طريقة التقري معادلة برغر

 المتجانسة. 
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Introduction

We study the generalized Burgers equation with a stochastic source term. In every
natural system, all kinds of perturbative effects may be added to basic equations;
this is what we model by noise. When a stochastic term Wω is introduced in an
equation, the solution u(t, x) becomes a random variable u(t, x, ω), which leads to
revisit the mathematical studies already carried out in the deterministic case.
Spatiotemporal systems in physics, chemistry, and biology are often subject to ran-
dom phenomena that can occur in the form of fluctuating forces, uncertain param-
eters, and random source terms or boundary conditions. It is therefore of essential
importance to be able to introduce uncertainty in the reality that the model must
represent, and this is often done by means of stochastic partial differential equations.
As a concrete example [19], where the author model the ocean and the atmosphere,
introduce a multiplicative noise to represent uncertainties due to the complexity of
the earth’s climate system. Another example is given by the stochastic Burgers
equation studied in this thesis. One of the main problems in the field of complex
systems is to achieve a sufficiently deep understanding of turbulence. However, one
still lacks a complete theory of turbulence that would permit to predict important
phenomena such as turbulent mixing, turbulent convection and turbulent combus-
tion starting from the basic equations of fluid dynamics.
The Burgers equation is due to the Dutch physicist J.M. Burgers [9] who in 1939
simplified the Navier-Stokes equation by neglecting the pressure term, obtaining the
following Burgers equation

∂u

∂t
= ρ

∂2u (t, x)

∂x2
− ∂x

(u (t, x))2

2
(1)

which can be studied in one space dimension, with or without a term source.
In the statistical theory of turbulence, a random force method was proposed in the
hope of finding a physically meaningful stationary distribution of turbulence.
The study of Burgers’ equation with a forcing term is interesting in view of the
phenomenological character of this equation. Since it represents an incomplete de-
scription of a system, a forcing term can provide a good model of the neglected

8
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effects. Thus equation (1), become

∂u (t, x, ω)

∂t
= ρ

∂2u (t, x, ω)

∂x2
− ∂x

(u (t, xω))2

2
+ ξ (t, x, ω) (2)

where ξ (t, x, ω), is a space time white noise.

Motivations for studying the stochastic Burgers equation (2) are manifold. Just
to name a few, it is used to model vortex lines in high-temperature superconduc-
tors, dislocations in disordered solids and kinetic roughening of interfaces in epitaxial
growth, the formation of large-scale structures in the universe, constructive quan-
tum field theory [7], etc. Since in the deterministic viscous case, this equation is
furthermore explicitly solvable via the Hopf–Cole transform (u = ∂xv/v, where v
solves the heat equation), it comes as no surprise that a wealth of numerical and
analytical results are available. From a purely mathematical point of view, let us
mention for example the well-posedness results from [8], [7], [17]. One remarkable
achievement was the construction of a stationary solution in the inviscid limit with
non-vanishing noise (dissipation then occurs purely through shocks). From a more
quantitative perspective, the scaling exponents of the solutions in the small viscos-
ity limit have attracted considerable interest, both in the physics and the applied
mathematics literature.

For the numerical solution, we apply the finite volume method, this method
has first been developed by engineers in order to study complex coupled physical
phenomena where the conservation of extensive quantities (such as masses, energy,
momentum...) must be carefully respected by the approximate solution.
Another advantage of such schemes is that a large variety of meshes can be used.
From the industrial point of view, the finite volume method is known as a robust
and cheap method for the discretization of conservation laws (by robust, we mean
a scheme which behaves well even for particularly difficult equations, such as non-
linear systems of hyperbolic equations and which can easily be extended to more
realistic and physical contexts than the classical academic problems). The finite
volume method is cheap thanks to short and reliable computational coding for com-
plex problems. It may be more adequate than the finite difference method (which
in particular requires a simple geometry). However, in some cases, it is difficult
to design schemes which give enough precision. Indeed, the finite element method
can be much more precise than the finite volume method when using higher order
polynomials, but it requires an adequate functional framework which is not always
available in industrial problems.
The basic idea of the finite volume method is the following: one integrates the par-
tial differential equations in each volume element and then approximates the fluxes

9
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across the volume boundaries. It is the method which we apply to solve the stochas-
tic Burgers equation in one space dimension.
The main aim of this thesis is to study the finite volume methods for the discretiza-
tion of the stochastic Burgers equation, perturbed by additive space-time white
noise. This thesis is composed of four chapters. Chapter 1 contains various theories
and results that are required in the sequel. We present in Chapter 2 a result of
existence and uniqueness of the local solution to the viscous equation using fixed
point argument, then if we impose a condition to the viscosity coefficient we can
prove that this solution is global. In Chapter 3, we propose a result of existence and
uniqueness of the entropy solution to the inviscid stochastic Burgers equation using
the concept of measure valued solutions and Kruzhkov’s entropy formulation. In
Chapter 4, we study the finite volume methods for the discretization of the inviscid
stochastic Burgers equation with additive stochastic force defined on a bounded do-
main D of R with Dirichlet boundary conditions and a given initial data in L∞ (D).
Then we prove that the numerical solution converges to the unique stochastic en-
tropy weak solution of the continuous problem under a stability condition on the
time and space steps. Finally, we propose a numerical application to the stochas-
tic Burgers equation in the one-dimensional case. We introduce the scheme used
and present the simulations of stochastic and deterministic solutions for a particular
initial condition by finite volume method with the software Matlab.

10



Chapter 1

Preliminaries

We introduce in this chapter some basic elements of probability theory, Stochastic
process and functional analysis for which we refer to [34] for further details.

1.1 Fondamental notion of probability theory

Think of an experiment, with an outcome that changes randomly with each rep-
etition. As the experiment is repeated, the frequencies of the outcomes vary and
statistical and probabilistic tools are needed to analyze the results. In particular,
we assign probabilities to each outcome as a limit of the frequency of occurrence
relative to the total number of trials. These ideas are simple and intuitive in an
experiment with a finite number of possibilities. To express these concepts in an
uncountable setting, such as the stochastic processes and random fields arising in
the study of stochastic PDEs, we use an abstract measure space (Ω,F ,P), called a
probability space.

1.1.1 Probability spaces and random variables

The probability space (Ω,F ,P) consists of the sample space Ω, the σ-algebra (the
set of events) F , and the probability measure P.

Definition 1.1 (the sample space Ω). In an experiment, the sample space Ω is the
set of all possible outcomes. In general, the sample space is simply an abstract set,
one large enough to parameterize all possible outcomes of the experiment.

Definition 1.2 (σ-algebra). A set F of subsets of a set A is a σ-algebra if

(i) the empty set {} ∈ F ,

(ii) the complement F c := {x ∈ A : x /∈ F} ∈ F for all F ∈ F , and

(iii) the union ∪j∈NFj ∈ F for Fj ∈ F .

11



Chapter 1. Preliminaries

Thus, a σ-algebra is a collection of subsets of A that contains the empty set and
is closed under forming complements and countable unions. Any F ∈ F is known
as a measurable set and the pair (A,F) is known as a measurable space.

Definition 1.3 (measure). A measure µ on a measurable space (A,F) is a mapping
from F to R+ ∪ {∞} such that

(i) the empty set has measure zero, µ ({}) = 0, and

(ii) µ (∪j∈NFj) =
∑
j∈N

µ (Fj) if Fj ∈ F are disjoint (i.e., Fk∩Fj = {} for k 6= j).

Together (A,F , µ) form a measure space.

Definition 1.4 (probability measure). A measure P on (Ω,F) is a probability mea-
sure if it has unit total mass, P (Ω) = 1.

Definition 1.5 (almost surely). An event F happens almost surely (a.s. or P-a.s.)
with respect to a probability measure P if P (F ) = 1.

Definition 1.6 (Random variables, realisation). Let (Ω,F ,P) be a probability space
and let (Ψ,G) be a measurable space. Then, X is a Ψ-valued random variable if X
is a measurable function from (Ω,F) to (Ψ,G). To emphasise the σ-algebra on Ω,
we may write that X is an F-measurable random variable. The observed value of
X(ω) for a given ω ∈ Ω belongs to Ψ and is called a realisation of X.

1.1.2 Expectation

Let X be a Banach space-valued random variable on the probability space (Ω,F ,P).
If X is integrable, the expectation of X is

E [X] :=

∫
Ω

X (ω) dp (ω) ,

1.1.3 Gaussian distribution

A random variable X is said to follow the Gaussian or normal distribution on D = R
if, for some µ ∈ R and σ > 0, its probability density function is

p (x) =
1√

2πσ2
exp

(
− (x− µ)2

2σ2

)
.

We write X ∼ N
(
µ, σ2

)
( the random variable X follow the Gaussian distribution

with mean µ and variance σ2).

12



1.2 Notion of stochastic process

1.2 Notion of stochastic process

1.2.1 Stochastic process

Given a set I ⊂R, and a Hilbert space H,a H-valued stochastic process is a set
of H-valued random variables {X (t) : t ∈ I}. We some times drop the set I and
simply write X(t) to denote the process. This should not be interpreted as a simple
function of t and, to emphasise the dependence on ω and that X : I × Ω→ H, we
may write X (t, ω) or Xt (ω). For a given probability space (Ω,F ,P), we consider a
family of random processes Xt (ω) on this space with t ∈ [0, T ], where t usually is
understood as time variable, and T is a fixed parameter, called also terminal time.
For a fixed ω ∈ Ω, the time function Xt (ω), t ∈ [0, T ] is called a trajectory or
realization corresponding to an elementary event ω.

1.2.2 Brownian motion

The name Brownian refers to Robert Brown, who identified Brownian motion in
the movement of pollen particles. Brownian motion is frequently called the Wiener
process, after Norbert Wiener, who made a significant contribution to the mathe-
matical theory. In this section, we focus on real-valued processes and use the name
Brownian motion.

Definition 1.7 (Brownian motion). Let T ∈ R+ given. A Brownian Motion is a
stochastic process (t, ω) ∈ [0, T ]× Ω 7→ βt (ω), such that:

1. β0 = 0 a.s.;

2. the increments are stationary: for any 0 ≤ s ≤ t ≤ T , βt − βs ∼ βt−s;

3. the increments are independent: for any n ∈ N∗ , for any 0 = t0 ≤ t1 ≤ ... ≤
tn ≤ T ,

(
βti+1

− βti
)

0≤i≤n−1
are independent;

4. the process is Gaussian: for any n ∈ N∗ , for any 0 ≤ t1 ≤ ... ≤ tn ≤ T and
any λ1, λ2, ..., λn ∈ R, λ1βt1 + ...+ λnβtn is a real Gaussian random variable;

5. for any t ≥ 0, βt ∼ N (0, t);

6. the trajectories are almost surely continuous: for P-almost every ω ∈ Ω, t ∈
[0, T ] 7→ βt (ω) is continuous.

Usually, the variable ω is not written.

13



Chapter 1. Preliminaries

1.2.3 Filtration

To handle the idea of past and future more generally, we use sub σ-algebras and
introduce a sub σ-algebra Ft for each time t. Intuitively, the events in Ft are those
observable by time t and, because we have more observations as time passes,

the σ-algebras Ft contain more events as t increases. We make this precise with
the notion of filtration.

Definition 1.8 (filtration). (i) A filtration {Ft : t ≥ 0} is a family of sub σ-algebras
of F that are increasing; that is, Fs is a sub σ-algebra of Ft for s ≤ t.

(ii) A filtered probability space is a quadruple (Ω,F ,Ft,P), where (Ω,F ,P) is a
probability space and {Ft : t ≥ 0} is a filtration of F .

Stochastic processes that conform to the notion of time described by the filtration
Ft are known as adapted processes.

Definition 1.9 (adapted). Let (Ω,F ,Ft,P) be a filtered probability space. A
stochastic process {X (t) : t ∈ [0, T ]} is Ft -adapted if the random variable X (t) is
Ft-measurable for all t ∈ [0, T ].

1.2.4 The cylindrical Wiener process and Stochastic integra-

tion in Hilbert spaces.

In this section, we recall the definition of the cylindrical Wiener process and of
stochastic integral on a separable Hilbert space H (its norm is denoted by |.|H or
just |.|).

We first fix a filtered probability space
(
Ω,F , (Ft)t≥0 ,P

)
. A cylindrical Wiener

process or cylindrical Brownian motion on H is defined with two elements:

• a complete orthonormal system of H, denoted by (ei)i∈I , where I is a subset
of N;

• a family (βi)i∈Iof independent real Wiener processes with respect to the filtra-
tion

(
(Ft)t≥0

)
;

then W is defined by

W (t) =
∑
i∈I

βi (t) ei. (1.1)

When I is a finite set, we recover the usual definition of Wiener processes in the
finite dimensional space R|I|.

14



1.2 Notion of stochastic process

However the subject here is the study of some Stochastic Partial Differential
Equations, so that in the sequel the underlying Hilbert space H is infinite dimen-
sional; for instance when H = L2 (0, 1), an example of complete orthonormal system
is (ek) =

(√
2 sin (kπ.)

)
k≥1

.

The formal sum dW (t) =
∑
i∈I

dβi (t) ei (x) is called space-time white noise.

A fundamental remark is that the series in (1.1) does not converge in H; but is
convergent in any larger Hilbert spaces K such that H ⊂ K and the embedding is
Hilbert-Schmidt. We recall now the definition of such operators.

Definition 1.10 (Hilbert-Schmidt operator). Let H, K two separable Hilbert spaces,
and φ ∈ L (H,K) a bounded linear operator. We say that φ is a Hilbert-Schmidt
operator if there exists a complete orthonormal system (ek)k∈I of H, I ⊂ N∗ , such
that

∑
k∈I

|φek|2K <∞.

In this situation, the value
∑
k∈I

|φek|2K <∞ is finite for any complete orthonormal

system, and does not depend on the choice of such a basis.

A typical example of Hilbert-Schmidt operator is the inclusion map i : L2 (D)→
H−s (Ω) for s > 1/2.
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Figure 1.1: Some realizations of Brownian motion 

 

 

 

 

 

 

 

Figure 1.2: Some realizations of white noise. 



1.3 Stochastic partial differential equations and their applications

1.3 Stochastic partial differential equations and their

applications

Let (V,H, V ′) be a triple of Hilbert spaces and (Ω,F , {Ft} ,P) a stochastic basis.

Suppose that A (t) : V → V ′, Mk (t) : V → H are linear bounded operators
for all k ∈ N, t ∈ [0, T ], and for some finite terminal time T . A general Linear
Stochastic Partial Differential Equation is written as

du (t) = (Au (t) + f (t)) dt+ (Mku (t) + gk (t)) dβk (t) , u (0) = u0, (1.2)

where t ∈ [0, T ], u0 ∈ L2 (Ω;H) and u0 is F0-measurable. We assume that βk
(k ∈ N) are independent standard Wiener processes, f , gk (k ∈ N) are Ft-adapted
random processes such that f ∈ L2 (Ω× (0, T ) ;V ′) and gk ∈ L2 (Ω× (0, T ) ;H),
k ∈ N. Depending on the noise term the equation (1.2) is classified as follows:

• Equations with additive noise, ifMk = 0;

• Equations with multiplicative noise, ifMk 6= 0.

Similar to classical deterministic PDEs, the solution of equation (1.2) can be spec-
ified in different ways. Since the solution is a stochastic process, besides of PDE
part, where we have classical solution, strong/weak generalized solution and mild
solution, also we can specify strong and weak probabilistic solution. In this work we
consider only solution which are strong in probabilistic sense and weak/strong/mild
in PDE sense.
We say that Ft-adapted function u ∈ L2 (Ω× (0, T ) ;V ) is a weak solution of equa-
tion (1.2), if for every ϕ ∈ V and all t ∈ [0, T ], the equality

〈u (t) , ϕ〉H = 〈u0, ϕ〉H +

∫ t

0

〈Au (s) + f (s) , ϕ〉H ds

+

∫ t

0

〈Mku (s) + gk (s) , ϕ〉H dβk (s) (1.3)

holds with probability one.

We say that Ft-adapted function u ∈ L2 (Ω× (0, T ) ;V ) is a mild solution of
equation (1.2) if

u (t) = S (t)u0 +

∫ t

0

S (t− s) f (s) ds

+

∫ t

0

S (t− s) (Mku (s) + gk (s)) dβk (s) , t ∈ [0, T ] ,

17
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holds true with probability one, where S is a strongly continuous semigroup with
infinitesimal generator A. As we observed, stochastic evolution equations in infinite
dimensions are natural generalizations of classical PDEs and Systems of Stochastic
Ordinary Differential Equations. The theory related to all these equations has mo-
tivations coming from physics, chemistry, biology, medicine, finance etc. Although,
the theory of SPDEs is already established and widely developed field in mathe-
matics, and problems arising in this theory represent an interest for mathematics
itself.

1.3.1 Solutions of linear SPDEs perturbed by space-time

white noise: stochastic convolution

In an abstract form, we want to solve SPDEs written in the Hilbert space H

du(t) = Au(t)dt+ dW (t), (1.4)

with an initial condition u (0) = u0 ∈ H, (W (t))t∈[0,T ] a cylindrical Wiener process
in H (it could be in another space U), and A : H → H. We assume that A generates
a strongly continuous semi-group (S (t))t∈[0,T ].

Definition 1.11. u is a weak solution of the SPDE (1.4) if for any ξ ∈ D (A∗) and
any t > 0 we have

〈u(t), ξ〉 = 〈u0, ξ〉+

∫ t

0

〈u(s), A∗ξ〉 ds+ 〈W (t), ξ〉 .

Theorem 1.1. Assume ∫ t

0

|S (s)|2L2(H,H) ds <∞. (1.5)

Then (1.4) admits a unique weak solution, which satisfies:

u(t) = S (t)u0 +

∫ t

0

S (t− s) dW (s) .

A function u satisfying such a formula is a mild (or integral) solution. Moreover

E |u (t)|2H =

∫ t

0

‖S (s)‖2
L2(H,H) ds.

When u0 = 0, the solution is denoted by WA and is called the stochastic convo-
lution

WA (t) =

∫ t

0

e(t−s)AdW (s) .

The condition (1.5) is precisely the one required to be able to define the stochastic
integral in H. If it is removed, there exists no H-valued solution.

18
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1.4 Some notion of functional analysis

Definition 1.12 (Sobolev spaces). Let D be a domain and Y be a Banach space. For
p ≥ 1, the Sobolev space W r,p (D, Y ) is the set of functions whose weak derivatives
up to order r ∈ N are in Lp (D, Y ). That is,

W r,p (D, Y ) := {u : Dαu ∈ Lp (D, Y ) if |α| ≤ r} .

If p = 2 and H is a Hilbert space, Hr(D,H) is used to denote W r,2(D,H).
W r,p(D, Y ) is a Banach space with norm

‖u‖W r,p(D,Y ) :=

 ∑
0≤|α|≤r

‖Dαu‖PLp(D,Y )

1/p

Definition 1.13 (Lp (Ω, H) spaces). Let (Ω,F ,P) be a probability space and let H
be a Hilbert space with norm ‖.‖. Then, Lp (Ω, H) with 1 ≤ p < ∞ is the space of
H-valued F-measurable random variables X : Ω → H with E[‖X‖p] < ∞ and is a
Banach space with the norm

‖X‖Lp(Ω,H) :=

(∫
Ω

‖X (ω)‖p dP
)1/p

= E [‖X‖p]1/p .

We recall now some Gronwall’s lemma.

Lemma 1.1 (Gronwall’s inequality (differential form)). (i) Let f (.) be a nonnega-
tive, absolutely continuous function on [0, T ], which satisfies for a.e. t the differential
inequality

f ′ (t) ≤ g (t) f (t) + h (t) ,

where g(t) and h(t) are nonnegative, summable functions on [0, T ]. Then

f (t) ≤ e
∫ t
0 g(s)ds

[
f (0) +

∫ t

0

h (s) ds

]
for all 0 ≤ t ≤ T .

(ii) In particular, if

f ′ ≤ gf on [0, T ] and f (0) = 0,

then
f = 0 on [0, T ].

We also require the discrete Gronwall inequality

Lemma 1.2 (discrete Gronwall inequality). Consider zn ≥ 0 such that

zn ≤ a+ b

n−1∑
k=0

zk, for n = 0, 1, ...

and constants a, b ≥ 0. If b = 1, then zn ≤ z0 + na. If b 6= 1, then

zn ≤ bnz0 +
a

1− b
(1− bn).
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Chapter 2

Existence and uniqueness of the

solution to the viscous stochastic

generalized Burgers equation

2.1 Introduction

It is well known that the Burgers equation is not a good model for turbulence. It
does not display any chaos; even when a force is added to the right hand side all
solutions converge to a unique stationary solution as time goes to infinity.

However, the situation is totally different when the force is a random one. Several
authors have, indeed, suggested to use the stochastic Burgers equation as a simple
model for turbulence ([14], [15], [16], [31]). The equation has also been proposed in
([32]) to study the dynamics of interfaces.

Here we consider the generalized Burgers equation with a random force which is
a space-time white noise

∂u (t, x)

∂t
= ρ

∂2u (t, x)

∂x2
− ∂xf (u (t, x)) +

∂2W̃

∂t∂x
. (2.1)

where ρ is the viscosity coefficient and, W̃ (t, x), t ≥ 0, x ∈ R is a zero mean
Gaussian process whose covariance function is given by

E
[
W̃ (t, x) W̃ (s, y)

]
= (t ∧ s) (x ∧ y) , t, s ≥ 0, x, y ∈ R.

Alternatively we can consider a cylindrical Wiener process W by setting

W (t) =
∂W̃

∂x
=
∞∑
h=1

βheh, (2.2)

where {eh} is an orthonormal basis of L2 (0, 2π) and {βh} is a sequence of mutually
independent real Brownian motions in a fixed probability space (Ω,F ,P) adapted
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to a filtration {Ft}t≥0. The series (2.2) defining W does not converge in L2 (0, 2π)

but it is convergent in any Hilbert space U such that the embedding

L2 (0, 2π) ⊂ U

is Hilbert-Schmidt ([18]).

In the following we shall write (2.1) as follows:

du (t, x) =

(
ρ
∂2u (t, x)

∂x2
− ∂xf (u (t, x))

)
dt+ dW, x ∈ [0, 2π] , t > 0, (2.3)

where W is defined by (2.2). We assume that f : R→ R is a locally Lipschitz
continuous function.

Equation (2.3) is supplemented with Dirichlet boundary conditions

u (t, 0) = u (t, 2π) = 0, (2.4)

and the initial condition

u (0, x) = u0 (x) , x ∈ [0, 2π] . (2.5)

Our aim in this paper is to prove that problem (2.3), with boundary and initial
conditions (2.4), (2.5) has a unique global solution.

In the next paragraph, we set the notations, introduce the stochastic convolution
and prove local existence in time.

2.2 Local existence in time

Define the unbounded self-adjoint operator A on L2 (0, 2π) by

Au = ρ
∂2u

∂x2
,

for u on the domain

D(A) = {u ∈ H2(0, 2π) : u(0) = u(2π) = 0}.

Denote etA, t ≥ 0 the semigroup on L2 (0, 2π) generated by A. It is well known
that etA, t ≥ 0, has a natural extension, that we still denote by etA, t ≥ 0, as
a contraction semigroup on L2 (0, 2π) for any p ≥ 1. Finally we denote by {ek}
the complete orthonormal system on L2 (0, 2π) which diagonalizes A and {λk} the
corresponding eigenvalues. We have

ek (x) =

√
2

π
sin kπx, k = 1, 2, ...
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and

λk = −π2k2, k = 1, 2, ...

Now we rewrite (2.3), (2.4), (2.5) as the abstract differential stochastic equationdu = (Au− ∂xf (u)) dt+ dW,

u (0) = u0.
(2.6)

Recall that the solution to the linear problemdu = Audt+ dW,

u (0) = u0.
(2.7)

is unique and given by the so-called stochastic convolution

WA (t) =

∫ t

0

e(t−s)AdW (s) . (2.8)

It can be shown that WA is a Gaussian process and it is mean square continuous
with values in L2 (0, 2π). Moreover WA has a version which is, a.s. for ω ∈ Ω,
α-Hölder continuous with respect to (t, x) for any α ∈ [0, 1/4[ ([18]).

We set

v (t) = u (t)−WA (t) , t ≥ 0,

then u satisfies (2.6) if and only if v is a solution of
dv

dt
= Av − ∂xf (v +WA) ,

v (0) = u0.
(2.9)

From now we will study equation (2.9) a. s. ω ∈ Ω and consider for the moment that
WA is an α- Hölder continuous function with respect to (t, x) for any α ∈ [0, 1/4[.
We will return to the stochastic point of view (and to equation (2.6)) at the end of
§3.

Let us write (2.9) as

v (t) = etAu0 −
∫ t

0

e(t−s)A∂xf (v +WA) ds; (2.10)

then if v satisfies (2.10) we say that it is a mild solution of (2.9).

We are going to solve equation (2.10) by a fixed point argument in the space
C ([0, T ∗] ;Lp (0, 2π)) for p > 1 and for some T ∗ > 0. We set

Σp (m,T ∗) =
{
v ∈ C ([0, T ∗] ;Lp (0, 2π)) : |v (t)|Lp(0,2π) ≤ m,∀t ∈ [0, T ∗]

}
,
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and consider an initial datum u0 F0-measurable and belonging to Lp (0, 2π),
ω ∈ Ω a. s. We will see, in the proof of the Lemma 2.1 below that if z (t) is, a

bounded function from [0, T ] into Lp (0, 2π), then, for t > 0, the function etA
∂

∂x
f (z)

is also in Lp (0, 2π). Hence the integral in (2.10) is convergent in Lp (0, 2π) a.s. Thus
(2.10) has a meaning as an equality in Lp (0, 2π).

Lemma 2.1 ([20]). For any p ≥ 2 and m > |u0|Lp(0,2π), there exists a stopping time
T ∗ > 0 such that (2.10) has a unique solution in Σp (m,T ∗).

Proof - Take any v in Σp (m,T ∗) and define z = Gv by

z (t) = etAu0 −
∫ t

0

e(t−s)A∂xf (v +WA) ds,

where G : C ([0, T ∗] ;Lp (0, 2π))→ C ([0, T ∗] ;Lp (0, 2π)) is a non-linear operator.
Then

|z (t)|Lp(0,2π) ≤
∣∣etAu0

∣∣
Lp(0,2π)

+

∫ t

0

∣∣e(t−s)A∂xf (v +WA)
∣∣
Lp(0,2π)

ds.

As we noticed before, etA, t ≥ 0 is a contraction semigroup on Lp (0, 2π) which has
a regularizing effect and, for any s1 ≤ s2 in R, and r ≥ 1, etA maps W s1,r (0, 2π)

into W s2,r (0, 2π), for all t > 0. Moreover the following estimate holds

∣∣etAz∣∣
W s2,r(0,2π)

≤ C1

(
t
s1−s2

2 + 1
)
|z|W s1,r(0,2π) (2.11)

for all z ∈ W s1,r (0, 2π). The constant C1 depends only on s1, s2 and r, see for
instance ([36]).

Using the Sobolev embedding theorem we have

∣∣e(t−s)A∂xf (v +WA)
∣∣
Lp(0,2π)

≤ C2

∣∣e(t−s)A∂xf (v +WA)
∣∣
W

1
p ,
p
2 (0,2π)

,

and, thanks to (2.11) with s1 = −1, s2 = 1/p, r = p/2

∣∣e(t−s)A∂xf (v +WA)
∣∣
Lp(0,2π)

≤ C1C2

(
(t− s)−

1
2
− 1

2p + 1
)
|∂xf (v +WA)|

W−1,
p
2 (0,2π)

≤ C1C2

(
(t− s)−

1
2
− 1

2p + 1
)
|f (v +WA)|

L
p
2 (0,2π)

23



Chapter 2. Existence and uniqueness of the solution to the viscous
stochastic generalized Burgers equation

Therefore

|z (t)|Lp(0,2π)

≤ |u0|Lp(0,2π) + C1C2

∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)
|f (v +WA)|

L
p
2 (0,2π)

ds

≤ |u0|Lp(0,2π) + C1C2Lip1

∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)(

1 + |v +WA|L p2 (0,2π)

)
ds

≤ |u0|Lp(0,2π) + C1C2Lip1

∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)(

1 + |v|
L
p
2 (0,2π)

+ |WA|L p2 (0,2π)

)
ds

≤ |u0|Lp(0,2π) + C1C2Lip1

(
1 + (2π)

1
p m+ µp

)∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)
ds

≤ |u0|Lp(0,2π) + C1C2Lip1

(
1 + (2π)

1
p m+ µp

)( 2p

p− 1
t
1
2
− 1

2p + t

)
,

where Lip1 is the Lipschitz constant of f which depend on m+ µp, and

µp = sup
t∈[0,T ]

|WA (t)|
L
p
2 (0,2π)

.

Hence |z (t)|Lp(0,2π) ≤ m for all t ∈ [0, T ∗] provided

|u0|Lp(0,2π) + C1C2Lip1

(
1 + (2π)

1
p m+ µp

)( 2p

p− 1
(T ∗)

1
2
− 1

2p + T ∗
)
≤ m (2.12)

It is clear that for any m > |u0|Lp(0,2π) there exists a T ∗ satisfying (2.12). Now
consider v1, v2 ∈ Σp (m,T ∗) and set zi = Gvi, i = 1, 2 and z = z1 − z2. Then

z (t) =

∫ t

0

e(t−s)A ∂

∂x
[f (v1 +WA)− f (v2 +WA)] ds,

and we derive as above

|z (t)|Lp(0,2π) ≤ C1C2

∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)
|f (v1 +WA)− f (v2 +WA)|

L
p
2 (0,2π)

ds.

According to the hypothesis on f , we have

|f (v1 +WA)− f (v2 +WA)|
L
p
2 (0,2π)

≤ Lip2 |v1 − v2|L p2 (0,2π)

≤ Lip2 (2π)
1
p |v1 − v2|Lp(0,2π)

= C3 |v1 − v2|Lp(0,2π)

where Lip2 is the Lipschitz constant of f which depend on m+ µp, and
C3 = Lip2 (2π)

1
p , hence

|z (t)|Lp(0, 2π) ≤ C1C2C3

∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)
|v1 − v2|Lp(0, 2π) ds

≤ C max
0≤s≤t

|v1 (s)− v2 (s)|Lp(0, 2π)

∫ t

0

(
(t− s)−

1
2
− 1

2p + 1
)
ds

≤ C

(
2p

p− 1
(T ∗)

1
2
− 1

2p + T ∗
)
|v1 − v2|C([0, T ∗]; Lp(0, 2π))
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for all t ∈ [0, T ∗] provided

|Gv1 −Gv2|C([0, T ∗]; Lp(0, 2π)) ≤ C

(
2p

p− 1
(T ∗)

1
2
− 1

2p + T ∗
)
|v1 − v2|C([0, T ∗]; Lp(0, 2π))

We take T ∗ such that

C

(
2p

p− 1
(T ∗)

1
2
− 1

2p + T ∗
)
< 1

and (2.12) holds so that G is a strict contraction on Σp (m,T ∗). �

Remark 2.1. ([17]) As mentioned before all the previous results are valid a.s. for
ω ∈ Ω; in particular µp and T ∗ depend on ω. In the next section we will show that
T ∗ = T a.s. for ω ∈ Ω and hence remove the dependence on ω for the time interval
on which the solution exists.

2.3 Global existence

We are still considering equation (2.10) as a deterministic one, working a. s. for
ω ∈ Ω.

Theorem 2.1. (Global existence)
Let u0 be given which is F0-measurable and such that for some p ≥ 2, u0 ∈ Lp (0, 2π)

a.s. If ρ ≥ Lip1c

2
then there exists a unique mild solution of equation (2.6), which

belongs a. s. to C ([0, T ] ;Lp (0, 2π)).

In the following Lemma, we derive an a priori estimate which yields global exis-
tence.

Lemma 2.2 ([20]). If v ∈ C ([0, T ] ;Lp (0, 2π)) satisfies (2.10) and ρ ≥ Lip1c

2
then

|v (t)|Lp(0,2π) ≤ etLip1c
(p−1)

2
µ2∞ |u0|Lp(0,2π) .

where c = (2π)
2

p(p−2) and µ∞ = sup
t∈[0,T ]

|WA (t)|L∞(0,2π).
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Proof Let {un0} be a sequence in C∞ (0, 2π) such that

un0 −→ u0, in Lp (0, 2π) ,

and let {W n} be a sequence of regular processes such that

W n
A (t) =

∫ t

0

e(t−s)AdW n (s) −→ WA (t)

in C ([0, T ]× [0, 2π]) a. s. for ω ∈ Ω.

Let vn be the solution of

vn (t) = etAun0 −
∫ t

0

e(t−s)A∂xf (vn +W n
A) ds

given by Lemma 2.1 It is easy to see that vn does exist on an interval of time [0, Tn]

such that Tn −→ T ∗ a.s. and that vn converges to v in C ([0, T ∗] ;Lp (0, 2π)) a. s.
Moreover vn is regular a.s. and satisfies

∂vn

∂t
− ρ∂

2vn

∂x2
+ ∂xf (vn +W n

A) = 0. (2.13)

Multiplying (2.13) by |vn|p−2 vn and integrating over [0, 2π] we find

1

p

∂

∂t
|vn|pLp(0,2π) + ρ (p− 1)

∫ 2π

0

|vn|p−2

(
∂vn

∂x

)2

dx

+

∫ 2π

0

∂

∂x
f (vn +W n

A) |vn|p−2 vndx = 0. (2.14)

We integrate by parts the last integral∫ 2π

0

∂

∂x
f (vn +W n

A) |vn|p−2 vndx

= − (p− 1)

∫ 2π

0

f (vn +W n
A) |vn|p−2 ∂

∂x
vndx

then∣∣∣∣∫ 2π

0

∂

∂x
f (vn +W n

A) |vn|p−2 vndx

∣∣∣∣ = (p− 1)

∣∣∣∣∫ 2π

0

f (vn +W n
A) |vn|p−2 ∂

∂x
vndx

∣∣∣∣
≤ (p− 1)

∫ 2π

0

∣∣∣∣f (vn +W n
A) |vn|p−2 ∂

∂x
vn
∣∣∣∣ dx

≤ (p− 1)

∫ 2π

0

Lip1 (1 + |vn +W n
A|) |vn|

p−2 ∂

∂x
vndx

≤ (p− 1)

∫ 2π

0

Lip1 |vn|p−2 ∂

∂x
vndx

+ (p− 1)

∫ 2π

0

Lip1 |vn|p−1 ∂

∂x
vndx

+ (p− 1)

∫ 2π

0

Lip1 |W n
A| |vn|

p−2 ∂

∂x
vndx
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The first term is zero, indeed∫ 2π

0

|vn|p−2 ∂

∂x
vndx = −

∫ 2π

0

(p− 2) |vn|p−2 ∂

∂x
vndx

hence

(p− 1)

∫ 2π

0

|vn|p−2 ∂

∂x
vndx = 0

In the same way, we can prove that The second term is also zero.

According to the Hölder’s and Cauchy’s inequalities we bound the third term as
follows

Lip1 (p− 1)

∫ 2π

0

|W n
A| |vn|

p−2 ∂

∂x
vndx

≤ Lip1 (p− 1) |W n
A|L∞(0,2π) |v

n|
p−2
2

Lp−2(0,2π)

(∫ 2π

0

|vn|p−2

(
∂

∂x
vn
)2

dx

) 1
2

≤ Lip1c (p− 1)µn,∞ |vn|
p−2
2

Lp(0,2π)

(∫ 2π

0

|vn|p−2

(
∂

∂x
vn
)2

dx

) 1
2

≤ Lip1c
(p− 1)

2
µ2
n,∞ |vn|

p−2
Lp(0,2π) + Lip1c

(p− 1)

2

∫ 2π

0

|vn|p−2

(
∂

∂x
vn
)2

dx

where c = (2π)
2

p(p−2) and µn,∞ = sup
t∈[0,T ]

|W n
A (t)|L∞(0,2π) for a. s. ω ∈ Ω.

Going back to (2.14) we obtain

1

p

∂

∂t
|vn|pLp(0,2π) + ρ (p− 1)

∫ 2π

0

|vn|p−2

(
∂vn

∂x

)2

dx

≤ Lip1c
(p− 1)

2
µ2
n,∞ |vn|

p−2
Lp(0,2π) + Lip1c

(p− 1)

2

∫ 2π

0

|vn|p−2

(
∂vn

∂x

)2

dx

It follows

1

p

∂

∂t
|vn|pLp(0,2π) + (p− 1)

(
ρ− Lip1c

2

)∫ 2π

0

|vn|p−2

(
∂vn

∂x

)2

dx

≤ Lip1c
(p− 1)

2
µ2
n,∞ |vn|

p−2
Lp(0,2π)

if we take ρ and Lip1 such that

ρ ≥ Lip1c

2

we obtain
∂

∂t
|vn|pLp(0,2π) ≤ Lip1c

p (p− 1)

2
µ2
n,∞ |vn|

p
Lp(0,2π)

and, according to Gronwall’s lemma

|vn|pLp(0,2π) ≤ etLip1c
p(p−1)

2
µ2n,∞ |un0 |

p
Lp(0,2π) .
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Taking the limit as n −→∞, we see that a.s.

|v|pLp(0,2π) ≤ etLip1c
p(p−1)

2
µ2∞ |u0|pLp(0,2π) .

It follows
|v|Lp(0,2π) ≤ etLip1c

(p−1)
2

µ2∞ |u0|Lp(0,2π) .

and the assertion of the lemma follows. �

Proof (Theorem 2.1)
It is easily deduced from Lemma 2.1 and Lemma 2.2 �
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Chapter 3

Existence and uniqueness of the

entropy solution to the inviscid

stochastic generalized Burgers

equation

3.1 Introduction

In this chapter, we are interested in the stochastic generalised Burgers equation of
the type :

du+ ∂x (f (u)) dt = dW (t) in Ω× ]0, T [×D, (3.1)

with an initial condition u0 and homogeneous “Dirichlet” boundary condition.

In the sequel, one assumes that D = ]0, 2π[ , that T is a positive number,
Q =]0, T [×D and that W is a cylindrical Wiener process over L2 (D,R). Our aim
is to adapt known methods of first-order nonlinear PDE to noise perturbed ones.

On the one hand, Note that, even in the deterministic case, the weak solution
to such a problem is not unique in general. One needs to introduce the notion of
entropy solution in order to discriminate the physical solution. On the other hand,
the stochastic perturbation will not simplify the situation.

Many papers on the viscous Burgers type stochastic problem (i.e. usually in 1D
with f (x) = x2 and a Laplacian) can be found in the literature, where, usually, the
stochastic convolution is used. Let us mention, without exhaustiveness,[17], [18],
[20], [26] and [29].

Few papers exist concerning the stochastic perturbation of nonlinear first-order
hyperbolic problems. Most of them are interested in the Cauchy problem in the
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1D case. Let us cite the paper of H. Holden et al [30]. where an operator splitting
method is proposed to prove the existence of a weak solution to the Cauchy problem

du+ (f (u))x dt = g (u) dβ in R.

Where β denotes a standard adapted one-dimensional continuous Brownian motion,
defined on some probability space (Ω,F ,P).

In the paper of J. U. Kim [33], a method of compensated-compactness is pre-
sented to prove the existence of a stochastic weak entropy solution to the Cauchy
problem

du+ (ϕ (u))x dt = g (t, x) dβ in R.

Then, a Kruzhkov-type method is used to prove the uniqueness.

In our main result, we propose a result of existence and uniqueness of the stochas-
tic entropy solution to Problem (3.1). A one-dimensional bounded domain with
homogeneous Dirichlet conditions is considered. A method of artificial viscosity is
proposed to prove the existence of a solution. An adaptation of the classical method
of Kruzhkov is proposed to prove the uniqueness of the entropy measure-valued solu-
tion. The existence of such a solution follows as usual from the theorem of Prohorov
for Young measures.

After giving the assumptions on the data and the definition of an entropy so-
lution, we devote a section to the existence of an entropy measure-valued solution
in the sense of Young measures. The uniqueness of the entropy measure-valued so-
lution is proved by using the doubling-variable method of Kruzhkov in a following
section. Then, the result of existence of the entropy solution comes from the prop-
erties of Young measures connected to weak convergence. And for a basic reminder
on Young measures see the appendix.

As mentioned by J. U. Kim [33] for example, the equation has to be understood
in the following way:

∂t

[
u−

∫ t

0

dW (s)

]
+ ∂x (f (u)) = 0,

where
∫ t

0

dW (s) =

∫ t

0

∑
k≥1

ekdβk (s) =
∑
k≥1

ekβk (t) = W (t, .) .

Let us assume that f : R→ R is a Lipschitz-continuous function, 1as well as f ′,
and f (0) = 0

Our aim is to prove a result of existence and uniqueness of the stochastic entropy
solution to the above-mentioned problem. Let us fix in what sense such a solution
is understood.

1Some information are given in Sec. 3.4 about locally-Lipschitz f
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3.1 Introduction

Notation. In the sequel, for any bounded interval I ⊂ R, one denotes by H1 (I)

the usual Sobolev space and by H1
0 (I) the space of Sobolev functions null on the

boundary of I. Note that H1
0 (I) is also the closure in H1 (I) of the test function

space D (I): the space of C∞ (R) with compact support in I. Then, one denotes by
H−1 (I) the dual space of H1

0 (I) (see for example R. A. Adams [1] or L. C. Evans
and R. Gariepy [21]). In general, if I is not assumed to be an open set (I = D̄

or [0, T [ × D), D (I) denotes the restriction to I of D (R) functions u such that
support(u)∩ I is compact. Then, D+ (I) will denote any non-negative element of
D (I) .

For convenience, for any function u of L2 (Ω×Q), any real κ and any function
ϕ in H1 (Q), denote by :

(1)
∫ t

0

dW (s) = W (t, .) and uW = u−W .

(2) sgn+
0 (x) = 1 if x > 0, 0 else; x+ = x sgn+

0 (x); F+(a, b) = [f (a)− f (b)] sgn+
0 (a− b).

Note, in particular, that F+ is a Lipschitz-continuous function.

(3) dP-a.s. in Ω, denote by µ+
u,κ the distribution in R2,

ϕ→ µ+
u,κ (ϕ) =

∫
{u>W+κ}

{(u−W−κ) ∂tϕ+ [f (u)− f (W + κ)] ∂xϕ} dtdx

−
∫
{u>W+κ}

ϕ∂xf (W + κ) dtdx+

∫
D

(u0 − κ)+ ϕ (0, .) dx

=

∫
Q

{
(uW − κ)+ ∂tϕ+ F+ (W + uW ,W + κ) ∂xϕ

}
dtdx

−
∫
Q

ϕsgn+
0 (uW − κ) ∂xf (W + κ) dtdx+

∫
D

(u0 − κ)+ ϕ (0, .) dx.

(4) dP-a.s. in Ω, denote by µ−u,κ the distribution in R2,

ϕ→ µ−u,κ (ϕ) =

∫
{u<W+κ}

{(W+κ− u) ∂tϕ+ [f (W + κ)− f (u)] ∂xϕ} dtdx

+

∫
{u<W+κ}

ϕ∂xf (W + κ) dtdx+

∫
D

(κ− u0)+ ϕ (0, .) dx

=

∫
Q

{
(κ− uW )+ ∂tϕ+ F+ (W + κ,W + uW ) ∂xϕ

}
dtdx

+

∫
Q

ϕsgn+
0 (κ− uW ) ∂xf (W + κ) dtdx+

∫
D

(κ− u0)+ ϕ (0, .) dx.

Then, one would say that
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Definition 3.1. Any function u of L2 (Ω×Q), adapted to the filtration Ft as an
L2 (D)-valued function, is an entropy solution if

1. For any (κ, ϕ) ∈ R×H1 (Q) such that κ ≥ 0 and ϕ ≥ 0, and for any (κ, ϕ) ∈
R×

[
H1 (Q) ∩ L2(0, T ;H1

0 (D))
]
such that ϕ ≥ 0,

0 ≤ µ+
u,κ (ϕ) , dP-a.s.

2. For any(κ, ϕ) ∈ R×H1 (Q) such that κ ≤ 0 and ϕ ≥ 0, and for any (κ, ϕ) ∈
R×

[
H1 (Q) ∩ L2(0, T ;H1

0 (D))
]
such that ϕ ≥ 0,

0 ≤ µ−u,κ (ϕ) , dP-a.s.

For technical reasons, one also needs to consider a generalized notion of entropy
solution. In fact, in a first step, we will only prove the existence of a Young measure-
valued solution. Then, thanks to a result of uniqueness, we are able to deduce the
existence of an entropy solution in the sense of Definition 3.1.

Definition 3.2. Any function u of L2 (Ω×Q× ]0, 1[), adapted to the filtration Ft
as an L2 (D)-valued function, is a Young measured-valued entropy solution if

1. For any (κ, ϕ) ∈ R×H1 (Q) such that κ ≥ 0 and ϕ ≥ 0, and for any (κ, ϕ) ∈
R×

[
H1 (Q) ∩ L2(0, T ;H1

0 (D))
]
such that ϕ ≥ 0,

0 ≤
∫ 1

0

µ+
u,κ (ϕ) dα, dP-a.s.

2. For any (κ, ϕ) ∈ R×H1 (Q) such that κ ≤ 0 and ϕ ≥ 0, and for any (κ, ϕ) ∈
R×

[
H1 (Q) ∩ L2(0, T ;H1

0 (D))
]
such that ϕ ≥ 0,

0 ≤
∫ 1

0

µ−u,κ (ϕ) dα, dP-a.s.

Note that in this definition the measures µ+
u,κ, µ

−
u,κ also depend on α

because u does.

Therefore, immediate consequences are:
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3.2 Existence of a Solution

Remark 3.1. Any entropy solution is also a.s. a weak solution. Following ([11])
dP-a.s., for any ϕ ∈ D+ ([0, T [×D), note that

µ+
u,κ (ϕ) =

∫
Q

{(u−W ) ∂tϕ+ f(u)∂xϕ} dtdx+

∫
D

u0ϕ (0, .) dx (:= I1)

−
∫
Q

{κ∂tϕ+ f (W + κ) ∂xϕ+ ϕ∂xf (W + κ)} dtdx−
∫
D

κϕ (0, .) dx

(:= I2)

−
∫
{u≤W+κ}

{(u−W−κ) ∂tϕ+ [f (u)− f (W + κ)] ∂xϕ} dtdx (:= I3)

+

∫
{u≤W+κ}

ϕ∂xf (W + κ) dtdx+

∫
D

(u0 − κ)− ϕ (0, .) dx (:= I4)

If κ < 0, then

|I3| ≤
∫
{u≤W+κ}

{
(|u|+ |W |) |∂tϕ|+

∫ W

u

|f ′ (s)| ds |∂xϕ|
}
dxdt → 0

κ→−∞
,

|I4| ≤
∫
{u≤W+κ}

[∥∥f ”
∥∥
∞ (|u|+ |W |) + |f ′ (u)|

]
|∂xW | |ϕ| dtdx+

∫
{u0≤κ}

|u0| |ϕ (0, .)| dx .

Then, I4 tends to 0 with κ to −∞ and, since I2 = 0, one concludes that for any
ϕ ∈ D+ ([0, T [×D),

0 ≤
∫
Q

{(u−W ) ∂tϕ+ f(u)∂xϕ} dxdt+

∫
D

u0ϕ (0, .) dx .

Since the opposite inequality can be proved by using µ−u,κ for large values of κ, u is
a solution in the sense of distributions.

Remark 3.2. The unique solution obtained in this paper satisfies the initial condi-
tion in the following sense:

ess lim
t→0+

E

∫
D

|uW − u0| dx = 0.

Indeed, by the existence proof, the solution u will be in L∞
(
]0, T [, L2 (Ω×D)

)
.

3.2 Existence of a Solution

The aim of this section is to give a result on the existence of a measure-valued entropy
solution to the problem. The technique is based on the notion of narrow convergence
of Young measures (or entropy processes) (cf. the Appendix). Then, thanks to
the uniqueness result of the next section, one is able to prove that the measure-
valued solution is an entropy weak solution and that the sequence of approximation
proposed to prove the existence of the solution converges in Lploc for any p < 2.
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Let us set, in the sequel of this section, for any positive integer n, un the unique
weak solution to the stochastic viscous parabolic equation:

∂t [un −W ]− 1

n
∂2
xun + ∂x (f (un)) = 0;

i.e. un exists in L2
(
]0, T [×Ω;H1

0 (D)
)
, adapted to the filtration Ft as an L2 (D)-

valued function, with moreover ∂t [u−W ] ∈ L2
(
]0, T [×Ω;H−1 (D)

)
and, a.s. in Ω,

a.e. in ]0, T [, for any v in H1
0 (D),

〈∂t [un −W ] , v〉H−1(D), H1
0 (D) +

∫
D

1

n
∂xunv

′(x)− f (un) v′(x)dx = 0. (3.2)

We admit such a result and refer e.g. to ( [18], [26] and [38] ) for further infor-
mation on the viscous stochastic parabolic equation. Then, thanks to the stochastic
energy equality [26], the following estimate holds:

‖un(t)‖2
L2(D) + 2

∫ t

0

∫
D

[
1

n
(∂xun)2 − f (un) ∂xun

]
dxds

= ‖u(0)‖2
L2(D) + 2

∫ t

0

∫
D

undxdW (t, .) + πt. (3.3)

Since
∫ t

0

∫
D

f (un) ∂xundxds = 0, one gets that

Proposition 3.1. There exists a positive constant C such that,

∀n ∈ N∗, ‖un‖2
L∞(]0,T [;L2(Ω×D)) +

1

n
‖un‖2

L2(]0,T [×Ω;H1
0 (D)) ≤ C.

In particular, un is a bounded sequence in L2(]0, T [×Ω×D) and the associated
Young measure sequence un converges (up to a subsequence still indexed in the same
way) narrowly to an entropy process denoted by u (see the Appendix).

Consider η, a non-decreasing Lipschitz-continuous function satisfying the as-
sumptions that supp η′ is compact and η(0) = 0, κ an integer and ϕ a positive
element of D

(
Q̄
)
such that a.s. in Ω and a.e. in ]0, T [, v = η (un −W − κ)ϕ

belongs to H1
0 (D). Therefore, v is an admissible test-function in (3.2).

(i) Thanks to the chain rule lemma of Alt–Bamberger–Luckhaus–Mignot (see
([4] , [2])) based on convex inequalities, if Ψ denotes the primitive of η such that
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Ψ(0) = 0, one has that

I1,η =

∫ T

0

〈∂t [un −W ] , η (un −W − κ)ϕ〉H−1(D), H1
0 (D) dt

=

∫
D

Ψ [un (T, .)−W (T, .)− κ]ϕ (T, .)−Ψ [u (0, .)− κ]ϕ (0, .) dx

−
∫
Q

Ψ[un −W − κ]∂tϕdxdt

≥ −
∫
D

Ψ [u (0, .)− κ]ϕ (0) dx−
∫
Q

Ψ[un −W − κ]∂tϕdxdt ;

(ii) Concerning the viscous term, one gets that

I2,η =
1

n

∫
Q

∂xun∂x [η (un −W − κ)ϕ] dxdt

=
1

n

∫
Q

[∂x (un −W )]2 ϕ η′ (un −W − κ) dxdt+
1

n

∫
Q

∂xunη (un −W − κ) ∂xϕdxdt

+
1

n

∫
Q

η′ (un −W − κ)ϕ∂xW∂x (un −W ) dxdt

≥ 1

n

∫
Q

η′ (un −W − κ)ϕ∂xW∂x (un −W ) dxdt

+
1

n

∫
Q

∂xunη (un −W − κ) ∂xϕdxdt

(iii) Then, for the flux term, the chain rule lead to

I3,η =

∫
Q

f (un) ∂x [η (un −W − κ)ϕ] dxdt

=

∫
Q

[f (un)− f (W + κ)] ∂x [η (un −W − κ)ϕ] dxdt

−
∫
Q

∂xf (W + κ) η (un −W − κ)ϕdxdt

=

∫
Q

[f (un)− f (W + κ)]ϕη′ (un −W − κ) ∂x [un −W ] dxdt

+

∫
Q

[f (un)− f (W + κ)] η (un −W − κ) ∂xϕdxdt

−
∫
Q

η (un −W − κ)ϕf ′ (W + κ) ∂xWdxdt

Let us note that

∂x

{∫ un−W

κ

[f (r +W )− f (W+κ)] η′ (r − κ) dr

}
= η′ (un −W − κ) [f (un)− f (W + κ)] ∂x (un −W )

+

∫ un−W

κ

∂x [f(r +W )− f (W + κ)] η′ (r − κ) dr

= η′ (un −W − κ) [f (un)− f (W + κ)] ∂x (un − w)

+

∫ un−W

κ

η′ (r − κ) [f ′(r +W )− f ′ (W + κ)] ∂xWdr
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Thus, it yields

I3,η =

∫
Q

[f (un)− f (W + κ)] η (un −W − κ) ∂xϕdxdt

−
∫
Q

η (un −W − κ)ϕf ′ (W + κ) ∂xWdxdt

−
∫
Q

ϕ

[∫ un−W

κ

η′ (r − κ) [f ′(r +W )− f ′ (W + κ)] ∂xWdr

]
dxdt

+

∫
Q

∂x

{∫ un−W

κ

[f (r +W )− f (W+κ)] η′ (r − κ) dr

}
ϕdxdt

=

∫
Q

[f (un)− f (W + κ)] η (un −W − κ) ∂xϕdxdt

−
∫
Q

η (un −W − κ)ϕf ′ (W + κ) ∂xWdxdt

−
∫
Q

ϕ

[∫ un−W

κ

η′ (r − κ) [f ′(r +W )− f ′ (W + κ)] ∂xWdr

]
dxdt

+

∫ T

0

[∫ 0

κ

[f (r)− f (κ)] η′ (r − κ) dr

]
(ϕ (., 2π)− ϕ (., 0)) dt

−
∫
Q

[∫ un−W

κ

[f (r +W )− f (W+κ)] η′ (r − κ) dr

]
∂xϕdxdt (3.4)

Since η is a non-decreasing Lipschitz-continuous function with supp η′ compact, Ψ

is a Lipschitz-continuous function and, for any A ∈ F , Ψ (un −W − κ) ∂tϕ1A is
uniformly integrable. Then, one concludes that

lim inf
n→∞

E [I1,η1A] ≥ −E
[
1A

∫
Q×]0,1[

Ψ[u (., α)−W − κ]∂tϕdxdtdα

]
−E

[
1A

∫
D

Ψ [u (0, .)− κ]ϕ (0, .) dx

]
.

As
1√
n
‖un‖2

L2(]0,T [×Ω;H1
0 (D)) is bounded and since η is bounded function, the

following result holds :

lim inf
n→∞

E [1AI2,η] ≥ 0.

As η is a bounded Lipschitz-continuous function with supp η′ compact, f is a
Lipschitz-continuous function (for the first term of I3,η), the integrands involved
in the first term of E [I3,η1A] are uniformly integrable and the convergence in the
sense of Young measures holds. Noting that the fourth term is independent of n,
one needs to take care of the last one. As f is not a bounded function, the uniform
integrability of the integrand is ensured by the hypothesis of compact support for η′.
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Conclusion: testing (3.2) with v = η (un −W − κ)ϕ , estimating all terms as above,
yields for any A ∈ F ,

0 ≥ −E
[
1A

∫
Q×]0,1[

Ψ[u (., α)−W − κ]∂tϕdxdtdα

]
− E

[
1A

∫
D

Ψ [u (0, .)− κ]ϕ (0, .) dx

]
+E

[
1A

∫
Q×]0,1[

[f (u (., α))− f (W + κ)] η (u (., α)−W − κ) ∂xϕdxdtdα

]
−E

[
1A

∫
Q×]0,1[

η (u (., α)−W − κ)ϕf ′ (W + κ) ∂xWdxdtdα

]
−E

[
1A

∫
Q×]0,1[

ϕ

[∫ u(.,α)−W

κ

η′ (r − κ) [f ′(r +W )− f ′ (W + κ)] ∂xWdr

]
dxdtdα

]

+E

[
1A

∫ T

0

[∫ 0

κ

[f (r)− f (κ)] η′ (r − κ) dr

]
(ϕ (., 2π)− ϕ (., 0)) dt

]
−E

[
1A

∫
Q×]0,1[

[∫ u(.,α)−W

κ

[f (r +W )− f (W+κ)] η′ (r − κ) dr

]
∂xϕdxdtdα

]
= J1 + J2 + J3 + J4 + J5 + J6

Assume now that η (x) = ηε (x) = min

(
1,
x+

ε

)
. Then, in order to be compatible

with the boundary assumption for ηε (un −W − κ)ϕ, ϕ ∈ D
(
Q̄
)
if k ≥ 0, ϕ ∈

D ([0, T ]×D) otherwise.
Obviously,

lim
ε→0

J1 = −E
[
1A

∫
Q×]0,1[

[u (., α)−W − κ]+∂tϕdxdtdα

]
−E

[
1A

∫
D

[u (0, .)− κ]+ ϕ (0, .) dx

]
,

lim
ε→0

J2 = −E
[
1A

∫
Q×]0,1[

[f (u (., α))− f (W + κ)] sgn+
0 (u (., α)−W − κ) ∂xϕdxdtdα

]
,

lim
ε→0

J3 = −E
[
1A

∫
Q×]0,1[

sgn+
0 (u (., α)−W − κ)ϕf ′ (W + κ) ∂xWdxdtdα

]

lim
ε→0

J4 = 0

since f ′ is a Lipschitz-continuous function,

lim
ε→0

J5 = 0

since f is a Lipschitz-continuous function.
Then,

J6 = E

[
1A

∫
Q×]0,1[

[∫ u(.,α)−W−κ

0

∫ r

0

f ′ (W + κ+ σ) dση′ (r) dr

]
∂xϕdxdtdα

]
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vanishes as ε goes to 0+ thanks to the hypothesis on f ′ and one gets that:

(i) For any (κ, ϕ) ∈ R×H1 (]0, T [×D) such that κ ≥ 0 and ϕ ≥ 0, and for
any (κ, ϕ) ∈ R× [H1 (]0, T [×D)] ∩ L2(]0, T [ ;H1

0 (D)) such that ϕ ≥ 0,

0 ≤
∫
{u>W+κ}

{(u−W − κ) ∂tϕ+ [f (u)− f (W + κ)] ∂xϕ} dxdtdα

−
∫
{u>W+κ}

ϕ∂xf (W + κ) dxdtdα +

∫
D

(u0 − κ)+ ϕ (0, .) dx, dP-a.s.,

i.e.

0 ≤
∫
Q×]0,1[

{
(u−W − κ)+ ∂tϕ+ F+ (u,W + κ) ∂xϕ

}
dxdtdα

−
∫
Q×]0,1[

sgn+
0 (u−W − κ)ϕ∂xf (W + κ) dxdtdα +

∫
D

(u0 − κ)+ ϕ (0, .) dx, dP-a.s.

where F+ (x, y) = f (x)− f (y) if x > y and 0 else.

In the same way, one can prove
(ii) For any (κ, ϕ) ∈ R×H1 (]0, T [×D) such that κ ≤ 0 and ϕ ≥ 0, and for any
(κ, ϕ) ∈ R× [H1 (]0, T [×D)] ∩ L2(]0, T [ ;H1

0 (D)) such that ϕ ≥ 0,

0 ≤
∫
{u<W+κ}

{(W + κ− u) ∂tϕ+ [f (W + κ)− f (u)] ∂xϕ} dxdtdα

+

∫
{u<W+κ}

ϕ∂xf (W + κ) dxdtdα +

∫
D

(κ− u0)+ ϕ (0, .) dx, dP-a.s.

i.e.

0 ≤
∫
Q×]0,1[

{
(W + κ− u)+ ∂tϕ+ F+ (W + κ,u) ∂xϕ

}
dxdtdα

+

∫
Q×]0,1[

sgn+
0 (W + κ− u)ϕ∂xf (W + κ) dxdtdα +

∫
D

(κ− u0)+ ϕ (0, .) dx, dP-a.s.

This proves that an entropy measure-valued solution exists. One needs to use the
uniqueness result to conclude that this Young measure is associated to a function
that should be the unique entropy solution. Moreover, u belongs to L∞

(
]0, T [ , L2 (Ω×D)

)
and the strong convergence in Lploc would be obtained too, for any p ∈ [1, 2[.

Remark 3.3. Note that, for any (κ, ϕ) ∈ R× [H1 (]0, T [×D)]∩L2(]0, T [ ;H1
0 (D))
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such that ϕ ≥ 0, we also have

0 ≤
∫
Q×]0,1[

[|u−W − κ| ∂tϕ+ F (u,W + κ) ∂xϕ] dxdtdα

−
∫
Q×]0,1[

sgn0 (u−W − κ)ϕ∂xf (W + κ) dxdtdα +

∫
D

|u0 − κ|ϕ (0, .) dx, dP-a.s.

where F (x, y) = sgn0 (x− y) [f (x)− f (y)] and sgn0 (x) = 0 if x = 0 and
x

|x|
else.

3.3 Uniqueness

Let us denote by u1 and u2 two admissible Young measure-valued solutions associ-
ated to two initial conditions u1,0 and u2,0 .

3.3.1 Interior inequality

Consider ϕ in D+ ([0, T ]×D) and G (t, x, s, y) = ϕ (s, y) ρn (x− y) ρl (s− t) where

ρn and ρl denote the usual mollifier sequences in R, with supp ρl ⊂
[
−2

l
, 0

]
. We as-

sume moreover that n and l are large enough forG to belong toD ([0, T ]×D×]0, T ]×D).

Proposition 3.2. For any non-negative ϕ in H1 (Q) ∩ L2
(
]0, T [, H1

0 (D)
)
,

0 ≤ E

∫
Q×]0,1[2

(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕdxdtdαdβ

+E

∫
Q×]0,1[2

F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂xϕdxdtdαdβ

+

∫
D

(u1,0 − u2,0)+ ϕ (0, x) dx.

For convenience set p = (t, x, α), q = (s, y, β), uW = u1 −W , ûW = u2 −W .
Since u1 is a solution, for κ = ûW (q), the following inequality holds dP-a.s. :

0 ≤
∫
Q2×]0,1[2

(uW (p)− ûW (q))+ ∂tGdpdq

+

∫
Q2×]0,1[2

F+ (W (t, x) + uW (p) ,W (t, x) + ûW (q)) ∂xGdpdq

−
∫
Q2×]0,1[2

Gsgn+
0 (uW (p)− ûW (q)) f ′ [W (t) + ûW (q)] ∂xW (t, x) dpdq

Similarly, since u2 is a solution, for κ = uW (p), one has dP-a.s. :

39



Chapter 3. Existence and uniqueness of the entropy solution to the
inviscid stochastic generalized Burgers equation

0 ≤
∫
Q2×]0,1[2

(uW (p)− ûW (q))+ ∂sGdpdq

+

∫
Q2×]0,1[2

F+ (W (s, y) + uW (p) ,W (s, y) + ûW (q)) ∂yGdpdq

+

∫
Q2×]0,1[2

Gsgn+
0 (uW (p)− ûW (q)) f ′ [W (s, y) + uW (p)] ∂yW (s, y) dpdq

+

∫
Q×]0,1[×D

(uW (p)− u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t) dpdy.

Summing up the preceding two inequalities, we obtain

0 ≤
∫
Q2×]0,1[2

(uW (p)− ûW (q))+ (∂t + ∂s)Gdpdq

+

∫
Q2×]0,1[2

F+ (W (t, x) + uW (p) ,W (t, x) + ûW (q)) ∂xGdpdq

+

∫
Q2×]0,1[2

F+ (W (s, y) + uW (p) ,W (s, y) + ûW (q)) ∂yGdpdq

−
∫
{uW (p)> ˆuW (q)}

Gf ′ [W (t, x) + ûW (q)] ∂xW (t, x) dpdq

+

∫
{uW (p)> ˆuW (q)}

Gf ′ [W (s, y) + uW (p)] ∂yW (s, y) dpdq

+

∫
Q×]0,1[×D

(uW (p)− u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t) dpdy, dP-a.s.

For convenience, denote by A = {uW (p) > ûW (q)}. Then we can rewrite the pre-
ceding inequality as

0 ≤
∫
Q2×]0,1[2

(uW (p)− ûW (q))+ (∂t + ∂s)Gdpdq

+

∫
A

(f [W (t, x) + uW (p)]− f [W (t, x) + ûW (q)]) ∂xGdpdq

+

∫
A

(f [W (s, y) + uW (p)]− f [W (s, y) + ûW (q)]) ∂yGdpdq

−
∫
A

Gf ′ [W (t, x) + ûW (q)] ∂xW (t, x) dpdq

+

∫
A

Gf ′ [W (s, y) + uW (p)] ∂yW (s, y) dpdq

+

∫
Q×]0,1[×D

(uW (p)− u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t) dpdy, dP-a.s.,
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which yields

0 ≤
∫
Q2×]0,1[2

(uW (p)− ûW (q))+ ∂sϕ (s, y) ρn (x− y) ρl (s− t) dpdq

+

∫
Q2×]0,1[2

F+ (W (s, y) + uW (p) ,W (s, y) + ûW (q))

×∂yϕ (s, y) ρn (x− y) ρl (s− t) dpdq

+

∫
A

(f [W (t, x) + uW (p)]− f [W (t, x) + ûW (q)]) ∂xρn (x− y)ϕ (s, y) ρl (s− t) dpdq

−
∫
A

(f [W (s, y) + uW (p)]− f [W (s, y) + ûW (q)]) ∂xρn (x− y)ϕ (s, y) ρl (s− t) dpdq

−
∫
A

Gf ′ [W (t, x) + ûW (q)] ∂xW (t, x) dpdq

+

∫
A

Gf ′ [W (s, y) + uW (p)] ∂yW (s, y) dpdq

+

∫
Q×]0,1[×D

(uW (p)− u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t) dpdy, dP-a.s.,

i.e.

0 ≤
∫
Q2×]0,1[2

(uW (p)− ûW (q))+ ∂sϕ (s, y) ρn (x− y) ρl (s− t) dpdq

+

∫
Q2×]0,1[2

F+ (W (s, y) + uW (p) ,W (s, y) + ûW (q)) ∂yϕ (s, y) ρn (x− y) ρl (s− t) dpdq

−
∫
A

(f [W (s, y) + uW (p)]− f [W (t, x) + uW (p)]) ∂xρn (x− y)ϕ (s, y) ρl (s− t) dpdq

−
∫
A

(f [W (t, x) + ûW (q)]− f [W (s, y) + ûW (q)]) ∂xρn (x− y)ϕ (s, y) ρl (s− t) dpdq

−
∫
A

Gf ′ [W (t, x) + ûW (q)] ∂xW (t, x) dpdq

+

∫
A

Gf ′ [W (s, y) + uW (p)] ∂yW (s, y) dpdq

+

∫
Q×]0,1[×D

(uW (p)− u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t) dpdy, dP-a.s.

= I1 + I2 + I3 + I4 + I5 + I6 + I7

Thanks to the properties of Lebesgue sets, the following convergence holds:

lim
n→∞

lim
l→∞

E (I1 + I2) = E

∫
Q×]0,1[2

(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕdxdtdαdβ

+E

∫
Q×]0,1[2

F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂xϕdxdtdαdβ.
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Note that

I3 = −
∫
A

(∫ 1

0

f ′[u1 (p) + σ (W (s, y)−W (t, x))]dσ

)
∂xρn (x− y) (W (s, y)−W (t, x))

ϕ (s, y) ρl (s− t) dpdq

= −
∫
A

(∫ 1

0

∫ u1(p)+σ(W (s,y)−W (t,x))

uW (p)+W (s,y)

f ′′[η]dηdσ

)
∂xρn (x− y) (W (s, y)−W (t, x))

ϕ (s, y) ρl (s− t) dpdq

−
∫
A

f ′ [uW (p) +W (s, y)] ∂xρn (x− y) (W (s, y)−W (t, x))ϕ (s, y) ρl (s− t) dpdq

= I3,1 + I3,2

Since f ′ is assumed to be a Lipschitz-continuous function, one has the following
estimate

|I3,1| ≤ ‖f ′′‖∞
∫
A

|∂xρn (x− y)| (W (s, y)−W (t, x))2 ϕ (s, y) ρl (s− t) dpdq.

Lemma 3.1. lim sup
n→∞

lim sup
l→∞
|EI3,1| ≤ 0.

Proof. Starting from the above inequality, using the classical properties of the
Itô integral, we deduce that

|EI3,1| ≤ ‖f ′′‖∞E
∫
Q2

|∂xρn (x− y)| (W (s, y)−W (t, x))2 ϕ (s, y) ρl (s− t) dxdtdyds

≤ CE

∫
Q2

|∂xρn (x− y)| (W (s, y)−W (t, y))2 ρl (s− t) dxdtdyds

+CE

∫
Q2

|∂xρn (x− y)| (W (t, y)−W (t, x))2 ρl (s− t) dxdtdyds

≤ 2C

∫
Q2

|∂xρn (x− y)|
[
E (W (s, y))2 + E (W (t, x))2] ρl (s− t) dxdtdyds

+2C

∫
Q2

|∂xρn (x− y)|
[
E (W (t, y))2 + E (W (t, x))2] ρl (s− t) dxdtdyds

= 2C

∫
Q2

|∂xρn (x− y)|

E( ∞∑
k=1

βk (s) ek (y)

)2

+ E

(
∞∑
k=1

βk (t) ek (x)

)2


×ρl (s− t) dxdtdyds

+2C

∫
Q2

|∂xρn (x− y)|

E( ∞∑
k=1

βk (t) ek (y)

)2

+ E

(
∞∑
k=1

βk (t) ek (x)

)2


×ρl (s− t) dxdtdyds

since The Brownian motions βk and βj are independent and the cross terms for
k 6= j have mean zero and the series defining W does not converge in L2 (0, 2π) but
it is convergent in any Hilbert space U such that the embedding L2 (0, 2π) ⊂ U is
Hilbert-Schmidt, one hase the following estimate
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|EI3,1| ≤ 2C

∫
Q2

|∂xρn (x− y)| (s+ t)

(
∞∑
k=1

‖ek‖2
U

)
︸ ︷︷ ︸

<∞

ρl (s− t) dxdtdyds

+2C

∫
Q2

|∂xρn (x− y)| t

(
∞∑
k=1

‖ek‖2
U

)
︸ ︷︷ ︸

<∞

ρl (s− t) dxdtdyds

Thus, one has that

|EI3,1| ≤ C (n)

(
∞∑
k=1

‖ek‖2
U

)∫
R
(s+ t)ρl (s− t) dsdt

+C (n)

(
∞∑
k=1

‖ek‖2
U

)∫
R
tρl (s− t) dsdt

≤ C (n)

l

(
∞∑
k=1

‖ek‖2
U

)

and the assertion of the lemma follows. �

In a similar way,

I4 = −
∫
A

(∫ 1

0

f ′[u2 (q) + σ (W (t, x)−W (s, y))]dσ

)
∂xρn (x− y) (W (t, x)−W (s, y))

ϕ (s, y) ρl (s− t) dpdq

= −
∫
A

(∫ 1

0

∫ u2(q)+σ(W (t,x)−W (s,y))

W (t,x)+ ˆuW (q)

f ′′[η]dηdσ

)
∂xρn (x− y) (W (t, x)−W (s, y))

ϕ (s, y) ρl (s− t) dpdq

−
∫
A

f ′ [W (t, x) + ûW (q)] ∂xρn (x− y) (W (t, x)−W (s, y))ϕ (s, y) ρl (s− t) dpdq

= I4,1 + I4,2.

Since f ′ is assumed to be a Lipschitz-continuous function, one has the following
estimate

|I4,1| ≤ ‖f ′′‖∞
∫
A

|∂xρn (x− y)| (W (s, y)−W (t, x))2 ϕ (s, y) ρl (s− t) dpdq.

and, in the same way as for EI3,1, we can prove

Lemma 3.2. lim sup
n→∞

lim sup
l→∞
|EI4,1| ≤ 0.
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Next, note that,

I3,2 + I6 = −
∫
A

ϕ (s, y) ρl (s− t) f ′ [uW (p) +W (s, y)]

× [∂xρn (x− y) (W (s, y)−W (t, x))− ∂yW (s, y) ρn (x− y)] dpdq

=

∫
A

ϕ (s, y) ρl (s− t) f ′ [uW (p) +W (s, y)]

×∂y [ρn (x− y) (W (s, y)−W (t, x))] dpdq

and

I4,2 + I5 = −
∫
A

ϕ (s, y) ρl (s− t) f ′ [W (t, x) + ûW (q)]

× [∂xρn (x− y) (W (t, x)−W (s, y)) + ∂xW (t, x) ρn (x− y)] dpdq

= −
∫
A

ϕ (s, y) ρl (s− t) f ′ [W (t, x) + ûW (q)]

×∂x [ρn (x− y) (W (t, x)−W (s, y))] dpdq

Thus,

I3,2 + I6 + I4,2 + I5 = −
∫
A

ϕ (s, y) ρl (s− t) f ′ [W (t, x) + ûW (q)]

×∂x [ρn (x− y) (W (t, x)−W (s, y))] dpdq

+

∫
A

ϕ (s, y) ρl (s− t) f ′ [W (s, y) + uW (p)]

×∂y [ρn (x− y) (W (s, y)−W (t, x))] dpdq

= −
∫
A

ϕ (s, y) ρl (s− t) f ′ [W (t, x) + ûW (q)]

×∂x [ρn (x− y) (W (t, x)−W (s, y))] dpdq

−
∫
A

ϕ (s, y) ρl (s− t) f ′ [W (s, y) + uW (p)]

×∂y [ρn (x− y) (W (t, x)−W (s, y))] dpdq

= −
∫
A

ϕ (s, y) ρl (s− t) f ′ [W (t, x) + ûW (q)]

× [∂y [ρn (x− y) (W (t, x)−W (s, y))] + ∂x [ρn (x− y) (W (t, x)−W (s, y))]] dpdq

−
∫
A

ϕ (s, y) ρl (s− t) [f ′ [W (s, y) + uW (p)]− f ′ [W (t, x) + ûW (q)]]

×∂y [ρn (x− y) (W (t, x)−W (s, y))] dpdq

= J1 + J2

Note that

|J1| =

∣∣∣∣∫
A

ϕ (s, y) ρl (s− t) f ′ [W (t, x) + ûW (q)] . [∂xW (t, x)− ∂yW (s, y)] ρn (x− y) dpdq

∣∣∣∣
≤ C

∫
A

ϕ (s, y) ρl (s− t) [|W (t, x) + ûW (q)|+ 1] |∂xW (t, x)− ∂yW (s, y)| ρn (x− y) dpdq

since f ′ is a Lipschitz-continuous function.

Lemma 3.3. lim sup
n→∞

lim sup
l→∞
|EJ1| ≤ 0.
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Proof. Note that one has:

|EJ1| ≤ CE

∫
A

ρl (s− t) |∂xW (t, x)− ∂xW (s, x)| [|W (t, x) + ûW (q)|+ 1]ρn (x− y) dpdq

+ CE

∫
A

|∂xW (s, x)− ∂yW (s, y)| [|W (t, x) + ûW (q)|+ 1]ρn (x− y) ρl (s− t) dpdq

≤ C

[∫
D×]0,T [2

ρl (s− t) |t− s| dxdtds
] 1

2

×
[
E

∫
A

ρl (s− t) ρn (x− y) [|W (t, x) + ûW (q)|+ 1]2dpdq

] 1
2

+ C

[∫
D2×]0,T [

sρn (x− y) dxdyds

] 1
2

×
[
E

∫
A

ρl (s− t) ρn (x− y) [|W (t, x) + ûW (q)|+ 1]2dpdq

] 1
2

Therefore, lim sup
n→∞

lim sup
l→∞
|EJ1| ≤ 0.

Moreover,

J2 = −
∫
A

[f ′ [uW (p) +W (s, y)]− f ′ [W (t, x) + ûW (q)]]ϕ (s, y) ρl (s− t)

×∂y [ρn (x− y) (W (t, x)−W (s, y))] dpdq

= −
∫
A

ϕ (s, y) ρl (s− t) [f ′ [u1 (p) +W (s, y)−W (t, x)]− f ′ [u1 (p) +W (t, y)−W (t, x)]]

×∂y [ρn (x− y) (W (t, x)−W (s, y))] dpdq

−
∫
A

ϕ (s, y) ρl (s− t) [f ′ [u1 (p) +W (t, y)−W (t, x)]− f ′ [u2 (q) +W (t, x)−W (s, x)]]

×∂y [ρn (x− y) (W (t, x)−W (s, y))] dpdq

−
∫
A

ϕ (s, y) ρl (s− t) [f ′ [u2 (q) +W (t, x)−W (s, x)]− f ′ [u2 (q) +W (t, x)−W (s, y)]]

×∂y [ρn (x− y) (W (t, x)−W (s, y))] dpdq

= J2,1 + J2,2 + J2,3

Then, one has that

|J2,1| ≤ ‖f ′′‖∞
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)|

× |∂y [ρn (x− y) (W (t, x)−W (s, y))]| dxdtdyds

≤ ‖f ′′‖∞
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)| |W (t, x)−W (s, y)|

× |∂yρn (x− y)| dxdtdyds

+ ‖f ′′‖∞
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)| ρn (x− y) |∂yW (s, y)| dxdtdyds

Thus,

Lemma 3.4. lim sup
n→∞

lim sup
l→∞
|EJ2,1| ≤ 0.
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Proof. Indeed,

0 ≤ E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)| |W (t, x)−W (s, y)| |∂yρn (x− y)| dxdtdyds

≤ 1

2
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)|2 |∂yρn (x− y)| dxdtdyds

+
1

2
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (t, x)−W (s, y)|2 |∂yρn (x− y)| dxdtdyds

and the terms on the right tend to 0 as first l then n tend to ∞, as has been
shown already in the study of integral I3,1. Moreover,

E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)| ρn (x− y) |∂yW (s, y)| dxdtdyds

≤
[
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)|2 ρn (x− y) dxdtdyds

] 1
2

×
[
E

∫
Q2

ϕ (s, y) ρl (s− t) ρn (x− y) |∂yW (s, y)|2 dxdtdyds
] 1

2

≤
[
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (t, y)|2 ρn (x− y) dxdtdyds

] 1
2

× C ‖W (s, y)‖L2(Ω×Q)

a terme of the same nature as the one studied already in connection with EJ1.
Next, observe that

|J2,3| ≤ ‖f ′′‖∞
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|

× |∂y [ρn (x− y) (W (t, x)−W (s, y))]| dxdtdyds

= ‖f ′′‖
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|

× |∂yρn (x− y)| |W (t, x)−W (s, y)| dxdtdyds

+ ‖f ′′‖
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|

×ρn (x− y) |∂yW (s, y)| dxdtdyds

and thus, we can prove

Lemma 3.5. lim sup
n→∞

lim sup
l→∞
|EJ2,3| ≤ 0.

Proof. Indeed,

0 ≤
∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|

× |∂yρn (x− y)| |W (t, x)−W (s, y)| dxdtdyds

≤ 1

2
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|2 |∂yρn (x− y)| dxdtdyds

+
1

2
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (t, x)−W (s, y)|2 |∂yρn (x− y)| dxdtdyds
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whose limite have been studied in the treatement of integral I3,1.
Moreover,

E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)| ρn (x− y) |∂yW (s, y)| dxdtdyds

≤
[
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|2 ρn (x− y) dxdtdyds

] 1
2

×
[
E

∫
Q2

ϕ (s, y) ρl (s− t) ρn (x− y) |∂yW (s, y)|2 dxdtdyds
] 1

2

≤
[
E

∫
Q2

ϕ (s, y) ρl (s− t) |W (s, y)−W (s, x)|2 ρn (x− y) dxdtdyds

] 1
2

× C ‖W (s, y)‖L2(Ω×Q)

whose limit is similar to the one studied in the treatement of integral EJ1.

Since G(t, x, ., .) ∈ D ([0, T [×D), by chain rule, one has that

J2,2 = −
∫

(Q×]0,1[)2
ϕ (s, y) ρl (s− t)F ′+ [u1 (p) , u2 (q) +W (t, x)−W (s, y)]

×∂yρn (x− y) (W (t, x)−W (s, y)) dpdq

= −
∫

(Q×]0,1[)2
ϕ (s, y) ρl (s− t) ∂yρn (x− y) (W (t, x)−W (s, y))

×
{
F ′+ [u1 (p) , u2 (q) +W (t, x)−W (s, y)]− F ′+ [u1 (p) , u2 (t, x, β) +W (t, x)−W (s, y)]

}
dpdq

+

∫
(Q×]0,1[)2

ρl (s− t) ρn (x− y) (W (t, x)−W (s, y)) ∂yϕ (s, y)

×F ′+ [u1 (p) , u2 (t, x, β) +W (t, x)−W (s, y)] dpdq.

Since f ′ and F ′+ are Lipschitz-continuous functions, with a Lipschitz-constant
C depending on ‖f ′′‖∞,

|J2,2| ≤ C

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) |∂y [ρn (x− y) (W (t, x)−W (s, y))]|

× {2 |W (t, y)−W (t, x)|+ |u2 (q)− u2 (t, x, β)|} dxdtdydsdβ

+C

∫
(Q×]0,1[)2

ρl (s− t) ρn (x− y) |W (t, x)−W (s, y)|

× |u1 (p)− u2 (t, x, β)−W (t, x) +W (s, x)| dpdq.

Now, we can prove

Lemma 3.6. lim sup
n→∞

lim sup
l→∞
|EJ2,2| ≤ 0.

Proof. On the one hand, in the same way as for Lemma 3.1, we can prove that
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the last integral vanishes since it is lower than

C

[∫
Q2

ρl (s− t) ρn (x− y) |W (t, x)−W (s, y)|2 dxdtdyds
] 1

2

×
[∫

(Q×]0,1[)2
ρl (s− t) ρn (x− y) |u1 (p)− u2 (t, x, β)−W (t, x) +W (s, y)|2 dpdq

] 1
2

.

On the other hand, the first part of the first integral is similar to the one already
studied with J2,3 so we consentrate on

E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) |∂y [ρn (x− y) (W (t, x)−W (s, y))]| |u2 (q)− u2 (t, x, β)| dxdtdq

≤ E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) |∂yρn (x− y)| |W (t, x)−W (s, y)| |u2 (q)− u2 (t, x, β)| dxdtdq

+E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) ρn (x− y) |∂yW (s, y)| |u2 (q)− u2 (t, x, β)| dxdtdq

because |ρ′n (x)| = 2n2 |x|(
|nx|2 − 1

)2 ρn (x),one has

E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) |∂yρn (x− y)| |(W (t, x)−W (s, y))| |u2 (q)− u2 (t, x, β)| dxdtdydsdβ

= E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) |∂xρn (x− y)| |W (t, x)−W (s, y)| |u2 (q)− u2 (t, x, β)| dxdtdq

≤ 4

[
E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) ρn (x− y) |u2 (q)− u2 (t, x, β)|2 dxdtdq
] 1

2

×

[
E

∫
Q2

ϕ (s, y) ρl (s− t)
n4 |x− y|2(

|n (x− y)|2 − 1
)4 ρn (x− y) |W (t, x)−W (s, y)|2 dxdtdyds

] 1
2

+

[
E

∫
Q2

ϕ (s, y) ρl (s− t)
n4 |x− y|2(

|n (x− y)|2 − 1
)4 ρn (x− y) |W (s, x)−W (s, y)|2 dxdtdyds

] 1
2

:= 4A.B

Note that, if one still denotes by u2 the same function extended by 0 outside Q,
we have

A ≤
[
E

∫
R2

ρl (r) ρn (z)

∫
R2×]0,1[

|u2 (t+ r, x+ z, β)− u2 (t, x, β)|2 dxdtdzdrdβ
] 1

2

,

which tends to 0 thanks to the continuity of translations in the Lebesgue spaces.
Let us prove that B is bounded. In order to do so,note that
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B ≤ C

[∫
Q2

ρl (s− t)
n4 |x− y|2(

|n (x− y)|2 − 1
)4 ρn (x− y) (t− s)dxdtdyds

] 1
2

+ C

[∫
Q2

ρl (s− t)
n4 |x− y|2(

|n (x− y)|2 − 1
)4 ρn (x− y) sdxdtdyds

] 1
2

≤ C

[∫
D×R2

(−r)ρl (r)
∫
D

n4 |x− y|2(
|n (x− y)|2 − 1

)4 ρn (x− y) dydxdtdr

] 1
2

+ C

[∫
Q2

n4 |z|2(
|n (z)|2 − 1

)4 ρn (z) sdxdtdyds

] 1
2

≤ n2C

∫
D×R2

(−r)ρl (r) dxdtdr

+ C

[∫
Q2

n4 |z|2(
|n (z)|2 − 1

)4 ρn (z) sdxdtdyds

] 1
2

≤ n2C

l

+ C

[∫
Q2

n4 |z|2(
|n (z)|2 − 1

)4 ρn (z) sdxdtdyds

] 1
2

Therefore, lim sup
l→∞

B becomes uniformly bounded with respect to n and the result

holds. One has that

E

∫
Q2×]0,1[

ϕ (s, y) ρl (s− t) ρn (x− y) |∂yW (s, y)| |u2 (q)− u2 (t, x, β)| dxdtdq

≤ C

[
E

∫
Q2×]0,1[

ρl (r) ρn (z) |u2 (t+ r, x+ z, β)− u2 (t, x, β)|2 dxdtdβdzdr
] 1

2

Again, the result follows from the continuity of translations in the Lebesgue spaces.
Finally, let us show

Lemma 3.7. lim sup
n→∞

lim sup
l→∞
|EI7| ≤

∫
D

(u1,0 − u2,0)+ ϕ (0, x) dx.

Proof. Denote by φ (t, x, y) =

∫ T

t

ρl (−r) drρn (x− y)ϕ (0, y)

=

∫ 2
l

inf(t, 2l )
ρl (−r) drρn (x− y)ϕ (0, y). Since it is a non-negative function ofD ([0, T [×D)
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for any y in D as soon as n is large enough, and as u1 is a solution, one gets that∫
D×Q×]0,1[

{
(uW (p)− u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t)

}
dpdy

≤
∫
D×Q×]0,1[

∫ 2
l

inf(t, 2l )
ρl (−r) dr

{
F+ (W + uW ,W+u2,0 (y)) ∂xρn (x− y)ϕ (0, y)

}
dpdy

−
∫
D×Q×]0,1[

∫ 2
l

inf(t, 2l )
ρl (−r) drsgn+

0 (uW − u2,0 (y))∂xf [W + u2,0 (y)]ρn (x− y)ϕ (0, y) dpdy

+

∫
D2

(u1,0 (x)− u2,0 (y))+

∫ 2
l

0

ρl (−r) drρn (x− y)ϕ (0, y) dxdy.

Thus,

lim sup
n→∞

lim supE
l→∞

∫
D×Q×]0,1[

{
(uW − u2,0 (y))+ ϕ (0, y) ρn (x− y) ρl (−t)

}
dpdy

≤
∫
D

(u1,0 − u2,0)+ ϕ (0, .) dx.

�

3.3.2 Global inequality

Proposition 3.3. For any non-negative ϕ in H1 (Q),

0 ≤ E

∫
Q×]0,1[2

(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕdxdtdαdβ

+E

∫
Q×]0,1[2

F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂xϕdxdtdαdβ

+

∫
D

(u1,0 − u2,0)+ ϕ (0, .) dx.

Following ([10], [12]), choose a partition of unity subordinate to a covering of D̄
by intervals Ii, i = 0, ...., k satisfying I0 ∩ ∂D = ∅, and, for i > 0, Ii ⊂ I ′i with
I ′i ∩∂D 6= ∅. Consider ϕ in D+ ([0, T [×R) with supp ϕ ⊂ I := Ii for some i > 0.
Moreover, we choose a sequence of mollifiers ρl in R with supp ρl ⊂ ]−2/l, 0[ and
a sequence of mollifiers ρn in R such that y → ρn (y − x) ∈ D (D) for all x ∈ I,

σn (y) =

∫
D

ρn (y − x) dx is an increasing sequence for y ∈ I, and σn (y) = 1 for

any y ∈ I such that d (y,R\D) > c/n (with c = C (i) depending on I). Denote
G (t, x, s, y) = ϕ (s, y) ρn (y − x) ρl (s− t).

Note that, for l, n suffisamment large, (t, x) → G (., ., s, y) ∈ D
(
]0, T [× D̄

)
for any (s, y) ∈ Q, and (s, y) → G (t, x, ., .) ∈ D ([0, T [×D) for any (t, x) ∈ Q.
Moreover, the function

Gn (s, y) =

∫
Q

G (t, x, s, y) dxdt = ϕ (s, y)

∫
D

ρn (y − x) dx

∫ T

0

ρl (s− t) dt

= ϕ (s, y)σn (y) ,
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satisfies: Gn ∈ D ([0, T [×D), 0 ≤ Gn ≤ Gn+1 ≤ ϕ. Therefore, a non-negative Borel
function ψ exists such that the monotonically increasing sequence Gn converges to
ψ everywhere in I and 0 ≤ ψ ≤ ϕ. For convenience set p = (t, x, α), q = (s, y, β),
uW = u1 −W , ûW = u2 −W . Since k = ûW

+ (q) ≥ 0, using that u1 is a solution
and G (t = 0) = 0, dP-a.s. leads to

0 ≤
∫
Q2×]0,1[2

(
uW (p)− ûW+ (q)

)+
∂tGdpdq

+

∫
Q2×]0,1[2

F+
(
W (t, x) + uW (p) ,W (t, x) + ûW

+ (q)
)
∂xGdpdq

−
∫
Q2×]0,1[2

Gsgn+
0

(
uW (p)− ûW+ (q)

)
f ′
[
W (t, x) + ûW

+ (q)
]
∂xW (t, x) dpdq

=

∫
Q2×]0,1[2

(
u+
W (p)− ûW+ (q)

)+
∂tGdpdq

+

∫
Q2×]0,1[2

F+
(
W (t, x) + u+

W (p) ,W (t, x) + ûW
+ (q)

)
∂xGdpdq

−
∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW+ (q)

)
f ′
[
W (t, x) + ûW

+ (q)
]
∂xW (t, x) dpdq

Using that u2 is also a solution, with k = uW (p)+and y → G (t, s, x, y) ∈ D (D),
one gets, dP-a.s.,

0 ≤
∫
Q2×]0,1[2

(
u+
W (p)− ûW (q)

)+
∂sGdpdq

+

∫
Q2×]0,1[2

F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW (q)
)
∂yGdpdq

+

∫
Q×]0,1[

∫
D

(
u+
W (p)− u2,0 (y)

)+
G (t, x, 0, y) dydp

+

∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW (q)

)
f ′
[
W (s, y) + u+

W (p)
]
∂yW (s, y) dpdq.

Next note

Lemma 3.8. For any real a, b and c,

(
a+ − b

)+
=
(
a− b+

)+
+ (−b)+ =

(
a+ − b+

)+
+ (−b)+ ,

F+
(
c+ a+, c+ b

)
= F+

(
c+ a+, c+ b+

)
+ F+ (c, c+ b) .

f ′
(
c+ a+

)
1{b<a+} = f ′ (c) 1{b<0} + f ′

(
c+ a+

)
1{b+<a+} − f ′ (c) 1{b<0<a}.
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We have,

0 ≤
∫
Q2×]0,1[2

(
u+
W (p)− ûW+ (q)

)+
∂sG

+F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yGdpdq

+

∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW (q)

)
f ′[W (s, y) + u+

W (p)]∂yW (s, y)dpdq

+

∫
Q×]0,1[

∫
D

(
u+
W (p)− u2,0 (y)

)+
G (t, x, 0, y) dydp

+

∫
Q2×]0,1[2

{
(0− ûW (q))+ ∂sG+ F+ (W (s, y) + 0,W (s, y) + ûW (q)) ∂yG

}
dpdq

=

∫
Q2×]0,1[2

(
u+
W (p)− ûW+ (q)

)+
∂sG

+F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yGdpdq

+

∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW+ (q)

)
f ′[W (s, y) + u+

W (p)]∂yW (s, y)dpdq

+

∫
Q2×]0,1[2

{
(0− ûW (q))+ ∂sG+ F+ (W (s, y) + 0,W (s, y) + ûW (q)) ∂yG

}
dpdq

+

∫
Q×]0,1[

∫
D

(
u+
W (p)− u2,0 (y)

)+
G (t, x, 0, y) dydp

+

∫
Q2×]0,1[2

Gsgn+
0 (0− ûW (q)) f ′[W (s, y)]∂yW (s, y)dpdq

−
∫
Q2×]0,1[2

Gsgn+
0 (uW (p)) sgn+

0 (0− ûW (q)) f ′[W (s, y)]∂yW (s, y)dpdq

=

∫
Q2×]0,1[2

(
u+
W (p)− ûW+ (q)

)+
∂sG

+F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yGdpdq

+

∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW (q)

)
f ′[W (s, y) + u+

W (p)]∂yW (s, y)dpdq

+

∫
Q×]0,1[

{
(0− ûW (q))+ ∂sGn + F+ (W (s, y) + 0,W (s, y) + ûW (q)) ∂yGn

}
dq

+

∫
Q×]0,1[

Gnsgn
+
0 (0− ûW (q)) f ′[W (s, y)]∂yW (s, y)dq

−
∫

ˆuW≤0≤uW
Gf ′[W (s, y)]∂yW (s, y)dpdq

+

∫
Q×]0,1[

∫
D

(
u+
W (p)− u2,0 (y)

)+
G (t, x, 0, y) dydp

=

∫
Q2×]0,1[2

(
u+
W (p)− ûW+ (q)

)+
∂sG

+F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yGdpdq

+

∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW (q)

)
f ′[W (s, y) + u+

W (p)]∂yW (s, y)dpdq

+

∫
Q×]0,1[

∫
D

[(
u+
W (p)− u2,0 (y)

)+ − (0− u2,0 (y))+
]
G (t, x, 0, y) dydp

+

∫ 1

0

〈
µ̂−0 , Gn

〉
dβ −

∫
ˆuW≤0≤uW

Gf ′[W (s, y)]∂yW (s, y)dpdq

52



3.3 Uniqueness

Therefore, with the first inequality, one gets that

0 ≤
∫
Q2×]0,1[2

{(
u+
W (p)− ûW+ (q)

)+
(∂t + ∂s)G

}
dpdq

+

∫
Q2×]0,1[2

{F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yG

+F+
(
W (t, x) + u+

W (p) ,W (t, x) + ûW
+ (q)

)
∂xG}dpdq

−
∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW+ (q)

)
×
[
f ′[W (t, x) + ûW

+ (q)]∂xW (t, x)− f ′[W (s, y) + u+
W (p)]∂yW (s, y)

]
dpdq

+

∫ 1

0

〈
µ̂−u,0, Gn

〉
dβ

+

∫
Q×]0,1[

∫
D

(
u+
W (p)− u+

2,0 (y)
)+
G (t, x, 0, y) dydp

−
∫

ˆuW≤0≤uW
Gf ′[W (s, y)]∂yW (s, y)dpdq,

i.e.

0 ≤
∫
Q2×]0,1[2

{(
u+
W (p)− ûW+ (q)

)+
∂sϕ (s, y) ρn (y − x) ρl (s− t)

}
dpdq

+

∫
Q2×]0,1[2

F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yϕ (s, y) ρn (y − x) ρl (s− t) dpdq

+

∫
Q2×]0,1[2

F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
ϕ (s, y) ∂yρn (y − x) ρl (s− t) dpdq

−
∫
Q2×]0,1[2

F+
(
W (t, x) + u+

W (p) ,W (t, x) + ûW
+ (q)

)
ϕ (s, y) ∂yρn (y − x) ρl (s− t) dpdq

−
∫
Q2×]0,1[2

Gsgn+
0

(
u+
W (p)− ûW+ (q)

)
×
[
f ′[W (t, x) + ûW

+ (q)]∂xW (t, x)− f ′[W (s, y) + u+
W (p)]∂yW (s, y)

]
dpdq

+

∫ 1

0

〈
µ̂−u,0, Gn

〉
dβ

+

∫
Q×]0,1[

∫
D

(
u+
W (p)− u+

2,0 (y)
)+
G (t, x, 0, y) dydp−

∫
ˆuW≤0≤uW

Gf ′[W (s, y)]∂yW (s, y)dpdq.

1. First, the Lebesgue set properties ensure that

lim
n→∞

lim
l→∞

[E

∫
Q2×]0,1[2

{(
u+
W (p)− ûW+ (q)

)+
∂sϕ (s, y) ρn (y − x) ρl (s− t)

}
dpdq

+E

∫
Q2×]0,1[2

F+
(
W (s, y) + u+

W (p) ,W (s, y) + ûW
+ (q)

)
∂yϕ (s, y) ρn (y − x) ρl (s− t) dpdq]

= E

∫
Q×]0,1[2

{(
u+
W − ûW

+
)+
∂tϕ+ F+

(
W + u+

W ,W + ûW
+
)
∂xϕ

}
dpdβ.

2. The expectation of the third and fourth terms vanish following the same ar-
guments as the one proposed in the previous section.
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3. Then, since µ̂−u,0 is a Radon measure in R2, the theorem of monotone conver-
gence ensures that

lim
n→∞

lim
l→∞

∫ 1

0

〈
µ̂−u,0, Gn

〉
dβ =

∫ 1

0

〈
µ̂−u,0, ψ

〉
dβ.

4. Denote by φ (t, x, y) =

∫ T

t

ρl (−r) drρn (y − x)ϕ (0, y) =

∫ 2
l

inf(t, 2l )
ρl (−r) drρn (y − x)ϕ (0, y).

Since φ is a non-negative function of D ([0, T [×D) for any y in D as soon as
n is large enough, and as u1 is a solution, one gets that∫

D×Q×]0,1[

{(
u+
W − u

+
2,0 (y)

)+
ρl (−t) ρn (y − x)ϕ (0, y)

}
dpdy

=

∫
D×Q×]0,1[

{(
uW − u+

2,0 (y)
)+
ρl (−t) ρn (y − x)ϕ (0, y)

}
dpdy

≤
∫
D×Q×]0,1[

∫ 2
l

inf(t, 2l )
ρl (−r) dr

{
−F+

(
W + uW ,W+u+

2,0 (y)
)
∂yρn (y − x)ϕ (0, y)

}
dpdy

+

∫
D×Q×]0,1[

∫ 2
l

inf(t, 2l )
ρl (−r) drρn (y − x)ϕ (0, y) sgn+

0

(
uW − u+

2,0 (y)
)
f ′[W + u2,0 (y)]dpdy

+

∫
D2

(
u1,0 (x)− u+

2,0 (y)
)+
∫ 2

l

0

ρl (−r) drρn (y − x)ϕ (0, y) dxdy.

Thus,

lim sup
n→∞

lim sup
l→∞

E

∫
D×Q×]0,1[

{(
u+
W − u

+
2,0 (y)

)+
ρl (−t) ρn (y − x)ϕ (0, y)

}
dpdy

≤
∫
D

(
u1,0 − u+

2,0

)+
ϕ (0, .) dx =

∫
D

(
u+

1,0 − u+
2,0

)+
ϕ (0, .) dx

5. ∫
ˆuW<0<uW

Gf ′[W (s, y)]∂yW (s, y)dpdq

=

∫
Q×]0,1[

1 ˆuW (q)<0f
′[W (s, y)]∂yW (s, y)ϕ (s, y)

×
∫
Q×]0,1[

1uW (p)>0ρl (s− t) ρn (y − x) dpdq

→
l→∞,n→∞

∫
Q×]0,1[2

1 ˆuW<0<uW f
′[W ]∂xWϕdpdβ.

Therefore we may conclude

0 ≤ E

∫
Q×]0,1[2

{(
u+
W − ûW

+
)+
∂tϕ+ F+

(
W + u+

W ,W + ûW
+
)
∂xϕ

}
dpdβ

+

∫ 1

0

〈
µ̂−u,0, ψ

〉
dβ + E

∫
ˆuW<0<uW

f ′[W ]∂xWϕdpdβ +

∫
D

(
u+

1,0 − u+
2,0

)+
ϕ (0, .) dx.
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Now, repeating the same arguments with u1 replaced by −u2, u2 by −u1, f by
−f (−.), W by −W and for the initial conditions −u2,0 by −u1,0, lead to the
inequality:

0 ≤ E

∫
Q×]0,1[2

(
ûW
− − u−W

)+
∂tϕ+ F+

(
W − u−W ,W − ûW

−) ∂xϕdpdβ
+

∫ 1

0

〈
µ+
u,0, ψ

〉
dα + E

∫
ˆuW<0<uW

Gf ′[W ]∂xWdpdβ +

∫
D

(
u−2,0 − u−1,0

)+
ϕ (0, .) dx.

Summing up these two inequalities, one gets that

0 ≤ E

∫
Q×]0,1[2

{
(uW − ûW )+ ∂tϕ+ F+ (W + uW ,W + ûW ) ∂xϕ

}
dpdβ

+

∫ 1

0

〈
µ̂−u,0, ψ

〉
dβ +

∫ 1

0

〈
µ+
u,0, ψ

〉
dα +

∫
D

(u1,0 − u2,0)+ ϕ (0, .) dx.

Note that (ϕσm)m ⊂ D ([0, T [×D) with ϕσn = ϕσmσn for m large enough.
Thus, on the one hand, thanks to Proposition 3.2, one has that

0 ≤ E

∫
Q×]0,1[2

(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕσmdxdtdαdβ

+E

∫
Q×]0,1[2

F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂x [ϕσm] dxdtdαdβ.

On the other hand, one has

0 ≤ E

∫
Q×]0,1[2

{(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕ (1− σm)

+F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂x [ϕ (1− σm)]}dpdβ

+

∫ 1

0

〈
µ̂−u,0, ψ (1− σm)

〉
dβ +

∫ 1

0

〈
µ+
u,0, ψ (1− σm)

〉
dα

+

∫
D

(u1,0 − u2,0)+ ϕ (0, x) (1− σm) dx.

Thus, for any n,

0 ≤ E

∫
Q×]0,1[2

{(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕ

+F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂xϕ}dpdβ

+

∫ 1

0

〈
µ̂−u,0, ψ (1− σm)

〉
dβ +

∫ 1

0

〈
µ+
u,0, ψ (1− σm)

〉
dα

+

∫
D

(u1,0 − u2,0)+ ϕ (0, x) (1− σm) dx.
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Since Gn (1− σm) = ϕσn − ϕσmσn = 0 for m large,∫ 1

0

〈
µ̂−u,0, ψ (1− σm)

〉
dβ

= lim
n→∞

∫
Q×]0,1[

{(0− ûW (q))+ ∂sGn (1− σm)

+F+ (W (s, y) + 0,W (s, y) + ûW (q)) ∂y [Gn (1− σm)]}dq

+

∫
Q×]0,1[

Gn (1− σm) sgn+
0 (0− ûW (q)) f ′[W (s, y)]∂yW (s, y)dq

+

∫
D

(−u0)+Gn (0, x) (1− σm) dx

= 0.

Then, using the partition of unity, the result holds.

3.4 Uniqueness of the Measure-Valued Solution: Ex-

istence of Entropy Solution

Proposition 3.4. The measure-valued solution is unique. Moreover, it is the unique
entropy solution.

Proof. Since for any non-negative ϕ in H1 (Q),

0 ≤ E

∫
Q×]0,1[2

(u1 (t, x, α)− u2 (t, x, β))+ ∂tϕdxdtdαdβ

+E

∫
Q×]0,1[2

F+ (u1 (t, x, α) ,u2 (t, x, β)) ∂xϕdxdtdαdβ

+

∫
D

(u1,0 − u2,0)+ ϕ (0, .) dx.

if u1,0 = u2,0 and ϕ (t, x) = T − t, one gets that

0 ≥ E

∫
Q×]0,1[2

(u1 (t, x, α)− u2 (t, x, β))+ dxdtdαdβ,

and, by permutation of the solutions,

0 ≥ E

∫
Q×]0,1[2

(u2 (t, x, α)− u1 (t, x, β))+ dxdtdαdβ.

Therefore, on the one hand, the uniqueness of the measure-valued solution is proved

and, on the other hand, u1 (t, x, α) = u2 (t, x, β) for a.e. α and β ensures that the
solution does not depend on α or β. �

Proposition 3.5. Moreover, entropy solutions satisfy a comparison and a contrac-
tion principle:
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Solution

1. If u1,0 ≤ u2,0 then u1 ≤ u2 a.e. on Q, a.s. on Ω.

2. E
∫
Q

|u1 − u2| dxdt ≤
∫
D

|u1,0 − u2,0| dx.

Proof. The first part of the Proposition is proved in the same way as Proposition
3.4
If u1,0 ≤ u2,0 and u1 > u2 ,ϕ (t, x) = T − t, one gets that

0 ≥ E

∫
Q

(u1 − u2) dxdt,

Therefore,
0 ≥ u1 − u2

contradiction with u1 > u2. and the first assertion follows.

(2) For any non-negative ϕ in H1 (]0, T [) with ϕ (T ) = 0, one has that

0 ≤
∫ T

0

E

∫
D

(u1 − u2)+ dxϕ′ (t) dt+

∫
D

(u1,0 − u2,0)+ ϕ (0) dx

=

∫ T

0

E

∫
D

[
(u1 − u2)+ − (u1,0 − u2,0)+] dxϕ′ (t) dt,

and the second assertion follows. �

3.4.1 A remark about locally Lipschitz f

Assume in this section that f is merely a locally Lipschitz-continuous function with
a Lipschitz-continuous derivative f ′ . Then, one has in particular:

1. ∃c(f) , ∀x ∈ R, |f (x)| ≤ c(f)
(
x2 + 1

)
2. By Sobolev embedding, ∀w ∈ H1 (D) , f (w) ∈ Lp (D) for some p > 1.

3. By truncation arguments, ∀w ∈ H1 (D) , f ′ (w)w′ (x) ∈ Lp (D) for some p > 1

and the chain rule holds: : ∂xf (w) = f ′ (w)w′ (x) .

In this case, the definition of a solution has to be slightly modified in order to
give sense to the integrals: the test-functions ϕ need to belong to D

(
Q̄
)
instead of

H1 (Q) or to D ([0, T ]×D) instead of L2
(
0, T ;H1

0 (D)
)
. The result of uniqueness

holds in the same way with such f , as well as the main part of the demonstrations
of the existence section. If one assumes again the existence of the solution to the
viscous problem (3.2), it remains to prove the property of uniform integrability of
the sequence (f (un)) needed when one passes to the limit in the first term of I3,η

in (3.4). The aim of the following lemma is to propose a possible assumption for that.
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Lemma 3.9. If ∃δ ∈ ]0, 2[ ,∃c > 0, such that ∀x ∈ R, |f(x)| ≤ c(|x|δ + 1) then
(f (un)) is uniformly integrable.

Proof. If ∃δ ∈ ]0, 2[ ,∃c > 0, such that ∀x ∈ R, |f(x)| ≤ c(|x|δ + 1), the
sequence is uniformly integrable since it is bounded in L

2
δ (]0, T [× Ω×D) with

2

δ
> 1. �
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Chapter 4

Numerical Approximation of

Stochastic Generalized Burgers

Equation on a Bounded Domains

4.1 Introduction

We wish to find an approximate solution to the following nonlinear scalar conser-
vation law with a stochastic additive force, posed over a bounded domain D with
initial condition and Dirichlet boundary conditions:


∂u (ω, t, x)

∂t
+
∂ (f (u (ω, t, x)))

∂x
=
∂W

∂t
in Ω× ]0, T [×D,

u (ω, 0, x) = u0 (x) ω ∈ Ω, x ∈ D,

u (ω, t, x) = 0 ω ∈ Ω, t ∈ ]0, T [ , x ∈ ∂D

(4.1)

where D = ]0, 2π[ , T > 0 and W is a cylindrical Wiener process.
Recall that the cylindrical Wiener process can be written as

W (t, x) =
∞∑
k=1

βk (t) ek (x) (4.2)

where {ek} is any orthonormal basis of L2 (0, 2π) and {βk} is a sequence of mutually
independent real Brownian motions in a fixed probability space (Ω,F ,P) adapted
to a filtration {Ft}t≥0. The series (4.2) does not converge in L2 (0, 2π) but in any
larger Hilbert space U such that the embedding L2 (0, 2π) ⊂ U is Hilbert-Schmidt.
In order to make the lecture more fluent, we omit in the sequel the variables ω, x, t
and write u instead of u (ω, t, x) .
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4.2 New formulation of the problem

We take advantage of the fact that the noise is additive (independent on u) to rewrite
the equation in problem 4.1 as

∂ (u−W )

∂t
+
∂ (f (u))

∂x
= 0 in D′ (Q) , (4.3)

equation (4.3) can be formulated, via the change of variable uW := u −W , as the
random problem

∂uW
∂t

+
∂ (B (ω, t, x, uW ))

∂x
= 0

with a flux function B (ω, t, x, uW ) := f (uW +W ) . In this equation, the stochastic
variable ω, at least formally, only plays the role of a parameter and thus essentially
deterministic techniques can be applied (though it is not possible to use exclusively
pathwise arguments). Thus problem (4.1), become


∂uW
∂t

+
∂ (B (ω, t, x, uW ))

∂x
= 0 in Ω×D × ]0, T [ ,

uW (ω, 0, x) = u0 (x) ω ∈ Ω, x ∈ D,

uW (ω, t, x) = −W (ω, t, x) = ub ω ∈ Ω, t ∈ ]0, T [ , x ∈ ∂D
(4.4)

Note that, even in the deterministic case, a weak solution to a nonlinear scalar
conservation law is not unique in general. The mathematical challenge consists in
introducing a selection criterion in order to identify a unique solution. The notion of
entropy solution was first introduced in the 70s by S.N. Kruzkhov in the case where
the domain was the whole space. In the present work we consider a stochastic
version of the entropy condition proposed by F. Otto in his PhD (see [35]) to take
into account our non-homogeneous Dirichlet boundary conditions. We assume the
following hypotheses:

H1: u0 ∈ L∞ (D).

H2: ub ∈ L∞ (]0, T [× ∂D).

H3: B : Ω× ]0, T [×D × R→ R is locally Lipschitz-continuous.

H4: ∂xB (ω, t, x, uW ) = 0 for a.e. (t, x, uW ) ∈ ]0, T [×D × R.

4.2.1 Goal of the study and outline of the chapter

The aim of this chapter is to propose a semi-discrete finite volume approximation for
Problem (4.4). Then, discretize the resulting system of stochastic ordinary differen-
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4.2 New formulation of the problem

tial equations in time using the explicit Euler schemes and studying the convergence
of this scheme.

The chapter is organized as follows. In section 2 we define a weak stochastic
entropy solution and a measure-valued entropy solution of Problem (4.4); the class
of entropy-flux pairs considered in the definition of stochastic entropy solution can
be reduced to the one of the so-called “semi Kruzkov” entropies. It is one of the keys
of the result of convergence of the scheme.
In Section 3 we define the finite volume scheme with monotone fluxes used to ap-
proximate the stochastic entropy solution of (4.4). Then, in section 4 we give the
main result of this chapter, which states the convergence of the approximate solu-
tion towards the unique stochastic entropy solution of the equation. The remainder
of the chapter is devoted to the proof of this convergence result. In Section 5, sev-
eral preliminary results satisfied by the finite volume approximate solution denoted
uτ,k are stated. In Section 6 we show the convergence of uτ,k towards the unique
stochastic entropy solution of Problem (4.1), and therefore we get a new proof for
the existence of such a solution. And in section 7 we give some numerical simulation.

4.2.2 General notations

• Q = ]0, T [× [0, 2π] .

• E [.] denotes the expectation, i.e. the integral over Ω with respect to the
probability measure P.

• We denote by LipB the Lipschitz constants of B.

• sgn+
0 denote the application R→ R defined by

sgn+
0 (s) =

1 if s > 0,

0 if s ≤ 0,

and sgn−0 (s) the application s 7→ −sgn+
0 (−s) .As usual, we set s+ = sgn+

0 (s) s

and s− = (−s)+ .

Let κ ∈ R. The entropy-flux pair
(
η+
κ , φ

+
κ

)
(respectively

(
η−κ , φ

−
κ

)
) is defined byη

+
κ (s) = (s− κ)+ ,

φ+
κ (ω, t, x, s) = sgn+

0 (s− κ) (B (ω, t, x, s)−B (ω, t, x, κ)) ,

respectively

η
−
κ (s) = (s− κ)− ,

φ−κ (ω, t, x, s) = sgn−0 (s− κ) (B (ω, t, x, s)−B (ω, t, x, κ))

 .
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4.3 The continuous problem

Next we define a weak stochastic entropy solution of Problem (4.4) as it has been
done in [40] :

Definition 4.1 (Stochastic entropy solution). A function uW of L2 (Ω×Q), adapted
to the filltration Ft as an L2 (D)-valued function, is an entropy solution of the
stochastic scalar conservation law (4.4) with the initial condition u0 ∈ L∞ (D),
if P-a.s in Ω, For any κ ∈ R and for any ϕ ∈ C∞c

(
[0, T [× [0, 2π] ,R+

)
,

0 ≤
∫ ∫

Q

{
(uW − κ)+ ∂tϕ+ [B (ω, t, x, uW )−B (ω, t, x, κ)] sgn+

0 (uW − κ) ∂xϕ
}
dtdx

−
∫
Q

ϕsgn+
0 (uW − κ) ∂xB (ω, t, x, κ) dtdx+

∫
D

(u0 − κ)+ ϕ (0, x) dx

+LipB

∫ T

0

[
(−W (t, x)− κ)+ ϕ (t, x)

]2π
0
dt

and

0 ≤
∫ ∫

Q

{
(uW − κ)− ∂tϕ+ [B (ω, t, x, uW )−B (ω, t, x, κ)] sgn−0 (uW − κ) ∂xϕ

}
dtdx

−
∫
Q

ϕsgn−0 (uW − κ) ∂xB (ω, t, x, κ) dtdx+

∫
D

(u0 − κ)− ϕ (0, x) dx

+LipB

∫ T

0

[
(−W (t, x)− κ)− ϕ (t, x)

]2π
0
dt

For technical reasons, as in [5] for the case D = Rn and as in [40] for the
deterministic case, we also need to consider a more general notion of solution.

In fact, in a first step, we will only prove the convergence of the finite volume
approximate solution uτ,k to a stochastic measure-valued entropy solution.

Then, thanks to the result of uniqueness stated in Proposition 3.4, we will be
able to deduce the convergence of uτ,k to the unique stochastic entropy solution of
Problem (4.1).

Definition 4.2 (Stochastic measure-valued entropy solution). A function uW of
L2 (Ω×Q× ]0, 1[), adapted to the filltration Ft as an L2 (D)-valued function, is
a measure-valued entropy solution of the stochastic scalar conservation law (4.4)
with the initial condition u0 ∈ L∞ (D), if P-a.s in Ω, for any κ ∈ R and for any
ϕ ∈ C∞c

(
[0, T [× [0, 2π] ,R+

)
,
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0 ≤
∫ ∫

Q

∫ 1

0

{
(uW − κ)+ ∂tϕ+ [B (ω, t, x,u−W)−B (ω, t, x, κ)] sgn+

0 (uW − κ) ∂xϕ
}
dαdtdx

−
∫
Q

ϕsgn+
0 (uW − κ) ∂xB (ω, t, x, κ) dtdx+

∫
D

(u0 − κ)+ ϕ (0, x) dx

+LipB

∫ T

0

[
(−W (t, x)− κ)+ ϕ (t, x)

]2π
0
dt

The same entropy inequality holds when the negative entropy-flux is selected as an
entropy-flux pair.

4.4 Main Result

In the sequel, assume that assumptions H1 to H4 hold. Let us first give a definition
of the admissible meshes for the finite volume scheme.

4.4.1 Meshes and scheme

Definition 4.3 (Admissible mesh). An admissible mesh of D = ]0, 2π[ , denoted by
τ,for the discretization of Problem (4.4), is given by a family (Ki)i=1,...N , N ∈ N∗,
such that Ki =

]
xi− 1

2
, xi+ 1

2

[
, and a family (xi)i=0,...N+1 such that

x0 = x 1
2

= 0 < x1 < x 3
2
< .... < xi− 1

2
< xi < xi+ 1

2
< .... < xN < xN+ 1

2
= xN+1 = 2π.

The mesh τ is the set τ = {Ki, i ∈ {1, ...N}} of subsets of R. The length of Ki is
denoted by hi, so that hi = xi+ 1

2
− xi− 1

2
for all i ∈ {1, ...N}. It is assumed that

h = size (τ) = sup {hi, i ∈ {1, ...N}} < +∞ and that, for some α ∈ R∗+, we have

αh ≤ m (Ki) , ∀Ki ∈ τ , (4.5)

where we denote by

• m (Ki) the onedimensional Lebesgue measure of Ki.

• N (Ki) the set of control volumes neighbors of the control volume Ki.

• σKiLj the common interface between Ki and Lj for any Lj ∈ N (Ki).

Remark 4.1. Since m (D) =
N∑
i=1

m (Ki), Assumption (4.5) yields the following

estimate on the number of control volumes:

card (τ) ≤ m (D)

αh
(4.6)
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We now define the general monotone scheme. Consider an admissible mesh τ in the
sense of Definition 4.3.
We take M ∈ N∗and define the time step k =

T

M
∈ R∗+ and tm = mk for all

m ∈ {0, ...,M − 1}. The equations satisfied by the discrete unknowns denoted by
umW,i, m ∈ {0, ...,M − 1}, i = 1...N , are obtained by discretizing Problem (4.4). For
the discretization of such a problem, we need to define the numerical flux.

Definition 4.4 (Monotone numerical flux). We say that a function Fm
KiLj

: R2 →
R (for (Ki, Lj) ∈ τ 2, Lj ∈ N (Ki) , for all m ∈ {0, ...,M − 1}) is a monotone
numerical flux if it satisfies the following properties of monotony, conservativity,
regularity and consistency :

(i) Fm
KiLj

(a, b) is nondecreasing with respect to a and nonincreasing with respect
to b, for (a, b) ∈ R2,

(ii) Fm
KiLj

(a, b) = −Fm
LjKi

(b, a) for all (a, b) ∈ R2

(iii) There exists F1, F2 > 0 such that for any a, b ∈ R we have∣∣∣Fm
KiLj

(b, a)− Fm
KiLj

(a, a)
∣∣∣ ≤ F1 |a− b| and

∣∣∣Fm
KiLj

(a, b)− Fm
KiLj

(a, a)
∣∣∣ ≤ F2 |a− b| .

(iv) Fm
KiLj

(a, a) =
1

k

∫ tm+1

tm
B
(
ω, σKiLj , t, a

)
dt for all a ∈ R.

Notice that the property of consistency (iv) above gives, owing to
∂xB (ω, t, x, uW ) = 0,∑

Lj∈N (Ki)

Fm
KiLj

(a, a) = 0 ∀Ki ∈ τ, ∀m ∈ {0, ...,M − 1} , ∀a ∈ R.

The set
{
u0
i , i = 1, ...N

}
is given by the initial condition

u0
i =

1

m (Ki)

∫
Ki

u0 (x) dx,∀Ki ∈ τ . (4.7)

The discrete unknowns are denoted by uW,i, i = 1...N , and are expected to be
an approximation of the mean value of u−W over Ki, that is

uW,i (t) =
1

m (Ki)

∫
Ki

uW (ω, t, x) dx,∀Ki ∈ τ .

and

∂uW,i (t)

∂t
=

1

m (Ki)

∫
Ki

∂uW (ω, t, x)

∂t
dx,∀Ki ∈ τ .

Where, uW,i (t) = ui (t) − W J
i (t), ui, i = 1...N are the discrete unknowns of

problem (4.1), and are expected to be an approximation of the mean value of u over

Ki, W J
i (t) =

J∑
j=1

βj (t) eji for J ∈ N∗ , and eji =
1

m (Ki)

∫
Ki

ej (x) dx.
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The integration of equation (4.4) over the control volume Ki =
]
xi− 1

2
, xi+ 1

2

[
results

m (Ki)
∂uW,i (t)

∂t
+
(
B
(
ω, xi+ 1

2
, t, uW

)
−B

(
ω, xi− 1

2
, t, uW

))
= 0 . (4.8)

The equation (4.8) can be written as

m (Ki)
∂uW,i (t)

∂t
+
(
Fm
KiLj

(uW,i, uW,i+1)− Fm
KiLj

(uW,i−1, uW,i)
)

= 0 (4.9)

Notice that the semi-discrete equation (4.9) can be formulated as a system of
stochastic differential equations (SDEs) rewritten in a compact form as

duW
dt

= H (t, uW )

u (0) = u0

where

Hi (t, uW ) =
1

m (Ki)

(
Fm
KiLj

(uW,i−1, uW,i)− Fm
KiLj

(uW,i, uW,i+1)
)

.

We then discretize the semi-discrete equation (4.9) in time using the explicit
Euler schemes, we obtain

m (Ki)

k

(
um+1
W,i − u

m
W,i

)
+
(
Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i−1, u

m
W,i

))
= 0 (4.10)

for any i = 1, ...N , and any m ∈ {0, ...,M − 1},

where,

umW,0 = −
J∑
j=1

βj (tm) ej (0) , and umW,2π = −
J∑
j=1

βj (tm) ej (2π) ,

(4.11)

The approximate finite volume solution uW,τ,k may be defined on Ω×D× [0, T [

from the discrete unknowns umW,i, i = 1, ...N , m ∈ {0, ...,M − 1} which are com-
puted in (4.10) by:

uW,τ,k (ω, t, x) = umW,i = umi −W
J,m
i = uτ,k −WJ,τ,k (4.12)

for ω ∈ Ω, x ∈ Ki and t ∈ [mk, (m+ 1) k[. Where umi is the discrete unknowns of

problem (4.1), and WJ,τ,k = W J,m
i (t, x) =

J∑
j=1

βj (tm) eji is the discrete noise terms.
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4.4.2 Main result

We now state the main result of this chapter.

Theorem 4.1. [40] [Convergence to the stochastic entropy solution] Assume that
hypotheses H1 to H4 hold.

Let τ be an admissible mesh in the sense of Definition 4.3, M ∈ N∗ and k =
T

M
∈ R∗+ be the time step. Let uW,τ,k be the finite volume approximation defined

by the monotone finite volume scheme (4.10) and (4.12). Then uW,τ,k converges to
the unique stochastic entropy solution of (4.4) in the sense of Definition 4.1, in
Lploc (Ω×Q) for any 1 ≤ p < 2 as h→ 0.

4.5 Preliminary results on the finite volume ap-

proximation

Let us state in this section several results satisfied by the finite volume approximate
solution uW,τ,k defined by (4.10) and (4.12).

4.5.1 Stability estimates

Proposition 4.1.
(
L∞t L

2
ω,x estimate

)
Let T > 0, u0 ∈ L2 (D) , τ be an admissible

mesh in the sense of Definition (4.3), M ∈ N∗ and k =
T

M
∈ R∗+ satisfying the

Courant-Friedrichs-Levy (CFL) Condition

k ≤ αh

2 (F1 + F2)
. (4.13)

Let uW,τ,k be the finite volume approximate solution defined by (4.10) and (4.12).
Then we have the following bound

‖uW,τ,k (ω, t, x)‖L∞(0,T ;L2(Ω×D)) ≤ C,

where

C =
(
‖u0‖2

L2(D) + πT
) 1

2
+ (2πTJ)

1
2 .

As a consequence we get

‖uW,τ,k (ω, t, x)‖2
L2(Ω×Q) ≤ TC2,
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Proof. First one has

N∑
i=1

m (Ki)E
[(
u0
i

)2
]

=
N∑
i=1

m (Ki)E

[(
1

m (Ki)

∫
Ki

u0 (x) dx

)2
]

≤ ‖u0‖2
L2(D) .

Set m ∈ {0, ...,M − 1}. Let us multiply the numerical scheme (4.10) by umi , we
thus get

m (Ki)

k

[
um+1
i − umi

]
umi =

{
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

)}
umi

+
m (Ki)

k

[
Wm+1
i −Wm

i

]
umi

And by using the formula ab =
1

2

[
(a+ b)2 − a2 − b2

]
with a = um+1

i − umi and
b = umi we obtain

m (Ki)

2

[(
um+1
i

)2 − (umi )2 −
(
um+1
i − umi

)2
]

= k
{
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

)}
umi

+m (Ki)
[
Wm+1
i −Wm

i

]
umi ,

and then

m (Ki)

2

[(
um+1
i

)2 − (umi )2
]

=
m (Ki)

2

(
um+1
i − umi

)2

+k
{
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

)}
umi

+m (Ki)
[
Wm+1
i −Wm

i

]
umi .

Using the finite volume scheme (4.10) we can replace
(
um+1
i − umi

)2 and we take
then the expectation. Thanks to the independance between the random variables(
Wm+1
i −Wm

i

)
and umi , together with the equality

E
[(
Wm+1
i −Wm

i

)2
]

= k , we get

m (Ki)

2
E
[(
um+1
i

)2 − (umi )2
]

= E

[
k2

2m (Ki)

(
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

))2
]

+
m (Ki)

2
E
[(
Wm+1
i −Wm

i

)2
]

−kE
[(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi−1, u

m
i

)) (
Wm+1
i −Wm

i

)]
+kE

[{
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

)}
umi

]
+m (Ki)E

[(
Wm+1
i −Wm

i

)
umi
]

=
k2

2m (Ki)
E

[(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi−1, u

m
i

))2
]

+
km (Ki)

2

+kE
[{
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

)}
umi

]
.
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This equality can be rewritten as, after summing for i = 1, ...., N ,

N∑
i=1

m (Ki)

2
E
[(
um+1
i

)2 − (umi )2
]

= B1 −B2 +
N∑
i=1

km (Ki)

2
, (4.14)

where

B1 =
N∑
i=1

k2

2m (Ki)
E

[(
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj

(
umi , u

m
i+1

))2
]

and B2 =
N∑
i=1

kE
[{
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi−1, u

m
i

)}
umi

]
.

• Study of B1: Using Cauchy-Schwarz inequality, we get the following estimate

B1 =
N∑
i=1

k2

2m (Ki)
E

 (
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj
(umi , u

m
i )
)

−
(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj
(umi , u

m
i )
) 2

≤
N∑
i=1

k2

αh
E

 (
Fm
KiLj

(
umi−1, u

m
i

)
− Fm

KiLj
(umi , u

m
i )
)2

+
(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj
(umi , u

m
i )
)2


≤

N−1∑
i=1

k2

αh
E

 (Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi+1, u

m
i+1

))2

+
(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj
(umi , u

m
i )
)2


+
k2

αh
E

 (
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
)2

+
(
Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
)2

 (4.15)

This finally gives:
B1 ≤ B1,1 +B1,2,

where

B1,1 =
N−1∑
i=1

k2

αh
E

 (Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi+1, u

m
i+1

))2

+
(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj
(umi , u

m
i )
)2


and

B1,2 =
k2

αh
E

 (
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
)2

+
(
Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
)2

 .
• Study of B2: We introduce the term B2,1 defined by

B2,1 = kE

 {Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
}
umN

−
{
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
}
um1

 .
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We have then

B2 −B2,1 = k
N−1∑
i=1

E

 {
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj
(umi , u

m
i )
}
umi

−
{
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi+1, u

m
i+1

)}
umi+1

 .

Denoting by Ψm
KiLj

the function defined for any a ∈ R by

Ψm
KiLj

(a) =

∫ a

0

s
d

ds

(
Fm
KiLj

(s, s)
)
ds, an integration by parts yields, for all

(a, b) ∈ R2

Ψm
KiLj

(b)−Ψm
KiLj

(a) = b
(
Fm
KiLj

(b, b)− Fm
KiLj

(a, b)
)
− a

(
Fm
KiLj

(a, a)− Fm
KiLj

(a, b)
)

−
∫ b

a

(
Fm
KiLj

(s, s)− Fm
KiLj

(a, b)
)
ds.

Using this formula, we define B2,2 and B2,3 by

B2,2 = E

[
N−1∑
i=1

k

∫ umi+1

umi

(
Fm
KiLj

(s, s)− Fm
KiLj

(
umi , u

m
i+1

))
ds

]

and

B2,3 = −E

[
N−1∑
i=1

k
(

Ψm
KiLj

(umi )−Ψm
KiLj

(
umi+1

))]
= E

[
k
(

Ψm
KiLj

(umN)−Ψm
KiLj

(um1 )
)]
.

We have then split B2 into three terms:

B2 = B2,1 +B2,2 +B2,3.

we first introduce the following technical lemma from [22], which will be used
several times in the sequel :

Lemma 4.1. Let G : R→ R be a monotone Lipschitz-continuous function
with a Lipschitz constant CG > 0. then:

∣∣∣∣∫ d

c

G (t)− G (c) dt

∣∣∣∣ ≥ 1

2CG
(G (d)− G (c))2 , ∀c, d ∈ R.
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Thanks to this lemma, we estimate B2,1 by treating separately the terms
umN

(
Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
)

and −um1
(
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
)

:

· Study of umN
(
Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
)

: by using the nonincreas-
ing and F2-Lispchitz continuous function ϕd defined by

ϕd (s) = Fm
KiLj

(umN , s) ,∀s ∈ R,

we have

umN

(
Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
)

= umN
(
ϕd
(
umN+1

)
− ϕd (umN)

)
.

We now introduce the function φd defined by φd (a) = aϕd (a) −
∫ a

0

ϕd (s) ds

for any a ∈ R, one has then for any a, b ∈ R:

φd (b)− φd (a) = b (ϕd (b)− ϕd (a))−
∫ b

a

ϕd (s)− ϕd (a) ds.

With a = umN+1 and b = umN , we deduce from this last equality that

umN

(
Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
)

= −umN
(
ϕd (umN)− ϕd

(
umN+1

))
= φd

(
umN+1

)
− φd (umN)

−
∫ umN

umN+1

ϕd (s)− ϕd
(
umN+1

)
ds

≥ φd
(
umN+1

)
− φd (umN)

+
1

2F2

(
ϕd (umN)− ϕd

(
umN+1

))2

≥ φd
(
umN+1

)
− φd (umN)

+
(
Fm
KiLj

(umN , u
m
N)− Fm

KiLj

(
umN , u

m
N+1

))2

× 1

2 (F1 + F2)
. (4.16)

· Study of −um1
(
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
)
: by using the nondecreas-

ing and F1-Lispchitz continuous function ϕg defined by

ϕg (s) = Fm
KiLj

(s, um1 ) ,∀s ∈ R,

we have

−um1
(
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
)

= um1

(
Fm
KiLj

(um1 , u
m
1 )− Fm

KiLj
(um0 , u

m
1 )
)

= um1 (ϕg (um1 )− ϕg (um0 )) .
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We now introduce the function φg defined by φg (a) = aϕg (a) −
∫ a

0

ϕg (s) ds

for any a ∈ R, one has then for any a, b ∈ R:

φg (b)− φg (a) = b (ϕg (b)− ϕg (a))−
∫ b

a

ϕg (s)− ϕg (a) ds.

With a = um0 and b = um1 , we deduce from this last equality that

−um1
(
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
)

= um1 (ϕg (um1 )− ϕg (um0 ))

= φg (um1 )− φg (um0 ) +

∫ um1

um0

ϕg (s)− ϕg (um0 ) ds

≥ φg (um1 )− φg (um0 ) +
1

2F1

(ϕg (um1 )− ϕg (um0 ))2

≥ φg (um1 )− φg (um0 )

+
(
Fm
KiLj

(um1 , u
m
1 )− Fm

KiLj
(um0 , u

m
1 )
)2

× 1

2 (F1 + F2)
. (4.17)

Thanks to (4.16) and (4.17) we get

B2,1 = kE

 {Fm
KiLj

(
umN , u

m
N+1

)
− Fm

KiLj
(umN , u

m
N)
}
umN

−
{
Fm
KiLj

(um0 , u
m
1 )− Fm

KiLj
(um1 , u

m
1 )
}
um1


≥ kE

[
φd
(
umN+1

)
− φd (umN)

]
+kE

[
1

2 (F1 + F2)

(
Fm
KiLj

(umN , u
m
N)− Fm

KiLj

(
umN , u

m
N+1

))2
]

+kE [φg (um1 )− φg (um0 )]

+kE

[
1

2 (F1 + F2)

(
Fm
KiLj

(um1 , u
m
1 )− Fm

KiLj
(um0 , u

m
1 )
)2
]

= kE
[
φd
(
umN+1

)
− φd (umN) + φg (um1 )− φg (um0 )

]
+

αh

2k (F1 + F2)
B1,2 (4.18)

Let us now turn to an estimate of B2,2. To do this, we use again Lemma 4.1
which gives us for all a, b ∈ R the following inequalities:

∫ b

a

Fm
KiLj

(t, t)− Fm
KiLj

(a, b) dt ≥
∫ b

a

Fm
KiLj

(a, t)− Fm
KiLj

(a, a) dt

≥ 1

2F2

(
Fm
KiLj

(a, b)− Fm
KiLj

(a, a)
)2

(4.19)

and
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∫ b

a

Fm
KiLj

(t, t)− Fm
KiLj

(a, b) dt ≥
∫ b

a

Fm
KiLj

(t, b)− Fm
KiLj

(a, b) dt

≥ 1

2F1

(
Fm
KiLj

(b, b)− Fm
KiLj

(a, b)
)2

. (4.20)

Multiplying (4.19) (respectively (4.20)) by
F2

F1 + F2

(respectively by
F1

F1 + F2

)
and adding the two inequalities yields:

∫ b

a

Fm
KiLj

(t, t)− Fm
KiLj

(a, b) dt

≥ 1

2 (F1 + F2)

[(
Fm
KiLj

(a, a)− Fm
KiLj

(a, b)
)2

+
(
Fm
KiLj

(b, b)− Fm
KiLj

(a, b)
)2
]

We can deduce from this last inequality that

B2,2 = E

[
N−1∑
i=1

k

∫ umi+1

umi

(
Fm
KiLj

(s, s)− Fm
KiLj

(
umi , u

m
i+1

))
ds

]

≥ k

2 (F1 + F2)

N−1∑
i=1

E

 (
Fm
KiLj

(umi , u
m
i )− Fm

KiLj

(
umi , u

m
i+1

))2

+
(
Fm
KiLj

(
umi+1, u

m
i+1

)
− Fm

KiLj

(
umi , u

m
i+1

))2


≥ αh

2k (F1 + F2)
B1,1 (4.21)

In this way, combining (4.18), and (4.21), one gets

B2 = B2,1 +B2,2 +B2,3

≥ C (B1,1 +B1,2) + kE
[
φd
(
umN+1

)
− φd (umN) + φg (um1 )− φg (um0 )

]
+B2,3

≥ CB1 + kE
[
φd
(
umN+1

)
− φd (umN) + φg (um1 )− φg (um0 )

]
+B2,3

where C =
αh

2k (F1 + F2)
which implies thanks to the CFL Condition (4.13) that

B2 ≥ B1 + kE
[
φd
(
umN+1

)
− φd (umN) + φg (um1 )− φg (um0 )

]
+B2,3
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In summary, we showed that

N∑
i=1

m (Ki)

2
E
[(
um+1
i

)2
]

=
N∑
i=1

m (Ki)

2
E
[
(umi )2]+B1 −B2 +

N∑
i=1

km (Ki)

2

≤
N∑
i=1

m (Ki)

2
E
[
(umi )2]

−kE
[
φd
(
umN+1

)
− φd (umN) + φg (um1 )− φg (um0 )

]
−B2,3 +

N∑
i=1

km (Ki)

2

=
N∑
i=1

m (Ki)

2
E
[
(umi )2]

+kE
[
−φd

(
umN+1

)
+ φd (umN)− φg (um1 ) + φg (um0 )

]
+E

[
k
(
−Ψm

KiLj
(umN) + Ψm

KiLj
(um1 )

)]
+

N∑
i=1

km (Ki)

2

Since for any x ∈ R we have

φg (x) = xFm
KiLj

(
x, um+1

1

)
−
∫ x

0

Fm
KiLj

(
s, um+1

1

)
ds

=

∫ x

0

Fm
KiLj

(
x, um+1

1

)
− Fm

KiLj

(
s, um+1

1

)
ds

≤ F1

∫ x

0

(x− s) ds

= F1
x2

2
,

and similarly for any x ∈ R, φd (x) ≥ −F2
x2

2
, one finally gets that

N∑
i=1

m (Ki)

2
E
[(
um+1
i

)2
]
≤

N∑
i=1

m (Ki)

2
E
[
(umi )2]

+kE
[
−φd

(
umN+1

)
+ φd (umN)− φg (um1 ) + φg (um0 )

]
+kE

[
−Ψm

KiLj
(umN) + Ψm

KiLj
(um1 )

]
+

N∑
i=1

km (Ki)

2

≤
N∑
i=1

m (Ki)

2
E
[
(umi )2]+ kE

[
F2

(
umN+1

)2

2
+ F1

(um0 )2

2

]

+
N∑
i=1

km (Ki)

2

≤
N∑
i=1

m (Ki)

2
E
[
(umi )2]+

N∑
i=1

km (Ki)

2

In this way, we deduce from the discrete Gronwall lemma that for any m ∈
{0, ...M}
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N∑
i=1

m (Ki)E
[
(umi )2] ≤ N∑

i=1

m (Ki)E
[(
u0
i

)2
]

+m
N∑
i=1

km (Ki)

2

≤ ‖u0‖2
L2(D) + πT (4.22)

we get
N∑
i=1

m (Ki)E
[
(umi )2] ≤ ‖u0‖2

L2(D) + πT.

We conclude that

‖uτ,k (ω, t, x)‖L∞(0,T ;L2(Ω×D)) ≤
√
‖u0‖2

L2(D) + πT .

This gives the L∞t L
2
ω,x stability of the approximate solution. As a consequence,

we have

‖uτ,k (ω, t, x)‖2
L2(Ω×Q) =

M−1∑
m=0

N∑
i=1

km (Ki)E
[
(umi )2]

≤ T
(
‖u0‖2

L2(D) + πT
)
.

On the other hand

N∑
i=1

m (Ki)E

[(
W J,m
i

)2
]

=
N∑
i=1

m (Ki)E

( J∑
j=1

βj (tm)
1

m (Ki)

∫
Ki

ej (x) dx

)2


=
N∑
i=1

m (Ki)
1

(m (Ki))
2E

( J∑
j=1

βj (tm)

∫
Ki

ej (x) dx

)2


The Brownian motions βj and βl are independent and the cross terms for j 6= l

have mean zero and vanish, we thus get

N∑
i=1

m (Ki)E

[(
W J,m
i

)2
]

=
N∑
i=1

1

m (Ki)
E

[
J∑
j=1

β2
j (tm)

(∫
Ki

ej (x) dx

)2
]

=
N∑
i=1

1

m (Ki)

J∑
j=1

E
[
β2
j (tm)

](∫
Ki

ej (x) dx

)2

=
N∑
i=1

1

m (Ki)

J∑
j=1

tm
(∫

Ki

ej (x) dx

)2

≤ tm
N∑
i=1

J∑
j=1

∫
Ki

‖ej‖2
L2(D) dx

≤ 2πTJ
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we thus get

N∑
i=1

m (Ki)E

[(
W J,m
i

)2
]
≤ 2πTJ

We conclude that

‖WJ,τ,k (ω, t, x)‖L∞(0,T ;L2(Ω×D)) ≤
√

2πTJ

As a consequence, we have

‖WJ,τ,k (ω, t, x)‖2
L2(Ω×Q) ≤ 2πT 2J �

4.5.2 Weak BV estimate

Proposition 4.2 (Weak BV estimate). Let τ be an admissible mesh in the sense of
Definition 4.3, T > 0,

M ∈ N∗ and let k =
T

M
∈ R∗+ satisfying the CFL Condition

k ≤ αh

2 (F1 + F2)
,

Let
{
umW,i, i ∈ {1, ...., N} ,m ∈ {0, ...M − 1}

}
be given by the finite volume scheme

(4.10).

Then the following hold:

1.

1

2 (F1 + F2)

M−1∑
m=0

N∑
i=1

kE

 (
Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2

+
(
Fm
KiLj

(
umW,i−1, u

m
W,i

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2


≤ 1

2
‖u0‖2

L2(D) + (F1 + F2)T 2J .

2.

1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)


≤

√(
1

2 (F1 + F2)
‖u0‖2

L2(D) + T 2J

)√
2πT

αh
.
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Proof. By multiplying the numerical scheme (4.10) by umW,i, taking the expec-
tation and summing for i = 1, ...., N , and after summing over m ∈ {0, ...M − 1}, we
have:

M−1∑
m=0

N∑
i=1

m (Ki)

2
E
[(
um+1
W,i

)2 −
(
umW,i

)2
]

=
N∑
i=1

m (Ki)

2
E
[(
uMW,i

)2 −
(
u0
W,i

)2
]

=
M−1∑
m=0

(B3 −B4) ,

where B3 =
N∑
i=1

k2

2m (Ki)
E

[(
Fm
KiLj

(
umW,i−1, u

m
W,i

)
− Fm

KiLj

(
umW,i, u

m
W,i+1

))2
]

and B4 =
N∑
i=1

kE
[{
Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i−1, u

m
W,i

)}
umW,i

]
.

• Study of B3: Using Cauchy-Schwarz inequality, we get similarly to (4.15) the
following estimate

B3 ≤
N∑
i=1

k2

αh
E

 (
Fm
KiLj

(
umW,i−1, u

m
W,i

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2

+
(
Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2


≤

N−1∑
i=1

k2

αh
E

 (Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i+1, u

m
W,i+1

))2

+
(
Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2


+
k2

αh
E

 (
Fm
KiLj

(
umW,0, u

m
W,1

)
− Fm

KiLj

(
umW,1, u

m
W,1

))2

+
(
Fm
KiLj

(
umW,N , u

m
W,N+1

)
− Fm

KiLj

(
umW,N , u

m
W,N

))2


one gets:

B3 ≤ B3,1 +B3,2, (4.23)

where

B3,1 =
N−1∑
i=1

k2

αh
E

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)2


and B3,2 =

k2

αh
E

 (
Fm
KiLj

(
umW,0, u

m
W,1

)
− Fm

KiLj

(
umW,1, u

m
W,1

))2

+
(
Fm
KiLj

(
umW,N , u

m
W,N+1

)
− Fm

KiLj

(
umW,N , u

m
W,N

))2

 .
• Study of B4: Using again the notation Ψm

KiLj
(a) =

∫ a

0

s
d

ds

(
Fm
KiLj

(s, s)
)
ds,

B4 can be decomposed, as in the proof of Proposition 4.1, in the following way
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B4 = B4,1 +B4,2 +B4,3.

where

B4,1 = kE

 {Fm
KiLj

(
umW,N , u

m
W,N+1

)
− Fm

KiLj

(
umW,N , u

m
W,N

)}
umW,N

−
{
Fm
KiLj

(
umW,0, u

m
W,1

)
− Fm

KiLj

(
umW,1, u

m
W,1

)}
umW,1

 ,
B4,2 = E

[
N−1∑
i=1

k

∫ umW,i+1

umW,i

(
Fm
KiLj

(s, s)− Fm
KiLj

(
umW,i, u

m
W,i+1

))
ds

]
,

and

B4,3 = −E

[
N−1∑
i=1

k
(

Ψm
KiLj

(
umW,i

)
−Ψm

KiLj

(
umW,i+1

))]
= E

[
k
(

Ψm
KiLj

(
umW,N

)
−Ψm

KiLj

(
umW,1

))]
.

Following the proof of Proposition 4.1 one shows that

B4,1 ≥
k

2 (F1 + F2)
E

 (Fm
KiLj

(
umW,N , u

m
W,N

)
− Fm

KiLj

(
umW,N , u

m
W,N+1

))2

+
(
Fm
KiLj

(
umW,1, u

m
W,1

)
− Fm

KiLj

(
umW,0, u

m
W,1

))2


+kE

[
φg
(
umW,1

)
− φg

(
umW,0

)
+ φd

(
umW,N+1

)
− φd

(
umW,N

)]
= kE

[
φg
(
umW,1

)
− φg

(
umW,0

)
+ φd

(
umW,N+1

)
− φd

(
umW,N

)]
+

αh

2k (F1 + F2)
B3,2.

We still follow the proof of Proposition 4.1. In particular we use the fact that
F is nondecreasing with respect to its first variable and nonincreasing with
respect to its second variable, we deduce that

B4,1 +B4,3 ≥ kE
[
φg
(
umW,1

)
− φg

(
umW,0

)
+ φd

(
umW,N+1

)
− φd

(
umW,N

)]
+

αh

2k (F1 + F2)
B3,2

+kE
[(

Ψm
KiLj

(
umW,N

)
−Ψm

KiLj

(
umW,1

))]
≥ kE

[
−φg

(
umW,0

)
+ φd

(
umW,N+1

)]
+

αh

2k (F1 + F2)
B3,2. (4.24)

Let us now turn to an estimate of B4,2. For this purpose, let a, b ∈ R and
define
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C (a, b) =
{

(c, d) ∈ [min (a, b) ,max (a, b)]2 : (d− c) (b− a) ≥ 0
}
.

Thanks to the monotonicity of F , the following inequality holds for any (c, d) ∈
C (a, b):

∫ b

a

Fm
KiLj

(s, s)− Fm
KiLj

(a, b) ds ≥
∫ d

c

Fm
KiLj

(s, s)− Fm
KiLj

(a, b) ds

≥
∫ d

c

Fm
KiLj

(s, s)− Fm
KiLj

(c, d) ds.

We now use again Lemma 4.1 and deduce that for all (c, d) ∈ C (a, b):∫ b

a

Fm
KiLj

(s, s)− Fm
KiLj

(a, b) ds ≥
∫ d

c

Fm
KiLj

(s, s)− Fm
KiLj

(c, d) ds

≥
∫ d

c

Fm
KiLj

(c, s)− Fm
KiLj

(c, d) ds

≥ 1

2F2

(
Fm
KiLj

(c, c)− Fm
KiLj

(c, d)
)2

(4.25)

and

∫ b

a

Fm
KiLj

(s, s)− Fm
KiLj

(a, b) ds ≥
∫ d

c

Fm
KiLj

(s, s)− Fm
KiLj

(c, d) ds

≥
∫ d

c

Fm
KiLj

(s, d)− Fm
KiLj

(c, d) ds

≥ 1

2F1

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2

. (4.26)

Multiplying (4.25) (respectively (4.26)) by
F2

F1 + F2

(respectively by
F1

F1 + F2

),

taking the maximum for (c, d) ∈ C (a, b) and adding the two inequalities yields:

∫ b

a

Fm
KiLj

(s, s)−Fm
KiLj

(a, b) ds ≥ 1

2 (F1 + F2)

 max
(c,d)∈C(a,b)

(
Fm
KiLj

(c, c)− Fm
KiLj

(c, d)
)2

+ max
(c,d)∈C(a,b)

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2

 .
We can deduce from this last inequality that

B4,2 = E

[
N−1∑
i=1

k

∫ umW,i+1

umW,i

(
Fm
KiLj

(s, s)− Fm
KiLj

(
umW,i, u

m
W,i+1

))
ds

]

≥ E

N−1∑
i=1

k
1

2 (F1 + F2)

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, c)− Fm
KiLj

(c, d)
)2

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2


 .

=
αh

2k (F1 + F2)
B3,1. (4.27)
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In this way, using (4.24) and (4.27), one gets

B4 = B4,1 +B4,2 +B4,3

≥ kE
[
−φg

(
umW,0

)
+ φd

(
umW,N+1

)]
+

αh

2k (F1 + F2)
(B3,1 +B3,2) (4.28)

Finally, since

M−1∑
m=0

N∑
i=1

m (Ki)

2
E
[(
um+1
W,i

)2 −
(
umW,i

)2
]

=
N∑
i=1

m (Ki)

2
E
[(
uMW,i

)2 −
(
u0
W,i

)2
]

=
M−1∑
m=0

(B3 −B4)

one gets with (4.23), and (4.28)

N∑
i=1

m (Ki)

2
E
[(
uMW,i

)2
]

=
N∑
i=1

m (Ki)

2
E
[(
u0
W,i

)2
]

+
M−1∑
m=0

(B3 −B4)

≤ 1

2
‖u0‖2

L2(D) +

(
1− αh

2k (F1 + F2)

)M−1∑
m=0

(B3,1 +B3,2)

−kE
[
−φg

(
umW,0

)
+ φd

(
umW,N+1

)]
,

thus,

0 ≤
N∑
i=1

m (Ki)

2
E
[(
uMW,i

)2
]
≤ 1

2
‖u0‖2

L2(D) +

(
1− αh

2k (F1 + F2)

)
(

M−1∑
m=0

N−1∑
i=1

k2

αh
E

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)2


+

M−1∑
m=0

k2

αh
E

 (
Fm
KiLj

(
umW,0, u

m
W,1

)
− Fm

KiLj

(
umW,1, u

m
W,1

))2

+
(
Fm
KiLj

(
umW,N , u

m
W,N+1

)
− Fm

KiLj

(
umW,N , u

m
W,N

))2

)
−kE

[
−φg

(
umW,0

)
+ φd

(
umW,N+1

)]
Then, following again the proof of Proposition 4.1, and using in particular the fact
that for any x ∈ R,

φg (x) ≤ F1
x2

2
and φd (x) ≥ −F2

x2

2
,
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we get thanks to the CFL Condition (4.13) that

1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)2


+

1

2 (F1 + F2)

M−1∑
m=0

kE

 (
Fm
KiLj

(
umW,0, u

m
W,1

)
− Fm

KiLj

(
umW,1, u

m
W,1

))2

+
(
Fm
KiLj

(
umW,N , u

m
W,N+1

)
− Fm

KiLj

(
umW,N , u

m
W,N

))2


≤ 1

2
‖u0‖2

L2(D) +
M−1∑
m=0

kE

[
F1

(
umW,0

)2

2
+ F2

(
umW,N+1

)2

2

]

≤ 1

2
‖u0‖2

L2(D) +
F1 + F2

2

M−1∑
m=0

kE
[(
umW,0

)2
+
(
umW,N+1

)2
]

=
1

2
‖u0‖2

L2(D) +
F1 + F2

2

M−1∑
m=0

kE

[(
W J,m

0 (t)
)2

+
(
W J,m

2π (t)
)2
]

≤ 1

2
‖u0‖2

L2(D) +
F1 + F2

2

M−1∑
m=0

kE

( J∑
j=1

βj (tm) ej0

)2

+

(
J∑
j=1

βj (tm) ej2π

)2


=
1

2
‖u0‖2

L2(D) +
F1 + F2

2

M−1∑
m=0

kE

[
J∑
j=1

(βj (tm))2
∥∥ej0∥∥2

L2 +
J∑
j=1

(βj (tm))2
∥∥ej2π∥∥2

L2

]

=
1

2
‖u0‖2

L2(D) + (F1 + F2)
M−1∑
m=0

kJtm

≤ 1

2
‖u0‖2

L2(D) + (F1 + F2)T 2J (4.29)

taking c = umW,i and d = umW,i+1 in the maximum, we have in particular

1

2 (F1 + F2)

M−1∑
m=0

N∑
i=1

kE

 (
Fm
KiLj

(
umW,i−1, u

m
W,i

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2

+
(
Fm
KiLj

(
umW,i, u

m
W,i+1

)
− Fm

KiLj

(
umW,i, u

m
W,i

))2


≤ 1

2
‖u0‖2

L2(D) + (F1 + F2)T 2J ,

which proves the first point of the proposition.
Let us now turn to the second point of the proposition. To do this, we aim to
estimate 1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)



2

,

Let us denote by

T1 = max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)
,
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Using Cauchy-Schwarz inequality, one gets(
1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE [T1]

)2

=
1

4 (F1 + F2)2

(
M−1∑
m=0

N−1∑
i=1

√
k
√
kE [T1]

)2

≤ 1

4 (F1 + F2)2

(
M−1∑
m=0

N−1∑
i=1

k

)(
M−1∑
m=0

N−1∑
i=1

kE
[
T 2

1

])

≤ TN

4 (F1 + F2)2

M−1∑
m=0

N−1∑
i=1

kE




max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)


2



≤ TN

(F1 + F2)

 1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)2

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)2




≤ 1

(F1 + F2)

(
T

2π

αh

)(
1

2
‖u0‖2

L2(D) + (F1 + F2)T 2J

)
Thus,

(
1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE [T1]

)2

≤ 1

(F1 + F2)

(
2πT

αh

)(
1

2
‖u0‖2

L2(D) + (F1 + F2)T 2J

)
(37)

one finally gets

1

2 (F1 + F2)

M−1∑
m=0

N−1∑
i=1

kE

 max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(d, d)
)

+ max
umW,i+1≤d≤c≤u

m
W,i

(
Fm
KiLj

(c, d)− Fm
KiLj

(c, c)
)


≤

√(
1

2 (F1 + F2)
‖u0‖2

L2(D) + T 2J

)√
2πT

αh
,

which concludes the proof of the second point of the proposition. �

4.6 Convergence of the finite volume approximate

solution

First of all, note that the estimates stated in Proposition 4.1 only provide (up to a
subsequence) weak convergences for uW,τ,k. Moreover, due to the nonlinearity of f ,
one needs compactness arguments to pass to the limit in the nonlinear terms and
these arguments have to be compatible with the random variable.
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The concept of Young measures is appropriate here and the technique is based
on the notion of narrow convergence of Young measures (or entropy processes), we
refer to Balder [3] but also to Eymard-Gallouët-Herbin [23].

In this way, taking a sequence of approximate finite volume solution uW,τ,k, it
converges (up to a subsequence still denoted uW,τ,k) in the sense of Young measures
to an “entropy process” denoted by u−W which belongs to L2 (Ω×Q× (0, 1)).
Precisely, given a Carathéodory function Ψ : Ω×Q×R→ R such that Ψ (., uW,τ,k)

is uniformly integrable, one has:

E

[∫
Q

Ψ (., uW,τ,k) dxdt

]
→ E

[∫
Q

∫ 1

0

Ψ (.,u (., α)−W) dxdt

]
.

A proof of this result can be found in [6], Section A.3.2. We recall that a function
Ψ : Ω×Q×R→ R is a Carathéodory function if for almost any (ω, t, x) ∈ Ω×Q the
function ν → Ψ (ω, t, x, ν) is continuous and for all ν ∈ R, the function (ω, t, x) →
Ψ (ω, t, x, ν) is measurable. We also recall that a sequence (ψn)n≥0 of functions
ψn : Ω×Q→ R is said to be uniformly integrable on the domain Ω×Q if it satisfies
the following properties:

• (ψn)n≥0 is bounded in L1 (Ω×Q) .

• (ψn)n≥0 is equi-integrable, that is to say that for any ε > 0, there exists δ > 0

such that for any measurable set A of Ω × Q satisfying
(
L2 ⊗ P

)
(A) ≤ δ, we

have for any n ∈ N,

∫
A

|ψn (ω, t, x)| dxdtdP ≤ε

(where L2 is the 2-dimensional Lebesgue measure).

Remark 4.2 (L∞
(
0, T ;L2 (Ω×D × (0, 1))

)
regularity of u)). Since the sequence of

approximate solutions uτ,k is bounded in L∞
(
0, T ;L2 (Ω×D)

)
according to Propo-

sition 4.1, following [6] we show that u ∈ L∞
(
0, T ;L2 (Ω×D × (0, 1))

)
.

Note that if one is able to show that u−W is a measure-valued entropy solution
of Problem (4.4) in the sense of Definition 4.2, then, u is a measure-valued entropy
solution of Problem (4.1) and using Proposition 3.4, we will be able to conclude
that all the sequence uτ,k converges in L1 (Ω×Q) to the unique stochastic entropy
solution of (4.1) in the sense of Definition 4.1. Since u satisfied the regularities
required by Definition 4.2, it remains to show that u satisfies the following entropy
inequalities:
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0 ≤ E

[
1A

∫ ∫
Q

∫ 1

0

η+
κ (u (t, x, α)−W (t, x))ϕt (t, x) dαdxdt

]
+E

[
1A

∫ ∫
Q

∫ 1

0

(φ+
κ (ω, t, x,u (t, x, α)−W (t, x))ϕx)dαdxdt

]
+E

[
1A

∫
D

η+
κ (u0)ϕ (0) dx

]
+Lip (B)E

[
1A

∫ ∞
0

(
η+
κ (ub (t, 2π))ϕ (t, 2π)− η+

κ (ub (t, 0))ϕ (t, 0)
)
dt

]
.

This is the aim of the next section. We propose in this section entropy inequalities
satisfied by the finite volume approximate solution and aim to pass to the limit in
these formulations in order to show the convergence of the scheme.

4.6.1 Entropy inequalities for the approximate solution

In this section, we show how the approximate solution uW,τ,k is close to the entropy
solution. First, we derive a discrete entropy inequality which is a consequence of the
monotony of the scheme. Then, we prove that uW,τ,k verifies a continuous entropy
inequality, with some error terms.

To this purpose, we will work with the semi Kruzkov entropies; that is one of
the keys of the following results (the other key being the weak BV estimate).

We recall some notations about it.

Notations: η+
κ denotes the function from R to R defined by

η+
κ (s) = (s− κ)+ ,

and φ+
κ the associated flux-function from Ω×Q× R to R defined by

φ+
κ (ω, t, x, s) = sgn+ (s− κ) (B (ω, t, x, s)−B (ω, t, x, κ)) .

Notice that, if a>b = max (a, b) and a ⊥ b = min (a, b), then we have

η+
κ (s) = s>κ− κ,

and

φ+
κ (ω, t, x, s) = B (ω, t, x, s>κ)−B (ω, t, x, κ) .

Therefore, the associated entropy numerical flux function is defined by the for-
mula

Ψ+,m
Ki,Lj ,κ

(a, b) = Fm
Ki,Lj

(a>κ, b>κ)− Fm
Ki,Lj

(κ, κ) .

83



Chapter 4. Numerical Approximation of Stochastic Generalized Burgers
Equation on a Bounded Domains

Discrete entropy inequalities

Lemma 4.2. Assume that (4.5),(4.13) and the properties of Definition 4.4 hold. Let
uW,τ,k be the approximate solution of the problem (4.4) defined by (4.7), (4.10) and
(4.11). Then, for all κ ∈ R, for all i ∈ {1, ...N} , m ∈ {0, ...M − 1}, the following
local discrete entropy inequality holds:

η+
κ

(
um+1
W,i

)
− η+

κ

(
umW,i

)
k

+
1

m (Ki)

(
Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i−1, u

m
W,i

))
≤ 0.

(4.30)

Proof. From the monotony of the scheme we have

um+1
W,i ≤ umW,i>κ+

k

m (Ki)

(
Fm
KiLj

(
umW,i−1>κ, umW,i

)
− Fm

KiLj

(
umW,i, u

m
W,i+1>κ

))
we set

κ = κ+
k

m (Ki)

(
Fm
KiLj

(κ, κ)− Fm
KiLj

(κ, κ)
)

then

κ ≤ umW,i>κ+
k

m (Ki)

(
Fm
KiLj

(
umW,i−1>κ, κ

)
− Fm

KiLj

(
κ, umW,i+1>κ

))
such that um+1

W,i >κ = um+1
W,i or κ, thus

um+1
W,i >κ ≤ umW,i>κ+

k

m (Ki)

(
Fm
KiLj

(
umW,i−1 ᵀ κ, u

m
W,i>κ

)
− Fm

KiLj

(
umW,i>κ, umW,i+1>κ

))
Therefore

η+
κ

(
um+1
W,i

)
− η+

κ

(
umW,i

)
k

≤ 1

m (Ki)

(
Ψ+,m
Ki,Lj ,κ

(
umW,i−1, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))
yields the result. �

Continuous entropy inequality on the discrete solution

Proposition 4.3. Assume that (4.5),(4.13) and the properties of Definition 4.4
hold. Let uW,τ,k be the approximate solution of the problem (4.4) defined by (4.7),
(4.10) and (4.11), τ be an admissible mesh in the sense of Definition (4.3), M ∈ N∗

and let k =
T

M
∈ R∗+ be the time step. Then, P-a.s. in Ω :

for all κ ∈ R and ϕ ∈ C∞c
(
[0, 2π]× [0, T [ ,R+

)
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4.6 Convergence of the finite volume approximate solution∫ ∫
Q

[
η+
κ

(
umW,i

)
ϕt + φ+

κ

(
ω, t, x, umW,i

)
ϕx
]
dxdt

+

∫
D

η+
κ (u0)ϕ (0, x) dx

+ LipB

∫ ∞
0

[
η+
κ (ub (t, 2π))ϕ (t, 2π)− η+

κ (ub (t, 0))ϕ (t, 0)
]
dt

≥ −ετ,k (ϕ) , (4.31)

where for any P-measurable set A, E [1Aετ,k (ϕ)]→ 0 as h→ 0.

The same result holds when the negative semi-Kruzkov entropies are considered.

Proof Let ϕ be in C∞c
(
[0, 2π]× [0, T [ ,R+

)
and κ ∈ R. We fix T ≥ 0 such that

ϕ ≡ 0 on [T,∞[×D. We also denote by u0
τ the application defined by u0

τ (x) = u0
i

for a.e. x ∈ K, and by ubτ,k the application defined by ubτ,k (x) = −W (t, xb) for a.e.
(t, xb) ∈ [mk, (m+ 1)k[ × {0, 2π}. Multiplying The discrete entropy inequalities

(4.30) by |Ki|ϕmi =
1

k

∫ (m+1)k

mk

∫
Ki

ϕdxdt, and summing over i = 1, ..N , and m =

0...,M − 1, yields the inequality:

T1 + T2 ≤ 0, (4.32)

where

T1 =
M−1∑
m=0

N∑
i=1

|Ki|
(
η+
κ

(
um+1
W,i

)
− η+

κ

(
umW,i

))
ϕmi ,

and

T2 =
M−1∑
m=0

N∑
i=1

k
(

Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕmi

−
M−1∑
m=0

N∑
i=1

k
(

Ψ+,m
Ki,Lj ,κ

(
umW,i−1, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕmi ,

we can decompose T2 as
T2 = T int2 + T b2 ,

where

T int2 =
M−1∑
m=0

N−1∑
i=1

k

 (
Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕmi

−
(

Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

))
ϕmi+1

 ,

T b2 =
M−1∑
m=0

k

 (Ψ+,m
Ki,Lj ,κ

(
umW,N , u

m
W,N+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,N , u

m
W,N

))
ϕmN

−
(

Ψ+,m
Ki,Lj ,κ

(
umW,0, u

m
W,1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,1, u

m
W,1

))
ϕm1

 .
Proving the approximate continuous entropy inequalities comes back to prove

T10 + T20 ≤ ετ,k (ϕ)
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where T10 and T20 are defined by

T10 = −
∫ ∫

Q

η+
κ

(
umW,i

)
ϕtdxdt−

∫
D

η+
κ (u0)ϕ (x, 0) dx,

T20 = −
∫ ∫

Q

φ+
κ

(
ω, t, x, umW,i

)
ϕxdxdt− LipB

∫ ∞
0

[
η+
κ (ub (t, x))ϕ (t, x)

]2π
0
dt.

From the fact that ∂xB = 0 we can deduce that:

T20 = −
M−1∑
m=0

∫ (m+1)k

mk

N∑
i=1

[
φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
ϕ
(
t, xi+ 1

2

)
− φ+

κ

(
ω, t, xi− 1

2
, umW,i

)
ϕ
(
t, xi− 1

2

)]
dt

−LipB
∫ ∞

0

[
η+
κ (ub (t, x))ϕ (t, x)

]2π
0
dt

then we can decompose T20 as follows T20 = T int20 + T b20,

where

T int20 = −
M−1∑
m=0

∫ (m+1)k

mk

N−1∑
i=1

[
φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
− φ+

κ

(
ω, t, xi+ 1

2
, umW,i+1

)]
ϕ
(
t, xi+ 1

2

)
dt

and

T b20 = −
M−1∑
m=0

k

∫ (m+1)k

mk

1

k

[
φ+
κ

(
ω, t, xN+ 1

2
, umW,N

)
ϕ
(
t, xN+ 1

2

)
− φ+

κ

(
ω, t, x 1

2
, umW,1

)
ϕ
(
t, x 1

2

)]
dt

−LipB
∫ ∞

0

[
η+
κ (ub (t, x))ϕ (t, x)

]2π
0
dt.

To this purpose, we compare T10 to T1 and T20 to T2.
1 Estimate on T10 − T1

Using the definitions of u0
τ and uτ,k, the quantity T10 reads:

T10 =
M−1∑
m=0

N∑
i=1

η+
κ

(
um+1
W,i

)
− η+

κ

(
umW,i

)
k

∫ (m+1)k

mk

∫
Ki

ϕ (x, (m+ 1) k) dxdt

+

∫
D

(
η+
κ

(
u0
i

)
− η+

κ (u0)
)
ϕ (x, 0) dx.

From the fact that η+
κ is 1-Lipschitz continuous is deduced:

|T10 − T1| ≤ ε0τ (ϕ) + ε1τ,k (ϕ) , (4.33)

where
ε0τ (ϕ) =

∫
D

∣∣u0
i − u0

∣∣ϕ (x, 0) dx,

and

ε1τ,k (ϕ) =
M−1∑
m=0

N∑
i=1

∣∣um+1
W,i − umW,i

∣∣
k

∫ (m+1)k

mk

∫
Ki

|ϕ (x, (m+ 1) k)− ϕ (t, x)| dxdt.

ε0τ (ϕ) =

∫
D

∣∣u0
i − u0

∣∣ϕ (x, 0) dx ≤ ‖ϕ‖∞
∫
D

∣∣∣∣∣
N∑
i=1

u0
i − u0

∣∣∣∣∣ dx
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Before giving precise estimates on these quantities, we study the difference T20−T2.
2 Comparison of T20 and T2

2.1 Estimate on
∣∣T int20 − T int2

∣∣
In order to compare T int20 to T int2 , let us introduce the average value of ϕ on an

edge, defined by

ϕ̃mσ =
1

k

∫ (m+1)k

mk

ϕ (t, σ) dt.

where σ = K\L.

We have,

T int20 = −
M−1∑
m=0

∫ (m+1)k

mk

N−1∑
i=1

[
φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
− φ+

κ

(
ω, t, xi+ 1

2
, umW,i+1

)]
ϕ
(
t, xi+ 1

2

)
dt,

then

T int20 = −
M−1∑
m=0

N−1∑
i=1

[∫ (m+1)k

mk

φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
ϕ
(
t, xi+ 1

2

)
dt−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
ϕ̃m
i+1

2

−

(
1

k

∫ (m+1)k

mk

φ+
κ

(
ω, t, xi+ 1

2
, umW,i+1

)
ϕ
(
t, xi+ 1

2

)
dt−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
ϕ̃m
i+1

2

)]
,

hence we can rewrite T int20 in the following way :

T int20 = −
M−1∑
m=0

k
N−1∑
i=1

[
1

k

∫ (m+1)k

mk

φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
ϕ
(
t, xi+ 1

2

)
dt

−Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
ϕ̃m
i+1

2

+
(

Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))
ϕ̃m
i+1

2

−

(
1

k

∫ (m+1)k

mk

φ+
κ

(
ω, t, xi+ 1

2
, umW,i+1

)
ϕ
(
t, xi+ 1

2

)
dt−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

)
ϕ̃m
i+1

2

)

−
(

Ψ+,m
Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))
ϕ̃m
i+1

2

]
.

Recall that the quantity T int2 is defined by:

T int2 =
M−1∑
m=0

N−1∑
i=1

k

[(
Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕmi

−
(

Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

))
ϕmi+1

]
.
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Thus,∣∣T int20 − T int2

∣∣ ≤
M−1∑
m=0

k

N−1∑
i=1

[∣∣∣∣∣1k
∫ (m+1)k

mk

(
φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕ
(
t, xi+ 1

2

)
dt

∣∣∣∣∣
]

+
M−1∑
m=0

k

N−1∑
i=1

[∣∣∣∣∣1k
∫ (m+1)k

mk

(
φ+
κ

(
ω, t, xi+ 1

2
, umW,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

))
ϕ
(
t, xi+ 1

2

)
dt

∣∣∣∣∣
]

+
M−1∑
m=0

k

N−1∑
i=1

∣∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))(
ϕmi − ϕ̃m

i+1
2

)∣∣∣∣
+

M−1∑
m=0

k
N−1∑
i=1

∣∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))(
ϕmi+1 − ϕ̃m

i+1
2

)∣∣∣∣
Then the following estimate holds:

∣∣T int20 − T int2

∣∣ ≤ εc,intτ,k (ϕ) + εint,+τ,k (ϕ) + εint,−τ,k (ϕ) . (4.34)

Where εc,intτ,k , εint,+τ,k and εint,−τ,k are defined by

εc,intτ,k (ϕ) =
M−1∑
m=0

k
N−1∑
i=1

[∣∣∣∣∣1k
∫ (m+1)k

mk

(
φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕ
(
t, xi+ 1

2

)
dt

∣∣∣∣∣
]

+
M−1∑
m=0

k
N−1∑
i=1

[∣∣∣∣∣1k
∫ (m+1)k

mk

(
φ+
κ

(
ω, t, xi+ 1

2
, umW,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

))
ϕ
(
t, xi+ 1

2

)
dt

∣∣∣∣∣
]

εint,+τ,k (ϕ) =
M−1∑
m=0

k
N−1∑
i=1

∣∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))(
ϕmi − ϕ̃m

i+1
2

)∣∣∣∣
εint,−τ,k (ϕ) =

M−1∑
m=0

k
N−1∑
i=1

∣∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))(
ϕmi+1 − ϕ̃m

i+1
2

)∣∣∣∣ .
2.2 Comparison of T b2 and T b20

Recall that the quantity T b2 and T b20 are defined by:

T b2 =
M−1∑
m=0

k

[(
Ψ+,m
Ki,Lj ,κ

(
umW,N , u

m
W,2π

)
−Ψ+,m

Ki,Lj ,κ

(
umW,N , u

m
W,N

))
ϕmN

−
(

Ψ+,m
Ki,Lj ,κ

(
umW,0, u

m
W,1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,1, u

m
W,1

))
ϕm1

]
,

T b20 = −
M−1∑
m=0

k

∫ (m+1)k

mk

1

k

 φ+
κ

(
ω, t, xN+ 1

2
, umW,N

)
ϕ
(
t, xN+ 1

2

)
−φ+

κ

(
ω, t, x 1

2
, umW,1

)
ϕ
(
t, x 1

2

)  dt
−LipB

∫ ∞
0

(
η+
κ (ub (t, 2π))ϕ (t, 2π)− η+

κ (ub (t, 0))ϕ (t, 0)
)
dt.
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Now, let us denote by T̃ b20 the following quantity

T̃ b20 = −
M−1∑
m=0

kΨ+,m
Ki,Lj ,κ

(
umW,N , u

m
W,N

)
ϕmN +

M−1∑
m=0

kΨ+,m
Ki,Lj ,κ

(
umW,1, u

m
W,1

)
ϕm1

−
M−1∑
m=0

kLipB
[
η+
κ

(
umW,2π

)
ϕmN + η+

κ

(
umW,0

)
ϕm1
]

Then T b2 can be compared to T̃ b20 :

T b2 − T̃ b20 =
M−1∑
m=0

k
[
Ψ+,m
Ki,Lj ,κ

(
umW,N , u

m
W,2π

)
ϕmN −Ψ+,m

Ki,Lj ,κ

(
umW,0, u

m
W,1

)
ϕm1

]
+

M−1∑
m=0

kLipB
[
η+
κ

(
umW,2π

)
ϕmN + η+

κ

(
umW,0

)
ϕm1
]
,

and this quantity is nonnegative:

T b2 − T̃ b20 ≥ 0. (4.35)

Indeed, the following lemma holds:

Lemma 4.3. Assume that the properties of Definition 4.4 holds. Then: ∀κ ∈ R,
∀a, b ∈ R,

Fm
Ki,Lj

(a>κ, b>κ)− Fm
Ki,Lj

(κ, κ) + (F1 + F2) (b− κ)+ ≥ 0.

proof. The numerical fluxes being nondecreasing functions with respect to their
first variable, and nonincreasing with respect to their second variable, then the
following inequality holds:

Fm
Ki,Lj

(a>κ, b>κ) ≥ Fm
Ki,Lj

(κ, b>κ) ,

Fm
Ki,Lj

(a>κ, b>κ)− Fm
Ki,Lj

(κ, b>κ) ≥ Fm
Ki,Lj

(κ, b>κ)− Fm
Ki,Lj

(κ, κ) .

Moreover, from the fact that Fm
Ki,Lj

is a Lipschitz continuous function, we deduce
the inequality ∣∣∣Fm

Ki,Lj
(κ, κ)− Fm

Ki,Lj
(κ, b>κ)

∣∣∣ ≥ (F1 + F1) |κ− b>κ|

thus,
Fm
Ki,Lj

(κ, b>κ)− Fm
Ki,Lj

(κ, κ) + (F1 + F2) (b− κ)+ ≥ 0,

if we take LipB = (F1 + F2), which yields the result. �

Now, let us estimate the quantity T b20 − T̃ b20
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∣∣∣T b20 − T̃ b20

∣∣∣ ≤ M−1∑
m=0

∫ (m+1)k

mk

∣∣∣φ+
κ

(
ω, t, xN+1, u

m
W,N

)
ϕ (t, xN+1)−Ψ+,m

Ki,Lj ,κ

(
umW,N , u

m
W,N

)
ϕmN

∣∣∣ dt
+

M−1∑
m=0

∫ (m+1)k

mk

∣∣∣φ+
κ

(
ω, t, x0, u

m
W,1

)
ϕ (t, x0)−Ψ+,m

Ki,Lj ,κ

(
umW,1, u

m
W,1

)
ϕm1

∣∣∣ dt
+

M−1∑
m=0

k (F1 + F2) η+
κ

(
umW,2π

) ∣∣∣ϕmN − ϕ̃mN+1

∣∣∣
+

M−1∑
m=0

k (F1 + F2) η+
κ

(
umW,0

) ∣∣ϕm1 − ϕ̃m0 ∣∣
+ (F1 + F2)

∫ ∞
0

∣∣umW,0 − ub (t, 0)
∣∣ϕ (t, 0) dt

+ (F1 + F2)

∫ ∞
0

∣∣umW,2π − ub (t, 2π)
∣∣ϕ (t, 2π) dt

and get

∣∣∣T b20 − T̃ b20

∣∣∣ ≤ εc,bτ,k (ϕ) + ε̃c,bτ,k (ϕ) + εbτ,k (ϕ) , (4.36)

where



εc,bτ,k (ϕ) =
M−1∑
m=0

∫ (m+1)k

mk

∣∣∣φ+
κ

(
ω, t, xN+1, u

m
W,N

)
ϕ (t, xN+1)−Ψ+,m

Ki,Lj ,κ

(
umW,N , u

m
W,N

)
ϕmN

∣∣∣ dt

+
M−1∑
m=0

∫ (m+1)k

mk

∣∣∣φ+
κ

(
ω, t, x0, u

m
W,1

)
ϕ (t, x0)−Ψ+,m

Ki,Lj ,κ

(
umW,1, u

m
W,1

)
ϕm1

∣∣∣ dt,

ε̃c,bτ,k (ϕ) =
M−1∑
m=0

k (F1 + F2) η+
κ

(
umW,2π

) ∣∣∣ϕmN − ϕ̃mN+1

∣∣∣
+

M−1∑
m=0

k (F1 + F2) η+
κ

(
umW,0

) ∣∣ϕm1 − ϕ̃m0 ∣∣ ,
εbτ,k (ϕ) = (F1 + F2)

∫ ∞
0

∣∣umW,0 + ub (t, 0)
∣∣ϕ (t, 0) dt

+ (F1 + F2)

∫ ∞
0

∣∣umW,2π − ub (t, 2π)
∣∣ϕ (t, 2π) dt.

Eventually, from (4.32), (4.33), (4.34), (4.35) and (4.36) is deduced the approximate
continuous entropy inequality (4.31) with

ετ,k (ϕ) = ε0τ (ϕ)+ε1τ,k (ϕ)+εc,intτ,k (ϕ)+εint,+τ,k (ϕ)+εint,−τ,k (ϕ)+εc,bτ,k (ϕ)+ε̃c,bτ,k (ϕ)+εbτ,k (ϕ)

Let us now turn to the study of ετ,k.
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3 Estimate on ετ,k

Convergence of E
[
1Aε

c,int
τ,k (ϕ)

]
:

E
[
1Aε

c,int
τ,k (ϕ)

]
= E

[
1A

M−1∑
m=0

k
N−1∑
i=1

∣∣∣∣∣1k
∫ (m+1)k

mk

(
φ+
κ

(
ω, t, xi+ 1

2
, umW,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))
ϕ
(
t, xi+ 1

2

)
dt

∣∣∣∣∣
]

+ E

[
1A

M−1∑
m=0

k
N−1∑
i=1

∣∣∣∣∣1k
∫ (m+1)k

mk

(
φ+
κ

(
ω, t, xi+ 1

2
, umW,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

))
ϕ
(
t, xi+ 1

2

)
dt

∣∣∣∣∣
]

As the numerical fluxes, the numerical entropy fluxes are consistents: for all
s ∈ R

Ψ+,m
Ki,Lj ,κ

(s, s) =
1

k

∫ (m+1)k

mk

φ+
κ

(
ω, t, s, xi+ 1

2

)
dt

Therefore,

E
[
1Aε

c,int
τ,k (ϕ)

]
≤ ‖ϕ‖L∞ E

[
1A

M−1∑
m=0

k
N−1∑
i=1

∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i

))∣∣∣]

+ ‖ϕ‖L∞ E

[
1A

M−1∑
m=0

k
N−1∑
i=1

∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i+1, u

m
W,i+1

))∣∣∣]
= 0.

we deduce that,
E
[
1Aε

c,int
τ,k (ϕ)

]
→0

We now study the errors εint,+τ,k (ϕ) and εint,−τ,k (ϕ). Here, the weak BV estimate in
Proposition 4.2 is required. Indeed, we have

∣∣∣Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

)∣∣∣ ≤ max
umW,i+1≤d≤c≤u

m
W,i

(F (c, d)− F (c, c))

Therefore,

E
[
1Aε

int,+
τ,k (ϕ)

]
= E

[
1A

M−1∑
m=0

k

N−1∑
i=1

∣∣∣∣(Ψ+,m
Ki,Lj ,κ

(
umW,i, u

m
W,i

)
−Ψ+,m

Ki,Lj ,κ

(
umW,i, u

m
W,i+1

))(
ϕmi − ϕ̃m

i+1
2

)∣∣∣∣
]

≤ h ‖ϕx‖L∞
M−1∑
m=0

k
N−1∑
i=1

E

[
max

umW,i+1≤d≤c≤u
m
W,i

(F (c, d)− F (c, c)) + max
umW,i+1≤d≤c≤u

m
W,i

(F (c, d)− F (d, d))

]
≤ h ‖ϕx‖L∞

C√
h

= C
√
h ‖ϕx‖L∞ →

h→0
0
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where the constant C is given by Proposition 4.2. We would follow the same lines
to get a similar estimate on εint,−τ,k (ϕ).

Convergence of E
[
1Aε

c,b
τ,k (ϕ)

]
:

E
[
1Aε

c,b
τ,k (ϕ)

]
= E

[
1A

(
M−1∑
m=0

k

∫ (m+1)k

mk

1

k

∣∣∣φ+
κ

(
ω, t, xN+1, u

m
W,N

)
ϕ (t, xN+1)−Ψ+,m

Ki,Lj ,κ

(
umW,N , u

m
W,N

)
ϕmN

∣∣∣ dt)]

+E

[
1A

(
M−1∑
m=0

k

∫ (m+1)k

mk

1

k

∣∣∣φ+
κ

(
ω, t, x0, u

m
W,1

)
ϕ (t, x0)−Ψ+,m

Ki,Lj ,κ

(
umW,1, u

m
W,1

)
ϕm1

∣∣∣ dt)]
≤ h ‖ϕx‖L∞ × 0 = 0

Convergence of E
[
1Aε̃

c,b
τ,k (ϕ)

]
:

E
[
1Aε̃

c,b
τ,k (ϕ)

]
= E

[
1A

M−1∑
m=0

k (F1 + F2)

(
η+
κ

(
umW,2π

) ∣∣∣ϕmN − ϕ̃mN+1

∣∣∣+ η+
κ

(
umW,0

) ∣∣ϕm1 − ϕ̃m0 ∣∣
)]

≤ h ‖ϕx‖L∞ (F1 + F2)
M−1∑
m=0

kE
[
η+
κ

(
umW,2π

)
+ η+

κ

(
umW,0

)]
→
h→0

0

Convergence of E
[
1Aε

b
τ,k (ϕ)

]
:

E
[
1Aε

b
τ,k (ϕ)

]
= E

[
1A (F1 + F2)

∫ ∞
0

∣∣umW,0 + ub (t, 0)
∣∣ϕ (t, 0) dt

]
+E

[
1A (F1 + F2)

∫ ∞
0

∣∣umW,2π − ub (t, 2π)
∣∣ϕ (t, 2π) dt

]
= E

[
1A (F1 + F2)

∫ ∞
0

∣∣−W J (tm, 0)−W (t, 0)
∣∣ϕ (t, 0) dt

]
+E

[
1A (F1 + F2)

∫ ∞
0

∣∣−W J (tm, 2π) +W (t, 2π)
∣∣ϕ (t, 2π) dt

]
≤ (F1 + F2) ‖ϕ‖L∞ E

[
1A

∫ ∞
0

∣∣−W J (tm, 0)−W (t, 0)
∣∣]

+ (F1 + F2) ‖ϕ‖L∞ E
[
1A

∫ ∞
0

∣∣−W J (tm, 2π) +W (t, 2π)
∣∣ dt] →

h→0
0.

Convergence of E
[
1Aε

0
τ (ϕ)

]
:

E
[
1Aε

0
τ (ϕ)

]
= E

[
1A

∫
D

∣∣u0
i − u0

∣∣ϕ (x, 0) dx

]
≤ ‖ϕ‖∞E

[
1A

∫
D

∣∣∣∣∣
N∑
i=1

u0
i − u0

∣∣∣∣∣ dx
]
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which goes classically to 0 when h tends to 0.
Convergence of E

[
1Aε

1
τ,k (ϕ)

]
:

E
[
1Aε

1
τ,k (ϕ)

]
= E

[
1A

M−1∑
m=0

N∑
i=1

∣∣um+1
W,i − umW,i

∣∣
k

∫ (m+1)k

mk

∫
Ki

|ϕ (x, (m+ 1) k)− ϕ (t, x)| dxdt

]
≤ ‖ϕt‖L∞m (Ki) k

C√
h

≤ ‖ϕt‖L∞ k
√
h →
h→0

0.

where the constant C is given by Proposition 4.2.
To summarize, we proved in this second step that E [1Aετ,k (ϕ)] → 0 as h → 0,
which concludes the proof of the proposition. �

4.6.2 Proof of the convergence

We prove now the convergence theorem (Theorem 4.1) of the finite volume approx-
imation uW,τ,k to the stochastic entropy solution of Problem (4.4).
We recall now this Theorem
Theorem 4.1[40] (Convergence to the stochastic entropy solution)
Assume that hypotheses H1 to H4 hold. Let τ be an admissible mesh in the sense
of Definition 4.3, M ∈ N∗ and k =

T

M
∈ R∗+ be the time step. Let uW,τ,k be the

finite volume approximation defined by the monotone finite volume scheme (4.10)
and (4.12). Then uW,τ,k converges to the unique stochastic entropy solution of (4.4)
in the sense of Definition 4.1, in Lploc (Ω×Q) for any 1 ≤ p < 2 as h→ 0.

Proof. Let τ be an admissible mesh in the sense of Definition 4.3, M ∈ N∗ and
let k =

T

M
∈ R∗+ be the time step such that h→ 0. In this way we suppose that (at

least for h small enough) the CFL Condition

k ≤ αh

2 (F1 + F2)

In this manner, the estimates given by Proposition 4.1 and Proposition 4.2 hold.
Consider A a P-measurable set, ϕ ∈ D+ ([0, T [× R). Let us multiply Inequality
(4.31) by 1A and take the expectation. This yields:

E

[
1A

∫ ∫
Q

η+
κ

(
umW,i

)
ϕt + φ+

κ

(
ω, t, x, umW,i

)
ϕxdxdt

]
+E

[
1A

∫
D

η+
κ (u0)ϕ (0) dx

]
+LipBE

[
1A

∫ ∞
0

(
η+
κ (ub (t, 2π))ϕ (t, 2π)− η+

κ (ub (t, 0))ϕ (t, 0)
)
dt

]
≥ −E [1Aετ,k (ϕ)] . (4.37)
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To show the convergence of uW,τ,k towards the unique stochastic entropy solution
of our problem 4.4, we aim to pass to the limit in the above inequality. Thanks
to Proposition 4.3 we know that for any P-measurable set A, E [1Aετ,k (ϕ)] → 0 as
h → 0. Thus it remains to study the convergence of the left-hand side of (4.37).
Recall that thanks to the estimate stated in Proposition 4.1, uW,τ,k converges (up
to a subsequence denoted in the same way) in the sense of Young measures to an
“entropy process” denoted by u−W in L2 (Ω×Q× ]0, 1[).

1. Study of E
[
1A

∫ ∫
Q

η+
κ (uW,τ,k)ϕt (t, x) dxdt

]
Note that Λ : (ω, t, x, ν) ∈

Ω × Q × R→1A (ω) η+
κ (ν)ϕt (t, x) ∈ R is a Carathéodory function such that

Λ (., uW,τ,k) is bounded in L2 (Ω×Q), it is therefore uniformly integrable, thus

E

[
1A

∫ ∫
Q

η+
κ (uW,τ,k)ϕt (t, x) dxdt

]
→ E

[
1A

∫ ∫
Q

∫ 1

0

η+
κ (u (t, x, α)−W (t, x, α)) dαϕt (t, x) dxdt

]

We know that the values of W (t, x, α) = W (t, x) =
∞∑
j=1

βj (t) ej (x) do not

depend on α, hence

E

[
1A

∫ ∫
Q

η+
κ (uW,τ,k)ϕt (t, x) dxdt

]
→ E

[
1A

∫ ∫
Q

∫ 1

0

η+
κ (u (t, x, α)−W (t, x)) dαϕt (t, x) dxdt

]

2. Study of E
[
1A

∫ ∫
Q

φ+
κ

(
ω, t, x, umW,i

)
ϕxdxdt

]
Since φ+

κ is bounded in L2 (Ω×Q), using the same arguments as previously,
we obtain

E

[
1A

∫ ∫
Q

φ+
κ

(
ω, t, x, umW,i

)
ϕxdxdt

]
→ E

[
1A

∫ ∫
Q

∫ 1

0

(φ+
κ (ω, t, x,u (t, x, α)−W (t, x))ϕx)dαdxdt

]

Finally, by passing to the limit in Inequality (4.37), we obtain:

For any P-measurable set A, for any ϕ ∈ D+ ([0, T [× R)
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0 ≤ E

[
1A

∫ ∫
Q

∫ 1

0

η+
κ (u (t, x, α)−W (t, x))ϕt (t, x) dαdxdt

]
+E

[
1A

∫ ∫
Q

∫ 1

0

(φ+
κ (ω, t, x,u (t, x, α)−W (t, x))ϕx)dαdxdt

]
+E

[
1A

∫
D

η+
κ (u0)ϕ (0) dx

]
+LipBE

[
1A

∫ ∞
0

(
η+
κ (ub (t, 2π))ϕ (t, 2π)− η+

κ (ub (t, 0))ϕ (t, 0)
)
dt

]
.

Hence u −W is a measure-valued entropy solution in the sense of Definition
4.2. Thanks to Proposition 3.4 , u is independent of α and is hence the unique
stochastic entropy solution in the sense of Definition 4.1 and we denote it by
u. In this way, all the sequence of approximate solution uτ,k converges to
u in L1

loc (Ω×Q). In addition, since uW,τ,k is bounded in L2 (Ω×Q) from
the dominated in norme convergence theorem, all the sequence converges in
Lploc (Ω×Q) for any 1 ≤ p < 2. �

4.7 Numerical simulations

Our aim in this section is to numerically approximate solutions of the stochas-
tically forced inviscid Burgers equation

∂u (ω, t, x)

∂t
+

∂

∂x

(
u (ω, t, x)2

2

)
= ξ (ω, t, x) in Ω×D × ]0, T [ , (4.38)

in a bounded domain D = ]0, 2π[ with Dirichlet boundary conditions.
We suppose that the stochastic source term in (4.38) is a space time white
noise, i.e.

E (ξ (t, x) ξ (y, s)) = δ (t− s) δ (x− y) .

We realize the white noise ξ as the generalized derivative of the cylindrical
Wiener process, i.e.

ξ =
∂W

∂t
.

The integration of equation (4.38) over the control volume Ki =
]
xi− 1

2
, xi+ 1

2

[
results

m (Ki)
∂ui (t)

∂t
+

1

2
u
(
ω, t, xi+ 1

2

)2

− 1

2
u
(
ω, t, xi− 1

2

)2

= m (Ki)
∂W J

i (t)

∂t
. (4.39)
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Where

ui (t) =
1

m (Ki)

∫
Ki

u (ω, t, x) dx,∀Ki ∈ τ .

and, W J
i (t) =

J∑
j=1

βj (t) eji , where e
j
i =

1

m (Ki)

∫
Ki

ej (x) dx.

The equation (4.39) can be written as

m (Ki)
∂ui (t)

∂t
+
(
Fm
KiLj

(ui, ui+1)− Fm
KiLj

(ui−1, ui)
)

= m (Ki)
∂Wi (t)

∂t
(4.40)

We then discretize the semi-discrete equation (4.40) in time using the explicit
Euler schemes, we obtain

m (Ki)

k

(
um+1
i − umi

)
+
(
Fm
KiLj

(
umi , u

m
i+1

)
− Fm

KiLj

(
umi−1, u

m
i

))
=
m (Ki)

k

(
Wm+1
i −Wm

i

)
(4.41)

for any i = 1, ...N , and any m ∈ {0, ...,M − 1},

where,

um0 = u (ω, tm, 0) = 0, um2π = u (ω, tm, 2π) = 0,

and

u0
i =

1

m (Ki)

∫
Ki

u0 (x) .

For the numerical flux, we use the Godunov scheme , which was introduced in
Godunov [25], it seems to be a suitable choice for the Burgers’ 1D-equation,
may be summarized by the following expression.

F (a, b) =

min {f (x) , x ∈ [a, b]} if a ≤ b,

max {f (x) , x ∈ [b, a]} if b ≤ a.
(4.42)

Because f is a nondecreasing function, the Godunov monotone flux scheme
(4.42) reduces to F (a, b) = f(a). Then, the scheme (4.41) reduces to

um+1
i = umi +

k

2m (Ki)

(
umi−1

)2 − k

2m (Ki)
(umi )2 +

(
Wm+1
i −Wm

i

)
(4.43)

To illustrate our proposal, we need to revisit the deterministic methods in
order to understand the effect of this random source term. In particular, we
systematically draw graphs of two quantities: a prescribed single realization of
the space time white noise, and an average of a large number of realizations,
such that 200 and 80000.
We get the following graphics with the spatial and temporal step
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h = 2π/(n+1), dt = 0.01 respectively, where n is the number of control volume,
T = 0.1 and the numerical tests are all performed with the deterministic
initial condition u0(x) = sin 2πx, x ∈ ]0, 2π[. These simulations have been
implemented with the software Matlab.
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01 

and number of control volume n=10 

 

  

 

 

 

 

 

 

 

 Figure 4.2: Numerical solution by FV method in the     

deterministic case 

 

 

 

 

 

 

 

        

 

 

 

 

                                                                                              

 

 

 

Figure 4.1: Numerical solution by FV method in the 
stochastic case with one realization of the noise 

Figure 4.3: Numerical solution by FV method in the 
stochastic case average of 200 realizations of the noise 

Figure 4.4: Numerical solution by FV method in the 
stochastic case average of 80000 realizations of the noise 
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01 

and number of control volume n=19 

  

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.7: Numerical solution by FV method in the 
stochastic case average of 200 realizations of the noise 

Figure 4.8: Numerical solution by FV method in the stochastic 
case average of 80000 realizations of the noise 

 Figure 4.6: Numerical solution by FV method in the 

deterministic 
 Figure 4.5: Numerical solution by FV method in the 
stochastic case with one realization of the noise 
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01 

and number of control volume n=100 

  

 

 

 

 

 Figure 4.9: Numerical solution by FV method in the 
stochastic case with one realisation of the noise 

 

 Figure 4.10: Numerical solution by FV method in the 
deterministic case 

 Figure 4.11: Numerical solution by FV method in the 
stochastic case average of 200 realization of the noise 

 Figure 4.12: Numerical solution by FV method in the 
stochastic case average of 80000 realization of the noise 
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01 

and number of control volume n=200 

 

 

 

 

 

 

 Figure 4.13: Numerical solution by FV method in the 
stochastic case with one realization of the noise 

 

 Figure 4.14: Numerical solution by FV method in the 
deterministic case 

Figure 4.15: Numerical solution by FV method in the 
stochastic case average of 200 realization of the noise 

 Figure 4.16: Numerical solution by FV method in the 
stochastic case average of 80000 realization of the noise 
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Numerical entropy solution by finite volume method for t=0,01 to t=0,1 with dt=0,01 

and number of control volume n=800 

 

 

 Figure 4.17: Numerical solution by FV method in the 
stochastic case with one realization of the noise 

 

 Figure 4.18: Numerical solution by FV method in the 
deterministic case 

Figure 4.19: Numerical solution by FV method in the 
stochastic case average of 200 realization of the noise 

 Figure 4.20: Numerical solution by FV method in the 
stochastic case average of 80000 realization of the noise 



4.7 Numerical simulations

Conclusion

The main goal of this thesis was to study the finite volume method for the
stochastic generalized Burgers equation with homogeneous Dirichlet boundary
conditions in a bounded domain of R. We have considered cases of white noise
in space and time. Here, the most important findings and achievements of this
work will be summarized.

As explained in the general introduction of this manuscript, the Burgers equa-
tion is not a good model for turbulence. It does not display any chaos, Then,
adding a stochastic perturbation in the model is a suitable choice to take into
account this imperfect knowledge of the studied phenomenon.

First, we establish a result of existence and uniqueness to the viscous equa-
tion using fixed point argument. Then, we prove a result of existence and
uniqueness of the entropy solution to the inviscid equation using the concept
of measure-valued solutions and Kruzhkov’s entropy formulation.

Finally, we propose a semi-discrete finite volume approximation of the problem,
and discretize the resulting system of SODE in time using the explicit Euler
schemes, we prove the convergence of the finite volume approximate solution
towards the unique stochastic entropy solution and we give some numerical
simulation by the software Matlab that supports the theoretical analysis.

We find that stochastic entropy solution have more dissipation than determin-
istic solutions. This can be expected because the stochastic entropy inequality
contains an additional dissipative term. Our numerical results for one realiza-
tion are very dispersed. However, the average of a large number of realizations
is very close to the deterministic solution (it is not equal to it), namely the
solution of the partial differential equation where the source term ξ is such
that ξ = 0.
So we conclude that our numerical results for the stochastic solution is a good
approximation of reality. and the finite volume method is more adequate than
other methods for the discritisation of stochastic conservation law.
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Directions for Future Research

In view of the importance of the stochastic problem in physics, chemistry,
biology and its various applications. We hope to develop these results in
future. In particular, the following areas could lead to fruitful research:

(a) Study the problem with other type of noise such as colored noise and
fractional Brownian motion.

(b) Study the fractional problem.

(c) Investigate our numerical simulations with different initial conditions.

(d) Compare our numerical simulations with various amplitude of the noise.
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Appendix A

Basic Reminder of Young

Measures

In this section we recall some basic facts on Young measures and refer to ( [3],
[13], [23] and [37] ) for more information.
Consider the space L1 (Ω, µ,R) where (Ω,F , µ) is a measure space with a non-
negative bounded measure µ.
For u in L1 (Ω, µ,R) the Young measure associated with u is τu, the measure
on Ω× R image of µ by x→ (x, u (x)).
A general Young measure τ is a non-negative measure on Ω×R such that, for
any A in F , τ (A× R) = µ (A).
A Young measure τ is described by its disintegration which is the unique family
of probabilities on R, (dτx)x∈Ω, such that for any τ -measurable function ψ,

x→
∫
R
ψ (x, λ) dτx (λ) is µ-measurable on Ω and

if ψ ≥ 0,
∫

Ω×R
ψdτ=

∫
Ω

∫
R
ψ (x, λ) dτx (λ)µ (dx) .

Therefore, if τ=τu is the Young measure associated with the above function
u, then τx = δu(x), the Dirac mass at u (x).

Another way to define Young measures on Ω× R is to consider the notion of
entropy process proposed by ([23]). For a Young measure τ on Ω× R and Fx
the repartition function of τx, one considers the function u, defined in Ω× ]0, 1[

by:
u (x, α) = inf {t ∈ R, Fx (t) > α} .

It is a µ×L-measurable function on Ω× ]0, 1[ (where L is a Lebesgue measure
on R) and for any non-negative Carathéodory function ψ,∫

Ω×R
ψdτ=

∫
Ω

∫
R
ψ (x, λ) dτx (λ)µ (dx) =

∫
Ω

∫ 1

0

ψ (x,u (x, α)) dαµ (dx) .
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A sequence of Young measure (τn)n is said to converge narrowly towards τ if∫
Ω×R

ψdτn converges towards
∫

Ω×R
ψdτ for all bounded Carathéodory function

ψ.
Consider now (un)n ⊂ L1 (Ω, µ,R) and denote by τn the associated Young
measures. If the sequence(un)n is assumed to be bounded in L1 (Ω), the theo-
rem of Prohorov for Young measures ([3] and [37]) ensures that a subsequence
(τnk)k of (τn)n and a Young measure τ exist such that τnk converges narrowly
towards τ .
Moreover:

(i) for µ-a.e. x in Ω, supp (dτx) ⊂ ∩∞p=1 ∪n≥p {un (x)} ,

(ii) for any Carathéodory function ψ such that the sequence of functions
{ψ (., un (.))}n is uniformly integrable,∫

Ω

ψ (x, un (x))µ (dx)→
∫

Ω×R
ψ (x, λ) dτ

(if the sequence (un)n is uniformly integrable, the above convergence still holds
if one assumes that |ψ (x, λ)| ≤ α (x) + k |λ| where k ≥ 0 and α ∈ L1 (Ω)),

(iii) for any measurable function ψ, l.s.c. with respect to its second variable
and such that

{
ψ (., un (.))−

}
n
is uniformly integrable,

lim inf
n→∞

∫
Ω

ψ (x, un (x))µ (dx) ≥
∫

Ω×R
ψ (x, λ) dτ .

As a consequence, if un converges weakly to some u in L1, it converges strongly
to u in L1, if and only if τn converges narrowly to τu.
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