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Abstract

The aim of this thesis is to study the existence of weak solutions for three types of systems. The
first is a partial differential system which is considered as a generalization of a work obtained
by A. Anane and N. Tsouli (2001). The others are fractional differential systems, we use the
fixed point theory to prove the existence and uniqueness of solution of the second type which is
a nonlinear fractional elliptic system, the third type are nonlinear elliptic systems in resonance
and nonresonance, we use the Leray-Schauder topological degree to solve this kind of systems.
Then, in the last part of our thesis, we present the finite differences method for the numerical
approximation of the solution of the second system.
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Titre: Etude théorique et numérique d’une classe des équations fortement non
linéaires

Résumé

L’objectif de cette these est 'étude de 'existence des solutions faibles pour trois types des sys-
temes. Le premier est un systéme différentiel partiel qui est consideré comme une généralisation
d’un travail obtenir par A. Anane et N. Tsouli (2001). Les autres sont des systémes différen-
tiels fractionnaires, en utilisant la théorie du point fixe pour prouver 'existence et 'unicité de
solution du deuxieme type qui est un systeme elliptique fractionnaire non linéaire, le troisieme
type sont des systemes elliptiques non linéaires en résonance et non résonance, en utilisant le
degré topologique de Leray-Schauder pour résoudre ce genre des systemes. Ensuite, dans la
derniére partie de notre these en présente la méthode des différences finies pour 'approximation
numérique de la solution du deuxieme systeme.

Mots clés:

Systemes elliptiques, solution faible, degré topologique, homotopie, Laplacien fractionnaire,
valeurs propres, méthode des différences finies.



Notations

e — designates the strong convergence.

— indicates the weak convergence.

— indicates the continuous embedding.

V stands for the gradient operator.

e div is the divergence operator.

e — partial derivative.

e — outward normal derivative.

e A, is the p-Laplace operator.

o A !'is the p-Laplace inverse operator.

e A% is the fractional Laplace operator of order s.

e sp denotes the spectrum of an operator.

e N the set of positive integers, that is N = {0,1,2,---}.

e R the set of real numbers.

e R" is the real space of dimension n.

) < R" open set in R".



Q and 0 denote respectively the closure and the boundary of domain Q.
¢ the complement of €.
< .,.> denotes the scalar product.

C™(2) space of m times continuously differentiable functions on 2, m € N.

CF () the space of C*(2) functions with compact support in €.
LP(Q2) Lebesgue space with norm | - ||,.

Lp

loc

(Q) the space of local p-integrable functions on €.
W™P(€)) Sobolev space with norm || - ;-

WP (Q) the local Sobolev space.

Wy"P(Q) is the closure of Ci°(2) in W™P(Q).

W= (Q) is the dual of W'P(€).

H™(Q) = Wm™2(Q).

W#P(Q) fractional Sobolev space with norm | - | ;.

Wi P(€2) denote the closure of Ci°(£2) in the norm ||.||ys»q)-

WH2(R") = HO(RY), Wy*(R") = H(R").



U = W3P(Q) x WaP(Q) endowed with the norm
(s ) o = Nl o) + 1015100

V= I2(Q) x L(Q).

Y = LP(Q) x LV (Q).

Z = W= (Q) x W=7 (Q).

D%3(Q) = {u € H*(R"), such that u = 0 in R™\Q}.

U = D*2(Q) x D*2(2), with the norm, that we will denote by ||.||o

1, )1 = Nl Dooy + 10l1Dee)

V = LX) x LX(Q).

B(0, R) open ball centered at the point 0 with the radius R.
0B(0, R) sphere centered at the point 0 with the radius R.
S Schwartz Space.

[ is the usual Gamma function.

1., is the Riesz potentials.

P.V. is an abbreviation for “in the principal value sense”.
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Introduction

In recent years, partial differential equations (PDEs) or even fractional differential equations
(FDEs) have been the subjects of interest not only among mathematicians, but also among
physicists and engineers. For details, see [35,/49]. Systems of strongly nonlinear elliptic equa-
tions present some new and interesting phenomena, which are not present in the study of a
single equation. Many publications have appeared concerning nonlinear elliptic systems we
refer the readers to [29,64].
It is crucial to mention that fractional calculus is a generalization of ordinary differentiation
and integration. The idea of fractional calculus is considered since 1695 when the derivative
of arbitrary order was described by Leibniz [46]. After that, many researchers have studied
the fractional derivatives and the fractional differential equations like Liouville, Grunwald and
Riemann [51] and over the course of time, the renowned mathematicians gave plenty of atten-
tion to the fractional calculus see [37,/59,/61]. In the last few years, there has been considerable
interest in the nonlinear fractional systems. It’s caused by both the intensive development of
the theory of fractional calculus itself and by its application in various fields of science such
as electrochemistry, biology, viscoelasticity, chaotic systems, biophysics, chemistry...ect (see
[34,38,/62]) and the references therein.
Another aspect in the study of fractional coupled systems is when involving fractional Lapla-
cian and as far as we know, the fractional Laplacian is widely-spread in the modern study of
fractional differential systems. It has a variety of definitions, though they can be distilled down
to the following two:

(—AY'p = (2l¢[3)
and

) —
(—A)°p(2) = C(n,s)P.V. JRR Wdy.

The fractional Poisson system is one of the building blocks in the study of fractional systems,
the extended homogeneous boundary conditions are imposed on the complement ¢ distin-
guishing from the classical Poisson problem where boundary conditions are given on 0.

This difference can be explained from probabilistic interpretation of the standard and fractional
Laplacian. The standard Laplace operator represents the infinitesimal generator of a Brownian
motion with continuous sample paths; thus for a particle in domain €2, it must leave the do-
main via the boundary points on 0€2. By contrast, the fractional Laplacian is the infinitesimal
generator of a symmetric s-stable Lévy process with discontinuous sample paths; particles may
“jump” out of the domain without touching any boundary points on 0€2. Hence, the solution

1ii
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on €2 can be determined by the values at 02 in the context of classical Poisson systems but not
in the context of fractional Poisson systems.

Many methods have been proposed to deal with nonlinear systems: fixed point method, semi-
groups method, sub-supersolution method, Brouwer degree and Leray-Schauder degree, etc.
The last method is an important topological tool introduced by Leray and Schauder in the study
of nonlinear partial differential equations in the early 1930’s. The nontriviality of the degree
ensures the existence of a fixed point of the compact mapping in the domain. It combines the
properties of homotopy invariance and additivity, which make the topological tool more conve-
nient in application, and provides more information on fixed points. The Leray-Schauder degree
is an extension of the Brouwer degree from finite-dimensional spaces to infinite-dimensional Ba-
nach spaces. For more details, we refer the readers to [4,|14/17,31].

All researchers agree on the difficulty of studying the numerical solution of nonlinear fractional
systems, but it has been studied extensively in the last decade see [2,/57,63]. The finite differ-
ence methods for the nonlinear fractional problem were extended in some sense [56] and many
authors contributed to develop the finite difference approximations.

This thesis is mainly devoted to the study of a class of strongly nonlinear elliptic systems
with the Laplacian operator. We use the topological degree method, the fixed point theorems
and some functional analysis tools to prove the existence of weak solutions for these systems
and we present a finite differences method for the numerical approximation of the solution to a
nonlinear system. To be more precise, we are interested in the study of two classes of systems:

e The first class of systems is an eigenvalue systems for p-Laplacian operators. The main
purpose of this work is to prove the existence of solutions for the quasilinear elliptic
system

~Agule) = filw,0(@) + n(z) in Q,
—Ayu(x) = fo(x,u(z)) + he(z) in Q, (1)
u=v=0 on 09,

when the second terms on the two equations f;(x,s), (i = 1,2) locates between the first

and the second eigenvalue of the p-Laplacian. This result can be seen as a generalization
of the result obtained by A. Anane and N. Tsouli in [6].

e The second class of systems are the nonlinear fractional elliptic systems involving the
fractional Laplacian. We study the existence of weak solutions to the system

—A)SU,(I’) - f(xa U(CL’),U(JZ)) in Qa

—A)v(z) = g(z,u(z),v(r)) n Q, (2)

=v=0 on R™,

IS

where @ < R" is a bounded open set with Lipschitz boundary, s €]0, 1[, f,g are two
continuous functions satisfying the Carathéodory conditions, and also verifying the growth
restriction. As far as we know, this result is new and represent fractional version of the
classical theorem see [23].
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e In the last class of systems, we are interested in the nonlinear fractional elliptic systems
at resonance and nonresonance of the type

(=A)u(z) = flz,u(z),v(z)) + fiz) n Q
(=A)v(z) = g(z, u(x), v(z)) + folr) n Q (3)
u=v=0 on R™(,

with s € (0,1) on a bounded domain 2 < R", n > 2, f, g are continuous functions. H.
Lakhal and B. Khodja [39] studied the system in the classical case.

The thesis is divided into five chapters. In the first chapter, we will discuss some preliminary
materials that we will use throughout the thesis, this chapter has the following structure: firstly,
we recall definitions and important results in the LP(2) spaces, Sobolev spaces and Fractional
Sobolev spaces that have an essential role in the subsequent chapters, then we introduce the
method of the topological degree which is very useful tool for solving nonlinear systems. Fi-
nally, we define the phenomena of resonance and nonresonance.

In the second chapter, we investigate the existence of weak solutions of the problem . We
use the Leray-Schauder degree to obtain the existence result.

The third chapter is devoted for the use of the fixed point theory to prove the existence of
a weak solutions to the system .

In the fourth chapter, we provide an application of the Leray-Schauder degree theorem to
prove the existence of weak solutions to the system .

The focus of the last chapter is to prove a general convergence result of the finite difference
approximation of the nonlinear fractional elliptic system in two dimension.



Chapter 1

Preliminaries

In this chapter, we cover three parts, we start by recalling a various general results in functional
analysis which have served in this thesis. In the second part we introduce the method of
topological degree and in the final part we define the resonance and non-resonant phenomenon.
The reader can easily find the detailed in the related works see, e.g., [1,/4},/1027,31,33].

1.1 Functional spaces

Here we recall the essential notions on functional spaces, particularly, LP spaces, Sobolev spaces
and fractional Sobolev spaces. We give, by the same occasion, some definitions and useful re-
sults for the following chapters.

Let 2 be an open subset of R”, n > 1, we note
C(Q) ={f:Q— R;f continuous },

and
C™(£2) : The space of functions m times continuously differentiable on €2,
where
0 . m
C*(Q) = 0 OO
C.(Q) ={feC(Q);f(r) =0 VzeQ\K, where K is copmact},

and D(€2) the space of functions C'* on ) with compact support in {2 (also called the space of
test functions).

1.1.1 The L?(2) spaces

Let 1 < p < o0 and €2 be an open subset in R". We define the standard Lebesgue space LP(£2)
by

LP(Q)) = { f :Q— R: fis measurable and f |f(z)Pdx < oo},
Q

1
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with the norm )
e =111, = (| 1f@Pac)”

If p = o0, we define

L*(Q) = {f : Q — R : f is measurable and there is a constant C' such that |f(z)| < C a.e. on Q},

with the norm
1flw = Inf{c; f(z)] < C ae. on Q}

Remark 1.1.1. In particularly, when p = 2, L*(Q) is a Hilbert space for the inner product

(f,9) = JQ f(z)g(z)dz.

Recall that Lj .(£2) denotes the set of locally integrable functions on €, i.e.

loc

LY .. ={f: Q — R measurable such that : VK compact QJ |f(z)|Pdx < oo}
In particular )
LP(Q) & Lioe(9).
Proposition 1.1.1. [12/
1. For 1 <p< oo, (LP(Q),] -|,) s a Banach space.

2. For1<p<oo, (LP(Q),] - |,) is a separable space.

3. For1l<p<oo, (LP(Q),]| - |,) is a reflezive space.

Notation: Let 1 < p < o0; we denote by p’ the conjugate exponent,
1 1
p D

Some useful inequalities
In this part, we give some inequalities which will be used in the subsequent chapters.
Theorem 1.1.1 (Young’s inequality). 10/ Let 1 < p < o, then
poopp
ab< =+ Yaz0,b>0.
p p

Theorem 1.1.2 (Holder’s inequality). [10] Assume that f € LP(Q) and g € L¥ (Q) with
1 <p<ow. Then

/

fge LX) and | fali < Iflplgly-
Theorem 1.1.3 (Minkowski inequality). [10/ Let f,g € LP(Q2) and p = 1, then

f+9eLP(Q) and |f + glp < [f]p + lglp-
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Some results about integration and duality

Theorem 1.1.4 (Dominated convergence of lebesgue). [10/
Let (fn) be a sequence of functions in L'(Q) that satisfy

1. fu(x) — f(z) a.e. on 2,

2. there is a function g € L*(Q) such that for alln > 1, |f.(z)| < g(z) a.e. on Q.

Then fe LYQ) and ||f, — f|1 — 0.

Lemma 1.1.1. [10] Let (f,) be a sequence in LP(?) and f € LP(Q) such that | f, — f], — 0.
Then, there ezist a subsequence (fy,) and a function h € LP(2) such that

1. fo.(x) = f(x) a.e. on
2. | fur (@) < h(z) VK, a.e. on Q.

Theorem 1.1.5 (Riesz representation theorem). [10]
Let 1 < p < oo and let € (LP(Q)). Then there exists a unique function v € L (Q) such
that

(oo f) = L uf de, Vi € IP(Q).

Moreover,
Jully = lellzey-

Definition 1.1.1 (Weak derivative). [36] Assume that f € L},.(Q) and let « € N" be a
multi-index. Then g € L},.(Q) is the ath weak partial derivative of f, written D*f = g, if

loc

L fD%dz = (1) L g da,

for every test function p € CL ().

Warning: If such a g exists, it is unique, however it doesn’t always exist.

1.1.2 Sobolev spaces

A Sobolev space is a vector space of functions equipped with a norm that is a combination
of LP-norms of the function together with its derivatives up to a given order. The derivatives
are understood in a suitable weak sense to make the space complete, i.e. a Banach space.
Intuitively, a Sobolev space is a space of functions possessing sufficiently many derivatives for
some application domain, such as partial differential equations.

Sobolev spaces are named after the Russian mathematician Sergei Sobolev. Their impor-
tance comes from the fact that weak solutions of some important partial differential equations
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exist in appropriate Sobolev spaces, even when there are no strong solutions in spaces of con-
tinuous functions with the derivatives understood in the classical sense.

Let € be an open set of R” we define a functional || - ||, ,, where m is a nonnegative integer
and 1 < p < o0, as follows;

1/p
|l = { > |Dafg} , ifl<p<o
0<|al<m

[flmee = max [Df]o;

0<|al<m

for any function f that gives meaning to this writing.

We define the space W™P(Q2) as being the space of measurable functions f € LP(2) such
that the derivative in the weak sense D*f, (0 < |a| < m) belongs to LP(£2) and the space
Wy"P(Q) is the closure of Ci°(2) in W™P(Q).

We associate the space W™P(Q2) with the norm | - |,,, ,, then have the following proposition
Proposition 1.1.2. [12] Let Q be an open subset of R";
1. For1<p< oo, W™P(Q) is a Banach space.
2. For 1 <p < oo, W™P(Q) is a separable space.
3. For 1 <p < oo, W™P(Q) is a reflexive space.
Remark 1.1.2. If p = 2, we usually write
H™(Q) = W™(Q),  Hg'(Q) = g™ ().

Theorem 1.1.6. [35] Let us assume that § is an open subset of R™ (n > 1), me N, 1 <p < o

and p* = P Then
n—p
1 m m . 1 1 m
1. If = — — >0, we have Wy""(Q) — L1(Q), with q € [p,p*], -~ — — = —.
p n p n
1 m m
2. If — — — =0, we have Wy"*(Q) — L1(Q), Yq € [p, +0[.
p n
1

3. If — — m 0, we have Wi (Q2) — L*(Q).
p n
Remark 1.1.3. The space W'P(Q) is equipped with the norm

||fHWLp(Q) = | fllze) + |V fllzr ).



1.1. FUNCTIONAL SPACES 5

Proposition 1.1.3 ( Integration by parts formula). [35] Let u,v € H'(Q) and 0Q € C*,
then for every 1 <1 < N, we have

aU(IE) = — U.Tav(x) T u\s)vis)n;as
@ == | ule) G+ | uls)ots)ds.

where n = cos(n, x) is the cosine of the angle of the outside normal at 02 and the axis x;.

Ifve HY(Q) and if u; € H()) where u; is the components of the vector i, then we have
J div(ii(z)) - v(x) dz — — J (@(z), Vo(z)) dz + J (@, 7)vds.
Q Q o0

Finally, noticing that
Au = div(Vi),

we get the 2™ Green’s formula

Proposition 1.1.4. [35] For ue H*(Q)) and v e H'(Q), we have

L Au(z)v(z)de = — L Vu(z)Vo(z) dz + f s

Lemma 1.1.2 (Poincaré inequality). [12] Let Q be a bounded domain in R"™. Then there is
a positive constant Cq such that

1 flr2) < CalVflia@), Vfe Hy(Q).

Theorem 1.1.7 (Rellich). [27] Let Q2 be an open subset of R™ (n > 1) and 1 < p < +00. Any
bounded part of WyP(Q) is relatively compact in LP(Y). This amounts to saying that for any
bounded sequence of Wol’p(Q), we can extract a subsequence which converges in LP ().

The theorem stay true with W?(Q) provided the border of € is lipschitzian.

Theorem 1.1.8 (Lax-Milgram). [10] Let L be a continuous linear form on Hilbert space H
and a is a continuous and coercive bilinear form, then there is one and only one function v € H
such that:
a(u,v) = L(v), YveH.
Moreover, if the bilinear form a is symmetric, then u is the only element of H which mini-

mizes the functional J : H — R defined by

J(v) = ;a(v,v) C L), Ve,

i.e.

J(u) = minJ(v) and J(u) < J(v) if u # v.

veH
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Definition 1.1.2. [25] Let u : 2 — R be a measurable function with real value.
We can consider the map

A: QxR — R
u(z) —  f(u)(z);

where A(u) is a function with real value defined on € by:

Au)(z) = f(z,u()),
such a map is called the Nemitski operator associated to f.
Theorem 1.1.9. [/ Let o, B = 1. Suppose that f:Q x R — R satisfies

1. f(x,t) is measurable with respect to x € Q for all t € R and continues with respect t € R
for a.e. x €.

2. There exists g€ L’(Q) and a > 0 such that

1f(z,u)| < g(x) +alul*?, Y(z,t)e AxR, (a,f=1).

then the Nemytskii operator A is continuous and compact from L*(2) to LP(Q).

Remark 1.1.4. Condition (1) is called the Caratheodory condition and a function f(x,t) sat-
isfying (1) is called a Caratheodory function.

1.1.3 Fractional Sobolev spaces

Fractional Sobolev spaces have been a classical topic in functional and harmonic analysis all
along, and some important books, such as [40] treat the topic in detail. On the other hand,
fractional spaces, and the corresponding nonlocal equations, are now experiencing impressive
applications in different subjects, such as, among others, the thin obstacle problem [43], op-
timization [24], finance [15], elliptic problems with measure data [32] and gradient potential
theory [44]...etc.

Let Q be an open set in R™. For any real s > 0 and for any p € [1,00) we define the
fractional Sobolev spaces W*P?(Q2). In the literature, fractional Sobolev-type spaces are also
called Aronszajn, Gagliardo or Slobodeckij spaces, by the name of the ones who introduced
them, almost simultaneously (see [8,[26,/55])

We start by fixing the fractional exponent s in (0,1). For any p € [1, ), we define W*P(Q2)
as follows

WeP(Q) = {u e () M =Wl g Q)}; (1.1)

|z —y|?**

i.e., an intermediary Banach space between LP(Q) and W'?(Q), endowed with the natural norm

3 =

lwllwsr@) = (lulie @) + [ul,)7
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(]

is the so-called Gagliardo (semi) norm of u.

where the term

A

Remark 1.1.5. The definition in cannot be plainly extended to the case s = 1. Suppose
that Q) is a connected open set in ]R”, then any measurable function u : 2 — R such that

f f \u n+sp dxdy <+,

is actually constant (see (11, Proposition 2). This fact is a matter of scaling and it is strictly
related to the following result that holds for any w in W*P(Q):

u(z
s—»l* f f i n+sp d dy = C’J \VulPdz,

'ﬂh—‘

lim (

for a suitable positive constant C depending only on n and p.

When s > 1 and it is not an integer we write s = m+o , where m is an integer and o € (0, 1).
In this case the space W#®P(Q) consists of those equivalence classes of functions u € WP ()
whose distributional derivatives D*u, with |a| = m, belong to W7?(€2), namely

WP(Q) = {ue W™P(Q) : D € WP (Q) ffor any « s.t. |a|= o},

and this is a Banach space with respect to the norm

Jalweray = (\u vy 3 1D )

|la|=m

=

Clearly, if s = m is an integer, the space W*P(Q) coincides with the Sobolev space WP ().

Theorem 1.1.10. (18] For any s > 0, the space C*(R™) of smooth functions with compact
support is dense in WP(R"™).

Let Wy"(Q) denote the closure of Ci°(Q) in the norm ||.|lys»q). Note that, in view of
Theorem [1.1.10, we have

WP (RY) = Wee(R),
but in general, for Q < R™, W*P(Q) = W5*(Q), i.e. CF () is not dense in W*P().

Remark 1.1.6. Fors <0 andp € (1,), we can define W*P(Q2) as the dual space of W~*7(2)
where 1/p + 1/q = 1. Notice that, in this case, the space W*P(Q) is actually a space of
distributions on 2, since it is the dual of a space having C(Q2) as density subset.

Proposition 1.1.5. [16] Let Q be an open set of R™ and s € (0,1), then
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1. For1<p< o, W*P(Q) is a Banach space.

2. For 1 <p< oo, W*P(Q) is a separable space.
3. For 1 <p <o, W*P(Q) is a reflexive space.

Corollary 1.1.1. [16] Let s € (0,1) and let p €]1,0[. Let Q be a Lipschitz open set of R™.
Then we have:

1. If sp < n, then W*P(Q2) — L%(Q) for every ¢ < np/(n — sp).

2. If n = sp, then W*P(Q) — L1(Q) for every q < .

3. If sp > n, then W*P(Q) — L*®(Q) and, more precisely,

WeP(Q) < CO*~P(Q).

Theorem 1.1.11 (Compact embeddings). [16] Let Q be a bounded Lipschitz open subset
of R" . Let s €[0,1], let p> 1, and let n = 1. Then we have:

1. If sp < n, then the embedding of W*P(Q) into L* is compact for every k < np/(n — sp).

2. If sp = n, then the embedding of W*P(Q) into L9 is compact for every q < 0.

3. If sp > n, then the embedding of W*P(Q) into C,?’)‘(Q) is compact for A < s —n/p.

The space H® and the fractional Laplacian operator

In this part, we focus on the case p = 2. This is quite an important case since the fractional
Sobolev spaces W*2(R") and Wg*(R") out to be Hilbert spaces. They are usually denoted
by H*(R") and H(R"), respectively. Moreover, they are strictly related to the fractional
Laplacian operator (—A)®, where, for any u € S (Schwartz Space) and s € (0,1), (—A)® it is
defined as

(—A)*u(x) cmﬁ)pvf E@L:%@@hxeR”

- ’$ o y’nJrQs

ﬂ@:ﬂ%ﬁ

dy. (1.2)

C(n,s) lim

0% Jep, (@) |7 — ¥l

Here P.V. is a commonly used abbreviation for “in the principal value sense” (as defined by
the latter equation) and C(n, s) is a dimensional constant that depends on n and s, precisely
given by

where I' is the usual Gamma function (see [9]).
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In our thesis, we symbolize the space H§(Q) by D*?(Q2) where D*?(Q)) = C’go(Q)”HHS (D2(92)
is the completion of C(2) compared to the H*(£2) norm), if Q2 is a bounded Lipschitz open
set, then

D**(Q) = {u e H*(R"), such that u = 0 in R™\Q},
such that

HY(R") = {ue LA(R"): |“|( 7) y‘z(fi)' e LA(R" x R")};

thus D*%(Q) is a Hilbert space with respect to the scalar product

(u,vy = C(n,s Jf y)lo) = U(y))dydx.

y|n+2s

The norm in D%%(Q) is

[l

1
|u(z 2
D=2(Q) = lj |n+23 d dx '

Proposition 1.1.6. [52] Let s € (0,1) and 2 be a bounded Lipschitzian subset of R™ such that
n > 2s. Let u : 2 — R be a measurable function compactly supported. Then, there exists a
positive constant Cemp > 0 (embedding constant) depending on n and s such that

|l z2(0) < Cems||t ps2(e)-

Proposition 1.1.7. [/7] Let s € (0,1), n =1, Q € R™ be a Lipschitz bounded open set and
be a bounded subset of L*(2). Suppose that

. 2
supf —\u(x) U(ZH dxdy < +0o0,
o Jao ’55 - Z/‘”+ y

UES

then S is precompact in L*(L).

1.2 Topological degree

In this part, we will present the topological degree which is considered as an important tool for
solving nonlinear elliptic problems. It was introduced by L. Brouwer for finite dimension and
extended to infinite dimension by J. Leray and J. Schauder, see [27] and [41].

We start by giving the existence and the uniqueness of an application, called topological
degree, in finite dimension.
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1.2.1 The Brouwer degree and its properties

Let € be an open subset of R, n > 1 (or a bounded open of a Banach space FE). Let
f e C(Q,R") and y € R". The application call topological degree show the existence of
solutions of the equation f(x) = y such that z € Q.

Definition 1.2.1. /1] Let Q be a bounded open subset of R™ and f : Q@ — R", f e C'(Q) n
C(Q), xo € Q is called reqular point if Jp(xg) # 0 (or Je(xo) = detDf(xo) with Df(xg) =

(gg;)m(xo)), Otherwise, xq is called critical point or singular point.

Let us designate by
Sp(Q) = {zo € Q: Jp(xo) = 0},

the set of singular points of f on €.

Definition 1.2.2 (Regular case). [{1|] Let Q = R™ be a bounded open and f € C*(Q2) n C(Q)
a defined function of Q with values in R™, for y ¢ f(0) a regular value, we define the degree
of f at the point y by

deg(f.0y) = 3, sgn(detD,f(x;)).
f(zi)=ysi=1n
Definition 1.2.3. [27] Let N > 1. We note by A the set of triplets (f,€,y) Where Q is an
open bounded of RN, f e C(Q,RY) and y € RY such that y ¢ {f(x);z € 0Q}.

Theorem 1.2.1 (Brouwer, 1933). [27] Let N > 1 and A given by the definition (1.2.5).
Then there exists an application d of A in Z called "topological degree’, verifying the following
three properties:

(P1) Normalization: d(I,Q,y) =1 if y € Q.

(P2) Degree of an union: d(f,2,y) = d(f,Q1,y) + d(f, Q. y) F QU = Q, QA =
and y ¢ {f(x),x € Q2 U Q).

(P3) Homotopy invariance: Ifh e C([0,1]xQ,RY), y e C([0,1],RY) and y(t) ¢ {h(t,z),z €
o} (for all t €[0,1]), we have then:

d(h(t,.),Q,y(t)) = d(h(0,.),2,y(0)) for all t € [0,1].

Brouwer’s fixed point theorem, 1912

A first consequence of this "topological degree" method is Brouwer’s fixed point theorem that
we are giving now.

Theorem 1.2.2. [27] Let N > 1, R > 0 and f € C(Bg, Br) with Bg = {z € RY||z|| < R}
(we provided RN with a norm noted ||.||). Then f admits a fized point, that is to say it exists
x € Bg such that f(z) = x.

Theorem was generalized (from 1934) in infinite dimension by Leray and Schauder
under a hypothesis of compactness that we give now.
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1.2.2 The Leray-Schauder degree and its properties

It is certainly impossible to define a degree in infinite dimensions with the same assumptions
as in finite dimensions. For this, Leray and Schauder have been generalized under compactness
assumptions.

Definition 1.2.4. [27] Let E be a Banach space (real), B be a part of E and f an application
from B to E. We said that f is compact (the terminology of Leray-Schauder is different, they
use the expression "completely continuous") if f satisfies the following two properties

1. f is continuous.
2. {f(x),x € C} is relatively compact in E for any bounded C' of B.

Remark 1.2.1. We can notice, in the previous definition, that if f is linear (and B = E) the
second condition leads to the first one. But this is not true for non-linear applications.

Here is the main result of this part, which states the existence of the Leray-Schauder degree
along with its main properties.

Definition 1.2.5. [27] Let E be a Banach space (real). We note A the set of triplets (I— f,y,2)
where € is an open bound of E, f is a compact application from Q into E (which is equivalent

to say that f is continuous and {f(z),x € Q} is a relatively compact part of ) and y € E such
that::

y ¢ {r— f(z);z € 0Q}.

Theorem 1.2.3 (Leray-Schauder, 1934). [27/ Let E be a Banach space (real) and A given
by the definition . Then there exists an application d of A in Z called "topological degree”,
verifying the following three properties:

(P1) Normalization: d(Id,Q,y) =1 if y € Q.

(P2) Degree of an union: d(I - f,,Q) = d(I — f,y, Q) +d(I — f,y. %) if U<
QNN Q=T andy ¢ {z— flx);ze A\ U Q2}.

(P3) Homotopy invariance: If h is a compact application of [0,1] x Q in E, y € C([0, 1], E)
and y(t) ¢ {x — h(t,x),x € Q} (for all t € [0,1]) we have then:

d(I — h(t,.),y,Q2) =d(I — h(0,.),y(0),Q2) for all t € [0,1].
Definition 1.2.6. [27] An application of the form
f =1~ h’7

where I is the identity application and h is a compact application is called compact perturbation
of the identity (or Leray-Schauder application).

Remark 1.2.2. The essential property of the topological degree is:
If (I —f,9Q9)e Aandd(I— f,Q,y) # 0, then there exists x € Q such that x — f(x) = y.
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Schauder’s fixed point theorem

As in finite dimension, a first consequence of the existence of the topological degree is the
obtaining of a fixed point theorem that we give now.

Theorem 1.2.4. [27] Let E be a Banach space, R >0, B(0,R) = {x e E,|z| < R} and f a
compact application from B(0, R) to B(0, R) (that is to say f continues and {f(z),z € B(0, R)}
relatively compact in E). Then f admits a fized point that is, there exists x € B(0, R) such that

f(x) =z.

1.3 Resonance and non-resonance

Resonance is a phenomenon where some physical systems (Electrical, Mechanical...) are sensi-
tive to certain frequencies.

1.3.1 Electronics: resonance circuits

They are a particular case of RLC electrical circuits (R: resistance, L: coil (inductive reactance
X1), C: capacitor (capacitive reactance X¢)).

Figure 1.1: Successive RLC circuit

When we apply an alternating voltage, an electric current will initiate through the circuit,
but we know that the law of reluctance or total circuit resistance is

Z =+/R2+ (X, — X¢)2.

Every time we increase the frequency of the alternating voltage, the X increase and X¢
reduction, in a given frequency becomes X = X¢ i.e.

7 =R,
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meaning: if, only the R exists in the circuit, X; and X disappear what has become like a
short circuit, this is called a resonant frequency f,.

In the case of resonance, all the voltage that is coming from the source goes to R only, and
the current, which passes, reaches the maximum value.

We take the bandwidth when less than the value of the current or the voltage is about 70%
of the maximum value.

Whenever we underestimates the resistance resonance unit getting higher, it means a de-
crease in bandwidth, and therefore the quality factor increase.

Example on radio receivers

If you pick up the radio and want to hear the channel on the frequency 100M H z, we turn the
knob to the right and to the left i.e. we change the frequency (you change either the L or C) if
you get to 100M H z which makes the radio frequency 100M Hz you can listen to the channel
so 100M H z is the resonant frequency.

Therefore, the circuits used in radios are resonance circuits. These frequency selective circuits
pass a specific frequency and behave towards it as a thread and do not pass other frequencies,
which makes the radio frequency parallel to the channel frequency.

1.3.2 Mathematical
Let the Dirichlet proleme

{—dz’v(Wulp‘QVU) = flz,u) +h inQ, (1.3)

u=0 on 0,

where () is a bounded domain of R™ with regular boundary, 1 < p < o and h is given in
W=7 (Q). suppose that
F(z,s)

|sf?

, (1.4)

Fy = lim supp

where F(z,s) = §; f(z,t)dt.

Definition 1.3.1. [58] We say that the problem is non-resonance under an eigenvalue if
Fi(x) < A, and F_(x) < X\, a.e. x© €8, where Fy and F_ are defined by and A, is an

eigenvalue of the problem:

{—div(|Vu|p_2Vu) = MulP72u  in Q, (15)

u=0 on 0.
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Definition 1.3.2. [58/ We will say that the problem presents a resonance under an
eigenvalue A, if Fi(x) < A\, and F_(x) < A\, a.e. x € Q and if at least one of the two
inequalities is an equality on a subset of ) of non-zero measure.

Remark 1.3.1. (58] We note:
f+ = lim sup f(z,s)

s—+00 |S|P—23 '

We establish several existence results under different conditions on the report pF|(j;,s) when

s — t00. Because we always have Fy < fi, the conditions we consider are more general than
those relating to the report L&)

|s|P=2s "




Chapter 2

Existence of solutions for a p-Laplacian
system with a nonresonanse condition
between the first and the second
eigenvalues

In recent years, the eigenvalue problems for p-Laplacian operators have been extensively studied
(see [6}139,42.53]). The main purpose of this chapter is to prove the existence of solutions for
a quasilinear elliptic system when the second terms on the two equations f;(z,s), (i = 1,2)
locates between the first and the second eigenvalue of the p-Laplacian. This result can be seen
as a generalization of the result obtained by A. Anane and N. Tsouli in [6].

2.1 Position of the problem

In this chapter, we study the existence of positive solution for the nonlinear elliptic system
~Ayu(@) = fila,o(@) +h(x) O
—Ayu(x) = fo(x,u(z)) + he(z) in Q, (2.1)
u=v=0 on dQ,

where Apu = div(|Vul[P~*Vu) is the p-Laplacian operator with the exponent p, 1 < p < o0 and
() is a smooth bounded region in R" for n > 1.

Through this chapter, h; € W=7 (Q) with i = 1,2 and p’ the Hélder conjugate of p. As to
the nonlinearities f; (i = 1,2), we assume that they are Carathéodory functions from Q x R to
R such that

‘Ir‘la%dfi(x, s)| e LP(Q), VR; >0, (2.2)

s|ISR;

)\1 < ll(l'> < kz(l') < )\2 a.e. in Q, (2 3)
) :

15
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where

)

, ki(z) = lim sup fil@, s)

s—+00 ‘3‘P*23 s—+00 ‘3|p*23

and A\; (resp., Ag) is the first (resp., the second) eigenvalue of the problem

—Apu = ANulP?u  in Q,
u=0 on .

First inequality in (2.3)) means: 'less or equal almost everywhere with strict inequality on a set
of positive measure'. we also assume that the inequalities in (2.3]) holds for i = 1, 2:

Ve; >0, In(e;) >0: A —g < f;lgfi’ﬁi, V|s| = n(e;), a.e. inQ,
(2.4)

Ve, >0, 3n(e;) >0: {;‘Eﬁsi <A +ei, Vsl =nle), ae in Q.

Recently, A. Anane and N. Tsouli [6] study the existence of solutions for the Dirichlet problem
—Ayu = f(z,u)+h(z)in Q, u = 0in 0, when f(x,u) locates between the first and the second
eigenvalues of the p-Laplacian (A,), using Leray-Schauder topological degree.

Their work is based on the absurd reasoning, they arrived at a contradiction by using dif-
ferent lemmas and the variation characterization of Ay, more precisely the monotonicity of .
Our work is based on the same method of proof.

The main result in this chapter is the following theorem.

Theorem 2.1.1. For i = 1,2, assume that f; satisfies , and . Then for any
hie W=7 (Q), admits a weak solution (u,v) in U.

As usual, a weak solution of system ([2.1]) is any (u,v) € U such that

f |VulP2VuVp,dx + f IVolP2VoVpyde =, fi(z,0)pdz + §, fo(z, u)p,ds
Q Q

+<h17 901> + <h27 902>7
for every o, € W17 (Q), (i = 1,2).

Where (., .) denotes the duality product between W= (Q) and W, (Q).

Next, let us define by (7})[o,1] the family of operators from U to U defined by

T, 0) (Tlt(u,v)> _ (—Apl 0 > y ((1 — t)aq|ulP?u + tfi(z,v) +th1>, (2.5)

Toi(u,v) 0 A (1 —t)asv[P~20 + tfo(x,u) + thy

where «;, 1 = 1,2 are some fixed numbers with \; < a; < .



2.2. A PRIORI ESTIMATE

17

Remark 2.1.1. Hypotheses and give us the growth conditions
\fi(x,8)| < alsP™! +bi(z) V|s|eR, ae inQ,

where a; > 0 and b;(.) € L' (Q).

Remark 2.1.2. Fquations and mmply

Ve; >0, 3b., € LP(Q) such that
[s[P(M — &) = b, (2) < sfi(z,s) < [s[P(A2 + &) — b, (2),
VseR, a.e. in (.

Lemma 2.1.1. T} is continuous and compact.

Proof. We have, T, : U — U; to prove the Lemma, we have

UsV oY 20,
A S

such that the Nemytskii operator

A: V. ->Y
(u,v) ’_)(fl(x7v)7f2($vu))7

and

are continuous and compact.

(2.6)

A If we take (up,v,) — (u,v) in U, according to (2.8)) T}(un,v,) — Ti(u,v) in U, so the

operator 7} is continuous Vt € [0, 1].

A If we take a bounded set M € U, according to (2.8) the image of this set by the operator

T; is relatively compact, so the operator T} is compact.

2.2 A priori estimate

To prove Theorem ({2.1.1)), we first establish the following estimate:

3R > 0 such that V¢ € [0, 1], V(u,v) € dB(0, R) such that [I — T¢](u,v) # 0,

where B(0, R) denotes the ball of center 0 and radius R in U.

]
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For, we assume by contradiction that
Vn >0, 3t,e€[0,1], F(un,v,) € U with
|(wn, vn)|[1p = m such that T3, (un, v5) = (Un, Un). (2.9)

Un Un

Let wy, = (wip, ws,) = (%=, “=). We still denoted by (w,) the subsequence of (w,,) which con-
verges weakly in U, strongly in V' and a.e. in 2 to w.

We can also suppose that t,, converges to ¢t € [0,1]. That to reach a contradiction, we need
the following lemmas.

Lemma 2.2.1. If the sequence g, = (gin, gon) are defined by

fi(z, nwi+(71)i+1n)
np—1

then gi, are bounded in L¥ (Q), and they admit subsequences gi, converging weakly to some g;
in LP (€0).

Proof. From ([2.6)), we have
|fi(x,8)] < agls[P~t + bi(z),

then )
\fi(a:,nwi+(,1)i+1n)] < a.\an(,l)mn\P— n bl(l‘)
np—l =T np—l np—l’
we get
_ bi(x
|gin(2)] < @i|wig —1yivrnl? bt 7;15—1);

as b;(z) in L (Q) and |w;y (_1)y+1, [P~ € LP(Q), S0 gin become bounded in L¥' ().
Consequently, there exists a subsequence, still denoted by g, converging weakly to g; in L ().
O

Lemma 2.2.2. w; #0,1=1,2.
Proof. We have that

A () = (1= el + (@, ) + tha(a),
—A,(v) = (1 = t)ag|v|P2u + tf(z,u)) + thy(x),

the variational formulation give
J |Vu|p_2VuV<p1da:+f |Vol[P 2 VoV pydr = (1 — t)[alj |ulP~2up, dx
Q Q Q
b [ ol 2opde] +1] [ Sl o)ede+ | peuods
Q Q Q

N L ha(x)pyda + L ha () pyda],
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according to the continuity, we found

J \Vun\pZVuanolndx+J |V, [P2Vu, Vi, dr = (1 — t)[alf |, [P U 0y, d
Q0 Q Q

+ Oégf \vn|p_2vng02ndx] + t[f fi(z,v,) ey, dx

Q Q
b B e+ | m@pds+ | ha@)ede)
QO Q Q
if we take (¢1,,, Pan) = (Un,vy), We receive to
f |Vu,|Pdr + f |V, |Pde =(1 — t)[ozlf |u, [Pdx + agf v, [Pz ]
Q Q Q 0
+ t[f fi(z, vp)undx + J fa(x, uy)vpde
Q Q

n L hy(z)updz + f ha(x)vndz],

Q

the definition of w,, verify that
J |Vw, |Pdx + J |Vws, [Pdx =(1 —t,) f w1, [Pdz + Oégj ]w%\pd:c

+ tn[J gln(x)wlndx + J QQn(ZL’)wgndlL'
Q Q

+ o < hy, Wiy, > Way, > | (2.11)
We get from Lemma ([2.2.1])
1=(1- t)[OQJ |wy|Pdx + Oégf |wo|Pdz] + t[J g1(z)widx —|—f go(x)wodz|; (2.12)
0 Q 0 Q

from the diffrent properties of the weak and strong convergences we get that w; # 0,7 =1,2. [
Lemma 2.2.3. Let A={zeQ:w;(x) #0, (i=1,2)}, then
g; =0 a.e. in Q\A where i =1,2.
Proof. The inequality gives us for every i (i = 1,2)
bi(x)
1

|gin ()] < ai|wiypyirn [P+ o ae in O\A, (2.13)
n
SO
1
HginHLP’(Q\A) az||wz+( 1 Hln”m (2\A) + np—1 Hbi“Lp’(Q\A)

£ 1
< aillwir il o) FHbi“LP'(Q\A)? (2.14)
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From Lemma (2.2.2)), we have

i {|ginll o a) = 0. (0 =1,2) (2.15)

n—+ao

Let D={xeMNA:g;, #0, (i=1,2)}. By Lemma (2.2.1)) we get, for ¢,(z) = sign[g:(z)]xp(z)
belong to LP(D) such that
0 ;z¢D,
Xp(x) =

1 ;xeD,
that
lim Gin(2) 0, (z)dx :f 9i(x)p;(x)dx :f |gi(z)|dx, (2.16)
D D D

n—+0oo

but, we have by (2.15))
D

consequently, meas(D) = 0 which implies

g; =0 a.e. in Q\A where i = 1, 2.

]
Lemma 2.2.4. Leti = 1,2 and
gi(z)
Gi(x) = @)y pyirrP72w() gy it on 4, (2.18)
Bi on Q\A,
where 3, are fived numbers such that A\; < [, < A\, then
< g .e. in ().

A1 gi(z) <A a.e. inQ (2.19)

#

Proof. For ¢ = 1,2, firstly we define new subsets us follow

B, ={ze A wiyn(@)gi(2) < i(@)|wiy -1y (@)},

<
By, = {z € A w1y (2)gi() > ki(@)|wiy (—1yin (@) P},
then we prove that meas(B;,) = meas(By,) = 0.
By Remark , we have that Ve; > 0, 3b., € L’ (Q) such that
|nwi+(71)i+1n|p(li —&;) — b, < nwi+(71)i+1nfi($a ”wz‘+(71)i+1n) < |nwi+(71)i+1n|p(ki + &) +(bai7 )
2.20

according to the definition of g;,, we find

|nwi+(_1)¢+1n|p(li - 51‘) - bsi < npwH(_l)iﬂngm < \nwi+(_1)¢+1n|p(l€i + 8i) + bei, (221)
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dividing on n?
|wi+(fl)i+1n|p(li — &) — ﬁ S Wit (—1)i+1nGin S |wi+(71)i+1n|p(ki +&;) + ngp (2.22)
By integrating in the first inequality and letting n — oo, then ¢ — 0, we deduce
f (Wi (—1yier (2)gi(2) — |wig(—1yier () [PLi(z)]dz = 0, (2.23)
B,
and from the definition of the subset B;,, we get
r
] (Wit (1)1 (2)gi(2) — |wig(—1yier () [PLi(2)]dz < 0. (2.24)
B,
Whereupon
-
| B @) = )Pl = o (2.25)
B,
which implies meas(B;,) = 0. The second inequality give us meas(By,) = 0.
In the second step, from the definition of g;, we obtain
li(z) < gi(z) < ki(z) ae. in A, (2.26)
and hypothesis ([2.3)) allow us to write
A < Gi(x) < Ag ace. in A. (2.27)
Since §; = 5, in Q\A, then
)\1 < §]Z < )\2 in Q\A (228)
The inequalities (2.27) and (2.28)) leads to
A1 < Gi(x) < Mg ace. in € (2.29)
From ([2.28)), (2.29) and the fact that mes(Q\A) # 0, we obtain
)\1 < gz(ll) < >\2 a.e. in €.
#
O
Lemma 2.2.5. Ifi1 = 1,2, then w; is a solution of
{_pri = mywiPw; in Q, (2.30)

w; =0 on 09,

where m;(x) = (1 —t)a; + gy (—1yin ().
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Proof. We first prove that w; (i = 1,2) is a solution of

—Apw; = (1 = t)og|w;[P~2w; + tgs 1y in Q, (2.31)
w; =0 on 0.
From [6], we have that wy, (i = 1,2) satisfies
_prin = (1 - tn)|win|p_2win + tn [gi+(—l)i+1n + npli—lhz] in Q? (232)
w;; =0 on 0€).

We know that for i = 1,2, (=A,)(ws,) are bounded in W~ (Q2), so we can extract from it a
subsequence (w;,) (for simplicity of the notation), and a distribution L; € W~ such that

(_Ap)(wln) weak Li7

in particular

lim < —prm,wi >=< Li,wi > .
n— -+

Since

< = ApWin, Win —w; > = (1 = tn)ozzf |win [P~ Win (Wi, — w;)de
Q

+ tn[ J;Z gi+(fl)i+1n(win - wz)dﬂf + =1 < hi: Wiy, — W; > ],

it holds

lim < —Apwipn, wy, —w; >=0.
n—+0o0

But, we have

lim < —Apwin, Wi, —w; > = lim < =AWy, Wiy, > — lIm < —Ajwg,, w; >

n—+00 n—+00 n—+00
= lim < —prm,wm > =< Li,wi >
n—+00

consequently
lim < —prm,wm >=< Li,wi > .

n—+00
We also know that (—A,) is an operator of type (M )EL so we get
Lz‘ = _pri-
Passing to the limit in (2.32)) gives (2.31]), but by Lemma ([2.2.3)), we have

(1 — t)oy|w P~ + tGit(—1)yit1 = miw;[P2w;  a.e. in Q,

which implies that w; is a solution of (2.30]) for every ¢ sush that ¢ = 1, 2. O

'We say that A : V — V' is an operator of type (M) if [u,, — u weakly in V', A(u,) — z weakly in V' and
limsup < A(up),uy, ><< z,u >= z = A(u)].
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Now, we can prove our estimate.

To reach the contradiction, we set A;(€2,m;(z)) (resp., A2(£2, m;(x)) to be the first (resp.,
the second) eigenvalue of the problem with weight

—Apu = dm;(z)|ufP~?u  in Q,
u=0 on 0.

For ¢ = 1,2, we use Lemma ([2.2.4)) and the fact that \; < a; < Ay, to get

A1 < my(x) < A ae. in
=

now, by the strict monotonicity property of the first eigenvalue |[60] and the second eigenvalue
[5], we have

Al(Q,mi) < )\1(9,)\1) = 1,

and
1= )\2(Q,>\2> < AZ(Qymi)a

so clearly
Al(Q,mi) <1< /\2(Q7mz)

But by Lemmas (2.2.2) and (2.2.5)), for every 7 (sush that ¢ = 1,2), 1 is an eigenvalue of (—A,)
for the weights m;, which contradicts the definition of the second eigenvaluesﬂ Ao (2, m;).

From above we deduce that the estimation holds true.

2.3 Proof of the main result

Using the homotopy invariance of the degree map, which through the homotopy T} yields
deg(I — Ty, B(0, R),0) = deg(I — T, B(0, R),0).

As Ty is odd, so following the theory of Borsuk, we get that deg(I —Tp, B(0, R),0) is an odd in-
teger and so nonzero. This implies that there exists (u,v) € B(0, R) such that 77 (u,v) = (u,v).
Hence, system ([2.1)) has a positive solution.

This completes the proof.

2\ is the second eigenvalue therefore A\; < A2 and sp(—A,)N]A1, Ao[= 6.



Chapter 3

Existence and uniqueness of solution
for a nonlinear fractional elliptic
system

The study of the existence of weak solutions to a system of nonlocal equations involving the
fractional Laplacian its our aim in this chapter. To prove the existence and uniqueness of
solutions under suitable assumptions on the non linearities, we use the fixed point theory.

3.1 Position of the problem and the main result

Fractional differential equations involve derivatives of fractional order are important mathemat-
ical models of some functional ways to some of the problems in several disciplines like in image
denoising, natural sciences and different other branches (see [28,[30]). As a result, the subject
of fractional differential equations is gaining much importance and attention, for examples see
[48.,50,51,|65] and the references therein.

The Dirichlet problem for the fractional Laplacian has been studied from the point of view
of probability, potential theory, and PDEs. It has attracted lots of interest, see [7,125]. In this
chapter, we adopt the fixed point theory in order to confirm the existence of a weak solutions
to the coupled system

(=A)u(z) = f(z,u(z),v(z)) n Q
(—A)Yv(x) = g(z,u(x),v(x)) in Q (3.1)
u=v=>0 on R™\Q,

where Q0 < R™ is a bounded open set with Lipschitz boundary, s €]0,1[ and f,g: @ xRxR — R

are two continuous functions satisfying the Carathéodory conditions ( i.e : f(.,w), g(.,2) are
measurables for each w,z € R? and f(z,.), g(y,.) are continuous for almost every z,y € Q),

24
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and also verifying the growth restriction defined below

{|f<o:,51,s2>

lg(z,m1,m5)

1(ac) + 05|f1|61 + b|§2|617

<r (3 2)
< ro(w) + C|771|62 + d|772|62- '

|
|
(We are employed the notation that |.| stands for absolute value in R).

Where §1, 05 €]0,1[ and r = (rq,73) € V nonnul function; a, b, ¢ and d are nonnegative con-
stants.

We recall that the fractional Laplacian (—A)* in its nonlocal representation defined as

(~AV () = Clus) P | pla) — oY) g,

R™ ’I’ _ y’n+2s

along ¢ € C°(R™), where s €]0,1[, P.V. denotes the integral in the sense of the principal value
and

As far as we know, this result is new and represent fractional version of the classical theorem
see [23]. The linear case is already studied in a lot of works.

The rest of this chapter is organized as follows. Section 2 introduces basic definitions and
the main result of this paper. In Section 3, a fixed point formulation of the problem (3.1)) is
presented, and in Section 4, we prove the main result. Finally, in Section 5, we give a particular
case.

Throughout the chapter, without futther mention, we always assume that n > 2s, and the
main result is

~

Theorem 3.1.1. Under hypothesis , problem has at least one solution (u,v) € U.

3.2 Fixed point formulation of the problem

From the definition of the fractional Laplacian (—A)*®; the problem (3.1]) is weakly formulated
as follows:

C(n, ) (§o, L= EL 20D dydy = §, f(2, u(x), v(@))p(x)de,

|w—y|m+2s

C(n,s) SS}Rzn (v(x)*v(y))(¢(z)*¢(y))dydx _ SQ g(z, u(z),v(z))p(z)dz,

lz—y[n+2s

for (¢, ¢) € U.
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Let us define

where
Li(p) = Clnss) [ [ L) = o) g,
L,(¢) = C(n,s) Jf (w(x) - ‘U;y_»y(‘qi(f;)s - (b(y))dydx
and ’
Si(p) = J[Z f(z,u(z),v(z))p(r)dr,
Sa(9) = Lg(x>u(93),v(93))¢(x)dx.

Lemma 3.2.1. The operators L and S are continuous linear functionals on the space U.

Since U is a Hilbert space, by the Riesz representation theorem (see Chapter 1 Theorem

1.1.5) there exists uniquely determined elements L(u, v), S(u,v) € U such that
L(u,v) = (L(u), L(v)) and S(u,v) = (S1(u,v), Sa(u,v)).

We have also

Lu() = {Lu, ©)((po2y,po2y = (L), 9)(po2 poay,

EU((]5) = <iv, ¢><(Ds,2)/’Ds,2> = <L(U>, ¢><Ds,2,Ds,2>7
and

§1<§0) = <31, ()0><(DS,Z)I7DS,2> = <Sl (u, 2)), §0><D5,2’D5,2>7

§2(¢) = <§2, ¢><(Dsa2)’,DS’2> = (Sa(u,v), ¢><st2,st2>,

for all (¢, ¢) e U.

The standard norms of L(u,v) and S(u,v) are defined by:

1L Cu, )1 = 1| L(w)]

2
Ds:2s

e |1 L(v)]

D2 + [152(u, v)]

2
Ds:2)

1S (u, v)IF = 151(u, v)]|

where A
||L(U/)HD5,2 = ||LUH(DS’2)’ = sup||<pH<1|<Lu, Q0>‘,

[L(v)]

o2 = [ Lollpe2y = supyg<il{Lv, 6)1,
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and .
[51(u; v)[[psz = [[S1l(ps2y = supyy<1[{Si(u, v), @)l

|S2(u, v) || ps.2 = ”SQH(D“)’ = SUP||¢\|<1|<S2(U7U)7¢>|-

To prove that the Dirichlet problem (3.1]) has at least one weak solution, it is necessary and
sufficient to prove that the operator equation

L(u,v) = S(u,v), (3.3)
has at least one solution in the space U.

There are several equivalent inner products defined on D*2(Q). If we choose

<U,"U> _ C(?’L, 8) Jf (u(x> — u(y))(v(:c) — U(y))dyda:,

|.ZC _ y’n+2s

then L defined by 1) is just an identity on U.

Hence 1| is equivalent in U to the operator equation

(u,v) = S(u,v). (3.4)

3.3 Proof of the main result

In this section, we are stade different lemmas to get the existence and the uniqueness of a weak
solution of problem (3.1). Our method of proof is based on the application of the Schauder
fixed point theorem.

Lemma 3.3.1. The operator S is continuous in U.

Proof. Let (un,vy) —> (u,v) in U, then we have

”Sl(unavn) - Sl(“’a U)|

Ds2 = sup”(pHleSl (Un, 'Un) -5 (U, U)a 90>”
192 (tn, vn) = Sa(u, v)|[ Doz = sup)g) <1 [(F2(tn, vn) = Sa(u, v), Pl
since

SupngHglKSl(umvn) - Sl(uv U): 90>‘ < cemb||f(x,un,vn) - f(l‘,u,U)HL2,

SupH(b||<1|<SQ(una Un) - SQ(ua U)v ¢>| < Cemng(fE, Unp, Un) - g(w, u, v)||L27
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thus

HS(umvn) - S(u>v)||2ﬁ < Cgmb”f<m7unvvn) - f(x7uav>||%2 + Cgmng(‘T’umvn) - g(x,u, v)“%?

The right-hand side approaches zero as n — oo it follows from the continuity of the Nemytski
operators from L?(Q) in L?*(Q). This proves the continuity of S. O

Lemma 3.3.2. The operator S is compact.

Proof. Let M < U be a bounded set and {w,}_, = {wyn, won}, < S(M) be an arbitrary
sequence.
Let {un,vn}_; © M be such that

S(”navn) = (w1n>w2n)-

The reflexivity of U implies that (u,, v,) — (u,v) in U at least for a subsequence. As a result
of the compact injection of D*2(Q) in L(Q) (Proposition |4.15) that (u,,v,) — (u,v) in V.
Estimates similar to those from the proof of Lemma yield

(w1n7w2n) - S(U, ’U), in (7

(at least for a subsequence). This proves the compactness of S(M), ie., S is a compact
operator. W

Lemma 3.3.3. The operator S maps the closure of the ball B(0; R) < U into itself.
Proof. For all (u,v) € U, we have from Section that

151 (u, v)]

D2 = SUP||¢H<1|<51 (Ua U)a 90>|’

155 (u, v)]

D2 = SUP| <1 [{S2(u, v), ).
Using the Cauchy-Schwarz inequality, we obtain

151 (s 0) [ Dz < Comp(§o | f (2, u(x), 0(x)) Pde)?,

152 (u, v)]
From the hypothesis (3.2)), we get
151 (u, v)]|

Doz < Cemp(§olg(2, u(@), U(x))|2dx)%

pee < Comp(§olri(x) + alu()|™ + blo(x)|" [Pdz)?,

12 (1, v) | oz < comp(§glra() + clu()|? + dlo()|Pde)?,

and
|51 (u, v)|| ps.2 < Cemb(||7“1||L2 + a(§, [u( )|251dx 2+ b({, [v(z |251d:c)%)

(3.5)

11 (1, 0) || Doz < Comp (||72]| 2 + (S, [u(z) 2)|22dz)2 d(§, [v(z) |262dx)%),
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where the last estimate is due to the Minkowski inequality for p = 2.

Applying the Holder inequality, we have

(Solu(e)Prdw) s < (§olu(e)Pda) (mes(2) = < clhy(mes(€))

emb

Q)

(anv(:ﬂ)lmdx)% < (folo(@)[2dz) % (mes(92)) =" < el (mes(2) = [|o]1%

emb
Now, and . yield

181, 0)12 < [eemlirsl| + ackis! (mes() F ull? + el (mes(€2) = [[o] ],

emb emb

Ds:2 (Q)

1—6 1—6
1S (u, 0)I[? < [cempllrall + el (mes(€)) = [ul| + de22h! (mes(2)) = [Jo]| ],
if we put
r 1-6
k= acliy (mes(2) 7,
d1+1 129
[ =0bc)l 5 (mes(2) 7z,
<
. So+1 1-47
J = Ccemb (meS(Q)) 2,
62+1 1-d9
| h = dcgy, (mes(Q2) 72,
then )
151 (u, 0) |1 < [cempllri|| + maz(k, 1) (J|lu]l® + [Jo]*)],
) 2
192 (w, 0)[|* < [cempllrall + maz (g, h)(Jul]®> + [[v]]°2)],
thus

191w, v)II* < 262, lr1][* + dmaz® (k, D([[ul* + [Jv]*),

192 (u, 0)[1? < 2

Where-upon, we have

2| + 4maz®(j, B)(|[ul 2 + [Jv]|**2).

emb |

18, )| < 2, Il + 4(maa®(k, 1) + maz?(j, 1)) maa([| (e, )P, |, 0)[P2). (3.7)

~~
=C =D

It follows from (3.7) that for any (u,v) € B(0; R) « U

|S(u,v)|| < R, with \/C + D max(R%l’RQaQ) <R,

hence S maps B(0; R) into itself if R is large enough. ]
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Now, we can prove our main result.

Proof. (Theorem |3.1.1)) To prove Theorem[3.1.1} we can apply the Schauder fixed point theorem.
It follows from Lemmas IEI, Iﬂ and |3.3.3| that there is at least one fixed point (u,v) € U of S

(which mean the system (3.1) have a weak solution in U). O

This completes the proof.

3.4 Particular case

Let us assume that f and ¢ are Lipschitz continuous functions with respect to the second
variable, i.e., there exists constants ¢;, ¢o € RT for almost every x € Q and for any w =
(w1, ws), 2 = (21, 22) € R? x R?,

{Hf(ﬂ% wy) — f(x,we)| 2 < allwr — wallz2)xr2(0) (3.8)

lg(z,21) — 9(90,22)HL2(Q) < ¢of|z1 — Z2HL2(Q)><L2(Q)-
We can apply the contraction principle to get the following result.

Theorem 3.4.1. Let the Carathéodory functions f, g be Lipschitzian continuous with respect

to the second variable with constants ¢; > 0 (i = 1,2) such that |¢| < c.2, (¢ = (c1,¢2)). Then,

there is a unique fized point (u,v) € U, ie., (u,v) is a unique weak solution of )

3.4.1 Proof of the theorem
To prove Theorem [3.4.1] we need the following contraction principle.

Theorem 1 (Contraction principle). |3/ Let ¢ be a contraction mapping from X to X.
Then 1 admits a unique fized-point in X .

So to use the contraction principle we must prove that the operator S is contraction.
Lemma 3.4.1. The S operator is a contraction.

~

Proof. For any (u,v) € U we also have (u,v) € V, then (f(x,u,v),g(z,u,v)) e V.
Then, for all (u1,v1), (ug,v2) € U, we have

|51 (w1, v1) — Si(ug, v2)||ps2 = SUP||¢H<1|<51(U1701) — S1(ug, v2), ¥l

||52(U1,"U1) - 52(U2,U2)|

this means that

Ds2 = Sup||¢H<1|<SQ(U1, Ul) - SZ(“Q, U2>>7 ¢)|’

191 (ur, v1) = Si(uz, v2) | Doz = supyyil§olf (2, 11, v1) = f (@, ua, v2)Jp(2)da],

|| Sa(u1, v1) — Sa(ug, va)

Ds2 = SUPHUH<1|SQ[9($, ur,v1) = g(, uz, v2)]o(x)dz|.
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Using the hypothesis (5.2), we get

151 (ur, v1) = Si(uz, v2)[[ Doz < Fetyl (ur, v1) — (U2,U2)||2[7,

1S (ur, v1) = Sa(uz, v2)[[ ez < ety (ur, v1) — (w2, v2) I3
Consequently S is a contraction if ¢2,,|c| < 1. O

Now, we can prove Theorem [3.4.1]

Proof. We have according to Lemma that S is a contraction if c?

emb|

c| < 1, then we can

apply the contraction principle to get that there is a unique fixed point (u,v) € U of the

operator S. That is, (u,v) is the unique weak solution of (3.1]).

O



Chapter 4

Existence of solution for a nonlinear
fractional elliptic system at resonance
and nonresonance

In this chapter, we study the existence of a weak solutions for the nonlinear fractional elliptic
systems with Dirichlet boundary conditions. We use the Leray-Schauder degree to solve a
resonance and non-resonance systems.

4.1 Position of the problem

This work is devoted to the study of the existence of solutions to nonlocal equations involving
the fractional Laplacian, we give an application of the Leray-Schauder degree theorem to prove
the existence of a weak solution to the system

A)u(z) = flz,u(z),v(z)) + fi(z) in €
A)v(x) = g(x,u(x),v(z)) + fo(z) in Q (4.1)
u=v=0 on R™Q,

with s € (0,1) on a bounded domain QQ € R", n > 2, f and g are continuous functions defined

inQxRxRand h=(fi, f2)eV.

To a better understanding, this result is new and represent a fractional version of a classical
theorem obtained working with Laplacian equations.

Let us assume now that the nonlinear functions f and g are of the form:

{f(x,u,v) = au + fo(z,v),

g(x,u,v) = bv + go(z,u),

32
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where a, b are real positive constants. In this work we will see 3 class of systems considering
the constants a and b.

We recall that the fractional Laplacian (—A)® is a defined as

(-8 (o) = )P | plo) —elv)

- |IL’ _ y|n+2s

along ¢ € CP(R™), where s € (0,1), P.V. denotes the integral in the sense of the principal
value, C(n, s) is a positive constant of normalization and its spectrum in L*(Q) is formed by
the sequence (\;); € R* such that |A\;| — +0c0.

We assume that fy,go : 2 x R — R are Caratheodory functions and we denote by A; the
first eigenvalue of (—A®) and ¢, is the normalized eigenfunction associated a A;.

Let A\; € R* be defined as

C(n,s SSR% |u(z)— u(y)|2dydl’

)\1 _ 1nf |:IS y‘n+2s ’
ueD>2(Q) SQ |ul?dx
u#0
or equivalently as
= inf{C(n, s) ud dr: | |ul’dx =1,ue D¥*(Q),u # 0}
|n+25 ’ Q o ! ’
if
C(n,s Jf G )|)(+2(x) — U(y)dydx = Alf ¢, (x)v(z)dx, for all ve D*?(Q).
—yne Q

The purpose of the present chapter is to extend the results of [45,51] to the system (4.1]) under
the following conditions on the functions fy and gy:

(81,81 € L*(Q)
and

B1 () < folz,t) < B (z) ae.

where
lim fo(,t) = B1(.) ae. Q
hm fo(.,t) = B () ae. Q,

\ t—+00

A

(4.2)
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and )

By, 85 € L*(Q)

and

B3 (z) < go(x,t) < B3 (z) ae. Q
) where

lim go(.,t) = p5(.) a.e.

t——00

lim go(.,t) = B5(.) a.e. Q.

\ {—+00

(4.3)

4.2 Preliminaries and the main results

Firsty, we give a definition of weak solution.
Definition 4.2.1. We say (u,v) € U is a weak solution of the system if for any w =

(01, ) € U, we have

C(n,s) §{zon (u(@)—u@) (@01 (@) D1 W) g, 7 = §o aubyde + §o, fo(x, v)wrde + § f1(x)wde,

|x_y|n+25

C(n, s) §§ g, CRWNR@Z0W) gy dy = § bodada + §, go(w, u)dada + §, folx)dbada.

lz—y[+2s
For a fixed (u,v) € U it is easy to see that

iu,v : (11)1,1]}2) = (j—/u(

2
=
N—

~
<
—

=
N~
N—
N—

such tha
e =l [[ ) = is) = ),
e ’ | — y|n+2s ’
L) - ) [ (v(x) - ”fg)ﬂ(;ji(fgl — 00D e
gv(tbl) = Qfo(x,v(x))wl(x)dx,
S (is) = L go(x, u(x))wy(x)dz,
and
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Lemma 4.2.1. I:, S and A are continuous linear functionals on the space U.

As the previous chapter, since U is a Hilbert space, by the Riesz Representation Theorem
(see chapter 1 Theorem [1.1.5)) there exist uniquely determined elements L(u,v), S(u,v) and
A(u,v) € U such that

L(u,v) = (Li(u), L2(v)), S(u,v) = (S1(v), S2(u)) and A(u,v) = (Ai(u), A2(v)),
we have also that

Loy (1) = Ly 01 )¢ po2y pozy = (L (W), 1 Yoz porzy,

f/v(’lz)g) - <_ZA;U7 ’lI)2><(Ds,2)/7Ds,2> - <L2(U>,w2><Ds,2’Ds,2>,

\

r A

v(wl) = <‘§v; U~)1><(Ds,2)/,Ds,2> == <S1 (U), w1><Ds,27Ds,2>,

| S0 () = (S, Way(po2y oy = {Sa(W), Way(ps2 o2y,

and
Au(wl) = <Au, QI)1><(DS,2)/7DS,2> = <A1 (U), 71)1><D5’2,D5’2>,

A, () = (Ay, o) (psy pozy = (Ao(V), Wa)eps2 poay,
for all (@y,d,) € U.

We can define L as an identity on U and it is clearly that S and A are a compact and
continuous operators.

For t € [0,1] and (u,v) € U we define the following homotopy

Ti(t, u,v) u—aA(u) —tS1(v) — (1 —t)eA;(u)
Tt u,v) = (Tg(t,u,v)) = (U ~ bAs(v) — tSh(u) — (1 —t)sAg(v)) '

Equivalently,
T(t,u,v) = (u,v) — BA(u,v) — tS(u,v) — (1 —t)C(e)A(u,v),¥e > 0

B:(S 2) andC(5)=5<(1) (1)>

BA—tS—(1—t)C(e)A:[0,1] x U — U,
is a compact and continuous operator, then the existence of at least one solution of the system
(4.1)) would follow from

where

It is clear that

deg(I — BA—S,B(0,R),0) # 0.

Let’s now give the main result of this chapter.
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Theorem 4.2.1. Assume that and are fulfilled. Then has at least one solution
(u,v) e U.

4.3 A first class of systems

The class of systems considered in this section is determined by taking the functions

{f(m,u,v) = au + fo(z,v),

g(x,u,v) =bv + go(x,u),

and

where a,b ¢ sp((—A)?).

In light of the notation above (4.1)) reads as

o~~~

AYu(x) = au + fo(z,v) + hi(z) in €Q,
A)v(x) = bv + go(x,u) + ho(x) in £, (4.4)
on R™Q.

IS
o]

=V =

To prove the existence of solutions for (4.4), we have to define an admissible homotopy T, the
simplest way to do it is to follow Section [4.2] Define

T(t,u,v) = (u,v) — BA(u,v) —tS(u,v) — (1 —t)C(e)A(u,v),
Ve >0, te[0,1] and (u,v) € U. T is a compact homotopy connecting I(.) — BA(.) — S(.) and
I(.) — BA(.).

4.3.1 A priori bounds for solutions

So, to complete the proof, we have to prove that there exists R; > 0 such that, for all (u,v) € U ,
|(u,v)||; = R1 and t € [0,1], we obtain

T(t,u,v) # 0. (4.5)
The usual way to establish (4.5)) is an indirect proof.

Lemma 4.3.1. There exists Ry > 0 such that

[(w,0)||lg = Ry, Ve [0,1],¥(u,v) €U
T(t,u,v) # 0.
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Proof. Let € > 0 such that [a,a+ ] nsp((—A)®°) = & and [b,b+ <] nsp((—A)®) = &. Assume
that no such Ry > 0 exists, i.e., we can find sequences {(uy,,v,)}; < U and {t,}*_; < [0,1]
such that [|(u,, v,)|5 — o0 (i.e. |[(un,vn)|i = n) and

(Un, V) — BA(Up, vn) — t0S (U, vy) — (1 — ,)C(e) A(tp,v,) = 0. Ve >0 (4.6)

Set

Uy, Up, )

Wy, = (Wi, Wan) =
» = (i ven) = (T ST T o)l

then it follows that ||wn||(7 =

Divide (4.6) by ||(un,vy)||g to get

Wy — BA(wy) — (1— £,)C(e) A(w,) — tnm 0,V >0 (A7)
ny Un ) |7
this is equivalent to
C(n,s ff Wi (r) =, n(ygiles(iﬁ) — wl(y))dydx = [a+ (1— tn)s]f wy W d
Q

R2n

+ 7fg(x,vn)w1 dz +J hy (x)wdx,
Q

o [(un, vn)

C(n,s fj Won(T) = W, n(y;TT(LiD;S(I) — 02(y)) dydx = [0+ (1—t,)e] L Wa , Wodx

+ J 790(907 Un )0 dx + f ho(x)wedzx,
o [ (un, vn)| Q

for any (wy, w9) € U. Now, passing to suitable subsequences still denoted by (¢, wy n, wa ), we
can assume that ¢, — t € [0,1] and (wy 5, wa,) — (w1, ws) in U. At the same time

|folz, vn)|

| 1|d93\f 1@ |w1|dx—>0 n— o,
o [l (un, va)|l [ (tin, 0 H

and

+

To summarize, we have
S(Up, V)

s )l

A(w,) — A(w). (4.9)

t —0, (4.8)
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(by the compactness of A, see [23] Proposition 2.2.4 (iii)). So, putting together (4.7)-(4.9) we
also obtain that

w, — w* in U.
But w* = w by virtue of w, — w. Now, passing to the limit in (4.7]), we arrive at
w—[B+(1-1t)C(e)]A(w) =0, (4.10)

and w € U satisfies ||w|| = 1 (it is the strong limit of elements w, which satisfy |jw,| = 1).

Then

(—A)*wy = [a+ (1 —t)e]wy,
(—A)°wy = [b+ (1 — t)e]ws.

However, this contradicts our assumption [a, a+c]nsp((—A)*) = & and [b, b+e]nsp((—A)*) =

.
It proves that (4.5)) holds, i.e., the homotopy T is admissible. This completes the proof. O

4.4 A second class of systems

In this section, we let
flz,u,v) = au + fo(z,v),
g(x,u,v) = bv + go(x,u),
and
(@) = hi(z),
fo(@) = =ho(x),

where a = X\ € sp((—A)*) and b = Ay which is the first eigenvalue of the fractional Laplace
operator.

We obtain the following system

A
A

(—A)su(z) = M+ fo(x,v) + hy(z) in £,
(=A)*

u(z) = M\v+ go(z,u) — ho(z) in £, (4.11)
v = on R™(.

o

Proposition 4.4.1. Assume that and are fulfilled. Let (p, @) € Nx x Ny, Ay >0
be the first eigenvalue of the fractional Laplace operator subject to the homogeneous Dirichlet
boundary condition and p, the associate eigenfunction normalized by

J‘Plzl-
Q

Then the problem has at least one weak solution if and only if
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L—jﬁmmwx<fmuM@Mx<—jm¢uMm
Q Q Q

26;<£ﬁdw%@Mx<@1

with (hy, hs) € V.

Proof. We will follow a scheme similar to the proof in Section (4.3). For ¢ > 0 so small such
that [\, A +¢] nsp((—A)*) = &, A\ + & < Ay we define the homotopy

~

T(t,u,v) = (u,v) — BA(u,v) — tS(u,v) — (1 = t)C(e)A(u,v), te[0,1] (u,v)eU

A0
BZ(OAJ'

Performing all steps as in the proof in Section (4.3]) we arrive at an analogue of (4.10]), namely,

here

w—[B+(1-t)C(e)]A(w) =0, Jw| =1forallte]0,1] (4.12)

This is a contradiction if ¢ # 1 since A+ (1—t)e and A1+ (1—t)e are not an eigenvalues and w # 0.

Let us assume t = 1, ie., t, — 1. Now, we have no contradiction since A and \; are

eigenvalues and
w — BA(w) =0,

has a solution with ||w| = 1. Another step is necessary to reach a contradiction and to prove
that the homotopy T is admissible. We have to revise the last step when passing to the limit
in g

Up, Up s
W — BAwy) — (1= £)C(E) Alwg) — b2 )04 10.1] (w0 e T

(i, vn) |5

and employ special properties of S. We mean,
(Un, V) — BA(Up, vn) — 0 S (Up, vy) — (1 — t,)C(e)A(tup,v,) =0, VYe>0

is equivalent to the integral identity

C(n,s) Jf (n(2) = tn(y)) (01 (2) = Oy (y))dydx = A+ (1— tn)z—:]f upidr  (4.13)

|z — y[n 2 Q

R2n

+f f()(l’7 Un)wldx + J hl (m)wldm,
Q Q

(0a(r) ~ a0 Fa(r) — Ba3)) i
CXmﬁél e dydr — [+ (1 tﬁdﬁ)ngd (4.14)

+f g(](.T, un>u~)2dx — J hg(ﬁ)ﬁ)gd(l},
Q 9)
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for all (w0, ) € U. Taking (i, @2) — (¢, ;) in (4.13)-(4.14) and using the fact that

Clns ” ) = 6le) = 60Dy [ g,
Q

Ix-yW+%
and
TL s ff /UTL )(901( ) gpl(y»dydx _ )\lf Un@ldl“,
|$ _ |n+23 Q
RQn
we obtain
(1-— tn)sf uppdr + j fo(z,v,)edr + f hy(z)pdx = 0, (4.15)
Q Q Q
and
(1-— tn)af Unprdr + J go(z,up)p de = J ho(z)p,dx. (4.16)
Q Q Q
We have, w,, = (wy , wa,) = (”(u:gn)nﬁ, ”(un?gn)”ﬁ) — w = (wy,ws) in U and w = km with a

B k?l . Y2 0
()= (62)

such that k; # 0. Assume that k; > 0, using Theorem 1.2.26 and Remark 1.2.18 in [23], we
get (at least for a subsequence) (u,,v,) — 0. Passing to the limit in (4.15) and (4.16|) with
t, — —1 and the Lebesgue dominated convergence theorem, we obtain

th( J Bl

2. B3 < L hal2) 0y (x)d,

this contradicts ones inequality in (4.4.1)). Similarly we proceed if k < 0 to get a contradiction
with the other inequality in (4.4.1).

To prove that conditions (1) and (2) are also necessary, we take (ug,v9) as a week solution
of (4.11)i.e. for any (w1, wW3) € U, we have

C(n, s) §§zon (o) —uo W)y (@) =01 W) iy g, — \ §o wowrdz + §g, fo(x, vo)wrdx + §, hy () d,

a7

C(n,s) §{zon (vo () —vo(y)) (2 (&) —D2(y) dydz = Ny § vowedx + §, go(, uo)wedx — §, he(x)wedz.

‘CE y|n+25

Set (wq,ws) = (v, ;). Then

$o fo(z,vo)pda + §, hy(z)pdz = 0,

SQ go(x, up)pde = SQ ho(z)p,dx.
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From conditions (4.2)) and @ 4.3)) respectively, we obtain

fﬁlso Jhl( fﬂlw

8 < Lh2() (2)dz < B5.

[
4.5 A third class of systems
In the last system, we put a = A' and b = A* where \', \? € sp((—A)*)\{\} and
filz) = hn(x),
fg(l’) = h2(x)’
we obtain the following system
(=A)u(x) = Mu+ fo(z,v) + hy(z) in Q,
(=A)*v(x) = N2 + go(w,u) + he(x) in Q, (4.17)

)

on R™\Q.

Uu=7v=

Proposition 4.5.1. Assume that and are fulfilled. Let 0; € Ni (i = 1,2). Then the
problem has at least one weak solution if and only if

- [ st < [ mwotir< - [ g

with h; € L*(Q) fori=1,2.
Proof. Let (ug,v9) be a weak solution of 1) i.e. for any w = (wy,ws) € U, we have

C(n, s) §zon (uo(@)=uoW)(D1 @) =B1(¥) gy, 7 — ! $o wowndz + §g, fo(x, vo)widx + §, hy(x)wyde,

‘z_y‘n+25

C(n,s) SSRM (vo(@)— vjiy);(ﬁéf) D2(y)) dydr = \? SQ VoWodr + SQ go(x, up)wadz + SQ ho(z)wad.

The choice of (w1, W) = (61,02), gives
S fo(x,v0)01dx + §, ha(x)01dx = 0,

SQ go xz ’LL())@QCZZE + SQ hg ngx = 0.
From conditions (4.2)) and ({ E 4.3)) respectively, we obtain

- [ st < [ mwtir< - [ g
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4.5.1 A priori bounds for solutions

Lemma 4.5.1. There exists Ry > 0 such that

[(u,v)||5 = Ra, Ve [0,1],¥(u,v) € U
T(t,u,v) # 0.

Proof. Let & > 0 so small such that ]\, X +¢] nsp((—A)*) = & (i = 1,2).
Recall the proof of the previous lemma with

A0
Taking (1])17’(2)2) = (91,92).

By the same method, we get

—f Bi 0i(x)dr < J hi(z)8;(x)dx < —J B0;(x)dx,i =1,2.
Q Q Q

This contradicts Proposition 4.5.1 [

Now we present the proof of Theorem [£.2.1] which give the existence of solutions for system

().
Proof. (of Theorem [£.2.1)). Let
B(0,R) = {(u,v) € U, ||(u,v)||5 < R}.
We can define the topological degree and by invariance of the homtopy, we have
a(r(t,.,.),B(0,R),0) =d(7(0,.,.),B(0,R),0),

which is equivalent to

d(I — BA—1S,B(0,R),0) =d(I — BA, B(0,R),0).
In particular if ¢t = 1:

d(I — BA—-S,B(0,R),0) =d(I — BA, B(0, R),0).
On the other hand, for t = 0 the system has a unique solution. Then

d(I — BA(.) —S(.),B(0,R),0) =d(I — BA(.), B(0,R),0) # 0,
whereupon there exists (u,v) € B(0, R) such that:
T(1,u,v) =0,

therefore there is a weak solution of the system (4.1J).



Chapter 5

Numerical approximation of a
nonlinear fractional elliptic system

In this chapter, we present a finite difference method (FDM) for the numerical approximation
of the solution to nonlinear fractional elliptic system, the analysis is performed on two general
dimensional domains with homogeneous boundary conditions and it is shown for a general
fractional order (s €]0,1[). Convergence of the approximation and the corresponding error
estimates are proven. A numerical example with known exact solution is also presented, which
confirm the theoretical predictions.

5.1 Position of the problem and mathematical prelimi-
naries

The main motivation of our study is the efficient numerical solution of the boundary value
system

(=A)u(z) = f(z,u(z),v(z)) n Q,
(—A)v(z) = g(z,u(2),v(z)) in £, (5.1)
u=v=>0 on R™\Q,

where Q0 < R™ is a bounded open set with Lipschitz boundary, s €]0,1[ and f,g: @ xRxR — R
are two continuous functions satisfying the Carathéodory conditions ( i.e : f(.,z), g(.,y) are
measurables for each x,y € R?* and f(z,.), g(w,.) are continuous for almost every z,w € ),
and Lipschitz continuous functions with respect to the second variable, i.e., there are constants
c1, ¢z € RY for almost every x € Q and for any = = (21, 22),y = (y1,¥2) € R? x R?,

cflzy — $2\|L2(Q)xL2(Q),

= (5.2)
19(2,91) — 9(2,92) | 22(0) < c2llyr — YallL2@)xL2(0)- '

{nf(z, 1) — f(z,22)| 120

The fractional Laplacian is widely-spread in the modern study of fractional partial differential
systems, it has a variety of definitions. We recall that the Riesz potentials of order a for

43
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0 < a <n and n € N* is defined by

]aSO = Ia *Q,

where (n, )
y(n, a

I.(z) = ;
|Z|n—a

and the constant r(nsa)
_ 2

1m0 = ()

Through analytic continuation, the Riesz potential can be extended to negative exponents.
Thus the auteurs in [54] arrives at the next formula for the fractional laplacian

(_A>S<10 = I—ngoa

and others propositions which are used in our work.

After the analytic study that the reader can extend into by checking our article [21], we
perform numerical study and we close with numerical experiment illustrating the convergence
results.

All along the chapter and without further mention, we always assume that n = 2 and
Q =]0,1[x]0, 1[.

5.2 Analytical study

The contraction principle is applied to have the following result.

Theorem 5.2.1 (Existence and uniqueness). Let the Carathéodory functions f, g be Lips-
chitzian continuous with respect to the second variable with constants ¢; > 0 (i = 1,2) such that
lc| < .2, (c = (c1,¢0) and comp is the embedding constant). Then, there is a unique fized point

(u,v) € U, i.e., (u,v) is a unique weak solution of .

For more details and the proof, you can see [21].

5.3 Numerical study

We devote this Section to the description of the numerical scheme that we are going to employ.
In order to solve numerically (5.1)), we will develop a finite difference scheme on a uniform
mesh. To this purpose, let us first introduce a partition of 2 =]0, 1[x]0, 1| as follows:

Q={(zj,y;)) 0=xp<...<x<..<zyy1=land 0=y < .. <y <..<ymp = 1},

with ;11 = x; + h, ; = 29 + th where ¢« = 0,..N and y;11 = y; + k, y; = jo + jk where
j=0,.M (N and M are non-null positive constants), in the rest of this chapter, we take
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N = M and h = k.

For n = 2, we call (7,7) an interior grid point if all of its neighbors (i — 1,j), (i + 1,7),
(i, — 1) and (i,7 + 1) are in . The matrix A € MY denotes the approximation of the
operator (—A)*® with the standard five-star difference scheme such that for each (u,v) indexed
according to the grid points we have

(@i, y5) = w(@i, y;) = uyj,

(i, ;) = v(@i,y;) = vij,

and from [54], we get that the system (j5.1)) is equivalent to
0° Pu  0° Pu

T 0zt 0zt Oyt dyt f(@,y,u,v),
0* v 0°

T 0zt 0zt Oyt oy 9@y, u,v),
which lead to
0*u 0*u
_(12—25 * @) - (12—25 * &7y2) = f(%y;U;U)»
0%v 0%v

_([2725 * @) - ([2725 * aiyg) = g(‘ruy7uuv)7
but we have

2
0°u Uit1,5 — QUU + Ui—1,5

ox? h? ’
2

o-u - Ui j+1 — 2uij + Ui, j—1

o2 n? !

then, we can write our system as follows

—Ui—1,j — Wiv1y T g — Ui j1 — Ui

Iy g = 72 = f(@i, yj, uij, vij),
—Vi—1,; — Vit1,; + 40ij — Vij—1 — Vi 11
Iy o5 * 2 = g9(xi, Y5, Wiz, Vi),

according to the definition of convolution product for sequences (by replacing the Lebesgue
measure by the counting measure), we can write

N M 1 A
Z Z —Ui—1,j — Uigp1j + AU — Uij1 — Uil s,y i, v35)
24192 2 = iy Yjy Wigy Vij ),
=2 @ ys) = (T, ym) 772420 h
N M
Z Z 1 —Vim1,; — Vit + 405 —Vijo1 — Ui (s, 52055, Vi5)
= iy Yjy Wigy Vij ),

n=1m=1 |($Z7 y]) - (SL’na ym)|n_2+2s %
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and after a simple calculus and the fact that n = 2 we arrive to the numerical scheme of the
system (51)

(N M 1 U1, Wit 1, AU UG 1 Ui 41 1225
anl Zm:l (i—n)2+(G—m)2)* n2 =h f(ﬂfza Yj, Uig, Uzg)>
N M 1 —Vi—1,5 Vit 1, T Vi1 Vi1 _ 322
9 anl Zmzl ((i—n)2+(j—m)2)* 12 =h g<xz7 Yj, Uij, Uij)a (53)
L Ui0 = Ui N+1 = Uoj = UN+1,5 = Vi0 = Uy N+1 = Vo5 = UN+1,5-

Hence ((5.3)) is equivalent to the matrix system
BU =,

A0
o5 5)

where U = (u,v), b= (f,g) and

as an example if we take N = 2, then

and
U1

U2
U21
U U22
U1
V12
V21
V22

Ji
J12
fa1
b | 2
g1
g12
g21
922

Consequently to get the approaches solution of the system ([5.3)) it’s equivalent to solve the
system

U= B .
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5.3.1 Error estimate

In this part, we study the consistency, the stability and the convergence of the scheme ({5.3))
but first, it is necessary to prove the existence and the unicity of the solution and for that we
must prove the next theorem.

Theorem 5.3.1. Under the assumption the system admits a unique solution.

We use the discrete maximum principle to prove that the application BU is injective in finite
dimension, than the matrix B is invertible which lead us to the existence and uniqueness of
solution.

Consistency

We say that a method is consistent with the differential equation and boundary conditions if
|R» < CH,

where R is the rest and C' is positive constant.

Remark 5.3.1. If |R|, < Ch', we say that the method is consistent of order t where t is a
positive real constant.

Proposition 5.3.1. The scheme is consistent of order (2 — 2s), moreover

IR < Ch?= %,
Proof. We have
(N x N—1)(S+T),
Ri]‘ =
B2(N x N —1)(L + M),
where o o
U U
S: %(ahy) a 4(052,y>,
(34 84u
( 51) (33 52)
847) 8%
L= @(O& ) or 4(042,3,/),
84 64

M = (I A1) + ( ,Ba),

then for every N
hQ—Qs

IRl < =5—Cx,
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such that Cy = (N x N — 1)W, where W = maz(maz|d*u|, maz|dtv]).
Consequently

2—2s

Bl < =——min(Ch). (5.4)

Stability

A numerical scheme is said to be stable if
Ul < KB oo,

where K is positive constant.

The stability result is given in the following statement, which is proved in several steps.

Theorem 5.3.2. The scheme is stable for the .| norm. In particular:

1B~ oo < (5.5)

1
3
Proof. Step 1: In the first step, we prove that B~ > 0.
Step 2: We give an exact solution.
Step 3: We calculate the critical points.
Step 4: Finally, we conclude that |B~![, < ;.
Convergence

A scheme is said to be convergent if |e| — 0 as h — 0 where e is the error between the exact
solution and the approximate solution. Combining the ideas introduced above, we arrive at
the conclusion that if we have the consistency and the stability we get the convergence of the
scheme.

Theorem 5.3.3. The scheme is convergent, moreover

2—2s
lello < 8 min(Cy).
Proof. This is easily proved by using ([5.4]) and (5.5)). ]

These facts will be confirmed by the numerical simulations that we are going to present in
Section below, by observing the behavior of the approximate solution, the exact solution,
and the norm of the error e in the infinity. In this way, as predicted by Theorem [5.3.3] we
obtain a numerical evidence of the properties of null and the convergence of system (j5.1)), in
accordance with the theoretical results in Section [5.3]
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5.4 Numerical results

In this Section, we present the numerical simulations corresponding to the scheme previously
described, and we provide a complete discussion of the results obtained.
First of all, in order to numerically test the accuracy of our method, we use the following system

(—A)%U(fc,y) = f(z,y,u(z,y),v(z,y)) in ]0,1[x]0, 1],
<_A §U($,y) = g(x,y,u(x, y),v(x,y)) in ]07 l[X]O, 1[7 (56)
u=v=0 on R*\]0,1[x]0,1],
where
flx oy u(z,y),v(z,y) = —da’(y—1)" —da'(y —1)°,
g(l’,y,U(iU,y),U([B,y)) = —4y3<37 - 1)4 - 4y4($ - 1)37
we can write f and ¢ in terms of u and v as follows
flayulzy),vey) = —do(y—1)%us —d2?(y — oz — 4y (y — 1)
— 8%y — Dy*(z — 1) —da'(y — 1) + 8a'y(y — 1),
g(z,y,uz,y),v(@.y) = —dy*(z — Dt —dy(z — 1)%u? — dya?(z — 1)

— Syr*(z — 1)*(y — 1) — 4y (z — 1)* + 8z (x — 1)%

In this particular case, the solution can be computed exactly and it reads as follows,

u(z,y) = z'(y—1)",
v(z,y) = y'z -1

According to the matrix transformation method we proceeded as follows.
e The domain was discretized using a uniform square-grid with the grid size h.

e The standard five-point approximation of the operator (—A)® was applied to obtain the
matrix B.

e Gauss Seidel method was applied.
e To get the approximate solution, we use the solutions of the quadratic equation.
The next results were shown after a lot of mathematical calculations.

In Fig. |5.1| we show a comparison between the exact solution and the computed numerical

approximation. Here we consider N = 5 then h = 0.1667 and s = %
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Approximate Solution u Approximate Selution ¥

Figure 5.1: The surface graph of the exact solution and the fifth-order approximate solution.

One can notice that the computed solution is to a certain extent not different from the exact
solution, Fig. where N = 60 and h = 0.0164 shown that very well (there is a different but
we can’t detect it by the aye we need to zoom the figure to see it). However, one should be
careful with such result and a more precise analysis of the error should be carried.

Approximate Salution u Approximate Solution v

Figure 5.2: The surface graph of the exact solution and the sixty-order approximate solution.

In the same spirit as in [56], the computation of the error can be readily done by using the

Theorem [5.3.3 namely

2—2s

48

el < min(Cy).
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The computational results are shown for our model in Table 5.1} While in the two-dimensional
case, the predicted convergence rate is reached shortly, in the threedimensional computations

a remarkable oscillation can be detected see [56]. Since the computations are lengthy, we have

tested our system only with a single parameter s = %

U v
N | h max-error r|| N|h max-error r
35 | 0.0278 | 1.3650 x 10~ | 0.0417 || 35 | 0.0278 | 1.1657 x 10~* | 0.0417
40 | 0.0244 | 3.0754 x 1072 | 0.0366 || 40 | 0.0244 | 3.5565 x 10~ | 0.0366
45 [ 0.0217 | 1.0939 x 10~ | 0.0326 || 45 | 0.0217 | 1.2084 x 10~ | 0.0326
60 | 0.0164 | 5.3331 x 1073 | 0.0246 || 60 | 0.0164 | 6.9390 x 10~ | 0.0246
65 | 0.0152 | 3.6230 x 107 [ 0.0227 || 65 | 0.0152 | 2.7303 x 10~'7 | 0.0227

Table 5.1: Computational error and estimated convergence rate r with respect to the infty-
norm for the matrix transformation method applied to the finite difference approximation of
(5.6). N: number of steps.

In Fig. [5.3] we present the computational errors evaluated for different values of N and h.

Figure 5.3: Plot of the absolute error.

The rates of convergence shown are of order (in h) of (2 — 2s).
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5.5 Summary

We have verified the convergence of the matrix transformation method applied to the fractional
elliptic system. The corresponding computation algorithm is difficult: we can’t avoid the
computation of a full matrix containing involved finite differences. Combined with the Gauss
Seidel method, the corresponding method exhibits optimal convergence rate for s € (0,1) in
the infty-norm.

The finite difference method is applied successfully for solving the nonlinear fractional elliptic
systems. The fundamental objective of this article is to introduce an algorithmic form and
implement a new analytical repeated algorithm derived from the finite difference method to find
numerical solutions for the fractional elliptic system. Graphical and numerical consequences are
introduced to illustrate the solutions. Thus, it is concluded that we can translate numericaly
and find a numerical solutions for a wide class of linear and nonlinear fractional differential
systems applied in physics, biologics...ect. From the results, it is clear that the numerical
resolution of fractional system yields very accurate and convergent approximate solutions.



Conclusion

In conclusion, our thesis allowed us to answer the question of having a solution to strongly non-
linear elliptic systems in the case of partial derivatives and fractional derivatives in addition to
the numerical study of a fractional system. The systems have been treated by the technique of
topological degree and the fixed point theory, and we used the finite differences method for the
numerical study, we need to mention that we got a big problem with the calculus of the matrices.

The study was crowned with the publication of one article, along with three other articles
accepting for reviewing in different journals.

Lastly, these studies can extend to more general boundary value systems involving fractional

derivatives such as systems of convection-diffusion-reaction and find the appropriate numerical
methods. We can also try to find an application of these models in image processing.
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