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Abstract
The aim of this thesis is to study the existence of weak solutions for three types of systems. The
first is a partial differential system which is considered as a generalization of a work obtained
by A. Anane and N. Tsouli (2001). The others are fractional differential systems, we use the
fixed point theory to prove the existence and uniqueness of solution of the second type which is
a nonlinear fractional elliptic system, the third type are nonlinear elliptic systems in resonance
and nonresonance, we use the Leray-Schauder topological degree to solve this kind of systems.
Then, in the last part of our thesis, we present the finite differences method for the numerical
approximation of the solution of the second system.

Keywords:

Elliptic systems, weak solution, topological degree, homotopy, fractional Laplacian, eigenvalues,
finite differences method.
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Titre: Etude théorique et numérique d’une classe des équations fortement non
linéaires

Résumé
L’objectif de cette thèse est l’étude de l’existence des solutions faibles pour trois types des sys-
temes. Le premier est un système différentiel partiel qui est considèré comme une généralisation
d’un travail obtenir par A. Anane et N. Tsouli (2001). Les autres sont des systèmes différen-
tiels fractionnaires, en utilisant la théorie du point fixe pour prouver l’existence et l’unicité de
solution du deuxième type qui est un système elliptique fractionnaire non linéaire, le troisième
type sont des systèmes elliptiques non linéaires en résonance et non résonance, en utilisant le
degré topologique de Leray-Schauder pour résoudre ce genre des systèmes. Ensuite, dans la
dernière partie de notre thèse en présente la méthode des différences finies pour l’approximation
numérique de la solution du deuxième système.

Mots clés:

Systèmes elliptiques, solution faible, degré topologique, homotopie, Laplacien fractionnaire,
valeurs propres, méthode des différences finies.



Notations
• Ñ designates the strong convergence.

• á indicates the weak convergence.

• ãÑ indicates the continuous embedding.

• ∇ stands for the gradient operator.

• div is the divergence operator.

• B

Bx
partial derivative.

• B

Bn
outward normal derivative.

• ∆p is the p-Laplace operator.

• ∆´1
p is the p-Laplace inverse operator.

• ∆s is the fractional Laplace operator of order s.

• sp denotes the spectrum of an operator.

• N the set of positive integers, that is N “ t0, 1, 2, ¨ ¨ ¨ u.

• R the set of real numbers.

• Rn is the real space of dimension n.

• Ω Ă Rn open set in Rn.



• Ω̄ and BΩ denote respectively the closure and the boundary of domain Ω.

• Ωc the complement of Ω.

• ă ., . ą denotes the scalar product.

• CmpΩq space of m times continuously differentiable functions on Ω, m P N.

• C8pΩq “ X
mPN

CmpΩq.

• C80 pΩq the space of C8pΩq functions with compact support in Ω.

• LppΩq Lebesgue space with norm } ¨ }p.

• LplocpΩq the space of local p-integrable functions on Ω.

• Wm,ppΩq Sobolev space with norm } ¨ }m,p.

• Wm,p
loc pΩq the local Sobolev space.

• Wm,p
0 pΩq is the closure of C80 pΩq in Wm,ppΩq.

• W´1,p1pΩq is the dual of W 1,ppΩq.

• HmpΩq “ Wm,2pΩq.

• W s,ppΩq fractional Sobolev space with norm } ¨ }s,p.

• W s,p
0 pΩq denote the closure of C80 pΩq in the norm ‖.‖W s,p

0 pΩq.

• W s,2pRnq “ HspRnq, W s,2
0 pRnq “ Hs

0pRnq.



• U “ W 1,p
0 pΩq ˆW 1,p

0 pΩq endowed with the norm

‖pu, vq‖U “ ‖u‖pW 1,p
0 pΩq ` ‖v‖

p

W 1,p
0 pΩq.

• V “ LppΩq ˆ LppΩq.

• Y “ Lp
1

pΩq ˆ Lp1pΩq.

• Z “ W´1,p1pΩq ˆW´1,p1pΩq.

• Ds,2pΩq “ tu P HspRnq, such that u “ 0 in RnzΩu.

• rU “ Ds,2pΩq ˆDs,2pΩq, with the norm, that we will denote by ‖.‖U

‖pu, vq‖2
rU
“ ‖u‖2

Ds,2pΩq ` ‖v‖2
Ds,2pΩq

.

• rV “ L2pΩq ˆ L2pΩq.

• Bp0, Rq open ball centered at the point 0 with the radius R.

• BBp0, Rq sphere centered at the point 0 with the radius R.

• S Schwartz Space.

• Γ is the usual Gamma function.

• Iα is the Riesz potentials.

• P.V. is an abbreviation for “in the principal value sense”.
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Introduction

In recent years, partial differential equations (PDEs) or even fractional differential equations
(FDEs) have been the subjects of interest not only among mathematicians, but also among
physicists and engineers. For details, see [35, 49]. Systems of strongly nonlinear elliptic equa-
tions present some new and interesting phenomena, which are not present in the study of a
single equation. Many publications have appeared concerning nonlinear elliptic systems we
refer the readers to [29,64].
It is crucial to mention that fractional calculus is a generalization of ordinary differentiation
and integration. The idea of fractional calculus is considered since 1695 when the derivative
of arbitrary order was described by Leibniz [46]. After that, many researchers have studied
the fractional derivatives and the fractional differential equations like Liouville, Grunwald and
Riemann [51] and over the course of time, the renowned mathematicians gave plenty of atten-
tion to the fractional calculus see [37,59,61]. In the last few years, there has been considerable
interest in the nonlinear fractional systems. It’s caused by both the intensive development of
the theory of fractional calculus itself and by its application in various fields of science such
as electrochemistry, biology, viscoelasticity, chaotic systems, biophysics, chemistry...ect (see
[34,38,62]) and the references therein.
Another aspect in the study of fractional coupled systems is when involving fractional Lapla-
cian and as far as we know, the fractional Laplacian is widely-spread in the modern study of
fractional differential systems. It has a variety of definitions, though they can be distilled down
to the following two:

p´∆qsϕ “ p2π|ξ|2spϕqq,

and
p´∆qsϕpzq “ Cpn, sqP.V.

ż

Rn

ϕpxq ´ ϕpyq

|x´ y|n`2s dy.

The fractional Poisson system is one of the building blocks in the study of fractional systems,
the extended homogeneous boundary conditions are imposed on the complement Ωc, distin-
guishing from the classical Poisson problem where boundary conditions are given on BΩ.
This difference can be explained from probabilistic interpretation of the standard and fractional
Laplacian. The standard Laplace operator represents the infinitesimal generator of a Brownian
motion with continuous sample paths; thus for a particle in domain Ω, it must leave the do-
main via the boundary points on BΩ. By contrast, the fractional Laplacian is the infinitesimal
generator of a symmetric s-stable Lévy process with discontinuous sample paths; particles may
“jump” out of the domain without touching any boundary points on BΩ. Hence, the solution

iii



INTRODUCTION iv

on Ω can be determined by the values at BΩ in the context of classical Poisson systems but not
in the context of fractional Poisson systems.
Many methods have been proposed to deal with nonlinear systems: fixed point method, semi-
groups method, sub-supersolution method, Brouwer degree and Leray-Schauder degree, etc.
The last method is an important topological tool introduced by Leray and Schauder in the study
of nonlinear partial differential equations in the early 1930’s. The nontriviality of the degree
ensures the existence of a fixed point of the compact mapping in the domain. It combines the
properties of homotopy invariance and additivity, which make the topological tool more conve-
nient in application, and provides more information on fixed points. The Leray-Schauder degree
is an extension of the Brouwer degree from finite-dimensional spaces to infinite-dimensional Ba-
nach spaces. For more details, we refer the readers to [4, 14,17,31].
All researchers agree on the difficulty of studying the numerical solution of nonlinear fractional
systems, but it has been studied extensively in the last decade see [2, 57, 63]. The finite differ-
ence methods for the nonlinear fractional problem were extended in some sense [56] and many
authors contributed to develop the finite difference approximations.

This thesis is mainly devoted to the study of a class of strongly nonlinear elliptic systems
with the Laplacian operator. We use the topological degree method, the fixed point theorems
and some functional analysis tools to prove the existence of weak solutions for these systems
and we present a finite differences method for the numerical approximation of the solution to a
nonlinear system. To be more precise, we are interested in the study of two classes of systems:

• The first class of systems is an eigenvalue systems for p-Laplacian operators. The main
purpose of this work is to prove the existence of solutions for the quasilinear elliptic
system

$

’

&

’

%

´∆pupxq “ f1px, vpxqq ` h1pxq in Ω,
´∆pvpxq “ f2px, upxqq ` h2pxq in Ω,
u “ v “ 0 on BΩ,

(1)

when the second terms on the two equations fipx, sq, pi “ 1, 2q locates between the first
and the second eigenvalue of the p-Laplacian. This result can be seen as a generalization
of the result obtained by A. Anane and N. Tsouli in [6].

• The second class of systems are the nonlinear fractional elliptic systems involving the
fractional Laplacian. We study the existence of weak solutions to the system

$

’

&

’

%

p´∆qsupxq “ fpx, upxq, vpxqq in Ω,
p´∆qsvpxq “ gpx, upxq, vpxqq in Ω,
u “ v “ 0 on RnzΩ,

(2)

where Ω Ă Rn is a bounded open set with Lipschitz boundary, s Ps0, 1r, f, g are two
continuous functions satisfying the Carathéodory conditions, and also verifying the growth
restriction. As far as we know, this result is new and represent fractional version of the
classical theorem see [23].



INTRODUCTION v

• In the last class of systems, we are interested in the nonlinear fractional elliptic systems
at resonance and nonresonance of the type

$

’

&

’

%

p´∆qsupxq “ fpx, upxq, vpxqq ` f1pxq in Ω,
p´∆qsvpxq “ gpx, upxq, vpxqq ` f2pxq in Ω,
u “ v “ 0 on RnzΩ,

(3)

with s P p0, 1q on a bounded domain Ω Ă Rn, n ě 2, f , g are continuous functions. H.
Lakhal and B. Khodja [39] studied the system (3) in the classical case.

The thesis is divided into five chapters. In the first chapter, we will discuss some preliminary
materials that we will use throughout the thesis, this chapter has the following structure: firstly,
we recall definitions and important results in the LppΩq spaces, Sobolev spaces and Fractional
Sobolev spaces that have an essential role in the subsequent chapters, then we introduce the
method of the topological degree which is very useful tool for solving nonlinear systems. Fi-
nally, we define the phenomena of resonance and nonresonance.

In the second chapter, we investigate the existence of weak solutions of the problem (1). We
use the Leray-Schauder degree to obtain the existence result.

The third chapter is devoted for the use of the fixed point theory to prove the existence of
a weak solutions to the system (2).

In the fourth chapter, we provide an application of the Leray-Schauder degree theorem to
prove the existence of weak solutions to the system (3).

The focus of the last chapter is to prove a general convergence result of the finite difference
approximation of the nonlinear fractional elliptic system (2) in two dimension.



Chapter 1

Preliminaries

In this chapter, we cover three parts, we start by recalling a various general results in functional
analysis which have served in this thesis. In the second part we introduce the method of
topological degree and in the final part we define the resonance and non-resonant phenomenon.
The reader can easily find the detailed in the related works see, e.g., [1, 4, 10, 27,31,33].

1.1 Functional spaces
Here we recall the essential notions on functional spaces, particularly, Lp spaces, Sobolev spaces
and fractional Sobolev spaces. We give, by the same occasion, some definitions and useful re-
sults for the following chapters.

Let Ω be an open subset of Rn, n ě 1, we note

CpΩq “ tf : Ω Ñ R; f continuous u,

and
Cm
pΩq : The space of functions m times continuously differentiable on Ω,

where
C8pΩq “ X

mPN
Cm
pΩq,

CcpΩq “ tf P CpΩq; fpxq “ 0 @x P ΩzK, where K is copmactu,

and DpΩq the space of functions C8 on Ω with compact support in Ω (also called the space of
test functions).

1.1.1 The LppΩq spaces
Let 1 ď p ă 8 and Ω be an open subset in Rn. We define the standard Lebesgue space LppΩq
by

LppΩq “
"

f : Ω Ñ R : f is measurable and
ż

Ω
|fpxq|p dx ă 8

*

,

1



1.1. FUNCTIONAL SPACES 2

with the norm
}f}Lp “ }f}p “

´

ż

Ω
|fpxq|p dx

¯
1
p
.

If p “ 8, we define

L8pΩq “
"

f : Ω Ñ R : f is measurable and there is a constant C such that |fpxq| ď C a.e. on Ω
*

,

with the norm
}f}8 “ Inf

!

C; |fpxq| ď C a.e. on Ω
)

.

Remark 1.1.1. In particularly, when p “ 2, L2pΩq is a Hilbert space for the inner product

pf, gq “

ż

Ω
fpxqgpxq dx.

Recall that LplocpΩq denotes the set of locally integrable functions on Ω, i.e.

LpLoc “ tf : Ω Ñ R measurable such that : @K compact Ă Ω
ż

K

|fpxq|pdx ă 8u.

In particular
LppΩq Ă LpLocpΩq.

Proposition 1.1.1. [12]
1. For 1 ď p ď 8, pLppΩq, } ¨ }pq is a Banach space.

2. For 1 ď p ă 8, pLppΩq, } ¨ }pq is a separable space.

3. For 1 ă p ă 8, pLppΩq, } ¨ }pq is a reflexive space.
Notation: Let 1 ď p ď 8; we denote by p1 the conjugate exponent,

1
p
`

1
p1
“ 1.

Some useful inequalities

In this part, we give some inequalities which will be used in the subsequent chapters.
Theorem 1.1.1 (Young’s inequality). [10] Let 1 ď p ď 8, then

ab ď
ap

p
`
bp
1

p1
, @a ě 0, b ě 0.

Theorem 1.1.2 (Hölder’s inequality). [10] Assume that f P LppΩq and g P Lp
1

pΩq with
1 ď p ď 8. Then

fg P L1
pΩq and }fg}1 ď }f}p}g}p1 .

Theorem 1.1.3 (Minkowski inequality). [10] Let f, g P LppΩq and p ě 1, then

f ` g P LppΩq and }f ` g}p ď }f}p ` }g}p.
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Some results about integration and duality

Theorem 1.1.4 (Dominated convergence of lebesgue). [10]
Let pfnq be a sequence of functions in L1pΩq that satisfy

1. fnpxq Ñ fpxq a.e. on Ω,

2. there is a function g P L1pΩq such that for all n ě 1, |fnpxq| ď gpxq a.e. on Ω.

Then f P L1pΩq and }fn ´ f}1 Ñ 0.

Lemma 1.1.1. [10] Let pfnq be a sequence in LppΩq and f P LppΩq such that }fn ´ f}p Ñ 0.
Then, there exist a subsequence pfnkq and a function h P LppΩq such that

1. fnkpxq Ñ fpxq a.e. on Ω,

2. |fnkpxq| ď hpxq @k, a.e. on Ω.

Theorem 1.1.5 (Riesz representation theorem). [10]
Let 1 ă p ă 8 and let ϕ P pLppΩqq1. Then there exists a unique function u P Lp

1

pΩq such
that

xϕ, fy “

ż

Ω
uf dx, @f P LppΩq.

Moreover,
}u}p1 “ }ϕ}pLpq1 .

Definition 1.1.1 (Weak derivative). [36] Assume that f P L1
locpΩq and let α P Nn be a

multi-index. Then g P L1
locpΩq is the αth weak partial derivative of f , written Dαf “ g, if

ż

Ω
fDαϕ dx “ p´1q|α|

ż

Ω
gϕ dx,

for every test function ϕ P C80 pΩq.

Warning: If such a g exists, it is unique, however it doesn’t always exist.

1.1.2 Sobolev spaces
A Sobolev space is a vector space of functions equipped with a norm that is a combination
of Lp-norms of the function together with its derivatives up to a given order. The derivatives
are understood in a suitable weak sense to make the space complete, i.e. a Banach space.
Intuitively, a Sobolev space is a space of functions possessing sufficiently many derivatives for
some application domain, such as partial differential equations.

Sobolev spaces are named after the Russian mathematician Sergei Sobolev. Their impor-
tance comes from the fact that weak solutions of some important partial differential equations
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exist in appropriate Sobolev spaces, even when there are no strong solutions in spaces of con-
tinuous functions with the derivatives understood in the classical sense.

Let Ω be an open set of Rn we define a functional } ¨ }m,p, where m is a nonnegative integer
and 1 ď p ď 8, as follows;

}f}m,p “

"

ÿ

0ď|α|ďm
}Dαf}pp

*1{p

, if 1 ď p ă 8

}f}m,8 “ max
0ď|α|ďm

}Dαf}8;

for any function f that gives meaning to this writing.

We define the space Wm,ppΩq as being the space of measurable functions f P LppΩq such
that the derivative in the weak sense Dαf , p0 ď |α| ď mq belongs to LppΩq and the space
Wm,p

0 pΩq is the closure of C80 pΩq in Wm,ppΩq.

We associate the space Wm,ppΩq with the norm } ¨ }m,p, then have the following proposition

Proposition 1.1.2. [12] Let Ω be an open subset of Rn;

1. For 1 ď p ď 8, Wm,ppΩq is a Banach space.

2. For 1 ď p ă 8, Wm,ppΩq is a separable space.

3. For 1 ă p ă 8, Wm,ppΩq is a reflexive space.

Remark 1.1.2. If p “ 2, we usually write

Hm
pΩq “ Wm,2

pΩq, Hm
0 pΩq “ Wm,2

0 pΩq.

Theorem 1.1.6. [33] Let us assume that Ω is an open subset of Rn pn ě 1q, m P N, 1 ď p ă 8

and p˚ “ np

n´ p
. Then

1. If 1
p
´
m

n
ą 0, we have Wm,p

0 pΩq ãÑ LqpΩq, with q P rp, p˚s, 1
p
´

1
p˚
“
m

n
.

2. If 1
p
´
m

n
“ 0, we have Wm,p

0 pΩq ãÑ LqpΩq, @q P rp,`8r.

3. If 1
p
´
m

n
ă 0, we have Wm,p

0 pΩq ãÑ L8pΩq.

Remark 1.1.3. The space W 1,ppΩq is equipped with the norm

}f}W 1,ppΩq “ }f}LppΩq ` }∇f}LppΩq.
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Proposition 1.1.3 ( Integration by parts formula). [33] Let u, v P H1pΩq and BΩ P C1,
then for every 1 ď i ď N , we have

ż

Ω

Bupxq

Bxi
vpxq dx “ ´

ż

Ω
upxq

Bvpxq

Bxi
dx`

ż

BΩ
upsqvpsqnids,

where n “ cospn, xq is the cosine of the angle of the outside normal at BΩ and the axis xi.

If v P H1pΩq and if ui P H1pΩq where ui is the components of the vector ~u, then we have
ż

Ω
divp~upxqq ¨ vpxq dx “ ´

ż

Ω
pūpxq,∇vpxqq dx`

ż

BΩ
p~u, ~nqvds.

Finally, noticing that
∆u “ divp∇~uq,

we get the 2nd Green’s formula

Proposition 1.1.4. [33] For u P H2pΩq and v P H1pΩq, we have
ż

Ω
∆upxqvpxq dx “ ´

ż

Ω
∇upxq∇vpxq dx`

ż

BΩ

Bu

Bn
vds.

Lemma 1.1.2 (Poincaré inequality). [12] Let Ω be a bounded domain in Rn. Then there is
a positive constant CΩ such that

}f}L2pΩq ď CΩ}∇f}L2pΩq, @f P H1
0 pΩq.

Theorem 1.1.7 (Rellich). [27] Let Ω be an open subset of Rn pn ě 1q and 1 ď p ă `8. Any
bounded part of W 1,p

0 pΩq is relatively compact in LppΩq. This amounts to saying that for any
bounded sequence of W 1,p

0 pΩq, we can extract a subsequence which converges in LppΩq.

The theorem stay true with W 1,ppΩq provided the border of Ω is lipschitzian.

Theorem 1.1.8 (Lax-Milgram). [10] Let L be a continuous linear form on Hilbert space H
and a is a continuous and coercive bilinear form, then there is one and only one function u P H
such that:

apu, vq “ Lpvq, @v P H.

Moreover, if the bilinear form a is symmetric, then u is the only element of H which mini-
mizes the functional J : H Ñ R defined by

Jpvq “
1
2apv, vq ´ Lpvq, @v P H,

i.e.
Jpuq “ min

vPH
Jpvq and Jpuq ă Jpvq if u ‰ v.



1.1. FUNCTIONAL SPACES 6

Definition 1.1.2. [23] Let u : Ω Ñ R be a measurable function with real value.
We can consider the map

A : Ωˆ R Ñ R
upxq ÞÑ fpuqpxq;

where Apuq is a function with real value defined on Ω by:

Apuqpxq “ fpx, upxqq,

such a map is called the Nemitski operator associated to f .

Theorem 1.1.9. [4] Let α, β ě 1. Suppose that f : Ωˆ RÑ R satisfies

1. fpx, tq is measurable with respect to x P Ω for all t P R and continues with respect t P R
for a.e. x P Ω.

2. There exists g P LβpΩq and a ą 0 such that

|fpx, uq| ď gpxq ` a|u|α{β, @px, tq P Ωˆ R, pα, β ě 1q.

then the Nemytskii operator A is continuous and compact from LαpΩq to LβpΩq.

Remark 1.1.4. Condition p1q is called the Caratheodory condition and a function fpx, tq sat-
isfying p1q is called a Caratheodory function.

1.1.3 Fractional Sobolev spaces
Fractional Sobolev spaces have been a classical topic in functional and harmonic analysis all
along, and some important books, such as [40] treat the topic in detail. On the other hand,
fractional spaces, and the corresponding nonlocal equations, are now experiencing impressive
applications in different subjects, such as, among others, the thin obstacle problem [43], op-
timization [24], finance [15], elliptic problems with measure data [32] and gradient potential
theory [44]...etc.

Let Ω be an open set in Rn. For any real s ą 0 and for any p P r1,8q we define the
fractional Sobolev spaces W s,ppΩq. In the literature, fractional Sobolev-type spaces are also
called Aronszajn, Gagliardo or Slobodeckij spaces, by the name of the ones who introduced
them, almost simultaneously (see [8, 26, 55])

We start by fixing the fractional exponent s in p0, 1q. For any p P r1,8q, we define W s,ppΩq
as follows

W s,p
pΩq “

"

u P LppΩq : |upxq ´ upyq|
|x´ y|

n
p
`s

P LppΩˆ Ωq
*

; (1.1)

i.e., an intermediary Banach space between LppΩq andW 1,ppΩq, endowed with the natural norm

}u}W s,ppΩq “ p}u}
p
LppΩq ` rus

p
s,pq

1
p ,
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where the term

russ,p “

ˆ
ż

Ω

ż

Ω

|upxq ´ upyq|p

|x´ y|n`sp
dxdy

˙
1
p

,

is the so-called Gagliardo (semi) norm of u.

Remark 1.1.5. The definition in (1.1) cannot be plainly extended to the case s ě 1. Suppose
that Ω is a connected open set in Rn, then any measurable function u : Ω Ñ R such that

ż

Ω

ż

Ω

|upxq ´ upyq|p

|x´ y|n`sp
dxdy ă `8,

is actually constant (see [11], Proposition 2). This fact is a matter of scaling and it is strictly
related to the following result that holds for any u in W s,ppΩq:

lim
sÑ1´

ps´ 1q
1
p

ż

Ω

ż

Ω

|upxq ´ upyq|p

|x´ y|n`sp
dxdy “ C

ż

Ω
|∇u|pdx,

for a suitable positive constant C depending only on n and p.

When s ą 1 and it is not an integer we write s “ m`σ , where m is an integer and σ P p0, 1q.
In this case the space W s,ppΩq consists of those equivalence classes of functions u P Wm,ppΩq
whose distributional derivatives Dαu, with |α| “ m, belong to W σ,ppΩq, namely

W s,p
pΩq “ tu P Wm,p

pΩq : Dαu P W σ,p
pΩq ffor any α s.t. |α|“ σu,

and this is a Banach space with respect to the norm

}u}W s,ppΩq “

ˆ

}u}pWm,ppΩq `
ÿ

|α|“m

}Dαu}pWσ,ppΩq

˙
1
p

.

Clearly, if s “ m is an integer, the space W s,ppΩq coincides with the Sobolev space Wm,ppΩq.

Theorem 1.1.10. [18] For any s ą 0, the space C80 pRnq of smooth functions with compact
support is dense in W s,ppRnq.

Let W s,p
0 pΩq denote the closure of C80 pΩq in the norm ‖.‖W s,p

0 pΩq. Note that, in view of
Theorem 1.1.10, we have

W s,p
0 pRn

q “ W s,p
pRn

q,

but in general, for Ω Ă Rn, W s,ppΩq ‰ W s,p
0 pΩq, i.e. C80 pΩq is not dense in W s,ppΩq.

Remark 1.1.6. For s ă 0 and p P p1,8q, we can define W s,ppΩq as the dual space of W´s,qpΩq
where 1{p ` 1{q “ 1. Notice that, in this case, the space W s,ppΩq is actually a space of
distributions on Ω, since it is the dual of a space having C80 pΩq as density subset.

Proposition 1.1.5. [16] Let Ω be an open set of Rn and s P p0, 1q, then
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1. For 1 ď p ă 8, W s,ppΩq is a Banach space.

2. For 1 ď p ă 8, W s,ppΩq is a separable space.

3. For 1 ă p ă 8, W s,ppΩq is a reflexive space.

Corollary 1.1.1. [16] Let s P p0, 1q and let p Ps1,8r. Let Ω be a Lipschitz open set of Rn.
Then we have:

1. If sp ă n, then W s,ppΩq ãÑ LqpΩq for every q ď np{pn´ spq.

2. If n “ sp, then W s,ppΩq ãÑ LqpΩq for every q ă 8.

3. If sp ą n, then W s,ppΩq ãÑ L8pΩq and, more precisely,

W s,p
pΩq ãÑ C0,s´n{p

pΩq.

Theorem 1.1.11 (Compact embeddings). [16] Let Ω be a bounded Lipschitz open subset
of Rn . Let s P r0, 1r, let p ą 1, and let n ě 1. Then we have:

1. If sp ă n, then the embedding of W s,ppΩq into Lk is compact for every k ă np{pn´ spq.

2. If sp “ n, then the embedding of W s,ppΩq into Lq is compact for every q ă 8.

3. If sp ą n, then the embedding of W s,ppΩq into C0,λ
b pΩq is compact for λ ă s´ n{p.

The space Hs and the fractional Laplacian operator

In this part, we focus on the case p “ 2. This is quite an important case since the fractional
Sobolev spaces W s,2pRnq and W s,2

0 pRnq out to be Hilbert spaces. They are usually denoted
by HspRnq and Hs

0pRnq, respectively. Moreover, they are strictly related to the fractional
Laplacian operator p´∆qs, where, for any u P S (Schwartz Space) and s P p0, 1q, p´∆qs it is
defined as

p´∆qsupxq “ Cpn, sq P.V.

ż

Rn

upxq ´ upyq

|x´ y|n`2s dy, x P R
n

“ Cpn, sq lim
εÑ0`

ż

CBεpxq

upxq ´ upyq

|x´ y|n`2s dy. (1.2)

Here P.V. is a commonly used abbreviation for “in the principal value sense” (as defined by
the latter equation) and Cpn, sq is a dimensional constant that depends on n and s, precisely
given by

Cpn, sq “
4sΓpn2 ` sq

π
n
2

s

Γp1´ sq ,

where Γ is the usual Gamma function (see [9]).
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In our thesis, we symbolize the space Hs
0pΩq byDs,2pΩq whereDs,2pΩq “ C8c pΩq

‖‖Hs (Ds,2pΩq
is the completion of C8c pΩq compared to the HspΩq norm), if Ω is a bounded Lipschitz open
set, then

Ds,2
pΩq “ tu P Hs

pRn
q, such that u “ 0 in Rn

zΩu,

such that
Hs
pRn

q “ tu P L2
pRn

q : |upxq ´ upyq|
|x´ y|

n
2`s

P L2
pRn

ˆ Rn
qu;

thus Ds,2pΩq is a Hilbert space with respect to the scalar product

xu, vy “ Cpn, sq

ĳ

R2n

pupxq ´ upyqqpvpxq ´ vpyqq

|x´ y|n`2s dydx.

The norm in Ds,2pΩq is

‖u‖Ds,2pΩq “
„
ĳ

R2n

|upxq ´ upyq|2

|x´ y|n`2s dydx


1
2

.

Proposition 1.1.6. [52] Let s P p0, 1q and Ω be a bounded Lipschitzian subset of Rn such that
n ą 2s. Let u : Ω Ñ R be a measurable function compactly supported. Then, there exists a
positive constant cemb ą 0 (embedding constant) depending on n and s such that

‖u‖L2pΩq ď cemb‖u‖Ds,2pΩq.

Proposition 1.1.7. [47] Let s P p0, 1q, n ě 1, Ω P Rn be a Lipschitz bounded open set and =
be a bounded subset of L2pΩq. Suppose that

sup
uP=

ż

Ω

ż

Ω

|upxq ´ upyq|2

|x´ y|n`2s dxdy ă `8,

then = is precompact in L2pΩq.

1.2 Topological degree
In this part, we will present the topological degree which is considered as an important tool for
solving nonlinear elliptic problems. It was introduced by L. Brouwer for finite dimension and
extended to infinite dimension by J. Leray and J. Schauder, see [27] and [41].

We start by giving the existence and the uniqueness of an application, called topological
degree, in finite dimension.
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1.2.1 The Brouwer degree and its properties
Let Ω be an open subset of Rn, n ě 1 (or a bounded open of a Banach space E). Let
f P CpΩ̄,Rnq and y P Rn. The application call topological degree show the existence of
solutions of the equation fpxq “ y such that x P Ω̄.
Definition 1.2.1. [41] Let Ω be a bounded open subset of Rn and f : Ω Ñ Rn, f P C1pΩq X
CpΩ̄q, x0 P Ω is called regular point if Jf px0q ‰ 0 (or Jf px0q “ detDfpx0q with Dfpx0q “

p
Bfi
Bxj
qi,jpx0q), Otherwise, x0 is called critical point or singular point.

Let us designate by
Sf pΩq “ tx0 P Ω : Jf px0q “ 0u,

the set of singular points of f on Ω.
Definition 1.2.2 (Regular case). [41] Let Ω Ă Rn be a bounded open and f P C1pΩqXCpΩ̄q
a defined function of Ω with values in Rn, for y R fpBΩq a regular value, we define the degree
of f at the point y by

degpf,Ω, yq “
ÿ

fpxiq“y;i“1,n

sgnpdetDxfpxiqq.

Definition 1.2.3. [27] Let N ě 1. We note by A the set of triplets pf,Ω, yq Where Ω is an
open bounded of RN , f P CpΩ̄,RNq and y P RN such that y R tfpxq;x P BΩu.
Theorem 1.2.1 (Brouwer, 1933). [27] Let N ě 1 and A given by the definition (1.2.3).
Then there exists an application d of A in Z called "topological degree", verifying the following
three properties:
(P1) Normalization: dpI,Ω, yq “ 1 if y P Ω.

(P2) Degree of an union: dpf,Ω, yq “ dpf,Ω1, yq ` dpf,Ω2, yq if Ω1YΩ2 Ă Ω, Ω1XΩ2 “ H

and y R tfpxq, x P Ω̄zΩ1 Y Ω2u.

(P3) Homotopy invariance: If h P Cpr0, 1sˆΩ̄,RNq, y P Cpr0, 1s,RNq and yptq R thpt, xq, x P
BΩu (for all t P r0, 1s), we have then:

dphpt, .q,Ω, yptqq “ dphp0, .q,Ω, yp0qq for all t P r0, 1s.

Brouwer’s fixed point theorem, 1912

A first consequence of this "topological degree" method is Brouwer’s fixed point theorem that
we are giving now.
Theorem 1.2.2. [27] Let N ě 1, R ą 0 and f P CpBR, BRq with BR “ tx P RN , ‖x‖ ď Ru
(we provided RN with a norm noted ‖.‖). Then f admits a fixed point, that is to say it exists
x P BR such that fpxq “ x.

Theorem 1.2.1 was generalized (from 1934) in infinite dimension by Leray and Schauder
under a hypothesis of compactness that we give now.
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1.2.2 The Leray-Schauder degree and its properties
It is certainly impossible to define a degree in infinite dimensions with the same assumptions
as in finite dimensions. For this, Leray and Schauder have been generalized under compactness
assumptions.

Definition 1.2.4. [27] Let E be a Banach space (real), B be a part of E and f an application
from B to E. We said that f is compact (the terminology of Leray-Schauder is different, they
use the expression "completely continuous") if f satisfies the following two properties

1. f is continuous.

2. tfpxq, x P Cu is relatively compact in E for any bounded C of B.

Remark 1.2.1. We can notice, in the previous definition, that if f is linear (and B “ E) the
second condition leads to the first one. But this is not true for non-linear applications.

Here is the main result of this part, which states the existence of the Leray-Schauder degree
along with its main properties.

Definition 1.2.5. [27] Let E be a Banach space (real). We note A the set of triplets pI´f, y,Ωq
where Ω is an open bound of E, f is a compact application from Ω into E (which is equivalent
to say that f is continuous and tfpxq, x P Ωu is a relatively compact part of E) and y P E such
that::

y R tx´ fpxq;x P BΩu.

Theorem 1.2.3 (Leray-Schauder, 1934). [27] Let E be a Banach space (real) and A given
by the definition (1.2.5). Then there exists an application d of A in Z called "topological degree",
verifying the following three properties:

(P1) Normalization: dpId,Ω, yq “ 1 if y P Ω.

(P2) Degree of an union: dpI ´ f, y,Ωq “ dpI ´ f, y,Ω1q ` dpI ´ f, y,Ω2q if Ω1
Ť

Ω2 Ă

Ω,Ω1 X Ω2 “ H and y R tx´ fpxq;x P ΩzΩ1
Ť

Ω2u.

(P3) Homotopy invariance: If h is a compact application of r0, 1sˆΩ in E, y P Cpr0, 1s, Eq
and yptq R tx´ hpt, xq, x P Ωu (for all t P r0, 1s) we have then:

dpI ´ hpt, .q, y,Ωq “ dpI ´ hp0, .q, yp0q,Ωq for all t P r0, 1s.

Definition 1.2.6. [27] An application of the form

f “ I ´ h,

where I is the identity application and h is a compact application is called compact perturbation
of the identity (or Leray-Schauder application).

Remark 1.2.2. The essential property of the topological degree is:
If pI ´ f,Ω, yq P A and dpI ´ f,Ω, yq ‰ 0, then there exists x P Ω such that x´ fpxq “ y.
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Schauder’s fixed point theorem

As in finite dimension, a first consequence of the existence of the topological degree is the
obtaining of a fixed point theorem that we give now.

Theorem 1.2.4. [27] Let E be a Banach space, R ą 0, Bp0, Rq “ tx P E, }x} ď Ru and f a
compact application from Bp0, Rq to Bp0, Rq (that is to say f continues and tfpxq, x P Bp0, Rqu
relatively compact in E). Then f admits a fixed point that is, there exists x P Bp0, Rq such that
fpxq “ x.

1.3 Resonance and non-resonance
Resonance is a phenomenon where some physical systems (Electrical, Mechanical...) are sensi-
tive to certain frequencies.

1.3.1 Electronics: resonance circuits
They are a particular case of RLC electrical circuits (R: resistance, L: coil (inductive reactance
XL), C: capacitor (capacitive reactance XC)).

Figure 1.1: Successive RLC circuit

When we apply an alternating voltage, an electric current will initiate through the circuit,
but we know that the law of reluctance or total circuit resistance is

Z “
a

R2 ` pXL ´XCq
2.

Every time we increase the frequency of the alternating voltage, the XL increase and XC

reduction, in a given frequency becomes XL “ XC i.e.

Z “ R,
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meaning: if, only the R exists in the circuit, XL and XC disappear what has become like a
short circuit, this is called a resonant frequency fr.

In the case of resonance, all the voltage that is coming from the source goes to R only, and
the current, which passes, reaches the maximum value.

We take the bandwidth when less than the value of the current or the voltage is about 70%
of the maximum value.

Whenever we underestimates the resistance resonance unit getting higher, it means a de-
crease in bandwidth, and therefore the quality factor increase.

Example on radio receivers

If you pick up the radio and want to hear the channel on the frequency 100MHz, we turn the
knob to the right and to the left i.e. we change the frequency (you change either the L or C) if
you get to 100MHz which makes the radio frequency 100MHz you can listen to the channel
so 100MHz is the resonant frequency.

Therefore, the circuits used in radios are resonance circuits. These frequency selective circuits
pass a specific frequency and behave towards it as a thread and do not pass other frequencies,
which makes the radio frequency parallel to the channel frequency.

1.3.2 Mathematical
Let the Dirichlet proleme

#

´divp|∇u|p´2∇uq “ fpx, uq ` h in Ω,
u “ 0 on BΩ,

(1.3)

where Ω is a bounded domain of Rn with regular boundary, 1 ă p ă 8 and h is given in
W´1,p1pΩq. suppose that

F˘ “ lim
sÑ˘8

sup pF px, sq
|s|p

, (1.4)

where F px, sq “
şs

0 fpx, tqdt.

Definition 1.3.1. [58] We say that the problem (1.3) is non-resonance under an eigenvalue if
F`pxq ă λn and F´pxq ă λn a.e. x P Ω, where F` and F´ are defined by (1.4) and λn is an
eigenvalue of the problem:

#

´divp|∇u|p´2∇uq “ λ|u|p´2u in Ω,
u “ 0 on BΩ.

(1.5)
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Definition 1.3.2. [58] We will say that the problem (1.3) presents a resonance under an
eigenvalue λn if F`pxq ď λn and F´pxq ď λn a.e. x P Ω and if at least one of the two
inequalities is an equality on a subset of Ω of non-zero measure.

Remark 1.3.1. [58] We note:

f˘ “ lim
sÑ˘8

sup fpx, sq
|s|p´2s

.

We establish several existence results under different conditions on the report pF px,sq
|s|p

when
sÑ ˘8. Because we always have F˘ ď f˘, the conditions we consider are more general than
those relating to the report fpx,sq

|s|p´2s
.



Chapter 2

Existence of solutions for a p-Laplacian
system with a nonresonanse condition
between the first and the second
eigenvalues

In recent years, the eigenvalue problems for p-Laplacian operators have been extensively studied
(see [6, 39, 42, 53]). The main purpose of this chapter is to prove the existence of solutions for
a quasilinear elliptic system when the second terms on the two equations fipx, sq, pi “ 1, 2q
locates between the first and the second eigenvalue of the p-Laplacian. This result can be seen
as a generalization of the result obtained by A. Anane and N. Tsouli in [6].

2.1 Position of the problem
In this chapter, we study the existence of positive solution for the nonlinear elliptic system

$

’

&

’

%

´∆pupxq “ f1px, vpxqq ` h1pxq in Ω,
´∆pvpxq “ f2px, upxqq ` h2pxq in Ω,
u “ v “ 0 on BΩ,

(2.1)

where ∆pu “ divp|∇u|p´2∇uq is the p-Laplacian operator with the exponent p, 1 ă p ă 8 and
Ω is a smooth bounded region in Rn for n ě 1.

Through this chapter, hi P W´1,p1pΩq with i “ 1, 2 and p1 the Hölder conjugate of p. As to
the nonlinearities fi pi “ 1, 2q, we assume that they are Carathéodory functions from ΩˆR to
R such that

max
|s|ďRi

|fipx, sq| P Lp
1

pΩq, @Ri ą 0, (2.2)

λ1 ď lipxq ď kipxq ă λ2 a.e. in Ω,
ı

(2.3)

15
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where
lipxq “ lim

sÑ˘8
inf fipx, sq
|s|p´2s

, kipxq “ lim
sÑ˘8

sup fipx, sq
|s|p´2s

,

and λ1 (resp., λ2) is the first (resp., the second) eigenvalue of the problem
#

´∆pu “ λ|u|p´2u in Ω,
u “ 0 on BΩ.

First inequality in (2.3) means: "less or equal almost everywhere with strict inequality on a set
of positive measure". we also assume that the inequalities in (2.3) holds for i “ 1, 2:

@εi ą 0, Dηpεiq ą 0 : λ1 ´ εi ď
fipx,sq
|s|p´2s

, @|s| ě ηpεiq, a.e. in Ω,

@εi ą 0, Dηpεiq ą 0 : fipx,sq
|s|p´2s

ď λ2 ` εi, @|s| ě ηpεiq, a.e. in Ω.
(2.4)

Recently, A. Anane and N. Tsouli [6] study the existence of solutions for the Dirichlet problem
´∆pu “ fpx, uq`hpxq in Ω, u “ 0 in BΩ, when fpx, uq locates between the first and the second
eigenvalues of the p-Laplacian p∆pq, using Leray-Schauder topological degree.

Their work is based on the absurd reasoning, they arrived at a contradiction by using dif-
ferent lemmas and the variation characterization of λ2, more precisely the monotonicity of λ2.
Our work is based on the same method of proof.

The main result in this chapter is the following theorem.

Theorem 2.1.1. For i “ 1, 2, assume that fi satisfies (2.2), (2.3) and (2.4). Then for any
hi P W

´1,p1pΩq, (2.1) admits a weak solution pu, vq in U .

As usual, a weak solution of system (2.1) is any pu, vq P U such that
ż

Ω
|∇u|p´2∇u∇ϕ1dx`

ż

Ω
|∇v|p´2∇v∇ϕ2dx “

ş

Ω f1px, vqϕ1dx`
ş

Ω f2px, uqϕ2dx

`xh1, ϕ1y ` xh2, ϕ2y,

for every ϕi P W´1,p1pΩq, pi “ 1, 2q.

Where x., .y denotes the duality product between W´1,p1pΩq and W 1,p
0 pΩq.

Next, let us define by pTtqtPr0,1s the family of operators from U to U defined by

Ttpu, vq “

ˆ

T1tpu, vq
T2tpu, vq

˙

“

ˆ

´∆´1
p 0

0 ´∆´1
p

˙

ˆ

ˆ

p1´ tqα1|u|
p´2u` tf1px, vq ` th1

p1´ tqα2|v|
p´2v ` tf2px, uq ` th2

˙

, (2.5)

where αi, i “ 1, 2 are some fixed numbers with λ1 ă αi ă λ2.
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Remark 2.1.1. Hypotheses (2.2) and (2.4) give us the growth conditions

|fipx, sq| ď ai|s|
p´1

` bipxq @|s| P R, a.e. in Ω, (2.6)

where ai ą 0 and bip.q P Lp
1

pΩq.

Remark 2.1.2. Equations (2.2) and (2.4) imply

@εi ą 0, Dbεi P L
p1pΩq such that

|s|ppλ1 ´ εiq ´ bεipxq ď sfipx, sq ď |s|
ppλ2 ` εiq ´ bεipxq, (2.7)

@s P R, a.e. in Ω.

Lemma 2.1.1. Tt is continuous and compact.

Proof. We have, Tt : U Ñ U ; to prove the Lemma, we have

U ãÑ V ÝÑ
A
Y ãÑ Z ÝÑ

S
U, (2.8)

such that the Nemytskii operator

A : V Ñ Y

pu, vq ÞÑ pf1px, vq, f2px, uqq,

and

S : Z Ñ U
ˆ

f1
f2

˙

ÞÑ

ˆ

´∆´1
p 0

0 ´∆´1
p

˙ˆ

f1px, vq
f2px, uq

˙

“

ˆ

u
v

˙

,

are continuous and compact.

N If we take pun, vnq Ñ pu, vq in U , according to (2.8) Ttpun, vnq Ñ Ttpu, vq in U , so the
operator Tt is continuous @t P r0, 1s.

N If we take a bounded set M P U , according to (2.8) the image of this set by the operator
Tt is relatively compact, so the operator Tt is compact.

2.2 A priori estimate
To prove Theorem (2.1.1), we first establish the following estimate:

DR ą 0 such that @t P r0, 1s, @pu, vq P BBp0, Rq such that rI ´ Ttspu, vq ‰ 0,

where Bp0, Rq denotes the ball of center 0 and radius R in U .
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For, we assume by contradiction that

@n ą 0, Dtn P r0, 1s, Dpun, vnq P U with
‖pun, vnq‖1,p “ n such that Ttnpun, vnq “ pun, vnq. (2.9)

Let wn “ pw1n, w2nq “ p
un
n
, vn
n
q. We still denoted by pwnq the subsequence of pwnq which con-

verges weakly in U , strongly in V and a.e. in Ω to w.

We can also suppose that tn converges to t P r0, 1s. That to reach a contradiction, we need
the following lemmas.

Lemma 2.2.1. If the sequence gn “ pg1n, g2nq are defined by

gin “
fipx, nwi`p´1qi`1nq

np´1 , i “ 1, 2, (2.10)

then gin are bounded in Lp1pΩq, and they admit subsequences gin converging weakly to some gi
in Lp1pΩq.

Proof. From (2.6), we have
|fipx, sq| ď ai|s|

p´1
` bipxq,

then
|fipx, nwi`p´1qi`1nq|

np´1 ď ai
|nwi`p´1qi`1n|

p´1

np´1 `
bipxq

np´1 ,

we get
|ginpxq| ď ai|wi`p´1qi`1n|

p´1
`
bipxq

np´1 ;

as bipxq in Lp
1

pΩq and |wi`p´1qi`1n|
p´1 P Lp

1

pΩq, so gin become bounded in Lp1pΩq.
Consequently, there exists a subsequence, still denoted by gin converging weakly to gi in Lp

1

pΩq.

Lemma 2.2.2. wi ‰ 0, i “ 1, 2.

Proof. We have that
#

´∆ppuq “ p1´ tqα1|u|
p´2u` tfpx, vqq ` th1pxq,

´∆ppvq “ p1´ tqα2|v|
p´2u` tfpx, uqq ` th2pxq,

the variational formulation give
ż

Ω
|∇u|p´2∇u∇ϕ1dx`

ż

Ω
|∇v|p´2∇v∇ϕ2dx “ p1´ tq

“

α1

ż

Ω
|u|p´2uϕ1dx

` α2

ż

Ω
|v|p´2vϕ2dx

‰

` t
“

ż

Ω
f1px, vqϕ1dx`

ż

Ω
f2px, uqϕ2dx

`

ż

Ω
h1pxqϕ1dx`

ż

Ω
h2pxqϕ2dx

‰

,
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according to the continuity, we found
ż

Ω
|∇un|p´2∇un∇ϕ1ndx`

ż

Ω
|∇vn|p´2∇vn∇ϕ2ndx “ p1´ tq

“

α1

ż

Ω
|un|

p´2unϕ1ndx

` α2

ż

Ω
|vn|

p´2vnϕ2ndx
‰

` t
“

ż

Ω
f1px, vnqϕ1ndx

`

ż

Ω
f2px, unqϕ2ndx`

ż

Ω
h1pxqϕ1ndx`

ż

Ω
h2pxqϕ2ndx

‰

,

if we take pϕ1n, ϕ2nq “ pun, vnq, we receive to
ż

Ω
|∇un|pdx`

ż

Ω
|∇vn|pdx “p1´ tq

“

α1

ż

Ω
|un|

pdx` α2

ż

Ω
|vn|

pdx
‰

` t
“

ż

Ω
f1px, vnqundx`

ż

Ω
f2px, unqvndx

`

ż

Ω
h1pxqundx`

ż

Ω
h2pxqvndx

‰

,

the definition of wn verify that
ż

Ω
|∇w1n|

pdx`

ż

Ω
|∇w2n|

pdx “p1´ tnq
“

α1

ż

Ω
|w1n|

pdx` α2

ż

Ω
|w2n|

pdx
‰

` tn
“

ż

Ω
g1npxqw1ndx`

ż

Ω
g2npxqw2ndx

`
1

np´1 ă h1, w1n ą `
1

np´1 ă h2, w2n ą
‰

. (2.11)

We get from Lemma (2.2.1)

1 “ p1´ tq
“

α1

ż

Ω
|w1|

pdx` α2

ż

Ω
|w2|

pdx
‰

` t
“

ż

Ω
g1pxqw1dx`

ż

Ω
g2pxqw2dx

‰

; (2.12)

from the diffrent properties of the weak and strong convergences we get that wi ‰ 0, i “ 1, 2.

Lemma 2.2.3. Let A “ tx P Ω : wipxq ‰ 0, pi “ 1, 2qu, then

gi “ 0 a.e. in ΩzA where i “ 1, 2.

Proof. The inequality (2.6) gives us for every i (i “ 1, 2)

|ginpxq| ď ai|wi`p´1qi`1n|
p´1

`
bipxq

np´1 a.e. in ΩzA, (2.13)

so

‖gin‖Lp1 pΩzAq ď ai‖wi`p´1qi`1n‖p´1
LppΩzAq `

1
np´1‖bi‖Lp1 pΩzAq

ď ai‖wi`p´1qi`1n‖
p
p1

LppΩzAq `
1

np´1‖bi‖Lp1 pΩzAq, (2.14)
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From Lemma (2.2.2), we have

lim
nÑ`8

‖gin‖Lp1 pΩzAq “ 0. pi “ 1, 2q (2.15)

LetD “ tx P ΩzA : gi ‰ 0, pi “ 1, 2qu. By Lemma (2.2.1) we get, for φipxq “ signrgipxqsχDpxq
belong to LppDq such that

χDpxq “

#

0 ; x R D,
1 ; x P D,

that
lim

nÑ`8

ż

D

ginpxqφipxqdx “

ż

D

gipxqφipxqdx “

ż

D

|gipxq|dx, (2.16)

but, we have by (2.15)
ż

D

|gipxq|dx “ 0, pi “ 1, 2q (2.17)

consequently, measpDq “ 0 which implies

gi “ 0 a.e. in ΩzA where i “ 1, 2.

Lemma 2.2.4. Let i “ 1, 2 and

g̃ipxq “

#

gipxq
|wpxqi`p´1qi`1 |p´2wpxqi`p´1qi`1

on A,

βi on ΩzA,
(2.18)

where βi are fixed numbers such that λ1 ă βi ă λ2, then

λ1 ď g̃ipxq ă λ2 a.e. in Ω.
ı

(2.19)

Proof. For i “ 1, 2, firstly we define new subsets us follow

Bli “ tx P A : wi`p´1qi`1pxqgipxq ă lipxq|wi`p´1qi`1pxq|pu,

Bki “ tx P A : wi`p´1qi`1pxqgipxq ą kipxq|wi`p´1qi`1pxq|pu,

then we prove that measpBliq “ measpBkiq “ 0.

By Remark (2.1.2), we have that @εi ą 0, Dbεi P L
p1pΩq such that

|nwi`p´1qi`1n|
p
pli ´ εiq ´ bεi ď nwi`p´1qi`1nfipx, nwi`p´1qi`1nq ď |nwi`p´1qi`1n|

p
pki ` εiq ` bεi ,

(2.20)
according to the definition of gin, we find

|nwi`p´1qi`1n|
p
pli ´ εiq ´ bεi ď npwi`p´1qi`1ngin ď |nwi`p´1qi`1n|

p
pki ` εiq ` bεi , (2.21)
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dividing on np

|wi`p´1qi`1n|
p
pli ´ εiq ´

bεi
np
ď wi`p´1qi`1ngin ď |wi`p´1qi`1n|

p
pki ` εiq `

bεi
np
. (2.22)

By integrating in the first inequality and letting nÑ 8, then εÑ 0, we deduce
ż

Bli

rwi`p´1qi`1pxqgipxq ´ |wi`p´1qi`1pxq|plipxqsdx ě 0, (2.23)

and from the definition of the subset Bli , we get
ż

Bli

rwi`p´1qi`1pxqgipxq ´ |wi`p´1qi`1pxq|plipxqsdx ă 0. (2.24)

Whereupon
ż

Bli

rwi`p´1qi`1pxqgipxq ´ |wi`p´1qi`1pxq|plipxqsdx “ 0, (2.25)

which implies measpBliq “ 0. The second inequality give us measpBkiq “ 0.

In the second step, from the definition of g̃i, we obtain

lipxq ď g̃ipxq ď kipxq a.e. in A, (2.26)

and hypothesis (2.3) allow us to write

λ1 ď g̃ipxq ă λ2 a.e. in A. (2.27)

Since g̃i “ βi in ΩzA, then
λ1 ă g̃i ă λ2 in ΩzA. (2.28)

The inequalities (2.27) and (2.28) leads to

λ1 ď g̃ipxq ă λ2 a.e. in Ω. (2.29)

From (2.28), (2.29) and the fact that mespΩzAq ‰ 0, we obtain

λ1 ď g̃ipxq ă λ2 a.e. in Ω.
ı

Lemma 2.2.5. If i “ 1, 2, then wi is a solution of
#

´∆pwi “ mi|wi|
p´2wi in Ω,

wi “ 0 on BΩ,
(2.30)

where mipxq “ p1´ tqαi ` tg̃i`p´1qi`1pxq.
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Proof. We first prove that wi pi “ 1, 2q is a solution of
#

´∆pwi “ p1´ tqαi|wi|p´2wi ` tgi`p´1qi`1 in Ω,
wi “ 0 on BΩ.

(2.31)

From [6], we have that win pi “ 1, 2q satisfies
#

´∆pwin “ p1´ tnq|win|p´2win ` tn
“

gi`p´1qi`1n `
1

np´1hi
‰

in Ω,
win “ 0 on BΩ.

(2.32)

We know that for i “ 1, 2, p´∆pqpwinq are bounded in W´1,p1pΩq, so we can extract from it a
subsequence pwinq (for simplicity of the notation), and a distribution Li P W´1,p1 such that

p´∆pqpwinq ÝÝÝá
weak

Li,

in particular
lim

nÑ`8
ă ´∆pwin, wi ą“ă Li, wi ą .

Since

ă ´∆pwin, win ´ wi ą “ p1´ tnqαi
ż

Ω
|win|

p´2winpwin ´ wiqdx

` tn
“

ż

Ω
gi`p´1qi`1npwin ´ wiqdx`

1
np´1 ă hi, win ´ wi ą

‰

,

it holds
lim

nÑ`8
ă ´∆pwin, win ´ wi ą“ 0.

But, we have

lim
nÑ`8

ă ´∆pwin, win ´ wi ą “ lim
nÑ`8

ă ´∆pwin, win ą ´ lim
nÑ`8

ă ´∆pwin, wi ą

“ lim
nÑ`8

ă ´∆pwin, win ą ´ ă Li, wi ą

“ 0,

consequently
lim

nÑ`8
ă ´∆pwin, win ą“ă Li, wi ą .

We also know that p´∆pq is an operator of type pMq1, so we get

Li “ ´∆pwi.

Passing to the limit in (2.32) gives (2.31), but by Lemma (2.2.3), we have

p1´ tqαi|wi|p´2
` tgi`p´1qi`1 “ mi|wi|

p´2wi a.e. in Ω,

which implies that wi is a solution of (2.30) for every i sush that i “ 1, 2.
1We say that A : V Ñ V 1 is an operator of type pMq if [un Ñ u weakly in V , Apunq Ñ z weakly in V 1 and

lim sup ă Apunq, un ąďă z, u ąñ z “ Apuq].
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Now, we can prove our estimate.

To reach the contradiction, we set λ1pΩ,mipxqq (resp., λ2pΩ,mipxqq to be the first (resp.,
the second) eigenvalue of the problem with weight

#

´∆pu “ λmipxq|u|
p´2u in Ω,

u “ 0 on BΩ.

For i “ 1, 2, we use Lemma (2.2.4) and the fact that λ1 ă αi ă λ2, to get

λ1 ď mipxq ă λ2 a.e. in Ω;
ı

now, by the strict monotonicity property of the first eigenvalue [60] and the second eigenvalue
[5], we have

λ1pΩ,miq ă λ1pΩ, λ1q “ 1,

and
1 “ λ2pΩ, λ2q ă λ2pΩ,miq,

so clearly
λ1pΩ,miq ă 1 ă λ2pΩ,miq.

But by Lemmas (2.2.2) and (2.2.5), for every i (sush that i “ 1, 2), 1 is an eigenvalue of p´∆pq

for the weights mi, which contradicts the definition of the second eigenvalues2 λ2pΩ,miq.
From above we deduce that the estimation holds true.

2.3 Proof of the main result
Using the homotopy invariance of the degree map, which through the homotopy Tt yields

degpI ´ T0, Bp0, Rq, 0q “ degpI ´ T1, Bp0, Rq, 0q.

As T0 is odd, so following the theory of Borsuk, we get that degpI´T0, Bp0, Rq, 0q is an odd in-
teger and so nonzero. This implies that there exists pu, vq P Bp0, Rq such that T1pu, vq “ pu, vq.
Hence, system (2.1) has a positive solution.

This completes the proof.

2λ2 is the second eigenvalue therefore λ1 ă λ2 and spp´∆pqXsλ1, λ2r“ φ.



Chapter 3

Existence and uniqueness of solution
for a nonlinear fractional elliptic
system

The study of the existence of weak solutions to a system of nonlocal equations involving the
fractional Laplacian its our aim in this chapter. To prove the existence and uniqueness of
solutions under suitable assumptions on the non linearities, we use the fixed point theory.

3.1 Position of the problem and the main result
Fractional differential equations involve derivatives of fractional order are important mathemat-
ical models of some functional ways to some of the problems in several disciplines like in image
denoising, natural sciences and different other branches (see [28, 30]). As a result, the subject
of fractional differential equations is gaining much importance and attention, for examples see
[48,50,51,65] and the references therein.

The Dirichlet problem for the fractional Laplacian has been studied from the point of view
of probability, potential theory, and PDEs. It has attracted lots of interest, see [7, 25]. In this
chapter, we adopt the fixed point theory in order to confirm the existence of a weak solutions
to the coupled system

$

’

&

’

%

p´∆qsupxq “ fpx, upxq, vpxqq in Ω,
p´∆qsvpxq “ gpx, upxq, vpxqq in Ω,
u “ v “ 0 on RnzΩ,

(3.1)

where Ω Ă Rn is a bounded open set with Lipschitz boundary, s Ps0, 1r and f, g : ΩˆRˆRÑ R
are two continuous functions satisfying the Carathéodory conditions ( i.e : fp., wq, gp., zq are
measurables for each w, z P R2 and fpx, .q, gpy, .q are continuous for almost every x, y P Ω),

24
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and also verifying the growth restriction defined below
#

|fpx, ξ1, ξ2q| ď r1pxq ` a|ξ1|
δ1 ` b|ξ2|

δ1 ,

|gpx, η1, η2q| ď r2pxq ` c|η1|
δ2 ` d|η2|

δ2 .
(3.2)

(We are employed the notation that |.| stands for absolute value in R).
Where δ1, δ2 Ps0, 1r and r “ pr1, r2q P rV nonnul function; a, b, c and d are nonnegative con-
stants.

We recall that the fractional Laplacian p´∆qs in its nonlocal representation defined as

p´∆qsϕpxq “ Cpn, sqP.V.

ż

Rn

ϕpxq ´ ϕpyq

|x´ y|n`2s dy,

along ϕ P C80 pRnq, where s Ps0, 1r, P.V. denotes the integral in the sense of the principal value
and

Cpn, sq “
4sΓpn2 ` sq

π
n
2

s

Γp1´ sq .

As far as we know, this result is new and represent fractional version of the classical theorem
see [23]. The linear case is already studied in a lot of works.

The rest of this chapter is organized as follows. Section 2 introduces basic definitions and
the main result of this paper. In Section 3, a fixed point formulation of the problem (3.1) is
presented, and in Section 4, we prove the main result. Finally, in Section 5, we give a particular
case.

Throughout the chapter, without futther mention, we always assume that n ą 2s, and the
main result is

Theorem 3.1.1. Under hypothesis (3.2), problem (3.1) has at least one solution pu, vq P rU .

3.2 Fixed point formulation of the problem
From the definition of the fractional Laplacian p´∆qs, the problem (3.1) is weakly formulated
as follows:

$

’

&

’

%

Cpn, sq
ť

R2n
pupxq´upyqqpϕpxq´ϕpyqq

|x´y|n`2s dydx “
ş

Ω fpx, upxq, vpxqqϕpxqdx,

Cpn, sq
ť

R2n
pvpxq´vpyqqpφpxq´φpyqq

|x´y|n`2s dydx “
ş

Ω gpx, upxq, vpxqqφpxqdx,

for pϕ, φq P rU .
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Let us define
L̂u,v : pϕ, φq ÞÑ pL̂upϕq, L̂vpφqq,

Ŝu,v : pϕ, φq ÞÑ pŜ1pϕq, Ŝ2pφqq,

where
L̂upϕq “ Cpn, sq

ĳ

R2n

pupxq ´ upyqqpϕpxq ´ ϕpyqq

|x´ y|n`2s dydx,

L̂vpφq “ Cpn, sq

ĳ

R2n

pvpxq ´ vpyqqpφpxq ´ φpyqq

|x´ y|n`2s dydx,

and
Ŝ1pϕq “

ż

Ω
fpx, upxq, vpxqqϕpxqdx,

Ŝ2pφq “

ż

Ω
gpx, upxq, vpxqqφpxqdx.

Lemma 3.2.1. The operators L̂ and Ŝ are continuous linear functionals on the space rU .

Since rU is a Hilbert space, by the Riesz representation theorem (see Chapter 1 Theorem
1.1.5) there exists uniquely determined elements Lpu, vq, Spu, vq P rU such that

Lpu, vq “ pLpuq, Lpvqq and Spu, vq “ pS1pu, vq, S2pu, vqq.

We have also
$

’

&

’

%

L̂upϕq “ xL̂u, ϕyxpDs,2q1,Ds,2y “ xLpuq, ϕyxDs,2,Ds,2y,

L̂vpφq “ xL̂v, φyxpDs,2q1,Ds,2y “ xLpvq, φyxDs,2,Ds,2y,

and
$

’

&

’

%

Ŝ1pϕq “ xŜ1, ϕyxpDs,2q1,Ds,2y “ xS1pu, vq, ϕyxDs,2,Ds,2y,

Ŝ2pφq “ xŜ2, φyxpDs,2q1,Ds,2y “ xS2pu, vq, φyxDs,2,Ds,2y,

for all pϕ, φq P rU .

The standard norms of Lpu, vq and Spu, vq are defined by:
$

’

&

’

%

‖Lpu, vq‖2
rU
“ ‖Lpuq‖2

Ds,2 ` ‖Lpvq‖2
Ds,2 ,

‖Spu, vq‖2
rU
“ ‖S1pu, vq‖2

Ds,2 ` ‖S2pu, vq‖2
Ds,2 ,

where
$

’

&

’

%

‖Lpuq‖Ds,2 “ ‖L̂u‖pDs,2q1 “ sup‖ϕ‖ď1|xLu, ϕy|,

‖Lpvq‖Ds,2 “ ‖L̂v‖pDs,2q1 “ sup‖φ‖ď1|xLv, φy|,
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and
$

’

&

’

%

‖S1pu, vq‖Ds,2 “ ‖Ŝ1‖pDs,2q1 “ sup‖ϕ‖ď1|xS1pu, vq, ϕy|,

‖S2pu, vq‖Ds,2 “ ‖Ŝ2‖pDs,2q1 “ sup‖φ‖ď1|xS2pu, vq, φy|.

To prove that the Dirichlet problem (3.1) has at least one weak solution, it is necessary and
sufficient to prove that the operator equation

Lpu, vq “ Spu, vq, (3.3)

has at least one solution in the space rU .

There are several equivalent inner products defined on Ds,2pΩq. If we choose

xu, vy “ Cpn, sq

ĳ

R2n

pupxq ´ upyqqpvpxq ´ vpyqq

|x´ y|n`2s dydx,

then L defined by (3.3) is just an identity on rU .

Hence (3.3) is equivalent in rU to the operator equation

pu, vq “ Spu, vq. (3.4)

3.3 Proof of the main result
In this section, we are stade different lemmas to get the existence and the uniqueness of a weak
solution of problem (3.1). Our method of proof is based on the application of the Schauder
fixed point theorem.

Lemma 3.3.1. The operator S is continuous in rU .

Proof. Let pun, vnq ÝÑ pu, vq in rU , then we have
$

’

&

’

%

‖S1pun, vnq ´ S1pu, vq‖Ds,2 “ sup‖ϕ‖ď1|xS1pun, vnq ´ S1pu, vq, ϕy|,

‖S2pun, vnq ´ S2pu, vq‖Ds,2 “ sup‖φ‖ď1|xS2pun, vnq ´ S2pu, vq, φy|,
since

$

’

&

’

%

sup‖ϕ‖ď1|xS1pun, vnq ´ S1pu, vq, ϕy| ď cemb‖fpx, un, vnq ´ fpx, u, vq‖L2 ,

sup‖φ‖ď1|xS2pun, vnq ´ S2pu, vq, φy| ď cemb‖gpx, un, vnq ´ gpx, u, vq‖L2 ,
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thus

‖Spun, vnq ´ Spu, vq‖2
rU
ď c2

emb‖fpx, un, vnq ´ fpx, u, vq‖2
L2 ` c2

emb‖gpx, un, vnq ´ gpx, u, vq‖2
L2 .

The right-hand side approaches zero as n Ñ 8 it follows from the continuity of the Nemytski
operators from L2pΩq in L2pΩq. This proves the continuity of S.

Lemma 3.3.2. The operator S is compact.

Proof. Let M Ă rU be a bounded set and twnu8n“1 “ tw1,n, w2,nu
8
n“1 Ă SpMq be an arbitrary

sequence.
Let tun, vnu8n“1 ĂM be such that

Spun, vnq “ pw1n, w2nq.

The reflexivity of rU implies that pun, vnq á pu, vq in rU at least for a subsequence. As a result
of the compact injection of Ds,2pΩq in L2pΩq (Proposition 4.15) that pun, vnq Ñ pu, vq in rV .
Estimates similar to those from the proof of Lemma 5.1 yield

pw1n, w2nq ÝÑ Spu, vq, in rU

(at least for a subsequence). This proves the compactness of SpMq, i.e., S is a compact
operator.

Lemma 3.3.3. The operator S maps the closure of the ball Bp0;Rq Ă rU into itself.

Proof. For all pu, vq P rU , we have from Section 3.2 that
$

’

&

’

%

‖S1pu, vq‖Ds,2 “ sup‖ϕ‖ď1|xS1pu, vq, ϕy|,

‖S2pu, vq‖Ds,2 “ sup‖ϕ‖ď1|xS2pu, vq, ϕy|.

Using the Cauchy-Schwarz inequality, we obtain
$

’

&

’

%

‖S1pu, vq‖Ds,2 ď cembp
ş

Ω|fpx, upxq, vpxqq|
2dxq

1
2 ,

‖S2pu, vq‖Ds,2 ď cembp
ş

Ω|gpx, upxq, vpxqq|
2dxq

1
2 .

From the hypothesis (3.2), we get
$

’

&

’

%

‖S1pu, vq‖Ds,2 ď cembp
ş

Ω|r1pxq ` a|upxq|
δ1 ` b|vpxq|δ1|2dxq 1

2 ,

‖S2pu, vq‖Ds,2 ď cembp
ş

Ω|r2pxq ` c|upxq|
δ2 ` d|vpxq|δ2|2dxq 1

2 ,

and
$

’

&

’

%

‖S1pu, vq‖Ds,2 ď cemb
`

‖r1‖L2 ` ap
ş

Ω |upxq|
2δ1dxq

1
2 ` bp

ş

Ω |vpxq|
2δ1dxq

1
2
˘

,

‖S2pu, vq‖Ds,2 ď cemb
`

‖r2‖L2 ` cp
ş

Ω |upxq|
2δ2dxq

1
2 ` dp

ş

Ω |vpxq|
2δ2dxq

1
2
˘

,

(3.5)
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where the last estimate is due to the Minkowski inequality for p “ 2.

Applying the Hölder inequality, we have
$

’

&

’

%

p
ş

Ω|upxq|
2δ1dxq

1
2 ď p

ş

Ω|upxq|
2dxq

δ1
2 pmespΩqq

1´δ1
2 ď cδ1

embpmespΩqq
1´δ1

2 ‖u‖δ1
Ds,2pΩq,

p
ş

Ω|vpxq|
2δ2dxq

1
2 ď p

ş

Ω|vpxq|
2dxq

δ2
2 pmespΩqq

1´δ2
2 ď cδ2

embpmespΩqq
1´δ2

2 ‖v‖δ2
Ds,2pΩq.

(3.6)

Now, (3.5) and (3.6) yield
$

’

&

’

%

‖S1pu, vq‖2 ď
“

cemb‖r1‖` acδ1`1
emb pmespΩqq

1´δ1
2 ‖u‖δ1 ` bcδ1`1

emb pmespΩqq
1´δ1

2 ‖v‖δ1
‰2
,

‖S2pu, vq‖2 ď
“

cemb‖r2‖` ccδ2`1
emb pmespΩqq

1´δ2
2 ‖u‖δ2 ` dcδ2`1

emb pmespΩqq
1´δ2

2 ‖v‖δ2
‰2
,

if we put
$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

k “ acδ1`1
emb pmespΩqq

1´δ1
2 ,

l “ bcδ1`1
emb pmespΩqq

1´δ1
2 ,

j “ ccδ2`1
emb pmespΩqq

1´δ2
2 ,

h “ dcδ2`1
emb pmespΩqq

1´δ2
2 ,

then
$

’

&

’

%

‖S1pu, vq‖2 ď
“

cemb‖r1‖`maxpk, lqp‖u‖δ1 ` ‖v‖δ1q
‰2
,

‖S2pu, vq‖2 ď
“

cemb‖r2‖`maxpj, hqp‖u‖δ2 ` ‖v‖δ2q
‰2
,

thus
$

’

&

’

%

‖S1pu, vq‖2 ď 2c2
emb‖r1‖2 ` 4max2pk, lqp‖u‖2δ1 ` ‖v‖2δ1q,

‖S2pu, vq‖2 ď 2c2
emb‖r2‖2 ` 4max2pj, hqp‖u‖2δ2 ` ‖v‖2δ2q.

Where-upon, we have

‖Spu, vq‖2
ď 2c2

emb‖r‖2
loooomoooon

“C

` 4pmax2
pk, lq `max2

pj, hqq
loooooooooooooooomoooooooooooooooon

“D

maxp‖pu, vq‖2δ1 , ‖pu, vq‖2δ2q. (3.7)

It follows from (3.7) that for any pu, vq P Bp0;Rq Ă rU

‖Spu, vq‖ ď R, with
a

C `D maxpR2δ1 , R2δ2q ă R,

hence S maps Bp0;Rq into itself if R is large enough.
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Now, we can prove our main result.

Proof. (Theorem 3.1.1) To prove Theorem 3.1.1, we can apply the Schauder fixed point theorem.
It follows from Lemmas 5.1, 5.3 and 3.3.3 that there is at least one fixed point pu, vq P rU of S
(which mean the system (3.1) have a weak solution in rU).

This completes the proof.

3.4 Particular case
Let us assume that f and g are Lipschitz continuous functions with respect to the second
variable, i.e., there exists constants c1, c2 P R` for almost every x P Ω and for any w “

pw1, w2q, z “ pz1, z2q P R2 ˆ R2,
#

‖fpx,w1q ´ fpx,w2q‖L2pΩq ď c1‖w1 ´ w2‖L2pΩqˆL2pΩq,

‖gpx, z1q ´ gpx, z2q‖L2pΩq ď c2‖z1 ´ z2‖L2pΩqˆL2pΩq.
(3.8)

We can apply the contraction principle to get the following result.

Theorem 3.4.1. Let the Carathéodory functions f , g be Lipschitzian continuous with respect
to the second variable with constants ci ą 0 pi “ 1, 2q such that |c| ă c´2

emb pc “ pc1, c2qq. Then,
there is a unique fixed point pu, vq P rU , i.e., pu, vq is a unique weak solution of (3.1).

3.4.1 Proof of the theorem
To prove Theorem 3.4.1 we need the following contraction principle.

Theorem 1 (Contraction principle). [3] Let ψ be a contraction mapping from X to X.
Then ψ admits a unique fixed-point in X.

So to use the contraction principle we must prove that the operator S is contraction.

Lemma 3.4.1. The S operator is a contraction.

Proof. For any pu, vq P rU we also have pu, vq P rV , then pfpx, u, vq, gpx, u, vqq P rV .
Then, for all pu1, v1q, pu2, v2q P rU , we have

$

’

&

’

%

‖S1pu1, v1q ´ S1pu2, v2q‖Ds,2 “ sup‖ϕ‖ď1|xS1pu1, v1q ´ S1pu2, v2q, ϕy|,

‖S2pu1, v1q ´ S2pu2, v2q‖Ds,2 “ sup‖φ‖ď1|xS2pu1, v1q ´ S2pu2, v2qy, φq|,

this means that
$

’

&

’

%

‖S1pu1, v1q ´ S1pu2, v2q‖Ds,2 “ sup‖v‖ď1|
ş

Ωrfpx, u1, v1q ´ fpx, u2, v2qsϕpxqdx|,

‖S2pu1, v1q ´ S2pu2, v2q‖Ds,2 “ sup‖v‖ď1|
ş

Ωrgpx, u1, v1q ´ gpx, u2, v2qsφpxqdx|.



3.4. PARTICULAR CASE 31

Using the hypothesis (5.2), we get
$

’

&

’

%

‖S1pu1, v1q ´ S1pu2, v2q‖2
Ds,2 ď c2

1c
4
emb‖pu1, v1q ´ pu2, v2q‖2

rU
,

‖S2pu1, v1q ´ S2pu2, v2q‖2
Ds,2 ď c2

2c
4
emb‖pu1, v1q ´ pu2, v2q‖2

rU
.

Consequently S is a contraction if c2
emb|c| ă 1.

Now, we can prove Theorem 3.4.1.

Proof. We have according to Lemma 3.4.1 that S is a contraction if c2
emb|c| ă 1, then we can

apply the contraction principle to get that there is a unique fixed point pu, vq P rU of the
operator S. That is, pu, vq is the unique weak solution of (3.1).



Chapter 4

Existence of solution for a nonlinear
fractional elliptic system at resonance
and nonresonance

In this chapter, we study the existence of a weak solutions for the nonlinear fractional elliptic
systems with Dirichlet boundary conditions. We use the Leray-Schauder degree to solve a
resonance and non-resonance systems.

4.1 Position of the problem
This work is devoted to the study of the existence of solutions to nonlocal equations involving
the fractional Laplacian, we give an application of the Leray-Schauder degree theorem to prove
the existence of a weak solution to the system

$

’

&

’

%

p´∆qsupxq “ fpx, upxq, vpxqq ` f1pxq in Ω,
p´∆qsvpxq “ gpx, upxq, vpxqq ` f2pxq in Ω,
u “ v “ 0 on RnzΩ,

(4.1)

with s P p0, 1q on a bounded domain Ω Ă Rn, n ě 2, f and g are continuous functions defined
in Ωˆ Rˆ R and h “ pf1, f2q P rV .

To a better understanding, this result is new and represent a fractional version of a classical
theorem obtained working with Laplacian equations.

Let us assume now that the nonlinear functions f and g are of the form:
#

fpx, u, vq “ au` f0px, vq,

gpx, u, vq “ bv ` g0px, uq,

32
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where a, b are real positive constants. In this work we will see 3 class of systems considering
the constants a and b.

We recall that the fractional Laplacian p´∆qs is a defined as

p´∆qsϕpxq “ Cpn, sqP.V.

ż

Rn

ϕpxq ´ ϕpyq

|x´ y|n`2s dy,

along ϕ P C80 pRnq, where s P p0, 1q, P.V. denotes the integral in the sense of the principal
value, Cpn, sq is a positive constant of normalization and its spectrum in L2pΩq is formed by
the sequence pλkqk P R˚ such that |λk| Ñ `8.

We assume that f0, g0 : Ω ˆ R Ñ R are Caratheodory functions and we denote by λ1 the
first eigenvalue of p´∆sq and ϕ1 is the normalized eigenfunction associated a λ1.

Let λ1 P R˚ be defined as

λ1 “ inf
uPDs,2pΩq

u‰0

Cpn, sq
ť

R2n
|upxq´upyq|2

|x´y|n`2s dydx
ş

Ω |u|
2dx

,

or equivalently as

λ1 “ inftCpn, sq
ĳ

R2n

|upxq ´ upyq|2

|x´ y|n`2s dydx :
ż

Ω
|u|2dx “ 1, u P Ds,2

pΩq, u ‰ 0u,

if

Cpn, sq

ĳ

R2n

pϕ1pxq ´ ϕ1pyqqpvpxq ´ vpyq

|x´ y|n`2s dydx “ λ1

ż

Ω
ϕ1pxqvpxqdx, for all v P Ds,2

pΩq.

The purpose of the present chapter is to extend the results of [45,51] to the system (4.1) under
the following conditions on the functions f0 and g0:

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

β´1 , β
`
1 P L

2pΩq
and
β´1 pxq ď f0px, tq ď β`1 pxq a.e. Ω
where
lim
tÑ´8

f0p., tq “ β´1 p.q a.e. Ω
lim
tÑ`8

f0p., tq “ β`1 p.q a.e. Ω,

(4.2)
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and
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

β´2 , β
`
2 P L

2pΩq
and
β´2 pxq ď g0px, tq ď β`2 pxq a.e. Ω
where
lim
tÑ´8

g0p., tq “ β´2 p.q a.e. Ω
lim
tÑ`8

g0p., tq “ β`2 p.q a.e. Ω.

(4.3)

4.2 Preliminaries and the main results
Firsty, we give a definition of weak solution.

Definition 4.2.1. We say pu, vq P rU is a weak solution of the system (4.1) if for any w̃ “

pw̃1, w̃2q P rU , we have
$

’

&

’

%

Cpn, sq
ť

R2n
pupxq´upyqqpw̃1pxq´w̃1pyqq

|x´y|n`2s dydx “
ş

Ω auw̃1dx`
ş

Ω f0px, vqw̃1dx`
ş

Ω f1pxqw̃1dx,

Cpn, sq
ť

R2n
pvpxq´vpyqqpw̃2pxq´w̃2pyqq

|x´y|n`2s dydx “
ş

Ω bvw̃2dx`
ş

Ω g0px, uqw̃2dx`
ş

Ω f2pxqw̃2dx.

For a fixed pu, vq P rU it is easy to see that

L̂u,v : pw̃1, w̃2q ÞÑ pL̂upw̃1q, L̂vpw̃2qq,

Ŝu,v : pw̃1, w̃2q ÞÑ pŜvpw̃1q, Ŝupw̃2qq,

Âu,v : pw̃1, w̃2q ÞÑ pÂupw̃1q, Âvpw̃2qq,

such that
L̂upw̃1q “ Cpn, sq

ĳ

R2n

pupxq ´ upyqqpw̃1pxq ´ w̃1pyqq

|x´ y|n`2s dydx,

L̂vpw̃2q “ Cpn, sq

ĳ

R2n

pvpxq ´ vpyqqpw̃2pxq ´ w̃2pyqq

|x´ y|n`2s dydx,

Ŝvpw̃1q “

ż

Ω
f0px, vpxqqw̃1pxqdx,

Ŝupw̃2q “

ż

Ω
g0px, upxqqw̃2pxqdx,

and
Âupw̃1q “

ż

Ω
uw̃1pxqdx,

Âvpw̃2q “

ż

Ω
vw̃2pxqdx.
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Lemma 4.2.1. L̂, Ŝ and Â are continuous linear functionals on the space rU .
As the previous chapter, since rU is a Hilbert space, by the Riesz Representation Theorem

(see chapter 1 Theorem 1.1.5) there exist uniquely determined elements Lpu, vq, Spu, vq and
Apu, vq P rU such that

Lpu, vq “ pL1puq, L2pvqq, Spu, vq “ pS1pvq, S2puqq and Apu, vq “ pA1puq, A2pvqq,

we have also that
$

’

&

’

%

L̂upw̃1q “ xL̂u, w̃1yxpDs,2q1,Ds,2y “ xL1puq, w̃1yxDs,2,Ds,2y,

L̂vpw̃2q “ xL̂v, w̃2yxpDs,2q1,Ds,2y “ xL2pvq, w̃2yxDs,2,Ds,2y,

$

’

&

’

%

Ŝvpw̃1q “ xŜv, w̃1yxpDs,2q1,Ds,2y “ xS1pvq, w̃1yxDs,2,Ds,2y,

Ŝupw̃2q “ xŜu, w̃2yxpDs,2q1,Ds,2y “ xS2puq, w̃2yxDs,2,Ds,2y,

and
$

’

&

’

%

Âupw̃1q “ xÂu, w̃1yxpDs,2q1,Ds,2y “ xA1puq, w̃1yxDs,2,Ds,2y,

Âvpw̃2q “ xÂv, w̃2yxpDs,2q1,Ds,2y “ xA2pvq, w̃2yxDs,2,Ds,2y,

for all pw̃1, w̃2q P rU .

We can define L as an identity on rU and it is clearly that S and A are a compact and
continuous operators.

For t P r0, 1s and pu, vq P rU we define the following homotopy

T pt, u, vq “

ˆ

T1pt, u, vq
T2pt, u, vq

˙

“

ˆ

u´ aA1puq ´ tS1pvq ´ p1´ tqεA1puq
v ´ bA2pvq ´ tS2puq ´ p1´ tqεA2pvq

˙

.

Equivalently,

T pt, u, vq “ pu, vq ´BApu, vq ´ tSpu, vq ´ p1´ tqCpεqApu, vq, @ε ą 0

where
B “

ˆ

a 0
0 b

˙

and Cpεq “ ε

ˆ

1 0
0 1

˙

.

It is clear that
BA´ tS ´ p1´ tqCpεqA : r0, 1s ˆ rU Ñ rU,

is a compact and continuous operator, then the existence of at least one solution of the system
(4.1) would follow from

degpI ´BA´ S,Bp0, Rq, 0q ‰ 0.
Let’s now give the main result of this chapter.
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Theorem 4.2.1. Assume that (4.2) and (4.3) are fulfilled. Then (4.1) has at least one solution
pu, vq P rU.

4.3 A first class of systems
The class of systems considered in this section is determined by taking the functions

#

fpx, u, vq “ au` f0px, vq,

gpx, u, vq “ bv ` g0px, uq,

and
#

f1pxq “ h1pxq,

f2pxq “ h2pxq,

where a, b R sppp´∆qsq.

In light of the notation above (4.1) reads as
$

’

&

’

%

p´∆qsupxq “ au` f0px, vq ` h1pxq in Ω,
p´∆qsvpxq “ bv ` g0px, uq ` h2pxq in Ω,
u “ v “ 0 on RnzΩ.

(4.4)

To prove the existence of solutions for (4.4), we have to define an admissible homotopy T , the
simplest way to do it is to follow Section 4.2. Define

T pt, u, vq “ pu, vq ´BApu, vq ´ tSpu, vq ´ p1´ tqCpεqApu, vq,

@ε ą 0, t P r0, 1s and pu, vq P rU . T is a compact homotopy connecting Ip.q ´BAp.q ´ Sp.q and
Ip.q ´BAp.q.

4.3.1 A priori bounds for solutions
So, to complete the proof, we have to prove that there exists R1 ą 0 such that, for all pu, vq P rU ,
‖pu, vq‖

rU “ R1 and t P r0, 1s, we obtain

T pt, u, vq ‰ 0. (4.5)

The usual way to establish (4.5) is an indirect proof.

Lemma 4.3.1. There exists R1 ą 0 such that
#

‖pu, vq‖
rU “ R1, @t P r0, 1s, @pu, vq P rU

T pt, u, vq ‰ 0.
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Proof. Let ε ą 0 such that ra, a` εsX sppp´∆qsq “ H and rb, b` εsX sppp´∆qsq “ H. Assume
that no such R1 ą 0 exists, i.e., we can find sequences tpun, vnqu8n“1 Ă

rU and ttnu8n“1 Ă r0, 1s
such that ‖pun, vnq‖rU Ñ 8 (i.e. ‖pun, vnq‖rU “ n) and

pun, vnq ´BApun, vnq ´ tnSpun, vnq ´ p1´ tnqCpεqApun, vnq “ 0. @ε ą 0 (4.6)

Set
wn “ pw1,n, w2,nq “

` un
‖pun, vnq‖rU

,
vn

‖pun, vnq‖rU

˘

,

then it follows that ‖wn‖rU “ 1.

Divide (4.6) by ‖pun, vnq‖rU to get

wn ´BApwnq ´ p1´ tnqCpεqApwnq ´ tn
Spun, vnq

‖pun, vnq‖rU
“ 0, @ε ą 0 (4.7)

this is equivalent to

Cpn, sq

ĳ

R2n

pw1,npxq ´ w1,npyqqpw̃1pxq ´ w̃1pyqq

|x´ y|n`2s dydx “ ra` p1´ tnqεs
ż

Ω
w1,nw̃1dx

`

ż

Ω

f0px, vnqw̃1

‖pun, vnq‖
dx`

ż

Ω
h1pxqw̃1dx,

Cpn, sq

ĳ

R2n

pw2,npxq ´ w2,npyqqpw̃2pxq ´ w̃2pyqq

|x´ y|n`2s dydx “ rb` p1´ tnqεs
ż

Ω
w2,nw̃2dx

`

ż

Ω

g0px, unqw̃2

‖pun, vnq‖
dx`

ż

Ω
h2pxqw̃2dx,

for any pw̃1, w̃2q P rU . Now, passing to suitable subsequences still denoted by ptn, w1,n, w2,nq, we
can assume that tn Ñ t P r0, 1s and pw1,n, w2,nq á pw1, w2q in rU . At the same time

ż

Ω

|f0px, vnq|

‖pun, vnq‖
|w̃1|dx ď

ż

Ω

|β`1 pxq|

‖pun, vnq‖
|w̃1|dxÑ 0 nÑ 8,

and
ż

Ω

|g0px, unq|

‖pun, vnq‖
|w̃2|dx ď

ż

Ω

|β`2 pxq|

‖pun, vnq‖
|w̃2|dxÑ 0 as nÑ 8.

To summarize, we have

tn
Spun, vnq

‖pun, vnq‖rU
Ñ 0, (4.8)

Apwnq Ñ Apwq. (4.9)
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(by the compactness of A, see [23] Proposition 2.2.4 (iii)). So, putting together (4.7)-(4.9) we
also obtain that

wn Ñ w˚ in rU.

But w˚ “ w by virtue of wn á w. Now, passing to the limit in (4.7), we arrive at

w ´ rB ` p1´ tqCpεqsApwq “ 0, (4.10)

and w P rU satisfies ‖w‖ “ 1 (it is the strong limit of elements wn which satisfy ‖wn‖ “ 1).

Then

p´∆qsw1 “ ra` p1´ tqεsw1,

p´∆qsw2 “ rb` p1´ tqεsw2.

However, this contradicts our assumption ra, a`εsXsppp´∆qsq “ H and rb, b`εsXsppp´∆qsq “
H.
It proves that (4.5) holds, i.e., the homotopy T is admissible. This completes the proof.

4.4 A second class of systems
In this section, we let

#

fpx, u, vq “ au` f0px, vq,

gpx, u, vq “ bv ` g0px, uq,

and
#

f1pxq “ h1pxq,

f2pxq “ ´h2pxq,

where a “ λ P sppp´∆qsq and b “ λ1 which is the first eigenvalue of the fractional Laplace
operator.

We obtain the following system
$

’

&

’

%

p´∆qsupxq “ λu` f0px, vq ` h1pxq in Ω,
p´∆qsvpxq “ λ1v ` g0px, uq ´ h2pxq in Ω,
u “ v “ 0 on RnzΩ.

(4.11)

Proposition 4.4.1. Assume that (4.2) and (4.3) are fulfilled. Let pϕ, ϕ1q P Nλ ˆNλ1, λ1 ą 0
be the first eigenvalue of the fractional Laplace operator subject to the homogeneous Dirichlet
boundary condition and ϕ1 the associate eigenfunction normalized by

ż

Ω
ϕ1 “ 1.

Then the problem (4.11) has at least one weak solution if and only if
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1. ´
ż

Ω
β`1 ϕpxqdx ď

ż

Ω
h1pxqϕpxqdx ď ´

ż

Ω
β´1 ϕpxqdx.

2. β´2 ď
ż

Ω
h2pxqϕ1pxqdx ď β`2 .

with ph1, h2q P rV .

Proof. We will follow a scheme similar to the proof in Section (4.3). For ε ą 0 so small such
that sλ, λ` εs X sppp´∆qsq “ H, λ1 ` ε ă λ2 we define the homotopy

T pt, u, vq “ pu, vq ´BApu, vq ´ tSpu, vq ´ p1´ tqCpεqApu, vq, t P r0, 1s pu, vq P rU

here
B “

ˆ

λ 0
0 λ1

˙

.

Performing all steps as in the proof in Section (4.3) we arrive at an analogue of (4.10), namely,

w ´ rB ` p1´ tqCpεqsApwq “ 0, ‖w‖ “ 1 for all t P r0, 1s (4.12)

This is a contradiction if t ‰ 1 since λ`p1´tqε and λ1`p1´tqε are not an eigenvalues and w ‰ 0.

Let us assume t “ 1, i.e., tn Ñ 1. Now, we have no contradiction since λ and λ1 are
eigenvalues and

w ´BApwq “ 0,
has a solution with ‖w‖ “ 1. Another step is necessary to reach a contradiction and to prove
that the homotopy T is admissible. We have to revise the last step when passing to the limit
in

wn ´BApwnq ´ p1´ tnqCpεqApwnq ´ tn
Spun, vnq

‖pun, vnq‖rU
“ 0, t P r0, 1s pu, vq P rU

and employ special properties of S. We mean,

pun, vnq ´BApun, vnq ´ tnSpun, vnq ´ p1´ tnqCpεqApun, vnq “ 0, @ε ą 0

is equivalent to the integral identity

Cpn, sq

ĳ

R2n

punpxq ´ unpyqqpw̃1pxq ´ w̃1pyqq

|x´ y|n`2s dydx “ rλ` p1´ tnqεs
ż

Ω
unw̃1dx (4.13)

`

ż

Ω
f0px, vnqw̃1dx`

ż

Ω
h1pxqw̃1dx,

Cpn, sq

ĳ

R2n

pvnpxq ´ vnpyqqpw̃2pxq ´ w̃2pyqq

|x´ y|n`2s dydx “ rλ1 ` p1´ tnqεs
ż

Ω
vnw̃2dx (4.14)

`

ż

Ω
g0px, unqw̃2dx´

ż

Ω
h2pxqw̃2dx,
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for all pw̃1, w̃2q P rU . Taking pw̃1, w̃2q “ pϕ, ϕ1q in (4.13)-(4.14) and using the fact that

Cpn, sq

ĳ

R2n

punpxq ´ unpyqqpϕpxq ´ ϕpyqq

|x´ y|n`2s dydx “ λ

ż

Ω
unϕdx,

and
Cpn, sq

ĳ

R2n

pvnpxq ´ vnpyqqpϕ1pxq ´ ϕ1pyqq

|x´ y|n`2s dydx “ λ1

ż

Ω
vnϕ1dx,

we obtain
p1´ tnqε

ż

Ω
unϕdx`

ż

Ω
f0px, vnqϕdx`

ż

Ω
h1pxqϕdx “ 0, (4.15)

and
p1´ tnqε

ż

Ω
vnϕ1dx`

ż

Ω
g0px, unqϕ1dx “

ż

Ω
h2pxqϕ1dx. (4.16)

We have, wn “ pw1,n, w2,nq “
`

un
‖pun,vnq‖

rU
, vn

‖pun,vnq‖
rU

˘

Ñ w “ pw1, w2q in rU and w “ km with a

k “

ˆ

k1
k2

˙

,m “

ˆ

ϕ 0
0 ϕ1

˙

,

such that ki ‰ 0. Assume that ki ą 0, using Theorem 1.2.26 and Remark 1.2.18 in [23], we
get (at least for a subsequence) pun, vnq Ñ 8. Passing to the limit in (4.15) and (4.16) with
tn Ñ ´1 and the Lebesgue dominated convergence theorem, we obtain

1.
ż

Ω
h1pxqϕpxqdx ď ´

ż

Ω
β`1 ϕpxqdx,

2. β`2 ď
ż

Ω
h2pxqϕ1pxqdx,

this contradicts ones inequality in (4.4.1). Similarly we proceed if k ă 0 to get a contradiction
with the other inequality in (4.4.1).

To prove that conditions (1) and (2) are also necessary, we take pu0, v0q as a week solution
of (4.11),i.e. for any pw̃1, w̃2q P rU , we have
$

’

&

’

%

Cpn, sq
ť

R2n
pu0pxq´u0pyqqpw̃1pxq´w̃1pyqq

|x´y|n`2s dydx “ λ
ş

Ω u0w̃1dx`
ş

Ω f0px, v0qw̃1dx`
ş

Ω h1pxqw̃1dx,

Cpn, sq
ť

R2n
pv0pxq´v0pyqqpw̃2pxq´w̃2pyqq

|x´y|n`2s dydx “ λ1
ş

Ω v0w̃2dx`
ş

Ω g0px, u0qw̃2dx´
ş

Ω h2pxqw̃2dx.

Set pw̃1, w̃2q “ pϕ, ϕ1q. Then
$

’

&

’

%

ş

Ω f0px, v0qϕdx`
ş

Ω h1pxqϕdx “ 0,

ş

Ω g0px, u0qϕ1dx “
ş

Ω h2pxqϕ1dx.
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From conditions (4.2) and (4.3) respectively, we obtain

´

ż

Ω
β`1 ϕpxqdx ď

ż

Ω
h1pxqϕpxqdx ď ´

ż

Ω
β´1 ϕpxqdx.

β´2 ď

ż

Ω
h2pxqϕ1pxqdx ď β`2 .

4.5 A third class of systems
In the last system, we put a “ λ1 and b “ λ2 where λ1, λ2

P sppp´∆qsqztλ1u and
#

f1pxq “ h1pxq,

f2pxq “ h2pxq,

we obtain the following system
$

’

&

’

%

p´∆qsupxq “ λ1u` f0px, vq ` h1pxq in Ω,
p´∆qsvpxq “ λ2v ` g0px, uq ` h2pxq in Ω,
u “ v “ 0 on RnzΩ.

(4.17)

Proposition 4.5.1. Assume that (4.2) and (4.3) are fulfilled. Let θi P N i
λ pi “ 1, 2q. Then the

problem (4.17) has at least one weak solution if and only if

´

ż

Ω
β`i θipxqdx ď

ż

Ω
hipxqθipxqdx ď ´

ż

Ω
β´i θipxqdx,

with hi P L2pΩq for i “ 1, 2.

Proof. Let pu0, v0q be a weak solution of (4.17), i.e. for any w̃ “ pw̃1, w̃2q P rU , we have
$

’

&

’

%

Cpn, sq
ť

R2n
pu0pxq´u0pyqqpw̃1pxq´w̃1pyqq

|x´y|n`2s dydx “ λ1 ş

Ω u0w̃1dx`
ş

Ω f0px, v0qw̃1dx`
ş

Ω h1pxqw̃1dx,

Cpn, sq
ť

R2n
pv0pxq´v0pyqqpw̃2pxq´w̃2pyqq

|x´y|n`2s dydx “ λ2 ş

Ω v0w̃2dx`
ş

Ω g0px, u0qw̃2dx`
ş

Ω h2pxqw̃2dx.

The choice of pw̃1, w̃2q “ pθ1, θ2q, gives
$

’

&

’

%

ş

Ω f0px, v0qθ1dx`
ş

Ω h1pxqθ1dx “ 0,

ş

Ω g0px, u0qθ2dx`
ş

Ω h2pxqθ2dx “ 0.

From conditions (4.2) and (4.3) respectively, we obtain

´

ż

Ω
β`i θipxqdx ď

ż

Ω
hipxqθipxqdx ď ´

ż

Ω
β´i θipxqdx.
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4.5.1 A priori bounds for solutions
Lemma 4.5.1. There exists R2 ą 0 such that

#

‖pu, vq‖
rU “ R2, @t P r0, 1s, @pu, vq P rU

T pt, u, vq ‰ 0.

Proof. Let ε ą 0 so small such that sλi, λi ` εs X sppp´∆qsq “ H pi “ 1, 2q.
Recall the proof of the previous lemma with

B “

ˆ

λ1 0
0 λ2

˙

.

Taking pw̃1, w̃2q “ pθ1, θ2q.

By the same method, we get

´

ż

Ω
β´i θipxqdx ď

ż

Ω
hipxqθipxqdx ď ´

ż

Ω
β`i θipxqdx, i “ 1, 2.

This contradicts Proposition 4.5.1.

Now we present the proof of Theorem 4.2.1, which give the existence of solutions for system
(4.1).

Proof. (of Theorem 4.2.1). Let

Bp0, Rq “ tpu, vq P rU, ‖pu, vq‖
rU ă Ru.

We can define the topological degree and by invariance of the homtopy, we have

dpT pt, ., .q, Bp0, Rq, 0q “ dpT p0, ., .q, Bp0, Rq, 0q,

which is equivalent to

dpI ´BA´ tS,Bp0, Rq, 0q “ dpI ´BA,Bp0, Rq, 0q.

In particular if t “ 1:

dpI ´BA´ S,Bp0, Rq, 0q “ dpI ´BA,Bp0, Rq, 0q.

On the other hand, for t “ 0 the system has a unique solution. Then

dpI ´BAp.q ´ Sp.q, Bp0, Rq, 0q “ dpI ´BAp.q, Bp0, Rq, 0q ‰ 0,

whereupon there exists pu, vq P Bp0, Rq such that:

T p1, u, vq “ 0,

therefore there is a weak solution of the system (4.1).



Chapter 5

Numerical approximation of a
nonlinear fractional elliptic system

In this chapter, we present a finite difference method (FDM) for the numerical approximation
of the solution to nonlinear fractional elliptic system, the analysis is performed on two general
dimensional domains with homogeneous boundary conditions and it is shown for a general
fractional order (s Ps0, 1r). Convergence of the approximation and the corresponding error
estimates are proven. A numerical example with known exact solution is also presented, which
confirm the theoretical predictions.

5.1 Position of the problem and mathematical prelimi-
naries

The main motivation of our study is the efficient numerical solution of the boundary value
system

$

’

&

’

%

p´∆qsupzq “ fpz, upzq, vpzqq in Ω,
p´∆qsvpzq “ gpz, upzq, vpzqq in Ω,
u “ v “ 0 on RnzΩ,

(5.1)

where Ω Ă Rn is a bounded open set with Lipschitz boundary, s Ps0, 1r and f, g : ΩˆRˆRÑ R
are two continuous functions satisfying the Carathéodory conditions ( i.e : fp., xq, gp., yq are
measurables for each x, y P R2 and fpz, .q, gpw, .q are continuous for almost every z, w P Ω),
and Lipschitz continuous functions with respect to the second variable, i.e., there are constants
c1, c2 P R` for almost every x P Ω and for any x “ px1, x2q, y “ py1, y2q P R2 ˆ R2,

#

‖fpz, x1q ´ fpz, x2q‖L2pΩq ď c1‖x1 ´ x2‖L2pΩqˆL2pΩq,

‖gpz, y1q ´ gpz, y2q‖L2pΩq ď c2‖y1 ´ y2‖L2pΩqˆL2pΩq.
(5.2)

The fractional Laplacian is widely-spread in the modern study of fractional partial differential
systems, it has a variety of definitions. We recall that the Riesz potentials of order α for

43
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0 ă α ă n and n P N˚ is defined by
Iαϕ “ Iα ˚ ϕ,

where
Iαpzq “

γpn, αq

|z|n´α
,

and the constant
γpn, αq “

Γpn´α2 q

π
n
2 2αΓpα2 q

.

Through analytic continuation, the Riesz potential can be extended to negative exponents.
Thus the auteurs in [54] arrives at the next formula for the fractional laplacian

p´∆qsϕ “ I´2sϕ,

and others propositions which are used in our work.

After the analytic study that the reader can extend into by checking our article [21], we
perform numerical study and we close with numerical experiment illustrating the convergence
results.

All along the chapter and without further mention, we always assume that n “ 2 and
Ω “s0, 1rˆs0, 1r.

5.2 Analytical study
The contraction principle is applied to have the following result.

Theorem 5.2.1 (Existence and uniqueness). Let the Carathéodory functions f , g be Lips-
chitzian continuous with respect to the second variable with constants ci ą 0 pi “ 1, 2q such that
|c| ă c´2

emb (c “ pc1, c2q and cemb is the embedding constant). Then, there is a unique fixed point
pu, vq P rU , i.e., pu, vq is a unique weak solution of (5.1).

For more details and the proof, you can see [21].

5.3 Numerical study
We devote this Section to the description of the numerical scheme that we are going to employ.
In order to solve numerically (5.1), we will develop a finite difference scheme on a uniform
mesh. To this purpose, let us first introduce a partition of Ω “s0, 1rˆs0, 1r as follows:

Ω “ tpxi, yjq : 0 “ x0 ă ... ă xi ă ... ă xN`1 “ 1 and 0 “ y0 ă ... ă yi ă ... ă yM`1 “ 1u,

with xi`1 “ xi ` h, xi “ x0 ` ih where i “ 0, ...N and yj`1 “ yj ` k, yj “ j0 ` jk where
j “ 0, ...M (N and M are non-null positive constants), in the rest of this chapter, we take



5.3. NUMERICAL STUDY 45

N “M and h “ k.

For n “ 2, we call pi, jq an interior grid point if all of its neighbors pi ´ 1, jq, pi ` 1, jq,
pi, j ´ 1q and pi, j ` 1q are in Ω. The matrix A P MNˆN denotes the approximation of the
operator p´∆qs with the standard five-star difference scheme such that for each pu, vq indexed
according to the grid points we have

pxi, yjq Ñ upxi, yjq “ uij,

pxi, yjq Ñ vpxi, yjq “ vij,

and from [54], we get that the system (5.1) is equivalent to

´
Bs

Bxs
Bsu

Bxs
´
Bs

Bys
Bsu

Bys
“ fpx, y, u, vq,

´
Bs

Bxs
Bsv

Bxs
´
Bs

Bys
Bsv

Bys
“ gpx, y, u, vq,

which lead to

´pI2´2s ˚
B2u

Bx2 q ´ pI2´2s ˚
B2u

By2 q “ fpx, y, u, vq,

´pI2´2s ˚
B2v

Bx2 q ´ pI2´2s ˚
B2v

By2 q “ gpx, y, u, vq,

but we have

B2u

Bx2 »
ui`1,j ´ 2uij ` ui´1,j

h2 ,

B2u

By2 »
ui,j`1 ´ 2uij ` ui,j´1

h2 ,

then, we can write our system as follows

I2´2s ˚
´ui´1,j ´ ui`1,j ` 4uij ´ ui,j´1 ´ ui,j`1

h2 “ fpxi, yj, uij, vijq,

I2´2s ˚
´vi´1,j ´ vi`1,j ` 4vij ´ vi,j´1 ´ vi,j`1

h2 “ gpxi, yj, uij, vijq,

according to the definition of convolution product for sequences (by replacing the Lebesgue
measure by the counting measure), we can write

N
ÿ

n“1

M
ÿ

m“1

1
|pxi, yjq ´ pxn, ymq|n´2`2s

´ui´1,j ´ ui`1,j ` 4uij ´ ui,j´1 ´ ui,j`1

h2 “ fpxi, yj, uij, vijq,

N
ÿ

n“1

M
ÿ

m“1

1
|pxi, yjq ´ pxn, ymq|n´2`2s

´vi´1,j ´ vi`1,j ` 4vij ´ vi,j´1 ´ vi,j`1

h2 “ gpxi, yj, uij, vijq,
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and after a simple calculus and the fact that n “ 2 we arrive to the numerical scheme of the
system (5.1)

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

řN
n“1

řM
m“1

1
ppi´nq2`pj´mq2qs

´ui´1,j´ui`1,j`4uij´ui,j´1´ui,j`1
h2 “ h2´2sfpxi, yj, uij, vijq,

řN
n“1

řM
m“1

1
ppi´nq2`pj´mq2qs

´vi´1,j´vi`1,j`4vij´vi,j´1´vi,j`1
h2 “ h2´2sgpxi, yj, uij, vijq,

ui,0 “ ui,N`1 “ u0,j “ uN`1,j “ vi,0 “ vi,N`1 “ v0,j “ vN`1,j.

(5.3)

Hence (5.3) is equivalent to the matrix system

BU “ b,

where U “ pu, vq, b “ pf, gq and

B “

ˆ

A 0
0 A

˙

,

as an example if we take N “ 2, then

A “

¨

˚

˚

˝

´2 p4´ 1
2s q p4´ 1

2s q p 4
2s ´ 2q

p4´ 1
2s q ´2 p 4

2s ´ 2q p4´ 1
2s q

p4´ 1
2s q p 4

2s ´ 2q ´2 p4´ 1
2s q

p 4
2s ´ 2q p4´ 1

2s q p4´ 1
2s q ´2

˛

‹

‹

‚

and

U “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

u11
u12
u21
u22
v11
v12
v21
v22

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

b “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

f11
f12
f21
f22
g11
g12
g21
g22

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Consequently to get the approaches solution of the system (5.3) it’s equivalent to solve the
system

U “ B´1b.
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5.3.1 Error estimate
In this part, we study the consistency, the stability and the convergence of the scheme (5.3)
but first, it is necessary to prove the existence and the unicity of the solution and for that we
must prove the next theorem.

Theorem 5.3.1. Under the assumption (5.2) the system (5.3) admits a unique solution.

We use the discrete maximum principle to prove that the application BU is injective in finite
dimension, than the matrix B is invertible which lead us to the existence and uniqueness of
solution.

Consistency

We say that a method is consistent with the differential equation and boundary conditions if

}R}8 ď Cht,

where R is the rest and C is positive constant.

Remark 5.3.1. If }R}8 ď Cht, we say that the method is consistent of order t where t is a
positive real constant.

Proposition 5.3.1. The scheme (5.3) is consistent of order p2´ 2sq, moreover

}R}8 ď Ch2´2s.

Proof. We have

Rij “

$

’

&

’

%

h2´2S

4! pN ˆN ´ 1qpS ` T q,

h2´2S

4! pN ˆN ´ 1qpL`Mq,

where
S “

B4u

Bx4 pα1, yq `
B4u

Bx4 pα2, yq,

T “
B4u

By4 px, β1q `
B4u

By4 px, β2q,

L “
B4v

Bx4 pα1, yq `
B4v

Bx4 pα2, yq,

M “
B4v

By4 px, β1q `
B4v

By4 px, β2q,

then for every N
}R}8 ď

h2´2s

6 CN ,
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such that CN “ pN ˆN ´ 1qW , where W “ maxpmax|B4u|,max|B4v|q.
Consequently

}R}8 ď
h2´2s

6 minpCNq. (5.4)

Stability

A numerical scheme is said to be stable if

}U}8 ď K}b}8,

where K is positive constant.

The stability result is given in the following statement, which is proved in several steps.

Theorem 5.3.2. The (5.3) scheme is stable for the }.}8 norm. In particular:

}B´1
}8 ď

1
8 . (5.5)

Proof. Step 1: In the first step, we prove that B´1 ě 0.
Step 2: We give an exact solution.
Step 3: We calculate the critical points.
Step 4: Finally, we conclude that }B´1}8 ď

1
8 .

Convergence

A scheme is said to be convergent if }e} Ñ 0 as h Ñ 0 where e is the error between the exact
solution and the approximate solution. Combining the ideas introduced above, we arrive at
the conclusion that if we have the consistency and the stability we get the convergence of the
scheme.

Theorem 5.3.3. The (5.3) scheme is convergent, moreover

}e}8 ď
h2´2s

48 minpCNq.

Proof. This is easily proved by using (5.4) and (5.5).

These facts will be confirmed by the numerical simulations that we are going to present in
Section 5.4 below, by observing the behavior of the approximate solution, the exact solution,
and the norm of the error e in the infinity. In this way, as predicted by Theorem 5.3.3, we
obtain a numerical evidence of the properties of null and the convergence of system (5.1), in
accordance with the theoretical results in Section 5.3.
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5.4 Numerical results
In this Section, we present the numerical simulations corresponding to the scheme previously
described, and we provide a complete discussion of the results obtained.
First of all, in order to numerically test the accuracy of our method, we use the following system

$

’

&

’

%

p´∆q 1
2upx, yq “ fpx, y, upx, yq, vpx, yqq in s0, 1rˆs0, 1r,

p´∆q 1
2vpx, yq “ gpx, y, upx, yq, vpx, yqq in s0, 1rˆs0, 1r,

u “ v “ 0 on R2zs0, 1rˆs0, 1r,
(5.6)

where

fpx, y, upx, yq, vpx, yqq “ ´4x3
py ´ 1q4 ´ 4x4

py ´ 1q3,
gpx, y, upx, yq, vpx, yqq “ ´4y3

px´ 1q4 ´ 4y4
px´ 1q3,

we can write f and g in terms of u and v as follows

fpx, y, upx, yq, vpx, yqq “ ´4xpy ´ 1q2u 1
2 ´ 4x2

py ´ 1qv 1
2 ´ 4x2y2

py ´ 1q
´ 8x2

py ´ 1qy2
px´ 1q ´ 4x4

py ´ 1q ` 8x4ypy ´ 1q,
gpx, y, upx, yq, vpx, yqq “ ´4y2

px´ 1qv 1
2 ´ 4ypx´ 1q2u 1

2 ´ 4yx2
px´ 1q2

´ 8yx2
px´ 1q2py ´ 1q ´ 4y3

px´ 1q2 ` 8y3xpx´ 1q2.

In this particular case, the solution can be computed exactly and it reads as follows,

upx, yq “ x4
py ´ 1q4,

vpx, yq “ y4
px´ 1q4.

According to the matrix transformation method we proceeded as follows.

‚ The domain was discretized using a uniform square-grid with the grid size h.

‚ The standard five-point approximation of the operator p´∆qs was applied to obtain the
matrix B.

‚ Gauss Seidel method was applied.

‚ To get the approximate solution, we use the solutions of the quadratic equation.

The next results were shown after a lot of mathematical calculations.

In Fig. 5.1, we show a comparison between the exact solution and the computed numerical
approximation. Here we consider N “ 5 then h “ 0.1667 and s “ 1

2 .
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Figure 5.1: The surface graph of the exact solution and the fifth-order approximate solution.

One can notice that the computed solution is to a certain extent not different from the exact
solution, Fig. 5.2 where N “ 60 and h “ 0.0164 shown that very well (there is a different but
we can’t detect it by the aye we need to zoom the figure to see it). However, one should be
careful with such result and a more precise analysis of the error should be carried.

Figure 5.2: The surface graph of the exact solution and the sixty-order approximate solution.

In the same spirit as in [56], the computation of the error can be readily done by using the
Theorem 5.3.3, namely

}e}8 ď
h2´2s

48 minpCNq.
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The computational results are shown for our model in Table 5.1. While in the two-dimensional
case, the predicted convergence rate is reached shortly, in the threedimensional computations
a remarkable oscillation can be detected see [56]. Since the computations are lengthy, we have
tested our system only with a single parameter s “ 1

2 .

u v
N h max-error r N h max-error r
35 0.0278 1.3650ˆ 10´11 0.0417 35 0.0278 1.1657ˆ 10´14 0.0417
40 0.0244 3.0754ˆ 10´12 0.0366 40 0.0244 3.5565ˆ 10´15 0.0366
45 0.0217 1.0939ˆ 10´12 0.0326 45 0.0217 1.2084ˆ 10´15 0.0326
60 0.0164 5.3331ˆ 10´13 0.0246 60 0.0164 6.9390ˆ 10´17 0.0246
65 0.0152 3.6230ˆ 10´13 0.0227 65 0.0152 2.7303ˆ 10´17 0.0227

Table 5.1: Computational error and estimated convergence rate r with respect to the infty-
norm for the matrix transformation method applied to the finite difference approximation of
(5.6). N : number of steps.

In Fig. 5.3, we present the computational errors evaluated for different values of N and h.

Figure 5.3: Plot of the absolute error.

The rates of convergence shown are of order (in h) of p2´ 2sq.
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5.5 Summary
We have verified the convergence of the matrix transformation method applied to the fractional
elliptic system. The corresponding computation algorithm is difficult: we can’t avoid the
computation of a full matrix containing involved finite differences. Combined with the Gauss
Seidel method, the corresponding method exhibits optimal convergence rate for s P p0, 1q in
the infty-norm.
The finite difference method is applied successfully for solving the nonlinear fractional elliptic
systems. The fundamental objective of this article is to introduce an algorithmic form and
implement a new analytical repeated algorithm derived from the finite difference method to find
numerical solutions for the fractional elliptic system. Graphical and numerical consequences are
introduced to illustrate the solutions. Thus, it is concluded that we can translate numericaly
and find a numerical solutions for a wide class of linear and nonlinear fractional differential
systems applied in physics, biologics...ect. From the results, it is clear that the numerical
resolution of fractional system yields very accurate and convergent approximate solutions.



Conclusion

In conclusion, our thesis allowed us to answer the question of having a solution to strongly non-
linear elliptic systems in the case of partial derivatives and fractional derivatives in addition to
the numerical study of a fractional system. The systems have been treated by the technique of
topological degree and the fixed point theory, and we used the finite differences method for the
numerical study, we need to mention that we got a big problem with the calculus of the matrices.

The study was crowned with the publication of one article, along with three other articles
accepting for reviewing in different journals.

Lastly, these studies can extend to more general boundary value systems involving fractional
derivatives such as systems of convection-diffusion-reaction and find the appropriate numerical
methods. We can also try to find an application of these models in image processing.
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