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Abstract

In this memory, we study two problems: the first concerns a quasi-linear parabolic system with a
weak visco-elastic term, and the second concerns the wave equation.

In the first problem, we proved the existence of a global solution in a bounded domain with
homogeneous Dirichlet conditions. We also proved that this solution decays exponentially, meaning
that as time approaches to infinity, the solution approaches to zero.

Second, we proved that the solution to the wave equation, also under homogeneous Dirichlet
conditions, blows up in finite time. The study is based on Nehari space.

Key words : Global existence, Decay of solution, Quasi-linear system, Weak visco-elastic term



Résumé

Dans cette mémoire, nous étudions deux problémes : le premier concerne un systeme
parabolique quasi-linéaire avec un terme viscoélastique faible, et le second concerne une
équation des ondes.

Dans le premier probléme, nous avons prouveé I'existence d'une solution globale dans un
domaine borné avec des conditions de Dirichlet homogénes. Nous avons également prouveé
que cette solution décroit de maniere exponentielle, c'est-a-dire que lorsque le temps tend vers
I'infini, la solution tend vers zéro.

Ensuite, nous avons prouveé que la solution de I'équation des ondes, également sous des
conditions de Dirichlet homogenes, explose en un temps fini. L'étude est principalement basée
sur lI'espace de Nehari.

Mots cleés : Existence globale, Décroissance de la solution, Systeme quasi-linéaire, Terme
viscoélastique faible
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0.1 Introduction

On the mathematical analysis of equations which model the motions of materials with
memory, we refer to[ [3], [16], [19] Jand references therein. Yin in| [19]] considered a

general equation of the form

t
w =div A (x,t,u, uy) + a(x, t,u,ug) + d/ div B (x,t, 7, u,u,) 7.
0

Under some conditions on A, B, and a, similarly to the case of parabolic, the existence
of a unique weak solution is established Regarding the heat equations without the memory
term, study of global existence and finite time blow-up of solutions for the following initial

boundary value problem

uy — div (|Vu]p_2 Vu) + f (u) =0, (z,t) € Q x (0,0)
u(x,t) =0, (x,t) € 02 x (0,00)
u(z,0) =ug(z),z€Q
has attracted a great deal of people. The obtained results show that global existence
and nonexistence depend roughly on p, the degree of nonlinearity in f, the dimension
n and the size of the initial data. See for example, the works of Levine et al. [ [10],
[11]], Kalantarov and Ladyzhenskaya [[8]] and Messaoudi [ [14]]. Also,concerning the
asymptotic behavior of the solution, see [ [I], [17]]. Pucci and Serrin [ [I7]] studied the

following equation with homogenous Dirichlet boundary condition

A(t) |%ﬁ|mi2 up — Au+ f(2,u) =0 (1)

They proved that the strong solution tends to zero when ¢ it leads to infinity under
the condition(f (x,u),u) > 0 but did not give the decay rate. Berrimi and Messaoudi]
[1]] proved that if bounded square matrix A(f) in equation (1) satisfying (3.2), then the
solution with small energy decays exponentially for m = 2 and polynomially for m > 2.

In the presence of the memory term in the heat equations, Messaoudi and Tellab [ [15]]

considered the following quasi-linear parabolic system

A () |ug|™ uy — Au+ /0 g(t—s)Au(s) =0, (2)

with Dirichlet boundary condition and proved a general decay result which depends
on the behavior of the function g. Ferhat and Hakem [[4]] considered the quasi-linear

parabolic system

0.1. Introduction
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t
A(t) Jug|™ *uy — Lu + / g(t—s)Lu(s)=0,
0
where

N

Lu = —div (MVu) = — 3 a% (““ (=) 8%)

ij=1

They improved the result obtained by Messaoudi and Tellab [ [15]] and proved a general
decay result. Later,Youkana et al.[ [20]] studied the equation where the relaxation
function satisfies g/ (£) < —£ () g* (t) forallt > 0,1 < p < 3 and established a general and
optimal decay result. Recently, Youkana and Messaoudi [[21]] considered the equation ([2))
under a general assumption on the relaxation functions satisfying g/ (t) < —¢ (t) H (g (t)),

where H is an increasing convex function and is a nonincreasing function. In the

case of viscoelastic heat equations with source term, Liu and Chen [ [12]] considered

the following quasilinear parabolic system

¢
A () Jug|™ P up — Au+ / g(t—s)Au(s)ds = |ul" > u,
0

and they proved a general decay of the energy function for the global solution and
a blow-up result for the solution with both positive and negative initial energy under
suitable conditions on g and p. In another study, Di et al.[[7]] investigated a nonlinear

pseudo-parabolic equation

t
w — Au — Ay +/ g(t—1)Au(r)dr = |[ul’?u.
0

They obtained finite-time blow-up results for the solutions with initial data at non-
positive energy level as well as arbitrary positive energy level and give some upper bounds
for the blow-up time T*depending on the sign and size of initial energy E (0). For more
information in this regards we refer to [ [2], [6], [9], [I8], [21]].The following equation, with

initial and Dirichlet-boundary conditions,

Uy — Au+ auy w7 = bu|ulP? € Qt >0,

where a,b > 0,p,m > 2, and (2 is a a bounded domain of R™ (n > 1), with a smooth
boundary 0€2 For b = 0, has been studied by many researchers.it is well-known that
the damping term au;|u;|™ ?assures global existence for arbitrary initial data (see [24],
[26]). If @ = O then the source term bu |u[P~? causes finite time blow up of solutions

with negative initial energy (see [22],]25],[27],]28]).The interaction between the damping

0.1. Introduction
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and the source terms was first considered by Levine [[27],[28] ]in the linear damping
case(m = 2). He showed that solutions with negative initial energy blow up in finite
time. Recently Georgiev and Todorova [[23] Jextended Levine’s result to the nonlinear

case(m > 2). In their work, the authors

introduced a different method and determined suitable relations between m and p,for
which there is global existence or alternatively finite time blow up. Precisely: they showed
that solutions with negative energy continue to exist globally “in time” if m > p and blow
up in finite time if p > m and the initial energy is sufficiently negative.This result has
been lately generalized to an abstract setting and to unbounded domains by Levine and
Serrin| [29]] and Levine, Park, and Serrin [[30]]. In these papers, the authors showed that
no solution with negative energy can be extended on [0, 00) if p > m and proved several
noncontinuation theorems. This generalization allowed them also to apply their result to
quasilinear situations, of which problem is a particular case.Vitillaro [[31]] combined
the arguments in [[23]] and [[29]] to extend these results to situations where the damping

is nonlinear and the solution has positive initial energy.

Chapitre 0



CHAPTER 1

Classification of partial differential equation and canonical

forms

1.1 second-order partial differential equation

The most general case of second-order linear partial differential equation (PDFE) intwo

independent variables is given by

o 0*u 0*u du du
A B D—+FE—+Fu= 1.1
0%z * 0z0y * O(‘?y2 * Oz * Jy TRu=G (1.1)

Where the coefficients A, B and C are functions of z and y and do not vanish simul-

taneously, because in that case the second-order PDFE degenerates to one of first order.

Further the coefficients D, E and F are also assumed to be functions of x and y. We shall
assume that the function u(z,y) and the coefficients are twice continuously differentialble
in some domain 2. The classification of second-order PDE depends on the form of the
leading part of the equation consisting of the second order terms. So, for simplicity of

notation, we combine the lower ordre terms and rewrite the above aquation in the folowing

form
0%u 0?u 0%u ou Ou
A — +B — = —, = 1.2
(@ y) 5 + (:c,y)axay +C(:L“7y)ay2 ¢ (xyu o ay) (1.2)
or using the short-hand notations for partial derivatives,
Az, y)uy o + Bz, y)ugy + C(z, y)uy, = ¢(z, y, u, g uy) (1.3)

As we shall see, there are fundanmentally theree types of PDE,_hyperbolic,and elliptic
PDFEgFrom the physical point of view, these PDFEg respectively represents the wave

1
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propagation, the time-dipendent diffusion processes and the steady state or equilibrium
processes. thus, hyperbolic equations model the transport of some physical quantity, such
as fluids or waves. Parabolic problems descrde evolutionary phenomena that lead to a
steady state described by an elleptic equation.and elleptic equations are associated to
a special state of a system, in principle corresponding to the minimum of the invergy.
Mathematically, these classification of second-order PDFEy is based upon the possibility
of redesing equation([1.3)) by coordinate transformation to canonical or standard from at
a point. It may be noted that, for the purposes of classification, it is not necessary to
restrict considuration to linear equation. It is applicable to quasilinear second-order PDE
as well. Aquasilinear second-ordre PDFE is linear in the second derivatives only . The
type of second-ordre PDFE at a point (2o yo) depents on the sign of the discriminant
defined as

‘ B 2A ‘

Alzoye) =2 B 1= B(xoy0)* 44 (20, 90) C (20.0) (1.4)
The classification of second-order linear PDFE; is given by the following .If A (zqyo) >

0,the equation is hyperbolic,A (xg, 79) = 0 the equation is parabolic, and A (g, yo) < 0
the equation is elliptic . In order to illustrate the significance of the discriminant A

and thus the classification of the PDE.(1.3) We try to reduce the given eqution to

a

canonical form .To do this ,we transform the independent variables x and y to the new

independent variables ¢ and n through the change of variables

Where both ( and 1 are twice continuously differntiable and that the Jacobian

Co Gy
Mo Ty

£0 (1.6)

in the region under consideration . The nonvanishing of the Jacobian of the transform-
ation ensure that a one to one transformation exists betwrrn the new and old variables
This simply means that the new independent variables can serve as new coordinate

variables without any apply the chain rule to compute the terms of the equation (1.3) in

1.1. second-order partial differential equation
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terms of ¢ and 7 as follows:

Uyp = wCCx + Wnly
uy = weCy, +wyn,
Uge = wfgci + 2anCInI + wﬁﬂlrl?v + wCCCEJE + wﬂnazx (17)

Uyy = WCCC?; + 2wWenCyy + wyyni WGy Wiy
ny = wCCCmCy + wQ? (C:pny + Cy%) + wrmnwny + wCCmy ™ wnnzy

substituting these expressions into equation(|1.3) we obtain the transformed PDFE as

awee + bwey + cwny = ¢ (¢, 1, w, wewy) (1.8)

Where ® becomes ¢ and the new coefficients of the higher order terms a , b and c are

expressed via the original coefficients and the change of variables formulas as follows :

a = A+ B((,+CC,
b = 24¢n, + B (Cny + Gyn.) +20¢,n,, (1.9)

¢ = An;+ B, + Ci.
As this stage the form of the EDP (1.8) is no simpler than that of the original
EDP(1.2)) ,but this is to be expected because so far the choice of the new vaeiable ¢ and

has been
that equation (1.9 can be written in matrix form as

where J is Jacobian of the change of variables given by (1.6)). Expanding the determinant

A 2

o N

_|_

i
vty
Q) wlw

and multiplying by the factor, -4 to obtain
b* —dac = J* (B> — 4AC) = § = J?A. (1.10)

Where 6 = b* — 4ac is the discriminant of the equation(L.8)) .This shows that the

discriminant of((1.2)) has the same sign as the discriminant of the transformed equation

and

therfore it is clear that any real nonsingular (J # 0) transformation does not change the
type of PDE . Note that the discriminant involoves only the coefficients of second-order

derivatives of the corresponding PDFE.

1.1. second-order partial differential equation
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1.1.1 Canonical forms

Let use now try to contruct transformation, which will make one, or possibly two of the
coefficients of the leading second-order terms of equation vanish, thus reducing the
equation to asimpler form called canonical form .For convenience,we reproduce below the
original PDFE

A (‘r: y) Ugy + B (xmy) uwy + C (ZL’, y) uyy - q) (Ia yu U, u:ﬂauy) (111)

and the corresponding transformrd PDFE

a <C7 7]) wCC + b (C? 77) w?777 +c (C? 77) w7777 - ¢ <C7 n,w, wC? wﬁ) . (112)

We again mention here that for the or to remain a second-order PDE | the
coefficients A,B and C (or a , b and ¢) do not vanish simultaneously . By definition, a

PDE is hyperbolic if the discriminant A = b? — 4ac = 0. Since the sign of dicriminant
is invariant under the change of coordinater (see equatio ([1.10))) ,it follows that for a hy-
perboulic PDE we should have b? —4ac = 0. The simplest case of satisfying this condition
isa=c=0. So, if we try to chose the new variables ¢ and n such that the cofficients a

and ¢ vanish , we get the following canonical form of hyperbolic eugation :

Wen = ¢<C7777W7W§,Wn) (113)

Where ¢ = % , this form is called the first canonical form of the hyperbolic eqution ,we

also have another simple case for which *> — 4ac = 0 condition is satified . This the case
when b = 0 and ¢ = —a . Is this case (1.10]) reduces to

Wao —CUBB :w(a767w7wa7u}ﬂ)a (114)

which is the second canonical form of the hyperbolicequatoin . By definition , a PDFE
is parabolic if the discriminant A = b? —4ac = 0. It follows that for a parabolic PDE, we
should have b* —4ac = 0 . Thesimplest case of satisfying this condition is a (or ¢) = 0. In
this case another necessary requirement b = 0 will follow automatically ( sinec b* — 4ac) .

So if we try to chose the new variables ¢ and 1 such that the coefficients a and b vanish,

we get the following canonical form of parabolic eqution :

Wiy = Q/J (C> 1, W, We, wn) ) (115)

where ¢ = %.By definition , a PDFE is elliptic if the discriminant A = b — 4ac < 0.1t
follows that for a elliptic PDE, we should have b? —4ac < 0.The simplesr case of satisfying

1.1. second-order partial differential equation
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this condition is b = 0 and ¢ = a. Soif we tey to chose the new variables ( and 7 such that

b vanishes and ¢ = a , we get the following canonical form of elliptic eqution :

wee + Wy = P (C, 0w, we, wy) (1.16)
where ¢ = % In summary eqution can be reduced to a canonical form if the
coordinate fransformation ( = { (z,y) and n = n(x,y) can be selected such that:
.a = ¢ = 0 corresponds to the first canonical form of hyperbolic PDFE given by
.b=10,c = —a corresponds to the second canonical foem of hyperbolic PDFE given by
(1.14).a = b = 0 corresponds to the canonical form of parabolic PDE given by

.b =0, ¢ = a corresponds to the canonical form of elliptic PDFE given by (|1.16))

1.1.2 Hyperbolic equtions

For a hyperbolic PDE the discriminant (A = b* — 4ac) > 0.In this case ,we have seen
that to reduce this PDFE to canonical form we need to choose the new variablrs ¢ and 7
such that the coefficients a and ¢ vanish in(|1.8).Thus form ((1.9)) we have

o = AC+ B, +CE =0, (1.17)
c = Ap:+ Bn,n, + 077;2, =0. (1.18)
Divising eqution(|1.7)) and (1.8)) throughout by ¢ 32/ and 775 respectively to obtain

A (§>2+B (C—> +C=0, (1.19)

Cy Cy
2
A ("—$> +B (@> +C=0. (1.20)
My "y
Equation (1.10) is a quadratic euqation for (g—z) whose roots are given by
—B —vB? —4AC
H (l’, y) = 24 )
—B+VB? - 4AC
po (z,y) = 54 :

The roots of the equation ((1.20) can also be found in an identical manner, so as only
two distinct roots are possible between the two equation ((1.19) and ((1.20). Here we may

consider i, as the root of (1.19) and pu, as that of (1.20) That is :
~B - VB?_1AC

m(zy) = 5 A : (1.21)
—B— /B2 —4AC
fo (2,y) = 5 A - (1.22)

1.1. second-order partial differential equation
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The above equations lead to the following two first-order diferential aquation
Cac — (xvy) CY = 07 (123)

e — M (T, 9) 1, = 0. (1.24)
These are the equations that define the new coordinate variables ( and 7 that are

neces-sary to make a = ¢ = 0 in (1.8) As the total derivative of ( along the coordinate
¢ (z,y) = constant , d¢ = 0. It follows that

A¢ = (oo = Cydy = 0,
and hence the slope of such curves is given by

dy _ G
dx Cy

We also have a similar result along coordinate line 7 (x,y) = constant ,i.e,

dy _ e
dx un

Using these results equation(1.19)) can be written as

a( @Y 5™ o (1.25)
dx dx N '
This is called the characteristic polynomial of the PDE (|1.2)) and its roots are given

by
dy B+ /B2 —4AC

Y- = M), (1.26)
d B — /B2 —-4AC
d—i - i = o (2,7). (1.27)

The required variables ( and 7 are determined by the respective solutions of the two
ordinary differential equations and , known as the characteristic equation
of the PDFE .They are ordinary differential equation for families of curves in the xy-
plane along wich ( = constant and 7 =constant.Clearly these families of curves depend
on the coefficients A,B and C in the original PDFE Integation of equation(1.26)) leads
to the family of curvilinear coordinates ¢ (z,y) = ¢; while the integration of gives

another family of curvilinear coordinates 7 (x,y) = co , where ¢; and ¢y are arbitrary

constants of integration. These two families of curvilinear coordinates ¢ (z,y) = ¢; and

1.1. second-order partial differential equation
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1 (x,y) = ¢y are called characteristic curves of the hyperbolic equation ([1.3)) or simply the
characteristics of the equation. Hence second-order hyperbolic eqution have twe families

of characteristic curves. The fact that A > 0
means that the characteristic are real curves in xy-plane. If the coefficients A,B and C

are constants it is easy to integrate euations (1.26)) and (1.27)) to obtain the expressions

for change of variables formulas for reducing a hyperbolic PDE to the canonical from .

Thus integration of (1.26)) produces

B ++VB? - 4AC B —+\/B? - 4AC
y = T+ and Yy = T+ C
2A 2A
(1.28)
Or
B+ +VB? - 4AC B —+\/B? - 4AC
Yy = r=0C and Y= T = Cy
2A 2A
(1.29)

Thus when the coefficients A,B and C are two constants the two families of character-

istic curves associated with PDFE reduces to two distinct families of parallel straight lines

Since the families of curves ( =constant and 7 =constant are the characteristic curves

,the change of variables are given by the following equations :

_ B-vB*-4AC

¢ = vy 54 r=y— A\, (1.30)
B+ +vB? —4AC
no=y- T =y — A (1.31)
2A
The first canonical form of the hyperbolic is :
Wen = ¢(<7n7w7w©wn) ) (132)

where 1) = % and b is calculated from (1.9))

2 _ 2 _
ZQA(B (B 4AC))+B(_£_§)+QC

142 24 24
2
_ 40— % _ % (1.33)

Each of the familiies ¢ (z,y) = constant and 7 (z,y) = constant forms an envelop of the

domain of the xy-plane in which th PDFE is hyperbolic .The transformation ( = ¢ (z,y)

1.1. second-order partial differential equation
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and n = 7 (x,y) can be regarded as a mapping from the xy-plane to the (n—plane . and
the curves along which ¢ and 7 are constant in the xy-plane brcome coordinates lines in
the (n—plane . Sinec these are precisely the characteristic curves, we conclude that when
a hyperbolic PDFE is in canonical form, coordinate lines are characteristic curves for the
PDE . In other worde, charactreristic curves of a hyperbolic PDE are those curves for

the PDE. must be referred as coordinate curves in order that it take on canonical form
.We now determine the Jacobian of transformation definded by(1.30)) and (1.31)) . we have

J = =X — AL

-\ 1
_/\2

We know that \; = X\, only if B?> — 4AC = 0 . However, for an hyperbolic PDE ,
B?—4AC # 0. Hence Jacobian is nonsingular for the given transformation. A consequence

of
A1 # Ag is that at no point can the particular curves from each family share a common

trangent line . It is easy to show that the hyperbolic PDE has a second canonical form.

The following linear change of variables

a=(+n B=C(C—n
converts (1.32)) in to
Waa — wﬁﬁ = %D (awBawawavw,B) (134)

which is the seconde canonical form of the hyperbolic equtions

1.1.3 Parabolic equtions

For a parabolic PDE the discriminant A = B? — 4AC = 0. In this case , we have seen
that to reduce this PDFE to canonical form we need to choose the new variables ¢ and 7,
such that the coefficients a and b vanish in (1.8) . Thus, from(1.9) we have

a=AC+ B(,(,+CC=0

Dividing the above eqution throughhout by C; to obtain

2
A (%) B (%) Lo=o (1.35)

As the total derivative of ¢ along the coordinate line ( (z,y) =constant , d( = 0.1t
follows that

d¢ = (,dx + (,dy = 0,

1.1. second-order partial differential equation
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and hence, the slope of such curves is given by
dy _ G
dx ¢,

Using this result , equation (|1.35)) can be written as

A (Z—i)Q _B @—i) O =0, (1.36)

This is called the characteristic polynomial of the PDE (1.2)). Since B? — 4AC =0 in
this case the characteristi has only root , given by

Z—i = 2% = A(z,y) (1.37)

Hence we see that for a parabolic PDE there is only one family of real characteristic

curves. The required varibles ( is determined by the ordinary differential equation ([1.37))

known as the characteristic equations of thr PDF.(1.2)) this is an ordinary differential

equation for families of curves in the xy-plane along which ( = const. to determine the

second transformation variablr n,we set b = 0 in (1.9) so that

2AE,m, +bE,m, +&n, +2C5n, = 0

2A5—"”nx +B (g—wny + m) +20n, = 0
Gy Gy
B B
2A <_ﬂ> n, + B [(_ﬂ) ny, + 774 +2Cn, = 0
2

(B* —4AC)n, = 0

since B2 —4AC = 0 for a parabolic PDF, 1, could be an arbitrary function of (,y)
and consequently the transformation variable 7 can be chosen arbitrary, as long as the
change of coordinates formulas define a non-degenerate transfoemation. 1f the corfficients
A B and C are constants,it is easy to integrate equation to obtain the expressions

for change of variables formulas for reducing a parabolic PDFE to the canonical foem.
thus integration of ([1.37) produces

B
y = ﬁx%—C’l (1.38)

or

1.1. second-order partial differential equation
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B
Vi C1 (1.39)

sincr the families of curves ( = const are the characteristic curves, the change of

variables are given by the following equations:
B
=y— — 1.40
E=y— 577 (1.40)
n=2x (1.41)
where we have set = x.the tacobian of this transformation is

£ &,
Ne 7y

J= — 140

| -Bj24 1
B 1 0

naw, we have from(1.9))

b = 24&m, + B (E:n, +&,n,) +20¢,n,

B

in these new coordinate variables given by (1.39) and (|1.40]),equation(1.8)) reduces to
following canonical form:
wm) = \P(ganvwvw&wn) (142)

wherey) = f . As the choice of 7 is arbitrary the form taken by 1 will depend on the
choice of 1 . we have from(1.9))

c=An? + Bn,n., + an = A. (1.43)

Equation ((1.8) may also assume the form

Wee = ¢(€an7w£7wn)7 (144)

if we choose ¢ = 0 instead of ¢ = 0

1.1.4 Elliptic equations

For an elliptic PDE the discriminant A = B? — 4AC < 0 . In this case, we have seen

that to reduce this PDE to canonical form we need to choose the new variables ¢ and 7,

1.1. second-order partial differential equation
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to produce b =0 and a =0, or b =0 and a — ¢ = 0 . then, from (1.9) we abtain the

following equation :

AL = m3) + B(§,&, = my,) + C(E56 —n3) =0 (1.45)

For hyperbolic and parabolic PDFEs, & and n are satisfied by equations that are not
coupled each other (see(|1.17)) and (1.35])) .However,equation ((1.44)) are coupled since both

unknowns £ and 7 appear in both equations. In an attempt to separate them,we add the

first of these equation to complex number ¢ times the second to give
. . . N2
A& +im) + B (& +in,) (& +1in,) +C (€, +in,)” = 0.
Dividing the above equation throughout by (Sy + iny)2t0 obtain

. 2 x .

+

A (—f’f i %) +B (i Z,ny) +C=0 (1.47)
&y tiny, & +in,

This equation can be solved for two possible values of the ratio

¢, +in, —-B+vVB—4AC —B+iViAC — B2

— 1.48
&, +in, 2A 2A (1.48)
Clearly, these twe roots are complex conjugates and are given by
0y —B + iv4AC — B2
— = , (1.49)
Qy 2A
B, = —B—iv4AC — B? (1.50)
B, 24 ’ '
where (3 (x,y) is the complex conjugate of « (x,y) .They are given by
a(z,y) = &(z,y)+in(z,y), (1.51)

We will now proceed in a purely formal fashion .As the total derivative of o along the
coordinate line « (x,y) =constant , da = 0,it follows that
do = oydx + aydy = 0,

and hence, the slope of such curves is given by

dy
dr — «,’

1.1. second-order partial differential equation
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we also have a similar result along coordinate line (3 (z,y) =constant,i.e,

dy _ 5

doe _B_y'

From the forgoing discussion it follows that :

dy B —iVAAC — B2

o= i , (1.53)
d B +iVIAC — B?
D= = l = . (1.54)

Equations and are called the characteristic equation of the PDE
.Clearly, the solution of this differential eqution are necessarily complex-valued and
as consequence there are no real characteristic axist for an elliptic £ D P.The complex vari-
ables « and 3 are determined by the respective solution of the two ordinary differential
equtions (|1.52)) and (|1.53)). Integration of equation leads to the family of curvilinear
coordinates « (x,y) = ¢1, where the integration of gives another fa- mily of curvilin-

ear coordinates [ (x,y) = ¢; where cjand ¢y are complex constants of integration . Since
« and [ are complex function the characteristic curves of the elliptic equation (1.3)) are
not real . Now the real and imaginary parts of a and [ give the required trans formation

variables ¢ and 7 . Thus, we have

_a+p a—pf
5_ 2 ) 77_ 2

With the choice of coordinate variables (1.54]),equation (1.8]) reduces to following ca-

nonical form.

(1.55)

wee + wny = Y (&1, w, we, wWy) | (1.56)

where 1) = g
NOTUFE : It may be noted that the quasilinear second-order equation in two independ-
ent variables can also be classified in a similar way according to rule analogous to those
developed above for semilinear equations. However , since A, B, and C are now functions
of u,, u, and u its type turns out to depend in general on the particular solution searched
and not just on the values of the independent variables.Definition and theorems of math-

ematics In this section , we state some results and Lemmas important for our problem

Définition 1.1 The Faedo-Galerkin methode with de compctness argument yields a

powerful method which allows us to deal with some nonlinear evoiution equation.

1.1. second-order partial differential equation



CHAPTER 2

Definitions and theorems importants

Définition 2.1 We denote by L ([a,b]; X), the space of L¥ functions from [a,b] into

X.It is a Banach space for the norm

1
b P
||u||LP([a,b];X)=( [ o dt) -

Définition 2.2 L ([a,b]; X) is the space of measurable functions from [a,b] into X

being essentially bounded. It is a banach spacr of the norm
||u||L°°([a,b];X) = sup ||u<t)||X :
tela,b]
let B be a banach space . Usually we will

Définition 2.3 encounter the following three different concepts of convergence. (i) Strong

convergence .Let u,, € B,u € B such that as n — +o0,
[t — ul[p — 0

Then w, is said to strongly converge to u. (ii) Weak convergence:Let u,,u € B such

that for any f € B’ as n — +00
f(un) = f (u)
Then w,, is said to weakly converge to u (ii7) Weakly star convergence:Let u,,, u € B,and

let B be the dual space of another banach space B*,i.e, B = (B*)'.
If for any f € B*, asn — +o0

un (f) = u(f)

13
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Then u,, is said to weakly star.

Remarque 2.1 It is well known that strong convergence implies weak convergence, and

weak convergence implies weakly star convergence .When B is a reflixive banach

space, weak convergence is equivalent to weakly star convergence .Where B is a reflixive
banach space,convergencr is equivalent to weakly slar convergence

In this section, we stste some results and lemmas important for our problem.

Lemme 2.1 Let S be a number with 2 < S < M < +4oo then there is a constant C
depending on ) and S such that

lull, < CVul,, , u € Hy (Q).

Lemme 2.2 Any bounded set in reflexive banach space is weakly compact i.e any sequence

i a bounded set has a weakly converging subsequence.

Exercice 2.1 Since for 1 < P < 0o, L> () is a reflizive banach space and L>™ (§) =
(LY (Q)) ,anY bounded set in L™ () with 1 < P < oo is weakly star compact .In particu-
lar, any

bounded set in L () is weakly star compact .

Lemme 2.3 Let By, B, By be three banach space .Suppose that By is continuously imbed-
ded into B, wich is also continuously imbedded into By, and imbedding from By
into B is compat. Then for any n = 0, there is a positive constant C,, depending only

on n such that for any v € By,the following holds.

lollg < nllvllg, + Cyllvllg, -

Théoréme 2.1 (LOCAL EXISTENCE) Suppose that ug € Hj (Q),u; € L*(Q),
then there exists T > 0 such that problem (1.1) (1.3) has unique solution u stisfiying:

ue L ([0,T],H} (Q)) N L*([0,T],L*(Q)) v € L* ([0,T],L*(Q)) .

Remarque 2.2 Since for 1 < p < oo, LY (Q) is a reflexive banach
space and L*® (Q) = (L' (Q2))' ,any bounded set in L” (Q) with 1 < p < oo is weakly

star compact . In particular ,any bounded set in L (§2) is weakly star compact.

Théoréme 2.2 Let By, B, By be three banach space By, By are reflexive .Suppose that

Byis continuously imbedded into B , which is also continuously imbedded into By,
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and imbedding from By into B is compact .For any given Py, P, with 1 < pg, p1 < o0,
let

W ={v,/ve L™ ([0,T],By),v, € L"[0,T],B;}.

Then the imbedding from W into L' ([0,T], B) is compact.

Remarque 2.3 It can be seen from the proof that if the assumption of reflexivity of

By, Biis replaced by the assumption that By, Biare the dual space of reflexive banach

spaces B, By respectively,then the conclusion of Theorem [2.1] still holds.

Lemme 2.4 Suppose that €2 is a bounded domain in R". Let u,, () ,u (x) be real function
in L (Q), (1 < p < o) such that u,, strongly converges to u in LP (). Then if 1 < p <
00, has a subsequence almost everywhere converging to u ; if p = oo, then w,, it self almost

everywhere converges to u.

Lemme 2.5 Suppose that Q) is a bounded domain in R™. Let u, (x) be bounded sequence

in LP () , and u, weakly converges in LP () to u .

Remarque 2.4 When p = oo , then the conclusion becomes that u, weakly star con-

verges to u.

Lemme 2.6 Let B be a banach space , and B = (B*)" with B* being another banach
space . Suppose that for 1 < p < oo,

u, — u weakly star in LP ([0,T],B),
w, — u' weakly star in LP ([0,T], B).

n

Then

Unp




CHAPTER 3

Global existence and general decay of solution for a

QQuasi-linear parabolic system with a weak vescoelastic term

In this chapter, we deal with the following quasi-linear parabolic system with a weak-

viscoelastic term

A () [ufuy + A%u — a(t) (g * A%u) = |u|p72u} (x,t) € 2 x R,
u=2% =0, (x,t) € 00 x RT (3.1)
u(x,0) = up (0), x €,

where  is a bounded domain in R"(n > 1) with su ciently smooth boundary 052, v
represents the unit outer normal to 92 . The values of u are taken in R"(n > 1) and A

€ C(R") is a bounded square matrix satisfying
(A(t)v,v) = cop2. VEE R*, (3.2)
where (.,.) is the inner product in R™ and ¢y > 0. The parameter m > 2 and p satisfies
2(n—2)
n—4

The term (g * A?u) is defined by

2<p< ifn>52<p<oo ifn<A4, (3.3)

t
(9% A%u) (z,t) = / g (t —s) A*u(z,s)ds
0
The rest of this chapter is organized as follows. In Section 2, we give some materials to

be used for the main results. In Section 3, we prove the global existence of weak solutions

16
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by introducing a suitable functional to obtain the potential well. Finally, general decay
result for the global solutions of the problem ({3.1)) has been proved in Section 4.

3.1 Preliminaries

We give some materials that will be needed in the proof of our results. We use the standard
Lebesgue space L? (2) and Sobolev space HZ (2) with their usual scalar products and

norms.

We introduce the Sobolev’s embedding inequality: assume p is a constant which
satisfies (3.3), then HZ () — LP (Q)continuously, and

lull, < Cy 1 Aully, for u € H3 () (3.4)

where C), is the optimal embedding constant.
For the relaxation function g and the potential «a, we assume

(G1) g,a: RT — R* are nonincreasing dierentiable functions satisfying

(p—2)¢

g(0>0), «a(t)>0, l—a(t)/og(s)d32€>0, /OOOQ(S)dS<—2pa(O)

In addition, we assume that there exists a positive constant c such that a () > «p

(G3) There exists a nonincreasing diffierentiable function £: R™ — R™ satisfying

E(t)>0, Jg@®)<=E@)glt) fort>0, lim

Remarque 3.1 Note that (G1) and (G2) imply that lim; %;()t).: 0.

We introduce the functional

t

)= (1-a) [s)ds | 18+ 3a® godn) - lull  (35)

as the energy functional associated to problem (3.1]) where

t

(g0 Au) () = / gt — 5)|Au (t) — Au(s)2ds

0

Lemme 3.1 Suppose (3.2) and assumption (G1) hold. Let u be the solution of (3.1)).
Then, the energy satisfies

3.1. Preliminaries
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s = [ (= [ 4@l s+ 300 6o 80 () + 50 () (o 0 20) ()

_%amgm | Aulls + % <—o/ (1) [g(s) ds) HAuH§> dr

w1 <+ [ (aluli-300 @ a0 @ +5 (@@ [ [ods| 180 | argu

(3.6)

Preuve. . By multiplying the equation (3.1)) by ut, integrating overQ2x (0;t) we get
(3.6), after some manipulations. m

To illustrate the main results of this chapter, we introduce the definition of weak

solutions.

Définition 3.1 Let ug € H (2) A function u is called a weak solution of the problem
(3.1)) defined on [0;7) if

we € (j0:7); [HZ(@)]") N ¢ ([0:T): (27 (2)]")

satisfies

(A (t) |Ut|m72 Ut»)
for all ¢ € [0;T)and ¢ € C ([0;T); [H3 ()]") -
LetT'maz := supf{T > 0}. The problem (3.1) admits weak solution on [0;7). If

Tmax < oo, then u is called
a local weak solution; if Tmax = oo, u is called a global weak solution of problem (3.1])

for 0 <t < 0.

Remarque 3.2 Similar to [ [I7]], we assume the existence of solution. For the linear
case (m = 2), one can easily establish the existence of a weak solution by the Galerkin
method. In the one-dimensional case (n = 1), the existence is established, in a more

general setting, by Yin [ [19]].

3.2 Global Existence

We defne the following functional in order to obtain the potential well.

3.2. Global Existence
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t

Iu(t) = | 1 —a(t) /9 (s)ds | [1Aully — [full} (3.7)
0

From (3.5)) and (3.7)) it tells us that

t

T () = 1) + = (1= a ) [ads | 18l + 30 @ god0)©) (38

Lemme 3.2 Assume p satisfes (3.3) and assumption (G1) holds. Let ug € HZ(Q) satisfy

p—2

4p 2
Then,(u(t)) > 0 for all £5[0; T'max), where C,, is the optimal constant of the embedding
H3 (@) — 17 (9),

1
J (u(0)) = ];I
Preuve. Let u be a weak solution of problem(3.1)). By definition of functional I(u(t))
in(3.7) we know I € C[0;Tmax). Suppose that there exists to € [0;T'max) such that
I(u(tg)) < 0 if the conclusion is not true,so there exists an interval [to;t1] € [0; T'max)
such that I(u(tg) = 0 and I(u(t)) < 0 for all t € (tp;t1]. From first inequality of

then we obtain that for € > 0 sufficiently small such that =

(u(0)) + 1?2;])2 1Auly,  I(u(0) = [|Aully — ull}.

p—2

4p R
cy <—(p_2)£ (J (u(0)) + 5)) <, (3.10)
there exists ¢ € (to;t1] satisfying
I (u(t)) = —pe < 0. (3.11)

Therefore, from assumption (G1), using (3.6]), (3.8) and (3.11]), we have

o too 2
J () < T (u(0) + 22 ( [ e ds) A ()]

2
< J () + % I ()2, (3.12)
and
sy z -+ (L220) jau ol (3.13)

3.2. Global Existence
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Combining (3.12)) with (3.13)), we arrive at

JAu @) < b (T (u(0)) +2) (3.14)

Therefore, it follows from(3.4]) and (3.14]) that

p—2

cr (04 2
@I < P laus ol < (o5 0w +a) T sl

(3.15)
Then, by the definition of functional (3.7)), using (3.10)) and (3.15)), we get

Iu) = {1 -a(t) /9 (s)ds | | Aully = [lully > €[ Au (t)ll; — €[ Au @)l =0,

which contradicts(3.11]). Then the conclusion of Lemma is true.

Théoréme 3.1 Assume p satisfies(3.3) and assumption (G1) holds. Let ug € HZ()

Then the local weak solution u exists globally

Preuve. To show Ty, = 00, it suffices to show there exists a constant C' > 0 such that

sup | Aull < C (3.16)

t€[0,Tmax)

By virtue of [3.2| and assumption (G1), using(3.6)) and (3.8)), we get

t

7o)+ P2 8l 2 o)+ (1-a() [g6)ds | I18uli5a 0 (g0 a0 (1)

Therefore,

Aul} < 2 (u(0))

p—2)¢

So let

c=2 1)

(p—2)¢

then(3.16)) holds and consequently the solution is global.

3.2. Global Existence
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3.3 General Decay

In this section, we prove a general decay result for the solution energy. Our main result

in this section reads in the following theorem.

Théoréme 3.2 Given uy € HZ(Q) Assume that(3.2)and (G1),(G2) hold. Then, there

ezist two positive constants k and K, depending only on the initial data that the solution

of (3.1)) satisfes

J(u(t) < Ke mho@)X@ds vy > (3.17)
To prove above theorem, we need the following technical Lemmas. First, we state an

important Lemma by Martinez [13].

Lemme 3.3 Let F : RT — R be a non-increasing function and ¢ Rt — Rt be a C?-

increasing function with ¥(0) = 0 and lim;_o ¢ (t) = +00 Assume that there exist ¢ > 0
for which

/+OOE(t) W () dt < cE (a)¥a > 0.
Then, '

E(t) <~ye@¥® vt >0

where v and w are positive constants.

Lemme 3.4 Suppose that (G1) and (G2) hold and the initial data ug € HZ(Y)Then

J(u(t)) is a nonincreasing function satisfying

t " 1
s < [ (= [A@ "+ 3a )6 o 80 (1) ) dr o+ 0) < I w(O)
0 Q
(3.18)
Preuve. . Taking(3.6) in (0,¢~) for |t — t™| < &y and using assumption (G2), we get for

0o small enough =

J(u(t) < /a(t) -

+J(u(0)).

1 , 1
& / A() gl + (o o B0) () + 3

3.3. General Decay
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From the fact that lim; ., —5(;(;) = 0 for ¢t~belonging to some small neighborhood of

t = 0, that is (3.18)) obtained for ¢ > ¢t~ > 0.
Proof of Theorem 2. By multiplying the equation in(3.1)) by « (¢) £ (t) u and integ-

rating over ) x (a,7 max) and using the boundary data, we get

T max t

/ a(t)€(t) /A (t) Jue| ™ wpuda + | 1= a(t) /9 (s)ds | [|Aully —[|ull} | dt
a Q 0
= / at)E(t) | alt) /Au (t) /g (t—s)(Au(s) — Au(t))dsdx | dt (3.19)
a Q 0

Adding « (t) (g o Au) (t)to both sides of((3.19) and taking(3.5)) into account, we get

T max

2 / a (t) € (t) T (u(t)) dt

a

T max - 5 T max .

< / @ (€M) g0 d) @)+ 22 / aEDld (320
— / a(t)€(t) /A () Jue| ™ wpudadt
+ / at)E(t) | alt) /Au (t) /g (t—s) (Au(s) — Au(t))dsdx | dt

Thanks to the Young’s inequality, (3.2]), assumptions (G1); (G2), the boundedness of
matrix A and using the fact that, o/ (t) < 0 for allt > 0, we get for 6 > 0

—/A () [ue| ™2 wgudz| < & ||ul|™ + Cs llug|™ (3.21)
Q
and

o) [ Au (t)/o g = 5) (B (5) = Au (1) dsdr < 00 0) [Aul3+ 22— 0 ) (g auy 1

< 60 (0) Al + =250 (1) (g0 ) (1) (3:22)

3.3. General Decay
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By combining(i3.20)—(3.22]) and using

§(t)a(t)(goAu)(t) < —alt) (g0 Au) (),

we arrive at

2 [Tawew @i <a@e0s [ fuld

—a (0) (”5(31;(;)42()0?) / "0t (g0 Au) (1) dt

Tmax Tmax
M/‘ <><Mu|ﬁ+——/‘ £) lull? dt

+ 50 (0) / ()€ () || Aul dt. (3.23)

By recalling(3.6]), we deduce from the first two integrals on the right-hand side of ((3.23))
that

a@am@/mﬁmmw—mm0+@‘”6/mbwwwmmmﬁ

8poa (0)
< (g w00 (1 Gry) w0<0) [ (et [ o0oo) o
o / T (b)) d, (3.24)
where

LU OLS S (1 + éi(;)jé‘f)

By exploiting and using limt; 77 0 (()) = 0 to chooset > ¢~ > 0, (3.24) takes the

form

@O C [ Tula-a© (1+ EEB0) [T a0 aw) e < 207 w(a)

.Therefore, (3.23)) yields that

/m%ww@meMFwwwm»

3.3. General Decay
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Tmax Tmax

< 5/ 0l dt+—/ 1) [[u] dt
Tmax
+da (0)/ a(t) € (t) || Aull; dt (3.25)
Since ¢ is positive, we have, for any ty > 0
t to
/g(s)dsZ/ g(s)ds: =go >0, Vt>t (3.26)
0 0

To estimate the last integrals in the right-hand side of (3.25]), we use (3.26]), assumption

(G1), (3.4), (3.8), (3.9) and repeatedly embedding inequalities as follows

t

J(u(t) = ~1(u(t) + 22 1—aw/é@m51mw@+

2

t

-2
zﬁ—rw@ﬁ@wnmﬁ
0

(p—2)¢
> T Al ,

-2 2
lull; < Gy 1 Au]ly ™ [ Aull;

p—2

CP [ 4p 2
< (o) elaus
t

gyw@ﬁ@@umm

0

< (1 —apgo) ||AU||§

< 2]9 (1 - aOQO) J (u (t))

- (r=2)¢
where C), is the optimal constant of the embedding Hg (2) — L? (2), and

m CZZ m—2 2
lull < =2 | ully = Al

m—2

m 4P ’
< (Gl w)) 18l

L () (g0 Auy (1)

(3.27)

(3.28)

3.3. General Decay
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< (u(?)) (3.29)

where Cm is the optimal constant of the embedding H3 (2) — L™ (), and

_ 2pC

4p
0= 25 (o )
Inserting (3.7)—(3.29) in (3.25)) the estimate

oy Opar(0)  1—oaoge [T v
(1= - 22— 220 [ a e i< 2 wla)
is established.
At this point, we pick « (0 > 1g—_oé>and choose ¢ small enough, to have

1l dpa(0) 1 —apgo
9 ¢
t

Thanks to the 3.3, by taking ¢ (t) = /oz(s)f(s)ds and letting Ti.cgoes to infinity, we

A =1 > 0.

0
obtain the desired result in(3.17)) and the proof is completed.

3.3. General Decay



CHAPTER 4

Blow Up in a Nonlinearly Damped Wave Equation

In this chapter we consider the following initial boundary value problem.

Uy — Au+ auy | = bululP?z € Q,t >0, (4.1)
u(z,t) = 0,z€00,t>0,

u(z,0) = wup(x),u(z,0) =uy(z),2€Q

where a,b > 0,p,m > 2, and ) is a a bounded domain of R" (n > 1), with a smooth
boundary 02 For b = 0.

In this chapter, we prove the same result of [23] without imposing the condition that
the initial energy is sufficiently negative. In other words, we show that any solution of
(4.1)) with negative initial energy — however close to zero is — blows up in finite time.

In addition to ommitting the condition of large “negative” initial data, our technique
of proof is simpler than the ones in [23] and [29]. We first state a local result established
in [23].

Théoréme 4.1 . Suppose that m > 2,p > 2, and

n—1
<9 >3 4.2
P2 —nz (4.2)
Assume further that
(ug,uy) € Hy () x L*(Q). (4.3)

26
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Then the problem(4.1)) has a unique local solution

ue C([0,T);Hy(Q),u € C([0,T);L* () N L™ (2 x (0,T)), (4.4)
T is small.
Théoréme 4.2 . The condition on p, in , 15 needed to establish the local existence

result (see[23]). In fact under this condition, the nonlinearity is Lipschitz from H* (Q) to
L% (Q).

4.1 Main result

In this section we show that the solution(4.4)) blows up in finite time if p > m and
E(0) < 0, where

E(t):= %/Q [uf + ]Vuﬂ (x,t)dx — Y%/Q|u (z,0)|" du. (4.5)

Théoréme 4.3 Lemme 4.1 . Suppose that(4.2)) holds. Then there exists a positive
constant C' > ldepending on ) only such that

lully < ClIVull3 + [[ull} (4.6)

for any u € H}(Q) and 2 < s < p.
Messaoudi, Blow Up in a Nonlinearly Damped Wave Equation
Preuve. If [|u[|p < 1 then [u|]5 < ||u||2 < C||Vu||3 by Sobolev embedding theorems. m
If [[u]|, > 1 then [[u]|; < [|ul[p. Therefore follows.
We set

H(t) == —E(t)

and use, throughout this paper,C' to denote a generic positive constant depending on

Q only. As a result of (4.5)),(4.6), we have

Corollary 4.1 . Let the assumptions of the lemma hold. Then we have

lully < CLE@)] + [[utl; + [Jull} (4.7)

for any v € H}(Q) and 2 < s < p.
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Théoréme 4.4 . Let the conditions of the be fulfilled. Assume further that p > m

and

E(0) <0. (4.8)
Then the solution(4.4))blows up in finite time.

Théoréme 4.5 . Note that contrary to [23], no condition on the size of the initial data
has been done. The blow up takes place for any initial data satisfying(4.8)).

Preuve. . We multiply Equation(4.1]) by u; and integrate over € to get m

E'(t) = —a/Q lug (x,t)|™ dx, (4.9)

for almost every ¢ in [0, T") since E/(t)is absolutely continuous (see [23]); hence H'(t) > 0

So we have

0<H(0)< H(t) < g Jul®, (4.10)

for every ¢ in [0,7T), by virtue of (4.8). We then define

L(t) = HYo(1) + = / wn(z, ) da (4.11)

for € small to be chosen later and

0 < a < min { (p2_p2) : p(fm_f% } . (4.12)

By taking a derivative of({4.11)) and using Equation (4.1]) we obtain

L) : =1 —-a)H “(t)H'(t) + E/Q [uf + |Vu|2} (x,t) dx (4.13)

—|—5b/ |u(x, t)|Pde — as/ |ut|™ 2upu(x, t)dx.
Q Q
We then exploit Young’s inequality

T —q

0 11
XYS_XT_F YQ) X7Y207 fO?"all(5>0,——|——:1
r q roq
with 7 =m and ¢ = m/(m — 1) to estimate the last term in (4.13)) as follows

m

) —1
[t ulds < 2+ T
Q

4.1. Main result
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which yields, by substitution in(4.13),

-1
L > {(1 —a) H ™ (t) — m—gémﬂmﬂ} H'(t) (4.14
m
+s/ [u? — |Vul?] (z,t) dz + ¢ [pH (t)+g/ (2 + |V?|] (z,t) do
Q Q
6777,
—ed—||uel|v, for all § > 0
m
Of course(|4.14) remains valid even if ¢ is time dependant since the integral is taken
over the x variable. Therefore by taking & so that 6~™/("~Y = LH~(t), for large k to be

specified later, and substituting in(4.14) we arrive at

m—1
m

L) > [(1-@- gk] H‘O‘(t)H’(t)+5(g+1> /Q w2 (z, t)dx (4.15)

1-m

k
Ha(m—l) ¢ m
D (1)

—c (g+1)/ﬂ|Vu|2(x,t)dx+s{pH(t)—

By exploiting(4.10) and the inequality ||ull;; < C||ul|}",we obtain

. b a(m—1) .
Falm= )(t)HuHm < (]—9) CHu‘;nJrap(mf )
hence(4.15)) yields
-1
L > [(1—04)— m ek] H—a(t)H'(t)+e(?+1) / W2z, t)dr  (4.16)
m 2 Q

ve (2~ 1>/Q|Vu|2(x,t)dx

klfm b a(m-1)
+¢e |pH (t) — a (—) C’||u]z”“p(m’1)

m p

We then use and(4.12)), for s = m + ap(m — 1) < p, to deduce from(4.16])

m—1

L) > [(1—a)— — ek:] H’O‘(t)H'(t)Jre(ngl) /Q W(a, dr (4.17)

+e (g - 1)/9]Vu]2($,t)d:n
te [pH () — Cok = LH (8) + ll} + lul

,Messaoudi, Blow Up in a Nonlinearly Damped Wave Equation where C1 =

a(m—1)

(9> C'/m. By noting that

p

4.1. Main result
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b 1 1
H(t) = —||ull2 — =|u 3 — =||Vull3
(8) = Jllully = Flwellz = 5l1Vullz

and writing p = (p + 2)/2 + (p — 2)/2,(4.17)) yields

m—1

L > [(1-@- — 5/{} Ha(t)H’(t)+e(]%2) Tk (4.18)

p+ 2 —m p— 2 -m p+ 6 -m
+e |:<T - C1K1 ) H(t) + (Wb - ClKl ) Hu”i + (T - C(1K'1 ) ’lut‘|§:|

At this point, we choose k large enough so that the coefficients of H(t),||u||3, and
|[u|[p in(4.18) are strictly positive; hence we get

m—1

L'(t) = {(1 —a) - 6’6} H=(O)H'(t) + ey [H () + ||uel |2 + [|ull}] (4.19)

m

where v > 0 is the minimum of these coefficients. Once k is fixed (hence ), we pick ¢
small enough so that (1 —a) —ek(m —1)/m > 0 and

L(0) = H1 — a(0) + 8/ uouy (x)dz > 0

Therefore (4.19) takes the form

L'(t) = ye [H(t) + [ut]]3 + [ul[}.] (4.20)

Consequently we have

L(t) > L(0) > 0,for all ¢t > 0.

Next we would like to show that

L'(t) > TLY1=2) (1) for all t > 0, (4.21)

where I is a positive constant depending on ey and C' (the constant of [4.1).
Once (4.21]) is established, we obtain in a standard way the finite time blow up of

L(t),hence of u (see [22] for instance).

To prove (4.21]), we first estime

/ uuy (z,t) dx
Q

< ulls + [fw] |2 < Cllullp + [Jue]2

which implies

4.1. Main result
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1/(1-a)
—Q 1/(1—«
< O[ul |5 4 [fug

/ uuy (x,t) dx
0

Again Young’s inequality gives us

/ uuy (x,t) dx
Q

for 1/pu+1/0 = 1. We take 0 = 2(1 — ), to get u/(1 —a) =2/(1 —2«a) < p by (4.12)).
Therefore(4.22)) becomes

/uut (x,t)dx
Q
wheres = 2/(1 — 2a) < p. By using |4.1| we obtain

/ uuy (x,t) dx
Q

Finally by noting that

1/(1-a)
—a 0/(1—a
< O[] |7/ 4 [/ (4.22)

1/(1—a) )
< Cllull} + [Juel2

1/(1-a)
< C[H @) |[u]?+ [|ulf3] , for all ¢>0. (4.23)

1/(1-a)
LY=o () = (Hl‘“(t) +e / uut(x,t)dﬂﬂ)
Q

1/(1—-a)
/ wut(x,t)dx
Q

and combining it with(4.20)) and(4.23), the inequality (4.21]) is established. This com-
pletes the proof

< 2t/(1=a) (H(t) +

4.2 CONCLUSION AND PERSPECTIVE

In this memory, we have solved two problems related to differential equations of different
classes. We tackled both system of parabolic equations and hyperbolic equation using
various methods. Specifically, we utilized the Nehari methods for system of parabolic
equation and second method using a Lyaponov function based on the energy total of
system. We observed that the solution of the first problem general decay, and for the
second problem the solution blow up in finite time. For future work is attempting to study
the same previous problems using alternative methods, for instance, the method of semi-
groups, which is considered an additional method due to some potentially advantageous

features for dealing with such cases.

4.2. CONCLUSION AND PERSPECTIVE
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