Algerian Democratic and Popular Republic
radel) Eallg Mol arteill 5] g

Ministry of Higher Education and Scientific Research

University 20 august 1955-Skikda 388 1955 sl 20 daala
Faculty of Sciences polall A4S
Department of Mathematics Sl Hll and
Refiiii | IR E QYA

Thesis

submitted for the degree of

Master (LMD) in Mathematics
Option: Numerical Analysis, PDE and Applications

Presented by:
DERDAR Esma

Publicly discussed:
In front of the Jury:

1. LEULMI Soumaya M.C.A University 20 August 1955, Skikda President
2. BEDRANI Yassine M.C.A University 20 August 1955, Skikda  Examiner
3. BOUAKKAZ Ahléme M.C.A University 20 August 1955, Skikda  Supervisor

University academic year: 2022/2023




CONTENTS

[Abstract in Englishl| iii
[Abstract 1n Frenchl iv
[Abstract 1n Arabid v
[Dedicationl vi
[Acknowledgements| vii
viii
[List of Symbols| ix
General introduction 1
(1 Primary concepts| 6

F

(1.1.1  Green’s functions for a non homogeneous linear differential equa-

| BIONS . . . . e e

(1.1.2  Finding Green functions| . . . . . . . . ... .. ... ......

[1.2  Bounded, closed and compact subsets in a normed vector space|

© oo oo

(1.3 Continuous, Lipschitz continuous and compact operators . . . . . . ..




Contents

1.4 Fixed point theorems incones| . . . . . ... ... ... ... ...... 11
(1.4.1 Fixed point theorem in cones| . . . .. ... ... ... ..... 12
(1.4.2  Leggett-Williams fixed point theorem| . . . . . . ... ... ... 13

[2  Positive periodic solutions for a first order differential equation with |

[  delays depending on time and state 14

[2.1 Conversion of the delay differential equation (2.1) into an integral equation| 17

[2.2  Existence of positive periodic solutions] . . . . . .. ... ... ... .. 20

[3 Positive periodic solutions for a first order differential equation with |

| a parameter and delays depending on time and state| 30

[3.1 Conversion of the delay differential equation (3.1) into an integral equation| 32

[3.2  Existence of positive periodic solutions| . . . . . . . .. ... ... ... 33

[General conclusion and perspectives| 42

Bibliography] 44

ii



| Abstract in English

Periodic solutions of some classes of

differential equations with delays depending on time and state

In this work, two classes of nonlinear functional differential equations with multiple
delays depending on the time and the state are investigated. Using as a main tool a
hybrid approach that combines fixed point theorems in cones and the Green’s functions
method, we provide some sufficient conditions that guarantee the existence of multiple
positive periodic solutions.

The main idea consists to define the Banach space and the cone that facilitate our
study on the one hand, and on the other hand they ensure some desired requirements
before transforming the problem into an equivalent integral equation whose kernel is a
Green’s function, and hence applying a fixed point theorem in cone or Leggett—Williams
fixed point theorem.

Keywords: Existence, fixed point theorem in cone, Green’s function, Leggett—Williams

fixed point theorem, time and state delay differential equation.
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| Abstract in French

Solutions périodiques de certaines classes

d’équations différentielles a retard dépendant du temps et de 1’état

Dans ce travail, deux classes d’équations différentielles fonctionnelles non linéaires
avec plusieurs retards dépendant du temps et de ’état sont étudiées. En utilisant une
approche hybride combinant les théorémes du point fixe dans les cones et la méthode
des fonctions de Green comme outil principal, nous établissons des conditions suff-
isantes qui guarantissent l’existence de solutions multiples périodiques et positives.
L’idée principale consiste a définir un espace de Banach et un céone pour faciliter notre
étude d’une part et d’autre part, pour assurer certaines exigences souhaitées avant de
transformer le probléme en une équation intégrale équivalente dont le noyau est une
fonction de Green, et donc appliquer le théoréme de points fixes multiples.
Mots-clés: Existence, théoréeme de point fixe dans le cone, fonction de Green, théoréme
de point fixe de Leggett—Williams, équation différentielle & retard dependant du temps
et de I’état.
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: the set of real numbers (1-dimensional real Euclidean space).
: the set of positive real numbers
: the interval of numbers between ¢ and d, including ¢ and d
: an open interval
. left-closed and right—unbounded interval
= C (X, X) is the space of continuous functions from X into itself
: a period
: a Banach space
: an ordered cone
: the interior of €2
: the closure of
: a closed interval
: left closed and right opened interval
: right opened and left closed interval

: the set of all continuous functions from X into Y
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| General introduction

Delay differential equations (DDEs) where the state variable appears with delayed
argument, have been successfully used for describing a wide spectrum of nonlinear
phenomena in our life, especially since the international congress of mathematicians
was held in Rome in 1908. Due to the fact that many processes depend on past history,
retarded problems where the evolution of the system at a certain time instant depends
on the past history or memory, create more realistic models and give accurate results.
The memory or the time-delay can be constant, time varying, state dependent or even
distributed where its meaning differs from one model to another. For instance, it can
be related to the incubation period of an infectious disease in epidemiology, the time
between initiation of cellular production in the bone marrow and release of mature
cells into the blood in the production of blood cells in hematology, the transit time or
the duration of a cellular transformation in the dynamics of cell populations, the time
of gestation, development, the juvenile phase, life cycle or the period of maturation
in population dynamics of certain human, animal and plant species, a time lag that
often arises in feedback loops involving sensors and actuators in engineering and also
an information lag in economic dynamics, to name a few.

To the best of our knowledge, the history of retarded differential equations goes back
to the 18th century by virtue of the works of J. Bernoulli, L. Euler, J.L. Lagrange, P.
Laplace, S. Poisson that can be considered as the first flame of the passion for research
on the concept of the delay in real phenomena and their experiences have supplied
the crucial stimulus needed to meet the challenges in investigating these equations.

But unfortunately the delay has been ignored at that time because on one hand there



General introduction

was insufficient theory to investigate such models in depth and on the other hand the
introduction of such lags in the model may degrade the performance of control systems
or even worse lead to system instability.

In fact, this topic knew its hour of glory in the 20th century. The first step towards
its revival was taken only in 1908 when Picard underlined in the international confer-
ence of mathematicians in Rome, the importance of considering hereditary effects in
the modeling of physical phenomena.

Since then, this subject gained considerable momentum, which consequently led
to publish a great amount of works especially in the fifties that saw an explosion of
scientific activities in this direction where the delay became part of the vocabulary of all
scholars working on viscoelasticity, ecological problems, mechanical problems, nuclear
reactors, neural networks, epidemiological or physiological models,...,etc. Hereby, the
literature of these equations is now extensive.

An important type of delay functional differential equations that captivated the
attention of the majority of the scientific community is the class of differential equations
with state-dependent delayed arguments (SDDEs). Despite that the origins of this
type of equations are traced back to at least 1806, when Poisson investigated them
in his celebrated paper [21], their theory is still emergent and not well developed.
During the past eight decades, there has been an increasing activity. One of the
most prominent models is the two-body problem of classical electrodynamics which,
unfortunately, have remained in limbo until the sixties of the last century when R. D.
Driver’s [8, 9, 10, (11, [12] published his series of extremely interesting papers on delay-
differential equations and their applications in classical electrodynamics. His works
with Norris have been crowned with the development of a fundamental theory where
they proved some existence and uniqueness results for state dependent delay differential
equations having Lipschitz continuous initial functions.

Recently, equations of this kind have attracted considerable attention of scholars
and now occupy a more central place in all fields of engineering and science due to their
widespread applications in many fields of science, ranging from biology and population
dynamics to physics and engineering. Some recent contributions to their theory can be

seen in [II, 3], [, 16, 18]




General introduction

Many authors think that delays appearing in many models are dependent on both
the time and the state variable; in other word, the delay function takes the form
7 (t,x (t)) . But dealing with such models seems to require extra care, perhaps simply
because of a lack of a basic theory and the sufficient experience to handle them.

In this work, we present some results on the existence of positive periodic solutions
for some classes of nonlinear functional differential equations with multiple delays de-

pending on the time and the state of the following form:

2 (t)=2da(t,x(t)x @) N (t,x(t—T1(E2(4)), sz (t — T (8,2 (1)),

where A > 0 is a parameter.

The variation of the environment plays a crucial role in many dynamical systems.
In particular, the effects of a periodically varying environment are important for evo-
lutionary theory as the selective forces on systems in a fluctuating environment differ
from those in a stable environment. For this, in order to incorporate the periodicity
of the environment, we assume that the parameters of the equations are periodic with
a common period. Moreover, since only positive solutions are meaningful in many ap-
plications, we are interested in finding positive solutions. In this situation, the main
outcomes can be applied to many biological, ecological, and population models such as
Mackey-Glass models, Lasota-Wazewska model and Nicholson’s blowflies model.

The specific questions this work aims at answering are:

(i) What is the effect of state dependence in a delay differential equation?

(77) Does the problem have solutions?

Objectives

he main goal of this work is to show the efficiency of the technique that combines
Tthe fixed point theory and other approaches to establish certain existence results
on positive periodic solutions for certain classes of nonlinear differential equations with
delays depending on time and state. More precisely, the key object of this manuscript

lies in establishing a set of sufficient criteria to ensure the existence, boundedness

3



General introduction

and positivity of periodic solutions for certain classes of delayed differential functional

equations that can describe several biological phenomena.

Methodology
ver the course of several years, one can find several different approaches that
Odealt with problems with complicated delays. Methodology used here utilizes
two fundamental aspects: the Green functions method and the fixed point theory.
This technique boils down to the conversion of the problem at hand into a fixed point
one. The first step of it is to construct an appropriate Banach space and a suitable cone
of it before transforming the proposed problem into an equivalent integral equation with
a Green’s kernel. Next, from this integral equation, some functional analysis tools and
certain useful properties of the obtained kernel, one can construct an integral operator
that fulfill the requirments of the chosen fixed point theorem. Finally, we apply this
fixed point theorem which ensures the existence of fixed points of the constructed
operator and which is in turn equivalent to the existence of solutions of the proposed

problem.

Thesis Overview
his manuscript has been divided into three chapters. Its plan is as follows:
r];: the first chapter, we will state some basic definitions and preliminary materials
that will be used in the sequel.
Chapter 2 is devoted to present some results on the existence of multiple positive
periodic solutions to the following two classes of first order differential equations with

multiple time and state-dependent delays:
2 () =—a(t,z )z )+ f(tat—1 Lz (), ozt —7m (1)),
and
() =alt,z(t)xt) = f et —T11(a ),z —Tm(E (1)),

where two fixed point theorems in cones are the key tools in obtaining the required

outcomes.
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Chapter 3 gives conditions that guarantee the existence of three positive periodic
solutions for the following classes of first order differential equations with many delays

depending on both the time and the state variable:

2 (t)=—a(t,x(t)z )+ f(t,x(t—T1(t,x(t))),....a(t —Tm (t,2 (1)),

and

Zt)=a(t,x(@t)x@t) =N (t,z(t—71(t,2(t))), ..z (t — T (£, 2(1)))) .

These equations are similar to the previous ones, except that here they depend on the
parameter A. So, with almost similar arguments, various existence and multiplicity
results for positive solutions are derived depending on different values of the parameter
A. The existence of solutions are shown using a hybrid technique that combines the
application of the multiple fixed point theorem of Leggett-Williams with the use of
certain useful properties of an obtained Green’s kernel. The key step lies in converting
the problem at hand into an equivalent integral equation whose kernel is a Green’s
function before using certain of its useful properties together with the Ascoli-Arzela
theorem to pave the way for the application of the aforementioned fixed point theorem.

Finally, the conclusion is drawn to end this manuscript.
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Primary concepts

Contents
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In this chapter, we would like to introduce some notations, definitions and prelimi-

nary results that are used in the remainder of the thesis.



Chapter 1. Primary concepts

1.1 Green’s functions

Green’s functions are named after the British mathematician George Green, who first
developed the concept in the 1820s. The Green’s function are not special functions
such as Bessel functions, Weber function, Airy function...etc. but Green’s functions
technique is a method that can be used to solve nonhomogeneous linear differential
equations of the form Ly (t) = f (t) with specified initial conditions or boundary con-
ditions or to convert them into integral equations where the Green’s function is referred

to as the kernel of the integral operator L.

1.1.1 Green’s functions for a non homogeneous linear differ-

ential equations

Consider the following n — th order differential equation:
ap () y™ (8) + a1 (1) y" V() + o+ an Wy () = (1), V€ [e,d), (1.1

where ag, ay, ..., a,, f are continuous functions on [c, d|, ag () # 0 on [c, d] with the

following boundary conditions:

,
a1y (¢) + atVy (¢) + .. + "y (¢) + By (d) + ... + By (d)

ay () + oy (€) + o+ a8y (0) + oy (d) + ... + Yy (d)

0
0

The homogeneous equation of (1.1)) is
ap (1) y" (1) +ar () y" () + ... +a, )y (t) =0, Vt € [e,d]. (1.3)

We suppose that the rank of the below array A is n:

o ozgl) e B (1n_1)
A_|® o B, .. BeTY
a, o) . g, .. pb




Chapter 1. Primary concepts

Theorem 1.1 [19/

a Suppose that ag (t) # 0. If the homogeneous equation of ([1.1)) with the boundary
conditions (|1.2]) has only the trivial solution, then the Green’s function G(t,s)

for this boundary value problem exists and it is unique.

b Suppose that the aforementioned conditions are satisfied, then the nonhomogeneous

equation (1.1)) admits a unique solution given by the following integral expression:

d
y(t) = / G (t,s) f (s)ds. (1.4)

1.1.2 Finding Green functions

We will solve Ly (t) = f (t), a differential equation with homogeneous boundary condi-
tions, by finding an inverse operator L™, so that y (t) = L™ (f (¢)) = [ G (t,s) f (s) ds.
Assume that the homogeneous equation of with the boundary conditions
has only the trivial solution y (¢) = 0 which ensures the existence of a unique Green’s
function G(t, s). The problem now is how to construct G (¢, s). Actually there are four

necessary ingredients.

Definition 1.1 [15] We called the Green’s function of equation with the bound-
ary conditions , the function G (¢, s) that can be quickly constructed via the fol-
lowing properties:

1— G (t, s) satisfies the homogeneous differential equation for any ¢ # s.

2— For all fixed s in |c, d[, the function G (¢, s) satisfies the boundary conditions of the
problem.

3— The Green’s function G (t, s) must be continuous.

1
4— For all fixed s in ¢, d[, aa—cj (st,s) — %—f (s7,s) = o () (jump in derivative or
: . o oG
jump discontinuity of — at t = s).

ot

1.2 Bounded, closed and compact subsets in a normed
vector space

Let (X, ]|.]|x) be a normed vector space over F.

8



Chapter 1. Primary concepts

Definition 1.2 [22] A subset M of X is said to be bounded if there exists C' > 0 such
that
|zl < C,Vo e M.

Theorem 1.2 [22] A set Ml C X is closed if and only if, whenever (x,,),, oy i @ sSequence

in M which converges to an element x € X, then x € M.

Definition 1.3 [22] A set Ml C X is called compact if every sequence in M has a

subsequence that converges to a point in M.

Definition 1.4 [22] The closure of a set M C X (denoted by M) is the smallest closed

set that contains M.

Definition 1.5 [22] A set M C X is called relatively compact if its closure M is

compact.

Corollary 1.1 [22] A set M C X is relatively compact if and only if every sequence in

M has a subsequence that converges to a point in X.

1.3 Continuous, Lipschitz continuous and compact
operators
Let (X, ].]l¢) and (Y, ||.||y) be two normed vector spaces over the same field F.

Definition 1.6 [6] An operator § : X — Y is said to be continuous at a point zy € X
if

lim Sx = Suxy.

r—x0

The continuity at zy € X could be characterized as follows:
Ve > 0,30 >0,V € X, (||lz — zollx < 0) = (||Sz — Sxolly <€) -

If § is continuous at every point of X, then § is said to be continuous on X. The

continuity on X could be characterized as follows:

Ve >0,Vr € X,30 > 0,Vy € X, ([|[x —yllx <) = ([|Sz - Sylly <e).




Chapter 1. Primary concepts

Definition 1.7 [23] A map S : X — Y is called Lipschitz continuous if there is a

positive constant C' such that
Va,y € X: 1Sz — Sylly < Clla — ylly
If C €10,1], S is called a contraction mapping,.
Remark 1.1 If S : X — Y then
S is a contraction implies that S is Lipschitz continuous and hence S is continuous.

Theorem 1.3 [22] A continuous function on a closed bounded interval is bounded and

attains its bounds.

Remark 1.2 The above theorem is hidden in the proof of many theorems and lemmas
in the rest of this work where we integrate a continuous function over a compact

interval.

Definition 1.8 A map § : X — Y is said to be compact if and only if S maps

bounded sets into relatively compact sets, i.e.,
[S compact] <= |VM C E, (M bounded) = (S (M) Compactﬂ :

Equivalently, S is compact if and only if for every bounded sequence (z,,), oy in X, the

uen T nvergent su uence in Y.
sequence (S has a convergent subsequence in Y

neN

Remark 1.3 A map § : X — Y is said to be completely continuous if and only if S

is continuous and compact.

1.3.1 Arzela-Ascoli theorem

Let X be a compact subset of a normed vector space over F and let C (X) be the normed

vector space of real valued continuous functions on X with the sup-norm

1flloe = sup [ f ()]
rzeX

Let F be a collection of functions in C (X).

10



Chapter 1. Primary concepts

Definition 1.9 [2] The collection F is said to be equicontinuous if for every ¢ > 0

there exists § > 0 so that for all f € F and z,y € X with ||z —y||x < § we have
[f (x) = f(y)] <&, e,

Ve>0, Vo €X,30 >0, Vy eX/[[lz —yllx <] = [Vf e F, |f(z) - fly)| <e]

Definition 1.10 [2] The collection F is said to be uniformly bounded if there is an
M > 0 so that || ||, = sup,ex |f (z)] < M for all f € F,ie.,

M =0 |fll., = suplf (1)) < M, Vf € F.
rzeX

Theorem 1.4 [2] If F is a collection of uniformly bounded and equicontinuous func-

tions in C (X), then F is relatively compact in C (X).

1.4 Fixed point theorems in cones

In the following, we list some results for ready reference. To be more precise, we
introduce the concepts of an ordered cone and a concave function as well as three
fixed point theorem in cones that will be used to show the existence of at least one
and at least three positive periodic solutions of the studied delay functional differential

equations.

Cones

Definition 1.11 [20] Let X be a real Banach space. A closed convex and nonempty
set K C X is called a (positive) cone if the following conditions are satisfied:

(1) If x € K, then Az € K for A > 0.

(17) If x € K and —z € K, then z = Ox.

Remark 1.4 The condition (7) in the definition (1.11]) implies that 0x € K.
Definition 1.12 A nonempty subset K of a real Banach space X is called a cone if

x € K and A > 0 implies that \z € K.

11



Chapter 1. Primary concepts

Definition 1.13 [20] Let K be a cone on the Banach space X. Then, we define on X

a partial order relation < by
Ve,yeX:rx<y<=y—xck
Definition 1.14 A Banach space X is called ordered if it contains a cone K.

Definition 1.15 [20] A continuous map 9 : K — [0, 00) is said to be a continuous

concave positive functional on K if

Gz + (1= py) = mila) + (L= p)(y), for p € [0,1] and 2,y € K.

(o]

Example 1.1 Let ¢ : K — [0, 00) and z € K ( K is the interior of K). if
¥ () = max {y : a0 < o}
then 1) is a concave positive functional on K.
Consider the following subsets:
K(i,b,¢) ={x € K, ¥(x) > b, ||z]| < ¢}, b,c €]0,+00],

where 9 is a continuous concave positive functional on the cone K. Also, for 0 < a <

400, we define a set K, as follows:
Ky, ={rzeK:|z] <a},if 0 <a < +oo and K, =K.

Therefore

K,={r€K:|z| <a},if0<c<+oo and K, =K.

1.4.1 Fixed point theorem in cones

Lemma 1.1 [7] Let X = (X, ||.||) be a Banach space, let K be a cone in X, and let
and ry be constant such that 0 < ry < ry. Suppose that ¢ : Q,, NK — K, where

Q, ={z:z X, |z] <re},

1s a completely continuous operator satisfying the following conditions:

(1) x# Xz forz € KNQ,, and X € [0,1].

(2) there exists ¢ € K\ {0} such that © # ¢z + mp for x €e KN O, andn > 0.
Then ¢ has a fized point in KN {x € X:ry < ||z| < ra}.

12



Chapter 1. Primary concepts

Lemma 1.2 [7j] The operator ¢ has a fixed point in KN {x € X :r < ||z| < ra} if
conditions (1) and (2) in Lemma[1.1] are replaced by the following conditions:

(1) x # Mgz for x € KNQ,, and X € [0,1].

(2) there exists v € K\ {0} such that © # ¢z + mp for x € KN OQ,, andn > 0.

1.4.2 Leggett- Williams fixed point theorem

Theorem 1.5 (Leggett- Williams) [17] Let (X, |.||) be a Banach space and K C X be
a cone, and ¢4 > 0 be a constant. Suppose there exists a continuous concave nonnegative
function 1 on K with ¢(x) < ||z for x € K., and let A : K., — K., be a continuous
compact map. Assume that there are numbers ¢y, co and c3 with 0 < ¢; < cg < 3 < ¢4
such that

(1) {z € K¢, ca,c3) : Y(x) > o} # ¢ and Y(Ax) > ¢y for all x € K(¢, ca, c3);

(2) |Az|| < e for all z € K,,;

(3) Y(Ax) > co for all x € K(2, o, cq) with ||Az| > cs.

Then A has at least three fived points x1, x5 and xs in K.,. Furthermore, we have

11 €Ky, 72 € {1 € K(¢, 02, ¢4) : ¢p(2) > 2} and x5 € K., \ {K(¥, 2, ca) UKL, } .

13



CHAPTER 2

Positive periodic solutions for a first order differential

equation with delays depending on time and state

Contents

2.1 Conversion of the delay differential equation (2.1) into an |

| integral equation| . . . . . ... ... 0000000 17

(2.2  Existence of positive periodic solutions| . . .. .. .. ... 20

In this chapter, we are interested in investigating two classes of first order differen-
tial equations with time and state-dependent delays by means of two fixed point

theorems in cones.
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Chapter 2. Positive periodic solutions for a first order differential equation with delays
depending on time and state

In this chapter, we study the following two time and state-dependent delay differ-

ential equations:

P () =—ata(®)zt)+ftat—T1itxd), . .alt—1m(tr?), (21)
and

P () =atx®)zt)— ftalt—1(ta®), alt—T1n(tz®)), (22)
where 7;,a € C (R x R*|R*), f € C (R x [R*]™,R*),

F+T a1, @) = f (£, 21, 2m) and 7 (t+T,7) = 7, (, 2) ,
for any z € R*, t € R, R* = [0,00), i =1,2,...,m, and T > 0 is a constant and also
a(t+T,2)=a(t,x), a(t) <a(t,z)<as(t),

for any (t,z) € R x R, where a;, ay are nonnegative T'—periodic continuous functions
T

on R and / ay (s)ds > 0.
0

Remark 2.1 In what follows, we only discuss the existence of positive periodic solu-

tions of equation ([2.1]), though similar results can be obtained for equation ([2.2)).

For the sake of simplicity, we will adopt the following notations:

/a1(9)d0 /az(é)de
M, = inf e/t My = sup e/t

Y

0<t<s<T 0<t<s<T
T T
a1(0)do / az(0)do M (K — 1)
K — /0\ K - 0 = ;
1 € y 2 € , O MQ(KQ — 1) 9
K1
TT R -1

Throughout this chapter, we impose the following hypotheses which will be used in

the sequel:
(Hy) For
|u| = max {uy, ..., un},
we have
. . f (ta Uy, 9 Um)
l f > ,
o \u\u_1>0+ |ul Ve (1)
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and
£ U1, ey U
lim inf ftu, oy )>'ya1(t),
|u|—+o0 |U’
uniformly for ¢ € R.
(Ha)
URTIV T t
lim sup f ) < a2 ( ),
|u|—0+ |ul Y
and
TR TIRRT t
lim sup [, u )< a2<)»

uniformly for ¢ € R.

(Hj3) there exists a number p > 0 such that the inequality op < |u| < p yields

f(t>u17 7um> < a2 (t)

Y

=13

for t € [0,77].
(H,) there exists a p > 0 such that the inequality op < |u| < p yields

[t um) > ay (8) py,
for t € [0,77].
Remark 2.2 It is evident that
o€ (0,1 and v > 1.

Let
X={az(@t) eC(RRR):x(t+T)==x(t), t € R},

endowed with the norm

= t)|.
(Ea Jnax, |z (t)]

Then (X, ||-||) is a Banach space. We also define a cone ¥ in X by

Y={r:zeX z(t) >0olz|}.
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2.1 Conversion of the delay differential equation
(2.1) into an integral equation
The next lemma shows the equivalence between equation (2.1)) and an integral equation.

Lemma 2.1 z € C'(R,R) N X is a T-periodic solution of equation (2.1)) if and only

if v € X is a T-periodic solution of the following integral equation:

z(t) = /t G(t,s)f(s,x(s—71(5,2(5))),...,x(s — Tim(s,2(5)))) ds, (2.3)

exp ([ a (0,2 (0))do) '
exp (fOTa (0,2 (0)) d@) -1

Proof. Let z € C' (R,R) N X be a solution of equation (2.1)). By multiplying the two

G(t,s) = (2.4)

t
/ a(0,z(0))ds
members of (2.1 by e/o and integrating from ¢ to ¢ + 7" we obtain

t t
/a(@,m(é‘))dﬁ d /a(@,m(@))d@
(@' (t) +a(t,z (1) z (1)) e/o = |z @)elo

a(0,x(0))do

=(ft,x(t—T1(t,x(t)),...,x(t — T (£, (1))))) 6/0

So

!/

t+T / a(0,z(0))do
/ x(s)elo ds

t

=T a(0,2(0))do
:/t (f(s,x(s—71(t,x(5))), .,z (s —Tm (S,x(s)))))e/o ds.

From the periodicity properties we get

t+T t t t+T
/ a(6,2(0))do / a(0,z(0))do / a(0,z(0))do / a(6,z(0))do
z(t+T)elo —x(t)elo =z (t)elo et -1

s a(0,2(0))d6
:/t (f(s,x(s—71(t,x(5))), 0,z (s —Tm (s,x(s)))))e/o ds .

17
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This gives

z (t) :/t (f (s, (s =71 (L, () s o2 (5 = T (5,2 (5)))))

s t
/ a(0,z(6))do —/ a(6,z(0))do
eJ0 e J0

X ds.

t+T
/ a(0,x(0))do
e/t -1

/tHTa (0,2(0)) do = /tTa (9,x(9))d6+/t+Ta (0,2(0))db.

T

We have

If we use the change of variable v = 6 — T we get
t+T t
/ 0 (0,2 (0)d0 — /a(v—i—T,a:(v—i—T))dv
Ot t
= / a(v,z (v))dv = / a(0,z(0))do.
0 0

N

So

t+T T t T
/ a(é,x(@))d@—/ a(@,x(@))d@—f—/a(@,x(@))d@—/ a(6,x(0))do.
t t 0 0
Since
4T T
/ a(0,z(6))do / a(8,z(0))do
eJt = eJ0

x(t) = /t f(s,x(s—11(t, (), sz (s— Ty (s,2(5))))

/ a(0,z(0))do
et

/ a(0,z(0))do
e’ 0 -1

= /t G(t,s)f(s,x(s—71(t,x(8))), .., x (s — T (s,2(5)))) ds.

Conversely, let z € X be a solution of the integral equation (2.3)). The derivation of

, (2.5)

then

the integral equation gives
Z@t) = f+T,2t+T—71(t,x(t+T))),.,z(s—Tm (s,2(t+T))))
xG(t,t+1T)
-Gt ft,x(t—T1(t,x (), ...,z (s —Tm (5,2 (t))))

_|_/t %G (t,s) f(s,x(s—T11(t,x(9))), .,z (s —Tm (5,2 (5)))) ds.

18
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From the periodicity properties we get
¥t = (G, t+T)—G(t1t))
Xf(t,x(t—T11(t,z(t),....z(s—Tm(s,z(t))))

t+T

+ f(s,x(s—71(t,2(8)), .2 (s—Tm (s,2(5)))) %G (t,s)ds.

t

Since
G(t,t+T)—G(t1)
ex p< =T (0, a;(e))de) exp ( ffa(e,x(e))de)
_exp(fo 7 (0))do) — 1 exp(fOTa(G,x(Q))d9>—1
e (fo (0,2 (8))do) |
~exp (f) (0.2 (6)) o) —1 _eXp(f a (0,2 (6)) db) — 1
:exp(foTa z(0)d9) —1 B
exp (fOTa z(0)) 9) ’
and
d d exp ([ a(0,x(0))do
a® = g (pfo(Tf; <efa: (9(»);9) .
exp ([*a (0, (9)) db)
= —a(t,z(t)) oxp (fOTa(Q,x(G))d9> ~
— —a(t,z ()G (t3).
then

Z@t)=f (t,a:t(}:T— T (tx (1)), ..,z (s —Tm (5,2 (t))))
—a (t,x (t)) /t G(t,s) f(s,x(s—T11(t,x(8))), 0y x (s —Tm (s,2(5))))ds.

From the integral equation ([2.3) we obtain
Zt)=—alt,x(t)x(t)+ ft,x(t—711(t2{), . x(t —Tm(tx(1)))).

Thus we complete the proof. m

Now, in view of Lemma ([2.1)) we define an operator S on X as follows:

(Sx) (t) = /t G(t,s)f(s,x(s—71(5,2(9))),..,x(s—Tm(s,2(5))))ds,

for all z € X and t € R.
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Remark 2.3 We have

(Sz)(t+T)
= /t Gt+T,s)f(s,x(s—71(s,2(5))), .,z (s—Tm (s,2(5))))ds

+T

— /t + G(t,s) f(s,x(s—71(5,2(5)),..c,x (s —Tm (s,2(5))))ds
=(Sz)(t) fort e R, z € X.

Hence S : X — X and z is a periodic solution of equation (2.1)) if and only if z is a
fixed point of the operator S in X.

Lemma 2.2 Operator S maps % into itself.

Proof. For any r € ¥, t € R, s € [t,t + T, we have

/al(e)db? /a2(9)d9
M, eJst eJst < My

<
Ky—1— /T -
az(0)do
eJ0 —1

Hence, for any x € X, we have

IS0 < g [ F (s = (s () (5= o (5 () s,
and
(Sx)(t) > KM—11/0 f(s,2(s—71(5,2(8))),., (s —Tm (s,2(5)))) ds
> e 1sel = alsal.

Therefore Sz € ¥ for any € X. This completes the proof. m

2.2 Existence of positive periodic solutions

Lemma 2.3 Let ) be an arbitrary open bounded set in ¥. S : QN — X is completely

continuous.

Proof.
Step 1: We first show that S is continuous. Let {2 be an arbitrary open bounded set

in ¥. There exists a number M > 0 such that ||z|| < M for any = € Q.
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f(t,uq, ..., uy,) is uniformly continuous on [0, 7] x [0, M]™ due to the continuity of
f (t,uy, ..., uy) and periodicity of f respect to t. Therefore for any € > 0, there exists
0 > 0 such that

If (tun, oy tt) — f (G 01, 0m)| <€,
for any t € R and u;,v; € [0, M] such that |u; —v;| < 9,7 =1,2,...,m.

Choose an arbitrary points zo € ). Since xq (¢) is continuous and periodic on R,
we have that zg (f) is uniformly continuous. Then there exists d; > 0 (choose §; < §)
such that

|xo (t1) — o (t2)| < g (2.6)

for any ti,ts € R with ’tl — tg‘ < (51.
With a similar deduction we have that 7; (t,y), ¢ = 1,2, ..., m, are uniformly contin-
uous on [0, 7] x [0, M] due to the continuity respect to ¢. Hence there exists a number

)
0y >0 ( choose 95 < 51) such that
|73 (t,ur) — 7 (t,ug)| < 0y, (2.7)

for t € R and U, Ug € [O,M] with "Lbl — ’UQ‘ < (52,i = 1,2, ey T
Hence in view of (2.7) we have

|73 (t, 20 () — i (t,y ()] <6y forteR, i=1,2,...,m, (2.8)

for ||xzg — y|| < d2 and y € .

It follows from (2.6)) — (2.8) that

|20 (t —Ti(tzo (1) —y (t—7i(t,y (1))
<|wo (t =71 (t, 20 (1)) — w0 (t — 7i (£, ¥ (1)))]
+lro (t =71 (t,y (1) =yt —7i(t,y (1))

) 6 09

< —4+h<-+—=<96, 1=1,2,....m.
_4+2 4+2 , 1 y2,...,Mm

for t € R, ||zg — y|| < d2 and y € Q. Therefore, for any y € Q, if ||zg — y|| < J2 then

1F (t 20 (8 =71 (8,20 (£))) s o (8 = T (1,20 (1))

—f(t,xo(t—71(t, 20 (), ey o (t — T (E, 20 (D) <,
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for any t € R.

Hence, if t € R, y € Q and ||zg — y|| < 2, we have

|(Sxoz+(§) — (Sy) (1)
/t G(t,s) f(s,x0(s—71(5,20(5))), ..,z (s—Tm (s,20(5))))

—f(s;y(s=71(5,9(5), -y (s — T (5,4 (5)))))ds]|
< MT €
B Kl —1 )

Therefore,

i.e., the operator S is continuous at zo. Thus S is continuous in  due to the arbitrari-
ness of x, in €.

Step 02: Next we show that {Sw rT € ﬁ} is a family of uniformly bounded and
equicontinuous functions on [0,7). Since f (¢,u1, ..., Uy, ) is bounded on R x [0, M]™,

there exists a number Mz > 0 such that
I f (t ury .y um)|| < Ms for t € Ryu; € [0, M],i=1,2,..m. (2.9)

For any z € €, we have ||z|| < M and

dt

t+T
|(Sz) ()] = /t G(t,s)f(s,x(s—71(5,2(5))),.,x(s—Tm(s,2(5))))ds
M,
< T TM;forteR
Hence
1Sz < Kiwj T M. (2.10)
Finally, for any ¢ € R, we have
TEDW 1,0 (0) (52 (1) 4 £ 1 (6= 71 (2 (1) (0~ 7 (1))
(2.11)
In view of — , we obtain that
‘d (5@_@‘ < TMs e, (2.12)

-2 K -1
where

a; = max jaz ()]
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Since M;, M, are independent of x, we obtain that {Tx tx € ﬁ} is a family of uniformly
bounded and equicontinuous functions on [0,7]. By theorem of Ascoli-Arzela,the op-

erator S is completely continuous. This proves the lemma. m

Theorem 2.1 Assume that hypotheses (Hy), (Hy) and (Hs) are true . Then equation
(2.1) has at least two positive T-periodic solutions xy, x5 such that

0 <[laall <p <22l

Proof. According to the first inequality of (H;), i.e.,

lim inf f ity s tm)
|u]—0+ |U|

> yai (t)

uniformly for t € R, we can find a sufficiently small number ¢ > 0 and a number r;
with

O<r<p

such that
f(tur, o um) > var (£) (14 ¢€) |u| for 0 < |u| <ry, t€]0,7T]. (2.13)
Hence for x € ¥ and ||z|| = 71, we have
r >z (t) > o||x|| =or > 0.
Put ¢ = 1. We now prove that
x # Sx+ny for x € XN OQ,, and n > 0, (2.14)

where

Q. ={xeX:|z] <r}.
If not, then there exists o € ¥ N 9N,, and 7, > 0 such that
xo = Sz + 1}- (2.15)
Let

= i t
O i
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then a > 0. So, for t € R, from (2.13) — (2.15)) , we have

o (t) = (Sxo) () +ng

t+T

= G(t,s) f(s,xo(s—71(8,20(5))), .,z (s —Tm (s,20(5))))ds + 1,

/ G (t,s)ar (s)(1 —l—e)’ymax |zo (s — 73 (8,2 (s)))] ds

/ (6)do
(1+¢) cw/ ar (s)ds
g

(0,20(0))d

/ a1(0)do
e’0 —1

> (1+¢)ay 7
a2(0)do
es0 —1

=(1+¢a
which yields
> (14+¢)

It is a contradiction, therefore (2.14)) is valid.

Next, by using the inequality in (H3) we prove that

x # \Sz for any z € ¥N0Q,, X € [0,1] (2.16)
where
Q, = {z € X |lal| < p} .

If not, then there exist 2o € K N 052, and Ay € [0, 1] such that
Ty — )\05.770. (217)

Clearly, A\g # 0. If not, we would have xy = 0, which contradicts that
g € XN INp. Thus [|zg]] = p and op < x4 (t) < p for t € R. By condition (Hj), we

have

£t a0 (t—T1 (£:20))), ooy 0 (t — T (£,20 (1)) < 2 Sf“’ for t € R. (2.18)
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Then from (2.17) and (2.18)), for t € R, we have

zo (t) = Ao (Szo) (1)

t+T

= X G(t,s) f(s,xo(s—71(8,20(5))), .,z (s —Tm (s,20(5))))ds

t
s
/ df

o . . T . a2(0)
< G (t,s)as(s) ;ds < 5 = as (s) ds.
¢ ! / a1(0)do
eJ0 -1

/ag(@)d@
p et p

- 4 =_7=p
ol /T ot
a1(0)do
es0 -1

which yields ||zo|| = p < p. we arrive at a contradiction. Therefore (2.16) is valid.
In view of (2.14) , (2.16) and Lemma [1.2] we have that S has a fixed point

rreXn{x|rm <|z| <p},
and
x1 (t) > ory > 0.

Therefore ;1 (1) is a periodic positive solution of equation ({2.1)).

By the second inequality in (Hy), i.e.,

lim inf v, i)

> yap (1),
|u|——+o00 |ul vaa (#)

uniformly for ¢ € R, we can find a sufficiently small number € > 0 and a number 7, > p
such that
f(tun, e um) > ay (t) (L4 €) Jul (2.19)

for |u| > rs.
Set ¢ = 1. we show that
x # Sx 4+, (2.20)

for z € ¥ N 09, and n > 0, where

Q, ={zeX:|z|| <r}.
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If not, then there exist o € £ N J€2,, and 1, > 0 such that

o = PTo + Noth. (2.21)
Let

B = Jnin, 7o (1),

then 5 > 0. So, for t € R, from (2.19) and (2.21)), we have

o <t)t:T (So) () + o
= /t G(t,s) f(s,xo(s—71(5,20(5))), .,z (s —Tm (s,20(5))))ds + 1y

/ a1(0)do
/ / as (0)d9

(1+6)6——(1—|—e ) 3.

(1+¢)By ay (s)ds

Hence 5 > (1 + €) 5, which yields a contradiction. Thus ([2.20) is valid.
In view of (2.16)), (2.20) and Lemma [1.1], we obtain that S has a fixed point

zo € XN{z:p < |zl <r2}

and

zy (t) > op > 0.

Thus, xs (t) is a positive T'—periodic solution of equation ({2.1)). Therefore equation
(2.1) has at least tow positive periodic solutions. The proof is completed. =

Corollary 2.1 The conclusion of Theorem[2.1], remains valid if conditions (Hy), (Hs)

are true and (Hy) is replaced by the following conditions:

(H7)
t ey Uy
lim min fltw, o u >:+oo,
lu|—0+ te[0,T] |ul
and
TR T
lim min b, ):+oo,
|u|—+o00 tE€[0,T] |u

uniformly for t € R.
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Theorem 2.2 Suppose that conditions (Hy), (Hz) and (Hy) are satisfied. Then equa-

tion (2.1)) has at least two periodic positive solutions x1 and x4 such that
0 <[lza] <p < [lzall-

Proof. By the first inequality in (H3), that is

t t
lim Sup f( ,y U1, 7um) < aQ( )
|u]—07+ |U’| Y

)

uniformly for ¢ € R, we can obtain a sufficient small number € > 0 and number r; with

0 < ry < p such that

ftug, . un) < (1—c¢)|ul, (2.22)

for |u| < ry, t € [0,7]. Hence, ry > z (t) > ory for x € ¥ N OS2, where
Q. ={xeX:|z] <r}.

Next we show that
xr # \Sz, (2.23)

for z € XN 9Q,,, and X € [0,1].
If not, there exist g € ¥ N 9IN,, and A\g € [0, 1] such that

Ty = )\Osl'g. (224)

Clearly, Ag # 0. If not, we would have zy = 0, which contradicts that zo € X N 9€Q,,.
Let

= t
= g 0,

then a > 0. Since o1y < x¢ (t) < 11, then for ¢ € R, from (2.22)) and (2.24)), we have

2o (t) = Xo(Smo) ()

t+T

= N t G(t,s)f(s,x(s—71(5,2(5))),.,x(s—Tm (s,2(5))))

- [Ma (t5) 22)

t

1 — t+T [5 az(6)d6
Y t elo a1(0)dd _ 1
g

= a(l—e);:a(l—e).

(1 —€) max |zo (s —7i (s, 20 (5)))] ds
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So we obtain a < « (1 — €), which is a contradiction. Therefore (2.23) is valid.
By utilizing the inequality in (Hy), we now prove that

x # Sz + Y, (2.25)
for x € ¥ N 0Q, and n > 0, where
Q= {z e X: ol <p} .

Set ¢ = 1. If (2.25)) is not satisfied then there would exist zy € K N 02, and n, > 0
such that
xo = Sxo + N. (2.26)

Since g € X N 0Q,, then ||z||, =p, p > o (t) > 0 ||xo|| = op. By (Hy), for t € R, we
have

f (ta Lo (t —T1 (tv o (t))> IRREPRY (t —Tm (t7 o (t)))) > ay (t) py. (227)
Therefore, for ¢ € [0,T), from (2.26) and (2.27), we have

T (1) = (SEUOT(??)) + 1o
> /t G(t,s) f(s,xo(s—71(8,20(5))), .,z (s —Tm (s,20(5))))ds

t+T T [ ar(0)do eJo a(0)d0 _ |
> / G (t,s)ar (t) pyds = m/ ey (5)ds = py—F————
t t _

oo a2(0)d0 _
Thus we obtain p > p, which is a contradiction. Therefore (2.25)) is valid.
In view of (2.23)), (2.25) and Lemma[L.1] we obtain that S has fixed point z; €

such that ry < ||z1]] < p and x; (t) > ory > 0. Thus z; is a periodic positive solution

of equation (|2.1)).

ftug, .y um) _ as (t)

|ul gl
uniformly for ¢ € R, we can find a sufficiently small number € > 0 and a number r, > p

Secondly, the second inequality (Hs), i.e., limsup,_ o

such that

ftur,.uy) < (1 —e€)lul, (2.28)

for |u| > ry, t € R.

Set 3 = ro/o. Hence x (t) > o ||z|| = ory for any x € K N 09,,, where

Q, ={xe X :|z|| <rs}.

28



Chapter 2. Positive periodic solutions for a first order differential equation with delays
depending on time and state

We now show that
x # \Sx, (2.29)

for x € XN 9Q,,, and A € [0,1].
If not, there exist xy € ¥ N 0,, and Ay € [0, 1] such that

Ty = )\051’0. (230)

Evidently, A\g # 0. If not, then zy = 0, which contracts that =y € ¥ N 0€,,. Thus for ¢
€ R, from (2.28) and ([2.30]), we have

To (t) = )\0 (Sfojz (t)
= )\O/t G(t,s) f(s,xo(s—71(8,20(8))), -,z (s—Tm (8,20(8)))) ds

1—¢ t+T efts az(0)do
< ( )7”3/ T g 122 (s) ds
g t elo a1(0)d0 _ 1

(1—-¢

= yrs = (1 —€)rs.
~

Therefore we have r3 < (1 — €) 3, which is contradiction. Thus (2.29) is valid
In view of (2.25), (2.29) and Lemma [1.2] we have that the operator S has fixed
point
o eXN{xe X :p<|x| <rs},
and x5 (t) > ors > 0. Therefore x5 is a positive T'—periodic solution of equation ([2.1) .

Corollary 2.2 Theorem (2.2)) is valid if conditions (Hy) and (Hy) are true and (H3)
replaced by the following condition:

(H3)
t veny Uiy
lim max ft ) =0,
lu|—0+ t€[0,T) |ul
and
£ULy e Uy
lim max fltw, o u ):O.
|u|—+o00 t€[0,T] |ul
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Positive periodic solutions for a first order differential

equation with a parameter and delays depending on time and
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state-dependent delays via the Leggett- Williams fized point theorem.
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Chapter 3. Positive periodic solutions for a first order differential equation with a
parameter and delays depending on time and state

Consider the following first order differential equations with a parameter and delays

depending on both the time and the state variable:

() =—a(t,z(t)z@t)+Af(t,x(t =71 (2 (), .ozt —Tm (t,z (1)), (3.1)

where A > 0 is a parameter and functions a (¢t,z (t)), f and 7;, i = 1,m are defined as

in the second chapter.

Remark 3.1
1) We wish to point out that method applied in this chapter can also be used to obtain

similar results for state-dependent delay differential equations of the form:

rt)=a(t,x(t)xt) =N (t,x(t —711(t,2{)),..,x(t —Tm (2 (1)))). (3.2)
QD Ifa(t,z)=a(t)g(x(t))and 7; (t,x(t)) =1;(t),i =1,2,....,n, where g € C ([0, ), [0, 00)),
then equations and take the forms

I

w(t)=—at)g@@®)z @)+ (e -7i(), 2 =T2(t), 0z (t = 7w (1)),

and

!

v (t)=a)g(@®)t)=Aft,wt—71(t),z{—72(t), ... 2t = Tm(t)), (34)

respectively.

We consider the same Banach space X as in the previous chapter and a cone A on

the space X given by
1
A:{x:mEX, x(t)ng:cH}

We will use in the sequel the following notations:

t
f% = lim sup max —f( ) ,
jx[—0  0<t<T ag (t) |z|
and
~ t
f" = lim sup max —f( ) ,
el —h  0<t<T a(t) |x|
where
|z| = max {x1,22,...,Tm} -

1<i<m
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parameter and delays depending on time and state

3.1 Conversion of the delay differential equation
(3.1) into an integral equation

It’s not hard to prove the following lemma through which we can transform equation

(3.1) into an equivalent integral equation.

Lemma 3.1 z € C' (R,R) N X is a T-periodic solution of equation (3.1)) if and only

if v € X is a T-periodic solution of the following integral equation:

t+T
x(t) = )\/ G(t,s) f(s,x(s—71(5,2(5))),...,x(s — Tim(s,2(5)))) ds, (3.5)
t
where G(t, s) is the Green’s function that is given by expression .

Now, we will need to construct an operator A, as follows:

4T
(Axz) (t) = /\/ G(t,s)f(s,x(s—71(5,(x(9))),.,x(s—Tm (s,2(5))))) ds,
t
(3.6)
for every € X and t € R. Thereby fixed points of A, are solutions of (3.1]) and vice

versa.
Remark 3.2
1) Ay (t+T) = Az (t).
2) Ay X— X
3) If
Ky
a—Kz_landﬂ—m, (37)
then the Green’s kernel G (¢, s) satisfies the following inequality:
a<G(ts) <p, (3.8)
forevery 0 <t <s<t+T.
4) We have
Ky (Ky—1
KngganM:ﬁ:Mn. (3.9)

Remark 3.3 For any = € X, then A, : A — A. Indeed, we have

MK,
K, -1

I Axz |[<

/0 f(s,z(s—71(5,2(9))), ., x(s—Tm (s,2(5))))ds, (3.10)
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and
(Ayx) (1) > K;\_ 1/0 f(s,x(s—=71(s,2(5))), ., x (s —Tm (5,2 (s))))ds
> s sl = .11

3.2 Existence of positive periodic solutions

Lemma 3.2 Operator Ay : A — A is completely continuous.

Proof. The proof of this lemma is similar to the one of Lemma n

Now, we state and prove the existence theorem.

Theorem 3.1 Let fO < T, f* < T, and assume that there exists a constant c; > 0
such that \
Ky —1

t 3.12
eo1) e (3.12)

forx € A and c3 < |x| < dco. Then equation has at least three positive T -periodic

f(t,l'l,.l’g,...,xm) Z 2TK1 (

solutions for
s .tk
2T Ky —1—  —TKy—1

Proof.
Ay i A, — A.,: Suppose that f* < T. Then there exist 0 < ¢ < T and c3 = dcy > ¢y

such that
[z, @, ) <az(t) (T —€) |zf.

for |z| > ¢35 and t € R.

Set ¢4 = dc3. Clearly
T % |zl for z € ANKL,.
For = € A,,, we have
|Axz|| = )\/tTG (t,s) f(s,x(s—71(5,2(8))), ., x(s—Tm (s,2(5))))ds

< )\(T—e)/t G (t,s)as (s) lrélizgn]x(s—n (s,x(s)))|ds

e BT exp ([ a2 (0) d6) o (8) ds
s AT ) 4/t exp(fOTal(Q)dH)—l 2 () ds
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which implies that

K.
| Axz|| < /\Tc4K2 - <

Since Ay : A — A, then, in addition to the above, it follows that Ay : A., — A,.

{z € A1), ca,¢3) 1 ¥ () > ca} # ¢: Define a nonnegative continuos function ¢ on A by

¥ (@) = min o (1)

Then v (t) < ||z .

Let ¢, (t) = ¢,, where ¢, is any given number satisfying c; < ¢, < c3.Then, ¢, €
{z e A, c,03) 1 ¥ () > 2} # .

W (Azz) > o for x € A (1), ca,¢3): Let © € A (), ca, c3), using we obtain

Y (Ayz) = r_m_n )\/t G(t,z) f(s,x(s—71(5,2(5))),..,x(s—Tm (s,2(5))))ds

v
[\
S
=

[ a1 (0)do) <eXp (fOT as (6) dG) — 1)

v
(]
S
=

Y%
)
~
=
e N

)
Ky — 1>2 " /tt+T — exp ([ a1 (6) df) ay (s) s
)

2 s 1 T exp (fts ay (0) d@) ai ()
C2/\/ e / . ds
t  exp (fo ar (0) d9) t exp (fo as (6) d@) —1
-1\ 1 K -1
KK, —1°

> 2TK, (

Hence, the first condition of the Leggett-Williams fixed point theorem is satisfied.

|Az|| < ¢; for all # € A,, : Now f° < T implies there are ¢; > 0 and ¢; < ¢, such that

flt,z1, 20 xm) < (T —e€1) az (t) |z| for 0 < |z| < ¢.

Since ¢; > ||z|| > z (t) > 1 ||z|| for any 2 € AN A,,, then for any = € A, ,we have

1
5

— e T exp (fts Qo (0):;;) as (s) )
< AMNT —¢) 1/t o (fOT o d@) — d

|Axz|| < )\/t G (t,s) (T —e1)as (s) max |z (s —71;(s,z(s)))|ds
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Thus, we infer that the second condition of Leggett-Williams fixed point theorem is

fulfilled.
W(Az) > ¢ for all © € A(¢, o, ¢q) with ||Az|| > c3: Finally, for any z € A (¢, ca,c4)

and ||A x| > c3, we see that

c3 < || Axz|| < ﬁ)\/t f(s,x(s—71(8,2(9)),..x(s—7Tm(s,2(5))))ds,

and it follows that

W (Ayz) > a/\/t f(s,z(s—71(5,2(8))),..,x(s—Tm (s,2(5))))ds

o C3
> —C3=— = Cy.

I6] 4]
Hence, by Theorem , equation has at least three positive T-periodic solutions.
This completes the proof of the theorem. m
The following theorem follows from the proof of Theorem

Theorem 3.2 Let fO < 1, f* < 1, and assume three exists cy > 0 such that

Ky —1\°
f(t,.fCl,Z'Q, 7$m) Z 2K1 (Kj — 1) aq (t) Co,

forx € A and ¢y < |z| < dcy. Then equation (3.1) has at least three positive T -periodic

solutions for
1K -1 <A< Kl_l.
2K, —1 7~ — Ky—1

Theorem 3.3 Let fO < T, f*° < T, and assume three exists co > 0 such that

Ky —1\°
f(t,.Tl,ZEQ, ,ZL’m) Z gTKl (Kj — 1) aq (t) Co,

forx € A and co < |x| < dcy. Then equation (3.1) has at least three positive T-periodic

solutions for
ol el
BT Ky —1 7~ = Ky—1

Proof. Choose c3 and ¢4 as in the proof of Theorem Proceeding along the lines of
that proof, we can show that A, : A., — A, and condition (2) and (3) of the Theorem
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[L.5 hold.

In order to complete the proof of the theorem, we need to verify condition (1) of

Theorem [L.5] Let ¢ (£) = ¢, where ¢, is any number satisfying c2 < ¢y < c3. Then,

qb(] €{$€A(¢,C2703)3¢(x) >C2}7é¢'

For z € A (v, ca, c3) we have

Y (Axz) = min/ G(t,s) f(s,x(s—T1(s,2(8))) .0y (s — T (s,2(5)))) ds

B Ky—1 1
= A (aKl 1> ” t exp (foT as (0) d9> B e
B -1 exp ([ a1 (0) df) ay (s) )
= AT < 1> t exp ([ ar(6)do) (exp <fOT as (6) d@) — 1) !
> MK, = < ) Texp (Jar(0)db) ai(s) |

exp (fOT as (0) d9> -

\rlB <K2—1> K1—1>C2

v

K, -1 Ky—17

Hence, by Theorem , equation (3.1]) has at least three positive T-periodic solutions,
and this proves the theorem. m

The following theorem follows from the proof of Theorem [3.3

Theorem 3.4 Let f <1, f* < 1,and assume three exists c; > 0 such that

Ky —1\?
ft, o, 2, ., Ty) > EKl (K2 1) ay (t)cy for x € A and ¢y < |x| < dcs.
| —
Then equation (3.1)) has at least three positive T-periodic solutions for
afi—l K-l
bKy—17 = Ky—1
Theorem 3.5 Let fO < T, f* < T, and assume three exists c; > 0 such that
6 T
[t w20, 2,) > T—C2 az (s)ds,
a® " Jo

forz € A and c3 < |z| < dco. Then equation (3.1) has at least three positive T-periodic

solutions for

@ <A< 1

3T fOT as (s)ds - BT fOT as (s)ds

36



Chapter 3. Positive periodic solutions for a first order differential equation with a
parameter and delays depending on time and state

Proof. Let ¢3 and ¢4 be as in the proof of Theorem [3.1I} Following the proof of the
proof of Theorem with small modifications, it can be shown that Ay : A., — A,
and conditions (2) and (3) of Theorem hold. Let ¢, (t) = ¢, where ¢, is any

number satisfying co < ¢, < c¢3. Then

QSO €{$€A(¢’»C2703)3¢($) >02}7£¢'

In order to apply Theorem we only need to show that ¢ (Ayx) > ¢ for all x €
A (¢, ¢a,¢3). Now for x € A (¢, ca,c3),

Y (Ayz) > )\oz/t f(s,z(s—711(5,2(8))),..,x(s—Tm (s,2(5)))) ds

62 T
> )\QETCQ/O as (s)ds
2

Q 154 T
a—Tc/ as (8)ds = cy.
P a7y 2

By Theorem (1.5 equation (3.1]) has at least three positive T-periodic solution. The

proof of the theorem is complete. m

The proof of the following theorem should now be clear.

Theorem 3.6 Let f° <0, f* <1, and
2

T
[tz 2, ., ) > —202/ as (s)ds for x € A and co < |z| < des.
o 0
Then equation (3.1)) has at least three positive T-periodic solutions for
1

— a AL —————.

B* [, az(s)ds B, az(s)ds
Now, we shall apply the previous theorems to delay differential equations with a

parameter of the form ([3.3]). Similar results can be obtained for (3.4)).

We assume that g € C (]0,00),[0,00)) and there are constants 0 < [ < L such that
[ <g(xr) <L forx>0.
Set
T
0 = exp </ a(@)d@) , K1 =0' and K, = o".
0
We have the following relation:

1 ok 6] ol —1 Ky—1 oF—1
@ UL—l’ﬁ ol —1’ a a1 ™ Ki-1 o -1

Applying Theorems to equation (3.3]), we obtain the following results .
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Theorem 3.7 Let fO < LT, ]?OO < LT, and assume there is a constant co > 0 such

that

f(t z, 29, ...,x) > 2Tlo . a(t)es,

ol —

forx € A and ¢y < |z| < dcy. Then equation (3.3) has at least three positive T -periodic

solutions for
1o -1 1ol —1
— <A< — .
2T ol -1~ —Tol -1

Theorem 3.8 Let fo < L, foo < L, and assume there is a constant co > 0 such that

ol —1\?
f(t,$1,$27...,$m) Z 2l0l <0-l _ 1) a(t)027
forxz € A and ¢y < |z| < dcy. hen equation (3.3) has at least three positive T-periodic

solutions for
lot—1 ol —1

Theorem 3.9 Let ]7?0 < LT, foo < LT, and assume there is a constant co > 0 such

that
ol —1

3
f (taxlux% 7$m) Z UlJrLT (O'l 1 > la(t)c27

forx € A and ¢ < |x| < dco. hen equation (3.3) has at least three positive T-periodic

solutions for

1 0’l—1< <lal—1
Tol-lgl -1~ — Tol -1

Theorem 3.10 Let J?O < L, ]700 < L, and assume there is a constant co > 0 such that

ol —1
ol —1

)3 la(t)c,

ft,z1, Ty ) > o TLT (

forx € A and ¢y < |x| < dco. Then equation (3.3) has at least three positive T-periodic

solutions for

1 al—1< <al—1
ULflUL_l—)\— L
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Theorem 3.11 Let fo < LT, foo < LT,and assume there is a constant co > 0 such

that

ol —1

L 1 2 T
f (taxlax% 7xm) > 02[02T (J > L/ &(S)dS,
0

forxz € A and co < |z| < dca Then equation (3.3)) has at least three positive T-periodic

solutions for

(e — 1) o (e
T (el —1)e2L [l a(@)dd ~  ~ TelL [ a(8)ds

Theorem 3.12 Let ]70 < L, f"o < L, and assume there a positive constant co > 0

such that

L _ 1 2 T
f(t,l'l,l'g,...,l'm) Z 02102 (U ) L/ CL(S) dS;
0

ol —1

forxz € A and co < |z| < dcg. Then equation (3.3) has at least three positive T-periodic

solutions for

(€-1)

(¢ = 1)’
S >\ T—.
elL [ a(0)dd

(el —1)e?LL fOT a(0)do
Now we direct our attention to the particular case when a(t) = a is a constant and

g(x) =1 withl = L =1,Then § = 0 = ¢?" and K; = K,. Let

IN

1. f(t;x)
*0 )
1= a Iolﬁllirlf? P ST lz|
Applying Theorems to the equation
T (t) = —az (t) + Mf (t,x (t — 7)), (3.13)

we obtain the following interesting results:

Theorem 3.13 Let f*° < aT, f*° < T, and assume there exists a constant c; > 0
such that

f(t,x) = 2adcT for x € A and co < |z| < dea.

Then equation (3.13) has at least three positive T-periodic solutions for

1 1
— <A< =
2 — = T
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Theorem 3.14 Let f*° < a, f**° < a, and assume there exists a constant c; > 0 such
that
f(t,x) > 2adcy,

forxz € A and ey < |x| < dey. Then equation (3.13)) has at least three positive T -periodic
solutions for

<A< 1.

DN | —

Theorem 3.15 Let f*0 < aT, f**° < aT, and assume there exists a constant cy > 0
such that
f(t,x) > ad’cy,

forx € A and cy < |z| < dcy. Then equation (3.13|) has at least three positive T -periodic

1
luti A==,
solutions for T

In particular, for A = 1, the next theorem follows form Theorem [3.15] .

Theorem 3.16 Let f*° < a, f** < a, and assume there exists a constant co > 0 such
that
f(t,x) > aTé%cy,

forz € A and ¢y < |z| < dco. Then equation (3.13) has at least three positive T -periodic

solutions for A = 1.

Theorem 3.17 Let f*° < aT, f**° < aT, and assume there exists a constant co > 0
such that
f(t,x) > aT?6cs,

forx € A and cy < |z| < dcy. Then equation (3.13|) has at least three positive T -periodic

solutions for
e—1 <y < T 1
e2aT? =~ eadl?’
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Theorem 3.18 Let f*0 < a, f**° < a, and assume there exists a constant c; > 0 such
that
f(t,x) > aTéc,.

forxz € A and ¢y < |x| < dca. Then equation (3.13) has at least three positive T-periodic

solutions for

e—1 e—1
<A< .
e2al — = eadT

41



| General conclusion and perspectives

During the past decades, many researchers paid much attention to functional differ-
ential equations with delays depending on time and state. In the present thesis, we
have studied the existence of multiple positive periodic solutions for two nonlinear first
order differential equations with delays depending on time and state.

After the introduction that has given an overview and some insight into the con-
cept of differential equations with delays depending on state, we have introduced some
definitions, tools and necessary preliminary results that allow us to build a better
understanding of the other chapters. In the second chapter, by means of two fixed
point theorems in cones, we have derived some suitable criteria under which the ex-
istence of two positive periodic solutions for two classes of differential equations with
state-dependent delays was established. While the main task of the third chapter was
employing Leggett-Williams fixed point theorem to prove that other two classes of dif-
ferential equations with a parameter and time and state-dependent delays had at least
three positive periodic solutions.

For tackling these classes of equations, we have employed a hybrid technique that
combines the fixed point theory with the Green functions method where the key steps
were as follows:

() First of all, we have defined an appropriate Banach space and two cones of it to
pave the way for employing the fixed point theorems and also ensure a priori that the
sought results will be more realistic and credible.

(77) Secondly, we have established an equivalence between the studied equations

and integral ones whose kernels are Green’s functions.
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General conclusion and perspectives

(#4i) Thirdly and lastly, from the obtained integral equations, we have constructed
integral operators and where emphasis is placed on the use of some properties of the
obtained kernel along with the fixed point theorems to establish the desired results.

This technique will provide a good reference to deal with other type of functional
differential equations. Let us mention here two of many open questions.

— Do state delay differential equations with other assumptions have a unique solu-
tion?

— Does the unique solution, if it exists, depends on model parameters?
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