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Abstract in English

Fixed point theory has a long history of being used in nonlinear di¤erential

equations, in order to prove existence, uniqueness, or other qualitative prop-

erties of solutions. However, using the �xed point theorem for stability and

periodicity of solutions have a more recent appearance. In this dissertation,

we focus on the study of the quantitative and qualitative properties of a par-

ticular case of state-dependent delayed di¤erential equations, called iterative

di¤erential equations. We start by giving some �xed point theorems. After

we introduce results for delay di¤erential equations and necessary relevant

de�nitions. Finally, we derive some su¢ cient conditions for the existence of

positive periodic solution of the iterative fonctional di¤erential equations, by

using the Krasnoselskii �xed-point theorem in the cone of a Banach space.

Also by using the contraction mapping principle, the uniqueness of the so-

lution is also analyzed. An Example is also given to illustrate the claims

established.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Keywords: Fixed points theorem; Green functions; Krasnoselskii�s theo-

rem; Periodicity; Positivity; Delay di¤erential equations; iterative di¤erential

equation; Integral equation; Variable delays.
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Abstract in French

La théorie du point �xe est utilisée depuis longtemps dans les équations dif-

férentielles non linéaires, a�n de prouver l�existence, l�unicité ou d�autres pro-

priétés qualitatives. Cependant, l�utilisation du théorème du point �xe pour

la stabilité et la périodicité des solutions a une apparition plus récente. Nous

nous concentrons sur l�étude des propriétés quantitatives et qualitatives d�une

càs particulier d�équations di¤érentielles non linéaires à retard dépendantes

du temps et de l�état, appelées équations di¤érentielles itératives. Nous com-

mençons par donner quelques théorèmes de point �xe. Ensuite, nous donnons

des notions préliminaires sur les équations di¤érentielles à retard qui sont

necéssaires par la suite. A la �n, en utilisant le théorème du point �xe de la

théorie du cône nous étudions l�existence des solutions périodiques positives

pour une équation di¤érentielle itérative. De plus nous étudions l�unicité de

la solution periodic par l�application du contraction de Banach. Finalement,

un exemple est également donné pour illustrer l�é¢ cacité des résults établies.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Mots clés: Points �xe; Green function; Theorème de Krasnoselskii; Solu-

tions périodiques positives; Equations à retard; Equations di¤érentielle itéra-

tive; Equation intégrale; Retards.
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Abstract in Arabic ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ 

سنوات لدراسة المعادلات التفاضلية غير  نظرية النقطة الثابتة تستعمل منذ

الخطية، لإثبات الوجود والوحدانية وخواص أخرى نوعية وكمية. لكن استعمالها 

ول الدورية الموجبة للمعادلات ذات لإثبات الاستقرار و الاستقرار المقارب و الحل

التأخر تعتبر حديثة الظهور. في مذكراتنا ركزنا مع الخواص النوعية والكمية 

ذات تأخر. بدأنا ببعض نظريات النقطة الثابتة،  ع المعادلات التفاضليةلبعض أنوا

بعدها أساسيات حول المعادلات التفاضلية المتأخرة وأخيرا وباستعمال نظرية 

وجود فضاء بناخ درسنا من النقطة الثابتة لكراسنوسكي المعرفة على مخروط 

التقليص لبناخ لنقطة ثابتة  على الأقل حل وحيد و حل مضاعف وباستعمال مبدأ

أثبتنا وحدانية الحل الدوري لمعادلات غير خطية تكرارية. في النهاية قدمنا مثال 

  توضيحي يؤكد نجاعة النتائج المدروسة.  
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Introduction

The �xed point theory is at the heart of the nonlinear analysis then that

it provides the necessary tools to have theorems of existence in many

di¤erent non-linear problems. It uses its tools of analysis and topology. Ad-

vancements in �xed point theory enrich many scienti�c �elds such as biology,

chemistry, computer science, economics and game theory. Depending on the

nature of the assumptions involved, we can divide �xed point theory into two

main branches �xed point and metric theory. Or, �xed point and topological

theory, ( see [2], [50] ).

With respect to the metric approach, the most important metric �xed

point result is the Banach �xed point theorem ( also known the contrac-

tion mapping theorem or the contraction mapping principle). It was �rst

stated by Stefan Banach in 1922. This theorem guarantees the existence and

uniqueness of �xed points of certain self maps of a metric space, and provides

a constructive method to �nd those �xed points.

Concerning the topological branch, results are obtained using topologi-

cal properties of the set X. The main result is Schauder �xed point theo-

rem which stated by Schauder in 1930. This theorem is a generalization of

Brower�s �xed point theorem.

1



Introduction

In 1955, Krasnoselskii studied a paper of Schauder on partial di¤erential

equations and formulated the working hypothesis principle: the inversion of a

perturbed di¤erential operator yields the sum of a contraction and a compact

map. Accordingly, he formulated an hybrid theorem known under its name.

The reader is referred to the classical textbook on �xed point [51]. This is a

captivating result and it has a number of interesting applications. The proof

of this result combines the Banach contraction principle and Schauder �xed

point theorem and thus it is a blend of the two branches.

Delay di¤erential equations are a class of di¤erential equations where the

derivatives at the current time depending on the solution at previous times.

Strictly speaking, delay di¤erential equations are a speci�c example of func-

tional di¤erential equations, in which the functional part of the di¤erential

equations is the evaluation of a functional on the past of the process. Math-

ematical modeling involving delay di¤erential equations is widely used for

analysis and predictions in various areas of the life sciences, for example, pop-

ulation dynamics, epidemiology, immunology, physiology, neural networks, (

see for example, [4, 12] ), and the references cited therein. The delays can

represent gestation times, incubation periods, or transport delays. In many

cases time delays can be substantial such as gestation, forestation, defor-

estation and maturation or can represent little lags such as acceleration and

deceleration in physical processes. Due to their importance in numerous

applications have been devoted to the existence of periodic solutions of sev-

eral di¤erent types of delay di¤erential equations. For some speci�c work

concerning the existence of periodic solutions to periodic population models

which were carried out using the �xed point theory, the reader is referred to

see ( [35], [21], [24], [43] ), amongst others, and the references therein.

The state-dependent delay dierential equations fascinate their readers as

2



Introduction

they occur widely in many applications such as classical electrodynamics,

population models, mechanical models, the dynamics of economic systems,

the transmission of infectious diseases, refer to ( [20],[37]; [52]). Iterative

di¤erential equations have distinctive characteristics as a particular type of

state-dependent delay-di¤erential equations.

Now, intensive scienti�c work has been carried out on various dynamical

aspects of iterative di¤erential equations and has been reported. In partic-

ular, a number of existence results are investigated by many authors, ( see,

[58] ; [53]). In this dissertation, we have been interested in the use of �xed

point theory to problem of periodicity and positivity for iterative di¤erential

equations. In this work we present a collection of results to some problems

of iterative di¤erential equations by using �xed point theory.

This dissertation consists of three chapters

Chapter 1 : The �rst chapter is devoted to point out the tools which are

needed in the next chapters. The aim of this chapter is to introduce the basic

concepts, notations, and elementary results which will be used throughout

this work. We recall some classical results from functional analysis such as

the Ascoli-Arzela theorem. The main part of the chapter is dedicated to the

presentation of �xed point theorems, the Schauder�s and Banach �xed point

theorem and that of Krasnoselskii. Moreover, we analyze some examples to

illustrate how to apply these theorems to some speci�c di¤erential equations.

Chaptre 2 : This chapter is devoted to DDEs analysis, we present some

basic preliminaries and we discuss the existence and uniqueness theorem for

the solution and properties of them. The authors provide the appropriate

mathematical tools which will be needed to understand the concepts that

will be developed in this dissertation for the study of the periodicity of delay

di¤erential equations (DDEs). Signi�cant and interesting model of delay

3
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equations emanating from biology is given in the beginning of this chapter.

Chaptre 3 : This chapiter exposes results published in [41]; we will in-

vestigate the existence of positive periodic solutions for iterative di¤erential

equations. In the process we convert the given system into an equivalent

integral equation. Then we construct appropriate mappings and use Kras-

noselskii�s �xed point theorem in a cone of a Banach space to show the

existence of a positive periodic solution of the equation. Easily veri�able

su¢ cient conditions are established. Also, by using the contraction mapping

principle, the uniqueness of the solution are established. In particular, the

results improve some previous ones in the literature. Finally, an example is

presented to illustrate the feasibility and e¤ectiveness of the results.

4



CHAPTER 1

Fixed point Theorems

Contents

1.1 Notation and priliminaries . . . . . . . . . . . . . 7

1.2 Fixed point theorems . . . . . . . . . . . . . . . . 12

This chapter we will mention (and complete) some important theorems

in the theory of the �xed point, as well as some tools of the func-

tional analysis necessary for the rest of this dissertation. In particular, the

Ascoli-Arzela theorem is an element of it is very useful in this work to prove

compactness in function spaces challenged on compact sets and not neces-

sarily compact sets. The theorems of Banach, Schauder and Krasnoselskii

will be presented in this chapter. These elements of the analysis have been

presented. Taken from a few books chosen as ( see [15], [50], [54] ).

6



Chapter 1. Fixed point Theorems

1.1 Notation and priliminaries

This section contains an elementary set of de�nitions, theorems, and ex-

amples which were motivated by the examples in the last section and were

formulated to aid us in deciding which �xed point theorem to use and which

stability properties to prove.

1.1.1 Normed and Banach space

De�nition 1.1 Let X be a nonempty set and d : X �X ! R+ a function.

Then d is called.a metric on X if the following properties hold.

1) d(x; y) = 0 if and only if x = y for some x; y 2 X;

2) d(x; y) = d(y; x) for all x; y 2 X;

3) d(x; y) � d(x; z) + d(z; y) for all x; y; z 2 X.

The value of metric d at (x; y) is called distance between x and y, and

the ordered pair (X; d) is called metric space.

De�nition 1.2 The metric space (X; d) is complete if every Cauchy se-

quence in (X; d) has a limit in that space. Asequence fxng � X is a

Cauchy sequence if for each " > 0 there exists N such that n;m > N imply

d(xn; xm) < ":

De�nition 1.3 A vector space (V ;+; �) is a normed space if for each x; y 2 V

there is a nonnegative real number kxk ; called the norm of x; such that

(i) kxk = 0 if and only if x = 0;

(ii) k�xk = j�j kxk for each � 2 R, and

(iii) kx+ yk � kxk+ kyk :

7



Chapter 1. Fixed point Theorems

Remark 1.1 A normed space is a vector space and it is a metric space with

�(x; y) = kx� yk : But a vector space with a metric is not always a normed

space.

De�nition 1.4 A Banach space is a complete normed space.

We list two examples, ( see Burton, [15] ).

Example 1.1 a) The space C([a; b];Rn) consisting of all continuous function

f : [a; b]! Rn is a vector space over the reals.

b) If kfk = maxa�t�b jf(t)j, where j:j is a norm in Rn, then (C; k:k) is a

Banach space.

Example 1.2 Let X = Rn; n > 1 be a linear space. Then Rn is a normed

space with the following norms:

i) kxk1 =
nX
i=1

jxij for all x = (x1; x2; :::; xn) 2 Rn;

ii) kxkp =
 

nX
i=1

jxijp
! 1

p

for all x = (x1; x2; :::; xn) 2 Rn and p 2 (1;1) ;

iii) kxk1 = max
1�i�n

jxij for all x = (x1; x2; :::; xn) 2 Rn:

De�nition 1.5 A sequence fxng in a normed space X is said to be Cauchy

if lim
m;n!1

kxm � xnk = 0; i:e:; for � > 0; there exists an integer n0 2 N such

that kxm � xnk < � for all m;n � n0:

De�nition 1.6 A normed space (X; k:k) is said to be complete if it is com-

plete as a metric space (X; d), i.e., every Cauchy sequence is convergent in

X.

De�nition 1.7 A complete normed space is called a Banach space.

8



Chapter 1. Fixed point Theorems

Example 1.3 The linear spaceC([a; b]) of continuous functions on the closed

and bounded interval [a; b] is a Banach space with the uniform convergence

norm kfk1 = supt2[a;b] jf(t)j :

De�nition 1.8 Every �nite- dimensional normed space is a Banach space.

De�nition 1.9 A closed subspace of a Banach space is a Banach space.

Proposition 1.1 Let X be a metric space. Then the following are equivalent

i) X is a compact.

ii) Every sequence in X has a convergent subsequence.

iii) X is comlpete and totally bounded.

Proposition 1.2 Let X be a subset of a complete metric space X. Then we

have the following:

a)M is compact if and only ifM is closed and totally bounded.

b)M is compact if and only ifM is totally bounded.

A subset M of a topological space is said to be relatively compact if its

closure is compact, i.e.,M is compact. In particular, we have an interesting

result.

Proposition 1.3 LetM be a closed subset of a complete metric space. Then

M is compact if and only if it is relatively compact.

De�nition 1.10 ( [15] ) Let ffng be a sequence of real valued functions

with fn : [a; b]! R:

a) ffng is uniformly bounded on [a; b] if there exists M > 0 such that

jfn(t)j �M for all n and all t 2 [a; b]:

9



Chapter 1. Fixed point Theorems

b) ffng is equicontinuous if for any � > 0 there exists � > 0 such that

t1; t2 2 [a; b] and jt1 � t2j < � imply

jfn(t1)� fn(t2)j < �

for all n.

The following results gives the main method of proving compactness in

the spaces in which we are interested.

De�nition 1.11 (Ascoli-Arzela, [15] ) If ffn(t)g is a uniformly bounded

and equicontinuous sequence of real functions on an interval [a; b], then there

is a subsequence which converges uniformly on [a; b] to a continuous function.

Remark 1.2 Let k1 and k2 be two strictly positive real numbers. The subset

F of continuous real functions on [a; b], di¤erentiable on ]a; b[ which satisfy

jf (t)j � k1 and sup
c2]a;b[

jf 0 (c)j � k2

for all t 2 [a; b] ,is relatively compact in C([a; b];R).

Indeed, for all f 2 F ; the �nite increment theorem proves that for all

t0; t 2 [a; b] there exists c 2 ]t0; t[ such that

jf (t)� f (t0)j = jf 0 (c)j jt� t0j ;

so jf (t)� f (t0)j � k2 jt� t0j let�s �xe t0 2 [a; b]. Let " > 0 and by taking

� =
"

k2
, we have

8t 2 [a; b] ; jt� t0j � � ) jf (t)� f (t0)j � ":

F is said to be "uniformly bounded" if and only if

8x 2 [a; b] ; ff (x) ; f 2 Fg is bounded,

10



Chapter 1. Fixed point Theorems

which exactly is the equicontinuity of F at t0. As we can take for t0 any point

of [a; b], we deduce that F is equicontinuous. We have t 2 [a; b] ; jf (t)j � k1
for all f 2 F wich implies that kfk1 � k1; so we conclude that

8f 2 F;B0 (0; k1) ;

i,e

F � B0 (0; k1) ;

hence the boundedness of F . Finally, as F is bounded and equicontinuous,

then the Ascoli-Arzela�s theorem ensures that F is relatively compact

But if we manipulate function spaces de�ned on in�nite t-intervals. So,

for compactness we need an extension of the Arzelà-Ascoli theorem. This

extension is taken from ( [15], Theorem 1.2.2 p. 20 ) and is as follows.

Theorem 1.1 ( [15] ) Let R+ = [0;1) and let q : R+ ! R+ be a continu-

ous function such that q(t) ! 0 as t ! 1: If f�k(t)g is an equicontinuous

sequence of Rd-valued functions on R+ with j�k(t)j � q(t) for t 2 R+, then

there is a subsequence that converges uniformly on R+ to a continuous func-

tion �(t) with j�(t)j � q(t) for t 2 R+, where j:j denotes the Euclidean norm

on Rd:

Proof. It is clear that set of functions f�k(t)g is uniformly bounded on

R+: Thus, considering intervals [0; n], n a positive integer, and using a di-

agonalization process there is a subsequence, say f�k(t)g again, converging

uniformly on any compact subset of R+ to some continuous function �(t)

with j�(t)j � q(t) for t 2 R+: Because �(t) ! 0 as t ! 1; it will now

be possible to show that k�k � �k ! 0 as k ! 1; where k:k denotes the

supremum metric on R+: From the de�nition of q(t); for any " > 0 there is

a T > 0 with q(t) < "=2 if t � T; which yields

j�k(t)� �(t)j � 2q(t) < " if k 2 N and t � T; (��)

11



Chapter 1. Fixed point Theorems

where N denote the set of positive integers. On the other hand, since f�k(t)g

converges to �(t) uniformly on [0; T ] as k ! 1; for the " there is a � 2 N

with

j�k(t)� �(t)j < " if k � � and 0 � t � T;

which together with (**), implies that k�k � �k < " if k � �: This shows

that

k�k � �k ! 0 as k !1:

Let us give an example for compact set: ( see Burton, [15] ).

1.2 Fixed point theorems

Depending on the nature of the assumptions involved, we can divide �xed

point theory into two main branches �xed point and metric theory. Or, �xed

point and topological theory.

With respect to the metric approach, the most important metric �xed

point result is the Banach �xed point theorem (also known the contrac-

tion mapping theorem or the contraction mapping principle). It was �rst

stated by Stefan Banach in 1922. This theorem guarantees the existence

and uniqueness of �xed points of certain self maps of a metric space, and

provides a constructive method to �nd those �xed points. Concerning the

topological branch, results are obtained using topological properties of the

set X. The main result is Schauder �xed point theorem which stated by

Schauder in 1930. This theorem is a generalization of Brower�s �xed point

theorem. Although historically the two branches of the �xed point theory

had separate development. In 1958, Krasnoselskii established that the sum

of two operators A+B has a �xed point in a nonempty closed convex subset

M of a Banach space X; where one of them is a contraction and the another

12
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one is compact ( see below ).

1.2.1 Banach �xed point

In 1922, the Polish mathematician Stefan Banach established a remarkable

�xed point theorem, the famous contraction principle, which is one of the

most important results of analysis. It is the most widely applied �xed point

result in di¤erent areas of mathematics and applications. It requires the

structure of a complete metric space with contractive condition on the map

which is easy to test in many situations. It has been generalized in many

di¤erent directions. Moreover, the proof of the Banach contraction principle

gives a sequence of approximate solutions and useful information as regards

the rate of convergence toward the �xed point. This is very important since a

fundamental principle both in mathematics and computer science is iteration.

Particularly, �xed point iterations and monotone iterative techniques are the

core methods when solving a large class of abstract and applied mathematical

problems and play an important role in many algorithms.

Let describe this theorem.

De�nition 1.12 Let f be a mapping in the set M . we call �xed point of f

any point x satisfying f(x) = x: If there exists such x, we say that f has a

�xed point, which is equivalent to saying that the equation f(x)� x = 0 has

a null solution.

Theorem 1.2 ( Contraction Mapping Principle, Smart [50] ). Let (S; �) be

a complete metric space and let P : S ! S. If there is a constant 0 � � < 1

such that for each pair �1; �2 2 S, we have

�(P�1;P�2) � ��(�1; �2);

13
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then there is one and only one point � 2 S with P� = �:

Example 1.4 Let f(t; x) be a continuous real-valued function de�ned for t

in the interval [0; T ], and x in R. The Cauchy initial value problem is the

problem of �nding a continuously di¤erentiable function x on [0; T ] satisfying

the di¤erential equation8<: x0 (t) = f (t; x(t)) ; t 2 [0; T ]

x(0) = �:
(1.1)

Proof. Consider the space C([0; T ]) of continuous real-valued functions with

standard supremum norm and f is L�lipschitzian with respect to x. Inte-

grating both sides of (1.1) we obtain

x(t) = � +

Z t

0

f(s; x; (s))ds:

We denote the function de�ned by the right side of the above by Px. Pre-

cisely,

(Px)(t) = � +
Z t

0

f(s; x(s))ds:

Thus P : C([0; T ]! C([0; T ]); and a solution to (1.1) corresponds to a �xed

point x of P . Observe that for any x; y 2 [0;T ],

j(Px)(t)� (Py)(t)j =
����Z t

0

f(s; x(s))ds�
Z t

0

f(s; y(s))ds

����
�

Z t

0

jf(s; x(s))� f(s; y(s))j ds

� L

Z t

0

jx(s)� y(s)j ds

= Lt kx� yk :

It follows that

kPx� Pyk � LT kx� yk :

If LT < 1; then the result is immediate via the Banach Contraction Principle.

14
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1.2.2 Schauder�s �xed point theorem

De�nition 1.13 Let (X; d) be a generalized metric space.Asubset C of X

is called compact if every open cover of C has a �nite subcover A subset C

of X is sequentially compact if every sequence in C contains a convergent

subsequence with limit in C.

De�nition 1.14 A set C of topological space is said relatively compact if

its closure is compact, i.e., C is compact. The set C is sequentially relatively

compact if every sequence in C contains a convergent subsequence ( the limit

need not be an element of C ), i.e., C is sequentially compact.

De�nition 1.15 Let X ,Y be two generalized metrics spaces K � X and

f : K ! Y be a an open operator. Then f is called:

(i) compact, if for any bounded subset A � K we have f(A) is relatively

compact or f(A) is compact;

(ii) Complete continuous, if f is continuous and compact;

(iii) with relatively compact range, if f is continuous and f(K) is rela-

tively compact or f(K) is compact.

Theorem 1.3 ( Schauder�s �rst point theorem, Burton [15] ) Let M be a

nonempty compact convex subset of a Banach space and let P :M!M be

continuous. Then P has a �xed point inM.

Theorem 1.4 ( Schauder�s second �xed point theorem, Burton [15] ) LetM

be a nonempty convex subset of a normed space and let P :M!K where

K is a compact subset ofM. Then P has a �xed point in K.

15
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1.2.3 Krasnoselskii �xed point

The �xed point theorem of Krasnoselskii combined the two main �xed point

theorems, Banach contraction mapping principle and Schauder �xed point

theorem into the following result. Firstly, we recall the theorem of Schauder.

Schauder�s theorems which require compactness instead of completeness and

which yield a, possibly non unique, �xed point. More precisely, Schauder�s

�xed point theorem shows us that a continuous map on a compact convex

subset of a Banach space has a �xed point. The next two results are found

in Smart [50] and Burton [15].

Krasnoselskii�s theorem may be combined with Banach and Schauder�s

�xed point theorems. In a certain sense, we can interpret this as follows: if a

compact operator has the �xed point property, under a small perturbation,

then this property can be inherited. The theorem is useful in establishing the

existence results for perturbed operator equations. It also has a wide range

of applications to nonlinear integral equations of mixed type for proving the

existence of periodic solutions.Thus the existence of �xed points for the sum

of two operators has attracted tremendous interest, and their applications

are frequent in nonlinear analysis. ( see [50] Smart, 1980;p.31 ).

Two main results of �xed point theory are Schauder�s theorem and the

contraction mapping principle. Krasnoselskii combined them into the follow-

ing result:

Theorem 1.5 ( Krasnoselskii, see Burton [13] ). Let M be a closed

convex non-empty subset of a Banach space (X; k:k). Suppose that A and

B mapM into X such that the following conditions hold

(i) Ax+ By 2M; 8x; y 2M;

(ii) A is continuous and AM is contained in a compact set ;
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(iii) B is a contraction with � < 1;

then there is a z 2M; with z = Az + Bz:

Proof. According to the condition (iii) we have

k(I � B)x� (I � B)yk = k(x� y)� (Bx� By)k

� kx� yk+ kBx� Byk

� kx� yk+ � kx� yk

= (1 + �) kx� yk ;

and

k(I � B)x� (I � B)yk = k(x� y)� (Bx� By)k

� kx� yk � kBx� Byk

� kx� yk � � kx� yk

= (1� �) kx� yk :

In short

(1� �) kx� yk � k(I � B)x� (I � B)yk � (1 + �) kx� yk :

This inequality shows that (I�B) :M! (I�B)M is continuous and one to

one. Thus, (I � B)�1 exist and is continuous. Let us pose U := (I � B)�1A

It is clear that U is compact mapping, because U is a composition of a

continuous mapping with a compact. Under the theorem of Schauder, U has

a �xed point, i.e.

9z 2M such that (I � B)�1Az=z:

This is equivalent to z= Az+Bz:

Remark 1.3 If A = 0, the theorem can be summed up in Banach�s theorem

and if B = 0 then the theorem is none other than Schauder�s theorem.

17
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In addition, an example is eventually analyzed to illustrate the e¤ective-

ness of the proved results of Krasnoselskii theorem.

Example 1.5 For better understanding this observation, now, we analyze

an example to illustrate the application of Krasnoselskii �xed point theorem

for proving the existence of !�periodic solutions of the following di¤erential

equation,

x0(t) = �a(t)x(t)� g(t; x); (1.2)

where a(t) = a(t+ !); and the function g(t; x) is periodic in t of period !.

Proof. We can transform this equation in another form while writing, for-

mally

x0(t)e�
R t
0 a(s)ds = �a(t)e�

R t
0 a(s)dsx(t)� g(t; x)e�

R t
0 a(s)ds;

thus

x0(t)e�
R t
0 a(s)ds + a(t)e�

R t
0 a(s)dsx(t) = �g(t; x)e�

R t
0 a(s)ds;

or �
x(t)e�

R t
0 a(s)ds

�0
= �g(t; x)e�

R t
0 a(s)ds;

then integrating from t� ! to t, we obtainZ t

t�!

�
x(u)e�

R u
0 a(s)ds

�0
du = �

Z t

t�!
g(u; x)e�

R u
0 a(s)dsdu;

which gives

x(t)e�
R t
0 a(s)ds � x(! � t)e�

R !�t
0 a(s)ds = �

Z t

t�!
g(u; x)e�

R u
0 a(s)dsdu;

or

x(t) = x(! � t)e�
R t
!�t a(s)ds �

Z t

t�!
g(u; x)e�

R u
t a(s)dsdu: (1.3)

If we suppose that e�
R t
!�t a(s)ds := � and if (X; k:k) is a Banach space of

functions ' : R ! X continuous and !� periodic, then the equation (1.3)

18
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can be written as

'(t) = (B')(t) + (A')(t) := (H')(t);

where B is contraction provides that the constant � < 1 and A is compact

mapping.

This example shows the birth of the mapping H' := B' +A' which is

identi�ed with a sum of a contraction and a compact mapping.

Finally, let us indicate a very useful Theorem 1.6 when trying to prove

that the existence and positivity of a solution to a periodic problem.

De�nition 1.16 ( see, [29] ; [24] ) Let X be a Banach space and let 
 be a

closed, nonempty subset of X. 
 is a cone if

i) �u+ �v 2 
 for all u; v 2 
 and all �; � � 0;

ii) u;�u 2 
 imply u = 0:

The proof of Krasnoselskii�s �xed point theorem stated below can be

found in [27]

Theorem 1.6 ( Guo-Krasnoselskii, [27] ) Let X be a Banach space, and let


 � X be a cone in X: Assume that 
1 and 
2 are open subsets of X with

0 2 
1, 
1 � 
2 and let

P : 
 \
�

2 n 
1

�
! 
;

be a completely continuous operator such that either

i) kPuk � kuk for u 2 
 \ @
1 and kPuk � kuk for u 2 
 \ @
2; or

ii) kPuk � kuk for u 2 
 \ @
1 and kPuk � kuk for u 2 
 \ @
2:

Then P has a �xed point in 
 \
�

2 n 
1

�
:
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CHAPTER 2

Retarded di¤erential equations with applications

Contents

2.1 Basic concepts of delay di¤erential equations . . 21

2.2 Neutral delay di¤erential equations . . . . . . . 27

2.3 Method of steps . . . . . . . . . . . . . . . . . . . 29

This chapter provides background material necessary for the rest of the

dissertation. Some preliminaries and basic de�nitions are given for de-

lay di¤erential equations. Strictly speaking a delay di¤erential equation is a

speci�c example of a functional di¤erential equation, in which the functional

part of the di¤erential equation is the evaluation of a functional on the past

of the process. Like ordinary di¤erential equations, delay di¤erential equa-

tions have several features which make their analysis more complicated. The

survey of the theory related to delay di¤erential equations can be found for

example in the books, [4], [15], [5], [19], [21]� [32], [43]� [39].
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Chapter 2. Retarded di¤erential equations with applications

2.1 Basic concepts of delay di¤erential equa-

tions

Motivation

The questions have been asked by many researchers �Why study this sub-

ject?�Why study di¤erential equations with time delays when so much is

known about equations without delays, and they are so much easier? The

answer is because so many of the processes, both natural and manmade, in

biology, medicine, chemistry, physics, engineering, economics, etc., involve

time delays. Like it or not, time delays occur so often, in almost every sit-

uation, that to ignore them is to ignore reality. To clarify more, we give

a biological system in which the present rate of change of some unknown

function depends upon past values of the same function.

Real example of delay di¤erential equation

To have a better understanding and reading of this section, we will focus

on a simple real example. The goal is to help the reader to understand the

most relevant aspects of delay di¤erential equations. The following is an

example presented in [4]. Imagine a biological population composed of adult

and juvenile individuals. Let N(t) denote the density of adults at time t:

Assume that the length of the juvenile period is exactly h units of time for

each individual. Assume that adults produce o¤spring at a per capita rate

� and that their probability per unit of time of dying is �. Assume that

a newborn survives the juvenile period with probability � and put t = ��.

Then the dynamics of N can be described by the linear delay di¤erential

equation
d

dt
N(t) = ��N(t)� rN(t� h); (2.1)
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which involves a nonlocal term, rN(t � h) meaning that newborns become

adults with some delay. So the time variation of the population density N

involves the current as well as the past values of N . Equation (2.1) describes

the changes in N .

With deeper study and understanding of population dynamics, people

started to consider introducing state-dependent delay into population mod-

els, as was pointed out in Arino et al. [4].

In the context of population dynamics, the delay arises frequently as the

maturation time from birth to adulthood and this time is in some cases a

function of the total population.

Mathematical point of view:

To determine a solution past time t0, we need to prescribe the value of

N (t0 � h). Suppose we have the initial value N (t0 � h). Once we advance,

say to N("), with t0 < " < t0+h small, notice that to calculate the derivative

at t = " so that we can advance the next step, we need to know

d

dt
N(") = ��N(")� rN("� h);

where " � h 2 (t0 � h; t0): In this manner, we realize that we need to know

the values of N(:) on the whole interval [t0�h; t0]. If we do not specify these

values, we obtain an unsatisfactory notion of uniqueness, as the following

example

x0 (t) = ��
2
x (t� 1) ; x (0) = 1p

2
:

Here

x1 (t) = sin

�
�

2

�
t+

1

2

��
and x2 (t) = cos

�
�

2

�
t+

1

2

��
;

are both solutions to the above equation at t0 = 0. But if we specify the

initial behavior on the interval [�1; 0], we obtain that only one solution

22



Chapter 2. Retarded di¤erential equations with applications

exists to each delay di¤erential equations, by the existence-uniqueness result

in Theorem 2:1 that we give below.

Clearly, to begin with, an initial value problem requires more information

than an analogous problem for a system without delays. For an ordinary

di¤erential system, a unique solution is determined by an initial point in

Euclidean space at an initial time t0. For a delay di¤erential system, one

requires information on the entire interval [t0�h; t0]. Each such initial func-

tion determines a unique solution to the delay di¤erential equation. If we

require that initial functions be continuous, then the space of solutions has

the same dimensionality as C([t0 � h; t0];R).

In the next section, with the previous discussion as a guide, let us now

de�ne the DDEs problem for a given initial function.

2.1.1 A general initial value problem

Suppose � > 0 is a given real number � > 0, denote C([a; b];Rn), the Banach

space of continuous functions mapping the interval [a; b] into Rn with the

topology of uniform convergence. We will denote the Euclidean norm of a

vector x 2 Rn as jxj from now on in order to avoid confusion with another

norm we shall use. If [a; b] = [�� ; 0], we let C=C ([�� ; 0] ;Rn) and designate

the norm of an element ' in C by

k'k� := sup
�����0

j' (�)j :

Let � 2 R; A > 0 and x 2 C([� � � ; � + A];Rn), then for any t 2 [�; � + A],

we let xt 2 C, be de�ned by

xt = x (t+ �) for � � � � � 0:

De�nition 2.1 ( [32] ) If 
 is a subset of R�C, Let f : R � C ! Rn

is a given function and represents the right-hand derivative, we say that the
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relation 8<: x0 (t) = f (t; xt) ; t � �;

and x� = ';
(2.2)

is a retarded functional di¤erential equation and we will denote this equation

by DDEs. The quantitie � � 0; is called the delay.

De�nition 2.2 ( [32] ) A function x is said to be a solution of (2.2) if there

are � 2 R, A > 0 such that x 2 C([� � � ; � + A];Rn), and x satis�es (2.2)

for t 2 [�; � + A]. In such a case we say that x is a solution of (2.2) on

[�� � ; �+A] for a given � 2 R and a given ' 2 C we say that x = x(�; '),

is a solution of (2.2) with initial value at � or simply a solution of (2.2)

through (�; ') if there is an A > 0 such that x(�; ') is a solution of (2.2)

on [� � � ; � + A] and x�(�; ') = '.

Equation (2.2) is a very general type of equation and includes ordinary

di¤erential equations ( � = 0 ). Although the structure of these equations is

similar to ordinary di¤erential equations, the crucial di¤erence is that a delay

di¤erential equation ( or a system of equations ) is an in�nite dimensional

problem and the corresponding phase space is a functional space usually the

space of continuous functions is considered.

De�nition 2.3 Equation (2.2) is called :

i) linear if f (t; ') = L(t; '), where L is linear in '.

ii) nonhomogeneous if f (t; ') = L(t; ') + h(t), where h(t) 6= 0, it is

called homogeneous if h = 0.

iii) autonomous if f (t; ') = g('), where g does not depend on t.

Equation (2.2) is a very general type of equation and includes di¤erential-

di¤erence equations. To be more explicit we give some classes of equations
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that can be expressed by (2.2), we have equations with a �xed delay ( the

simplest possible case ) such as

x0 (t) = f (t; x(t); x(t� �)) ;

or nonlinear nonautonomous di¤erential equations with multiple time varying

delays on the same state x

x0 (t) = f (t; x(t); x(t� � 1 (t)); :::; x(t� � p (t))) ;

with 0 � � i (t) � � for all i = 1; :::; p:

We also have integrodi¤erential equations with a distributed delay

x0 (t) =

Z 0

��
g (t; x (t+ �)) d�;

where we see how in the integration process we need to know the values of x

in [t� � ; t] for each t where the vector �eld is de�ned.

The delay also may be functions � i (t; x(t)) > 0; (i = 1; 2; :::; p) ( state-

dependent delays ), the following class of functional di¤erential equations

with state and time-varying delays,

x0 (t) = f (t; x(t); x(t� � 1 (t; x(t))); :::; x(t� � p (t; x(t)))) ;

Iterative di¤erential equations have distinctive characteristics as a particular

type of state-dependent delay-di¤erential equations

x0 (t) = f
�
x[0](t); x[1](t); x[2] (t) ; :::; x[n] (t)

�
;

where the iterate x[n](t) stands for x composed with itself n times, i.e.

x[0](t) = t; x[1](t) = x(t); x[2](t) = x(x(t)); x[3](t) = x[2](x(t)) ; :::; x[n](t)

= x[n�1](x(t)) are the iterates of the state x: In recent years, the iterative

di¤erential equations have been the subject of several investigations (see,

[52] ; [37] and the references cited therein).
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2.1.2 Existence and uniqueness theory

The existence and uniqueness theory for delay equations can be derived from

the more general theory of functional di¤erential equations. Since we intend

to consider only equations of the form (2.2) we will not make use of the

full generality available. Nevertheless, the more general theory leads to a

presentation that is simpler and also bene�ts from an analogy with similar

results in the theory of ordinary di¤erential equations.

We now state the basic theory of DDEs.

Lemma 2.1 ( [32] ) Let � 2 R and ' 2 C be given and f be continuous on

the product R�C. Then, �nding a solution of equation (2.2) through (�; ')

is equivalent to solving the integral equation:

x (t) = ' (�) +

Z t

�

f (s; xs) ds for t � �; and x� = ':

Lemma 2.2 ( [32] ) If x 2 C([� � � ; � + A];Rn); then, xt is a continuous

function of t for t 2 [� � � ; � + A]:

Proof. Since x is continuous on [��� ; �+A]; it is uniformly continuous and

thus 8" > 0; 9� > 0; such that jx(t)� x(s)j < " if jt� sj < �: Consequently

for t; s in [�; � + A]; jt� sj < �, we have jx(t+ �)� x(s+ �)j < ";8� 2

[�� ; 0]:

The existence and uniqueness of the solutions of DDEs are given by the

following Theorems.

Theorem 2.1 (Local existence, [32] ) Suppose 
 is an open subset in R�C

and f : 
! Rn is continuous. For any (�; ') 2 
, there exists a solution of

equation (2.2) through (�; '):
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De�nition 2.4 ( Lipschitzian, [32] ). We say f(t; ') is Lipschitz in ' in

a compact set K of R � C if there is a constant k > 0 such that, for any

(t; 'i) 2 K; i = 1; 2;

jf(t; '1)� f(t; '2)j < k j'1 � '2j :

Theorem 2.2 (Existence and uniqueness, [42] ) Suppose 
 is an open set

in R�C; f : 
! Rn is continuous, and f(t; ') is Lipschitzian in ' in each

compact set in 
. If (t0; ') 2 
 , then there is a unique solution of Eq. (2.2)

through (t0; ').

Proposition 2.1 . If f is at most a¢ ne i.e. f(t; ') � a + b j'j ; with

a; b > 0; then there exists a global solution of the equation (2.2) i.e. 8', the

solution x(�; ') is de�ned on [A;1[:

In the following we also require continuous dependence of solutions on

initial conditions, for which the following theorem gives a result analogous

to that for ordinary di¤erential equations.

Theorem 2.3 . Suppose x is a solution through (t0; ') of the equation (2.2)

and that it is unique on [t0�� ; �]: If f(tn; 'n)g � R�C is a sequence such that

(tn; 'n) ! (t0; ') as n ! 1, then for all su¢ ciently large n every solution

xn through 'n exists on [tn � � ; �], and xn ! x uniformly on [t0 � � ; �].

2.2 Neutral delay di¤erential equations

Now are ready to give the de�nition of an other class of delay di¤erential

equations so-called the Neutral delay di¤ferential equations (NDDEs).

De�nition 2.5 [32] Suppose that R � C is open with elements (t; '): A

function D : 
 ! Rn is said to be atomic at � on 
 if D is continuous
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together with its �rst and second Fréchet derivatives with respect to '; and

D', the derivative with respect to ', is atomic at � on 
.

De�nition 2.6 [32] Suppose that 
 � R�C is open, f : 
! Rn, D : 
!

Rn are given continuous functions with D atomic at zero. The equation

dD

dt
(t; xt) = f (t; xt) ; (2.3)

is called the neutral delay di¤erential equation NDDE (D; f).

If the delayed argument occurs in the highest order derivative of the state

we call it neutral functional di¤erential equation.

The following equations are some examples of neutral di¤erential equa-

tions

Example 2.1 [32] If � > 0, B is an n�n constant matrix, D (') = ' (0)�

B' (��) ; and f : 
 ! Rn is continuous, then the pair (D; f) de�nes an

NDDE,
d

dt
[x (t)�Bx (t� �)] = f(t; xt):

Example 2.2 [32] If � > 0; x is a scalar, D (') = ' (0) � sin (��) ; and

f : 
! Rn is continuous, then the pair (D; f) de�nes an NDDE,

d

dt
[x (t)� sin x (t� �)] = f(t; xt): (2.4)

Remark 2.1 Note that when x is continuous di¤erentiable, (2.4) is equiva-

lent to

x
0
(t)� (cosx (t� �))x0 (t� �) = f(t; xt):

De�nition 2.7 [32] A function x is said to be a solution of (2.3) on [� �

� ; � + A] if there are � 2 R and A > 0 such that

x 2 C([� � � ; � + A];Rn); (t; xt) 2 
; t 2 [�; � + A];
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D (t; xt) is continuously di¤erentiable and satis�es equation (2.3) on [�; � +

A]. For a given t0 2 R; ' 2 C, and (�; ') 2 
 , we say x(t; �; ') is a solution

of equation (2.3) with initial value ' at � or simply a solution through (�; ')

if there is an A > 0 such that x(t; �; ') is a solution of equation (2.3) on

[� � � ; � + A] and x�(�; ') = '; we say x(t; �; ') is a solution of (2.3) on

[� � � ;1), if for every A > 0, x(t; �; ') is a solution of equation (2.3) on

[� � � ; � + A] and x�(�; ') = '.

Theorem 2.4 ( Existence, [42] ) If 
 is an open set in R�C and (t0; ') 2


, then there exists a solution of the NDDE (L; f) through (t0; '):

2.3 Method of steps

It is known that the exact solution of delay di¤erential equations can be

found just in some special cases. There is no uni�ed approach to solve the

delayed di¤erential equations, even in the linear case. The theory of ordinary

di¤erential equations gives various methods to obtain analytical solution (e.g.

the variation of constants method, the separation of variables method and

others). But these methods are inapplicable dealing with delay di¤erential

equations. Hence qualitative and numerical analysis of these equations gather

great importance. The method of steps was �rst proposed by Bellman and

Cooke [5]. This approach, furnishes a method of �nding explicit solutions.

The desired solution is found on successive intervals by solving ordinary dif-

ferential equations without delays in each interval. As an illustration to this

approach, consider the DDE:8<: x0 (t) = f(t; x(t); x(t� �)); t � t0
x (t) = '0 (t) ; t0 � � � t � t0:

(2.5)

For such equations the solution is constructed step by step as follows:
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Given that a function '0 (t) continuous on [t0 � � ; t0], therefore one can

obtain the solution in the next step interval [t0; t0+� ] by solving the following

ordinary di¤erential equation:

x0(t) = f(t; x(t); '0(t� �)) = g0(t; x(t); for t0 � t � t0 + � :

Under suitable hypotheses on g0, existence and uniqueness of a solution of

this equation (hence a solution of (2.5)) on [t0 � � ; t0] can be established.

Denoting this solution by '1 (t) and restricting equation (2.5) to the interval

[t0 + � ; t0 + 2� ], we �nd the ordinary di¤erential equations

x0(t) = f(t; x(t); '1(t� �)) = g1(t; x(t) for t0 + � � t � t0 + 2� ;

with the initial condition x(t0+�) = '1(t0+�), for which we can again estab-

lish existence and uniqueness of a solution '2. Thus we have now extended

the solution x to the interval [t0+ � ; t0+2� ], and we now have a formula for

x(t) when t 2 [t0 � � ; t0 + 2� ].

In general, by assuming that 'k�1(t);8(k = 1; 2; :::) is de�ned on the

interval [t0+ (k� 2)� ; t0+ (k� 1)� ], then, one can �nd the solution 'k(t) to

the equation:

x0(t) = f(t; x(t); 'k�1(t� �)); for t0 + (k � 1)� � t � t0 + k� ;

with the initial condition x(t0 + (k � 1)�) = 'k�1(t0 + (k � 1)�): We can

continue this process inde�nitely, showing that the uniquely de�ned x(t)

exists on [t0 � � ;1):

Remark 2.2 The method of steps can be extended to di¤erential equations

with other types of delays, such as multiple delays, variable delay and even

state dependent delay or for neutral systems. The di¢ culty is to locate the

primary discontinuities.
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2.3.1 Primary discontinuity of delay di¤erential equa-

tion

De�nition 2.8 [21] If the solution of a DDE and its derivatives of order �

are continuous at some point in the time interval, but the derivative of order

�+ 1 is not, then such a point is called a primary discontinuity of the given

problem.

Theorem 2.5 [21] The points �� := �� the primary discontinuities of prob-

lem (2.5). More precisely, x(�) is continuous at �� but x
(�+1) is, in general,

not, even if the functions ' and f have continuous derivatives of all orders.

Proof. See [21]. Note that, as t increases, the solution becomes smoother.

In fact, at the initial point t = 0, the �rst derivative x0(t) has a primary

discontinuity, since the integrable equation

x0(t) = f(t; x(t); '(t� �)); t 2 [0; � ] ;

may satisfy the condition x(0) = '(0), but it is unlikely to satisfy the

additional condition x0(0+) = '0(0�): Only for special choices of the ini-

tial function '(t) is it possible to guarantee continuity of the derivative

of the solution at point 0, for such a function must satisfy the condition

'0(0�) = f(0; '(0); '(��)):

Example 2.3 We illustrale this method by using the special cases of equation

(2.5), the following is an example presented in ( [32]), canada 1998, Let

x0(t) = ax(t� �); t 2 [0;+1)

x(t) = 1; t 2 [�� ; 0] ;

where a is positive constant. Using the method of steps, it is easy to see that

the solution x (t) is a piecewise polynomial. On each subinterval [i� ; (i+ 1)� ] ;

31



Chapter 2. Retarded di¤erential equations with applications

x (t) is an (i+ 1)-th. order polynomial, i.e.,

x(t) =
i+1X
j=1

aj

j!
(t� (j � 1)�)j; i 2 N:

It is also clear that integer multiples of � are primary discontinuities for this

particular problem.

As a generalization of (2.5), we consider

x0(t) = f(t; x(t); x(t� � (t)); x0(t� � (t))); t 2 [0; a] ;

where t� � (t) is a strictly increasing function and

0 < � (t) � t; a = inf
t�0
ft� � (t)g :

Remark 2.3 The method of steps can be extended to delay di¤erential equa-

tions with additive noise term ( see chapitre 3).
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CHAPTER 3

Positive periodic solutions of iterative functional

di¤erential equations
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Bhe goal of this chapter is to present a recent work published in [41],

namely,

H. C. Koyuncuoglu and M. Adivar, positive periodic solutions of

iterative functional di¤erential equations, Bull. Int. Math. Virtual Inst, 12

(2) (2022), 227-235.

By using the �xed point method, some su¢ cient conditions are obtained

on the existence of positive periodic solutions for iterative functional di¤er-
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ential equations with a positive parameter �. In the processus we invert the

given equation into an equivalent integral equation. Then, we construct an

appropriate mapping and use Krasnoselskii�s �xed point theorem in a cone

of a Banach space to show the existence of positive periodic solutions of the

given equation. Easily veri�able su¢ cient conditions are established. Also,

by using the contraction mapping principle, the uniqueness of the solution

is obtained. For this type of equations, we combine di¤erent techniques to

prove new results.

3.1 Short biographies of iterative di¤erential

equations

The state-dependent delay di¤erential equations fascinate their readers as

they occur widely in many applications such as , in models of hematopoiesis,

the delay whish represents the cell cycle duration depends, in fact, on both

the time and the density of mature cells. In the models of insect population

dynamics, the delay descibes the life cycle periodic and depend also on the

time and the population size. This dependence on the state variable is due to

the competition among larval for habitat and food during larval stage, refer

to ([20],[37],[49],[52]). Iterative di¤erential equations have distinctive charac-

teristics as a particular type of state-dependent delay-di¤erential equations.

The origin of this type of equation dates back to the early 19th century, and

to the best of our knowledge, their study began with a simple example but a

very important one dealt with by Babbage[14] in 1815, and after Babbage�s

equation, the theory slowly evolved (see, [14]). Now, intensive scienti�c work

has been carried out on various dynamical aspects of iterative di¤erential

equations and has been reported. In particular, a number of existence re-
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sults, periodicity and continuous dependence ([8],[10],[58]) are investigated

by many authors.

Qualitative properties of di¤erential equation have taken great interest

due to the importance of understanding the continuous phenomena in ap-

plication of mathematics. Existence, uniqueness, stability, periodicity, and

oscillation of solution of di¤erential equations became topic of many stud-

ies in the existing literature. Iterative di¤erential equation that belong to

the class of functional equations are visited by several researchers because of

their complicated dynamics. We refer to [20]; [37] and the recent studies [53];

[58]; [57] as inspiring studies on this topic. For example, in [20] the equation

x0(t) = x(x(t)); (3.1)

is considered and existence uniqueness andanalyticity of solutions are studied.

Afterwards, the iterative di¤erential equation of the form

x0(t) = f(x(x(t))); (3.2)

is handled by [37].

Recently, intensive scienti�c work has been carried out in various dynam-

ical aspects of iterative di¤erential equations, and many results have been

reported in the literature. For instance, stability, uniqueness of periodic so-

lutions and some other fundamental properties of solutions of certain delay

di¤erential equations have been discussed in [8] ; [9] ; [10] ; [11] ; [48] ; [49] ; [58] :

For example, in 2017, Zhao and Liu, [58] analyzed the following iterative

functional di¤erential equations with variable coe¢ cients,

y
0
(t) = c0(t)y

[0] (t)+ c1(t)y
[1] (t)+ c2(t)y

[2](t)+ :::+ cn(t)y
[n](t)+F (t) ; (3.3)

where c0(t) = 0; and y[0](t) = t; y[1](t) = y(t); y[2](t) = y(y(t)); y[3](t) =

y[2](y(t)); :::; y[n](t) = y[n�1](y(t)) are the iterates of the state y: By using
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Krasnoselskii�s �xed point theorem, the authors derived some veri�able suf-

�cient conditions for the existence and uniqueness of periodic solutions to

(3.3).

In recent years, the study of iterative di¤erential equations has becom

more popular, and we refer the papers [8],[9] [10]; [11]; [26]; [36]; [48]; [49];

[52] to readers as rapidly growing literature on the di¤erential equations with

iterative terms.

3.2 Statement of the problem and prelimi-

naries

As we mentioned previously, one of our main objectives in this part is to

discuss the work carried out in [41]. More precisely, very recently, the authors

focused on a speci�c type of di¤erential equations with state-dependent delay

with a positive parameter � > 0, given in the following form:

x0(t) = a(t)x(t)� �f(t; x(t); x (t� �(t; x(t)))) ; t 2 R; (3.4)

where �(t; x(t)) = t�x(t); and the functions a : R! (0;1); f : R�(0;1)�

(0;1) ! (0;1) are continuous. By employing a cone theoretical �xed

point theorem, they established some su¢ cient conditions for the existence

of positive periodic solutions of the iterative functional di¤erential equation

(3.4). Their approch allowed them to obtain som results that are not covered

by the existing literature.

For ! > 0; we de�ne the set P! as a set of all continuous scalar functions

x (t) ; periodic in t of period !, i.e., x(t + !) = x(t) for all t 2 R: Then
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(P!; k:k) is a Banach space when it is endowed by the supremum norm

kxk := sup
t�R
jx(t)j = sup

t�[0;!]

jx(t)j :

Since we are searching for the existence of periodic solutions for equation

(3.4), it is natural to intoduce the following assumption:

(H1) For a positive integer !; the functions a and f are !- periodic in t;

that is

a(t+ !) = a(t); f(t+ !; x; y) = f(t; x; y);

for all t 2 R; and (x; y) 2 (0;1)� (0;1):

Before starting the main result of this paper, we establish the equivalent

formulation for the solution of equation (3.4).

The following lemma is fundamental to our results.

Lemma 3.1 Assume (H1) holds. If x 2 P! , then x (t) is a solution of

equation (3.4) if and only if

x(t) := �

Z t+!

t

G(t; u)f(u; x(u); x(x(u)))du; (3.5)

where

G(t; u) :=
exp(

R t
u
a(s)ds)

1� exp(�
R !
0
a(s)ds)

: (3.6)

Proof. Suppose (H1) holds and let x 2 P! be a solution of (3.4). Multiplying

both sides of (3.4) by exp(�
R t
0
a(s)ds) and then integrate from t to t + !;

we obtain

x(t+ !) exp

�
�
Z t+!

0

a(s)ds

�
� x(t) exp

�
�
Z t

0

a(s)ds

�
= �

Z t+!

t

exp(�
Z u

0

a(s)ds)f(u; x(u); x(x(u)))du;
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and the fact that x(t) = x(t+ !) and (H1); we deduce

x(t) exp

�
�
Z t

0

a(s)ds

�
(3.7)

=
�

1� exp(�
R t
0
a(s)ds)

Z t+!

t

exp(�
Z u

0

a(s)ds)f(u; x(u); x(x(u)))du:

Dividing both sides of the above equation by exp
�
�
R t
0
a(s)ds

�
, we obtain

x(t) = �

Z t+!

t

G(t; u)f(u; x(u); x(x(u)))du;

where G is as in (3.6). Conversely, by using Leibniz�s rule, we may easily

verify that

x(t) = �

Z t+T

t

G(t; u)f(u; x(u); x(x(u)))du;

solves (3.4).

We use (3.5) to de�ne the operator � : P! ! P! by

(�x) (t) = �

Z t+!

t

G(t; u)f(u; x(u); x(x(u)))du; (3.8)

where G is as in (3.6):

It is easy to see that for any u 2 [t; t+ !], thanks to (3.6), we have

G(t+ !; u+ !) = G(t; u);

and

0 <
�

1� � � G(t; u) <
1

1� � ; for all u 2 [t; t+ !]; (3.9)

where

� := exp(�
Z !

0

a(s)ds): (3.10)

Let�s de�ne the following subset of P!

PL!;M := fx 2 P! : kxk � L; jx(t2)� x(t1)j �M jt2 � t1j ; L;M � 0g:

(3.11)
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Lemma 3.2 ( see, [58]) For any x; y 2 PL!;M ; we have



x[m] � y[m]

 � m�1X
j=0

M j kx� yk ;m = 1; 2; :::: (3.12)

Proof. Take x; y 2 PL!;M ; for m = 1 we have

kx� yk � kx� yk :

Suppose (3.12) is satis�ed for m = k, and we show that it is true for m =

k + 1; 


x[k+1] � y[k+1]


 �
��x(x[k])� x(y[k])��+ ��x(y[k])� y(y[k])��

� M
��x[k] � y[k]��+ ��x(y[k])� y(y[k])�� ;

which gives 


x[k+1] � y[k+1]


 � M


x[k] � y[k]

+ kx� yk

� M
k�1X
j=0

M j kx� yk+ kx� yk

� (
k�1X
j=0

M j+1 + 1) kx� yk

�
kX
j=0

M j kx� yk :

Acoording to proof by induction - Rrecurrence relations



x[m] � y[m]

 � m�1X
j=0

M j kx� yk ;8 2 N:

A special case of the previous Lemma 3.2, when m = 2; we may obtain the

following inequality

kx(x)� y(y)k � (1 +M) kx� yk ; (3.13)

for any x; y 2 PL!;M :
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Before proceeding, we �rstly introduce the following assumption to be

imposed later on.

(H2) There exist positive constants �1; �2; such that for all t 2 R; x; y; bx; by 2
R,

kf(t; x; y)� f(t; bx; by)k � �1 kx� bxk+ �2 ky � byk : (3.14)

Next, we de�ne a cone K as a subset of P! by

K := fx 2 PL!;M : x(t) � � kxk for all t 2 [0; !]g; (3.15)

where � is as in (3.10).

Now, we present the second auxiliary result.

Lemma 3.3 Assume (H1), and (H2), that the inequality

�

1� � (�1L+ �2(1 +M)L+ �1) (2 + ! kak) �M; (3.16)

and
�

1� � (�1L+ �2(1 +M)L+ �1) � L: (3.17)

hold, whereM is as in (3.11) and � is as in (3.10), and �1 = max
u2[0;!]

jf(u; 0; 0)j.

Then the mapping � de�nd by (3.8) is continuous on K and �(K) � K:

Proof. Let x 2 K; it is easy to show that (�x)(t + !) = (�x)(t) for all

t 2 R: Moreover, we get by (3.9) that

(�x)(t) = �

Z t+!

t

G(t; u)f(u; x(u); x(x(u)))du

� �

Z !

0

�

1� �f(u; x(u); x(x(u)))du

= ��

Z !

0

1

1� �f(u; x(u); x(x(u)))du

� � k�xk ;
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where � is as in (3.10).

Now we prove that the mapping � is continuous. Let the sequence fxng 2

K such that xn ! x in K: Since the function f satis�es (3.14), we consider

k�xn � �xk

= max
t2[0;!]

����� Z t+!

t

G(t; u) (f(u; xn(u); xn(xn(u)))� f(u; x(u); x(x(u)))) du
����

� �

1� � maxt2[0;!]

Z t+!

t

jf(u; xn(u); xn(xn(u)))� f(u; x(u); x(x(u)))j du;

which converges to 0 as n!1 by Lebesgue convergence theorem.

Let x 2 K: For having� (x) 2 K, we will show that j(�x)(t2)� (�x)(t1)j �

M jt2 � t1j ;8t1; t2 2 R. Let t1; t2 2 [0; !] with t1 < t2; we have

j(�x)(t2)� (�x)(t1)j

= �

����Z t2+!

t2

G(t2; u)f(u; x(u); x(x(u)))du�
Z t1+!

t1

G(t1; u)f(u; x(u); x(x(u)))du

����
= �

����Z t1

t2

G(t2; u)f(u; x(u); x(x(u))du +

Z t1+!

t1

G(t2; u)f(u; x(u); x(x(u)))du

+

Z t2+!

t1+!

G(t2; u)f(u; x(u); x(x(u)))du�
Z t1+!

t1

G(t1; u)f(u; x(u); x(x(u)))du

����
� �

����Z t1

t2

G(t2; u)f(u; x(u); x(x(u))du

����+ � ����Z t2+!

t1+!

G(t2; u)f(u; x(u); x(x(u)))du

����
+�

����Z t1+!

t1

(G(t2; u)�G(t1; u)) f(u; x(u); x(x(u)))du
����

� �

Z t1

t2

jG(t2; u)j jf(u; x(u); x(x(u))j du+ �
Z t2+!

t1+!

jG(t2; u)j jf(u; x(u); x(x(u)))j du

+
�

1� exp(�
R !
0
a(s)ds)

Z t1+!

t1

jf(u; x(u); x(x(u)))j

�
����exp(Z t2

u

a(s)ds)� exp(
Z t1

u

a(s)ds)

���� du:
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On the other hand, we haveZ t1+!

t1

����exp(Z t2

u

a(s)ds)� exp(
Z t1

u

a(s)ds)

���� du
=

Z t1+!

t1

exp(

Z t2

u

a(s)ds)

����1� exp(Z t1

t2

a(s)ds)

���� du
� ! kak jt2 � t1j exp(�

Z !

0

a(s)ds):

In view of conditions (3.13) and (3.14), we get

jf(u; x; y)j = jf(u; x; y)� f(u; 0; 0) + f(u; 0; 0)j

� jf(u; x; y)� f(u; 0; 0)j+ jf(u; 0; 0)j

� �1 kxk+ �2 kyk+ jf(u; 0; 0)j

� �1 kxk+ �2 kx(x)k+ max
u2[0;!]

jf(u; 0; 0)j

� �1 kxk+ �2
2�1X
j=0

M j kxk+ �1

� �1 kxk+ �2(1 +M) kxk+ �1:

From above, we obtain

j(�x)(t2)� (�x)(t1)j

� 2�

1� � (�1 kxk+ �2(1 +M) kxk+ �1) jt2 � t1j

+�
exp(�

R !
0
a(s)ds)

1� exp(�
R !
0
a(s)ds)

(�1 kxk+ �2(1 +M) kxk+ �1)� ! kak jt2 � t1j

� 2�

1� � (�1L+ �2(1 +M)L+ �1) jt2 � t1j

+
�!

1� � kak (�1L+ �2(1 +M)L+ �1) jt2 � t1j

� M jt2 � t1j :

From the above discussion, we can easly get,

j(�x)(t2)� (�x)(t1)j �M jt2 � t1j :

42



Chapter 3. Positive periodic solutions of iterative functional di¤erential
equations

For any x 2 K, it follows from (3.9) and (3.13),(3.14),(3.17) that

j(�x)(t)j =
����� Z t+!

t

G(t; u)f(u; x(u); x(x(u)))du

����
� �

1� �

Z t+!

t

jf(u; x(u); x(x(u)))j du

� �

1� � (�1 kxk+ �2(1 +M) kxk+ �1)

� �

1� � (�1L+ �2L(1 +M) + �1)

� L:

Therefore k�xk = sup
t2[0;!]

j(�x)(t)j � L This shows that � (x) is uniformly

bounded.

From (H2) and (3.16) we obtain �(K) � K: Since K is a uniformly

bounded and equicontinuous subset of the space of continuous functions on

the compact [0; !] ; we can apply the Arzela-Ascoli theorem to con�rm thatK

is a compact subset from this space. Also, and since any continuous operator

maps compact sets K into compact sets K, then we have proved that � is a

compact operator.

3.3 Existence of positive periodic solutions

A quick review of the literature can lead to a vast literature using Schauder�s

Fixed Point Theorem to prove the existence of periodic solutions to the ad-

vanced functional di¤erential equation, for example (see, [15] ; [13]). How-

ever, we will point out that we present some existence results for positive

periodic solutions of a very general form of advanced functional di¤erential

equations, which may cover some special equations already treated, and the

use of a �xed point theorem of Krasnoselskii in a cone of a Banach space
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rather than Schauder�s theorem distinguishes our work from the already es-

tablished literature, since our results also imply the existence of multiple

periodic solutions in special cases. It is well known that obtaining existence

results for multiple solutions of di¤erential equations is an exhausting task

in the qualitative theory of di¤erential equations.

3.3.1 Multiple positive periodic solutions of equation

(3:4)

In this part, we will use the Krasnoselskii in a cone of a Banach space Theo-

rem 1.6 ( see, chapter 1) to prove the existence of multiple periodic solutions

of the equation (3.4):

Throughout this section, we assume the conditions (H1), (H2), and (3.16)

is satis�ed. For convenience in the following discussion, we introduce the

following limits:

� f0 : = lim
x!0+

min
t2[0;!]

f(t; x; y)

x
;

� f0 : = lim
x!0+

max
t2[0;!]

f(t; x; y)

x
;

� f1 : = lim
x!1

min
t2[0;!]

f(t; x; y)

x
;

� f1 : = lim
x!1

max
t2[0;!]

f(t; x; y)

x
:

Theorem 3.1 If f1 = 1 and f0 = 0 ( or f0 = 1 and f1 = 0 ) for each

y 2 (0;1); then the equation (3.4) has a positive ! -periodic solution for any

� satisfying
1� �
!

� � � 1� �
�!

; (3.18)

where � is as in (3.10).
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Proof. Assume f1 = 1: Then there exist constants R > 0 and c1 �
1

(1� �)� such that f(t; x; y) � c1x for each (t; y) 2 [0; !] � (0;1) and all

x � R: We de�ne


1 := fx 2 PL!;M : x <
R

1� �g

as an open, bounded subset of the cone K: Obviously, if x 2 @
1 \K; then

kxk = R

1� � and

R � x(t) � R

1� � for all t 2 [0; !]: (3.19)

Then, combining (3.9), (3.18) and (3.19), we have

k�xk � ��

1� �

Z !

0

f(u; x(u); x(x(u)))du � ��

1� �

Z !

0

c1x(u)du

� �

!

Z !

0

c1x(u)du �
R

1� � = kxk :

This means k�xk � kxk for all x 2 @
1\K: On the other f0 = 0 and chooseeR >
R

1� � > 0 large enough so that f(t; x; y) � c2x for all 0 � x � eR;
(t; y) 2 [0; !]� (0;1); and 0 < c2 � �: we introduce the ball


2 := fx 2 PL!;M : kxk < eRg � K;
and if x 2 @
2 \K; then one may get

k�xk � �

1� �

Z !

0

f(u; x(u); x(x(u))du � �

1� �

Z !

0

c2x(u)du � eR = kxk ;
by using (3.9), and (3.18). Thus, k�xk � kxk for all x 2 @
2 \K and The-

orem 3.1 implies the mapping � has a �xed point for x 2 K \ (
2n
1): Con-

sequently, the advanced di¤erntial equation (3.4) has a positive ! -periodic

solution.

In the second part of the proof we assume f0 =1: Then there exists S > 0

such that f(t; x; y) � c3x for all 0 < x < S and (t; y) 2 [0; !]� (0;1);where

c3 �
1

�2
: We de�ne

�1 := fx 2 PL!;M : x < Sg;
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and if x 2 @�1\K; then we have kxk = S: By using the inequalities (3.9) and

(3.18) and the de�ng cone (3.15), we deduce �S � x � S when x 2 @�1\K:

In the light

k�xk � ��

1� �

Z !

0

f(u; x(u); x(x(u))du � 1� �
!

�

1� �

Z !

0

c3x(u)du � S = kxk :

This proves k�xk � kxk for x 2 @
2 \ K: Futhemore, if f1 = 0; then

there exists eS > 0 such that f(t; x; y) � c4x for all x � eS; (t; y) 2 [0; !] �
(0;1);where 0 < c4 � �: We set Smax � maxf2S;

1

�
eSg and de�ne

�2 := fx 2 PL!;M : x < Smaxg:

Obviously, if x 2 @�2; then kxk = Smax and eS � � kxk � x(t) for t 2 [0; !]:
Assume x 2 @�2 \K; and by inequalities (3.9) and (3.18) concider

k�xk � �

1� �

Z !

0

f(u; x(u); x(x(u)))du

� �

1� �

Z T

0

c4x(u)du �
1

�!

Z !

0

c4x(u)du � Smax = kxk :

This implies k�xk � kxk for x 2 @�2 \ K and from Theorem 3.1, the

mapping � has a �xed point x in K \ (�2n�1): As a result, (3.4) has a

positive !-periodic solution. The proof is complete.

Theorem 3.2 Assume f0 = f1 = 1 for each y 2 (0;1) ; and there exists

a

f(t; x; y) � A�; (3.20)

for all x 2 (0; A]; and (t; y) 2 [0; !] � (0;1): Then (3.4) has two positive

periodic solutions for any � satisfying

1� �
!

� � � 1� �
�!

; (3.21)

where � is as in (3.10).
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Proof. If f0 =1 holds, then there exists 0 < A < A such that f(t; x; y) �

c5x for (t; y) 2 [0; !]� (0;1) and all 0 < x � A; where c5 �
1

�2
: We de�ne

� := fx 2 PL!;M : kxk < Ag:

Then for x 2 @�1 \K; we get

k�xk � ��

1� �

Z !

0

f(u; x(u); x(x(u)))du � ��

1� �

Z !

0

c5x(u)du

� �

!

Z !

0

c5x(u)du �
�

!

1

�2
!A� = A = kxk ;

due to (3.9), (3.21), and the cone (3.15). This means k�xk � kxk for x 2

@�1\K:Moreover, if f1 =1; then there exists bA > A such that f(t; x; y) �
c6x for all x � bA; c6 � 1

�2
and (t; y) 2 [0; !]� (0;1): Set

�2 := fx 2 PL!;M : kxk < bAg:
Then for x 2 @�2 \ K; we obtain the result k�xk � kxk by applying the

same procedure given above. Moreover, we introduce

�3 := fx 2 PL!;M : kxk < Ag:

In this case, when x 2 @�3 \K we have the following

k�xk � �

1� �

Z !

0

f(u; x(u); x(x(u)))du � 1

�!

Z !

0

A�du = A = kxk ;

by (3.9), (3.20), and (3.21). Since A < A < bA; by Theorem 3.1 the mapping

� has two �xed points in K \ (�3n�1) and K \ (�2n�3): This is equivalent

to existence of at least two positive periodic solution of (3.4). The proof is

complete.

The following result can be proven similar to proof of Theorem 3.3. There-

fore, we omit its proof.
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Theorem 3.3 Suppose f0 = f1 = 0 hold and there exists a constant Y > 0

such that

f(t; x; y) � Y

�
;

for all x 2 [�Y; Y ] and (t; y) 2 [0; !] � (0;1): Then (3.4) has two positive

periodic solutions for
1� �
!

� � � 1� �
�!

: (3.22)

As an implementation of our results, we provide the following example.

3.3.2 Uniqueness of periodic solution of equation (3.4)

In this part we use the principle of contraction mapping to prove the unique-

ness of the solution of the equation (3.4).

Theorem 3.4 Suppose (H1) and (H2) hold. If

�

1� �!(�1 + �2(1 +M)) < 1; (3.23)

then equation (3.4) has a unique solution.

Proof. Similarly as in the proof of lemma 3.3 and by using (3.23): For

x; y 2 PL!;M ; we have

j(�x)(t)� (�y)(t)j � �

1� �!(�1 + �2(1 +M)) jx� yj ;

By the principle of contraction mapping, � has a unique xed point on PL!;M

and in view of Lemma 3.1 this �xed point is a solution of equation (3.4).

An Example

In this section, we analyze an example to show the e¤ectiveness of our results.
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Example 3.1 We consider the equation

x0(t) = a(t)x(t)� �f(t; x(t); x (t� �(t; x(t)))) ; t 2 R:

Corresponding to equation (3.4), we let a(t) = 2 + sin(10�t); f(t; x; y) =
1

8
exp(�x� y); � = 2. At �rst, the function a is 1

5
-periodic, and the initial

condition (H1) holds. Furthermore, the condition given in (H2) can be easily

veri�ed for the function f with constants �1 =
1

8
and �2 =

1

8
: Again by

straightforward computations, the limit results f0 = 1 and f1 = 0 hold.

Then, the iterative di¤erential equation is written as follows

x0(t) = (2 + sin(10�t))x(t)� 1
4
exp(�x(t)� x(x(t)): (3.24)

As the next task, we focus on the crucial inequality (3.16) in Lemma 3.2,

and we observe it holds for any M � 1; where � = exp(�2
5
) (see (3.10).

Besides, it should be highlighted that � = 2 satis�es the inequality (3.22).

It is straightforward to show that all conditions of Theorem 3.2 are ful�lled,

and consequentially the the iterated di¤erential equation (3.24) has a positive
1

5
-periodic solution.

Conclusion

This dissertation studies the positivity of periodic solutions of iterative

di¤erential equations. The approach used in our project is based on the

�xed point technique. This method relies mainly on necessary arguments:

an elementary variation of parameter formula, a non-empty cone subset of

a Banach space and a �xed point application. The bene�t of this approach

is that the �xed point arguments can yield existence, and two positive peri-

odic solutions for such an equation in one step. The main di¢ culty of this

approach is to de�ne a cone K of a Banach space and a suitable mapping,
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when the mapping is compact on K. The results in this work extend and

improve some exist results in the literature in some ways. Recently, Benhadri

et al. in [6] have addressed this technique to investigate the periodicity of

another class of impulsive delay di¤erential equations. However, there are

many problems to be solved for iterative fractional di¤erential equations and

other variants, persistence, and so on. We leave these for our -future work.
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