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Abstract

This thesis addresses the development of robust control and unknown input estimation

methods for complex dynamic systems, with a particular focus on the biological treatment

of wastewater by activated sludge. The primary goal is to develop advanced theoretical

and methodological tools to enhance the monitoring and control of industrial processes

characterized by nonlinear dynamics, parametric uncertainties, and fault occurrences.

The first part presents the biological wastewater treatment process and its ASM1 math-

ematical model. To overcome the complexity limiting real-time applications, a reduced

model tailored to sequencing batch reactors (SBR) is introduced, facilitating the design

of observers and control strategies.

The second part lays the theoretical groundwork on singular and linear parameter

varying (LPV) systems, examining their structural properties such as regularity, control-

lability, and observability along side stability analysis via parameter dependent Lyapunov

functions. The use of linear matrix inequalities (LMIs) for robust system analysis and

controller synthesis is also detailed.

A key contribution of this thesis is the formulation of three novel unknown input

estimation algorithms for a class of nonlinear systems combining LPV components and

purely Lipschitz nonlinearities. Each algorithm is designed according to the distribution

of unknown inputs within the system, enabling the estimation of the maximum possible

unknown inputs unlike existing approaches which address only specific cases. Prior to

introducing these algorithms, a general H∞ observer design methodology based on LMIs

is developed for nonlinear descriptor systems with nonlinear outputs. This approach

exploits a tailored Lyapunov function to avoid the differentiation of disturbances, resulting

in less conservative LMI conditions. The reduction in conservatism is attributed to the

specific Lyapunov function structure, a judicious application of Youngs inequality, and a

reformulation of the Lipschitz condition.

Finally, two advanced control strategies for dissolved oxygen regulation in activated

sludge processes are proposed: a neural network-based model predictive control (NNMPC)

optimized via metaheuristic algorithms such as Particle Swarm Optimization (PSO) and

Genetic Algorithms (GA), and a fault-tolerant dynamic output feedback control (DOFFTC)

strategy. The DOFFTC leverages our unknown input estimation algorithm for LPV/non-

linear Lipschitz systems, formulated through linear matrix inequality (LMI) constraints,

to actively estimate and compensate for dynamic sensor faults. Independently imple-

mented and validated on the BSM1 benchmark within MATLAB/Simulink, this approach

demonstrates significant improvements in robustness, fault resilience, and overall control

accuracy. The proposed DOFFTC offers an advanced and reliable solution for the sus-
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tainable and efficient management of wastewater treatment processes.

Keywords: Fault-Tolerant Control, Singular Systems, Unknown Input Observers,Linear

Parameter Variable models, Wastewater Treatment, H∞ Robust Control, Unknown In-

put Estimation, Nonlinear Dynamical Systems, Activated Sludge Systems, Linear Matrix

Inequalities (LMI), Lyapunov Methods, Fault Detection.



Résumé
Cette thèse traite du développement de méthodes de contrôle robuste et d’estimation

des entrées inconnues pour des systèmes dynamiques complexes, avec un accent particulier
sur le traitement biologique des eaux usées par boues activées. L’objectif principal est de
développer des outils théoriques et méthodologiques avancés pour améliorer la surveillance
et le contrôle des procédés industriels caractérisés par des dynamiques non linéaires, des
incertitudes paramétriques et la survenue de défauts.

La première partie présente le procédé de traitement biologique des eaux usées ainsi que
son modèle mathématique ASM1. Pour surmonter la complexité limitant les applications
en temps réel, un modèle réduit adapté aux réacteurs séquentiels à batch (SBR) est
proposé, facilitant la conception des observateurs et des stratégies de contrôle.

La deuxième partie établit les fondements théoriques des systèmes singuliers et des sys-
tèmes à paramètres variables linéaires (LPV), en examinant leurs propriétés structurelles
telles que la régularité, la contrôlabilité et lobservabilité ainsi que lanalyse de stabilité via
des fonctions de Lyapunov dépendantes des paramètres. L’utilisation des inégalités matri-
cielles linéaires (LMI) pour lanalyse robuste et la synthèse des contrôleurs est également
présentée en détaille.

Une contribution majeure de cette thèse est le développement de trois nouveaux al-
gorithmes d’estimation des entrées inconnues pour une classe de systèmes non linéaires
combinant des parties LPV et des non-linéarités purement Lipschitz. Chaque algorithme
est conçu en fonction de la distribution des entrées inconnues dans le système, permet-
tant ainsi d’estimer le maximum possible d’entrées inconnues contrairement aux méthodes
existantes qui ne considèrent que des cas particuliers. Avant d’introduire ces algorithmes,
une méthodologie générale de conception d’observateur H∞ basée sur les LMI est déve-
loppée pour des systèmes descripteurs non linéaires à sorties non linéaires. Cette approche
utilise une fonction de Lyapunov spécifique pour éviter la différentiation des perturbations,
ce qui conduit à des conditions LMI moins conservatrices. La réduction de la conserva-
tisme est attribuée à la structure spécifique de la fonction de Lyapunov, à une application
judicieuse de l’inégalité de Young, et à une reformulation de la condition de Lipschitz.

Deux stratégies de commande avancées pour la régulation de l’oxygène dissous dans
les procédés de boues activées sont finalement proposées : une commande prédictive basée
sur les réseaux de neurones (NNMPC), optimisée par des algorithmes méta-heuristiques
tels que l’optimisation par essaim de particules (PSO) et les algorithmes génétiques (GA),
ainsi qu’une stratégie de commande tolérante aux défauts par retour dynamique de la sor-
tie (DOFFTC). La stratégie DOFFTC s’appuie sur notre algorithme d’estimation d’en-
trées inconnues pour les systèmes LPV/non linéaires de type Lipschitz, formulé à l’aide
de contraintes sous forme d’inégalités matricielles linéaires (LMI), afin d’estimer et de



compenser activement les défauts dynamiques des capteurs. Mise en œuvre de façon in-
dépendante et validée sur le benchmark BSM1 dans lenvironnement MATLAB/Simulink,
cette approche montre des améliorations significatives en matière de robustesse, de rési-
lience face aux défauts, et de précision globale de la commande. La stratégie DOFFTC
proposée constitue une solution avancée et fiable pour une gestion durable et efficace des
procédés de traitement des eaux usées.

Mots-clés : Commande Tolérante aux Défauts, Systèmes Singuliers, Observateurs d’En-
trées Inconnues, Modèles LPV, Traitement des Eaux Usées, Inégalités Matricielles Li-
néaires (LMI), Commande Robuste H∞, Systèmes Dynamiques Non Linéaires, Systèmes
à Boues Activées, Méthodes de Lyapunov, Détection de Défauts.



 ملخص
    

ن وتقدير المدخلات المجهولة للأنظمة الديناميكية     تتناول هذه الأطروحة تطوير طرق التحكم المتي 

ن خاص على المعالجة البيولوجية لمياه الصرف الصحي باستخدام الحمأة المنشطة.  مع المعقدة، تركي 

ي 
ن
حسًن مراقبة والتحكم  تطوير أدوات نظرية ومنهجية متقدمة من شأنها  ويتمثل الهدف الرئيسي ف

ُ
أن ت

ي تتسم بد
ي العمليات الصناعية الت 

ن
ي المعاملات، واحتمال حدوث ف

ن
ن ف يناميكيات غي  خطية، وعدم يقي 

  الأعطال الخاص بها. 

ي    
م عملية المعالجة البيولوجية لمياه الصرف الصحي وكذلك نموذجها الرياضن

ً
 ASM1الجزء الأول يقد

 ب وللتغل
 
ف مع من  على التعقيد الذي يحد ط مكي  اح نموذج مبس  ، تم اقي  ي

ي الزمن الحقيق 
ن
التطبيقات ف

اتيجيات  تصميم يسهل( مما SBR) الدورية المتسلسلةالمفاعلات                التحكم. المراقب واسي 

( والأنظمة ذات (Systémes singuliers النظرية للأنظمة الشاذة الأسس الجزءيتناول هذا    

ة ، ويتم فيه دراسة الخصائص البنيوية لهذه الأنظمة، مثل خاصية ((LPVخطيًا  المعاملات المتغي 

وقابلية الملاحظة. كما يُعرض تحليل الاستقرار بالاعتماد على دوال ليابونوف  ظام، وقابلية التحكم،تالان

م استخدام المتباينات على ذلكلمعاملات. علاوة المرتبطة با
َّ
كأداة (  (LMIالخطية  ةيالمصفوف، يقد

ن وتصميم وحدات التحكم،مفعّالة للتحليل ال حٍ مفصّل  تي  كيب. لخطوات مع شر   التحليل والي 

ي تطوير    
خوارزميات جديدة لتقدير  ةثلاثتتمثل إحدى المساهمات الرئيسية لهذه الأطروحة فن

ن الأجزاء  المدخلات المجهولة ي تجمع بي 
ة لفئة من الأنظمة غي  الخطية الت  ذات المعاملات المتغي 

ن بحتة.  خطية من نوع( واللا (LPVخطيًا  ا لتوزي    ع المدخلات  ليبشيي 
ً
تم تصميم كل خوارزمية وفق

الأقصى الممكن من هذه المدخلات المجهولة، بخلاف  الجهولة داخل النظام، مما يسمح بتقدير العدد 

ن الاعتبار إلا بعض الحالات  ي لا تأخذ بعي 
الخاصة. وقبل عرض هذه الخوارزميات، الطرق الموجودة الت 

( (LMIالمصفوفية الخطية  جحاتاعلى المي  تعتمد   ∞ℋ  بة لتصميم مراقتم تطوير منهجية عام

هذه المقاربة على استخدام  لفائدة الأنظمة الوصفية غي  الخطية ذات المخرجات غي  الخطية. تعتمد 

وط خاصة لتجنب اشتقاق الاضطرابات، مما يؤدي إلى  دالة ليابونوف ا. أقل  LMIشر
ً
رجع  تحفظ وي 

ظ إلى البنية الخاصة لدالة ليابونوف، وإلى التطبيق الذكي 
ّ
اجعةتقليل التحف  إلى لمي 

ً
إعادة  يونغ، إضافة

 . ن ط ليبشيي   صياغة شر

ن     ن متقدمتي  اتيجيتي  اح اسي  ي نهاية هذه الأطروحة تم اقي 
ي فن

ن المذاب فن ي تنظيم الأوكسجي 
 للتحكم فن

                                     المنشطة. الحمأة مياه الصرف الصحي بواسطة نظام  عمليات معالجة

اتيجية  نة (NNMPCهي التحكم التنبؤي القائم على الشبكات العصبية  الأولىالاستر ( والمُحسَّ

( والخوارزميات الجينية (PSOابتكارية مثل خوارزمية شب الجسيمات -ميتا باستخدام خوارزميات

GO) .)             

اتيجية ي  الثانية أما الاستر
جاع  فتتمثل فن منظومة تحكم متسامحة مع الأعطال تعتمد على آلية الاسي 

 (. (DOFFTCللمخرجات  الديناميكي 



رة  للمدخلات المجهولة ضمن فئة الأنظمة غي  ترتكز هذه المنظومة على خوارزمية التقدير المطوَّ

مجة وفق قيود رياضية  LPV/Lipschitz الخطية من نوع اجحات معير عنها والمُير خطية مصفوفية  بمي 

LMI)ي تحقيق تقدير دقيق وتعويض  (، وذلك بغرض
ن
المستشعرات، بما فعال للأعطال الديناميكية ف

ي الأداء العام لمنظومة  المتانةيضمن تعزيز 
ن
اتيجية بشكل  التحكم. والاعتمادية ف قد تم تنفيذ هذه الاسي 

حيث  MATLAB/Simulinkباستخدام  ASM1 مستقل والتحقق من صحتها على النموذج المرجعي 

ة من حيث المتانة، القدرة على ي التحكم.  أظهرت تحسينات كبي 
ن
 التكيّف مع الأعطال والدقة العامة ف

حة ستشكل الا  اتيجية المقي  ا من أجل إدارة مستدامة وفعّالة لعمليات (DOFFTCي 
ً
 متقدمًا وموثوق

ً
( حلا

.  معالجة  مياه الصرف الصحي

(، المراصد ذات (Singuliersالمتسامح مع الأعطال، الأنظمة المفردة  : التحكمالمفتاحيةالكلمات 

ة خطيًا  المدخلات ، (LPVالمجهولة، النماذج ذات المعاملات المتغي  (، معالجة مياه الصرف الصحي

اجحات  ن )(، التحكم (LMI المصفوفية الخطيةالمي  الأنظمة الديناميكية غي  الخطية،  ∞ℋ)المتي 

 لأعطال. اكشف   ظمة الحمأة المنشطة، طرق ليابونوف،أن
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LTI Linear Time Invariant

LPV Linear Parameter Varying

UIO Unknown Input Observer

LMI Linear Matrix Inequality

BMI Bilinear Matrix Inequality.
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Mathematical Notations

Sets and Spaces

R,C Real, Complex numbers

N,N∗ Natural numbers

R+ [0,∞)

R
n n-dim real space

R
n×m n×m matrices

Ck, C∞ k-times differentiable function , Smooth (infinitely differen-

tiable) function

ls2 ‖x‖l2 = (
∑ ‖x(k)‖2)1/2

C1(Rn) Continuously differentiable functions

ImB Column space of B

f(·) > 0 Positive definite

f(·) ≥ 0 Positive semi-definite

Linear Algebra

P > 0 Positive definite matrix

P ≥ 0 Positive semi-definite

A > B A− B > 0

A ≥ B A− B ≥ 0

He(A) A+ AT

AT , A−1 Transpose, Inverse

I, Ir Identity matrix

0, 0(n,m) Zero matrices

tr(A) Trace of A

rk(A) Rank of A

det(A) Determinant

Im(A) Image space

ker(A) Kernel

λ(A) Eigenvalues

σ(A) Singular values

‖v‖ Euclidean norm

diag Block diagonal

es(i) Basis vector
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Chapter 1

General introduction

"The thesis of a thousand pages begins with a single equation."

(Adapted from Lao Tzu)

14
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Wastewater treatment represents a major public health challenge worldwide, with sev-

eral million deaths annually attributed to the consumption of contaminated water [7].

Originating from domestic, agricultural, and industrial activities, wastewater contains

pollutants that can severely harm aquatic ecosystems when discharged without prior

treatment. To address this, increasingly sophisticated treatment methods are being de-

veloped, among which the biological treatment phase, particularly the activated sludge

process, plays a central role. However, ensuring the stability and optimal performance of

such systems is a challenging task due to their large-scale nonlinear dynamics, frequent

perturbations in influent flow rate and pollutant load, and uncertainties related to the

composition of the incoming wastewater.

In the context of wastewater treatment, the development of accurate yet tractable

models is a critical step toward achieving reliable operation, particularly in the presence

of strong nonlinearities, unmeasured variables, and external disturbances. Traditional

modeling approaches, such as the Activated Sludge Model No.1 (ASM1) [8], offer a detailed

description of biological processes through a set of 13 nonlinear differential equations and

more than 20 parameters. While accurate, the computational complexity of ASM1 renders

it impractical for real-time control and estimation tasks.

To bridge the gap between model accuracy and computational tractability, the Takagi-

Sugeno (TS) fuzzy framework [9] and its equivalent quasi-LPV representation [10] offer a

powerful solution by expressing nonlinear dynamics through convex combinations of local

linear models. These approaches provide universal approximation capabilities [11] while

enabling LMI-based stability analysis [12]. The derived multi-model structure preserves

nonlinear system properties through smooth interpolation between operating regions, yet

remains computationally tractable via linear synthesis techniques. This is particularly

evident in the LPV formalism [12, 13], where parameter variations are governed by mea-

surable scheduling variables (e.g., influent flow rate Qin, substrate concentration Sin),

allowing conventional linear control methods to handle inherently nonlinear behaviors.

Reduced-order models, such as those proposed by Chachuat [14], preserve essential
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process dynamics while simplifying their structure and reduce the number of variables.

However, they remain challenging for estimation due to inherent nonlinearities and un-

known inputs. A major issue in the real-time estimation of reduced-order model ASM1

variables is the unavailability of influent concentrations such as XDCO
in , SNO

in , SNH
in , and

SND
in . To handle these unmeasured states, the system is reformulated by isolating non-

linear terms under a Lipschitz condition, enabling the design of a robust unknown input

observer based on Linear Matrix Inequalities (LMIs).

State estimation of nonlinear systems is essential for control design, fault diagno-

sis [15, 16], and health monitoring, as these applications typically require complete state

information that is often unavailable through measurements alone. Numerous estimation

methods have been developed, including moving horizon estimation [17], sliding mode ob-

servers [18], and LMIs-based observers [19, 20]. Hence, various observer design approaches

have been elaborated under specific assumptions regarding the system’s nonlinearities.

Among these, one of the most widely used is the well-known high-gain observer, specifi-

cally designed for systems that can be expressed in triangular form [21], [22], [23]. Another

effective method for nonlinear systems, particularly those with Lipschitz nonlinearities is

addressed using sliding mode observers. The design of such estimators is based on the

solution of an algebraic Riccati equation, which maybe difficult to solve [24]. Therefore,

a simpler approach is the Extended Kalman Observer (EKO), which uses a first order

linearizion technique. However, although the EKO is simple to design and is largely used

in real applications [25], it is very sensitive to the initialization and its convergence is

guaranteed only locally.

For linear systems, we can cite the observer design methods proposed by [26], [27],

and [28]. Although, these observers are simple to design, unfortunately, there is no men-

tion of the existence conditions. Later, new existence conditions have been established

in [29] by considering a more complex issue, namely functional observers.

The above mentioned observers deal only with state estimation of nonlinear systems

without unknown inputs. In the presence of unknown inputs, the problem becomes more
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complicated and depends on the distribution of the unknown inputs in the system [29].

Usually, controlled real systems are subject to exogenous inputs, such sensor/actuator

faults or disturbances affecting the system state variables and the output measurements.

Within this context, unknown input estimation has owned a great interest in the areas

of observer-based fault diagnosis [30], chaotic synchronization and secure communica-

tions [31], and observer-based fault tolerant control [32], [33]. For nonlinear systems, some

recent observer design methods for simultaneous estimation of the system states and the

unknown inputs have been proposed in the literature [34], where the nonlinearities are

assumed to be Lipschitz. In [35], the authors used the Sobolev norms to investigate a

new performance criterion for continuous nonlinear time-delay systems with uncertainties.

Similarly, in [31], an observer in presence of disturbances in both of the system dynamics

and outputs has been proposed. Despite all these techniques allow simultaneous estima-

tion of the state variables and the unknown inputs, only few results have been tackling

the issue of nonlinearity terms in the output measurements of the descriptor systems.

Therefore, in this thesis, we will present a novel and general estimation algorithm to

cope with this problem. Indeed, we will design an observers able to estimate, simulta-

neously, the unknown inputs and the disturbed system dynamics. We use a Lyapunov

function independing on the disturbances to avoid the presence of the disturbance’s deriva-

tives aimed at meeting a H∞ performance criterion, which is based on the Lebesgue space

L2 for obtaining local input-output stability. Since, nonlinearities in the system outputs

lead to more complexity in the observer design, some assumptions on the system param-

eters such the number of unknown inputs, and nonlinear functions in the measurement

equations will be discussed. To guarantee the observer convergence, tractable LMI con-

ditions will be formulated. Their feasibility will be enhanced due to a convenient use

of the Young’s inequality. This will be possible through the introduction of additional

decision variables, which lead to additional degrees of freedom and, consequently, better

performances in the LMI feasibility.

The rising demographic and the mismanagement of water resources have negatively af-
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fected the water quality. Naturally, in a water body, the organic matter is converted into

inert mineral products by purely natural mechanisms. However the waste water treatment

plant (WWTP), under some specific conditions, the purification phenomenon is activated

by human control actions [36] in order to comply the effluent quality within the legislative

limits [37], [38]. In ASM1-based bioreactors, dissolved oxygen (DO) is a key operational

variable that directly influences active biomass activity and process efficiency. It supports

both heterotrophic oxidation of organic matter and autotrophic nitrification. Maintain-

ing DO around a setpoint of 2 g·m−3 (2 mg·L−1) is essential to balance these processes

and prevent metabolic shifts or byproduct formation. Control is typically achieved by

manipulating the aeration rate, which directly affects the oxygen transfer coefficient, kLa.

Insufficient DO levels (hypoxia, DO < 1 mg·L−1) can lead to ammonia accumulation,

excessive sludge production, and poor effluent quality. Conversely, excessive oxygenation

(hyperoxia, DO > 4 mg·L−1) inhibits denitrification, increases oxidative stress, and re-

sults in unnecessary energy consumption. Thus, regulating DO through advanced control

strategies such as NNMPC or observer-based feedback control ensures both biological

performance and energy efficiency [39, 40].

The COST/IWA benchmark simulation model (BSM1) has been available to create a

platform for the design and comparison of different control strategies [41] for a standard

WWTP. The Proportional-Integral (PI) is the default control method for BSM1, however,

owing to the complexity behavior of WWTP, a fixed parameter linear controller is not

able to maintain a satisfactory performance of regulation under the full range of operating

conditions. Therefore, the advanced control, nonlinear model predictive control (MPC),

is a good candidate for a such demanding task [42]. MPC also known as moving horizon

control (MHC) or receding horizon control (RHC), is a popular technique for the control

of slow dynamical systems, such as those encountered in chemical process control [43].

The control performance of MPC mainly depends on the accuracy of the model de-

scribing the plant behavior. These plant models can be represented by conventional

mathematical approaches like state-space [44], ARMA (Autoregressive-moving-average).



Chapter 1. General introduction 19

Machine learning technique based models like neural networks (NN) is also used to model

the plants behavior [45, 46]. Generally, NNMPC algorithms are based on solving an on-

line optimization problem which reflects the desired control performance, subject to the

constraints on inputs, states and outputs.

Accurate minimizing of cost function with reliable controller performance is a challeng-

ing and ongoing research problem. In such case , This optimization problem is nonlinear,

high-dimensional with complex constraints on the states and the control variables. In

some case, the optimization with nonlinear programming methods provides eventually

local optimum values and depend on the selection of the starting point. Fortunately,

recent natural-inspired metaheuristic optimization methods are a good alternative, such

as genetic algorithm (GA), particle swarm optimization (PSO).

To enhance the reliability and efficiency of dissolved oxygen (DO) regulation in bio-

logical reactor of wastewater treatment processes, this thesis develops a novel dynamic

output feedback fault-tolerant control (DOF-FTC) strategy, specifically adapted to non-

linear dynamics modeled by reduced ASM1. The proposed control architecture leverages

a LPV framework and reformulation Liptchiz equation to handle model nonlinearities and

time-varying operating conditions through measurable scheduling variables (the influent

flow rate Din = ρ).

A key component of the strategy is our unknown input estimation algorithm for a

class of nonlinear systems with mixed nonlinear terms, namely LPV parts and purely

Lipschitz nonlinearities, which allows simultaneous estimation of unmeasured influent

concentrations such as (Ammonia nitrogen, Soluble biodegradable organic nitrogen) and

a fault-affected system (e.g., bias or drift), even under bounded disturbances. Based on

the estimated states and faults sensor outputs, a dynamic output feedback fault-tolerant

controller ensures accurate tracking of the DO reference setpoint (2 mg·L−1), incorporating

an integral action to eliminate steady-state errors. The controller explicitly compensates

for sensor faults within the feedback loop, thereby preserving performance and avoiding

unnecessary energy consumption.
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Lyapunov based Linear Matrix Inequality (LMI) conditions are derived to ensure

closed-loop stability and guarantee an H∞ performance level under disturbances such

as influent load variations. The observer and controller gains are co-designed via convex

optimization techniques, enabling real-time feasibility and implementation using standard

tools.

1.1 Main Contributions of the Thesis

To sum-up, the contributions of the thesis can be summarized as follows:

• A general LMI-based H∞− observer design method for a class of nonlinear descriptor

systems with nonlinear outputs is proposed. The provided LMI conditions are less

conservative than those proposed in the previous literature. This is due to:

– the use of specific Lyapunov function candidate containing the disturbances

in order to avoid their derivatives in the derivative of the Lyapunov function

along the trajectories of the estimation error dynamics;

– expressing the nonlinearities of the system in convenient way to exploit all their

properties in the Lyapunov analysis;

– the use of Young’s inequality in a judicious manner, which provides additional

decisions variables, and then leads to more general LMI conditions compared

to those found in the literature.

• Three estimation algorithms are proposed to reconstruct unknown inputs of the

system. Each estimation algorithm requires specific assumptions related to rank

conditions expressing the distribution of the unknown inputs in the system dy-

namics and in the output measurements. To this end, mathematical artifacts and

some convenient and judicious matrix decompositions are introduced to overcome

obstacles encountered in the Lyapunov analysis.

• The proposed estimation algorithms are applied to a reduced model of activated

sludge wastewater treatment plant (ASM1), which was developed in the European
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program COST 624 for control purposes [47].

• An efficient control strategy, namely neural network model predictive NNMPC con-

troller based on metaheurstics optimization has been designed and investigated for

dissolved oxygen control in aerated Activated Sludge processes. Thereby a com-

parative study between the classical controller (PI) and the advanced one NNMPC

indicates that the NNMPC is the most efficient to achieve a high control precision.

• Comparative analysis of optimization methods (Levenberg-Marquardt vs PSO vs

GA) demonstrating metaheuristics superiority in handling nonlinearities with faster

convergence and better solution quality

• Development of a precision control scheme achieving system stabilization through

optimal metaheuristic-based tuning

• Developed a novel LPV/Lipschitz-based DOF-FTC strategy for dissolved oxygen

regulation in wastewater treatment, handling nonlinearities through measurable

scheduling variables (Din = ρ) in reduced ASM1 dynamics

• Established LMI-based stability conditions with H∞ performance guarantees, con-

troller gains via convex optimization for real-time implementation

1.2 Outline of the Thesis

The present thesis is composed of five chapters organised as follows :

• In chapter.1, a foundational overview of biological wastewater treatment is pre-

sented„ starting with the main stages (pre-treatment, primary treatment, and sec-

ondary treatment), with a particular focus on the activated sludge process, which

plays a central role in secondary treatment. The activated sludge process involves

various biological mechanisms such as organic matter degradation, nitrification, den-

itrification, biomass decay, and sludge recycling. These processes are mathemati-

cally described by the ASM1, which includes 13 state variables and uses Monod-

based kinetics to represent biomass growth. Due to the complexity of ASM1, a
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reduced-order nonlinear model from [14] is adopted to facilitate observer and con-

troller design. This reduced model maintains the essential dynamics while simplify-

ing implementation.

• In chapter.2, an overview of singular systems is provided, which are used to model

complex dynamics combining differential equations and algebraic constraints. After

a brief comparison with classical state-space systems, the fundamental structural

properties are introduced. The discussion then extends to singular LPV systems,

which are more closely related to the practical applications addressed in the subse-

quent chapters. Finally, the main stability analysis approaches adapted to this class

of systems are presented, laying the groundwork for the control and observation

syntheses developed later in the thesis.

• In chapter.3, a theoretical study based on the state of the art regarding state observa-

tion in linear singular systems is introduced, particularly in the presence of unknown

inputs. After recalling classical observer approaches under detectability conditions,

more advanced methods are introduced, such as the proportional observer based

on impulsive observability and the separation of dynamic and algebraic subspaces.

The synthesis of an unknown input observer is then developed through a structured

transformation of the original system, enabling the design of a reduced-order ob-

server. The stability of the latter is ensured via an LMI condition derived from

a Lyapunov function, guaranteeing the convergence of the estimation error despite

the presence of unmeasured inputs.

• In chapter.4, the problem of unknown input estimation is developed for a class

of nonlinear systems with mixed nonlinear terms, namely Linear Parameter Vary-

ing (LPV) parts and purely Lipschitz nonlinearities. Three new unknown input

estimation algorithms are proposed, where each algorithm depends on the distribu-

tion of the unknown inputs in the system. These algorithms provide estimation of

the maximum possible unknown inputs in a system, contrarily to the methods avail-

able in the literature, which consider only particular cases. Before introducing these
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estimation algorithms, a general LMI-based H∞− observer design methodology is

provided, as a preliminary result, for a class of nonlinear descriptor systems with

nonlinear outputs. To this end, a specific Lyapunov function is exploited to avoid

derivatives of the disturbances. The proposed LMI conditions are less conservative

than those existing in the literature. This is due to the specific Lyapunov function,

the use of Young inequality in a judicious way, and the reformulation of the Lip-

schitz inequality. The proposed algorithms are applied to a wastewater treatment

model to show their effectiveness and performances.

• In chapter.5, introduces two distinct approaches for the regulation of dissolved oxy-

gen (DO) in wastewater treatment plants (WWTP): neural network model predic-

tive control (NNMPC) and a dynamic output feedback fault-tolerant controller. The

NNMPC, based on a NNARX neural model and optimized using methods such as

Levenberg-Marquardt, particle swarm optimization (PSO), and genetic algorithm

(GA), achieves accurate control of the dissolved oxygen concentration at (2mg ·L−1).

while minimizing energy consumption. Meanwhile, the dynamic output feedback

fault-tolerant control employs the unknown input estimation formulated with lin-

ear matrix inequality (LMI) constraints to actively estimate and compensate sensor

faults and guarantees precise tracking of the dissolved oxygen (DO) reference value.

Both strategies are applied independently and validated on the BSM1 benchmark

using MATLAB/Simulink, demonstrating significant improvements in accuracy, ro-

bustness, and resilience to disturbances and faults. These results offer advanced

solutions for the sustainable and efficient management of WWTP.
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Biological Wastewater Treatment

Process

"Water treatment is civilization’s immune system."

(Adapted from Edgeworth David)
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2.1 Introduction

Water pollution control has become a critical challenge in environmental engineering,

requiring increasingly sophisticated treatment methods to address diverse contaminants.

This chapter presents a comprehensive examination of biological wastewater treatment

systems, focusing on the activated sludge process as the most widely implemented sec-

ondary treatment technology worldwide. The discussion begins with fundamental con-

cepts of wastewater treatment stages, from preliminary screening to advanced tertiary

processes. Particular emphasis is placed on the activated sludge system, which utilizes

activated sludge communities to biologically degrade organic matter and remove nutrients.

In wastewater treatment, the adoption by the European Union of increasingly stringent

discharge standards has led to the need for more reliable and better controlled treat-

ment plants. Mathematical models then become highly valuable tools to assist in the

development of effective control strategies, and potentially enable real-time operation of

treatment units. Over the past two decades, numerous studies have focused on modeling

the activated sludge process. This work culminated in the publication by the IAWQ1 of

the ASM models: ASM1 [1, 2], ASM2 [48], ASM2d [49], and ASM3 [50] .

Although these models have been widely applied across various fields and have proven

predictive capabilities, their large number of parameters and state variables makes them

unsuitable for online process control. After a brief overview of the main operational

stages of an activated sludge wastewater treatment plant, we present a simplified (ref-

erence) model derived from the most widely used biological model, ASM1. Due to its

complex structure, numerous reduced-order models have been proposed in the literature

( [51], [52], [53], [54], [55], and [56]) in order to obtain a more practical and applicable

model for real-world applications. Various model reduction techniques are therefore re-

viewed. The resulting reduced model is a nonlinear model introduced by [14]. Since the

influent concentrations XDCO
in , SNO

in , SNH
in , and SND

in are typically not measured, they must

be considered as unknown inputs.
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2.2 Fundamentals of biological wastewater treatment

Water serves as the ideal medium for the transport and dispersion of a wide range

of pollutants. Increasingly stringent sanitation regulations [57] require the removal of an

expanding array of contaminants, including organic compounds, minerals, pathogens, and

toxic substances. Given this diversity, wastewater purification typically involves multiple

treatment stages [58], each specifically tailored to address the distinct characteristics of

the targeted pollutants. In general, a wastewater treatment system consists of several

modules through which raw influent passes, undergoing successive purification processes

before final discharge [59]. Wastewater treatment methods are commonly categorized into

three main stages: primary, secondary, and tertiary treatments [60]. Alternatively, these

processes can be classified according to their physical or biological nature, with primary

treatments typically based on physical separation methods, while secondary and tertiary

treatments often involve biological and/or advanced chemical processes [61]. Another

possible classification is based on physical and biological criteria, roughly distinguishing

primary treatments on one side and secondary and tertiary treatments on the other.

2.2.1 pre-treatment:

The primary objective of pre-treatment [62] is to remove coarse materials (such as

twigs, leaves, fabrics, etc.) and elements that could impede subsequent treatment stages.

This phase comprises:

Screening: is performed by passing water through grids of varying coarseness [63] to

capture solid elements larger than the grid spacings;

grit removal, grease and oil removal: The flow rate of the water is slowed

down, [62] allowing smaller particles to sediment (primary sludge), while less dense fats

rise to the surface. Sand is then removed by pumping, and the foam is skimmed off.

In the strict sense, the primary treatment involves a physico-chemical process where

coagulants and flocculants can be introduced to the water [63]. This facilitates the removal
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of a substantial quantity of suspended particles through sedimentation or flotation, re-

sulting in the formation of physico-chemical sludge. This stage effectively eliminates 90%

of suspended particles and objects, a standard procedure in most wastewater treatment

plants. Nonetheless, dissolved elements such as nitrogen, phosphorus, active compounds,

and fine particles persist in the water. Subsequent secondary and potentially tertiary

treatments are then applied.

2.2.2 The secondary treatment

The fundamental principles [4] involved in the biological treatment of wastewater are

common to all processes such as activated sludge, bacterial beds, lagooning, etc. Microor-

ganisms, mainly bacteria, decompose organic and mineral substances present in wastewa-

ter for their own development (metabolism). These substances exist in the form of parti-

cles, colloids, or dissolved molecules, the stages of the degradation process are schemati-

cally represented in figure 2.1. Due to their significant size, particles and macromolecules

must first be hydrolyzed into simpler compounds to be assimilated by bacteria, along

with the dissolved substances. Each step, depending on substrate availability, hydraulic

regime of reactors, or environmental conditions (temperature, etc.), can be limiting for

the overall degradation process [63]. In biological treatment processes, metabolism always

leads to the production of new cells. While this process maintains an adequate quantity

of bacteria in the system, an excessive bacterial mass can cause serious malfunctions,

necessitating the extraction of a portion of the produced sludge.

Figure 2.1: Stages of the biological degradation process [4]
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2.2.2.1 The secondary treatment with activated sludge process

The activated sludge process is the most widely used biological wastewater treatment

method [5] in developed countries. The treatment process is referred to as "activated

sludge" because all the favorable conditions for maximum bacterial activity are imple-

mented : an adequate supply of oxygen, nutrient input if the effluent lacks all the com-

pounds necessary for bacterial growth, continuous agitation to enhance contact between

bacteria and pollutants, and a high bacterial concentration to increase treatment effi-

ciency. The treatment chain consists of a bioreactor, a clarifier, and a sludge recycling

loop, as shown in figure 2.2 .

Figure 2.2: Typical biological Activated Sludge Process to treat wastewater [5].

The bioreactor The mixture, called "mixed liquor" [4] consists of a solid phase (mi-

croorganisms, organic debris, mineral matter) and a liquid phase containing dissolved

substances. To remove nitrogenous matter, the biological reactor can be divided into

two distinct aerobic and anoxic zones see figure 2.2. In most cases, the anoxic zone is

placed upstream of the aerobic zone, just at the inlet of the effluent into the reactor, so

that bacteria have enough biodegradable organic matter to carry out the denitrification

reaction. Recycling the mixed liquor from the aerobic zone to the anoxic zone allows for

the removal of oxidized nitrogenous pollutants.

The clarifier At the outlet of the reactor, we obtain a mixed liquor composed of floccu-

lated sludge and purified water ready to be discharged into the natural environment. They

are separated within the clarifier, which has a phase separation function and a thickening
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function to bring back the most concentrated sludge possible into the biological reactor.

Due to the absence of oxygen [63], the sludge retention time must be as short as possible

to prevent them from becoming anaerobic. This would result in the appearance of odors

as well as a deterioration in the mechanical quality of the sludge, disrupting both the

biological treatment of water and the subsequent treatment of the sludge.

Sludge recycling The growth of biomass within the bioreactor is not sufficient to

compensate for the loss generated by the flow rate of the mixed liquor outlet. To maintain

a constant biomass concentration in the reactor, a portion of the sludge from the clarifier

is recycled back to the reactor. Purges also occur to extract the excess amount of sludge

in the process. The recycling and purging rates also help control the sludge age, θC ,

which is the time at which the biomass is entirely renewed [4].. This time characterizes

the physiological form of the biomass in the reactor as well as its composition. Taking

the example of nitrogenous matter treatment: autotrophic bacteria responsible for the

nitrification reaction will only be present if the sludge age exceeds 6 days (for a mixed

liquor at 20C), with their duplication time being 4 days.

2.2.3 The tertiary treatments

As regulations regarding discharge limits into natural ecosystems become increasingly

stringent, numerous investigations are underway to propose tertiary treatment methods

designed to eliminate remaining compounds post-secondary treatment [64]. The treatment

can adopt various approaches:

• Biological methods for eliminating nitrogen (nitrification-denitrification) and phos-

phorus (dephosphatation) [63].

• Physico-chemical techniques involving phosphorus precipitation (coagulation-settling)

or the removal of lingering suspended matter (filtration through sand beds or acti-

vated carbon) [64].

• Chemical processes addressing desinfection disinfection [62] and the elimination of
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bacteriological contamination risks (using chlorine or ozone).

2.2.4 The sludge treatment

A significant sludge production is typically characterized by a composition containing

95% to 98% water. The treatment of sludge is conventionally carried out in various stages,

including thickening, anaerobic digestion, dewatering, drying, and utilization. This uti-

lization can either be in the form of agricultural practices (direct spreading or composting)

or energy related processes (incineration, anaerobic digestion).

2.3 The ASM1 model

The Activated Sludge Model No.1 [1] is a comprehensive model capable of accurately

representing the behavior of the process during the treatment of wastewater loaded with

nitrogenous and carbonaceous substances. ASM1, was developed and published in 1987

by the International Association Water Quality (IAWQ),(Henze et al. 1987) has been

extensively applied in both academic and practical applications. This model provides

a detailed description of biological mechanisms, process kinetics, as well as the degra-

dation rates of organic matter, nitrification, and denitrification within activated sludge

wastewater treatment plants. Between 1998 and 2004, European working groups affili-

ated with COST Actions 682 and 624 dedicated efforts to develop benchmark tools for the

simulation-based assessment of control strategies in activated sludge plants. It also un-

derwent significant modifications that gave rise to models such as ASM2 [48], ASM2d [49]

and ASM3 [50].

2.3.1 State variables

The ASM1 model comprises thirteen state variables (related to biological phenomena),

eight processes, and nineteen different kinetic and stoichiometric parameters. The letter

X is suggested for particulate compounds, and the letter S for soluble compounds. We

can classify these state variables into five groups:
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1. The substrates : Consist of the rapidly biodegradable substrate Ss (mgO2.l
−1)

and the slowly biodegradable substrate Xs (mgO2.l
−1).

2. The biomasses : The heterotrophic biomass XBH (mgO2.l
−1), responsible for the

oxidation of organic matter and denitrification, and the autotrophic biomass XBA

(mgO2.l
−1), responsible for nitrification. The growth of biomasses is described by

the Monod equation. A third state variable, denoted XP (mgO2.l
−1), represents

products resulting from the death of the biomass.

3. The nitrogen compounds : Are distinguished based on their oxidation state and

are divided into 3 categories:

• Organic forms (soluble SND(mgN .l
−1) and particulate XND(mgN .l

−1)),

• Ammoniacal forms (SNH (mgN .l
−1)),

• Oxidized forms (SNO (mgN .l
−1)- nitrates-nitrites).

4. The dissolved oxygen : Represented as SO (mgO2.l
−1)

5. Biologically inert states : Soluble inert organic compounds SI(mgO2.l
−1), par-

ticulate inert compounds XI (mgO2.l
−1), and Salk alkalinity (mol.l−1).

Consequently, the model comprises a total of thirteen state variables gathered in the

vector X:

X =
[
SO SNO SNH SS XBH XBA Qeff COD BOD TSS TKN TP PH

]

(2.1)

Where:

• COD (Chemical Oxygen Demand): the amount of oxygen required to chemically

oxidize all organic matter in the water, both biodegradable and non-biodegradable

(mg O2/L).

• BOD (Biochemical Oxygen Demand): the amount of oxygen consumed by mi-

croorganisms to biologically degrade biodegradable organic matter over 5 days (mg

O2/L).
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• TSS (Total Suspended Solids): the concentration of undissolved solid particles in

the water (mg/L).

• TKN (Total Kjeldahl Nitrogen): the total concentration of organic nitrogen and

ammonia nitrogen in the water (mg N/L).

• TP (Total Phosphorus): the total amount of phosphorus, including orthophos-

phates, organic phosphates, and particulate phosphorus (mg P/L).

• pH: a dimensionless measure indicating the acidity or alkalinity of the water (range

from 0 to 14, with 7 being neutral).

2.3.1.1 Input variables

The concentrations of soluble S∗,in and particulate components X∗,in in the polluted

water entering the bio-reactor are considered as input variables of the model. The inlet

flow rates Qin, recycling QR, and extraction QW are also part of this set of variables, with

the elements forming the input vector defined by u;

u =
[
SI,in, SS,in, XI,in, XS,in, XBH,in, XBA,in, XP,in,

SNO,in, SNH,in, SND,in, XND,in, SO,in, Salk,in, qin, qR, qW
] (2.2)

2.3.1.2 Output Variables

The concentrations of soluble, represented by S∗,out and particulate components, rep-

resented by X∗,out in the water leaving the bio-reactor are considered output variables of

the model. The output flow rate qout is also part of this set of measurable variables; the

vector gathers the output variables is mentioned by y :

y =



SI,out SS,out XI,out XS,out XBH,out XBA,out XP,out ;

SNO,out SNH,out SND,out XND,out SO,out Salk,out qout


 (2.3)

2.3.2 List of processes

The various processes integrated into the IWA model are briefly described below. These

have been detailed by [65], [66]
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2.3.2.1 Aerobic growth of heterotrophs ρ1

A fraction of the easily biodegradable substrate is utilized for the growth of het-

erotrophic biomass, leading to an associated oxygen demand. Growth is modeled using

Monod kinetics [67], [68]. Ammonia is used as a nitrogen source for synthesis and is in-

corporated into the cell mass. Both the concentration of SS and SO can limit the rate of

the growth process. This process is generally the primary contributor to the production

of new biomass and the removal of COD. It is also associated with a change in alkalinity.

ρ1 = µh

(
SS(t)

KS + SS(t)

)(
SO(t)

KO,H + SO(t)

)
XB,H(t) (2.4)

2.3.2.2 Anoxic growth of heterotrophs ρ2

In the absence of oxygen, heterotrophic organisms can use nitrate as the terminal

electron acceptor with Ss as a substrate. The process leads to the production of het-

erotrophic biomass and nitrogen gas (denitrification). Nitrogen gas is the result of nitrate

reduction with an associated change in alkalinity. The same Monod kinetics used for

aerobic growth are applied, except that the kinetic expression is multiplied by a factor

ηg ≺ 1. This reduced rate could either be caused by a lower maximum growth rate under

anoxic conditions or because only a fraction of the heterotrophic biomass is capable of

functioning with nitrate as the electron acceptor. Ammonia is used as a nitrogen source

for cell synthesis, which in turn alters alkalinity [1], [69].

ρ2 = µh

(
SS(t)

KS + SS(t)

)(
KO,H(t)

KO,H + SO(t)

)(
SNO(t)

KNO + SNO(t)

)
ηgXB,H(t) (2.5)

2.3.2.3 Aerobic growth of autotrophs ρ3

Ammonia is oxidized to nitrate through a single-step process (nitrification), resulting

in the production of autotrophic biomass and leading to an associated oxygen demand.

Ammonia is also used as a nitrogen source for synthesis and incorporated into the cell

mass. The process has a significant effect on alkalinity (both from biomass conversion to

ammonia and from the oxidation of ammonia to nitrate) and total oxygen demand. The
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impact on the amount of biomass formed is low because the yield of autotrophic nitrifiers

is low. Once again, the growth rate is modeled using Monod kinetics.

ρ3 = µA

(
SNH(t)

KNH + SNH(t)

)(
SO(t)

KO,A + SO(t)

)
XB,A(t) (2.6)

2.3.2.4 Decay of heterotrophs ρ4 and autotrophs ρ5

Both processes are modeled in the same way using the assumption of death-regeneration.

Organisms die at a certain rate, and a portion of the material is considered non-biodegradable

and adds to the Xp fraction. The rest adds to the slowly biodegradable substrates. The

associated organic nitrogen Xs becomes available as particulate organic nitrogen. No

COD loss or electron acceptors are involved. The process is assumed to continue at the

same rate as under aerobic, anoxic, and anaerobic conditions [70].

ρ4 = bHXB,H(t) (2.7)

ρ5 = bAXB,A(t) (2.8)

2.3.2.5 Ammonification of soluble organic nitrogen ρ6

The biodegradable organic nitrogen is converted into free ammonia and a saline solution

in a first-order process through active heterotrophs. The hydrogen ions consumed in the

conversion process result in a change in alkalinity.

ρ6 = kaSND(t)XB,H(t) (2.9)

2.3.2.6 Hydrolysis of absorbed organic compounds ρ7

The slowly biodegradable substrate trapped in the sludge mass decomposes extracel-

lularly, producing an easily biodegradable substrate available for organism growth. The

process is modeled based on surface reaction kinetics and occurs only under aerobic and

anoxic conditions. The hydrolysis rate is reduced under anoxic conditions compared to

aerobic conditions by a factor ηh ≤ 1. The rate is also first-order with respect to the

present heterotrophic biomass but saturates as the amount of absorbed substrate becomes
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large in proportion to the biomass [71].

ρ7(t) = kh
XS(t)

/
X{BH}(t)

KX +XS(t)
/
X{BH}(t)

(
SO(t)

KO,H + SO(t)
+ ηh

KO,H

KO,H + SO(t)

SNO(t)

KNO + SNO(t)

)
XB,H(t)

(2.10)

2.3.2.7 Hydrolysis of entrapped (absorbed) organic nitrogen ρ8

The biodegradable particulate organic nitrogen is decomposed into soluble organic

nitrogen at a rate defined by the hydrolysis reaction for the absorbed organic matter

described earlier [72].

ρ8(t) = kh
XS(t)/XB,H(t)

KX +XS(t)/XB,H(t)(
SO(t)

KO,H + SO(t)
+ ηh

KO,H

KO,H + SO(t)

SNO(t)

KNO + SNO(t)

)
XB,H

XND(t)

XS(t)

(2.11)

2.3.3 Conversion rates

From the expression of kinetics and stoichiometric coefficients, the conversion rates

(ri), of each compound is given by the following relationship:

ri =
∑

j

vijρj, i = 1 . . . 13 (2.12)

• SI(i = 1);

r1 = 0 (2.13)

• SS(i = 2);

r2 = − 1

YH
.ρ1 −

1

YH
.ρ2 + ρ7 (2.14)

• XI(i = 3);

r3 = 0 (2.15)

• XS(i = 4);

r4 = (1− fp).ρ4 + (1− fp).ρ5 − ρ7 (2.16)
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• XB,H(i = 5);

r5 = ρ1 + ρ2 − ρ4 (2.17)

• XB,A(i = 6);

r6 = ρ3 − ρ5 (2.18)

• XP (i = 7);

r7 = fp.ρ4 + fp.ρ5 (2.19)

• SO(i = 8);

r8 =
1− YH
YH

ρ1 −
4.57− YA

YA
ρ3 (2.20)

• SNO(i = 9);

r9 = − 1− YH
2.86.YH

.ρ2 −
1

YA
.ρ3 (2.21)

• SNH(i = 10);

r10 = −iXB.ρ1 − iXB.ρ2 − (iXB +
1

YA
).ρ3 + ρ6 (2.22)

• SNH(i = 11);

r11 = −ρ6 + ρ8 (2.23)

• XND(i = 12);

r12 = (iXB − fp.iXB).ρ4 + (iXB − fp.iXB).ρ5 − ρ8 (2.24)

• SALK(i = 13);

r13 =
iXB
14

.ρ1 + (
1− YH

14 • 2.86YH
− iXB

14
).ρ2 + (

iXB
14

+
1

7YA
).ρ3 +

1

14
.ρ6 (2.25)



Chapter 2. Biological Wastewater Treatment Process 37

2.3.4 Biological parameter values

The biological parameter values employed in the the Benchmark Simulation Model

no. 1 (BSM1) are approximately defined with a temperature of 15◦C . The stoichiomet-

ric parameters can be found in table(2.1), while the kinetic parameters are detailed in

table(2.2).

Parameter Significance Unit Value [1, 73]
YA Autotrophic yield g COD.(g N)−1 0.24
YH Heterotrophic yield g COD.(g COD)−1 0.67
fP Inert fraction from decay - 0.08
iXB N in biomass g N.(g COD)−1 0.08
iXP N in products g N.(g COD)−1 0.06

Table 2.1: Stoichiometric parameters of ASM1 [1]

Parameter Significance Unit Value[1, 2]
µH Maximum growth rate of heterotrophs d−1 4
µA Maximum growth rate of autotrophs d−1 0.5
bH Decay coefficient of heterotrophs d−1 0.30
bA Decay coefficient of autotrophs d−1 0.05
KOH O2 half-saturation (heterotrophs) mgO2·L

−1 0.20
KNO NO3 half-saturation (denitrification) mgN·L−1 0.50
KS Substrate half-saturation mgCOD·L−1 10
KNH NH3-N half-saturation (nitrifiers) mgN·L−1 1.0
KOA O2 half-saturation (autotrophs) mgO2·L

−1 0.4
ηg Anoxic growth correction factor – 0.8
ka Ammonification rate L·(gCOD·d)−1 0.05
kh Maximum hydrolysis rate gCOD·(gCOD·d)−1 3.0
KX Hydrolysis half-saturation gCOD·(gCOD)−1 0.1
ηh Anoxic hydrolysis correction factor – 0.8

Table 2.2: Kinetic parameters of ASM1 [1–3]

2.4 Mass balances in the reactor

The model of the biological reactor is obtained by performing simple mass balances for

each component. The mass balance equations are as follows [74], [75], [76], [77] , [78] :

dxi
dt

=
Qrec

V r
xreci +

Qin

V r
xini − Qin +Qrec

V r
xi + ri (2.26)

where:
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• V r: represents the reaction volume

• Qrec: recycle flow rate

• Qin: reactor inlet flow rate

and xi, x
rec
i , and xini represent the concentrations of compound i in the aeration tank, in

the recycle, and in the influent, respectively, that is:

xi = [SI , SS, XI , XS, XBH , XBA, XP , SNO, SNH , SND, XND, SO, Salk] (2.27)

The balance related to the dissolved oxygen concentration includes an additional term

AO for the oxygen supply by the turbines:

dSO
dt

=
Qrec

V r
SrecO +

Qin

V r
SinO − Qin +Qrec

V r
SO + rO + AO (2.28)

In its general form, the oxygen supply term is written as:

AO = kLa(x)
(
SsatO − SO

)

where:

• kLa(x): is the oxygen transfer coefficient from the gas phase to the liquid phase,

dependent on volume, agitation speed, injected air flow rate, viscosity, and density

of the solution

• SsatO : The oxygen saturation concentration in water in the presence of biomass

In general, the model for the biological reactor is expressed in the form of an affine

differential system in terms of the control variable:

dxi
dt

= f(xi, x
rec, xin) + uaerg(xi) (2.29)

2.5 Mass balance in Secondary settler

The secondary clarifier is considered as a non-reactive and one-dimensional system

divided into 10 horizontal layers, according to the double exponential settling velocity
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model proposed by [79]. The solid flux due to gravity is given by:

Js = vs(X)X (2.30)

where X is the total sludge concentration. A double-exponential settling velocity function

has been selected, as in [79]:

Vs(X) = max
[
0,min

{
v′0, v0

(
e−rh(X−Xmin) − e−rp(X−Xmin)

)}]
(2.31)

with

Xmin = fnsXf

Xf : is the total solid concentration from the biological reactor.

The parameter values for the settling velocity function are given in table(2.3). The

Parameter significance Unit Value
v’0 Maximum settling velocity m.d−1 250
v0 Maximum Vesilind settling velocity m.d−1 474
rh Hindered zone settling parameter m−3.(gSS)−1 0.000576
rp Flocculant zone settling parameter m−3.(gSS)−1 0.00286
fns Non-settleable fraction dimensionless 0.00228

Table 2.3: Settling parameters

upward (vup) and downward (vdn) velocities are calculated as:

vdn =
Qu

A
=
Qr +Qw

A
(2.32)

vup =
Qe

A
(2.33)

According to these notations, the mass balances for the sludge are written as: For the

feed layer (m = 6):

dXsc,m

dt
=

QfXf

A
+ Jsc,m+1 − (vup + vdn)Xsc,m −min(Js,m, Js,m−1)

Z
(2.34)

For the intermediate layers below the feed layer (m = 2 to m = 5):

dXsc,m

dt
=
vdn(Xsc,m+1 −Xsc,m) + min(Js,m, Js,m+1)−min(Js,m, Js,m−1)

Zm
(2.35)
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For the bottom layer (m = 1):

dXsc,1

dt
=
vdn(Xsc,2 −Xsc,m) + min(Js,2, Js,1)

Z1

(2.36)

For the intermediate clarification layers above the feed layer (m = 7 to m = 9)

dXsc,m

dt
=
vup(Xsc,m−1 −Xsc,m) + Js,m+1 − Js,m

Zm
(2.37)

Jsc,j =





min(vs,jXsc,j, vs,j−1Xsc,j−1) if Xsc,j−1 ≥ Xt

vs,jXsc,j if Xsc,j−1 ≤ Xt

(2.38)

For the top layer (m = 10)

dXsc,10

dt
=
vup(Xsc,9 −Xsc,10) + Js,10

Z10

(2.39)

dZsc,m
dt

=

QfZf

A
− (vup + vdn)Zsc,m

Zm
(2.40)

dZsc,m
dt

=
vdn(Zsc,m+1 − Zsc,m)

Zm
(2.41)

dZsc,m
dt

=
vup(Zsc,m−1 − Zsc,m)

Zm
(2.42)

reformulation for the soluble components including dissolved oxygen, each layer represents

a completely mixed volume and the concentrations of soluble components are calculated

accordingly. For the feed layer (m=6)

dZsc,m
dt

=

QfZf

A
− (vup + vdn)Zsc,m

Zm
(2.43)

For the layers m = 1 to 5

dZsc,m
dt

=
vdn(Zsc,m+1 − Zsc,m)

Zm
(2.44)

For the layers m = 7 to 10

dZsc,m
dt

=
vup(Zsc,m−1 − Zsc,m)

Zm
(2.45)



Chapter 2. Biological Wastewater Treatment Process 41

The concentrations in the recycle and wastage flow are equal to those of the first (bot-

tom) layer. In process engineering, dynamic simulation based on rigorous physical models

is widely employed to analyze system behavior, particularly under extreme operating con-

ditions [80]. Although these models offer high accuracy and reliability, their complexity -

arising from the large number of state variables and parameters - poses significant chal-

lenges for tasks such as state estimation and control, where simplified or reduced-order

models are often more appropriate [81]. This limitation is especially pronounced in acti-

vated sludge processes, where the intrinsic complexity severely restricts practical control

implementation. For example, the ASM1 model (see Section 2.3 for an overview of the

underlying principles) developed by the IAWQ consists of thirteen nonlinear state equa-

tions and more than twenty parameters [1]. Even in its simplified form (reduced to eleven

state equations), the parameter count remains unchanged, preserving much of the original

model’s complexity. Consequently, it remains largely unsuitable for real-time estimation

and control [52]. This underscores the need for further model reduction to enable effective

application in such contexts.

2.6 Development of a reduced-order model

In this thesis, we use the reduced model proposed in [14], derived from ASM1 and

adapted for sequencing batch activated sludge processes to enable optimal aeration con-

trol. The model applies two simplification steps: removal of slow dynamics using a ho-

motopy method, and heuristic reductions including a single organic compound and the

neglect of nitrogenous organics, resulting in a five-state model. It is shown to be ob-

servable and identifiable from online measurements of dissolved oxygen, ammonia, and

nitrate. This model is selected for its suitability in future closed-loop predictive control

applications.



Chapter 2. Biological Wastewater Treatment Process 42

2.6.1 Simplification of the reference model

The simplification assumptions used are inspired by the thesis of [14]. It should be

noted that the purpose of this section is to recall the various simplification steps carried

out to obtain the reduced-order model.

2.6.1.1 Simplification of slow dynamics

This step is based on the separation of slow and fast dynamics using singular perturba-

tion theory. It can be readily observed that the dynamics of inert organic compounds (SI),

heterotrophic biomass (XBH), and autotrophic biomass (XBA) are significantly slower

than those of the other components in the system, throughout the entire operational cy-

cle. Given that these components exhibit time constants on the order of several days,

it is thus reasonable to consider their concentrations (SI , XBH , and XBA) as constant

over the course of a few hours. By applying this assumption and additionally removing

the concentration of soluble inert organic matter SI whose dynamics are decoupled from

those of the other compounds the number of state variables is reduced from 11 to 7.

2.6.1.2 Simplification of organic compounds

The ASM1 model distinguishes between biodegradable soluble compounds SS, assumed

to be directly assimilable by microorganisms, and particulate compounds XS, which must

first be hydrolyzed into soluble compounds before assimilation. These compounds play

a significant role in the nitrogen degradation process, particularly in denitrification, and

therefore require careful consideration. In this work, the description of these compounds

is simplified by introducing a single state variable XDCO = SS +XS, whose dynamics are

expressed as:

ẊDCO = Din

(
X in
DCO − KS

KDCO

XDCO

)
− 1

YH
(ρ1 + ρ2) + θ2 (2.46)

where Din = Qin

V0
and X in

DCO represent the dilution rate and the concentration of organic

compounds in the influent, respectively. The aerobic growth kinetics ρ1 and anoxic growth
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kinetics ρ2 of the heterotrophic biomass are then written as functions of state variables:

ρ1 = θ1
XDCO

XDCO +KDCO

SO
SO +KO,H

(2.47)

ρ2 = θ1ηNO,g
XDCO

XDCO +KDCO

KO,H

KO,H + SO

SNO
SNO +KNO

(2.48)

where the specific parameters θ1 and KDCO are defined as:

θ1 = µHXB,H (2.49)

KDCO = Ks
XDCO

ss
=
KS

fss
(2.50)

The parameter θ1 depends only on the slow variables of the ASM1 model and thus evolves

slowly, while variations in KDCO maintain a relatively stable average value. The consid-

eration of a single organic compound thus allows for the elimination of an additional

state variable and also offers the advantage of avoiding the description of the hydrolysis

mechanism of particulate compounds into soluble compounds.

2.6.1.3 Simplification of nitrogen compounds

The ASM1 model distinguishes four nitrogen fractions: SNO, SNH, SND, andXND. Since

the concentrations of ammoniacal nitrogen SNH and nitrate/nitrite SNO account for the

majority of total nitrogen discharges and can be measured online, it is hardly conceivable

that these compounds would not appear in the expression of the reduced model. In

contrast, the two organic nitrogen fractions soluble SND and particulate XND whose

role is to describe the internal formation of SNH through hydrolysis and ammonification

processes, represent only a small part of nitrogen discharges. The simplification consists

in decoupling the dynamics of the two organic nitrogen compounds by simplifying the

description of the hydrolysis mechanism. Noting that iNBM ≪ 1
YA

and YA ≪ 4.57, the

ammonification rate ρ6 and the nitrification rate 1
YA
ρ3 can be expressed as follows:
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2.7 Reduced model formulation

The nitrification and ammonification kinetics are presented in Table 2.4, as described

in [12]. The additional parameters involved in these expressions are defined in Table 2.5.

Based on these expressions and the previously discussed simplifications, the reduced model

is formulated by equations 2.51.

Table 2.4: Kinetic expressions of the simplified model

Variable Expression

ρ1 θ1
XDCO

XDCO +KDCO

· SO
SO +KO,H

ρ2 θ1ηNO,g ·
XDCO

XDCO +KDCO

· KO,H

KO,H + SO
· SNO
SNO +KNO

1

YA
ρ3 θ3

SNH
SNH +KNH,A

· SO
SO +KO,A

ρ4 bHXB,H

ρ5 bAXB,A

ρ6 θ4SND

ρ8 θ5
XDCO

XDCO +KND

· SO
SO +KO,H

+ ηNO,h ·
KO,H

KO,H + SO
· SNO
SNO +KNO

Table 2.5: Definition of the additional parameters used in the simplified model

Parameter Expression

θ1 µHXB,H

θ2 (1− frXI)(ρ4 + ρ5)

θ3
µA
YA
XB,A

θ4 κaXB,H

θ5 κh
XND

XS

XB,H

KDCO KS ·
XDCO

SS
=

KS

fSS

KND KX · XDCO

XS

XB,H

Din
Qin

VO
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ẊDCO = DinXDCO,in −
KS

KDCO

XDCO − Y1H(ρ1 + ρ2) + θ2 (2.51)

ṠNO = DinS
in
NO − SNO − (1− YH) ·

1

2.86YH
ρ2 +

1

YA
ρ3 (2.52)

ṠNH = DinS
in
NH − SNH − iNBM(ρ1 + ρ2)−

1

YA
ρ3 + ρ6 (2.53)

ṠND = DinS
in
ND − SND − ρ6 + ρ8 (2.54)

ṠO = DinSO − (1− YH) ·
1

YH
ρ1 − 4.57 · 1

YA
ρ3 + kLa(SO,sat − SO) (2.55)

This reduced model includes five state variables (XDCO, SNO, SNH , SND, and SO), 16

parameters, as well as the flow rate Qin and the influent concentrations XDCO,in, S
in
NO,

SinNH , and SinND. The stoichiometric and kinetic parameters are the same as those defined

in the ASM1 model (see Tables 2.1 2.2). However, the additional parameters θi (i =

1, . . . , 5), KDCO, and KND result from simplifications. Their specific values are provided

in Table 2.5.

It is worth noting that the parameters θ1 and θ2 can be interpreted as the maximum

degradation rates of organic compounds and ammoniacal nitrogen [14]. In the reduced

model (Equations 2.51), the influent concentration SinNO is assumed to be no-zero, contrary

to what was proposed in [14].

2.8 Conclusion

This chapter presented the fundamentals of biological wastewater treatment, with a

focus on the activated sludge process, widely used for its ability to remove organic and

nitrogenous pollutants. Following a brief overview of the treatment stages, emphasis

was placed on the importance of mathematical modeling for analyzing and controlling

these complex processes. We introduced the ASM1 model, known for its detailed rep-

resentation of biological reactions, while highlighting its complexity that limits real-time

applications. To address this, a reduced-order model adapted to sequencing batch re-

actors was presented. This simplified model, developed using reduction techniques such

as singular perturbations and variable aggregation, retains the essential dynamics while
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remaining suitable for control purposes. This reduced-order model thus provides an ef-

fective foundation for the design of observers and advanced control strategies, which will

be addressed in the following chapters.



Chapter 3

Structural analysis and stability of

descriptor-LPV systems

The holy quran ”Verily, with hardship comes ease”

(Quran 94:6 - Al-Inshirah)

47
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3.1 Introduction

This chapter presents a comprehensive study of the structural properties of singu-

lar (descriptor) systems and Linear Parameter Varying (LPV) systems, along with their

stability analysis and performance characteristics. Descriptor systems, represented by

Differential-Algebraic Equations (DAEs), provide a more general modeling framework

than standard state-space systems by incorporating algebraic constraints and hybrid dy-

namics [82, 83]. LPV systems extend Linear Time-Invariant (LTI) models by introducing

time-varying parameter dependencies, enabling the capture of nonlinear behaviors while

maintaining linear analysis tools [13, 84].

The first part examines the structural properties of singular systems. We present

fundamental concepts including system equivalence, Kronecker-Weierstrass decomposi-

tion (separating differential and algebraic subsystems), and canonical forms (such as

SVD form). Key definitions of regularity, non-impulsiveness, and admissibility are in-

troduced with their algebraic characterizations via rank conditions [82]. Controllability

and observability notions (C-, R-, and impulse variants) are detailed with corresponding

matrix-based criteria.

The second part focuses on LPV systems, which generalize LTI models through

parameter-dependent dynamics. We distinguish three main classes: affine LPV (linear

parameter dependence), polytopic LPV (convex hull of vertex systems), and quasi-LPV

(state/input-dependent scheduling) [13, 85]. Each class is illustrated with application

examples highlighting their respective advantages. Descriptor-LPV (D-LPV) systems,

combining both frameworks, are then introduced with a concrete bioreactor case study [86,

87].

The third part develops stability analysis for dynamical systems, beginning with

Lyapunov stability definitions adapted for DAEs. Stability theorems using Lyapunov

functions, including both linear and nonlinear cases, are presented [88, 89]. For LPV

systems, we discuss quadratic stability and Parameter-Dependent Quadratic (PDQ) Lya-
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punov methods that account for parameter variation rates [84, 90].

Finally, the last part explores performance criteria, particularly the H∞ norm and

its LPV generalization through induced L2-gain. The Bounded Real Lemma is formulated

as Linear Matrix Inequalities (LMIs), providing a powerful tool for robust control analysis

and synthesis [91, 92].

3.2 Structural properties of singular systems

Two descriptor linear systems are equivalent if there exist nonsingular matrices M

and N such that their system matrices can be transformed into each other [82]. This

equivalence preserves fundamental system properties while allowing different state-space

representations.

Lemma 3.2.1 (Kronecker-Weierstrass Decomposition). A regular descriptor system (E,A)

admits the decomposition:

M1EN1 =



In1

0

0 N


 (3.1)

M1AN1 =



As 0

0 In2


 (3.2)

where N is nilpotent (Nh = 0, Nh−1 6= 0) and n1 + n2 = n [93].

The system decomposes into:

• Slow subsystem (differential):





ẋ1 = Asx1 + B1u

y1 = C1x1

(3.3)
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• Fast subsystem (algebraic):




Nẋ2 = x2 + B2u

y2 = C2x2

(3.4)

Theorem 3.2.2 (Complete Response). For u(t) ∈ Ch−1, the output is:

y(t) = C1e
Astx10 + C1

∫ t

0

eAs(t−τ)B1u(τ)dτ −
h−1∑

k=0

C2N
kB2u

(k)(t) (3.5)

Definition 3.2.3 (SVD Form). The singular value decomposition yields [94]:

M2EN2 =



Ir 0

0 0


 , M2AN2 =



A11 A12

A21 A22


 (3.6)

where r = rank(E)

Definition 3.2.4 (Regularity). A descriptor system is regular if det(sE − A) 6≡ 0 for

s ∈ C, ensuring existence and uniqueness of solutions.

Definition 3.2.5 (Non-Impulsiveness). A system is non-impulsive if its state trajectory

x(t) remains continuous for all continuous inputs and initial conditions.

Definition 3.2.6 (Admissibility). A descriptor system is admissible if it satisfies:

• Regularity (det(sE − A) 6≡ 0)

• Non-impulsiveness (finite energy jumps)

• Stability (all finite poles in C
−)

Definition 3.2.7 (Controllability Types). For descriptor systems:

• C-controllability : Complete state-to-state controllability

• R-controllability : Reachability within the reachable subspace

• Impulse-controllability : Control of impulsive modes

Definition 3.2.8 (Observability Types). For descriptor systems:

• C-observability : Complete initial state reconstruction
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• R-observability : Observability within the reachable subspace

• Impulse-observability : Detection of impulsive modes

Theorem 3.2.9 (Characterization). The following rank conditions characterize these

properties:

• Regularity: rank[sE − A] = n for some s ∈ C

• Non-impulsiveness: rank



E 0

A E


 = n+ rank(E)

• C-controllability: rank[sE − A B] = n ∀s ∈ C

• C-observability: rank[sET − AT CT ] = n ∀s ∈ C

3.3 Linear Parameter-Varying (LPV) Systems

LPV systems extend Linear Time-Invariant (LTI) models by incorporating time-varying

parameters (scheduling variables) that depend on measurable or estimable external sig-

nals [13]. Unlike LTI systems, which are limited to local approximations, LPV systems

preserve nonlinear dynamics while leveraging linear analysis tools [84]. The general state-

space representation is:




ẋ(t) = A(ρ(t))x(t) + B(ρ(t))u(t),

y(t) = C(ρ(t))x(t) +D(ρ(t))u(t),

(3.7)

where ρ(t) ∈ R
nρ is the bounded scheduling vector, and A(ρ), B(ρ), C(ρ), D(ρ) are

parameter dependent matrices.
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3.3.1 Affine LPV systems

The system matrices depend affinely on ρ(t), confined to a polytope Pρ(t) ∈ P =

{ρj(t) | ρj ≤ ρj(t) ≤ ρj} The matrices decompose as:

A(ρ) = A0 +

nρ∑

j=1

ρjAj,

B(ρ) = B0 +

nρ∑

j=1

ρjBj,

(similarly for C,D)

3.3.2 Polytopic LPV Systems

A Linear Parameter-Varying (LPV) system is termed polytopic when its state-space

matrices depend affinely on a scheduling parameter vector ρ(t) ∈ R
m evolving within

a bounded polytope Λ. The system admits a vertex-based representation as a convex

combination of matrices Si = [Ai, Bi, Ci, Di] corresponding to the polytope vertices [95]:




ẋ(t) =
∑τ

i=1 µi(ρ(t))(Aix(t) + Biu(t))

y(t) =
∑τ

i=1 µi(ρ(t))(Cix(t) +Diu(t))

(3.8)

where the barycentric coordinates µi(ρ(t)) satisfy for all ρ ∈ Λ:

µi(ρ(t)) ≥ 0,
τ∑

i=1

µi(ρ(t)) = 1

and form a convex decomposition over the parameter domain [91]. This representation

generalizes affine LPV models by capturing complex parametric dependencies while en-

abling vertex-based analysis via convexity principles [85]. The equivalent matrix formu-

lation expresses the parameter-dependent state-space matrices as:



A(ρ) B(ρ)

C(ρ) D(ρ)


 =

τ∑

i=1

µi(ρ(t))



Ai Bi

Ci Di


 . (3.9)
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3.3.3 Quasi-LPV Systems

For nonlinear systems, quasi-LPV models introduce state-/input-dependent scheduling

variables ξ [96]:




ẋ(t) = A(ξ)x(t) + B(ξ)u(t),

y(t) = C(ξ)x(t) +D(ξ)u(t).

(3.10)

This enables exact nonlinear embedding via state transformations, broadening applicabil-

ity beyond purely exogenous parameter variations [97].

Affine LPV: Direct dependence on ρ(t); suitable for bounded parameter rates [84].

Polytopic LPV: Vertex-based representation; handles complex parameter spaces [92].

Quasi-LPV: Captures nonlinearities via state/input-dependent scheduling [98].

3.4 Descriptor-Linear Parameter Varying systems

Descriptor-Linear Parameter Varying (D-LPV) systems, also known as singular LPV

systems, represent a class of dynamic models that combine features of Linear Parameter

Varying (LPV) systems and singular (descriptor) systems. Unlike standard LPV systems,

which are described solely by differential equations depending on measurable time-varying

parameters, D-LPV systems introduce a descriptor matrix E(ρ(t)) that can be singular,

leading to differential-algebraic equations (DAEs) parameter-dependent. This structure

allows for a more accurate representation of complex physical phenomena involving struc-

tural constraints or fast/slow dynamics coupling [82, 99].

A practical example of a Descriptor-LPV system can be found in the modeling of cer-

tain biochemical reactors, such as anaerobic digesters used for wastewater treatment [86].

These systems exhibit both fast and slow dynamics: for instance, the acidogenesis stage

(fast dynamics) and the methanogenesis stage (slow dynamics) are tightly coupled. The

dynamics of the process can be described by differential-algebraic equations, where some

variables (e.g., substrate or intermediate metabolite concentrations) are subject to alge-

braic constraints due to quasi-steady-state assumptions or mass conservation laws. More-
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over, key parameters such as temperature, pH, and influent composition vary over time

and significantly influence reaction rates and microbial activity. By modeling these pa-

rameters as scheduling variables, the system becomes a Descriptor-LPV model [13, 87].

This approach provides a flexible and structured framework for analysis and control design

of such complex and nonlinear biochemical processes.

Example: Continuous Stirred Tank Bioreactor (CSTR) A Continuous Stirred Tank

Bioreactor (CSTR) is a common process unit where a microbial species consumes a sub-

strate (e.g., glucose) and produces a product (e.g., ethanol). The dynamics of this system

are strongly influenced by the temperature T (t), which acts as a time-varying scheduling

parameter [78, 100]. The state vector is:

x(t) =




S(t)

X(t)

P (t)



,

where S(t) is the substrate concentration, X(t) the biomass, and P (t) the product. The

model adopts a Differential-Algebraic Equation (DAE) structure:

Eẋ(t) = A(T (t))x(t) + Bu(t),

with:

E =




1 0 0

0 1 0

0 0 0



, A(T ) =




−µ(T ) 0 0

µ(T ) −kd 0

0 αµ(T ) −kp



.

The specific growth rate µ(T ) is temperature-dependent and follows an Arrhenius law:

µ(T ) = µmax exp

(
− Ea
RT

)
,

where µmax is the maximum growth rate, Ea is the activation energy, and R is the universal

gas constant.

The matrix E introduces algebraic constraints reflecting fast dynamics or conservation

laws.
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The time-varying temperature T (t) makes the system Linear Parameter Varying (LPV).

The resulting Descriptor-LPV model is suitable for advanced control strategies, such as

gain-scheduling or robust control via LMIs [100].

3.5 Stability of Dynamical Systems

In this part, we recall some fundamental concepts regarding the stability of dynamical

systems. The notion of stability of a dynamical system characterizes the behavior of its

trajectories in the neighborhood of equilibrium points. Stability analysis thus allows us

to study how the system’s state trajectory evolves when the initial state is close to an

equilibrium point [101, 102].

Consider the differential-algebraic equations described by

Eẋ(t) = f(x(t), t), x(t0) = x0, E =



Ir 0

0 0


 (3.11)

Let x ∈ X , x(t) ∈ R
n and f : Rn × R

+ → R
n be a continuous function. We denote by xe

an equilibrium point of system (3.11), such that f(xe, t) = 0, ∀t ≥ t0, Without loss of

generality, we shall always assume that f(x) satisfies f(0) = 0 [103].

Definition 3.5.1 (Equilibrium points). A state xe,∈ ℜn is called equilibrium state

(or equilibrium point) of descriptor system (3.11) if once the solution x(t, t0, E(x0)) of

(3.11) is equal to xe, it remains equal to xe, for all future time. For the constrained

system (3.11), define the set EQ of all equilibrium points, as : EQ = {x ∈ X |F (x) = 0} .

This motivates the introduction of the following definitions related to the stability of

Differential-Algebraic Equations (DAEs) [104]. Let Bδ denote the open ball of radius δ,

i.e., Bδ = {x ∈ R
n | ‖x‖ < δ} , and let x = x(t; t0, Ex(0)) be the solution trajectory of the

system. We also denote R+ = [0,∞).

Definition 3.5.2 (Stability). The origin is a Lyapunov stable equilibrium point of sys-

tem (3.11) if, for all ε > 0, for all t0 ≥ 0, there exists a positive scalar δ(ε, t0) such
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that:

‖x0‖ < δ(ε, t0) ⇒ ‖x(t; t0, Ex(0))‖ < ε, ∀t ≥ t0.

Otherwise, the origin is said to be unstable.

Note. The initial condition is given in the form Ex(0) ∈ ImE, i.e., it is a consistent

initial condition.

Definition 3.5.3 (Uniform Stability). The origin is said to be a uniformly stable

equilibrium point of system (3.11) if, for all ε > 0, there exists a positive scalar δ(ε) such

that:

‖x0‖ < δ(ε) ⇒ ‖x(t, t0, E(x0))‖ < ε, ∀t ≥ t0.

Definition 3.5.4 (Attractivity). The origin is said to be an attractive equilibrium point

of system (3.11) if, for all ε > 0, there exists a positive scalar δ(t0) such that:

‖x0‖ < δ(t0) ⇒ lim
t→∞

x(t, t0, E(x0)) = 0, ∀t ≥ t0.

When δ(t0) = +∞, the origin is said to be globally attractive.

Definition 3.5.5 (Asymptotic Stability). The origin is said to be an asymptotically

(resp. globally asymptotically) stable equilibrium point of system (3.11) if it is stable and

attractive (resp. globally attractive).

Definition 3.5.6 (Exponential Stability). The origin is said to be locally exponentially

stable for system (3.11) if there exist two strictly positive constants α and β such that:

‖x(t, t0, E(x0))‖ ≤ α exp (−β(t− t0)) , ∀t ≥ t0, ∀x0 ∈ Br.

When Br = R
n, the origin is said to be globally exponentially stable.

3.5.1 Example :

This example illustrates the definitions and concepts discussed earlier by demonstrating

a singular descriptor system that combines differential and algebraic equations. It provides

a concrete application of the theoretical framework, showcasing how these components
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interact in practice.

Eẋ = Ax+ f(x) (3.12)

where:

• x = [x1, x2, x3, x4]
⊤ ∈ R

4 is the state vector

• Singular matrix with rank 2,

E =




1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0




• The linear dynamics matrix,

A =




−1 1 0 0

0 −1 −1 0

1 0 −1 0

1 1 0 1




• f(x) represents nonlinear terms (if present)

Differential Equations (Dynamic states):

ẋ1 = −x1 + x2 + f1(x) (3.13)

ẋ2 = −x2 − x3 + f2(x) (3.14)

Algebraic Constraints (Manifold conditions):

0 = x1 + x2 + x4 (3.15)

0 = x2 + x3 + x4 (3.16)

Solving (3.15)-(3.16) yields:

x3 = x1 and x4 = −x1 − x2 (3.17)
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Substituting (3.17) into (3.13)-(3.14) gives the constrained flow:

ẋ1 = −x1 + x2

ẋ2 = −2x2 − x1

(3.18)

The equilibrium point xe satisfies:

Axe + f(xe) = 0 with xe = [0, 0, 0, 0]⊤ (3.19)

The Jacobian of (3.18) at equilibrium:

J =



−1 1

−1 −2


 , eigenvalues: λ = −1.5± 0.87i (3.20)

The phase portrait in figure 3.1 illustrates the system’s dynamic behavior:

The vector field shows spiral convergence toward equilibrium

All trajectories remain confined to the constraint manifold

Global asymptotic stability is confirmed by the eigenvalues λ = −1.5± 0.87i

The constraint x2 = −x1 is maintained throughout convergence
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Figure 3.1: Two-dimensional phase portrait of the singular descriptor system
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3.6 Lyapunov Stability Theorems

The application of the aforementioned definitions to prove the stability of system about

its equilibrium point necessitates obtaining closed-form solutions of the differential equa-

tion. Since analytical solutions are generally unavailable for most nonlinear systems,

Lyapunov’s direct method offers a powerful alternative. The method relies on finding

an appropriate energy-like function whose existence directly establishes stability proper-

ties [88, 105, 106].

Theorem 3.6.1 (Theorem). Consider the DAE (3.11) with F (0) = 0. Let x(0) ∈ ℑmE

be given. Suppose that there exists a C3 function V : X → R vanishing at Ex = 0 and

positive elsewhere which satisfies the following properties [89, 107, 108]:

(i)
∂V

∂x
(x) = V T (x)E for some C2 function V : X → R

n, and

(ii) V T (x)F (x) < 0, and

(iii) ETVx = V T
x E ≥ 0, where Vx denotes the Jacobian of V (x), i.e., Vx =

∂V (x)
∂x

.

Then the equilibrium point x = 0 is locally asymptotically stable with index one [82, 109,

110].

Example : (Linear Case) This example shows how Lyapunov theory generalizes to

descriptor systems (DAEs) under structural assumptions [107, 111] : Consider a linear

index-1 DAE :

Eẋ = Ax

where E is singular and A is stable, if we take V (x) = xTETPx (where P > 0), then:

• ∂V
∂x

= 2xTETP , so V T (x) = 2Px.

• Condition (ii) becomes xT (ATP + PA)x < 0, which is a standard Lyapunov condi-

tion [88, 112].

• Condition (iii) is satisfied if ETP ≥ 0.
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Key Points:

• Structure: The Lyapunov function V (x) = xTETPx respects the DAE’s algebraic

constraints via E [107, 111].

• Stability: The condition ATP + PA < 0 ensures exponential stability of the ODE

part [88, 106].

• Positivity: ETP ≥ 0 guarantees compatibility between E and the Lyapunov ma-

trix P .

3.6.1 Stability analysis of LPV systems

Theorem 4.4.2 demonstrated how the stability of DAE systems relies on Lyapunov

functions constrained by their algebraic structure (via matrix E). For Linear Parameter-

Varying (LPV) systems, the use of parameter-dependent Lyapunov functions V (x, ρ) plays

a crucial role in the stability analysis of systems whose dynamics are influenced by time-

varying or uncertain parameters [84, 90, 113]. These functions extend classical Lyapunov

theory by explicitly integrating the dependence on parameters (ρ) into the Lyapunov

function framework.

To address this limitation, the concept of robust stability is introduced, aiming to

ensure stability despite uncertainties or extreme parameter variations. Quadratic stability

fits into this approach by providing a systematic method to analyze the global stability

of the system [90, 91, 112].

Definition 3.6.2 (Quadratic Stability). Given the compact set P , the autonomous

LPV System is said to be quadratically stable on P if there exists a positive definite matrix

P ∈ S
n satisfying:

AT (p)P + PA(p) ≺ 0 for all p ∈ P (3.21)

where S
n denotes the set of symmetric n× n matrices [91, 113].

An alternative approach, which enables the formulation of less restrictive results com-

pared to those using quadratic stability and can exploit knowledge of bounds on parameter
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variation rates, is the parameter-dependent Lyapunov function method [90, 114].

3.6.1.1 Parameter-Dependent Lyapunov Functions

We introduce the concept of Parameter-Dependent Quadratic (PDQ) stability for LPV

systems as a generalization of classical quadratic stability theory, that guarantees the

stability of the LPV system dynamics over the entire parameter domain [84, 114].

Definition 3.6.3 (PDQ Stability). Consider the following LPV system:

ẋ(t) = A(p)x(t) (3.22)

The system (3.22) is PDQ stable if there exists a differentiable matrix function P (ρ) ≻ 0

such that:

AT (ρ)P (ρ) + P (ρ)A(ρ) +

nρ∑

i=1

∂P

∂ρi
ρ̇i ≺ 0 (3.23)

for all admissible parameter trajectories ρ(t) ∈ P and rates ρ̇(t) ∈ V [84, 90, 113].

The quadratic Lyapunov function guaranteeing stability for system (3.22) is given by:

V (x, ρ) = xTP (ρ)x (3.24)

For all admissible parameter trajectories p ∈ P , definition 3.6.2 requires verifying that:

• The function is positive definite: V (x, ρ) > 0 ∀x 6= 0

• Its time derivative is negative definite: d(V (x,ρ))
dt

< 0 ∀(x, ρ) 6= (0, 0)

3.7 Performance and Analysis of LPV Systems

System performance analysis reveals that any control law must satisfy both closed-

loop stability requirements and specific performance criteria. These include energy-related

performance metrics, disturbance rejection capabilities, and time-domain specifications

such as response time and rise time [112, 113].

In the case of LTI systems, in order to mathematically formulate performance indices

associated with certain requirements, the concept of performance is often linked, for ex-
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ample, to the existence of a bound on the H∞ or H2 norm of the transfer function or to

the location of its poles [106, 114]. In general, a controller synthesis problem with a per-

formance constraint can be formulated by specifying a performance criterion to optimize.

Such a criterion can be, for example, the norm of the closed-loop system’s transfer matrix.

The most commonly used norms are the H∞ and H2 norms [115]. A norm serves as both

an analysis and synthesis tool, allowing us to characterize not only stability a necessary

requirement but also a certain level of performance [116]. We recall here the definition of

the H∞ norm.

3.7.1 H∞ Criterion (Norm)

Consider the LTI system G described by the following state-space representation:

G :





ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

(3.25)

The H∞ norm of the LTI system (3.25) is the smallest value γ > 0 satisfying the inequality:

‖G‖H∞
= sup

ω∈R
σ̄
(
G(jω)

)
≤ γ (3.26)

When the H∞ norm of a linear system is finite and bounded by γ, this implies that:

1. The system is stable, and

2. The output energy remains less than or equal to γ times the input energy,

where σ̄ denotes the maximum singular value [117].

3.7.1.1 Extension of the H∞ Norm

In the LPV case, we more precisely refer to the induced L2 norm and performance in

the induced L2 norm [118]. Indeed, the induced L2 norm is the extension of the H∞ norm

to the LPV system case in the sense that it measures the largest possible amplification of

the input signal energy over all admissible parameter trajectories [119]. The induced L2
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norm of an LPV system is bounded by γ if:

∀u ∈ L2[0,∞), ∀T ≥ 0,

∫ T

0

yT (t)y(t)dt ≤ γ2
∫ T

0

uT (t)u(t)dt (3.27)

for all admissible parameter trajectories ρ ∈ P [120].

We note that this definition coincides with the classical H∞ norm for LTI systems.

Since the notion of poles cannot be defined for LPV systems, there is no frequency-domain

interpretation for this norm [119]. Note that, for a QDP stable LPV system, there always

exists a finite upper bound on the induced L2 norm according to the following lemma.

Lemma 3.7.1. Given a QDP stable LPV system, there exists a scalar γ > 0 such that

for zero initial conditions x(t0) ≡ 0,

sup
ρ∈Fp

sup
u∈L2[0,∞)

‖y‖2
‖u‖2

≤ γ2 <∞. (3.28)

The LPV version of the bounded real lemma provides a result that allows us to compute

an upper bound of the induced norm using LMIs [118].

Theorem 3.7.2 (Bounded Real Lemma). The LPV system




ẋ(t) = A(ρ)x(t) + B(ρ)u(t)

y(t) = C(ρ)x(t) +D(ρ)u(t)

(1.8)

is quadratically stable over Pρ and its induced L2 norm is bounded by γ, a positive real

number, if there exists a symmetric positive definite matrix P such that



A(ρ)TP + PA(ρ) PB(ρ) C(ρ)T

B(ρ)TP −γI D(ρ)T

C(ρ) D(ρ) −γI



< 0 (3.29)

for all admissible parameter trajectories ρ ∈ Pρ. �

Using a unique quadratic Lyapunov function, this theorem provides a sufficient con-

dition to verify whether the induced L2 norm of an LPV system is smaller than a given

value γ [120]. This means that even if condition (4.1) is not satisfied for a given γ, the
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actual L2 norm may be less than γ. This condition can also be used to compute an upper

bound of the induced L2 norm by minimizing γ subject to LMIs (4.1) [112, 113].

3.8 Conclusion

This chapter has laid the theoretical foundations necessary for the robust control syn-

thesis of descriptor-LPV systems. We began with a detailed exploration of the structural

properties of singular systems, introducing fundamental notions such as system equiv-

alence, Kronecker-Weierstrass decomposition, and canonical forms including SVD. We

also defined regularity, non-impulsiveness, and admissibility, supported by algebraic char-

acterizations through rank conditions. The controllability and observability properties,

including C-, R-, and impulsive types, were addressed based on system matrices. Next, we

investigated LPV systems, which generalize LTI models by incorporating time-varying pa-

rameters. The three main classes affine, polytopic, and quasi-LPV systems were concisely

described and illustrated with examples, emphasizing their respective modeling capabili-

ties. A descriptor-LPV system modeling a bioreactor with thermal parameters served as

a concrete example of the combined framework. We then focused on the stability analysis

of dynamic systems. Classical definitions such as Lyapunov stability, attractivity, and

exponential stability were adapted to descriptor systems. Lyapunov-based theorems were

presented for both singular and LPV systems, including the use of parameter-dependent

Lyapunov functions (PDLFs) to account for parametric variations. Finally, we examined

performance analysis criteria, especially the H∞ norm and its extension to LPV systems

using the induced L2 norm. The Bounded Real Lemma was introduced in the context of

Linear Matrix Inequalities (LMIs), providing a powerful tool for robust control design.

The tools, methods, and concepts presented in this chapter serve as a foundation for

the robust control strategies that will be developed and applied in the upcoming chapters.

The theoretical contributions are illustrated through examples and practical applications,

highlighting their relevance to the modeling and analysis of complex dynamical systems.
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4.1 Introduction

State estimation for singular systems subject to unknown inputs represents a critical

challenge in modern control theory, with significant applications in robust control, fault

diagnosis, and secure system monitoring. This chapter presents a structured observer

design framework for such systems, drawing upon foundational works by [121], [122], [123],

and [124].

The first part of the chapter focuses on the synthesis of an observer for linear singular

systems, In such systems, the state space representation inherently includes algebraic con-

straints due to the singularity of the matrix E. To decouple the dynamic and algebraic

components of the system, a projection matrix E⊥ is typically employed [125]. Moreover,

the Sylvester equation ensures structural observer-system compatibility by simultane-

ously addressing differential dynamics and algebraic constraints [93], while output/input

matching conditions guarantee convergence of the estimated state [126]. Building on this

framework, the chapter addresses the design of an Unknown Input Observer (UIO) for

linear time-invariant singular systems subject to both known control inputs and unknown

disturbances. The aim is to estimate the system states while completely decoupling the

influence of the unknown input . To achieve this, a suitable transformation of the orig-

inal system allows for the separation of the measurable output components affected and

unaffected by the unknown input. Based on this reformulation, a reduced-order observer

is constructed using a projection-based framework and a stability condition expressed

as a Linear Matrix Inequality (LMI). This approach ensures that the estimation error

converges exponentially to zero [127].

The framework is then extended to nonlinear singular systems incorporating Lipschitz-

type nonlinearitie in the dynamic system and the disturbance channels. This extension

maintains the core robustness and estimation properties of the linear case, while enabling

applicability to a specific class of systems. A numerical case study is presented to demon-

strate the effectiveness of the studied design, particularly in accurate state estimation,



Chapter 4. Unknown Input Observer Synthesis for Nonlinear Singular Systems 67

disturbance attenuation, and robustness against nonlinearitie. While the present chapter

lays the theoretical groundwork, two critical aspects namely the handling of structural

uncertainties in descriptor LPV system framework subject to Lipschitz nonlinear in both

state evolution and output generation, and the integration of sensor fault estimation are

not addressed here. These extensions will be developed in the next chapter. This chapter

thus provides a rigorous and foundational overview of observer design for singular systems

with unknown inputs, serving as a basis for more advanced developments in robust and

fault-tolerant control.

4.2 Observers for systems

A state observer is designed to estimate the system’s state variables in an asymptotic

manner. For this purpose, it is required to fulfill the following conditions [128]:

1. The observer should utilize both the systems control input and its measured output

as inputs.

2. The estimation error, defined as e(t) = x̂(t)−x(t), must asymptotically converge to

zero, i.e., limt→∞ e(t) = 0.

Input ( ) Output ( )

Estimated state
( )

Figure 4.1: State observer principle.

The general scheme of an observer is shown in Figure 4.1. State estimation techniques

exhibit significant variation based on system characteristics, measurement availability,

and modeling assumptions. The following presents a concise review of observer designs

for basic linear systems across various system classes, providing an introduction for the

subsequent chapter [129, 130].
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4.2.1 Observability of a dynamical system

Before designing an observer, the system’s observability must be verifiedthe ability to

reconstruct states from input-output data. For nonlinear systems of the form :




ẋ(t) = f(x(t), u(t))

y(t) = h(x(t), u(t))

(4.1)

where f : Rn×R
m → R

n and h : Rn×R
m → R

p, the observability depends on both input

signals and initial conditions, unlike linear systems where algebraic criteria (e.g., Kalman

rank condition) apply [131].

Definition 4.2.1 (Indistinguishability). A pair of states (x0, x
′
0) ∈ R

n ×R
n is said to

be indistinguishable for the system (4.1) if, for any input u ∈ U and for all times t ≥ 0,

their outputs are identical:

h(χu(t; x0)) = h(χu(t; x
′
0))

where χu(t; x0) denotes the solution of the state equation under input u, with initial

condition χu(t0; x0) = x0. In the case of an autonomous system (without control input),

the dependence on u is omitted. A state x is indistinguishable from x0 if the pair (x, x0)

is indistinguishable. This concept directly leads to the notion of observability [132].

Definition 4.2.2 (Observability). The system (4.1) is said to be observable at x0 if

x0 can be distinguished from any other state x ∈ R
n. Moreover, the system (4.1) is

observable if, for every x0 ∈ R
n, the system is observable at x0 [133].

4.3 State Observers for Linear Singular Systems

Singular systems have attracted considerable interest in the control theory commu-

nity [134]. Several methods for controller and observer synthesis have been proposed

for linear singular systems, generally extending standard results while addressing their
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specific characteristics [135]. Consider the linear singular system:




Eẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)

(4.2)

where x(t) ∈ R
n is the state vector, y(t) ∈ R

p is the output, and u(t) ∈ R
m is the

input. E is singular with rank(E) = r < n, while A, B, and C are properly dimensioned

matrices [136]. For standard systems (E = I), detectability reduces to:

rank



sI − A

C


 = n, ∀s ∈ C+. (4.3)

For singular systems (rank(E) = r < n):

• Ensures all unstable modes (s ∈ C+) are observable [137]

• Admits a singular observer of the form:

E ˙̂x(t) = Ax̂(t) + Bu(t) + L(y(t)− Cx̂(t)) (4.4)

where x̂(t) is the estimated state and L ∈ R
n×p is the observer gain. The error dynamics

e(t) = x(t)− x̂(t) satisfy:

Eė(t) = (A− LC)e(t) (4.5)

Under detectability, the pair (E,A− LC) has stable finite eigenvalues [138]:

lim
t→∞

e(t) = 0, ∀x0, x̂0

System (4.4) is therefore an asymptotic generalized Luenberger observer [139].

4.3.1 Proportional observers for singular systems

The estimation of unmeasured variables in singular systems (also known as descrip-

tor systems) can be achieved using a Proportional Observer (PO), whose design was

developed by [140]. This type of observer is based on the concept of partial impulse
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observability [130]. Consider the following singular system:




Eẋ(t) = Ax(t) + Bu(t)

y(t) = C1x(t)

z(t) = Lx(t)

(4.6)

where x(t) ∈ R
n is the descriptor state vector, u(t) ∈ R

m is the input, y(t) ∈ R
q is the

measured output, and z(t) ∈ R
p is the quantity to be estimated. The matrices E, A, B,

C1 and L are constant and known [135].

Separation of dynamics and algebraic constraints : In singular systems, the state-

space representation involves algebraic constraints (due to the singularity of E). To de-

couple the dynamic and algebraic components, a projection matrix E⊥ is introduced [137].

The output matrix C1 ensures algebraic constraints are properly considered in the esti-

mation process [138].

Structure of the proportional observer (PO) The observer proposed by [140] is

defined by:

ζ̇(t) = Nζ(t) + F



−E⊥Bu(t)

y(t)


+Hu(t) (4.7)

ẑ(t) = Pζ(t) +Q



−E⊥Bu(t)

y(t)


 (4.8)

where ζ(t) ∈ R
q is the observer state, and ẑ(t) is the estimation of z(t). The matrices N ,

F , H, P , and Q are to be determined [141].

Estimation error dynamics : The estimation error is defined as:

ε(t) = ζ(t)− TEx(t)
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where T is a matrix to be determined. The error dynamics are given by:

ε̇(t) = Nε(t) +


NTE − TA+ F



E⊥A

C1





 x(t) + (H − TB)u(t)

Observer design conditions : To ensure asymptotic convergence of the estimation

error to zero, the following conditions must be satisfied:

1. Sylvester equation (dynamic coupling condition)

NTE − TA+ F



E⊥A

C1


 = 0 (4.9)

This condition ensures that all terms involving x(t) vanish from the error dynam-

ics [142].

Remark 4.3.1. The Sylvester equation guarantees that the dynamics imposed by the

observer are compatible with the singular system’s structure, by coupling both the

differential dynamics and algebraic constraints [143].

2. Output matching condition

[P Q]




TE

E⊥A

C1



= L (4.10)

This condition ensures accurate estimation of z(t) [144].

3. Input matching condition

H = TB

This guarantees correct consideration of input effects [145].

Error convergence : Under these conditions, the error dynamics reduce to:

ε̇(t) = Nε(t)

The estimation error asymptotically converges to zero if N is Hurwitz [146].
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Design procedure : The method provides a systematic procedure to design reduced-

order proportional observers for singular systems [147]. The matrices can be obtained by

solving the Sylvester equation and associated algebraic conditions.

4.3.2 Full-Order Observer Design for Singular System

Consider the linear time-invariant singular system (4.2). The following rank condition

is assumed:

rank




E A

0 E

0 C



= n+ rank(E) (4.11)

This condition guarantees that the algebraic constraints, the system dynamics, and the

output measurements are consistent. It ensures the existence of a unique, impulse-free

solution and provides a well-posed framework for observer design [82, 140, 148]. Physically,

it means that the number of independent dynamic and algebraic equations, together

with the output constraints, is sufficient to fully describe the system’s behavior without

ambiguity or inconsistency. Since rank(E) = r, there exists a nonsingular matrix P ∈

R
m×m such that:

PE =



E∗

0


 , PA =



A∗

A1


 , PB =



B∗

B1


 (4.12)

with E∗ ∈ R
r×n, rank(E∗) = r, A∗ ∈ R

r×n, A1 ∈ R
(m−r)×n, B∗ ∈ R

r×q, and B1 ∈

R
(m−r)×q. This decomposition separates the dynamic and algebraic parts of the system.

By this transformation, we obtain an equivalent system:

E∗ẋ = A∗x+ B∗u

y∗ = C∗x

(4.13)

where

y∗ =

[
−B1u

]
∈ R

q1 , C∗ =



A1

C


 ∈ R

q1×n, q1 = m+ p− r. (4.14)
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Using these transformations, we can verify that:

rank




E∗ A∗

0 E∗

0 C∗



= n+ rank(E∗) (4.15)

Analogously, since E∗ has full row rank, we have:

rank



E∗

C∗


 = n (4.16)

To proceed with observer design, it is necessary to eliminate algebraic dependencies.

Therefore, there exists an invertible matrix



a b

c d


 is constructed such that :

aE∗ + bC∗ = In

cE∗ + dC∗ = 0.

(4.17)

These relations help to decouple the algebraic parts and ensure the system is in a form

suitable for observer design.

Remark 4.3.2 (SVD decomposition). The nonsingular matrix



a b

c d


 can be obtained

from the singular value decomposition (SVD) of



E∗

C∗


. Since this matrix has full column

rank [149], there exist unitary matrices U and V of appropriate dimensions such that:

U⊤



E∗

C∗


V =



Σ1

0


 (4.18)

where Σ1 = diag(σ1, . . . , σn) with σi > 0 for all i = 1, . . . , n.

The objective is to synthesize a full-order observer (order n) satisfying the following

form [148, 150]:




ż = Nz + L1y
∗ + L2y

∗ +Gu

x̂ = z + by∗ +Kdy∗
(4.19)
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where N , L1, L2, G, and K are matrices of appropriate dimensions to be determined so

that x̂ converges asymptotically to x.

Theorem 4.3.3. Sufficient conditions for the existence of the observer (4.19) are:

1. rank




E A

0 E

0 C



= n+ rankE,

2. rank



sE − A

C


 = n, ∀s ∈ C, Re(s) ≥ 0.

4.3.3 Reduced-order Observer Design for Singular System

Without loss of generality, we assume that the rank of C∗ is q1 see (4.14). Our goal is

to design an observer for the singular system under consideration (4.13) of the form :

ż = πz + Ly∗ +Hu (4.20)

x̂ =Mz + Fy∗ (4.21)

where z ∈ R
n−q1 represents the dynamics of the reduced-order observer. The task is to

determine matrices π, L, H, M , and F to ensure that x̂ converges asymptotically to x.

Theorem 4.3.4. Let T ∈ R
(n−q1)×r satisfy

TA∗ − πTE∗ = LC∗ (4.22)

and

det



TE∗

C∗


 6= 0 (4.23)

Then, defining

H = TB∗ (4.24)
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and


TE∗

C∗



[
M F

]
=



In−q1 0

0 Iq1


 (4.25)

we obtain

x̂(t)− x(t) =Meπt[w(0)− TE∗x(0)] (4.26)

The observer converges if and only if π is stable.

We now outline a method to compute T based on Sylvester’s equation (4.22) [140, 151].

We introduce the following nonsingular matrices:


R∗

C


 =



In−q1 K

0 Iq1






TE∗

C∗


 (4.27)

where K ∈ R
(n−q1)×q1 is arbitrary, and R ∈ R

(n−q1)×n is full-row rank. This leads to

[
T K

]


E∗

C∗


 = R (4.28)

Since



E∗

C∗


 is full column rank, the general solution is:

[
T K

]
= R



E∗

C∗




+

+ Z


Ir+q1 −



E∗

C∗






E∗

C∗




+
 (4.29)

where



E∗

C∗




+

denotes the Moore-Penrose pseudo-inverse and Z is an arbitrary matrix.

Explicitly:

T = R∆E∗T + Z



Ir − E∗∆E∗T

−C∗∆E∗T


 (4.30)

K = R∆CT + Z




−E∗∆C∗T

Iq1 − C∗∆C∗T


 (4.31)
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with ∆ =
(
E∗TE∗ + C∗TC∗

)−1
. From (4.22), we deduce:

π = TA∗M (4.32)

L = TA∗F (4.33)

Thus:

π = Γ + ZΩ (4.34)

where

Γ = R∆E∗TA∗M (4.35)

Ω =



Ir − E∗∆(E∗)T

−C∗∆(E∗)T


A∗M (4.36)

We conclude that if the pair (Γ,Ω) is detectable, π is stable and a stable observer can be

designed [130].

Theorem 4.3.5. For system (4.13), a reduced-order observer of type (4.20)–(4.21) exists

if conditions (a) and (b) of Theorem 4.3.3 are satisfied [152].

The synthesis algorithm can be summarized as follows:

1. Select R ∈ R
(n−q1)×q1 such that



R∗

C


 is nonsingular.

2. Compute M from (4.25) and (4.28):

M =



R∗

C




−1 

In−q1

0


 (4.37)

3. If (Γ,Ω) is detectable, determine Z and deduce T via (4.30).

4. Compute F from (4.25):

F =



TE∗

C∗




−1 

0

Iq1


 (4.38)

5. Compute H and L using (4.24) and (4.33).
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4.4 Unknown input observer for linear singular systems

Consider the following singular linear time-invariant (LTI) system:

Eẋ(t) = Ax(t) + Bu(t) + E2d(t)

y(t) = Cx(t) + E3d(t)

(4.39)

where x(t) ∈ R
n is the state vector, u(t) ∈ R

q the known control input, y(t) ∈ R
p the

measured output, and d(t) ∈ R
m an unknown input. The matrices E, A, B, E2, C, and

E3 are known with appropriate dimensions, and E is singular. The objective is to design

an Unknown Input Observer (UIO) that estimates the state x(t) without being affected

by the unknown input d(t) [130, 140].

Assumption 4.4.1. The following assumptions are considered:

A1. rank

[
E E2

]
= m ≤ p, The effect of d(t) is observable in the outputs..

A2. The effect of d(t) is observable in the outputs, which ensures the consistency of the

differential-algebraic equations with the output measurements.

rank




E A E2 0

0 E 0 E2

0 C E3 0

0 0 0 E3




− rank



E E2

0 E3


 = n+m

A3. rank(E) = r < n

A4. rank

[
C E3

]
= p, all components of d(t) appear in the outputs.

Before proceeding with the synthesis, we need to apply the necessary transformations

to the initial model (4.39) to ensure the existence and synthesis of this observer. These

transformations allow us to separate the part of the measurements unaffected by the

unknown inputs from the part affected by these inputs [151].
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4.4.1 Transformation of the initial model

This decomposition separates the differential equations (associated with E∗) from the

algebraic constraints (associated with the zero block). Since rank(E) = r, there exists an

invertible matrix P such that:

PE =




E∗

0(n1−r)×n


 , PA =



A∗

A1


 , PB =



B∗

B1


 , PE2 =



F

F1


 (4.40)

where

P ∈ R
n1×n1 , E∗ ∈ R

r×n (rank(E∗) = r), A∗ ∈ R
r×n, B∗ ∈ R

r×q, F ∈ R
r×m,

A1 ∈ R
(n1−r)×n, B1 ∈ R

(n1−r)×q, F1 ∈ R
(n1−r)×m.

Thus, the system (4.39) can be equivalently written as follows:

E∗ẋ(t) = A∗x(t) + B∗u(t) + Fd(t)

y∗(t) = C∗x(t) +D∗d(t)

(4.41)

where

y∗ =



−Bu

y1


 ∈ R

p1 , C∗ =



A1

C


 ∈ R

p1×n, D∗ =



F1

E3


 ∈ R

p1×m. (4.42)

with p1 = n1 + p − r. If rank(D∗) = q1 ≤ m, then there exist two invertible matrices U

and V such that:

UD∗V =



Iq1 0

0 0


 (4.43)

By setting

d = V



d1

d2


 and FV =

[
F11 F12

]

equation (4.41) becomes

E∗ẋ(t) = A∗x(t) + B∗u(t) + F11d1(t) + F12d2(t) (4.44)
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and using (4.42), with

Uy∗ =



y1

y2


 UC∗ =



C11

C12




(4.41) becomes

y1 = C11x+ d1

y2 = C12x

(4.45)

Therefore from (4.4.1), (4.4.1), the system (4.41) becomes

E∗ẋ(t) = Φx(t) +B∗u(t) + F11y1(t) + F12d2(t)

y1(t) = C11x(t) + d1(t)

y2(t) = C12x(t)

(4.46)

with Φ = A∗ − F11C11, y2 ∈ R
p1−q1 = R

p2 , y1 ∈ R
q1 , and rank(C12) = p2 = p1 −

q1, rank



C

E


 = p. According to [153, 154], a reduced-order observer for the singular

system (4.39) is given by:

ż(t) = Πz(t) + L1y1(t) + L2y2(t) +Hu(t)

x̂(t) =Mz(t) +Ny2(t)

(4.47)

where z ∈ R
n−p2 , x̂ ∈ R

n is the estimate of x, and the matrices Π, L1, L2, H,M , and N

are designed such that x̂→ x.

4.4.2 Reduced-order unknown-input observer synthesis procedure

The following theorem presents a systematic design procedure for the reduced-order

unknown-input observer, building upon recent advances in descriptor system observa-

tion [130, 140].

Theorem 4.4.2. Consider matrices T ∈ R
(n−p2)×r satisfying the following conditions:

TΦ− ΠTE∗ = L2C12 (4.48)

TF12 = 0, (4.49)
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with the full-rank condition det



TE∗

C12


 6= 0. Then, defining:

H = TB∗ (4.50)

L1 = TF11, (4.51)

and solving the matrix equation:


TE∗

C12



[
M N

]
=



In−p2 0

0 Ip2


 , (4.52)

the estimation error dynamics satisfy:

x̂(t)− x(t) =MeΠt
(
z(0)− TE∗x(0)

)
. (4.53)

The exponential convergence of the reduced-order observer is guaranteed when Π is Hurwitz

stable [155].

The observer matrix Π admits the following parameterization:

Π = Ω+ ZΓ, (4.54)

where Ω and Γ are derived matrices and Z represents the observer gain. Following modern

robust design approaches [153, 156], we employ an LMI-based synthesis method to ensure

observer stability while accommodating additional performance criteria.

Lemma 4.4.3. The reduced-order observation problem for the descriptor system (4.39)

with observer (4.46) admits a solution if there exist matrices X = X⊤ ≻ 0 ∈ R
(n−p2)×(n−p2)

and Y ∈ R
(n−p2)×(r+p2) satisfying the LMI:

XΩ + Ω⊤X + Y Γ + Γ⊤Y ⊤ ≺ 0. (4.55)

The observer gain matrix is then given by Z = X−1Y [157].

Proof. Considering the relations (4.48)–(4.51) and parameterization (4.54), the estimation
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error dynamics:

e(t) = z(t)− TE∗x(t) (4.56)

evolve according to:

ė(t) = (Ω + ZΓ)e(t). (4.57)

Employing the quadratic Lyapunov function from [158]:

V (e, t) = e⊤(t)Xe(t), (4.58)

with X = X⊤ ≻ 0, we derive the stability condition:

(Ω + ZΓ)⊤X +X(Ω + ZΓ) ≺ 0. (4.59)

The result follows by substituting Y = XZ [159].

The complete synthesis procedure, extending the framework of [160], is summarized as

follows:

1. Select matrix R ensuring the invertibility condition:

det



R

C12


 6= 0 [161]

2. Compute M via the explicit formula:

M =



R

C12




−1 

In−p1

0


 .

3. Determine observer matrices following [135]:

∆ =






E∗

C12




⊤ 

E∗

C12







−1

ϕ =



Ir − E∗∆(E∗)⊤

−C12∆(E∗)⊤



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α = Ir − F12(ϕF12)
+ϕ

Ω = R∆(E∗)⊤αΦM

Γ = ϕαΦM.

4. Solve the LMI (4.55) using convex optimization techniques from [? ] to obtain Z.

5. Compute N via the partitioned inverse:

N =



TE∗

C12




−1 


0

Ip2


 . (4.60)

6. Finally, determine the remaining observer matrices H, L1, and L2 following [? ].

4.5 Observer design for a class of nonlinear singular

systems with unknown inputs

Building on the foundational work of [82] and extending recent developments in [162],

we consider the class of nonlinear systems described by:




ẋ(t) = Ax(t) + Bdd(t) + Buu(t) + f
(
x(t), d(t), y(t)

)

y(t) = Cx(t) +Dd(t)

(4.61)

where the system matrices follow standard definitions as in [121], with the nonlinear

function f satisfying:

Assumption 4.5.1. The Lipschitz condition from [163] holds:

∥∥f(x1, d1, y)− f(x2, d2, y)
∥∥ ≤ γ

∥∥



x1 − x2

d1 − d2



∥∥ (4.62)

Assumption 4.5.2. Following [122], the matrix D has full column rank:

rank(D) = m (4.63)
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The transformation to singular system form uses the approach of [164]:




Eξ̇(t) =Mξ(t) + Buu(t) + f
(
ξ(t), y(t)

)

y(t) = Hξ(t)

(4.64)

Lemma 4.5.3. Extending results from [91], we have:

ZY T + Y ZT ≤ β Y Y T +
1

β
ZZT (4.65)

Theorem 4.5.4. Combining techniques from [124] and [165], the observer exists if:


(RM)TP + P (RM)−HTXT −XH + βγ2I PR

RTP −βI


 < 0 (4.66)

Proof. The Lyapunov stability proof follows [88] with adaptations from [166].

4.5.1 Numerical example

We consider state estimation for a chaotic Lorenz system [167] in the form (4.61) with

matrices:

A =




−10 10 0

28 −1 0

0 0 −8/3



, Bu =




30

28

0



, f(x) =




0

−x2x3
x22




Output matrices:

C =



1 0 0

0 1 0


 , D =

[
1 0

]

The system is subject to:

• Unknown inputs d(t) = 0.05 sin(1.6πt)

Observer design results The LMI constraints from Equation (4.66) were successfully

solved in 32 iterations with the following characteristics:

• Best objective value: 1.000002× 10−6

• Absolute accuracy: 3.64× 10−11
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• Full rank condition for Φ satisfied

Optimized matrices:

P = 108 ×




3.2717 −0.8639 −0.0665 1.5848

−0.8639 0.9569 0.1790 0.3631

−0.0665 0.1790 2.8104 0.0175

1.5848 0.3631 0.0175 2.5705




, F =




−2.2732 9.6587

−3.1774 16.6086

0.1043 −0.8562

3.3054 −9.1744




Observer characteristics:

• Eigenvalues of N : {−17.1732,−1.7497,−7.6435,−8.1058} (stable)

• Gain matrix L:



−0.0315 10.2657

−0.7188 7.6807

0.0773 −0.7242

0.0055 −9.9566




4.5.2 Simulation results

Initial conditions:

• Real states: x(0) = [2 5 8]⊤

• Estimated states: x̂(0) = [0 0 0]⊤

The results demonstrate:

• Rapid convergence of estimated states (Fig. 4.2)

• Stable error dynamics (Fig. 4.3)

• Robustness against unknown inputs d(t)

• Finite-time convergence of estimation errors
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Figure 4.2: State and Unknown Input Estimation Performance for states x1, x2, x3.
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4.6 Extension to H∞ filtering: robust observer design

Building on the foundational work of [82] and recent advances in [162], we consider the

class of nonlinear systems:




ẋ(t) = Ax(t) +Bdd(t) + Buu(t) + f(x(t), d(t), y(t)) +Dxw(t)

y(t) = Cx(t) +Dd(t) +Dyw(t)

(4.67)

where the system matrices follow standard definitions from [121], with the nonlinear

function f satisfying :

Assumption 4.6.1. The disturbance properties follow [168]: w ∈ L2([0,+∞))

Assumption 4.6.2. The structural condition aligns with [122]:

rank

([
D Dy

])
= m+ r

Following the descriptor system approach of [164], we transform the system:




Eξ̇(t) =Mξ(t) + Buu(t) + f(ξ(t), y(t)) +Dxw

y(t) = Hξ(t) +Dyw

(4.68)

The matrix decomposition builds on results from [121]:



R1 Q1

R2 Q2


 = M−1



E 0

H Dy




⊤

(4.69)

where R1 ∈ R
(n+m)×n, R2 ∈ R

r×n, Q1 ∈ R
(n+m)×p, Q2 ∈ R

r×p.


R1 Q1

R2 Q2






E 0

H Dy


 =



In+m 0

0 Iq



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4.6.1 Observer structure

Following the observer design methodology of [121] and extending the approach in [124],

we propose the following observer structure for system (4.68):




ż(t) = Nz(t) + Ly(t) +R1f(ζ̂(t), y(t)) +R1Buu(t)

ζ̂(t) = z(t) +Q1y(t)

(4.70)

where:

• z(t) ∈ R
n+m is the observer state vector

• ζ̂(t) ∈ R
n+m represents the estimated augmented state

• Matrices N and L are designed to ensure robust estimation

The estimation error dynamics are given by:

e(t) = ζ̂(t)− ζ(t) (4.71)

4.6.2 Observer design problem

The observer design problem requires finding matrices N and L that satisfy the fol-

lowing H∞ performance criteria:

1. Asymptotic convergence:

lim
t→∞

e(t) = 0 when w(t) = 0 (4.72)

2. Disturbance attenuation:

‖e‖L2
≤ γ‖w‖L2

, e(0) = 0 (4.73)

4.6.2.1 Lyapunov stability condition

Building on the results of [91], we establish the following stability condition:

V , V̇ (e) + e⊤e− γ2w⊤w < 0 (4.74)

where V (e) = e⊤Pe is the Lyapunov function candidate.
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Theorem 4.6.3. Under Assumptions 4.6.1 and 4.6.2, the observer error dynamics are

asymptotically stable with H∞ performance γ if there exist matrices P = P⊤ > 0, X, and

scalar β > 0 satisfying:



Γ(P,X) PR1 X⊤Dy − PR1Dx

∗ −βI 0

∗ 0 −γ2I



< 0 (4.75)

where Γ(P,X) = (R1M)⊤P + P (R1M)−H⊤X −X⊤H + (1 + βγ2)I.

Proof. Following the approach in [169], the proof involves:

1. Deriving the error dynamics using (4.6)

2. Applying the Lipschitz condition from Assumption 4.5.1

3. Using the bounding lemma from [91]

4. Applying the Schur complement

Remark 4.6.4. The observer gains are obtained through:




F = P−1X

N = R1M − FH

L = F +NQ1

(4.76)

Using the system dynamics in equation (4.68) and the observer in equation (4.70), the

estimation error dynamics (??) is written as:

ė = Ne+ (LH +NR1E −R1M)ζ +R1∆f + (LDy −NQ1Dy −R1Dx)w (4.77)

with

∆f = f(ζ, ŷ)− f(ζ, y)
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Assuming that matrices N and L are chosen to satisfy




LH +NR1E −R1M = 0,

F = L−NQ1,

N = R1M − FH

(4.78)

The error dynamics simplifies to:

ė = (R1M − FH)e+ (FDy −R1Dx)w +R1∆f (4.79)

Following the approach of [91], we aim to determine matrix F to minimize the noise effect

on e(t). Consider the Lyapunov function V = e⊤Pe, where P = P⊤ > 0, the derivative

along trajectories is:

V̇ = e⊤[(R1M−FH)⊤P +P (R1M−FH)]e+2e⊤PR1∆f+2e⊤P (FDy−R1Dx)w (4.80)

As shown in [169], condition (4.74) can be reformulated as:

V ,e⊤
[(
R1M − FH

)⊤
P + P

(
R1M − FH

)]
e

+ 2e⊤PR1∆f

+ 2e⊤P
(
FDy −R1Dx

)
w

+ e⊤e− λ2ω⊤ω < 0

(4.81)

By Lemma (4.5.3) and Assumption 4.5.1, following [88]:

2e⊤PR1∆f ≤ 1
β
e⊤PR1R

⊤
1 Pe+ βγ2e⊤e (4.82)

Thus, we obtain:

V ≤e⊤
[(
R1M − FH

)⊤
P + P

(
R1M − FH

)

+ 1
β
PR1R

⊤
1 P + (1 + βγ2)I

]
e

+ 2e⊤P
(
FDy −R1Dx

)
w

− λ2ω⊤ω

(4.83)
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The matrix inequality can be expressed as:

V ≤



e

w




⊤

M



e

w


 (4.84)

where

M =



Γ(P, F ) + 1

β
PR1R

⊤
1 P P (FDy −R1Dx)

⋆ −λ2I


 (4.85)

with Γ(P, F ) = (R1M)⊤P +P (R1M)−H⊤F⊤P −PFH+(1+βγ2)I. Applying the Schur

complement [170]:



Γ(P, F ) PR1 P (FDy −R1Dx)

∗ −βI 0

∗ 0 −λ2I



< 0 (4.86)

The substitution X = PF yields the LMI (4.75), completing the proof following [91].

4.6.3 Study of a particular case

Building on [171] solution for discrete-time systems, we extend the approach to continuous-

time. Consider the block-diagonal structure:

D =



Σ 0

0 0


 , (4.87)

where Σ is nonsingular, obtained via SVD [172]. The measurement transformation [121]:

y =



y1

y2


 =



C1

C2


 x+



Σ 0

0 0






d1

d2


 (4.88)

yields:

d1 = Σ−1(y1 − C1x) (4.89)

Assumption 4.6.5. rank

([
Dx Bd2

])
is full column rank [122]

Assumption 4.6.6. rank(C2Bd2) is full column rank [124]
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The state transformation [164]:

ζ = T−1x, T = [S Dx Bd2 ] (4.90)

yields:




ζ̇ =Mζ + T−1Bd2d2 + T−1f(Tζ, y) + · · ·

y2 = [C2S C2Dx C2Bd2 ]ζ

(4.91)

The observer design follows [169]:




ż = Nz + Lyu2 +RT1f(Tz + TQyu2 , y) + · · ·

ξ̂ = z +Qyu2

(4.92)

Theorem 4.6.7. The H∞ observer exists if [91]:




Γ(P,X) PRT1 −PRT1Dx

∗ −β2I 0

∗ ∗ −γ2I



< 0 (4.93)

where Γ(P,X) = (RM1)
⊤P + P (RM1)−H⊤X −X⊤H + β2γ

2T⊤T + In.

Proof. Following [88], the error dynamics:

ǫ̇ = (RM1 − FH)ǫ−RT1Dxw +RT1∆f (4.94)

are analyzed via Lyapunov function V = ǫ⊤Pǫ [166].

4.6.4 Numerical example

We consider a nonlinear singular system of order n = 3, with m = 2 control inputs,

p = 2 measured outputs, nd = 2 unknown inputs, and r = 1 disturbance affecting both

the process and the measurements. The system is described by the following matrices:
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System matrices:

A =




−0.1 0 0.05

0 −0.15 0

0.05 0 −0.1



, Bu =




0 0

0.1 0

0 0.1



, Bd =




0.1 0

0 0.1

0 0




C =



0.3 0 0

0 0.3 0


 , D =



0.1 0

0 0




Noise matrices:

Dx = 0.01 · 13×1 =




0.01

0.01

0.01



, Dy = 0.01 · 12×1 =



0.01

0.01




The nonlinear perturbation term is defined as:

f(x, d, y) =




0.01 sin(0.7x1) +
0.004 d1 x2
1 + 0.05‖x‖

0.006 tanh(x2x3) + 0.003 d2 y1
0.009x3

1 + 0.1|x3|
+ 0.002 d1 x1




In this example, the Lipschitz constant β = 0.044 is derived from a numerical approx-

imation over the system’s typical input and state ranges.

Input signals :

u(t) =



0.5 sin(0.5t)

0.3 cos(0.8t)


 (known control inputs)

d(t) =



0.2 sin(0.3t)

0.1 cos(0.4t)


 (unknown external disturbances)

w(t) = 0.1 · N (0, 1) (zero-mean Gaussian noise)

System Properties : Since the assumptions stated in Table 4.1 are satisfied, it is

therefore possible to perform a system transformation into the singular form given in



Chapter 4. Unknown Input Observer Synthesis for Nonlinear Singular Systems 93

(4.68) Consequently, the matrices M1, T1, Bd1, H, and E take the following form :

Table 4.1: Key system characteristics

Property Value

Stability Hurwitz (λmax(A) = −0.05)
Assumption4.5.2 rank([D Dy]) = 2 6= m+ r/m+ r = 3
Assumption4.6.5 rank([Dx Bd2 ]) = size([Dx Bd2 ], 2) = 2
Assumption4.6.6 rank(C2Bd2) = size(C2Bd2 , 2) = 1

M1 =



−0.3000 0.0021 0

10.6066 −0.2000 0


 , T1 =



−0.7071 0 0.7071

50.0000 0 50.0000


 ,

Bd1 =




0.1000

0

0



, H =

[
0 0.0030 1.0000

]
, E =



1 0 0

0 1 0




Observer Design We now design a robust observer (4.92) to estimate the state vari-

ables with unknown inputs. The observer matrices are obtained by solving the LMI

constraints defined in Theorem 4.6.7. The solution yields P and gain matrix X with an

optimal attenuation level γ = 0.5223.

P =




0.2728 −0.0020 0.0000

−0.0020 0.0000 0.0011

0.0000 0.0011 0.3815




X =




0.0000

0.0021

0.6910




The observer gains are given by:

N =




−0.3000 0.0021 −0.0130

10.6066 −0.2053 −1.7615

−0.0318 −0.0048 −1.8160




L =




0.0017× 10−15

0.2220× 10−15

0.2220× 10−15




F =




0.0130

1.7615

1.8160




The eigenvalues of the observer matrix N are:

eig(N) = {−0.4081, −0.0919, −1.8213}
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The simulation was carried out with an initial condition of the model given by : x0 =[
0.5 5 0.2

]
, and an initial value of the vector z0 defined as z0 =

[
0.5 −0.03 0.02

]
.

The simulation results are presented in figures 4.4,4.5,4.6.
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Figure 4.4: Reconstruction of State Variables and Unknown Inputs

0 50 100 150 200

e
1

-1

0

1
Estimation Error of x1

0 50 100 150 200

e
2

-1

0

1
Estimation Error of x2

Time (s)
0 50 100 150 200

e
3

-1

0

1
Estimation Error of x3

Figure 4.5: Estimation Errors of States
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Figure 4.6: Estimation Errors of Unknown Inputs d1 and d2

As demonstrated in Figures 4.4–4.6, the observer exhibits excellent estimation per-

formance: The estimated states x̂(t) converge exponentially to the true states x(t), and

estimation errors asymptotically approach zero. These results validate the effectiveness of

the robust observer design, with essential advantages of robustness: Maintains accuracy

despite unknown inputs d(t)

4.7 Conclusion

This chapter has presented a comprehensive and rigorous methodology for the design

of observers applied to singular systems, both linear and nonlinear, in the presence of un-

known inputs. The developed approach is based on a unified theoretical framework, which

notably includes the systematic transformation of regular systems into descriptor form,

the analytical decoupling of unknown inputs through appropriate matrix transformations,

and the formulation of stability conditions in the form of linear matrix inequalities (LMIs),

thus ensuring the feasibility of the solutions. Practical extensions have also been explored,

allowing the methodology to be generalized to nonlinear systems satisfying a Lipschitz

condition, while guaranteeing robust performance in the H∞ sense. Experimental vali-

dation on representative test cases confirmed the relevance of the approach, notably by

achieving convergence specifications with an error asymptotically approach zero, as well

as robustness against disturbances. Despite these methodological contributions, impor-

tant limitations remain. In particular, the nonlinearities and unmeasured disturbances
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do not explicitly appear in the system output, which significantly complicates stability

analysis using Lyapunov method. To overcome these challenges, the following chapter

introduces a novel unknown input estimation approach specifically designed for nonlinear

parameter-varying (LPV) systems. This new method explicitly incorporates nonlineari-

ties and disturbances into the stability criteria expressions, thus addressing the identified

limitations. Thus, this chapter serves as an essential theoretical foundation, while the

structural uncertainties and sensor faults not fully addressed here will be the focus of

the next chapter. That chapter will develop three original algorithms for unknown input

estimation, tailored to LPV/nonlinear systems, and applied to the biological wastewater

treatment process.



Chapter 5

Unknown input estimation for

LPV/Nonlinear systems algorithms

with application to waste water

treatment process (WWTP)

"The ink of scholars is more sacred than the blood of martyrs."

(Prophet Muhammad)

97
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5.1 Introduction

Nonlinear descriptor systems with unknown inputs represent an important class of

models for many industrial applications, ranging from wastewater treatment to energy

systems [173]. Although several techniques enable the simultaneous estimation of states

and unknown inputs [174], very few studies have addressed the critical issue of nonlin-

earities in the measurement equations of such systems, particularly when the system has

a singular structure. This limitation significantly restricts the applicability of existing

observers, especially in cases where the system outputs exhibit complex structural non-

linearities [175]. In this chapter, we propose a new methodology for designing robust

observers capable of simultaneously estimating the states and unknown inputs of nonlin-

ear descriptor systems, even in the presence of nonlinearities in the measured outputs.

Our approach relies on three main contributions [176]:

• A reformulation of the Lipschitz conditions that enables a more refined analysis of

the nonlinearities, by exploiting precise bounds on their variations [177].

• A two-stage observer structure that incorporates correction terms to compensate

for output nonlinearities while ensuring optimal disturbance attenuation in the H∞

sense.

• The three proposed estimation algorithms are specifically designed to handle differ-

ent configurations of unknown inputs, characterized by the rank of the distribution

matrix Cµ. In the context of water treatment processes, this matrix Cµ represents

the systems unknown inputs, which typically correspond to concentrations that are

not accessible online, such as SNOin
and SNHin

.

These concentrations, critical for process control, are generally not measured in real

time and therefore must be estimated.

To tackle challenges related to the descriptor system structure and nonlinearities, we em-

ploy innovative matrix decompositions and a reformulated Youngs inequality, enabling less

conservative LMI conditions with enhanced feasibility through additional decision vari-
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ables. A specialized Lyapunov analysis further ensures robust stability without requiring

derivatives of disturbances. The proposed methodology is validated on a wastewater treat-

ment plant model (COST 624 benchmark), demonstrating accurate estimation of both

system states (organic substrate, nitrogen, dissolved oxygen) and unknown inputs (un-

measured influent concentrations and sensor faults), even in the presence of disturbances.

The sensor fault specifically affects the dissolved oxygen measurement, yet the observer

maintains reliable performance. Beyond water treatment, the approach holds potential for

fault diagnosis in complex industrial systems [? ], cyberattack detection in cyber-physical

systems [? ], and robust online parameter estimation in machine learning applications [?

]. The chapter begins with a presentation of the mathematical preliminaries and key

reformulations that lay the foundation for the proposed approach. It then proceeds with

the development of the observer design and the associated stability analysis. Building on

this, three algorithms for unknown input estimation are introduced and analyzed. Finally,

the chapter concludes with a practical validation through a detailed case study based on

a wastewater treatment plant model.

5.2 Notations and mathematical preliminaries

This section establishes fundamental notations and preliminary concepts that will serve

as the foundation for ensuring asymptotic convergence of the estimation error to zero. To

facilitate the development of observers with well-defined structural properties in subse-

quent sections, we adopt a generalized mathematical framework with the following objec-

tives [172] [178]:

• The set Co(x, y) = {λx+ (1− λ)y | 0 ≤ λ ≤ 1} is the convex hull of {x, y}.

• es(i) =
(
0, . . . , 0, 1︸︷︷︸

ith

, 0, . . . , 0
)⊤ ∈ R

s, s ≥ 1 is a vector of the canonical basis of

R
s.

Before introducing the class of nonlinear systems under consideration, we present two

key theorems. These theorems notably allow the transformation of the state estimation
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problem for an arbitrary nonlinear system into a stability analysis problem for an LPV

system.

Theorem 5.2.1 (Mean Value Theorem for Vector-Valued Functions). Let φ : R
n →

R
q. Let a, b ∈ R

n. Suppose φ is differentiable on Co(a, b). Then, there exist constants

z1, . . . , zq ∈ Co(a, b), zi 6= a, zi 6= b for i = 1, . . . , q, such that:

φ(a)− φ(b) =

(
q∑

i=1

n∑

j=1

eq(i)e
⊤
n (j)

∂φi
∂xj

(zi)

)
(a− b) (5.1)

5.2.1 Reformulated Lipschitz property

This subsection presents the reformulated Lipschitz property essential for our LPV

approach, contrasting it with the classical DMVT framework [179]. While the DMVT

(requiring differentiability) decomposes φ(a)− φ(b) via Jacobians at intermediate points,

the Lipschitz reformulation employs bounded component-wise functions ψij to handle

non-smooth systems. Two key lemmas will formalize this approach.

Lemma 5.2.2 (Scalar Function Decomposition). Consider a function ψ : Rn → R. For

any vectors

X =




x1
...

xn




∈ R
n and Y =




y1
...

yn




∈ R
n,

there exist scalar functions ψj : R
n × R

n → R, j = 1, . . . , n such that

ψ(X)− ψ(Y ) =
n∑

j=1

ψj
(
XYj−1 , XYj

)
e⊤n (j)(X − Y )

where XYk denotes the vector X with its first k components replaced by those of Y .

Lemma 5.2.3 (Vector Lipschitz Equivalence). Considering the function ψ : Rn −→ R
n,

the two following items are equivalent:

• Lipschitz property: ψ is γψ-Lipschitz with respect to its argument, i.e.:

‖ψ (X)− ψ (Y ) ‖ ≤ γψ ‖X − Y ‖, ∀X, Y ∈ R
n.
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• Reformulated Lipschitz property: For all i, j = 1, . . . , n, there exist functions

ψij : R
n × R

n −→ R

and constants γ
ψij

and γψij
, so that ∀X, Y ∈ R

n,

ψ (X)− ψ (Y ) =
n∑

i=1

n∑

j=1

ψijHij (X − Y )

and γ
ψij

≤ ψij ≤ γψij
where ψij , ψij

(
XYj−1 , XYj

)
and Hij = en(i)e

T
n (j).

In particular Lemma 5.2.3 provides a less conservative Lipschitz condition [91]. The

reformulation allows precise treatment of nonlinearities by exploiting their specific prop-

erties.

For example, while the standard Lipschitz 4.5.1 condition doesn’t distinguish between

ψ(χ) = sin(χ2) and ψ(χ) = tanh(χ2), our reformulation shows the difference: for sin(χ2)

we have γψ11
= 1 and for tanh(χ2) we have γψ11

= 1, but their actual bounds differ in

practice.

Lemma 5.2.4 (Zemouche et al. (2016)). Let X and Y be two matrices of appropriate

dimensions. Then, for any symmetric positive definite matrix S of appropriate dimension,

the following inequality holds:

X⊤Y + Y ⊤X ≤ 1

2
(X + SY )⊤S−1(X + SY ). (5)

Remark 5.2.5. The significance of Lemma 5.2.4 lies not in its trivial proof, but in its novel

formulation of Young’s inequality that bounds only half the quantity X⊤Y + Y ⊤X. This

refined version:

• Represents the first use of Young’s inequality in this particular form [180]

• Plays a crucial role in deriving less conservative LMI synthesis conditions

• Provides tighter bounds in stability analysis

Lemma 5.2.6 (Young’s inequality). Let X and Y be two given matrices of appropriate

dimensions. Then, for any symmetric positive definite matrix S, the following inequality
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holds:

X⊤Y + Y ⊤X ≤ X⊤S−1X + Y ⊤SY︸ ︷︷ ︸
U1(X,Y )

. (2.1)

Remark 5.2.7. Inequality (2.1) represents the classical Young’s inequality, frequently em-

ployed in control theory to address parametric uncertainties [88]. However, the present

work utilizes not only (2.1) but rather its refined reformulation.

Lemma 5.2.8 (Improved Young’s inequality [181]). Let X and Y be two given matrices of

appropriate dimensions. Then, for any symmetric positive definite matrix S of appropriate

dimension, the following inequality holds:

X⊤Y + Y ⊤X ≤ 1

2
(X + SY )⊤S−1(X + SY ). (2.2)

5.3 Problem formulation and preliminary results

This section is devoted to some preliminary results that we will exploit in the next

section to develop new unknown input estimation algorithms. We will provide general

LMI conditions ensuring the design of H∞ observer for a class of nonlinear descriptor

systems described by the following equations:




˙︷ ︸︸ ︷
Eξξ(t) = Aξ

(
ρ(t)

)
ξ(t) + Bf

(
ρ(t)

)
f
(
ξ(t), u(t)

)
+Gg

(
ρ(t)

)
g
(
y(t), u(t)

)
+Dξω(t)

y(t) = Cξξ(t) + Bhh
(
ξ(t), u(t)

)
+Dyω(t),

(5.2)

where ξ ∈ R
nξ , u ∈ R

nu , and y ∈ R
ny are respectively the state vector of the system,

the known control input vector, the output measurements vector. The vector ω ∈ R
nω

represents the unknown disturbances affecting the system dynamics and the measured

variables. The matrices Eξ ∈ R
nd×nξ , Dξ ∈ R

nd×nω , Cξ ∈ R
ny×nξ , and Dy ∈ R

ny×nω are

known and constant. As for the affine matrix Aξ
(
ρ(t)

)
, Bf

(
ρ(t)

)
and Gg

(
ρ(t)

)
any matrix

of appropriate dimension depending on the parameter ρ(t), and are expressed under the

form :

Aξ(ρ)=A0+
s∑

j=1

ρjAj, Bf (ρ)=B0+
s∑

j=1

ρjBj, Gg(ρ)=G0+
s∑

j=1

ρjGj (5.3)
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where ρ(t) =

[
ρj(t), . . . , ρs(t)

]⊤
∈ R

s, is a parameter which is known and available in

real-time, with

ρj,min(t) ≤ ρj(t) ≤ ρj,max(t) (5.4)

which means that the parameter ρ(t) belongs to a bounded convex set for which the set

of 2s vertices can be defined by:

Vρ =
{
ρ(t) ∈ R

s : ρj(t) ∈ {ρj,min(t), ρj,max(t)}
}

The functions

f : Rnξ × R
nu −→ R

nf

and

h : Rnξ × R
nu −→ R

nh

are globally Lipschitz 1 with respect to ξ, uniformly on u, with Lipschitz constants γf and

γh, respectively. Assume also that the couple
(
Eξ, Cξ

)
satisfies the following condition:

rank






Eξ

Cξ





 = nξ. (5.5)

The aim consists in finding an observer to estimate asymptotically or exponentially the

state ξ. Contrarily to regular systems for which a simple Luenberger observer with one

constant gain can be used to investigate the H∞ criterion, the problem of state observer

for descriptor systems 5.2 turns out to be difficult in some cases. In this dissertation, we

will first consider a well known two-stage structure of the observer. The results we will

propose can then be extended to more complicated structures. Although the structure

of the state observer is simple, the synthesis of the observer parameters may lead to

complicated obstacles that we need to overcome in order to have tractable sufficient LMI

conditions.

1If f and h are only locally Lipschitz, we may consider their saturated versions fs and hs, respectively,
on an invariant compact set X in which fs and hs satisfy the global Lipschitz property [182].
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5.3.1 The two-stage observer structure

We consider the two-stage state observer described by the following equations:




ż(t) = Az
(
ρ(t)

)
z(t) + Ay

(
ρ(t)

)
yη1(t) +Bz

(
ρ(t)

)
f
(
ξ̂(t), u(t)

)
+Gz

(
ρ(t)

)
g
(
y(t), u(t)

)

ξ̂(t) = z(t) +Qzyη2(t)

yηi(t) = y(t)− ηi(t), i = 1, 2
(5.6)

where ξ̂(t) denotes the estimate of the state vector ξ(t). The auxiliary variables η1(t)

and η2(t), along with the matrices Az, Ay, Bz, Gz, and Qz, represent observer design

parameters that must be determined to satisfy a predefined performance criterion, such

as the H∞. The estimation error is defined as :

ξ̃(t) = ξ̂(t)− ξ(t). (5.7)

Using equations (5.2) and (5.6), the error ξ̃(t) can be expressed as:

ξ̃(t) = z(t) +
(
QzCξ − Inξ

)
ξ(t)

+QzBh

(
ρ(t)

) [
h
(
ξ(t), u(t)

)
− η2(t)

]
+QzDyω(t).

Remark 5.3.1. In the case y(t) = Cξξ(t), the problem becomes easy and the results are

well known in the literature, because with η2(.) ≡ 0, equation (5.8) is reduced to

ξ̃(t) = z(t) +
(
QzCξ − Inξ

)
ξ(t). (5.8)

Given that Bh = 0 and Dy = 0, the output measurement simplifies to yη2 = y.

Hence, from the condition (5.5), there exist two matrices Pz and Qz such that

PzEξ +QzCξ = Inξ
. (5.9)

Therefore, we can write the dynamics of the estimation error as:

˙̃ξ(t) = ż(t)− Pz
˙︷ ︸︸ ︷

Eξξ(t) (5.10)

and then we can exploit the singular equation in (5.2) and the dynamics of z(t) in (5.6)
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to lead to an appropriate and standard estimation error dynamics after some matrix

manipulations [183], [184], [185].

However, the presence of h
(
ξ(t), u(t)

)
and ω(t) in the output measurements renders

the problem more complicated. Indeed, the computation of the parameters Az
(
ρ(t)

)
,

Ay
(
ρ(t)

)
, Bz

(
ρ(t)

)
, Gz

(
ρ(t)

)
, Qz, and the choice of the performance criterion depends on

additional assumptions on the matrices Bh, Dy, on the nonlinear function h
(
ξ, u
)

and the

disturbance ω(t) respectively.

In particular, the presence of nonlinearities in the output measurements renders the prob-

lem difficult and original from LMI point of view. Depending on the distribution of the

nonlinearity h(., .) in y(t) (this is related to the structure of the matrix Bh) and its time

derivative, we will provide an LMI technique.

In addition to these standard conditions, we introduce the following assumption related

to the presence of nonlinearities in the output measurements.

Assumption 5.3.2. Assume that the following condition is fulfilled:

rank



Eξ 0

Cξ Bh


 = nξ + nh. (5.11)

Condition (5.11) implies

nd + ny ≥ nξ + nh.

It is worth noticing that equations like (5.5) and (5.11) are usual in descriptor systems

theory. For more details, we refer the reader to [186], [121], [187], [188], and the references

therein.

Under Assumption 5.3.2 we can build an observer for the system (5.2). Indeed, if (5.11)

holds then there exist matrices Pz ∈ R
nξ×nd , Qz ∈ R

nξ×ny , Rz ∈ R
nh×nd , and Sz ∈ R

nh×ny
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such that



Pz Qz

Rz Sz







Eξ 0

Cξ Bh



=




Inξ
0nξ×nh

0nh×nξ
Inh



. (5.12)

Equation (5.12) means that




PzEξ +QzCξ = Inξ

RzEξ + SzCξ = 0nk×nξ

QzBh = 0nξ×nh

SzBh = Inh

(5.13)

The matrices Pz, Qz, Rz, Sz are computed by

[
Pz Qz

Rz Sz

]
=



[
Eξ 0

Cξ Bh

]⊤ [
Eξ 0

Cξ Bh

]


−1 [
Eξ 0

Cξ Bh

]⊤
. (5.14)

In other word,



Pz Qz

Rz Sz


 is the Moore-Penrose pseudo-inverse of the full column rank

matrix



Eξ 0

Cξ Bh


.

The nonlinear filter exactly implements (5.6) through optimized correction terms ηi(t) :




ż(t) = Az
(
ρ(t)

)
z(t) + Ay

(
ρ(t)

)
yη1(t) +Bzf

(
ξ̂(t), u(t)

)
+Gz

(
ρ(t)

)
g
(
y(t), u(t)

)

ξ̂(t) = z(t) +Qzyη2(t)

yηi(t) = y(t)− ηi(t), i = 1, 2

η1(t) = Bhh
(
ξ̂(t), u(t)

)

η2(t) = 0Rny ,

(5.15)

With the following design advantages and functional benefits of the ηi configuration :

• η1 Compensates measurement nonlinearities via h(·) (inactive if Bh = 0)

• η2 = 0 simplifies the architecture by:

– Avoiding duplicate y(t) processing
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– Direct injection ξ̂ = z +Qzy(t)

– Eliminates null terms when Dy = 0

• Preserves exact structure of (5.8)

• Enables efficient LMI design

• Optimal disturbance/complexity trade-off

where Az(.), Ay(.), Bz(.), and Gz(.) are the parameters of the filter to be determined

later. We define the state estimation error:

ξ̃(t) , ξ̂(t)− ξ(t) (5.16)

From the observer (5.15) with η2(t) = 0, we obtain:

ξ̂(t) = z(t) +Qzy(t) (5.17)

Substituting the system output (5.2):

y(t) = Cξξ(t) + Bhh(ξ(t), u(t)) +Dyω(t) (5.18)

yields the error expression:

ξ̃(t) = z(t) +QzCξξ(t) +QzBhh(ξ(t), u(t)) +QzDyω(t)− ξ(t) (5.19)

We begin by defining the state estimation error:

ξ̃(t) , ξ̂(t)− ξ(t) (5.20)

From the observer structure (5.15), with the design choice η2(t) = 0Rny , we have:

yη2(t) = y(t) and ξ̂(t) = z(t) +Qzy(t) (5.21)

Substituting the system output dynamics from (5.2):

y(t) = Cξξ(t) + Bhh(ξ(t), u(t)) +Dyω(t) (5.22)
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into the observer’s state estimate yields the explicit error expression:

ξ̃(t) = z(t)− PzEξξ(t)︸ ︷︷ ︸
State mismatch

+ QzDyω(t)︸ ︷︷ ︸
Noise propagation

+QzBhh(ξ(t), u(t)) (5.23)

From (5.13), the dynamics of the estimation error 5.23 can be rewritten as follows:

ξ̃(t)−QzDyω(t)︸ ︷︷ ︸
ζ(t)

= z(t)− PzEξξ(t). (5.24)

The gains Pz, Qz are designed to satisfy conditions 5.13, thus, the error reduces to:

ξ̃(t) = z(t)− PzEξξ(t) +QzDyω(t) (5.25)

Therefore, we can write

ζ̇(t) = ż(t)− Pz
˙︷ ︸︸ ︷

Eξξ(t) (5.26a)

ζ(t) = ξ̃(t)−QzDyω(t). (5.26b)

Using the dynamics (5.2) and (5.15) we get the following detailed structure of (5.26):

ζ̇(t) = Az
(
ρ(t)

)
ξ̃(t) +

(
Az
(
ρ(t)

)
− A+ LCξ

)
ξ

+
(
Bz − PzBf

)
f(ξ, u)

+
(
Gz

(
ρ(t)

)
− PzGg

(
ρ(t)

))
g(y, u)

+
(
Eω − LDω

)
ω + Bzδft − AyBhδht

(5.27a)

δft = f(ξ̂, u)− f(ξ, u) (5.27b)

δht = h(ξ̂, u)− h(ξ, u), (5.27c)

L = Ay − AzQz, Eω = −PzDξ, A = PzAξ, Dω = −Dy. (5.27d)

5.3.2 H∞ criterion

This subsection is devoted to some definitions related to the H∞ performance criterion.

The aim consists in finding η1(t), η2(t) and the matrices Az, Ay, Bz, Gz, and Qz so that
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the estimation error ξ̃(t) satisfies the criterion:

‖ξ̃‖
L
nξ
2

≤
√
α‖ω‖2

Lnω
2

+ β‖‖ξ̃0‖2 (5.28)

where α > 0 is the disturbance attenuation level and β > 0 is to be determined. In

fact,
√
α is the disturbance gain from ω to ξ̃. Usually we use Lyapunov functions to

get tractable conditions guaranteeing (5.28). In the LMI framework, we take a quadratic

Lyapunov function V (ξ̃), such that

ϑ(t) ,
dV

dt
(ξ̃) + ‖ξ̃‖2 − α‖ω‖2 ≤ 0. (5.29)

The objective is to develop some LMI conditions under which the inequality (5.29) holds.

In the following subsection, we will propose a new LMI-based technique, which ensures

the H∞− optimality criterion (5.28).

5.3.3 LMI design procedure

The following theorem summarizes the LMI technique, we propose [176].

Theorem 5.3.3. Assume that there exist symmetric positive definite matrices P ∈ R
nξ×nξ ,

Sij ∈ R
ni
f×n

i
f , Mij ∈ R

ni
h×n

i
h and a matrix R ∈ R

ny×nξ such that the following convex

optimization problem is solvable:

min(α) subject to (5.31) (5.30)







(1, 1) PEω −RT
0Dω − Ω1 −

∑s
j=1 ρjRT

j Dω

(⋆) −
(
Ω2 + ΩT

2

)
− αIq




Σf︷ ︸︸ ︷[
Σf

1 . . . Σf
m

]
Σh︷ ︸︸ ︷[

Σh
1 . . . Σh

q

]

(⋆) −ΛfS 0

(⋆) (⋆) −ΛhM




≤ 0

(5.31)
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with

A
T
0 P+ PA0 − CT

ξ R0 −RT
0Cξ +

s∑

j=1

ρj

(
A
T
j P+ PAj − CT

ξ Rj −RT
j Cξ

)
(5.32)

Σf
i =

[
N f
i,1

(
P, Si1

)
. . . N f

i,ni
f

(
P, Sini

f

)]
, Σh

i =
[
N h
i,1

(
Rj,Mi1

)
. . . N h

i,ni
h

(
Rj,Mini

h

)]

(5.33)

N f
i,k

(
P, Sik

)
=




PBzHik

D̄⊤
y PBzHik


+



H⊤
i Sik

0


 ,

N h
i,k

(
Rj,Mik

)
=




R⊤
0 BhFik

+
∑s

j=1 ρjR⊤
j BhFik

D̄⊤
y R⊤

0 BhFik



−



F⊤
i Mik

0




(5.34)

Λf = block-diag
(
Λf1 , . . . ,Λ

f
nf

)
, Λfi = block-diag

(
2

bi1
Ini

f
, . . . ,

2

bini
f

Ini
f

)
(5.35)

S = block-diag
(
S1, . . . , Snf

)
, Si = block-diag

( ni
f times

︷ ︸︸ ︷
Si1, . . . , Sini

f

)
(5.36)

Λh = block-diag
(
Λh1 , ...,Λ

h
nh

)
, Λhi = block-diag

(
2

di1
Ini

h
, . . . ,

2

dini
h

Ini
h

)
(5.37)

M = block-diag
(
M1, . . . ,Mnh

)
, Mi = block-diag

( ni
h times︷ ︸︸ ︷

Mi1, . . . ,Mini
h

)
(5.38)

Ω1 = A
T
0 PQzDy − CT

ξ R0QzDy +
s∑

j=1

ρjA
T
j PQzDy −

s∑

j=1

ρjC
T
ξ RjQzDy (5.39)

Ω2 = E
T
ωPQzDy − D

T
ωR0QzDy −

s∑

j=1

ρjD
T
ωRjQzDy (5.40)

Az = A− LCξ, Ay = L+ AzQz (5.41a)

Bz = PzBf , Gz = PzGg (5.41b)
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Then, the H∞ criterion (5.28) is satisfied with β = λmax(P). Hence, the observer param-

eter Lj is computed by

Lj = P
−1RT

j .

Proof. From (5.41) and the fact that QzBh = 0, the error dynamics (5.27) is reduced to

the following one:

ζ̇(t) =
(
A
(
ρ(t)

)
− L

(
ρ(t)

)
Cξ

)
ξ̃(t) +Bz

(
ρ(t)

)
δft (5.42)

− L
(
ρ(t)

)
Bhδht +

(
Eω − L

(
ρ(t)

)
Dω

)
ω.

Since f(.) and h(.) are globally Lipschitz, then from lemma 5.2.3, [20] there exist functions

φij : R
ni
f × R

ni
f −→ R

ψij : R
ni
h × R

ni
h −→ R

and constants aij, bij, cij and dij such that

δft =

i,j=nf ,n
i
f∑

i,j=1

φij(t)HijHiξ̃(t), (5.43)

δht =

i,j=nh,n
i
h∑

i,j=1

ψij(t)FijFiξ̃(t), (5.44)

with

aij ≤ φij(t) ≤ bij , (5.45)

and

cij ≤ ψij(t) ≤ dij, (5.46)

Hij = enf
(i)eTni

f
(j), Fij = enh

(i)eTni
h
(j).

Without loss of generality, we assume that aij = cij = 0. For more details about this, we
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refer the reader to [35]. Hence, the dynamics equation (5.42) becomes

ζ̇(t) =

((
A
(
ρ(t)

)
− L

(
ρ(t)

)
Cξ

)
+

i,j=m,ni∑

i,j=1

[
φijBzHijHi

])
ξ̃(t)

−
(
i,j=m,ni∑

i,j=1

[
ψijL

(
ρ(t)

)
BhHijFi

])
ξ̃(t)

+
(
Eω − L

(
ρ(t)

)
Dω

)
ω. (5.47)

Now, borrowed from [189], we use the following Lyapunov function:

V (ζ) = ζT (t)Pζ(t), (5.48)

where P = P
T > 0. By calculating V̇ (ζ(t)) along the trajectory of (5.47), we get ϑ(t) ≤ 0

if the following inequality holds:

LINEAR︷ ︸︸ ︷


A⊤
z

(
ρ(t)

)
P+ PAz

(
ρ(t)

)
+ In −Ω1 + P

(
Eω − L

(
ρ(t)

)
Dω

)

−Ω1 +
(
Eω − L

(
ρ(t)

)
Dω

)T
P −

(
Ω2 +Ω⊤

2

)
− µ∞Iq




+

i,j=nf ,n
i
f∑

i,j=1

φij




XT
ij︷ ︸︸ ︷


PBzHij

D̄yPBzHij




Yi︷ ︸︸ ︷[
Hi 0

]
+Y

T
i Xij




+

i,j=nh,n
i
h∑

i,j=1

ψij




X̄T
ij︷ ︸︸ ︷


PL
(
ρ(t)

)
BhFij

D̄yRTBhFij




Ȳi︷ ︸︸ ︷[
−Fi 0

]
+Ȳ

T
i X̄ij




≤ 0 (5.49)

where D̄y = QzDy, and

Ω1 = ATz
(
ρ(t)

)
PQzDy,

Ω2 =
(
Eω − L

(
ρ(t)

)
Dω

)T
PQzDy.

Using the convenient Young’s relation as lemma 5.2.8, we deduce that for all symmetric
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positive definite matrices Sij and Mij we have introduced recently in [190]

X
T
ijYi + Y

T
i Xij ≤

1

2

(
Xij + SijYi

)T
S
−1
ij

∆ij︷ ︸︸ ︷(
Xij + SijYi

)
(5.50)

X̄
T
ijȲi + Ȳ

T
i X̄ij ≤

1

2

(
X̄ij +MijȲi

)T
M

−1
ij

∆̄ij︷ ︸︸ ︷(
X̄ij +MijȲi

)
. (5.51)

Consequently, by following exactly the same steps as in Theorem (5.3.3), [190], we deduce

that inequality (5.49) is fulfilled if the LMI (5.31) in Theorem 5.3.3 holds. This ends the

proof.

5.4 Unknown input estimation algorithms

This section is devoted to unknown input estimation for nonlinear systems with non-

linear outputs. The aim consists to use the results of the previous section to estimate, in

the H∞ sense, unknown inputs occurring in the system. The class of systems concerned

by this study is described by the following nonlinear equations:
{

ẋ = Ax
(
ρ(t)

)
x+Aµµ+Bσσ

(
x, µ, u

)
+G̺

(
ρ(t)

)
̺
(
y, u
)
+Dxω

y = Cxx+ Cµµ+B pς
(
x, µ, u

)
+ D̄yω

(5.52)

where x(t) ∈ R
nx is the system state and µ(t) ∈ R

nµ is the unknown input vector. The

nonlinearities σ(.) and ς(.) satisfy the global Lipschitz assumption as in the previous

subsection. The matrices Bσ, Dx, Cx, Cµ, Bς , and D̄y are known and constant with

appropriate dimensions. The matrix G̺

(
ρ(t)

)
is any matrix of appropriate dimension

depending on the parameter ρ(t). As for the affine matrices Ax
(
ρ(t)

)
and Aµ

(
ρ(t)

)
, they

are assumed to satisfy (5.3) with appropriate constant matrices Ax,j and Aµ,j, respectively.

In the sequel, for sake of brevity, we will omit the LPV parameter ρ(t), which satisfies

(5.4). We will present some schemes to estimate simultaneously the system state x(t)

and the unknown input µ(t). In each estimation scheme, we rewrite system (5.52) under

the descriptor form (5.2) according to specific assumptions on the parameters of (5.52),

namely the matrices Aµ, Cµ, Bς , Cx, and the nonlinear function ς
(
x, u
)
.

There are several ways to organize the presentation of all the possible scenarios due to
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different assumptions required in each scenario. Nevertheless, for practical considerations

we will investigate three general cases summarized as follows:

a) rank(Cµ) = nµ;

b) Cµ = 0;

c) 0 < rank(Cµ) < nµ.

The organization above is interesting in the sense that it depends on the matrix Cµ

which intervenes in the output measurements. Indeed, the different scenarios we will

provide strongly depend on the nature and the number of sensors needed to be able to

estimate simultaneously the system states and the unknown inputs. This plays a crucial

role because from practical point of view, some sensors may be extremely expensive or un-

available at any cost. This organization offers, for a large number of users and a wide field

of applications, the possibility to estimate unknown variables according to their sensors

availability and accessibility. In the following, we will provide LMI conditions ensuring

the asymptotic estimation of the states and the unknown inputs. In each case, after

transformation of the model (5.52), we use the preliminary LMI-based design technique

5.31 given in the previous section for descriptor systems.

5.4.1 First case: rank(Cµ) = nµ

System (5.52) can be rewritten under the form (5.2) with

Eξ =

[
Inx

0nx×nµ

]
, Aξ =

[
Ax Aµ

]
, (5.53a)

Cξ =

[
Cx Cµ

]
, ξ =



x

µ


 , (5.53b)

Bf = Bσ, Gg = G̺, Bh = Bς ,

Dξ = Dx, Dy = D̄y, (5.53c)
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f
(
ξ, u
)
= σ

(
x, µ, u

)
, h
(
ξ, u
)
= ς
(
x, µ, u

)
, g
(
y, u
)
= ̺
(
y, u
)
. (5.53d)

Since the matrix Cµ is full column rank then it follows that the condition (5.5) holds.

Indeed,

rank







Eξ

Cξ







= rank







Inx
0nx×nµ

Cx Cµ







= nx + nµ = nξ. (5.54)

Hence the preliminary result obtained for descriptor systems can be applied according to

additional assumptions. Indeed, under Assumption 5.3.2, the observer-based filter (5.15)

provides a simultaneous estimation of the state x(t) and the unknown input µ(t) in the

H∞ sense defined in (5.28) provided that the filter parameters are given by solving the

convex optimization problem (5.30) in Theorem (5.3.3) according to the notations (5.53).

5.4.2 Second case: Cµ = 0

In this case, the transformation (5.53) is not convenient because the rank condi-

tion (5.5) or (5.54) does not hold. To be able to use the LMI design method presented

for descriptor systems, we need to find a convenient transformation of the system (5.52)

into the form (5.2) for which the rank condition (5.5) is fulfilled.

There are some methods in the literature to deal with this issue but it still remains

open and some new ideas and improvements are possible even if this may require addi-

tional assumptions. These methods are generally established for systems where all the

nonlinearities are independent of µ(t). What we propose in this section is inspired from

the basic work in [? ] developed for linear systems with unknown inputs. The generaliza-

tion to nonlinear systems with nonlinear outputs, in the presence of disturbances in both

the dynamics of the system and the measurements, is not obvious. However, according to

the preliminary results and the required assumptions, we need to introduce specific linear
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transformations, inspired from [? ], to get a new system under the form (5.2).

As often required in all unknown input estimation procedures summarized in the three

previous items, we need the following assumption on the nonlinearities σ(., .) and ς(., .):

Assumption 5.4.1. Assume that the nonlinearities σ(., .) and ς(., .) satisfy the following

conditions:

dσ
(
x, µ, u

)

dµ
≡ 0, (5.55)

dς
(
x, µ, u

)

dµ
≡ 0. (5.56)

Assumption 5.4.1 means that the unknown input µ(t) appears linearly in the sys-

tem (5.52). Without loss of generality, the matrix Aµ is defined as full column rank.

Indeed, if Aµ is not of column rank, then there always exist a full column rank matrix Āµ̄

and a vector µ̄ such that Aµµ(t) = Āµ̄µ̄(t).

From Assumption 5.4.1 we can write

σ
(
x, µ, u

)
≡ σ 6µ

(
x, u
)

and ς
(
x, µ, u

)
≡ ς6µ

(
x, u
)
. (5.57)

5.4.2.1 Estimation of the system state:

Since Aµ is full column rank, then there is a matrix T ∈ R
nx×(nx−nµ) such that

S =

[
T Aµ

]
(5.58)

is nonsingular and

S
−1Aµ =



0(nx−nµ)×nµ

Inµ


 . (5.59)

Then using the transformation

ξ(t) , S
−1x(t), (5.60)

we get a ξ-system under the descriptor form (5.2) with the following convenient parame-
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ters:

Eξ =

[
Inx−nµ

0(nx−nµ)×nµ

]
, Aξ = EξS

−1AxS, (5.61a)

Cξ =

[
CxT CxAµ

]
, Bf = EξS

−1Bσ, (5.61b)

Gg = EξS
−1G̺, Bh = EξS

−1Bς , (5.61c)

Dξ = EξS
−1Dx, Dy = EξS

−1D̄y, (5.61d)

f
(
ξ, u
)
= σ 6µ

(
Sξ, u

)
,

h
(
ξ, u
)
= ς6µ

(
Sξ, u

)
,

g
(
y, u
)
= ̺
(
y, u
)
, (5.61e)

Thanks to the transformation (5.58)-(5.59) the state vector ξ is decoupled from the

unknown input, which vanishes from the system (5.2) corresponding to (5.61). If the

rank condition (5.5) is fulfilled, then it is possible to construct an H∞ filter providing

an estimation of the vector ξ. As we can see, the difference between this case and the

case where rank(Cµ) = nµ is that now condition (5.5) is not a direct consequence of

(5.61a)-(5.61b). It depends on the two matrices Aµ and Cx.

Therefore, the following assumption is required : As often required in all unknown

input estimation procedures summarized in the three previous items, we need the following

assumption on the nonlinearities σ(., .) and ς(., .):

Assumption 5.4.2. The following condition is fulfilled:

rank (CxAµ) = rank (Aµ) , nµ. (5.62)

Assumption 5.4.2 leads to
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rank







Eξ

Cξ







, rank







Inx−nµ
0(nx−nµ)×nµ

CxT CxAµ







= rank
(
Inx−nµ

)
+ rank (CxAµ)

= nx − nµ + rank (Aµ)

= nx. (5.63)

Finally, we can apply the design procedure given in the preliminary results. It follows that

under Assumption 5.3.2 and Assumption 5.4.2, the observer-based filter (5.15) provides

an estimation of the state ξ(t) , S
−1x(t) in the H∞ sense defined in (5.28) provided

that the filter parameters are given by solving the convex optimization problem (5.30) in

Theorem 5.3.3 according to the notations (5.61). The system state x(t) is estimated by

x̂(t) = Sξ̂(t) (5.64)

which satisfies the H∞ inequality

‖x̃‖Lnx
2

≤
√
µx‖ω‖2Lnω

2

+ νx‖x̃0‖2 (5.65)

where x̃(t) = x(t)− x̂(t) and

µx = α‖S‖2, νx = β‖S‖2‖S−1‖2.

5.4.2.2 Estimation of the unknown input:

Now that the state of the system is estimated, it remains to estimate the unknown

input µ(t), which was not estimated simultaneously with x(t). To do that, we will exploit

x̂(t), but we need to use its derivative ˙̂x(t), which may be calculated numerically online.

Introducing the notations

ξ2 =

[
0nµ×(nx−nµ) Inµ

]
ξ , S2ξ, A2,ξ = S2S

−1AxS

B2,f = S2S
−1Bσ, G2,h = S2S

−1G̺, D2,ξ = S2S
−1Dx,
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then from the transformation (5.58)-(5.59), we get

µ(t) = ξ̇2 − A2,ξξ −B2,fσ 6µ(Sξ, u)−G2,g̺(y, u) +D2,ξω (5.66)

Then, we propose to estimate the unknown input by:

µ̂(t) =
˙̂
ξ2 − A2,ξ ξ̂ −B2,fσ 6µ̂

(
Sξ̂, u

)
−G2,g̺

(
y, u
)

(5.67)

Now we can state two propositions related to the estimation of the unknown input µ(t).

To simplify, we first present the results in the output disturbance-free case, i.e: D̄y = 0.

Later, we will provide new bounds for D̄y 6= 0, where the derivative of the disturbance

will appear in the formulas.

Proposition 5.4.3. Under Assumption 5.3.2 and Assumption 5.4.2, if the convex opti-

mization problem (5.30) in Theorem 5.3.3 according to the notations (5.61) is solvable,

then the observer-based filter (5.15) and the unknown input estimation (5.67) guarantee

the following L2 bound:

‖µ− µ̂‖Lnµ
2

≤
√
λω(ǫ)‖ω‖2Lnω

2

+ λ0(ǫ)‖‖ξ̃0‖2 (5.68)

where

λω(ǫ) =

(∥∥∥S2

(
A− LCξ

)
− A2,ξ

∥∥∥+ γf

∥∥∥S2

(
Bz − B2,f

)∥∥∥

+ γh

∥∥∥S2LBh

∥∥∥
)2(

1 +
1

ǫ

)
α

+
(
1 + ǫ

)∥∥∥S2Eω +D2,ξ

∥∥∥
2

, (5.69a)

λ0(ǫ) =

(∥∥∥S2

(
A− LCξ

)
− A2,ξ

∥∥∥+ γf

∥∥∥S2

(
Bz −B2,f

)∥∥∥

+ γh

∥∥∥S2LBh

∥∥∥
)2(

1 +
1

ǫ

)
β. (5.69b)
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5.4.3 Third case: 0 < rank(Cµ) < nµ

In this section, we combine the two previous cases, namely the case rank(Cµ) = nµ and

rank(Cµ) = 0. In such a situation, 0 < rank(Cµ) < nµ, there exist a matrix Cµ1 ∈ R
ny×nµ1

and a variable µ1(t) ∈ R
nµ1 such that

Cµµ(t) = Cµ1µ1(t) and rank
(
Cµ1
)
= nµ1 . (5.70)

The nonlinear functions may depend on the vector µ1. Then Assumption 5.4.1 is replaced

by the following one: Assume that the nonlinearities σ(., .) and ς(., .) satisfy the following

conditions:

∂σ
(
x, µ, u

)

∂µ
≡ ∂σ

(
x, µ, u

)

∂µ1

, (5.71)

∂ς
(
x, µ, u

)

∂µ
≡ ∂ς

(
x, µ, u

)

∂µ1

. (5.72)

From Assumption 5.4.2 and since each of the nµ unknown inputs should appear in

system equations (5.52), then there exist matrices Aµ2 ∈ R
nx×nµ2 , Tµ1 ∈ R

nµ×nµ1 , Tµ2 ∈

R
nµ×nµ2 , and a variable µ2(t) ∈ R

nµ2 such that

Aµµ(t) = Aµ1µ1(t) + Aµ2µ2(t) (5.73)

rank
(
Aµ2
)
= nµ2 , nµ = nµ1 + nµ2 (5.74)

µ(t) = Tµ1µ1(t) + Tµ2µ2(t). (5.75)

Notice that equations (5.73)-(5.75) are not possible only if at least one of the unknown

inputs in the vector µ(t) does not appear in the system (5.52). However, such a case is

useless because there is no unknown input to estimate.

Since Aµ2 is full column rank, then there is a matrix N ∈ R
nx×(nx−nµ1

) such that

M =

[
N Aµ2

]
(5.76)
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is nonsingular and

M
−1Aµ2 =



0(nx−nµ2

)×nµ2

Inµ2


 . (5.77)

Then, as in the previous section, after transforming the system (5.52), the dynamics

of the augmented vector

ξ(t) ,



M

−1x(t)

µ1(t)


 (5.78)

can be written under the descriptor form (5.2) with the following parameters:

Eξ =

[
Inx−nµ2

0(nx−nµ2
)×nµ2

0(nx−nµ2
)×nµ1

]
, (5.79a)

Kξ =

[
Inx−nµ2

0(nx−nµ2
)×nµ2

]
, (5.79b)

Aξ = KξM
−1

[
AxM Aµ1

]
, (5.79c)

Cξ =

[
CxN CxAµ2 Cµ1

]
, Bf = KξM

−1Bσ, (5.79d)

Gg = KξM
−1G̺, Bh = KξM

−1Bς , (5.79e)

Dξ = KξM
−1Dx, Dy = KξM

−1D̄y, (5.79f)

f
(
ξ, u
)
= σ 6µ

(
Mξ, u

)
, h
(
ξ, u
)
= ς 6µ

(
Mξ, u

)
, g
(
y, u
)
= ̺
(
y, u
)
. (5.79g)

Now let us introduce the following assumption.

Assumption 5.4.4. The following condition is fulfilled:

rank (CxAµ2) = rank (Aµ2) , nµ2 . (5.80)

Under Assumption 5.4.4 and the fact that Cµ1 is full column rank, it is easy to show
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that

rank







Eξ

Cξ







= nx + nµ1 , nξ.

Hence, we can apply the preliminary results to deduce an estimation of the unknown

input µ(t). From (5.75), the unknown input µ(t) is estimated in the H∞ sense as follows:

µ̂(t) = Tµ1µ̂1(t) + Tµ2 ˙̂ξµ2 − T A
µ2
ξ̂ − T B

µ2
σ 6µ̂
(
Mµ1 ξ̂, u

)
− T G

µ2
̺
(
y, u
)

(5.81)

where

ξ̂µ2 ,

Mµ2︷ ︸︸ ︷[
0nµ2

×(nx−nµ2
) Inµ2

]
ξ̂, (5.82)

T A
µ2

, Mµ2M
−1AxM, T B

µ2
, Mµ2M

−1Bf , (5.83)

T G
µ2

, Mµ2M
−1Gg, Mµ1 ,



M 0

0 Inµ1


 . (5.84)

Remark 5.4.5. To avoid repetition, the detailed mathematical calculations, which we can

get by following exactly the same steps as in the previous sections, are omitted. In

addition, Proposition 5.4.3 still remains valid with convenient λω and λ0 corresponding

to the new vector ξ(t) defined in (5.78) and the new matrices defined in (5.82)-(5.84).

Remark 5.4.6. Since the matrix Aµ2 in (5.73)-(5.74) is not unique, then we have the

possibility to choose the one that satisfies Assumption 5.4.4.

Remark 5.4.7 (Discussion on the assumptions). Notice that the assumptions introduced in

this section are needed to apply the general LMI-based technique given in Theorem 5.3.3.

Assumption 5.4.1 and Assumption 5.4.3 are introduced because we need the nonlinear

function to depend on the corresponding vector ξ(t) in each case, as in the system (5.2),

where the nonlinear functions f(.) and g(.) depend on the state vector ξ(t). Since in the

second case, the vector ξ(t) , S
−1x(t) defined in (5.60), is not depending on µ(t), then

we need σ(.) and ς(.) to not depending on µ(t). We apply the same analogy in Assump-
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tion 5.4.3. Since the corresponding state vector is the ξ(t) defined in (5.78), then we need

σ(.) and ς(.) to be independent from µ2(t). As for Assumption 5.4.2 and Assumption 5.4.4,

by analogy, they are similar to Assumption 5.3.2. They look like Assumption 5.3.2 corre-

sponding to system (5.2) with (5.60)-(5.61) and (5.78)-(5.79), respectively.

Remark 5.4.8. We should mention that in the the second and third cases, the new system

matrices depend on new LPV parameters due to the presence of products between matrices

depending on ρ(t). For instance, if we focus on the third case, the matrix M in (5.76)

depends on ρ(t). Then its inverse M
−1 depends on ρ(t). Consequently, the new state

matrix Aξ in (5.79c) depends on a new LPV parameter ρM(t) , κ(ρ(t)). Such a new

parameter ρM(t) is determined after determining the matrix M. This depends on the

model at hand of the user. For instance, in the wastewater treatment model presented in

the next section, we have κ(ρ(t)) ≡ ρ(t), i.e.: ρM(t) ≡ ρ(t).

5.5 Application to Wastewater Treatment

Wastewater treatment plants (WWTP) are nonlinear systems subject to large pertur-

bations in flows and load, together with uncertainties on the composition of the incoming

wastewater mainly due to the impact of rain events and industrial charges. The Bench-

mark model has been proposed by the European program COST 624 for the evaluation

of control strategies in wastewater treatment plants [8]. The wastewater treatment plants

are usually composed of one or a set of biological tanks: anoxic and aerobic in closed loop

with settler. The simulation benchmark plant design is comprised of five reactors in series

with a10-layer secondary settling tank. Figure 5.1 shows a schematic representation of

the layout. The Benchmark is based on the most common wastewater treatment plant:

a continuous flow activated sludge plant, performing nitrification and pre-nitrification.

For simplicity, we will take only the case of one aerated tank with a settler. In order

to illustrate the effectiveness of the proposed nonlinear estimation algorithms we use a
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Figure 5.1: The benchmark simulation model no. 1 (BSM1) plant [6].

Table 5.1: Definition of the state variables in the reduced model

Variable Description

XDCO Biodegradable substrate
SNO Nitrate and nitrite nitrogen concentration [mg · l−1]
SNH Ammonia nitrogen concentration [mg · l−1]
SND Soluble biodegradable organic nitrogen concentration [mg · l−1]
SO Dissolved oxygen concentration [mg · l−1]

nonlinear reduced model described in Section 2.7, it contains five state variables :

x =

[
XDCO SNO SNH SND SO

]⊤

where the dynamical equations of the reduced model are given in equations 2.51. The

objective is to estimate the measured states or concentrations SO, SNO and SNH that

are available fro measurement. However, the inlet concentrations SinNO, and SinNH are not

measured online, they will be treated as unknown inputs and will be estimated.

5.5.1 Third case 0 < rank(Cµ) < nµ :

Since the unknown input estimation algorithms given in the previous section, the third

case, is the more general one, then it is sufficient to provide simulations result. To this

end, in addition to the model unknown inputs SinNO and SinNH , we consider that the SO

sensor is affected by a fault d(t) given by:

d(t) ,





10 sin(4πt) if 4(day) < d(t) < 7(day)

0 otherwise.
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In a compact form, by adding d(t) as unknown input, the model is described under the

form (5.52) with the following parameters [47]:

Eξ =

















1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

















(5.85a)

Ax =




−0.7955ρ(t) 0 0 0 0

0 −ρ(t) 0 0 0

0 0 −ρ(t) θ4 0

0 0 0 −ρ(t)− θ4 0

0 0 0 0 ρ(t)− kLa


 ,

Aµ =




0 0 0

1 0 0

0 1 0

0 0 0

0 0 0


 , G̺ =




1 0 ρ(t) 0

0 0 0 0

0 0 0 0

0 0 0 ρ(t)

0 SOsat 1 0


 , Bς =




0

0

0

0

0




Bσ =




−1.49 −1.49 0 0

0 0.17 4.16 0

−0.08 −0.08 −4.16 0

0 0 0 1.0

0 0 −19.04 −10.00


 ,

Cx =

[
0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

]
, Cµ =

[
0 0 0

0 0 0

0 0 1

]
,

Dx = [0.2 0.2 1.1 0.1 0]⊤ , D̄y =

[
0.1

0.2

0.3

]
,

where

• ρ(t) = Din is the influent flow rate;

• µ =

[
ρ(t)SinNO ρ(t)SinNH d

]⊤
is the unknown input vector;

• The matrices Dx and Dy represent the distribution of the disturbances added in the

process and in the sensors. We assume that a uniformly distributed random noise

is injected in the system according to matrices Dx and Dy.
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The nonlinear functions of the system are given by

ρ(u, u) = [θ2 kLa X in
DCO SinND]

⊤
,

ς(x, µ, u) = 0

σ1(x, µ, u) = θ1
XDCO

220 +XDCO

SO
0.2 + SO

σ2(x, µ, u) = θ1
XDCO

220 +XDCO

0.2

0.2 + SO

SNO
0.2 + SNO

ηNO,g

σ3(x, µ, u) = θ3
SNH

SNH + 1

SO
SO + 0.4

σ4(x, µ, u) = θ4
XDCO

XDCO + 258

SO
0.2 + SO

ηNO,h
0.2

0.2 + SO

SNO
0.5 + SNO

.

The values of the parameters are given in Table 2.5, [6]. After calculating the partial

derivatives of the nonlinearities, we find that all the lower and upper bounds aij and bij

are equal to 0 and 0.186, respectively.

We have rank(Cµ) = 1, then we will write :

Cµµ = Cµ1µ1, with Cµ1 =

[
0 0 1

]T
, µ1 = d(t)

Hence, we can get (5.73)-(5.75) with µ2 =

[
SinNO SinNH

]⊤
,

Aµ1 =




0

0

0

0

0


 , Aµ2 =




0 0

1 0

0 1

0 0

0 0


 , (5.86)

Tµ1 =
[
0

0

1

]
, Tµ2 =

[
1 0

0 1

0 0

]
, µ2 =

[
ρ(t)Sin

NO

ρ(t)Sin
NH

]
. (5.87)

It is obvious that rank(CxAµ2) = rank(Aµ2) = nµ2 = 2. Then Assumption 5.4.4 holds,

which means that we can apply the estimation algorithm (5.81) to estimate the whole

unknown input µ, after estimating the vector ξ(t) given by

ξ(t) ,



M

−1x(t)

µ1(t)


 , (5.88)
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where M comes from (5.76) with N =




1 0 0

0 0 0

0 0 0

0 0 1

0 1 0




.

By expressing the matrix M, the new state vector ξ(t) in (5.88) contains the following

six components:

ξ̂(t) =

[
XDCO SNO SNH SND SO µ1(t) = d(t)

]

The remaining unknown input µ2(t) is defined by µ2(t) =

[
µ1
2(t) µ2

2(t)

]⊤
, where

• µ1
2(t) = ρ(t)SinNO =⇒ SinNO = 1

ρ(t)
µ1
2(t);

• µ2
2(t) = ρ(t)SinNH =⇒ SinNH = 1

ρ(t)
µ2
2(t).

5.5.1.1 Estimation of the system state :

The matrices in (5.79), corresponding to the model, are expressed as follows:

Eξ =

[
1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

]
, Kξ =

[
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

]
, Aξ = Aξ,0 + ρ(t)Aξ,1

Aξ,0 =

[
0 0 0 0 0 0

0 −240 0 0 0 0

0 0 −124 0 0 0

]
, Aξ,1 =

[
−0.79545 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0

]
, Dξ =

[
0.1

0

0.1

]

Cξ =

[
0 0 0 1 0 0

0 0 0 0 1 0

0 1 0 0 0 1

]
, Bf =




−1.4925 −1.4925 0 0

0 0.17221 4.1666 0

−0.0800 −0.0800 −4.1666 0

0 0 0 1

0 0 −19.04166 −10




Gg =




80.49277 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 804.927 0 0




By applying the proposed method on the descriptor system obtained by using the
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transformations (5.76)-(5.79), the corresponding matrices Pz and Qz are computed as

Pz =




1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 −1 0



, Qz =




0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




(5.90)

By solving the convex optimization problem (5.30) under the LMI constraints (5.31),

obtained the following observer gains:

L0 =





















77.753917580392596 77.590764343566065 86.448115850653011

−16.155882009902044 −16.251586703905026 −27.557130104509650

85.352145624391426 85.160755970375561 86.214355923684906

0.695078261107510 0.673725541278918 0.589954562677434

0.673310982825319 0.697562725269364 0.593805507810576

18.932074731886665 19.026436234148044 30.345947271073964





















(5.91)

L1 =





















4.547964299638846 4.574707154824896 4.952407964141358

−2.683593046776394 −2.711428170654091 −3.123810441999024

2.797374814491731 2.799233269628079 2.888686742653718

0.114022478939181 0.107220641929511 0.049097276015912

0.107858764286684 0.114930763813435 0.049764130074496

2.962453090284253 2.990669028123705 3.322378577027695





















(5.92)

The optimal value of the disturbance attenuation level is α = 0.42711.

To run simulation, the system and the observer are initialized, respectively, by :

ξ(0) = [52, 5, 5, 1, 1, 0, 0, 0], zi = [0, 0, 0, 0, 0, 0, 0, 0]

The simulation results over a horizon of T = 14 days are depicted in Figure 5.2, which

shows quite clearly the efficiency of the proposed unknown input observer design method.

This scenario confirms the applicability of the observer in faulty environments, while

keeping some measurements available. which is crucial for fault-tolerant control. The

estimation of the system states and the sensor fault, (ξ6 = µ1(t) = f(t)), is accurate as

exhibit the behavior of the states in Figure (e) 5.2.
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(c) ξ3: SNH (gN/L) (d) ξ4: SND (gN/L)
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Figure 5.2: System states and their estimates:(a) organic concentration XDCO, (b) ni-
trate/nitrite nitrogen concentration SNO, (c) ammonium nitrogen concentration SNH , (d)
soluble organic nitrogen SND, (e) dissolved oxygen concentration SO, and (f) sensor fault
estimation ξ6 = µ1(t) = f(t).
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Figure 5.3: Estimation errors of the system states: (a) organic matter concentration
XDCO, (b) nitrate/nitrite nitrogen SNO, (c) ammonium nitrogen SNH , and (d) soluble
organic nitrogen SND.

The estimation errors of the states remain low, showing the observer’s resilience to

partial sensor degradation. The fault signal d (i.e., ξ8) is successfully estimated, which
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Figure 5.4: Estimation errors of the remaining system states : (e) dissolved oxygen con-
centration SO, and (f) fault signal estimation ξ6 = µ1(t) = f(t).

demonstrates the observers potential for fault detection and isolation (FDI).

5.5.1.2 Estimation of the remaining unknown inputs :

Hence, we can apply the results of step one to estimate the remaining unknown inputs

in the absence available sensors µ2(t) = [DinSinNO, D
inSinNH ]

T . The simulation results can

be depicted in Figures 5.5 .
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2(t) estimation (b) µ2

2(t) estimation

Figure 5.5: Unknown inputs µ1
2(t) and µ2

2(t) with their respective estimations.

Overall, the simulation results show the effectiveness and performances of the proposed

design methods despite the presence of the disturbances. and the derivatives of ξ̂(t), see

equation 5.81. Moreover, the estimation given here is raw, without any filtering. We can

improve the estimation by introducing filters or numerical differentiators.

5.5.2 A favorable case rank(Cµ) = nµ

This condition implies that all components of the unknown input µ(t) have a direct

and independent influence on the measured output y(t). Physically, this corresponds

to a situation where the number and configuration of sensors are sufficient to make all

unknown inputs observable. Hence, the estimation vector in this case is defined as:

ξ̂ =

[
XDCO, SNO, SNH , SND, SO, DinS

in
NO, DinS

in
NH , d

]⊤
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We have nx = 5, nµ = 3 and the (rank(Cµ) = 3) then the condition (5.5) holds, where;

rank






Eξ

Cξ





 = 8 = nx + nµ

Hence, we can apply the results of Section 5.4.1, to deduce the estimation of the unknown

input µ(t) and state variables x(t) in the estimation vector ξ̂, where the equations of

reduced nonlinear model ASM1 can be rewritten under the descriptor from (5.2) by

using the following parameters :

Eξ =

















1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

















(5.93a)

Ax(ρ(t)) =

















−0.7954ρ(t) 0 0 0 0

0 −ρ(t) 0 0 0

0 0 −ρ(t) 0 0

0 0 0 −ρ(t) 0

0 0 0 0 1

















(5.93b)

Aµ(ρ(t)) =

















0 0 0

ρ(t) 0 0

0 ρ(t) 0

0 0 0

0 0 1

















, Gg(ρ(t)) =

















1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 SOsat 1 0

















, (5.93c)

Bf (ρ(t)) =

















−1.49 −1.49 0 0

0 0.17 4.16 0

−0.08 −0.08 −4.16 0

0 0 0 1.0

0 0 −19.04 −10.00

















(5.93d)

Cx =







0 1 0 0 0

0 0 1 0 0

0 0 0 0 1






, Cµ =







1 0 0

0 1 0

0 0 1






, Dξ =

















0.2

0.2

1.1

0.1

0

















, Dy =







0.1

0.2

0.3






(5.93e)

Note that matrix Cµ, rank(Cµ) = nµ = 3 is of full column rank, then the condition

(5.5)(2) is fulfilled. From (6), there exist two matrices Pz and Qz

Pz =




1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 −1 0 0 0

0 0 −1 0 0

0 0 0 0 −1




, Qz =




0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




(5.94)
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Therefore, we can build the proposed two-stage observer (5.15) after solving the LMI

(5.31) conditions for the H∞ optimal criterion, given by Theorem (5.3.3), which have

been found to be feasible by using the YALMIP toolbox in Matlab/Simulink, we obtained

the following observer gains:

L0 =




1.0e+05

0.26 0.11 0.04

−2.44 −0.05 0.71

−2.47 0.95 1.89

0.37 0.16 0.08

0.33 0.20 0.06

2.44 0.05 −0.71

2.47 −0.95 −1.89

−0.33 −0.20 −0.063




, L1 =




1.0e+03

−0.29 −0.12 −0.03

0.19 −1.24 −1.73

−0.98 −3.19 −3.79

0.05 0.03 0.02

−1.44 −0.68 −0.30

−0.19 1.24 1.73

0.98 3.19 3.79

1.44 0.68 0.30




(5.95)

The best optimal values of the disturbance attenuation level are µ∞ = 0.140483 and

ν∞ = 1.904e07.
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Figure 5.6: Comparison between true values and estimates of system states (First case)
(a) XDCO, (b) SNO, (c) SNH , (d) SND, (e) SO, (f) DinS

in
NO.

In this observation scenario, full information available, all system outputs are available,

and the unknown inputs have a direct influence on the measured outputs. The estimation

errors for all states (ξ1 to ξ8) remain small, bounded, and tend to converge towards zero
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Figure 5.7: Behavior of state variables and their estimates : (g) inflow ammonium con-
centration DinS

in
NH , (h) sensor fault d.
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Figure 5.8: Estimation errors of the system states ξ1 to ξ8 under the first case scenario.

see Figures 5.8. This result confirms that the observer accurately tracks both the state

dynamics and the unknown inputs. Particularly, ξ6 to ξ8 (representing inflow disturbances

and sensor fault) are well reconstructed as Figures (5.6) and (5.7), which validates the

effectiveness of the unknown input decoupling strategy. Overall, the observer performance
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is excellent, with fast convergence and negligible steady-state errors.

5.5.3 Second case: Cµ = 0

In this scenario meaning that the unknown inputs µ(t) have no direct influence on the

system outputs. In practice, this case corresponds to disturbances or faults that do not

appear in the outputs, but still affect the internal dynamics of the system. then the state

vector is decoupled from the unknown input and the estimation vector ξ̂ is given as :

ξ(t) , S−1x(t)

ξ̂ =

[
XDCO, SNO, SNH , SND, SO

]⊤

And the following condition (Assumption 5.4.2) is fulfilled:

rank (CxAµ) = rank (Aµ) = 3. (5.96)

then the condition (5.5) holds, where;

rank







Eξ

Cξ







= nx = 5. (5.97)

Through the use of appropriate transformations (5.58)–(5.59), the system can be re-

formulated into a convenient structure (Equation (5.2)).

5.5.3.1 Estimation of the system state :

To enable the estimation of the system state, by introducing the following parameters :

T =




0.9000 0

0 0

0 0

0 0.6000

0 0




S =




0.9000 0 0 0 0

0 0 79.4928 0 0

0 0 0 79.4928 0

0 0.6000 0 0 0

0 0 0 0 1.0000



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S−1Aµ =




0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




Et =

[
1 0 0 0 0

0 1 0 0 0

]
Aξ,0 =

[
0 0 0 0 0

0 −124 0 0 0

]

Aξ,1 =

[
−0.7955 0 0 0 0

0 −1.0000 0 0 0

]
Aξ =



0 0 −79.4928 0 0

0 0.9359 0 −79.4928 0

0 0 0 0 −1.6051




Cξ =



0 0 79.4928 0 0

0 0 0 79.4928 0

0 0 0 0 1.0000


 Gg =



0 0 0 0

0 0 0 0

0 0.1000 0 0




Bf =




0 0.0022 0.0524 0

−0.0010 −0.0010 −0.0524 0

0 0 −0.1904 −0.1000


 Dξ =

[
0.2222

0.1667

]

Given Assumption 5.3.2, then there exist matrices Pz ∈ R
nξ×nd and Qz ∈ R

nξ×ny .

Pz =




1 0

0 1

0 0

0 0

0 0




Qz =




0 0 0

0 0 0

0.0126 0 0

0 0.0126 0

0 0 1.0000




The H∞ criterion (5.28) is satisfied with α = 2.0982e−05, β = 23.2110, µx = 0.0033,.

Hence, the observer gains were determined by solving the convex optimization prob-

lem (5.30), subject to the LMI constraints (5.31).

L0 =




0.3307 0.3309 27.0624

0.2828 0.2829 19.1704

0.0405 0.0366 0.7676

0.0366 0.0404 0.7677

0.0412 0.0412 0.8536




L1 =




0.0054 0.0054 0.3718

0.0045 0.0045 0.3276

0.0005 0.0005 0.0446

0.0005 0.0005 0.0447

0.0006 0.0006 0.0639




The matrices of the observer in (5.6) are computed as follows :

Az =




−55.0373 0 −56.1007 −56.1372 −52.7902

0 −193.1898 −47.1872 −47.2059 −41.8367

0 0 −6.2394 −5.7178 −3.8566

0 0 −5.7178 −6.2251 −3.8575

0 0 −6.5057 −6.5085 −5.2773



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Ay =




0 0 0

0 0 0

0 0 0

0 0 0

0 0 0




Gz =




1.1111 0 76.8776 0

0 0 0 115.3163

0 0 0 0

0 0 0 0

0 0 0 0




The simulation results are depicted in Figure (5.9) and (5.10).
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Figure 5.9: Reconstruction of state variables x1 to x5 and their estimations.

The state estimation errors for ξ1 to ξ5 remain within acceptable bounds, showing that

the observer can still track the system states even in the absence of full input observability.
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Figure 5.10: Estimation errors of the state variables x1 to x5.

5.5.3.2 Estimation of the unknown inputs :

Once the state x̂(t) is estimated, the unknown input µ(t) can be determined using its

derivative ˙̂x(t), computed numerically in real time as in (5.66) and (5.67) . We now

introduce the some necessary matrices.
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S2 =




0 0 1 0 0

0 0 0 1 0

0 0 0 0 0.01




A2,ξ =




0 0 −79.49 0 0

0 0.94 0 −79.49 0

0 0 0 0 −1.61



D2,t =




0.0025

0.0138

0




(5.98)

Figures 5.11 present the results obtained from the simulation.
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Figure 5.11: Reconstruction of the unknown inputs: nitrate inflow µ1(t), ammoniac inflow
µ2(t) and fault µ3(t)

In this observation scenario, the unknown inputs do not directly affect the measured

outputs (i.e., Cµ = 0). As expected, the estimation of µ1, µ2, and µ3 becomes more

challenging, leading to higher errors in the reconstructed variables ξ6 to ξ8, as illustrated

in Figure 5.11, particularly in the case of the fault signal µ3(t). This case highlights

the limitations of observability and the importance of the rank condition in the design of

unknown input observers. Despite the degraded performance compared to other scenarios,

the estimation remains acceptable from a practical perspective.
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Overall, despite the injected disturbances, the simulation results show that the designed

two-stage state observer (5.6) converges to the true values after a very short transient

period and effectively rejects the disturbances affecting both the system dynamics and

measurements. Moreover, the results clearly demonstrate that, across the three scenarios,

the estimation errors of the state variables, the unknown inputs, and the fault remain

within a very narrow range. These satisfactory outcomes highlight the robustness of the

proposed observer in rejecting perturbations, as well as its effectiveness in simultaneously

estimating the state variables and the unknown inputs with high accuracy.

5.6 Conclusion

In this chapter, we have developed a comprehensive framework for unknown input

estimation in nonlinear descriptor systems characterized by both LPV dynamics and Lip-

schitz nonlinearities. The proposed methodology introduces a general H∞ observer design

approach based on Linear Matrix Inequalities (LMIs), supported by advanced mathemat-

ical tools such as reformulated Lipschitz constraints, strategic use of Youngs inequality,

and a Lyapunov function that eliminates disturbance derivatives. These innovations allow

for less conservative synthesis conditions and broader applicability. A major contribution

lies in the formulation of three adaptive estimation algorithms, each precisely tailored to

the rank structure of the distribution matrix Cµ:

• Case where Cµ is full rank: Allows direct algebraic estimation of unknown inputs.

• Case where Cµ is zero rank: Requires a change of basis and matrix decomposition

to restore observability.

• Case where 0 < rank(Cµ) < nµ: Combines the above approaches to handle partial

observability of unknown inputs.

This classification ensures that the proposed algorithms are not limited to idealized cases

but are instead applicable to a wide range of realistic industrial configurations. The

proposed estimation strategies were rigorously validated through their application to a
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biological wastewater treatment plant (COST 624 benchmark), involving state variables

such as organic substrate, nitrogen, and dissolved oxygen concentrations. The observers

demonstrated accurate estimation performance maintaining estimation errors below 0.5%

even in the presence of actuator and sensor faults, as well as external disturbances. These

results underscore the robustness and practical value of the proposed observers in fault

diagnosis and system monitoring. Beyond validation, this chapter lays a solid method-

ological foundation for the development of fault-tolerant control schemes. The theoretical

results established here will be directly leveraged in the next chapter, where we will ex-

plore how the estimated states and unknown inputs can be integrated into a control

architecture capable of maintaining system performance despite faults and uncertainties.



Chapter 6

Integrated FTC and Neural MPC for

DO Control in WWTP

”The art of research is the art of persistent questioning.”

( Albert Einstein)

141
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6.1 Introduction

The precise regulation of dissolved oxygen (DO) concentration in biological wastewater

treatment plants (WWTPs) is a major challenge to ensure the quality of water treat-

ment while controlling energy consumption. Indeed, a low oxygen concentration slows

down the microbial activity essential for organic matter degradation, whereas excessive

oxygen leads to significant energy costs associated with aeration. This delicate trade-

off lies at the heart of process control, which is characterized by nonlinear, multi-scale

dynamics and high sensitivity to external disturbances and model uncertainties [191],

[192, 193]. Maintaining this concentration around a critical setpoint fixed at 2mg/L,

with an appropriate tolerance, is essential to reconcile biological performance and energy

cost management related to aeration. Traditionally, proportional-integral (PI) controllers

are used within the Benchmark Simulation Model No. 1 (BSM1). However, due to the

complexity of the phenomena and variable operating conditions, such fixed-parameter

linear controllers often fail to provide satisfactory regulation performance across the full

operating range [194]. Therefore, advanced control strategies, such as Nonlinear Model

Predictive Control (NMPC), have emerged as promising solutions. NMPC, also known as

receding horizon control, relies on an accurate model of the process behavior, which can

be a classical state-space mathematical model or a neural network-based model. These

techniques enable real-time optimization of a cost function under complex constraints but

face significant challenges due to nonlinearity, high-dimensional variables, and sensitiv-

ity to optimization initial conditions [195]. To address these challenges, nature-inspired

metaheuristic algorithms, such as Genetic Algorithms (GA) and Particle Swarm Opti-

mization (PSO), are employed to efficiently solve these complex optimization problems,

with PSO being preferred for its lower computation time [196, 197]. Furthermore, system

robustness against faults and disturbances remains a critical challenge. To meet this re-

quirement, we propose a Dynamic Output Feedback Fault-Tolerant Control (DOFFTC)

strategy. This approach relies on a precise prior estimation of faults and unknown in-

puts, obtained using the estimation algorithm developed in the previous chapter. This
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algorithm, based on advanced observer techniques, enables real-time identification of dis-

turbances and anomalies affecting the system, providing essential information for robust

controller design. The DOFFTC uses these estimations to design a control law capable

of actively compensating dynamic faults while ensuring system stability, effective distur-

bance rejection, and precise regulation of the dissolved oxygen concentration. The control

synthesis is based on a reformulation into Linear Matrix Inequalities (LMIs) through a

Lyapunov-based approach, thus guaranteeing a convex mathematical framework and ef-

ficient resolution using modern optimization tools. This chapter is organized as follows.

It first details the design of the Nonlinear Neural Model Predictive Control (NNMPC),

including NNARX modeling and optimization using PSO and GA algorithms. Building

on this, the chapter then presents the Active Fault-Tolerant Control (AFTC) architecture,

which is formulated through Lyapunov-based Linear Matrix Inequalities (LMIs) to ensure

system stability and fault rejection. Finally, the proposed control strategies are validated

through simulations on the Benchmark Simulation Model No. 1 (BSM1), demonstrating

superior performance compared to PI control in terms of setpoint tracking, disturbance

rejection, and fault resilience

6.2 The activated sludge waste-water treatment plant

(AS-WWTP)

This section focuses on the structural layout of the BSM1 plant, the biological treat-

ment based on the activated sludge process has already been detailed in the chapter 2.2.2.1.

6.2.1 Plant Layout

The BSMl consists of two parts, one is the biochemical reaction tank and the other is

the secondary sedimentation tank. Biochemical reaction tank is divided into five units,

where the first two units are non-aerated compartments (denitrification) whereas the last

three units are aerated compartments (nitrification) as shown in Figure 5.1 [198] [199].

Reactors 3 and 4 have a fixed oxygen transfer coefficient (KLa3,4 = 240[d−1]), and the DO
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of reactor five should be maintained at a predetermined set point value 2[g(COD).m−3]

by manipulation of the oxygen transfer process KLa5. A general survey of the benchmark

model and a technical description is provided by [200]. In each unit, the mass fraction

xk of each component in the kth compartment is expressed as shown in Equation (2.26).

Due to the influence of DO concentration by aeration, the material balance equation was

special, as Equation 2.28. where, SO,sat = 8[mg/L], SO,sat is the saturation concentration

of dissolve oxygen [200].

6.3 Control of the ASWWTP

6.3.1 The PI dissolved oxygen controller

For PI controller a recursive discrete PI algorithm with antiwindup protection was used

uk = uk−1 +Kp(ek − ek−1) +Kp
Ts
Ti
ek−1 −

Ts
Ti

(uk−1 − ulim) (6.1)

With




ulim = umin, if, uk−1 < umin

uk−1, if, umin 6 uk−1 6 umax

umax, if, uk−1 > umin

(6.2)

where umin and umax are minimal and maximal DO set-point values.

6.3.2 The neural network model predictive controller (NNMPC)

6.3.2.1 Linear MPC controller

In general, MPC consists of the following three key elements [201]:

• Explicit use of a model and on-line measurements to predict the process output

along a future prediction horizon (Hp).

• Minimization a chosen cost function to find a sequence of manipulated input moves

over a control horizon (Hc) where the predicted response moves to the set point

• Only the first of the calculated input sequence is implemented and the whole opti-
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mization is repeated at the next sampling time.

The MPC methodology is characterized by the strategy represented in Figure 6.1 [201].

Figure 6.1: Model predictive control problem formulation

The following quadratic cost function is typically used:

min
u(k)

J =

Hp∑

p=1

(e(k + p/k))2 + λ ∗
Hc∑

p=1

(∆u(k + p/k))2 (6.3)

where

e(k + p/k) = w(k + p/k)− ym(k + p/k), (Hp) > (Hc) (6.4)

• e(k+p/k): represent the deviation of the predicted values of the output ym(k+p/k)

from the respective reference w(k + p/k) over the prediction horizon.

• ∆u(k +Hc − 1/k): The control increments
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• λ: is the positive weight factor of the control signal.

In MPC is usually used in combination with input and output constraints




△U(t+ k − 1) = 0, for, k > Hc

Umin 6 U(k) 6 Umax

△Umin 6 △U(k) 6 △Umax
ymin 6 y(k) 6 ymax

(6.5)

6.3.2.2 Nonlinear Model Predictive Control

One limitation to the LMPC methods is that they are based on linear system theory and

may not perform on highly nonlinear system. Hence a Nonlinear (NMPC) an extension

of the LMPC is considered. The neural Network auto-regressive with exogenous inputs

NNARX model is a powerful modeling and validation tool that offers simplicity and

flexibility of network architecture and time series predictions [202].

The general form of regression vector for the NARX model is

ϕ(k + 1) = [y(k), ..., y(k + 1− du), u(k + 1− d), ..., u(k + 1− d− dy)]T (6.6)

As the above model takes as inputs ny past outputs and nu past control inputs and

has delay d. A neural model structure in Figure 6.2 [203] was developed with a multi-

layer preceptor with only one hidden layer containing k neurons with hyperbolic tangent

activation function, an output layer with one neuron with a linear activation function

[204] [205] [206]. The general NNARX neural network equation can be written as:

ŷp(k + 1) = w2
0 +

k∑

h=1

w2
hϕ(w

1
k,0 +

du∑

i=0

w1
i u1(k − i) +

dy∑

j=0

w1
j ŷ1(k − j)) (6.7)

w2
h,wi,wj are the weights and w1

k,0; w
2
0 are the biases.

The training phase is offline, the learning rule for the NNARX network is the Levenberg-

Marquardt back-propagation (LMBP) algorithm was used for adjusting the network biases

and weights.
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Figure 6.2: The structure of the NNARX neural network: SISO model.

6.4 NNMPC optimization cost function

This section copes the problem of optimization , where three algorithms are proposed,

starting with the classical one which is Levenberg-Marquardt algorithm then two meta-

heuristic will used.

6.4.1 Newton based Levenberg Marquardt method

It is necessary to apply an iterative search method to minimize the above performance

index J , see equation (6.3), at each iteration. Since fast convergence is crucial for real-time

control, a Newton based Levenberg-Marquardt minimization method is chosen [203]which

can be expressed as follows:

f (i) = −G[U (i)](H[U (i)(k)] + λ(i)I)(−1) (6.8)

Where f (i): the search direction.

The algorithm is summarized below [203] [207] [208]:

1. Initialize λ, Select initial sequence of future control inputs, U (0) and evaluate the

criterion J(U (0)); i = 0.
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2. Compute the gradient vector G(U (i)) and the Hessian matrix H(U (i)).

3. Using the Cholesky factorization on (H[U (i)(k)] + λ(i)I) the to check the positive

definiteness of the Hessian matrix and if the factorization fails (the matrix is not

positive definite), set λ = 4λ and go to 2.

4. Determine the search direction,f (i).

5. Evaluate the criterion J(U (i) + f (i)) and determine the ratio between actual and

predicted decrease in the criterion r(i):

r(i) = 2
J(U (i))− J(U (i) + f (i))

λ(f (i))Tf (i) − (f (i))TG[U (i)]
(6.9)

6. if r(i) > 0.75 then Reduce λ, λ = λ/2 and go to 2.

7. if r(i) < 0.25 then Increase λ, λ = 2λ

8. if r(i) > 0 then U (i+1) = U (i) + f (i), i = i+ 1

9. If stopping criteria: U (i) − U (i−1) < δ or i>maxiter is not satisfied, go to 2.

10. Otherwise, accept the current iterate as the sequence of future optimal control signal,

U∗, and end the iteration.

view that the Levenberg Marquardt method require vast cost in the complex calculation

of the Hessian or Jocabian matrices, the Particle swarm optimization (PSO) method is

more appropriate to reduce the computation load.

6.4.2 Particle swarm optimization

The PSO heuristic search method is applied to perform the nonlinear optimization in

NNMPC to enhance the convergence and accuracy. The PSO a heuristic search method

that was developed by Kennedy and Eberhart (1995) [209], conceptually based on social

behavior of flocks of birds, while attempting to simulate the motion of swarms of birds,

investigating the notion of collective intelligence in biological populations.

• The particle flies towards a position with a velocity at each time step, which depends
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on its own previous best position or solution xpbest and the position of the best of

its neighbors

• The best value of all the particles in the swarm called xgbest

• The quality of a particle position depends on a specific objective function (fitness).

• The swarm contain of pi(k) particle which it position denotes xi(k), where the

position for each particle changes by adding a velocity vi(k) to the current posi-

tion [209] [210] [211].

The update of each particle and its velocity is accomplished by the following relations as

shown in Figure 6.3 [212].

vi(k + 1) = χ[ωj ∗ vi(k) + c1 · r1(xpbest − xi(k)) + c2 · r2(xgbest − xi(k))] (6.10)

χ =
2k∣∣2− Φ−
√
Φ2 − 4Φ

∣∣ avec





0 6 k 6 1,

Φ = Φ1 + Φ2 > 4,

k = 1, Φ1 = Φ2 = 2.05

(6.11)

xi(k + 1) = xi(k) + vi(k + 1) (6.12)

Where:

• c1 > 0, c2 > 0 : represent cognitive and social components respectively that means

how much the particle is directed towards good positions

• r1, r2 are the uniform distribution numbers in the range [0,1];

• ωj is an inertia weight, determining how much of the previous velocity of the particle

is preserved,

• χ: is the constriction coefficient.

Each particles position in the swarm represents a solution to the MPC optimization prob-

lem, i.e the inclusion of the control sequence over the control horizon. The effectiveness

of each solution (particle) is calculated through the considered cost function of the MPC
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Figure 6.3: Updating the position and the velocity.

controller see equation (6.3). Where :

• The constraints over the control signal can be implemented by limiting the search

space of PSO x(k) ∈ [xmin, xmax]

• The constraints over the control signal variation

can be represented as follows:

vi(k) =





vi(k) ifvi(k) 6 Vmax

Vmax ifvi(k) > Vmax

where Vmax is the maximum allowable control variation for the control element [213] [212] [214]

[215] [216]

6.4.3 Genetic Algorithm (GA)

The Genetic Algorithm (GA) is a non-deterministic, iterative, heuristic optimization

technique inspired by Darwinian evolution. It solves problems by imitating natural evo-

lutionary processes. In the context of MPC, the fitness function used by the optimizer is

defined by the objective or cost function [217, 218].

GA starts with an initial population of chromosomes, each representing a possible solu-

tion to the optimization problem. New generations are produced using genetic operators

such as selection, crossover, and mutation.

The algorithm terminates after a predefined maximum number of generations or when
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the allowed computation time has elapsed [219–223].

The algorithm proceeds according to the following steps:

1. Initial population generation: A number of individual solutions are randomly

generated to form the initial population. The population size Nind, typically set by

the user, is an important factor that affects the scalability and performance of the

algorithm.

Encoding: An individual si, representing a candidate solution, is defined as a

sequence of control inputs with the following structure:

si = [u(k), u(k + 1), . . . , u(k +Nu − 1)]

2. Fitness function evaluation: The objective function provides a measure of how

well individuals perform in the problem domain. In the MPC problem, the fittest

individuals are those with the lowest numerical value of the objective function given

in equation (6.3).

3. Selection operation: The goal of selection is to choose the fittest individuals from

the current population to generate offspring for the next generation.

4. Crossover (recombination) operation: For each chromosome si, a random num-

ber r is generated. If r is less than the crossover probability Pc, crossover is per-

formed; otherwise, the chromosome remains unchanged [221, 224]. Assuming that

crossover is applied to two parent chromosomes si and si+1 at position z, the oper-

ation can be represented as:

si = [ui(k), . . . , ui(k + z − 1) | ui(k + z), . . . , ui(k +Nu − 1)]

si+1 = [ui+1(k), . . . , ui+1(k + z − 1) | ui+1(k + z), . . . , ui+1(k +Nu − 1)]

⇓ Crossover operation

snew
i = [ui(k), . . . , ui(k + z − 1) | ui+1(k + z), . . . , ui+1(k +Nu − 1)]

snew
i+1 = [ui+1(k), . . . , ui+1(k + z − 1) | ui(k + z), . . . , ui(k +Nu − 1)] (6.13)
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5. Mutation operation: Mutation introduces random changes to parts of the off-

spring with a low probability Pm, typically ranging from 0.001 to 0.01. It modifies

elements in the chromosomes generated by crossover and helps prevent the algorithm

from getting trapped in local optima.

6.5 Results

In this section, the proposed control scheme is tested and compared with the PI con-

troller as specified in BSM1. In order to get the simulation of BSM1 The ordinary differ-

ential equations for describing activated sludge reactions and the clarifier were completed

by C-program in S-function of SIMULINK with MATLAB version R2015a, and run on

a PC with a clock speed of 2.90 GHz and 4 GB RAM, in a Microsoft Windows 10.0

environment.

Since disturbances play an important role in the evaluation of controller performances,

influent disturbances are defined for dry-weather conditions which diurnal variations and

weekly trends (lower peaks in weekend data) are also depicted by these data as shown in

Figure 6.4
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Figure 6.4: Dry weather input influent characteristics.
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The BSM1 model consist of thirteen states defined in vector as follows:

[SI , SS, XI , XS, XBH , XBA, XP , SO, SNO, SNH , SND, XND, SALK ] (6.14)

The main goal of the control is to maintain the dissolved oxygen concentration at the

2mg/l level by manipulation of the oxygen transfer coefficient KLa5 in the last compart-

ment. The efficiency of NNMPC algorithm in the WWTPs is validated by comparison

with the baseline PI controller.

6.5.1 The PI controller

The PI controller parameters are set as kp = 150, ki = 1000, respectively, which is the

default setting in the benchmark BSM1. The simulation result obtained with PI controller

on real time is presented in Figure 6.5. The dissolved oxygen concentration response is
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Figure 6.5: the dissolved oxygen concentration response and the manipulated input uKla5
with PI conroller.

trying to maintain the desired set-point but the result of the regulation with PI controller

is bad.
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6.5.2 The NNMPC controller

The proposed predictive control scheme is implemented using a Neural Network NNARX

model as discussed in section 6.3.2.2

6.5.2.1 The NNARX model

• The selected optimal architecture of NNARX model corresponds to multilayer per-

ceptron with five neurons in hidden layer of the hyperbolic tangent transfer function

and one linear unit for the output layer.

• The order of the line memories are selected as follwing:

(nu = 2) past control input u(k) = [ukla5 ]
T .

(ny = 2) for past output y(k) = [yso(k)]
T .

• The training algorithm for adjust The weights and bias values of the NNARX model

is Levernberg-Marquardt back-propagation algorithm.

The response of the trained NNARX model and the plant are presented in Figure 6.6.

The result from the system identification depicted in Figure 6.6 show the predicted value
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are very close to the true value and low estimation error. The identified NNARX structure

is chosen for their excellent one-step-ahead approximation to estimate with accuracy the

prediction values of dissolved oxygen in a future time horizon Ny needed for the NNMPC.

6.5.2.2 The tuning parameters of NNARX-MPC

The controller tuning parameters are chosen as follows:

• The prediction horizon Ny = 7

• The control horizon Nu = 2

• The penalty factor on difference control signal δ = 0.9

Minimization of the NNARX-MPC cost function is done using a Newton based Levenberg-

Marquardt algorithm with its parameters are chosen as :

• The learning rate λ = 0.1

• The stopping criteria δ = 1e( − 4)

• The initial control input u(k) = 143[d−1]
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Figure 6.7: The dissolved oxygen concentration response and the manipulated input uKla5
with NNARX-MPC controller.
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The simulation obtained with the proposed advance NNARX-MPC is shown in Fig-

ure 6.7. NNARX-MPC control system has the best control effect in the WWTPs. So

as to exhibit the advantages of the NNARX-MPC controller compared to the PI, we are

used the evaluation criteria for the control schemes namely:

• Integral Square Error (ISE):

ISE =

∫ t=14

t=1

e2(t) dt (6.15)

• Integral Absolute Error (IAE):

IAE =

∫ t=14

t=1

|e(t)| dt (6.16)

• Maximum Deviation (MaxDev):

MaxDev = max |e(t)| (6.17)

where e(t) represents the output error between the measured controlled dissolved oxy-

gen (DO) value and the desired or reference signal.

Table 6.1: Evaluation of NNARX-MPC and PI Controllers Based on Performance Criteria.

Controller IAE ISE MaxDev

PI 5.0050 2.9850 2.7012
NNARX-MPC 4.8900 2.4529 0.5636

Furthermore, a detailed comparison of performance criteria for both control schemes

is shown in Table 6.1. It is observed that the NNARX-MPC controller performs better

than the PI controller. The values of IAE, ISE, and MaxDev obtained for the NNARX-

MPC are the smallest, indicating higher control accuracy and improved dynamic perfor-

mance. As illustrated in Figure 6.8, the output error range of the NNARX-MPC based

on the LevenbergMarquardt (LM) optimization method is narrower than that of the PI

controller, which confirms that the NNARX-MPC ensures more precise tracking of the

desired dissolved oxygen (DO) concentration. This improved precision means that the

NNARX-MPC can maintain the DO level closer to its reference value with smaller de-
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viations and faster convergence, which is particularly important for maintaining optimal

biological activity in wastewater treatment processes. In order to improve the perfor-
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Figure 6.8: The range of regulation errors of NNARXMPC and PI controller.

mance for NNARX-MPC controller, two metaheuristics optimization methods, PSO and

GA, are investigated to deal with the associated multi-objective optimization problem.

6.5.3 The PSO optimization method for NNARXMPC controller

Particle Swarm Optimization (PSO) is a well established algorithm and is often cited

in the literature and reported to have been applied to solve many control problems. Here,

we apply PSO algorithm to find optimal solutions for the NNARX-MPC controller. In

the design, we use the control parameters of table 6.2, were derived empirically through

successive simulations.

The response of DO with the Manipulated variable u[KLa5] of PSO NNARX MPC

controller based on PSO optimization algorithm is presented in Figure 6.9, it can be seen

that the proposed controller is able successfully to correct the evolution of the output and

to track smoothly the set point most of the time.

6.5.4 The GA optimization method for NNARXMPC controller

Genetic algorithms (GA) are a well-known optimization technique in solving many

practical problems. We will use this technique for NNARX-MPC controller. An appro-

priate choice of the parameters affects the speed of the convergence of GA. The basic
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Table 6.2: PSO parameters used in NNARX-MPC controller.

Parameter Value

Number of Decision Variables Nu 10
Lower control signal constraint xmin 155
Upper control signal constraint xmax 160
Prediction step k 1
φ1 (Cognitive coefficient) 2.05
φ2 (Social coefficient) 2.05
Φ = φ1 + φ2 4.10
Constriction factor χ Computed based on Φ = 2.1
Population Size 50
Number of Iterations 10
Cognitive Acceleration Coefficient χ · φ1
Social Acceleration Coefficient χ · φ2
Max Velocity vi(k) = ∆Umax 0.4 · (xmax − xmin)
Min Velocity ∆Umin 0
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Figure 6.9: The dissolved oxygen concentration response and the manipulated input uKla5
with PSO-NNMPC-controller.

binary encode with tournament selection was used. The parameters required to be spec-

ified in Table 6.3

As illustrated in Figure 6.10 the simulations of the proposed GA-NNMPC controller

with genetic algorithm optimization can track the reference signal reasonably good under
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Table 6.3: Genetic Algorithm parameters used in controller optimization.

Parameter Value

Number of Decision Variables Nu 2
Lower control signal constraint 150
Upper control signal constraint 155
Crossover rate 0.8
Mutation rate 0.01
Population Size 30
Number of Iterations 15

the defined constraints.
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Figure 6.10: Dissolved oxygen concentration.GA-NNMPC-controlled process response in
aeration tank 5.

The comparative analysis is based upon various performance measures such as execu-

tion time, real-time implementation feasibility, and the control performance (ISE, IAE)

are compared. Table 6.4 indicates that the execution time of the PSO-NNMPC algorithm

works tow times faster than that of GA-NNMPC algorithm.

Moreover, the performances of controller ISE and IAE of PSO-NNMPC are lower than

those of GA-NNMPC and LM-NNMPC as are depicted in table 6.5. It can be concluded

that the PSO-NNMPC strategy can realize satisfied optimization performance and high-
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Table 6.4: Execution time for PSO-MPC, GA-MPC and LM-MPC controllers

Controllers Elapsed Time [s]

PSO-NNMPC 685.321
GA-NNMPC 1364.772
LM-NNMPC 111.893

accuracy tracking control.

Table 6.5: Performance Comparison of NNMPC Controllers

Controller IAE ISE MaxDev

PSO-NNMPC 0.8823 0.0820 0.2258
GA-NNMPC 1.5001 0.2288 0.3106
LM-NNMPC 4.8900 2.4529 0.5636

6.6 The proposed architecture of active fault tolerant

control

The goal of this section is to develop a novel Fault-Tolerant Control (FTC) strategy

based on robust fault estimation and compensation of a sensor fault (fs), in order to main-

tain the performance and stability of the baseline (nominal) control system under both

faulty and fault-free conditions. The proposed FTC scheme is based on a combination of:

• (a) robust control design, and

• (b) independent estimation of the sensor fault.

The controller must be robust to expected sensor fault estimation errors as well as to a

bounded reference signal. As shown in the architecture in Figure 6.11, the scheme in-

corporates dedicated unknown input estimation observers, as described in Equation 5.15,

which were synthesized in the previous chapter. These observers are designed to ensure

accurate estimation and effective compensation of the sensor fault. This section also intro-

duces a Dynamic Output Feedback Controller (DOFC) that serves as the robust baseline

controller. Furthermore, it develops the theoretical framework for applying the proposed

FTC strategy to nonlinear systems described by the model in Equation 5.52.



Chapter 6. Integrated FTC and Neural MPC for DO Control in WWTP 161

Figure 6.11: Proposed active dynamic output feedback fault tolerant controller DOFFTC
system architecture

Remark 6.6.1. In the literature, most FTC strategies assume constant fault signals (i.e,

ḟ(t) = 0) [225] [226] [227].

This work proposes an Active FTC (AFTC) system that overcomes this limitation by

accommodating time-varying faults, thereby addressing a broader class of practical fault

scenarios.

Lemma 6.6.2. Given a scalar µ > 0 and symmetric positive definite (SPD) matrix G ≻ 0,

the following inequality holds for any matrices R and X of compatible dimensions:

XTR +RTX � XTGX +RTG−1R (6.18)

Lemma 6.6.3. Given µ > 0 and G ≻ 0, ∀R,X ∈ R
n×m:

X⊤R +R⊤X � µX⊤GX + µ−1R⊤G−1R

6.7 Problem Formulation and Preliminary Results

The control objective is to synthesize a Dynamic Output Feedback Controller (DOFC)

that guarantees the output of the nonlinear LPV plant tracks a bounded time-varying

reference signal, under both fault-free and faulty operating conditions. To achieve this

goal, an augmented system is constructed, consisting of : The original plant dynamics, as



Chapter 6. Integrated FTC and Neural MPC for DO Control in WWTP 162

given in Equation 5.52:





ẋ = Ax
(
ρ(t)

)
x+ Aµµ+Bσσ(x, µ, u) +G̺

(
ρ(t)

)
̺(y, u) +Dxω

y = Cxx+ Cµµ+ Bςς(x, µ, u) + D̄yω

(6.19)

where : x ∈ R
n is the state vector, u ∈ R

m is the control input vector, y ∈ R
l is the

output vector, µ ∈ R
nµ represents unknown inputs, Ax ∈ R

n×n, G̺ ∈ R
n×m, Cx ∈ R

l×n,

Cµ ∈ R
l×nµ . The integral of the tracking error is defined as:

ė(t) = yr(t)− y(t) ⇒ etr(t) =

∫
(yr(t)− Sy(t)) dt (6.20)

where S ∈ R
q×l is the output selection matrix that determines which plant outputs track

the reference signal (q being the number of regulated outputs). Substituting the plant

output into Equation 6.20 yields:

etr(t) = yr(t)− S
(
Cxx+ Cµµ+ Bςς(x, µ, u) + D̄yω

)
(6.21)

The augmented system, composed of the original system in Equation 5.52 and the integral

of the tracking error, is then defined as follows:

{
¯̇x = Āx

(
ρ(t)

)
x+ Āµµ+ B̄σσ

(
x, µ, u

)
+ Ḡ̺

(
ρ(t)

)
̺
(
y, u
)
+ D̄xω

ȳ = C̄xx+ C̄µµ+ B̄ςς
(
x, µ, u

)
+ D̄yω

(6.22)

Where the augmented state vector is given by x =



etr

x


 and:
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A(ρ) =



0 −SCx
0 Ax(ρ)


 , Aµ(ρ) =



−SCµ
Aµ(ρ)


 , G̺(ρ) =




0

G(ρ)


 , Bσ =




0

Bf




R =



−I

0


 , Dx =



−SDy

Dx


 , C =



I 0

0 Cx


 , Cµ(ρ) =




0

Cµ(ρ)




Dy =




0

Dy




As the system in Equation 6.22 has a common output matrix C, the tracking and

stabilization are achieved using a quadratically parametrized Dynamic Output Feedback

Controller, defined as :




ẋc(ρ) = Ac(ρ)xc(ρ) + Bc(ρ)(ȳ − Sryr),

u = Cc(ρ)xc(ρ) +Dc(ρ)(ȳ − Sryr)− Fµ(ρ)

(6.23)

where xc denotes the controller state, Ac(p) ∈ R
(n+q)×(n+q), Bc(p) ∈ R

(n+q)×(l+q),

Cc(p) ∈ R
m×(n+q), and Dc(p) ∈ R

m×(l+q) represent the parameter-dependent controller

matrices. The matrices R ∈ R
(n+q)×q and F ∈ R

(n+q)×µ are design parameters, while

Sr ∈ R
(l+q)×q is introduced to ensure dimensional compatibility between yr and ȳ. Aggre-

gation of Equations 6.22 and 6.23 gives the following system :




ẋa = Aa(ρ)xa + Ea(ρ)d+ B̄ff(xa, µ, u)

ya = Caxa +Dad

(6.24)
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The augmented system matrices are defined as:

Aa(ρ) =



Ā(ρ) + Ḡρ(ρ)Dc(ρ)C̄x Ḡρ(ρ)Cc(ρ)

Bc(ρ)C̄x Ac(ρ)


 , (6.25)

Ea =



Āµ + Ḡρ(ρ)Dc(ρ)C̄µ − Ḡρ(ρ)F R− Ḡρ(ρ)Dc(ρ)Sr D̄x + Ḡρ(ρ)Dc(ρ)D̄y

Bc(ρ)C̄µ −Bc(ρ)Sr Bc(ρ)D̄y


 ,

(6.26)

xa =



x̄

xc


 , B̄f (xa, µ, u) =



B̄σ

0


 , d̄ =




µ

yr

w



, (6.27)

Ca =

[
C̄ 0

]
, Da =

[
C̄µ 0 D̄y

]
(6.28)

where: na = n+q+nc, Aa(ρ) ∈ R
na×na is the augmented state matrix, Ea ∈ R

(na)×(nµ+q+nw)

is the disturbance input matrix, d ∈ R
nµ+q+nw aggregates sensor fault, reference and dis-

turbance.

Theorem 6.7.1. Consider the closed-loop system described by Equation 6.24, the closed-

loop system achieves tracking of the reference signal with a guaranteed H∞ performance

with an attenuation level γm, provided the augmented disturbance signal d is bounded, if

there exist symmetric positive definite (SPD) matrices X, Y , and matrices Ac(ρ), Bc(ρ),

Dc(ρ), Cc(ρ), such that the following LMI constraint is satisfied:

min(γc) subject to (6.29)
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LMI =




(1, 1) ΠT
2Bf (ρ) ΠT

1Hi ΠT
2Ea ΠT

1C
T
a −ΠT

1C
T
a 0

∗ −δ−1I 0 0 0 0 JT

∗ ∗ −δ−1I 0 0 0 0

∗ ∗ ∗ JTJ − γ2c I 0 0 0

∗ ∗ ∗ ∗ −In+q 0 0

∗ ∗ ∗ ∗ ∗ −g−1In+q 0

∗ ∗ ∗ ∗ ∗ ∗ −gIn+q




≺ 0

(6.30)

where:

(1, 1) = ΠT
1A

T
aΠ2+ΠT

2AaΠ1 =



ĀX +XT ĀT + Ĉ⊤ḠT

f + Ḡf Ĉ Â⊤ + Ā+ ḠfDcC̄x

Â+ ĀT + C̄T
xD

T
c Ḡ

T
f ĀTY + Y T Ā+ C̄T

x B̂
T + B̂C̄x




(6.31)

ΠT
1Hi =



XHi

Hi


 (6.32)

ΠT
1C

T
a =



XC

T

C
T


 (6.33)

ΠT
2Ea =



Āµ + ḠfDc(ρ)C̄µ − ḠfF R− ḠfDc(ρ)Sr D̄x + ḠfDc(ρ)D̄y

Y T Āµ + B̂C̄µ − Y T ḠfF Y TR− B̂Sr Y T D̄x + B̂D̄y


 (6.34)

ΠT
2Bf =



B̄f

Y B̄f


 (6.35)

J = (Da − Er)
T (6.36)
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The controller gains are thus calculated as follows:

Dc(ρ) = D̂(ρ) (6.37)

Cc(ρ) = (Ĉ −DcC̄xX)(MT )−1 (6.38)

Bc(ρ) = N−1(B̂ − Y T ḠfDc) (6.39)

Ac(ρ) = N−1
(
Â− Y T (Ā+ ḠfDcC̄x)X +NBc(ρ)C̄xX + Y T ḠfCc(ρ)M

T
)
(MT )−1

(6.40)

M and N satisfy MNT = I −XY T

Proof. : Following the H∞ performance specification, the controller’s robustness against

augmented disturbance inputs d is quantified through minimization of the following per-

formance criterion:

‖etr‖2
‖d‖2

≤ γc (Performance specification) (6.41)

J = eTtretr − γ2cd
Td ≤ 0 (Cost function) (6.42)

where the performance output etr = ya − Sryr satisfies:

eTtretr = xTaC
T
a Caxa + xTaC

T
a Dad+ dTDT

aCaxa

+ dTDT
aDad− xTaC

T
a Erd− dTDT

aErd

− dTET
r Caxa − dTET

r Dad+ dTErE
T
r d (6.43)

With, the disturbance vector d and reference shaping matrix Er are defined as:

d =




µ

yr

w



, Er =

[
0 Sr 0

]
(6.44)

Thus

J = xTaC
T

a Caxa + xTa [C
T

aDa − CT

a Er]d

+ dT[DT

aCa − ET

r Ca]xa

+ dT[ErE
T

r +DT

aDa − ET

r Da −DT

aEr − γ2c I]d

(6.45)
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Then

J =



xa

d




T 


CT

a Ca CT

aDa − CT

a Er

DT

aCa − ET

r Ca ErE
T

r +DT

aDa − ET

r Da −DT

aEr − γ2c I






xa

d


 (6.46)

where

6.7.0.1 Lyapunov Stability Analysis

Consider the augmented system (6.24) with the Lyapunov function candidate:

v(xa) = xTa P̄ xa, P̄ ≻ 0 (6.47)

Performance Criterion

The H∞ performance requirement is encoded in:



xa

d




T 

CT

a Ca CT

a J

JTCa JTJ − γ2c I






xa

d


 < 0 (6.48)

where J = Da − Er is the performance channel mixing matrix.

Stability Condition

The combined stability and performance requirement gives:

v̇(xa) + eTtretr − γ2cd
Td < 0 (6.49)

Lyapunov Derivative Analysis : The derivative expands as:

v̇(xa) = xTa
(
AT

a (ρ)P̄ + P̄Aa(ρ)
)
xa

+ 2xTa P̄ Ḡff(xa, µ, u)

+ 2xTa P̄Ea(ρ)d

(6.50)

The Lipschitz-bounded nonlinear term satisfies:

‖f(xa, µ, u)‖ ≤ ‖Hxa‖ (6.51)

where H contains the Lipschitz constants.
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Applying Young’s inequality with parameter δ > 0 yields:

2x⊤a P̄ Ḡff ≤ δx⊤a P̄ ḠfḠ
⊤
f P̄ xa + δ−1f⊤f (6.52)

Combining with the Lipschitz condition f⊤f ≤ x⊤aH
⊤Hxa gives:

2x⊤a P̄ Ḡff ≤ δx⊤a P̄ ḠfḠ
⊤
f P̄ xa + δ−1x⊤aH

⊤Hxa (6.53)

6.7.0.2 Matrix Formulation

Substituting (6.53) into (6.50) yields:



xa

d




T 


Θ11 P̄Ea(ρ)

ET

a (ρ)P̄ 0






xa

d


 (6.54)

where Θ11 = AT

a (ρ)P̄+P̄Aa(ρ)+δP̄ ḠfḠ
T

f P̄+δ−1HT

i Hi. Combining with the performance

criterion gives the complete LMI:


Θ11 + CT

a Ca P̄Ea(ρ) + CT

a J

∗ JTJ − γ2c I


 ≺ 0 (6.55)

We have the matrix relation:

P



X

MT


 =



I

0


⇒ P



X I

MT 0


 =



I Y

0 NT


 (6.56)

Define the transformation matrices:

Π1 =



X I

MT 0


 ; Π2 =



I Y

0 NT


 (6.57)

Based on Lemma 6.18, and the Schur Complement Theorem, inequality 6.55 implies that

LMI 6.30.

6.8 Simulation result to WWTP

In this section, we implement our Fault-Tolerant Control (FTC) strategy on a simpli-

fied version of the ASM1 model, reduced to five key variables. The objective is to precisely

regulate the dissolved oxygen concentration (SO) at 2 mg/L, a critical threshold for op-
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timizing biological treatment while minimizing energy consumption. The reduced model

captures the essential dynamics of the components, while accounting for sensor faults

affecting SO as shown in Figure 6.12. The FTC Dynamic Output Feedback Controller

Time (days)
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3

4
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0 2 4 6 8 10 12 14

-10

0

10

20
Dissolved Oxygen (SO) with fault 

Figure 6.12: Dissolved oxygen measurement (healthy and faulty sensors)

(DOFC), previously developed, is deployed here with : Real-time estimation of additive

faults (bias, drift) via an unknown input observer (see Section 5.15), where :

• µ =
[
ρ(t)SinNO ρ(t)SinNH d(t)

]⊤

Here, d(t) is an unknown input added to the model, in addition to the unknown influent

concentrations Sin
NO and Sin

NH. We consider that the SO sensor is affected by a fault d(t)

defined as:

d(t) ,





10 sin(4πt) if 4 < t < 7

0 otherwise

(6.58)

The model is subjected to process and measurement noise through disturbance matrices

Dx and Dy, which inject uniformly random perturbations system dynamics and outputs,

respectively.

X ∼ Uniform(a, b)
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By solving the convex optimization problem (5.30) under the LMI constraints (6.30),

obtained the following DOFFTC controller matrices:

X =




0 0 0 0 0 0

0 1.6798 0 0 0 0

0 0 0 0 0 0

0 0 0 0 −0.0009 0

0 0 0 −0.0009 0.7974 0

0 0 0 0 0 0.0004




× 108 (6.59)

Y = 108 ×




1.3703 0 0 0 0 0

0 0.0047 0.0032 −0.0030 0.0143 0

0 0.0032 0.0122 −0.0124 −0.0099 0

0 −0.0030 −0.0124 0.0125 0.0119 0

0 0.0143 −0.0099 0.0119 0.1499 0

0 0 0 0 0 0




(6.60)

And the optimal value of the disturbance attenuation level is γc = 2.0051.

To run simulation, the system and the controller are initialized, respectively, by :

xci = [0, 0.07, 0.01, 0.01, 0.04, 0]

After the synthesis process, the state-space matrices of the DOFFTC Ac, Bc, Cc, Dc

controller are given as follows.

Ac = 1012 ×




0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 −0.0002

0 0 0 0 0 0.0003

0 0 −0.0005 0 0.0014 0.0172

0.0001 0 −0.1173 0.0011 0.3255 4.1007




Bc = 108 ×




0 0 0 0

0 0 0 0

−0.0004 0 0 0

0.0009 0 −0.0001 0

−0.0075 −0.0024 0.0020 −0.0247

8.4306 −0.0096 −0.0750 −0.0413






Chapter 6. Integrated FTC and Neural MPC for DO Control in WWTP 171

Cc = 105 ×




0 0 0 0.0008 −0.0006 0.0003

0 0 0.0002 0.1738 −0.1492 −0.0074

0 −0.0001 0 0 0 0

0 0 −0.0347 0.0003 0.0964 1.2150




Dc =




0.1198 2.8680 9.5199 24.0664

2.8680 −0.0143 −0.0353 0.0374

9.5199 −0.0353 −0.1202 −0.3013

24.0664 0.0374 −0.3013 −0.1226




The figure 6.13 depicts the system response under a DOFFTC strategy regulating

the dissolved oxygen (DO) concentration in the presence of a sensor fault. A sensor fault

affecting DO measurement is introduced between days four and seven. Despite this pertur-

bation, the system maintains stable and accurate performance, reflecting the robustness of

the control strategy. The tracking error (upper subplot) shows a slight amplitude increase

during the fault period, bounded within ±1∗10−3 g/l and symmetrically centered around

zero, indicating rapid fault detection and compensation without inducing instability. The
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Figure 6.13: System behavior under a sensor fault with dynamic output feedback FTC

lower subplot confirms that the measured DO concentration (red curve) closely follows

the reference (dashed blue curve at 2 mg/l), with minimal overshoot and no sustained

oscillations, even during the fault. These results demonstrate the DOFFTC strategy’s

effectiveness in reconfiguring control to ensure accurate reference tracking and minimal
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transient error in the presence of sensor faults and disturbances in dynamic and measure-

ment equation system . The figure 6.14 illustrates the temporal evolution of the oxygen

Time [days]
0 2 4 6 8 10 12 14

K
L

a
 [d

ay
-1

]

0

20

40

60

80

100

120

140

160

Fault Occurrence

End of Fault

1 2 3 4 5

Fault Compensation Phases

Aeration Control (KLa Adjustment)

4 4.5 5 5.5 6 6.5 7
130

135

140

145

150

1 2 3 4 5 6

Fault Compensation Phase

Figure 6.14: DOFFTC Strategy via KLa Manipulation: Simultaneous Sensor Fault Com-
pensation and Aeration Energy Optimization

transfer coefficient KLa, used here as the aeration control signal, within the context of

dissolved oxygen regulation under a sensor fault. Three distinct phases can be clearly

identified:

Before the fault (Day 0 to Day 4): The control signal remains stable around a nom-

inal value (approximately 140 day−1), reflecting the proper functioning of the system in

steady-state conditions without disturbances.

During the fault (Day 4 to Day 7): From Day 4, a sensor fault is introduced into

the system, affecting the measurement of dissolved oxygen. In response, the KLa signal

becomes oscillatory and shows significant periodic variations around the nominal value.

This dynamic behavior indicates the activation of the fault compensation mechanism em-

bedded in the dynamic feedback control law. The controller detects an inconsistency

between the measured output and the expected dynamics, and reacts by adjusting the

aeration rate (through KLa) to maintain the actual oxygen concentration close to the

setpoint of 2 mg/L, despite the erroneous measurement. The oscillations in the control

signal result from the bias correction effort, which is typical of an additive fault compen-
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sation strategy where a corrective term is dynamically introduced to cancel out the sensor

fault effect.

After the fault (After Day 7): Once the fault is resolved, the system quickly returns

to a stabilized control regime, with the KLa signal returning to its baseline level. This

demonstrates the reversibility of the compensation mechanism and the resilience of the

controller.

The inset (zoomed view between Day 4 and Day 7) allows a closer observation of the

compensation phase. It shows regular oscillations, indicating an adaptive control mech-

anism in action, adjusting the aeration rate in real time to cope with the uncertainty

introduced by the fault.

Simulation results confirm the effectiveness of the proposed DOF-FTC strategy in regu-

lating the dissolved oxygen concentration (SO) within a tight range of ±2 mg/L around

the setpoint, despite the presence of sensor faults and external disturbances.

These results validate the proposed controller, which ensures:

• Active compensation via adjustment of the oxygen transfer coefficient (KLa),

• Robustness against hydraulic and organic load variations,

• Prevention of energy overconsumption (linked to excessive aeration),

• Protection against biological performance degradation (due to under-oxygenation).

The results highlight the method’s compatibility with wastewater treatment plant oper-

ational constraints while providing a reproducible framework for more complex models.

6.9 conclusion

This chapter explored an advanced approach to dissolved oxygen (DO) regulation in

wastewater treatment plant. I independently implemented a neural network-based model

predictive control (NNMPC) as well as an active fault-tolerant control (FTC) strategy,

with the aim of ensuring accurate DO regulation while minimizing energy costs associ-
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ated with aeration, represented by the volumetric oxygen transfer coefficient KLa. The

study allowed me to compare several variants of intelligent controllers and to assess their

performance under both normal conditions and in the presence of faults. The results first

highlighted the limitations of the conventional PI controller, which, although providing

a certain level of stability, remained inefficient with an Integral of Absolute Error (IAE)

index of 5.005 and a KLa signal that was both high and unstable, indicating excessive

energy consumption. Switching to a predictive control strategy based on neural networks

(NNMPC-LM) led to improved accuracy (IAE = 4.89), but at the expense of higher com-

putational cost. Optimizing this control using the Particle Swarm Optimization algorithm

(PSO-NNMPC) provided an optimal trade-off: the IAE dropped to 0.88 and the KLa was

reduced by 30% compared to the PI controller, indicating a significant reduction in aera-

tion energy consumption. The Genetic Algorithm (GA-NNMPC), although effective (IAE

= 1.50), exhibited nearly double the computation time compared to PSO, making it less

suitable for real-time applications.

Moreover, the implementation of a Dynamic output feedback fault-tolerant control ar-

chitecture proved crucial to ensure system robustness in the presence of disturbances,

especially sensor faults. Without compensation, a sinusoidal drift in the oxygen sensor

caused measurement errors exceeding ±1.5 mg/L, disrupting DO control and leading to

large KLa fluctuations along with notable over consumption. In contrast, the implemen-

tation of an unknown input observer enabled precise fault estimation, while the dynamic

output feedback fault tolerant controller (DOFFTC) responded rapidly by adjusting KLa.

As a result, the DO remained close to the setpoint (2mg/L), with a much smoother KLa

signal, reducing energy spikes and extending equipment lifespan. The results showed an

energy saving of around 31% in fault-tolerant mode compared to conventional control and

NNMPC. For future work, the approach could be extended to multivariable configurations

including other critical parameters such as nitrate or ammonia. In addition, explicitly in-

corporating an energy-related criterion such as min
∫
K2
La dt in the NNMPC cost function

would further optimize the system’s energy performance.



Chapter 7

Conclusion and Perspectives

General Conclusion

This thesis focused on the in-depth study of robust control and unknown input estima-

tion in complex dynamic systems, with a specific application to the biological treatment of

wastewater by activated sludge. The main objective was to develop advanced theoretical

and methodological tools to improve the monitoring and control of industrial processes

characterized by nonlinear dynamics, parametric uncertainties, and the presence of faults.

The first chapter introduced the fundamentals of biological wastewater treatment, em-

phasizing the activated sludge process and its ASM1 mathematical model, whose com-

plexity limits real-time use. To address this, a reduced model adapted to sequencing

batch reactors was presented, retaining essential dynamics while facilitating the design of

advanced observers and controllers.

The second chapter laid the theoretical foundations of singular and LPV (Linear Pa-

rameter Varying) systems, detailing their structural properties, notions of regularity, con-

trollability, and observability, as well as stability criteria via parameter dependent Lya-

punov functions. The use of linear matrix inequalities (LMIs) for robust analysis and

synthesis was also discussed, providing a powerful framework for control strategy design.

In the third chapter, a rigorous methodology for designing observers in linear and

nonlinear singular systems with unknown inputs was developed. This approach relies

on systematic transformations and stability conditions formulated as LMIs. Extensions

to nonlinear systems satisfying a Lipschitz condition were proposed, experimentally vali-

175
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dated, while identifying some limitations related to unmeasured disturbances.

A major contribution of this thesis concerns the estimation of unknown inputs for

a class of nonlinear systems involving mixed nonlinear terms, namely parts with linear

parameter-varying (LPV) parameters and purely Lipschitz nonlinearities. Three new

unknown input estimation algorithms were proposed, each adapted according to the con-

figuration of the unknown input distribution within the system. Unlike classical methods

addressing only particular cases, these algorithms enable estimation of the maximum

possible unknown inputs.

Before presenting these algorithms, a general design methodology for H∞ observers

based on linear matrix inequalities (LMIs) was developed for a class of nonlinear descrip-

tor systems with nonlinear outputs. This approach relies on a specific Lyapunov function

avoiding the differentiation of disturbances. The proposed LMI conditions are less con-

servative than existing ones in the literature, thanks to the judicious use of the Lyapunov

function, Young’s inequality, and an adapted reformulation of the Lipschitz inequality.

Finally, the fifth chapter explored two advanced dissolved oxygen regulation strategies.

On one hand, a neural network-based model predictive control (NNMPC), optimized by

bio-inspired algorithms such as PSO and GA, demonstrated progressive improvement in

energy consumption, with the oxygen transfer coefficient KLa decreasing from 210day−1

(classical PI) to 155day−1 (NNMPC GA). On the other hand, the dynamic output feed-

back fault-tolerant control (DOFFTC) further reduced this consumption to 140day−1,

while ensuring robustness against sensor faults and disturbances, reflecting a significant

improvement in energy efficiency and better equipment protection.

Perspectives

The unknown input estimation algorithms developed in this thesis represent a signifi-

cant contribution to the field of unknown input observers. These observers play a major

role in fault diagnosis and, more recently, in cyberattack detection in cyber-physical sys-
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tems. Several methods based on these observers have been exploited to ensure secure and

resilient estimation, particularly in critical industrial environments.

Moreover, the integration of unknown input observers with machine learning-based

estimation methods appears to be a promising path, especially due to the need for simul-

taneous estimation of unknown system parameters. The proposed LMI-based technique,

applicable to a wide class of systems, thus paves the way for less conservative and more

flexible approaches to the design of robust, reliable, and resilient control schemes, tailored

to the requirements of modern cyber-physical systems.

In the long term, extending fault-tolerant control strategies to multivariable systems

and explicitly integrating energy objectives into the cost function of predictive controllers

could further improve the overall performance of industrial processes. Furthermore, de-

veloping algorithms adapted to fault detection and compensation in highly disturbed

environments, including cyberattacks, represents a key research direction to enhance the

safety and reliability of critical infrastructure.

• Multivariable Extension: Adapt the algorithms for the simultaneous regulation

of dissolved oxygen (DO), nitrates, and ammonium, by explicitly integrating energy-

related criteria (e.g., minimization of
∫
(KLa)

2 dt) into the control law.

• Integration of AI: Leverage deep learning techniques for the online identification

of ASM1 model parameters, thereby enhancing adaptability to seasonal variations

in influent characteristics.

• Real-Time Implementation: Deploy the proposed solutions on industrial pilot

systems, optimizing computation times through embedded platforms (e.g., FPGA)

for seamless integration into existing SCADA systems.

• Environmental Sustainability: Couple control strategies with life cycle assess-

ment (LCA) tools to evaluate their overall impact on the carbon footprint of wastew-

ater treatment plants (WWTPs).
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