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Abstract

This Master's thesis focuses on the study of the well-posedness and the asymptotic behavior of
solutions to a swelling porous medium system with thermodiffusion effects and a distributed
delay term. We establish the well-posedness of the system using the semigroup approach under
suitable assumptions on the weight function of the distributed delay. Furthermore, we prove an
exponential decay result by applying the energy method based on the multiplier technique,
through which an appropriate Lyapunov functional is constructed.

Résumé

Ce mémoire de Master porte sur 1’étude d’existence, unicité et du comportement asymptotique
des solutions d'un systéme de milieux poreux gonflants avec des effets de thermodiffusion et un
terme de retard distribué. Nous établissons le bien-posé du systéme en utilisant 1’approche des
semi-groupes, sous des hypothéses appropriées sur la fonction de poids du retard distribué.
Ensuite, nous prouvons un résultat de décroissance exponentielle en appliquant la méthode de
I’énergie, basée sur la technique des multiplicateurs, au moyen de laquelle nous construisons une
fonctionnelle de Lyapunov appropriée.

Résumé
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Chapitre 1

Introduction

In 1972, Goodman and Cowin [12] established in the theory of elastic solids with
voids, the notion of a continuum theory of granular materials with interstitial voids
which provided the relation between the elasticity theory and the porous media
theory which has attracted the attention of many researchers, check [4, [7, 9] 10, 1T,
16] for further information about porous-elastic theory.

The original field equations of the onedimensional porous materials theory is
given mathematically by the following two basic evolution equations (see [17])

pru = Ti, — P + I,
P2y = Toy + Po + F.

The functions (7}, T3) represent the partial tensions, (P;, P») the internal body forces
and (F1, Fy) the external forces associated with the dependent variables u and ¢
respectively. The duo positive constant coefficients p,; and p, are the density of each
constituent, where the partial tensions (77, T3) are given by

(n)=(%)

where M is the positive definite matrix < gl 32 ) , Le.,
2 a3

ag < ayaz,and P, = P, =0

Finally we chose

T2
Fy=0 and Fy= 7,0, +7,F — iy — / fy (8) @y (x,1 — s) ds.
T1

The asymptotically stable system may be almost destabilized under the effect of
time delay which has become an active area of research, as its effects appear in a wide
range of applications including biology, chemistry, physics, engineering and many
other modelling of the phenomena (see [1} [5, 22]). Part of the system’s past history
should be included in the most realistic model, where typically delay differential
equations (DDEs), which depend on the values of certain unknown functions at
previous times to determine the derivatives of certain unknown functions at this
moment, are models that contain past history.
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Many researchers have looked at the impact of the delay term on the asymptotic
behavior of solutions, that may lead to a wild-behaved system instead of a well one.
For example in 2003, Quintanilla [21] examined the following porous elastic system
with damping through porous-viscosity (a;)

PUy — Py —bo, =0,  x€(0,1), t>0,
J¢tt_6¢mm+bu$+€¢+a¢t:07 xe(()?l)a t>0>

and he demonstrated that, with these complementary controls, the solutions
do not decay exponentially, then in 2006 Magana and Quintanilla [I8] established
that the viscoelasticity (—vu.,) in the porous-elastic system is insufficient to cause
an exponential decrease in the solutions. Recently, in [2] Apalara considered the
following one-dimensional porous-elastic system with finite memory and showed a
general decay of the energy for the case of equal speed of wave propagation, for more
discussions (see [3, 6l 8, 13, 14, 15] and the references therein)

Due to the fact that many phenomena rely on their past, the distributed delay
term is important and appears in many different works. Furthermore, its impact on
the asymptotic behavior of the solution for various problem types (see [8, [7]).

In this work, we consider the following swelling porous-heat system with ther-
modiffusion effects and distributed delay

plutt - aluxw - 0’2(10xx - O’
T2
P2Prt = A3Pyy — G2Uaz — Y10 — Vo Lo + p11p, + / 1o (8) py (2,1 — 8)ds = 0,

T1
cl+dP, — kOyp — v104 =0,
th + TPt — hPJ:J: — ’YQQOxt = 0,

(1.1)
where (z,t) € (0,1) x (0,400) with the following initial and boundary conditions
( u(:c,O):uo(x), ut($70)2u1($)7 376(071)7
0 (2,0) = @ (2), @ (2,0) = ¢ (z), z € (0,1),
0(x,0) =06y (z), P(x,0)=Fy(x), z e (0,1), (12)
P I7—t):f0 (ZL’,t), te (077_)7 .
u(0,t) = (0,t) =60(0,t) = P(0,t) =0, Vit >0,
| ur (1,t) =, (1,1) =0(1,t) = P(1,t) =0, Vt>0,

where u is the displacement of the fluid and ¢ is the elastic solid material, p;
and p, are the densities of u and ¢, respectively, # is the temperature difference and
P is the chemical potential, k£ is the heat and h is the mass diffusion conductivity
coefficients. The coefficients a; and az are positive constants and as # 0 is a real
number such that ajas > a3. The coefficients i, is positive constant and such that
is a real number such that

/ " i (5)ds < py. (1.3)

T1

The physical positive constants vy, v, 7, ¢ and d satisfying

A=rc—d*>0. (1.4)

In this work, we study a swelling porous-heat system incorporating thermodiffu-
sion effects and a distributed delay term, which distinguishes the system ([1.1])-(/1.2))
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Chapitre 1. Introduction

from others in the literature. Specifically, the inclusion of these terms makes the
system significant in modeling complex physical phenomena.

In Chapter 2, using semigroup theory, we establish the well-posedness of the
system, demonstrating the existence and uniqueness of solutions under appropriate
assumptions. In Chapter 3, by employing the energy method, we prove the expo-
nential stability of the system, irrespective of the wave propagation speeds. These
results highlight the impact of the distributed delay and thermodiffusion effects
on the system. Further details regarding the techniques employed can be found in
[7, 24].



Chapitre 2

Preliminaries and analytical tools

2.1 Functionel spaces

Here we recall the essential notions about sobolev spaces semigroups some useful
theoreme and some important inequalities which we will use in this thesis. Let {2 be
an open subset of RY, n € N supplied with the lebesgue musure dz

Definition 1 (Complet space). A normed space (E, || . ||) is complete if every cauchy
sequence of E is converge in E

Definition 2 (Banach space). A complete normed vector space is called banach
space

Definition 3 (Hilbert space). A Hilbert space is a vector space endowed with scaler
product< u,v >and wich is complete for the norme

Jull = (u,u)?

Definition 4 (L space). Let 1 < p < oo define the standard Lebesque space
LP () by

LP (Q) {u:Q2 — R} uis mesurable and / |u] dx < 0o
Q

the functionnal || . || r defined by
1+p
fullo = { [ 1u
Q

Definition 5 (L> space). Let (E,T,m) be a mesured space and f mesurable function
from Eto R we say that f is essentialy bounded on that f € L = LY (E,T,m) if
ther existec € Rsuch that |f| < c if f € L™ we set ||f||,, =inf{c € Ry,|f| <c} if
f e L™ we set|fl|,,=+oo

Let I = |a,b[ be a bounded or unbounded interval and let p € R with 1 < p <
+oo
Definition 6 (W Space). The sobolev space W' is defined by

Wt = {u € L¥(I),3g € LP(I) /ugp’— /g(pVgo €ct (1)}

we set H' (I) = WY (I) for u € WP (I) and denote by u'= g

is a morm on LP (Q)
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Chapitre 2. Preliminaries and analytical tools

The space W'" is equipped with the norme ||ul| ., = |Jul» + ||, -

On some times if 1 < p < oo of the equivalent norme (||ul|}, + ||u] ’zp)ﬁp the
space H' is equipped with the scaler product < u,v > =< u,v >2 + < U, v > 2

the associated norme ||ul| ;1 = (||u||i2 + ||u1|ig)172 is equivalente to the norme

Oﬂ;[rl,Q

Proposition 1. The space W' is Banach space for 1 < p < 4o0.
The space WP is reflexive for 1 < p < oo and separable for 1 < p < co.
The space H'is a separable hilbert space

Definition 7 (W, ” Space). Given 1 < p < oo we denote byWy P the closure of ¢t (I)
in W (I) we denote HE (I) = Wy* (I) the spaceW, Pis equipped with the incluste
norme byW P the spaceHé is equipped with the scaler product induced byH'

Proposition 2. The space VVO1 P is a separable banach space it is also reflective for
1 <p<oo.
The space Hyis a separable hilbert space

Definition 8 (W™? Space). Given an integer m > 2 and a real number 1< p < 0o
we define by induction space W™ (I) = {u € W™ P (1), v € W™ P (1)} we set
H™ (1) =W™2(I).

Remark 1. We easily verify that u € W™Pif and only if there existe in functions
G1---gmsuch that —/ungo = (—1)j /g]mp,Vgo € @ (I)Vj € 1.m D’ denotes the
derivative to order j of ¢ we can therfore consider thenu € W™P (I) to successive

derivatives u' = gy (1) = gy the order m we denote the Du...D™u where W™P space
18 equipped with the norm

m
el = lull g+ 1Dl

a=1

Definition 9 (Bochner space ). Let X be a banach space 1 < p < 00 ,-00 < a <
b < oo then IP (a,b,x) denotes the space of I functions from (a,b) into X it is a
banach space for the norme

1
b D
nmuaw%m::(/|deQ

wher the integrale is understood in the bochner sense

Ther existe a constant ¢ depending only on I < oo such that||u|| ;e < ¢|jullyy, (1) V1 <
p < oo more over when is bounded we have

the injection W% (I) c C (I)is compact for 1 < p < oo

the injection W* (I) ¢ L7 (I)is compact for 1 < ¢ < 0o

Theorem 3 (Lax Milgram). Let a(u,v) be a bilinear continuous and coarsive form
then for anyp € H'ther existe aunique u€ H such that a(u,v) = (p,v)Vv € H
more over if a is symetric then u is characterized by the property w € H endl ~

2a (u,u) — (p,u) = min {1 20 (0,0) = (¢,0)}



2.2 Some important inequalities

Theorem 4 (Fubini). Assume that F€ L' (2, x Q) for almost anyx € O F (z,y) €

L, (Q) cmcl/Q F(z,y)dy € L0 (Qy) similary for almost any ye (), F (z,y) €

L (Q) and/ F (x,y)dx € L, (Q2)and morover we have

951
/ dw/ F(fc,y)dyzf dy/ F(:v,y)dl“:// F(z,y) dvdy
Ql Qz QQ Ql QlXQQ

Theorem 5. Let A be infinitisimal generator of a cosemi group s (t) onX if F|0, oo[x
X — Xis continously differntiable from[ty, T| x X — X then the weak solution of
system 18 a strong solution

2.2 Some important inequalities

Cauchy—schwartz inequality

let H be a vector cpace scaler product < wu,v >is bilear form of H x H in R
symmetric positive definite (u,v) > 0Vu € H and (u,v) > 0 if u # o reccall that a
scaler product satisfies the cauchy-schwarz inequality

|<u,v>| <<uu><o > v ve H

Young inequality
1 .1
let p and q two real numbers satisfying — + — = 1 then VY (f,g) € L* (Q) x
p g
L1 (Q)Ve >0

€ o1
[irgiar <= [1p1ae+ = [ 1gas
Q P Ja qger Ja

Poincare inequality
we assume that I is bounded then ther exists a conctant ¢ dependent of I such
that:

el < €l o Vu € Wo?

wl,p

in other words on Wy? (I) the quantity ||u]|} »is a norm equivalent to the norm
of W' (1)
holder inequality :

1 .1
let 1 < p < oo assume that fe LP () and ge L?(Q)whit— 4+ — = 1 then
p g

f.gc L' (Q)and
[1sglar < ( / Ifl”dx> (/ |g|qu)

gl < Al - llgllze

Remark 2. caushy shwarts inequality is a speacial case of holden inequality with
p=q=2



Chapitre 2. Preliminaries and analytical tools

2.3 Semigroup Method

The semigroup method is a powerful tool for solving evolution equations. It can
be used to deal with many initial value problems or initial boundary value problems
for both linear and nonlinear evolution equations.

To introduce the concept of semigroups of linear contraction operators, let us first
look at a simple example. Consider the following initial boundary value problem for
the heat equation :

Up — Uy = 0
U e=0= U |p=r= 0 (3)
U |i—o= up(z) € L*(0,7)

appling the method of separate variable it is easy to see that the solution to the
above probleme can be express as a fourier series

t) = Z ar exp (—k?t) sin (kz)

2

ar = —/ ug () sin kxdz
T Jo

since it is asumed that uy € [*by the parsevale equality then

since the series given by has afast decay factoreexp (—kzt) for t > 0 it can be easily
proved that u (z,t)given bythis series is infinitly time defferential with respect to x
and t for ¢ > Oand it satisfies the equation and boundary condition for 3 morover
we have

/ w(z,t)—ug (z)° de = / Zak exp (—k%t) — 1)2dx < gZa% (exp (—k%t) = 1) — 0
0 0 k=1

k=1

as t — 0in other words as t — Ou (x,t) converg to ug (z)inL? (0, 7)since it can
be easily seen from the energy methode that solutionu (x,t) is uniquely determined
by u thas we can viewu (z,t) as the image of ug () under amapping s ()

u(x,t) = Z a exp ( ) sin kx

we infen from this definition that for any ¢ € [0, 00 s (¢) is a linear operator from
L* (0, 7)toL? (0, )no we investigate the properties of s (¢) firstly by definition

1s(0)=1

indeed s (t) up = u (z,t) = s(0) ug = u (z,0) = up—s(0) =1

2s (tl —|— tg) =S (tl) S (tg)

indeed : for any t1,t5 > 0



2.4 Energy Method

$(t2) (s () o () = s (t)ula,t) = s (12) Zakexp ~ ) sin (k)
_ ,2 axexp (—k2y) (s (t2) sin (ka))
_ fj axexp (=K (ty + 1)) sin (ka) = s (b + t2) o (2)
3 sl <1

indeed : by perseval enequality we have for all ¢ > 0

l|lu (., Zakexp —2kt) —exp —2t Zak—exp( 2t) ||uo||?
k=1

4 asin 2,4 we can also show that for any ug € L* (0.,7) s (t) up € C ([0, +o0[, L* (0, 7))
for t € [0, +oolu (z,t) can be viewed as an abstract continous function valued in
L*(0,7)

Theorem 6. lumer —phillips

Let A: D(A) — H be a dense domaine limate operator in H then A is the
infinitisimal generator of a co—semigroup of contraction if and only if
A is a descriptive ther exists an A > 0 such that Im (M — A) = H

2.4 Energy Method

The study of stability for evolving system is often linked to the construction of
lyapanov funtionale the general method for constructing lyapanov functionproposed
by Vkolmanovski and Lshaikhet already successfuly used for differential equations
discrete time difference equation and continneous time difference equation is used
ther to study the stability of evolving delay equation in particular partial differential
equation

Definition 10. Letu and H be two separable hilbert space such that w C H = H*
C u* where the injections are continuous and dense

Let |.|| and||.||,be the norme of UH and H* respectively< .,. >and < .,. >
be the scalar product of u and H respectively and < .,. > be the scaler product
between u end u*

suppose that lu| < B ||ull

Let C'(—h,0, H) be the banach space containing all continuous functions on
[—h,0] inH such that z; € C'(—h,0, H) for each t € [0, cc]the function defined by
zy (s) =z (t+ s)for all s € [—h, 0]

the space C' (—h,0,u) is defined similary

Let A(t,0) : uw — u*fi (t,.) : C(=h,0,H) — w*and f5(¢,.) : C(—=h,0,u) — u*
are the famillies of non lineare operator defined for ¢ > 0A(¢,0) = 0f;(¢,0) =
0fs (£,0) = 0



Chapitre 2. Preliminaries and analytical tools

we have the equation

du(t) '
o = Atu)+A{u),t>0

u(s) = WY(s),se€[—h,0]

Let us denote by u (¢, ¥)the solution to equation coresponding to the initial
condition ¥

Definition 11. The triviale solution to equation 1,23 is said to be stable if for all
e > 0 ther existd > 0 such that we for |u(t,V)| < ¢ for allt > 0 if |V|,y =
sup |V (s)| < ds € [—h,0]

Definition 12. .The triviale solution to equation 1,23 is said to be exponentially
stable if it is stable and ther existe a positive constant \ such that for all ¥ €
C (—h,0,u) exists ¢ such that

lu(t, )| <cexp(—At) fort>0

10



Chapitre 3

Well-posedness

3.1 Reformulation of the System and Functional
Framework

In this Chapter, we prove the existence and uniqueness of solutions for (1.1))-(1.2).
As in [19], we introduce the new variable

Z(x,p,s,t) = ¥ ($,t - p3>, T € (07 1)7 1Y € (07 1)78 S (7—177—2) t>0. (31)
Then the above variable z satisfies
sz(x,p,s,t) + z,(x, p,s,t) =0,z € (0,1),p € (0,1),s € (71,72) ,t > 0.

Therefore, problem (|1.1]) takes the form

)
PrUtt — A1 Ugy — A2y, = 0,

T2
PPyt — 3Py — A2Uzy — Y10z — Vo Pr + p110, + / 125 (3) z(x,1,5,t)ds =0,

T1
sz(z,p, s,t) + z,(z, p,s,t) =0,
cly +dP — kOpp — v10, =0,
[ dO; + 1P — hPpy — 790, = O,

(3.2)
with the following initial and boundary conditions :
[ u(2,0) =ug (z), us(z,0) =u (2),
QD(ZE,O) = 900 (l’) ) 9075 (I,O) = Qol (ZE) ’
0 (z,0) =00 (x), P(x,0)=F(z),
2(@,p,5,0) = fo(z,sp), (3.3)
Z(xa 07 Sat) = Sot (xat) )
u(0,t) = (0,t) =0(0,t) = P(0,t) =0,
\ U’T( 7t) = @ (Lt) = 0(17t - P(lat :0,

Introducing the vector function U = (u, uy, ¢, ¢y, 2,0, P)T, system 1}1) can

be written as

{U’(t)—AU() t>0, (3.4)

t),
U('I?O) = UO (I’) = (uoﬁu17(100a9017.f0a907P0)T7

11



Chapitre 3. Well-posedness

where the operator A is defined by

Ut
1
— [aluﬂm + a2()0wm]

u P1

Uy . Pt i,

' - a3()0xx+a2u$$+719$+72p$ — ¥ — / M2 (S)Z(I,]_,S,t) ds

_/4 (10t = p2 1 T1

z —gzp(x,p,,s,t)

0 rk hd ry, — dy

P Y Ore — T) Pey % Pta

ch kd Yy — dy,q
) < X\ ) * \ 7t
The energy space is defined as :
H = H}(0,1) x L2(0,1) x H} (0,1) x L*(0,1)
x L?((0,1) x (0,1) x (71,72)) x L*(0,1) x L*(0,1),
where )
L2(0,1) = {goe L*(0,1) :/ go(:c)dsz}
0
and
H!(0,1) = H'(0,1)N L2(0,1).

Let

U= (u,ut,w,got,z,Q,P)T,U = (a’ﬂt,@’@t,ijéjp)jj_
Concerning the weight of the delay, we only assume that
[ ) <m (35)
T1

we define the inner product in H as follows

1
(U.U)y, = / [0y usTiy + A1UaTis + Pyp, By + A3P, Py + G2 (UsPy + 04 1s)] da
0
1
<+/[w9+dgw+&ﬂ+wPﬂdm
0

1 1 T2
4 / / / 5Lty ()] (2, 9y 5,0) 2 (2 p, 5, £) dsdpda. (3.6)
0 0 T1

The domain of A is
UecH|ue H?(0,1)NH!(0,1), ¢ € H*(0,1)N Hy (0,1),
u € HY0.1) o, € HY(0,1)
0, Pec H& (0,1), 2,2, € L*((0,1) x (0,1) x (71,72)) ’
2 (x,0,s,t) = ¢,

D(A) =

H2(0,1) = {f € H*(0,1); £, (0) = f. (1) =0}

Clearly, D (\A) is dense in H.
Then we state the main result :

12




3.2 Proof of Well-posedness via Semigroup Theory

Theorem 7. Assume that Uy € H and holds, then problem — admits
a unique solution U € C (R, H). Moreover, if Uy € D (A), then

UeCRy,DA))NC (R, H).

3.2 Proof of Well-posedness via Semigroup Theory

To obtain the above result, we prove that the operator A is maximal monotone.
For this, we proceed in two steps.

Step 1 : Dissipativity of A

For any U = (u,us, v, ¢y, 2,0, P)T € D (A), by using the inner product 1' and
integrating by parts, we obtain

1 1 1
(AU, U),, = —k/ 02dx — h/ PZdx —ul/ ©2dx (3.7)
0 0 0

1 1 T2
[ ] i@t s )26 s
/ apt/ s (8) z(x, 1, s, t)dsdz.

For the last term of the right-hand side of (3.7)), we have

/ / / Iy (8)| 2 (z, p, s, t)zpdpdsdm———/ / |y (s |/ —2%(x, p, 5,t) dpdsdx
= ——/ / o (8)| 2% (2,1, 5, ) dsdx
// 115 (8)] 22 (2,0, 8, ) dsdx

(3.8)
Using the fact that z(z,0,s,t) = ¢, (x,t) we deduce that

1 1 1 [ 1
(AU, U),, = k/ 92dm—h/ Pde—<u1—§/ |u2()|ds)/ ©2dx
0
——// | (s x,l,stdsda:—/ got/ po (s) z(x, 1, s, t)dsdx.

(3.9)

Using Young’s inequality, we arrive at

1 T2 1
/ got/ o () z(x, 1, 8, t)dsdx < 2/ s (s )|ds/ ©2dx

/ / |y (s)] 2%(x, 1, s,t)dsdx  (3.10)
Substituting (3.10) into (3.9)

1 1 T2 1
(AU, U),, < —k/ 02dr — h/ P2dx — (Ml —/ |1 (s)|ds)/ ©2dx
0 0 T1 0

Consequently, from the assumption (3.5)), .4 is a dissipative operator.
(AU,U),, < 0.

13



Chapitre 3. Well-posedness

Step 2 : Surjectivity of Id — A

To prove that the operator Id— A is surjective, that is, for any F' = (f1, ..., f7)T €
H , there exists U = (u, ug, @, ;. 2,0, P)" € D (A) satisfying

(Id— AU =F, (3.11)

which is equivalent to

)
u—u = fi,
Pl — AQ1Uge — A2P 0 = p1f27
o —p = [3

T2
Doy — 3P4 — A2lzy — Y10z — Vo Po + p1p, + / po (8) 2(x,1,5,t)ds = pyfs, .

52+ 2z, =5fs, 1
M — 1kl + hd Py — (ry; — dvys) 01 = M,
AP — chP,, + kdO,, — (cy9 — dyy) 01 = A7

\

(3.12)
Suppose that we have found v and ¢ with the appropriate regularity. Therefore, the
first and the third equations in (3.12)) give

U = U — f17
{ 0= — [ (3:13)

It is clear that u; € H} (0,1) and ¢, € H} (0, L). We note that the fifth equation in
(3.12)) with z(z,0,s,t) = ¢, (z,t), has a unique solution given by

z(z,p,s) = p(x)e* — fy(x) e + se /Op e* f5(z,0)do. (3.14)

Clearly, 2,2, € L*((0,1) x (0,1) x (71,72)) . By using (3.12), (3.13) and (3.14) the

functions (u, ¢, 6, P) satisfy the following system

PLU — G Ugy — 2Pz, = J1,

NP = 3P, — Uollee — V10e — V2 Pr = g2, (3.15)
A — 1kOyy + hdPyy — (ry, — dy) 0, = g3, '
AP — ChP$1~ + kdeajx - (C’YQ - drYl) pr = 94’

where

T2
n=pz+ +/ e °py (s) ds,

T1

g1 = p1f1+ p1fo, )
T2
92 = pofa+nfs — / s€ % iy (3)/ e’ fs(x,0)dods,

T1 0

g3 = Afe — (7”71 - d%) f3a,
ga = Afr — (072 - d%) f3z-

_ 3 d ~
We multiply (3.15); by u, (3.15)2 by @, (3.15))3 by ;0, 3.15)4 by gP, 3.15)3 by XP

-
and (3.15))4 by XQ and integrate their sum over (0, 1) to find the following variational

formulation

B ((u,<p,9, P’ (ﬂ,@,é, P>T> e <u 5.0, ﬁ)T, (3.16)

14



3.2 Proof of Well-posedness via Semigroup Theory

where B: [H] (0,1) x H} (0,1) x L*(0,1) x L*(0, 1)}2 — R is the bilinear form
given by

-~ AT 1 1 1
B ((U, 2 97 P)T ) <’l~L, @7 97 P) ) =P / uud + 3] / uxﬁxdx + a2 / (prax + u:c@x) dx
? 01 10 _ 1
+ 77/ ppdx + ag/ 0, P dr + c/ 00dx + k/ 0,0..dx
0 0 0 0

1 1 1
+7~/ PPdm+h/ Pxﬁmderd/ (9P+Pé)dx
0 0 0

+ 71 /01 (9% - %9) dz + 7, /01 (P% - som?> dz,

and G: [H}(0,1) x H} (0,1) x L*(0,1) x L*(0,1)] — Ris the linear form defined

by
o \T 1 1 e o
g(a,q),e,P) :/ glﬂda:—l—/ gggbdx—l——/ gs0dz
0 0 >\ 0

ro (bt d [t - d [t -
— Pdx + — Pdx + — Odzx.
+)\/Og4 :U—I—)\/Ogg w+>\/og4 x
It is easy to verify that B is continuous and coercive, and G is continuous. So applying
the Lax-Milgram theorem, we deduce that for all (12, 2,0, P) € H!(0,1)xH}(0,1)x
L?(0,1)x L? (0, 1), problem (3.16)) admits a unique solution (u, o, 6, P) € H} (0,1) x
H! (0,1)xL*(0,1)x L* (0, 1). The application of the classical regularity theory, it fol-
lows from (3.15) that (u, ¢, 0, P) € H2(0,1) x H2 (0,1) x Hy (0,1) x Hy (0,1). Hence,
the operator Id — A is surjective. Consequently, the operator A is maximal mono-

tone. By the Lumer-Phillips Theorem (see [20]), A generates a Cy-semigroup on
H. This concludes the proof of Theorem [7] O
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Chapitre 4

Exponential Stability

4.1 Energy Functional and Preliminary Estimates

In this section, we define the energy associated with problem (3.2)4€“(3.3)) and
prove some key differential inequalities.
We define the energy functional E(t) as

1 1
E(t) = —/ [p1uf + v’ + pop} + asp’ + 2asu,0, + 0 + 2dOP + rP?| da

/// Slig(5)]2%(@, p, 5,1) ds dp . (4.1)

From ((1.4)), we deduce :

2
cb* + 2dP + rP? = %92 + (%9 + \/FP> >0, forf,P#0.

Hence, the energy functional E(t) is strictly positive.
The stability result reads as follows.

Theorem 8. Let (u,z, ¢, 0, P) be the solution of (3.9)-(3.5) and holds. Then
there exist two positive constants ko and ki, such that

E(t) < ke ™ vt > 0. (4.2)

We now recall a series of lemmas that will be crucial for the exponential decay
result.

Lemma 9. Let (u,z,¢,0, P) be the solution of (3.1)-(3.9) and holds. Then,
the energy functional, defined by equation , satisfies

1 1 1
t) < —k:/ 02dr — h/ P2dx — C/ Zdr < 0. (4.3)
0 0 0
= <N1 _/ |12 (3>‘d5>

16

where



4.1 Energy Functional and Preliminary Estimates

Démonstration. Multiplying (3.2)1, (3-2)2, (3.2)s and (3.2)5 by w, ¢, 6 and P,
respectively, and integrating over (0, 1) Wlth respect to x, using integration by parts
and the boundary conditions, we obtain

d 1 (!
- {5 / (pruf + a1l + pyp} + asl + 2axu,p, + b + 2d9P + rP?) dx]
0

dt
1 1 1
= k/ 92dx—h/ P2dx—,u1/ O2dx
0
/ got/ o (s) 2(x, 1, s, t)dsdx (4.4)

On the other hand, multiplying (3.2)3 by |uy (s)| 2 and integrating over (0,1) x
(0,1) x (71, 72), we obtain

2dt/ / / s |pg (s (x,p, s, t)dsdpdx———/ / 11y (8)| 2% (2,1, 5, 1) dsdx
/ / Iy (8)| 22 (2,0, 5, 1) dsdz.

(4.5)
Recalling z(z,0, s,t) = ¢,, a combination of (4.4) and (4.5 gives

1 T2 1
= —k;/ 02dx — h / P2dx — (M‘é/ s (s )]ds)/ ©2dx
——/ / 1y (8)| 22(2, 1, 5, ¢ dsdx—/ gpt/ o () 2(x, 1, s, t)dsdx

(4.6)

Now, estimate the last term of the right-hand side of (4.6 as follows :
Using Young’s inequality, we arrive at

1 T2 1
/ ('pt/ :u2 .%',1,8 t)del’ < 2/ ’MQ( )‘dS/ 2d33
/ / Iy (8)| 22(x, 1, 5, t)dsdx (4.7)

Substituting (4.7)) into (4.6]), and using (3.5)), we obtain (4.3), which completes the

proof. O
Lemma 10. Let (u, ¢, 2,0, P) be the solution of (3.9)-(3.9). Then the functional

1
Ly (t) = —pl/ uugder,
0

satisfies, for any €1 > 0, the estimate

1 2 1 1
L) (t) < —pl/o urdx + (a1 + 46%1) / uidx+€1/0 ©2dx. (4.8)

Démonstration. By differentiating L, (¢) with respect to ¢ we obtain
1
0

17



Chapitre 4. Exponential Stability

Using (3.2); we deduce that

Uy = — [A1Ugy + A20,,]
P1

We replace uy in L (t) we find

1 1
= | [u ; (p— (arttae + azsom») u} da
0 1

And integrating by parts, we obtain

1 1 1
L) (t) = —p1/ uidr + al/ uldr + ag/ Upip,da,
0 0 0

By Young’s inequality we have

1 1 @2 !
/ o, (aguy) dx 351/ @idm+—2/ uidx.
0 0 de1 Jo

We obtain

() < — L2d 24 a8 [z
1) < —py Uy AT + ap U,Ax + €1 gamx+4 U, AT
0 0 0 €1 Jo

So, the final result is

1 a2 1 1
Li(t) < —pl/ uldx + (a1 + 4—) / uldr + 61/ 2dz.
0 €1 0

O
Lemma 11. Let (u, z, ¢, 0, P) be the solution of (3.9)-(3.5). Then the functional
Ly (t) = a1py /01 o dr — asp, /01 oudr,
satisfies, for any o > 0, the estimate
L (1) < —g/l p2da + Cy (52)/1 o2dz + & /1 wlda + Zaiﬁ /l 62 du
0 0
+ @ /1 Pidx —|— / / |11y (8)| 2%(2, 1, 5, t)dsdx, (4.9)
0
where - )
a = ajas — a3z >0, Cy (e2) = a1py + 2031 + 22;21‘

Démonstration. By differentiating Lo () with respect to t we obtain

1 1
Ly (t) = aip, / (07 + @] de — asp, / [pue + wp] -
0 0

Using the equations (3.2)); and (3.2))s, we deduce that
1

utt - [aluxa: + CLQQOQ:J:]
P1

1 2
P = p_ [ai’;(ﬁm + agUzy + 710 + Vo P — p1p; — / po (8) 2 (z,1,5,t)ds|

2 T1

18



4.1 Energy Functional and Preliminary Estimates

we replace uy, ¢, in L, (t) and integrating by parts, we find

1 1 1 1
Ly (t) = —a/ ©2dx + a1p2/ ©2dr — asp, / o urdx + vyaq / wl.dr  (4.10)
0 0 0 0

1 1 1 T2
+ Y901 / oP.dx — pyaq / o dr — ay / go/ o () 2 (x,1, s, t) dsdz,
0 0 0 T1

a = asa, — a3 > 0.

where

By using Young’s and Poincaré inequalities, the subsequent inequality holds true for
any positive constant (5

1
1
%al/ 0,dr < — 13 ),

1
g—p/ 2dw + B a/eida;
46 Y141 ;

2
where C), is the Poincaré constant, given that C,, < 1 in our case. If we set § = —,
a

1 1 2 2 rl
2
%ai/ w%dxﬁg/ @idwrﬂ/ 0rdx
0 8 Jo a 0

Using the same method we have

1 1
2
72a1/ @dexgg/ 2dx + 72@1/ P2dx
0 8 Jo a 0

1 2.2 1
p
—ulai/ ppydr < g/ 2dr + Mlal/ prdr.
0 8 Jo a 0

Clearly, for any positive €5, we have

1 a2p? [ 1
—agpl/ pupdr < 42—1 ©2dx + 52/ uldz.
0 0 0

E9

1

1
*dx + pryial / 0%dxw
0

we obtain

and

By using Young’s and Cauchy—Schwarz and Poincaré inequalities and [3.5, we have

1
/ /MQ x,l,st)dsdac<8/ 2d+ // o (8)| 2% (2,1, 5, 1)
0

Finally, by integrating these inequalities into (4.10|), we deduce the result presented
in our lemma O

Lemma 12. Let (u,z,¢,0, P) be the solution of (3.9)-(3.9) and holds. Then

the functional

1 1
L3 (t) = e pruds — Tl / uppdz,
0

a9 0 a9
satisfies, for any €3 > 0, the estimate

1 9 ) 1
L’()<——/ udx+a3/ 2dy + am/ 02dz + “”2/ Plr  (4.11)
0

(12

1
+ Oy (53)/ 2dx + lﬂl// |11y (5)] 2%(2, 1, 5, t)dsda:+€3/ uldz,
0

2018 1 (aip, — azp, )
Oy (e3) = b (B2 0
2( 3) a% 483 ag

where
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Chapitre 4. Exponential Stability

Démonstration. By differentiating L3 (¢) with respect to ¢t we find

a
Li(t) = 1P2 [/ O+ utgot] dr — 4301 [uttgo + up,] dx.
as as Jo

Using the equations (3.2]); and -2, and integrating by parts, we obtain

1 1
Li (t) :—al/ uid:c—l—ag/ 2dx y / 0, udx (4.12)
0 az Jo
1 1
—l-%al/ P, dx—'ulal/ pudx
0

_ 1
/ / ty (8) 2z (x,1,s,t) dsdx + (M) / pudr.
(05} 0

Using Young’s inequality, the following inequality holds true for any positive constant

B
Y101 ! CLW% 2 !
/ O udr < B—; / 0o dx —|—— u?dz,
az Jo az Jo 48 Jo

then by using Poincaré inequality we get

1 2 C
M/ qudxgﬁalzl/ 02da + =8 u2dx.
az Jo az Jo 45

Now, if we put 8 = 2 we obtain

1 2 1 1
2
ha / Opuds < =21 / egd;wr% uldz.
0 0

a2

With the same method, we can derive

1 2 1 1
2
u/ qudzgw/ Pae+ @ [ 2de
az 0 0 8

1 2
'ulal/ pudr < 1Ml/ 2d1’+—/ uldz.
(05} 0

By successively applying Young’s, Cauchy—Schwarz, and Poincaré inequalities, we
can write

2
al/ / ps (8 x,l,st)dsd:c<—/ u?dx + zﬁ/ </ |u2(5)\z(:z:,1,s,t)ds) dsdx
§4B w?dzr + 26/ |/~L2|d8// |1 (8)] 22 (2,1, 5, 1) ds

C
< ajwp 2daz+ 26/ |u2|ds/ / s (5)] 2% (2,1, 5, )
Taking 5 = 2 and [3.5] we get

— 2
al/ / to (8) 2z (z,1, 5, 1) dsd:c<—/ uda+ al'ul/ / Iy (8)| 22 (2,1, 5, 1) dsdz.

Likewise, from Young’s inequality, we also obtain :

1 1 2 1
— 1 —
(Glﬂz @3P1> / ppupdr < 53/ dm + — (—apo a3p1> / gofdx.
CI,2 0 0 483 CI,2 0

Finally, by integrating these inequalities into (4.12]), we deduce the result presented
in our lemma. O

and
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4.1 Energy Functional and Preliminary Estimates

Lemma 13. Let (u, z, ¢, 0, P) be the solution of (3.9)-(3.3). Then the functional

1 1 T2
— [ s e (91 st dsdps
0 0 T1

satisfies , for m > 0, the estimate

) < m// 1y (8)| 22 (2,1, 5,t) dsdx (4.13)

1
—m/ / / s |ps (s (z,p, s, t)dsdpdx—l—ul/ rdx.

Démonstration. Differentiating Ly (), and using (3.2)3, we obtain,

1 1 T9
t):—Z/ // e Py (s)| 2 (z, p,s,t) 2, (x, p, 5, t) dsdpdx
T1
/ / / T g (s 2 (z,p, s,t) dsdpdz.
Integration by parts gives,
1 1 T9 d
[ @ e s )] dsdpda
0o Jo Jr dp
1 1 T2
[ s s 6012 o) dsdps
0 0 T
1 7'21 1 d T
@ [ e s ) dsdpds
0 T1 0 dp T1
1 1 T2
—/ / / se™* |uy (s)| 2% (w, p, 5, t) dsdp
0 0 T1

1 T2
[ ] bl [P st - 2 0.0,5.0] dsda
0 T1

1 1 T2
[ s ez sty dsd.
0 0 T1
Using the fact that z (x,0,s,t) = ¢, and e* < e %" we get for all p € [0, 1]
1 T2 T9 1
[ et s s + ([ mtoas) [ tas
T1 0
/ / / 5y (8)] 22 () p, s, t) dsdodz.
T2 1
// " g (s (a:,l,s,t)dsdfc+</ qu(S)\dS>/ pido
T1 0
/ / / |y (5)] 2% (2, p, 5, ) dsdoda.

Since —e™* is an increasing function , we have —e™* < —e "2 for all s € |11, T9] .

Finally, setting m = e~ 72, recalling (3.5, we obtain (4.14)).
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Chapitre 4. Exponential Stability

4.2 Construction of the Lyapunov Functional and
Proof of Exponential Decay

Now, we turn to prove our main result in this section.

Démonstration. (of Theorem [§) We define the Lyapunov functional £(t) b

L(t)=NE(t)+> NLi (1)

where N and N; (i = 1,2, 3,4) are positive constants that will be chosen later.
By differentiating £(t), exploiting (4.3)) and (4.8)-(4.13)), we get

1
E/(t> S — [P1N1 — €2N2 — 83N3]/ u?dx
0

. + a3 N /1 2d
—|=Ns—|a — U, ax
2 3 ! 481 ! 0 z

1
— [CN — C (g2) Na — Cy (g3) N3 — 11Ny / pidx
_a/ 1 0
- §N2 —azN3 — €1N1} / prdr
I 0

r 2 2.2 2 2 1
— kN — arvi N2 . al]l N3:| / 6id$
a ay 0

[ 2 2 !
— |hN — al’yQ N2 al’yQ N3:| / P2d$

a

[ 2 2
_ N4m_ﬂN2u1 alNg/l,l‘|/v/ |y (8)| 2%(2, 1, 5, t)dsdx

— N4m/ / / s |py (8)] 2°(x, p, s, t)dsdpdz.

Primarily, we set

1

i N7 ) = 172737
€ N 1
then we choose N; large enough so that
2
Ny > —,
P1

Now, we can select N3 large enough so that

2
YN, > (al 4+ & 1) N,

2 4

and choose Ny, N, large enough such that

gNQ > G3N3 + 1,

2011
2

2 2
Nym > CLCILMI Ny + Ns.

as
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4.2 Construction of the Lyapunov Functional and Proof of Exponential
Decay

Finally, we select N large enough so that

CN > C, (e2) N2 + Cy (e3) N3 + piy Ny,

2
2a177
a3

2a172
N2+ 1;/2]\/37
Q3

2 2.2
kN > a;%Nﬁ N,

2a373

hN >

Consequently, from the above, we deduce that there exist a positive constant «y
such that

L'(t) < —apE (t). (4.14)
On the hand, it is not hard to see that L£(t) ~ E(t), i.e. there exist two positive
constants «; and ay such that

Combining (4.14) and (4.15]), we obtain that
L'(t) < =k L(t), Vt>0, (4.16)

where k; = 200A simple integration of (4.16) over (0,t) yields
Q2

L(t) < L0)e ™! vt >0.

It gives the desired result of Theorem (8| when combined with the equivalence of £(¢)
and F (t). O
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