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Abstract

The Thixotropic model is described by a system of nonlinear PDEs. The system under consid-
eration represents a convection-diffusion equation for the speed of the fluid thixotropic coupled
with a reaction-diffusion equation for the temperature of the fluid.

The aim of this thesis is the study of the existence and uniqueness of solution for both
Thixotropic model and its space fractional model by using certain assumptions. The proof is
based on the Lax-Miligram Theorem, Galerkin’s method , the Principle of the Maximum and
the fixed point theory. And also the study of numerical solution for the thixotropic model and
its space fractional model.

The finite volume method is utilized under certain hypotheses to prove the existence and
uniqueness of an approximate positive solution. The study also demonstrates the stability
and the convergence of finite volume method. Finally, we end this thesis with some numerical

simulation carried out by the Matlab software.

Keywords:

Thixotropic model; Fractional differential equation; Global solution; Galerkin method; Maxi-
mum principle ; Fixed point theorem; Method of Line (MOL); Finite volume method.



Résumé

Le modele de Thixotrope est décrit par un systeme d’EDP non linéaire. Le systeme considéré
représente une équation de convection diffusion pour la vitesse du fluide thixotrope couplée
d’une équation de réaction-diffusion pour la température du fluide.

L’objectif de cette these est ’étude de I'existence et de 'unicité de la solution pour les deux
modele thixotrope et son modele fractionnaire spatial en utilisant certaines hypotheses. La
démonstration est basé sur le théoreme de Lax-Miligram, la méthode de Galerkin, le principe
du maximum et la théorie du point fixe. Et aussi I’étude de solution numérique pour le modele
thixotrope et son modele fractionnaire spatial.

La méthode des volumes finis est utilisée sous certaines hypothéses pour prouver ’existence
et I'unicité d’une solution positive approchée. L’étude démontre également la stabilité et la
convergence de la méthode des volumes finis. Enfin, nous terminons cette these par quelques
simulation numérique réalisée par le logiciel Matlab.

Mots clés:

Modele de Thixotrope; Equation différentielle fractionnaire; Solution Global;, Méthode de
Galerkin; Principe du Maximum; Théoreme du point fixe; Méthode des lignes; Méthode des
volumes finis.



Notations

e — designates the strong convergence.

— indicates the weak convergence.

— indicates the continuous embedding.

V stands for the gradient operator.

e div is the divergence operator.

0
e — partial derivative.

ox

0 o
° ™ outward normal derivative.

n
e A, is the p-Laplace operator.
o A !'is the p-Laplace inverse operator.
e A“ is the fractional Laplace operator of order a.
e sp denotes the spectrum of an operator.
e N the set of positive integers, that is N = {0,1,2,---}.

e R the set of real numbers.

e R" is the real space of dimension n.

) < R" open set in R".



Q and 0 denote respectively the closure and the boundary of domain Q.
Q¢ the complement of €.
< .,. > denotes the scalar product.

C™(2) space of m times continuously differentiable functions on 2, m € N.

0 _ m
C*(Q) = m@NC ().
CF () the space of C*(2) functions with compact support in €.
LP(Q) Lebesgue space with norm | - |,.

LP

I () the space of local p-integrable functions on (2.

W™P(€)) Sobolev space with norm || - |, -

Wy"P(Q) is the closure of Ci°(2) in W™P(Q).

W=7 (Q) is the dual of WP(Q).

H™(Q) = Wm™2(Q).

W#P(Q) fractional Sobolev space with norm | - | ;.

WP (€2) denote the closure of Ci°(§2) in the norm ||.||ys»q)-
WHARY) = HY(RY), Wo2(RY) = Hy(R").

with the norm, that we will denote by ||.||¢

%5’2(9) + lv] %)sa(sz)

1, ) 1F = Nl
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Introduction

The phenomenon of thixotropy has recently attracted a great deal of attention. The term was
first applied to an "isothermal reversible sol-gel transformation". As the gel state is often
merely one of high viscosity, the definition has been made more general, and the term is then
applied to any " isothermal reversible decrease of viscosity with increase of rate of shear".
Colloidal solutions provide the more common examples of thixotropy and may be divided into
three important classes :

e Solutions in Newtonian liquids of lyophilic substances whose molecules are of great length,
e.g., gelatine, starch and many synthetic polymers.

e Suspensions of solid particles such as pigments in oils, or clays in water.

e Concentrated emulsions (,) of oil droplets in water; foams of gas bubbles in water
(with, of course, stabilising agents).

Thixotropic fluids are used widely in civil engineering, food, cosmetic as well as pharmaceutical
industries, and impact every aspect of our lives. As emulsions, suspensions, or polymeric gels,
they are very different from each other compositionally, but most of them have one thing in
common, i.e., the existence of microstructures. The microstructures are changeable and may
comprise a network of flocculated colloidal particles, tangles of polymers, or a spatial arrange-
ment of suspended particles or drops@l].

Examples:

Ketchup mustard
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Painting drilling muds Gyps paste

A history of thixotropy
Origins

In 1923, Schalek and Szegvari found that aqueous iron oxide "gels have the remarkable property
of becoming completely liquid through gentle shaking alone, to such an extent that the liquified
gel is hardly distinguishable from the original sol. These sols were liquified by shaking, solidified
again after a period of time ... the change of state process could be repeated a number of times
without any visible change in the system" [58]. The term thixotropy was then coined by Peterfi
in 1927 , in the first paper that properly described the phenomenon. The work combines
the Greek words thixis (stirring or shaking) and trepo (turning or changing).

Although no mention of the phenomenon appeared in the seminal rheology text of the day "The
Viscosity of Liquids’, by Emil Hatschek , (especially the chapter on colloidal solutions), by
1935 Freundlich had published a book called *Thixotropie’ devoted to the subject, having
been the first to introduce it into the title of a paper when he described the flow properties of
aluminium hydroxide gels. Freundlich and co-workers soon found thixotropic effects manifested
by a whole variety of systems including vanadium pentoxide sols, starch pastes, gelatin gels,
pectin gels and many more.

Thixotropy originally therefore referred to the reversible changes from a flowable fluid to a
solid-like elastic gel. Previously these kinds of physical changes had only been known to occur
by changing the temperature, when such gels would melt on heating and then re-solidify on
cooling. It was believed that a new kind of phase change had been found.

Progress

Early work in this area in the USA is exemplified by a series of three papers by McMillen
in 1932 , reporting the results of his doctoral investigations into the thixotropy of a large
number of flocculated paints. He showed that the fluidity (the inverse of viscosity) as a function
of rest time decreased in some cases by four orders of magnitude, showing almost a quadratic
dependence on rest time. Writing in the UK in 1942, Scott-Blair stated that 'the whole
subject [of thixotropy] is so very new’. But then went on to list over 80 papers on the subject
(see pp. 61-64). (In the second edition of this book published in 1949, nearly 120 papers on
thixotropy are cited.) Among the examples of thixotropic materials he gives are clays and
soil suspensions, creams, drilling muds, flour doughs, flour suspensions, fibre greases, jellies,
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paints, carbon black suspensions and starch pastes. He also lists a number of papers on so-
called thixotrometers, instruments specially devised to characterise the phenomenon. In this
respect he raised some interesting points, among them whether thixotropy ought to be studied
at constant rate of shear or at constant stress? This is still a most controversial question.
Scott-Blair quotes Hamaker’s explanation of thixotropy as being due to the secondary mini-
mum so that ’particles can form a loose association which is easily destroyed by shaking but
re-establishes itself on standing’ This explanation still stands. With our present knowledge of
microstructural changes, it is probably safe to say that all materials that are shear thinning are
thixotropic, in that they will always take a finite time to bring about the rearrangements needed
in the microstructural elements that result in shear thinning. As Scott-Blair concluded all those
years ago 'If this recovery is very rapid, the phenomenon is observed as structural viscosity
[shear thinning]; if slow, it is observed as thixotropy"'. However even Scott-Blair sometimes
confused thixotropy with shear thinning, as in his example of the importance of thixotropy
for drilling muds that must be runny [sic] when lubricating the drill, but "of a high enough
consistency at rest to avoid settling of suspended matter".

An important point he made concerned a suggestion that certain results of flow in capillary
tubes of suspensions—that we now believe showed migration of particles away from the wall and
thus, have an easier flow in small rather than large tubes—was due to thixotropy. He refuted
this by showing that doubling the tube length halved the flow rate for a given driving pressure.
Pryce-Jones [52] (the first well-known Welsh rheologist) studied about 250 paints all in a state
of light flocculation, using his own thixotrometer [53]. He noted that "It is a well-established
fact that thixotropy is more pronounced in systems containing non-spherical particles', this
is obviously so because they have to find themselves in the best 3D structure by rotation as
well as movement, and progress from a solid gel to a freely flowing liquid due to complete
microstructural breakdown, see Fig. 1.

Thixotropy is one of the few original technical terms used in pre-war, European rheology
circles that has survived, unlike ’structural viscosity’ (Strukturviskositaet, which we now un-
derstand as shear thinning) and ’false body’ (now understood as extreme shear thinning with
thixotropy) which have fallen by the wayside .

However, as late as 1953, Roscoe [57] still referred to ’false body’ as different from thixotropy.
The ’false body’ had an apparent yield stress [stress at low shear rate following shearing at a
high shear rate] that recovered quickly, while the thixotropic material takes some times before
relatively fast recovery takes place. Today we understand that they are both manifestations of
thixotropy. False bodies were taking a long time to die.

Jobling and Roberts in 1957 [34] commented that "thixotropy now has an even less distinct
connotation. Electronic methods of measurement have shown that the time-lag required before
the original structure is regained may be very short indeed and it then becomes difficult to dis-
tinguish between a thixotropic material with a very short recovery time and a material whose
viscosity falls with increasing rate of shear and depends for all practical purposes only on the
instantaneous rate of shear. The latter effect is frequently called ’structural viscosity’". They
went on to say "We endorse Pryce-Jones’s plea that in the absence of authoritative definitions,
terms such as ... thixotropy should not be used unless the intended meaning is made clear".
In the Discussion section of this paper, Marcus Reiner notes that ’structural viscosity’ and
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Completely structured - giving
elastic, solid-like response

Partly stlruc@ured - giving : 4, 7 /7 =— ;
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- giving viscous, shear
S
7‘/” G J

-thinning response
Fig. 1. Breakdown of a 3D thixotropic structure.

‘thixotropy’ are seen as the same thing by some, with structural viscosity seen as a material
with "nearly zero time of recovery".

The full extent of thixotropy was maintained by Bauer and Collins in their 1967 review [5]:
"When a reduction in magnitude of rheological properties of a system, such as elastic modulus,
yield stress, and viscosity, for example, occurs reversibly and isothermally with a distinct time
dependence on application of shear strain, the system is described as thixotropic'. They went
on to say that thixotropy was "usually conceived as an unusual property of very special mate-
rials, sol-gel systems such as aqueous iron oxide dispersions, thixotropy in the sense described
above has been found to be exhibited by a great many and a large variety of systems. Along
with the breakdown in structure, other non-rheological features change, such as conductivity
and dielectric constant". Lastly they noted that "The terms used by Freundlich are now seen
to be archaic, viz liquefaction, re-solidification, sol. These had some obvious meaning for the
qualitative changes brought about in low concentration dispersions of highly insoluble oxides of
needle-like crystals such as iron oxide and vanadium pentoxide in low-viscosity aqueous media".
Nowadays thixotropy is sometimes used to include all time effects in a movement to non-linear
behaviour, see for instance Cheng [15], but especially Lapasin and Pricl [38], who illustrate
thixotropic behaviour by the transient response of viscosity and normal force of polymer so-
lutions. They then noted that the stress overshoot on start-up increases with increasing rest
time. This is an interesting point-build up in polymer solutions is usually considered to be
rapid, and rest times are rarely considered necessary. Weakly cross-linked gels would give the
same thixotropic effect as a flocculated system.
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In this work, the general form of the thixotropic problem is given by

u + Au— Miv |u—2=) | 4y =y (t,2) e RY x Q
IV (0—uo)? ’

u=0 o ()
u (0,z) = wug r e

Where u is a function denotes the speed of fluid, A > 0 is the viscosity of the fluid, v denotes
the relative temperature of the fluid.

Research objectives

In this research work, we are interested in studying the following problems which are formulated
by two subsystems, the first is the thixotropic problem coupled with the heat equation at the
second subsystem:

-

. ut+Au—)\div[UM}+u=uo (t,7) e R* x Q
! u=20 o€
(P) 5 u(0,2) = ug r e
—Av+Tv=0 €0
L (PQ){ v=g o2
and
.
u + D — Adiv |u——=20) | oy =y (t,2) € RY x Q
(P! B+IV (v—uo)|?
1 _ a
(FP) u=20 oS
u (0,) = ug r e
—Av+Tv=0 €0
L (PQ){ v=yg oS

Where §2 is bounded open convex domain in R? (d < 3 for the problem (P) and d = 1
for the problem (FP)), with smooth boundary 062, ug € H'(£2),g € HY?(0§2) and T is a
positive constant. Here we define D%u (x) = F~! (F (D)) (x) = F71(|¢|* Fu (£)) (x), where
F denotes the Fourier Transform and F~! its inverse.

The work aims to archieve the following objectives:

1. To study the existence and uniqueness of the solutions for the problems (P) and (F'P)
via Lax Milgram theorem and Galerkin method.

2. To develop numerical solutions of the problems (P) and (F'P) using FVM .

3. To solve numerically the problems (P) and (FP) using the FVM and investigate its
convergence and stability.
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Thesis outline

This thesis is composed of two parts. The first one focus on the existence and uniqueness
of solutions for thixotropic and fractional derivative thixotropic models using the Galerkin
method, Lax Milgram theorem and Maximum Principle while the second one focus on the study
of these numerical problems using some numerical methods such as finite volume method.
The followings are a brief description of each chapter:

chapterl

In this chapter, we discuss about some definitions and important results in the LP()) spaces,
Sobolev spaces and different theorems that has an essential role in the subsequent chapters. We
also identify the numerical methods which is using to appraoch the solution of the problems.

chapter2

In this chapter, we study the elliptic-parabolic problem (P). The purpose of this work is to
prove the uniqueness, existence and positivity of solutions for problem (P) on bounded convex
domains in R? or R? using Lax-Milgran ’s Theorem, Maximum principle and Galerkin method.
This study is the subject of a publication under the title :"Global Existence and Uniqueness
of the Weak Solution in Thixotropic Model ". In: International Journal of Analysis and
Applications, vol 19 (2021), 193-204.

chapter3

In this chapter, We study the existence and uniqueness of solutions for a following fractional
Thixotropic problem (FP). The standard technique is used to employ a proof based on the
Galerkin method, energy estimates and fixed point theorem. (this latter is a subject of an
article submitted).

chapter4

In this chapter, we introduce an explicit finite volume method for the numerical solution of the
one- dimensional space and an explicit finite volume method for the numerical solution of the
multi- dimensional space for the Thixotropic system (P). And, We end with some numerical
simulations, carried out under the Matlab software. (this latter is a subject of an article
submitted).

chapterb

In this chapter, we present an explicit finite volume method for the numerical solution of the
one- dimensional space for the fractional Thixotropic system (FP). Our method is based on the
method of lines to get the finite volume scheme to this problem. Finally, We finish with some
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numerical simulations, carried out under the Matlab software. (this latter is a subject of
an article submitted).



Chapter 1

Preliminaries

1.1 The Spaces of Continous Function
Definition 1.1.1. Let © be an open subset of R™, n > 1, we note
C(Q)={f:Q—>R;f continuous },

and
C™(2) : The space of functions m times continuously differentiable on €0,

where

C™(Q) = n C™(Q),

meN

Co(Q) ={feC(Q); f(x) =0 VzeQ\K, where K is compact},

and D(QY) the space of functions C* on Q with compact support in Q2 (also called the space of
test functions).

1.2 The L? Spaces

Definition 1.2.1. [12] Let pe R with 1 < p < o0 and Q be an open subset in R™. We set
LP(Q) = { f:Q—>R: fis measurable and J |f(z)Pde < oo},
Q

with

s =ty = ([ 15 ar)

We shall check later on that || . ||, is a the norm.

Definition 1.2.2. [12] If p = w0, we define

L*(Q) = {f : Q0 — R f is measurable and there is a constant C' such that |f(z)] < C a.e. on Q},

8
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with the norm

[flloo = Inf{C’; |f(z)| < C a.e. on Q}
Proposition 1.2.1. 1. For 1 <p <o, (L*(Q),]|,) is a Banach space.
2. For1<p<oo, (L*(Q),] - |,) is a separable space.

3. For1l<p<oo, (LP(Q),] - |,) is a reflezive space.

1.3 The Sobolev Spaces

Let Q < RY be an open set and let dQ denote its boundary.

Definition 1.3.1. [37/ Let m be a positive integer and let 1 < p < . The Sobolev Space
Wm™P(Q) is defined by

WmP(Q) = {ue LP(Q) : D*u e LP(2), for all |a| < m}.

The space WP () is a vector space contained in LP(§2) and we endow it with the norm || . ||mp0
defined as follows.

1p
| flmp.0= ( >, I Do Hﬁp(m)

|a|<m

if 1 <p<ooand
| w ||m,OO7Q: max)a|<m | D%u ||L°°(Q) .

Notation:[37]

e When p = 2, we will write H™(2) instead of W™?(Q2). The corresponding norm || . ||;n.2.0
will be written as || . ||;n.q and it is generated by the inner-product

(U, V)0 = Z f D*uD%vdx.
Q

lal<m

e We define a semi-norm om W"P(2) by

I\p
| fmp0= < >, I Do H’Ep(m>

|a|=m

When 1 < p < o0 and
|t mo0= MaT)a)=m || D [[1=(0) -

Proposition 1.3.1. Let Q be an open subset of R";
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1. For1 < p< oo, W™P(Q) is a Banach space.

2. For1<p< oo, W™P(Q) is a separable space.
3. For 1 <p < oo, W™P(Q) is a reflexive space.

Theorem 1. The space WYP(Q) is complete. It is reflexive if 1 < p < oo and separable if
1 < p < . In particular, H'(Q) is a separable Hilbert space

1.3.1 Some useful inequalities

Theorem 2 (Young’s inequality[12]). Let 1 < p < o0 and 1 < ¢ < o such that ;1) + é =1,
then 1 1
ab < —a’ +-b?, Ya=0,b=0.
p

Lemma 1.3.1 (Poincaré inequality). Let Q) be a bounded domain in R™. Then there is a
positive constant Cq such that

[ flz2@) < CalV iz, Vfe Hy(Q).
Theorem 3 (Gagliardo-Nirenberg’s inequality). Let 1 < p < n. There exists C = c¢(n,p)

such that ) )
(J |u|p*dm)p <C’(J |Du|pda:)p
n Rn
n

for every u € WIP(R™), where p* = is called the sobolev conjugate of p.

n—p
1.4 Gronwall’s Lemma

Lemma 1.4.1. [0/ LetT > 0 andc > 0. Let p : v : [0,T] — R be continuous and nonnegative

functions. If
t

o(t) < c+ fo v(o)p(o)do, for allte|0,T],

then

o(t) < c exp (Jtv(a)da) , Jor all t €[0,T].

0

1.5 Trace theorem

The trace operator can be defined for functions in the Sobolev spaces W?(Q) with 1 < p < o0

Theorem 4. Let Q) < R™ for n € N be a bounded domain with Lipschitz boundary. Then there
exists a bounded linear trace operator

T W (Q) — LP(09).

such that
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i) Tu=u\sq if ue W(Q) n C(Q),

i) || Tullreoy< Cllullwiro),
for each v e WHP(Q), with the constant C' depending only on p and Q.

Definition 1.5.1. we call Tu the trace of u on 05).

1.6 Fixed point theorem

Theorem 5. [12//[Banach fized point theorem-the contraction mapping priciple/ Let
X be a nonempty complete metric space and let S : X — X be a strict contraction, i.e,

d(S’Ul, SUQ) < l{:d(vl,vg),Vvl,UQ e X

with k < 1.
Then S has a unique fized point, u = Su.

1.7 Lax Milgram theorem

Definition 1.7.1. j12] A bilinear form a : H x H — R is said to be
1. Continuous if there is a constant C' such that

| a(u,v) < Clullv],Yu,ve H

2. Coersive if there is a constant a such that

la(v,v) <alv|?,Vve H

Theorem 6 (Lax-Milgram). Let L be a continuous linear form on Hilbert space H and a
is a continuous and coercive bilinear form, then there is one and only one function u € H such
that:

a(u,v) = L(v), VYve H.

Moreover, if the bilinear form a is symmetric, then u is the only element of H which mini-

mizes the functional J : H — R defined by

J(v) = ;a(v,v) — L(v), YveH,

N J(u) = minJ(v) and J(u) < J(v) if u # v.

veH
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1.8 Ascoli theorem

Next we examine what the concept of relative compactness means in the space Cp(X). The
following notions will be essential for this purpose.

Definition 1.8.1. Let (X,d) be a metric space and xo € X. Let F be a set of functions
f: X —>R. We say that F' is equicontinuous(19] at xq if

Ve >0,30>0 s.t. Ve e X,Vf e F|

d(z,m0) < 0= f(z) = f(z0) |< &

We say that F' is equicontinuous if it is equicontinuous at every point of X.
This definition is quite analogous to continuity, but now o must not depend on the choice of f
in F'. For comparison, the statement ‘all functions in F' are continuous at xo means that

Vfe F,¥e > 0,40 >0 s.t. Vx e X,

d(z,x0) < 0= f(x) — f(zo) |< e

Theorem 7 (Arzela-Ascoli). Let (X,d) be a compact metric space. A set of F' of functions
in Cy(X) is relatively compact if and only if it is bounded and equicontinuous.

1.9 Method of Galerkin

In mathematics, in the area of numerical analysis, Galerkin methods, named after the Russian
mathematician Boris Galerkin, convert a continuous operator problem, such as a differential
equation, commonly in a weak formulation, to a discrete problem by applying linear constraints
determined by finite sets of basis functions.

For example, the wavelet-Galerkin method [35] has emerged as an accurate and efficient means
of approximating the solution of partial differential equations (PDE’s) [16]. Wavelets are well
localized, oscillatory functions which provide a basis of L?(R) and can be modified to a basis
of L*([a,b]) where [a,b] is a bounded domain [39]. These localized characteristics of discrete,
orthogonal wavelets allow sparse representation of piecewise signals, including transients and
singularities, making them useful functions for use in the Galerkin approach when non-smooth
or non-periodic solutions are predicted [63]. Discrete, orthogonal wavelets have been used by a
number of investigators in a Galerkin approach to solving differential equations. Williams and
Amaratunga provide a review of orthogonal wavelet use in engineering [66] and specifically to
solutions of linear boundary value problems [2]. Beylkin and Keiser [7] attempt to efficiently
capture shock-like responses in nonlinear equations described by the semigroup approach. Re-
strepo and Leaf [55] look specifically at periodic solutions using orthogonal wavelets, and Pernot
and Lamarque [49] investigate transient vibrations and stability analysis. Beylkin [6], Chen et
al. [14], and Romine and Peyton [56] all investigate the computation of inner products and other
operators of orthogonal wavelets on bounded domains; the exact solution to these operators
was paramount in the development of the discrete, orthogonal wavelet-Galerkin method.
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1.10 Finite volume method|22]

The finite volume method is a discretization method which is well suited for the numerical
simulation of various types (elliptic, parabolic or hyperbolic, for instance) of conservation laws;
it has been extensively used in several engineering fields, such as fluid mechanics, heat and
mass transfer or petroleum engineering. Some of the important features of the finite volume
method are similar to those of the finite element method, see Oden [48]: it may be used on
arbitrary geometries, using structured or unstructured meshes, and it leads to robust schemes.
An additional feature is the local conservativity of the numerical fluxes, that is the numerical
flux is conserved from one discretization cell to its neighbour. This last feature makes the finite
volume method quite attractive when modelling problems for which the flux is of importance,
such as in fluid mechanics, semi-conductor device simulation, heat and mass transfer. . . The
finite volume method is locally conservative because it is based on a “ balance” approach: a
local balance is written on each discretization cell which is often called “control volume”; by
the divergence formula, an integral formulation of the fluxes over the boundary of the control
volume is then obtained. The fluxes on the boundary are discretized with respect to the discrete
unknowns.

1.11 Method of lines (MOL)|[29]

The basic idea of the MOL is to replace the spatial (boundary value) derivatives in the PDE with
algebric approximation with only one remaing independent variable, we have a system of ODEs
that approximate the oroginal PDE. The challenge, then, is to formulate the approximation
system of ODEs. Once this is done, we can apply any integration algorithm for initial value
ODEs to compute an approximate numerical solution to the PDE. thus, one of the salient
feature of the MOL is the use of existing, and genersally well established, numerical methods

for ODEs.



Chapter 2

Existence and Uniqueness of weak
solution for Thixotropic problem

In this chapter, we study global existence, uniqueness and boundedness of the weak solution
for the elliptic-parabolic system (P) which is formulated by two subsystems (P;) and (P).
Our model is defined as follows:

-

u + Au— Miv |u——2=2) | 4y =y (L) e R x Q
(Pl) B‘HV(U_UO)F
u=>0 x € 0f)
(P) 5 u (0,7) = g re
—Av+T1v=0 €
L (PQ){ V=g 0S2

Where u (t,z) is a function denotes the speed of fluid in the position z € Q = R? or R?,
is a bounded convex domain with smooth boundary 0Q € H2 (9), A > 0 is the viscosity of
the fluid, 8 > 0 is a parameter constant, v denotes the relative temperature of the fluid. The
parameter 7 is a time constant and it is expressed the thermal diffusivity of v. g is the initial
relative temperature distribution.

To simplify the solution of the system (P), a decomposition of (P) into two subsystem
(Py) and (P,) are adopted. Galerkin’s method is very important to help us to demonstrate
the existence and uniqueness of a weak solution for system (P;). To prove the existence and
uniqueness of a weak solution for system (F,), we use Lax-Milgram’s theorem and maximum
principle. However this theorem can not be applied directly because it is nonhomogenous
system. For this reason an adoptation of Trace theorem it used to simplify the system(P).
Therefore we have the existence and uniqueness of a weak solution for system (P). Moreover
we show that the solution is positive.

The following initial-boundary conditions on uy and g assumptions are used to prove the
proposed solution of (P)

o Hy: ge Lz (09).
o Hy: geL3(9).

14
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(] Hgl Ug € L2<Q)

e Hy: ug=0andg=0.

If the hypothesis H; is satisfies and using the theorem of trace, one can find a lifting of this
trace which we denote R (g) € Hj (). Thus by definition it verefies v, (R (g)) = g. Now we
looking for v having the form v = ¥ + R (g) reduves the problem (F,) to ¥ .

<ﬁ> —AV+70—-AR(g9)+TR(9) =0 z€
2 v=10 on 0f)

Definition 2.0.1. We say (u,?) € L*(0,T, H} () x H}(Q) with v, € L* (0, T, H 1(Q)) is a
weak solution of the problem (P) if and only if

(ug, wy + B (u,w, t) = (ug, w) (2.1)

a(v,q,t) =1(q) (2.2)

where

B (u,w,t) = =, VuVwdz + §, (07v + 1) uwdz — 6 §, uVugVwdz
a(@,q,t) =, (VoVq + m0q) dx
Hq) = = o (VR(9) Vg +TR(g) q) dz

for all (w,q) € (H3(2)*, 0 <t <T,

u(0,z) = ug € L* () (2.3)

and

)= A :
B+ IV (0= w)f
Remark 1. Note thatu e C ([0,T], L* () asue L*(0,T, H} () and uy € L? (0,7, H*(Q)) .

Then equation makes sense.

2.1 Existence of weak solution of the problem (P)

In this section, to demonstrate the existence and uniqueness of weak solution for the system (P),
firstly, we have to demonstrate the existence and uniqueness of weak solution for the system
(P,), which its variational formulat is given by equation using the Lax-Milgram Theorem.
Then, we will prove the same result for the system (P), which its variational formulat is given
by equation [2.1] using the Galerkin’s method.
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2.1.1 Existence of weak solution of the problem (P)

Existence and uniqueness result:

Theorem 8. (Ezistence and uniqueness of weak solution) If the hypothesis Hy holds. Then the
problem (Py) has only one solution v e H' (Q) for any g€ H' (Q) .

By applying the theorem of Lax-Milgram, the solution ¥ of the problem [2.2] exists and it is
unique. So (F2) has unique solution.

Remark 2. FElliptic regularity theorem remains valid provided that the boundary condition g is
in the space L2 (02) which is the image H* (Q) by the operator trace v because v : H* (Q) —
L3 (9).

Remark 3. [20] If v € H*(Q) and (v is a solution of problem (P)) this implies that v €
Wha(Q) ( H> () > Wh(Q) for 1< qg<2).

Positivity of a weak solution: Using the Maximum Principle one can show that the so-
lution of the problem (P,) is positive as follows. Multiplying the first equation of (P,) by
q € Hj (Q), we obtain other variational formulat for problem (P)

(E) J (VoVq + 1vq)dx = 0.
Q

Proposition 2.1.1. [1] If ge L2 (0Q) andve H' () n C (Q) then the problem (?;) have a
positive solution v.

Proof. As 09 is smooth enough and g € L? () then v € H2(Q). And as Q < R2 or R?, by
embedding of Sobolev spaces ( H? () < C (Q) ) this implies that ve C (). If v = g > 0 on
09, then v~ = min (v,0) € H} () . So, we have

L Vv dr = L (zf)2 dx

f VoVo dr = J (Vv_)de,
Q Q

Since the support of functions v~ and v* = max (v,0) is set A (x) = {z/u (z) = 0}.
This implies that Vu =0 on A (z). As v = v" + v, thus we have

V- J (0 )47 (7)) do = main (17) o [

Finally, we find v~ = 0. [
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2.1.2 Existence of weak solution of the problem (P)

Before proving the existence and uniqueness of a weak solution of the problem (P;), we need
the following Lemma:

Lemma 2.1.1. i) For all w € H} (Q) then B (.,.,t) is continuous in H} () x H} (), there
exists a constant positive M such that

B (u,w,t)] < M HUHHl(Q) HwHHl(Q) (2.5)
ii) For any v e H} () and Hy is hold. Then exists a constant positive o such that

2

Proof. i) We use the Cauchy-Shwartz inequality and v € H* (Q) < L9 (Q) for any ¢ € [1, 2%
with n = 2 or n = 3, we obtain i) as follows

1B (u,w, D) < [Vl iy [V gy + 1971 ol 2y + 1] ol oy 0l 2y

+ 9] HUHL2(Q) HUOHLQ(Q) HVU)HL2(Q)
< M |uf gy [wl 1) -

ii) Making use of —Av + 7v = 0 the expression of B (u,u,t) becomes

B (u,u,t) = —§(Vu)’dz + § (67v + 1) uldz — § §uVuVuedar
= —{(Vu)*dz + § (670 + 1) udx — 8 §(Vu)*Vugdz
=§(-1-2Vu) (Vu)* da + § (67v + 1) u’da

= HquiQ(Q)'

Finally, by Poincarre inequality yields,

2

Galerkin approximations:

To demonstrate the existence of weak solution of the problem (P;) via the method of Galerkin,
we assume ej, = e (x) are smooth function verifying

{er},—, is an arthogonal basis of H}(Q) (2.7)

and
{er}r—, is an arthonormal basis of L*(Q). (2.8)

Consider a positive integer m. We will look for a function w,,: [0,T] — H} () of the form

Up: = i dt (t) ey (2.9)
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which satisfies

d® (0) = (ug, ex) (2.10)

and

(g€ ) + B (U, ex,t) = (ug,e), 0<t<T and k=1,..m (2.11)
where 1 = u, and here (.,.) denotes the scalar product in L? ().

Theorem 9. (construction of the approximate solution ) For each integer m, there exists a
unique function u,, of the form equation [2.9 satisfying equation[2.10 and equation[2.11] .

Proof. Assuming u,, has the structure equation 2.9] Substituting equation 2.9] into equation
and using equation we obtained

dE )+ 2", d B (e e, t) =di (0), 0<t<T and k=1,...m (2.12)

According to standard existence theory for ordinary differential equations, there exists a
unique absolutely continuous functions d,, (t) = (d} ,d?,,...,d™,) satisfying equation and
equatlon 2.120 So w,, of the form equation [2.9] satisfies equation [2.10] and equation - 2.11] for all

e[0,7T]. O

Energy estimates:

We propose now to send m to infinity and show a subsequence of our solutions u,, of the
approximation problems equation and equation converges to a weak solution of (P).
For this we will need some uniform estimates.

Theorem 10. ( Energy estimates ) [20]. There exists a constant C, depending only on Q, T
and w, such that

maXo<t<T HumHL2(Q) + HumHLz(o,T,Hg(Q)) + Hu;nHLQ(O,T,H—l(Q)) <C HUOHL2(Q) for m=1,2,..
(2.13)

Proof. Stepl: Multiplying equation by d¥ (t), summing for k = 1,...,m, and then recall-
ing equation we find

(U, um) + B (U, U, t) = (g, U, (2.14)

for all 0 <t < T. From Lemme there exists constant a > 0 such that

2

a ”umHH(%(Q) <B (umaum;t) (215)
for all 0 < ¢t < T, m = 1,... Furthermore |(ug, un,)| < %HUOHLQ %HumHiQ(Q), and
(ur, = di (Ilum\|i2(9)> for a.e. 0 <t < T. Consequently equation [2.14] yields the

1nequa11ty



2.1. EXISTENCE OF WEAK SOLUTION OF THE PROBLEM (P) 19

d

2 2 2 2
T <HumHL2(Q)> + 20 [um| (o) < Cr [umlz2i) + C2 ol z2q) (2.16)

for all 0 < ¢t < T and appropriate constants C; and Cs.

Step2: Now write

p(t): = HumHi'zm) (2.17)
and
C(t): = HUOHiZ(Q)' (2.18)
Then equation [2.16] implies
@' (t) < Crp (1) + Cal (2) (2.19)

for a.e. 0 <t < T. Thus the differential form of Gronwall’s inequality yields the estimate

o (1) < et <90 (0) + CQL ¢ (s) ds) 0<t<T). (2.20)

Since ¢ (0) = |, (O)Hiz(ﬂ) < ]\uo\\i2(ﬂ) by equation [2.10] we obtain from equations [2.17]-
2.20) the estimate

Jnax, [tml r20) < Clluolr2(q) - (2:21)

Step3: Integrate inequality equation from 0 to T" and we employ the inequality equation
2211 to find

T
2 2 2
HUm”LQ (O,T,Hé(Q)) = L HumHHé(Q) dt < C ||UOHL2(Q) .

Step4: Fix any w € Hj(Q), with HwH?{é(Q) < 1, and write w = w' + w?, where w!' €

span (ek)],zzn, and (w? ex) = 0(k=1,...,m). We use equation we deduce for all
0 <t <T that

(s w') + B (tm, w', t) = (uo, w")

then equation [2.9] implies

(s W) = (U, w) = (g, w') = (w0, w') = B (um, w', 1) ,
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consequently

2
[t )] < C (ol + ltml sy -

: 2 2
Simce leﬂHé(Q) < Hw||H&(Q) < 1. Thus

2
sy < € (ol ey + Iy

and therefore

T

T
2 2 2
Hu;m|‘L2(O,T,H*1(Q)) = L HU;W,HH*1(9) dt < CJ (HUOHL2(Q) + HumHHg(Q)) dt < C ||U0||L2(Q) :

0

]

Existence and uniqueness:

Next we pass to limit as m — o0, to build a weak solution of our initial boundary-value problem
(F1).

Theorem 11. (Ezistence of weak solution). Under hypothesis Hy and Hs, there exists a weak
solution of (Py).

Proof.

Stepl: According to the energy estimates equation we see that the sequence {7,Lm};°2:1
is bounded in L2 (0, T', H} () and {u},}>_,is bounded in L? (0, T', H*(£2)) . Consequently
there exists a subsequence which is also noted by {u,,,}_, and a function v € L? (0, T, H}()),
with v’ € L? (0, T, H1(Q)), such that

Uy —u  weakly in L*(0,T, H}(Q))

ul, —u' weakly in L*(0,T,H'(Q)). (2.22)

Step2: Next fix an integer N and choose a function h € C*' (0, T, H}(Q2)) having the form

h(t) = i d" (t) ex (2.23)

where {dk}fj:l are given smooth functions. We choose m > N, multiply equation [2.11| by
d* (t), sum for k = 1,..., N, and then integrate with respect to ¢ to find
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T

JT <u;n? h> + B (Um, h, t) dt = J (UQ, h) dt. (2.24)

we recall equation [2.22] to find upon passing to weak limits that

§o ' by + B (u, hyt)dt =g (ug, h)dt ,Yhe L?(0,T, H()). (2.25)

As functions of the from equation are dense in L? (0,7, H}(€2)) . Hence in particular

(' hy + B (u, h,t) = (ug,h) ,Vhe HY}(Q) and Vte [0,T], (2.26)
and from remark [1] we have u € C (0, T, L*(2)) .
Step3: In order to prove u (0) = ug, we first note from equation that
T

JT —Cu, W+ B (u, by t) dt — f (o, B dt + (. (0, b (0)) (2.27)

0 0

for each h e C'(0,T, H}(Q)) with h (t) = 0. Similary, from equation we deduce

T T
f — (U, B + B (U, b, t) dt = J (ug, h) dt + (um (0),h(0)). (2.28)
0 0
we use again equation [2.22] we obtain
T T
J a0+ B (u, by t) df — J (o, ) dt + (10, 1 (0)) (2.29)
0 0

since u,, (0) — g in L*(2). Comparing equation and equation [2.29] we conclude
u (0) = up.
O

Theorem 12. (Uniqueness of a weak solutions) A weak solution of (Py) is unique.

Proof. We suppose there exists two weak solutions u; and uy. We put

UZ’LLQ—Ul

then U is also a solution of (P;) with Uy = (ug — u1) (0) = 0. Setting h = U in identity
equation [2.23] we have

d (1
4 (310180 + B0V 0.

From Lemma [2.1.1f we have B (U,U,t) > « HUHE(%(U) >0, s0 4(4 HUHiz(U)) < 0, then inte-
grate with respect to t to find
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HU”i?(U) < HUOHiZ(U) =0,
thus U = 0. H

2.1.3 Global solution of problem (P)

Our main results in this chapter are stated as follows.

Theorem 13. if v > vy > 0 and B (u,u,t) = {, uoudz. then the solution (u,v) of problem (P)
is global. Furthermore there exists o > 0 such that |[ul ;> gy < € [uo] 12(q) -

Proof. we put

Z(t) - ; L Wz (2.30)

we derivate the equation and we use first equations of (P;) and (F%) to find
i) we have

dz
— =J uoudr — B (u,u,t) <0
a

therefore

ii) we have
2 = upudx — B (u,u,t) = §,upudr + §, Vuldz — §, (67v + 1) u?dx + 6 §, uVuVuedz
= §, uoudz + SQQ(l + 8w Vuldr — §, (67v + 1) u’da
< |67vo + 1] ufj2) = 0Z (¢).
This implies that

Z(t) < Z(0)e™.
[
Proposition 2.1.2. [1] Let ug € L? () and u € C ([0, T]; L*(Q) n L*([0,T]; H} (R2))) is the
unique weak positive solution of (Py). If ug =0 in , then u >0 in 0,T[ x Q.

Proof. Tf ug = 0 on 0. Therefore u= = min (u,0) € L*([0,T]; Hy (Q)). We obtain for all
0<t<T

1d
—— (u)zdx—i—f B(u’,u’,t) dr = J uou~ dx
2dt Jo Q Q
Using the Lemma [2.1.1] and integrating with respect to ¢ from 0 to T, we get
La ) de afT [ ()21 ds < 1dj (u= (0))*dz = 0
2dt Jg 0 Hy@ ™ = 94t |, ‘

Since u~ (0) = (up)” = 0. Sou™ = 0. O
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Summary

This study deals with the global existence, and uniqueness and boundedness of the weak solution
for the elliptic-parabolic system (P) defined as

-

u + Au — Adiv [u%} +u=uy (t,x)eRT xQ
(Pl) vV—UQ
u=0 o0
(P) 5 u(0,2) = ug r e
—Av+T1v=0 €
L <P2){v=g 002

The system (P) is under Dirichlet boundary condition in a convex bounded domain {2 € R™
with smooth boundary 02, g and wuy are two given functions. Based on Galerkin’s method,
Lax-Milgran’s theorem and Maximum Principle, a proof of the existence and uniqueness of a
global solution for the system (P) is determined for some properties adquate on initial and
boundary conditions. The expential decay of L*(€2) norm of u has olso been shown. Moreover,
we show that the unique solution is positive if the initial and boundary conditions are positive.



Chapter 3

Existence and uniqueness of solution
for the fractional Thixotropic problem

In this chapter, we are interested in the study of the existence and uniqueness solution of a
following spatial fractional derivative Thixotropic model (F'P) in one dimensional case. This
model is presenting another model that studies the phenomenon of thixotropy discussed with
a new addition is the fractional derivative.

Our model is defined as follows:

0
P = (v —up)
u + D u—/\a— u—LL = | T u=u (t,z) e RT x Q
(1) 4 e
(FP)A am(v "
u=20 oS
L u(0,2) = u z e
2
(PZ) _2;2}+TU:0’ z e
v=g oS

\

Where u (¢, ) is a function denotes the speed of fluid in the position z € Q = R? or R3, Q is
a bounded convex domain with smooth boundary 02 e Hs (02), A > 0 is the viscosity of the
fluid, . v denotes the relative temperature of the fluid. The parameter 7 is a time constant and
it is expressed the thermal diffusivity of v. g is the initial relative temperature distribution.

and
DY = (aQ/axQ)a/Q

3.1 Existence and uniqueness

In this section, we are interested firstly in the study existence and uniqueness solution in one-
dimensional cases of a following spatial modified fractional derivative Thixotropic model (F P’)

24
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and secondly to prove that the problem (F'P’) coverge to the problem (FP) when 5 — 0.

Our modified model is defined as follows:
( (

é’(v—u)
u + D — A2 uai“”o2 +u=uy (t,x)e R* xQ
(P) 5 gzl
(FP") 3 u=0 o)
L« (0,7) = ug re
+710=0 €
P. 09:2
L ( 2>{ v=yg o

Where Q is a bounded open domain with the smooth boundary Q2 € C',uq € H*(I),g €
HY?(0Q); A\, 7 and 3 are a positive constants.
Here we define

Du(x) = F~ (F (D)) (z) = F71 (|¢]" Fu(€)) (), (3.1)

where F' denotes the Fourier transrform and F~! its inverse.
We see that the solution of the problem (P,) is given by

v (x) = AeV™® + Be V" e C° (Q), (3.2)

Where €2 = [a,b] and the boundary conditions are v (a) = 1 and v(b) = 6.
So A and B verified

A= (ne‘ﬁb - He_ﬁ“> (ne“ﬁ“ b _ gevrela= b)> (3.3)

B = <96ﬁ“ —ne’\m’> (776 Vr(a=b) _ ge—vrela= b)) (3.4)

The problem (F'P’) consist of two problem (P]) and (P,). Since the solution of (P,) exists and
belongs to C* (ﬁ), we need only to study the problem (P]) and look for its weak solutions
with initial data u(z,0) = ug(z) the function w in V; such that

Vi=L"(]0,T[;L*(Q)) n L* (J0,T[; H' ()
satisfying the following identity:

t t
f ugdr — f f ue, drds + f f D2>uD?% pdxds
Q 0JI 0 JQ

(v— uo)
_)\JJ v_u)ﬁ O, +up —upp | deds
= f uopode, (3.5)
Q

for a.e.t € 10,T[ and ¢ (t,z) € H' (]0,T[ x Q).

For simplicity we denote u(t,x) by u , ¢ (x,t) by ¢ and ¢ (z,0) by ¢,. In order to simplify our
construction, we suppose u (t) € H} (Q) for t € |0, T[ instead of u (t) € H*?(Q) for t € |0, T
which could be easly generalized from the definition of weak solution of a parabolic second
equation [8].
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3.1.1 Existence and uniqueness solution of the problem (P))

In this part, we study existence and uniqueness of modify fractional Thixotropic problem (F P’)
using the Galerkin method, some prior estimate and Gronwall’s lemma. We use the same the
thechnique as in (|8],[26]) which allows us to show that the disipative operator D* can control

(?('Ufuo)
the nonlinearity % Y——2z

2
d(v=up)
6+ ox

suppose

A
\/ﬁ‘f‘ ‘(%(U—Uo)f

Then, we can rewrite the problem (P]) as follows

0 =

u+ D — 2 [6ul (v—up)| +u=muy (t,z)eR" xQ
(P1)§ uw=0 oQ
() u(0,2) = ug ref
0%
-5 +Tmv=0 e
0z2
(P2){v=g oS}

Where  is a bounded open domain with the smooth boundary dQ € C* uy € H'(Q),g €
H'Y2(0Q); A\, 7 and B are a positive constants.

Theorem 14. [§] Let 0 < a <2, T >0 and uy(x) € H' (Q) . Then, Cauchy’s problem (P})
has a unique weak solution ug € Vi . Moreover, ug satisfies the following regularity properties:

ug e L* (10,T[; Hy () n L* (0, T[; H** (),
and

(ug)e € L* (0, T[; L* () n L* (10, T[; H** (),

Fort — o0, > 1 and g > 0 this solution decays so that
g | D¥us o= fimm [ us = 0.

Proof. Suppose ug is a weak solution of (Pll) and let S, be a transaction operator that (ug), =

Spug, (we denote (ug)y, (z,t) by (ug), ), then we can consider the following approximation

problem:

0
x

() + Do~ 5 |3

@—«wma]uw»=«wmo (3.6)
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with initial data (ug),|i—0 = So(us)o
we suppose that w = ug, then the equation can write as follows

0

0
Dow, — 2 | Sw, =
(wy), + D%w, . [5wn o

(v <wn>0)] Fw, = (), (3.7)

Let us multiply (3.7]) by w,, then

d 2 R Yo _ 2
pr w;dx + J (Dzw,)" dz = f@x [5wn o (v (wn)o)] wy,dx fwnd:v + f (wn)o wpdz

which implies

%Swidaz+§(D%wn)2dJ;= Séaé‘—x”a(v_ix) dx+S‘%w 2de — Swidx

(w
)
+ (wn ) wndx

one has
5 Swzdx + S (D2wn) dr = S(Swn‘%”" gzdac — Séwnaﬁ”%dx + S gi gzngdx
66 ‘ S;’S w2dr — (widz + § (wy,), wadz
we have
ow,, Ov
P (%d wanvd:c
and
(92
f&wandx anvdx
So, we find that
LS wdr + § (D%wn)2 dr = —TS(Sw vdx — S(Swna“;" g;)od S Lawvdr
Si o ((;;;’ Cw2dr — (wide + § (w,), wnda:
integrate Sw de by part, we obtain
2 0% (w n)o 1Ja(wn)&(wn)o
O dx - d
f o o) Tor  ox

hence, we obtain

% Swidxe + § (D%wn)2 dr = § (—27‘51} — 56221:3)0 — 1> widzr — 5 gi a;‘; a(g’;) dx

+ § (wy) g wyda
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then, it holds that

0(wn),
ox

2
w"l
ox

02 (wn
(1271161 0 [0l + 1010 | 555

+ |(wn)0|Lw |wn|2

) ’wn’2 ox | [ Lo ‘

2 @ 2
%’wnb_‘_ ‘Dgwn‘Z < L®©

which implies

C HwnH?ﬁ + Cy |wn|2 .

g [onls + DR <

Likewise, upon differentiation in formula (3.7)) according to « and multiplying by (wy,),, we
obtain

dtgwn (wn), dx"‘S(Dan) W),

Sgaax [5wna (wn)o)] (w n)x dx

wy, (wy,) dm—i—SwnO Wy,), dx

we find that

% Swn (wy,), dv + S (D%wn) (wy), dr = —QTgéwn wy,), vdr — S5 (wn), a;”—x"a(gi;)od:p

— ‘gi Z E}ZQ) wy, (wy),, dx — S w, (wy,), dx

—l—S Wy)o (Wn), dx

which implies

i § (i) e+ 2§ (D7 Fw) o = [ (oo — § 2T — ) Sekde — 5 (%)

X %dw + § (wn), (wy,), dx

so, we have
a 2 02 (wn, 2
& 1(wa), [ dw + 2| D Fualy < (12010] 00 [0l + |2 | 7552 +1) Iun), [ o
Lol ), 39
< My |( ):1:|2 + M, |<wn)x|2

Now, a part of right member of (3.8]) can be approximated by
1/a 2—-1/a
wn)ofy < B (wa) o [(wa)f; ™

< [ (@n), 1400 + Cllwn),
Hence, we obtain

t
h%@ﬁ+LWMWiM¢<C (3.9)

Now, approximate a derivative according to the time of a solution.
Multiply (3.7) by (wy),, we obtain

4 Swn (wn), do + § (D%w”) (wn), dz = % [&UH% (v = (wn)y)] (wn), dz
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which implies

%% §(w2), dx + %SD% (w2),de = —71§6 (Uﬁ)t vdr — {6 (wy), a{;‘g %dm
—1§ B2 (u2), do — 1§ (w), da
+ § (wy)g (wy), dz

After some calculations, we obtain

2 a 2 02 (wn 2 o(wn,
i)y + D% (wafy < (1781 1ol + 3] |Z585] 1) w3 + 10] | 242k

Lo

X |(wn)t|2 |(wn)x|2 + |(wn)0|2 |(wn)t|2

Lo

so, we find that

a 2
% |(wn)t’§ + ‘D2 (wn)t|2 < O |(wn)t’§ + Cy |(wn)t’2 |(wn)x|2 + Cs |(wn)t’2

Now, we approximate a right member |(wy,),|, |(wn),|, by

1/a 2—1/«
C () 1) 371 (),

[(wn)yly |(wn),[, <
2
< [wn)l 1o + € l(wn),ly

Then,we have

a 2
i |(wa) 5 + D% (w,),]

9 < G |(wn)t|§ +C |(wn)t’2

A classical Gronwall inequality gives

mmﬁ+£muw;w<cww (3.10)

It holds, from (3.9) and (3.10) , that a solution w, is bounded. Then it is sufficient in order
to apply approximation Galerkin’s procedure. Hence, we can extract a subsequence which
converge to a limit

we L (10,7 Hy () A L2 (10, T[; H*2 (),
and

w e L* (10,7 L% () ~ L* (10, T[; H** (%)) ,

To finish, it remains to know if w is a solution of problem? Since injection of H' (I) into
L? (I) is compact, we can apply Ascoli theorem and conclude a strongly convergence of (w,,)
to w in L*(]0,T[; L* (I)).

In order to conclude, it is enough to prove that (w,)* converge strongly to w? in L' (]0, T ; L? (I)) .
Remark that

neN

2
”(wn) - w2HL1(]0’T[;L2(I)) < fwn, — wHLl(]o,T[;m(I)) (”wnHLl(]O,T[;L‘l(I)) + Hw”Ll(]O,T[;L“(I))> )
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it is enough to prove that w, — w converge strongly in L' (]0,T[; L* (I)). This last result
holds by Gagliard-Nirenbrg’s inequality ([3] 18])

1
lwn, — wHL2 10,T[;L4(1)) < Cw, — wHLQJOT[L‘l )HV( w)”i2(]o,T[;L4(1))

< Cw, — meqo,cp[;M(z))
and to prove that D*w, converge strongly to Dw in L' (]0,T[; L? (I)).
In the same way, we remark that
| D*w,, — DawHLl(]o,T[;LZ(I))g

(]o,T[;H1+%(I)) < Ll(]o,T[;HH%(I)))
(‘)2

and since the term £ is linear, approach problem converge weakly to a limit point, then
the existence holds.

Now, we prove uniqueness solution. Consider two weak solutions w; and wq of (P]), then
the difference z = w; — w9 satisfies

d o 0 0
- |Z|§ + ‘DSZE = 51% lzax (v— zo)] zdx — f22d$ —l—f(un)ozclx

After some calculations, we have

% ]z\g + |D%z‘§ = (—2751} — (556('2) 1) 22dx g S%a(gg)odx

+ § (un)g zdx

Pw, _ Pw
0z2 02

0%wy,

ox?

2w

ox?

L1 (0, TGH 2 (1))

d 2 a 2 2
= |2+ [DE2]; < O 2 + Ca 2l

by Gronwall’s lemma it holds that z (¢) = 0 on [0, T].
Now, we will prove the asymptotic estimates

. 2 .
lim ’Do‘/ ugl, = Jim lugl,, = 0.

t—00
The idea of this prove is to verify the hypothesis of the following Lemma:
Lemma 3.1.1. Let f be the positive function such that f; and So T)d7 are bounded then

lim;,o, f () = 0.
Indeed, multiplying (3.7) by D*w

4 waawdx + JDawDawda: =0 f 2 wi (v —wp) | D wdx — JwDawdx + waDawdx
dt oxr | Ox

we find that )
14§ (D ?w) " dx + S(Do‘w de = 0§%% Guw gu Y Dwdx — 6 § 52 Qw awo Dwdz + 6§ 5 2 szwDwdx
—5S aa;‘;‘) wD*wdx — SwDO‘wdx + SwoDawd:v

this implies

LDeuly + 2Dy = 2§ |8 (% - 2) 2+ (655 — 654 — 1) w| Dowda
+ SwoDawda:

So, we obtain
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41D2ul, + 2|Dowl} < dmax|9|2],, + (%], .0 L+

X Hle |Daw|2 + ‘w0|L°C‘ |Daw|2

0%v

2
0zL

02w
2
ox I

+0

2

Therefore, we have

2
% ‘Da/2w|2 +2 ’Daw@ <Oy HwH1 \Do‘wb + Oy ’Daw‘z
< C + |Dwl}
So
d | om 2

If g > 0 and v > wy this implies that v > 0, v — wy > 0 and from (3.7]) we get

| 2 2 t DE 2d )\ i 0 2 %(U*’wo) d < 2 <C 0 2
w|2+ S(]‘ 2w(8)‘2 §— SOSQ(TI w—o)| T \|w|2+|w0|2\ U< a <z

0
B+ |75 (v—w

for all . Thus, lim;_, ‘D%w‘Q = 0. The second asymptotic relation follows from the Sobolev
embedding H*? < L* which is valid for o > 1.
]

3.1.2 Convergence of the problem (F'P’) to the problem (FP)

In this part, we study the Convergence of the problem (FP’) to the problem (F P); this study
based on fixed point theorem.

Theorem 15. We consider the application

{T L HY(Q) — H(Q)
ug — T(ug) = ug

Where ug is the solution of (P]) and u is the solution of (P).
If ug — u. Then, the problem (P]) — (Py) which implies that the problem (FP') — (FP) .

Proof. Suppose

[ (ug) = (ug), + Dug — 5;11 [u[g;m(v — uo)] + ug — ug. (3.11)
If f(ug) =0 then ug = T (ug), i.e
fug) =0=ug =T (ug) (3.12)

from (3.11)) and (3.12) ,we obtain

N 0 0
T (ug) = — (ug), — Dug + (5% lug(%(v = uo)] + ug
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Now, we prove that T is contracting ( so admits a fixed point ) i.e.

Vu51, up, € Vi, |T (UB1) -T (Uﬁz) H < Cste Hu51 - uﬁzH?

We have
|7 (up,) =T (ug,)| == [(us,), = (%)t] (Dug, = Dug, ) + 0 (7 [ug, (v = uo)]
= 7 s 3 (v = w0)]) + wo

Which implies

|7 (us,) =T (us,)| <] (Uﬁl)f — (ug,),| + | D*up, — Dug, |

#1055 s, 5 (v = wo)] = 5 [us, & (v = wo)] | + [uo
Then
T (us,) =T (us,)| < 200155 [(us, —us,) 5 (v = wo)]|
We find that
ug, —u 2 (v—ug
17 ) = ()| < 2101 || 20— )|+ | G )|
Hence
I7 (02 = T ()] < 2000 max [ 0 = ol B2, = 03,
suppose
_ 0 2 (G = w))
C () —Qmax[ %(v—uo) ; P H

So, we obtain;

|7 (us,) = T (us,) | < 6C (B) [ (us, = us,) | 11
suppose: K = dC (f3), so

|7 (us,) = T (us,)| < K |[(us, — ug,) | 1

We chose A like so that K < 1, which makes it strictly constant.
At the end, we conclude that: usz — w and the problem (P]) — (P;), which implies that
(FP') — (FP). O

Conclusion: B
As a result, we conclude that the problem (P) has a unique solution (u,v) € Vi x C%(2).



Chapter 4

Numerical study for the Thixotropic
problem

In this chapter, we study and approximate the thixotropic problem (P) by using the finite
volume schemes in one dimensional case and multidimonsional case.
4.1 Numerical study in one dimensional case

In this section, we study and approximate the thixotropic problem (P) by using the finite
volume schemes in one dimensional case which is based on Method of Lines (MOL).

( (
-
2 = (v —ug
ut—i—gxg—)\ai u ama = | +u=uo, (t)e[0,T]xQ
(P \/5+ 2 (o)
(P) 5 u =0, 092
L« (0,2) = uo, e
0%
(PQ) —@—FT’U:O, z e

L v =g, oS}

Where Q = [0,1], 3, 7 and A are positive constants.

4.1.1 Solution methods

In this part, we only study and approximate the problem (P;) because the problem (P,) with
bounary condition v(a) = 1 and v(b) = @ is easy given by the following equation:

v(z) = AeV™ + Be V" e C” ([a,b]),

where
A — (ne—ﬁb _ ge—ﬁa> \ (eﬁ(a—b) _ e—ﬁ(a—b)> ,

33
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and
B — (geﬁa _ neﬁb) \ <6ﬁ<a—b> _ e—ﬁ(a—b)> ‘

Numerical Approximation by Method Of Lines (MOL) of finite volume for the
problem (P;)

Definition 4.1.1. (Admisssible mesh) An admessible mesh of (Py), denoted by T, is given a

.....

To = T12 = O<a < T3j2 < ... < Tj—1/2 < Tj < Tit1/2

<IN <ZIny12 = TNy = L
Ones set
hi = m(K;) = Tip10 — Tim1yp, 0 = 1, N
and therefore 3\~ | h; = 1,
hz_ =T; — $i71/27i = 1, ...,N,
N,
N

+ .
hi = .Ti+1/2 — X1 = 1, ceey

hi_l/g Zﬂii—iCi,l,i:O,... s

hivi2 = Tip1 — x4, =0,..., N,
size(T) = h = max{h;,i=1,...,N}.

A weak solution u(zx,t) is defined on [0,7] x [0,1], we introduce a mean value w;(t) of a
solution, that one assumes exists in the following meaning

1

w;(t) = " JK u(x,t)dr,i e N,

ui(t) 1 ou(z,t) .
En 3 L{ dx,i €N,

hi ot
1 .
u;(0) = J u(x,0)dr,i € N,
hi e
Integrate the first equation of problem (P;) on K;, with

0
= 0= w) (@)

\/m 'ai@—“@ (z)

o(r) = ,

2
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in order to obtain

2
4 udx + a—udx - /\J g [ud] dx
dt K; K; ox? K; ox

+f udxzf uogdx
K; K;

7

which implies

h;

ou; u(@it1jo, ) Ou(Tioyye,t)
ot ox ox

] = Mu(@it1/2, 0)0(@is1/2) — w(@i—1/2,0)0(2i-1/2) ]

we denote that

ou(xig1/0,t
W — (4172, 1)0(Xi41)2)

- i, t) —w(zi ) Ad(@i) [w(ziyi,t) + ulzi, 1))

F<5Uz'+1/27 t) =

hitiy2 2
_ [hi 1/ B Aé(x;lﬂ)] (@i, ) — [hi 1/ . m(:c;l/z)] ().
Where
oy ) ) |
\/5 + 7 (v —up) (Tig12)
_ Zz(fﬁmm) - aal;)(%ﬂﬂ)
\/5 + SZ(%H/Q) - (Z)(:ciﬂp) :
and
F(zioyy,t) = W — (12, )0(zi-1)2)
_ u(a:i,t)h:_ilﬁ/ia:il,t) B Aé(x;_l/g) (e t) + (s, ?)]
_ hi_lm B Aé(x;—m)] (s, t) — lhi_lm N A(S(m;_m) wlziss?).
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Where

So, we have that
h;

ot
As x; is the midpoint of K;, one has

+ F(@i12.t) — F(xiz1j2, ) + hiu; = hyuy.
ui(t) — u(zy, )] < ch?.

Approach the flux of an exact solution at the vertex z;,/, by numerical flux which depends on
mean values W (u;y1, u;)

Wiy, ui) = [ - +1/2] Uil — [h + +1/2] Us.-

hi+1/2 2 i+1/2 2
Where
a’Uz'+1/2 B 5(“0)141/2
dit1/2 = Oz Oz 5
aUz‘+1/2 a(uo)i-i-l/Q
B+ -
ox ox

and at the vertex x;_;/» by the numerical flux which depends on mean values W(u;, u;—1)

1 A0 1 A0,
\I/(Uiauifl) = [h — 1/2] U; — lh + 21/2} Uj—1-

i—1/2 2 i—1/2
Where
aUi—1/2 - a(uo)i—l/Q
Si1y = ox ox
. 81}2-,1/2 a(160)1‘71/2 2
B+ -
ox ox
to obtain an ordinary defferential equation
Ou;(t 1 1
ui(t) + W (i, wi) — — (g, uiy) + uy = ul
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which implies
Ou;i(t) 1 1 0
8Zt = —EW(U¢+1,Ui) + h (wis wim1) — wi + u;
For time-discretisation, we apply one of the various basic schemes to solve a general ordinary
differential equation

du
L F
u(0) = g

where

1 1 A0; 1 1 1 A
E;(t,u) = “h lh - ;/2] Uit + lhi (h + > Ty (Gigr2 — 61’—1/2)] U

hi | hitao 12 Nicy
_[ 1 +)‘5i—1/2
hi—1/2 2

:| U;j—1 + ’LL?

and
F(t,u) = (Fi(t,u), F5(t,u), ..., Fx(t,u)) .

Stability for Explicit Schemes
Theorem 16. Let the assumption (H1) and (H2) holds:

(H1): ug e L*([0,T7);
(H2): a condition C-F-L ( Courant-Friedrichs-Lewy)

in fienhi
At <
Lm1

where Lmy is a Lpschitz constant, takes place, then a solution u defined by

At At
uptt = (1 - At)uf — 7oy uf) + = (uf uily) + Atus,

and .

uf = J uo(z)dz,ie N,

hi Jk,

verifies

A<u! <B, forallieN,
and

| ui' o< C [ ug [Jo< B.



4.1. NUMERICAL STUDY IN ONE DIMENSIONAL CASE 38

o

Proof. According to assumption A < uy < B, a.e, and a definition of u?, we see that A < u) < B
for all 2 € N,

Let us show that this property is still true in the rank n + 1.

We have

N

At At

ut = (1—At)u — h—\lf(ufﬁrl,u:‘) + —U(u, ul ) + Atu?,

]

and

AT 1 Moap] . [At/ 1 1 A )
uptt = (1 - At)u} — T [ - ;/2] Uiy + lh' ( + ) t3 (is1/2 — 5%’—1/2)] u;

hisi/2 hivi2 hicie
At 1 A0i—1/2
S — n Atu?.
n |:hi—1/2 + 5 i+ A
Therefore

At 1 A; At 1 1 A
u;H—l _ = lh o +1/2] u;z+1 + ll — At + — (h + > + 5 ((Si+1/2 — 511/2>] U?

hi i+1/2 2 hi iv1/2 hicap
At 1 )\51'71/2
- — " Atu?.
n |:hi—1/2 I i AR
hence
U;;H_l = 7.97;+1U?+1 + 7.97,’&? + 7.97;_1’&?_1 + AtU? (41)
where
At l 1 )\5i+1/2:|
Doy === - ,
hi | hiyie 2
At 1 1 A
Y, =11—-At + — —(0; — 0, ,
[ " hi (hi+1/2 " hi—l/Q) " 2 ( e 1/2)]
and Al 1 M
t i
191'_1 = —— + 1/2 .
hi | hiiy 2
We have A
ﬁi+1 ng1h77 for’iEN,
t .
¥; < Lmlh—, for i € N,
t .
’(91'_1 nglhi, fOI'ZGN,
and

|J]< 1
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U(p,q) is a Lipschitz function on [A, B]* with the same Lipschitz constant in p and ¢ : Lm,.
Consequently, u!*! is a convex combination of u}, u!™" and ' on one part and linear

i 7 7

combination on the other part, then until (5.1)), for all i = 1,..., N, we have
| < g [y | 0 [ | #0500 |y |+ | At |
and
| uf TS Wigr + 05+ 0i0) [ 6 (oo + [ At ][] uo [loo

which implies
I a" o< Cr [l 4™ [loo +Co || uo oo

and a recurrence assumption implies
I U?H o< C1 [ 43 [Joo +Co || U? oo

and gives us
| ™ [loos C™ || ug [loo< B.
Convergence

Fix an initial condition u® € L*([0, 1]), that we discretize on a mesh T}, of step h,, > 0 :

1
(um)? = hJ U (2,0)dx, i € N,
i JK;

we use a step of time At,, and search a function u,,.
Supposed constant on every product of form

Jihum, (i + D hun[ X 100, (1 + 1) At :

U (2, 1) = (um)?, (2,1) € Jihy, (i + 1)hp| X [nAt,, (n+ 1)At,[
Calculate (u, )"

AL ((um)z = (um)}) = _hi\lj(ui+17ui) + FW(UZ 1) = ()i + ()5
When At,, — 0 and h,, — 0 for m — 0, the function family (u,,)men can converge to weak
solution of problem. n
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4.2 Numerical study in multidimensional case

In this section, we study the finite volume scheme applied to the elliptic-parabolic model (P)
in multidimensional case

The model (P) defined as:

-

u + Au — Adiv u% +u=uy (t,z)eR" xQ
B+IV (v—uo)]

u=20 0f2
u(0,2) = ug r el
—Av+Tv=0 €0
(P2){v=g oS

(1)

Where

Assumption 1

1. Q is an open bounded polygonal subset of R3.
2.7=20,=0and A > 0.

3. g€ C(0QR).

4. ug € C*(Q,R).

4.2.1 Definition and Theorems

We introduce some definition and theorems needed in our work. First we state the existence
and the uniqueness of solution.

Theorem 17. If g€ L%(Q), ug € L*(Q). Then, the problem (P) has a unique solution.

Remark 4. The third condition of the assumption assures existence and uniqueness as well
as positive of variational solution to problem (P,) wvia Lax-Milgran’s Theorem and Mazimum
principle.

To obtain a finite volume discretization of problem (P), we introduce some important nota-
tions and definitions:

Definition 4.2.1. (admissible meshes) Let Q2 be an open bounded polygonal subset of R, 2 or 3.
An admissible finite volume mesh of 2, denoted by T, is given by a family of "control volume’,
which are open polygonal convex subset of 2, a familly of subset of Q contained in hyperplanes of
R? denoted by = (these are the edges ( two-dimemsional measure) or sides (three-dimemsional)
of the control volumes ), with strictly positive (d — 1)-dimemsional measure, and a familly of
points of 2 denoted by PT satisfying the followimg properties:

1. The closure of the union of all the control volumes is €.
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2.

3.

For any K €T, there existe a subset Zx of = such that

0K=RK\K=|]@

OEE K
Furthermore, = = UgerZk.

For any (K, L) € T? with K # L, either the (d — 1)-dimemsional Lebesgue measure of
K n L =7, for some o € Z, which will then be denoted by K\L.

The family PT = (xx)ger is such that x € K (for all K € T) and, if 0 = K\L, it
is assumed that x, # xr, and that the straight line Dk 1 going through ) and xp is
orthogonal to K\L.

For any o € Z such that o < 09, let K be the control volume such that o € Zg. If
T ¢ 0, let Dg , be straight line going through i and orthogonal to o, then the condition
Dy, no # & is assumed, let y, = D, N O.

In this study, we use the following notations

1.

2.

size(T) = supdiam(K), K € T

For any K €T and 0 € Z,m(K) is the d-dimemsional Lebesque measure of K and m(o)
is the (d — 1)-dimemsional measure of o.

Denonting the set of interior (resp. boundary) edges by Ziny (resp.by et ).

Let N(x) be the set of neighbours of K. If o = K\L, we denote d, or dk 1 the Euclidean
distance between vk and xy, and dk , is the distance from X to o. If 0 € Eg N Eegr, dy
or di» denotes the Euclidean distance between i and y,.

The transmutability through o is defined by 7, = @) and Nk resp (ng) denotes the

do
outhward normal unit vector to o resp (0K).

we note that throughout this chapter, T is an admissible mesh in the sense of Definition 3.1 in

[29).
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Exemple:

Figure 4.1: Two control volumes of an admissible mesh [22]

For the time discretization, we define a temporal partition " = nk, for n € 0,...N, + 1
where k € (0, Ni) is the time step and Ny = maz {n € X, nk < T}. The value (ul,v}) is an
approximationof (u(nk,zg),v(rk) at (zx,t") € K x (0,7T).

Definition 4.2.2. Let Q) be an open bounded polygonal subset of R,d = 3 or 3, and T is an
admissible mesh. Define X (T') as the set of function from € to R which are constant over each
control volume of the mesh.

Definition 4.2.3. (Discrete Hj norme) Let Q be an open bounded polygonal subset of R,d = 3
or 3, and T an admessible finite volume mesh. For v e X (T), the discrete H} norm is defined
as follows.

[0 flr= (Z To(Dav)Q) : (4.2)

ogES

where
Dyv — {|UL—UK|7 YJEIE.\L’ _ (4.3)
| vk |, ifo €Sk N Eepte
4.2.2 Finite volume method for the elliptic problem (F;)
A finite volume scheme for the problem (FP,) is given by
Y Fro+mm(K)vg = 0,VK €T, (4.4)
=
Foezie = =T (vr — VK ), Vo € Ziy, if 0 = K\L, (4.5)
Foezie = —Tr(9(Yo) — vk), Y0 € Eepy, where v, = (9(Ys), V0O € gt (4.6)

We recall some important result of the approximation solution of elliptic problem (P,) (for
proof we can see [22]).
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Proposition 4.2.1. [22]. Under Assumption 1. Let T' be an admissible mesh. If (g(y,) = 0
for all o € Zeyy, then the solution (vi)ker of [4-9)-(4-0) is positive for any K € T.

Lemma 4.2.1. (Existence and uniqueness )[22]. Under Assumption 1, let T be an admissible
mesh; there exists a unique solution (v )xer To the equations -(@.

Theorem 18. (C? error estimation)[22]. Under Assumption 1, let T be an admissible mesh,
(vK ) ker 1S the solution to —(@. Assume that the unique variational solution v of problem
(Py) satisfies ve C*(Q). Let ex € X(T) be defined by er = ex = (v(xg) — vk) for a.e. v€ K
and for all K € T. Then, three exists C' > 0 depends only on v, 7 and €2 such that

| er [1,r< Csize(T), (4.7)
| er |2y < Csize(T), (4.8)
and
(r = vee) 1 v(x).n x 2
gegimm(a)dﬂ( dg m(a) Lv ( ) K,Ude( ))
o=K\L
(9(yo) —vk) 1 (e ()
Ug;ﬂm(a)da( i () Lv (z).1x 07 ))
o=KnoQ

< O(size(T))?

4.2.3 Finite volume method for the parabolic problem (P)

Appplying the following implicit finite volume scheme for the discretization of parabolic problem
(Py) yield:

n+l _ . n
m(K)w + N EE N Vil m(K gt = m(K)ul, (4.9)

O'EEK O'EEK

for all K € T, and for all n € {0, ..., Ny},

ule = ug(rg), for all K eT, (4.10)
where
Fg, = —Tr\p(uf —up), for all o € Z such that o = K\L, (4.11)
forallme {1,..., Ny + 1},
Fg o= —To(up),Yo € Zepy 0 082, for ne {0,..., Ng + 1}, (4.12)

no—yl i Vi =0
{“H v Yk, for all o € Sy, such that o = K\L, (4.13)

ug  =up, ifV,<0
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"=, if Vi, =0
Yo+ = UK 1 k. for all o € Zk such that o < 09, (4.14)
Uy, = 0, if V:U <0
Vi = —ra 01— ) — (1, )] ol 7 € S such that o = KL, (415

Vio = —To [(g(yg) —Vg) — (uo(y(,) — u%)] , for all o € Z,,; such that o < 09, (4.16)
with vk satisfies the equation (4.4))-(4.6) for all K € T,

and

_ A
VB+ [V (v —uo) [

Error estimate
In this following theorem we give a L™ estimate as well as the estimate error

Theorem 19. Let Q be an open bounded polygonal subset of R:, T > 0. Let ue C? (]R x Q, R)
be defined in (P) and v € C* (O, R) defined in (Ps). Letug € C? (Q,R) and g € C° (02, R,.). Let
T be an admessible mesh and k € (0,T). Then there exists a unique vector (ug)ger satisfying
—. In addition to that, there exists C' depends only on ug such that

Sup{|u} |, KeT,ne{l,...Nxg +1} <C) (4.17)

Furthermore, let €} = u(xg,t,) —uf, for K€ Tyne {l,.., Nk + 1} and h = size(T). Then
there exists C' > 0 depends only on u, v, and T such that

1\2
(Z m(K)(e’}()2> <C(h+k),YK e T,¥ne{l,..,Ng +1}. (4.18)

KeT

Proof. i) Existence and uniqueness and L* estimate: For the existence and uniqueness
of the solution of limite volume scheme, we can follow the proof of Lemma 3.2 page 42 in

lI?eztl'us now prove the estimate . We set mg = min u(z,0) = ug(z),z € Q. Let
n € {0,..., Ng}. Then, we claim that
min {uit', K € T} = min {min {u};, K € T} + T'my, 0} (4.19)
Indeed, if min {ul,, K € T} <0, let Ky € T such that
uptt = min {u"Jrl KeT}.

Since u%™ < 0, and replacing in relation ) K by Ky to get

n+1
u —u%
P: Ko Ko Fn+1 ‘r n+1 n+1 ‘f n+1
m( ) - Z Koo Z 6K0’U ‘7+_uK0 Z 5K00u

UEHKO O'GEKO U€_K0

(4.20)

— m(K)u’}(ng + m(K)u(}(O
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with Ko € T ana n € {0, ..., Ng}.

From the definition of F’ }}:}I and ugjjrl, we deduce that

DR <0and ) Vige (unt! —upt') <. (4.21)

O'GEKO O'GEKD

Next, in view the proposition [4.2.1, the function v is positive verifying —Av + 7v = 0,

then we find
Z Vg oUWttt = u?;glf Voung,(x)y(z) = TCJ vdz < 0. (4.22)
O’EEKO aKVO Ko
Thus, we have
uptt = uf, +uly, = min{ul, K € T} + Km. (4.23)

This prove (4.19) and by induction, we deduce that

min {uf, K € T} = min {min {u};, K € T},0} + nkmin {mq,0} ,n € {0, ..., Ny + 1}
(4.24)
Similarly,

maz {uf, K € T} < maz {maz {u}, K € T},0} + nkmaz {Mp,0} ,n € {0, ..., Nx + 1},
(4.25)
with My = mazu(x), z € Q.
this proves with C' depends only by uy.

ii) Error estimate: One uses the regularity of the data and the solution to write an equation
for the error €l = u(zk,t,) — ul, defined for K € T and n € {1, ..., N + 1}. Note that
e =0for KeT. Let ne {1,..., Ng}.
Integrating the first equation of problem (P;) over each control volume K of T, at time
l=1tnn1

L{ (T, typ)de + LK (Vu(x,t,11) — V(v — up)u(x, tysr)) ndy(z)

+ JK w(z, tne1)dr = m(K)uf. (4.26)

Note that, for all z € K and all K € T', a Taylor exeption yields, thanks to the regularity
of u:

1) = 7 (0, ) — ula, £)) + sic(2)

with | s%(z) |< Ci(h + k)
with some C} only depending on u and T'. Therefore, defining S = {,. s ()dz, on has

| Sp(z) |< Cym(K)(h + k) (4.27)
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Substracting (4.9)) from (4.26))

n+l

m(K)¥ + Z (G + WD) + m(K)eld = m(K)pl (4.28)
OEEK
— Y m(o) (R, + 6% ,) — Sp VK eT
oEEK
where
Gl =7 (ef™ =€) Vo € By 0 Ek,0 = K\L,
G"+1 = —Tae}‘;rl Yo € Zeut N 2k,
Wi = Wi + Wi
with

e = (v(rx) —vk) = (uo(rK) — u)

Wi = =7 (o0 = ex) ! = —roDrle)iz !
Wittly = =75 [(v(zL) — uo(zr)) — (v(zk) — uo(7k))] (W(To 4, trsr) — ultl)

= 74Dy (v — ug)el !,

where z, . = xx (resp x) if 0 € Zj,0 = K\L and V(v — ug)ng, = 0
(resp V(v —ug)ngs <0 ) and x, + = g (resp y,) if 0 € Zep N Eg
and V(v —ug)ng,, = 0 (resp V(v — up)ng,, <0 ),

m(lK) JK u(z, tyyr)de,

(U)R" _ ) 7o (u(ﬁK» tn—H) — U(xL’ tn—i—l)) - Sa VU(% tn+1)nK,Ud’7(x)7 ifo = K\L € Zint
o —To (U(.Q?K, tn+1)) - So' VU('T7 tn+1)nK,ad7($)a ZfO' € E’e:ct M EKa

p?( = u(xKathrl) -

7o [(v(rx) —uo(rk)) — (v(zr) — uo(zr))] + §, V(v — wo)(z)nkou(w trir),
ifo = K\L € Zom,
7o [(v(zK) = uo(rK)) — (9(¥o) — wo(yo))] + §, V(v — o) (@)1 ou( tns),

1fo € Zepr N Ek,

m(o)ry, =

Thanks to the regularity of u, there exists Cy, only depending on u, v, ug and 7" such that
| R, | + | ko [< Coh (4.29)

and

| Pl |< Cah (4.30)
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foranyKeTandoe_K
Multiplying (4.28)) by €%, summing for K € T', and noting that

D D Giget = ) ol =ll e IR

KeT oeEg OESK

> X Wiz 20,

KeT oe=k
D ) (™) =l e |72
KeT

where e € X(T),elt(x) = e} for a.e. € T, we obtain

(1+F) [ e ||L2 o k| e [T p< km(K)pe™ — k Z Z mes(0) (R, + 075, )ef

KeT oeEx
+ Z k | SK | en+1 k Z Z WK,O’,Ien+1 Z n+1 n
KeT KeT oeEg KeT
(4.31)
by young’s inequality, the first term of the left hand side satisfies:
n n 1 :
| >, m(K)ppert! |< 5 Il eic™ za@) +5C5(size(T))*m(Q). (4.32)

KeT

Hence, (4.31)) and (4.32)) yield that there exists Cy only depending on u and {2 such that

(L+k) ek @ + 5 || R < Cakh® —k Y D mes(0)(Ric, + 0rp,)eit!
KeT oeEx
+Zk;ys;g|e;;+1—k2 D Wioael™ + ) m(K)ei el
KeT KeT oeEx KeT
(4.33)

Using (4.27)), (4.29) and (4.30) and Cauchy-Schwarz’s inequality yields,

Lk
(L4 8) [ 5™ e + 5 e i< Cakh® + Cik(k + 1) Z m(K) | e

KeT

—k 2 Z WK,U,16n+1 Z n+1 n (434)

KeT oeEk KeT

Applying again the Cauchy-Schwarz’s inequality and the the estimate (ab < 3(a® + b?))
to estimate

E(k+h) > m(K)ei" < k(k + h) (Z m(K)) (Z m(K)(e”KH)2>

KeT KeT KeT

— k(k + h)(m(Q)2 || €5 |2
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and
1 1
Y m(K)epten < sm(K)(efi ) + sm(K)(ef)
KeT 2 2
1

> llex! H2L2(Q) +§ | ek H%Q(Q)

\)

Using the estimate (4.7]) of the Theorem (18 to find

Z Z WKUle"H Z —TODJ(G)UZ::}(GZ::} — egjr_l)

KeT oe=Ek oEE K
<Cler HlTH er' Ilur
< Csh |l et |,

where for all o € 2,

e

i1 {e?(, if Vi, > 0,

s e, if Vo <0

n+l 67}(, if VKJ = 0,
7 en, if Vo <0

and Vg, = —7,D, (v — Up).
We note that if 0 € Z then e} = et = 0.
Then, we obtain

(5 +k) [l ek N 5 ller e Cakh® + Cik(k + h)(m(Q2))2 || e (|72
1
+ Cekh || e [lr +5 Il er [ (4.35)

So, applying again the estimate (ab < %(a2 + b%)) to estimate
k

k
B e s 5%+ 2 bt I

Then, we deduce
(1+2k) || ex™ [1720)< Crkh® +2C1k(k + h) (m(Q )z || entt 2@ + I € [172(q) - (4.36)

Since, we obtain
(1+2k) || e 1720)< Cs [kR® + k(k + D) || €5 2] + | € 117200 - (4.37)

Where Cg € R only depends on u, v, ug, 2 and 7.
Remarking that for € > 0, the following inequality holds

n n 1
Csk(k +h) || et ll2y< e | e 17200 +8—20§k2(k: + h)?
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taking €2 = 2k, (4.37) yeils,

1
| 7t 1720)< Cskh?® + §O§k(k +h)2+ | e 120 - (4.38)

Then, if || €% [|72(q)< Cn(k+R)?, with C,, € Ry, one deduces from (4.38)), using h < k+h
and k < T, that
I 7 1172 < Culk + h)*

with Cp, 41 = 2kC,, + Cy and Cy = Cs(0 + T) + C2(0 + T)%.

Note that Cy only depends on u, v, ug, 2 and T'.

Choosing Cp = 0 (since || e} [|72q= 0 ), the relation between C, and Cy; yeilds
On < 09€2kn.

Estimate follows with C? < Cge*”.

Proposition 4.2.2. Under assumption 1. Let T be an admissible mesh. If ug = 0 for
all K € T, then the solution (uk)ger of — satisfied ug =0 for all K €T.

Proof. We have ug) = 0 and from the relation (4.24)), we deduce that
min {uf, K € T} = min {min {u}, K € T},0} + nkmin {mg, 0} = 0,

therefore u > 0. So this proves this Proposition.

4.2.4 Finite volume method for the elliptic-parabolic problem (P)

A finite volume scheme of the problem (P) can be defined by the following set of equations:

n+l _ n

m(I) N e N §Vieoul 4+ m(K )t = m(K)ul VK € T (4.39)

k O'EEK 7 UEEK 7 7
> Fro+7mm(K)vg =0,YK €T, (4.40)

O'EEK

wle = ug(rg), VK € T, (4.41)
Fi o = —Trn(uf —uf), Yo € Sy, if 0 = K\L, (4.42)
Fi o= —To(up), Vo € Zcpy 0 082, (4.43)
Vi = —7o [(v — v) — (ul — u%)], Vo € Z if 0 = K\L, (4.44)
Vio = —To [(g(yg) —Vk) — (uo(y(,) — u?()] Vo € Eoyy, if 0 < 09, (4.45)
FJEEK = _TK\L(UL — UK),VO' € Einta if o = K\L, (446)

FcreEK = _TK\L(g(ya> - UK): Vo e Eewtu Vo € Eext' (447)
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With w2} + m(K)uj" is defined by the relation (4.13)-(4.14). In this work, we assume that

the unknowns v and v are constants over each control volume K of the mesh T'.
Now, from section [£.2.2] and [£.2.3] we are able to conclude that the main result is represented
by the following Theorem.

Theorem 20. Let Q2 be an open bounded polygonal subset of R, T > 0. Let (u,v) € C? (R x Q,R) x
C? (L, R) be defined in (P). Let ug € C* (Q,R) and g € C? (0Q,Ry). Let T be an admessible

mesh and k € (0,T). Then there exists a unique vector (u, Vi) gep satisfying (4.39)-([4-47).
Furthermore, let €% = u(xg, t,) — ul, for K € T,n € {l,... N + 1} and h = size(T). Then,
there exists C' depends only on u,v,ug, 2 and T such that

1\2 1\2
(Z m(K)(e’}()2> + (Z m(K)(eK)2> <C(h+k),YKeT,Vne{l,.. Ng+1}.

KeT KeT

Proof. The demonstration of this Theorem is a consequence of Lemma [1.2.T], Theorem [I§ and
19 O]

Proposition 4.2.3. Under assumption 1. Let T" be an admissible mesh. If ug = 0 for all

K €T, then the solution (uk,vi)ker of — is positive for all K € T, (ug = 0 and
v =0 forall KeT).

Proof. The demonstration of this Proposition follows from the Proposition [£.2.1] and [£.2.2] [

4.3 Numerical analysis

In this section, we simulate the numerical solutions of the following Thixotropic problem

Pu 0 o, (v~ o)
u,ﬂ—@—/\% u p = | +u=uo, (t,z) € [0,1] x Q
B+ %(v—uo)
0%

——~— +t1v=0,2eQ

In our numerical method, we consider 2 = [0, 1] and the time (in second) ¢ = 1, the spatial
step size h = 107! and the time step size k = 10~%s, 7 = 0.01, A = 0.02 and

u(z,0) = 22 + 1

v(z) = AeV™ + Be V™ € C* ([a,b]),

where

A — (ne—ﬁb _ ge—ﬁa) \ (eﬁa—b) _ e—ﬁ(a—b)) 7
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and
B — (geﬁa _ neﬁb) \ <6ﬁ<a—b> _ e—ﬁ(a—b)> ‘

The boundary conditions are:

u(a,t) = u(b,t) =0,
v(a) =n, v(b) =0

Letusa=0,b=1,7=1and # = 2. So, we have the following numerical results which defined
in Figures 4.1-4.3.

Discussion

Note that for all 0 < 8 < 1, the flow speed of fluid increase with time, this reason leads to a
decrease in viscosity of the fluid which explains the phenomeon of thixotripy.

We also note that for all 0 < A < 1 ( initial parameter of viscosity) with increasing of the
temperature, the viscosity decrease with time and this is what we observe with Ketchup that
remains knit until its viscosity is decreasing with time and by high the temperature, while its
flow speed of fluid is increasing.
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Figure 4.1: Numerical solution of the thixotropic problem for 5 = 0.1
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Chapter 5

Numerical study in one dimensional
case for the fractional Thixotropic
problem

In this chapter, we study and approximate the fractional thixotropic problem (FP) by using
the finite volume schemes in one dimensional case which is based on Method of Lines (MOL).

0
ut—i—Do“u—)\i u %(U_UO) +u=uy (t,z)eR" xQ
(P1) 5 ax \/6+a(v—u())2
(FP) 9 u=70 0Q
L w(0,2) = up x €
(P2){ —2:2}—1—7'1):0, r e
{ v=g oS
Where Q = [0,1], 3, 7 and \ are positive constants and D* = (—0%\0z?)2 defined by
(D*C)(x) = _T(loz) f(x —72)C(Z2)dz.

Definition 5.0.1. (Riemann-Liouville fractional derivative on |a,b])

N 0“u(x,t 0% s
D%u(x,t) = (3EC‘"> = (3;1:2([2 Yu(z,t), for ae]l,2[,

Where 1%(.) is called the Liouville integral and it is given by the following integral

1 T u(é )
I'(a) L (x =)t

Iu(z,t) = dg,

Where T'(.)is the well known Gamma function.

95
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5.1 Discretization method of the problem

In this section, we only discretize the first equation of the problem (P;) because the first
equation of the problem (P,) with the boundary conditions v(a) = n and v(b) = @ is easy given
by the following equation:

v(z) = AeV™ + Be V™ € C* ([a,b]),

where
A— (ne—ﬁb _ ge—ﬁa> \ (ewa—b) _ e—ﬁ(a—b)> ,

and
B (geﬁa _ neﬁb) \ (eﬁ(a—b) _ e—wa—b)) ‘

Definition 5.1.1. (admessible mesh) An admessible mesh of (Py), denoted by T, is given a

..........

Ty = T1/2 = 0< T <3 < ... <Tj—1/2 < Tj < Tjy1/2

<Ny <ZITny12 =2Tny1 = L

Ones set
h; = m(Kz) = Tit+1/2 — $i—1/27i =1,..,N

and therefore Zfil h; =1,

hz_ = T; — .732‘,1/2,7; = 1, ...,N,

hj = Tiy1/2 — xi7i = 17 EREE) N7

hi—1/2 =x; —2i—1,1=0,..., N,

hiyi/2 = Tiz1 — 23,0 =0,..., N,

size(T) = h = maz {h;;i =1,...,N}.
A weak solution u(z,t) is defined on [0,7] x [0,1], we introduce a mean value u;(t) of a

solution, that one assumes exists in the following meaning

1
w;(t) = ™ JK u(z,t)dz,i e N,

ou;(t) _ IJ (3u(x,t)dm e N
hz I Y Y

ot

1
u;(0) = ™ JK u(z,0)dx,i € N,
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Now, we get to approach (D*C)(x) on K; (namely x € K;) by a quadrature formula. A new
quadrature formula has been proposed which uses weight functions. This formula has the form
given below:

(D°C)(x) — *F(loé)‘[f(x*Z)“_lc( ViZ — — Zw“ — sh)eLC(sh),

where sh are nodes of a quadrature formula and w;, are weight functions with Zi:o ws; = 1.
Integrate the first equation of problem (P,) on K;, with

0
= (v = u0) (2)

\/m W

d 0
— d D%udz — A — (ud)d
dthiu :c+JKi udx L{lax(u) x

+ f udr = J wodx
K; K;
—f f Z)*0(Z)dZ dx

—A [ ($i+1/27 )5($z+1/2) - u(xi—l/% t)5($i—1/2)]

o(r) =

in order to obtain

which implies

namely,
1 ZZ: wsu(rg,t) | (2 — 2,)* Hdw
Oé) s=0 7 7 Kz
— Mu(@ip1/o, £)0(xiv1/2) — w(@io1y2, )0 (i 12)]
implies

Yot al(a t [($i+1/2 —x,)" — (931'*1/2 - xs)a]

— Mu(@ipr/a, £)0(wis1y2) — w(wio1j, )0(2i1/2)]
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o8

implies

ou; 1 : .
hi e [af(a) SZ W (s, 1) (Tig172 — )" + /\u(xiﬂ/z,t)é(xiﬂﬂ)]

=0

1 7
+ [OM ;}ws,ﬂb(xs,t)«xi_l/g - l’s)a =+ )\U(Ii_l/g,t)(5<$i_1/2)]
+ hyu; = hu?.

(2

Denote the flux of exact solution at the vertex x;1,/; and x;_,/ by

F(xip12,1) = — ) Z We (T, 1) (Tig1/2 — Ts)™ — Au(Tig1/2,1)0(T541/2)
s=0

ol (a)
= 1 i a )‘5($i+1/2)
= _ar(a) ;w5,iu($s, Zf) ($i+1/2 - -735) o [U(-Ti—s-b t) + U(iUi, t)]

Where
0
3 (U - Uo) (96’7;+1/2)
5($i+1/2) = Cr 5
\/ﬁ + e (v —up) (Tiz12)
ov ou
%(%‘H/z) - T;(%‘H/z)
ov ou 2
\/ﬁ + %(%H/z) - T;(%’H/z)
and
F(xzi_y,t) = — Z W (s, 1) (12 — 26)" — Au(@i_1/2, )0 (251 2)

al'(a) =

= aFl(a) ;}ws,z‘u(%i)((%m —x5)" — W [u(x;, t) + u(x;_1,t)]
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Where

0
% (U - Uo) (%—1/2)
\/6 o (0 - o) (i)

ov &uo
%(%71/2) - %(%71/2)

\/ﬂ—l— ov 6u0

%(Iz‘—m) - 87(%_1/2>
lu;(t) — u(x;, t)| < ch?.

5(1'7;—1/2) =

2

2

As x; is the midpoint of K;, one has

Approach the flux of an exact solution at the vertex z;,/, by numerical flux which depends on
mean values = (ug, Uy, ..., Ui, Uir1)

E(“’O? Uy, ..., Uy, ui-i—l)
1< AO(Ti41/2)

~ 3T ;}ws,ius(t)((fm/? — )" =

[wig1 (t) + wi(t)]

e 2 e (o =2 = (0.0

where .
Viy1/2 B a“z‘+1/2

ox ox

diy1/2 =

2
0
OVit1/2 aui+1/2

p+ ox ox

and at the vertex x;_;/» by numerical flux which depends on mean values = (W, Upy vevy Ui—1, Uy)
Z (w0, Uty oy Ui, Us)

- _Oérl(og) ;Owsvius(t)((mil/z —xs)* + W
N _ozfl(a) ZZ: ws,iUS(t)((%—yz —x)% — W (u(t), uir (1))

=0

[wi(t) + ui1(t)]

where .
Vi_1/2 B auz‘—1/2

ox ox

Vi—1/2 B au?fl/z

di—1)2 =

2

b+

ox ox
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to obtain an ordinary defferential equation

ou;(t 1 _ _
(;§> = —E:,(UO,’U,l, ceey U,y U7;+1) + E:(Ug,’ljl, vy Ui—1, Ul) — U; + 'LL,LO
1 1
For time-discretisation, we apply one of the various basic schemes to solve a general ordinary
differential equation

du

— = F(t

dt ( ’U’)
u(0) = ug

5.1.1 Stability for Explicit Schemes
Theorem 21. Let the assumption (H1) and (H2) holds:
(H1): ug e L*([0,T1]);

(H2): a condition C-F-L ( Courant-Friedrichs-Lewy)

At < in fienhi
Lm1

where Lmy 1s a Lpschitz constant, takes place, then a solution ] defined by

At
ultt = (1 — At)ul — FE(ug,u?, caulut ) + FE(ug,uqf, U ul) 4 At
(3 (3
and
o_ 1 :
u, = — | wo(z)dzr,ieN,
hi Jx,
verifies
A <u! < B, forallieN,
and

| uf |lo< C || up ||o< B.

Proof. According to assumption A < uy < B, a.e, and a definition of u?, we see that A < v? < B
for all 2 € N,

Let us show that this property is still true in the rank n + 1.

We have

At

At
ult = (1 — At)ul — — 7

(2 hz

—=(,m ,n n o, n =, M n n 0
E(ug, uy, o ul ut ) + —E(ug, uy, e ulg, ug) + Atug,

and

At 1
ul ™t = (1 — At)u + — Z Wy it (1) [(ig1yo — 25)" = (Tim1y2 — 25)%]

2
2h;
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Let us explicit I:(./L'i_;,_l/g —x5)* = (Ti1)2 — xs)“]. Then, we have

(Tir12 — @5)* — (Tim1jp — )"

(%’H/z - fl?zel/Q)

(xi+1/2 —xs)" — (5172'—1/2 — 1) = ($i+1/2 - $i71/2)

= a(xiﬂ/z - %‘71/2)04_1(%41/2 - $i71/2)

= ah;.

Therefore
AAL AAL AAtL
ntl Thiém/guﬁﬂ + [1 — At + o (Gis1y2 — 6i—1/2)] u; — Thi@—l/?“?—l
+ Yy x(a, 4, s)u + Atul.
s=0
hence ‘
u?“ = Visrugyy + Viug + i qui ) + Z x(a i, s)ug + Atu? (5:1)
s=0

where AAL

19i+1 == W(S’H-l/Q;

AAtL
;= 1—At+ o (5i+1/2 - 52‘—1/2)] )
AAL

Vg = —Thifsz‘—m

and 1
X(a, i, S) = @ws,ih?'
We have "
191'+1 < Lm1h7; fOI‘ (S N’
t )
Y; < Lmlh—, for i € N,
t .
¥, < Lmlh—, for i e N,
and
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U(p,q) is a Lipschitz function on [A, B]* with the same Lipschitz constant in p and ¢ : Lm,.
Consequently, u!*! is a convex combination of u}, u!™" and ' on one part and linear

i 7 7

combination on the other part, then until (5.1)), for all i = 1,..., N, we have

%
| < i [y |+ [0 ] | 40 [y |+ | D Xy s) || ul [ +AE ] of |,
s=0

and

A
| u <] (Dign + 05+ Diy + Y X0, 8)) |1 ™ oo +AL || ug [|oo
s=0

which implies
I a" o< G [ 4™ [loo +Co || uo oo

and a recurrence assumption implies
[l o< Cs | i floo +C2 | 0 floe

and gives us
Iu™ lo O™ [ ug [loo< B.

]
5.1.2 Convergence
Fix an initial condition v° € L*([0,1]), that we discretize on a mesh T}, of step h,, > 0 :
o_ 1 -
(Um); = — | um(z,0)dx,ieN,

hi Ji,
we use a step of time At,, and search a function u,,.
Supposed constant on every product of form

Jihm, (1 + D) hp| X [nAty,, (n + 1)At,] :
U (2, 1) = (um)7, (,1) € |ihp, (1 + 1)hp| X [nAty,, (n 4+ 1)At,,[
Calculate (uy, )"
1 n+1 n 1 = 1 -

- ()i = (un)?) = == ((wn)os (@)1, ooy ()i (m)isn) + 7= = (wo, (tm)1s ooy (n )it (1))

— (Um)i + (um)?

When At,, — 0 and h,, — 0 for m — 0, the function family (u,,)men can converge to weak
solution of problem.
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Numerical analysis

In this section, we simulate the numerical solutions of the following Thixotropic problem

52
—ﬁ—FT?}:O,.’L‘EQ

In our numerical method, we consider Q = [0, 1] and the time (in second) ¢ = 1, the spatial
step size h = 107! and the time step size k = 10~%*s, 7 = 0.01, A = 0.02 and

u(z,0) = 2 + 1

’U(l') = A€ﬁx + Be_ﬁx € COO ([Cl, b]) )

where

and

The boundary conditions are:

u(a,t) = u(b,t) =0,
v(a) =n, v(b) =0

Let usa = 1\2, a =0,b=1,n=1and § = 2. So, we have the following numerical results
which defined in Figure 5.1-5.3.

Discussion

In the case @ = 1\2, it is clear that the previous result in the chapter4 is correct and it expound
more the phenomenon of thixotropy, where we note also that for all 0 < f < 1 the speed of
fluid is increasing with time, this reason leads to a decrease in viscosity of the fluid .
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Figure 5.1: Numerical solution for the fractional thixotropic problem
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Figure 5.2: Numerical solution for the fractional thixotropic problem
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Conclusion

Thixotropic systems are time dependent partial differential equation systems. It is composed
of two equations; the first is a convection-diffusion equation, the second is a reaction—diffusion

equation.
In this research work, we have studied the following Thixotropic problems

-

) up + Au — Adiv lu\/%} +u=u1uy (t,z)eR" xQ
! u=0 o
(P) 5 u (0,2) = ug r e
—Av+Tv=0 2€Q
L (PQ){vzg oS

and its space fractional problem (FP).

-

up + D% — Adiv [uv(vuo)] +u=uy (t,z)eR" xQ

/ B+|V (v—uo)|?
(FP) | (7) u=0 )
u (0, 2) = ug r e
—Av+Tv=0 7€
L (P2) { v=yg 0f)

For the Thixotropic Model(P), under some assumptions on initial and boundary data we have
proved :

1. The existence and uniqueness results by using a Lax-Milgran Theorem, trace Theorem
and Galerkin method.

2. the positivity of the solution using the Maximum Principle.

3. The decay exponential solution using the energy estimates.

4. The existence and uniqueness for a numerical solution obtained by FVM.
5. the stability and convergence for a numerical scheme obtained by FVM.

Besides, for the fractional Thixotropic Model(FP), under some assumptions on initial and
boundary data we have proved :

67
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1. The existence and uniqueness results by using the Fractional Gagliardo-Nirenberg in-
equality, Galerkin method, fixed point theorem and some Sobolev inequalities.

2. the positivity of the solution using the Maximum Principle.
3. the existence and uniqueness for a numerical solution obtained by FVM.

4. the stability and convergence for a numerical scheme obtained by FVM.

Contributions

The contribution of the presented research work can be viewed from different aspects, the
important one can be identified as follows:

1. Analysis and proof determination for the Thixotropic model (P) solutions such as the
existence, uniqueness and positivity.

2. Proving the existence, uniqueness and positivity of solutions for the fractional Thixotropic
model (FP).

3. Determination of the approximate solution for the Thixotropic problems (P) using FVM.

4. Determination of the approximate solution for the fractional Thixotropic problem (FP)
via FVM.

5. Study the stability and the convergence of approximation solutions.

Future work

In view of the importance of the Thixotropic problem in sciences and its various applications,
many research areas still not be covered and can be suggested for future investigations. In
particular, the following areas could lead to a fruitful research:

1. Investigate our numerical methods with other boundary conditions, and nonlinear source
terms.

2. Develop high-efficiency finite volume methods for solving fractional differential equations.
3. Investigate our numerical methods in higher-dimensional problems.

4. Study the problem temporal fractional Thixotropic system , and the temporal and spatial
fractional Thixotropic.

5. Investigate other numerical methods for the same problem conditions.
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Abstract

The Thixotropic model is described by a system of nonlinear PDEs. The system under
consideration represents a convection-diffusion equation for the speed of the fluid thixotropic
coupled with a reaction-diffusion equation for the temperature of the fluid.

The aim of this thesis is the study of the existence and uniqueness of solution for both
Thixotropic model and its space fractional model by using certain assumptions. The proof is
based on the Lax-Milgram Theorem, Galerkin’s method, the Principle of the Maximum and
the fixed point theory. And also the study of numerical solution for the thixotropic model
and its space fractional model.

The finite volume method is utilized under certain hypotheses to prove the existence and
uniqueness of an approximate positive solution. The study also demonstrates the stability
and the convergence of finite volume method. Finally, we end this thesis with some
numerical simulation carried out by the Matlab software.

Keywords:

Thixotropic model; Fractional differential equation; Global solution; Galerkin method,
Maximum principle; Fixed point theorem; Method of Line (MOL); Finite volume method.

Résume

Le modele de Thixotrope est décrit par un systéeme d’EDP non linéaire. Le systéme considéré
représente une équation de convection diffusion pour la vitesse du fluide thixotrope couplee
d’une équation de réaction-diffusion pour la température du fluide.

L’objectif de cette these est I’é¢tude de 1’existence et de ’unicité de la solution pour les deux
modeéle thixotrope et son modele fractionnaire spatial en utilisant certaines hypotheéses. La
démonstration est basé sur le théoréme de Lax-Milgram, la méthode de Galerkin, le principe
du maximum et la théorie du point fixe. Et aussi I’étude de solution numérique pour le
modele thixotrope et son modele fractionnaire spatial.

La méthode des volumes finis est utilisée sous certaines hypothéses pour prouver I’existence
et "unicité d’une solution positive approchée. L’étude démontre également la stabilité et la
convergence de la méthode des volumes finis. Enfin, nous terminons cette thése par quelques
simulation numérique réalisée par le logiciel Matlab.

Mots clés:

Modeéle de Thixotrope; Equation différentielle fractionnaire; Solution Global; Méthode de
Galerkin; Principe du Maximum; Théoréme du point fixe; Méthode des lignes; Méthode

des volumes finis.
‘.@

Loly doluudVl 8iiall 390 (2 S 10idSlined A gadl Jokonll Al 9 3929 dunlyuds Liod dngyboYl ol (3
dasill &ylas 5 plaedl el cplyidre (uSI &oylas plaswinls ol 8 st (S mSl Friall Z3g05 (f3 45U
Ayl e slaiel 9 dgdmall @l Ayl Jlasianl rilSlanall ¢yilg) Louall Judoeddl duslydy Uad LS
Mbladl 7oLy Jlarianl 3de 88loas d>9,bY1 Lugsl 9 . b glasdl

a8 dsdl s cplyihen (s &yt o uSIl Ao ) Aslaall ¢ Aol 8 uiiell 5 905 s lidedl LS
- bglasdl ddy b 9 dgdmall paesdl Ao ¢ Buslall dlaidl dyylas ¢ Jsniiall



	Introduction
	Preliminaries
	The Spaces of Continous Function
	 The  Lp Spaces
	 The Sobolev Spaces
	Some useful inequalities

	Gronwall’s Lemma
	Trace theorem
	Fixed point theorem
	Lax Milgram theorem
	Ascoli theorem
	 Method of Galerkin
	Finite volume method50
	Method of lines (MOL)29

	Existence and Uniqueness of weak solution for Thixotropic problem
	Existence of weak solution of the problem ( P) 
	Existence of weak solution of the problem ( P2) 
	Existence of weak solution of the problem ( P1) 
	Global solution of problem ( P) 


	Existence and uniqueness of solution for the fractional Thixotropic problem
	Existence and uniqueness
	Existence and uniqueness solution of the problem ( P'1) 
	Convergence of the problem ( FP')  to the problem (FP)


	Numerical study for the Thixotropic problem
	Numerical study in one dimensional case 
	Solution methods

	Numerical study in multidimensional case
	Definition and Theorems
	Finite volume method for the elliptic problem  (P2) 
	Finite volume method for the parabolic problem  (P1) 
	Finite volume method for the elliptic-parabolic problem  (P) 

	Numerical analysis

	Numerical study in one dimensional case for the fractional Thixotropic problem
	Discretization method of the problem
	Stability for Explicit Schemes
	Convergence


	Conclusion
	Bibliography

