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Abstract

In this memory, we consider the Stockes system with boundary conditions depending
a parameter v on the boudary of the holes T, and boundary conditions wich are ho-
mogeneous (Dirchlet type condition) on the boundary of 2, we consider the flow of an
incompressible viscous fluid through a porous medium, under the action of an exterior
electrical field. The aim is to give the asymptotic behavior of the velocity and of the pres-
sure of the fluid as ¢ goes to zero. We use the periodic unfolding method in perforated
domain. We give at the limit problems correspending to different values of ~.

Key words : stockes problem, periodic unfolding, perforated domain, homognisation.

Résumé

Nous considrons dans ce memoire le systéme de Stockes avec des conditions aux bords
non homogéne dpendent de v sur le bord des troux T, et des conditions homogénes
(condition de type Dirchlet) au bord de 2. Notre objectif est d’étudier le comportement
asymptotique de la vitesse d’écoulement et de la pression du fluide quand ¢ tend vers
zero par la méthode de 1’éclatement périodique dans un domaine perforé. Nous obtenons
plusieurs cas différents selon les valeurs de 7.

Mots clés : probleme de Stockes, éclatement périodique, domaine perforé, homogénéisation.
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Symbole

Vu

Lg)OC(Q)
WP (Q)
H'(Q)

Hy ()

Notations and definitions

Notations
Signification
The gradient of u, Vu = (59—;1, o a‘?;;)
= diU(Vu)

The set of continuous functions whose support is a compact set of RY contained in Q

The Lebesgue space,
{w:Q+— R mesurable ; [,|u|? < +o00} if 1 <p<+oo,
{u: Q@ — R, umesurable and such that there exists C' € R; with |u| < C} if p=+o0

= {u € LP(w), for any open bounded set w with @ C Q}

The Sobolev spaces, WHP(Q) = {u € LP(Q); |Vu| € LP(Q)}

{u € LA(Q), 2 € L2(Q),i=1,.. .,N}

The space of function in H'(2) will vanish on the boundary in the sens of the trace.

Definitions

Holder Inequality :

Definition :

if 1 < p < oo, and if q is combind exposure of p .We have , for

fe LP(m) and g € L9(m), the inequality of Holder :

1 1
[ifaldm < ([ 1Pam)a [ iram)a

Cauchy shwarz Inequality :
Definition : for p=q=2, we have :

Jisatdm <[ fIQdm);( / IfIQdm);



Young Inequality :
Definition :let a,b € R* and p,q €]1, 4+00[ as:

a?  bd
ab< —+ —
p q
Inequality of Poincaré:
proposition: there exists a constant C such that

ullzr0) < ClIVullr@), YVu € Hy(2)

Lax-Milgram :

theorem: Let a be a continuous bilinear form on a Hilbert space H and
F € H'. Assume that a is H-elliptic with constant ag. Then the variational
equation has a unique solution ue H
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INTRODUCTION

Various physical phenomens can be described in terms of fluid flow in porous medium. It
occurs in the study of filtration in sandy soils or blood circulation in capillaries, see Bear [2]
and Hormung [10] for more examples and motivation. In the study of such processes, one
would like to find some averaged characteristics of the flow, e.g permeability, velocity, and
pressure.

To obtain such quantities, ther exist several mathematical approches collectively referred
to as homogenization theory. In the late 1960’s and early 1970’s, this theory became in its
own right a new part of the branch of mathematics concerning partial differential equations
and their numerical approximations. It had its origin in serval works from physics and
mechanics, where equivalent (spatially) homogenous macroscopic structures were obtained
for microscopic heterogeneous media (see for example Bruggeman [1] (1935), Hashin and
Shtrikman [9] (1963)). Ther interest of applied mathematicians and numerical analysts
started in earnest in the late 1960’s. Seminal works appear in De Giorgi and Spagnolo [3]
(1973), Babuska [1] (1975), Bensoussan, Lions and Papanicolaou [3] (1978), Sanchez-Palencia
[12] (1980), among others.

This theory allows to replace problems with strongly oscillating coefficients by approximate
problems with constant coefficients, this signifies mainly that the solution of a boundary value

problem, depending on a small parameter, converge to the solution of a limit boundary value



problem wich is explicity described, and therefore much easier to process numerically.

In this work, we study the stokes problem whith non homogeneous slip boundary condition
depeding on a parameter v € RY (whit still e- size holes ) was studied by Cioranescu,Donato
and Ene in [3] by energy methods, and in 1980 Ene and Sanchez-Palencia study the stokes
flow in a periodic porous medium whith Dirichlet condition on the boundary of the holes see
[12].

In 2012 [13] Rachad Zaki study the stokes problem in a periodic porous medium with Robin
condition on the boundary of the holes containing a terme ae”u,. following the values of ~
serval a priori estimates are obtained wich lead to different limits lows.

This memory is organized as folow:

In the first chapter, we present the multiple-scale for the Stokes system.

In the second chapter, we define the periodic infolding methode in perforated domains and
some properties.

Finally, in chapter 03 we study the asymptotic behavior of the velocity and pressure of the
fluid as € — 0 this leads to the main homogenization results, the first of them , for v < 0
, we get at the limit a Darcy law as enounced in theorem 3.1 ; while, for v > 0 , it is a

Brinkman law as enounced in theorem 3.2.



CHAPTER

THE MULTIPLE-SCALE METHODE FOR
THE STOKES EQUATION

In this chapter we apply the multiple-scale method to the study of Stokes equation.

1.1 The multiple-scale methode

We consider a small positive parameter €; the fluid domain is defined by
Q. ={x;x €Y.} (1.1)

where §2 is a given domain. In this chapter we only consider a formal expansion of the

velocity and pressure out a neighbourhood of 3§2; consequently.
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We consider the stokes problem

—gradp. + Av. + f =0 in (2.,

divv, = 0 in £2,, (1.2)

ve =0 on O0f2..

Now, we postulate an asymptotic expansion

ve(z) = evo(x,y) + e’va(x,y) + ... (1.3)

pe(x) = po + ep1(z,y) + ...

T

with y = —, v, P; Yper in Y, for x € §2,y € Y. Note that we postulate that py does not
5

depend on Y, this is natural, because the very function in (1.2) is gradp., which depends

on y from the first term because of the classical relation

d o 10

= — . 1.4
dx; ox; + g 0y; (14)
The same relation (1.4) shows that the expansion of A is
1 1
AZEAyy-Fg... (15)

where Ay, denotes the laplacian with respect to the variables y; (x; begin parameters).
The form of the relation (1.5) shows that the first significative term in (1.3). As usual in
homogenization problems, if we postulate an expansion beginning by €¢ terms, the two first
terms will be find to be zero.

To study the problem (1.2), we replace (1.3) into (1.2). Then, by taking the gq¢ term for the

first equation of (1.2), the & term for the second equation of (1.2) and the e term for the
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last equation of (1.2), we have

op1 Opo )
_@+Ayvg+(fi—£):0 inY,
div,vy = 0 inY, (1.6)
volr =0 inT.

With the supplementary condition vg, p1 are Yy, in Y. This is the local problem, where
@ is a parameter and the term in parenthesis of the equation of (1.6) plays the role of given
force, vg and p; are the unknowns. We shall see later that (1.6) leads to the Darcy’s law.

Befor studying this, for the second equation we have

) , (OV°  18v° 5 (Ovt  10v!
divv® = ¢ + - + e 4+ =
8:1:,- g By, 8582 g By,

, 0v° L Ov° 38'01 , 0V’
=€ + € + € + e
ox; 0y; ozx; 0y;

=0
we consider the €2 term for the second equation of (1.2)
divgvg + divyv; =0 (1.7)

and we apply the classical mean value operator

tZIYII/Y' dy (1.8)

not that v; as functions of y are defined on Y: it is natural to extend them to Y with value
zero on Y. Then, we have
1 v}

dz Y= d
A= 3 oy

we apply Green formule we get

1
|Y|/ n;v;do = 0. (1.9)
oYy
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To see that the surface integral of (1.9) is zero it suffices to see that m;v; is zero on I' and
that the integral on the parts of @Y lying on 8Y annihilate by periodicity. On the other
hand, the operator 8/8x; commutes with the mean value operator as usual. Then, by ~
appliying to (1.7), we obtain

div,° = 0 (1.10)

whiche is the macroscopic equation.

Now we study the local problem (1.6). We define an appropriate space of Y., functions

V = {u; u € HY(Y);ulr = 0, div,u = 0; Y;)er} (1.11)
Bu,- 8’(01

U, W)y = d 1.12

(ww)y = [ 54ty (1.12)

which is Hilbert space; the associated norm is equivalent to the H*(Y’) norm.
To obtain a variational formulation of (1.6), we take a test function w € V and we multiply

the first equation of (1.6) by w;, by integrating over Y we have

/apld— % )d—/ do =0
v 8ylwz Yy = v 8y2 D1w; Yy = ayplwznz o=y,
0 o 0v) Ov? dw;
/ Ayviwidyz/ —( w;) — dy,
Y Y |0y, Oy Oyr. OYx,
ov? ov? Ow; Ov? Ow;
ny—-w;do — / ! y=— : dy.
ay Yk Y Oy Oy, Y Oy, Oyx
Then, by using (1.12), we get
9po
(vo,w)y = [ fi — 20 / widy =0 Yw € V. (1.13)
8111' Y

Conversely, if vg € V and satisfies (1.13) , by integrating by parts it satisfies

(2

0
/ [Ayv? + (fi — 8p0>] widy =0 YweV. (1.14)
Y

Now, we show that the function p; just found is Y-periodic. In fact, gradp, is periodic

because p; satisfies the first equation of (1.14). We multiply this equation by w; and we
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integrate on Y. By comparing with (1.14) we have

o
. P1 widy =
Y Oy
and because divw = 0, we have
/8( )d —/ do =0 (1.15)
v ayz D1w; Yy = ayplwznz o = .

consequently, the local problem (1.14) is equivalent to the following variational problem

Fll’ld Vo E V,

(v0s @)y = <fi _ (1.16)

Opo
Bwi

)/Ywidyzo, Yw € V.

Morever, by using the standard linearity property, we have

Proposition 1.1 If we postulate an asymptotic expansion (1.3) the first term vo(x,y)

is given by fi(x) and 8po/dxi(x) as

Opo

Vo = (fi - O

where v;(y)(¢ = 1,2,3...N) are the solution of

Find v; € V' such that ( )
1.18

(’Ui’ w)V = /szdy V,w e V.

The existence and uniqueness of solution of (1.16) or (1.18) are immediate consequences
of the Lax-Milgram theorem, because the right hand sides of (1.16) , (1.18) are linear and

bounded functionals on V.

ov° dw;
Y Oy, Oyi

op°
dy + /Y(fi — g)widy =0
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ov° dw; op°
— | a5 = _/(fi_ Jwidy
Y Byk 8yk Y 8:13,
= / Fw;dy
Y

On°

F=fi— 2 vw € H\(Y).
Bmi

Coercivity of a(v®, w) :

Av° ov°

“ = J oo~ IV

= ||’UO||§13(Y)
so a(v®, w) is coercive.

Contunity of a(v°, w) :

by Cauchy Shwarz inquality, we have

la(v®, w)| =

/ Ov° dw'
Y Byk By

dy\ < Vel sy ol sy,
< ||UO||H3(Y)||w||H3(Y)

so a(v°,w) is continous.
Contunity of L(w) :

again we use Cauchy Shwarz inquality, we have
L) = | [, Fudy] < |l ol < clwliz)

< c|lwllmay)
so L is continous.
Lax Milgram conditions are verified, so the problem have a weak solution in Hj(Y).
Now, if we apply the mean operator ~ (definded by (1.8) to (1.17)), we have

- dpo i

(as, usual, the indexes i denote the components of the vectors).

Relation (1.19) is the Darcy’s law. The mean value of the velocity of the fluid is equal to
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f —gradpo multiplied by a constant tensor with components k;; which only depend on the
geometry of the period Y. It is noticeable that (1.19) was obtained from the first equation

of (1.2) i.e, for the viscosity coefficient v equal to one. If we consider

—gradp. +vAv. + f =0 (1.20)
instead of (1.2), we obtain
~ kz 8170 ~3
5 Va (fi _ 8@) iy = (1.21)

instead of (1.19) . It is also necessaryto introduce the coefficient v~ at the right hand side

of (1.17).

Proposition 1.2 The matriz k;j, defined by (1.19) will be called permeability tensor. It

s a symmetric, positivee definite matrix.

Proposition 1.3 The macroscopic equation (1.10) may be writen in the form

82p0 ofi

Y pm0m, e,
which is an elliptic equation for the unknown po(x). If po(x) is obtained, the velocity field
vo(x,y) is given by (1.17) and the mean value of the velocity satidfies the Darcy’s law (1.19).



CHAPTER

THE PERIODIC UNFOLDING METHOD
IN PERFORATED DOMAINS

In this chapter we recall the definition and some properties of the periodic unfolding operators

in perforated domains T, for the classical homogenization.

2.1 The periodic unfolding operator 7.

In this section, we introduce the periodic unfolding operator in the case of perforated domains
introduced by Cioranescu et all [5] and [0].

In the following we denote:
e Q an open set in RY

oY =(0;1 [N the reference cell for, or more generally a set having the paving property

to a basis (b1, ..., bn) defining the periods,
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e T an open set included in Y such that 8T does not contain the summits of Y. We

can be, sometimes, transported to this situation by a simple change of period,

we define

T.= |J e(64+T) and Q.=Q\T..

gezN

We assume in the following that €2 is a connected set and we take the regularity hypothesis
|0€2| = 0.

and we define

E.={¢€zV,e(+Y)C 2}

To do so, let us first define the following domain:

fzizint(u (£+Y))

EEA,
where

A.={tezN;e(¢+Y)NQ #£0}

The set €. is the smallest finite union of €Y cells containing Q.

Qm Q@ Al
Fig. 1. The sets Q\s, Q and A,

In the sequel, we will use the following notation:
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e ¢ for the extension by 0 outside €2, for any function ¢ € L? (2.),
e . for the characteristic function of €2,
e p(Y) for the diameter of the cell Y,

° T;"t for the set of holes that do not intersect the boundary 9f2.

By analogy to the 1D notation, for z € RY, [z]y denotes the unique integer combination
j=N
> k;b;, such that z) [z]y belongs to Y. Set {z}y = z — [z]y. Then, for almost every
j=1

T
x € RN there exists a unique element in RY, denoted by [] , such that
Yly

x x
x—e|— zs{} (2.1)
ely ely
where
x
(5} ev.
ely

This decomposition (2.1) is essential in the definition of the unfollding operator in the next.

definition 2.1 /5] Let p € L? (2.),p € [1,+00]. We define the function

: + sy) (2.2)

T-(p)(z,y) = & (e

for every x € RN andy € Y.

Remark 2.1 Notice that the oscillations due to perforations are shifted into the second
variable y which belongs to the fized domain'Y, while the first variable = belongs to RN .

One see immediately the interest of the unfolding operator. Indeed, when trying to pass to
the limit in a sequence defined on 2. one needs first, while using standard methods, to extend

it to a fired domain. With Tz, such extensions are more necessary.

The main properties given in [5] for fixed domains can easily be adapted for the perforated
ones without any major difficulty in the proofs. These properties are listed in the proposition

below. To do so, let us first define the following domain:

ﬁ!zint(U(HY)),

€A,
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where

AfeezNie(6+Y)NQ #0}.
The set €. is the smallest finite union of €Y cells containing €.

Proposition 2.1 [5] The unfolding operator T, has the following properties:

1. Tz is a linear operator.
2. Te(e) <33, {az} > = p(x) Ve € LP (Q.) and x € RY.
ely
5. Te(pp) = Te(@)Te (), Ve, v € LP () .
4. Let @ in LP(Y') or LP (Y') be a Y-periodic function. Set ¢.(x) = (w) Then,
- €
T: () (®,y) = o(y), aein e .

5. One has the integration formula

1

d:—/N “()dwdy Vo € L ().
/ﬂ;pw v oy (P)dzdy Vo € L7 ()

6. For every ¢ € L? (), To(p) belongs to L? (]RN X Y). It also belongs to L? (ﬁ;x
Y).

7. For every ¢ € L* (), one has

1Te( Pl z2ev vy = VIV [llpllz200)

8. VyT(p)(x,y) = €T (Vap) (z,y)  for every (z,y) €A XY .
9. If ¢ € H' (9), then T(¢p) is in L* (RN, H' (Y)).

10. One has the estimate

IV T (@) (22 xvy™ = eVIY TVl (120.y)~
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Proof.
1. Let a, B € R and ¢, € L*()

xXr
To(op + Bip) = ap + i (e u n sy>

= ap (s EL + €y> + By <€ {:L + sy>
= aT(¢) + BT-(v).

Then 7¢ is a linear opperator

3. Let ¢, € L*(9Q.) we have by definition (2.1)

T(py) = ptp <s EL + ey>

-elefg], ) s ([2),+)

= Te(P)T()-

x
4. and by definition for all ¢, = ¢(—), ¢ € L*(Y), we have
€

= o{-} = ¢(®)-

Te (pe) (z,y) =@ | € €

5. according to the definition (2.1) we have :

1 1
7 | T(@) (@ y)dedy = ﬁ |y (o) (@ y)dady

2 / To(#) (2, y)dady

IYl ¢eE. (e€+eY )XY

on each set (e£€ + €Y) X Y whith & € E. the function T:(p)(x,y) = p(e€ + ey) is

constant in x, it is consquence of (2.1). So,for each integral in the sum of the right member,
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we have :

/(E£+Ey)xy72(<ﬂ)(w,y)dwdy = |e£ + eY| /Y p(e€ + ey)dy 03

_ N _
= VY| [ (et +ey)dy = Y| /(EM) o (x)d

1
we sppose & = €€ + ey, this implies de = eNdy —> dy = —Nd:v
€

by suming in E ,the right member be /~ p(x)dx
02

1
so we get: > eN|Y / x)—dr = /~ x)dx.
e DY [ o) e = e
Now we remplace this expretion in (2.3), we get the result.

7. for all ¢ € L*(£2,)

||7;(§0)||L2(RN><Y) = (/ |7;(90)|2d33dy>;

1

= (1/ lezdwdy)z = (/ 1dy>2 (/I<P|2dw)2
Qxy
= VIylllellzz .

8. for all € L?(2.)
V., T(o)(z,y) = Vyp (e my + sy>
=eVgp (s [ﬂ + sy)
= eT(Vap)(z,y).

10. we applay proposition 2.1, we obtain

”Vyﬁ(cp)”(lﬁ(nxy))l" = ||€7;(Vm90)||(L2(Qxy))N
= €&y |Y|||Vw90”(L2(ﬂs))N

Proposition 2.2 [7] Let ¢ € L*(2). Then,
1. T(p) — @ strongly in L? (]RN X Y).

2. @Xe — @ weakly in L*(Q).
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3. Let (pe) be in L*(2) such that
pe —> ¢ strongly in L*(Q).

Then
Te (pe) — @  strongly in L? (RN X Y) .

Proposition 2.3 [7] Let ¢, in L* (Q:) and ||@c|l p2(q,y < C for every e, such that
Te (pc) = @ weakly in L* (2 X Y).

Then,

1
Pe — m . ?(.,y)dy  weakly in L*(£2).

Proposition 2.4 [7] Let ¢, be in L? (S~25> for every €, with

Iell sy < ©

€ ”VmQOe ~ < C.

l(s2(a))
Then, there exists ¢ in L? (Q; H! (Y)) such that, up to subsequences
1. T. (pe) = @  weakly in L? (Q; H! (Y))

2. €T. (Vaope) = V@ weakly in L*(2 X Y),

where

y— @ € L? (Q; H;er (Y)) .

2.1.1 Macro-Micro Decomposition

Following [5], we decompose any function ¢ in the from

pY = Qe(‘P) + Rs(30)7
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where R, is designed in order to capture the oscillations.

As in the case of fixed domains, we start by defining Q. on the nodes €&, of the €Y -lattice.
Here, it is no longer possible to take the average on the entire cell Y as in [5], but it will
be taken on a small ball B, centered on €&, and not touching the holes. This is possible
using the fact that T does not contain the summits of Y. However, B, must be entirely
contained in £2,.

To guarantee that, we are let to define Q.(¢) on a subdomain of €2, only. To do so, for

every 6 > 0, let us set

Q5 = {x € Q;d(x,00) > 6} and ﬁgzint(u €(£+}7)),

£err’

where
5 = {£ € ZN;e(6+Y) C Q5.

e For every node €& in Qgep(Y) we define

1
| Be|

Q.(¢) (6) = — [ ¢ (et +e2) d.

Observe that by definition, any ball B, centered in a node of (Al;ep(y) s entirely con-

€

tained in €2, since actually they all belong to Qze p(¥)"

e We define Q.(y) on the whole Q;ep(y), by taking a @i-interpolate, as in the finite

element method, of the discrete function to Q. () (e&k).

e On Q¢

2ep(v)> Re Will be defined as the remainder : Re(p) = ¢ — Q.(¢).

Proposition 2.5 [i] For ¢ belonging to H* (Q.), one has the following properties

LN mr (fepivy) < NPl (,,0)

2 I1R(0) 2 8yy0,) < C IVl (1503

2ep(¥))N

3. ”V”“‘RE(LP)”(L2(§25p(y)))N <C ||ngo||(L2(Q25p(Y)))N We can now state the main

result of this section.
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Theoreme 2.1 [7] Let . be in H' (82.) for every e, with |Pell i,y bounded. There
exists @ in H'(2) and @ in L? (Q; H!

per

(Y)) such that, up to subsequences
1. Q. (¢c) — o weakly in H. (£2),

2. Tz (pe) — ¢ weakly in L (Q; H! (Y)),

5T (Re () = @ weakly in I, (95 H' (V).

4. Te (Vo (pe)) = Vo + V@ weakly in LY. (Q; L? (Y))

2.1.2 The Averaging Operator U,

definition 2.2 /6] Forp € L*(Q X Y), we set

U(p)(x) = |Yl| /Y ) (s [:] + ez, {w}) dz, for every x € Q.

€

xr

Remark 2.2 Forv € L' (Q X Y), the function € — v <a:, {} ) is generally not
ely

measurable (for example, we refer to [18]). Hence, it cannot be used as a test function. We

replace it by the function U, (v).

The next result extends the corresponding one given in [5].
Proposition 2.6 [6] One has the following properties
1. The operator U, is linear and continous from L* (2 X Y') into L*(2), and one has
for every p € L* (2 X Y)

||u€||L2(Q) < [lellz@xy),

2. U, is the left inverse of Te on 2, which means that U, o T, = Id on S,

xTr

5 T2 (Ue(9)) () = Dl,' [o(c]] +emy)as voer?@xy),

4. U, is the formal adjoint of T-.

Theoreme 2.2 [0] Let . be in L? (2.) for every €, and let ¢ € L? (RN X Y) Then,
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1. T. (p.) — @ strongly in L? (RN X Y) <~ @. — U.(p) —> 0 strongly in
L* (RV)
2. Tz (pe) — « strongly in L? (RN;L2 (Y)) < p. — U.(p) —> 0 strongly in

loc
L, (RN) .

This result is essential for proving corrector results when studying homogenization prob-
lems.

Let us first state the following proposition.

Proposition 2.7 [i] For every ¢ € H' (Q.) one has

ROz 00y = llp = Qe(P)ll 120,y < CellVell 12y~

Theoreme 2.3 [0] Let v, be in H' (2.) for every € and v € H'(Q) such that
1 ||vell g,y s bounded.

2. ¥, — v weakly in L*(9).

Then,
T (ve) —> v strongly in L] (Q, L? (Y)> .

2.1.3 The Boundary Unfolding Operator

We define here the unfolding operator on the boundary of the holes 9T, which is specific
to the case of perforated domain. To do that, we need to suppose that T has Lipschitz

boundary.

definition 2.3 /0] Suppose that T has a Lipschitz boundary, and let ¢ € LP (8T:) ,p €
[1, +o0].
We define the function TX () € LP (RN X 8T) by setting

T @) = (e |Z] +ey),

for every ¢ € RY and y € 8T.
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Observe that if ¢ € WP (Q.) and ¢ = 0 on 9Q\OT™ is the set holes that do not

intersect the boundary 8€2, one has T(¢) = T-(¢) on 8T. The next assertion reformulate

those presented in proposition 2.1, when functions are defined on the boundary 9T.

Proposition 2.8 [i] The boundary unfolding operator T has the following properties:

1.

7;” s a linear operator.

T () (fv {:}Y> = p(x) V¢ € L? (0T:) and x € RV,
T2 (py) = THP) T (), Ve, ¢ € LP (IT2).

Let ¢ in LP(OT) be a 'Y -periodic function. Set ¢.(x) = ¢ (a:) Then,
5
T2 (¢e) (z,y) = #(y)

For every @ € L' (8T:) we have the integration formula

— 1 b

/BTE plz)do() = elY| RNX8T7; (p)dzo(y)
— 1 b
= oY Jaor ¢ (p)dzdo(y).

For every ¢ € L?(8T.), T (p) belongs to L? (RN X BT). It also belongs to
L? (QNE X GT).

For every ¢ € L*? (8T), one has

‘ L2(RNxaT) \/ﬁ”?”ﬂ(an)-

T ()

Proposition 2.9 [i] Let g € L*(8T) and ¢ € H'(Q) s.t. ¢ = 0 on OQN\OT™ .

One has the estimate

Yl|[, 9-@e@do@)| =|[  9@)TH() (@ y)dedo(y)

< C (IMoar(9)| + &) [IVell z2a )~

where Mar(g) = |81T| /{)Tg(y)da(y)-
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Proof. See [0]

. ye T
Proposition 2.10 /0] Let g € L*(8T) a Y-periodic function, and set g.(x) = g <)
€
On has the following convergence results as € — 0

1. If Mar(g) # 0, then

c [, s-@e@do(@) — T Mar(o) [ p(@ran vo € B @)

Y]
2. ]fMaT(g) =0, then

/| _ 9-(@)¢p(z)do(z) — 0 Ve € H'(Q).

The next result is the equivalent of proposition (2.2) (1) and (2.3), to the case of functions
defined on the boundaries of the holes.

Proposition 2.11 /1]

1. Let o € HY(Q). Then, as € — 0, one has the convergence

Lns, TH@) @ v)dada(y) —» [ pdedo(y).

2. Let o € H'(2). Then

TL(p) — @ strongly in L? (]RN X BT) .

3. Let @, be in L* (8T.) for every €, such that
T2 (pe) — @ weakly in L? (RN X BT) .
Then,

1
g ptdo @) = o [ @ P @dada(y) Vi € H(S).
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Proposition 2.12 [6] There exists a constant C independent of € such that

’/BT ge (x)v(xz)do| < C ||g||(L2(8T))N ”VU”(L2(Q€))NXN y Vo € V.

Lemma 2.1 [7] There exists a positive constant C, independent of €, such that

9]l g2y ™ < Ce VOl g2ggyynen » Yo € V.



CHAPTER

ASYMPTOTIC BEHAVIOR OF THE
STOKES PROBLEM BY UNFOLDING
METHOD

In this chapter we study the stokes problem in a domain €. of RV e-periodically perforated
by holes of size €. Our aim is to descrabe the asymptotic behavior of the velocity and the
pressure of the fluid as € — 0 and give, if possible, a limite ("homogenized") problem . To do
so, we use the periodic unfloding method introduced by Cioranescu, Damlamian and Griso

(C.R. Acad. Sci. Paris, Ser. I 335(2002)99-104; SIAM J. of math. A,al. 40(4)(2008)1585-
1620).
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3.1 Setting of the problem and variational formulation

Let  be an open set in RY(IN > 2) and Y = [0,1[X - -+ X [0, 1] be a reference cell. Let
T be a strictly closed subset of Y.

We define the following domain:

.rf?
| =
| =
[ =
[ =
2
.-C!'
| =

Fig. 2. The sets €2,

Now, we consider the following stokes system :

—vAu, +Vp. = f. inQQ,,
divu, =0 in Q,,
(3.1)
u. =0 on 02,
ou,
v + ag’u. = g. on I0T..

n

This problem modelize the flow of an incomprissible viscous fluid through a porous medium
under the action of an exterior electric filed. Where, . is the velocity field, p. is the pressure,
[ is the field of exterior body forces,g. is the field of exterior surface forces. Recall that
a > 0 and = are constants.We assume that the data f. and g. satisfing:

fs - ‘zv fs S LZ(QE) (32)

g = &g, ge € Lz(aT) (33)
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variational formulation

We multiply (3.1) by a test function ¢ where ¢ € D(Q), we get

—VAu.p + Vpep = fep,

we integrate on €2.,we get

—1// A’u,ggoda:—{—/ Vp.pdx :/ fepdx,
Q. Q. Qe

by Green’s formula

ou,
. On

1// VuVedr — v pdo (x) —/ pdivepdx :/ fepdx,
Q. Q. Q.

SO

Ou.
o do () —/ p.divpdx =/ fepdz,
on Q. Q.

v/ Vu.Veodr — 1//
Q. aT.

on other hand, we have

ou, Y
v = —g¢ + € Ug,

on

we obtain

1// VUSVgoda:—/ gscpda(a:)—l—ae'V/ u.pdo (x) —/ pedivipdr :/ fepde.
Q. oT. T, Q. Qc

The variational formulation of system (3.1) is the following:

Find u. € V., p. € L*(2.), such that:

1// VuEVLpdw+a€7/ u.pdo () —/ p.divepdx :/ fecpda:—i—/ g-pdo ().
Q. aT: Q. Q. aT: (3.4)

Finally, with the functional space

Ve = {vlv € H'(Q),v = 0 on 89, /0T } .
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3.2 Apriori estimates for u. and p.

For the proof of proposition 3.1 we need the following two Lemmas due to Conca, they will
be essential in the sequel. We use the first one in other to establish apriori estimates for the
solution u, of problem (3.4) for different values of . The second Lemma is used to estimate

the pressure p..

Lemma 3.1 (/7] Lemma 6.1) There exists a positive constant C independent of € such that

191l 20y < C (€ N1Vl z2gupynen + 72 19l 12 0m)~ )
for all € V..

Lemma 3.2 (/7] Lemma 5.1) For every ¢ € L*(S2.),there exists ¢ € Ve.such that

divp = ¢,

lelly, < Cll@llp2a,) -

The next result gives the a priori estimates for u. and p. for the different values of ~.

Proposition 3.1 Let (u., p.) be the solution of problem (3.4) then the following a priori

estimates hold true:

Vv €R
well g2 (. < C1, (3.5)
Hs_lue < C2, (3.6)
HY(20)
Ifv<0
He—vpe iy S 03 (3.7)
Ifv>0

||€pe||L2(n€) < C4. (3.8)
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Proposition 3.2 [//] Let u. € V., ¢ € L*(£2.) ther exists constant C independent of
€ such that:

‘/m, ucpdo (z)| < (CIISOIIm(aTE)IIVue||L2<na>+C€_1I|¢IIL2(aTE)||uellL2(ns))-

Let u, a test function in (3.4),

1// Vufd:c—i—ae”/
Q. aT.

€

u:da(az) —/ p.divu.dx :/ fsusdm—l—/ g-u.do(x),
Q. Q. aT.

we have divu, = 0 in €2, so

9

u:da(a))‘ = ’/ feu.dx —|—/ g-u.do(x)
Q. aT.

‘I// Vugdm + ae”/
Q. aT.

€

by triangle inequality

‘I// Vu:da:’ + ’as‘// u?da(az)‘ < ‘/ feusdic’ + ‘/ geu.do(x)
Qe T Q. T

b

1// |Vu.| dw—I—as"/ |ue|? do(x) S/ |f€u€|dw+/ |geu.| do(x),
Q2 oT. Q. oT.

we use the Cauchy Shwarz inequality

2 2
v ”VuE”Lz(QE) + ag” ”uE”LZ(BTE) < ”-fE”Lz(QE) ”uE”Lz(QE) + ”g€||L2(6T€) ||uEI|L2(6T€) )
using proposition 2.12, we get
2 2
v ||Vu€||L2(Q€)+a€7 ”uE”L2(8TE) < ”.fE”Lz(QE) ||u€||L2(QE)+C ||gs||L2(aT€) ”VUE“L2(QE) )

2 2
vV IVuellzaq,) + e [ucllizon) < Clluclliz,) + C IVuell 2, »

by Poincaré inequality

2 2
v ”VUEHL?(QE) + ag” ||u€||L2(8TE) <C ”VU€”L2(QE) +C ”VUEHH(QE) )
<C ”VUEHLZ(QE) )
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from
v ||Vue||i2(ne) < C||Vue|l g2,y s
we get
||Vue||L2(ne) <C,
and
||Ue||L2(ne) <C,
SO

[tellgra.y < C-.

It remains to obtain the a priori estimates for p. to do so ,use ¢ € L?(.) a test function
in variational formulation of system due to lemma 3.1 and lemma 3.2.

Using lemma 3.2 into the variational formulation we get

/ p-pdx :/ p.divipdr = 1// Vu.Vedr + as7/ ucpdo ()
Q. Qe Q. aT.

_ sd—/ _od
/stsow angsocr(w)

Then,

<v / Vu.Vedr|+ as”/ u.pdo(x)
Q. o,

+‘ /Q Jepdx

‘/ pPepdx —|—|/ gepdo(x)
Q. oT:

One has

v VuEVLpda:’ < OVl Vel 2

Then,

< CllVuel [z llellv. (3.10)

v / Vu.Vedr
Q.

Using proposition 3.2, we have

< ag” (C||90||L2(8T€)||Vue||L2(ns)+C€_1||80||L2(aTE)||ue||L2(ns))

by Trace theoreme, we get

/E)T ucpdo ()| < ag? (C||<P||L2(ne)||Vue||L2(nE)+C€_1||90||L2(ne)||’U:s||L2(ng)>

Yo 754 / ucpdo(x)
aT.

oe”
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then

ae” / u.pdo ()
T,

< (Caev||vue||Lz<ns>+Ce”e-1||ue||Lz<ns>)||so||vg (3.11)

/ﬂ fsgoda(x)\ < C|\f-ll 2o |l p2er

< Cllellv. (3.12)

‘ / Jepdx
Q.

On the other hand and by proposition 3.2, we have

o [ gepdo) < C||<P||L2(8TE)||Vge||L2(ne)+C€_1||<P||L2(6TE)||9~:||L2(n€))
by Trace theoreme, we get
| 9epdo()| < (CIISOHve||V9e||L2<ns)+C€‘1IISOIIVEIIQSIILzms)) so that

[ gepdo(@) < Cligllv+Ce gl (313)

Then, turning back to (3.14) and using (3.10),(3.11),(3.12),(3.13) one has

/ p.pdz
Q.

< ClIVuc|lzz0n-llellv.+ (C%”IIVUEIIL2(ns)+C€”€'1||ue||L2<n€)> llellv.

+Cllellv.+Ce lellv.ACllellv.

then

/Q pegdx| < {C(l+57)||Vus||L2(Qe)+C€7€_1||Us||L2(ns)+C€_1 llellv.

Due to lemma 3.2 one has

<cC

(1 + NI Vel 20 +e7e ™ uell 2+ | | Bl 2 (3.14)
(2)

‘ | pepda
Qe

The a priori estimates for the pressure follow now from (3.14) and estimates the u. and Vu,
corresponding to the different values of ~.

we obtain:

”pE”L2(Qs) S C (1 + e” + 8_1)
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this imply two cases:

forv >0

lep:|| < C (3.15)

forv < 0

<cC (3.16)

=P
in the auther hand by Young incquality, we get :
eVl < &+l Vuclizay < €
this imply :

€||V’U,5HL2(QE) S Cc = ||€Vus”L2(QE) S C (317)

3.3 Statement of the homogenization results

Theoreme 3.1 (Darcy type law) Let (uc, p.) be the solusion of (3.4) for v < 0, the
sequence {s_lue, €_7p€} is uniformely bounded in L*(Q)N x L*(Q).
So,up to subsequence , Voo > 0 there exists (u,p) € L*(2) x L*(2) such that:

e 'u. — u in L2(Q)Y,
e 'p. — p in L*(),

—1
u = Vp.
aloT]

Proof.
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we multiply (3.4) by €77, we get :

Ve_"/ chda:—l—a/ uc.pdo(x) — 6_7/ pedivepdr
Q. aT. Q.

= 6_7/ fepdx + 5_7/ g-pdo(x).
Q. aT.
By unfloding operator one has :

8_71//9 T-(Vu.)T:(Vp)drdy + o /Q or TP (e ue). T2 (p)dxdo (y)
Xy X

NV — e’
— /ﬂs e 'p.divpdr = € /ﬂxyﬁ(fs)’ﬁ(go)dmdy + E/

T2 (ye) T2 (p)dzda (y).
QxoT

(3.18)
Let now pars to the limit in the (3.18), using Vau, is bonded in L?(Q2.)N*Y, and —v > 0,
we get at the limit, all the integrals vanish axept for the second, and third integrales this
imply the following:

a updrdoy — / pdivepdr = 0,
QxaT Q

then,

a updrdoy —I—/ Vppdx = 0, (3.19)
QxoT Q

we get:

a|8T|/ﬂucpdw = —/QVpgodzc.

This leads the Darcy low to theorem 3.1.

Theoreme 3.2 (Brinkman type law ) Let (uc,p.) be the solution of problem (3.4).
If¥ > 0, the sequence {eue, p.} is uniformly bounded in L*(2)Y x L*(£2). So, up to a
subsequence, there exists (u,p) € L*(2)N x L*(£2) such that

eu. — u weakly in L*(2)V.

ep. — p weakly in L*(§2).
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Morever, there exists 4 € L*(82, H* (Y))Y such that (u, i, p) solves the equations :

per

u/ﬂxy(vu + V)V, ¥(z, y)dedy = 0, (3.20)
if v =0,

1// (un—l—Vyﬂ)chdwdy—}-a/ ugoda:day—l—/ Vppdxdy :/ fedxdy,
QxY 2xoT 02xY 2xY
(3.21)

ify >0,
1// (Veu + V,4)Vededy —|—/ Vppdxdy = / fpdxdy. (3.22)
Y 02xY 02xXY

Proof. Let ¢ € D(NQ) a test function in (3.4) and we multiply by &, we get

1// sVuEVLpd:B—i—as"e/ usgoda(a:)—s/ pedivepdx = s/ fsgoda:—i—s/ gepdo(x),
Q. T, Q. Q. oT.

(3.23)
with reads as IT + I5 4+ I3 = I + I.
For to pass to the limit in each terme, we use the unfloding method.

We start by the first integral, we use the 7. operater, we get
L=v|  T(eVu)T(Ve)dady,
QxYy
from corresponding estimates (3.17) we can applay theorem 2.1, we get the convergence
T:(eVu.) — V,u + V,a in L2(Q x V)NV,

so, we obtain

lim I = v /Q (Vou + V, ) Vodrdy. (3.24)
XY

e—0 1

For the second integral I; we have two cases, the first cases
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if v = 0, using the boundary operator 7;1’, we get :

1
I;=—ca [ THu)THe)dedo(y),

g
It = a /Q T2 (ue) T2 () dzdo (y).

orT

Using estimate (3.5) and by theorem 2.1, we get

lim I = dxd 3.25
ml;=a [ updedo(y), (3.25)

e—0

for v > 0,
I“:_—a“’/ T2 (u. ‘7bgod:cd0' ]
2 € QxOT e( ) e( ) ( )7

lim I = 0. (3.26)

e—0
For the third integral and corresponding estimates (3.8) it follows that ep. — p weakly
in L*(Q)

ll_I)% I; = — Qxypdwcpdwdy = /QXY Vppdxdy. (3.27)

In the forth integral, we use the unfolding 7z, and assumption (3.2)

1
L=c [ T(HT(e)dady,

lim I = / fodzdy. (3.28)
QxY

e—0 4

For the last integral, we use 7 and assumption (3.3), we get

1
I;=—e| TMeq)T!(¢)dad
P= e[ THeg)TH@)dndo w),

lim I = 0. (3.29)

We are now in a position to pass to the limit in (3.23), using (3.24),(3.25),(3.27),(3.28),and
(3.29) we get (3.21).
For the equation (3.22), we also pass at the limit at (3.23) and we use (3.24),(3.26),(3.27),(3.28),and
(3.29), we get the results.

x
Now, for the equation (3.20) we use v, a test function in (3.4), where v = ep(x)d(—),
€
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then, Vo, = Vo(2)h() + V() (),

where € — 0, all the terms gos to zero except the second one ,unfolding it with 7T¢ yields

v [ Vi@ Ve(de=v | T(Vu)T.W)T(Ve( ))dady,

= U dxd
v [ (Vu+ Va)e(2)V,e(y)dedy,
suppose that ¥ = ¥ (x)p(y),thenV, ¥ = ¢ (x) V¢ (y)this imply,

V/an(Vu + Va)V,¥(z,y)dxdy = 0.



CONCLUSION

In this memory , we studied the homogenization of the stokes problem in a perforat domain.
This problem describe the flow of an incompressible viscous medium under the action of an
external electrical field.

In the third chapter, we have treated asymptotic behavior of the stokes system whith bound-
ary condition, to do so , we used the periodic unfolding method introduced by [5] we obtained

at the limit, following the values of a real parametre v , a Darcy or Brinkmann type laws.
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