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Abstract

The objective of this thesis, was to study some of the non-linear hyperbolic PDEs of the
Klein-Gordon type by studying the existence, uniqueness and stability of the solution. First,
we study the existence of the weak solution of the klein-Gordon equation using the Faedo-
Galerkin method, and for the uniqueness of the solution we used the classical technique, and
we also proved that the solution is stable over time using the appropriate Lyapunov function.
Secondly, we used the Potential well method to prove the existence and uniqueness of the
solution to another type of klein-Gordon equation. In the third part of our thesis, we studied
the one dimension fractional Klein-Gordon equation and proved that there is a solution to it
using the Galerkin method, and we also proved that the solution is unique using the classical
technique finally we approximated the klein-Gordon fractional problem numerically using the
finite volume method.

Keywords:

Klein-Gordon equation; Galerkin method, Potential well method, Faedo-Galerkin method; Fi-
nite volume method; Lyapunov function.
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Résumé

L’objectif de cette these était d’étudier certaines des EDPs hyperbolique non-linéaires de type
Klein-Gordon en étudiant 1’existence, I'unicité et la stabilité de la solution. Premierement,
nous avons étudié 'existence de la solution faible de 1’équation de Klein-Gordon en utilisant
la méthode de Faedo- Galerkin, et pour I'unicité de la solution nous avons utilisé la méthode
classique, et nous avons également prouve que la solution est stable dans le temps en utilisant la
fonction de Lyapunov appropriée. Deuxiement, nous avons utilisé la méthode du puits potentiel
pour prouver l'existence et l'unicité de la solution a un type d’équation de Klein-Gordon.
Troisiement, nous avons étudié ’équation unidimensionnelle fractionnaire de Klein-Gordon et
prouve qu’il existe une solution en utilisant la méthode de Galerkin, et nous avons également
prouve que la solution est unique en utilisant la méthode classique et finalement, nous avons
approché numériquement le probleme fractionnaire de Klein-Gordon en utilisant la méthode
des volumes finis.

Mots clés:

Equation de Klein-Gordon; Méthode de Galerkin; Méthode du puits potentiel; Méthode de
Faedo-Galerkin; Méthode des volumes Finis; Fonction de Lyapunov.



Notations

e V stands for the gradient operator.

e div is the divergence operator.

0 . o
e — partial derivative.
ox
e A is the Laplace operator.
e N the set of positive integers, that is N = {0,1,2,---}.
e R the set of real numbers.
e R" is the real space of dimension n.
e ()  R" open set in R™.
e Q and 09 denote respectively the closure and the boundary of domain Q.

e <. .>or (.,.) denotes the scalar product.

e (" (Q) space of m times continuously differentiable functions on €2, m € N.

o C§P(§2) the space of C*(2) functions with compact support in €.
o L7(€2) Lebesgue space with norm || - |,.

e L?(Q) Hilbert space with norm | - |».



W™P(Q) Sobolev space with norm | - |, -

WP (Q) the local Sobolev space.

Wy"P(Q) is the closure of Ci°(2) in W™P(Q).

WP (Q) is the dual of W, (Q).

H™(Q) = Wm™2(Q).

W#P(Q) fractional Sobolev space with norm | - | .

WP (€2) denote the closure of Ci°(§2) in the norm ||.||ys»(q)-
W (R") = H*(R"), W5*(R") = Hj(R").

B(0, R) open ball centered at the point 0 with the radius R.

I' is the usual Gamma function.
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Introduction

Partial differential equations, whether linear or non-linear, are concerned with the study of phe-
nomena that occur in nature, each equation contains all the necessary informations to accuratly
depict and read the event. Differential equations have become more important in the fields of
mathematics, physics and chemistry, which enable us to understand an event such us knowing
the time of its occurrence or the factors thar affect it and finding mathematicals solutions using
several methods, including the method of separating variables..etc, or approximate solutions,
when it is difficult to find approximate solutions, we resort to numerical methods, one of the
most prominent of these methods is the finite volume method.

There are several types of partial differential equations, which interest ones in this thesis are
the hyperbolic partial differential equations of the Klein-Gordon type. klein-Gordon’s equation
also sometimes called Klein-Gordon Fock’s equations is a relativistic version of shrodinger’s
equation describing massive particles of zero spin without or with electric charge, established
independently in 1926 by physicists Oskar Klein and Walter Gordon.

The Schrodinger equation, which is also called (the wave equation) is basically a differential
equation that describes the energy and position of an electron in space and time and expresses it
mathematically. it is based on three important foundations: the plane wave equations, Broglie’s
hypothesis about matter wave, and the principle of conservation of energy. This equation also
looks at the shape of the waves that determine the movement of small particles, and clearly
explains the influence of external factors on those waves, and provides information about the
behavior of the electron associated with the nucleus based on the principle of energy conser-
vation. By applying this equation to the hydrogen atom, Schrodinger was able to prove its
validity, and he determined multiple propertises of the hydrogen atom, and this equation was
widly used in atomic and nuclear phisics. Schrodinger’s equations have an imprtant role in
modeling phisical phenomenas as they represent an important mathematical object, and it is
a wide field of research, including those that focus on understanding the connections between
Schrodinge-type equations and some physical phenomina such as vortex dynamics in fluids and
superfluids , as well as the propagation of signals in quantum wires.

Medeiros and Milla Miranda [23] considered the nonlinear system

2y Autu— [ollulfu = fi,

% — Av + v — |[ulf]v|fv = fo,

1ii
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in Q x [0, T] where p is a real number satisfying certain condition and €2 is any domain of R",
they prove the existence and uniqueness of global weak solutions.
Doherty Andrade and Angela Mognon [4], considered the nonlinear system with memory term

(2)

g — Au + f(u,v) + k= Au =0,
vy — Av + g(u,v) + 1+ Av =0,

for x € Q and ¢t > 0 where

flu,v) = [ululol?, and  g(u,v) = o] Polul”,
with
. n—1 .
p>0 if n=1,2 and 1<p<72 it n=>=3,
/,’L_

in © x (0,7) with initial condition and boundary conditions, they prove the existence of weak
and strong solution using argument from Komornik and Zuazua [20].
Aldo. T Louredo and M. Milla Miranda [9], considered the non-linear system

{ " — Au + av?u = 0,

V" — Av + au’v = 0,

with the non-linear boundary conditions,

ou /
5, t ) =0 on Tix(0,%),
ov /
5, The(nv) =0 on Ty x(0,),

and boundary conditions u = v = 0 on (I'/T';) x (0,0) where € is a bounded open set of R™
(n < 3), @ > 0 areal number, I'; a subset of the boundary I' of © and h; a real function defined
on I'; x (0,0). They prove the existence of global solutions by using the Galerkin method.
Khaled Zennir and Amar Guesmia [6], considered the non-linear sth-order with nonlinear
sources and memory terms

uf + (—1)"ARuy + miuy + oy (t) Sé g1 (t — s)ARuy(x, s)ds + |uf|"2|u)]
= Juy [P 2us Jug P,
uly + (—1) AR ugmaug + as(t) Sé Go(t — 8)APug(x, s)ds + |ub|"~2|ub|

= Jug [P ?ug|us P

(4)

In a bounded domain €2 of R”, m; = 1, 2 are non-negative constants, r,p = 2,k > 1, they prove
the existence of global solution by using the potntial well method.

C. L. Frota and A. Vicente [15], studied the non-linear system of Klien-Gordon with acoustic
boundary conditions

{ " — Au+ P2 uflu=f; in Qx(0,T), (5)

v — Av+ [ulfP Pl = f1 in Qx(0,7T),
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they prove the existence of global and weak solution and the uniqueness of global solution.
Yaojun Ye [20], studied the nonlinear system with damping and source terms

(6)

uy — div(|Vu|™2Vu) + alu|P?uy — Auy = fi(u,v) in Q x RT
vy — div(|[Vo|"T2V0) + alv P20, — Avy = fo(u,v) in Q x RT,

where () is a bounded open domain in R™ with a smooth boundary 0. a > 0 and m,p > 2 are
real numbers, they prove non existence theorem with positive initial energy blow in finite time
under some conditions , the main tool of the proof is a technique introduced by paper [33].

M M Cavalcanti, V. N Domingos Cavalcanti, J. S. Prates Filho and J. A. Soriano [20], studied
following system with boundary damping

rKl(yc,t)g%~|—a1(:1:,t)‘g—§;—Au~|—F(u,v) =f in Q= Qx]0,00],
Kg(l’,t)% +an(z, )2 — Av+ Gu,v) =g in Q=Qx]0,],
{u=v=0 on X;=TI;x]0,00], (7)

% + Bl(x)% = g—l’j + Bg(ﬁ)% =0 on Y5=Tyx]0,0[,

Lu(O) =uY, %(0) = ul;v(0) =27, %’(0) =ov! in Q,

where € is a bounded domain of R", n < 4, with C* boundary T', which has a partition (g, T'y)
where both parts has positive measure and let v be the unit normal vector pointing toward 2.
They used Galerkin method to prove the existence of solutions and they used the perturbed
energy method developed in Komornik and Zuazua [31].

Alfredo T. Cousin, Cicero L. Frota, and Nickolai A. Larkin [22], considered the nonlinear system

Ull/ — Auq + aqug + CL12U1U% + alsulug + -+ alkulu% = fla
" 2 2 2
Uy — AUQ + QoUo + Ao1U2U7 + A23U2Us5 + -+ A2k UUp, = fg, (8)

" 2 2 2 —
uy, — Ay, + Qpuy + aprugu] + apgupus + -+ Qp—n gy, = fi,

in 2 x (0,00) with acoustic boundary conditions, they prove the existence, uniqueness and
stabilization of global solutions.

Mathieu Colin and Tatsuya Watanabe [23], considered the non linear system with maxwell
equation

Yy — A = —2iedih, — iedp + €2|P|* — 2ievip. A
—2| APy — ieypdivA — m*p + W' (y),

Ay —AA = eIm(Yvy) — E2[Y|PA — Vo, — VdivA
—A¢ = eIm(Piy) — e*|V¢ + div Ay,
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where : RxR3> — C, A: RxR?> - R, m > 0, e € R and 7 denotes the unit complex

number, that is > = —1. Moreover W(s) is a regular real valued function which is extended
to the complex plane by setting W'(¢)) = W’ (W!)ﬁi—‘ for 1) € C. Used the energy method, they

obtained a local existence result for the Cauchy problem.
Salim A. Messaoudi, Belkacem Said Houari [20],considered the non linear viscolastic system

{utt — Au + Ség(t — s)Au(z, s)ds + |ug|™" tuy = fi(u,v), TN t>0, (10)

vy — Av + S(t) h(t — s)Av(z, s)ds + |vi|" vy = fo(u,v), x€Q,t>0,
forxeQand ¢ >0

fi(u,v) = [alu + PP (u+ v) + bul ulv|*?],
fa(u,v) = [a\u + fu|2(p+1)(u +v) + b|u\(P+2)\v\(f’)v Cab>0,

they prove a global non existence result of certain solution with positive initial energy, the main
tool of the proof is a method used in [33].

Presentation of the thesis

This thesis has five chapters organized as follows

e The first chapter is mainly devoted to presenting important definitions and theories in
research. These reminders are largely based on papers [1], [4], [23], [25], [31],..etc. We
also remeber some important spaces, such as Sobolev spaces, as well as LP spaces.

e The second chapter: in this chapter we proved the existence of the solution by applying
the fadeo galerkin method, and we proved the uniqueness of the solution using classical
technique . As for the stability we used the Lyapunov function (this chapter is a
published article ).

e The third chaper: in this chapter, we studied another type of non-linear Klein-Gordon
equations coupled with the source terms. We proved the existence and uniqueness of the
solution by using the potential well method.

e Chapter four: in this chapter we have studied a one-dimensinal fractional Klein-Gordon
equation, we have proved the existence of the solution using the Galerkin method, as for
the uniqueness of the solution we have used classical technique.

e Chapter five: in this chapter we searched for approximate solutions to the Klein-Gordon
Fractional equation that we studied in the fourth chapter, the adopted method is the
finite volume method.
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Chapter 1

Preliminaries

In this chapter, we mentioned a set of important definitions and theories, as well as a set of
spaces such as LP spaces and Sobolev spaces.

Lemma 1.0.1. [25] (Young’s Inequality)
Let a, b = 0 and % + % =1 for 1 < p,q < 4+, then one has the inequality ab < da? + ¢(6)bP,
where § > 0 is an arbitrary constant, and c(9) is a positive constant depending on 9.

Lemma 1.0.2. [I] (Sobolev-Poincaré inequality)
Let s be a number with 2 < s < +0 ifn < 2 and 2 < s < % if n > 2. Then there is a
constant C' depending on §2 and s such that

Juls < C|Vulz,  we Hy.

Lemma 1.0.3. [0/ (Lemme de Gronwall)
Let f e L*(0,T), ge L*(0,T) and f(t) =0, g(t) = 0.

T T
If f(t)<c —i—f f(s)g(s)ds;  then f(t) < cexp(f g(s)ds).
0 0
Lemma 1.0.4. [35]
Let B be a banch space, and B = (Bx)" with B being another Bnach space. Suppose that for
1 <p< o,
{un — U weakly star in  LP([0,T], B), (11)

ul, — u’ weakly star in  LP([0,T], B).

Then
u,(0) — u(0) weakly star in B. (1.2)

Lemma 1.0.5. /3]

Suppose that ) is a bounded or unbounded domain in R™. Let u,(x), u(x) be real functions in
LP(2), (1 < p < ) such that u, strongly converges to u in LP(Y). Then if 1 < p <, u, has
a subsequence almost everywhere converging to u; if p = oo, then w, itself almost everywhere
converges to u.
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Lemma 1.0.6. /9]

Let By, By, By be three Banach space where By, By are reflexive. Suppose that By is contin-
uwously imbedded into B, which is also continuously imbedded into By, and imbedding from By
into B is compact. For any given pg,p1 with 1 < po,p1 < 0, let

W = {v|ve L([0,T], By), wve LP*([0,T],B)}.
Then the imbedding from W into LP°([0,T], B) is compact.

1.1 The L? and the Bochner Spaces

Definition 1.1.1. (Lebesgue (Bochner) spaces)
The Lebesgue spaces LP(Q; X) are spaces of (Bochner) measurable functions v ranging in Ba-
nach space X such that

Il = | Ity s fmite, 1<p <0 (1.3

Similarly, ve L*(Q; X) if vis (Bochner ) measurable and

[v]re(@ix) = esssup [o(y)|x < 0. (1.4)
yeQ

Definition 1.1.2. [§] Let Q be an open set of RY and 1 < p < o0, we define LP(Q2) a Lebesgue
space by

LP(Q)) = {f : Q — RY/f is measurable and fﬂ |f(z)Pdz < oo}

We define the norm of fin LP(Q) by

e = 1l = (| Vr@pas)”
Q
If p = o0, we have
L*(Q) = {f : Q —> R/f is measurable and, IC =0; |f(z)|<C a.e. on Q}

We notice

Iflze = 1l = mf{c >0:|f(z)| < C, ae on Q}

Definition 1.1.3. Espaces L?(Q) [§]
For p = 2 we note L?(QQ) the set of summable square functions, i.e.

L2(9) {f:Q—>R/JQ|f|2d:c< ).

The norm in L*(Q) is denoted by

e =151 = ([, If(:v>!2dx)% |



1.2. THE SPACE OF CONTINUOUS FUNCTION 3

Remark 1.1.1. The space L*(Q)) is a Hilbert space for the inner product

< fig>= j f(2)g(x)da.

Proposition [§]
1. For 1 <p < oo, (LP(2),] - |,) is a Banach space.
2. For 1 <p <, (LP(Q),] - |,) is a separable space.
3. For 1 < p < oo, (LP(Q),] - |,) is a reflexive space.

Theorem 1.1.1. (Holder Inequality [2]) Let 1 < p < o and let p' denote the conjugate

exponent defined by

1 1
=L thatis —+ = =1,
p—1 p P
which also satisfies 1 < p < 0. Ifue LP(Q) and v e LY (Q), then wv e L*(Q), and

L (@) (@)|dz < Jul o]y

Equality holds if and only if |u(z)|P and |v(x)|?" are proportional a.e. in Q.

Theorem 1.1.2. ( Cauchy-Schwartz Inequality [7])
Let f e L*(Q) and g € L*(Q), then f.g € L*(Q) and

L ’f(@g(m)‘dl’ = <L ‘f(x)|2dx> % (L |g(x)\2dx>é.

1.2 The space of continuous function
Definition 1.2.1. Let 2 be an open subset of R™,n > 1, we note

CQ)={f:Q->R;f continuous},
and

C™(Q2) - The space of functions m times continuously differentiable on 2 where

C*(Q) = UpenC™(Q).

1.3 The test functions space C;° = D(2)

Definition 1.3.1. Let Q a non-empty set of RN (N > 1), we call space of functions test and
we denote D(QY) the set

() = D(Q) = {p e C*(),  suppp = 0},

suppp = {x € Q: ¢ # 0}.
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1.4 The Sobolev spaces

Let Q c RY be an open set and let p e R with 1 < p < .

1.4.1 The W?(Q) space
Definition 1.4.1. [§] The Sobolev space WP (Q) is defined by

Elg].agQa -y gN € LP(Q) SUCh tha,t }

WUl = o0 VpeCX(Q), Vi=12.,N

Whr(Q) = {u e LP(

We set
HY(Q) = WH(Q).

For uw e WHP(Q) we define g—; = ¢;, and we write

Vu = gradu = <&u Cu 6u)‘

oxy Oxy 7 Oxn

The space WP(Q) is equipped with the norm

p

ou
o

(2

N
lullwro = Jul, + )
i=1

Or sometimes with the equivalent norm (||ul? + >V Hg{;‘l

i)% (if 1< p <o)
The space HY(Q) is equipped with scalar product

U, V)gr = (U, V)12 ~ (}331’(9371 i o Q ) = (/).’,IZ‘,L(}.T'L
2\ 3
2) ’

Theorem 1.4.1. |§] There exists a constant C (depending only on |I| < ) such that

The associted norm
ou
6331-

N
[l = (IUI3 +
i=1

is equivalent to the W% norm.

||U||Loo([) < CHUHW1P(I) Yu e Wl’p(l), V1 < p < 00. (].6)

In orther words, W'?(I) < L®(I) with continious injection for all 1 < p < 0.
Further, if I is bounded then

the injection WYP(I) = C(I) s compact for all 1< p < oo, (1.7)
the injection W(I) = LY(I) is compact for all 1<p < o, (1.8)
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1.4.2 The Space W7 ()

Definition 1.4.2. [§] Let 1 < p < o; Wy (Q) designates the closure of C5(Q) in WP(Q).
We note

HY(Q) = Wi (Q).

The space Wol’p(Q), equipped with the WYP norm, is a separable Banach space, it is reflivive if
1 <p< w. Hy, equipped with the H' scalar product, is a Hilbert space.

Definition 1.4.3. (weak convergence and Weak star convergence)
Let E be a Banach space .

1. Weak convergence
Let (up)neny <€ E and u e E. We say that u, — u weakly in E when n —
if T(uy) — T(u) for all T € F'.

2. Weak star convergence
Let (Ty)neny < E' and x € E. We say that T,, — T weak star in E" if T,(u) — T(u) for
allre E.

1.4.3 Finite volume method [14]

Simulation of different conservation laws, such as elliptic, parabolic or hyperbolic laws, is widely
utilized in engineering domains like fluid mechanics, heat and mass transfer, and petroleum
engineering. According to Oden [24], the finite volume technique shres certain crucial charac-
teristics with the finite element method, suchas the ability to be applied to arbitrary deometries
with either structured or unstructured meshes and the ability to produce robust schemes, how
they remain the same from one discretization cell to its neighbor, is another property. When
modeling issues where the flux is significant, such as in fluid mechanics, semiconductor, the
finite volume methode is highly appealing due to this final characteristic. The initial volume
method is locally conservative because it relies on a "balance" approach: a local balance is
written on each discretization cell, also known as a "control volume', and then by using the
divergence formula over the control volume’s boundary is obtained. With regard th the discrete
unknowns, the fluxes on the border are discretized.



Chapter 2

Well-Posedness and Stability for a
System of Klein-Gordon Equations

In this chapter, we study the existence of weak solution for a non-linear hyperbolic coupled
system of Klein-Gordon equations with memory and source terms using the Faedo-Galerkin
method techniques and compactness results, we have demonstrated the uniqueness of the so-
lution by using the classical technique. In addition, we show that the solution remains stable
over time. The reaction of the proper Lyapunov function is the primary tool of the proof.

2.1 Introduction

We consider a non-linear hyperbolic system of Klein-Gordon equations, defined as the following

{utt—Au—aut+k*Au—div(lv2Vu) +ulVu?=0 in Qx(0,7), 2.1)
v — Av — Buy + 1+ Av — div([u*Vo) + v|Vul* =0 in Qx (0,7),
with boundary conditions
u(z,t) =v(x,t) =0 on I'x (0,7), :
ug(x,t) = vy(x,t) =0 on I'x(0,7), (2.3)
and Initial conditions
u(z,0) = up(x), wv(x,0) = uvy(x) on (2.4)
u(z,0) = ui(x), wv(z,0)=v(x) on . (2.5)

Where 2 is a bounded domain of R (n > 1) with smooth boundary I' and let 7" > 0, o and /3
are non-positive constants, and
t

(n=w)(t) = J n(t — s)w(s)ds. (2.6)

0

Our objective is to prove that the problem ([2.1)-(2.5)) has a weak and unique solution such that
the kernel terms k, [ have some hypothesis as well as using some ideas from articles (|4]) and

([25]).



2.2, PRELIMINARIES AND HYPOTHESES 7
2.2 Preliminaries and Hypotheses

Let €2 be a domain in R with smooth boundary I, let T" > 0.
2E(t) = [ueliz (@) + [vel72) + (ko u)(t) + (Lov)(t) (2.7)

t t
+ (1-] k;(s)ds) Va2 + (1-[ l(s)ds) IVo[2 + [uVul + [uVol2.

0 0

Assumption
We assume that k, I: RT — R™ are non-increasing differentiable functions satisfying :

I = (1 —Ltl(s)ds) >0 and ki = <1 —Ltk(s)ds> > 0, (2.8)

K(t) < —k(t), I'(t)<—It). (2.9)

If w = w(t, ) is a function in L?(0.7; H}(Q)) and k is continuous we put:

and

(kow)(t) = f k(t — s)|[Vw(t) — Vw(s)|5ds.

0

Lemma 2.2.1. [4] we CY(0,T); H}(Q)), k€ C*(0,0)

L k(= ) (Vw(s) V! (1)) ds = — ;i(k o w)(t) + ;Ci (L k(s)ds) Vo2 (2.10)
+(K ow)(t) — k() [Vw(®)[3.

Theorem 2.2.1. Let ug, vy € L?(Q) and uy, vy € LY(Q). Then, under assumptions on two
functions k and , the problem (2.1)-(2.5) has a local solution (u(x,t),v(x,t)) such that

u,v e L*(0,T; Hy () n L*(0,T; L*(Q)), (2.11)
ug, v, € L*(0,T; L*()). (2.12)

Theorem 2.2.2. Let u,v :— L*(Q) be functions in the class (2.11)) and (2.12)) satisfying from
(2.1) to (2.5) . Then the solution (u,v) obtained in Theorem (2.2.1) is unique.

2.3 Global Existence

Step 1: Approximate solution

Using the Faedo-Galerkin process, we will determine the existence of a local solution to the
problem (2.1)-(2.5) in this section. Let {w;} be a basis for both H?(2) n H}(2) and L*(Q) for
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each positive integer m we put

V' = span{wy, wa, ..., wy}.

We look for an approximate solution in the form

m m
m m m
= Z uj'w; and  v™(t) = Zvi w;,
i—1

i=1
satisfying the approximate problem

t

f {uyy — Au™ — auf} widr — f k(t —s) (Vu™(s), Vw;) ds (2.13)
Q

0
+ J 0™ PV Vw;dx + f u Vo wide =0, VYj=1,.,m
Q Q
t

f {vif — Av™ — B} w,dx — f It —s)(Vu™(s), Vw;) ds (2.14)
0

0

+ J V" Vu w;dx + f [u™|*Vo™ Vw;dz = 0,
0 Q

with initial conditions satisfying

u™(0) = ul", " aimw; = udt — ug,  v™(0) = v, Y bimw; = vl — vy in L*(),
ui(0) = i, 2L, ajw; = ui* > wr, vy"(0) = of, anbzlmwi =o' > v in LY(9).

(2.15)
Since the vectors {w;} are linearly independent, this means det(w;, w;) # 0, the latter ensuring
that the problem admits a local solution (u™(t),v™(¢)) in the interval [0, T},].

Step 2: A priori estimate
Our system’s energy functional E(t) is given by

2E™(t) = [uy"|l2 + [v"[la + (ko u™)(#) + (I o v™)(t) (2.16)
t t
+ (1 — J k:(s)ds) [Vu™|3 + (1 — J l(s)ds) IVo™||2 + o™ Vu™ |2 + |[u™ Vo™ |3
0 0

After that, we multiply (2.13) by w;, (2.14]) by v, and use identity (2.10) to get

d / m / m m m m m
= ET(t) = (K ou™)(t) + ("o v™)(t) — k()| Vu™ 3 = L) Vo™ |3 + o[z + Bl < 0

dt
(2.17)

We found that < E™(t) is a non-positive function, this last indicates that E™(t) is a non-
increasing function, meaning there exists a positive constant C', independent of t and m such
that

Ja 3+ Joi |3 + [ V™[5 + [ Vo™ 3 + [u™ Vo™ |3 + [0 V™[5 < (2.18)
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From this estimation, deduce that 7,, = T". In addition, we get
u™ v™ is bounded in L (0,7T; H}(S)),
u™ v™ is bounded in L7 (0,T; L*()), (2.19)
u™ v is bounded in L7 (0,T; L*(9)).
By the Holder inequality, the embedding H}(Q) — L%(Q) and (2.19)), we obtain
" (V07 P13 < " o [0 ) < O, 220)
[[o™ V™3 < o™ Lo IVu™ Lo < Cop ¥(w™,v™) in H*(Q). 2.21)
Therefore
(u™|Vu™?) s bounded in  L*(0,T; L*(9)), 2.22)
(Jv™PVu™) is bounded in  L*(0,T; L*(R)). 2.23)
Analogously
(v™|Vu™?) is bounded in L*(0,T; L*(9)), 2.24)
(Ju™*Vo™) is bounded in  L*(0,T; L*(Q)). 2.25)

Step 3: passage to the limit

From (2.19)), (2.22), (2.23)), (2.24) and ([2.25)) there exists a sub-sequence of (u) and a subse-

quence of (v™), denoted by same symbols, such that

-

u™ —>wu and o™ — v weak star in  L*(0,T; H}(Q)),
u™ —u and v™ — v weak star in L*(0,T; L*(Q)),
u —>u; and V" — v, weak star in - L®(0,T; L3(2)),
Su™Vo™? — x;  weak star in - L®(0,T; L*(Q2)),
V™ Vu™? - xo  weak star in  L*®(0,T; L*(2)),
[o™[PVu™ — x3  weak star in L®(0,T; L*(2)),
[ PVu™ — x4 weak star in L2(0, T; L*(2)).

From ([2.26)) and Aubin-Lions compactness Lemma in (]9]), we obtain

m

u™ —u, V™ —wv strongly in L*(0,T; L*(Q)),
since Vu™ and Vo™ are bounded, then we have
u™| Vo™ — u|Vo|>  strongly in  L*(0, Q)
V™| Vu™ 2 — o|Vu|>  strongly in  L*(0, T7 LZ(Q)
lum Vo™ — |ul|*Vv strongly in  L?(0, (Q)
0, (€)).

o™ PVu™ — |v[*Vu  strongly in L2

(2.26)

(2.27)

(2.28)
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Then, there exists a subsequences of v and v™, which we will denote by u™,

such that
u™| Vo2 — u|Vo|?  almost everywhere in (0,7 x
V™ Vu"|? — v|Vul|? almost everywhere in (0,7 x
[u™2Vo™ — |ul*Vv  almost everywhere in (0,7 x
o™ 2PVu™ — |v]*Vu  almost everywhere in (0,7 x

From Lemma ([1.0.5)) in ([32]) and (2.29)) we deduce

u™| Vo2 — u|Vol? weakly in  L*(0,T; L*(%)),
V™| Vu™? — v|Vul? weakly in  L*(0,T; L*(Q)

[u™>*Vo™ — |ul*Vv  weakly in  L®(0,T; L*(Q2)),
o™ 2PVu™ — |[v]*Vu  weakly in  L¥(0,T; L*(Q)

By the last formula (2.30)) and ([2.26]) we get

X1 = u|vv|2’
X2 = U|VU|27
X3 = [v|*Vu,
X4 = [u*Vu.

Taking w; = 1 in (2.13)) become

(uttal) (u:nvl) + (um|vvm|2’1) =0
|(ugg, D] = Ja(uy, 1) — (u| Vo™, 1)].
Using the Cauchy Schwartz inequality, we have
m m 1 m m 1
lui ey < ladluam=(Q) + [u™ Vo™ [*|2m2 (9),

such that, m(Q2) is a measure of (.
Since, the measure of € is finite, and ([2.26)), we obtain

Juif @) < Cr.
Analogously
vy [ L1 @) < Co.
Then
uf? is bounded in  L*(0,T; L'(Q)),
v is bounded in  L*(0,T; L'(Q2)).
Similarly we have
ult — uy  weakly star in - L®(0,T; LY(Q)),
v — vy weakly star in - LP(0,T; LY(Q)).

v™ respectively,

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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From ([2.26)), (2.36) and Lemma ((1.0.4)) in ([33]) with B = L*(Q2) and B = L'(Q) we get

ul — u(0), v —v(0) weakly star in  L*(Q), (2.37)
u — up(0), v —v1(0) weakly star in  L'(Q). '
From (2.37) and (2.15)), we get
u(0) = ug, v(0) = vy, (2.38)
ul(O) = Uy, (%1 (0) = 1. (239)
Setting up m — oo and passing to the limit in (2.8)), (2.9)), we obtained
t
J {uy — Au — o} wider — f k(t —s) (Vu(s), Vw;) ds (2.40)
0 0
+ f v [*VuVwdz + f u|Volw;dz = 0,
Q Q
t
J {vie — Av — Pup} widx — f [(t —s) (Vu(s), Vw;) ds (2.41)
Q 0

+ J v|Vu|w;dz + J lul*VoVw,; = 0.
Q Q

i=1,..,m. Since (wi){, is a base of Hj(Q2), we deduce that (u,v) satisfies (2.1)).
The proof is complete.

Lemma 2.3.1. Let ug,vg € H}(Q) and uy,v; € L*(Q) be given. Assume that (2.8) and (2.9)
are true. Then the problem’s local solution (2.1)-(2.5)) is global in time.

proof. Using integration by part in domain €2, multiply the first equation of system [2.1] by
ug, and second equation by v, and use identity (2.10]) to get
d

ZE®) = (K ou)(t) + ("o 0)(t) = k(O)|Vulz = 1OVl + afulz + Bl < 0. (242)

Since the map ¢ — FE(t) is a non-increasing function, i.e there exists a positive constant Cf,
independent of t and m such that

Cy = 2B(1) = sl + ool = (ko w)(t) + (1o v)(8) (2.43)
t t
+ (1 —f k(s)ds) IVul2 + (1 —J l(s)ds) IVo[2 + [0Vl + [uVo]2 > 0,
0 0

which give

Cv > 28() > Jul + ol + (1- [ tk<s>ds) g+ (1= [as) 190l 240

0 0
+ [vVul; + [uVol; > 0,

consequently, Vt € [0,T), we have |us]s + [ve]o + |[Vul3 + [ Vol + [oVu|3 + [[uVo]3 < Cy.
This deduces that the solution of (2.1)-(3.5|) is global in time.
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2.4 Uniqueness

Let (u,v) and (uy,v;) two solutions of (2.1)), we assume that U = v —uy and V' = v — v satisfy

Uy — AU — aU; + k = AU — div(|v|*Vu — [v1*Vuy) + (u|Vo]? — w1 [Vor ) =0 in Qx (0,T),

(2.45)
Vie — AV — BV, + k « AV — div(|u|*Vo — |u1*Voy) + (0| Vul> — 01|V [?) =0 in - Q x (0,7),
(2.46)

with
U0)=V(0) =0 U(0)=V.(0) =0. (2.47)

Multiplying (2.45)) by U(t) and (2.46) by (V (¢)), we have

J (Up — AU — aU, + k + AU — div([v*Vu — [v1]*Vug) + (u|Vo]* = ui [V |?)) Udz = 0,

’ (2.48)
J (Vi — AV — BVi + k = AV — div(|u’Vo — [uaVor) + (o]l — v [Ver[2)) Vdz = 0,

’ (2.49)

by the Cauchy Schwartz inequality, Holder inequality, Young inequality and H} — C°(Q2), we
have

d

a2 U1 < & + el UJB, (2:50)
d
VB <o+ elVE (251)

Then, by using Gronwall’s Lemma ((1.0.3)) in ([6]) we get
1Tz = V] = 0. (2.52)

This proves the uniqueness of the solution. W

2.5 Stability

Theorem 2.5.1. Let ug,vg € Hy(Q) and uy, vy € L*(Q) be given. Assume that (2.8) and (2.9)
hold. then there exists two positive constants py and po independent of t such that 0 < E(t) <

e H2t it > 0.

Proof. We define the function of Laypunov, for € > 0 as follows

L(t) = E(t) + ef uu + veode. (2.53)
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We prove that L(t) and E(t) are equivalent, meaning that there exist two positive constants N
and M depending on € such that for ¢ > 0

NE(t) < L(t) < ME(t). (2.54)
From the Lemma (|1.0.1)), we have
L) < B(0) + ¢ geluald + SJulf] + | 3l + 31083
20 20
By using the Poincaré inequality , we get

1 1
L) < B0 + ¢ | pelul} + SCH IV | + ¢ | gitulg + 6Ca1 vl

From ([2.44)) we have
L(t) < B(t) + ¢ BE(@ + 25?%)] +e BE@) + 2(5?2E(t)]
1 1
L(t) < E(t) + 26§E(t) + 265?E(t) + 265?E(t>
1 1

1
L(t) < ME(t) suchthat M =1+ 265 + 26(5;;vl + 26(5?.
1 1

On the other hand, we have

1 1
L) > B0~ ¢ | gslull + dlul} | ~ ¢ gl + o1

1 1
> ()~ ¢ | gslulf + 0C IVl | — | golold + 6Ca1vei]

= () — | LB + 25OIE(t)] y [1E(t) + 250215@)] |

_5 ]ﬁ o ll
1
L(t) = NE(t) such that N =1— 2= — 265ﬁ - 266@.
J k1 I
Now we have p J
—L(t)=—E(t) + GJ [uf + wwu + v} + vuv] da (2.55)
dt dt 0

ef uudr = EJ [u.Au + auu, — w.k « Au+ u.div(|v]*Vu) — u|Vo|>.u] dz
Q 0

1 t
<e|—||Vul? + Oz2—5||ut||§ + ab|ul? — [vVu|? - [uVo|? + J Vuf k(t — s)Vu(s)dsda:]
| Q 0
(2.56)

N
[

1 t
—|Vu|3 + a%HutHg + aC10|Vul3 — [vVu|3 — |[uVo|3 + J Vuf k(t — S)Vu(s)dsdx]
Q 0
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Analogous
ef vpvdr = ef [v.Av + Bov, — vk + Av + v.div(Jul*Vv) — v|Vul>v] do (2.57)
Q Q

1 t
<e [—yvmg + 5275”%”3 + BCL| V|3 — |[uVo|3 — [oVaul3 + J va I(t — S)Vv(s)dsdx] .
Q 0

So
d d
C L) < SE0) + elul} + elu?

1 t
— €| Vull5 + eoz—HutHg + eaC16|Vul3 — €|vVul3 — e|uVv|3 + EJ VUJ k(t — s)Vu(s)dsdx

— | Volf5 + 66 HthQ + €BCL6| V|5 — e|uVo|; — e|vVul3 + EJ va (t — s)Vu(s)ds.dz.

(2.58)
The last term of relation (2.58) can be estimated as follow.
t
Vu | k(t —s)Vu(s)dsdx
t t
< f (J k(t —s)|Vu(s) — Vu(t)|d3) dx + J k(s)ds||Vul3 (2.59)
o \Jo 0
1
< (T+n0)(1 = k)| Vaul3 + 47](]{ oVu)(t) for n>0.
Analogously
J J (t — s)Vo(s)dsdz
Q
1
< (1+ )(1—11)HV1}H2~|——(ZOVU)( ) for n>0.
So
d

S L) < (Kow)(t) + (l’ ov)(t) = k(t)[Vulz — I Vollz + alluelz + Bllvel + eluelz + €lvellz
— e[ Vull; + eags HutH2 + GQCI(;HVUHQ — e[vVull; — eluVol; + (1 +n) (1 — k) Vul;
+ 6%% o Vu)(t) — e[ Vol + 65 5 loilz + eBCL[ V3 — eluVul; — eluVul

(1 +m)(1= 1) Vo2 + 64177(1 o Vo) (b), (2.60)
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SO

d 2 1 2
%L(t) < <a Tt ea%) g3 + (5 +e+ 6525) (Al

+ (—k(t) — e + eaC1d + (1 + n)(1 — k1)) | Vul3
+ (—U(t) — e + €BCLS + (1 + ) (1 — 1) ||[Vv|3 + (—2¢ — 1)|[oVu|3 + (—2¢ — 1) |[vVul3

~ (kou)(t) — (Low)(t) + [uVol2 + [oVul2 + 64177(/{ o Vu)(t) + 64177(l o Vo)(t), (2.61)

SO

d
%L( ) < YE(t) + A (2.62)
We choosing e small enough such that
Y Mm(oz+6+60z ﬁ+e+eﬁ —k(t) — e+ eaCid + (1 +n)(1 — ky) (2.63)
— Ut )—6+65015+6(1+77)(1—l1) (—2¢—1);—-1) <0,
and ! ]
A = [uVol3 + |[vVul3 + 6%(1{7 o Vu)(t) + e%(l o Vo)(t). (2.64)
From (2.54), we have
d g
—L(t —L(t) + A 2.65
like that
Loy — 2Lrey < a (2.66)
dt MY '

For obtain the estimate of the function L we solving the previous differential inequality (2.65))
as following. Solve the homogeneous inequality of relation ([2.66|), we have

L
Jd f%mc

L(t) < eﬁtcl,

to complete the solve we apply the method of the variation of the constant.
Let

L(t) < eFrtey (1), (2.67)
SO
< Teten ) + (1) < Lot t) + A
et (1) < A\,
() < et
fdcl(t) < | e A\dt + ¢,
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SO

M -
Cl(t) < emt 4 Ca,
f>/
so, from relations (2.67)) and (2.68)), we get
~ AM
L(t) < cpem® — — VYt >0,
/y
by using ([2.54)), we conclude
v, AM
E(t) <czem’ ———  Vt=0

(2.68)

(2.69)

(2.70)



Chapter 3

Global existence and stabilization of
solution for a non-linear hyperbolic
system of Klein-Gordon Equations

In this chapter, we have studied the existence and uniqueness of solution, and we also prove
that the solution is stable over time by applying Lyapunov function.

3.1 Introduction

We look at the Klein-Gordon non-linear problem in this work, which is defined as follows

{utt — Au — div (V| VulP=2[ulP) + u|ulP~2|Vul? — au, = ulu|™ 2, 51)
vy — Av — div (Vo|Vo|P=2[u|P) + v|o|P~2|Vo|P — Buy = v|v]™ 2,
with boundary conditions
u(z,t) =v(x,t) =0 in 002 x (0,1), (3.2)
and initial conditions
u(z,0) = up(x) v(x,0) =vo(z) on €, (3.3)

w(z, 0) = ui(x) vi(x,0) = vi(x) on L.

Where € is a bounded domain of R"(n > 1) with smooth boundary 02 and let 7" > 0, a and
3 are non-positive constants and p,m are a positive constants.

The major purpose of this work is to use potential well techniques to investigate the existence
and uniqueness of solution (the same way in the article see ([31]) for a problem with limits
given by equations to non-linear partial derivatives. under certain conditions the solution also
is stable over time. The fundamental tool in the proofs is Haraux and Zuazua ([19]) idea, which
is centered on creating an adequate Lyapunov function .

17
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3.2 preliminaries and Assumptions
The energy associated with our system is given by
1 1 1 1 1 1
B() = gluld + 5ol + - uTulp + ~pvolp + 5IVul + 5190 (35)
1 m 1 m
— —ulm = =l
m m
the following functions are also introduced
1 U I IR DR
J(t) = ];HWUHp + ];HUWHp +5IVaulz + S1Vel: (3.6)
1 m 1 m
= —ulm — —lvl,
I(t) = [uVulh + [vVolp + [Vul3 + |[Vol3 = July = vl (3.7)
We define the stable set by
D= {(u,v) e (WoP(Q) m HY(Q)?: I(t)>0 and J(t) < d}, (3.8)
where d define by
d= inf{ sup J(A(u,v))} . (3.9)
(u,0)e(Wy P (Q)nHy P (2))2/(0,0)
Assumptions
(1) Assume that
m—2
m 5
B=C"|{——= | E 1. 3.10
[ L0 (3.10)
Where C' is the Poincarare constant.
(17) m satisfies
2 < —F,2 . 3.11
<p<ms<_—5.2<n (3.11)
Lemma 3.2.1. [25] Let s be a number with 2 < s < o0 ifn <r and 2 < s < = ifn > r.

Then there is a constant C depending on Q and s such that ||u|, < C|Vul., ue Wy " (Q) .

Theorem 3.2.1. Let (ug,vo) € (Wol’p(Q) N H&(Q))2 and (uy,vy) € (L*(Q)) be given, suppose
that (3.10) relationship is realized. Then there exists a local solution (u,v) to problem (3.1])-(3.4])

which is satisfied

(u,v) € C ([0, T]; (WyP() n Hy(Q))?),
(u,vr) € C ([0, T7; (L*(2))?) .

(3.12)
(3.13)
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3.3 Global solution and stabilization

Remark 3.3.1. Using integration by parts in domain §2, multiply the first equation of system
(3.1) by element uy and second equation by element vy, we get

d

SB(t) = ol + Blul3 <0, (314)

for almost each t. Therefore,
E(t) < E(0) Vt=0. (3.15)

We will show that the set D is invariant. That is for some to > 0 if (u(tg),v(ty) € D, then
(u,v) € D, ¥t = t, starting with the existence of the potential depth in the following lemma

Lemma 3.3.1. [31] d is a positive constant

PROOF. We have

2P %P A2 9 A2 9
J(Mu,v)) = *HWUHP + *HUWIHZ + o IVl + S Vol (3.16)
/\Qm )\2m
— —ulm = — vl
m m
we put
J(A(u, ) = G(N), (3.17)
where
» » /\m m )\m
G(A) = *HWH + *HWH =l = ol (3.18)

differentiating the second term from the relationship (3.18]) with respect to A, to get
d

G = A([Vulz + [Volz) = X"l + o)), (3.19)
SO
d _
ZGO) = A (IVul3 + [ Vel) = A (July + [ol2) = 0, (3.20)
we are looking for solutions to equation
9l + 9013 — X (g + ol = o (3.21)
IVull3 + [Vul3 = A2 (ul + ol (3.22)
SO
Joneny _ [IVal3 + V0l 52

(e e
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so, we have
1
2 2\ -3
el + [
for Ay =0
and
2 2\ 7
1o (D 1900y ™ 525
el + [l
then we have
d
—dG(N\) =0. .2
d)\G( )=0 (3.26)
and, we have
d2 2 2 m—2 m m
WG(A) = [Vl + |Volly = (m = DA™= ([ul; + llol57)
& [Vul3 + [Vol3) "=
——=G(\) = |[Vul; + [Vuli — (m -1 2 2 o
T35G00) = 1Vl + 190l - = 1) (TPEEE SN qagz o oz
= (2—=m) (Julm + v]m) <0, (3.27)
As
d
GO0 =0, and G(\) =0, (3.28)
and since
d2
TG 0) <0 (3.29)
we see that
sup J(A) = sup G(A) = G(\2)
A=0 A=0
2
L ([Vul; + ng) (m=2) 2 2
= x ([Vaul3 + [Vl
3 (e ot (¥l + 1Ve2)
L ([ Vul} + Vo] ™2 -
- (B ) ™ s a4 ol
m \ ulm+(lofm
(3.30)
it follows from the Lemma ({3.2.1]) and assumptions (3.10]), we get
luly + vy < C™ ([Vuly" + [Vol3')
< C™ (|Vul3|Vuly=2 + Vol Vo]3—2)
2m et
< 2 2 m e E
(alg + 1o | (225) B O)
< | Vull3 + [Vvl3, (3.31)
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then we have
1 1
oup J(3) > 3 (V3 + [V018) ~ - (ull + o2, 5:3)
-2
> (B22) otz + 1ol (3.33)
if [ull; + [v]s = 1, we have
m — 2
JAN)=|——)=d>0. 3.34
p ) = (%2 )~ > (334
Lemma 3.3.2. [31] D is a bounded neighborhood of 0 in WP (Q)
Proof. for (u,v) € D, and (u,v) # (0,0), we find
1 S I TRV T
J6) = Huvulg + 2 Jovolg + SIVulf + 519003
1
= — (1) = [uVulf = [oVol} = [Vuls = [Vol3)
1 1
+ ( — > (JuVulb + [vVv]?)
p m
1 1 1
(2= 1) v+ 190) + 210, 3.35)
S0
J(t) = L1 Vul/? VP
(t) = b m (luVulp + [vVo]})
1 1
+ (5 ) (9ul + 19003
10 = (5= ) (IVulg+903). (3.36)
> |5~ ul3 v :
it follows that
2 2 1
IVl + 1903 < (121 ) 0 (3.37
2 m

1
<<1 1)clzR
2 m

Consequently, V(u,v) € D, we have (u,v) € B where

B - {mv) e (War(@) n HYQ) /D |Vul3 < R} .

1=1

This complete the proof.

(3.38)
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Theorem 3.3.1. Suppose that (3.10) and (3.11) be given. If (ug,v9) € D and (uy,v,) €
(L2(2))?, so for all t = 0 the solution (u,v) € D.

Proof. let (ug,vo) € D, we see that

I(t) = JuoVuolly + [voVvolly + IVuol3 + [Vvolz — Juolyy — [volly; > 0. (3.39)

As a result of continuity, there exist 7T}, < T such that

I(t) = [uVul} + [vVo]p + [Vulz + [ Vo3 = Jul = o7 =0 for te[0,T,].  (3.40)

This give
1 1 T TR B
J(#) = luvulp + Zlovolg+ 51Vulz + 51Velz (3.41)
1 m m
= — (Julm + vlm)-
From I(t) we have
= (Jullm + [vl7) = 1) = [uVuly = [oVolp — [Vul; - [Vo]3. (3.42)

Substituting the relationship (3.42)) into the relationship (3.41)), we find

1 1 1 1
J(t) = ]gHuVUIlﬁ + ];HUWIIZ + 5 Vulz + 51Vl

(1(t) = JuNVulp = [oVo]p = [Vul3 = [Vol3)

m
= LY (9ulg 19 + 10, 5.9
SO
J(t) = <1 — > (uVul? + [vVo]?)
p m P P
+ (5 2) (Vul+ 190l
2 m 2 2
I(t) > (1 - 1) (19l + [Vo[2) (3.44)
2 m !

so, we have

_1 1) E(0). (3.45)
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By apply Lemma (3.2.1)) we have

< C"|[Vul3 < C™[Vul3|Vulz (3.46)
< CM Vol < OVl Vol (3.47)

Jrul

3333

v]
from the relation (3.45)), we get

[l + ol < C™ (IVul3I Va3~ + [ Vol5] Vol 372)

m 9 2m E 9 2m "
<c (Khw2<E«»nl_2 +vol (B2

m 2m "
< (vug+ 1w o | (225) B O)
< Va3 + |V}

< [uVul} + oVl + [Vul + [Vol3, (3.48)

therefore, I(t) > 0 ¥Vt € [0,T,,], by taking the fact that
m—=2

lim €™ [(27"2) E(O)]z <B<l. (3.49)

t—Tm m —

This demonstrate that the solution (u,v) € D, for all ¢t € [0,T,,]. By repeating this procedure
T, extends to T

Theorem 3.3.2. Suppose that (3.10) and (3.11)) be given. If (ug,vo) € D, (u1,v1) € (L*(2))?,

then the local solution (u,v) becomes global in time such that (u,v) € G where

(u,v) € L® <R+, (W (9) Hg(sz)f) ,

G = , (3.50)
(wr ) € L (R*, (X))
Proof. Using the relationships (3.5)), (3.14) and (3.35]), we get
1 1
EO) = B(t) = J(0) + gul3 + 5v: (3.51)
1 1
E0) = E(t) > <p - m) (JuVul? + [vVo|?) (3.52)
1 1 1 1 1
+ (5 5 ) (Val+ 19el8) + 210 + Sluld + Glalf
since I(t) is a positive, hence

el + loell3 + [uVul} + [oVol} + [Vu |3 + [Vol; < CE(0), (3.53)

such that C is a positive constant that only depends on p and m.
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Theorem 3.3.3. Suppose that m > p and (3.10) are correct. If (ugp,uy) € (W()l’p(Q)m € Hé(Q))2,

(ur,v1) € (L2(Q))°. Then there are two positive constants p1 and ps that are independent of t
such that 0 < E(t) < ppe 2t Vit = 0.

Proof. We define Lyapunov’s function as follows

L(t) = E(t) + (—:f wu + vodr Ve > 0. (3.54)
Q

We show that the relation L and E are equivalent, i.e. there are two positive constants N and
M that depend on € such that for t > 0

NE(t) < L(t) < ME(t). (3.55)
From the Lemma ({1.0.1)), we have

1 1
1) < B0 + ¢  gslull + o1ui3) + ¢ (5lul3 + o1ul3) (3.56)
by applying the Lemma ([1.0.2)), we find
1 1
L) < B0 + ¢ ( gslulf + 9CITulR) + ¢ (g5lull + 0Tol) . (35)
from (13.52)) we have
L) < B + e (LE@) + 66,-2"Bw)) + ¢ (LE@) + 50,2 B(r)
h ¢ 0 "m—2 ‘ 0 *m—2
1 2(501m 2502771
< = )
E(t)+2€6E(t)+Em_2E(t)+6m_2E(t), (3.58)

2(501771 25027”
+ €

1
L)< Mt)E h th M=1+ 2¢e= ) )
(1) (t)E(t) such that 25 te— p— (3.59)
On the otherwise, we have
1 1
() > B(0) ~ ¢  g5lulf + o1ui3) — (5103 + aloi3)
1 1
> () - ¢ ( gglul} + SCiIVulR) - ¢ (551l + 67013
1 2501771 2(5CQTTL
> FE(t) —2e=FE(t) — E(t) — E )
(1) 261 (1) — o gy - 20 gy, (3.60)
i 1 2C 20C:
L(t) > N(O)E(t) suchthat N =12 — ¢t 2022 (3.61)

) m — 2 m—2
Now we have

—L(t) = —E(t) + (—:f ugu.dr + EJ urdz + f vy v.d + (—:j vidr, (3.62)
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from (3.1)), we get
uy = Au + div (Vu|VulP?ul?) — wlulP 2 Vul’ + auy + ulu[™ 2 (3.63)
vy = Av + div (Vo[ Vo] 2[o]?) — o[oP7?| VP + av, + vfo|™ 2, (3.64)

so, we have
ef uudr = EJ (Au+ div (Vu|VulP7?[uff) — u|uP7?|Vul? + au, + ulu|™?) ude,
Q 0
EJ vyvdr = EJ (Av + div (Vo| Vo' |v]P) = v|v[P7? Vo] + avy + v]o[™?) vde,
Q Q

(3.65)

by applying the part integration relation, we find

J wAuds — —|Vull?, J vAvds — —|VolZ, (3.66)
Q Q

J div (Vu|VulP?|ul?) udz = —|uVul]?, f div (Vu|Vo[P7?u]?) vdz = —|uVo[b,  (3.67)
Q Q

—J ululP~?||VulPude = —[uVul?, —J v|vP? | VoPode = —[vVol?, (3.68)
Q 0
J wu™ ?udr = |u|™, J v 2udx = ||| (3.69)
Q Q
We apply the Young inequality in ([25]), we have
1
eaf windz < €a (|ut|§ + 5|u||g) | (3.70)
Q 4o
1
Eﬂf vodr < €f <4||vt|§ + 5|U||§) : (3.71)
Q o

so, we get

f ugudr = ef (Au + div (Vu|VulP7?[ufP) — uluP"?|Vul? + au, + ulu|™?) udz
Q

1
< (= IVl = 21l 4l + o (g5l + o )
1
< (- IVulE - 2uuly + 4o (glu +ocvu) ). B2
GJ vpvdr = ef (Av + div (V| Vo' |v]?) = v]v[P 2Vl + Bo, + v]o|™?) vdz
Q

m 1
e (190l = 21wy + ol + 5 (g5l + 31 )

m 1
< (- IVelg —2ovelp + ol + 5 (G5lud3 +oCalwuld) ). 37
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so the relation (3.62)) becomes as follows

d

L) <

So

d
dt

+ears Hut\lz + 65 s loilz + €C1oVul; + e8aCad] Vol

—E) + G\IutH% + elvel; — €l Vulz — e[ Vol; — 2e|uVulp — 2e|vVol} + elul; + e]v]7
< OéHutHz + ﬁHthg t eluel3 + elvels — el Vul; — el Vo3 = 2¢[uVully — 2¢[o Vol + e|uly + ev];

+ears HUtH2 + 65 ||Ut|\2 + eaC1d|Vuly + e8C28] V3

< (a +e+ 60(46> g3 + (6 + e+ 6645> |vell5 + (eaCid — €) [Vul3 + (806 — €) | Vo3

= 2e|uVulp = 2e[vVolf + eluly + elvln = [uVulf = oVolf = fuly = ol

+ [uVullp + v Volf + ful + vl (3.74)
d
dtL( ) < xE(t) + w. (3.75)

We chose a tiny enough € such that

w = [uVulp + [oVolf + July + ol

1
x = Min <a—|—e—|—ea ,6—1—6+65 eaCl(S—e,eﬁéCg—e,—Qe,e) < 0.

As a result of utilizing (3.55)), we get

th(t) < %L(t) +w. (3.76)

We get the following estimate for the function L by integrating the preceding differential in-
equality (3.76]) between 0 and t.

X M
L{t) < Cyedrt — 2 >0, (3.77)
X
As a result of utilizing (3.55)), we have
X M
E(t) < ket — C;N t>0. (3.78)

The proof is complete ©



Chapter 4

Existence and Uniqueness of solution
for a fractional system of Klein-Gordon

In this chapter, We investigated the existence and uniqueness of solutions to a fractional system
of Klein-Gordon equations with non-linear term in this research.
4.1 Introduction

We consider a non-linear hyperbolic system of fractional Klein-Gordon equations, of one-
dimension defined as the following

uy — D%u — Brug — (|v]Pug)e + ulvg]> =0 in I x(0,7), (4.1)
vy — D — Bovy — (|ulvy)e + vlug|> =0 in I x (0,7), .
with boundary conditions
u(z,t) =v(x,t) =0 on I'x(0,7), (4.2)
ur(z,t) = ve(z,t) =0 on TI'x(0,7),
and Initial conditions
u(x,0) = ug(x), v(x,0)=1vy(x) on I, (4.4)
ur(x,0) = ui(x), v(z,0) = v(x) on I. (4.5)

Where [ is a domain of R and let 7" > 0, 0 < a < 4, ; and 35 are non-positive constants, and
D = (—0%/0x?)2.
Define (D%) as ([27]) and ([17]) by

(D)(x) = — f (o= o) u(2)de,
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where ['(a) = 80 2*"le~*dz denotes Euler’'s Gamma function.

A group of authors have studied the non-linear fractional Klein-Gordon equation and we men-
tion among them

Gan, C. L., Xiao, T. and Zhang |16], considered the non-linear fractional Klein-Gordon maxwell

system

{(—A)Pu +V(z)u— (2w + @)pu = K(x) f(u), in R (4.6)

(Ao = (w + ¢)u? in R3 where pe(3/4.1)

(—A)P stands for the fractional Laplacian, w > 0 is a constant, V' is vanishing potential and K

is smooth function. The existence of positive solution is proved by mountain pass theorem.

M. Chatzakou, M. Ruzhansky & N. Tokmagambetov |11], considered the non-linear fractional

Klein-Gordon equation

u(t, ) + Rou(t, z) + m(z)u(t,x) =0, (t,z)€[0,T] x G, (47)
u(0,x) = ug(x), u (0, z) = uy(z), reG '

where m is a non-negative and possibly singular function/distribution, G = R? to be the

Euclidean space, and R = —A to be the Laplacian on R¢. They proved that it has a very weak

solution, and the consistency with the classical solution are also proved.

A. Altybay, M.Ruzhansky, M. SEBIH & N. Tokmagambetov [3], considered the non-linear

fractional Klein-Gordon equation

u(t, ) + (—A)u(t, z) + m(z)u(t,x) =0, (t,z)e[0,T] xR, (48)
u(0,2) = ug(x), u (0, z) = uy(z), reR '

The function m is supposed to be non-negative and singularand o > 0, d € N. They proved
that the solution is very weak well-posed. The uniqueness is proved in some appropriate sense.
Moreover, they proved the consistency of the very weak solution with classical solutions when
they exist.

Our goal in this article is to prove that the problem — has a weak and unique solution
by using the Glarkin method, by following tha smae method as in articles [17], [5].

4.2 Main result
The energy associated with our system is given by
2B(t) = [[uell3 + lvsl3 + Juvel3 + [vus 3 + | DZul3 + |D=v]3, (4.9)

we look for weak solutions of problem (1) with initial data u(z,0) = uy and v(z,0) = vp in V
such that
V =L*(]0,T[,L*()) n L* (0, T[, Hy()) . (4.10)
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Theorem 4.2.1. [5] Let 5 < a < 4, T > 0, and ug(x),vo(z) € Hi(I). Then the problem
has an unique weak solution (u,v) € V.. Moreover (u,v) satisfies the following regularity
properties

w,v e L*®(0,T; HY (1)) n L*(0,T; H= (1)), (4.11)
ug, v, € L*(0,T; L*(1)). (4.12)

4.3 Global Existence
To simplify the writing, we will put
u(z,t) =u, wv(z,t)=n".

Suppose (u,v) is a weak solution of (1). We consider the following approximate problem

L {ujy — frug” + D™} pdx + L [0 Pu e da + L u™l|pdr = 0, (4.13)

JQ {vy — Bov” + D™} pdx + fﬂ ™ Po" ppdax + JQ V"M ult|¢dx = 0, (4.14)
for t €]0, T[ and ¢ € H*(I,]0,TY), let us put

2E™(t) = Ju"3 + o2 + ™o 3 + o™ |3 + D™ |3 + [ D™

Then multiplying (4.13)) by u}", (4.14) by v}", we get

1d (. 1d [ o N
o7 L[Ut 1Pdz + ST Q[D'zu 1Pdx — ﬂlf [u"]*dx

Q
+ J [0 Pu™ (uf) pda + f u™ ol utdx = 0, (4.15)
Q Q
1d (. 1d [, o -
Qﬁfg[vt ]Qdaj—i— S Q[DM) ]2dx—ﬁ2 JQ[Ut ]2dx
+ J |um|21};”(v;”)xd:1: + J vl ot dx = 0, (4.16)
Q Q

by adding the two last equalities we get

1d m m < m S m
57 (a5 + oI5 + [ D=a™]3 + |DZ0™ |5 + Juve| + [vug|3) = Billulz + Balvel3,  (4.17)
SO d
2B <0, 418
< B() (4.18)
then

E(t) < E(0), (4.19)
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SO
[ai |3 + o3 + [D=w™ |3 + [D=2o™ |3 + Juvs|3 + [vusz < 2E(0), (4.20)
from (4.20f), that a solution is a bounded.
u™, v™ is bounded in L7 (0,T; Hi(I)),
u™, v™ is bounded in L7 (0,T; Hz (1)), (4.21)
u™,v™ is bounded in L2(0,T; L*(I)), '

uy*,v;"  is bounded in

L”(0,T; L3(I)).

Then it is sufficient in order to apply approximation Galerkin’s procedure. Hence, we can ex-

tract a sub-sequence of (u™) and a subsequence of

(v™), denoted by same symbols, such that

u™ —u and o™ — v weak star in L*(0,T; H)(I)),

u™ —>u and V™ —wv weak star in L*(0,T; L*(I)), (4.22)

u* — v, and V" — v, weak

star in  L®(0,T; L*(I)).

Now we prove that the non-linears terms are also bounded.

By the Holder inequality, the embedding H}(I) —

L5(I) and (4.21)), we obtain

[ o P15 < Ju™[Zo e lv sy < Chs (4.23)
o™ Pug' 3 < o™ (2ol Zory < Co - ¥(u™,0™) in H*(I). (4.24)
Therefore
(u™|v™?) is bounded in  L*(0,T; L*(I)), (4.25)
(Jo™u) is bounded in  L*(0,T; L*(I)). (4.26)
Analogously
(v™u™?) is bounded in L*(0,T; L*(I)), (4.27)
(Ju™*v™) is bounded in  L*(0,T; L*(I)). (4.28)

From (4.25)), (4.26)), (4.27) and (4.28)), we get

u™v™* - x;  weak star
v™u™* -y, weak star
[o™2u™ — y3  weak star
[u™ 2™ — x4 weak star

in L0, L2(])
in L*(0,T; L*(I)
in L*(0,T; L*(I)),
in L*(0,T; L*(I))

),
) (4.29)

From (4.22)) and Aubin-Lions compactness Lemma in (]|9]), we obtain

m

u™ —u, V™ —wv strongly in L*(0,T; L*(I)), (4.30)



4.3. GLOBAL EXISTENCE

31

since u" and v!" are bounded, then we have

u™v™? — ulvg|?  strongly in  L*(0,T; L*(I)),

V™™ 2 — vlug|? strongly in  L?(0,T; L*(I)

2 — |ulfu, strongly in  L*(0,T; L*(1)),
( (1)

v™Pu™ — |vlPu strongly in  L2(0. T L*(I
| | €T || x gy 9 )

lu

Then, there exists a subsequences of v and v™, which we will denote by u™, v

such that
u™v™ > — ulvg|?  almost everywhere in
™|

M2y — Jul?v,  almost everywhere in

0

— v|ug)? almost everywhere in (0,

|u (0
(0

[o™[2u™ — |v]*u,  almost everywhere in

From Lemma ([1.0.5)) in ([32]) and (4.32]) we deduce

u™ o™ 2 — ulv,|? weakly in  L*(0,T; L*(I)),
vV um? — vlug > weakly in  L®(0,T; L*(1)
lu™ 2™ — |ul?v,  weakly in L*(0,7T; L*(I)

( (1)

o™ Pu™ — |v|u, weakly in  L®(0,T; L*(1

By the last formula (4.33) and (4.29)) we get

X1 = ulv |,
X2 = U|U$|2,
X3 = ’1112%,
X4 = |ul*v,.

Taking ¢ = 1 in (4.13]) become

(ugy, 1) = Bu(u, 1) + (D™, 1) + (u™[o7[*, 1) = 0,
[(ugg, D] = [B1(uf", 1) = (ufo']?, 1) — (D™, 1)] .
Using the Cauchy Schwartz inequality in [7] , we have

1 1
g ey < Bl lam2 (1) + [u™ vy *|lam?2 (1) + [ D™ |y,

such that, m(7) is a measure of [.

(4.31)

™ respectively,

(4.32)

(4.33)

(4.34)

(4.35)

Since, the measure of I is finite, and from (4.25)),(4.26), (4.27), (4.28]), (4.33) and (4.22), we

obtain
|lugy | 1) < Ch.

Analogously
lvit [zr iy < Ca.

(4.36)

(4.37)
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Then

uf is bounded in  L*(0,T; L'(1)), (4.38)
v is bounded in  L*(0,T; L*(I)). '
Similarly we have
ut — uy  weakly star in - L®(0,T; L' (1)), (4.39)
v — vy weakly star in - L®(0,T; LY(1)). '

Now we prove that D*u™ converge strongly to D% in L*(]0, T[; L*(I)). In the same way (see
([17]), we get

| D*u™ = D%l o2y <

Pum %u o2um 02w

[ orz ﬁHLl(]O,T[;H%(D) < HW”[AGO,T[;H%(I)) + H@HD(]O,T[;H%([W (4.40)
analougously
HDa’Um - DauHLl(]O,T[;LQ(I)) <
?vm v 02y 20
[ o EHU(]O,T[;H%([)) < HWHU(]QT[;H%(I)) + ”@HLl(]O,T[;H%(I))’ (4.41)

and since the term % is linear, approach problem converges weakly to a limit point, then the
existence holds.
The proof is complete.

4.4 Uniqueness

Now we will prove the uniqueness of the solution. Let (u,v) and (uq,v;) two solutions of (4.1]),
we assume that U = u — vy and V' = v — vy satisfy

Uy — DU = 51U — (JoPug — |01 Puse)s + (uloa* —wfoi) =0 in Ix(0,T), (4.42)
Vie — DV — BoVi — (|u*v — |us[Pv12) e + (v]ue]® — vi|ui/*) =0 in I x (0,7), (4.43)

with
U0)=V(0)=0 U/(0)=V,(0)=0. (4.44)

Multiplying (4.42)) by U(t) and (4.43) by V (¢) and integrating over I, we get

f (UttU — D*UU — BUU — (Jvfuy — |vl|2u1x)xU) dx
+ J ((ulve* = wr|v1,)U)de =0 in I x(0,7T), (4.45)
J (VaV = DVV — BV — (Ju?oy — |ur Pore)eV) da

+ J ((v|ug]? = vi|uie|*)V)dz =0 in I x(0,7), (4.46)
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SO
a2 1 2 2
UyUdx — |D2U|;5 — 5 dt|U|2 ([v]“ug — 1] u1,)Upde
+ J(ulvgf - ullle\z)de =0 in Ix(0,7), (4.47)
f‘/}tde — |D2V|2 - 3 dtﬂ/\g f(|u\2fux — Ju1|*v1e ) Veda
+ J(v\uxﬁ —vi|uH)Vdr =0 in I x(0,7T), (4.48)
SO

D201 - 55101 = [Vt + [(oP — o Pun) s

2 dt

- J(u\vxlz —uy|vi[HUdz in I x(0,7), (4.49)

IDEVIE = 5 IVIE = [ Vevide + (o, — unPore)Vad
+ J('U|ux\2 —vi|ur [ )Vdz in I x(0,7T). (4.50)

We know that
ulve* —wr o] = ul(vg* — [via]?) + ulv,.[* = wfor?
= u(fvel* = 012 ]*) + 10 * (u — w1)

= u(|vg|* — |v1z]?) + |v12]*T, (4.51)

in the same way we find that

U|uﬂc|2 - U1|u1m|2 = U(|uw|2 - ’u1w|2> + U|u1x|2 - v1|u1:v|2
= v([ua|? = |ure]?) + Jure|*(v — 1)
= v(|tg)? = |ural?) + |usa [V, (4.52)

so, we have
|ID2U|? + 251 dtHUH2 JUttde + J(\v|2ux — vy [Py, ) Upda + fu(|vx\2 — |vi ) )Udx
+J\v1x|2U2da¢ in I x(0,7), (4.53)
|ID=V[3 + 252dt”VH2 f‘/}tVde + J(\u!zvx — |u[Pv10) Vada + Jv(\uxlz = |ure|*) Vi

+J\u1x|2\/2daz in Ix(0,7), (4.54)
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by the Cauchy-Schwartz inequality (in [7]) and H'(I) — C(I), we get

|DEU; + 261dtHUH2 < maX{|U|}f|Utt\dx + [P ual2[Ull2 = o1 Pura 20Uz 2 + Julvs*2]U ]2

—WMAbWh+JMAWM in I x (0,7), (4.55)

IDEV3 + 2ﬁ1dtHVHz < maX{IVI}JIVttIdI + ulPve 2V ]2 = [ Pore 2| Vallz + [o]uel* |21V ]2

— vluiz2] V]2 +J|uu| Vidr in I x(0,7T), (4.56)
so from (4.39)), we get
|ID2U|% + Bl HUH2 c1+ v Ul3dz in I x(0,T), (4.57)
D=V 5 + 61 HV\Iz\cﬁHuleHg in I x(0,7), (4.58)
then, we find
|DEU3 + QB%HUHQ <a+a|Ulzde in 1x(0,7), (4.59)
IDEVIE + 2 SV < s+ aalV3 i < (0,T), (4.60)

by the Gronowall’s Lemma in [6] we get

U=V =0 on (0,7).



Chapter 5

Approach numeric by finite volume
method for fractional klein-Gordon
system in one-dimension

In this chapter, we will look for the approximate solution to the one-dimensional fractional
Klein-Gordon equation by adopting the finite volume method, then we show that the apprixi-
mate solution is stable.

5.1 Introduction

In this paper, we consider a non-linear hyperbolic system of fractional Klein-Gordon equations,
of one-dimension defined as the following

uy — D — Brug — (|vfPug). + ulv/> =0 in (0,1) x (0,7),
Vi — D — Bovy — (|ul*vp)e + v|ug)> =0 in (0,1) x (0,7),
u(z,t) =v(x,t) =0 on T x(0,7),

w(x,t) = vy(x,t) =0 on I'x(0,7),

u(z,0) = ug(x), ov(z,0) =ve(x) on (0,1),

Lw(z,0) = wi(x), v(z,0) = vi(w) on (0,1).

Where (0, 1), is a domain of R and let "> 0, 0 < a < 4, #; and (3 are non-positive constants,
and D* = (—0%/02%)2 .
Define D* as 20| and [22]:

(D) (x) = F(ia) Lx(m — 2)* o(2)dz,

where ['(a) = SSO 2%"le~*dz denotes Euler’'s Gamma function.

35
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Remark 5.1.1. Trapez formula

ff ();f() (5.2)

5.2 Discretization by finite volumes

Definition 5.2.1. [1j] (admessible mesh) Anadmessible mesh of (0,1), denoted by T, is
given by family (K;)i—1,.n, N € N*, such that K; = ('riféaxif%)f and a family (2;)i-o,.. N1
such that

Tog=21 ;=O<x1<x3< <l <. <oy <Ty,1=2Tng = L
2 2

l\')

One sets

h; = m(K;) = TipL = xl_%,i =1,..,N,and thereforeZ h; =1,

=1

7

+_ C_
h; =Tl = Tl = 1,..,N,

h; =T - T 1,0 = 1,..,N,

hH—% = Tiy1 — xiai = 17 "7N7
h‘if% =T —.%'7;,1,2' = 1,. 7]\/',
size(t) = h = maxh;,i =1,..,N. (5.3)

A weak solution (u(z,t),v(x,t)) is defined on (0,7") x (0,1), we introduce a mean value
(u(t),v(t)) and (u(t), vy (t) of a solution, that one assumes exists in the following meaning,.

w;(t) = IJ u(x,t)dz,ie€ N, vi(t) = IJ v(z,t)dx,i € N, (5.4)
hi Jrk, hi Jrk,
ou; 1 ou i 1 ov
P (t) = . —(x,t)dz,i € N, 5 (t) = .l —(z,t)dx,i € N, (5.5)
ﬁzui 1 62 82% 1 &2
P (t) = W . P —(z,t)dz,i€ N, P (t) = hJK P —(x,t)dx,i € N. (5.6)

Now we go to approach (D%u(x), D*v(x)) on K; (namely x € K;) by quadrature formula. Anew
quadrature formula has been proposed which use weight functions. This formula has the form
given below

(DY) (z) = F(ia) Joz(x —2)* tu(z)dz = F(ia) i: wgi(x — sh)* Tu(sh),

and

(D) (x) = — f o= o) (2)ds — . (ia) > s = sh)"o(sh),
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where sh are nodes of a quadrature formula and wy,; are weight functions with Zi:o Ws; = 1
[tegrate equation (5.1)) on K; in order to obtain

J Updr — J D%udx — J Srugdr — f (Jv)*uy) dx + J ulv,|*dx = 0, (5.7)

J vpdr — J D*vdx — f Bovedx — f (|ul?vy)dz + f vlug|*dr = 0, (5.8)

we use the Trapez formula, and some calculations, we find

(?QUZ
! at2

+ ol >\um<xl_,>+—(<x DIva(za )P+ uleples(z,y)P) (5.9)

62 —a— 6’1}1
atQ o f J €T — z 1 )dzda: 62 ( ) _ | (‘ri+%)|2vz(«ri+%)

+ Julz, >|2vz<:c D+ 2 (uly s )P + (s, y)P) (5.10)

u(e)dzde — Buh (1) ~ o, ) P )

namely,
0°u; 1 : o du;
his (1) F(_a);)w“u(a:s,t) JKi(x—:L‘S) o — Bihi = () = [o(wiy) Pus (i, )
ol y)Puaey) + 5 (ule ) el y) P+ uley)lva(a,_y)P) (5.11)

() Postay) + 5 (o luse )P+ ol lusteyP). (5.12)
implies

82ui o auz

R ) (@1 =2 = 0y —2)%) = Aib S ()

— [0y )Py y) + oG, 2>|2ux<xi_;>+f§(u(m;)wx(%n?+u<xi_;>|vx<xi_;>|2),

hia Ui (t) — aF(l—a) iws,iv(xs,t) ((ﬂfug —x)* = (71 — )" > Pahi

h;
5 (V) (P + v<xi_%>\um<xi_%>|2) ,

) Py y) + Tl y) Pos(e,_y) +
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implies

62'&1’ 1 d . X aUZ
e ara) ;‘”W“(W (@rey 20" = (g = 27) = Bihi 5 ()

(i) — ulz) * (u(a) — i)
(3 S

N (u(:ci) + u(azil)>

v(x;) + v(xi_q)
2

B v(Ti1) + ()

NI

hi+% 2 i3
(5.15)
0%, 1 . o o ou,
haﬁ(t) _ M;ws’iv(x87t) ((xH% — xs) - (ZE%% - l‘s) ) - ﬁzhlg(t)

B u(iy1) + u(x;)

2

) (MHZ; mm) )
X }; (<v(xi+1)2+ v(xi)>

u(ziy1) — u(x;) i

hi+% i—1
(5.16)
implies
G 0~ oy (e ((e10) — )" — iy =) = B G0
1 ) ,
_ T [o(i1) +v(@:)]” (i) — u(;)) + T o(2;) + v(zis)]? (u(zs) — u(zisy))
+ 4};11 (u(zipr) + ulxy)) |v(xig) — U(xi)‘Q + 4}2;; (u(z;) + u(w;iy)) Jv(x;) —v(ziiy)),
| 2 (5.17)
h@(ﬁ - # Zl:w ~"U($ t) <($ 11— )a — (gj 1 — )O‘> _B h%(t)
7 atQ CYF(—O() ~ 8,0 ER 1+35 s i—3 s oM ot
1 9 ,
_ T [u(Tis1) + u(w)]” (v(Tig1) — v(s)) + s u(z;) + w(ai)[? (v(:) — v(ziot))
+ 4}22:1 (v(@i1) + v(20)) [w(@ier) — ulz;)]* + 4}2;11 (v(2;) + v(zi1)) [u(z) — w(zis1)) .

(5.18)

As z; is the midpoint of k;, one has

lui () — u(zi, t)] < ch?, |ui(t) — v(a, t)| < coh?,
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the numerical flux, we will have

0%u; 1 . N 6uz
i ®) = Gty 2y it 0 (01 = 2" = miy = 2)") = A
—LW + 0] (Ui — wg) + v + via|? (w; — wi_y)
4hi+l i+1 7 i+1 7 4hi_l 1 i—1 i i—1
2 2
h;
+ 4h?: (i1 + w) i1 — vil” + 4h12+7 (s + 1) v — via]?, (5.19)
2
82?}2' 1 : o - é’vi
hz‘ﬁ(t) e ;]ws,,;v(xs, t) <($1+% — @) = (71 — @) ) - 52’%'5(75)
1 1
- % |Ui+1 + ui|2 (Ui—l-l - Uz‘) + 4}%_% \uz + U 1|2( - Uz—1)
hi 2 hi 2
+ 79 (UiJrl + Ui) ‘Ui+1 — U,L’ + 79 (Ui + 'Uifl) ‘UZ — ui—l’ , (520)
4h 1 4h 1
Z+§ Z+§
SO
0%u; ou;
0 =BG = s Z wyulaet) (@ —2)" = (o —2.)%)
b sl (s — ) — e [ — v (s — )
Ahihi s dhih,
1 2 1 2
— 5 (Uis1 + W) |vigr — vi|" = 5 (us + uim1) v — v, (5.21)
4h* | 4hA 1
’L+§ 5
&201 81}1 a a
0 A0~ s Sonsten (62—
b [+ (= 00) = o g+ i (0 = i)
7 UWit1 T U] Vi1 — V) — 57— (Ui T Ui—1 Vi—1
— (v + )| P (i) ? (5.22)
4h12+7 Vit1 Vi) |Uit1 U; 4h12+7 (% Vi—1) |U; Ui—1| - .

We find an ordinary second-order system defined by

r 8t2( ) 51 ( ) - (tauav>7

8t2( ) 62 ( ) :G(t7uav>7

) (5.23)
U(O) = Uo,

v(0) = vp.
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Stability for Explicit Schemes

Theorem 5.2.1. Let the assumptions (i) and (ii) holds
(i) u®, 0% € L*=([0, 1]);
(i1) a condition C-F-L (Courant- Freidrichs-Lewy)

in fienhi

At < :
Ly,

Where L, is a Lipschiz constant.

Where ultt, v+t verifies

(1= gt = B0 S () — (- )

= hzar(—oé) = [ i—1
(A2 e (A2 e\
<4hihi_1 ‘Ui _Uifl‘ o 4h2+1 ‘Ui — Vi Ui_q
2 1 3
(At)2 n n|? (At)Q n n |2 (At)Q n n|2 n
2 2 it+35
At)?
+ <_é(lh2) |Uzn - U?A‘Q +2 - 51At> uy
it+1
(At)z n n|2 (At)Q n nl|2 n n—1
- +4hzhz+ | i+1 T Vi ‘ N % Vit1 = Ui Uipr — Uy (524)
and
(B2 . .
(1 — BpAt)oitt = ol (a) SZO@USZUZ ((J:1+1 ze)* — (2, 1 — xy) )
<At)2 n n 2 (At)2 n n 2 n
+ Ahih, 1 ‘ i _ui—l‘ - 4h?+; ‘uz — U] ) Vi
DO Y
At)?
+ _fth) ‘“?_ ?1‘2+2—52At> v;
it
<At g n n|2 (At>2 n n|2 n
" +4hihiJr ufr + " 4h?+§ ufy — i | iy — o (5.25)
and
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verifies
Ay <ul < By and Ay < v < By for alln,ie N,
and
Jui oo < e uollr < Br, [0} oo < 5" o]l < B (5.27)
Proof. According to assumptlons A < uo < B; and A; < vy < B», a.e, and a definition of
uf,v?, we see that A} < u) < By and Ay < 1) < By, forall i e N
Let us show that this property is still true in the rank n + 1. We have
n—1 n n+1 n+1 n
u;  —2ui +u; — . .
EY R i v e 2 it (g = 20)" = 51y =)
+— ! |v? +v"’ (ufy —uf) — ! ot — o | (u — up ;)
4hzhz+ i+1 l+1 7 4hjzhz_% 7 i—1 A i—1
4hf+7 ( Ujyq +Ui) ‘Uz—&-l - ’ - 4h3+ (Uz +Uz’—1) ‘Ui _U¢—1| ; (5.28)
2
SO
n—1 n n+l n+1 n
u; = 2uy +u; u; ' —u; o o
(At)?2 TR T aF Ew”u ( (@14 =20)" = (0iy — ) )
4hzhl_1 7 1—1 4h?+; i i—1 i—1
+ ! ‘U" rorf - ! !v” — ‘2 L ‘v" U”‘Q L ‘U" vy ‘2 ul
4h h 1+1 7 4hlh 7 i—1 4h?+7 i+1 ) 4h?+7 i i—1 7
+ 4h h ‘Uz+1 + Yy | 4h§+1 |Uz+1 U; > Uitq,s (529)
SO
T R v DL (@1 = 2" = 5y — 2)")
(At)2 | n__,n ‘2 _ (At)z ‘ n__,n 2 un
4hzh L 1 i—1 4h2 . ) i—1 i—1
1 2 ’L+§
+ <_4hihi+ |Uz'+1 T ‘ T dhih ‘Ui - i—l‘ T ‘Ui+1 Y ‘ U
2 Z+§
At)? 2
+ <_Z(lh2> }UZ” vf‘_l‘ +2— ﬁ1A> U
it
+ <+4h-h ) |0 = Ah2 R ) VAR T (5.30)
v+ 5 i+%
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Let us exiplicit ((xH% —xg)* — (xi_% - xs)o‘> (see [18]). Then, we have
($i+% —x5)" — ( i Tg)"
(xi+% - xS)a Lil — x8>a
N (@41 xi—%) (xH% - xii%)
—Of(xzur% L %)a_l(%ur% —z;_1) = ahf (5.31)
Therfore
(At)? ¢ o
(1 - BiAu = ws ulh
['(—a) ;
+ <4hlhz1‘ i i—l‘ T, }Uz‘ - i—l‘ Uiy
2 Z+§
+ <_4hihi+1 |Uz'+1 + z‘ - hih, 1 ‘Ui _Ui—1’ BYTE ’Ui-i-l _Ui‘ Uy
2 2 Z+§
At)?
+ (‘im) [ ﬁlAt) uf
it+3
(Ar? 22 (A2 a2\ n—
+ <+4h-h ) |Ui+1 +v; ‘ Tz Vi Tl | upy — it (5.32)
vVt 5 iti
hence
(1= Boultt = Wyul, + Woul" + Uaul', , + (At)? Z (o, d, s)u” —ul ™t (5.33)
s=0
Where
Blaiys) = ——w; he!
a,i,8) = w; shs ™,
b ) F(a> ) (3
(At e (AP e
1= ‘i_ i—l’ T ’Ui_vi—l‘ ’
2= = ‘Ui+1 " ‘Ui_il}_ 3 |i+1_i )
4hih, 1 4h;h. 1 4h?
2 2 Z+§
AN ST
Ty |Ui - 171‘ + 2 — BiAt,
4hi+%
(Ar)? a2 (A2 n|2
3= +4hihi+; oy + 07| - 4h?+1 ’UiJrl — U -
2 T3



5.2. DISCRETIZATION BY FINITE VOLUMES

We have

(At)?
U, <L ,

Ty

At)?
\112 < Lm2(4h3 )

(At)?
U, < L ,

3 3 1h,

Nrnax

and Z W(ayi,s) <1,
s=0

then, the relation ([5.33)) give
1= Bullup ™ < (Wl |+ [olluf| + [allufy, | + (A2 D (e i, o)|[ul] + [up ™,
s=0

and
1= Bulluf ™| < (10| + [Wa] + [Ts] + (A7) D (i, 8)) [0 oo + Ju" o,
s=0

and a recurrence assumption implies
[0 oo < caflti oo + 07 oo,
and give us
[u"oo < €™ uo|loo < Bi,
in the same way, we have

[v™ |0 < €™ | vg]on < Ba.



Conclusion and perspectives

This work made it possible to make a rather important contribution to the qualitative study of
solutions to three nonlinear problems of Klein-Gordon equations. Based on the Faedo-Galerkin
method, we analyzed the question of the local existence and uniqueness of weak solutions to
hyperbolic problems with the source terms in the second part of this thesis. In the third
chapter of this thesis, using the well-potential method, we have studied the global existence
of solutions as well as constructing the Lyapunov function to stabilize both problems. In the
fourth chapter, we studied the Klein-Gordon fractional problem using the Galerkin method
and proved its existence and uniqueness. We finished the work by solving the last chapter
using the finite volume method. About the work expected to be accomplished in the future,
the completion of the fifth chapter by completing the simulation using the Matlab program,
I also solved the problems of the first and second chapter using numerical methods, including
the finite difference method as well as the finite element method.
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