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ABSTRACT

This thesis aims to estimate the Gompertz distributions parameters using the
joint progressive type-II censoring scheme. For the estimate problem, the likeli-
hood, Bootstrap, and Bayesian approaches are used. We employ various numeri-
cal methods, such Newton-Raphson, to solve the likelihood equations because the
resulting maximum likelihood estimators are not written in closed forms. Addi-
tionally, we take into account the Bayesian method for estimating the unknown
parameters while using independent gamma priors for the scale and shape pa-
rameters. We employ importance sampling and Metropolis-Hastings approaches
in the Bayesian analysis, which are based on symmetric and asymmetric loss
functions. Furthermore, credible intervals based on the Bayesian method and
confidence intervals based on asymptotic normality are presented. To compare
the performance of the proposed methods, a Monte Carlo simulation is run, and

real-life data is examined for illustrative purposes.
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RESUME

Le but de cette mémoire est d’évaluer les paramétres de la distribution Gompertz
dans le cadre du schéma de controle progressif commun type-I1. Pour le probléme
d’estimation, les méthodes de probabilité, de bootstrap et de Bayesiennes sont
utilisées. Afin de résoudre les équations de probabilité, nous utilisons des tech-
niques numériques telles que celles de Newton-Raphson, car les estimateurs de
probabilité maximaux qui ont été obtenus ne sont pas présentés en formes fermées.
Nous prenons également en compte ’approche Bayessienne pour estimer les pa-
rameters inconnus sous des priores gamma indépendantes sur la taille et la forme
des parameters. L’échantillonnage d’importance et les méthodes de Metropolis-
Hastings basées sur deux types de fonctions de perte sont utilisés dans I'analyse
bayésienne. Les intervalles de confiance basés sur la normalité asymptotique et les
intervalles de confiance basés sur la méthode Bayessienne sont également abordés.
Pour comparer les méthodes proposées, une simulation Monte Carlo est effectuée

et des données de la vie réelle sont analysées.
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CHAPTER 1

INTRODUCTION

The censoring scheme is critical in many laboratory life testing trials for cost
and time management, and it aids researchers in reducing the time, it takes to
track the lifespan of all units in the trial or test. Furthermore, censorsing occurs
when some individuals have little information about the time frame. Naturally,
there are various kinds of censored tests that have been researched in the liter-
ature. The most common kind is the type-II censoring scheme. In this scheme,
n units are tested, but instead of continuing until all units fail, the test stops at
the m — th failure time (1 < m < n). Various distributions have been analyzed
in a number of studies involving this method of censoring. The above-mentioned
scheme will be useless if the experimenter wants to remove live units at points
other than the final termination point of the life test, this provision will be de-
sirable, as with the case of accidental breakage of experimental items, in which
the failure of test items will be unavoidable at points other than the termina-
tion point. A generalization of type-II censoring is called the progressive type
IT scheme which has drawn a lot of attention in statistic research over the past
ten to fifteen years. A number of authors, such as Cohen [8], Mann [21], Viveros
and Balakrishnan [32], and Balakrishnan and Aggarwala [4], have studied the
statistical inference on time failure parameters under progressive type II censor-
ing. Almost all of these types of data are focused only on one sample issues.

However, in several situations the experimenter attempts to compare different



populations. In this context, a joint censoring scheme has been investigated in
the literature. Lately, it has presented by Rasouli and Balakrishnan [28] for a
comparative study of products of two populations coming from different units
within the same facility.

The literature related to this issue under research like, Balakrishnan et al.
[5] whose extended the JPC scheme for more than two exponential populations.
Mondal and Kundu [24] considered the problem of point and interval estimation
of the unknown parameters of Weibull populations under JPC scheme. Doost-
parast et al. [9] obtained the Bayes estimates of the parameters for a general
class of distributions with respect to the SE and LINEX loss functions under
the JPC scheme. Parsi et al. [27]) provided the conditional maximum likelihood
and interval estimation of the parameters of two Weibull distributions. Parsi
and Bairamov [26] determined the expected number of failures in life testing
experiment under the JPC scheme for different families. See also, Ashour and
Abo-Kasem [3], Mondal and Kundu [25].

In this work, we analyze the joint progressively censored data when the life-
time distributions of the experimental units of the two populations follow two-
parameter Gompertz distribution, which is a commonly used as continuous dis-
tribution. It is a type of probability distribution that is skewed both to the right
or to left. This family was introduced at first by Gompertz [15]. It is known as
a generalization of the exponential distribution. It has some interesting connec-
tions with well-known distributions like exponential, double exponential, Weibull,
Gumbel, and generalized logistic distributions. Demographers and actuaries have
paid a lot of attention to this distribution. The GO distribution has been used in
a variety of applications, including survival analysis and certain sciences such as:
gerontology, computer science, genetics, medicine, and marketing science. More
applications and survey of the Gompertz model can be found in Ahuja and Nash
[2]. They discussed the generalized Gompertz Verhulst family of distributions.

The estimation of GO parameters under different censoring schemes is con-
sidered in Chen [6], Ismail [17] and Ghitany et al. [14].

The organization of this thesis is as follows: we start by an introduction in

Chapter 1. Then, in Chapter 2, we review and describe some basic definitions



relevant to the topic under study in this dissertation. In Chapter 3, based on joint
progressive type 11 censored sample from GO(ay, ) and GO(aw, #), the maximum
likelihood approach is used to estimate the shape and scale parameters aq, as and
f, where we can not obtained the MLE in closed form for this we suggest using
approximation numerical Newton-Raphson to calculate mmaximum likelihood
estimators. Also, the Bayesian approaches are used to estimate oy, as and 6, or
some function of oy, ay and 6, say A = g(ay, as, 0), under different loss functions.
The Markov Chain Monte Carlo method has been used to compute the bayesian
estimators and also to construct symmetric credible intervals for aq, as and 6.
Finaly, a numerical study based on simulation analysis and a real data analyses
are demonstrated in Chapter 4, all accounts using the program R. We conclude

our findings of this thesis in Chapter 5.



CHAPTER 2

BASIC DEFINITIONS

This chapter provides a reminder of the statistical properties and probability

distributions that we will use later.

2.1 Random variable

The notion of random variable is the main concept of probability theory and

statistics.

2.1.1 Real Random Variable

Let (£2,.5, P) be a probability space. A real random variable is an application
Tof Qin R
T: we Q—T(w) €R.

When the set of possible realizations of the random variable T is finite or count-
able, the real random variable T is said to be discrete random variable. Otherwise,

we say that the variable random 7' is continuous random variable.

2.1.2 Real Random Vector

when studying a random experiment one uses most of the time several random

variables T7, ..., T which are defined on the same probability space since they



relate to the same experiment. Equivalently, we can consider that the real random

variables 11, ..., T}, define a random variable 7" with values in R* by posing

T =(Ty,...T}).

2.2 Probability Density Function

For a continuous random variable T = t, a probability density function is a

functin such that:

1. f(t) > 0.

2. [ ft)ydt =1.

3. Pla<T<b) = f;f(t)dt = area under f(¢) from a to b for any a and b in
R.

2.3 Cumulative Distribution Function

The distribution function or cumulative distribution function (CDF) of a ran-

dom variable T is the Fr function such that

Fr: R —>[O,1]

2.4 Mean and Variance

Suppose T' =t is a continuous random variable with density function f(¢).

e The mean or the expected value of T denoted as pu or E(T) is

u=E(T) = / o

[e.e]



e The variance of T denoted as V(T') or o2 is

o =V(T) = /Oo (t — )2 f(t)de = /OO 2 f(t)dt — .

—00 —0o0

The standard deviation of T'is 0 = Vo2 = \/V(T).

2.5 Gompertz Distribution

Definition 2.5.1. A continuous random variable T is said to have a Gompertz
distribution with shape parameter o > 0, and scale parameter 8 > 0, shown as

T ~ GO(«, 0), if its probability density function (PDF) is given by

ft:0,0) =a =0 s, (2.1)
and its cumulative distribution function (CDF) is given by

Ft;0,0)=1—¢ "D 0. (2.2)

Figure (2.1) shows the density function of the Gompertz distribution for some

selected choices of v and 6.
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Figure 2.1: graphical representation of the density function of Gompertz distribution
Go(a, 0) for some values.

2.6 Progressively Censored Data

As we can tell previossly that the progressive censoring scheme is a gen-
eralization of type-II censoring, it has a simple description given by: assume n
identical items are put on a life-testing experiment, and it is decided to observe
only k (k < n) failures, then, given a censoring scheme R = (R, ..., R,,), the
remaining (n — k) items are censored progressively as follows. At the time of
the first failure, R; of the (n — 1) surviving components are removed randomly
from the experiment; at the time of the next failure, R, items of the remaining

(n — 2 — Ry) surviving components are removed randomly from the experiment;



repeating this censoring up to the final stage, at the time of the k — th failure, all
remaining Ry =n — k — Ry — ... — Ry_1 are removed. n, m and R are prefixed
constants. This censoring scheme can be depicted pictorially as in Figure 2.2 (see
Balakrishnan and Aggarwala [4]).

Ry Ry Ry,

withdrawn withdrawn withdrawn

start

T 15 T

Figure 2.2: Progressive censoring of life test with intervention times 77, ..., T} and
censoring scheme Ry, ..., Rg, T1 < 15, ..., Tk.

The likelihood function under this progressive censoring scheme is defined by

where

k—1
C=n(n—R —1)(n—Ri—Ry—2)..(n— Y R;j—m+1).
j=1

2.7 The Joint Progressive Censoring Data

Almost, all traditional censoring schemes are based on one sample problem,
but when comparative study among more than one population is of interest, we
can rely on different joint censoring schemes, such as the joint progressive
censoring (JPC) scheme. Us, to reduce the cost and completion time of the
experiment, the experimenter uses a JPC scheme and terminates the life testing
comparative experiment as soon as a pre-specified number of failures (say k) oc-
curs. Here, we give a description about this censoring scheme and its properties
with a schematic diagram below (Figure 2.3). The JPC scheme was first intro-
duced by Rasouli and Balakrishnan [28]. More precisely, suppose two independent

samples of sizes m and n are combined and placed on a life testing experiment



simultaneously, which are selected from two different groups of production Group
1 (Gr-1) and Group 2 (Gr-2) under the same operating situations. The size of the
combined sample is N = m +n. Let £k < N and Ry, Rs, ..., Ry are non-negative
integers satisfying i R; + k = m+n, where R; = S; + W, with .S; and W, being
the number of remé;;ls at the i-th stage from Gr-1 and Gr-2, respectively. Based
on the combined sample, at the first failure time 77, R; = S7 + W; units are ran-
domly withdrawn from the remaining (N — 1) surviving units where S; and W)
are the number of removed units from Gr-1 and Gr-2, respectively. Proceeding
similarly, at the second time of failure, T, Ry = Sy + W5 items are chosen ran-
domly and withdrawn from the remaining combined N — 2— R; surviving units,
and so on. In zhe final stage (at the time of the k-th failure), all the remaining

Ry, = N —k—>_ R; surviving units are withdrawn (see Balakrishnan and Cramer

=1
(2014)). The JPC scheme includes the complete sample and type-II censoring

schemes as special cases when Ry = Ry = ... = R, =0, for all i = 1,2, ..., k and
Ry =Ry =..=Ri_1=0,s0 that R, = N — k, respectively.
Sh S Sk
withdrawn withdrawn withdrawn
start : : :
Groupl E Ty
: Wi Wy Wy
: withdrawn withdrawn withdrawn
start :
Group2 : T LT : T

Figure 2.3: Joint progressive censoring of life test with intervention times 71, ..., Ty
and censoring scheme Ry = 51 + W1, ..., R = S + Wi.

Let X, Xs, ..., X,,, independent and identically (iid) distributed m units from
Gr-1 of GO lifetime distribution with CDF F(x; q,0), and PDF f(x; q,0). Fur-
thermore, let Y1, Y5, ..., Y, be iid n units from Gr-2 of GO lifetime distribution
with CDF F(y;as,0) and PDF f(y; s, 60). For a given (Ry,..., Ry), where k
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is a non-negative integer such that (k > 0) satisfying ZR = N — k, let
(t,6,8) = {(t1,01,51), (ta, 09, 52), ..., (tk, 0k, Sk)}, be the JPC data from the
combined population. Here for j = 1,...,k, we have ¢; = 1 if the failure at ¢;
occurs from Gr-1, and §; = 0 if the failure at t; occurs from Gr-2. S; and then
W; = R; — 5;, denotes the number of items removed at ¢; from Gr-1 and Gr-2,

respectively.

The likelihood function based on JPC sample is given by

k 51' 1—61' Si
L(t | Oél,Oé27 - OH |:f t”Oél, :| |:f(t“0é2,0):| |:1 _F(t17a17e>:|
Wi
[1 - F(t“ g, 9):| 5 (23)
where
k k—1
:Z5i> ko =k — ki, Sk:m_kl_zsia C = DDy,
1= =1

with D; and Dy being

:f[l [( jia —Zs>5 - (n—]_1(1—5i)—§Wi)(1—5j)17

i=1 i =1

and

2.8 Quantile Function

The quantile function of a random variable (or probability distribution) is
the inverse of its distribution function. We call the quantile function of T' the

function, denoted Qr, from ]0,1[ in R by

Qr(q) =inf{Fr(t) > ¢}, 0<g< 1.
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2.9 Estimation

An estimator of an unknown parameter of a model or probability distribution
is a function which corresponds to a sequence of observations t1, ts, ..., t, from the

model or the law probability, the value f called an estimator or an estimate

é - f(tl,tg, ,tn)

2.10 Quality of an Estimator

2.10.1 Bias

A random variable fluctuates around his expexted value. It is therefore to

~

be hoped that The expectation of § is equal to . Bias(d) = E(§) — 0. When
Bias(f) = 0, the estimator is said to be unbiased, and if Bias(d) > 0, the

estimator is said positively biased.

2.10.2 Mean Squared Error

The Mean Squared Error (MSE) also called quadratic risk is the expectation

of the square of the error between the true value and its value Estimated.
MSE() = E(6 — 0)*.
If the risk is low, the estimator g is close to 6.

2.10.3 Convergence in Distribution

For random variables T,, € R and T' € R, T,, converges in distribution to X

(note T, LEN T), if for all ¢ such that t — P(T < t) is continuous,

P(Tngt)gP(Tgt) as n — 0.
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2.11 Asymptotic Normality

The following central limit theorem and Delta method will be accepted.

2.11.1 Central Limit Theorem

Theorem 2.11.1. (Central Limit Theorem (TCL))
Let Ty, T3, ..., T,, be a sequence of i.i.d random variables of the same distribu-
tion (thus of same expectation p and same standard deviation o).

T, —p

g

v

Ly =

— N(0,1).

The random variable Z, converges in distribution to the reduced centered normal

distribution. It is a consequence of the TCL which ensures that
Vi(T, = p) = N(0,0%).

2.11.2 Delta Method

Let T1,T5, ..., T,, be a sequence of random variables of expectation # and stan-
dard deviation o. Si y/n(T,, —6) 5N (0,0?), and a differentiable function g such
that ¢’(f) # 0. In this case the delta method gives

Va(g(T,) — g(8)) = N(0,0%[g(0))).

2.12 Goodness-of-Fit Tests

Here, we present two statistics to measure the distance between the CDF of
the parent model and the empirical distribution of the sample. The first test
statistic is Kolmogorov-Smirnov (K-S) test. The K-S test is a non-parametric
test that measures the distance between the empirical distribution function say

F,(t) of the sample and the cumulative distribution function of the reference
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distribution say F*(t). The empirical distribution function is defined as

JoN P A=) ; =t

The K-S distance D,, can be given as:

D,, = sup |F,(t) — F*(t)], (2.4)

teR

Small values of D,, indicate goodness of fit. For more details about K-S test,
see Massey [22] and Durbin [10]. Another test is Cramer-von Mises (CvM) test.
Let F,(t) be the empirical distribution function and F*(¢) be the cumulative
distribution function of a variable t. The CvM statistic is a classical goodness-of-
fit statistic that characterizes the distance between F),(¢) and F*(¢) in [*-norm.

It is defined as

w? = /_ N [E,(t) — F*(t)]> dF*(t). (2.5)

o)

Note that supremum (2.5) must occur at one of the observed values ¢; or to the

left of ¢;. Small values of w? indicate goodness of fit.

2.13 Maximum Likelihood Method

Let T} for : = 1, ...n, n random variables i.i.d, the likelihood function is written

as:

[1 P(T; = t;;0), If the T; are discerete.
L(Ty, ..., T, 0) = { =1
[1 f(t:;0), If the T; are continuous.
i=1

The maximum likelihood estimate of # is the value é, of which maximizes the
likelihood function L(T}, ..., T},;0). Done 6,,, will generally be calculated by max-
imizing the log-likelihood

6 = argmaxIn L(T,....,T,;0) = argmax [(T7, ..., T,,; 0),
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when 0 = (64, ...,04) € © and all partial derivatives below exist, is solution of the

system of equations called likelihood equations

. % (Ty,...,T,,0)=0,Vj€l,..d

o 2 UTh,.... Tp;0) < 0.

2.14 Newton Raphson Method

Newton’s method for the solution of the equation f(t) = 0 is defined by

thy1 = tp — Pty

with prescribed starting value ¢, .We implicitly assume in the defining formula

that f'(tx) # 0 for all & > 0.

2.15 Fisher Information Matrix

The (symmetric) Fisher Information Matrix I(6) is the d x d matrix with

entries

. [821(0)

1<17.7<d.
69109]}’ shjsd

The observed Fisher information matrix is

2.16 Confidense Interval

A confidence interval, in statistics, refers to the probability that a population
parameter will fall between a set of values for a certain proportion of times. For
repeated random samples from a distribution with unknown parameter 6, a .

100% confidence interval will cover € in . 100% of all cases.
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2.17 Bootstrap Method

The bootstrap inference was developed by Efron [11]. This method is based
on repeated random sampling with replacement from the original sample, t =
(t1,t9,...,t,). Mainly, we generate random samples of the same size n as the
original sample, which is known as a bootstrap sample, denoted t*. The term
"with replacement” refers to the fact that each bootstrap sample will select any
observation several times. To calculate a 100(1 — v)% (0 < v < 1) confidence
interval (CI) for unknown parameter ¢ from a sample t = (¢, ts, ..., t,,), we take
a random sample t*, with replacement from data of the same size as the orig-
inal sample, and calculate the estimate of the parameter 6 (say é*) from this
bootstrap random sample. We do this repeatedly, say B times. So we now have
B bootstrap samples t* = (t},t5,...,t5), and B estimates of , one from each
sample (QAT, é;, . é*B) If these are ordered in increasing value, (éa), 9?2), ey éZ‘B)),
a bootstrap 100(1 — )% CI for 6 would be from the (2)B-th to the (1 — 1)B-th

largest values.

2.18 Bayesian Estimation and Related Techniques

One of the most popular techniques in analyzing a wide variety of models is the
Bayesian approach. In Bayesian principle, the unknown parameter 6 is considered
as a random variable and it is assumed to have a prior probability distribution,
which is denoted by II(#). Based on the observed data t = (t1,ts,...,t,) from
a statistical model f(¢|f) and the prior distribution I1(#), we update our belief
about € using the posterior distribution IT1(0|t) as:

ft.0) _ ft0) 116) _  f(t]6) T1(6)
f(#) f(#) J 1 (#10) 11(6) db”

T(g|t) —
The quantity
f(t) = / £(t[6) T1(6) dt,

is normalizing constant of the posterior distribution.

Bayes estimation depends on both the prior distribution(s) of the parameter(s)
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of a statistical model and on the loss function used. Hence, it is necessary to define

the prior type as well as the loss function that is used in Bayesian estimation.

Below are two different kinds of priors.

The Non-informative Prior: If a probability density function I1(0) of 6
provides no details about 6, it is said to be a non-informative prior. Clearly,

I1(f) = 1 and II(#) = § are two basic examples of non-informative priors.

The Informative Prior: The informative prior distribution has its own
parameters called hyper-parameters. In the general Bayesian method, the
conjugate distribution is widely used as an informative prior. If the prior
and posterior distributions are all from the same family, the prior is con-

sidered to be a conjugate prior for that family of distributions.

In statistics, a loss function represents the loss associated with an error in

estimation. For estimating any parameter (say, #) by a decision rule d, the

following loss functions are often considered.

Square Error (SE) Loss Function: The SE loss function is symetric
functions, it is associated with losses of equal magnitude for overestimation

and underestimation. It has a simple defnition as
Ls = (6 — d)*. (2.6)

The Bayes estimator (BE) of 6 (say és) under this type of loss function, is
the posterior mean, i.e.

s = E[0]t]. (2.7)

Linear-Exponential (LINEX) Error Loss Function: This loss func-

tion is an assymetric function and it defined as
Lp=e""% _p(d—0)—1,v#0, (2.8)

where sign of the shape parameter v reflects the direction of assymmetry,

and its magnitude reflects the degree of assymmetry. The LINEX loss
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function was introduced by Varian [31]. Under the LINEX loss function,
the BE (denoted by 6;) is given by

0, = —%log (Ele™°|t]) . (2.9)

2.18.1 Markov Chain Monte Carlo Simulation

The Markov Chain Monte Carlo (MCMC) method is a general simulation
method used to sample posterior distributions and compute posterior quantities of
interest. This technique is often applied to solve integration (such as the posterior
mean) and optimization problems in large dimensional spaces. However, in most
instances, the integration does not have a closed structure. The idea of Monte
Carlo simulation is to draw an i.i.d. set of samples {6;}¥; from a target density
p(6) defined on a high-dimensional space Z. By using Markov chain samples
and Monte Carlo integration, we are able to approximate the integration with no

closed form. This integration could be described as

where ¢(.) is a function of interest, p(f) is the posterior distribution of # and {6;}
are MCMC samples from p(f) on its support Z, and N is the number of desired
samples. For more details of the MCMC method see, Smith and Roberts [29].
There are several common methods for defining MCMC, including Metropolis-

Hastings (M-H) method.

2.18.1.1 Metropolis-Hastings Method

The M-H algorithm is used to implement posterior simulation in almost any
problem that allows for pointwise evaluation of the prior distribution and like-
lihood function. The M-H algorithm is one of the most widely used MCMC
methods, with applications in reliability analysis, statistical physics, and ma-
chine learning, among others. This algorithm is a very general MCMC method
created by Metropolis et al. [23] and later expanded by Hastings [16]. The M-H

algorithm allows for sampling from an analytic target complicated distribution
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(denoted p(.)) by filtering samples from a proposal distribution (denoted ¢(.|.))
that is also given in the analytic form. It operates by sampling a chain of corre-
lated samples that converge in distribution to the target (see M-H Algorithm).
Algorithm 1:

e Step 1: Select an initial guess to;

e Step 2: For 7 =1,2,..., M, repeat:
(a) Draw candidate t* with its pdf ¢(t|t;—1) and u from U(0, 1);

(b) Compute the acceptance probability

o op) /i) p(E) q(tjaltr)

—op(tioa)/a(tialtr)  plti—r) q(tft)

(¢) If u < min(1,¢), then
accept the proposal: set t; = t*,

else reject the proposal: ¢; =t;_1 and go to Step (a).

2.18.1.2 Importance Sampling Method

Importance sampling is a classical option that dates back to the 1940s; for
example, see Geweke [13]. It is a common solution when numerical integration is
difficult, and it has become the foundation for many importance sampling-based
Bayesian network algorithms. The concept behind value sampling is to rewrite
the mean in the following way. Let p(t) be a probability density of ¢ over domain
Z C R™ where R is the set of real numbers, and let H(¢) be another probability
density function on R™ such that its support includes the support of p(¢), where

H(T') should be easy to sample from. Then, we can rewrite /(f) as follows:

1) = [ s~ [ %pt(f)ﬂu)dt: [ soumon. @0

where w(t) = p(t)/H(t) is the importance weight. Also, we can write the last

expression as

I(f) = En [fQw(t)], (2.11)
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where Ey is the expectation for which the distribution of ¢ is H(t) rather than
p(t). The density p(t) is called the nominal or target distribution, and H(t) is
called the importance or proposal function. In order to estimate the integral, we

follow the next algorithm

Algorithm 2:

e Generate samples (1,,t,) according to the distribution H(t).

e Use the generated values in the sample-mean formula, then the estimator

for I(f) is
fut$) = - S = L st
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CHAPTER 3

METHODS OF ESTIMATION

In this chapter, we consider JPC scheme based on two combined samples from
GO distribution. The MLEs of the unknown parameters are derived in Section
3.1. The asymptotic normality of the MLEs and bootstrap methods are applied
to establish CIs for the parameters in this section also. Further, the BEs of the
parameters using the SE and LINEX loss functions are discussed in Section 3.2.
The M-H and Lindley’s approximation methods are proposed to obtain these BEs

and then construct the corresponding Crls.

3.1 Maximum Likelihood Estimation

Here in this section, we consider the likelihood and bootstrap method for
estimating the unknown parameters and corresponding confidence intervals. by

combining (2.1),(2.2), and (2.3), we write the likelihood function of JPC GO data
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which can be viewed as a function of aq,a5 and 0 as:

k
L(tlon, 00,8) = € Jlase (" s fagettmoates i
=1
X [U= (1= em @ TTL = (1 = emoale T

k
= C H[aleeti—al(eetrl)]@ [azeeti_az(eetrl)]&_l
=1

0t;—1Y\1 Q7 Ot;—1Yq,. -
—oq (et Sif,—az(e’tiT ) Jwi
[e (]S ema (]
1S (S AT—8. _ (0t (Ot
_ Ca(;za; 61966@(61—%1 8;) X e a1 (6;(eti—1)45;(e?%i—1))
k k k
0>t —a1 y ) Ag(ti)(d;+Ss) —ag 3 Ag(t:)(1—0;-+w;)
i=1

= Cai'alffe 5" xe = X e

k k k
L Cabiakigre 1T R A e V) (3.1)

where, Ag(t;) = % — 1,u; = 6+ S;and V; = 1 — §; + w;

The corresponding log-likelihood function can be written as

k k
l(tlon, ag,0) o< kylog ar + klog 0 + ke log s + HZti — oy ZuiAg(ti)
i=1 i=1
k
— Q9 Z UiAg (tz) (32)
i=1

The MLEs can be obtained by taking the first partial derrivatives of Eq (3.2)
concerning oy, ao and € then equating each to zero. That is, for k; > 0 and

ko > 0, the likelihood equations can be obtained as follows :

k
O, 0,6) _ a(kl 0 “”“12“@’49“")) B S =0 (33)
day By T & T '

k
0| ks log as — u; Ag(t;
Ol(on, a9, 0) ( P 21':21 o )) _ ks . v Ag(t) =0 (3.4)

80(2 3@2 [6%)
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k k k
8[(04170@,0) ( g 7; 1; 9( ) 2; 9( ))

00 00
k k

k
= g + Z t; — oy Z Uitieeti — Qg Z Uz‘tieeti = (35)
=1 i=1

=1

It follows from (3.3) and (3.4) that the MLEs of a; and as can be obtained,

respectively,

. k . k
ai1(0) = k—la Go(0) = k—Q (3.6)
> uiAo(ts) > viAg(ti)
i=1 i=1
Upon plugging &; and d; into Eq.(3.5), we immediately have
u ot i ot
8l(al,a2,9)_é+z’f:t‘_ 1;u e 2¢:Z1U e » .
00 0 ’ n '

k k
=1 YouiAg(t:) Y viAe(ts)
=1 =1

It can be checked that for given 6, the log-likelihood function in (3.2) is unimodal.

This in turns out the estimates given in (3.6) are the MLEs of oy and aw. Further,

for given o;(j = 1,2), % is a monotone decreasing function starting from oo at 0

8%l

to a negative constant when 6§ — co. By using this fact and 555

< 0, we conclude
that the MLE of # exists and unique. The non-linear equation (3.7) cannot be
solved analytically and a numerical method such as Newton-Raphson method can
be applied. Once the MLE of 6, 0 is coputed, the MLEs &; and &y are obtained
directly using (3.6). For special cases where R; = 0, for all : = 1,2, ..., k, and then
S; = W; =0, the tems ilSiAg(ti), and ilSitieeti in (3.3), (3.4), and (3.7)reduce

to 0. This in turns out that the likelihood equations become

8[(0(1,0(2,9) B ]{?1 i .
= ;&Ag(tz) =0,

llon,0,0) _ ks (1=0:)Ap(t:) =0

8&2 (65) -
=1
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and
Ol(aq, s, ) k : - ot; : 0t
T = 5 + ;ti — Q1 ;5itie — Qg ;(1 - 5@')tie =0.
It follows that
~ ky A ka
Q1 = — , Qg = )
> 8 Ap(ty) > (1 —6;) Agt;
i=1 i=1
and
k

k k k ’
Z t; — dl Z 5iti€0ti — dg 2(1 — (5i>tl‘69ti
i=1 i=1 i=1

Clearly, the MLEs are not expressed in closed forms and their respective variaces
cannot be obtained. Because of that, we propose to use the asymptotic variances

of &y , &g, and 0. From the log-likelihood function in Eq(3.2), we have

aQZ(Oél,OZQ,Q) . _ﬁ

da? ol
Pllar, ap,0) _82l(a1,a2,0) _0
Oa0ay Oa0avy 7
Pllon,az,0) ke
a3 o

Pl(ay, a,0)  P?l(ay, ag, ) i ot;
_ = — uitie ‘,
=1

0,00 000
Pllon.0n8) _ Flonant) | o

D00 8000, e
Pllon,a0,0) - ot o ot;
T—_ﬁ_oﬂ ;uitie —042;%@6 : (3.8)

To this end, let us consider @ = (a1, ag, ). Under the usual regularity conditions
(Lehmann and Casella [20] and large k, the asymptotic normality of Q=(d, és, 0)

that based on the convergence in distribution (E>) of Q can be described as

Q2 Ny(Q,171(Q)),

where 171(Q) is the inverse of the Fisher information matrix of the unknown
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parameters () [we find it by taking the negative expectation of the expressions in

(3.8)]. In partical applications, one may use the approximation,

Q2 Ny(Q,TH(Q)),

denotes the inverse of the observed information matrix of (). Hence, we can define
the observed information matrix J(Q) by taking the negative of the expressions

in (3.8)as follows:

_82l(a1,a2,9) _82l(o¢1,a2,9) _(’921((11,042,9)

804% Oay 0ae Oa1 00
— 82l(a1,a2,9) 82l(a1,o¢2,9) 9%l(a1,a2,0)
J(Q) Qa0 O 0a3 T 900 (3.9)
N 9%l(a,a2,0) _82l(a1,a2,9) _82l(a1,o<2,9)
00001 900ca 002
k i 0
t;
a—é 0 Z uitie
! i=1
k i 0
_ ti
= - 0 a_22 Z vitie
2 i=1

k k k k

0t; ot; k 2,0t; 2 0t;
§ u;t; e’ § v;t;e’" 77— § uit; e’ — § vit;e’
i=1 i=1 i=1 i=1

Therefore, the 100(1 — ) CIs for ay, as and 6 are

(541 -1V Vir, & + 21-1V V11)> (5@ —A1-1V Vag, g + f1-1V ‘/22),

and

= z1-3V Vas, 0 + z1-3V Vas),

respectively, where Vj;, Vio and Vi3 are the elements of the main diagonal of
J _1(Q) and z, is 1007"" percentile of the standard normal distribution. Usually,
the CI based on the asymptotic results do not perform quite well for small sam-
ple size. For this reason, it is more appropriate to propose alternative CI, say,
Bootstrap-t method (Boot-t method), see for example, Ahmed [1]. The following
algorithm describes the steps for obtaining Boot-t Cls.

e Step 1: Estimate oy, ay and 6 using the maximum likelihood based on the

observed informative sample (say a1, & and ).
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e Step 2: Using a;, &y and 6 obtained in Step 1, generate a Bootstrap
sample and then obtain the first k£ observed censored units, By, Bs, ..., By
under the GO model. Then compute the corrresponding MLEs &7, &5 and

0* of a1, ap and 6 and the elements (V, V55, V45) of the main diagonal of

J*_I(Oél, Qg 0)

e Step 3: Based on the Bootstrap sample in Step 2, define an estimated

version

* A Ak A %
Q= , Q3 = and Q3 =

V Vo Vi

e Step 4: Generate M=1000 Bootstrap samples and vesions of )7, )5 and

>

Q3 then we obtain the 100y™" sample quatiles of Q%, Q% and Q% (say Qs

* *
0. and 5 -

e Step 5:Compute the approximate 100(1 — ) CIs for aq, ay and 6 as

(&g — Cff,l_% vV Vi, aq + Qi% vV Vi), (Go — q;}l_% v Vag, g + q;% vV Vaz),

and

= G31-3V Vas, 0+ q;,%w vV Va3),
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3.2 Bayesian Estimation of the Parameters

In this section, we formulate the posterior densities of the parameters o, as,
and 0 based on JPC sample coming from from two-parameter GO distribution
and then obtain the corresponding Bayes estimators (BEs) of these unknown
parameters as well as the credible intervals (Crls) under different error loss func-
tions, Ly and Lo, with respect to the priors as described in Chapter 1.

Now, we specify the prior distributions of ay, as, and 6. It is desirable that the
model parameters are independent such that all prior and posterior densities be-
long to similar families. These prior choices allow the posterior distribution to
be analytically tractable and computationally efficient. A natural choice for the
priors of aq, ag, and € would be to assume that the three quantities are indepen-
dent gamma G(a;,b;),7 = 1,2 and G(ag, by) distributions, respectively, with the

following densities:

by
gaiybi(ai) = F(;z) a?iile_biaiv 1=1,2, (310)
and
Gao.bo (0) = b6 a1 s (3.11)
ao,%0 F(CLO) )

where «;, and 0 > 0 and a;, b;, and ag, by, are chosen to reflect prior knowledge
about «o; and 6.
By combining the prior distributions given in (3.10) and (3.11) and likelihood

function in (3.1), we can express the joint posterior density of a, s and 6 as
1 ko An(ts 1 At
7'('(0(1,042,9 ‘ t ) x Oélfl+a1 1e O¢1(b1+21:1 uer(tz)> x a/2€2+a2 16 02(52-9—21:1 Uer(tz)>
k
% 9k+ao—1e—9(b0—zi:1ti)

Y

by setting
k

k
Ag(t) =) uAg (t;) and Ag(f) = v; A (t;)

=1

we may rewrite the joint posterior distribution as

7 (ag, 9,0 | t) o p1 (a1 | 6,t) X pa (s | 0,t) X p3(0 | t) (3.12)
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where p; (g | 6,t), and ps (a2 | 6,t), are PDFs of G (k; + a1, b + Ay(t)), and
G (ks 4 as, by + Ag(t)), respectively, while p3(d | t) is defined by

p3(0|t) =gi(0]t) x ga(0,t) (3.13)

with g;(60 | t) being the PDF of G (k + ag, by) and

k
60 Zi:l t;

2 e’t - X ko+as
i (b1 + Ap(£))" 7 (b2 + Ag(t) ™

Under the error loss functions, L; and Lo, the BE of any function of ay, as and

0 (say, A (aq,ae,0) ), respectively, takes the following form:

fO fO fO Oél,ag, )pl (Oél | Q,t) P2 (042 | Q,t) p3(6 | t) dOél dOéQ do

As (v , i, 0) =
s (o000, 0) = S e 6.8 a (az | 0,6) pa(@ | £) davy davy B
(3.14)
and
5\ (Ck a 9)_ lOg fo fo fo _UA (.02, 9)p (al | 0 t) P2 (062 | 0 t) p3<9|t> dal daQ do
R I X [ p1 (e | 0,6) pa (a2 | 6,8) (0| t) day day df

(3.15)

It is clear to note that Eq.’s (3.14) and (3.15) cannot be simplified into closed-
form expressions and produce the BEs of oy, and 6 and must be calculated
numerically. Among the various methods suggested to approximate the joint
posterior density, alternative method called importance sampling will be proposed

to provide sample based estimates of the parameters.

3.2.1 Bayesian Sample Based Methods

In light of the JPC sample, one can update the prior information about the
shape and scale parameters via the posterior model, it is possible to provide
approximate BEs of a1, as and 6 based on importance sampling technique. In

the context of the approach introduced by Geman and Geman [12], we generate
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the posterior distribution of aq, as and 6 based on the conditional arguments as

follows:

Algorithm of Bayesian Sample-Based Method:

-Step 1: Generate 6 from g;(6 | t).

-Step 2: Generate o from py (aq | 0,t) and ay from py (ag | 6,t).

-Step 3: Repeat steps 1-3, M times and then obtain (0, a1, a21) , - .., (Oar, Q1ar, Qanr)-
-Step 4: Compute

g2 (017 t)
M
; g2 (917 t)

Wy (eiaalham) =

and then compute an approximate BE of a function of ay,ay and 6 (say,

A (aq, ag,0)) under a SE loss function as

M
As =) wi (g, a5, 0;) A (i, @1, 67) .
=1

The other Bayesian estimate under L, can be computed readily based on the

following expression:

1 M
AL = ——log E w; (oz, g, 0;) e~ r0200)
v
i=1

Using the percentile-based argument used in Chen and Shao [7], we can pro-
vide Crl of any function of the parameters, A (ay, aq, ). The 100y th (0 < v < 1)
quantile of A is A\, such that P (A < A,) = v. Let us assume that \@y,..., A
be order statistics of Ay, ..., Ay and w®, ... w®™) be the values associated with
A1), --->Ar). This implies that the consistent sample based estimate of A, is

Ay = A(x), Where k is an integer satisfying

k—1 K
Zw(l) <y < Zw(l)
i=1 i=1

This in turns that (1 —~)100%Crl of A can be computed as (5\%, 5\1_%), say, C-S
Crl. It is important to point out that the Crls obtained by the previous approach
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does not specify whether the values of A within these intervals have highest prob-
ability than that of the values outside the intervals. It is more desirable to have
CrI of A (aq,az, \) with the highest posterior density (HPD). For any probabil-
ity content, 1 — ~, the HPD interval is of the shortest width and the posterior
density for every point outside the interval is less than that for every point inside
the interval. For M sufficiently large, the 100(1 — v)% HPD interval for A may
be chosen as the shortest of the intervals Cy (M), x = 1,2,..., M — [(1 — ~v)M],

where [z] is the largest integer that is less than or equal to z, with

Cro(M) = (Awy> At 10-7)01))

Therefore, the HPD intervals of the three parameters are computed in this way.

Another Bayesian sampling algorithm is to estimate the posterior distribution
based on Gibbs sampler approach. This approach requires being able to sample
from the full conditional distributions from each parametric quantity involved.

This can be applied for oy and as but not for 6.

3.2.2 Metropolis-Hastings Method

Metropolis-Hastings (M-H) steps are proposed into the Gibbs sampler so that
aq and «s are sampled directly from their full conditional distributions, whereas 6
can be updated via a M-H steps as explained in Tierney [30], using G (k + ao, by)

as a proposal distribution. The M-H steps proceed as follows:

Algorithm of M-H method:

-Step 1: Select an initial guess 6p;
-Step 2: Fort =1,2,..., M, repeat:

(a) Draw candidate 6* from G (k + ag, by) with its pdf gryags, (0 | 6:—1) and u
from U(0, 1);

(b) Compute the acceptance probability

P3(0")/Gk+ag,by (07101—1) P3(0*) Gk+agbg(Pr—1) x 0 =0 1)k t;
= d — 2 — _ X t—1 i=1 "
P3(0t—1)/Gktag,b (0:-110%) — P3(0t—1) Gktag,bg (07) h(07,0i-1)xe
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where

(b 4 Ag, , ()7 (by + Ay, , (£)) 7
(bl + Ag* (t))k1+a1 (bg + Ae*(t))]m-‘r(w

h (6*7 0t71> =

(¢) If u < min(1,¢), then set 6, = 0*, else go to (a).

Once the posterior samples have been obtained, the simulation consistent
Bayes estimates under different loss functions can be computed. The asso-

ciated Crls of the parameters can also be constructed.
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CHAPTER 4

SIMULATION STUDY

Here in this chapter specially in Section 4.1, we perform a comprehensive
simulation study to assess the performance of the estimates developed in the
previous chapters. Also in Section 4.2, we analyze a real data set using GO
distribution for illustrative purposes. All computations are performed using R

software.

4.1 Results for Two-Parameter Gompertz Model

In this section, we present results for the simulation study including JPC
based on two-parameter GO model. Where we compare the performance of the
different methods of estimation based on Monte Carlo simulation. We compare
performance of the MLEs and BEs in terms of Bias and mean square error (MSE).

The Bias and MSE of an estimate 6 of § are defined in Chapter 1 as:

o 1 A R )

Bias(0) = ; Zl (@ - ei) . and MSE(D) = ;(ei — 9,2,
where [ is the number of iterations in the simulation process. In this simulation,
the values of GO parameters are considered as a; = 2, ag = 1.5 and 0 = 2. Here,

we consider different effective sample sizes, k = 20,25 and different censoring

schemes. For conducting the Bayesian analysis, we assume two priors. For the



32

first prior (Prior 0), we assume that a; = by = ay = by = ag = b3 = 0. Then, we
assume an additional prior; Prior 1 with a1 = as = a3 =1, by = by = by = 2.
We use the following notation for a particular progressive censoring scheme. For

example, k = 6 and R = (4,0(5)) means Ry =4, Ry = R3 = Ry = R5 = Rg = 0.

To conduct the comparison, we have randomly generated four different joint
progressive censored schemes from the GO distribution for £ = 20 and for k = 25,
summarized in Table 4.1. We then compute Biases, MSEs for the estimates and
CIs for GO parameters. Under the non-informative and informative priors, Biases
and MSEs of the estimates over 10000 replications are computed for various

censoring schemes of £ = 20 and k£ = 25.

Table 4.1: Censoring schemes.

Notation | k C.S.
R, |20 R=(7, _0_,15)
18 times
Ry |20 R=(_0 ,7,15)
18 times
Ry |25 R=(7, 0 ,10)
23 times
Rs 25| R=(_0_,7, 0 ,10)
—~— —~—
11 times 12 times

Biases and MSEs of the MLEs and BEs of aj,as and € under SE and LINEX
loss functions with Prior 0 and Prior 1 are computed over 10000 replications and
displayed in Tables 4.2 and 4.3. MLEs are computed by maximizing the likelihood
function and so by solving the likelihood Equations (3.6) and (3.7).

For the LINEX loss function, the BEs are computed using different values of v
(say, v = —0.5,0.5).



Table 4.2: Biases and MSEs of the MLEs

and BEs of a1, as and 6 under Prior 0.

C.s. MLE BEs (SE) BEs (LINEX)
v=-0.5 v=20.5

R a1 -2.2200(2.21170) Tmportance  -1.1463(1.0433) -0.7778(0.6839) -0.8332(0.7366)
M-H -0.9865(0.9551)  -0.7496(0.6056) -0.7945(0.6948)

as  -0.8938(0.3016) Importance 0.1475(0.0237)  0.1138(0.0199)  0.1211(0.0220)
M-H 0.1275(0.0223)  0.1129(0.0159)  0.1184(0.0192)

0 2.3451(1.0226)  Importance -0.5623(0.3181) -0.5614(0.3171) -0.5615(0.3172)
M-H -0.5493(0.3043)  -0.5468(0.3017)  -0.5472(0.3021)

Ry a1 -2.8802(2.6612) Importance -1.9933(1.4117) -1.4519(1.2045) -1.5022(1.2253)
M-H -1.6882(1.2854) -1.4295(1.1707) -1.4511(1.1818)

Qs 2.0606(0.3579)  Importance 0.2365(0.0677)  0.2138(0.0613)  0.2199(0.0647)
M-H 0.1831(0.0339)  0.1581(0.0253)  0.1717(0.0298)

9 27829(1.2112) Importance  -0.5688(0.3256) -0.5681(0.3248) -0.5682(0.3249)
M-H -0.5509(0.3062)  -0.5487(0.3038)  -0.5491(0.3042)

Rs a1 -2.00034(1.9505) Importance -1.0891(0.9215) -0.6279(0.4572) -0.6510(0.5651)
M-H -0.7669(0.6280) -0.2102(0.1626) -0.3279(0.3204)

as  -0.5653(0.2172)  Importance 0.1034(0.0147)  0.0648(0.0124)  0.0750(0.0136)
M-H 0.0759(0.0109)  0.0608(0.0058)  0.0693(0.0085)

0 2.2216(0.9134) Importance -0.4122(0.1725) -0.4116(0.1720) -0.4117(0.1721)
M-H -0.4006(0.1644)  -0.3968(0.1615)  -0.3975(0.1621)

Ri a; -2.4630(1.9543) Tmportance  -1.2816(1.1374) -0.9002(0.8845) -0.9420(0.9514)
M-H “1.1971(1.0740)  -0.8814(0.8097)  -0.9345(0.9070)

Qo 0.5822(0.2396)  Importance 0.1076(0.0187)  0.0830(0.0156)  0.0949(0.0173)
M-H 0.0987(0.0118)  0.0790(0.0065)  0.0919(0.0092)

0 2.3007(0.9792) Importance  -0.4174(0.1768) -0.4168(0.1764) -0.4169(0.1765)
M-H -0.4040(0.1670)  -0.4007(0.1644)  -0.4013(0.1649)

* The entries in parentheses are MSEs.



Table 4.3: Biases and MSEs of the MLEs and BEs of a1, as
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and 6 under Prior 1.

C.s. BEs (SE) BEs (LINEX)
v=-05 v=20.5

R a; Importance  -1.1289(1.0428) -0.7405(0.6344) -0.8273(0.7128)
M-H -0.9552(0.7871)  -0.7311(0.5352) -0.7921(0.6871)

as Importance 0.1145(0.0188)  0.1041(0.0137)  0.1126(0.0160)
M-H 0.0869(0.0160)  0.0753(0.0129)  0.0819(0.0149)

6  Importance -0.5586(0.3169) -0.5293(0.3164) -0.5348(0.3165)
M-H -0.5363(0.2910)  -0.5172(0.2836)  -0.5305(0.2847)

Ry «; Importance -1.8672(1.3662) -1.2824(1.1321) -1.3197(1.1485)
M-H -1.6128(1.2472)  -1.1025(1.0841) -1.2163(1.0960)

as Tmportance  0.2273(0.0608)  0.2109(0.0531)  0.2184(0.0573)
M-H 0.1558(0.0249)  0.1311(0.0177)  0.1446(0.0215)

§ Importance  -0.5638(0.3201) -0.5633(0.3196) -0.5634(0.3197)
M-H 10.5498(0.3049)  -0.5458(0.3006)  -0.5464(0.3013)

Rs; a; TImportance  -0.9801(0.9186) -0.6173(0.3998) -0.6489(0.5071)
M-H -0.6449(0.5509)  -0.2120(0.1608)  -0.2170(0.2581)

as Tmportance  0.0631(0.0087)  0.0464(0.0065)  0.0558(0.0077)
M-H 0.0449(0.0023)  0.0208(0.0007)  0.0344(0.0015)

6  Importance -0.3964(0.1602)  -0.3960(0.1598) -0.3961(0.1599)
M-H 0.3833(0.1507)  0.3810(0.1490)  0.3814(0.1493)

R:i a: Tmportance  -1.2632(1.1237) -0.8684(0.7944) -0.9130(0.8753)
M-H “1.2099(1.0621)  -0.7549(0.7474)  -0.8342(0.8061)

as Tmportance  0.0869(0.0091)  0.0609(0.0068)  0.0754(0.0080)
M-H 0.0636(0.0078)  0.0461(0.0039)  0.0561(0.0059)

§ Importance  -0.3969(0.1608) -0.3966(0.1605) -0.3967(0.1606)
M-H -0.3834(0.1513)  -0.3814(0.1480)  -0.3818(0.1494)

* The entries in parentheses are MSEs.

As seen in Tables 4.2 and 4.3, the BEs perform well for £ = 20 and k& = 25
in the sense of Bias and MSE. As expected, the BEs under Prior 1 are better
than under Prior 0. Further, we can easily notice that the M-H method beats the
importance sampling method in the sense of MSEs and Biases for all parameters
under all two error loss functions. Under LINEX error loss function, the estimates
based on M-H algorithm show the least MSEs and Biases values over SE error

loss function in all parameters and all methods of estimation.
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Table 4.4: ALs and CPs of 95% approximate and Boot-t CIs of aj, as and A when
m = 20 and n = 25.

Approx. Boot-t
C.S.
Ry a; AL 1.8292 1.6115
CP 0.6285 0.6652
as AL 13666  0.7526
CP 0.6126  0.6865
0 AL 1.5442  1.3756
CP 0.6153 0.7111
Ry a3 AL 2.0057 1.8869
CP  0.7180  0.7560
as AL 1.5039  1.0467
CP 07126 0.7622
0 AL 1.8848  1.7137
CP 0.7112 0.7153
Ry o3 AL 16714 14578
CP  0.5395  0.6308
as AL 0.9944  0.7411
CP 05472  0.5619
6 AL 09153 0.8792
CP  0.5429  0.5486
Ry o1 AL 1.6867 1.5641
CP  0.5468  0.6432
as AL 1.0007  0.7412
CP  0.5407  0.5808
0 AL 1.2853  0.9249
CP  0.5479  0.6301
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Table 4.5: ALs and CPs of 95% CIs of a1, ag and  when m = 20 and n = 25 under

Prior 0.
HPD (Importance) HPD M-H
C.S
SE LINEX SE LINEX

v=-05 v=05> v=-05 v=05>
Ry a3 AL 09935  0.7431 0.9156 0.1251 0.1097 0.1126
CP 0.8424  0.8957 0.8941 0.9502  0.9721 0.9683
as AL 0.3610  0.3559 0.3566 0.0660  0.0620 0.0615
CP 0.8955  0.9124 0.9107 0.9760  0.9808 0.9806
6 AL 0.1935  0.1909 0.1923 0.1722  0.1716 0.1718
CP 0.8571 0.8633 0.8617 0.9603  0.9754 0.9640
Ry o AL 1.8401 1.1961 1.4714 0.1689 0.1215 0.1326
CP 0.9090 0.9157 0.9140 0.9725  0.9847 0.9805
as AL 04195  0.4102 0.4166 0.1005  0.0967 0.0983
CP 0.9074 0.9141 0.9124 0.9877  0.9887 0.9885
6 AL 0.2357  0.2330 0.2344 0.2298  0.2294 0.2295
CP 0.8940  0.9160 0.9040 0.9800  0.9807 0.9805
Rs a3 AL 0.7672  0.5516 0.7318 0.1219  0.0556 0.0849
CP 0.8243  0.8743 0.8727 0.8608  0.9107 0.8957
as AL 0.3579  0.3556 0.3563 0.0631 0.0607 0.0608
CP 0.8752  0.8955 0.8921 0.9563  0.9606 0.9605
6 AL 0.1907  0.1887 0.1898 0.1692  0.1686 0.1687
CP 0.8433  0.8617 0.8602 0.9600  0.9643 0.9607
Ry a1 AL 1.0998  0.8349 0.9685 0.1333  0.0972 0.1078
CP 0.8608 0.8974 0.8941 0.9527  0.9730 0.9720
as AL 0.3672  0.3566 0.3599 0.0751 0.0699 0.0703
CP 0.8888  0.8955 0.8938 0.9600  0.9685 0.9683
6 AL 0.2184 0.2156 0.2171 0.1775 0.1771 0.1772

CP 0.8453  0.8639 0.8612 0.9680  0.9688 0.9687
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Table 4.6: ALs and CPs of 95% CIs of aq, ag and  when m = 20 and n = 25 under

Prior 1.
HPD (Importance) HPD M-H
C.S
SE LINEX SE LINEX

v=-05 v=05 v=-05 v=05
Ry a3 AL 0.7496  0.6535 0.6581 0.0940  0.0710 0.0756
CP 0.8544  0.8727  0.8547 0.9325  0.9447 0.9403
as AL 0.2748 0.2637 0.2709 0.0609 0.0574 0.0587
CP 0.8703 0.8812 0.8752 0.9400 0.9408 0.9405
6 AL 0.1917  0.1896 0.1906 0.1692  0.1686 0.1687
CP 0.8243  0.8453 0.8438 0.9400  0.9407 0.9405
Ry a1 AL 1.2695 0.9335 1.0856 0.0983 0.0800 0.0840
CP 0.8576  0.8974 0.8775 0.9405  0.9752 0.9607
az AL 0.3843  0.3678 0.3809 0.0908  0.0867 0.0876
CP 0.9498  0.9520 0.9510 0.9600  0.9752 0.9607
0 AL 0.2295 0.2266 0.2282 0.2080 0.2069 0.20757
CP 0.8392 0.8633 0.8438 0.9600 0.9754 0.9605
Rs a3 AL 0.7136  0.6014 0.6575 0.0937  0.0636 0.0744
CP  0.8000 0.8424 0.8226 0.9163 0.9440 0.9241
as AL 0.2670 0.2630 0.2646 0.0478 0.0458 0.0467
CP 0.8703 0.8768 0.8752 0.9252 0.9407 0.9405
6 AL 0.1829  0.1802 0.1816 0.1675  0.1669 0.1670
CP 0.7857  0.7913 0.7899 0.9004  0.9207 0.9205
Ry o3 AL 0.8861  0.7315 0.8155 0.0945  0.0723 0.0760
CP 0.8196  0.8608 0.8409 0.9365  0.9561 0.9405
az AL 0.2927  0.2616 0.2742 0.0697  0.0674 0.0675
CP 0.8518 0.8955 0.8752 0.9200 0.9407 0.9252
6 AL 0.1951 0.1922 0.1938 0.1721 0.1716 0.1718
CP 0.8035 0.8038 0.8037 0.9200  0.9407 0.9205

Tables 4.4-4.6 present the average lengths (ALs) and coverage probabilities
(CPs) of 95% Cls for ay, ay and 6 based on Boot-t, asymptotic maximum likeli-
hood and Bayesian methods with Prior 0 and Prior 1 under SE and LINEX loss
functions. From Tables 4.4-4.6, it is observed that the HPD Crls are shorter than
the asymptotic and Boot-t CIs under all priors and all loss functions for £ = 20
and k£ = 25. It can also be noticed that M-H Crls are the shortest over all other
intervals. Furthermore, the Crls under LINEX loss function are better than SE
in all types of estimation used. The performances of HPD Crl tend to be high
under the informative prior when compared to HPD Crl under non-informative
prior, asymptotic and Boot-t ClIs. While the Boot-t method performs well when

compared to asymptotic method for estimating of all parameters. It can be also
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observed that all CIs are shorter for k& = 25 when compared to k = 20.

In summary, it is clear that the BEs based on importance sampling and M-H
methods under different loss functions and priors work better than the MLEs in
all the cases considered. MSEs and Biases of the BEs obtained by M-H algorithm
are smaller than that of the BEs computed from the importance sampling method
under the two types of loss functions. When comparing the BEs under SE and
LINEX loss functions, we can notice the LINEX loss function provides better
results than SE. It is realized that the HPD intervals based on M-H method
compete the ones based on importance sampling method in terms of ALs and
CPs criteria under SE and LINEX loss functions. It is also checked that the ALs
and CPs of HPD Crls based on LINEX loss function tend to be close.

4.2 Data Analysis

In this section, we present the analysis of real data sets to illustrate the
performance of the obtained methods. The data represent the survival time
in months of stage 4 Melanoma patients based on their gender who received
treatment at the University of Oklahoma Health Sciences Center from 1974-1978.
The data were originally reported by Lee et al. [18] and for more details, see for
example Lee and Wang [19]. The sets of data are:

Data set 1 (female patients):

1.3 2.7 3.8 4.2 7.4 9.3 10.5 11.4 13.3 13.8 13.8 20
22.2

Data set 2 (male patients):

0.4 0.9 1.2 1.5 1.6 1.7 2.5 2.5 3.9 3.9 4 4.24.5 5.8
5.9 6.3 7.3 7.4 8.3 9.8 11 11.1 16.1 20.5

Table 4.7: MLEs, K-S and CvM goodness-of-fit tests.

Data Set  Scale Parameter Shape Parameter K-S(p-value) CvM(p-value)

1 0.9900692 1.0227568 0.13925933(0.9931) 0.03012802(0.899)
2 0.9900692 0.4378163 0.09860765(0.9368) 0.0285854(0.9954)
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Table 4.7 presents the ML estimate of the unknown parameters, the goodness-
of-fit tests based on Kolmogrov-Smirnov (K-S) and Cramer-von Mises (CvM)
statistics. It is easily seen that the GO model fits both data sets very well.
This conclusion is also supported by diagnostic plots of the empirical and fitted
distribution functions in Figures 4.1 and 4.2. In addition, it is of interest to study
the null hypothesis Hy : 6; = 03 = 0 (i.e., the scale parameters are equal) versus
the alternative hypothesis H; : 6, # 605 using the likelihood ratio test. For the
given data, the test statistic is computed as A = L1/L2 = 0.465558, —2log(A) =
1.529034 and the p-value of the test is P(x?, > 0.465558) = 0.495065. Hence,

e))
the assumption of equality of the scale parameters cannot be rejected.
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Figure 4.1: Empirical and fitted distribution functions and Q-Q plots for data set 1.
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Figure 4.2: Empirical and fitted distribution functions and Q-Q plots for data set 2.
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For explanation purposes, we suggest the following joint progressive type-II
censored sample withm =13 andn =24, k=10, R, =2,:1=1,....,3 and R; = 3,

t =4,...,10. The resulting data set is recorded as follows:

(0.4,0,0), (0.9,0,2), (1.2, 0,1), (1.3,1,0), (1.5,0,1), (1.6,0,2),
(1.7,0,1), (2.5,0,1), (2.7,1,1), (3.8,1,2).

Based on the above observed joint progressive type II censored data, we obtain
the MLEs and BEs of ay, as and 6 under SE and LINEX loss functions. We have
generated 50000 observations to compute the BEs of oy, as and 6 based on the
importance sampler after discarding the initial 5000 burn-in samples. Note that,
for computing the BEs and HPD Crls, we assume that the priors of oy, as and
0 are improper, i.e. a; = by = as = by = a3 = bz = 0, since we do not have
any prior information. The M-H algorithm is also used to compute the BEs of
where we use the gamma distribution as a proposal distribution. Here, the best
fitted model for the full conditional distribution can be concluded by managing
the choice of the parameters for the proposal distribution. Therefore, to generate
numbers from the target probability distribution, we use the M-H algorithm with
gamma proposal distribution. We assumed the initial value of 6 to be its MLE,
6 which is computed using Newton-Raphson method. Here, we generated 50000
random variates and we checked the acceptance rate for this choice of variance
to be 68.27% which is quite satisfactory. We discarded the initial 5000 burn-in
samples and computed the BEs based on the remaining observations.

Graphical diagnostics tools involving trace and Autocorrelation function (ACF)
plots are used to check the convergence of M-H algorithm.

Figure 4.3 shows the trace and ACF plots for #. From the trace plot, we can
easily observe a random scatter about some mean value represented by a solid line
with a fine mixing of the chains for the simulated values of . The ACF plot shows
that chains have low autocorrelations. As a result, these plots indicate the rapid

convergence of the M-H algorithm based on the proposed gamma distribution.
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Figure 4.3: Plots of Metropolis-Hastings Markov chains for 6.

The results for MLEs and BEs using importance and M-H samplers along with
the 95% Boot-t CI, asymptotic CI and HPD Crls for a;, a and 6 are presented
in Tables 4.8 and 4.9.

Table 4.8: MLEs and BEs of a1, as and 6 based on joint progressive censored data.

MLE Method SE LINEX
v=-0.5 v=0.5
a; 0.1366 Importance 0.1213 0.1216 0.1210
M-H 0.1685 0.1707  0.1665

as 0.2940 Importance 0.2640 0.2648 0.2632
M-H 0.3274 0.3311  0.3238

0  0.4498 Importance 0.4515 0.4518 0.4511
M-H 0.3992 0.3993  0.3991




42

Table 4.9: The corresponding 95% C1Is for aq, ao and 6.

Approx.

Boot-t

Loss

HPD (Importance)

HPD (M-H)

a1

(0.0528,0.7261)

(0.0245,0.6258)

SE

LINEX

v=-0.5
v= 0.5

(0.0268,0.2650)

(0.0268,0.2050)
(0.0268,0.1925)

(0.1126,0.3113)

(0.0929,0.2332)
(0.0932,0.2213)

(&%)

(0.0901,1.2781)

(0.0413,0.9146)

SE

LINEX

v=-0.5
v= 0.5

(0.0827,0.3226)

(0.1086,0.3187)
(0.1089,0.2912)

(0.1773,0.3781)

(0.1816,0.3535)
(0.1784,0.3354)

0

(0.1295,1.1700)

(0.2788,0.7127)

SE

LINEX

v=-0.5
v= 0.5

(0.2128,0.5202)

(0.2352,0.4735)
(0.2928,0.4702)

(0.3308,0.5694)

(0.3411,0.5412)
(0.3584,0.5186)
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CHAPTER 5

CONCLUSIONS

In this work, the estimation problem of the parameters based on joint type-II
progressive censoring scheme when their lifetimes follow Gompertz distributions
with different shape parameters. It is shown that the maximum likelihood esti-
mators of the model parameters and their asymptotic confidence intervals can be
obtained. We have also proposed different Bayesian procedures for estimate the
parameters involved, namely, importance sampling procedure and Metropolis-
Hastings algorithm. The corresponding credible intervals are also discussed. The
performance of all methods presented in this thesis are evaluated and compared
via Monte Carlo simulations. It is observed that the Bayes estimates under
Metropolis-Hastings method outperform the frequentist methods as well as the
Bayes ones under the importance sampling method in the sense of Bias and mean
square error for all parameters under the error loss functions applied. Under
LINEX error loss function, the MSEs and Biases of Metropolis-Hastings based
estimates tend to be smaller over square error lose. By considering the average
length and coverage probability as optimality criteria for the credible intervals
of the parameters, it is also evident that the highest posterior density credible
intervals using Metropolis-Hastings compete the approximate, Bootstrap-t confi-
dence intervals, and the posterior density credible intervals based on importance
sampling. Although, we have mainly restricted our attention to the joint type-II

progressive censoring scheme produced from the two populations, but the so de-



44

veloped procedures can be extended to more than two populations as well. More

investigation is needed along this line.
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