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Abstract

T'he aim of this thesis is the study of global existence and asymptotic behavior of solutions for
three types of systems with variable exponents.

In the first type, we consider a nonlinear Kirchhoff type reaction diffusion equations with vari-
able exponents and source terms, we prove with suitable assumptions on the variable exponents
the global existence of the solution and stability result with positive initial energy. In the second
type, we consider a nonlinear hyperbolic equation with multiple « () —Laplacian and variable
exponent nonlinearities, we prove with negative initial energy the blow up of solutions. In the
third type, we study fractional p-Kirchhoff type hyperbolic equations with damping and source
terms. We also prove the existence of weak solution, and the stability results with negative initial
energy. The proofs of the existence of global solutions are based on Faedo-Galerkin approxima-
tion combined with the potential and Nihari’s functional. Furthermore, the stability results being

based on Komornik’s inequality.

Keywords: Kirchhoff equation, Reaction diffusion equation, Variable exponent, Source term,
Damping term, Positive initial energy, « (=) —Laplacian, Negative initial energy, Blow up of solu-
tion, Fractional p-Kirchhoff equation, Faedo-Galerkin approximation, Potential functional, Ko-

mornik’s inequality.




Résumé

L’objectif de cette these est ’étude de l'existence globale et du comportement asymptotique
des solutions pour trois types de systemes a exposants variables.

Dans le premier type, on considere des équations de réaction-diffusion de type Kirchhoff non
linéaires avec des exposants et des termes sources variables, nous prouvons avec des hypothéses
appropriées sur les exposants variables 'existence globale de la solution et le résultat de stabilité
avec une énergie initiale positive. Dans le second type, on considere une équation hyperbolique
non linéaire avec des multiples «(z)-Laplaciennes et des non-linéarités exposants variables, on
prouve avec une énergie initiale négative 'explosion des solutions. Dans le troisiéme type, nous
étudions les équations hyperboliques d’ordre fractionnaires de type p-Kirchhoff avec amortisse-
ment et termes sources. Nous prouvons également I'existence de la solution faible, et les résultats
de stabilité avec une énergie initiale négative. Les preuves de l'existence de solutions globales
sont basées sur 'approximation de Faedo-Galerkin combinées avec le potentiel et la fonctionnelle

de Nihari. De plus, les résultats de stabilité étant basés sur I'inégalité de Komornik.

Mots clés: Equation de Kirchhoff, Equation de réaction-diffusion, Exposant variable, Terme
source, Terme d’amortissement, Energie initiale positive, « (2)-Laplacien, Energie initiale nég-
ative, Explosion de la solution, Equation d’ordre fractionnaire de p-Kirchhoff, Approximation de

Faedo-Galerkin, Fonctionnelle potentielle, Inégalité de Komornik.
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Notations

—: designates the strong convergence .
—: indicates the weak convergence.
—: indicates the continuous embedding.
V: stands for the gradient operator.
div: is the divergence operator.
2 : partial derivative.
A,: is the p-Laplace operator.
As: is the fractional Laplace operator of order s.
sp: denotes the spectrum of an operator.
N: the set of positive integers, that is N = {0,1,2,...}.
R: the set of real numbers.
R™: is the real space of dimension n.
(2: open set in R".
0€): denote the boundary of domain (2.
(.,.): denotes the scalar product.
C™ (Q): space of m times continuously differentiable functions on 2, m € N.
C®(Q)= nNnC™(Q).
meN

Cg° (Q): the space of C* (©2) functions with compact support in (2.

L7 (§2): Lebesgue space with norm ||.|| .




LP

loc

(Q2): the set of locally integrable functions.
WP (2): Sobolev space with norm |||, .

WP (Q): is the closure of C* () in W ? (Q).
W= (Q): is the dual of W'» (Q).
H™(Q)=Wm2(Q).

LP0) (Q): Lebesgue space with variable exponent.
Wkr() (Q): Sobolev space with variable exponent.
WP (Q): fractional Sobolev space with norm ||, .
WP (Q): denote the closure of C§° (€2) in the norm ||.||W5,p(Q) :
WeE (RR) = H (RY), Wo? (R) = H; (RY)

P.V: is an abbreviation for “in the principal value sense”.




General introduction

Partial differential equations (PDEs) involving variable exponents nonlinearities are a class
of equations that arise in various areas of mathematics, physics, and engineers. For details, see
([45],[52]) . They are nonlinear equations in which the coefficients (or exponents) of the derivat-
ives are allowed to vary with spatial cordinates. This makes them more complex than equations
with constant coefficients. These type of equations are also used to describe several phenomena
in mathematics such as fluid dynamics, elastic mechanics, nonlinear elasticity, electroheological
fluid and so forth.

The study of PDEs with variable-exponents nonlinearities is an active research area that has at-
tracted considerable attention in recent years due to its applications in different fields. The main
challenge is to understand the qualitative properties of the solutions to these equations, such as
the existence, uniqueness, and regularity of solutions. This involves developing techniques to es-
timate the size and smoothness of solutions in different regions of the domain. The study of this
equations began in the 1960s, and the fields has grown steadly since then. However, the concept
of variable exponents dates back to the work of hardy and littlewood in the 1930s, where they es-
tablished inequalities involving variable exponents. In the 1960s and 1970s, there was significant
work done on nonlinear PDEs, and many equations studied incorporated variable-exponents. A
notable example of this is the p—Laplacian equation, which is a nonlinear elliptic equation with
variable exponents that was introduced in the 1950s. In the 1980s, the rigorous study of these
PDEs has been facilitated by the developement of Lebesgue and Sobolev spaces with variable ex-
ponents. In the 1990s, there was a surge of interest in PDEs with variable exponents due to their
potential to model complex phenomena that cannot be accurately captured by equations with
constant exponents. Research in this area has continued to grow, and variable exponent PDEs
have become a major area of study in modern mathematics. For results of these studies, we refer
the reader to ([6], [21], [22], [31] — [33], [58], [65]) .

Over the last four decades, The interest and focus of many researchers has shifted from the
partial differential systems to the fractional systems, it’s caused by both the intensive development
of the theory of fractional calculus it self and by its applications in various fields. It is crucial to
mention that fractional calculus is a generalization of ordinary differentiation and integration.

Another aspect in the study of fractional systems is when involving fractional Laplacian and as




we know, the fractional Laplacian is very common in the modern study of fractional differentiel
systems because of its applications.

The difference between standard and fractional Laplacian can be explained from probabil-
istics interpretation. The standard Laplace operator represents the infinitesimal generator of a
Brownian motion with continuous sample paths, thus for a particle in domain €2, it must leave
the domain via the boundary point on Jf). By contrast, the fractional Laplacian is the infinites-
imal generator of a symetric s-stable Levy process with discontinuous sample paths, particles may
"jump" out of the domain without touching any boundary points on 9f2.

Overall, it is clear that fractional differential equations involving fractional Laplacian present a
rich and fascinating area of research with both theoretical and practical significance.

These classes of equations had diverse applications in image processing, material science,
and finance. For example, in image processing, variable-exponent PDEs are used to eliminate
noise while preserving the edges of the image. In material science, they are used to simulate the
behavior of composite materials with spatially varying properties. In finance, variable exponents
non-linear partial differential equations are used to model the behavior of stock options.

Many methods and techniques have been proposed to deal with and among these nonlinear
equations: variational methods, approximation theory, fixed point method, semi groups method,
energy estimates, and numerical methods, ...etc.

This thesis is mainly devoted to the study of a nonlinear hyperbolic and parabolic systems
with variable exponents and also hyperbolic systems involving fractional Laplacian. We use the
Faedo Galerkin method to prove the existence of weak solution and using potential and Nihari’s
functionals to prove global existence of solution. Stability being based on Komornik’s inequality.

To be more precise, we are interested in the study of three classes of systems:

e The first class of system is a nonlinear Kirchhoff type reaction- diffusion with variable expo-

nents and source term
wy — M ([, |Vul* dr) Au+ |u] ™ 2wy = (o™ 2w, (2,1) € Q% (0,T),

u(x,t) =0, (z,t) € 900 x (0,T), (1)
U(I,O):U,O(l’)7 IGQ

where () is a bounded domain in R™, n > 1, with smooth boundary 0f2 and the functions
M (s) = a + bs” with positive parameters a, b, . The result of this system can be seen as a

generalization of the result obtained by Kirchhoff.

e The second class of systems are the nonlinear hyperbolic systems with « (z) —laplacian and




variable exponent

Uy — div (\Vu\m(x)_Q Vu) —div (\Vut|r(w)_2 Vut> — Ay = [uf 2w, inQ x (0,7),
u(x,t) =0 s €00, t>0,
u(x,0) =wug (), ut(z,0) = uy (x), x € ),

(2)
where v > 0,0 < T < oo and {2 is a bounded domain of R", n > 1, with smooth boundary
. m(.), r(.), and p(.) are given measurable functions on 2. We study the asymptotic

behavior of the solution.

e In the last class of systems, we are interested in the nonlinear fractional p-Kirchhoff type

hyperbolic equation with variable exponent

e+ M (fo [Vul do) (=A)5 u+ |u ™ uy = |u] ™, in Q< (0,7),
u(z,t) =0 o €00, t >0, 3)
U<$,0)2u0($), ut(:c,()):ul(x) 1"697

where Q) C R", n > 1 be a bounded domain with a smooth boundary 0Q2. M (s) = 1+ s and
m(.), r(.) are given measurable functions on 2. Where Ouaoua et al. studied the system

(3) in the classical case .
This thesis is divided in four chapters, as follows:

e In the first chapter, We will discuss some preliminary materials that we will use through-
out the thesis. We recall definitions and important results in the Lebesgue and Sobolev
spaces with variable exponents, Fractional Sobolev spaces that have an essential role in the

subsequent chapters.

e Our aim in the chapter two is to investigate the global existence and stability of solution for
the problem (1) by using potential and Nihari’s functionals. The stability being based on
Komornik inequality.

e We devoted in chapter three to study of the blow up of solution for wave equation with

multiple « (z) —laplacian the problem (2) by using the Lyapunov functional.

e For the last chapter, we study the existence of weak solution of the problem (3) by using

Faedo Galerkin method, and also prove the stability results by Komornik inequality.




Chapter 1
Preliminaries

In this chapter, we will introduce and state without proofs some fundamental results and

notations in functional analysis that will be utilized through this thesis.

1.1 Variable-exponent spaces

1.1.1 Variable-exponent Lebesgue space

Definition 1.1 [30] Let X be a k—vector space. A function ¢ : X — [0,00] is said to be left-
continuous if the mapping A — o (\x) is left-continuous on [0, c0) , for every x € X; that is

/\lim o(Ar) =p(z),Vr e X.

—1—

Definition 1.2 [30] Let X be a k-vector space. A function o : X — [0, 00| is called a semimodular on

X if the following properties hold:

a- 0(0) =0.

b- o(A\z) =0 (x), forall z € X and X € k, with |\| = 1.
C- o 1S convex.

d- o is left-continuous.

e- o(A\x) =0, for all A\ > 0 implies z = 0.

A semimodular is called modular if

f- o (z) = 0 implies x = 0.

13



Chapter 1. Preliminaries

A semimodular is called continuous if
g- The mapping A — o (\x) is continuous on [0, c0) for all x € X.

Theorem 1.1 [30] Let ¢ be a semimodular on X. Then, the mapping A — o (A\x) is non-decreasing

on [0, 00) for every x € X. Moreover,

e(Ar) = o(Az) <[Me(x), foral [N <1,
e(Az) = o([A#) = [Ae(x), foral [A] > 1.

Definition 1.3 [30] Let (A, 3, u) be a o-finite, complete measure space. We define P (A, 1) to be
the set of all u-measurable functions p : 2 — [1,00]. The functions p € P (A, u) are called variable
exponents on A.

We set

p1 = essinfp (y) and p; = esssupp (y) .
yeA yeA

If py < 400, then we call p a bounded variable exponent. If p € P (A, ) , then we define p' € P (A, )

4 1 1
—+ 7= =1 Whereizo.
p(y) () o<

The function p' is called the dual variable-exponent of p. In the special case when y is the n-

dimensional Lebesgue measure and §) is an open subset of R", we abbreviate P (2) = P (2, ) .
Definition 1.4 [30] We define the Lebesgue space with variable-exponent p (.) by
LY (Q) = {u: Q — R; measurable in Q : g,y (Au) < oo, for some A >0}

where

0,0 () = / ()" d

is a modular. We equip L*") (Q) with the following Luxembourg-type norm:

p(z)
el = inf{)\ >0 / w@ G, < 1}.
Q

Lemma 1.1 [30]If p (x) = p, where p is constant. Then,

A
lull e, = llull, = Do = ( / |u|p)

hSA

1.1. Variable-exponent spaces



Chapter 1. Preliminaries

Definition 1.5 [30] We say that a function q : 2 — R is log-Hélder continuous on 2, if there exist
A>0and 0 < § < 1such that

A

<———— forallz,y € Q, with |z —y| <.
log [z — |

Lemma 1.2 (Unit ball property) [30] Let p € P (A, ) and f € LV (A, ). Then
i- [|fll,) < 1ifand only if 0, (f) < 1.
ii- If | fll,,) < 1, then g,y (f) < If Il -
ii- I ], > 1. then | £l < gy, ().
iv- [[fll,) <1+ 00 (f)-
Lemma 1.3 [30]If 1 < p; < p(2) < pa < +oo holds, then
min { lull2 el b < 0,0, (u) < max {flull2 5l }
for any u € LPV ().
Theorem 1.2 [30]Ifp € P (A, p), then L") (A, 1) is a Banach space.

Lemma 1.4 [30]Ifp: Q — [1,00) is a measurable function with p, < +oo, then C§° (2) is dense in
L0 (Q) .

Lemma 1.5 (Young’s inequality) [30] Let p,q,s € P (Q2) such that

1 1 1
= + , fora.ey € Q.

s(y) ply) qy)

Then for all a,b > 0,

(ab)S(-) (a)P(-) (b)q(')
sw) S p0 T

By taking s = 1,and 1 < p, q < +o0, then we have for any ¢ > 0,

ab < ea®? + C.0%,Va,b > 0,

1
q(ep)

where C. = . For p = ¢ = 2, we have

hSIS)

2

b
b<ea+ —.
ab < ea +4€

1.1. Variable-exponent spaces
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Lemma 1.6 (Holder’s inequality ) [30] Let p,q, s € P (Q) such that

1 1 1
sy) ) +Q(y)’fora'eyeﬂ'

If f € LPY (Q) and g € L1V (Q), then fg € L*Y) (Q) and

1 gllscy < 211l lgllyey -

By taking p = q = 2, we have the Cauchy-Schwartz inequality.

1.1.2 Variable- exponent Sobolev spaces

Definition 1.6 [30] Let k € N. We define the space W"*() (Q) by
WO (Q) = {u € LPY (Q) such that dou € L'V (Q), V]a| < k}.
We define a semimodular on W*r() (Q) by

Owk:p() () (u) = Z Orr()(Q) (Oau) -

0<a|<k

This induces a norm given by

. u
lliesioey = if{A >0 orao (X) <1}

= > Ndaul,,-

0<|a|<k
For k € N, the space W*?() (Q) is called Sobolev space and its elements are called functions. Clearly
wort) (Q) = L0 (Q) and
Whrb) (Q) = {u € LV () such that Vu exists and |Vu| € LPV (Q)}
equipped with the norm
||U||W1,p(-)(g) = ||U||p(,) + ||vu||p(,) :

Theorem 1.3 [30] Let p € P (). The space W*?\) (Q) is a Banach space, which is separable if p is
bounded, and reflexive if 1 < p; < ps < +00.

Let p € P () and k € N. The Sobolev space Wy " ¢ (©) "with zero boundary trace" is the closure
in W*r0) (Q) of the set of W#?() () — functions with compact support, i.e.,

WEPO(Q) = {u € WO (Q) : u = u,.x for a compact K C 1} .

1.1. Variable-exponent spaces
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Remark 1.1 [30] Let p € P (2) and k € N. Then

i- The space HY™Y (Q0) is defined as the closure of CS° (Q) in Wk() ().
ii- HPO Q) c wirY Q).

iii- If p is log-Holder continuous on 2, then WE™Y (Q) = HFY ().

iv- The dual of W," ¢ (Q) is defined as Wte O (Q), in the same way as the usual Sobolev spaces,

1 1
Where@an—l

Theorem 1.4 [30] Let p € P (). The space W™ ¢ (Q) is a Banach space, which is separable if p is
bounded, and reflexive if 1 < p; < ps < +00.

Theorem 1.5 (Poincare inequality) [30] Let 2 be a bounded domain of R"™ and p (.) satisfies the
Log-Holder continuity property, then

lull,, < ClIVull,, . for allu e WoY ()

where the positive constant C' depends on p (.) and 2 only. In particular, the space WOl #() (Q) has an
equivalent norm given by HuHWLp(.)(Q) = [[Vull,,-

J :
If p =2, then we set H} () = W, (Q).

Lemma 1.7 [30] Let Q be a bounded domain in R™ with a smooth boundary 0).Assume that p :

Q — (1, 00) is a measurable function such that
1<p <p(z)<py<+oo, fora.ez € .

Ifp(z),q(z) € C(Q) and q (z) < p* (z) in Q with

np(z)
, L <n
oy~ { S <n
oo, lfp2 2 n

Then the embedding W'?() (Q) — L0) (Q) is continuous and compact.

Corollary 1.1 [30] Let Q2 be a bounded domain in R" with a smooth boundary 0f). Assume that

p:Q — (1,00) is a continuous function such that

2
2<p <pr)<p < nz,nz?).
n_

Then the embedding H' (Q) — LP") (Q) is continuous and compact.

1.1. Variable-exponent spaces
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Lemma 1.8 (Komornik inequality) [28] Let G : R, — R, be a non-increasing function and as-

sume that there are two constants o > 0 and C > 0 such that

/OO G (8)ds < CG*(0)G (s) VteR,.

t

Then we have

1.2 Fractional Sobolev space

Before we start defining the fractional Sobolev space mathematically. We have in literature,
fractional Sobolev spaces are called also Aronszajin, Gagliardo or Slobodeckij spaces by the name

of the ones who introduced them, almost simultaneously (see [5], [15], [65]).

Definition 1.7 [12] Let §2 be an open set in R" and for any s € (0,1) and p € [1,00). We define
WP () as follows

WP (Q) = {uéL”(Q):%ELP(QXQ)}
Tr — Y|P

This is a Banach space with respect to the norm

-

lllyssiy = (Il + [012,)

()

is the so-called Gagliardo (semi) norm of u.

with

Remark 1.2 [12] The definition in (1) cannot be plainly extended to the case s > 1. Suppose that 2

is a connected open set in R", then any measurable function u : 2 — R such that

//|u an dxdy<+oo,

is actually constant ( see [8], proposition 2). This fact is a matter of scaling and it is stricly related to
the following result that holds for any u in W*? ()

: ; lu (z
lim (s - // Wp " dvdy —C’/|Vu|pdx

1.2. Fractional Sobolev space
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for a suitable positive constant C depending only on n and p.
When s > 1 and it is not an integer we write s = m + o, where m is an integer and o € (0, 1).
In this case the space W*P () consists of those equivalence classes of functions u € WP (2) whose

distributional derivatives D*u, with |a| = m, belong to W7 (Q) , namely
WP (Q) ={u e W™P(Q): D e WP (Q) forany a s.t |a| =0}

and this is a Banach space with respect to the norm

=

HUHWs,p(Q) = ||u||€[/mm(9)+ Z ||Dau||€vo,p(g)

|la|=m

Clearly, if s = m is an integer, the space W*? () coincides with the Sobolev space W™ (Q).
Proposition 1.1 [11] Let €2 be an open set of R", s € (0,1) and p € [1,00), then

1. For 1 <p < oo, W*P (Q) is a Banach space.
2. For 1 <p < oo, WP (Q) is a separable space.
3. For 1 < p < oo, W*P(Q) is a reflexive space.

4. For 1 < p < oo, WP (Q) is uniformly convex space.

Theorem 1.6 [12] For any s > 0, the space Cg° (R") of smooth functions with compact support is
dense in W*? (Q) .
Let WP () denote the closure of C§° (£2) in the norm ||.HW5,p(Q) . Note that, in view of theorem 1.6,
we have

We? (R) = WP (R™),

but in general, for Q C R", W*? (Q) # Wy" (), i.e C§° (Q) is not dense in W*? (Q) .

Remark 1.3 [12] For s < 0 and p € (1,00), we can define W*? () as the dual space of W1 (Q)
where ]13 + % = 1. Notice that, in this case the space W*? (Q) is actually a space of distributions on 2,

since it is the dual of a space having C§° (Q2) as density subset.

Corollary 1.2 (continue embeddings) [11]Let s € (0,1) and p € |1, 00[. Let §2 be a Lipschitz open
set of R™. Then we have:

1. If sp < n, then W*? (Q) — L9 (Q) for every ¢ < np/ (n — sp) .

1.2. Fractional Sobolev space
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2. If sp = n, then W*? (Q) — L7(Q) for every ¢q < co.
3. If sp > n, then W*? (Q) — L* (Q2) and more precisely,

W3P (Q) < %P (Q) .

Theorem 1.7 (compact embedding) [11] Let 2 be a bounded Lipschitz open subset of R". Let

s € [0,1][and p > 1, and let n > 1. Then we have

1. If sp < n, then the embedding of W*? (Q) into L* is compact for every k < (nﬁ’;p).

2. If sp = n, then the embedding of W*? (Q)) into L4 is compact for every q < oc.

Ss—n
P .

3. If sp > n, then the embedding of W*? (Q) into Cl?’A is compact for every A\ <

1.2.1 The space H* (Q2)

In this part, we focus on the case p = 2. This is quite an important case since the fractional
Sobolev spaces 1W*2 (R") and W, (R") out to be Hilbert spaces. They are usually denoted by

H* (R") and Hj (R").
Definition 1.8 [61] Let 2 be an open set of R", then we define
H(Q) =W (Q) with0 < s < 1

u@) —ul g, Q)}.
o —y[2 ™

The Sobolev spaces H* (2) eqquiped with the following inner product and norm

H* (Q) = {u € L*(Q) such that

(U, v) s :/Qu(:z:)v(x) dx—i—/Q/Q (j;xz;’géys)) (v(z) —v(y))dzdy.

1

2 2 2
ey = (il + [l )

([ @)l
= ([ 500

i

with

It is a Hilbert space.

1.2. Fractional Sobolev space

El
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Theorem 1.8 (Poincare Inequality) [61] Let §2 be an open sets of R™, let s € |0, 1[and p € [1, +o0|
so there exists C' = C'(n, s, p) such that

||uHLP(Q) <C HUHWOS”’(Q) , Yue Wyt ().

Therefore, if ) is bounded then H.HWOs,p(Q) is a norm of Wy (2) equivalent to ||. [,y With

1
lall e _(// IU(ﬂf)—u(y)l”>P
Wit (Q) aJa ‘x_y‘n—&—sp

1.2.2 The fractional Laplacian operator

Definition 1.9 [61] Let s € |0,1][ and p € [1, +o00], then we define the fractional p-Laplacian with
s : Ju () —u ()" (u(2) —uly)
—A)Yu(x) = 2lim — dy
A le) 0 Syl o =y
- p=2 —
_oyp [ MEeOP 0 ),
" [ =y

Remark 1.4 If p = 2, we obtain the linear fractional Laplacian operator defined by
s u(x) —u(y
apu) =20 [ Ml
jo—yl>e |2 =Yl
with C (n, s) is a dimensional constant that depends on n and s, precisely given by
4T (5+s) s
T2 I'(1—s)’

C(n,s)=
where I is the usual Gamma function (see [9]) .

Corollary 1.3 [61] (—A)] — (—A)

» when s — 1. Where convergence is in the dual space of
WP (Q).

p

Theorem 1.9 Let s € (0,1) and p € |1, +o00] then
(=A); - We () — (Wg (Q))
is well defined, and further:

1. Yu,v € W () we have
<(—A)f, u, U> = /Q/Q ulz) —u (’y)|l’— gig)x) —u() (v(x) —v(y))dzdy.

z—y

2. Yu,v € W5 (Q)

—1
(=) uv) <l fullys

and consequently: H(—A);uH , < ||u||€;§1,p.

W=s.p

1.2. Fractional Sobolev space



Chapter 2

Global existence and stability of solution
for a nonlinear Kirchhoff type reaction

diffusion equation with variable exponents

The main prupose of this chapter is to prove with suitable assumptions on the variable
exponents r (.), m (.) the global existence and the stability results for a nonlinear Kirchhoff type

reaction-diffusion equation. The results appearing in this context have been published throught

[25]

2.1 Introduction

In this chapter, we consider a class of Kirchhoff type reaction- diffusion equations with variable
exponents and source terms
w — M ([o, |Vul* de) Au+ [u]™ 2w, = [u 2w, (2,t) € Q% (0,7)
u(z,t) =0, (z,t) € 902 % (0,T) (2.1)
u(x,0) =ug (), x €
where 2 is a bounded domain in R”, n > 1, with smooth boundary 02 and M (s) = a + bs” with

positive parameters a, b, . Further, r (.) and m (.) are given measurable functions on (2, satisfying

2n
ifn>3
n—21 n >3,

q(z) > 2,ifn=1,2. (2.2)

2 < ¢ <qz)<¢g<

We also assume that m (.) and r (.) satisfy the log-Holder continuity condition:

lg(x) —q(y)| < forae. 2,y € Q, |[r—y|<dwithA >0, 0<0 <1 (2.3)

log |z —y]

22
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Equation (2.1) appears in various physical contexts. In particular, this equation arises from
the mathematical description of the reaction-diffusion or diffusion, heat transfer, and population
dynamic processes (see [22]).

In the last few years, partial equations with different kinds of nonlocal terms have drawn more
and more attention because of their wide applications in both physics and biology. For more
results, we refer the reader to previous studies. We start with the hyperbolic equation with a

nonlocal coefficient is

cuiy o ([ 90 de ) A = £ Govt,0) (2.4)
Q

where Q2 C R" is a bounded domain and M (s) = a + bs, a > 0, b > 0 and p > 1. It is a potential
model for damped small transversal vibrations of an elastic string with uniform density ¢ (see
[17]). For p = 2, such nonlocal equations were first proposed by Kirchhoff in 1883 (see [27])
and therefore were usually refered to as Kirchhoff equations. In the case ¢ = 0, (2.4) becomes a

Kirchhoff type parabolic equation

ug — M (/ |Vul? dx) Apu = f(x,t,u). (2.5)
Q

Equation (2.5) can also be used to describe the motion of a nonstationary fluid or gas in
a nonhomogeneous and anisotropic medium, and the nonlocal term M appearing in (2.5) can
describe a possible change in the global state of the fluid or gas caused by its motion in the

considered medium (see [13]). In [36], Li and Han studied the following p-Kirchhoff problem
Uy — (a + b/ |Vul? dm) Apu = |u|* " u, (2.6)
Q

where a, b are two positive constants, p > max{2n/(n+1), 1}, 2p < ¢ < p* — 1, and p* is the
Sobolev conjugate of p. They proved the global existence and finite time blow-up of solutions.
Also in [35], Haixia studied the same equation where the source term is a function depending on
u and satisfying some conditions. He proved the blow-up of solutions and the results generalize
some recent ones reported by Han and Li (see [20]). In [59], Polat studied a 1D problem and he

established a blow-up result for the solution with vanishing initial energy of the equation
U — Atigy + |u|™ 2wy = |u] . 2.7)

Ouaoua and Maouni in [54], considered the following nonlinear parabolic equation with p(z)
-Laplacian
uy — div (\Vu\p(x)_Q Vu) +ow )™ @2 gy = bu) @2, (2.8)

2.1. Introduction
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They proved a finite time blow-up result for the solutions in the case w = 0 and exponential
growth in the case w > 0 with negative initial energy. Many authors have studied the existence

and nonexistence of solutions for the problem with variable exponents or constants, see [2],[7],

[0, [14], [16], [33], [34], [46], [42], [47], [50], [65], [66].

2.2 The main of results

In this section to state and prove the global existence of solution of system (2.1). We define the

potential energy and Nehari’s functionals as follow:

a 2 b 2(v+1 1 r(z
E(t)=E(u(t>)=§HVu(t)H2+—)HV()|I2 [ oY @9

2(y+1 r(z)

1) =1((®) = a|Vu @l +b|Va@lF - [ @ dr (2.10)

In the following, we consider « = b = 1 and this does not change the general result.

Lemma 2.1 Under the assumptions (2.2), we have
! _ 2 m(z)—2 2
E'(0) =~ @)~ [ @ u (0 dr <0, (2.11)
Q

and
E(t) < E(0).

Proof. We multiply the first equation of (2.1) by u; and integrating over the domain (2, we get

/ut {ut - M (/ Vul|? d:v) A+ [u ™2y = |u 2 } dx

" Q

/u?dw—/M(/ |Vu|2d:p) Auutdx+/ || )2 |ut|2dx:/|u|T(x)2uutdx
0 0 Q Q Q

/ufdx+/M (/ |vu|2da;) VuVutd:E—l—/ |2 |ut|2dx:/|u|r(x)2uutdx
0 0 0 0 0

/Qu?dl’—i-%( I Vul|? + IoE: )||V szl)) /Iul 2P d = il )dx

This implies

d |U‘ 2 ) 2
— | = [[Vu V20D / = —|lu —/ w|™ 72 4, 2 de.
dt( IVull; + 2+ >H I3 (el Q\ | |4

Then

E (1) = — w2 - / ™2 P dr < 0.
Q

2.2. The main of results
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Integrating (2.11) over (0, ¢), we obtain

Lemma 2.2 Assume that the assumptions (2.2) hold, and r; > 2(y+ 1), I (0) > 0 and

where
5 r12—2 9 T22—2
By :rnax{()gcz;1 <T1T2E(O)> ,acy? <T1T2E(O>> }7
2(y +1) RN 2(y +1) R
T+1)n Ao+ T+ Dn R
: =ma l-—a)c) | —————=FE(0 (1—a)e? ( ———-E(0
5, a-ae (200 p0) 7 - (e 0)

with 0 < a < 1 and c, is the best embedding constant of H} (Q) «— L") (Q). Then I (t) > 0 for all
te0,1].

Proof. Since / (0) > 0, then by continuity there exists 7, such that
I(t)>0,Vtel0,T)]. (2.13)

Now, we will prove that this inequality is strict. We have for all ¢ € [0, T'] that

ur(az
B = Blu@) =3 IVul+ 5 )nv g [

1 2 1 2(y+1) / r(z)

> = - d

> 2|\wu2+2(7+ Il uf® da
1 2 2(y+1) 2(v+1)

> L v+ — w20 (vu+v7 It)
5 IVulls S+ )|| 2 [Vullz + |Vl (t)
1 2 1 2(v+1) 2(v+1) 1

> = . - + It

> G IVl + gy IVl = IVl = = Va3 + =1 1)
ry—2 2 T —2(y+1) 2(y+1) 1

> _ —TI(t).

> IVl + gy IVl ()

Using (2.13), we obtain

Ty —2 2 11— 2(y+1) 2(0+1) « 21

||V’u(1ﬁ)||2+—2 A+ 1) [Vu @[ < E(t), vtel0,T.]. (2.14)

2.2. The main of results
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By the definition of F (t), we find

S IVa (Ol < B ()
and .
n-etl) U 2(y+1)
2ry (v + 1) IV (£)] < E(t)

So using the nonincreasingness of £, we obtain

27‘1 27"1

2
[Vu (1)) < — SE () < — (0), (2.15)
and 2r1 (v + 1) 2r1 (v + 1)
2(y+1) (Y + r(y +
Vu @) < 201D < T T o 1)E (0). (2.16)

On the other hand, by Lemma 1.5, we have

Jorea < max @, @iz}
= amax{u @t lu )72}
+ (1= aymax { Ju O ()77, }

Hence, by the embedding of H{ () — L") (Q), we obtain

/Q ()" de < amax{ [Va @), [V )5}

+ (1= ) max {c" [[Vu (B)][5* <2 |Vu (£)]5°}

amax (¢! [[Vu (1)]15 2 [[Vu (B)157} x [V (8)]3

(1= aymax e [Fu )]l e [V )70 x [ Va (0307

IN

By (2.15) and (2.16), we get

27"1

Ivuly < (250)

and

r1—2(v+1)

or ('y—|—1) 2(v+1)
v r1—2(y+1) < ( 1 B 0)
Vel < (e B O)

2.2. The main of results
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Then
ro—2
2 2 2
/wa dr < amax{cz? ( B ) < B ) } < [Vu )2
71 2(v+1)
o ( 2r1 (y+1) ) 2(3+1)
* r1—2(y+1 )
+ (1 — a) max ) 7+1) no X[Vl £)][50+Y
o r + ol
cr (7"1 12Wv+1) 0))
272
27’1 27’1 2 2
< "1 E
< max{ac* (7“1 — 0) ) <7°1 — 2 ) } X [[Vu (t)]3
r1—2(y+1)
(1 . Oé) o1 ( 2r1(y+1) E (O)) 2(v+1)
+ max * An=20+h r272(v+1)7 X ||Vu( )HZ(W—H
vy 2 BECz=van
(1= a) e (225 (0))
So,
| O de < 8, 190 @I + 5,190 0, vee 0.7, (217)
Since 3, + (8, < 1, then
/Q|u(t)\r($) do < [Vu @2 + [ Vu ()27, vee 0,7, (2.18)

This implies that 7 () > 0, V¢ € [0, T] .

Then, by repeating the above procedure, we can extend 7, to 7. m

2.2.1 The existence of weak solution

In this section, we are going to obtain the existence of the local solution to the problem (2.1).

We will use Fadeo-Galerkin’s approximation.

Theorem 2.1 Assume that (2.2) holds. Suppose that uy € L* () be given. We also assume that
m (.) and r(.) satisfy the log-Hélder continuity condition. Then problem (2.1) has a weak local
solution

ue L®((0,T),Hy (), ue € L*((0,T),L* (Q)) .

Proof. Let {v},°, be a basis of H; (2) which constructs a complete orthonormal system in L? (2).
Denote by Vi, = span {vi, vs, ..., v} the subspace generated by the first k& vectors of the basis
{w},2, . Applying the normalization, we have ||v;|| = 1 for any given integer k.

We conside the approximation solution

t) = Z Uik (t) U,

2.2. The main of results
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where u;, are the solution to the Cauchy problem

(u; OF UZ) . (M ( /Q Vs (t)|2dx> Auy (1), vl) + (\uk ()24 (4, vl)
. (|uk ()2 (1), vl>, 1=1,2,...k (2.19)

k
up (0) = ugp = »_ (ux (0), v)) vy — ug in L* (). (2.20)

=1

Note that we can solve the system (2.19) and (2.20) by Picard’s iterative method for ordinary
differential equations.

Hence, there exists a solution in [0, 7}) for some 7, > 0 and we can extend this solution to the
whole interval [0, 7| for any given 7' > 0 by making use of the a priori estimates below.

Step 1 : "The prior estimate"

Multiplying equation (2.19) by uj, (t) and summing over [ from 1 to k, we get

k y @ (u;C (1), vl) — (M (fQ |Vuy (t)|2 dx) Auy (1), vl)
S (Jo OO @), w) = (JuOFO P u @), )
this implies
S () o3 ([ ) i )

k , 9
3 (lu 02 o )
=1
k
= > (lu ), w)
=1
so,
d (1 2 1 2(7—!—1)_/ 1 r(z)
& (GIVu O + 5 19 OB - [ w0 do
= Jux O = [ o @OF " e (0 do 221
Q
Then,
B (un () = o 013~ [ fun (O] e (O di < 0.
Q

Integrating (2.21) over (0, t), gives the estimate
tTd /1 9 1 2(y+1 1
— | 5lv +-—|V 7“—/— T(‘”)d)]d
t t
= —/ [ ()]]5 ds —/ / g ()™ 72w, (2)|? dads,
0 0 Q

2.2. The main of results
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1 1 1 o
31V 013 + gy IV O = [ (0 do

2(y+1 r(x)
! 2 ! 2 2
e @Bds [ [ O s (0 dods
0 0 JQ
1 2 1 2(v+1) / 1 r(z)
< = . - d
< IR O + 5 IV OB = [ 0 da,
S IV (Ol + 5 [V 37+ - / (O d
36+ 07 @)

/||utk |]2ds+/ /|uk D=2, (1)]2 dads
E

< (2.22)
Then, from (2.18) inequality (2.22) becomes
7’1—2 _2(7"‘1) +1)
sup ||[Vu _ su Vu 7
e o Ve (1 + 75 s (9 (0
/ [N ||2ds+/ / luge ()™ 72w ()| dads
< (2.23)
From (2.23), we conclude that
{uy} is uniformly bounded in L> ((0,7), Hj (Q)) (2.24)
{u,} is uniformly bounded in L2 ((0,7), L*(Q)) '
Furthermore, it follows from Corollary 1.1 and (2.24) that
{]uklr(m)_2 uk} is uniformly bounded in L> ((0,T), L?(Q2)) P
{|uk|m<ﬂﬂ>*2 u;} is uniformly bounded in L ((0,T), L? () '

By (2.24) and (2.25), we infer that there exist a subsequence of u;, (denoted by the same symbol)

and a function u such that
ur — u weakly star in L> ((0,T), Hj (),
u,, — u weakly star in L2 ((0,T), L*(Q)),
i W — ¢ weakly in L= ((0,T), L* (%)),
|| ™2 u; — ¢y weakly in L ((0,T), L?(Q)).

By the Aubin-Lions compactness Lemma (see [40]), we conclude from (2.26) that

(2.26)

uy, — w is strongly in C ([0, 7], Hy (Q))

2.2. The main of results



Chapter 2. Global existence and stability of solution for a nonlinear Kirchhoff type reaction diffusion
equation with variable exponents

which implies
u, — u everywhere in Q x [0, 7. (2.27)

It follows from (2.26) and (2.27) that

{ ’ule(m)—2 up — !u\r(m)_z u weakly in L ((0,T), L*(Q)) (2.28)

g™y, — Ju| ™20 weakly in L ((0,T), L ()

Step 2 : Setting up k — +oo and passing to the limit in (2.19), we obtain
(ul (1), Ul) — (M </ IV (t)|? dx) Au (), vl) + (|u(t)|m($)_2 u (t), Ul>
Q
— (|u O (1), vl> Cl=1,2,.. k. (2.29)

Since {v,},°, is a basis of Hj (), we deduce that u satisfies equation (2.1).
From (2.26) and Lemma 3.1.7 of [68] with B = L? (Q2), we infer that

ug (0) — u (0) weakly in L? () (2.30)

we get from (2.20) and (2.30) that u (0) = w. Thus, the proof of weak existence solution is

complete. m

2.2.2 Global existence of solution
Theorem 2.2 Under the assumptions of Lemma 2.2, the local solution u of (2.1) is global.

Proof. Based on the definition of E, we have

B(u) = 5IVu(li+ IVu @~ [ @ do

1
o7 (7)

2(y+1)
T]_—Q 2 T1—2(’}/+1) 2(’Y+1) 1
t B t —I(t).
> S Vel + T gy Ve I + )
By Lemma 2.2, we find
=2 2, 1—2(y+1) 2(y+1)
E(t) > t - 7 O
(0> "5 IVu 0 + gy IV 01

Consequently, a constant C' > 0 exists such that
IVu (1) < CE(t). (2.31)

By Lemma 2.1, we obtain
IVu (t)]|2 < CE(0). (2.32)

This implies that the local solution u of problem (2.1) is global in time and bounded. m

2.2. The main of results
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2.2.3 Stability of solution

In this section our main result is established based on Komornik’s inequality. For this, we need

the following Lemma.

Lemma 2.3 Suppose that the assumptions of Lemma 2.2 hold, then there exists a positive constant

c such that
/ lu (8)]™) da < cE (t). (2.33)
Q

Proof. Let ¢, be the best constant of the embedding H} (Q) — L™ (Q). Then, we have
[ @@ = max{lu @Iz, le @)

max {c" [[Vu (£)[5", ¢ [[Vu (£)]137}
< max { [Vu (@)]l5" 7, [[Vu (@)]l52 7} x [V @0)]s

IN

Using (2.15), we obtain the desired result

2
/ [ (0" dw < max {7 [[Vu (8)]57 7%, e | Vu (@)I5> 7} x ——SE (¢).
Q

r — 2
This implies,
/ lu ()™ do < cE (t).
Q
|

Now, we state our main result.

Theorem 2.3 Let the assumptions of Lemma 2.2 hold, then there exists a constant C' > 0, such that
the global solution of (2.1) satisfies

E(t) < E(0) (giqqé) " wisc

Proof. Multiplying the first equation of (2.1) by u (¢) E? (¢) (¢ > 0) and integrating over Qx (S, 7)),

we obtain

/ST/QEq (1) (u () ug (t) — u (t) (M (/Q IV (t)ﬁdaj) A (t) + Ju (8)["@ 2 (t))) dndt

_ /S B (1) /Q w () [u ()2 u (t) dard.

This implies

/ST/QEq N (“ (t)u (8 + M ( /Q [V (t>|2dl’) [V (O 4 (8) [ (O] (t)) drdt

_ /S 0 /Q lu (8)[") dad.

2.2. The main of results
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equation with variable exponents

Then,

[ [ B (w @y @+ @+ Va7 1Vu@F + 0 0) a0 1)) dadt
S Q

_ /S 0 /Q fu ()" dadt.

It follows that

/S / B (t) (o (t) e () + [T OF + [ Vu (D2 [T (OF + 0 (8) o ()2 e (1)) ddt

_ /S 00 /Q ()" dadt.

We add and substract the term,

we find

/S Eq(t)/Q(ﬁl\VU(t)\2+ﬁzHVU(t)H?\VU(t)\2) dzdt

/STEq (t)/Qu(t)ut (t)dxdt—l—/STEq (t)/Q|Vu(t)|2dxdt
+/STEq (t)/QIIVu (O3 Vu (1) dwdt

t [ B0 [ ) dedr+ [

S

E9 (1) /Q By [Vu (t)| dadt
+ [ B0 [ B Ivu@ (e deat = [T B [ Va0l deas
[ B [ B IVu O [Va o st

S Q

_ /5 0 /Q (O dadt,

and use (2.17) to get

(1- 8y / (1) / IV (8)2 dadt + (1~ 5y) / B (1) / IVu (8)[2 |V (1)]? et

+/STEq (t)/QU(t)ut (t) d;cdt+/TEq (t)/ﬂu(t) 0 (O™ 4, (8) dardt

S

= — ' a u(t)]? u |V @) = Ju @) @) da
= = [ B0 [ (5l + 81T O V@) = o) dode
0.

IN
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(1-5,) / B (1) / IV (8)? dudt + (1~ By) / B (1) / IV (8)27 |9 ()] dadt
+ /S B (1) /Q w (#) s (£) dadt + /S B (#) /Q w (8) Ju (02, (1) davdt

< 0.

It is clear that

fu ()"

g q 1 2 1 2y 2 "
5/5 E (t%(iwu(m tam Ve @R vuOF - =5 )d dt (235

< -8 [ B0 [ IV e+ -5 / 1) [ VO 0 2 oay

Q 2(7+ 1)

< (1-5) TEq(t) |V ()| dadt + (1 — By) Eq |\vu W |V (t))? dadt.
S Q S

Then

g q 1 2 1 2y 2 |U(t)|T(m)
[ ol <2|Vu<t>| + 5 IVH O Vu 0F ~ 22 )dazdt

T T
< - / E(t) / u (t) uy (t) dadt — / E (1) / w (t) |u (8)]™ 72w, (¢) dadt,
S Q S Q
where ¢ = min ((1 — ;). (1 — 3,)) . By (2.34), (2.35) and the definition of £ () , we get

¢ /S Bt dt < — /S B (1) /Q w (#) g (1) dadt — /S B (1) /Q w (#) Ju ()" 2 (1) dudt.
(2.36)

We estimate the terms on the right-hand side of (2.36). For the first term, we use the Young

inequality
1 1
XY < XM 4 —V? XY >0, c>0and = + - =1,
N SIS

and get

_ /S B (1) /Q w (£) s () dadt < /S B (1) /Q (eclu (O + . [us (D)) dadt. (2.37)

We use again the above Young inequality to obtain
T
- / E(t) / w (t) |u (8)]™ 72w, (t) dadt
S Q

Lo L) () (D]
_ _/S E (t)/Q\u(t)! (t) e (1) Ju (1)

T
< / B (1) / (€c|u(t)|m($)—|—ca lu (£)|) 2 (t)2> ddt. (2.38)
S Q

2.2. The main of results
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By (2.37) and (2.38), inequality (2.36) becomes
T T
g/ BT (t)dt < / Eq(t)/(6c|u(t)|2—|—c€|ut(t)|2)dxdt
S S Q
T
+ / B (1) / (€c|u(t)|m(z)+cs fu ()] 2 2 (t)) drdt
S Q
T
< 56/ E (t)/ (ju (O + u (0] dwdt
S Q
T
te. / B (1) / <|ut O + Ju ()" 22 (t)) dzdt. (2.39)
S Q

We use (2.31), Lemma 2.3, and definition of E’ (t) to obtain

T

g/STEq+1 (t) dt §5C/ST E1 (t)/g (|Vu (t)|2—|—|u(t)|m(x)> dmdt—f-cg/s E(t) (—E’ (t)) dt

SO,
T

T T
f/ B () dt < sc/ B9 (4) dt + Ce/ E(t) (—E' (t)) dt. (2.40)
s S S
This implies

T T
¢ / ETL () dt < ec / B (1) dt + . (B (S) — B (T))
S S
T
< ec / BT () dt + c.E1(0) E (9). (2.41)
S
Choosing ¢ so small that £ > ec, we arrive at
T
/ ET () dt < cE1(0) E(S).
S

Letting T' — oo, we get
/ BT (t)dt < cE1(0) E(9).
S

Komornik’s inequality yields the result of stability

i\ T
E(t) < E(0) <Eigc> V> e

2.2. The main of results



Chapter 3

Blow-up of solutions for wave equation
with multiple o () —Laplacian and

variable-exponent nonlinearities

The work in this chapter is devoted to the study of asymptotic behavior of solutions for
wave equation with multiple « (x)-Laplacian and variable-exponent nonlinearities with negative
initial energy and under suitable assumptions on the nonlinearities. The results appearing in this

context have been published throught [24]

3.1 Introduction

In this chapter, we consider the following wave equation with multiple « (x) —Laplacian and

variable exponent nonlinearities
g — div <|vu|m(3”)*2 w) — div (|vut|“””>*2 Vut> A = [P, in Q% (0,T),  (3.1)

u(z,t) =0, x€dt>0, (3.2)

with the initial conditions
u(x,0) =ug (), u (x,0) =uy (), z€9Q, (3.3)

where v > 0,0 < T < oo and € is a bounded domain of R™ (n > 1) with a smooth boundary 0.

m(.), r(.) and p(.) are given measurable functions on (2 satisfying

2<r <r(x)<rp<my <m(x) <my<pr <p(x) <py <71, (3.4)
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with
ry @ =essinfr(z), ro:=esssupr(x),
e zeQ
my : =ess infm(x), my = ess sup m(x),
xeQ) zeQ
p1 : =essinfp(z), py:=esssupp(z),
Sy e
and
Nm(z) .
r* = esssupgecq(N—m(x))’ if ma < N
—|—OO, lf mo 2 N

We also assume that m (.) satisfy the log-Holder continuity conditions:

A
— loglz —y|’

Problems of this type arise in many different fields, such as physics, acoustics, electromagnetics,

fora.ez,y € Q, with |[x —y|<d, A>0,0<d<1l. (3.5

fluid mechanics, and so forth.

Many authors have studied problem (3.1) in case of constant and variable exponent nonlinear-
ities see e.g., [19], [37], [38], [52].

In the case where m (.), r (.) and p (.) are constants, many problems similar or related to prob-
lem (3.1) has been exhaustively investigated in result of blow-up, global existence and stability

have been established. Chen et al [10] considered the nonlinear p-Laplacian wave equation:
uy — div (|Vul’ 2 Vau) — Aug + g (2,t) = f(2), in Q x (0,7T) (3.6)

in a bounded domain §2 C R", where 2 < p < n and f, g are given functions. They proved the
global existence, uniqueness under suitable conditions on the initial data and the functions f, g,
they also discussed the long-time behavior of the solution. In [57], Erhan studied the following

quasilinear hyperbolic equation:
uy — div (|Vu|m*2 Vu) — Ay + ]ut|q71 U = |u|p71 u, (3.7)

where () is a bounded domain with smooth boundary 0Q in R (n > 1), m > 0, p, ¢ > 1. He proved
the decay estimates of the energy function by using Nakao’s inequality and he also obtained the
blow up of solutins and lifespan estimates in three different ranges of the initial energy. In [53],

Ouaoua and Maouni considered the following equation:

V| % Vu

v/ 1+ [V

uy — div — WAy + puy = |ulP P u, in Qx (0,7) (3.8)

3.1. Introduction
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where 2 is a bounded regular domain in R”, n > 1 with a smooth boundary 0f2. w, p and m,
p are real numbers, they proved local existence and uniqueness of the solution by using the
Faedo—Galerkin method and that the local solution is globally in time. They also proved that the
solutions with some conditions exponentially decay. In [7], Benaissa and Mokeddem looked into

the following equation:

uy — div (|VulP 2 V) — o (t) div (V| V) = 0, in Q x (0,7) (3.9

where ¢ is a positive function, p, m > 2 and (2 is a bounded domain in R" (n > 1) with a smooth
boundary 0f2, they gave an energy decay estimate for the solution. In [48], the work of Messaoudi

and Houari considered the nonlinear wave equation:
uy — Ay — div (|Vu|*? V) — div <|Vut|ﬁ_2 Vut) +alu" P uy = blul (3.10)

where a, b > 0, o, 5, m, p > 2 and {2 is a bounded domain in R" (n > 1), with a smooth boundary
0Q2. They proved under suitable conditions on «, 3, m, p > 2 and for negative initial energy,
a global non-existence theorem. Ye in [67], investigated the blow-up property of solutions of
a quasilinear hyperbolic system. He proved that certain solutions with positive initial energy
blow-up in finite time under suitable conditions and gave estimation for the solution.

In the case of variable exponents nonlinearities, Antonsev, Ferreira and Erhan in [1] considered

a nonlinear plate Petrovesky equation:
g + A%u — Ay + |ut\p(m)_2 U = |u]q<x)_2 u, (3.11)

where () is a bounded domain in R" (n > 1) with a smooth boundary 02. They proved the local
weak solutions by using the Banach contraction mapping principle. Then, they showed that the
solution is global if p (.) > ¢(.) and they proved that a solution with negative initial energy and
p(.) < q(.) blows up in finite time. In [56], Erhan considered the strongly damped nonlinear

Klein- Gordon equation:
Uy — Au— Auy + mPu+ |u P2 uy = [u]" 2y, (3.12)

where (2 is a bounded domain in R". He obtained a nonexistence of solutions if variable exponents

p(.), ¢(.) and initial data satisfy some conditions. In [3], [4], Antontsev considered the equation:
g — div (a (2, 1) |V P02 w) —aluy = bz, 1) [ul 20, in Q x (0,7), (3.13)

where « > 0 is a constant, a, b, p, o are given functions and 2 is a bounded domain in R”. Under

appropriate conditions on the initial data and the functions a, b, p, o, he proved some blow-up

3.1. Introduction
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results for certain solutions with non positive initial energy. And discussed the same equation and
proved the local and global existence of a weak solution under suitable conditions on a, b, p, o.

In [47], Messaoudi and Talahmeh considered the following equation:
uy — div <|Vu]T($)_2 w) +oafug) ™ 2wy = b [uf 2w, in Q x (0,7), (3.14)

where a, b is a nonnegative constant. They proved a finite-time blow-up result of the solution
with negative initial energy as well as for certain solutions with positive initial energy. In [38],
the cas where m (z) = 2 and under suitable conditions on the exponents, they established a blow-
up result for solutions with arbitrary positive initial energy. In [44], Messaoudi and Al.Smail the
case where b = 0 and a = 1 of the same equation (3.14). They proved the decay estimates for
the solution under suitable assumptions on the variable exponents m, r and the initial data. They

also gave two numerical applications to illustrate your theoretical results.

3.2 The main of results

Theorem 3.1 [4] Let ug € W™ (Q), uy € L2 () and assume that the exponents m, r, p satisfy
conditions (3.4) and (3.5). Then problem (3.1) has a unique weak solution such that
w e L=(0,7), Wm0 (),
U € L> ((07 T) 7L2 (Q)) ’
w € L= ((0,7), Wy O (@),

_1 1 _
where w0 + et 1.

In this section to state and prove our result, we define the potential energy function by the

following:
1 1 1
E(t :—/u2dx+/—Vum(m)dx—/—up(w)dx. (3.15)
=3 ), 0w Y ap@ "
Lemma 3.1 Assume that u be a solution of (3.1). Then, we have
E (t) = —/ V"™ da —7/ Vu|*de <0, t €[0,7T) (3.16)
Q Q
and
E(t) < E(0). (3.17)

Proof. we multiply the first equation of (3.1) by u; and integrate over the domain {2 to get

/ Ug [utt — div (|Vu|m(x)72 Vu) —div (|Vut|r(x)72 Vut> — WAut] do = / Up |u|p(m)72 udx
Q Q

3.2. The main of results
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d1 d
- m(x)— r(z)— 2 — p(x)—
_dtQ/Q 2do— /le (Wu| Vu) udx—l—/ V|72 Vu d:L’—i—’y/ Vuidr = / pr w |u[P™ 7 udz.

d1 d d 1
=3 / e + / Va7 Vu L Vuds + / V" da + / Vuidr = 5 | s d.
Q Q

dt dt Jo p(2)

d1 d d 1

— = wddr+ = @ q @ g 2dy = — |uf™ da.
dtQ/Q x—l—dt ()|Vu| x+/|Vu| x+7/Vutx pr ()|u| x

This implies that
d 1/ 5 / 1 m(z) / 1 (x) ) / r(z) / 2
— = [ wdr+ | ——|Vu de — | ——|ul’*dx | = — [ |Vu dx —~ | Vuidz.
dt (2 a Qm(ﬂf)| | Qp<x)| | Q| ! a
> 1 1 1
E(t :—/qua:—l—/— Vum(w)dx—/— u’'™) dz
=3 ), Jym@ Y ap@ "

—/ ]Vutlr(m) dx —7/ Vuldr < 0.
0 Q

Integrating (3.16) over (0, ), we obtain

and

3.2.1 Blow up of solution

Let H (t) = —F (t), using equation (3.15) and (3.17), we have

1
H ()< H(t) < —/ u|P™ da, (3.18)
P1 Jo
for any ¢t > 0. Let
L(t)y=HY(t)+ e/ uwude, (3.19)
0

where ¢ and o are constants.

Lemma 3.2 Suppose that u (x,t) is a regular solution of (3.1) under conditions (3.2)-(3.3), and

LI s L mi—2 mi—2 mi1—T1 mi—ro mi1—r1 mi—ro
the initial energy satisfies £ (0) < 0. If 0 < mm{ et e oy Bieoy cowmny Beey cowmny ey o B 1},

then there exists a positive constant c such that
L'(t) > ce <H (t) + / Vu|™ dz + / ufdm> . (3.20)
Q Q

3.2. The main of results
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Proof. Differentiating (3.19), the following equality can be obtained:

U

L (t):(l—a)H—“(t)H'(t)Jre/

ufdx + 6/ g dx.
Q Q

Using Egs. (3.1)-(3.3) and Green’s first formula, we obtain

L (t) = (1—0)H‘”(t)Hl(t)+6/Qu?dx

(3.21)

(3.22)

+6/ u [div <|Vu|m(m)f2 Vu) + div <|Vut|7"("’“")72 Vut> + A + [uPP 2 ] da.
0

— (L= o)H " (t)H () + ¢ / Rdz — ¢ / V"2 VT udz
Q Q

_g/ |Vut|r(x)f2 VuVudr — 57/ VuVudz +5/ |u|p(a:) de.
Q o o

= (1—0)H°(t)H (t)+6/ut2dm—6/|Vu|m(I)dx
Q Q

_z—:/ |Vut|r(x)f2 VuVudr — 57/ VuVude _|_5/ |u|p(x) dor.
Q N o

We can obtain the following inequalities from Young’s inequality and Holder inequality:

1
/VuVutde —/ |Vu|2d:t+k’/ |V |* da.
Q 4k Jq Q

1
/|VUt|r(z)2 VuVudr < _/57“(50) |Vu|r(x) dr
Q 1 Jao

-1 __r(@) (x
412 /(5 o1 | V"™ da.
Q

T2

Hence,

!

L'(t) > (1—0)H"(t)H'(t)+5/

Q
9 —

urdr — 5/ V™ da
Q

_£ 5@ |Vu|T(x) dr — ¢
T1 Q T2

—ﬂ/ |Vu|2d:1:—mk/ ]Vut|2da:+5/|u|p(m) dr.
4k Jo Q Q

1 _ (@
/5 @1 | V| da
Q

(3.23)

(3.24)

(3.25)

(3.26)

3.2. The main of results
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Taking k = M, H 7 (t) and 5T = MyH~° (t), and using H (t) > 0, we obtain

L'ty > Al—0)H()H (t)+g/9u,?dx—g/gyvuym<$) dx (3.27)
1—r
_%HU(W—U (t)/ |vu’7"(9ﬁ) dx
T1
Ly /|Vu " de
T
€
4]\}1[{" /|Vu| dx —eyM1H /|Vut| dx

—i—s/ u|P™ da
Q

Let M = max {Ml, TTIMz} , using the energy functional (3.16), we have

T2

L'(t) > 1—0)H " (t)H' (t)+€/ut2da:—€/ V™ da

Ml—rl
S () [ (9 s
Q

r1

-1
—gmaX{MhT Mg} |:/ ‘V’u, ‘r(z dl'—i-')// ]Vut] dl"|

HO' p(z)
4M1 /|Vu| dx+5/|u\

L'ty > 1—o)H(t)H (t)—l—a/ufdm—a/ V™ dx
Q
5M1 1

1

—eMH™ (t) [/ V| dx+7/ V| dm}
0 Q

—i—a/ ulP™ da.
Q

L) > (l—o—eM)H " () H (£)+< / Lz (3.28)

Ml r1
—5/|Vu| Vdp — 2 [o=0 (¢ /|Vu| dx

(0 /|Vu| dx+5/ @

—2 __pgorl ¢ /]Vu] @) do

Then,

3.2. The main of results
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From the definition of H (t), it follows that there is a constant & such that
L'(t) > Il—oc—eM)H " (t)H (t)+kH (t) +5/ uldx (3.29)
Q

Ml r1
e / V" dp — 2 geeay gy / V@ da
Q 1 Q

~ T g (t)/ |Vu|2dx—i-e/ ") da
Q Q

1 1 1
—k ——/ude—/— Vum(w)dm—i-/— up(m)dx].
[ 2 Jg ! Qm($>| | Qp<x)| ’

L'(t)y > l—c—eM)H™ (t)H (t) + kH (t) —i—&/ urdx
Q
Ml 1
—5/ |Vu|m(x) do — —2 o=l (t)/ |Vu|r(‘r) dx
Q Q

(&

_ T g (t)/ ]Vu]2d:c+5/ |uP™ dz
Q Q

k 1 1
——/u?dm+k/—\Vu\m(m) dx—k/ —— |uf"™) dx
2 Ja o m(z) oP(z)

So, we have
L'(t)y > l—c—eM)H(t)H (t)+kH(t)+e/u§da:
Q
lerl
—e [ V" do — 2 fota ) (g) / Vu|"® dz
Q 1 Q
ey o 2 (55)
H /Vu dx—i—e/ ulP dx
a0 [ (vl 1l
k k k
——/ufdx—l——/ |Vu|m($) dx——/ |u\p(w) dx
2 Ja ma Jq P1Jao
then we get,

L'(t) > (l—oc—eM)H™ (t)H (t)+kH (t) + (e+§)/ 2dx (3.30)
(——5)/|Vu| ) dz + (s——>/|u|p dx
eMl TIH" (ra—1) /|Vu|r(a:

57
He (t
4M1 / ’V’LL‘ dzx.

3.2. The main of results
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Using Wm0 (Q) — H' (Q), Wm0 (Q) — LPO(Q), m (z) > 7 (z), and inequality (3.18), after
simple calculation, it can be concluded

H (t)/ﬂ\vuﬁdm < (pil)a(/ |u\px)da:)g/\Vu| da

< C(l> (/WU\W dm) /yvu| dz | |
QY (e ()] )
(e (L)’

R (e ()

(i) (/|Vu| da:) +c< ) (/ V™) dx> T 33D
p
o(re—1) o(ra—1)
Heolr2—1) <t>/‘vu|r(m’) dr < ( > (/ |u’17 d:E) /’vu’ ac)dx
Q

1
P1
ro—1) (ro— 1)
C’< < ]Vu|p @) dx) |Vu| dx
C

and

IN

IN

1 )U
h
1 o(ra—1) 0?1(T2 1)+T1
p_) </ |Vu|m(‘r d:v)
1
o(re—1)
" ([
< opy(ro—1)+ry

1) ¢
7 )
1 o(ra—1) "
+C p—) < / V™™ da:)
1

o'p2(r2 1)+'r1

C
+

01’2(T2 1)+T2

(re—1)
+C ( ) (/ ]Vu] ) dy (3.32)
For any constants z > 0 and M > 0, the algebric inequality
1

z“§z+1§<1+ﬂ)(z+M), 0<v<l) (3.33)
holds. Using known condition ¢ < min {mzln_z, m;f, Tl e e, p;”’z;;?l)} .
Hence from (3.33) the following inequalities can be acquired:

op1+2

(/Q\vu\m@) dx)”” < (1+ﬁ) (/\Vu\m@) dx+H(0))
(1+%) (/ V™ dz + H (¢ )) (3.34)

3.2. The main of results
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and the same for the other inequalities

opo+2

( / |Vu|m(x)dm) "< (1+L) V™) dx+H(t)). (3.35)
0 0)/ \Ja

(/ IVu|™™ dz + H (¢ )). (3.36)

opy(ro—1)+r

/ |Vu|m(x) dx> " <
Q

opa(ra—1)+r

(
< /Q V™ da:) -
(

opy(ro—1)+ro

(3.37)
[rorera)
Q

(/ IVu|™) dz + H ( )). (3.38)
opa(rg=D+ry 1
m(x) ™ m(x)
(/ﬂ |Vu| dx) < (1 + oy (0)) (/Q |Vu|™ dx + H(t)) . (3.39)

From inequalities (3.31) and (3.32), we can obtain that there exists two positive constants NV,
and N, such that

(VAN
TN T T
_l’_

m
=

_ - T —
7~
S—
<
£
2
&2
L
S
_l’_
m

T pe (t)/ Vu|? de < =N, (/ V| dz + H(t)) (3.40)
4M, Q Q
and
ng " o(ro—1) r(z)
. —=—H\"" |Vu| dr < &Ny |Vu| “ dx + H (t ) (3.41)
1
with

v 1\7 1
Ny = c|— 1+—.
' 2My (P1> ( +H(0))
1—r1 o(rz—1)
w= Be(p) (1tam).
T1 y4 0

H (
Consequently, taking k = (N1 + Ny + moNy + mgoNs + mao + p1) €, we obtain from (3.30) that

there exists a positive constant ¢ such that

!/

L'(t) > (1—o—eM)H™ () H () + kH () + (€+g>/u3dm
Q

+ (ﬁ —s) / V™ da + <5— ﬁ) / "™ dz
ma P

7‘{1 T1
ey o o(re—1) 7"(33
H de — ——H°"?~
~1 /|Vu| x - /|Vu|

L (t) > (1—(7—5M)H"(t)H'(t)JrkH(t)Jr(e+g)/u§dx

k K
- (— —~ e) / V| dz + <g — —) / u[P™) dze
ma Q p1 Q
N, (/ Vu"® dg + H (t)) N, </ Vu"® dg + H (t))
Q Q

3.2. The main of results
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L'(t) > Il—oc—eM)H " ({t)H (t)+ (k— Ny — eNy) H (t)

+(€+§)/ufd£+<€—ﬁ)/|u|p(x)dx
Q

h 9)
k
+ (— —e—eN; — €N2> / |Vu\m(m) dz.
Q

ma

!

L) > (1—o—cM)H (t)H (t) (3.42)
+ce [H (t) + / ufdx—i—/ V| dac] :
Q Q

Taking 0 < e < 1*7", we can get the following formula from (3.19):

L) = H"7(0)+¢ /Q up (x) uy (x) do (3.43)
> 0.

Using inequality (3.42), it holds
L' (t) > ce [H (t) + / uldx + / V") dx] . (3.44)
Q Q
After integral, we can get L (¢) > L(0) >0, (Vt>0). m

Theorem 3.2 Suppose v >0and2 <r; <r(x) <re <my <m(zx) <mgy <p; <p(r) <ps <7,
where r* is the critical Sobolev index in W) (Q) . If the initial energy E (0) < 0, then any regular

solutions of equation (3.1)-(3.3) must blow up in finite time.

Proof. Firstly, it is proved that when 0 < o < ”;17*12, there exists a positive constant C' such that

L= t)y<C [H (t) + / uidz —|—/ |Vu]m($) d:c} . (3.45)
Q Q

In fact, using (3.19), we get

_1
1—0o

L= (t) = {Hl_”(t)—ka/

Q

H(t) + ( /Q uutda:) ] (3.46)

Furthermore, by using Holder’s inequality and Young’s inequality, we can get

= o) o)
(/ uutdx) < </ u2da:) </ ufdx)
Q 9] Q

3.2. The main of results
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we have the embedding L™ (Q) — L?(Q), then
[ull, < e ||U||m()

this implies that

So, we get

then

by Young’s inequality we get,

(/ uutdx) - <(C
Q

where  + ;= 1. Taking ¢ = 2 (1 — o) , we have = 5

(/ uutdx> - <C
Q

If0 <o < ™=2 then we get 0 < —

o 6
my(1—o) 2(1-0)
(/ || ™) d:v) 1 + (/ u?dx)
0 0

2(1 o) , by Poincare’s inequality; it follows

e
( / V| dx) + / ufdx]. (3.47)
Q Q

< 1. From (3.18), (3.33), and (3.47), we obtain

( o)

(/ uutd:c) N < C’(/ V™) dx—l—H(O)~|—/u?da:>

Q Q Q

c(/ V™ da;+H(t)+/u§dx). (3.48)
Q Q

LT7 () <C (/ IVu|™™ dx + H () + / ufd:r) , (3.49)
Q Q

IN

From (3.46), (3.48), we get

where C' is only related to o, ¢.

: : mi—2 mi—2 mi-—rT mi—r mi—r mi—r mi—2 : :
Taking o < mm{ ==, 7p1(11"2*}-)7p1('1f'2*?-) pQ(;Q 11) oY 21), s, 1}, by inequality (3.45) and

(3.20) in Lemma 3.2, it follows that there exists a constant { > 0 such that

L' (#) > (LT (1) (3.50)

3.2. The main of results
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for any ¢t > 0. Integrating the above formula with respect to ¢ on [0, ¢] , we get

- 1
Li-—7 (t) > _
L5 (0) — 2~

1—0o

(3.51)

for any ¢t > 0. Hence there exists 7™ < @1;%"(0) such that thI} L (t) = oo, that means the regular
o —0 t—T*

solution u (x, t) must blow up in finite time. m

3.2. The main of results



Chapter 4

Asymptotic behavior of solution for a
fractional p-Kirchhoff type hyperbolic

equation with variable exponents

In this chapter, we establish the existence, and stability results for the fractional p-Kirchhoff

type hyperbolic equation [23].

4.1 Introduction

In this work, we investigate to study the following fractional p-Kirchhoff type hyperbolic

equation with variable exponent and zero Dirichlet boundary value condition

Uy + M (/ |Vu|”da:) (A u+[ue™ P uy = [u[ @, inQx (0,7), (4.1)
Q
u(z,t) = 0, z€09,t>0, (4.2)

with the initial conditions
’U,(Z',O):'LLU (SL‘), Ut (%,O):ul (l‘), .%EQ, (43)

where 2 C R” (n > 1) be a bounded domain with smooth boundary 092. M (s) =1+sand m(.),

r(.) are given measurable functions on (2, satisfying

;, ifn>3, “4.49)

48



Chapter 4. Asymptotic behavior of solution for a fractional p-Kirchhoff type hyperbolic equation with
variable exponents

and
2n
2 < mp<m(x)<my< 2,1fn237 (4.5)
n —
m(x) > 2,ifn=12,
ry : =essinfr(x), ry:= esssupr (z)
€N zeQ
my : = essinfm (), me = esssupm (x).
e 2eQ

We also assume that m (.) and r (.) satisfy the log-Holder continuity condition

A

<————— foraex,yeQ, with [z —y| <, A>0,0<d<1. (4.6)
log [z — |

The non-local fractional p-Laplacian operator (—A)’ u with s € (0,1) and p € [1, +-o0[ is defined

as
(=A) u = 2lim lulz) —u <’y>|p_2’£iix) —ul) dy 4.7)
e=0 lx—y|>e r—=y
_ Ju () —u ()" (u(z) —u(y))
= 2VP/n |x—y|n+5p dy.

The fractional Laplacian as a generalization of the integer order Laplace opeartor has been
studied in classical monographs such as [63],[29]. In recent years, a great deal of attention has
been devoted to investigate the study of matheamtical nonlinear models of hyperbolic, parabolic
and elliptic equation involved with non-local fractional operators and gained enormous reputa-
tion amid reaserchers because of their wide applications in different fields such as digit image
processing [18], obstacle problem [62], phase transitions [12], dynamic systems [26] and so on.
For any further and detailed information, we refer the interested reader to ([39], [41], [60]) and
the references cited therein.

The present work is about the existence of weak solutions, and stability results of solutions
on fractional Sobolev space for a fractional p-Kirchhoff type hyperbolic equations involving the
fractional Laplacian with boundary conditions.

This problem can be regarded as the fractional setting of the problem in [51] where the study is
about the global existence and stability of solution for a p-Kirchhoff type hyperbolic equation with
variable exponents on classical Sobolev space and it also involving the classical Laplacian operator
with Dirichlet boundary conditions. By comparison between the two problems, it appears that
the fractional problem is more interesting by his non-local property.

To the best of our knowledge, many authors have focused on the study of the existence of

elliptic and parabolic equations involving fractional p-Laplacian, see for example ([49], [55]) and

4.1. Introduction
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the references therein where the authors have used the direct method of variation and montain
pass theorem to study the existence and multiplicity of solutions.

However, to the author best knowledge there are no papers to deal with the global existence
and stability results for problem like (4.1). The aim difficulty of this problem arises from the fact

of working with this new-local fractional p-Laplacian operator.

4.2 The main of results

In order to state and prove our result in this section, we define the potential energy function

and the Nehari’s functional, respectively by the following:

1 a b
E(t) = E@®)=glull+ 2 [ulfygg + - [Vul [l

1
—/ u|"™® da. (4.8)
ol (35)
1) = (®) = allullysng + IVl [ulfyq /Q W dr. 4.9)

In the following, we consider « = b = 1 and this does not change the general result.

Lemma 4.1 Under the assumptions (4.4)-(4.6), we have

/

E (t) = —/ lug (8)[™ dz <0, t € [0,7T) (4.10)
Q

and
E(t) < E(0). 4.11)

Proof. We multiply the first equation of (4.1) by u, and integrating over the domain 2, we get

/uttutdzv—k/ M </ |Vul? dx) (—A), u(x) utdx—l—/ | ™2 wyuyda
0 Q Q Q

- /\u|r($)_2uutd:€
0

/uttutdx—i-]\/[(/ |Vu|pdx)/(—A);u(:c) utdx—i-/ |2 2 da
Q Q Q 0

— /|u]r(m)2uutdx,
0

/Q%ututdm +2M </Q |Vul? d:c) /Q/Q [u @) - uiz)ﬁ_;ii(px) — u(y))%u (x) dzdy

4.2. The main of results
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_ ro)—2 A
+/ || 2ut2dx:/ "™ 2u£udx,

15/‘dx+M</WMVM>//wu _“uwzﬁﬁ”_“@”%@u@—u@»M@

1
# s =5 u® da,

o ()
1d 1d e
S Qufdm+ <1+/Q|Vu|pdx)( yrd 1 L )) —I—/Q|ut| @) d
d

= — @ g,

dt Jo r(x)
1d 1d 1d m(
57 | will + - 1l T 2 IVully el )+/Q\ut| @ dz

d
—- 7"(9C)d
dt /Q r(x) [l v

d ) 1
I - sp V p psp I~ T(I)d
5 ( el + Hull @t L ul? e, / iyl

—/ \ut]m(x) dx
Q

This implies

Then

—/ g™ da < 0.
Q

/tEl(s)ds — B -E(0)<0
E(t) < E(0).

Integrating (4.10) over (0,t¢), we obtain

Lemma 4.2 Let the assumptions of (4.4)-(4.6) hold, and r; > 2p, I (0) > 0 and

Prt B2 <1, (4.12)
where
ri-p e
B, : = max {acil (n,s,p) (rlpilpE (0)) ,ac? (n, s, p) (TlpilpE(O)) } ;
’ (n,5.p) " ’ (n,5.p) R
52 . — max {(1 _ a) C:l (n’ 5’])) <%’ppPT1E (())) , (1 — Oé) 02;2 (n, S7p) (C 7;0: SzpppTlE (O))
1= L=

4.2. The main of results
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variable exponents

with 0 < a < 1, ¢, (n, s,p) is the best embedding constant of Wy* () — L™ (). Then I (t) > 0

forallt €0,T].
Proof. Since / (0) > 0, then by continuity there exists 7, such that
I(t)>0, forallte[0,T].

Now, we have for all ¢ € [0, 7] that

1

1 1 r(x)
J(t) = J(U(t))=5HUH€V(;VP+]3HWHZ !\U\Iﬁygm—/ngU\ dx
1 1 1
> 5 HUH’EVW + - HVUHZ HUH’évgm o (HUH’ﬁv;m + IVl lullfy
1
p
> p lullfysr + Ef(t),

using (4.12), we obtain

||u|\Wsp < J(t) < E(t).
We have W, 7 (Q) — W57 (Q)

[ullyyen < ¢ (n, s, p) llull, < (n,5,p) [Vull;-
0

So,
lullpyer < € (n,5,0) [Vl
Then,
rn—Dp _ THL—Dp
lullfygr + 77 (1,5, p) [ullyyen lullyyer < E(2)
pr 0
n—p _
oy Il + 7 (s p) E el < B (0
By Lemma 4.1, we get
pry pry
Poen < E(t) < E (0
[ulfyer < 2B (1) < 2B (0)
pr1 pr1
sp S P Et) < E (0
[l < (n.5.p) 2 (1) < (. 5p) 2R (0)

On the other hand, by Lemma 1.5, we have

Jr®de < max{Julz . eIz,
= amax {7, lu )72}
+ (= aymax {Ju (O e N7,

(4.13)

~1(1))

(4.14)

(4.15)

(4.16)

(4.17)

4.2. The main of results
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Hence, by the embedding of W7 (Q) — L") (Q2), we obtain

/Q ol @ de < amax {el (n,5,9) [u () ihsrq 2 (5,0) 1 (1) [0 )
(1= a)masx {2 (m,5,0) 16 () e 2 (05,0) 0 (1) [y }
< amax {e* (n,5,9) [u (D5 0 2 (1,5,0) 1w OlE g b < I @l
(1= a)ymax {2 (m,5,0) llu ()32, 22 (. ,0) ()220 } % e ()]s

By (4.16) and (4.17), we get

b o
U wp(g) < E (0
o Olfizte < (£ 0)
and
T1—2p
r1—2p pry 2p
I Ol < (@ 050 25 0)
Then,
r(zx) 1 pr ) ; ro ( pr > D
U dr < amaxy c!(n,s, E (0 ,c.2(n,s, E (0 X ||u
[ras < { s (2B O nos) (2 0) Ol
r1—2p
2p
=) (e ) (¢ s B @) T
—
r9—2p
. pr e
e (n50) (& 0s) 7B ) 7)< 0l
So,
/Q [l d < By [ ()l gy + B 14 (8) [ gy - for all £ € 0, T.] (4.18)
Since 3, + 3, < 1, then
/|u| < (1) [y gy + 10 (8) By - forall £ € 0,T2] (4.19)

This implies that 7 (t) > 0, for all ¢ € [0, 7}] . By repeating the above procedure, we can extend 7
to7. m

4.2.1 The existence of weak solution

Theorem 4.1 (Existence of weak solution ) Assume that the assumptions (4.4)-(4.6) hold. Let
(ug,uy) € W5t () x L?(2) be given, we also assume that m (.) and r(.) satisfy the log-Holder

4.2. The main of results
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continuity condition. Then problem (4.1) has a weak local solution

u € L*®((0,T), WP (Q))
w € L*((0,T),L*(Q)) N L™ (2 x (0,T))
uy € L2 ((O,T) WS (Q)> .

Proof. We will use the Faedo-Galerkin method of approximation. Let {v;},”, be a basis of W (2)

which forms a complete orthonormal system in L? (2). Denote by V;, = span {vi, vy, ..., vx} the
subspace generated by the first k vectors of the basis {v;},°,. After normalization, we have ||y;|| =

1 and for any given integer k, we consider the approximation solution

K
uk (£) = (1) v,
=1

where uy; are the solutions to the Cauchy problem

(u}é (t) ,vl) + (M (/Q |V, |P dx) (—A) u (t) ,Ul) n (

, m(z)—-2
uy, () Uy, Vg

- (\uk (2, (1) ,w) L 1=1,2,..k (4.20)
k
uk (0) = wor = Y _ (u (0),0) vy — uo in WP (9). (4.21)
=1
k
u;f 0) = wuy = Z (u}C (0) ,vl> v — uy in L2 (Q). (4.22)
=1

Note that we can solve the system (4.20)-(4.22) by Picard’s iterative method for ordinary differ-
ential equations. Hence, there exists a solution in [0, 7] for some 7, > 0 and we can extend this
solution to the whole interval [0, 7| for any given 7' > 0 by making use of the priori estimates
below.

Step 1: "The prior estimate".

Multiplying equation (4.20) by wuy, (t) and summing over [ from 1 to k, we get

Zu 01 0.a) + (3 ([ 190 ) (-2, 000,
+ (’uk (t)‘m(m)_2 u;,vl>

— (e O e 1) 1))

4.2. The main of results
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This implies

=1 =1
k m(z)—2
+Z (’“k (t)’ uk7vl> e (t)
=1
k
= > (Jua OF (1) o) e 1)
=1
So,
d 1 /12 1 » 1 1
N = - s,p - v b b s,p — T(I) d
(G ol 5 bl + 2 19l sl — [ s ol
, M)
B _/ ”’f‘ de. (4.23)
Q
Then, .
E (u (1) = —/ wu,, dr < 0.
Q

Integrating (4.23) over (0,1), gives the estimate

[ Gl

, ()
uk‘ dzds.

1 1 1
- P IVl P @) g d
b ol + IVl ol = [ o o) | s

1y . 1 1 @
>l —Hukuivs,w—||Vuk||p||uk||€vs,p— / (—|u| Vda + / / " dras
1
< = - B = P P — | = (2)
< 5 [ O]+ 5 o Ol + 5 170 (O e (O, / iy [ O de
So,
Ly, L P 1 P P / 1 r(x) /t/‘ /‘m(fc)
- - 8,p - s,p T - N d d d
3 e, 3 ol 2 NVl Nl = | s e dre [ Jul [ s
< E(0). (4.24)

Then, from (4.19), inequality (4.24) becomes

1 rn—Dp P rn —p p p
5 5w [ ]|+ sup. [[u, (£)[[5ye + sup [V (£)[12 [l (£)|[3.
2teOT g pri te(OT)H |W°p te(o,T)H ( ’p ( ’W‘)p
m(x
u,C dzds
< E(0

(4.25)

4.2. The main of results
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From (4.25), we conclude that

{ {ux} is uniformly bounded in L* ((0,T), W;? (Q)) (4.26)

{u,} is uniformly bounded in L ((0,7), L? () N L0 (Q x (0,T))

Since {u, } is uniformly bounded in L™ (Q x (0,7)), then {}u}c‘m(m)d u}ﬁ} is bounded in

)—2

m(.)
L0 (€ x (0,7)) . Hence, up to a subsequence, u,, — ® weakly in L=0-1 (2 x (0,7)).

We have to show that ® = m()=2 u'.

Furthermore, it follows from Corollary 1.1 and (4.26) that
{]uk]m)_2 uk} is uniformly bounded in L? ((O, T), g (Q)) . (4.27)

By (4.26) and (4.27), we infer that there exists a subsequence of u; (still denoted by the same

symbol) and a function u such that

uy, — u weakly star in L™ ((0,7), W5* (Q2)) .
u,, — u weakly star in L= ((0,7), L? (2)) and weakly star in L™V (2 x (0,7)).  (4.28)
g "%y, — T weakly in L2 ((o, T), W= (Q)) .

By the Aubin-Lions compactness Lemma [40], we conclude from (4.28) that
u, — u strongly in C ([0, 7], W5* (), (4.29)
which implies
u, — u everywhere in [0,7] x Q. (4.30)
It follows from (4.28) and (4.30) that

!/

"2 0y — [ul" ™% 4 weakly in L2 ((o, T), W5 (Q)) . (4.31)

Step 2: Letting £ — oo and passing to the limit in (4.20), we obtain

(u” (1) ,vl> + (M < /ﬂ Vul? dx) (—A)u(t) ,v,> + < W (t)‘m(x)z W (1) ,v,>

- <|u(t)|7“(x>*2u(t),vl>, 1=1,2,..k (4.32)

Since {v;},~, is a basis of W;” (£2) , we deduce that u satisfies equation (4.1).
From (4.28) and Lemma 3.1.7 of [68] with B = W;** (Q) and B = L? (), respectively, we infer
that

{ ug (0) — u (0) weakly in WP (Q) 4.33)

u, (0) — u' (0) weakly star in L? ()
We get from (4.21) and (4.22) that u (0) = uo (0), u (0) = u; (0) . Thus, the proof is complete. m

4.2. The main of results
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4.2.2 Global existence of solution
Theorem 4.2 Under the assumptions of Lemma 4.1, the local solution of problem (4.1) is global.

Proof. We have from definition of £,

1, ., 1 1 1 e
Bu®) = 5l [lgng + IVl el = [~ do
1 5 1 CP(n,s,p) / 1 (@)
> p5 39y . r(x d
> 5 lluelly + pIIUII were) el s @) Ju[ ™ da
1 9 T1—DP » » 1
> 5 [z + pr [ullfysrqy +C (nsp)p—ll oS o T 1)
By Lemma 4.2, we find
1 2 "1 —Pp -
E(t) 2 5 llwll + pr [ullyysr @ +C ”(ms,p) Ll ulliper )
So that
2
el + el ey < C (n.s,0) E (). (4.34)
By Lemma 4.1, we obtain
el + el < C (n.5,0) E (0). (4.35)

This implies that the local solution is global in time. =

4.2.3 Stability result

In this section our result is based on Komornik’s inequality. For this, we need the following

Lemma:

Lemma 4.3 Suppose that the assumptions of (4.4)-(4.6) and m; > p hold, then there exists a

positive constant ¢ (n, s, p) such that
]u|m(z) dr < c(n,s,p)E(t). (4.36)
Proof. We have

L de = max {le @Iz, o172}

< max {e (m,5,9) llu (Ol ) 7 (2,5, 8) 1 (1) 20y

< max

r—’Hr—’%

e (n,5,) 1 () €, 5,) N ()2 ¢ (8)

4.2. The main of results
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such that c, (n, s, p) is the best constant of the embedding of W (Q) — L™V (Q).
By using (4.16), we obtain

/ ™ de < ¢ (n, 5,p) E (1).
Q

Now, we state our main result.
Theorem 4.3 Let the assumptions of (4.4)-(4.6) hold, then there exists a constant such that

(1) 722

E({t)< —L15—,t>0ifmg >2
E(t) <ne ¢, forallt > 0if my =2
Where 1) is constant only related to ¢, v, c(n, s,p) .

Proof. Multiplying the first equation of (4.1) by u (¢) £? (t) (¢ > 0) and integrating over Qx (S, 7,

we obtain
[ [0 [+ ue (3 ([ 900 de) a0 + 0 )| doa
_ /S TEq (t) /Q lu ()" dadt.
This implies
[ [0 (s +ar ([ 1vara) o500+ 06 w0 u) du
_ /STEq (t)/gm(t)r(@ dedt.

Then
/ ) B0 (0 0= e () dade+ 1 () [ ")
IV O e 1)y / ey ' B @@ e (01 s 1) daat
_ /S " g /Q (0 dadt.

We add and substract the term

T
[ B O[30 O+ 8190 @O o + 2451+ 80) [ o0 o a

4.2. The main of results
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we find

/S /QEQ () ((u(t)u (t)), — ‘Ut|2) dxdt + ||u (t)H%,g,p /s E(t)dt

+[[Vu (t)||§|IU(t)H€vgm/S E1(t) dt+/S L (t)/gu(t) ue (1) ug (8)]" 2 dadt
+61HU(t)H€V;m/S Eq(t)dt+ﬁ2HW@)HZIW(UH’V’W/S B (1) dt
+(2+61+62)/S E1 (t)/Qyut ()| dxdt

Bl Ol [ B0t~ B IV Oy [ B Ot
@8 [ B [ O e

_ /S 0 /Q lu (8)"@ devdt.

and use (4.18) to get

(1-5,) /ST E1(t) [||u(t)||€[,s,p +/ PAGIE dx} dt (4.37)

=) [ B0 Va0 I @l + [ foc0P de] a

[ B [ 1w ®),~ 6= 8= ) lu (O dadt
4 /S B (1) /Q w (#) wn (8) [ug ()2 davdt
= = [ B0 5Ol + IO Ol - [ O ds] de <o

It is clear that
1 1 lu @™
U de + = ||u p—l—— Vu ()] ||u /
/ Jug (1) pll (9] pll 15 [ ( ]

V[ B
[ r, b >||€Vg,p] .

(1-8) / Bt
S
)2 1V ()12 []w () |55
/’“t dz + p ol | at
Q 2 p

IN

+<1—52>/S B (1)
=50 [ B [ [P do s a0l 439
=50 [ B0 [ [ 1w 0P do+ 1900 o Ol

IN
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Then,

[

< = [ B0 [ [ u®),—6-5 -5l OF)
_ /S B (1) /Q w (8) s () [y ()] dart

1 . 1 1 lu (¢)|"
/Q§Iut ®) d:v+]—9Hu(t)HIéV;er];HVU(t)HZHu(t)WéV;m—/Q () dx | dt

where v = min ((1 — 5;), (1 — ) . By (4.37), (4.38) and the definition of E (t), we get

W/STEqul (t)dt < —/STEq(t)/Q(“(t)ut(t))tdxdt
} /; B0) [ w0 (0o (0] dat
+(3 -8, — 52>/

T
B (1) / g (1) dadt. (4.39)
S Q

Using the definition of £ (¢) and the following expression

%(Eq ) /Q w (#) e (1) dx) () %E(t) /Q w (t) s (1) da
B0 [ ((t)u (), do.

Inequality (4.39), becomes
T T d
y / B () dt < g / iy Lew / w (£) g (1) dadt
s s dt Q

_/ST%(Eq(t)/Qu(t)ut(t)dx) dt

— ' q u(t)u U m(=)=2 1.
/SE“)/Q () e (8) [ue (8) "2

T
+ (3-8, —B) / EA(t) /Q |y (t)]? dadt. (4.40)

S

We estimate the terms in the right-hand side of (4.40) as follow:
By (4.10) and Young’s inequality, we obtain

Q/S BT (t) %E (t) /Qu (t) ug (t) dadt

< q/STEq—l 0 (-2 (t))/gBm@)yup;lmt(tﬂ& dadt (4.41)

4.2. The main of results [§]
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Since, 1 < -5 < 2, by the embedding of Wy (©2) — LP (2) and L%(Q) — L1 (Q), we have

< q/STqu (1) (—E' (t)) { cms5p)y, ullfyen +cF

by (4.19) we find

For the second term, we have

|
g dt

q/ B (¢
S

IN AN A

IN

(0 50 [ w0y ) doi

-1
/\uﬁdm] dt
0

(Z/S ET 1()$E(2€)/ﬂu(t)ut(t)dmdt

E(S). (4.42)

< |0 [uu a0 [u)wm

< E1(t) /u(x,S)ut (x,S)dx|+ E(t) /u(:c,T)ut (z,T)dx

< (nys,;)Eq“( S) + ¢ (n,s,p) B (T)Q

< ¢ (n,s,p) E7(0) E(S5)

< (n,s,p) E(S). (4.43)
For the third term, we use the following Young inequality

XYS)%XAH—/\;MY’\? X,Y >0, 5>0and)\—1+>\i2:1,
with Ay () = m (2), A () = 25

By (4.10) and Lemma 4.1, we have

_/TE”>/U<t>ut<>|ut<>| 972 gy

[

(50/ Ju (£)]™) dx—l—ce/ lug ( )dt

< 6c(n,s,p)/s Eq+1()dt+cg/s E%)(—E'(t))dt

T
< ec(n,s,p) / BT () dt + c.E (S) . (4.44)
s
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For the last term of (4.40), we have
T
(35— B) / B (1) / g (1) ddt
T
3-8, — E1 LD d . Qd]d
< @m0 [ B[ lu@Fas [ P

< c/STEq(t) (/ﬂ yut(t)|m2dx>’32+ (/Q g (8)[™ da:)m] dt
< c/STEq(t) (/Q |ut(t)|m2dx>"32+ (/Q|ut )™ dx)rfl] dt

2

< ¢ /S " (1) (—E’ (t))”f?dtﬂ /S B (1) (-E’ (t))mdt (4.45)

__ g+l

First, if we use Young inequality with \; = e

and \, = ¢ + 1, we have

/S E9 (1) (—E’ (t)) ™ gt < sc/s B9 (4) dt + cg/s (—E’ (t)) gt
we take ¢ = 52 — 1 to find

/ST B (t) (—E/ (t))"j dt

/S B (t) (—E’ (t)) "2 gt

On the other hand, we have:
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BT (t)dt + c.E(S) . (4.46)
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T

/S B9 (1) (—E’ (t))mdt < ec /S BT (1) dt + c.E (S). (4.47)

Indeed,
if m; = 2 then

/ST E (1) <_E' (t)> Mt < B (S) < ec /ST BT (t)dt + c.E (S).

If m; > 2, we use the Young’s inequality \; = —™ and \, = " to obtain

mi1—2
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< 50/ EYmi=2 (t)dt + c.E (S) .
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We notice that Utz =g+ 1+ 573, then

my—m2

/sTEq (1) (-2 <t>)"idt < ec(B(S)) m /STEQ+1 (t)dt +c.E(S)

m]—m

T
< ce(E(0) / ET (1) dt + . B (S)
s

T
< e / E™ (1) dt + e E (S).
s
So, we substituting (4.46) and (4.47) in (4.45), we obtain

B-6-5) [
s
By insert (4.42), (4.43), (4.44) and (4.48) in (4.40), we arrive at

T T
EA(t) / g (t)? dzdt < ec / B () dt 4 c.E(S). (4.48)
Q S

Ty T
7/ E* (t)dtgec(n,s,p)/ E= (t)dt+ (" (n,s,p) +c) E(S).
S S

Choosing ¢ small enough for that

T oy

(’y—c(n,s,p))/g BT (1)dt < (¢ (n,5,p) + ¢) E(S).

We take v — ¢ (n, s,p) > 0, we obtain

/TE"? (£)dt < nE(S),

where 7 is only related to ¢, v, ¢(n, s,p) . So, by taking T" goes to co, we get

/OOET% (t) dt < nE (S).
S

By Komornik’s integral inequality yields the result. m
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Conclusion

In conclusion, in our thesis we have been treated three classes of systems supplemented with
Dirichlet boundary conditions. As a model of a nonlinear parabolic and hyperbolic systems with
variable exponents and hyperbolic system involving fractional Laplacian. We have been studied in
the first class of system the global existence and stability of solution for a nonlinear Kirchhoff type
reaction diffusion equation with variable exponents. In the second class we have been showed
that the solution with negative initial energy of wave equation with multiple « (x) —Laplacian and
variable exponent blow up in finite time. Then, in last class we have been obtained the existence
of weak solution, stability of solution for a new model of fractional p-Kirchhoff type hyperbolic
equation with variable exponents.

These systems have been treated by the technique of Faedo-Galerkin approximation and some
analysis tools in order to prove the global existence and by Komornik’s inequality to prove the
stability results.

Finally, these studies can extend more general boundary value systems involving fractional
Laplacian with variable exponents and find the appropriate numerical methods. We can also try

to find an application of these models in image processing.
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