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Abstract 6

In this memory, we study two fractional problems, where the first depends on
the Caputo derivative forn —1 < « < n, n € IN* and the second involving both
left Riemann-Liouville and right Caputo-type fractional derivatives.

Firstly, we study the existence and uniqueness of the solution in a Banach space
based on the fixed point theorems..

Secondly, we propose an approximate solution of our problems and we show
that the proposed numerical solution is converged to the exact solution for each
problem

Keywords: Riemann-Liouville fractional derivative, Caputo fractional deriva-
tive , Fractional differential equation, Existence and uniqueness of solution, fixed

point theorems, the exact solution, the approximate solution.
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Résumé 7

Dans cette mémoire, nous étudions deux problemes fractionnaires, ot le pre-
mier dépend de la dérivée de Caputopourn —1 < a <n, n € IN*etle deuxieme
dépendent des dérivées fractionnaires a gauche de Riemann-Liouville et a droite
de Caputo .

Premierement, nous étudions 1’existence et 'unicité de la solution dans un
éspace de Banach basé sur les théoremes de point fixe.

Deuxiemement, nous proposons une solution approchée de nos problemes et
nous montrons que la solution numérique proposée est convergée vers la solution
exacte pour chaque probleme

Mots-clés: dérivée fractionnaire au sens de Riemann-Liouville, dérivée fraction-
naire au sens de Caputo, equation differentielle fractionnaire, existence et unicité

de la solution, théorémes du point fixe, la solution exacte, la solution approchée.

Univ. de Skikda MOUMEN Sewsen



UAA.J.A

c‘_\j“)!\ z\ji_umj\‘ﬁh\ X’\(if"\ EEX 42\_1..) “\<L.\ "'\J g_}\juﬂ_\fl e Ly )JE)SA_AS\ bJ—%H
e i il il anin—1<a<nd—al gl gal S Ede I
RXET N R W RPN (P WEN | g xRN |

Al Al 4yl Jlastinly Fly eliad b dadl 4ilas g5 0 9a 5 ey <Y

dal) n )@y - siall (o adl Joaldl o Ui g ol caall Loy 85 S s Lia 8] (Ll

Al U 0l
A Dleal) ¢ gl <3 g sl 3Bl gl <1l s i) s A alibal) clalgl)
Jall (a8 1) Jadl cd -l 4_Laail) :L.._ULJ «J—all A vlaggag g c:\e) LSl Al el




Introduction 9

Fractional calculus is a mathematical branch investigating the properties of
derivatives and integrals of non-integer orders (called fractional derivatives and
integrals, briefly differintegrals). The history of fractional calculus started almost
at the same time when classical calculus was established. It was first mentioned
in Leibniz’s letter to 1'Hospital in 1695, where the idea of semiderivative was sug-
gested.

During time fractional calculus was built on formal foundations by many famous
mathematicians, Liouville, Grnwald, Riemann, Euler, Lagrange, Heaviside, Fourier,
Abel etc. The fractional integral may be used for better describing the cumulation
of some quantity, when the order of integration is unknown, it can be determined
as a parameter of a regression model . Analogously the fractional derivative is
sometimes used for describing damping. Other applications occur in the following
tields: fluid flow, viscoelasticity, control theory of dynamical systems, diffusive
transport akin to diffusion, electrical networks, probability and statistics, dynami-
cal processes in self-similar and porous structures, electrochemistry of corrosion,
optics and signal processing, rheology etc [14, 22].

Ricardo et al. in [2] are proposed a numerical approach to solve a problem of
the fractional differential equation with dependence on the Caputo-Katugampola
derivative. Inspiring by works [2],[3] and [13] and , we have suggested a novel nu-
merical approach to the fractional problem and generalized proportional fractional
problem. This approach is based on obtaining a decomposition formula for the
generalized proportional Caputo derivative. Existence and uniqueness theorems
for the given problem are deduced

In the first chapters we remind some techniques and special functions which are
necessary for the understanding of the fractional calculus’s rules, We provide

some basic knowledge about fractional integrals and derivatives, such Riemann-

Univ. de Skikda MOUMEN Sewsen



Introduction 10

Liouville fractional integral derivative, Caputo fractional derivative. We give a
some fixed point theorems: Ascoli-Arzela , Banach, Scheifer, Laray Schauder.
In the second chapter we study the existence and numerical solutions of the

following initial value problem
DPlyt)y=f(ty®t), Beln—1n[ 2<n t€[ab
yk (a) =klyx , k=0,1,.,n—1.

Where CDf . is the fractional derivative of Caputo type, f : [a,b] x R — Ris a
continuous function. By Banach fixed point theorem, we prove the existence and
uniqueness of solution of this problem, and by Scheifer fixed point theorem we
can prove only that exist at least one solution and we proposed an approximate
solution of our problem and we prove the convergence of this solution towards the
exact solution.

In th third chapter, we study the existence, uniqueness and numerical solution of

the following mixed fractional boundary value problem:

{ Dy (CDE )y () = F(ty (1), te o]
Dy (b) =0, y(a) =yo

with0 < a,<1,a+B>1,and f : R x R — R is given function.

Univ. de Skikda MOUMEN Sewsen
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1.1 Functional spaces 12

We introduced some useful definitions, properties and lemmas that will be used
in the remainder of this memory, for more details see [1, 15} 6, 9] 10, 11} 12} 15} 16,
23, 24]

1.1 Functional spaces

1.1.1 Space for continuous and absolutely continuous functions

Definition 1.1.1. Let Q) = [4; ], (—o0 < a < b < ), a finite interval, we denote by

AC([a, b])the space of primitive functions of integrable functions, that is to say

f e AC([a,b]) = {f 3¢ € LY([a,b]) : f(x) = c+/ax q)(t)dt}.

and we call, AC([a, b]) the space of absolutely continuous functions on |[a, b].

Definition 1.1.2. for n € IN we denote by AC"([a,b]) the space of functions f

having derivatives up to order (n — 1) absolutely continuous on [, b] such as

AC™([a,b]) = { £ ]a,b] — C such that f*~1 € AC([a, b])}

In particular AC'([a,b]) = AC([a,b]).

1.1.2 C" space

Definition 1.1.3. Let Q) = [4,b], (—o0 <a < b < ), and n € N, we designate by

C"(Q)) the space of functions f which have their derivatives of a lower order or

Univ. de Skikda MOUMEN Sewsen



1.2 Special functions 13

equal to n continue on (), provided with the standard:

- Zmax‘f(i)(x)‘.

i—0 xe)

’f(i)

Iflen =Y.
i=0

In particular
if n =0, C°(Q)) = C(O) the space of continuous functions fon provided with the

standard: || f||. = max |f(x)]
xeQ)

1.2 Special functions

The more important functions used in fractional calculus is the Gamma function of
Euler. Its interpretation is simply the generalization of the factorial n! and it allows

n to take non-integer values.

1.2.1 The Gamma function

Definition 1.2.1. For every x > 0 ,the gamma function I'(x) is defined by
—+o00
I'(x)= / et ldt,
0

which converges for x > 0.

Lemma 1.2.1. For every x € R’ and n € IN* we have:
1T (x+1)=xxTI(x)
2T (n+1) =n!

3 .The Euler’s reflextion: Vx ¢ Z, T (x)T (1 —x) = sin (%)

Univ. de Skikda MOUMEN Sewsen



1.2 Special functions 14

L HE -

i=0

Forexamples: T (2) =1 , T (1) —Ji, T <§> _Vr

1.2.2 The Beta function

Definition 1.2.2. For every x,y € R, ,the beta function B (x, y) is defined by

1
B(x,y) = /tx_l(l — )Y ldt
0

Lemma 1.2.2. For every x,y € R’ we have:

1.B(x,y) = B(y,x)
2.B(x,y+1) = %B(xﬂ,y)
3.B(x+1,y) = LB(x,y)

X+y
An interesting formula relating the gamma and beta functions is

I'(x)T (y)

L

1.2.3 Mittag-Leffler functions

Definition 1.2.3. The one-parametric Mittag-Leffler function (M-L for short) E,(z)
is a special function of z € C which depends on the complex parameter a and is

defined by the power series

.
E,(z) =Y — & 1.2.1

Univ. de Skikda MOUMEN Sewsen



1.2 Special functions 15

One can see that the series converges in the whole complex plane for all
R(a) > 0.
A first generalization of E,(z) is the two-parametric M-L function of z € C defined
by the series
x/
Epp(x)=) ————  a,p€Cwith R(a)>0. (1.2.2)
o )= Lot p)

When 8 =1, E, g (z) coincides with the Mittag-Leffler function in (1.2.1)

Ey1(z) = Ea (2).
When a = 18 =1: El,l (Z) = E1 (Z) = e~

Lemma 1.2.3. (Integration of the Mittag-Leffler function)
Let Q) = [a;b], (—00 < a < b < o0), a finite interval, integrating term-by-term,

we obtain:

[ Eup(st) 715 = (v = 0P Eupn (A (x—a)") , (>0, >0) (123)

Relationship is a particular case of the following more general relationship obtained
by the fractional order term-by-term integration of the series ,for (x > 0,8 > 0,7 >0)

X

P [ s B (1% s = ()T B (A )

Univ. de Skikda MOUMEN Sewsen



1.3 Fractional integrals and Fractional derivatives 16

Whenao = =1:
X

ﬁ / (x — 5)7_137\sds = (x— a)’YEl,’Y-H A(x—a)) , (v >0) (1.2.4)

1.3 Fractional integrals and Fractional derivatives

1.3.1 Fractional integrals

Let QO = [4;b],(—c0 < a < b < o), a finite interval on the real axis R and

f €L ([ab])

Definition 1.3.1. The fractional (arbitrary) order integral of a function f of order

« € Ry is defined by:

(15:1) ) = 77 / (x—s) Y (s)ds  (x>a) (1.3.5)

When a = n € IN the definition (1.3.5) coincide with the n th integrals for the forme

(Il f) (x) = /xdsl 70152... 71f (sn) dsy
- T 1 0 /x(x _s)" L (s) ds

Exemple 1.3.1. ifa >0, > —land f (x) = (x—a)’ , (x> a)
X

(12-) () = g [ (=9 (s =)

a

Univ. de Skikda MOUMEN Sewsen



1.3 Fractional integrals and Fractional derivatives 17

By using the following change of variable s = a + (x — a)y we find

(Ittzx‘*‘f) (x) = T (Dé)

_ et
- %B(ﬁﬂ,@

And by applying Lemma we find

I% (x — a)f = J;ﬁ—;%(x — )P (1.3.6)

Lemma 1.3.1. Let f € L' ([a,b]) and a, p € R, : (1;; oIP, f) (x) = (1;’:_* g ) (x)

Univ. de Skikda MOUMEN Sewsen



1.3 Fractional integrals and Fractional derivatives 18

1.3.2 Fractional derivative

Definition 1.3.2. The Riemann Liouville fractional derivative D}, of a function f

of order « € R is defined by

(Dg+f) (x) = (%)n (I"%f) (x)

g yre=r (%)/ (x=s)"*Mf(s)ds  (n=[a]+1, x>0)

where [«] mean the right portion for «
In particular, whena = m € N, (D, f) (x) = £ (x) where £ (x) is the usuel

derivative of f (x) of order m

Exemple 1.3.2. if & > 0,8 > —land f(x) = (x—a)’ , (x > a), we have
n n
(D3 f) (x) = (%) (I'74F) (x) = (%) "% (x — a)P. According to equality

(1.3.6) we find

2 (4N T+ -
(Da+f)(x)—(ﬁ> v O R R

rB+1)y(n—a+p)(n—-1—a+p).(n—mn—-1)—a+p)
I'n—a+p+1)

o (x_a)n—n—a—i—ﬁ
_r(g+1) po
_W(x_a)
hat!
that’s mean . g T(B+1) [ 1.3.7
“(x—a) _m(x—a) 17

In particular, if 8 = 0 then the Riemann-Liouville fractional derivative of a constant

Univ. de Skikda MOUMEN Sewsen



1.3 Fractional integrals and Fractional derivatives 19

is, in general, not equal to zero:

(x —a)f

D¥1=~— L _
at I(1—«)

Lemma 1.3.2. Let « > 0,and n = [R(«)] + 1 the equality D7, f (x) = 0 is valid, if and
only if

n

2 x—a)*,

where ¢ €R, j =1,2,...,nisarbitrary constant.

Lemma 1.3.3. (semigroup property) Let f € L' ([a,b]) and a, € Ry then, the

equation
(1 18) () = (157FF) ()
hold almost everywhere on [a, b).

Lemma 1.3.4. Let f € L' ([a,b]) and a € R then, the following equality

(DI f) (x) = f(x)

hold almost everywhere on [a, b].
In general case for « > B we have (Dfﬂ;@f) (x) = (IZ:’?) (x).

Lemma 1.3.5. Let « € R, f € L ([a,b]) and f,_(x) € AC"[a,b] then, the equality

(13, D% )(x)—f(x)—l—im(x—a)“_j (1.3.8)
at ™™gt - jzlr(“—j—Fl) .

hold almost everywhere on [a, b], where f, o = 1" f be the fractional integral of f of

order n — .

Univ. de Skikda MOUMEN Sewsen



1.3 Fractional integrals and Fractional derivatives 20

Definition 1.3.3. For a function f € L' ([a,b],R) , the Caputo fractional derivative
of order « € R of f is defined by

ﬂ@—%fﬂ%@@—®1>, (=[] +1, x>a)
=0

Gmﬁym=($o

Lemma 1.3.6. For a function f € AC" ([a,b],R), then the Caputo fractional derivative

(CDZ‘+ f ) (x) exist almost everywhere on [a, b], with

(CD2f) (@) = (1) (x)

[ G T s, (= (w1, x>0

In particular, when « = m € IN : <CD[’1”+ > (x) = £ (x)

Exemple 1.3.3. ifa >0, > —land f (x) = (x—a)? , (x> a)

(CD2f) (@) = (1) ()

X

ST R

- B(B— 11)_‘(71(,5;)(” —1)) /(x . S)n—a—l(s _ ﬂ)ﬂ_nds

a

Univ. de Skikda MOUMEN Sewsen



1.3 Fractional integrals and Fractional derivatives 21

By using the following change of variable s = a + (x — a) y we obtain

1
(CD§+J‘) (x) = it 1%'(“”(6;)(;1 —1) 0/ (x—a—(x—a)y)" !
x ((x—a)y)P " (x —a)dy
1
_ :B (:B — 1) (,B — (Tl — 1)) n—a— n—ux—
= o) J&x—@ -y

% (x . a)ﬁfnJrlyﬁ—ndy
1

— :B (:B — 1) (:B — (1’[ — 1)) (X . a)ﬁ*tx /yﬁ—n(l _ y)nfocfldy

I'(n—uw) /
DB D) o (g -
And by applying Lemma we find
" _ I+ —a
CDﬁ(x—a)ﬁ = F(ﬁ—vc+1)(x_a)ﬁ (1.3.9)

in particular, CDZ‘+1 =0

Lemma 1.3.7. Let « > 0, and n = [R(a)] + 1 the equality * D%, f (x) = 0 is valid, if
and only if

n—1 )
fx) =) ci(x—a),
j=0

where ¢GeER, j=12,.,nis arbitrary constant.

Univ. de Skikda MOUMEN Sewsen



1.4 Fixed point theorems 22

Lemma 1.3.8. Let « € Ry and f € AC"[a,b] or f € C"[a, ] then, the equality

n—=1 ¢(j) a )
(I;i CD;af) (x) =f(x)+ ) ) (1 ay (1.3.10)

=

hold almost everywhere on [a, b).

1.4 Fixed point theorems

In this section we present some important fixed point theorems which we use for

proving the existence and uniqueness of solutions of our problems

Theorem 1.4.1. Ascoli-Arzela theorem

Let F C C([a,b]), for certain a < b, then F is relatively compact in C ([a,b]) if and
only if F is equicotinuous ( that’s mean for all e > 0, their exist 6 > 0 such that for
all f € Fandx, x' € [a,b] with |x —x'| < & we have |f (x) — f (x)| <€), and
uniformly bounded (that’s mean their exist C > 0 such that || f||, < Cforall f € F ).

Theorem 1.4.2. Banach fixed point theorem

Let N be a contraction on a Banach space E , then N has a unique fixed point in E.

Theorem 1.4.3. Schauder’s fixed point theorem
Let E be a Banach space. U be a closed, convex and nonempty subset of E. Let N : U — U
be a continuous mapping such that N (U) is a relatively compact subset of E. Then N has

at least one fixed point in U.

Univ. de Skikda MOUMEN Sewsen
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2.1 Existence of solutions 24

In this chapter, we study the existence, uniqueness and numerical solution for

the following initial value problem.

DEy(t)=f(ty(t), te(ab), (2.0.1)

y® (@) =kly,  k=0,1,..,n—1. (2.0.2)

Wheren —1 < B < nwithn > 2 and CDg+ denotes the left Caputo fractional

derivative, and f : [4,b] x R — R is given function.

2.1 Existence of solutions

firstly we solve the following linear problem:

DPy(t)y=n(t), te(ab), (2.1.3)

y® (@) =kly,,  k=0,1,..,n—1. (2.1.4)

Lemma 2.1.1. Assume that y € AC" ([a,b],R), then y is a solution to the linear
boundary value problem -(2.1.4) if and only if y satisfies the integral equation

t n—1
y(t) = —/ (t—s)Fh(s)ds + Yyt —a)f,
k=0
Define the Banach space E = C ([, b],R) . We introduce the following hypomem-

ory

(H1) f : [a,b] x R — R is a continuous function

Univ. de Skikda MOUMEN Sewsen



2.1 Existence of solutions 25

(H2) There exist p,q € C ([a,b], Ry ) such that
If(t,y) <p(t)|ly|+q(t), foreacht € [a,b], andy € R.
(H3) There exists Ly > 0 such that
If(t,x) = f(t,y)] < Lglx—y|, foreachte€ [a,b] andall x,y € R.

Note that if (H1) and (H3) are satisfied then (H2) is satisfied.

Theorem 2.1.1. Assume that (H1) and (H3) hold, then the problem - has a

unique fixed point in E.

Proof. We consider the operator N : E — E defined by

t n—1
NGO) =g [, ¢ eyt Do, @19

=0

We shall show that N satisfies the assumption of Banach fixed point theorem. Let

x,y in E. Then, for every t € [a,b] we have

[N (x (1) =N (y (1)
1 1

_|r — )P (s, x(s))ds — —— t — )P f(s,y(s))ds
=gy L (=9 o x)ds — g [ (=9 Syl

1 f _
<ty L 9" I yn(s) — s y(s)) ds

< vl [= 9P o) — o)
_g)BH
<SG I G ) = F Lyl

]

Univ. de Skikda MOUMEN Sewsen



2.1 Existence of solutions 26

Theorem 2.1.2. Assume that (H1) and (H2) hold, then the problem (2.0.1)-(2.0.2]) has a
fixed point in Br, where

Br = {y € E, such that ||y|| < R}.

with 1 > % \pll. and

-1

(b_a)ﬁ n-1 (b—a)ﬁ
R> (W Il + T bl (- a>k> (-8l - e

Proof. We consider the operator N as in We shall show that N satisfies the
assumption of Schauder’s fixed point theorem. The proof will be given in several

steps.
Step 1, We shall show that N is a continuous operator.

Let (y,) be a sequence converges to y in E. Then, for every t € [a, b] we have

IN (yn (8)) = N (v (£))]

1 t B
T (B) / (t =) " (s, yu(s)) = f(s,y(s))| ds
<I[f(y ()) _f(q]/(.))”m%ﬁ)/a (t—S)ﬁds

(b—a)Pt!
S TG ||f( n () = f YOl

It implies that, [Ny, — Ny| — 0, when n — oo, since f is a continuous function
Step 2, We shall show that N(Br) C Bg.

Univ. de Skikda MOUMEN Sewsen



2.1 Existence of solutions 27

For any y € Bg and t € [a,b] we have

o [ =P flayds + T lt—a)
I'(B) Ja k=0

) -1

(

t —s)f ! s,y (s))|ds " _ )k
F,B)/u(t )" S (5,9 (s)] +k2!yk|(t )

—0
ﬁ /at (t—s)P71 (p(s) ly(s)| +q(s))ds +

(b—a)P n-l
TE+D) (Pl R+ l9lle0) + k:EO il (b —a)F

< R

IN@®)] =

IN

—1

Yyl (b —a)

n
k=0

IN

IN

It implies that N(Bg) is uniformly bounded set to E.
Step 3, We shall show that N(Bg) is equicontinuous sets of E.
Lett1,t, € (a,b) such that t; < t; and y € Bg, then, we have

IN (v (t2)) — N (y (t1))]

_ ﬁ / (2= 9P = (= 9 If (s () ds

L B s u(s))] ds nl o
+F(,B)/tl (29" f syl ds+ L Il [(2 =) = (0~ )’

(IIPllo R+ 191 0) n-1
< T(B+1) <(t2—a)ﬁ_(t1—g)ﬁ> +k_21‘yk’ [(tz—ﬂ)k—(tl—a)k]

As t; — tpthe right-hand side of the last above inequality tends to zero.
By Arzela-Ascoli Theorem we conclude that N(Bg) is relatively compact. As a

consequence of Schauder’s fixed point Theorem, we deduce that, N has a fixed

point y € Bg which is a solution of the problem (2.0.1)-(2.0.2). O

Univ. de Skikda MOUMEN Sewsen
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2.1.1 Ulam stability

We consider the following inequality
‘CDf+x (t) — f(tx (t))‘ <e¢, fort € [a,b] and e > 0. (2.1.7)

Definition 2.1.1. Equation (2.0.1) is Eg-Ulam-Hyers stable if there exists ¢ > 0 such
that for each € > 0, and for each solution x € C ([a,b],R) of (3.2.13) there exists a
solution y € C ([a,b],R) of equation (2.0.1) with

(1) =y (1)] < cB (Lg (t—a)f ) . (2.1.8)

Remark 2.1.1. Let x be a solution of the inequality (3.2.13) then x is a solution of

the following integral inequality
1 t 1 n-l e(b—a)P
x(t) — —/ t—s[3 s,x(s))ds + xi(t —a)k < —
|<> ( (=9 (s x)ds + 1l >)‘ FD

Theorem 2.1.3. Assume that (H1) and (H3) hold. Then the equation is Eg-Ulam-
Hyers stable.

Proof. Let x be a solution of inequality (3.2.13) and y the unique solution of the
following Cauchy problem
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Therefore,

t n—1
y(t) = L/ (t—s)P1 £(s,y(s))ds + Y x(t— a)k, (2.1.9)
a k=0

By using (H3), Remark and Corollary 2 in [?] we obtain

1 t -1 n—1 ‘
() -y (1) < x(t)—(— | =P fls,y(s)ds + kzxka—a))
a —0

< |x(t) - <L /t (t—s)P1 £ (s, x(s))ds +nzlxk(t — a)k>
a k=0

e(b—a) Lf ot _
< Fan trg /G —yelas
< e(b—a)P

T(B+1) 0 (Lr(t-a)f).

Thus, |x (t) —y (t)| < cEg (L t—a)P €, forall t € |a,b|, where c =
Yy B\ ~=f

The proof is complete.

2.2 Numerical approach

Theorem 2.2.1. ([2] Theorem 8 for p = 1) Let N > 1 an integer and y : [0,1] — R, be

a function of class AC?. Let consider

1 NT(k—1+8)
AN‘r(z—/s)kgo T (B—1)k!’
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I'k—1+p)

ST pre-ne-nr AN

and functions Vy : [a,b] = R by

)= [ -0y (),

Then

N
DFy(t) = An(t—a) Py (5) = 3 Bualt — ) PR (0) + En (1)
k=1
with
lim &y (f) =0, Vte [[Z, b],

N—ro0
The problem (2.1.3)-(2.1.4) can be rewritten as

n—1

y (1) =C DITPIL (MU (1, (1)) + kgo yi(t —a)f

Using the decomposition formula given in Theorem we find

n—1
y(t) = yi(t —a)f + Ay (=) P (1L (1, y()))
k=0
— % By i(t —a) " PP (1) + En ()
k=1
n—1 N . 1 ¢ .
N e o A AT
- % Bui(t—a)' " P V() + En (1), (2.2.10)
k=1
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where N
_ 1 T(k+n—1-p)
AN_F(Z—nJrﬁ)k_ZO FT(n—1-pB)k!’
Byx = [(ktn-1-p) k=1,2,..,N,

T TQR-n+B)T(n—1-B)(k—1)

V) = [ =) (I s y(s))ds
= L /at (s —a)<! (/ﬁs(s — T)nzf(T,y(T))dT) ds

(n—2)!

and the error £y satisfies

N xp ((1—n 241 n
o 0] < MO gy

where M(t) = sup |77 f(t,y(t))‘.
s€(a,t]

We take the formula of approximate solution, yx by

n—1
y(t) = Yyt —a)f + Ay (t—a) TP (I (L yn(t)))

k=0
- i B (t — a)l_nJrﬁ_ka,N(t) + &N (1)
k=1
n—1 "
— I;)yk(t — a)k + Ay (t— a)l_"ﬂ; (ﬁ /a (t— s)”zf(s,yN(s))ds)
- % Bt —a) PV (1) + En (1), (2.2.11)
k=1
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where

V() = [ (5= (0 Fls un(s))ds

— (n_lz)! /at (S—Q)k—l (/‘ZS(S—T)n_Zf(T,yN(T))dT) s

fork=1,2,..., N.

Theorem 2.2.2. Let f : [a,b] X R — R be a function which satisfies (H3). For N € N,
let y and yy as in and (2.2.11) respectively. If

| -

(2.2.12)

a<b<a+(—r(2_n+ﬁ))

L

Then, yn(t) tends to y(t) as N tends to co.

Proof. 1t follows from (3.2.17) and (2.2.11) that

yn () —y (1) < |An|(t—a)i™"tF

I yn (D) = I ()]

N
— Y [Bug| (= a) TR D N () — V()| + |En (1)
k=1

4

for all t € [a, b]. Define

Oyy = max lyn(t) —y(t)].

Then, we have

[f (yn (8) = f(Ey ()] < Ly [xn (8) = x (8)] < Loyy,
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B () = B Ga0)] < gy [ (=92 s () = Fls, v ds
LéN n—
< (n_yl)!(t—a) !
< Loy (t—a)" L.

t

[ 6= I fs (D) — [ (s =) (7 s y(6)))ds

/a (5= ) (s yn(s)) — I £(5,y(5))] s

Lo
YN _ \n+k-1
k+n-—1 (t—a)

Lé
k]/N (t _ a)n—&-k—l‘

Vien (8) = Vi (8)] <

IN

IN

IN

As a similar estimation in [2], we obtain that

_— NT(k+n—1-p)
x| = r(2 —n+ﬁ Z ['(n—1-p)k!

k=0
1 I'(N+n—B)
S A=ntpn T(N+1)
and
Z|3Nk\ a) TR N (1) — V(8]

1 T(N+n—p) 1

< Léyy (t —a)P A-ntpm T(N+1) T2-n+tp)
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Thus
2 I'(N+n—p) 1 5
_ < _g)B
() = y(0)] < Lt —af [ =2 TP e
It implies that
2 I'(N+n—pB) 1
< —_4)B
oy < Loyy(t—a) {(1 “utpr [(N+1) T2 n+ﬁ)] + max len ()
(2.2.13)
where |Ey ()| — 0as n — co. By using that fact lim I(N+n=f) _ 0, (see e.g.
N—oo T(N+1)

[6] ) and setting N — oo in[2.2.13| we get

lim ¢ 1—;(19—51)5 <0

N-ooo N [(2—n+p) -
from the definition of b , we obtain J,,, — 0 as N — oo. [l
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In this chapter, we study the existence, uniqueness and numerical solution of

the following mixed fractional boundary value problem.

Dy (DLy () =FLy (), te(ab), (3.0.1)

Dy (b) =0, y(a)=uo. (3.0.2)

Where0 < a,<1,a+p>1and CDi‘, ,C Dg+ denotes respectively the right and

left Caputo fractional derivative, and f : R x R — R is given function.

3.1 Existence of solutions

firstly we solve the following linear problem:

cpy. (CDf+y(t)> —h(t), te(ab), (3.1.3)

Dy () =0, y(a)=uyo. (3.1.4)

Lemma 3.1.1. Assume that y € AC! ([0,1],R), then y is a solution to the linear
boundary value problem - if and only if y satisfies the integral equation

b
y (1) :/a G(t, T)h(T)dT + Yo,
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where

T
/ (t—s)ﬁ_l(r—s)“_lds, a<t<t<p,
a

t
/ (t—s)P 1 (t—s)""ds, a<t<tT<bh
a

Proof. Firstly, we apply the right-hand side fractional integral I} to equation (2.1.3),

and using CD§+]/ (b) = 0 we get

C 'B = % e L /b — a—1
Dl y(t) =I-h(t) ) Jr (s —t)* "h(s)ds, (3.1.6)
and we apply the left-hand side fractional integral I f + to the last above equality

and using y (a) = yo we obtain,
y (1) =PI (t) + yo. (3.1.7)

then

It follows from Fubini theorem, that

y(t) = W/at(/;(t—s)ﬁ_l(r—s)"‘_lds>h(r)dr
—I—m/tb (/at (t—s)P! (T—s)”‘_lds)h(r)d't—l—yo,
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the proof is finished. O
It easy to show that
Lemma 3.1.2. The function G satisfy the following properties:

1. The function G (t, T) is nonnegative and continuous functions.
(b —a)*tP

(a+p—1)(a+ BT ()T (B)

(b —a)*tP

(+p—1)(a+p)T(a)L ()
Banach space E = C ([a,b],R) . We introduce the following hypomemory

b
2. / G(t,7)dt <
a

Define the

In the rest of paper taking K =

(H1) f : [a,b] x R — Ris a continuous function.
(H2) There exist p,q € C ([a,b], Ry ) such that

If(t,y)| <p(t)|ly|+q(t), foreacht € [a,b], andy € R.
(H3) There exists L > 0 such that

|f(t,x)—f(t,y)| < L|x—y|, foreacht € [a,b] andall x,y € R.

Theorem 3.1.1. Assume that (H1) and (H2) hold, then the problem (3.0.1]) — (3.0.2))

has a fixed point in Br, where

Br = {y € E, such that ||y|| < R}.
such that 1 > K ||p|| , with

R > (K|l + lyol) (1= K [[Plle) ™ (3.1.8)
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Proof. We consider the operator N : E — E defined by

Ny () = [ 60 f (my (@) +ye

Etape 1 : we prove that N is a continuous operator.

Let (y,) be a sequence converges to i in E; then for every t € [a,b] we have

IN (g (1)) N (5 1)
G f (@) [ G f oy ()

< | G&OIf(Tyn (1) = f(ry(7)))]dT

a

< KANfCyn (D) = F Gy (Ol

It implies that, [Ny, — Ny| — 0, when n — oo, since f is a continuous function

Etape 2: we prove that N(Bgr) C Bg. Forany y € Bg and t € (a,b) we have

b
N@®I = |[ 6t f(myE)dr+w

IN

[ 601 my @)l ar+ ol

K (Pl R+ ll9lle) +[yol
R

IN

IN

Etape 3: we proof that N (Bg) is equicontinuous sets of E. Let 1, £, € (a,b) such that t; <
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tr and u € Bg, then, we have

N () =N (v (1))
[ ety [ G f @)

/ab (G (t2,r) — G (t1,7)) f(T,y(7))dT

b
< (Pl R+ l9lle) [ 1G (t2,7) = G (11, D) d

As t; — tp the right-hand side of the above inequality tends to zero, since G(¢, T) is
continuous function. By Arzela-Ascoli Theorem we conclude that N(Bg) relatively
compact. Applying Schauder fixed point Theorem, it follows that N has a fixed
point y € Bg. O

3.2 Numerical approach

Theorem 3.2.1. ([2] (Theorem 10) for p = 1) Let N > 1 an integer and y : [0,1] — R,

be a function of class AC?. Let consider

1 NT(k—1+8)
AN‘r(z—fs)Z T(B—1)k!’

k=0

__ TE-14p) _
B N (R | (e

and functions Vy : [a,b] — R by
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Then

DEy(t) = An(t—a) Py ( ZBth—a>1 BRVL(1) + En (1)

where
lim &y (t) =0, Vi€ [ab)].

N—o0

The problem (3.1.3)-(3.1.4) is equivalent to the following Cauchy problem
DP o 1 b a—1
DLy () = B f by (0) = gy [ (6= 0% F s y(s)ds

y(a) = yo.

From the last problem we obtain that

y(t) = yo+—<CD1 5// YLz, y(t ))drds).

Using the decomposition formula given in Theorem we find

— Y Bu(t—a)P V() + En (1) (3.2.9)

where the error En(t) — 0as N — oo for all t € [a,b], and

_ 1 NT(k-p)
AN‘r() T (1+p) Zr Bkl

k=0

- r(k—p) _
PN T T TR o A
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and

Take the formula of approximate solution, yy by

. b
() = yorAn(t=a)f [ (s =" fls,yn(s))ds
- i B i(t—a)P Ve n (1) (3.2.10)
k=1

where
() = [+ 5= ([ (09 Sl m(oae ) as

Theorem 3.2.2. Let f : [a,b] X R — R be a function which satisfies (Hp). For N € N,
let y and yy as in (3.2.9) and (3.2.10). Suppose that

1

r(a+1)Lr(ﬁ+1))m_ (3.2.11)

a<b<a+(

Therefore, yn (t) tends to y(t) as N tends to oo.

Proof. 1t follows from (3.2.9) and (3.2.10) that

. b
lyn () —y (B < !AN!(f—a)ﬁ/t(S—t)"‘_lIf(sryN(S))—f(S/y(S))!dS

N
+ Y Bl (£ = a)P [V (1) = Ve (1)] + | En (1)] (32.12)
k=1
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The estimation of | Ay | is given by

- 1 T(N+1-8)

< 2.
AN < FEr TN D) (3:2.13)
for more detail see [2] (Theorem 10) for p = 1.
Taking ey, = m{ag} lyn (t) — y (t)|, then, by using (H3) we get
te|a,
£ (yn () = £ Ly ()] < Llyn (8) =y (8)] < Leyy, (3214)

and

P @ -W0] < [ ([ @9 mane)ar - fnye)ar)

L(b—a)" ey, ,

k
< o (t—a)k. (3.2.15)

It follows from (3.2.13)-(3.2.15) that

N
Y B (£ — a)P ¥ Vi (£) = Vi ()]
k=1

L(b—a)fte,, [ 1 T(N+1-8) 1 }

T(a+1) Bt T(N+1) +r(5+1)

(3.2.16)

The inequalities (3.2.12)-(3.2.14) and (3.2.16)) yields

+ max |En (1) (3.2.17)

L(b—a)ﬁ“‘ew{z I(N+1—B) 1 }
t€(a,b]

NS T4y |Br T(NED) T(BL1)
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_T(N+1-B)

By using lim — '~ PJ
Y e T T(N+ 1)

= 0 (see e.g. [6]) and setting N — oo in (3.2.17) we get

. L .
M C (1 T T+ DB +1) (b—a)* )

and by the definition of b , we must have xy(t) tends to x(¢) as N tends to co. [
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Conclusion 45

In this memory, a fractional boundary value problem with Caputo derivative
and a mixed fractional boundary value problem with Caputo derivative are pro-
vided. A numerical technique based on a decomposition formula for Caputo
derivative operator is given. Furthermore, the convergence analysis of the method

is achived.
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