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Abstract: Keller-Segel chemotaxis model is described by a system of nonlinear partial differential equa-
tions: a convection diffusion equation for the cell density coupled with a reaction-diffusion equation for
chemoattractant concentration. In this work, we study the phenomenon of Keller-Segel model coupled with
Boussinesq equations. The main objective of this work is to study the global existence and uniqueness and
boundedness of the weak solution for the problem, which is carried out by the Galerkin method.
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1 Introduction

The phenomenon of chemotaxis is one of the most important phenomena that have aroused the interest of
many researchers, as chemotaxis is a biological process where cells (bacteria) move towards a more
appropriate chemical direction. The Keller and Segel model, which describes chemotaxis, is considered
one of the best studied models in mathematical biology; on the other hand, nature cells often live in
a viscous fluid and transport cells and chemical substrates with the fluid, and in the meantime the fluid
movement is subject to affecting factors. Chemotaxis model is regarded as one of the most important
phenomenon studies, with Keller-Segel [1] [1970] being the first to discover it. Chemotaxis is represented
by a model to explain the chemotaxis phenomenon, a chemical attraction that exists between organisms.
Among the most important works accomplished for this phenomenon, we mention [2–18]. In [18], the
authors studied nonlinear stochastic chemotaxis model with Dirichlet boundary conditions with fractional
derivative and disturbed by multiplicative noise and prove the existence and uniqueness of mild solution to
time and space-fractional. In [15], the authors studied global existence solution for parabolic-eliptic Keller-
Segel model, and in [19], the authors studied regularity and asymptotic behavior of the Keller-Segel system
of degenerate type with critical nonlinearity and they also studied the global solutions to the coupled
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chemotaxis-fluid equations. In general, the fluid motion is determined by the incompressible Navier-Stokes
equations or the Stokes equations, as this type of reaction in the cellular fluid becomes more complex
because it includes not only chemotaxis and diffusion but also the transport and dynamics of viscous fluids.
Several researchers have also studied many types of such associated models, which we mention in [20],
where the authors proposed the following model:
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and they studied a model arising from biology, consisting of chemotaxis equations coupled with viscous
incompressible fluid equations through transport and external forcing and proved global existence of large
data and solutions to the Cauchy problem investigated under certain conditions for the chemotaxis-Navier-
Stokes system in two space dimensions, and we obtain precisely global existence of weak solutions for the
chemotaxis-Stokes system with nonlinear diffusion for the cell density in three space dimensions. In [7],
Duan et al. formed a model
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In [14], Lorz studied a system consisting of the elliptic-parabolic Keller-Segel equations coupled with Stokes
equations by transport and gravitational forcing. We show global-in-time existence of solutions for small
initial mass in 2D. In 3D, we establish global existence assuming that the initial L3 2/ -norm is small. More-
over, we give numerical evidence for this extension of the Keller-Segel system in 2D for the model defined as
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Now we consider the Keller-Segel model coupled with Boussinesq equations and we study the global
existence and uniqueness of solution for the problem defines as
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where n n x t,( )= denotes the density of the cells in position x d�∈ at time t, c c x t,( )= is the concentration
of chemical attractant, θ θ x t,( )= denotes temperature of the fluid, u u x t,( )= is the field denoting the
velocity, τ ρ b, , are positive constants, k 0≥ is the thermal diffusivity, v 0≥ is the kinematic viscosity,
f x t,( ) is the extermal potential force where f 0∇ = , p x t,( ) is the pressure. The main objective of this work is
to study the problem Keller-Segel coupled with Boussinesq equations, and we demonstrate the global
existence and uniqueness of a weak solution for KSB problem with the Dirichlet conditions and initial
conditions defined as:
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2 Existence and uniqueness of weak solution of the problem

To simplify the weak solution of the problem (2), a decomposition into four subproblems (P1) and (P2) and
(P3) and (P4) is adopted. We use the Galerkin method to demonstrate the existence and uniqueness of a
weak solution of subproblems (P1) and (P2) and (P3) and (P4); therefore, we obtain the existence and
uniqueness of a weak solution of the problem (2). The following initial-boundary conditions assumption is
used to prove the proposed solution of (2):
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Before proving the existence and uniqueness of weak solution of the problem (P1), we need the following
lemma:

Lemma 2.1.
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To demonstrate the existence of weak solution of problem (P1), we use the Galerkin method and assume
w w xk k( )= are smooth functions verifying:
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2.1.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions nm of the approximation
problems (14) and (2.1) converge to a weak solution of (P1). For this, we will need some uniform estimates.

Theorem 2.1. (Energy estimates.) There exists a constant C depending only on Ω, T , such that
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Proof. In order to prove the estimation (15), we will estimate each terms in the left side of (13) one by one
as follows:
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2. Integrate inequality (18) from 0 to T and we employ inequality (19) to find
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we have
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2.1.2 Existence and uniqueness of weak solution

Next, we pass to limits as m → ∞, to build a weak solution of our initial boundary-value problem (P1).

Theorem 2.2. (Existence of weak solution.) Under hypothesis (3), there exists a weak solution of problem (P1).
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and we use again (26) and obtain
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Theorem 2.3. (Uniqueness of weak solutions.) A weak solution of problem (P1) is unique.

Proof. We suppose there exists two weak solutions n1 and n2 and we put N n n2 1= − then N is also
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In this subsection, we state and prove the existence and uniqueness of weak solution result of the pro-
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We are looking for c c tm m( )= solution ≺≺approached≻≻ of the problem in the form
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We now propose to send m to infinity and to show a subsequence of our solutions cm approximation
problems (33) and (34) converges towards a weak solution of the problem (P2). For this, we need uniform
estimates.

2.2.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions cm of the approximation
problems (33) and (34) converge to a weak solution of problem (P2). For this, we will need some uniform
estimates.
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2. Integrate inequality (37) from 0 to T and we use (38) to find
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c v L c v t, , , 0.m m
1 1( ) ( )′ + = (39)

Then (39) implies

c v c v c v L c v t, , , , , ,m m m m
1 1( ) ( )′ = ⟨ ′ ⟩ = ⟨ ′ ⟩ = −

consequently

c v C c, ,m m H Ω
2

0
1∣ ∣
( )

⟨ ′ ⟩ ≤ ‖ ‖

and as

v v 1,H H
1

Ω
2

Ω
2

0
1

0
1( ) ( )

‖ ‖ ≤ ‖ ‖ ≤

thus

c C c ,m H m HΩ Ω1
0
1( ) ( )‖ ′ ‖ ≤ ‖ ‖−

and therefore,

c c t C c t C cd d . □m L T H

T

m H

T

m H L0, ; Ω
2

0
Ω

2

0
Ω

2 0 Ω
2

2 1 1
0
1 2( ( )) ( ) ( ) ( )∫ ∫‖ ′ ‖ = ‖ ′ ‖ ≤ ‖ ‖ ≤ ‖ ‖

− −

2.3 Existence and uniqueness of weak solution

Next, we pass to limits as m → ∞, to build a weak solution of our initial boundary-value problem P2 .( )

Theorem 2.5. (Existence of weak solution.) Under hypothesis (4), there exists a weak solution of (P2).

Proof. According to the energy estimates (35), we see that the sequence cm m 1{ }
=

∞ is bounded in L T H0, ; Ω2
0
1( ( ))

and cm m 1{ }′
=

∞ is bounded in L T H0, ; Ω2 1( ( ))− , and consequently there exists a subsequence which is also noted

by cm m 1{ }
=

∞ and a function c L T H0, ; Ω2
0
1( ( ))∈ with c L T H0, ; Ω ,2 1( ( ))′ ∈

− such that

c c L T H
c c L T H

weakly in 0, ; Ω ,
weakly in 0, ; Ω .

m

m

2
0
1

2 1
( ( ))
( ( ))

→

′ → ′ −

(40)

1. Next fix an integer N and choose a function v C T H0, ; Ω1
0
1( ( ))∈ having the form

v t d t w ,
k

N
k

k
1

( ) ( )( )
∑=

=

(41)

where d k
k
N

1{ }( )
=

are given smooth functions. We choose m N≥ , multiply equation (33) by d t k 1,k ( )( )
∀ =

N,… , and then integrate with respect to t to find

c v L c v t t, , , d 0,
t

m m

0

( )∫⟨ ′ ⟩ + = (42)
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we recall (40) to find upon passing to weak limits that

c v L c v t t v L T H, , , d 0, 0, ; Ω .
t

0

2
0
1( ) ( ( ))∫⟨ ′ ⟩ + = ∀ ∈ (43)

As functions of the form (32) are dense in L T H0, ; Ω2
0
1( ( )), hence, in particular

c v L c v t v H t T, , , 0, Ω et 0,0
1( ) ( ) [ ]⟨ ′ ⟩ + = ∀ ∈ ∀ ∈ (44)

and from Remark (2.2) we have c C T L0, ; Ω2( ( ))∈ .
2. In order to prove c c0 ,0( ) = we first note from (31) that

c v L c v t t c v, , , d 0 , 0 ,
t

0

( ) ( ( ) ( ))∫ −⟨ ′⟩ + = (45)

for each v C T H0, ; Ω1
0
1( ( ))∈ with v T 0.( ) = Similarly, from (45) we obtain

c v L c v t t c v, , , d , 0 ,
t

m m

0

0( ) ( ( ))∫ −⟨ ′⟩ + = (46)

we use again (45) and obtain

c v L c v t t c v, , , d , 0 ,
t

0

0( ) ( ( ))∫ −⟨ ′⟩ + = (47)

since c c0m 0( ) → in L Ω2( ). Comparing (45) and (47), we conclude c c0 0( ) = . □

Theorem 2.6. (Uniqueness of weak solutions.) A weak solution of problem (P2) is unique.

Proof. We suppose there exists two weak solutions c1 and c2 and we put that C c c2 1= − , then C is also
a solution of (P2) with C c c 0 00 2 1( )( )= − ≡ . Setting v C= in identity (44) we have

t
C L C C td

d
1
2

, , 0,L Ω
2

2⎛
⎝

⎞
⎠

( )
( )

‖ ‖ + =

and as C L C C,( )‖ ‖ = (= norm in H Ω0
1( )), there L C C t C, , 0H Ω

2
0
1( )
( )

= ‖ ‖ ≥ , then we have

t
Cd

d
1
2

0,L Ω
2

2⎛
⎝

⎞
⎠( )

‖ ‖ ≤

then integrate with respect to t to find

C C 0,L LΩ
2 0 Ω

2
2 2( ) ( )

‖ ‖ ≤ ‖ ‖ =

then C 0≡ . □

2.4 Existence and uniqueness of weak solution of the problem (P3)

In this subsection, we state and prove the existence and uniqueness of weak solution result of the pro-
blem (P3).

Definition 2.3. We say θ L T H0, ; Ω2
0
1( ( ))∈ with θ L T H0, ; Ωt

2 1( ( ))∈
− is a weak solution of the problem (P3)

if and only if

c q A c q t, , , 0,t ( )⟨ ⟩ + = (48)
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where

A c q t k θ q u θq nθq x, , d ,
Ω

( ) [ ( ) ]∫= ∇ ∇ + ∇ + (49)

for all q H Ω0
1( )∈ , t T0 ≤ ≤ , and

θ x θ L0, Ω .0
2( ) ( )= ∈ (50)

Remark 2.3. Note that θ C T L0, ; Ω2([ ] ( ))∈ as θ L T H0, ; Ω2
0
1( ( ))∈ and θ L T H0, ; Ωt

2 1( ( ))∈
− . Then equality

(50) makes sense.

To demonstrate the existence of weak solution of problem (P3), we use the Galerkin method, and we
assume w w xk k( )= are smooth functions verifying:

w H
m w w

w H

Ω ,
; is linearly independent ,

the finite linear combinations of are dense in Ω .

i

t m

i

0
1

0
1

⎧

⎨
⎪

⎩
⎪

( )

( )

∈

∀ … (51)

We are looking for θ θ tm m( )= solution ≺≺approached≻≻ of the problem in the form

θ t d t w ,m
i

m

im i
1

( ) ( )∑=

=

(52)

and dim to be determined by the conditions:

θ w A θ w t
j m

, , , 0,
1 .

m j m j⎧
⎨⎩

( )⟨ ′ ⟩ + =

≤ ≤

(53)

The system of nonlinear differential equations is to be completed by the initial conditions:

θ θ θ β w θ H m0 , in Ω , when .m m m
i

m

im j0 0
1

0 0
1( ) ( )∑= = → → ∞

=

(54)

We now propose to send m to infinity and to show a subsequence of our solutions θm approximation
problems (53) and (54) converges towards a weak solution of the problem (P3). For this, we need uniform
estimates.

2.4.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions θm of the approximation
problems (53) and (54) converges to a weak solution of problem (P3). For this, we will need some uniform
estimates.

Theorem 2.7. (Energy estimates.) There exists a constant C depending only on TΩ, such that

θ θ θ C θmax .
t T

m L m L T H m L T H L
0

Ω 0, ; Ω 0, ; Ω 0 Ω2 2
0
1 2 1 2( ) ( ( )) ( ( )) ( )‖ ‖ + ‖ ‖ + ‖ ′ ‖ ≤ ‖ ‖

≤ ≤

− (55)

Proof. In order to prove the estimation (55) we will estimate each terms in the left side of (53) one by one
as follows:

1. Multiplying equation (53) by d tjm( ) and summing for j we find

θ w A θ θ t, , , 0,m j m m( )⟨ ′ ⟩ + = (56)
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and we have

t
θ A θ t θ t1

2
d
d

, 0,m L m mΩ
2

2 ( ( ) ( ))
( )[ ]‖ ‖ + =

and we put v A v v,( )‖ ‖ = (= is norm in H Ω0
1( )), so

t
θ θ1

2
d
d

0,m L m HΩ
2

Ω
2

2
0
1( ) ( )( )‖ ‖ + ‖ ‖ = (57)

we have

t
θd

d
0m L Ω

2
2( )( )‖ ‖ ≤

and

θ θ θ0 ,m L m L LΩ
2

Ω
2 0 Ω

2
2 2 2( )
( ) ( ) ( )

‖ ‖ ≤ ‖ ‖ ≤ ‖ ‖

and so we have

θ θmax .
t T

m L L
0

Ω 0 Ω2 2( ) ( )‖ ‖ ≤ ‖ ‖

≤ ≤

(58)

2. Integrate inequality (57) from 0 to T and we use (58) to find

θ θ td .m L T H

T

m H0, ; Ω
2

0
Ω

2
2

0
1

0
1( ( )) ( )∫‖ ‖ = ‖ ‖

3. Fix any v H Ω ,0
1( )∈ with v 1H Ω

2
0
1( )

‖ ‖ ≤ , and write v v v ,1 2
= + where v wk k

k m1
1( )∈

=

= and v w, 0k
2( ) = for all

k m1, ,( )= … . We use (53) from all t T0 ≤ ≤ that

θ v A θ v t, , , 0.m m
1 1( ) ( )′ + = (59)

Then (59) implies

θ v θ v θ v A θ v t, , , , , ,m m m m
1 1( ) ( )′ = ⟨ ′ ⟩ = ⟨ ′ ⟩ = −

consequently

θ v C θ, ,m m H Ω
2

0
1∣ ∣
( )

⟨ ′ ⟩ ≤ ‖ ‖

and as

v v 1,H H
1

Ω
2

Ω
2

0
1

0
1( ) ( )

‖ ‖ ≤ ‖ ‖ ≤

thus

θ C θ ,m H m HΩ Ω1
0
1( ) ( )‖ ′ ‖ ≤ ‖ ‖−

and therefore

θ θ t C θ t C θd d .m L T H

T

m H

T

m H L0, ; Ω
2

0
Ω

2

0
Ω

2 0 Ω
2

2 1 1
0
1 2( ( )) ( ) ( ) ( )∫ ∫‖ ′ ‖ = ‖ ′ ‖ ≤ ‖ ‖ ≤ ‖ ‖

− −

□

2.4.2 Existence and uniqueness of weak solution

Next, we pass to limits as m → ∞, to build a weak solution of our initial boundary-value problem (P3).
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Theorem 2.8. (Existence of weak solution.) Under hypothesis (59), there exists a weak solution of (P3).

Proof. According to the energy estimates (55), we see that the sequence θm m 1{ }
=

∞ is bounded in L T0, ;2( H Ω0
1( ))

and θm m 1{ }′
=

∞ is bounded in L T H0, ; Ω2 1( ( ))− and consequently there exists a subsequence which is also noted

by cm m 1{ }
=

∞ and a function θ L T H0, ; Ω2
0
1( ( ))∈ with θ L T H0, ; Ω2 1( ( ))′ ∈

− , such that

θ θ L T H
θ θ L T H

weakly in 0, ; Ω ,
weakly in 0, ; Ω .

m

m

2
0
1

2 1
( ( ))
( ( ))

→

′ → ′ −

(60)

1. Next fix an integer N and choose a function v C T H0, ; Ω1
0
1( ( ))∈ having the form

v t d t w ,
k

N
k

k
1

( ) ( )( )
∑=

=

(61)

where d k
k
N

1{ }( )
=

are given smooth functions. We choose m N≥ , multiply equation (53) by d t k 1,k ( )( )
∀ =

N,… , and then integrate with respect to t to find

θ v A θ v t t, , , d 0,
t

m m

0

( )∫⟨ ′ ⟩ + = (62)

we recall (60) to find upon passing to weak limits that

θ v A θ v t t v L T H, , , d 0, 0, ; Ω .
t

0

2
0
1( ) ( ( ))∫⟨ ′ ⟩ + = ∀ ∈ (63)

As functions of the form (61) are dense in L T H0, ; Ω2
0
1( ( )). Hence in particular

θ v A θ v t v H t T, , , 0, Ω et 0,0
1( ) ( ) [ ]⟨ ′ ⟩ + = ∀ ∈ ∀ ∈ (64)

and from Remark (2.3) we have θ C T L0, ; Ω2( ( ))∈ .
2. In order to prove θ θ0 ,0( ) = we first note from (50) that

θ v A θ v t t θ v, , , d 0 , 0 ,
t

0

( ) ( ( ) ( ))∫ −⟨ ′⟩ + = (65)

for each v C T H0, ; Ω1
0
1( ( ))∈ with v T 0.( ) = Similarly, from (62) we obtain

θ v A θ v t t θ v, , , d , 0 ,
t

m m

0

0( ) ( ( ))∫ −⟨ ′⟩ + = (66)

we use again (65) and obtain

θ v A θ v t t θ v, , , d , 0 ,
t

0

0( ) ( ( ))∫ −⟨ ′⟩ + = (67)

since θ θ0m 0( ) → in L Ω2( ). Comparing (65) and (67), we conclude θ θ0 0( ) = . □

Theorem 2.9. (Uniqueness of weak solutions.) A weak solution of problem (P3) is unique.

Proof. We suppose there exists two weak solutions θ1 and θ2 and we put that θ θ θ2 1= − , then θ is also
a solution of (P3) with θ θ θ 0 00 2 1( )( )= − ≡ . Setting v θ= in identity (64) we have

t
θ A θ θ td

d
1
2

, , 0,L Ω
2

2⎛
⎝

⎞
⎠

( )
( )

‖ ‖ + =
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and as θ A θ θ,( )‖ ‖ = (norm in H Ω0
1( )), A θ θ t θ, , 0H Ω

2
0
1( )
( )

= ‖ ‖ ≥ , then we have

t
θd

d
1
2

0,L Ω
2

2⎛
⎝

⎞
⎠( )

‖ ‖ ≤

and integrate with respect to t to find

θ θ 0,L LΩ
2 0 Ω

2
2 2( ) ( )

‖ ‖ ≤ ‖ ‖ =

then θ 0≡ . □

3 Existence and uniqueness of weak solution of problem (P4)
We state and prove the existence and uniqueness of weak solution result of problem (P4)

Definition 3.1. We say u L T H0, ; Ω2
0
1( ( ))∈ with u L T H0, ; Ωt

2 1( ( ))∈
− is a weak solution of problem (P4)

if and only if

u q L u q t, , , 0,t ( )⟨ ⟩ + =

where

L c q t ν u q u uq p q θ n fq x, , d ,
Ω

( ) [( ) ( ) ]∫= ∇ ∇ + ∇ + ∇ + + (68)

for all q H Ω0
1( )∈ , t T0 ≤ ≤ , and

u x u L0, Ω .0
2( ) ( )= ∈ (69)

Remark 3.1. Note that u C T L0, ; Ω2([ ] ( ))∈ as u L T H0, ; Ω2
0
1( ( ))∈ and u L T H0, ; Ωt

2 1( ( ))∈
− . Then equality

(69) makes sense.

To demonstrate the existence of weak solution of problem (P1) we use the Galerkin method, and we assume
w w xk k( )= are smooth functions verifying:

w H
m w w

w H

Ω ,
; is linearly independent ,

the finite linear combinations of are dense in Ω .

i

t m

i

0
1

0
1

⎧

⎨
⎪

⎩
⎪

( )

( )

∈

∀ … (70)

We are looking for u u tm m( )= solution ≺≺approached≻≻ of the problem in the form

u t d t w ,m
i

m

im i
1

( ) ( )∑=

=

(71)

where dim to be determined by the conditions:

c w L c w t
j m

, , , 0,
1 .

m j m j⎧
⎨⎩

( )⟨ ′ ⟩ + =

≤ ≤

(72)

The system of nonlinear differential equations is to be completed by the initial conditions:

u u u β w u H m0 , in Ω , when .m m m
i

m

im j0 0
1

0 0
1( ) ( )∑= = → → ∞

=

(73)

We now propose to send m to infinity and to show a subsequence of our solutions um approximation
problems (72) and (73) converges toward a weak solution of problem (P4), for this we need uniform
estimates.
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3.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions um of the approximation
problems (72) and (73) converges to a weak solution of problem (P4). For this, we will need some uniform
estimates.

Theorem 3.1. (Energy estimates.) There exists a constant C depending only on TΩ, such that

u u u C umax .
t T

m L m L T H m L T H L
0

Ω 0, ; Ω 0, ; Ω 0 Ω2 2
0
1 2 1 2( ) ( ( )) ( ( )) ( )‖ ‖ + ‖ ‖ + ‖ ′ ‖ ≤ ‖ ‖

≤ ≤

− (74)

Proof. In order to prove the estimation (74) we will estimate each terms in the left side of (72) one by one
as follows:
1. Multiplying equation (72) by d tjm( ) and summing for j we find

u w L u u t, , , 0,m j m m( )⟨ ′ ⟩ + = (75)

and we have

t
u L u t u t1

2
d
d

, 0,m L m mΩ
2

2 ( ( ) ( ))
( )[ ]‖ ‖ + = (76)

and we put u L u u,( )‖ ‖ = (= is norm in H Ω0
1( )), so

t
u u1

2
d
d

0,m L m HΩ
2

Ω
2

2
0
1( ) ( )( )‖ ‖ + ‖ ‖ = (77)

we have

t
ud

d
0m L Ω

2
2( )( )‖ ‖ ≤

and

u u u0 ,m L m L LΩ
2

Ω
2 0 Ω

2
2 2 2( )
( ) ( ) ( )

‖ ‖ ≤ ‖ ‖ ≤ ‖ ‖ (78)

and so

u umax .
t T

m L L
0

Ω 0 Ω2 2( ) ( )‖ ‖ ≤ ‖ ‖

≤ ≤

(79)

2. Integrate inequality (77) from 0 to T and we use (79) to find

u u td .m L T H

T

m H0, ; Ω
2

0
Ω

2
2

0
1

0
1( ( )) ( )∫‖ ‖ = ‖ ‖ (80)

3. Fix any v H Ω ,0
1( )∈ with v 1H Ω

2
0
1( )

‖ ‖ ≤ , and write v v v ,1 2
= + where v wk k

k m1
1( )∈

=

= and v w, 0k
2( ) = for all

k m1, ,( )= … . We use (72) from all t T0 ≤ ≤ that

u v L u v t, , , 0.m m
1 1( ) ( )′ + = (81)

Then (81) implies

u v u v u v L u v t, , , , , ,m m m m
1 1( ) ( )′ = ⟨ ′ ⟩ = ⟨ ′ ⟩ = −

consequently

u v C u, ,m m H Ω
2

0
1∣ ∣
( )

⟨ ′ ⟩ ≤ ‖ ‖

and as

v v 1,H H
1

Ω
2

Ω
2

0
1

0
1( ) ( )

‖ ‖ ≤ ‖ ‖ ≤
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thus

u C u ,m H m HΩ Ω1
0
1( ) ( )‖ ′ ‖ ≤ ‖ ‖−

and therefore,

u u t C u t C ud d . □m L T H

T

m H

T

m H L0, ; Ω
2

0
Ω

2

0
Ω

2 0 Ω
2

2 1 1
0
1 2( ( )) ( ) ( ) ( )∫ ∫‖ ′ ‖ = ‖ ′ ‖ ≤ ‖ ‖ ≤ ‖ ‖

− −

3.2 Existence and uniqueness of weak solution

Next, we pass to limits as m → ∞, to build a weak solution of our initial boundary-value problem P4 .( )

Theorem 3.2. (Existence of weak solution.) Under hypothesis (73), there exists a weak solution of (P4).

Proof. According to the energy estimates (74), we see that the sequence um m 1{ }
=

∞ is bounded in L T0, ;2(
H Ω0

1( )) and um m 1{ }′
=

∞ is bounded in L T H0, ; Ω2 1( ( ))− , consequently there exists a subsequence which is also

noted by um m 1{ }
=

∞ and a function u L T H0, ; Ω2
0
1( ( ))∈ with u L T H0, ; Ω ,2 1( ( ))′ ∈

− such that

u u L T H
u u L T H

weakly in 0, ; Ω ,
weakly in 0, ; Ω .

m

m

2
0
1

2 1
( ( ))
( ( ))

→

′ → ′ −

(82)

1. Next fix an integer N and choose a function v C T H0, ; Ω1
0
1( ( ))∈ having the form

v t d t w ,
k

N
k

k
1

( ) ( )( )
∑=

=

(83)

where d k
k
N

1{ }( )
=

are given smooth functions. We choose m N≥ , multiply equation (72) by d t k 1,k ( )( )
∀ =

N, ,… and then integrate with respect to t to find

u v L u v t t, , , d 0,
t

m m

0

( )∫⟨ ′ ⟩ + = (84)

we recall (82) to find upon passing to weak limits that

u v L u v t t v L T H, , , d 0, 0, ; Ω .
t

0

2
0
1( ) ( ( ))∫⟨ ′ ⟩ + = ∀ ∈ (85)

As functions of the form (83) are dense in L T H0, ; Ω2
0
1( ( )). Hence, in particular

u v L u v t v H t T, , , 0, Ω and 0,0
1( ) ( ) [ ]⟨ ′ ⟩ + = ∀ ∈ ∀ ∈ (86)

and from Remark (3.1) we have u C T L0, ; Ω2( ( ))∈ .
2. In order to prove u u0 ,0( ) = we first note from (69) that

u v L u v t t u v, , , d 0 , 0 ,
t

0

( ) ( ( ) ( ))∫ −⟨ ′⟩ + = (87)

for each v C T H0, ; Ω1
0
1( ( ))∈ with v T 0( ) = . Similarly, from (84) we obtain

u v L u v t t u v, , , d , 0 ,
t

m m

0

0( ) ( ( ))∫ −⟨ ′⟩ + = (88)
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we use again (87) and obtain

u v L u v t t u v, , , d , 0 ,
t

0

0( ) ( ( ))∫ −⟨ ′⟩ + = (89)

since u u0m 0( ) → in L Ω2( ). Comparing (87) and (89), we conclude u u0 0( ) = . □

Theorem 3.3. (Uniqueness of weak solutions.) A weak solution of problem (P4) is unique.

Proof. We suppose there exist two weak solutions u1 and u2 and we put that U u u2 1= − then U is also
a solution of (P4) with U u u 0 00 2 1( )( )= − ≡ . Setting v U= in identity (77) we have

t
U L U U td

d
1
2

, , 0,L Ω
2

2⎛
⎝

⎞
⎠

( )
( )

‖ ‖ + =

and as U L U U,( )‖ ‖ = (= norm in H Ω0
1( )), there L U U t U, , 0H Ω

2
0
1( )
( )

= ‖ ‖ ≥ , then we have

t
Ud

d
1
2

0,L Ω
2

2⎛
⎝

⎞
⎠( )

‖ ‖ ≤

then integrate with respect to t to find

U U 0,L LΩ
2 0 Ω

2
2 2( ) ( )

‖ ‖ ≤ ‖ ‖ =

then U 0≡ . □
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