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Abstract: Keller-Segel chemotaxis model is described by a system of nonlinear partial differential equa-
tions: a convection diffusion equation for the cell density coupled with a reaction-diffusion equation for
chemoattractant concentration. In this work, we study the phenomenon of Keller-Segel model coupled with
Boussinesq equations. The main objective of this work is to study the global existence and uniqueness and
boundedness of the weak solution for the problem, which is carried out by the Galerkin method.
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1 Introduction

The phenomenon of chemotaxis is one of the most important phenomena that have aroused the interest of
many researchers, as chemotaxis is a biological process where cells (bacteria) move towards a more
appropriate chemical direction. The Keller and Segel model, which describes chemotaxis, is considered
one of the best studied models in mathematical biology; on the other hand, nature cells often live in
a viscous fluid and transport cells and chemical substrates with the fluid, and in the meantime the fluid
movement is subject to affecting factors. Chemotaxis model is regarded as one of the most important
phenomenon studies, with Keller-Segel [1] [1970] being the first to discover it. Chemotaxis is represented
by a model to explain the chemotaxis phenomenon, a chemical attraction that exists between organisms.
Among the most important works accomplished for this phenomenon, we mention [2-18]. In [18], the
authors studied nonlinear stochastic chemotaxis model with Dirichlet boundary conditions with fractional
derivative and disturbed by multiplicative noise and prove the existence and uniqueness of mild solution to
time and space-fractional. In [15], the authors studied global existence solution for parabolic-eliptic Keller-
Segel model, and in [19], the authors studied regularity and asymptotic behavior of the Keller-Segel system
of degenerate type with critical nonlinearity and they also studied the global solutions to the coupled
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chemotaxis-fluid equations. In general, the fluid motion is determined by the incompressible Navier-Stokes
equations or the Stokes equations, as this type of reaction in the cellular fluid becomes more complex
because it includes not only chemotaxis and diffusion but also the transport and dynamics of viscous fluids.
Several researchers have also studied many types of such associated models, which we mention in [20],
where the authors proposed the following model:

n; + uvn = 6An™ — V(x(c)nVc),
¢t + uVe = uAc - k(c)n,

us + Vp = vAu — nvo,

Vu=0, (x,t)eQxR",

and they studied a model arising from biology, consisting of chemotaxis equations coupled with viscous
incompressible fluid equations through transport and external forcing and proved global existence of large
data and solutions to the Cauchy problem investigated under certain conditions for the chemotaxis-Navier-
Stokes system in two space dimensions, and we obtain precisely global existence of weak solutions for the
chemotaxis-Stokes system with nonlinear diffusion for the cell density in three space dimensions. In [7],
Duan et al. formed a model

ny + uvn = §An — V(x(c)nvc),
¢t + uVe = puAc - k(c)n,

U + Vp = vAu - nvo,
Vu=0, (x,t)e QxR

In [14], Lorz studied a system consisting of the elliptic-parabolic Keller-Segel equations coupled with Stokes
equations by transport and gravitational forcing. We show global-in-time existence of solutions for small
initial mass in 2D. In 3D, we establish global existence assuming that the initial L32-norm is small. More-
over, we give numerical evidence for this extension of the Keller-Segel system in 2D for the model defined as

uVec = -Ac + n - ayc,

ny + uvn = An - V(ynvc),
auy + Vp — nAu + nvo = 0,
Vu = 0.

Now we consider the Keller-Segel model coupled with Boussinesq equations and we study the global
existence and uniqueness of solution for the problem defines as

n:; + uvn — An — v(nvc) - v(nv@) = 0, (x,t) € Q x R,
¢+ uvc — Ac — 7c — pu — b6 = 0, (x,t) € Q x RY,
6; + uvl — kAG — nf = 0, (x,t) € Q x R*,
U +uvu —vAu -Vp - (@ +n)f=0, (x,t)e QxR",

ey)

where n = n(x, t) denotes the density of the cells in position x € R? at timet, ¢ = c(x, t) is the concentration
of chemical attractant, 8 = 8(x, t) denotes temperature of the fluid, u = u(x, t) is the field denoting the
velocity, T, p, b are positive constants, k > 0 is the thermal diffusivity, v > 0 is the kinematic viscosity,
f(x, t) is the extermal potential force where Vf = 0, p(x, t) is the pressure. The main objective of this work is
to study the problem Keller-Segel coupled with Boussinesq equations, and we demonstrate the global
existence and uniqueness of a weak solution for KSB problem with the Dirichlet conditions and initial
conditions defined as:
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ng + uvn — An - v(nvc) - v(nv) = 0, (x,t) € Q x R,
P1in=0, xeT,
n(0,x) =ng, xe€Q,

c¢+uvc-Ac-1c-pu-b0=0, (xt)eQxR
P2ic=0, xeT,
c(0,x)=co, x€Q,

1 2
6; + uvl — kNG —nf =0, (x,t) € Q xR,

P3i6=0, x¢eT,
0(0,x) =6y, xe€Q,

U +uvu —vAu - Vp - (@ + n)f =0, (x,t) € Q x R*,
P4su=0, xeT,
u(0, x) = ug, xe€Q.

2 Existence and uniqueness of weak solution of the problem

To simplify the weak solution of the problem (2), a decomposition into four subproblems (P1) and (P2) and
(P3) and (P4) is adopted. We use the Galerkin method to demonstrate the existence and uniqueness of a
weak solution of subproblems (P1) and (P2) and (P3) and (P4); therefore, we obtain the existence and
uniqueness of a weak solution of the problem (2). The following initial-boundary conditions assumption is
used to prove the proposed solution of (2):

ny € LX(Q), 3)
co € LX(Q), (4)
0o € LX(Q), (5)
up € L(Q). 6)

2.1 Existence and uniqueness of weak solution of the problem (P1)
In this subsection, we prove the existence and uniqueness of weak solution result of the problem (P1) .

Definition 2.1. We say n € L2(0, T; H)(Q)) with n; € I?(0, T; H(Q)) is a weak solution of the problem (P1)
if and only if

(ng, @) + B(n, D, t) = 0, (7)
where
B(n, ®, ) = [[(VV®) + n¥(u®) + (n¥c + nvO)vOlds, ®)
0
for all ® € H)(Q),0<t< T, and
n(0, x) = ng € L¥(Q). 9)

Remark 2.1. Note that n € C([0, T]; L2(Q)) as n € L2(0, T; H¥(Q)) and n; € I%0, T; H(Q)). Then equality
(9) makes sense.
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Before proving the existence and uniqueness of weak solution of the problem (P1), we need the following
lemma:

Lemma 2.1.
(i) For all ® € H\Q), the B(n, @, t) is continuous in HYQ) x H3(Q), there exists a constant positive C
such that

[B(n, @, t)| < Clinllgio) I Plxq)- (10)
(if) For any n € HY(Q), there exists a constant positive B such that

Blnligiqy < B(n, n, t), Vn € Hy(Q). (11)

Proof.
(i) We use the Cauchy-Schwarz inequality on (8) and obtain

[B(n, @, O)] < [IVnllpzo)IVPllxg) + Inllze) VWD L, + Inll2g) Vel VPl
+ Inll 2 VOl L3 VPl 4y s
and we have
[B(n, @, t)| < Clnlgq) | Plgq)-

(ii) The expression of B(n, n, t) is obtained

B(n,n,t) = J((Vn)z + nV(un) + nVcvVn + nvOvn)dx,
Q

and we have

B, 0) > [ (Vnydx = [Vnl
Q
finally, Poincaré inequality, gives B(n, n, t) > Bllnllél(m. a
0

To demonstrate the existence of weak solution of problem (P1), we use the Galerkin method and assume
Wi = Wi(x) are smooth functions verifying:

w; € Hy(Q),
Vm; We ... Wy, is linearly independent, (12)
the finite linear combinations of w; are dense in H}(Q).

We are looking for n,, = n,,(t) solution <<approached>> of the problem in the form:

Mn(t) = ) Gim(O)W, (13)

i=1

and g;, to be determined by the conditions:

{(nm’ VV]) + B(nmy ijy t) = O’ (14)

1<j<m.

The nonlinear differential equation system is to be completed by the conditional:
m
Mm(0) = Nom,  Mom = ) imWj — Uo  in HY(Q), when m — oco.
i=1
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2.1.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions n,, of the approximation
problems (14) and (2.1) converge to a weak solution of (P1). For this, we will need some uniform estimates.

Theorem 2.1. (Energy estimates.) There exists a constant C depending only on Q, T, such that

max IMmllizay + IMmllizeo, 7, Hioy + 1Mmllizo,7; H@)) < Clinollzq)- (15)
<t<

Proof. In order to prove the estimation (15), we will estimate each terms in the left side of (13) one by one
as follows:
1. Multiplying equation (14) by g;,(t), summing for k = 1,..., m, and then recalling (13) we find

<nr,n’ Nm) + By, Ny, £) = 0, (16)
and we have

1d

~ gz Ll ] + Bl 1, ) = 0, (17)
from Lemma (2.1) there exists constant § > 0 such that

Bl g, < Bms i, ), VO < t < T,
and we have

(||nm|| @) * Bl < (18)
which implies that
Iz < IMn(OIRz ) < Mol
so we have

max |[nullzq < Inollizq -
OSIST" mlz) < Mol (19)

2. Integrate inequality (18) from O to T and we employ inequality (19) to find

T

2 — 2
Il 1, ey = | Il
0

3. Fix any v € H}(Q), with ||v||2 <1, and write v = v! + v2, where v! € (w)kZ" and (v2, wy) = 0, (k =1,

1
., m); we use (14) and dedu(c(; forall 0 <t < T that
(n),, V1) + B(tip, V1, £) = 0, (20)
then (20) implies
(N, V) = (N, V) = (g, V1) = =B(1m, V1, 1),
consequently

|y V)1 < Cltly

since

112
Vg < M) < 1
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we have
Inmlg10) < Clinmligiq)s

and therefore,

T

T
I,y = | I < € [ Wy i < Clol g O
0 0

2.1.2 Existence and uniqueness of weak solution

Next, we pass to limits as m — oo, to build a weak solution of our initial boundary-value problem (P1).
Theorem 2.2. (Existence of weak solution.) Under hypothesis (3), there exists a weak solution of problem (P1).
Proof. According to the energy estimates (15), we see that the sequence {n,,}%. is bounded in L2(0, T; H3(Q))

and {n,,}>_; is bounded in L2(0, T; H-'(Q)). Consequently, there exists a subsequence which is also noted by
{n}_; and a function n € I2(0, T; HAX(Q)), withn' € L2(0, T; H(Q)), such that

n, — n weakly in 2(0, T; HX(Q)),

(21)
n,, —n’ weaklyin L*(0, T; HY(Q)).
1. Next fix an integer N and choose a function v € C!(0, T; H}(Q)) having the form:
N
v(t) = Y g®(t)w, (22)

k=1

where {g®}¥ | are given smooth functions, we choose m > N, multiply equation (14) by g®(t) vk = 1,
..., N, and then integrate with respect to t to find

t
j<n,’n, v + Bty v, O)dt = 0, 23)
0

we recall (21) and to find upon passing to weak limits that

t
j (', vy + Bn,v, )dt = 0, v € [2(0, T; HYQ)), (24)
0

as functions of the form (22) are dense in L%(0, T; HX(Q)). Hence, in particular
(n',v)y + B(n,v,t) =0, VYveHYQ and Vtel0,T], (25)

and from Remark (2.1) we have n € C(0, T; L*(Q)).
2. In order to prove n(0) = ng, we first note from (9) that
t
I “(n, V') + B, v, ) = (n(0), v(0)), (26)
0
for each v € CY(0, T; H}(Q)) with v(T) = 0. Similarly, from (23) we obtain
t
j (M V) + Bl v, Ot = (g, v(0)), @)
0
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and we use again (26) and obtain

t

I —(n, V") + B(n, v, t)dt = (ng, v(0)), (28)
0

since n,,(0) — ng in L*(Q). Comparing (26) and (28), we conclude n(0) = ny. O
Theorem 2.3. (Uniqueness of weak solutions.) A weak solution of problem (P1) is unique.

Proof. We suppose there exists two weak solutions n; and n, and we put N =n, — n; then N is also
a solution of problem (P1) with Ny = (n, — n;)(0) = 0. Setting v = N in identity (17) we obtain

d(1
S5 ) + BOL N0 =0,

from Lemma (2.1), we have B(N, N, t) > ﬁIINIIf{1 >0, so
0

(Q)
d(1

| = 2
dt(ZIINlle(Q)) <0,
then integrate with respect to ¢ to find

INIZ. o, < INol

2 —
L%(Q) Q) ~ 0,

thus N = 0. O

2.2 Existence and uniqueness of weak solution of problem (P2)

In this subsection, we state and prove the existence and uniqueness of weak solution result of the pro-
blem (P2)

Definition 2.2. We say ¢ € L%(0, T; H)(Q)) with ¢; € I2(0, T; H(Q)) is a weak solution of the problem (P2)
if and only if

(¢ q) + L(c, g, 1) = O, (29)
where
L(c,q,t) = I[(Vch) + uVcq + tcq + pnq + bOqldx, 30)
Q
forall g € HY(Q),0 <t < T, and
c(0, x) = ¢y € LXA(Q). (31)

Remark 2.2. Note that ¢ € C([0, T]; L2(Q)) as c € L2(0, T; H}(Q)) and ¢; € L*(0, T; HY(Q)). Then equality
(31) makes sense.

To demonstrate the existence of weak solution of problem (P2) we use the Galerkin method, and we assume
Wi = wi(x) are smooth functions verifying:

w; € Hy(Q),
Vm; w; ... Wy, is linearly independent,

the finite linear combinations of w; are dense in H}(Q).
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We are looking for ¢, = c,(t) solution <<approached>> of the problem in the form

Cn(t) = Y dim(t) Wi, (32)

i=1

and d;, to be determined by the conditions:

{(c,%,.m) + L(cm, W3, £) = 0, (33)
1<j<m.
The system of nonlinear differential equations is to be completed by the initial conditions:
m
cm(0) = Coms  Com= ) BWj — Co in HY(Q), when m — co. (34)

i=1

We now propose to send m to infinity and to show a subsequence of our solutions c,, approximation
problems (33) and (34) converges towards a weak solution of the problem (P2). For this, we need uniform
estimates.

2.2.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions c¢,, of the approximation
problems (33) and (34) converge to a weak solution of problem (P2). For this, we will need some uniform
estimates.

Theorem 2.4. (Energy estimates.) There exists a constant C depending only on Q, T such that

max lemllizay + lemlizo,r; mioy + Icmllizo,r; vy < Clcollizg)- (35)
<t<

Proof. In order to prove the estimation (35), we will estimate each term in the left side of (33) one by one
as follows:
1. Multiplying equation (33) by djn(t) and summing for j we find

(Cms W) + L(Cmy €y t) = 0, (36)
and we have
1d
2dt
and we put |[v| = L(v, v) (= is norm in H}(Q)), so

[lemlZz )] + Licm(®), en(®) = O,

1d

S gz U6nlzgy) + lenly g = 0. (37)
we have
%("C’""iz(g)) S
and
leml?z ) < lem(O)IZ2 ) < Ncollfzg, s
and so

max |[[Cpll12 < |Collr2coy -
Ogtg" m||L Q) [ 0||L Q) (38)
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2. Integrate inequality (37) from O to T and we use (38) to find

T

2 — 2
e, gy = | Nyt
0

3. Fix any v € HY(Q), with ||v||§{é(m <1, and write v = v! + v, where v! € (WK™ and (v4, wy) = O for all
(k=1,...,m). We use (33) from all 0 < t < T that
(cpps V) + L(Cmy V', ) = 0. (39)
Then (39) implies

(Cos V) = (Cp V) = (Cp V1) = =L(Cmy VL, 1),

consequently
! 2
(e V)1 < Clcnly o
and as
1512 2
V) < W) < 1
thus

lcmllz) < Clicmllgiay

and therefore,

T T
1621y = | Ny 8 < [ ety < Clcoltsg. O
0 0

2.3 Existence and uniqueness of weak solution
Next, we pass to limits as m — oo, to build a weak solution of our initial boundary-value problem (P2).
Theorem 2.5. (Existence of weak solution.) Under hypothesis (4), there exists a weak solution of (P2).

Proof. According to the energy estimates (35), we see that the sequence {¢,,}%.; is bounded in L%(0, T; H}(Q))
and {c,,}>_, is bounded in L%(0, T; H-'(Q)), and consequently there exists a subsequence which is also noted
by {cnoo.; and a function ¢ € I2(0, T; HX(Q)) with ¢’ € 12(0, T; HY(Q)), such that

cm — ¢ weakly in I2(0, T; HX(Q)),

, ) ) (40)
¢, — ¢ weakly in L?(0, T; H'(Q)).
1. Next fix an integer N and choose a function v € C!(0, T; H}(Q)) having the form
N
v(t) = ) dO(t)w, (41)
k=1

where {d®}¥ | are given smooth functions. We choose m > N, multiply equation (33) by d®)(t) vk = 1,
..., N, and then integrate with respect to ¢t to find
t
J.(c,’n, V) + L(cp, v, t)dt = 0, (42)
0
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we recall (40) to find upon passing to weak limits that
t
j(d, V) + L(c,v, dt = 0, v € I2(0, T; HYQ)). 43)
0

As functions of the form (32) are dense in L%(0, T; HAX(Q)), hence, in particular
(c,v) + L(c,v,t) =0, Vv e HXQ) et Vte [0, T] (44)
and from Remark (2.2) we have ¢ € C(0, T; L¥(Q)).

2. In order to prove c(0) = co, we first note from (31) that

t

j —(e, V) + L(c, v, H)dt = (c(0), v(0)), 45)

0
for each v € CY(0, T; H}(Q)) with v(T) = 0. Similarly, from (45) we obtain

t

| = e v + L v, 0t = (o, OO, (46)
0
we use again (45) and obtain
t
I —(c, V') + L(c, v, t)dt = (co, v(0)), (47)
0
since ¢,(0) — c¢o in L(Q). Comparing (45) and (47), we conclude c(0) = co. O

Theorem 2.6. (Uniqueness of weak solutions.) A weak solution of problem (P2) is unique.

Proof. We suppose there exists two weak solutions ¢ and ¢ and we put that C = ¢ — ¢, then C is also
a solution of (P2) with Cy = (¢ — ¢)(0) = 0. Setting v = C in identity (44) we have

d(1
S5teng) + 1e.co-o.

and as ||C|| = /L(C, C) (= norm in H&(Q)), there L(C, C, t) = ||C||§{é(0) > 0, then we have

d(1

el el Tgl1P

dt(ZIICIILz(Q)) <0,
then integrate with respect to t to find

€2 gy < IColag, = O,

then C = 0. O

2.4 Existence and uniqueness of weak solution of the problem (P3)

In this subsection, we state and prove the existence and uniqueness of weak solution result of the pro-
blem (P3).

Definition 2.3. We say 6 € L2(0, T; H)\(Q)) with 6, € 2(0, T; H'(Q)) is a weak solution of the problem (P3)
if and only if

(¢ @) + A(c, g, t) = 0, (48)
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where

Atc.q.0) = [ [k(V6Yg) + uveq + noglax, 49)
Q

forall g € HY(Q),0 <t < T, and
0(0, x) = 6, € L2(Q). (50)

Remark 2.3. Note that 8 € C([0, T]; I2(Q)) as 8 € L2(0, T; H3(Q)) and 6; € L1*(0, T; HY(Q)). Then equality
(50) makes sense.

To demonstrate the existence of weak solution of problem (P3), we use the Galerkin method, and we
assume wy = wy(x) are smooth functions verifying:

w; € Hy(Q),
Vm; We ... Wy, is linearly independent, (51)
the finite linear combinations of w; are dense in H}(Q).

We are looking for 6,, = 6,,(t) solution <<approached>> of the problem in the form

Om(t) = ) dim(t)W, (52)

i=1

and d;;, to be determined by the conditions:

{<9,:1,‘w,-> + A W ) = 0, -
1<j<m.
The system of nonlinear differential equations is to be completed by the initial conditions:
m
6m(0) = Oom»  Bom = ) ByuW; — 6o in H)(Q), when m — co. (54)

i=1

We now propose to send m to infinity and to show a subsequence of our solutions 6, approximation
problems (53) and (54) converges towards a weak solution of the problem (P3). For this, we need uniform
estimates.

2.4.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions 8, of the approximation
problems (53) and (54) converges to a weak solution of problem (P3). For this, we will need some uniform
estimates.

Theorem 2.7. (Energy estimates.) There exists a constant C depending only on Q, T such that

max 16mllzzqy + 10mlli20,7; i) + 18mlirzo,7; 5@y < ClBollizq)- (55)
<t<

Proof. In order to prove the estimation (55) we will estimate each terms in the left side of (53) one by one
as follows:

1. Multiplying equation (53) by djn(t) and summing for j we find
<6rln’ W}) + A(emy Hm’ t) =0, (56)
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and we have
1d
EE [Hem”iz(ﬂ)] + A(Gm(t), em(t)) =0,

and we put |[v| = JA(v, v) (= is norm in H}(Q)), so
1d

-2 2 2 _
>3 0nl2)) + 10l g, = O, (57)
we have
d
ad 2
1 (1Onlzg)) <0
and
||0m||iz(0) < ||9m(0)||iz(0) < ||90||iz(0),
and so we have
max |16 <6 .
oggr” mllz2) < 10oll22q) (58)

2. Integrate inequality (57) from O to T and we use (58) to find

T
2 — 2
16087,y = | 1Oyl
0

3. Fix any v € H)(Q), with ||v||§13(9) <1, and write v = v! + v2, where v! € (w)E=* and (v, wy) = O for all
(k=1,...,m). We use (53) from all 0 < ¢t < T that
65y V) + A, V1, £) = 0. (59)
Then (59) implies

(er,n) V) = <9rln’ V> = <9rln’ Vl) = _A(emy Vly t)a

consequently
‘ 2
B VI < ClOly
and as
112 5
Vi) < Wi, <1
thus

”97/n”H’1(Q) < C||9m||H5(Q),

and therefore

T T
12 — 112 2 2
1z 1 vy = | 18 i < € [[10ml2y g < ClLE -
0 0

2.4.2 Existence and uniqueness of weak solution

Next, we pass to limits as m — oo, to build a weak solution of our initial boundary-value problem (P3).
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Theorem 2.8. (Existence of weak solution.) Under hypothesis (59), there exists a weak solution of (P3).

Proof. According to the energy estimates (55), we see that the sequence {8,,}%°_; is bounded in L2(0, T; H}(Q))
and {6, }_, is bounded in L?(0, T; H™'(Q)) and consequently there exists a subsequence which is also noted

by {cm}_; and a function 6 € L2(0, T; H}(Q)) with 6’ € LX(0, T; H(Q)), such that
6, — 0 weaklyin L2(0, T; HY(Q)),

(60)
6,, — 6 weakly in L%(0, T; HY(Q)).
1. Next fix an integer N and choose a function v € C1(0, T; H}(Q)) having the form
N
v(t) = ) dO(t)w, (61)

k=1

where {d®W | are given smooth functions. We choose m > N, multiply equation (53) by d®(t) vk = 1,
..., N, and then integrate with respect to t to find

t
j (6], v) + A6y, v, )t = O, 62)
0

we recall (60) to find upon passing to weak limits that

t
Iw’, vy + A, v, )dt = 0, v e L0, T; HYQ)). 63)
0

As functions of the form (61) are dense in L2(0, T; H}(Q)). Hence in particular
0, vy + A6, v,t) =0, Vve HXQ) et Vte [0, T] (64)

and from Remark (2.3) we have 8 € C(0, T; L*(Q)).
2. In order to prove 6(0) = 8o, we first note from (50) that
t
j —(6,7') + A, v, H)dt = (0(0), v(0)), (65)
0
for each v € CY(0, T; H}(Q)) with v(T) = 0. Similarly, from (62) we obtain

t

I (B V') + Ay v, )t = (B0, V(0)), (66)
0
we use again (65) and obtain
t
I (6,v') + A@®, v, t)dt = (6o, v(0)), (67)
0
since 0,(0) — 6 in L2(Q). Comparing (65) and (67), we conclude (6y) = 6,. a

Theorem 2.9. (Uniqueness of weak solutions.) A weak solution of problem (P3) is unique.

Proof. We suppose there exists two weak solutions 6, and 6, and we put that 8 = 6, — 6y, then 6 is also
a solution of (P3) with 8y = (6, — 6,)(0) = 0. Setting v = 0 in identity (64) we have

d(1 ., 3
(5101 ) + 46,0, =0,
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and as [|0] = JA(8, 6) (norm in HY(Q)), A6, 6, t) = ”9”%13(9) > 0, then we have

d(1,,
51 ) <o

and integrate with respect to t to find

2 2 —
16122 g, < 180120, = O,

then 6 = 0. O

3 Existence and uniqueness of weak solution of problem (P4)

We state and prove the existence and uniqueness of weak solution result of problem (P4)
Definition 3.1. We say u € %0, T; HX(Q)) with u; € L2(0, T; H'((Q)) is a weak solution of problem (P4)
if and only if
(ut’ q) + L(u) q; t) = Oy

where

L(c,q,t) = I[(vVqu) + uVugq + pVq + (8 + n)fq]dx, (68)

Q
forallg e HY(Q),0 <t < T, and
u(0, x) = ug € LA(Q). (69)

Remark 3.1. Note that u € C([0, T]; I3(Q)) as u € I%(0, T; HXQ)) and u; € 120, T; H(Q)). Then equality
(69) makes sense.

To demonstrate the existence of weak solution of problem (P1) we use the Galerkin method, and we assume
Wi = Wi(x) are smooth functions verifying:

w; € Hy(Q),
Vm; w; ... Wy, is linearly independent, (70)
the finite linear combinations of w; are dense in H}(Q).

We are looking for u,, = u,(t) solution <<approached>> of the problem in the form

Un(t) = Y din(t)W;, (71)

i=1

where d;,, to be determined by the conditions:

{<c,;,_wj> + LG W, £) = 0, -
1<j<m.
The system of nonlinear differential equations is to be completed by the initial conditions:
m
Un(0) = Uom,  Uom = Y BiWj — Uo in HY(Q), when m — co. (73)

i=1

We now propose to send m to infinity and to show a subsequence of our solutions u,, approximation
problems (72) and (73) converges toward a weak solution of problem (P4), for this we need uniform
estimates.
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3.1 Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions u,, of the approximation
problems (72) and (73) converges to a weak solution of problem (P4). For this, we will need some uniform
estimates.

Theorem 3.1. (Energy estimates.) There exists a constant C depending only on Q, T such that
max lumlliz) + mllizo,r; By + lmlizo,r; H@) < Cliollzq)- (74)
Proof. In order to prove the estimation (74) we will estimate each terms in the left side of (72) one by one

as follows:
1. Multiplying equation (72) by dj,(t) and summing for j we find

(U W) + L(Um, Un, t) = O, (75)
and we have
24 2, ]+ L), un(®) = 0, 76)
2dt @
and we put |lul| = /L(u, u) (=is norm in H&(Q)), o)
1 d 2 2
S gz (lmlizg)) + Namly ) = O, (77)
we have
d
5 g <0
and
Mtmllfz ) < Mtm(O)I2: ) < Moz, s (78)
and so

max |umll2g) < luolzay-
OgtsT" mlz) < luolzq) (79)

2. Integrate inequality (77) from O to T and we use (79) to find
T

2 — 2
Ins g = | Mgyt (80)
0

3. Fix any v € HYQ), with ||v||§{é(0) <1, and write v = v! + v2, where v! ¢ W)k and (v, wy) = O for all
(k=1,...,m). We use (72) from all 0 < t < T that
Uy, V) + L(um, V4, £) = 0. (81)
Then (81) implies
(Ums V) = (Up V) = (U, V1) = =L, V1, 1),
consequently
(U, V)| < Cllumllfqé(g),

and as

1512 < 2 <
Wy ) < Wy < 1,



DE GRUYTER Keller-Segel model coupled Boussinesq equations = 573

thus
lumllrq) < Clltmllioy

and therefore,

T

T
s,y = | Tl < € [ Tty <l O
0 0

3.2 Existence and uniqueness of weak solution
Next, we pass to limits as m — oo, to build a weak solution of our initial boundary-value problem (P4).
Theorem 3.2. (Existence of weak solution.) Under hypothesis (73), there exists a weak solution of (P4).

Proof. According to the energy estimates (74), we see that the sequence {u,,}>>_, is bounded in L*(0, T;
H}(Q)) and {u,}%_, is bounded in L%(0, T; H'(Q)), consequently there exists a subsequence which is also
noted by {u,,}%_; and a function u € L%(0, T; H}(Q)) with v’ € I2(0, T; H(Q)), such that

U, — u weakly in 120, T; HXQ)),

' ' (82)
u,, — u' weakly in L*(0, T; H'Y(Q)).
1. Next fix an integer N and choose a function v € C'(0, T; H}(Q)) having the form
N
v(t) = ) dO(Ow, (83)
k=1

where {d®} | are given smooth functions. We choose m > N, multiply equation (72) by d®(t) Vk = 1,
..., N, and then integrate with respect to t to find

t
J(u,’n, V) + L(up, v, t)dt = 0, (84)
0
we recall (82) to find upon passing to weak limits that
t
I(u', V) + L(u, v, t)dt = 0, Vv e [X0, T; HY(Q)). (85)
0

As functions of the form (83) are dense in L2(0, T; H}(Q)). Hence, in particular
(u',v) + L(u,v,t) =0, Vve H)Q) and Vt € [0, T] (86)
and from Remark (3.1) we have u € C(0, T; L*(Q)).

2. In order to prove u(0) = ug, we first note from (69) that

t
| -y + v, e = oy voy, (87)
0
for each v € CY(0, T; H{(Q)) with v(T) = 0. Similarly, from (84) we obtain
t

j Gty V') + Lty v, At = (i, v(0)), (88)
0
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we use again (87) and obtain

t

| vy + L v, 0dt = o, voy, (89)
0
since u,,(0) — uq in L*(Q). Comparing (87) and (89), we conclude u(0) = uo. O

Theorem 3.3. (Uniqueness of weak solutions.) A weak solution of problem (P4) is unique.

Proof. We suppose there exist two weak solutions u; and uw, and we put that U = u, — u; then U is also
a solution of (P4) with Uy = (u, — 11)(0) = 0. Setting v = U in identity (77) we have

d(1
51 ) + 2w, U 0 =0,

and as |U] = +L(U, U) (= norm in H&(Q)), there L(U, U, t) = | Ullilé

d(1,,
S5 ) <o

@ > 0, then we have

then integrate with respect to t to find

1UR. g < 1Uolaq, = O,

then U = 0. O
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