L;QM‘ C’.\?:.,S‘j éw\ (..M\ 83139

- sessith 20 Aout 1955 de Ski
Oniv . S ¢ 1955 <1 20 daagy
Faculté des Sciences £ " A X
Dé T ues "YSKkikDA ps laJ) 4, K<
partement de Mathematiq

Syl N oS

N°: U.S/F.S/D.M/...... 12024,
Faculté des Sciences
Département de Mathématiques

Meémoire

Présenté en vue de I’obtention du diplome de
Master en Mathématiques

On some inequalities for accretive matrices

Option : AFA

Par : BOUBETTA Rahma

Encadre par : BEDRANI Yassine MCB U. SKIKDA
Devant le jury :

Président : LALLOUCHE Abdallah MCB U. SKIKDA
Examinateur: BOULKERROUA Fouzia MCB U. SKIKDA

Année : 2023/2024




Jo all the z'ffumz'natz'nj stars that had and will afua{}/o" shine /éac[z'nj me to , to my

ﬁmz’fy to mj/ Eac@one in this fzfé, to my pure corner, to m}/ Jtmctum:}/ and
c[Weffz'nj, my husband

: j didecate this work :

7:9 my dear mather to whom J owe who J am ,she was afw‘t{}/o" there f(\?r me and who
never Jt(zja(]aet[ Ju{}/z'nj fér my Fg]afineaa.
y:v my dear fat/zér ,ff»r all the advice fe  gave me, JuJaJaort fe showed me and the

sacrifices he mad to see me succeed .
Jo my dear brothers.
Jo my dear sisters .
Jo all my big family,
—T e el st

I e catﬁf w&to  pecple appreciate the meaning ,and the creativity. «»5}/ the

mo, ce;\sﬁfz’nj and the best words emanatz'nj ﬁom the heart, j jz've my thanks
ratitude to t
sod Withome /L the st demanding circumstances and motivated me ﬂ;

ase who were the reason fér the success (‘yf my career and those

Ratima...



afl, we thank afmz'y/ff}/ m%yf who gave us the courage, the

dfor Faﬁnj blessed us untif the realization (?]F this work

and- 7 rJonaffy.

j am also tlégja[}l jratef‘uf to the facufty and. Jtajﬁp ‘?]F ﬁg]aartment
mzoat/tdematz'c their dedication to axcllence in teac/zdz'nj and research

Jarovz'cléc[ me with féunc[atz’on and the necessary tools to undertake th
Jarg]'ect.

j would also fike to thank the members gp my thesis committee, fc



ABSTRACT

In this thesis , we study accretive matrices (with positive real parts) by generalizing the most
important concepts and inequalities known associated with matrix monotone function and
matrix convex function from positive matrices to matrices with positive real part.

Keywords : Matrices , inequalities, accretive matrices , positive matrices.
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RESUME

Ce mémoire s'attache a I'étude des matrices a parties réelles positives. Pour ce faire, nous
procédons a une généralisation des concepts et inégalités lié a fonction monotone matricielle et
fonction convexe matricielle les plus marquants établis pour les matrices positives, en les
étendant au domaine des matrices a parties réelles positives.

Mots clés : Matrices ,inégalités, matrices positives ,matrices ayant une partie réelle positive .
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Introduction

The study of accretive matrices represents a significant branch of modern linear algebra
due to their extensive applications in various fields such as theoretical physics, signal
processing, and control theory. Accretive matrices, defined by their eigenvalues having
non-negative real parts, exhibit unique properties that make them a rich subject for
mathematical analysis and theoretical exploration. This research aims to delve into the
theories and properties associated with accretive matrices, particularly focusing on the
generalization of well-known results from positive matrices to this broader class.

Matrix theory, a fundamental aspect of linear algebra, provides the tools necessary to
understand complex systems in multiple dimensions. This thesis specifically addresses ac-
cretive matrices and their relationship with matrix monotone and matrix convex functions.
Matrix monotone functions are those for which A < B implies f(A) < f(B) for matrices A
and B , whereas matrix convex functions satisfy f(aA+(1—a)B) < af(A)+(1-X)f(B)
for N € [0, 1]

The primary objective of this thesis is to extend classical results concerning posi-
tive matrices to accretive matrices, thereby broadening the scope of existing mathemat-
ical frameworks. This includes exploring unitarily invariant norms, positive linear maps,
means of positive matrices, and the integral representations of matrix functions. By de-
veloping alternative formulas for matrix functions and examining various inequalities such
as Ando-type inequalities and Choi-Davis inequalities for accretive matrices, this study
seeks to contribute new theoretical insights and practical tools for the field.

In recent years, there has been significant progress in understanding matrix mono-

tone functions beyond positive matrices. This thesis builds on these advancements by



introducing arbitrary matrix means and functional calculus tailored for accretive matri-
ces. This approach enables the generalization of inequalities from the positive definite
setting to the accretive setting, facilitating comparisons between different matrix means
and inequalities.

The structure of this thesis is as follows:

- *¥*Chapter 1** introduces fundamental concepts and definitions in matrix the-
ory, ensuring that readers are equipped with the necessary background to understand the
subsequent discussions.

- ¥*Chapter 2** delves into accretive matrices and matrix monotone functions, dis-
cussing recent progress and presenting new results in this area. The chapter also covers
alternative formulas for matrix functions and generalizes known inequalities to accretive
matrices.

- **Chapter 3** focuses on matrix convex functions for accretive matrices, exploring
their properties and extending known results from positive matrices to accretive matrices.
Applications of these results to various problems are also discussed.

Through this research, we aim to provide a comprehensive understanding of accretive
matrices and their functions, offering new theoretical insights and practical applications.
The exploration of accretive matrices is crucial for advancing mathematical theory and its
applications in numerous scientific disciplines, from physics to engineering and beyond.

This thesis endeavors to fill the gap in the literature by extending the established
results for positive matrices to accretive matrices, thus opening new avenues for future

research and development in matrix theory.



CHAPTER 1

Preliminary



This chapter introduces some fundamental concepts and definitions that will be em-
ployed extensively throughout this thesis. For a more in-depth discussion of these con-

cepts, please refer to Bhatia (1997) and Simon (1979).

1.1 Basic definitions in matrix theory

In this section, we give some basic definitions of matrices.

Definition 1.1.1. If A € M,,, then the matriz A* : M,, = M, that satisfies

(Az,y) = (x, A™y) for all x,y € C"

18 called the adjoint Hermitian conjugate of A.

Definition 1.1.2. Let A € M,,.

(a) If A* = A, then A is called Hermitian matriz.

(b) If A*A = AA* = I, then A is called a unitary matriz.

(c) If (Az,x) >0 for all x € H, then A is called a positive semi—definite matriz.

(d) If A is positive semi—definite matriz and is invertible, it is called a positive matriz.

(e) If A*A = AA*, then A is called a normal matriz.

Throughout this thesis, the notation A > 0 means that the matrix is positive semi—definite.
For two Hermition matrices A, B the notation B > A or A < Bmeans B— A > 0. On
the other hand, the notation A > 0 is used to mean that A is positive. The notation M

is used to denote the class of all positive matrices.



Theorem 1.1.3. Let A € M,,. If A > 0, then there exists a unique matriz B € M,, such
that B > 0 and B*> = A. Here B is called the positive square root of A and is denoted by

A2 (or V/A).

The following is a basic property.

Theorem 1.1.4. If A € M,,, then A*A and AA* are positive semi—definite matrices.

Definition 1.1.5. If A € M,,, then the absolute value of A is the positive square root of

the positive matriz A*A, i.e.,|A| = (A*A)Y/2,

Definition 1.1.6. The Cartesian decomposition of matriz A € M, is given by

A+ A* A—A*

and SA = —
29

A=RA1iSA, withRA =

where RA is the real part of A and FA is the imaginary part of A.

Definition 1.1.7. The spectrum of a matrix A € M, is the set

o(A) ={\ e C: A— X is not invertible in M,},

where I is the identity matriz in M,,.

Theorem 1.1.8. (Spectral Mapping Theorem) Let A € M,, and let p be any poly-

nomial. Then

Remark 1.1.9. Let A € M,,. Then

o(A*)={\: A€ a(A)}.



where \ is the complex conjugate of .

Moreover, if A is invertible, then

oA ={\: Neo(A)}.

Definition 1.1.10. Let A\, Ao, ..., A, be the eigenvalues of matrix A. Then the trace of A

s given by
i=1
Definition 1.1.11. The singular values of a matric A € M,,, denoted by s; (A),s2(A), -+, s,(A),

are the eigenvalues of |A| arranged in decreasing order, and repeated according to multi-

plicity. That s, the singular values of A are the square roots of the eigenvalues of A*A.



1.2 Unitarily invariant norms

This section explores several classes of norms defined on M,, that exhibit the unitary
invariance property. These norms have demonstrated significant utility in diverse scientific

fields, including geometry, physics, analysis, and applied mathematics.

Definition 1.2.1. A real valued function N : X — R, where X is real (or complex) vector

space s said to be a norm if for every scalar o, and x,y € X we have:
(a) N(z) = 0.
(b) N(x) =0 if and only if z = 0.
(¢) N(ax) = |a| N(z).
(d) N(z+y) < N(x) + N(y).

Definition 1.2.2. A norm ||| - ||| on M,, is said to be unitarily invariant if

TAV[| = [IAlll,

for all unitary matrices U,V € M,, and all A € M,,.

Example 1.2.3. The usual operator (or the spectral) norm, which is denoted by || - || is

defined for any A € M,, by

IA]l = sup [[Az]| = = sup [(Az,y)| = s1(A).

[][=1 llzl1=llyl|=1



When A is Hermition, this norm is given by

1Al] = sup [(Az, z).

||| |=1

Example 1.2.4. The Schatten p-norm of matriz A , denoted by ||-|| , where 1 < p < o0

p?

1s defined by

J=1

1/p
1All, = (Z 8?(14)) :
It is clear that [|A]|, = (tr |A]")"/? = (tr [A*]")"/7.
Proposition 1.2.5. Let A € M,,. Then [|A|| = lim, ., || 4], = s1(A4).
Here ||A||, is called the Hilbert-Schmidt norm and ||A]|, is called the trace norm.

Proposition 1.2.6. Let A € M,,. Then
1/2
1A[l, = (tr |A]*)"" and ||A]l, = tr |A].

Example 1.2.7. The Ky Fan k-norm, denoted by ||-||(,€)7 are defined for any matriz

AeM,, by
k
1Ay =D si(A), k=12 n.

Jj=1

The following is an important property of unitarly invariant norm

Proposition 1.2.8. Let A € M,. We can easily prove the following properties for

unitarily invariant norms:

(a) [IIAl] = [[]AIT.



(o) 1Al = |||cas)™>[[| = 11 1ar 11
() A Alll = [1A4°] .
(@) AB NIl =11l 1A]1B] Il

Theorem 1.2.9. Let A € M,, be invertible . Then
[A[IT < A7 (1.2.1)
Theorem 1.2.10. Let A, B € M}. Then
1 2
| AB < {1 (A+BP . (122

For further results on unitarily invariant norms, we refer to (Bhatia, 1997) and (Simon,

1979).

1.3 Matrix monotone and matrix convex functions

This section delves into matrix monotone functions, a fascinating and important class
of functions exhibiting a collection of distinctive properties. These properties share a deep
connection with those of matrix convex functions. We will explore both types of functions
in detail. To begin, let’s refresh our understanding of f(A), when A is any matrix.

Let f : D — C be an analytic complex function on a complex domain D. The Cauchy

integral formula assures that for a € D,

fa)= 1 [ 1&g

21 Jr 2 —a



where I' is a simple closed curve in D that winds once around a. Extending this definition

to matrices is possible using the Dunford integral

£(A) = %/Ff(z)(zI—A)ldz, (1.3.1)

where I' is a simple closed curve in the definition of A that winds once around each
eigenvalue of A. Of course, I' must lie in D.

For example, letting f : C\(—o00,0] — C be f(z) = 2},0 < A < 1, we define

1
A= — [ 22T - A) 7z, (1.3.2)

2mi Jr

where I' is any closed curve avoiding (—oo, 0] in the resolvent of A, so that I" winds once
around each eigenvalue of A.
So, fractional powers are not only defined for positive matrices. They can be defined

for any matrix whose eigenvalues are not in (—oo, 0].

Definition 1.3.1. Let f : J — R be a function where J C R is an interval. Then f
18 called matriz monotone on J if for any two Hermition matrices A and B with spectra

contained in J, A < B implies that f(A) < f(B).

The following function is an example of a function that is not matrix monotone, but

it is monotone as a real function.

Example 1.3.2. Consider the function f(z) = x*, where x > 0. Let A and B be the 2 x 2

11 2 1 10
matrices defined as A= and B = . It is clear that B—A = >0
11 11 00
31
that is B > A. But B>~ A% = is not positive semi-definite, since it has a negative



eigenvalue, so B* %2 A%

Definition 1.3.3. Let f : J — R be a function where J C R is an interval. Then f is
called matrix convex if for any Hermition matrices A and B with spectra contained in J,

we have

flaA+ (1 —a)B) < af(A) + (1 —a)f(B)

for all a € 10, 1].

The following function is an example of a function that is not matrix convex, but it is

convex as a real function.

Example 1.3.4. Consider the function f(x) = 2°,x > 0. Let A and B be the 2 x 2

11 31
matrices defined as A = and B = . Then A and B are positive and

A+B (A+B\® |61
2 2

which is not positive since it has a negative eigenvalue. So ASJQFBS & (AJQFB):S, that is [ is

not matriz conver, on [0, 00).

Example 1.3.5. The function f(x) = ax+b where a,b € R and a > 0 is matriz monotone

function. It is matrix convex for every a,b € R.

Definition 1.3.6. Let f : J — R be a function where J C R is an interval. Then f is
called matriz concave if for any Hermition matrices A and B with spectra contained in

J, we have

flaA+(1—a)B) > af(A)+ (1 —a)f(B), (1.3.3)
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for all o« € [0, 1].
Remark 1.3.7. f is called matriz concave if and only if —f is matriz convez.

While there is generally no connection between convex (concave) functions and mono-
tone functions, a compelling relationship emerges when considering matrix convexity (con-
cavity). For a deeper exploration of this connection, refer to (Uchiyama 2010) and ( Ando

and Hiai 2011).

Proposition 1.3.8. Let f: (0,00) — [0,00) be continuous. Then
(i) f is matriz monotone decreasing if and only if f is matriz convex and f(o0) < 0o.
(ii) f is matrix monotone increasing if and only if f is matriz concave.

In this thesis, positive matrix monotone functions will play a key role. So, we adopt

the notation
m={f:(0,00) = (0,00); f is a matrix monotone function with f(1) = 1}.

The following characterization of f € m will be useful for our analysis see (Hansen, 2013).

Lemma 1.3.9. Let f € m. Then

(@) :/0 (1= ) + tx dvs(t), « € (0, 50)

where vy is a probability measure on [0, 1].

The above lemma provides a characterization of f(x) for real x € (0,00). In our
discussion, we will need to deal with f(z) where z € C. To justify the use of f(z), we first

recall the following celebrated result of Lowener about matrix monotone functions.
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Lemma 1.3.10. Let f € m. Then f has an analytic continuation to C\(—o0,0].

Notice that when f € m, the integral representation in Lemma 1.3.9 applies when
z € (0,00). However, Lemma 1.3.10 asserts the well definikness of f(z),z € C\(—o0,0].

In the following, we show that f still have the integral representation in Lemma 1.3.9.

Proposition 1.3.11. Let f € m. Then, for z € C\(—o0, 0], the integral representation

f(z) :/0 1Lz dvs(t),

holds true, where vy is as in Lemma 1.3.9.

Proof : Notice that when z € (—o0,0], the quantity 1,2z := (1 — ¢ + tz7")7! is well
defined. For such z, define g(z) = fol 1z dv(t). We show that f = g.
We show that ¢ is analytic in C\(—oo0, 0]. Indeed, let I' be any closed circle in C\(—o0, 0].

First, we show that

/F (/01 Lz d’/f(t)> dz = /01 (/F 12 dz) dvy(1).

Notice that (by letting z = a + re')

2 1 1 2
/ / ’Ut(a + r6i0)| dvs(t)rdd = r/ / ‘llt(a + r€i9)| dfduy(t).
0 0 0 0

But the function F(t,0) = |1!;(a + re”)| is continuous on the compact set [0,1] x [0, 27].

Therefore, s := sup; o) F'(t,0) < oo, and hence

2 1
/ / | 1¢(a+ T6i9)| dv(t)rdf < 2ms < oo.
o Jo



12

This means that

/0% /01 (ea + re)) dvg(tyrdd = r /01 /ozﬂ (Ue(a+re®)) dbdvy (2),

which is equivalent to

/F (/01 % d’/f(t)) dz = /01 (/F 1,z dz) dvy(t).

Then

/Fg(z)dz - /F (/01 1,2 dl/f(t)) dz
- /01 (/Fl!tz dz) dv (1)

=0,

where we have used the fact that z — 1l;z is analytic in C\(—o0, 0], for every ¢ € [0, 1].

Since [, g(z)dz = 0 for any circle, in the domain, it follows that g is analytic in C\ (—o0, 0].

Finally, since f and g are analytic functions having the same values in (0, c0), it follows

that f = ¢g. This completes the proof.

Lemma 1.3.12. Let A € M,, be Hermitian matriz. Then for f € m and any unit vector

Zz,

(f(A)z, z) < f({(Az,z)).
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Lemma 1.3.13. Let A€ M. If f € m, then

FANAND < AN

Theorem 1.3.14. Let A, B € M. Then, for any f € m,

17 A+ B < JI[f(A) + F(BII] (1.3.5)

Lemma 1.3.15. [20] Let A € M. Then for any matriz convex f and any unit vector

z,

(f(A)z,z) = f({(Az,z)). (1.3.6)

Proposition 1.3.16. [29] let f be matriz convex function. Then for any A, B € M} and

t € [0,1],

f(A;B)g/olf((l—t)A+tB)dt§w‘ (1.3.7)

1.4 Positive linear maps

This section lays out the foundational properties of positive linear maps. Unital posi-

tive linear maps are defined as follows:

Definition 1.4.1. A map ® : M,, — M, is linear if it is additive and homogeneous, i.e.
O(ANA+ uB) = AP(A) + p®(B) for any A\, € C and for any A, B € M,,.
A linear map ® : M,, — M., is positive if it preserves the matriz order >, i.e. A € M

implies ®(A) € M.
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A linear map ® : M,, = M., is called unital if it preserves the identity matrix, i.e. if

o(I)=1.

Proposition 1.4.2. Let & : M,, — M, be a positive linear map. Then
A < B implies ®(A) < &(B).
O(A*) = D*(A).

The following two propositions are given in (Furuta et al, 2005), (Bhatia, 2007), re-

spectively.

Theorem 1.4.3. (Choi’s inequality) Let A, B € M and f € m. Then

D(f(A)) < f((A)). (1.4.1)

Lemma 1.4.4. [20] Let A € M} and f be matriz convex. Then for any unital positive

linear map P,

(f(A)) = [(2(A)). (1.4.2)

Proposition 1.4.5. Let A € M} and ® be a positive linear map. Then

P(ATH > d71(A). (1.4.3)

1.5 Matrix means of positive matrices

The concept of matrix means, which refers to the relationship between two positive
matrices, was introduced by Kubo and Ando in 1980 (Kubo and Ando, 1980). A matrix

mean o on M is a binary operation Ao B satisfying the following requirements:
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e A< Cand B<Dimply AcB < CoD; for any A, B,C,D € M.

e C*(AoB)C = (C*AC)o(C*BC); for any A, B € M and any invertible C € M,,.

Ak \Lk A and Bk \Lk B unply (AkO'Bk) \Lk (AO'B), for any Ak, Bk, A, B e M:

lol =1.

Standard examples of matrix means are given by (Pusz and Woronowicz, 1975).

e The weighted arithmetic mean AV, B = (1 —r)A+rB,
e The weighted Harmonic mean A!,B = ((1 —r)A~! +rB~1)~!,
e The weighted geometric mean Af,B = Az (A_%BA_%Y A%,

where A, B € M and 0 <r < 1. When r = %, we drop r from the above notations, and
we simply write V,! and f.
For two matrix means o, 7, we say that ¢ < 7 if AcB < ArB for all A,B € M. In

particular, we have !, <f, < V,, see (Ando, 1978). That is, if A, B € M.}, then
AlL.B < Af,B< AV,B,0<r <1.
Other celebrated relations for these means are
AV,.B =BV, ,A A4.B = Bf;_,A A,B=B!_,A.

The theory of matrix means is strongly related to that of matrix monotone functions,

where any mean o on M is characterized by

AgpB = Abf (AT3BATE) A%,
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for a certain matrix monotone function f € m, see (kubo and Ando, 1980).

1
For exemple, the arithmetic mean V is characterized by f(z) = % because
1 1 1 1 (1 A_%BA_% 1 A+ B
A2f<A2BA2>A2:A2( + 5 ) AL ;L _

Recalling Lemma 1.3.9 if f € m and oy is the corresponding mean (i.e., AosB =

Az f (A_%BA_%> A?), then we have
1
AO’fB = /0 A'tB dl/f(t), (151)

where vy is a probability measure on [0, 1]; depending on f.

Proposition 1.5.1. Let A, B € M,, be positive. If f € m, then
Ao B < [I|A[lloy | B[l (1.5.2)
Proposition 1.5.2. Let A, B € M. If f € m, then for any unit vector x,
((AosB)z,z) < (Az,z) o (B, ). (1.5.3)

Proposition 1.5.3. (Ando’s inequality) Let A, B € M and ® be a positive unital

linear map. Then
O(AosB) < ®(A)o;P(B). (1.5.4)

Proposition 1.5.4. Let A,B € M} and let f € m be such that f'(1) = r for some

r € (0,1). Then



17

ALB < Ao;B < AV,B.

Proposition 1.5.5. Let A, B € M, be such that 0 < mI < A, B < MI, for some

positive scalars m, M, and let f,g € m. Then for every unital positive linear map P,

®*(Ao;B) < K(h)*®*(Ao,B), (1.5.5)

where h = % and k(h) = (h:}})Q 15 the well known Kantorovich constant.

Proposition 1.5.6. [?] Let A,B € M™ and let h be continuous non-negative function

on (0,00). Then The following conditions are equivalent:

1. h is matriz monotone decreasing.
2. h(AVB) < h(A)ch(B), for all symmetric matriz mean o.
3. h is matriz log—convez, i.e., h(AVB) < h(A)th(B).

The theory of matrix means, which explores the relationship between positive matrices,
has been extensively studied and documented in the literature. For a comprehensive
overview of this field, please refer to the following works: (Ando, 1978), (Kubo and Ando,
1980), (Nishio and Ando, 1976), (Mathias, 1992), (Ando, 1979), (Furuta, 2002), and

(Furuta and Yanagide, 1998)..

1.6 Accretive matrices
This section aims to introduce matrix means for a broader class of matrices encom-
passing positive matrices, known as accretive matrices.

Definition 1.6.1. A matrix A € M,, is said to be accretive if its real part is positive

(i.e., RA>0.)
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An understanding of sectorial matrices is essential when delving into the properties of

accretive matrices.

Definition 1.6.2. For 0 < a < 7, we define the sector

Sa={2€C:R(2) > 0,[3(2)| < tan(a)R(2)}.

A matriz A whose numerical range is a subset of a sector S, is called a sectorial matriz.
It is clear that a sectorial matrix is necessarily accretive, in this thesis, it will be implicitly

understood that the notions of S, is defined only when 0 < o < 7.

Remark 1.6.3. The numerical range W(A) of an accretive matriz A satisfies

W(A) := {(Ax,x) : x € C",||z|| = 1} C the right half complex plane.

In the following, we list some properties of accretive (sectorial) matrices.
Proposition 1.6.4. The class of accretive matrices is
(1) a convex cone of M,,.
(2) invariant under inversion.

It is well known that for any matrix A € M,, [||[RA||| < |||A]||, for any unitarily
invariant norm ||| - ||| on M,,. The following lemma presents a reversed version of this

inequality for sectorial matrices see (Zhang, 2015).

Proposition 1.6.5. Let A € M,, be accretive matriz such that W (A) C S, and let ||| - |||

be any unitarily invariant norm on M,. Then

cosa [[[Al] < [[RCA)I] < [[|Allf
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Other intersting needed properties of accretive matrices are given in (Lin, 2015),

(Drury, 2014), (Choi et al, 2019) and (Drury 2015) as follows.
Proposition 1.6.6. If A € M,, is accretive, then
R(A™) < (RA)™
This inquality can be reversed as follows.
Lemma 1.6.7. If A € M,, is accretive with W(A) C S, then
sec?(a) R(A™H > (RA)™!

Theorem 1.6.8. Let A, B € M,, be accretive matrices and 0 < X\ < 1, then

R(ALB) > (RA)L(RB)

Proof : Consider the matrix convex function f(A) = (R(A™!))~!, then

F(A=XN)A+AB) < (1=A)f(A) +Af(B)
(R(A=NA+AB) )" < (1 =NRATH T+ ARB) !
R((L=NAT+AB ™)< (1= N)(RA) T+ ARB)!
R(IL-=NAT+ABH > (1= NRA) T+ ARB) !

R(ALB) > (RA)L(RB).

this completes the proof. O

Theorem 1.6.9. Let A, B € M, be accretive matrices such that W(A), W(B) C S,.
Then for 0 < A <1

R(ANB) < sec’(a)(RA)L(RB) (1.6.1)
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Proof : Let A, B be sectorial matrices, we have

R(ALB) = R((1 - NA 1B
< (1= ARA™ +ARB )™
< (cos?(@)(1 — A)(RA) ™! + cos*(a)A(RB) )~
< sec®(a) (1= A)(RA) ™ + ARB)™1)!

= sec’(a) (RA)\(RB),

which complete the proof m

Lemma 1.6.10. Let A € M,, is accretive with W(A) C S, andt € (0,1). Then W(A") C
Ste-

Also note that W(A™") C Sy. This follows because W(A™') C S, when W(A) C S,.



CHAPTER 2

Accretive matrices and matrix monotone

function
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This chapter explores recent progress in extending the application of matrix monotone
functions from positive definite matrices to the broader class of accretive matrices. We
achieve this by introducing the concept of arbitrary matrix means and functional calculus
specifically tailored for accretive matrices. This framework allows us to generalize well-
known inequalities from the positive definite setting to the accretive setting. Examples
include comparisons between arithmetic and harmonic means, Ando’s inequality, Choi’s

inequality, and the Ando-Zhan subadditivity inequality.

2.1 An alternative formula for f(A)

Inspired by the positive case, in this section we present an easier formula for f(A),
when A is accretive and f € m. We recall that for such parameters, f(A) is defined by

(1.3.1). Our main result in this section reads as follows.

Theorem 2.1.1. Let f € m and A € M,, be any matriz with eigenvalues vector \(A). If
A(A) N (—00,0] = ¢, then

£(4) = /O LA dvy(8),

where vy is a probability measure on [0, 1].

Proof : First, we show the result when A is a diagonalizable matrix with A\(A)N(—o0, 0] =

. 90, let e such matrix and let f € m. =V |V, where i| 1s diagonal.
¢. So, let A b h d let f If A= V~-tD[\]V, where D[\ d 1
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Then immediate calculations show that

/0 (1 Aydvs(t) = V1D [ /0 1(1!8)\i)duf(t)} %
_y- 1D[ /() dz] v

2m Jp 2z — N

1
2m/f )zl — A) " dz,

where we have used Proposition 1.3.11 to obtain the second identity, noting that \; &
(—00, 0]. This shows the result for diagonalizable matrices with no eigenvalues in (—oo, 0].
For the general case, let A € M, with no eigenvalue in (—o00,0]. Since diagonalizable
matrices are dense in M,,, with respect to the operator norm, we can find a sequence
of diagonalizable matrices (A,,) such that A,, — A in the usual operator norm, (Serre,
2010, Corollary 5.1). Further, since A,, — A and A(A)N(—o0, 0], we may assume without
loss of generality that A\(A,,) N (—o0,0] = ¢ for all m, due to the continuity of the map
that maps each matrix A € M,, to its eigenvector A(A), (Artin, 2011, Proposition 5.2.2).
Since A(A,,) N (—00,0] = ¢, and A,, is diagonalizable, the first part of the proof implies

that

F(An) = /01 1, Ay, dvg(t). (2.1.1)

Since f € m, it is analytically continued to D := C\(—o0,0], and hence it is n — 1
continuously differentiable in D. Therefore, the mapping A — f(A) is a continuous
mapping on the set of matrices with spectrum in D, (Higham, 2008, Theorem 1.19). This

continuity implies that f(A,,) — f(A), which in turns implies (by (2.1.1))

1
/I'tA dvy(t) /f )(2I — A)dz, (2.1.2)
0
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where I is a simple closed curve in D that surrounds the spectrum of A. It remains to

show that

1 1
0 0

We first notice that for each ¢ € [0, 1], the mapping X — I!;X is continuous on the class
of matrices with spectrum in D, (Higham, 2008, Theorem 1.19). Consequently, for every
t e [0,1],

111, A, — TV A|| — 0. (2.1.3)

This means that, for large m,

[l A — AN < [T A + [[T5A]

< 2| I% Al +1,

where the above inequality follows from (2.1.3). Noting the latter inequality and applying

the dominated Lebesgue convergence theorem implies that

1
/ 111, Ay, — TVA|| dvys(t) — 0,
0

which shows that

1 1
/ Il Apdvi(t) — / Il Adv, (t). (2.1.4)
0 0

This together with (2.1.2) complete the proof of the theorem. O
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2.2 Arbitrary means of accretive matrices

We have introduced matrix means for positive matrices earlier in the section 1.5, and
we have seen that if f € m, then a probability measure vy on [0, 1] exists such that for

positive A, B, one has

Ao(B = Abf (A—%BA—%) A (2.2.1)

_ / CALB dus (1), (2.2.2)

Our goal in this section is to extend the definition of an arbitrary matrix means to

the context of accretive matrices. Our central definition in this section reads as follows.

Definition 2.2.1. Let A,B € M, be two accretive matrices, f € m, and let vy be the

probability measure characterizing oy. We define the matriz means oy of A and B by
1
AUfB = / A'tB dl/f(t). (223)
0

Remark 2.2.2. Our first remark is that we adopt the above defintion for accretive matri-
ces only. Notice that for Ao¢B to be defined, we must have ALy B defined for all t € [0, 1].
This means that we must have (1 —t)A~' +tB~! invertible, for allt € [0,1]. When A and
B are both accretive, this is guaranteed. However, if they are not accretive, we have no
control over this. This is the main reason we restrict ourselves to accretive matrices in

this definition, and in the following discussion.

Now we begin our investigation by reciting the following result which extends Lemma

7?7 to any matrix mean.
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Proposition 2.2.3. Let A, B € M,, be accretive matrices and let f € m. Then
R(Ao¢B) > (RA) of (RB). (2.2.4)

As a consequence, if A and B are accretive, then so is Ao B.

Proof : Let A, B € M,, be accretive. Then

R(Ao,B) = / R(ALB) du,(t)
> /§R VeR(B) dvy(t) (by Theorem 1.6.8)
(R

(RA) o; (RB).

This completes the proof. n
When A and B are sectorial, we have the following reverse of Proposition 2.2.3.

Proposition 2.2.4. Let A,B€ S,. If f € m, then
R(Ao;B) < sec’ a (RA) o7 (RB). (2.2.5)
Proof : By Definition 2.2.1, we have

R(Ao;B) = /1 R(ALB) dvy(t)
< sec’a /1 (R(A)R(B)) dvs(t) (by Theorem 1.6.9)

= sec’a (RA) o5 (RB).

This completes the proof. O
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Now, we present a generalization of Proposition 1.5.4 from the setting of positive

matrices to sectorial ones.

Theorem 2.2.5. Let A, B € S,,. If f € m is such that f'(1) = r for somer € (0,1), then

cos’a R(A!LB) < R(Ao;B) < sec’a R(AV,B). (2.2.6)
Proof : First,
R(ALB) < sec’a ((RA)L.(RB)) (by Theorem 1.6.9)
< sec’a (RA)o;(RB)) (by Proposition 1.5.4)
< sec’a R(Ao;B). (by (2.2.4))

Thus, we have shown the first inequality. To show the second inequality, we have

R(Ao;B) < sec’a (RA) oy (RB) (by (2.2.5))
< seca (RA)V,(RB) (by Proposition 1.5.4)

= sec’a R(AV,B).

This shows the second desired inequality, and the proof is complete. O

We notice that when A, B are positive, then « can be taken as a = 0, which then
retrieves Proposition 1.5.4 as a special case of Theorem 2.2.5.

In studying matrix means, it is customary to compare between different means that
arise from different matrix monotone functions. In the next result, we present such com-

parison for sectorial matrices.
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Theorem 2.2.6. Let A,B € S, such that 0 < ml < RARB < MI. If f,g € m. Then

for every unital positive linear map P,

| (R(Ac;B))d~ (R(Ao,B)) ||< sec® o K (h), (2.2.7)

(M + m)?

where K(h) = i
m

and || - || denote the usual operator norm.

Proof : Since 0 <mI < RA < MI,
we have

(M —RA)(m — RA)(RA)! <0,

which is equivalent to

RA+ Mm(RA) ™ < (M +m)I,

since (RA)™! > RA~! we have

1 1 1

5%4 + §Mm§RA’1 < 5(M +m)I. (2.2.8)
Similarly

1 1 4 1

Adding (2.2.8) and (2.2.9), we get

R(AVB) + MmR(A'B)™' < (M +m)lI. (2.2.10)
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Then, we have

| sec? a« Mm®(R(Ac;B))® ! (R(Ac,B)) ||
< 1 llsec® @ ®(R(AosB)) + Mmd~ (R(Ao,B)) | (by Theorem 1.2.10)
< 1l sec® @ ®(R(AoyB)) + Mm((R(Aa, B)) ) | (by (1.4.3))
< le | sect @ D(R(AVB)) + sec®(@) MmBR(AIB) 2 (by (2.2.6))
< }l | soc! o B(R(AVB)) + sec’ a Mmd(R(AIB)™) |12
< }1 | sec* a ®(R(AVB) + MmR(A!B)™) |2

< }lsec8 a (M +m)?. (by(2.2.10))
That is
| ©(R(AoyB))2 ™ (R(AoyB)) || < sec” a K (h),

which completes the proof.

2.3 Ando-type inequalities for accretive matrices

In this section, we present versions of Ando’s inequality (1.5.4). We begin by stating
the following needed lemma which concerns the Ando-type inequality for the harmonic
matrix mean. For this purpose, we notice that if ® is a unital positive linear map and A

is any matrix, then

RB(A) = D(RA). (2.3.1)

Lemma 2.3.1. Let A, B € M, be accretive and let ® be a unital positive linear map.
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Then

D(RALRB) < R(D(A),3(B)). (2.3.2)

Proof : Noting (1.5.4), (2.3.1) and Theorem 1.6.8, we have

D(RALRB) < O(RA)L,B(RB) = RO(A),RB(B) < R((A)!,d(B)). (2.3.3)

O

Now we are in the position to state the sectorial version of (1.5.4), valid for any matrix

mearl.

Theorem 2.3.2. Let A, B € S, and let ® be a unital positive linear map. If f € m, then

RP(Ao;B) < sec’a R (®(A)o;P(B)). (2.3.4)

Proof : Using the definition of Ao;B, we get

cos>a R®(Ao;B) = ®(cos’a R(Ao;B)) (by (2.3.1))

IN

O(RAoRB) (by Proposition 2.2.4)

IA

D(RA)o;B(RB)  (by (1.5.4))

= RO(A)o,RO(B) (by (2.3.1))

IN

R(P®(A)os®(B)) (by Proposition 2.2.3),

which completes the proof. O]

As an application of Theorem 2.3.2, we present the following accretive version of

Proposition 1.5.2.
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Corollary 2.3.3. Let A,B € S,. If f € m, then for any unit vector x, we have
R ((Ao;B)z,v) < sec’ a R ((Ax,x) o; (Br,x)) . (2.3.5)

Proof : Letting ®(A) = (Ax,z) in Theorem 2.3.2. Then ® is a unital positive linear

map and
cos’ a RO(Ao;B) < R(P(A)o;®(B)) = cos’ a R ((Ao;B)z,z) < R ((Az,z) 0 (Bz,z)),

which completes the proof n

2.4 Choi-Davis inequalities for accretive matrices

The main application of Theorem 2.1.1 is showing the following representation, which
presents the natural extension of the well known characterization for positive matrices.
For completeness of the proof, it is important to recall that a function f € m can be
analytically continued to C\(—o0,0]. This means that f(A) can be defined similarly for
any A whose spectrum is disjoint from (—oo, 0].

Now when A and B are accretive, (Drury, 2015) showed that the spectrum of the
matrix A~/2BA~Y/2 is disjoint from (—ooc,0]; justifying the use of f (A_l/QBA_l/Q) in

the following result, with the aid of Theorem 2.1.1.

Theorem 2.4.1. Let A, B € M,, be accretive matrices and let f € m. Then

AosB = Abf(A2BATY) A%,
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Proof : By definition,

AO’fB A' B dl/f

\\

(1 =) A" + B~ " duy(t)

/0<(1—t)l+t(A BA—%>1)1dyf(t)A

— A3 f <A‘%BA‘%) A3

||
l\J\»—\
N

where we have used Theorem 2.1.1 to obtain the last identity. This completes the proof.

]

We refer the reader to (Sano and Sugawara, 2020), where operator means of accretive
operators on Hilbert spaces were treated. Our definition coincides with the main definition
in (Sano and Sugawara, 2020) when we restrict ourselves to M,,.

Our first result in this direction is the following relation between f(RA) and R(f(A)).

Proposition 2.4.2. Let f € m and A € M,, be accretive. Then

R(f(A)) = f(RA). (2.4.1)

Consequently, if A is accretive, then so is f(A).

Proof : We easily notice that

R( / R(ILA) dvs(t) > /1(I't§RA)de() FRA). (2.4.2)

where we have used Theorem 1.6.8 to obtain the first inequality. O]

On the other hand, a reversed version of Proposition 2.4.2 can be found for sectorial
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matrices, as follows.

Proposition 2.4.3. Let f e m and A € S,. Then
R(f(A)) < sec? a f(RA). (2.4.3)
Proof : Using Theorem 1.6.9, we easily obtain
1 1
Rf(A) = / R(IA) dvs(t) < sec® a / (ILRA) dv(t) < sec® a f(RA),
0 0

which completes the proof. 0

Now we are ready to present the first Choi-Davis inequality for accretive matrices

extending (1.4.1).

Theorem 2.4.4. Let f € m , ® be a unital positive linear map and A € M,, be accretive.

Then the following version of the Choi-Davis inequality hold:

Rf(P(A)) > cos® a RO(f(A)).
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Proof : Let A be accretive. notice that

Rf(P(A)) =R 1 I'®(A) dvg(t) (by Theorem 2.1.1)
> /1 IYR(®(A)) dvg(t) (by Theorem 1.6.8)

_ / IORA) dus(t) (by (23.1))
= f(P(RA)) (by Theorem 2.1.1)
> B(f(R4) (by(1.4.1))

> cos® a RP(f(A)), (by Proposition 2.4.3)

which completes the proof. O]

As an application of Theorem 2.4.4, we present the following accretive version of

Lemma 1.3.12.

Corollary 2.4.5. Let A € S, and f € m. Then for any unit vector x € C",
R(f(A)x,z) <sec?a Rf ((Ax,x)). (2.4.4)

Proof : Letting ®(A) = (Az,z) in Theorem 2.4.4, ® is a unital positive linear map.

Then we have
cos?a RO(f(A)) < RF(P(A)) = R {(f(A)x,z) <sec’a Rf ((Ax,z)),

which completes the proof. n
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2.5 Norm inequalities for accretive matrices

In this section, we present norm inequalities for accretive matrices. We begin with the

following accretive version of Lemma 1.3.13.

Proposition 2.5.1. Let A € M,, be accretive. Then for f € m,

FAIRA) < [[IRFCAII- (2.5.1)

Proof : For accretive A, we have

HIRFAN = (1L (RA)] (by Proposition 2.4.2)

> f(|||RA]]]) (by Lemma 1.3.13)

completing the proof. O

A reversed version can be stated as follows, when sectorial matrices interfere.

Corollary 2.5.2. Let A€ S,. Then for f € m,

FUIRAL) < IRF(A)] < sec® o f([| RA)).

Proof : The first inequality follows from Proposition 2.5.1. For the second inequality,

Proposition 2.4.3 and Lemma 1.3.12 imply

R{f(A)z,z) = (Rf(A)z, x) <sec’(a) (f(RA)z, x) <sec? a f(R(Az,x)).

Notice that since A is accretive matrix, f(A) is accretive by Proposition 2.4.2. Taking
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the supremum over ||z|| = 1 of the latter inequality implies

IRf(A)|| = sup (Rf(A)x,z) (since f(A) is accretive)

[lz]|=1

<sec’a sup f(R(Az,z)) (by Proposition 2.4.2)
[[z]|=1

=sec’a f (sup <§RA3:,I>> (since f is increasing)

llzfl=1

=sec’a f(||RA|) (since RA > 0).

This completes the proof.

Now we are ready to present the accretive version of Theorem 1.3.14.
Theorem 2.5.3. Let A, B € S,. Then, for any f € m,
I1£(A+ B[] < sec’ a [[[£(A) + f(B)]]]-

Proof : We have

cosa |||f(A+ B)||| < [[|Rf(A+ Bl (by Proposition 1.6.5)
<sec’a |||f(RA+RB)||| (by Proposition 2.4.3)
<sec’a |||f(RA) 4+ f(RB)||| (by Theorem 1.3.14)
<sec’a ||[|Rf(A) + Rf(B)||| (by Proposition 2.4.2)
= sec’ a |||R(f(A) + f(B))l|

<sec’a |||f(A) + F(B)l (by Proposition 1.6.5).
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Consequently

I1F(A+ B < sec*a [[[£(A) + F(BII,

which completes the proof. O]
Next, we present the accretive version of Proposition 1.5.1.

Theorem 2.5.4. Let A,B € S,. Then for any f € m,

1140 B||| < sec® a ([[|Alllol[|BI]])- (2.5.2)

Proof : Noting (2.2.5), Proposition 1.6.5 and Proposition 1.5.1, we have

1140 B|| < seca [[[R(Ao;B)||| < sec” a [[|[RA oy RB]|

< sec’ a ([[|RAl|o|[[RBI]]) < sec® a (|[|Alllogll|BIII),

which completes the proof. O



CHAPTER 3

Accretive matrices and matrix convex function
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In this part, we present some inequalities for accretive matrices when treated via matrix

convex functions and matrix monotone decreasing. and we will adopt the notations

We notice that, for example, if f(t) = t",1 < r < 2 then f € m/, while if A(t) =
=(141¢)",—1 <7 <0, then h € m”. We also notice that h € m” if and only if & is matrix
convex and f(oo) < oco. Therefore, discussion of m” is equivalent to discussion of matrix
convex functions that are finite at oo.

We introduce our main results in two parts; where we discuss the class m’ first, then

the class m”. For the results in this section, the following two propositions are essential

[14].
Proposition 3.0.5. Let f : [0,00) — [0,00). The following are equivalent:

1. f is matriz convex and f(0) = 0.

2. {0

n 1S matrix monotone.

g 44

n 18 matrix concave.

The proof of the following proposition is straightforward.

1
Proposition 3.0.6. Let h: (0,00) — (0,00). If h is matriz monotone decreasing then 7

18 matrix monotone.

Consequently

fEm’i@EmandhEm”é%Em. (3.0.1)
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3.1 The class of matrix convex function (m')

First, we point out that the class m’ is too wide, in the following sense. Let f :
[0,00) — [0,00) be any matrix convex function such that f(0) < f(¢), for all ¢ € [0, 00).

Then the function

When f is matrix convex and A is accretive, then f(A) is defined via the Dunford

integral (1.3.1). Our first result is the following integral representation.

Proposition 3.1.1. Let f € m’. Then

£(t) = / (1L8) dpg (7).

where s is a probability measure on [0,1], associated with f.

Proof : For the given f, it is immediate that the function g(t) = @ € m. But then

1
g(t) = / 1,8 dpg(),
0
for some probability measure y, on [0, 1]. This implies that
1
70 = [t )

where py = pg. O]

So, if f : [0,00) — [0,00) is any matrix convex function with f(¢) > f(0), then
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_ f®=£(0)
9= =70 < m’, and hence

1
70 = £0)+ (71 = F0) [ 40 dus(a) (3.11)
Corollary 3.1.2. Let f € w' and let A be accretive. Then
F) = [ A A ),
0

for some probability measure pg on [0, 1].

Proof : Since f € ', it follows that f(¢) = tg(t) for some g € m, by Proposition 3.0.5.

Since g € m, it follows by the Theorem 2.1.1 that

ﬂm:AmmzAﬁfww%wx

which completes the proof. O]

In [8], it was shown that when f € m and A is accretive, we have
R(f(A) > f(RA). (3.1.2)

The next result shows that this inequality is reversed when f € m’.

Theorem 3.1.3. Let A € M,, be accretive. Then, for any f € w/

R(f(A) < F(RA). (3.1.3)
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Proof : To show the above inequality, we use the fact that for 0 < v < 1,

A ¥
AVLA) = ——— — —— (I, A).

Applying Corollary 3.1.2 and the above identity, we obtain

R = ([ A0, st )

_ /0 R (% - ﬁ(mm) dpg(v)

1
< / (3%—’4 . L(IH?RA)) dys () (by Theorem 1.6.8)
o \1=7v 1—-7v
1
— [ RAGLRAYdus ()
0
= f(RA).
This completes the proof n

Corollary 3.1.4. Let f : [0,00) — [0,00) be any matriz convex function such that f(t) >
f(0) for allt > 0. Then

R(f(A)) < f(RA).
In particular, if f is matriz convex increasing, then R(f(A)) < f(RA).

Proof : Since

_ 1) - £(0)
1) = F(0)

g(t) e,

Theorem 3.1.3 applied to the function g implies R(g(A)) < g(RA). Simplifying this last

inequality implies R(f(A)) < f(RA), as desired. O
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3.2 The class of matrix monotone decreasing func-
tion (m”)

In this section we look into the class m”, to complement our study. First, an integral

representation of elements in m”.

Proposition 3.2.1. Let h €¢ m”. Then

-1

h(t) = (/01 Lyt duh(v)) :

where py, is a probability measure on [0, 1], associated with h.

1
Proof : Notice that g(t) = —— € m. Then

h(t)
1
g(t) = / 1t dpg (),
0
for some probability measure j, on [0, 1]. This implies that

h(t) = ( /0 1 1t duh(v))

where p, = . O

-1

Corollary 3.2.2. Let h € m" and let A be accretive. Then

-1

([ 1<I!VA>duh<w>) |

for some probability measure yy on [0, 1].
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Theorem 3.2.3. Let A € M,, be accretive. Then, for any f € m”

h(RA) > R(h(A)). (3.2.1)

Proof : We have

1 —1
< (/ %([!VA)duh(’y)) (by Proposition 1.6.6)
0
1 -1
< (/ I, RA duh(y)) (by Theorem 1.6.8)
0
= h(RA),
which completes the proof. O

Now, we present the reversed version of Theorem 3.2.3 via sectorial matrices.

Theorem 3.2.4. Let A € M,, is accretive with W(A) C S,. Then for any h € m”
h(RA) < sec* a R(h(A)). (3.2.2)
Proof : We have
1 -1
R((A)) = B (( [ ) )

(/)%]'Admx))l (by Lemma 1.6.7)

-1
> cos’ a ( ]' RA dpp(y )) (by Lemma 1.6.9)

= cos’ a h(RA),
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which completes the proof. ]

Theorem 3.2.4 implies the following main difference between the classes m’ and m”.
Now we are ready to present the sectorial version of Lemma 1.4.4, valid for any matrix

convex h.

Theorem 3.2.5. Let A€ S, and h € m”. Then

Rh(P(A)) < sect a RP(h(A)) (3.2.3)

for any unital positive linear map P.

Proof : We have

Rh(P(A)) < h(RP(A)) (by Theorem 3.2.3)
< O(h(RA)) (by Lemma 1.4.4)
< sect o (RA(A)) (by Theorem 3.2.4)

= sec’ a RP(h(A)).

This completes th proof. O

As an application of Theorem 3.2.5, we present the following accretive version of

Lemma 1.3.15.

Corollary 3.2.6. Let A€ S, and h € m". Then for any unit vector x € C",

secta R (h(A)z,z) > Rh ((Az, 7)) . (3.2.4)
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Proof : Letting ®(A) = (Az,z) in Theorem 3.2.5, ® is a unital positive linear map.

Then we have

secta RO(h(A)) > Rh(P(A)) = sec’ a R (h(A)x, x) > Rh ((Ax, 2)),

which completes the proof. n

We notice that if h € m”, then h((1 —t)A+tB) < (1 —t)h(A)+th(B) for the positive

matrices A, B. The next result presents the accretive version of this.

Theorem 3.2.7. Let A,B € S,, and h € m". Then for any t € [0, 1],

Rh(tA+ (1 —t)B) <sec'a R(t h(A) + (1 —t)h(B)). (3.2.5)

Proof : We have

Rh(tA+ (1 —t)B) < h(t RA+ (1 —t)RB) (by Theorem 3.2.3)
<t h(RA)+ (1 —t)h(RB) (by convexity of h)
<secta R(t h(A) + (1 —t)h(B)) (by Theorem 3.2.4).
This completes the proof. n

In what follows, we present a Hermite-Hadamard inequality for accretive matrices.

Theorem 3.2.8. Let A, B € S, and h € m". Then

A+ B
2

cos* a Rh ( ) < /01 Rh((1 —t)A+tB)dt < sec*a R <f) . (3.2.6)
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Proof : Let t € [0,1]. Then

1 1
/ Rh((1 —t)A+tB)dt > cos* a / h((1 —t)RA+ tRB)dt (by Theorem 3.2.4)
0 0

A+ RB

> cos*a h (W) (by Proposition 1.3.16)
A+ B

> cos® a R ( il ) (by Theorem 3.2.3).

Thus, we have shown the first inequality. To show the second inequality, we have

1 1
/ RA((1 — t)A + tB)dt < / h((1— t)yRA+tRB)dt  (by Theorem 3.2.3)
0 0

< /1(1 _ O(RA) + th(RB)dt

_ h(RA) + h(RB)
N 2

<secta R <w) (by Theorem 3.2.4).

This completes the proof.
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