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Abstract

In this thesis, we studied the stability of some one-dimensional linear thermoelastic
Bresse systems where the heat conduction is given by Green and Naghdi theories (ther-
moelasticity type III) with the presence of different mechanisms of dissipation. The first
is a system of five hyperbolic partial differential equations with three infinite memories.
The second has the same form as the previous system, but we replaced the three infinite
memory terms by two finite memory terms. The last one is a system of four hyperbolic
partial differential equations with two different damping, they are constant delay and

finite memory.
To show the stabilization of these three systems, we use a multipliers method, it is

based on the construction of a Lyapunov function L equivalent to energy E of the solu-

tions. In the proof, we used the second order energy function to estimate the terms
[ 01t (9 + 0 + 1) da and. [} Oy (9, + 0 + L) da.

Keywords: Delay, Thermoelasticity type I1I, Bress system, Lyapunov Function, Sta-
bility, Semigroups theory, Viscoelasticity.
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Résumé

Dans cette theése, nous avons étudié la stabilité de certains systémes de Bresse ther-
moélastiques linéaires unidimensionnels ot la conduction thermique est donnée par les
théories de Green et Naghdi (thermoélasticité de type III) avec la présence de différents
mécanismes de dissipation. Le premier est un systéme de cingq équations aux dérivées
partielles hyperboliques avec trois mémoires infinies. Le second a la méme forme que
le systeme précédent, cependant, les trois termes de mémoire infinie ont été remplacés
par deux termes de mémoire finie. Le dernier est un systéme de quatre équations aux
dérivées partielles hyperboliques avec deux amortissements différents: constante de retard
et mémoire finie.

Pour montrer la stabilisation de ces trois systémes, nous avons utilisé la méthode
des multiplicateurs, elle est basée sur la construction d’une fonction de Lyapunov L
équivalente a I'énergie des solutions (£). Dans la démonstration, nous avons utilisé la
fonction d’énergie du second ordre pour estimer les termes fol 0110 (0, + U + lw) dz et
fol Ootr (0, + U + lw) dz.

Mots-clé: Retard, Thermoélasticité de type III, Systeme de Bress, Fonctionnelle de

Lyapunov, Stabilité, Théorie des semigroupes, Viscoélasticité.



Introduction

In mechanics, vibratory movements are often harmful to the structure. To reduce
these vibrations as much as possible, various types of damping have been developed and
integrated directly into the system, on the border or part of the border such as friction,
thermal or viscoelastic damping. Therefore, in applications, stabilization must occur very
quickly to prevent possible damage to the structure or malfunctioning of thedevice.In the
thermoelasticity theory, as the name suggests, it is concerned with the effects of heat
on constraints and deformations in elastic solid bodies and vice versa. In other words,
thermoelasticity deals with the relationship between the elastic properties of a material

and its temperature, or between its thermal conductivity and its constraints.
In this thesis we will expose the mathematical formalism of the theory of thermoelasti-

city and we recall some results concerning the existence and the asymptotic behavior of

thermoelastic Bresse systems.

The Bresse systems

In 1856, the isothermal system [6], known as the circular arc problem, was created by
Bresse, which consists of three wave equations where the main variables ¢, w, and 1 de-
scribe, respectively, the vertical, longitudinal and shear angle displacements. This system

takes the following form

Py = Qu +IN + Fi,
potby = My — Q + F, (1)
prwy = Ny —1Q + F,

where Fi, F5 and F3 represent the external forces. N, and M are used to denote the

axial force, the shear force and the bending moment, respectively. The last three forces
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are defined as follows

Here p, = pA, p, = pl, k = kAG, ko= FA, b= EI and | = R~ where p is the density
of the material, F is the modulus of elasticity, G is the shear modulus, k is the shear
factor, A is the cross-sectional area, I is the second moment of the cross-section, and R
is the radius of curvature.

System (1) is an undamped system and its associated energy remains constant when
the time t evolves. For this reason, dampings of different kinds must be added to the
equations or at the boundary to stabilize the system that have been considered by several

authors [1, 3, 4, 5, 13, , 13], among these damping we mention the viscoelastic

00
damping of the form / 9 (8) Wy (x,t — s)ds, which Guesmia [20] added in the last
0
equation of the Bresse system (1) (See as well [21, 12]).
In what concerns the Bresse system in the classical thermoelasticity, Liu and Rao [33]

examined the system

(

10w — k(0 + 0 +1w), — kol (wy —lp) + 170, =0, (z,t) € (0,L) x (0, +00),
Pty — 0, + k (0, + 1+ lw) + 0, =0, (x,t) € (0,L) x (0,400),
prwi — ko (we — 1), + Kl (p, + ¥ +lw) + 701, =0, (a,t) € (0,L) x (0,+00), (2)
P30t — Opz + vy, = 0, (z,t) € (0, L) x (0, +00),

[ 301 — Orza + V(Wi — L) =0, (x,t) € (0,L) x (0,400).

The authors showed, under initial and specific boundary conditions, that the system is

exponentially stable provided

E b
—=— and k=ko. (3)
Pr o P2

Otherwise, in the case of non-equal speeds they showed that the energy of the system
decays polynomially. Later, Fatori and Mufioz Rivera in [I4] obtained a similar result
where they are studying the stability of System (2) but without the last equation and 6.

In the above thermoelasticity Bresse system, the heat flux is given by the Fourier’s law
of heat conduction, which assumes that this flux is proportional to the gradient of the
temperature. Further, it is well known that this theory predicts a physical paradox of the
infinite propagation speed of thermal signals, that is, any sudden thermal disturbance at
one point will be instantaneously transferred to the other parts of the body. Different
models, removing this physical paradox, have been introduced such as thermoelasticity
by second sound or thermoelasticity type III. This latter was introduced by Green and
Naghdi [17, 18, 19] in the end of the last century, where they proposed a model of ther-

moelasticity that includes temperature gradient and thermal displacement gradient among

Contents
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the constitutive variables and proposed a heat conduction law as
q(z,t) = — [kO,(z,t) + E*v.(z, 1)], (4)

where v; = 6 and v is the thermal displacement gradient, £ and k* are two positive
constants.
Combination of (4) with the following energy balance law

Py + odivg =10

leads to the equation
Pett - lemx - Qk*exx =0

which permits propagation of thermal waves at finite speed.
To our knowledge, few authors are interested in studying the coupling of this theory

with a system of Bresse, we mention Gallego and Munoz Rivera [16] and, in 2016 M.L.
Santos [11] considered a Bresse system in thermoelasticity of type III acting on shear force

of the form

P1Py — K (p, + 9 +1w), — kol (we — lp) + kO = 0, in (0, L) x (0, +00),
Potby — by + K (9, + 0 + lw) — kb = 0, in (0, L) x (0, +00),
prww — ko (wy — @), + Kkl (¢, + ¢+ lw) —klf, =0, in (0,L) x (0,400),
P3O — 00,0 + Kk (0, + ¢ + lw), — V01w =0, in (0, L) x (0, +00),

where they have shown that the corresponding semigroup is exponentially stable if and
only if the wave velocities associated with the hyperbolic part of the system are equal.
Otherwise, the solution decreases polynomially and they have proved that the rate of
decay is optimal.

The Bresse system (1) is more general than the well-known Timoshenko system where
the longitudinal displacement w is not considered (I = 0). There exist some publications
concerning the stabilization of the Timoshenko type III thermoelasticity system with
different kinds of damping such as the delay time (see for instance [27, 30]). Recently, the
control of PDEs with this delay time has become widely known because many physical
phenomena that require knowledge of certain events in the past, that is why we have
introduced this term in our system, such as that considered by Kafini et al. in [31] where
they studied a general decay of energy for a Timoshenko system of thermoelasticity of
type II1

P10y — k (¢, + 1), =0, in (0,1) x (0,4+00),
p2wtt - bwmx + k <¢m + W + Bet:r = Oa Zn (07 1) X (Oa +OO)7 (5)
p?ﬁtt — 00, + ’th;g - N10t:m (377 t) - M20t:m (I,t - 7') =0, 1n (0, 1) X (O7 —b—oo)7

Contents
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where py, ps, p3, b, k, 3,7,0, 1y are positive constants, p, is a real number and 7 > 0
represents the time delay, under Dirichlet-Dirichlet—Neumann boundary conditions and

the assumption p; > |, .
A. Djebabla and N. Tatar in [11] studied a linear Timoshenko system with much weak

t
dissipation of the viscoelastic type of the form / g (t — )0 (x,s)ds, more precisely,
0
they studied the system

P16y — k (o, + ), =0, in (0, L) x (0, +00),
p2¢tt - waac + k (¢x + 77Z)) + ryem - 07 in (07 L) X (07 —|—OO),

t
pgett - le:m + 6/ g (t - S) ezm (SL’, S) dS + thtx = 07 Zn (07 L) X <0a +OO)7
0

where they prove the exponential decay of the solutions in the energy norm, and they

introduced two new numbers of exponential stability.

Description and objective of the thesis

In this thesis, we consider three problems. The first is a one-dimensional linear Bresse sys-
tem of thermoelasticity of type III formed by five hyperbolic partial differential equations,
with three infinite memories acting in the second, fourth and fifth equations. We use the
semigroup theory and the energy method to prove the well-posedness and stability results,
respectively. In order to prove the stability of the system, we used the second order energy
function to estimate the terms fol 0112 (9, + 1 + lw) dx and fol Ootr (9, + U + lw) dx.

The second is also a one-dimensional linear Bresse system of thermoelasticity of type
IIT but we have replaced the three infinite memory terms by two finite memory terms
where they are positioned in the last two equations. We establish the stability of the
system with Drichlet boundary conditions under a smallness condition on [, this is done
by selecting suitable Lyapunov functionals.

The last problem is a linear Bresse system of thermoelasticity of type III formed by
four hyperbolic partial differential equations, with a finite memory term in the second
equation and a constant delay in the last equation. We prove the stability of the system
in the case of equal wave speeds when [ is small enough, under the homogeneous Dirichlet—

Neumann—Neumann—Dirichlet boundary conditions.
This thesis consists of four chapters:

Chapter 1:

In this chapter, we present preliminary notions.

Contents
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Chapter 2:

Chapter 2 deals with energy decay for a thermoelastic Bresse system of type III with
three infinite memories. It consists of three sections: preliminaries, result of existence

and uniqueness and result of general stability of this system.

Chapter 3:

In this chapter, we study a thermoelastic Bresse system with two thermo-viscoelastic
dampings where the heat conduction is given by Green and Naghdi theories, using the
multiplier method we demonstrate the stability for the case of equal speeds of wave

propagation.

Chapter 4:

In this last chapter, we obtain an exponential rate of decay for the solution of the Bresse

system with a constant delay and viscoelastic terme.

Publications

[1] S. Boulechfar, S. Zitouni, A. Djebabla, A. Guesmia, Energy decay of the Bresse system
by two thermo-viscoelastic dampings, NONLINEAR STUDIES, Vol. 27, No. 4, pp. 957-
974, 2020.
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CHAPTER 1

Preliminaries

In this chapter, we recall some necessary materials needed in the proof of our results,
such as basic results which concerning the fontamotal spaces some theorems on these last

and existence and uniqueness theorem.

1.1 Fondamental spaces

1.1.1 Hilbert Spaces

The proper setting for the rigorous theory of partial differential equation turns out to
be the most important function space in modern physics and modern analysis, known as

Hilbert spaces. We will suffice to mention its definition.

Definition 1.1 [7] A Hilbert space H is a vectorial space supplied with inner product

(u,v) such that ||ul| = \/(u,u) is the norm which let H complete.

1.1.2 Sobolev Spaces
The L? (Q2) spaces:

Definition 1.2 [7] Let 1 < p < 00, and let Q2 be an open domain in R", n € N. Define
the standard Lebesgue space L? (1), by

LP(Q):{f:QHR:fismeasurableand /|f(x)]pdx<oo}.
Q

If p = 0o, we have

L>*(Q) = {f:9Q — R: fis measurable and there exists a constant C'
such that, | f(z)| < C a.ein Q}.
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Notation 1.1 Forp e R and 1 < p < oo, denote by

Wﬂp=<lﬂf@ﬂﬂm);

1]l = inf {C. |f(2)] < C acin Q).

Also, we denote by

Notation 1.2 Let 1 < p < 0o, we denote by q the conjugate of p i.e. % + % =1.

Remark 1.1 In particularly, when p = 2, L?(Q) equipped with the inner product

mmwmzéfuwum@

is a Hilbert space.

The Sobolev spaces H™ :
Definition 1.3 The Sobolev space H™ (§2) (m € N )is defined to be

H™(Q) = {u € L*(Q): Duwe L*(Q) forall @ € N with |a| =Y a; <m,
j=1
where the derivatives D%u are taken in the weak sense },

which do at H™ (£2) a real Hilbert space with their usual scalar product

(Us V) gy = Z /8O‘u8avdx,
Q

la|<m

with the norm

lall gy = | D (I0°ull;2)’

|a|<m

Remark 1.2 We have the following characterization of
H'( Q) ={uec H"(Q),u=u = ... =u™Y =0 on 0Q}.
It is essential to notice the distinction between
H2(Q)={uec H*(Q), u=1u'=0on 00N},

and
H*(Q)NH) (Q) ={ue H*(Q), u=0on dN}.

1.1. Fondamental spaces
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1.2 Some inequalities

Since our study based on some known algebraic inequalities, we want to recall few of them

here.

Lemma 1.1 [7] (Holder’s Inequality ) Let 1 < p < oo, assume that f € LP(Q) and
g € L1(Q) then, fg € L' (Q) and

/Q Faldz < 1L, g, (1.1)

Lemma 1.2 [7] (Poincaré’s inequality) Suppose I is a bounded interval. Then there exists

a positive constant C' (depending on |I| < oo) such that
ullga iy < Cllw'llpagy » for allu € Hy (1) (1.2)

Lemma 1.3 [35] (Poincaré type Scheeffer’s inequality): Let h € H}(0,L). Then it holds

L L L2
/ h|* dx < z/ he|>dz, 1 ==. (1.3)

2

0 0 m

Lemma 1.4 [7] (Cauchy-Schwarz Inequality) Every inner product satisfies the Cauchy-
Schwarz inequality
(1, 22) < [laa] |2l (1.4)

The equality sign holds if and only if ; and x5 are dependent.

Lemma 1.5 [7](Young’s Inequality) For all a,b € R™, we have

b2
ab < ea® + o (1.5)

where € is any positive constant.

1.3 Existence and uniqueness theorem

1.3.1 (-Semigroup of bounded linear operators

Throughout this section H denotes a Hilbert space.

Definition 1.4 [10] Let X be a Banach space. A one parameter family {S (¢)},., of
bounded linear operators defined from X into X is a strongly continuous semigroup of
bounded linear operators on X if:

e S (0) = I (I identity operator on X).

o S(t+s)=2S5(t)S(s) for every t,s > 0.

e S(t)yxr - x,ast — 0, Vo € X.

1.2. Some inequalities
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Such a semigroup is called a Cyy-semigroup.

Definition 1.5 [10] We call infinitesimal generator of the Cy-semigroup {S (t)},., any
operator A defined on the set

D(A) = {x €X: limw exists} :

t—0

by
xr— X

t
Az =12 BE=T e p .
t—0 t
Definition 1.6 A Cy-semigroup {S (t)},., on H is said to be of contractions if
1S (t)“/:(H,H) <1,vt>0.

Definition 1.7 [7] An unbounded linear operator A : D (A) C H — H is said to be
dissipative if it satisfies

(Au,u) <0, Yu € D (A),

It is called maximal dissipative if, in addition
Im(Z—-A)=H,ie.,
VfeH, Jue D(A) such that u — Au = f.

Proposition 1.1 [7] Let A be a mazimal dissipative operator. Then D (A) is dense in
H.

Generally speaking, the first step in dealing with the study of the well-posedness of the
solution is to rewrite our evolution system of partial differential equations as a Cauchy

problem on some appropriate Hilbert space H called the energy space

{w+A@u:q
u (0) = wy,

where A(t) is an unbounded operator on H. Then we prove that A(t) is the infinites-
imal generator of a Cy-semigroup of contractions {5 (¢)},., on H in order to deduce the
existence of a solution in a certain Hilbert space. The solution is hence of the form
u(t) = S (t) up. We mention here Hille-Yosida Theorem: Lumer-Phillips form which is
applied to justify the existence and uniqueness of solutions of some partial differential

equations.

1.3. Existence and uniqueness theorem
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Theorem 1.1 [7] (Hille-Yosida) Let A be a mazimal monotone operator. Then, given

any ug € D(A) there exists a unique function
u € C(]0,00[, D (A)) N C*[0, 00, H)

satisfying

{ u + A(t)u=0 on [0,00]
u (0) = up.

Moreover,
d
lu(t)| < |uol, ¥t >0 and \d—ltt(t)| = |Au(t)| < |Aug|, ¥t > 0.

Theorem 1.2 (Lumer-Phillips) Let A:D (A) C ' H — H a linear operator and D (A) is
dense in H. Then A is the infinitesimal generator of a Cy-semigroup of contractions if

and only if
i) A is dissipative,
it) There exists A > 0 such that Im(A — A) =H (A is mazimal).

1.3.2 Lax-Milgram theorem

The existence and uniqueness of a solution to the weak formulation of the problem can
be proved using the Lax-Milgram Lemma. This states that the weak formulation admits

a unique solution.

Theorem 1.3 [7/(Lax-Milgram theorem). Let a (-,+) be a bilinear form on a Hilbert space

H equipped with norm ||-||,, and the following properties:
i) a(-,-) is continuous, that is

v, > 0 such that |a (u,v)| < v ||ully |0l Yu,v € H.
it) a(-,-) coercive (or H-elliptic), that is
Ja > 0 such that a (v,v) > a|jv|f5,, Yv € H.
iii) L is a linear mapping on H (thus L is continuous), that is
Iy, > 0 such that |L(v)| < vy lv]l,, Yo € H.
Then there exists a unique v € 'H such that

a(u,v) =L (v), YveH.

1.3. Existence and uniqueness theorem
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1.4 Convolution product

Definition 1.8 (Convolution product) The convolution product of two real or complex

functions fand g is a function, which is generally denoted (f * ¢) and which is defined by:

t t

(% 9)(t) = [£(t — s)g(s)ds = [F()g(t — s)ds.

0 0

Definition 1.9 Let f and g be two real or complex functions. We define the binary

operators ¢ and o respectively by

t

St = 9)l1g(t) = g(s)] ds,

0

(f o9)(t)

and
t

(fog)(t)= [1f(t—s)llg(s) — g(t)]* ds.

0

Lemma 1.6 [2] Let f and g be two functions of C1([0,00),R), then we have

@) = a1+ 5 (o 0 1) 0= 55 (0o - Jasiror).
(1.6)

Lemma 1.7 [/1] For any function g € C([0,+00),R;) and any v € L*(0,1) we have

1 t 1
[(gov)idr < (fg(s)ds) [(gov)(t)d, Vit > 0. (1.7)
0 0 0
Remark 1.3 Using Lemma 1.7 and the Poincaré inequality, with —¢', instead of ¢, we
obtain ) )
[ (=g ov)*dx < c,g(0) [ (g 0 v)(t)d, (1.8)
0 0

where ¢, is a positive constant.

Notation 1.3 Along this thesis, for g : Ry — Ry and g(0) > 0, we use the following
notation

g = [g(s)ds. (1.9)

Lemma 1.8 [15] There exists a positive constant ¢ such that the following inequality holds
for every (i2,4,w) € [H}(0, L)

L L
/ (02 + 2 +w?)de < c/ (b2 + k(o + ¢ + lw)? + ko(w, — lp)?] da. (1.10)
0 0

1.4. Convolution product



CHAPTER 2

Energy decay for a thermoelastic Bresse system of type III with three infinite memories

2.1 Introduction

Bresse system takes into account the arc deformations of a circle subjected to longit-
udinal and vertical displacements and the angle of rotation of a filament, denoted by w, ¢

and 1, respectively. The system is given by the following equations:

P1oy — k (% + 9+ lw)m — kol (wr - l‘P) = I,
p2wtt_b¢xx+k(¢x+¢+lw) = FQa (21)
pswit — ko (we — lp), + Kkl (¢, + ¢ + lw) = F3,

where F;, i = 1,2, 3 denote the external forces exerted on the object and the coefficients
P15 P2, P3, Ky ko, I and b are positive constants characterizing the elastic properties of mater-
ials. The Bresse system (2.1) is a linear model coupling three wave equations and it was
initially introduced by Bresse [6]. When F} = F, = F3 = 0, (2.1) is purely conservative.
In other words, by taking into account the conditions at the edges, its associated energy,
defined by the functional

11
B(t) = 2 [ [p16] + pati + paof + 005 + k (0, + 0+ 1w)” + ko (wa — L)) da
0

satisfies E'(t) = 0. Therefore, the identity given by F(t) = E(0) remains true for all
t > 0. This identity is called the energy conservation property.

There is a large number of publications concerning the stabilization of Bresse systems
with dissipative mechanisms of several types, such as viscoelastic or memory type of the

+oo
form [ g1 (s)¢,, (t — s)ds, in which we are interested throughout this chapter.

0
The issue of existence and stability of Bresse system with the infinite memory terms

has attracted a great deal of attention in the last decades (e.g. [20, 21, 22, 12]), in

12
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[21], Guesmia and Kafini studied system (2.1) when F; = — f 91 (8) ppp (t —8)ds, Fy =
+o0

— [ 1 (8) ¢y, (t—s)ds and F3 = — f g1 (8) wez (t — s) ds, where g; are decreasing dif-

0
ferentiable functions satisfying some hypotheses Precisely, they established the exist-
ence and uniqueness of the solution and the asymptotic stability of this system, but

Without imposing any conditions on the coefficients. When F} = 0,F; = 0 and F3 =
— f 91 (8) waz (t — s) ds,under Dirichlet-Neumann-Neumann boundary conditions, Gue-

smla [20] proved the asymptotic stability of the system in the case of equal propaga-

tion speeds ﬁ = p% and k = k:0> as well as for different speeds of wave propagation

(% =+ % and k = k;()), where the author used, in this last case, the second order energy

L
function to estimate the term f Wi dx.

As for the Bresse thermoefastic system, it has been considered by several authors
[14, 16,28, 33, 41], where they used, in these works, the theory of classical in which the heat
flux is given by the Fourier’s law of heat conduction or the non-classical thermoelasticity
where the heat conduction is given by Green and Naghdi theories.

In this chapter we are concerned with the thermoelastic Bresse system of type III with

three infinite memories, which has the form

(P10 — k(P + 0 + 1), — kol Wy — lp) + 1761, = 0,
Pt = it K (4 04 16) 5y [ 91 (5) e (8 = 9) s 2s =0
prwi — ko (we — l(p) + kl (g, + ¢+ lw) + 7014 = 0, (2.2)
p3014 — b20150 + B f G2 (8) 010 (t — 5) ds +my (w, — lp), =

p492tt — b30222 + B f 93 (8) Oozw (t — 5) ds + matpy,

in Q x R*, where Q = [0,1]. We supplement system (2.2) by the following initial data

and boundary conditions

(

90('% O) = (:00<w)7§0t(xv0) = 901(37)7 S (07 1)7
$(,0) = (), by, 0) = v (2), e,
w(z,0) = wo(x),w(z,0) = wi(x), z e (0,1),
01(z,0) = O19(x), 014(z,0) = 011(x), xz € (0,1), (2.3)
0o(x,0) = Og(x), Oo(x,0) = 02 (x), x € (0,1),
©(0,t) = p(1,t) = ¥(0,t) = (1,t) = w(0,t) =w(1,t) =0, t € (0,4+00),
| 01(0,%) =01 (1,) = 02(0,8) = 0 (1,¢) =0, t € (0,+00).

2.1. Introduction
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P15 P2y P3s Pas Ky Ko, 1,7y, b1, b2, bs, By, By, Bs, M1, My are positive constants, and g is a pos-
itive function satisfying some conditions to be specified later.

Motivated by works mentioned above, we investigate (2.2)—(2.3) under suitable condi-
tion and establish the well-posedness of the problem using semi-group theory, as well as
the stability result of the solution using the multiplier method. Our purpose, here, is to
obtain a general decay rate estimates of the energy function of (2.2) in the case of equal
and nonequal wave propagation speeds, without any restriction on the coefficients of the

system.

2.2 Preliminaries and well-posedness result

In this section, we present some materials needed in the proof of our results. We also
state, with proof, a result of existence and uniqueness of the solution for the problem

(2.2)—(2.3). The proof is established by using semi-group method.
We shall use the following assumptions:
(H1) g; : Rt — R* is a differentiable function for i = 1,2, 3, such that

+o0
g:(0) >0, b;—p, f gi (s)ds =b; — Big? =\ > 0. (2.4)
0

(H2) There exists a nonincreasing function ¢ : Rt — R satisfy

g, () < =C(H)gi(t), Yt >0. (2.5)
We first introduce these new functionals

M@t ) = B(a.t) — et —s) in (0,1) x BY x RY,
ny(x,t,s) = 01(x,t) — O1(x,t —s) in (0,1) x RT x RT, (2.6)
ns(x,t,8) = Os(x,t) — Oy(x,t —s) in (0,1) x RT x RT.

2.2. Preliminaries and well-posedness result
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then system (2.2) is rewritten as

( P16y — k (% +¢+ lw):]: — kol (wy 190) + lv0y, =0,
prtt _Alwmm—i_k(gpx_‘_w—i_lw 61 fgl nlxx( )d8+792t1‘ :O,
prwi — ko (wy — lgo) + Kkl (p, +9+ lw) + Y014 = 0,

P31 — Aob120 — By f 92 (8) Moy (8) ds +my (wy — lSO)t =0,

,0492tt - /\362;33: /83 f 93 773x:c ( )ds + m2¢xt =0

N+ 11 — ¥ =0,

Nt T Ngs — 010 =0,

Nst N3 — 02t = 0,

p(x,0) = @o(2), (2, 0) = 1 (x), (2, 0) = Po(x), by (2, 0) = ¢y (), = €(0,1),
w(,0) = wo(x),we(z,0) = ( ), 01(2,0) = 01(x), =€ (0,1),
01:(2,0) = 011(x), O3(x,0) = O9(x), 02 (x,0) = O1(x), z € (0,1),
©(0,t) = p(1,t) = ¥(0,t) = YP(1,t) = w(0,t) =w(1,t) =0, t € (0,400),
01(0,t) =01 (1,t) =05(0,t) =05 (1,t) =0, t € (0,400),

n; (0,t,s) =mn,(1,t,s) =0, for i=1,2,3,

n; (x,t,0) =0, for i=1,2,3,

nd (x,s) =mn,; (z,0,s), for i=1,2,3.

\

(2.7)
Now, we introduce the vector function U = (go Opy W, 1y, W, wt,Gl,Glt,QQ,92t,771,772,773)
and the new dependent variables ¢, = ¢, ¥, = 1/1 w; =w, Oy = 91, 0o = 92
Then, the system (2.7) is equivalent to

U, = AU,
{ Ut =0) = U, (2:8)

where Uy = (¢, @110, Y1 Wo, w1, 010, 011, 020, 021, 110, 730, 7130)" and A is a linear operator

2.2. Preliminaries and well-posedness result
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such that
P
e+ ¥+ ), + 20 (w0, —lp) - 261
w
2_;¢xx - (@x + ¢ + lw + 61 f gl nlmx (l’ t S) ds — 5255
w
Z_? (ww - l‘zp)q; - l;_f (‘Pz +vY+ lw) - ;_151:5
AU = | O .
b1+ 52 [ 02(5) s (0,1,5) s — 52 (B, 1)
0y
)\3 92.’171‘ + f 93 773xx (37 t S) ds — %&m
E/D 7715
Ql — MNas
92 — N3s

1400
Let L, = {v :RT — H(0,1), [ [ gi(s)vidsdx < —i—oo} is endowed with the following
00

inner product

1 +oco
(v1,v9); = [ [ gi(8) vz (8) vay (8)dsdz, fori=1,2,3,
00

94

and the energy space defined by
1 2 5
H = (Hy(0,1) x L*(0,1))” x Ly, X Lg, X L, (2.9)
endowed with the inner product

_ 1
(U0, =/ plw+p2¢w+p1ww+ 919 +7p49292 dx
0

+k:of (e — 1) (@x — 1p)d + Alf U, da
0

)\ A
+ 122 f@lxelxdx + 128 fezl,egxdm (2.10)
1400
+kf 0p + U+ w)(p, + ¢ + l@)dx + Blf f 91 (8) M7 dsd
752 e 1+oo

f fg3 7]2T772$d5d$+m£f fg3 773$?73$d8d{17

2.2. Preliminaries and well-posedness result
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where U = (¢, ¢ ¢,{Q,w,@,91,%,92,937771a7727773)T cH
and U = (@, 0,0, ¥, 0,0, 01, 01,0, 02,71, 75, 75)7 € H.
The operator A has the domain defined by

D(A) = {U€H:ppwb,0,€ H(0,1)x Hy(0,1),
@7%7(:%@17@2 S H(%(()? 1)7771 € Lg1a772 € L927773 S Lg3} '
Theorem 2.1 Assume that g; satisfies (H1) —(H2) and that for any initial data Uy € H,

then there ezists a unique solution U € C(R*,H). Moreover, if Uy € D(A) , then
UeCR"DA)NCHR, H) .

Proof. The result follows from semigroup approach, we show that the operator A gen-
erates a Cy- semigroup of contractions in H. First, we prove that the operator A is

dissipative. For any U € D(A), and using the inner product (2.10), we obtain

kol Iy~
(AU, U)y = plf{ (0p + 0 + W), + — (w, 190)——9]906156
P1 P1
k
P2 P2

+6 f gl 7]1333; (‘7; t S) ds — _92$:| ¢dx
P2 0 p

LTk kl ~ |-
+p1f [p_o (we — ), — p_ (p, + 0+ lw) — 10”] wdx
1

0 1 P1
+ﬁfl{)\29 f xts)ds—@(@ —l~)}§dm
m . pg 1:51’ g2 7725533 pg x @ 1
VP4 {Ag }
+— 020 + mxtsds—— Oodx
mgof P f g3 (s)n3 ) o b, | 0
1 -~
+ko [ (@0 — 1D) (wy l(p)dib’—i—kf (¢$+w+za) (o, + ¥+ lw)dx
0 0
1

~ A 1 A 1_
+/\1fwx¢;cd$ + 1 2f‘91$91xdx + Ef@gzﬁgxda:

1400

+51f f 91(5)(17’ — N1s)e(8)N1,.(5)dsdx

7)\2 1400

+_f f 92(8)(51 _n28)$(8)n21’(8)d8dx
mio o
b\ 1+oc0 —
28 1 ga(5) (B — 1y)(5)1750 (s)dsda
ma o o
1 1+OO ! ﬁ 1 6 !
= [ [ |Bigi(s)mt + L2g0 (s )2, + LB gi(s)n?, | dsda.
20 0 my ma

2.2. Preliminaries and well-posedness result
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Since g; is nonincreasing, we deduce that
(AU,U), <0.

So, A is dissipative. Next, we prove that the operator I — A is surjective. Let F' =
(f1, fas -, f13)T € H , we prove that there exists a unique U € D(A) satisfying

(I —A)U =F, (2.11)
that is,
'w—ézﬁeﬂ(on

& - p—leOxI + ﬂ@ 1/} (kJFkO)l T+ %51 - f2 S L2<07 1)7
¢_¢:f3 EH1(071)7

Z/; + %Cpx - _1/’951: + ¢ + kl f gl nlxx )dS + 2_252$ = f4 S L2<O’ 1)7
w— a_f5eH1(o 1)
o4 Gl p My kg + By 4 26, = fs € L2(0,1),

!

01— 0, = f7 € HI(O 1)

0 — 201, ° fg2 ) sz () ds + 5200, — 15 = fs € L(0,1),
By — 0y = fo € Hl(o 1),

0y — 2205, - f 95 () Mgz (5) ds + 229, = fro € L*(0, 1),

—i/i+7715—f11 € LQI’
Up) _€1+7723 :f12 € L927
Ng — 02 + N3, = f13 € Lg,.

2.12

Integrating lines 11, 12 and 13 in the above equation, we obtain ( )
m(s) = D(1—e*)+ Ofsef—s Fu(F)dr. (2.13)

n(s) = Ou(1—e)+ Ofsef—s Fuol(7)dr. (2.14)

na(s) = Oa(1— =)+ OfseT—S Fus(7)dr. (2.15)

Substituting § = ¢ — f1,1 = ¥ — fa,& = w— f5, 01 = 01 — fr,05 = 05— fo,(2.13), (2.14)

2.2. Preliminaries and well-posedness result
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and (2.15) in (2.12)9,(2.12)4,(2.12)6,(2.12)s and (2.12);9, we obtain

[ pro — ko, + kol2p — kip, — (k + ko)lwy + Iv8; = hy € L2(0,1),

potb + ke, — Cthyy + k) + klw + 705, = hy € L?(0,1),

prw + (k + ko)lp, + Kkl — kowqy + k2w + 01, = hy € L*(0,1), (2.16)
p301 — Cygy 0100 + maw, — myle = hy € L*(0,1),

pabs — Cy30a0n + math, = hs € L*(0,1),

where

( hi=p(fL+ fo) + I fr,

ho = py(fs + fa) + Y fouw — ﬁl?gl (s) {fgm(l —e7®) — bf e fum(T)dT} ds,

hs = p1(fs + fs) + 7 fra,

b= oyl o)+ s = 1) = 6y [ 2.5 [fm(l e Ofse”fummdf} ds,

hs = py(fo + fi0) + mafze — B3 +f0093 (s) |:f9mx(1 —e%) — j‘eT_sflgm;(T)dT} ds,
0

\ 0

and N
Co=Xi+05; [ gi(s)(1—e®)ds >0, fori=1,2,3.
0

The variational formulation associated with (2.16) takes the form
B ((@7 w7 w, 017 92) ) (@7 'l_bu W, 517 52)) =1L (@7 1_#7 W, éla 52) ) (217)

where B is a bilinear form of [H2(0,1) x H2(0,1) x H2(0,1) x HE(0,1) x H}(0,1)]” in R

2.2. Preliminaries and well-posedness result
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defined by
B ((Soa ¢7 W, 917 92) ’ (@7 &7 (Da 917 é?))
1 1 1 1 1
= (p1 + kol®) [ppdz + k [0, p,dx + k [¢p,dx + (k + ko)l [wp,dx + 1y [01p,dx
0 0 0 0 0
1 1 1 1 1
0 0 0 0 0
1 1 1 1
+(py + kl2)fw@dx + (k+ k’o)lfgox@dﬁ + k’lf@b@dx + k‘ofwxwxd:r
+7 f 01.00dz + m—3 f 010,dx + 092 f@lﬁlxdm + fwxeldx — 9 f(p@ldx
,7/)4 f9292dx + —ngfegmegxdl' + mQIw 92611‘
— plfgp@dx + prwz_bdx + plfwajd:z: + ﬁf@léldz’ 4 1P f0292dx
0 0 0 10
1 B 1 1
+k [ (o, + ¥+ w) (y + ¥ + @) d + ko [ (wy — 1) (0p — 1@) da + Cyy [0, da
0 0 0
5 1 5 1 1 ~
+—C'g2f91x91xdx + —ngfegxegmdl‘ —|— ’}/f (wx — lgO) QldI
my o mz ~ o 0
1 1 1
0 0 0

and L is a linear form of HJ(0,1) x HJ(0,1) x H}(0,1) x H}(0,1) x H}(0,1) in R defined
by

B B 1 1 _ 1 1 B 1 B
L (@, ®,01,05) = [hpda + [hotbdr + [hswda + — [habsda + — [hsfada.
0 0 0 Mig M2
Now, for V' = H}(0,1) x H3(0,1) x H}(0,1) x H}(0,1) x H}(0,1) equipped with the
norm
(0,9, w,01,0)lly = Ny + ¢ +Lwll; + llwe = el + lells + 1215
lwlly + 1915 + 161115 + 16215 + 1612115 + 162215 -

Hence, using Holder’s and Poincaré’s inequalities, we get

‘B ((80’1/}7("}791702) ) (@7@7@’01792))‘ S c ||(907¢7w791762)||v ||<§_0,7Z),(D791, 92)”‘/ .

Similarly
L (.9, @,01,05) | < c||(@,9,@,601,65) -

2.2. Preliminaries and well-posedness result
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Furthermore, from the definition of B, we get

B ((907 1/}7 w? 017 02) bl (907 ¢, w, 017 62))
1 1 1 1P VP
= pJPde + py [VPde + py [wide + 3f92d + 4f92
0 0 0

1 1
+Cyy [V2dr + —Cy, [0%,dz + —-Cls f@gmd:c
0 my o maz o

1 1
tko [ (e — lp) dr + k[ (¢, + 0 + lw)* da
0 0

Z & ||<907¢7W791792)||V :

for some a > 0. Thus, B is coercive. Consequently, by Lax-Milgram Lemma, system
(2.16) has a unique solution

(¢7¢7w791792) S H&(Q 1) X H(}<07 1) X H&(()? 1) X H&(O, 1) X H(%(Ov 1)

Substituting ¢, ¥, w, 0, and 6, into (2.12)1,(2.12)3,(2.12)5,(2.12)7 and (2.12)e, respect-
ively, we get

(3.9,,0:,8,) € H(0,1) x H}(0,1) x H}(0,1) x H}(0,1) x H3(0,1).

Similarly, inserting ¥, 61, 0 in (2.13), (2.14), (2.15) and using (2.12)11,(2.12)12,(2.12)13,
we obtain 7, € Ly,,ny € Lg,and 13 € Lg,.

On the other hand, if (v,®,6:,60,) = (0,0,0,0) € H}(0,1) x Hg(0,1) x H}(0,1) x
H}(0,1), then (2.17) reduces to

1 1 1 1 1
prfepdr + k[ (o, + 1 + lw) pydr — lky [ (w, — lo) @dx + Iy [01pdx = [hipda.
0 0 0 0 0
Hence we obtain
1 1
’ff (pp + ¥ +1w) podr = [ [—pyp + ko (e — 1) — 1901 + ] pdz, § € Hy(0,1).
0

By noting that —p;¢ + lko (wy — o) — 170, + hy € L?(0,1), we get ¢ € H?(0,1) N
H}(0,1).Consequently using integration by parts we have

1

[ k@, — — Klw, + pyp — lko (we — L) + 190, — hi] pdx =0, @ € Hy(0,1).
0

Therefore,

—kp,, + ki, + klw, + pyo — Lk (we — lp) + 1701 = hy.

This gives (2.16);.

2.2. Preliminaries and well-posedness result
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Similarly, we get
Y, w, 01,0, € H*(0,1) N H(0,1),

and (2.16)2,(2.16)5,(2.16)4,(2.16)5 are satisfied.

Finally, from (2.14), (2.13) and (2.15) we can get (1,,7y,13) € Lg, X Ly, X Ly, .Hence,
there exists a unique U € D(A) such that (2.11) is satisfied.

Therefore, by the Lumer—Phillips’ theorem (see [341] and [10]), it follows that A is the

infinitesimal generator of a contraction Cy-semigroup. m

2.3 Technical Lemmas
In this section we establish several lemmas needed for the proof of our main result.

Lemma 2.1 The following inequalities hold,

00 2
(+f gi(S)m(S)dS) < ! [ 06V ). ori = 1.2.3 (2.18)
0
2 Foo
(fgz )M (S ) Sg?ofgz-( )5, (s)ds, fori=1,2,3. (2.19)
+o0 2
(Fottmeis) <600 [t (s, fori=123 (20
0
2
( f gz nzm ) f gz nzx dS fO?“Z - 17273 (221)

in which c, is Poincaré constant.

Lemma 2.2 Let (p,9,w,01,03) be the solution of (2.7). Then the energy functional,
defined by

17 VP VP
E(t) = §f [Pl%pt + ot} + prwy + 3‘9%15 + 205, + Mol
0 my ma
A A
+%0§x + Begx Tk (o, + 0+ 1w)? + ko (we — L)
1
+51 f 91 (8)mi,ds + % [ 92(s)m3,ds + % [ g3 773mds] dx. (2.22)
satisfies

+o0

/ 11
E®) =3[0 [ s mxdsﬂﬁ - f dsﬂﬁ - f g5 (s ngxds} dv < 0. (2.23)

2.3. Technical Lemmas
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Proof. Multiplying Equation (2.7)1 by ¢, , (2.7)2 by ¥, (2.7)3 by wy, (2.7)4 by L0,
(2.7)5 by 0o, (2.7)6 by my, (2.7)7 by ny, and (2.7)s by nsand integrating over (0,1), we

get after summing up

1d | L P P
gl [P ol put T P M
0

A A
+u9§x + Begx + k(0 + 0+ 1w)? + ko (we — 1p)?| da

_ﬁlfqvbt f gl nlzx deZlf - _felt f g? 772xx deZIZ'

5
2 3f92t f 93(5) N30 (5 d3d33+f N + M — V) Mdo

1

+ [ (Mg + M5 — O11) Myd + f (113 + M35 — Oat) M3dz
0 0

- 0 (2.24)

Now, we estimate the last six terms on the left-hand side of the above equation.

+oo
Blfwt fgl nla:z )deCC - ﬁl fgl fnlac wta: d(L’dS
0

1

= B[l — )] Y (t)duds

0

+oo
= 5 Ofg1(8)d5 (Zdtﬁb dm) + M,

2.3. Technical Lemmas
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where

t

1 1
M = _51‘!¢tw f gl t - S)del’ - Blgwtm(t) f gl(t - S)djac(‘s)de‘r

— 00

= 0 J ot 9)[000) 0410) = 0, (5) s
6, ] on(t = )ds [, 0000

= 1 [ o= (5] 00— v ) ds

t d 1 )
B [ rlt = )s (5 m(t)dx)

B giﬁ J oilt=s) (f (Valt) = ()" dr )ds— % [ o t—s)0f1¢2(t)d:cds

5 fgi-s) (j(%(t)—%@)) dn )ds+—fglt—sdsfw

+ilgl<o>0flw2<t>dx

dl—i—oo 1+oo

_ ] -

So
d 1 +oo
_Blf¢t fgl nlxx )deiE - 2 dtffgl nlx del'
1 +oo
f fgl s)n3.(s)dsdz. (2.25)

The following two relationships can be treated similarly.

B, 1 B, d L+
— f (Mol = J02 [ [ o) (5)dsd
1+oo
76 252 [ gys)n2,(s)dsda. (2.26)
mig o
d 1+oc0
763f92t f 93 77311 deQf = ;;f;; dtf f 7731, deﬂf
763 1+oo
2m20fof s)n3,(s)dsda. (2.27)

2.3. Technical Lemmas
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and

1
f (7]1t + s — wt) mdr = (772t + M5 — elt) nydx
0

o . O .

(N3y + M35 — O2¢) mada = 0. (2.28)

We replace these last four equalities in (2.24), we find the result. =

Now, we introduce the multiplier p given by the solution of the Dirichlet problem

“DPzz = ¢x7 p<0) - p(l) = 07

then we can obtain the following inequality

fp dr < fpmdx < fzbtdx (2.29)
1 1 1 1
[pde < [pide < [vide < [¢Pda, (2.30)
0 0 0 0
and we define the functional
1 1 z 1
L (t) = —po [tpede — L[ (polihy — pyer) <f p(y)dy> dz + py [ppda. (2.31)
0 0 0 0

So, we have the following lemma.

Lemma 2.3 Let (¢, %, w,01,0s) be a solution of (2.7). Then we have for any e, > 0,

2

1 1
L) < —x(1-32) f¢§dx+ 2; 12(1+z4) [62,dz

+C (& fwtdx+51fw dx+€1fgptdas

51 A 1+oo
top (L) R [ o) (s)dsdr. (2.32)

p3l?
461 :

where C (1) = py + 1= L pol® +

4{-:1

Proof. By differentiating the expression of I, we get

1 1 1 T
Ii (t) = _P2Of¢ttpxdx - p2f¢tptxd$ - lof (palthy — prwir) <fp(y)dy) dr
1

_lf <P2l¢t - let (fpt dy> dr + plf@ttpdx + Plf%otptdx
0
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We replace p,¢, by k(p, + ¢ +1w), + kol (w, — lp) — 1701, P by ko (we —lp), —

kl (‘P:c + v+ lw) =014, and —pytpy, by —Aitp,, +k (‘P:p + 9+ lw —p f 91 771m ( ) ds+
Y04, that gives

1 +o0

+ f O2txprdr — p2f Yy pradr — A1l2f Vo (f p(y)dy) dx
0 0 0

0

+kl20f1 (o + 9 + lw) (f p(y)dy> dx

—BIZZj +foo91 $) M (8 <f ply dy) dz + 7l f Ot <Of p(y)dy) dx
ol oz~ t0), ( Joto dy) o=k (g, + o-+10) ( oty ds
b (fp by ) = 1] (oot = ) ( [t ) o

1 1
+’€f (p + 0+ lw), pdx + kolf (wy — lo) pdz — Iy [O1pdx + py [ ,prda.
0 0 0 0

We come back to the boundary conditions which imply

1+oc0

1
—prthpmda: + )\1l2f¢xpdx — 7/ 02 (pea + I*p)da
0

1

—Lf (polih, — pywy) <fpt dy) dx + P1f%0tptd$
0

Using the fact that p,, = —,,we get

, 1 400
I, = —x\lfw dx +ﬁ1f f 91(8)n1,(s)ds (lzp — wx) dx
1 1
+7f92t¢xd$ - P2f¢tptxd$ + l2/\1fpid$ + Plfwtptdﬁ

—® f92tpd$ — Pyl f@bt (fpt dy> dx + P1lfwt (fpt ) dr. (2.33)
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by using Young’s inequality, Poincaré’s inequality, (2.29), (2.30) and (2.18), we obtain

1400 l2 1 ﬁl 1+o0

Blffgl 8§, (8)dsip,dr < f@b dx +2A lzglffgl )13, (s)dsdz,

1+oo l2 1 1 +o0

251ff91 )1, (s)dspdx fw do + % ff91 )11, (s)dsdz,

IA

2

A1l 2 2
’Ybf@ztwmdx < T{wxdx + 2)\1[2 Jﬁztdx,
; P2 {2 Py f o [
—py [Vipredr < _f¢t dz + Efpt:cdx < po[¥ida,
0 0 0
; PL [0
prfepdr < slfw dr + 7 f@/)td:v,
0
1 )\1l2 1 2l2 1
—y? [Ooipdz < f¢2d + — fegtdx
0

IN

—pfbf b, (Z pt(y)dy> dx

1
pal? f Yide + pal” f phdr < pyl? [¢ida,
2 0 2 0 0

and )1
pql
pllfwt (fpt dy) dr < Elfwfdx—l— 15 [widx
10
By substituting these last inequalities in (2.33), we obtain the result. m

Lemma 2.4 Let (¢,1,w,01,02) be a solution of (2.7). Then the functional

L(t) = —pzf ¢, f g1 (s)my (s)dsd, (2.:34)

satisfies for any 0 < 6 < 1

L) < —py (9} —5)f¢tdx+5f¢ da:+5f (p, + 0 +lw)*d

1 +oo

+6f0§td$ +Cp (0 glf f g1(s)n3,(s)dsdx
0

—pﬁ;“)’j‘fgxs)ni(s)dm (2.35)

)\2 ]{72 2
where Cy (6) = B + L.
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Proof. First, we note that

2 (Tatma) - gt(fglt—sxw(t)—w(s))ds)

= J (=) @) s ds + [ aalt— s (0)ds

—00

= TR 000~ (e - 9)ds+ g,
_ f 91 s)ds + g° wt (2.36)

By multiplying the second equation in (2.7) by f 91(s)n,(s)ds and integrating over (0,1),
0

we get

_p2f¢tt f gl deZL‘ = —A fd]:m: f gl de‘/L‘

—+00

—i—k:f 0, + 1+ lw) f g1(s)n,(s)dsdx

1 +o00
—51f f 91 (8) N () ds f g1(s)n,(s)dsdx
+’Yf92tx f g1(s)n;(s)dsdz,

under the boundary conditions, an mtegmtwn by parts gives

p2fwttf gi(s)m(s)dsdr = +M fw f 91(8)n1,(s)dsdx
+k,0f (pu+ 0+ 1) [ n(oh (s
+51f1<fg1 ) N1y (8) ds >2da:
—Vf O f 91(8)11(s)dsd. (2.37)

By differentiating I, using the equations (2.37) and (2.36), we obtain

1 —+o00
B0 = ~of v [aenldste — po o ( [anas) do
t
1 o)
= )\1f¢ f g1(8)n1,(s )defCJrkf (p + 9 +1w) +f g1(s)n;(s)dsdx
2
+ﬁ1f(f91 8) M1z (8 ds) dx—fny% f91 V1o (8)dsdz

sz b f g1 (s)m (s)dsdx — ng?f bidr. (2.38)
0
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By using Young’s inequality, (2.18), (2.19) and (2.20), we get, for any 0 < 6 < 1
2 1 0o 2
A1fw f91 $)a(s)dsdr < 5/ Yida + gf(fgl DUINE 8) dx
0
< 61" ¢id:c
1400
?f J il )i, (s)dsdz, (2.39)
1 +oo 1 9
k[ (o, ++1w) [ gi(s)n(s)dsdz < 6 (¢, + ¢ +lw) dx (2.40)
0 0 0
k2 1 +o00
4591f f 9i(s 771:5 s)dsdz,
1 N2 140
—’yfﬁgt fgl Vo (8)dsdz < 6 [03,dx + 5g?f [ g1(s)ni,(s)dsdz, (2.41)
0
and
5 1400
/)2]1/% f 91 s)dsdx < P25f¢tdx - 4591 f f 9i(s 771x s)dsdx. (2.42)
Combining (2.39)-(2.42), the result follows. m
Lemma 2.5 Let (¢, %, w,01,05) be a solution of (2.7). Then the functional
I3(t) = —,ogf@lt fgg 5(s)dsdx, (2.43)
satisfies for any 0 < 6 < 1
I(t) < —ps ( )f@ dr + 0 [01.dx + 6 [widz
0 1 400 )
+C5 (8) g2 [ [ ga(8)m3,(s)dsdx + 16 [ida
00
0) Lt+oe,
~09200) [ o, (<) (2.44)
A24+m3+lm?
where Cy (0) = By + 25—,
Proof. First, we note that
0 [+
ot < f 92(8)n5(5) > f ga(s s)ds + 92‘91t (2.45)
0
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+oo
By multiplying the fourth equation in (2.7) by [ ga(s)n,(s)ds and integrating over (0,1),
0

we get
_P3f91tt f G2(8)ny(s)dsdr = —)\Qfﬁm f 92(8)n2(s)dsdzx
—520f ( J 92 (8) Maza (5 > (f92 )drc
+my b} (wy — f 92(8)ny(s)dsdx,

under the boundary conditions, an integration by parts gives

1 ~+o00
— p3[011 [ g2(s)my(s)dsdx = +)\2f611 fgg V142 (s)dsdx
o 0

2
] ( 02 () (s ds) @
0
1
+my [ (w, — f g2(s)ny(s)dsdzx. (2.46)
0
By differentiating I3, using the equations (2.46) and (2.45), we obtain

Ii(t) = —p3f91tt fgg )dsdx—pg,fﬁlt ( [ g92(s) > dx

1 +o0 1

2
= )\2f91x fg2 77236( )d8d$+62f(f92 7723: 3) dx
0

1 +o0o 00

—mlfwt fg2 /NG )dsd:c—mllflwt ng(s)n2(s)d3dx

—/03f91t f 92 2(s)dsdr — P392f91td33 (2.47)

By using Young’s inequality ,(2.18) and (2.20), we get forany 0 <d <1

1 1 +o00
Azf Oua [ 00(6) s ()dsde < [0, do + 32 Sf [l (st (249
0
2 1400
—mlfwt fgg 8Ny, (8)dsdx < 6fwfda:+ Sf fgg $)n5,(s)dsda, (2.49)
2 1 +o00
—mllfgpt ng 5(8)dsdx < 5lfgpfd:v+ﬁggf [ g2(8)m3,(s)dsdz, (2.50)
and
1 5 1400
—,03f01t f92 5(8)dsdr < p3(5f91td:1: f f92 s)n3,(s)dsdz. (2.51)

Combining (2.47)-(2.51), the result follows. m
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Lemma 2.6 Let (p,9,w,01,05) be a solution of (2.7). Then the functional
I@iz—mf%hf% o(s)dsdz, (2.52)
satisfies for any 0 < 6 < 1
1
L(t) < —py( )]@ dz + 6 [Oy,dx + 6 [V da
0
1+oo
+C3(0) g3f [ 95(s)n3,(s)dsd
00
0) L+ee,
200 P o sy (253)
where Cy (0) = f3 + )‘3+m§.
Proof. First, we have
0 [t
It ( of 93(s)ns(s) ) f 95()13(s)ds + g30. (2.54)

+oo
By multiplying the fifth equation in (2.7) by [ g3(s)ns(s)ds and integrating over (0,1),
0

we get
_p4f‘92tt fg3 3(s)dsdr = _)\3f621x f g3(s)n5(s)dsdx
1+oo
—53f f 93 (8) N3y () ds f g3(s)n3(s)dsdx
+m2f¢m f gs(s s)dsdz.

under the boundary conditions, an integration by parts gives

1 +o0 1 +o0

p4f92tt f g3(s)ns(s)dsdr = +)\3f92x f93 3. (8)dsdz

+63I(fgg ) 15 (s d)dx

—mﬂ%f% )3, (s)dsdx.

(2.55)
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By differentiating 14, using (2.55) and (2.54), we have
+o0o
10 = =puftan [ n(sm(s)dsde = pufou ( Fanlshng(s)ds) da
t
1 +oo 1 2
= /\3f92x f 93(8)n3,(s)dsdx + B3 [ ( J 93(8)m34(s ) dz
0
—m2f W, f 93(5)113, (5 )dsdw—mggf Oydz.
0

—p4f02t f g5(8)ns(s)dsdz. (2.56)

By using Young’s inequality ,(2.19) and (2.20), we get, for any 0 < § < 1

1 2 1 +00
)ng@gx fgg 3. (8)dsdz < 6 03, dm—l— f fgg s)n3,(s)dsd, (2.57)
0
2 1400
—m2f 77Z)tf 95(5)113,.(s )d8d$<5f rdr + ggf [ 93(s)a(s)dsclr, (2.58)
and
5 1 +oco
—,04f02t fg3 3(s)dsdr < p45f02tdx ) [ [ g5(s)m3,(s)dsdz. (2.59)
00

Combining (2.56)-(2.59), we obtain the desired result. m

Lemma 2.7 Let (p,9,w,01,05) be a solution of (2.7). Then the functional

1
= — [ (prpor + pobtby + prwwy) da,
0

satisfies
1
/

1 1
I(t) < —plfgofda: - p2f¢?dx plfw?dx + (ko + 2¢l) [ (w )? da
0

1 21

+ (kb +2¢l) [ (¢, + 9 + lw)? dz + (A + 21 + 2cl) M dz + lfegtdx
0 0

2

,y 1 ﬁ 1 +o00
4l +52)f91tdx+ 1 Offgl s)n3,(s)dsdr. (2.60)
0

Proof. By multiplying the equation (2.7); by ¢ and integrating over (0, 1), we get

1 1 1 1
—prfewedr = =k [ (¢, + ¥ + lw), edz — kol [ (ws — 1) edz + Iy [0pdz,
0 0 0 0

2.3. Technical Lemmas



Chapter 2. Energy decay for a thermoelastic Bresse system of type Ill with three
infinite memories 33

1
then, by integrating by parts the term —k [ (¢, + 1 + lw), pdz and under the boundary
0

conditions, we find

1

1 1 1
—plfcpttgpdx = —k‘f (p, + ¥+ lw) p,dx — k:olf (we — lp) pdz + lvf@ltgodx. (2.61)
0 0 0 0

On the other hand, by multiplying the equation (2.7)s by ¢ and integrating over (0, 1),

we get

1 1 1
0 0 0

1400

1
_ﬁlf f 91 (8) Nga (8 )dswd:c—l—fyf(%mi/}dx,
0

we conclude, by using the formula of integration by parts with the boundary conditions,
that

1 1 1
— po [hybdr =+ [Vidr+ k[ (¢, + ¢ + lw)pdx
0 0 0

1 +oc0

1
+61f f g1 (8) My, ( )dswxd:v—vof 0201, dix. (2.62)

In the same way, by multiplying the equation (2.7); by w and integrating over (0,1), we
get

1 1 1 1
—py Jwpwdr = —ko [ (W, — o), wdz + kL[ (¢, + 9 + lw) wdz + 7 [O1wdz,
0 0 0 0
under the boundary conditions, an integration by parts gives
1 1
— py Jwpwdr = +ko [ (wy — lp) wdx
0 0
1 1
+kL [ (¢, + ¢ + lw) wdx — v [0y, dz. (2.63)
0 0

By differentiating I5 and using (2.61)-(2.63), we obtain

1 1 1 1 1 1
I(t) = —pfeide —p [opyde — P2f¢t2d37 - Pwa%tde — py Jwide — p, [wwyde
0 0 0 0
1 1
= —p,[oidr — py [th7dx — plfw dx—i—kof — o) da
0 0

1
+k [ (o, + 9+ lw)? dx + Alfz/zidx + l’yfelt(pdgj
0

1
+51f1/’a: ( f G1(8)n1.(s ds) dxr — ’Yf‘gltwmdx — 7f92t¢ dz. (2.64)
0
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by using (1.10), Young’s inequality and (2.19) to estimate the last four terms on the
right-hand side of (2.64), we get

1 L W21
Iy [Orpde < 1fpide+ —— [07,dx
0 0 4%
1

l 21
< Af (o 40+ 1) + (g — ) + 2] do+ - [GRd,
0 0

1 1400
B1f1, ( [ g1(s)n1,(s dS) dx < lfz/f dr + ﬁllg‘ff [ 91(s)n3(s)dsdz,
0

1 1 42 1
—y [Opw.dr < 1fwide + — [03,dx
0 0 4l
1 2

1
< dAf [(po+ 0+ 1)+ (o — 1)+ 2] do+ g8 [0Rd,
0 0

and
1 1 A2 1
— [Ogp, dx < L [V2dx + = [03,dx.
0 0 4ly
By substituting the last four inequalities in relation (2.64), we get the result. =

Lemma 2.8 Let (p,9,w,0:1,03) be a solution of (2.7), and let k = ko. Then for any

positive constant €4, the functional

1 T
Ie(t) = _Plf (we — 1) fwt(y,t)dyda:
0 0
1 T
—pif e (0 + 0+ lw) (y,t)dydz, (2.65)
0 0
satisfies
1
I5(t) < —(ko — &) [ (we — lpp)? dx — py( 1—lfg0t2dx

0

_1f¢fd:15 + ,Olfwfdx + T@{H%tdm
1

+(k+ ) [ (@, + 0 + lw)? da. (2.66)
0

Proof. By multiplying the equation (2.7); by [ (¢, + ¢ + lw) (y,t)dy and integrating
0
over (0,1), we get

1 x 1 x
0 = plofsottbf (¢, + ¥+ 1w) (y, t)dydx — kof (pp + ¥+ 1w), Of (o, + U + lw) (y, t)dyda
1

1 T
—kol [ (wz — L) [ (¢, + ¥ + ) (y, t)dydz + Iy [01, [ (o, + ¢ + lw) (y, t)dydz,
0 0 0

C—x
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1 T
then, by integrating by parts the term —k [ (¢, + ¢ + ), [ (¢, + ¥ + lw) (y, t)dydz and
0 0

under the boundary conditions, we find

1 x 1 x
0 = pofouf (@, + ¢ +1w) (y, t)dyde — kol [ (we — 1@) [ (@, + 9+ lw) (y, t)dydz
0 0 0 0
1 1 T
—k[ (o, +¢+ lcu)2 de + 1y [01 [ (p, + ¥ + lw) (y, t)dydz.
0 0

0

From the previous equality and under the boundary conditions, an integration by parts

gives, we have

d 1 x
—priz [ (0n + ¢ + 1) (y, t)dyda
0 0

1 T 1 T

= —pifeuf (po + 0+ 1w) (y, )dyde — py [@ [ (0, + ¢ + ), (y, t)dyda
0 0 0 0
1 x 1
= kol [ (wa — 1) [ (p, + ¥ +1w) (y, t)dydz — k[ (¢, + ¢ + lw)* dz
0 0 0
1 T 1 ) 1 x
Hy [0 [ (9, + ¥ + ) (y,t)dydx — py [ida — py [, [y, t)dyda
0 0 0 0 0
1 T
—lpy [, Jwi(y, t)dyd. (2.67)
0 0

On the other hand, we have

d 1 T 1 T
— plﬁf (wy = 1p) [wily, t)dydr = —p, [ (wy —lp), [wi(y,t)dydz
0 0 0 0

1 T
—p1f (we — 1) [wu(y, t)dydzx
0 0

1 T 1 T
= —pifwi fwily,t)dydz + pil [, fwi(y, t)dyds
0 0 0 0
1 T
—p1[ (We — 1) [wuly, t)dydz. (2.68)
0 0

In (2.68), we replace wy; by

—prwi = —ko (W — L), + kl (o, + ¢ + lw) + 1014z
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Consequently using integration by parts and the boundary conditions we have

d 1 x
—p%f (wy — lp) [wily, t)dydx
0 0
1 T 1 x

1 T
= —pyfwie [wi(y, t)dydz + pyl [ @, [wi(y, t)dyds — ko [ (we — 1) [ (We — 1), (y, t)dydz
o 0 0 0 0 0
1 T 1 T
+kL[ (we — 1) [ (0, + ¢ + w) (y, t)dydz + v [ (wy — 1) [0102(y, t)dyda
0 0 0 0
- 1 1 ,
= pfwide + pilf o, fwiy, t)dyde — ko [ (w, — lp)” dx
0 0 0 0
1 T 1
+HhL[ (we = 10) [ (9o + 10 + 1) (y, t)dydz + 7 [ (we — ) Ored. (2.69)
0 0 0

By adding the two equalities (2.67) and (2.69), under the condition k = ko we get

, d 1 T d 1 T

1 1 1
= —pi[Pidr — ko [ (W, — lp)* da + p, [Wida
0 0 0

1 1 x

k[ (py + 0 + 1) dr — py [, [¢,(y, t)dydz
0 0 0
1

1 T
[ (W — 1) B+ AL O, [ (9 + 0 + 1) (3, D)dyda (2.70)
0 0

0
By using Young’s and Poincaré’s inequalities, we obtain

1 T

1 1
—puf ooy dyde < pies [t + L1 [y,
0 0 5 o
; 1 ) A2 1
ﬁyf (we —lp) Ordr < €2f (we — lp)" dx + _feitdx»
0 0 deqgy

and
1 x 1 2 1
VL[ [ (0, + 1 + 1) (y, O)dyda < Pes [ (0, + 0+ lw) do + % [62,dz.
0 0 0 20

By substituting the last three inequalities in (2.70), we get the result. m

Lemma 2.9 Let (p,1,w,01,05) be the solution of (2.7), and let k = ko. Then, the

functional

1 1
I(t) = —p1 o1 (w — lp) da — py [wi (10, + 4 + lw) d, (2.71)
0 0
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satisfies the estimate

1 l 1 1
L) < —lko—1)[ (w )? dx — f1 fwfda: + pil [pida
0 0

N2
—l—klf o+ 0+ lw)? do + 22 fwtd + f@ftdx
0

+7f91m (0, + ¥+ lw) da. (2.72)
0
Proof. By multiplying the equation (2.7); by (w, — l¢) and integrating over (0,1), we
get
1 1
=S pu (e —lp)de = —k[ (o, + ¢ +1w), (w, = lp)de
0 0
—kolf — o) dx + l’yf@lt — 1) dz.

On the other hand, by multiplying the equation (2.7); by (¢, + % + lw) and integrating
over (0,1), we get

1 1
—pyfwu (o, T +lw)de = —kof (we —lp), (9, + ¥ +lw)dz
0 0

1 1
0 0

By differentiating I; and using these last two equations, under the condition k£ = kg

we get, we get
1 1
L) = —p1fen (we — o) dz — py [, (wo — 1), dx

0 0
1 1

_Plfwtt (0o +¢+lw)dx—p1fwt (P +¢-|—lw)tdx
0 0
1 1 1

= —kol [ (wo — lp)* dx — pil [widx + p)l [} da

0 0 0
1 1

HhL[ (0, + 0 + lw)’ dz + 7 [O1a (0, + ¥ + lw) da
0 0

1 1
+1v [011 (wse — lp) dx — py [with,dex. (2.73)
0 0

Use of Young’s inequality for the last two terms in the right—hand side gives

1 2 1
Iy [0 (we —lp)de < 1 f d:c+ f 03,d
0

1
—py fwithde < %f wid +plfwt
0 0

By substituting these inequalities in (2.73), we get the result. m
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Lemma 2.10 Let (p,1,w,0;,605) be the solution of (2.7) and let k = ky. Then the

functional

Ig(t) = P2f¢t (0p + ¥+ lw) d37+ f‘ﬂtw dx

_ﬁlkpl I f g1(s)0, (t — s)dsdz, (2.74)
0
satisfies, for any 3 > 0, the estimate

1 l 1 1
L(t) < —k[ (g, +1+1w)dx + p, <1 + E) [W2dz + pyles [widz
0 3/ 0 0

2

i A2l !
Heaf (e — 19 do oo o + 51 (1+97) futdo +

l€3
oz
+oo

l51 0 Lteo P151 ; / 2
—91f f 91(s)n3,(s)dsdx — (0)bf Of 91(8)11,(s)dsdx

b
—7f92m (p, + ¥+ lw)dx + (p2 1}51) fwtgomdx (2.75)
0

Proof. First, we note that
S (Ta-9a) = 2 (] at-swa)
= 900+ [ it =0 (5)ds
— GO0+ [ (Wl =)~ 0.0 + v, () ds
= f!h 8)iha(s d8+<f91 ) +(1)

= _fgl $)M1.(8 (2.76)

By multiplying the equation (2.7); by %, then by f 91(s)1,(t — s)ds and integrating over
0
(0,1), we get

1 1 1 1
prfoutbadr = k[ (o, + 1 + ), Ypdr + kol [ (we — lp) Ypda — Iy [Or1),do,
0 0 0 0

and
1 +oo 1 400
—plbfwtt bf 91(8)ih, (t — s)dsdx = —/fbf (o, + U +1w), Ofgl(sm(t— s)dsdx

—kglj (we — lp) nggl(s)wx(t — s)dsdz

1 +o0
+1 [0 [ 91(8)Y,(t — s)dsdx.
0 0
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under the condition k = ky, we deduce that

b 1 1 1 bl
P s = buf (b 0+ 1), e+ 0l (0 = 19) o = 250 [0, 271
0 0 0
and
bupr | (t— s)dsdr = 1 l (t — s)dsd
T Tk OfSOttfgl (t —s)dsdv = _61{(%5"‘7/’4‘@0 fgl (t — s)dsdx

—511(411 (we — o) of g1(8)¢,.(t — s)dsdx

l 1 400
+ﬁ27f‘91t f g1(s)1,(t — s)dsdzx. (2.78)
0

In the same way, by multiplying the equation (2.7)s by (¢, + % + lw) and integrating over
(0,1), we get

1

oo (o + 0+ ) de = N[t (906 + ) dr — [ (o 446 + o) d
0 0 0

1400

—Wf%m@%+¢HJWNm
0

under the boundary conditions, an integration by parts gives

1 1 1
pof iy (pr + 0+ lw)dz = —AJ%(Q@I+w+lw)$d:r—kf(gox+w+lw)2dx
0 0 0
1400

—&ffm §) Ny (8) ds (0, +1p + lw), dx

_’Vf02tx (0p + ¥+ lw) dz. (2.79)
0
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By differentiating I3 and using (2.76)-(2.79), we obtain
1 1 bp, 1
L(t) = poftou (0, + ¥ +lw)da + pgfwt (po + ¢ +lw)y do + == [ uipeda
0 0
1 Bip; L
ﬁf@@twmdw - 1_/)1f90tt f 91(8)Y,(t — s)dsdzx

Blplf Py (f g1(8),(t — s)ds) dx

1

1 1
= —kf(<p$+w+lw)2dx—yfﬁm(%+¢+lw)dm+p2fwt2dx
0

Ml
4yl f¢twtdx+ Al fw lp)de — 17 feltzp dz
+oo
+Bllf( — ly) f 91(8)n1.(s )dsdfr— f91t f91 )11 (8)dsdx
0
Bip1 ¢ b
+ 1]{;01 f%pt f 91 7711 d5d$+ P — 1_P1 f@bt@mdm (2-80)
0

By using Young’s inequalitie, (2.19) and (2.21) we obtain

1 ol 1
pol [thywpdr < P2l€3fw dx +o P2 e K
0 €30

1

A2 L
— ) da + —1f¢§dx,

MUY, (wp —lp)de < = (
0 2 0
BN le Y
- f91t¢ < 5l [6d - —Jvids,
1 les 1 %g? 1400
Bil [ (we = lp) f91 I (s)dsde < = [ (wn = lp)* dw+ L[ [ gu(s)nf, (s)dsda,
0 0 €3 0 0
l +oo le 1+oo
0 o Fontmaoyisde < 525 [0t + 019 oo ()
0 00

and

2 1+o0
161
e 3 ffgl s)n? (s)dsdz.

Blkplf f91 )11 (8)dsdz < Esfsofdx—
0

By substituting these inequalities in (2.80), we get the result. m

Lemma 2.11 Let (p, 9, w, 61,03) be the solution of (2.7). Then the functional

—_

= f (,03610“ —+ 04929215) dx. (281)

0
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satisfies the estimate
21

! z
L) < —(M—3l f92 dz — (A — 21) f@%xda: + % [2da
0

m2 1 m2 1
2 1 0
m m d
44“ + 2 futd Mf(ng (s )
53
+p3f0§tdx + P4/ O3z + 4?9??f f 93(5)15, (s dz. (2.82)
0
Proof. By multiplying the equation (2.7)4 by #; and integrating over (0, 1), we get

pgfﬁmﬁldx = )\Qfé’lmﬁldx + 62f f 92 772a:a: ( )dS@leE — mlf ((,Ux - lQO)t Qldl’
0

On the other hand, by multiplying the equation (2.7)5 by 6, and integrating over (0, 1),
we get

1+o0

1
p4f(92tt92dI = )ng@gmﬁgdx —+ BSf f gg 773:cx ( ) dSQQdI — mgfthegdx,
0

under the boundary conditions, an integration by parts gives

1+o0

1 1
p3 [ 0101dx = —Xo [07,dx — B, f f g2 (8) My, (8) dsOypda — my f lp), 01dx,
0 0

and
1400

1
p4f92tt92dx = —Agf@%xdx - Bgf f g3 (8) N3y (8) dsOapda + mo [1,02,dx.
0

By differentlatlng Iy and using these last two equations, we get

1 1 1 1
Iy(t) = psf0Lde + ps[0101ndx + p, [05,dx + py 0200 d
0 0 0 0
1 1 1 1
- _)‘2feipdx - )‘3f0§xdx + p3f9?tdx + p4f6’§tda:
0 0 0 0
1 1 1
+m1f01xwtdx + lmlf(?lgptdx + mgfé’%@/)tdx

_/62f01z f 92 772:1: )del’ - 63f€2x f 92 77355( )defL'

(2.83)
By using Young’s, Poincaré’s inequalities and (2.19), we get
1 1 m2 1
my [Orwde < 1[07,dx + —lfw?dm, (2.84)
0 0
1 1 1
Imy [01pdx < 1[67,dx L f (2.85)
0 0 0
1 1 1
my [Oa, 0, de < 1[03,dx + f (2.86)
0 0 0
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1 ) 62 0 1 +oo
—ﬂQfQM f G2(8)Np(8)dsdx < 1[07,dx + 1 ng f g2(8)n3,(s)dsd, (2.87)
0
and
1 ) 63 0 1 +oco
_ﬁSIQQm f 93(8)n5,(8)dsdz <1 [05,dx + v g3f f g3(s)n3,(s)dsdx. (2.88)
0
Combining (2.83)-(2.88), gives the desired result. m
Lemma 2.12 Let (p, ¢, w, 61,03) be the solution of (2.7). Then the functional
[10 = —P2fw fwt y,t dyda: (2-89)
satisfies, for any 4 > 0, the estimate
' (o [oo
Lip(t) < — (A —ea(k+ B+ ’7))f¢xd$ + P2f¢tdx
—|—4—f(90x—|—1/1—|—lw) dx+—f02tdx
51 0 1+oc0
—i——glf f g1(8)n? (s)dsdw. (2.90)
Proof By differentiating I19 and we replace —pytb,, by =M\, + k (o, + ¥+ lw) —
By f 91 (8) N1z (5) ds + Y021, we get
, 1 T 1 T
IIO(t) = _p2f¢txf¢t(y7 t)dydI - p2f¢)xf1/}tt(ya t)dydl‘
0o 0 0o 0
1 T 1
= =pa [ Vi [y, t)dydx — Ay [17dw
0o 0 0
1 T
Fh[ ] (o ¥+ 1) (3, ) dyda
1
—51f1/f f gl 7719U )dex + ’wareﬂdaz
0
under the boundary conditions, an integration by parts gives
, L L 1
IIO(t) = —/\1f77/11.dl’ + p2f¢tdl‘ + ’}/fqu):ce%d‘r
0 0 0
1 1 +o00
—k [V (¢, + ¢+ lw) dz — ﬁlf@D f 91(8)1m1,(s)dsdz. (2.91)

0
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By using Young’s, Poincaré’s inequalities and (2.19), we get

1 1 1
[, 0nde < yes[12dz + — [6,dx,
0 0 degy

1 1 /{7 1
—k [ (o, + ¢ +lw)dz < k54fw§dx+zf(gom+w+lw)2da:,
0 0 40

and

61 1400

1
—ﬁ1f¢ fgl 5)11.(s )dex§5154f¢idx+ Offgl 7713[: s)dsdzx.
0

By substituting these inequalities in (2.91), we get the result. m
1
Firstly, to estimate the terms { <p2 - blkpl> Yo da, fol Ortz (0, + 9 + lw) do
0

— fol Oote (0, + U + lw) da:} appeared in (2.72),(2.75) respectively, we use the system
obtained by differentiating (2.7) with respect to time, defined by

(

10w — k(0 + ¢ +lw),, — kol (wy lgo) + lv01 = 0,

ot — MW + & (0 + 0 + ), — By f 91 (8) Myas (5) ds + Y0215 = 0,
PrWite — ko (we — l@)tz + kL (o, +¥+ lw)t + Y011t = 0,

P3016tt — AoO1taz — B f 92 (8) Motz (8) ds +ma (e — lp)y, = 0,

Pal2u1t — A3O2100 — B3 f 93 nsm ( ) ds +matp,, = 0.

Mg + st — Py =

Nt + Nase — e = 07

Mg + Ngse — 2t = 0,

©(0,1) = py(1,t) = 9,(0,t) = (1, 1) = wi(0,2) = w; (1,2) = 0, t € (0, +00),
01 (0,t) = 014 (1,t) = 09, (0,t) = 09 (1,¢) =0, t € (0, +00),

Ny (0,t,8) =n, (1,t,s) =0, for i=1,23.

\

and we introduce the second-order energy functional

1

: 1 P37 2%} A2y
E(t) - 5/ [’01901:21: + PthZt + lett 2 H%tt ) egtt + Alth + 2 G%tas

0

)\3’)’ 2

92tz+k5<90a:+1/}+ZW) + ko (wy +51 fgl 771tz s)ds
B +oo VB3 (T2
+ 222 ([ ga(s) (s)ds ) + 222 ([ ga(s)id(s)ds ) | da. (2.92)
ml 0 m2 0
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satisfies

0 = 2 (Totiuas) des 22 1 (Tl a
20 (T oe)ilo)as ) (299

ng 0 0

Lemma 2.13 For any € > 0, there exists c. > 0 such that

b
<P2 1:1) N8f¢t¢txdx < Ce/ fgl 771m( )dsdx

VeB(t) — ZER ). (2.94)

5

1
1 +o0
W [t vt )b < e [ Tl sdsis
0 0
0

+eB(t) — M prh), (2.95)

1

1
- ’YNS / (SOZ + 17/} + l(.U) 92tmd$ S Ce f 93 /’73ta: defE
0

2c.mo

—l—&tE(t) -

E'(t). (2.96)

Proof. We have, by using the definition of 7,

b b 1
(Pz — 1kpl> st%somdfv = - <pz — %) Ns [, da
0

By using Young’s inequality and (2.22), we obtain

1

1 bip 20

(=) [eFant %xmmm<crm1vl|wxnmm
2

1 1

/E t)dx + ce f g1(8)n3,,(s)dsdx.
0 0

<

DO ™

(2.97)
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At the same time we have

f91 Vot — s)ds = —+f°°gl<s>wm<t—s>ds=g<0>wx<t>+Tga(sma—sms

= - f gl nlx
So
; 1
1 14
— <P2 - %) Pt f 91(8)W 14, (t — s)dsdx
92
0
1 bipy
= |—= — s)dsd
¢ (pZ L ) fgl $)N1z(s)dsdx
0
2¢.
<SBEMt) - Z=pw). (2.98)
2 By
Substituting these last two inequalities into the first equality, we obtain inequality
(2.94).

We have, by using the definition of 7,,

! v N7 teo
N / (urt 0 1) Ot = L7 / (o0 +16) [ n(5 )l
0

2

1

N
+%/( + 1 + lw) fgz V0162 (t — s)dsdz.

2

(2.99)

By using Young’s inequality and (2.22), we obtain

1 1 1
,}/N? +o0o c +oo )
v (P + 9 +1w) [ g2(5)nata(s)dsdr| < 5 [ Bt)d +ce [ [ ga(s)m3es (s)dsd.
5 0 0
0 0
(2.100)
At the same time we have
f 92(8)0140(t — 5)ds = — f (812, (8)ds.
So
N i 2
7—07/( o+ ) ng V01a(t — s)dsdz| < SE(t) — =L E(1). (2.101)
92 2 Y84
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By replacing inequalities (2.100) and (2.101) in equality (2.99), we obtain inequality (2.95).
Similarly we prove that

oo 2¢.ms

1
1
_ﬁYNS/ (90:2 + w + lw 92t:1:d$ < Cs/ f gS 773tx defE + €E( )
0 s 0 783

E'(t).

2.4 Stability result

In this section we prove our stability result. First, we define a Lyapunov functional L by

L(t) = NE(t) + Y _ N;Ii(t), (2.102)

for N;, 2 =1,2,...,10 are positive constants to be properly chosen later.

Lemma 2.14 For N > 0 large enough, there are two strictly positive constants 61 and 0
satisfying
§.E(t) < L(t) < 8,B(t), Vt>0. (2.103)

In other words, the functions E and L are equivalent.
Proof. We pose

10
=1
SO

) < Z Ni|L;(?)
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Ezxploiting Young’s, Cauchy-Schwartz inequalities, we obtain

[ £(1)]

1 1 1 1
N N I2N- IN N
p22l/wfdx—l—%/pidx—i—%/wfdx—l—%/w?dw—l—pl l/wfda;
0 0 0 0

0

IN

T 2 1 T 2

1 1
2N IN N
+%/ /p(y)dy dx + p12 1/ /p(y)dy dx + %/p%lm
0

0 0

2 N y
<f91 (s) s> dx+p32 3/9§tdx
0
1
,03N3 ’ PalNs [ o PalN4 ’
5 fgg (s)ds | do+ == [ Oydu + =5 fgg dx
0

1 1

0
N: Ny
+9125/ " P12 2d +P2 5/¢

1 1 1 T

P1N5/

0 0 0
T 1

+”§Vﬁ/ /<¢x+¢+m><>

0 0 0
1 1 1

N N
+'012 7/w2dx+p12 7/( —i—w—i-lw)z

0

2 7 +P11 /2d$+011 /wd +P1ﬁ1 /tpdx

1
Ny [ [+ Y N,
+p1§}€ 8/(fgl(s)¢x(t—s)ds) dz +p32 9/0%dw+%/9%dw
0 0

2dx

(p, +0+ lw)2 dzx

0

1 1
N, N, N N
+'0429/9§da:+p429/0 du +P2P4 10/¢d +P2P4 10/ /wt dz,
0 0

with (2.18), (1.10), (2.30) and Poincaré’s inequality, we see that

1 z 2 1 1 1
/ /wt(y)dy de < /w dz, / /wt dy | dx < /wfd:c,
0 \0 0 0 0

2.4. Stability result




Chapter 2. Energy decay for a thermoelastic Bresse system of type Ill with three

infinite memories 48
1 P 2 1
/ / (0 + 1 +1w) (y)dy | do < / (0p + 0 + lw)? da,
0 \o 0
1 ) 1 9 1
/<fgl t—s)ds) dx <c /(f91 $)N1. (s S) d£+/@/zidm :
0 0 0
1 P 2 1 1
/ /p(y)dy da < /dex < /@bidw,
0 \0 0 0
and

1
L2dr < /goidx <cf [(po+v+ 1w)? + (we — lp)* + %25} dx

O\H O\H
- o\,—

Wir < /widszc / [(pr + 0 +1w)* + (wo — l9)* +42] do
0 0

S0
1 1

b
|£(t)] < %[N1+N5+N6+N7+Pl <E+%) Ng]/ 2de + 23 5 [N3+N9]/9?tdx
0

1

N4+Ng]/6’§tdx+ 5 [N1(1+1*) + No + N5 + Ns + Ny /md;ﬂ
0

P4
+5

1 1 1

Ny
+%[ZN1+N6+N7+N8]/ 2o + — /92d + 2/9;(13;

0 0 0
1

1
+3 [2p, N5 + p;Ne + py N7 + po Ng] / (0, + 0+ lw)* d + 4 5 L [2cNy + 2N3]
0

/1 (o — L) da+ 222 / (Totmisis) aos / (Tosomatsyis) a

0

2
cN 1
4/<fg3 (s) 8) d$+§ [(p2 + pol® + p1 + pil) Ny + (2py + py) Ns

1
b
+p1 <E + %) Ng + P2N10} /%%da?
0

< ME(®),
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where

b
M = maX{Pl (N1+N5+N6+N7+P1 (EJF%) N8> .3 (N3 + Ny), py (Ng + Ny),

pl (lNl -+ N@' -+ N7 + Ng) ,p2 (N1(1 + l2) -+ N2 -+ N5 -+ Ng + NIO) > ,Ng, N4, Ng,
2p1 N5 + p1No + p1 N7 + pyNs, p3No, py (2¢Ny + 2N5)

((p2 + pol® + py + pyl) N1+ 2p, N5 + py N5 + p, <% + %) Ng + ,02]\710) } :
Consequently|L(t) — NE(t)| < M E(t),which yields
(N —M)E(t) < L(t) < (M + N)E(t),
choosing N large enough, such that N — M > 0. =

Theorem 2.2 Let Uy € H. Assume that (H1) and (H2) hold and that, for some mg > 0

1
max/ {1/)390(1‘,S),@/J%IS(ZL’,S),Q%M(ZE,S),Q%OM(ZE,S),Q%Om@},s),@gom(l’,s)} dI S Mo, S > 07
0

(2.104)
there exists a constant §g > 0, such that, for all t € RT,
t +o00
5 [ 1+ / () / (61(7) + ga(7) + gs(r)) drds
E(t) < 0 — : (2.105)
[ets
0
; E _ b k£ b ;
i the cases of o and o #+ pe respectively.
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Proof. We have

L'(t)

l 2

— YN, —
)N 4l

m
< —{Pz(g?N2+N5+—2N11)—0(51)N1 P Ng — L1y — pa(l+
3

2 Al 21 o 9}

/’Lp?dl’ — [)\1 (1 — 3[2) N1 + pgggNQ + ()\1 - €4(l€ + ﬁl + ’}/)) Nm — ()\1 + 21 + QCZ) N5

2
RN /¢§dm BNy — (k4 260)Ns — (k + 123) Ng — kIN» — Ny
263 454

(sz + 1/1 + lw)2 dr — [(ko — EQ)NG -+ l(ko — 1)N7 — (ko + 2CZ)N5 — l€3Ng]

1

Im
(wz — 190)2 dx — {P1N5 +p1 (1 —=1)Ng — 1Ny — p;IN7 — e3Ng — 41N9] /@fdx

O\H O\H

0

1

[ l
— |/ (Ns + §N7) — e1N1 — p; No — pylesNg — mNg] /w dx
) 0

2

8
2002

0
(1 + l4)N1 — —N5 ,04Ng 4—N10:| /egtdéﬁ — [()\2 — 31) Ng]
€4

0
_ N, —
_,0493 4 A

1

1 2
/9@@-[(%-25)%]/ 02, dx + [5 (1+1%) N1+Cl(5)N2+ﬁlN5+ 51
0

912 41 £3
0
ﬁ 1 +oco 62 1 +o00
+o 4Nm] 91f f91 $)1i,(s)dsdz + {C (O)Ns + Ng} f fgz §)5(5)dsd
52 Loo 51 151 p2g1(O)N2
N, + 23N, fira Ny — 217772
+ {03(5) 4+ R f f93 $)n3.(s)dsdz + 5 ke 391(0) 8 Iy
1400 1 +o00
75 P g
INFAGLAE dsd:v+[ . 32 }ffgg §)13, (s)dsda
00
753 P493 Ltoo
| amg f f g5(s)m3. (s dsdw+5 [(p2 N2 4+ Na)b} + pyNatp? + [N}

+Naw; + P3N391t + (N2 + P4N4) 03 + Na (¢, + ¢ +1w)® + Nab3, + Nub3,] dor
1 1
b 1
+7N7/‘91tx (¢, + ¢ +lw) dx — 7N8/92tz (¢, + ¢+ lw) dz + (Pz - ITPI) NSf@ZJt‘Ptmdx-
0
0

0
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A combination of the estimates of the previous lemmas, and by setting Ng = 1, N5 =

N; = %N5, Nig = (1 = 1) N5 and g4 = INyp we arrive at

L(t)

< - {Pzg(sz + (lpz - —> N5 — C (e1) N1 — pp(1 +

[
pl pl )Ng

4 22 deg

2

1 A2
0

1
l()\1+(1—l)2(k+ﬂl+’y)N5+2(1+c) N5]/ Wz
0
_[k;Ng (3K + 2cl + I%e5) N5—% (¢, + ¥+ lw) dz
0

— [(lﬁo — &9 — 2cl — ].)N5 lEgNg] (de — lgO)Q dx
[ Im?

— |p1(1 = 1)N5 —e1 N1 — e3Ng — 1]
- 1

r 2
— %N5 — €1N1 — p2l€3N8 — %1 wfdx

[ 1+2 1 l !
— | p3gI N3 — 74 ( t + = + 1> N5 — ﬁNg - p3] 0% dx
i 2

r 2
8
— | PagsNa — 2/\1l2(1 + 1Ny — EN5 4l - P41 / O3 d

~ (0= 30Nl 02,z — (% — 20)Ny] / 02, du

b 14+ 1% Ny + CL(8)N: /BlN %N 51N
+ 2l2( + ) 1+ C1(9) 2+4l 5+ 8+4_54 10
1400 52 1400
ffgl s)n?.(s)dsdx + [02(5)N3+ 10 N9:| ffgg s)n3,(s)dsdx

r 1400
+ C ((5)N4 + i?Ng] f f gg 7733: de:C + 5CN2 N3,Ny, IE( )

_51 P152 _ P291(0)N2 gy 2
Ty g, O w | ] an(s)dsds

(V82N p3ga(0)N3]| 2Hee | o

B dsd.

* | 2my 46 Ofofg2(3)772m(3) sax
+

. RE p493(0)N4] Ofl Ofoogé(S)ﬁgx@)dsm

L 2m2 40
1 1
+7N7/91m (p, + ¥+ lw)de — ’7N8/02tx (o, + ¥+ lw)de
0 0

bipy ;
TP Ns [1ypipda.
0

mz
4]

N67
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Now, let us take ¢ = Nil, €9 = N%, €3 = Nig, to get

! 0 1 P1 [ Ng m%
L' < - [nglzva + (I = B = 2L Ny = C (1) Ny = py(1+ —)Ns — 22
! M
Vidr — [Al (1 —30%) Ny + pygiNa — 71 (1+~%) N3
0
1
U (= D2 (k+ By + N5+ 2(1+ o)) Nﬂ/ R da
0
k] [t >
— kNg (3]€—|—201)N5—l — 4_l ((,Ox“"@b—i‘ZW) dx
1
—[(ko — 2¢l = 1)N5 — 1 — 1] / (we — 1) da (2.106)
0
r l 2 1 2 1
—|p(1=1)Ns —2— ﬁ} / O2dx — [&]\@ —1—pyl — ﬁ} / widz
I 4 1 Jo 2 4 1 Jo

- 2 2 1
v (141 [
— -/0393N3 - Z < / + N5 + 1) N5 - @ — P3 ; Q?tdl’

[ 7’ ’ Yo Lo
- P493N4 2/\1l2(1+l)N1_EN5 m 04]/0 O

1 +oo

~ (0o =30N] [ e = [0 =2 / o+ an] [ on(s)it (s)dsda

0
1 +oco 1 +oo

+062f f 92 77290 deﬂ? + Oégf f 93 7731,( )deI‘ + 5CN27N37N471E(t)

51 o P291(0)N2 l+oo )
4+ |— — ——g1(0)Ng — ———— dsd
[ 2 4k:5391( JNs 40 bfbfgl(s)nlz<5) sax
’)/62 p392 N3 1 +o00 IVBSN ,0493(0)N4
dsdx + _
l 2my ] { J g nh (s)dsdz 2mo 45

1
+oo

1
[ [ g5(s s)n3,(s dsda:+ny7/91m Q0$+'l/)+lw>d$—’}/N8/02tx (p, + ¥+ lw) dx
00

+

bip
(92 - %) N8fwt30txdx'
0

where a1, ay and az are positive constants.
; . 1 ko—1 X2 A3
First, we choose | < mm{l, T e R (-

Next, we select Ny large enough such that

[+ 1+10  4+2p,
ko—2c'p (1=1)"  py }
then, we choose N1, Ny, No sufficiently large so that

2 4 2
v(1+1%) ot Y 1
Ny + 5 Ns + 5 + 5.
2002p,° Alp,gs Alpygs 93

Ny > max{

Ny >
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A1
)\1 (1 — 3[2) N1 > —p2g?N2+l (/\1 + (1 — l)2 (k‘ + 61 + /Y)N5 + 2 (1 + C)) N5—|—71 (1 + ’72) N82

2

[ Ng m
p2glN2 (ﬁ+ﬂ_l02> N5+C<N1) N1+p2(1+T)NS+4—;
After that, we pick N3, Ng very large so that
2 2

gl 1+1 ) l 1

N>—( + N5+ 1) N5+ —5— + —.

R AN i " 258 oY
2cl |
Ng > (3+?)N5+k+ﬂ

Finally, we choose N sufficiently large so that (2.103) remains valid and

5N P%B? p291(0) N>
— — ——q:1(0 — = >0.
2 ke, O T T
VBN _ p392(0) N3 0
2m1 40 .
VB3N _ P493(0) Ny =0
2m2 40
Therefor, (2.106) takes the form
1400 1400

L(t) < —(Mo—0CnynsnNit)E +a1f fgl )Nt (s d5d95+042f f92 )15, (s)dsda

1
1 +o0

+s] [ op( o (s)dsd -+ Ny / Oren (5, + 0+ L) da
0

b 1

Ny / Oae (0, + 1 + lw) do + (p2 . %) N [, 04,0, (2.107)
0

0

for some positive constant Ng. Using (2.5) and (2.23), we obtain that for all t € RY.

1t 1t

C(t) [ [or(s)niy(s)dsdz < [ [C(s)gr(s)ni,(s)dsdx < ff91 )niz(s)dsdx

00 00
1400 2
< —J [ ai(s)mi(s)dsdr < ——-E'(t).
00 61

On the other hand, using (2.22) and the fact that E(t) is nonincreasing, we ask for
t,s € RT,

1
Ini(s)dz =
0

<

—

(s08) = 6, (0, — ) do < 2[4z, s + 202 (at — s)da
0 0

2|00 <
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Then, we obtain

1 +o0

of Foon oo (2

—+o00

E(0) + 2m0> C(t) [ g1(s)ds.

1 t

Then, we deduce that, for all t € RT,

jTogl s)ni,(s)dsdr < —%E'( )+ <>\§1E(O) + 2m0> ¢(t) J;foogl(s)ds. (2.108)

Similarly, we have

f1 +foogz §) 1, (s dsda:<—2—E’(>+(8m1E(0)+2mo) c(t)tfmm(s)ds. (2.109)

VB YA2
1400 2 8 “+o00
f f g3(8)n3,(s)dsdw < —7—53E’( )+ <£E(O) + 2m0) (%) [ gs(s)ds.  (2.110)

At this point, multiplying (2.107) by ((t) and we take § < % , we obtain

, 21 2miag 2moai '
L E
L)+ ( B " 754 " VB3 ) ()
8m1

< —al()E() + aq (%E(O) + 2m0> r1(t) + as (WE(O) + 2m0) ro(t)

1

tay (Sm2 E(0) + QmO) r3(t) + 7N7g(t)/0m (o, + ¥+ lw)dx
VA3 )

_’VNSC(t)/Qm (o, + ¢+ lw) dx + (p2 - %) Ng((t fwtwmdx (2.111)
0

for some c; = N\g — 0C > 0 and r;(t) fgZ Yds fori=1,2,3.
It is clear that
Li(t) = C(t)L(t) + 2 E(t) ~ E(2),

that is, exist positive constants 01 and do,such that
ME(t) < Li(t) < 02E(1).
So

Li(t) < —csC(t)B(t) + aryyri(t) + ayara(t) + asysrs(t)
1 1

+7N7C(t)/91tx (p, + ¥+ lw)de — ngg(t)/Qm: (p, + ¥+ lw)dx
0 0

b
+ (Pz - 17101) Ng((t fl/JtSOtzdx
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where c3 = -7, = /\%E(O) + 2mg, 7y, = 8mlE(O) + 2mg and 4 = %E(O) + 2my.
By using (2.95) and (2.96), we get

Li(t) < —esC(EW) + arym(t )+042w“2(t)+04373T3(t)+2€C(t)E(t)

400
+CEC f |:L({‘g n2tx d8+ fg?’ n3tz( )d5:| dx

B (205777,1 . 2057712) C(t)E’ (t) + <p2 — bl—}fl) NgC fwtgptwdw

VB2 VB3
we have
1+o0 2m1 ~/ (8m1 ~ >
L(8)dsdr < ——FE(t —F(0)+2 t
(0] [ ol)i(s)sdr < LB (1) + ( Z5HE(0) + 2m ) o)
1+OO 2 27712 ~/ 8m2 ~
Ct) [ [ g3(s)mspe(s)dsde < ——=FE(t) + | ——FE(0) + 2mq | r5(2)
0 0 783 VA3
So

d 2ccmy 2c.my -
4 s (222222 (s o)
< —(e3—=2e) C(OE() + anyri(t) + (a2 + co)vara(t) + (az + c2)v3rs(t)

+ (p2 blkp 1) NsC(t) Oflwtgomdx + (2%’31 + 2256”:2) CHEW).  (2112)

Because is nonincreasing, the last term of (2.112) is nonpositive, therefore, by integration

on [0, T] and using the fact E(t) is nonincreasing, we obtain

(= 22) B el < 20+ (252 + 222) (B(0) +.600)00)
}Tg(t)dt

0

3
+a171fr1 t)dt 4+ (az + ce ’yzfm t)dt + (as + ¢ )3

+ (PQ 61151) Ns((t f¢t%0tzdx (2.113)

1. Ifﬁ = Z—; holds, relation (2.113) gives (2.105) with

S0 = 12 maX{Ll(O)-i-(

2ccmy 2c.mo

VB2 VB3
171, (062 + 66)727 (Oég + 66)73} .

C3 — 4&

) (B0 +c0E0).

2. If pﬁl #+ Z—;,the relation (2.113) becomes as follows

(s — 3) E(T)fat)dt < L,(0)+ (2,7 e me) (E©) + c0EO)
+(a1 + . 71]7"1 t)dt + (g + c- %ITQ t)dt + (s + c2)vs frg(t)dt, (2.114)
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by using (2.94) and

1+oco -, ~
COf [ onhtulisds < =3 E'0)+ (L O +2m0) n(o)
00 5 A1
therefore the relation (2.114) gives (2.105) with
B 1 2c.  2c.mqi 2ccme ~
o = g max{ L)+ (574 250 4 2 (B0) 4 (0)E (),

(051 + 05)717 (O‘2 + 06)727 (O‘?) + 05)73} .

This completes the proof. m

2.4. Stability result



CHAPTER 3

Energy decay of the Bresse system by two thermo-viscoelastic dampings

3.1 Introduction

In the present chapter, we consider the following thermo-viscoelastic Bresse system of
type IIT [10]

P19y — k(@ + 0 +lw), — kol (wy — L) + 1701, = 0,
poy — by + K (0, + U 4 lw) + vl = 0,

t )
O — k10100 + [9 (t — 5) 010 (2, 8) ds + mq (W, — l), = 0,
0

t
O — kalzew + [g(t — 5) 0200 (2, 8) ds + Moty = 0,
0

\

with the following initial data conditions

(907 Pt ¢7 77Z)tu W, W, 917 Qltu 927 0215) (ZU, 0) - (9007 P15 77Z)07 77Z)17 Wo, W1, 9107 011, 9207 921) ) (32)

and the homogeneous Dirichlet boundary conditions
w(z,t) = p(z,t) =Y(x,t) = 01(x,t) = Oy(z,t) =0, for x =0, 1, (3.3)

where ¢ € (0, +00) represents the time variable and x € (0, 1) is the space variable. Here
v, w and v are, respectively, the vertical, longitudinal and shear angle displacements of the
beam and 61, 0> represent the temperature difference. ¢ is a positive function satisfying
some conditions to be specified later, and the coeffitions p;, py, k, ko, k1, ko, 1, b, v, m1, Mo
are positive constants.

The isothermal system [6] which was first considered by Bresse in 1859, is more gen-

eral than the well-known system of Timoshenko where the longitudinal displacement w

27
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is not considered (I = 0).There are many publications concerning the stabilization of
Timoshenko system with different kinds of damping to be added to the equations or to

the boundary (see [12, 15, 24, 26, 36, 37].).
Ammar-Khodja et al. [2] concerned with the following system of Timoshenko type

with memory:

p1ou — k (0, +1), =0, in (0, L) x (0, 400),
ptht - wax + g* w:c;z + k (@w + w) = 07 mn (07 L) X <07 +OO)7
gp(o,t) = W(L’t) = ¢(O’t) = ¢(L7t) =0, for t >0,

90('70) = 90079015("0) = 9017770('70) = 77/}0777015("0) = ¢1’ in (O,L),

t
where g * ¢, (z,t) = [g(t —s),, (z,s)ds represents the memory effect with a real-
0

valued C2-function g. Also, Guesmia and Messaoudi also, considered, in [23] the same
previous system and established the same resulta of stability of [2] with weaker conditions
on g. Although they used the same method and adopted almost all the multipliers used
in [2], the use of a functional similar to the one in [%, 9] made the difference and played
an essential role in weakening the requirements on g.

As for the Timoshenko type III thermoelasticity system, there are some publications

that have been interested in the study of the stabilization of this type of systems, among

these publications we can mention [11] where Djebabla and Tatar studied the following
system
p10n — k (¢, +1), =0, in (0, L) x (0, +00),
Py — 0y, + kjth + 1) +70, =0, in (0, L) x (0, +00),
p39tt - led?u’v + ﬁfg (t - 8) eﬂﬂl‘ (.T, S) ds + 7¢ttz = 07 in (Oa L) X (07 —|—OO),
0

and they proved, under Dirichlet-Dirichlet-Neumann boundary conditions, suitable con-
ditions on its coefficients and for g decaying exponentially, that the energy function also

decays exponentially.

Kafini [29] improved the result of Djebabla and Tatar [1 1] with more general relaxation
functions. He proved, under the same conditions on the coefficients, a general decay result,
from which the usual exponential and polynomial decays are only special cases.

Our objective in this chapter is to study the effect of type III thermoelasticity on the
Bresse system with the presence of two memory type dampers. More precisely, we prove
the decay of solutions and establish the energy decay rate when

k b
P1 P2

In the next section, we present some materials needed in the proof of our results and
in the second we present the statement and the proof of the result with the different

functionals by which we modify the classical energy to obtain an equivalent.

3.1. Introduction
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3.2 Preliminaries

In this section, we present the mathematical bases to be used later for the proof of our

stability result. We will use the following assumptions related to the function g
(G1) g:R; — R, is a differentiable function such that

g(0) >0, ki — [g(s)ds=XI >0,and ke — [g(s)ds =Xy > 0. (3.5)
0 0

(G2) There exists a non-increasing differentiable function ¢ : R, — R such that
gt) < —=C(t)g(t), t>0 and [{(t)dt=+o0. (3.6)
0

For completeness, we state, without proof, the following global existence and uniqueness

result which can be proved by using the Faedo-Galerkin method.

Theorem 3.1 Let (()007 (,01), (¢0777/}1)7 (wO,W1)7 (0107 011), (920, 621) € H&(O, 1) X L2<O, ].)
Assume that (G1) and (G2) are satisfied. Then, the problem (3.1)-(3.3) has a unique
weak solution (¢,v,w,01,02) of such that

o, P, w, 01,05 € C (R+; H (0, 1)) nct (R+; L*(0, 1)) )

3.3 Technical Lemmas

In this section, we start with establish several lemmas needed for our work then proof our

main result.
Let us first prove that the energy function £ is decreasing, we have

Lemma 3.1 Let (¢,v,w,01,05) be the solution of (3.1)-(3.3). Then the energy func-
tional, defined by

E(t) =

DN —

1
v v
/ [/w? + P} + pywp + ——03, + —03, + b’
my meo
0

t
(0 1) + o (e — 1)+ (/ﬁ _ / g(s)ds) 0
0

1

v ! v v
. (k: -/ g<s>ds) 02, + (g0 b) +—<go92x>] dr.  (37)
0 mq mo

ma
satisfies

E'(t) = T (Ofl(g/ 0 01,)dr — g(t)oflﬁxdx> + 2lm2 <Of1(g' 0 0o, )dr — g(t)oflegxdx> <0.
(3.8)

3.2. Preliminaries
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Proof. Multiplying Equation (3.1)1 by ¢, , (3.1)2 by 1, (3.1)3 by wy, (3.1)4 by - 101 and
(3.1)5 by ;0o and integrating over (0,1), we get after summing up

1

g v 2
[w? TPV i by b R (e 0 L)

1
t
Tk L0 + il 9390] dx + l/ (/ g(t—5) 010 (z,5) ds> 01, dx
mi my ) 0

¢
—i—l/ </ g (t —8) 0oy (z,5) ds) 0o, dx
mo / 0

— 0. (3.9)

"’kO (wx - l(p)2

By using (1.6), we obtain
o 1d )
of {g(t—s)@im(x,s)ds Oydr = 5%(909” th fg dsfﬁ dx
1L,
—5.J (g 0 bia)(t)dw + g f92d:n i=1,2.
0

We obtain the result by substituting this last equality in (3.9). =

Now, we introduce the multiplier p given by the solution of the Dirichlet problem

—Paz = Py p(O) = p(l) =0,

then we can obtain the following inequality

1 1 1
[pidz < [p}de < [¢}da, (3.10)
0 0 0
1 1 1 1
[pPdz < [pide < [¢Pde < [¢2dz, (3.11)
0 0 0 0
and we define the functional
1 1 x 1
I (t) = —pyf o pedz — L[ (pylih, — prwy) [p(y)dyda + py [¢,pd. (3.12)
0 0 0 0

So, we have the following lemma.

Lemma 3.2 Let (p,9,w,01,05) be a solution of (3.1)-(3.3). Then we have for anye; > 0,
Lo 2 L
L(t) < —b(1-2P) / Yidr + W(l + 14)/ 05, dx
0 0

1 1 1
Ce1) | Yidx+e / widz + & / 2, (3.13)
0 0 0

p3l?
461 :

where C (e1) = py + = L pol? +

3.3. Technical Lemmas
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Proof. By differentiating the expression of I;, using equations in (3.1) and integrating

by parts, we obtain

!

1 1 1 1
Il = _p2fwtptacd3j + bf%pmdl' + plfsatptdaj + bl2f¢xpdx
0 0 0 0

1 1 x
— [ 024 (pa + Pp)dx — L[ (polth, — prw:) [pe(y)dyda.
0 0 0

Using the fact that p,, = —,,we get
1 1 1

I () = —pyfpreds —bf3de + p, [@ipeda
0 0 0

1 1 1
+b12fpid:v — 7l2f6’2tpdx + ”yfggtl/JctdI‘

1

—pol f%fpt )dydzx + Pllfwtfpt )dydz, (3.14)

by using Young’s inequality, Poincaré’s inequality, (3.10) and (3.11), Using the fact that
Doz = —P,,We get

2 1
plfsotptdx < €1f90t dr + i fwfd%

l21 221

—7l f@gtpdx < — fszd + 2 f 03.dx,
7 fGQthdx - fwgdx + Lp f@gtdx,

—pyl f¢tfpt )dydz < pzl2f¢tdfc

and
22 1

pllfwtfpt Ydydz < elfwfd:p + f@bt

We obtain the result by substltutlng these last 1nequaht1es in (3.14). m

Lemma 3.3 Let (¢, 9, w,01,05) be a solution of (3.1)-(3.3). Then the functional

L(t) = —Oflﬁlt <jg(t —5)(01(t) — 01(8))d8) dx (3.15)

satisfies for any eo > 0 and 0 < < 1

t 1 1 1
L) < — </ g(s)ds — 5) 0%, dx + l€2/ idr + 52/ widx
0 0 0 0

! t e 9O [T
—1—4—5 <k:1—/og(s)ds) /Oelfdx_ﬂ/o (g’ 0 01,)dx

+(C (e5) + 36) / (g0 01,) de, (3.16)
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where C' (g2) = § <1 + mi(gl;rl)

Proof. Taking the derivative of Iy, using the fourth equation in (3.1), we obtain

B0 = (b= [06as) [ 0ot bude—m [ 5ot

1 1
—mll/ (go@l)gptdac—/ 01 (g ©01)dx
0 0

— (/Otg(s) ds) /01 eftdq:Jr/ol (g0 01,)" da. (3.17)

By using Young’s inequality, (1.7) and (1.8), we get, for any es >0 and 0 < 0 < 1

1 1
— 01 (¢’ ©01) dx < §[6F,dx — 9(0)
0 0 46

(¢' 0 61,) d, (3.18)

o

t 1
(kl_fg< )f goelﬂ: ledx < g6f goé’lz)d
0 0

(3.19)
1 1 gm? 1
—my [ (g0 01,) widz < eg [widz + Tlf (g o60i,)dx, (3.20)
0 0 2 0
and
1 1 alm2 1
—mal [ (g0 01) p,dx < les [pFdx +9 " 1f (gobi)d (3.21)
0 0 2 0
Inserting (3.18)-(3.21) into (3.17), we complete the proof of (3.16). m
Lemma 3.4 Let (¢,1,w,01,02) be a solution of (3.1)-(3.3). Then the functional
1 t
I(t) = — [0 (fg(t — 5)(0(t) — 92(8))d3) dr, (3.22)
0 0
satisfies for any ez >0 and 0 < < 1
, t 1
Lt < — (/ g(s)ds — (5) / 03,dx
0 0
1 t 2 M 1
—5 (k:g / g (s) ds> / 03, dx + 53/ Yidx
0 0 0
1
o) / (§ 0 0)da+ (Cex)+90) [ (gotu)dn, (323
0 0
where C' (e3) = < 483>

3.3. Technical Lemmas



Chapter 3. Energy decay of the Bresse system by two thermo-viscoelastic
dampings 63

Proof. Taking the derivative of I3, using the fifth equation in (3.1), we obtain

L) = (kg—/otg(s)ds) /01 (g0 035) Oopda

1 1
—mz/ (goegw)lbtdl‘—/ 02,5 (g 092)d

_</ )/ 0> dm—i—/ (g 05)° da. (3.24)

By using Young’s inequality, (1.7) and (1.8), we get, for any e3 >0 and 0 < 6 < 1

: 0t ,
_J"@% (¢ 0 0y) dx < 5[92 - %f (g 0 0,) du, (3.25)
0

(3.26)
and
1 1 1
—ma [ (g0 02.) ¥, dx < &3 [id + f goby)d (3.27)
0 0 €30
Combining (3.24)-(3.27), we obtain the desired result. m
Lemma 3.5 Let (¢,1,w,01,02) be a solution of (3.1)-(3.3). Then the functional
1
L (t) = = [ (prper + oty + prowr) da,
0
satisfies
, 1 1 1 1
L0 < —py [ Gde-p, [ wtds—p, [ wtdos i) [t
0 0 0 0
1 1
+(k+2cz)/ (0, + 0 + 1) da + (ko + 2cl)/ (ws — 1) da
0 0
+L (1+l2)/ 02,z + /1 62 dz. (3.28)
41 1t 41 2t
Proof. Taking the derivative of I, by using equations in (3.1), we get
/ 1 1 1 1
L0 = - [ Gide—p, [ Wt py [ wtdors [ vl
0 0 0 0
1 1
+k3/ (¢, + 9 + lw)* do + ko/ (we — 1) da
- 1 ’ 1
—i—h/ Qltcpdx—v/ Hgthdx—y/ 0w, dx, (3.29)
0 0 0
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We obtain the result by using (1.10) and Young’s inequality to estimate the last three
terms on the right-hand side of (3.29), as follows

1 1 421
Iy [Oupde < 1f@ide + Tf@id
0 0 0

1

< clof[(gpr+¢+lw)2+(wz—l<p)2 ]d:v—l— f9

(3.30)
1 1 421
— v [Oyw.dr < lfwids+ —f@ftdx
0 0 4l
; 2 2 7 ]
< ddf [(gp + 9+ 1) + (we — L) + 2] dz + 4—lf«9ftd:v,
0 0
(3.31)
1 1 421
— [ O, dx < 1 [p2dx + i [05,dx. (3.32)
0 0 0

Lemma 3.6 Let (¢,1,w,01,02) be a solution of (3.1)-(3.3), and let k = ko. The func-
tional I5 defined by

T

5(t) = —plofl (wz — lp) Of wi(y)dydx — p10f1 wtof (o, + ¥ + lw) (y)dydz, (3.33)

satisfies, for any €4 > 0
1
Lo < o wfdx+p1<l—1>/ 2y 4 1 /wtdas
0 0
L / 07, dx + (e4v — ko)/ (we — 1) da
0

264
1
+(k 4 vl%ey) / (¢, + U + lw)® dz. (3.34)
0

Proof. By differentiating /5, then exploiting the first and third equations in (3.1), under
the condition k = kg we get

!

1 1 1
I(t) = ,olfwfd:c - ,olfgofd:c - kof (we — lp)* dx

1

+kf (pp + ¥ + lw) dz — plfsotfwt )dydx

1
+7 [ (we — L) Orpda + vlf Qltf (pz + 19 + lw) (y)dydz. (3.35)
0 0

0
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By using Young’s and Poincaré’s inequalities, we obtain

1
—,olf sotf Vi(y)dyda < pllf prde -+ 15 [Wda, (3.36)
0
1 1
Y[ (wz — 1) Opda < yey [ (wy — lp)? dx + 4—f93tdx (3.37)
0 0 €47

and
1 T 1 9 y 1
W[ (0o + 0 +1w) ()dyde < APeuf oy + ¢ +1w) do + = [O1,de. (3.38)
0 0 0 40

By substituting the last three inequalities in relation (3.35), we obtain the desired result.
|

Lemma 3.7 Let (p,1,w,01,05) be the solution of (3.1)-(3.3) and let k = ko. Then, the

functional
1 1
Is(t) = —p1 [0y (we — L) dz — py fwi (9, + 1 + lw) da, (3.39)
0 0

satisfies the estimate
, 1 D l 1
L(t) < —l(ky— 1)/ (we — 1) da — 21 wrdz
0
1
+/<;z/ (%+¢+zw)2dx+plz/ 2de + 2L / Vi
72 ’ 1 1
1z / 0z + / Oris (0, + 0 + L) dor. (3.40)
0 0

Proof. A simple differentiation of I5, using the first and third equations in (3.1), under
the condition k& = kg leads to

!

1
Ie(t) = —kolf —lyp) dx—l—pllﬁptda: pil [widz
0
+klf (¢, + 0 + lw)* do + vfem (0, + 1 + lw) dz
0 0

1 1
—py fwihydr + 17y [ 014 (wy — L) de. (3.41)
0 0

Use of Young’s inequality for the last two terms in the right-hand side of (3.41) , we get

L 1 21
l’yfelt (wx o lgo) dr < l2f (Wx - lSO)Q dz + %fgitdxu
0 0 J

: P1l 2 P1
—p1Jwipde < == Jwide + f%
0 0

We obtain the result by substituting these last inequalities in (3.41). m
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Lemma 3.8 Let (¢,v,w,01,02) be the solution of (3.1)-(3.3), and let k = ko, % =t
Then the functional

I(t) = p2f¢t P, + 9+ lw) dx 42 fsmb d, (3.42)

satisfies, for any €5 > 0, the estimate

1

/

1 1
I(t) < —k:/ (0, + 1 + lw)* do + p2l55/ widx + l55/ (we — 1) da
0 0 0

+b2l 1L /1¢2d top (1! /1¢2d

1 1
+les / 03, dx — 7/ Otz (0, + 0 + lw) dz. (3.43)
0 0
Proof. By differentiating I, then exploiting the first and second equations in (3.1), we
get
) 1 ) 1 1
L(t) = —k[(p,+9+1w) do+ p2f Yida + blf by (we — lp) dz
0
1 blvy |
+pol [hwidr — feltw dx — 7f92m P+ +lw)dx
0
2
+ ( 2 — 7) J¥prdr
0
Under the condition £ = £ we get
P1 P2
/ 1 ) 1 1
L(t) = —k[(p, +¢+1w) do + sz Vida + blf by (we — lp) dz
0
L bl L
+pol [ widr — fgul/) dx — erztx Oy + U +lw)dz
0

(3.44)

By using Young’s inequality, we obtain

1
pzlfwtwtdx < p2l55fw dx +o po! 2 [yYidr,
€50

1

1 27 1
bl [, (wy —lp)da < les [ (w, — 190)2 dx + gfwidx,
0 50

0

and

by ¢ bAA? L

4k2es

f@W dr < le; fe dz + f Yrdr.

By substituting the last three inequalities in (3.44), we obtain the desired result. =
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Lemma 3.9 Let (p,9,w,01,0,) be the solution of (3.1)-(3.3). Then the functional
1
= [ (0101 + 0204) d, (3.45)
0
satisfies, for any 0 < § < 1, the estimate
/ 1 1 1 1
I(t) < — [Al — E(l—l—mf—i—ﬁmf)}/o efxdwr/o eitdxw/o idx

1 1 1
- [Az — i(1 + mg)} / 03, dx +/ 03,dx + 5/ Yidx
49 0 0 0
1 1 1
+5/ widx + (5§/ (gobi,)dx+ (5§/ (g o0)dx. (3.46)
0 0 0

Proof. Using the fourth and fifth equations of (3.1) and repeating calculations similar

to the one above, we arrive at
t 1 1 t 1
I(t) = — (]{71 —/ g (s) ds)/ G%Idx—l—/ 03, dx — <k:2 —/ g(s) ds) / 03, dx
0 0 0 0 0
1 1 1 1
+/ 9§tdx + ml/ 01 ,widx + lml/ 01p,dx + m2/ 02,0 dx
0 0 0 0

1 1
0 0

By using (1.7), Young’s and Poincaré’s inequalities, we get

1 1
— [ (g9 0iz) 01.dz <65 [ (g0 b;y)dr + 46f9md:c fori=1,2, (3.48)
0 0
1 1
my [Orwide < 8 [wide + —1f(9 (3.49)
0 0
1 1 21
Imy [O1p,dx < 6 [¢; (3.50)
0 0 0
and
1 1 m2 1
my [ 0o, dx < 6 [7de + 4—52 [05.dx. (3.51)
0 0 0

Combining (3.47)-(3.51), gives the desired result. m

Lemma 3.10 Let (¢, 9, w, 01,02) be the solution of (3.1)-(3.3). Then the functional

Io(t) = —pzofwxjwy, )dyd, (3.52)
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satisfies, for any g > 0, the estimate

1 1
L) < —(b—kes— ) / Edzp, / JRde
k ! O 2 07 ! 2
—_— l d — 6s.dx. )
v [ rvrwras L [ (3.59)

Proof. By differentiating Iy, then exploiting the second equation in (3.1), we get

/

1 1 1
19<t) = p2f¢fdx - bfzﬂidx + 7f¢x92td$
0 0 0

—kjlw (o, + 1 + lw) da. (3.54)
0

Use of Young’s and Poincaré’s inequalities for the last two terms in the right-hand side
of (3.54) , we get

1 ol
—k [V (p, + 1+ lw)dr < kaﬁfw dr + - — [ (¢, + 0 + lw)* dx, (3.55)
0 €60
and
1 1 N1
Y [V 0ndx < yeg [V2dr + —— [05,dx. (3.56)
0 0 deg

Combining (3.54)-(3.56), gives the desired result. m

Lemma 3.11 Let (p, ¢, w,61,05) be the solution of (3.1)-(3.3). Then the functional

1 x
Lo = —po [0 [ (y, t)dydz. (3.57)
0 0

satisfies, for any €7 > 0 and 0 < § < 1, the estimate

' sz2

Ly(t) < fwtdx+b£7f¢ dx

b+k
—l—k:&f (0, + 0 + lw)? dx+<7+4L) [05,d

+Mﬂ) ngf (g 0 0sy) dz. (3.58)

P22 M2 o
Proof. Using the second and fifth quations of (3.1) and repeating similar computations

as above, we arrive at

1 t 1
Lo(t) = —pyms / Vidr + (m— / g(s)ds) / Doty
0 0 0

1 1 1
+0, / (g0 0) iy — b / orth s + / 02, da
0 0 0

1 T
+k/0 Qgt/o (op + 9+ lw) (y,t)dydx. (3.59)
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By using (1.7), Young’s and Poincaré’s inequalities, we get

p2m2

2dr +

<p2k’2 — b[t"g( )fegwtdx

1

paf (9 022) e < pa "' 2 Fudde + P29 [ (g 63,)

m2 g
—bf@gthdas < b&f@bid:ﬂ + if@gtdaj,
0 0 deqy

and

1 x 1
/ff eztf (pp + 9 +w) (y, t)dydx < keq f (pp + 9 +lw)’ do + — fegtdx

der
By substituting the last three 1nequahtles in (3.59), we obtain the desu"ed result. m
Firstly, to estimate the terms vfﬁm ¢, + 1 +lw)dr and —'yfﬁm 0, + ¢ +lw)dx

appeared in (3.40),(3.43) respectlvely, we use the system obtained by differentiating (3.1)-
(3.3) with respect to time, defined by

(

P10 — k (o, + U+ lw)m — kol (wz — ZQD)t + ly01 = 0,
Py — by + K (‘Pm ++ lw)t + YOoe = 0,
PrWite — ko (We — l@)xt + kl (¢, + ¢ + lw), + 70142 = 0,

< elttt klelxxt + 8tfg elmm (SU S) ds + mq <w$ lgp)tt =0 (360)

Oatte — kobO2zat + afg (t = 5) b2z (T, 5) ds + mathyyy, =0
0

wi(z,t) = p(x,t) =, (x,t) = Oyy(x,t) = O (x,t) = 0, for x = 0,1,

\
and we introduce the second-order energy functional

1

- 1 y
E<t) = 5/ {Pl%%t + PQw?t + lett Q%tt o egtt + bwit
0

+k (g + ¥ + w)? + ko (w, — )7 + (g0 b1s) + (g 0 Onr)
mq mo

t t
+L (kl - / g(s)ds) 07, + ua (kz - / g(s)ds) 93,54 dx. (3.61)
my 0 ma 0

At this point, we need the following technical lemmas:
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Lemma 3.12 The second-order energy E(t) satisfies, for allt >0

1 1
~ Y ’
B0 = o | [ o0uts—gtt) [0,
0 0
1 1
'7 ’
+2_m2 /(g 0 Og )dx — g(t)/@%txda:
0 0
1 1
Y Y
~ 7 gt) / 10O — g (1) / Ornalandl, (3.62)
my mo
0 0
and
Blt) < (E< )+ f<9%0m n 020m>dx) . (3.63)

Proof. Differentiating E(t) with respect to t, using system (3.60) and noting that the
following fact

fg ZIC?? ZE S)ds = fg z:m: )dS
= f 9(8)0iaar(t = 5)ds + g(t)0izz(0)
= fg(t - S)Hixxt(s)ds + g<t)9201‘x7 fOTi = ]-7 27
0

we obtain (3.62). Then, by using Young’s inequality, we find that

., 1 1
E <t> S _lg(t>f910xw91ttdx - lg(t)f920:mce2ttdx
mq 0 meo
Y E 2 Lo p 2
< Eg(t)i[ T Zleltt dr + —g ! T 92tt dx
< (t)E(t) + (t)‘/l“ (9%0$$ + 93090:1:) dx
=~ g g ) —ml —m2 )
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which implies

t t t
0 ~ —fg(s)ds -, —fg(s)ds B —fg(s)ds
5 E(t)e © = E(t)e 0 —g(t)E(t)e ©
| |
- —J g(s)ds — | g(s)ds 1 02 92
S HE(t)e O + te 0 10xm+ 20:m:)d
9()E(t) 79(t) 0f<m1 o
t
5 —fg(s)ds
—g(t)E(t)e ©
1 02 92
< 79(t)f( O | 20“) da,
0 1 mo
which gives us
+oo t
o = [ as)as [ a(s)ds
E(t)e © < E(t)e 0

Consequently, (3.63) follows. m

Lemma 3.13 There holds for any 0 < 6 < 1 and t > ty > 0, we have the following
imequalities:

+ Vjem (e +¥ +lw)dr < 5f1 (¢, + ¥ + lw)? do + =g(t) E(0)
0

0 )
cl ,
+5/ [(9 © biat) = (9 0 i) dz, (3.64)
0
fori=1,2.
Proof. We have, for i = 1,2
1 1
in@im(QOz-l-l/J—i-lw)dx = j:t 7 f(%+¢+lw)(g<>0m)dx
0 0
fg(s)ds

0
t

e T [y ) folt — $)0iaa(s)ds
fg(s)dso 0

0

(3.65)
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Recall that L < - L for all t > ¢, > 0, which together with Young’s inequality
fg(s)ds fg(s)ds
0

0
yields for any 0 < § < 1,

; f1 (0o + ¥ +1w) (g0 0iss)d gfl (0, + ¥ + lw)? dx + gfl(g 0 0;p)dz, (3.66)
Ofg(S)dSO ° 0
and
+ f1(¢$+w+lw) (ftg(t— §)0itz (s )dS) dx
bfg(s)dso 0
fl (¢r + 9 + lw) (g(())@m — 9(t)0iox + ftg/ (t— S)@iz(s)ds) dx
Ofg(s)dso 0
T+ 0+ 1) [900)(00s = Br0r) — (5000 d
Ofg(S)dSO
< gg{ (¢, + 0 + lw)* do + gg( )f(92 + 07, )d — gofl(g/ 0 0;,)dx
< 3 (o + 0+ 10 de + S(0BO) — £[(6 0 )i (3.67)

Inserting (3.66)-(3.67) into (3.65), we can get (3.64). The proof is done. m
Lemma 3.14 For any t >ty > 0, we have the following inequalities:

1 1 N
- g(t)felomelttdx - g(t)f920m92ttd$ < CQ@) (E(O) I(G?Owaj + 9203::;:>d > .
ml 0 mQ 0

(3.68)
Proof. by using Young’s inequality and (3.63), we find that

—mlg f@m:mc(glttdm - —g f920m92ttd$

79(t) v9(t)
2m1 I(G%O:pw + ‘gltt)d'r + 2m2 f(0§0mm + 02tt)d

co(t) (BO) + | (P + i) )

IN

IN
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3.4 Stability result

Now, we are ready to state and prove the main result of this section.
First, we must prove the equivalence between E(t) + E(t) and L(t).

Lemma 3.15 We define a Lyapunov functional L as follows

Lit) =N <E(t) + E(t)) + 3 NI(), (3.60)

satisfies, for N;, 1 = 1,2,...,10 are positive constants to be proprerly chosen later, with

sufficiently large N,
@ (E(t) + E@s)) < L(t) < a (E(t) + E(t)) ) (3.70)
where oy and o are positive constants.

Theorem 3.2 Let (p, 1, w, 01, 03) be the solution of (3.1)-(3.3) and assume that (G1), (G2)
and (3.4) hold. Then there exists a constant C > 0 such that the energy functional (3.7)
satisfies,

1+ jg(s)ds
E@t)<C 0

t ) (3.71)
be(S)ds

where

€ = ¢ (BO)+ BO)+ ] (B + 0h.r) ).
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Proof. A combination of the estimates of the previous lemmas gives

l
L) < - [Pz (Ny— Ng) — C (1) Ny — e3N3 — A1 — N5 — P —Ng — (1 + _) N

4] 2l 465

Pam2

1
+ Nlo] fwfdx —[b(1—22) Ny — (b+1+2) Ny

1
(wWa — l9)* dx — [py Ny 4 py(1 = ))N5 — &1 Ny — leaNy — p,INg] [p2da
0

l 1
— ,01N4 + %NG — €1N1 — €2N2 — p1N5 p2l€5N7:| ftd?dﬂ?

1+ 12 1
_ (fg (s) ds) Ny — %Z)M _ 214]\[:, _ VZN6 —les Ny — Ng} [62,dz
L \O

/7t 2

o2 \
- Yds ) Ny — ~—(1+ )N, — N, — Ny — -
_(bfg( S) 3= g+ de, 0T gt ?

— + N 0s.dr — | ——q(t)N + M\ N, 05 dx
(7 4eq ) 101{ 24T {2m1g() ! S}bf la

ky +3)° L 1
Tyt )N—i—)\QNS—MNw] [03,dx + C (22) No [ (g 0 01,) d
0

2my P12

1 N 1
+|:C(€3)N3+p2g O}f go0s,) dx—f-—f (¢' 0 01,) dx
0

2N 1 (o B+ 6] [Nu(? + ) + Nt + Vot
20 0

+N305;, + §(Na + Ng) (9 0 012) + G(N3 + Ng) (g 0 02,)] da

1 1
+4—5f K fg ) ds)No + (1+m§+12m§)Ng) 03,

+ ( fg )ds)Ns + (1 + mg)Ng) 9395 — g(0)Ny (¢ 0 61,)

N 1
~9(0) N (¢’ © 6, do + L [ (g 0 br1,)d — —g fem
mlo

N~ N~ / N
__g f92ta:d‘r + 2_f(g o 921€:v>d'r - ,y_g(t)f‘gl()xxelttdx
m2 g my 0

N 1 1 1
—%g(t)f%o“@md% + YNe [01tz (0, + ¢ + lw) dx — YNz [O21, (0, + ¢ + lw) dz
2 0 0 0
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By setting Ng = 1, N5 = N4y, Ng = %N4, N9 = (1 =1) Ny, €6 = [Ny and by using
(3.64),(3.68), we arrive at

L(t) < — [/)2 (my —e7) Nig + (l % - %) Ny — Cy (1) Ny — €3N

l S 2 b 05
—py HE Ny {mdx— b(1—2l)N1—E L+-5 )N
—1((1 = 1)%(k 4+ 7) Ny +2¢+ b+ 1) Ny — ber Nyg] fwida:
0

k 1
— |:k‘N7 (3]€ + 2[0 + ’}/l €4> N4 — 4—[ — ]{7€7N10:| f (QDI + ¢ —+ lw)2 dl‘
0

[y

— (ko — 2¢l — ye4) Ny — lesNy] [ (w, — 1) da
0

1
— [pl(l — Z)N4 — €1N1 — ZSQNQ] f@?dﬂ?
0
_p 1
_ 51N4 —e1N7 — 9Ny — p2185N7] [widz
- 0

r/t 2 2 2 1
rA+E) Ly
_ _<{g(8)ds) Ny — (T—i_ﬂ—i_ 1 Ny —lesNy, — 1 {Q%td]}

r/ t 2 4
(1 +1%) 72 b+ k
— _(fg(s)dS) N3—WN1 4[N4_ ’7+ 457 NlO

1 1
—1—1} [6%dz — {%g N+A}f€ dz + C (e3) No f (g0 01,) dz
0 m 0

1 1
_ {Lg(t)N + )\2] f9§$d:n + {C (e3) N3 + &Nlo} [ (g0 02) d
2m2 0 4 0
N yN 1
+2_TTI,10 (g’ o 91:p> dx + 2_7@! (gl o ng) dz + 5CN2,N3,N8,N10E(t)
1

_SCNz,Ns,Ns,NloE/ (t) + CNg(t) { + f H%Oxm + 02Oxx>dx:|

1
_ E+N7 V[ 0y + 0+ lw)? dx+5(N4+N7) g(t)E(0)

+5N4;[ [(9 0 O1ar) — <g’ o emﬂ d + gmgl" [(g 0 fny) — (g' ° e)m)} dz.
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Now, let us take ¢ = Nil, €9 = N%, €3 = N%,v €4 = N%N €5 = N%, €7 = N%y to get
’ N2 2
L0 < = [pmadin+ (1= 2 - ) - (N, + )
IN7 [ 2
—pa |1+ ) Ne =2 Jide —[b(1—21°) Ny —b
€5 0
2 b*l 7 S
J(Q—U(k+wN¢+%+b+1ﬂv—~Z(1+Eg]f¢ﬂx
0
1
- [l{:]\@ — 3k +2lc) Ny — 41> — — — k:e] [ (@, + 1+ lw)* da (3.72)
0
1
—[(ko — 2¢l) Ny — 1 — 7] [ (wa — lp)* dz — [p;(1 — )Ny — 1 — 1] fgpfd:p
0
i 1
N, o ,021] [widz
L 2 0
[t (1+1) ANy  +? !
_ (fg(s)ds>N2 ( 724+Z—1)N4—l—11f¢9ftdx
L \o 0
e 4
7 1+l) V2
— d ——~=N; — —N.
(bf 9(5) 5) R TR
b+k L
<7+N10 NIO_%—1:| [05,dx
141
ZLml N+A}f€1xdx+g(1+N2%)sz (gob,)dx
m3 Ny P22 | [
0
N 1L N
;—mlbf g 0b1.) dfﬂ—i-;—f g' 0 0s5) dz + 0Oy Ny Ny, No N Ny B (1)
1
5CN2 N3, Ns, Nlo _'_ CNg t) |: 9%0:0:(3 + QQOxx)dx]

SNy + N (1) E( +—Mﬂgwm (60 01m) ]

O)IQ

o] e (500

1 ko V301

First, we choose | < min {75, 52, 5 } .
at

Next, we select Ny large enough such t

[+~ 1+1 4+%@}

Ny >
! m%%—mmﬂ—w "
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then, we choose Ny, N7, N1g sufficiently large so that

2cl vE o1
N- 3+— | Ny+—+—=+1
7><+k)4+k+4l+,

b2 2
b(1—2%) Ny >1((1—=1)*(k+~)Na+2c+b+1) Ny + — (1+1) +b,

4 k2
N2 2 lN2
prsi (55 =0) e (v S 00 (30 ) 0
5

After that, we pick Ny, N3 very large so that

t 21 12 N 2
Jg(s)ds) Ny > i ths )—1—7 L LY Ng 4,
) 4l >

¢ 2 4 2
v (14 1%) Y b+ k Y
ds | N3 > ————~N; + —N;s+ + N N+ =+ 1
(ofg(s) S) 32 Tgpr et (VT e J ety

Finally, we choose N sufficiently large so that (3.70) remains valid and

o
——qg(t)N + )\
2m19() + A1 >0,

v
——qg(t)N + Xy > 0.
2m29() + A2

Therefor, (3.72) takes the form

!

L (t) < _()‘0 - CNz,N3,N4,N7,N8,N105)E(t)
1

+Cf [(g © 0190) + (g © 92%) + (9 © ‘gltm) + (9 © 921590)] dx
0

- 1 ALy
0
for some positive constant \g, A1, C. At this point, we take § < A—CE’ So for some ¢ > 0, we

obtain

1

L'(t)+cE(t) < —cBE(t)+ cof [(90012) + (g0 02:) + (90 brea) + (g 0 Oos)] da

Feg(t) [E(O) T BO)+ [+ eéwdas} | (3.73)
It is clear that
Ly(t) = L(t) + cE(t) ~ (E(t) + E(t)) .

Multiplying (3.73) by ((t) , and by using the assumption (G2), we have

C(t)(g o (9233) S _(gl o 01:{:)7 C(t)(g o H’Ltm) S _(g, o Qita:)v fOT"i - 1a 2a
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we deduce

1

COEW) < —eCOLL) = cf [(g 0 01) + (g 0 020) + (9 0 01ia) + (9 0 0r) |

0

e[ EO)+ BO)+ [0+ B)is] 1000, (3.74)

By (3.8),(3.62), we get

1

—c Of [(g’ 001,) + (¢ o e%)} dr < —cE (1), (3.75)

and

1

1
_Cf [(g (@) le) —|— (g O ng)} daT S —CE (t) — Cg(t)f [Qlomﬁltt + 020m92tt] dlE
0 0

By using (3.68), we obtain

—c¢ Of1 [(g’ 0 011) + (g © em)] dz < —cE (t) + cg(t) (E(O) + _j"(@fm + eg()m)dx) . (3.76)

Noting that E(t) and ((t) are non-increasing, integrating (3.74) over (0,t) and using
(3.75)-(3.76), we obtain for any t >ty > 0.

E(t)oftg(s)ds < jE(s)C(s)ds = QQE(S)C(S)CZS +tftE(s)C(s)ds

< toE(0)¢(0) + ¢

cuwhuw—cawaw+jcwwx@w]

te :E(to) — E(t)+ E(ty) — E@)]

ﬂimm+jﬁmﬁwQJMLb@m
+Qmm+E@+f@m+%mw4ﬁwM@@. (3.77)

0 to

Noting the fact 0 < Ly(t) < ¢ (E(t) + E(t)) and ((t) is non-increasing, we can get

Ly(to) < c(E(to) + E(fy)),  — ()L () +j</(S)L1(S)dS <0,
and t )
th(S)g(S)ds < C(O)({Q(S)ds,

3.4. Stability result
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which, together with (3.77), gives us
t

B)[C(s)s < e[B(0)+ Blto)) +e [Blio) + Efto)]

e | BO) 4 [(Bo + Ghodia] o(o)ds
+c [E(O) + E(0) + bf (03000 + 9§0xx)d;c] a; g(s)ds
< ¢ {E(O) + E(0) + Ofl (030, + egogcx)dx] (1 + bf g(s)ds> :

which yields (3.71). This completes the proof of Theorem 3.2.

3.4. Stability result



CHAPTER 4

‘—Energy decay of Bresse system with a viscoelastic term and constant delay

4.1 Introduction

In the present chapter, we are concerned with the thermoelastic Bresse system of type

IIT with constant delay and viscoelastic term, which has the form

( Pl@tt_k(@x+¢+lw)x_kol (W:c_lSD) =0,
t

poty — b+ k (p, + 0 +1lw) + B[ g (t — 8) 1y, (s)ds = 0,
0

(4.1)
prwie — ko (wWe — l@);c + Kl (p, + ¥ +lw) + 905 = 0,
(304 — 1030 + Ywiz — 1110100 (1) — p190120 (x,t — T) = 0,
where (z,t) € (0,1) x Ry, with the following initial data and boundary conditions
[ 0(2,0) = po(), pi(2,0) = ¢y (x), z € (0,1),
U(z,0) = Yo(z), ¥y (x,0) = 9y (@), z € (0,1),
w(z,0) = wo(x),ws(x,0) = wi(z), x € (0,1),
0(x,0) = Oo(z), O4(x,0) = 01(x), x € (0,1), (4.2)
O (.t —7) = fo(x,t —7), (x,t) € (0,1) x (0,7),
@(0,1) = p(1,t) = ¥,(0,t) =9, (L,t) =0,  t € (0,+00),
wz(0,t) = w, (1,t) = 0(0,t) =0 (1,t) =0, t € (0,+00),

\

P1, P2 P3, Ky ko, 1, b, B, 7, iy are positive constants, j, is a real number, 7 > 0 represents

the time delay and g is a positive function satisfying some conditions to be specified later.

The issue of existence and stability of Bresse system has attracted a great deal of

attention in the last decades.
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In [35], the authors considered the Bresse system with finite memory of the following
form

P1w = k1 (@, + 1+ 1w), — ksl (we — lp) =0,
p21/}tt - k21/}arar + kl (pr + w + lw) + fg (t - 8) wzx (8) ds = 07
0
P1Wit — k3 (wl“ - lgO)z + kll (Som + 1/1 + lw) = 07
@(va = @(L7t) = %(Oat) = %(Lat) = wm(07t) = Woc(LJt) =0,
('70) = %o @t('?o) = $1s
(-70) = ¢O,¢t(.,0) =y,
- 0) (-

2
(0
w(.,0) = wo,w(.,0) = wy,

\
in (0,L) x (0,400), where g is a positive strictly increasing function satisfying, for some

nonnegative functions £ and H,

g(t) < —€)H (g(t)),  Vt>0.

They proved some new decay results of energy decay associated with this system in the
case of equal and non-equal speed of wave propagation, under appropriate conditions on

¢ and H.
Li et al. [32] were interested in Bresse system, but this time with second sound and

delay term, as shown in the following system

P1Pu — k (0, + 1+ 1w), — kol (we — 1) + ppy(w,t — 79) =0,
Poty — by + K (0, + ¥ + lw) + 70, =0,

prwy — ko (wy — Z‘P)z +kl (o, + ¢+ 1lw) =0,

ps0i + Bq + by, =0,

Tq + Bg+ 6, =0.

;

\
They proved the result of the existence and uniqueness of the solutions by using the
semi-group method, and under a similar condition on the previous parameters, i.e.
2
P1 (PQ P1> TP
=|(7r—— (=2 —-=)————==0 and k= ko,
‘ ( kpg) b k) oy ’
they showed that the dissipation induced by the heat is strong enough to exponentially

stabilize the system in the presence of a "small" delay when the stable number is zero.
In the same context, Houasni et al. [28] studied the same type of Bresse system with

finite memory and two constant delay terms positioned within the system as follows
(
Prw =k (@y + 10+ lw), — kol (we — 1) + pypy + poipy (@, 6 — 1) = 0,
t
0

prws — ko (we — o), + kL (0, + 1 + lw) + Mwy + Aawy (2, — 72) =0,
psfs + Bq + v, =0,
e + Bq + 99; =0

\

4.1. Introduction
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where they proved the energy decay result regardless of the stable number (.

Motivated by the works mentioned above, we show that even if we use the thermoelasti-
city type III instead of the thermoelasticity by second sound and in the presence of one
delay term we can establish an energy decay result. We prove our result by using the en-
ergy method together with some hypotheses on the weights of the delay and the frictional
damping as well the relaxation function g.

The chapter is organized as follows: In Section 2, we introduce some preliminary results.
In Section 3, we use the Lyapunov functional to establish an stability result of the energy

when % = %, k = kg, and [ is small enough.

4.2 Preliminaries

In this section, we present the mathematical bases to be used later for the proof of our

stability result. We will use the following assumptions related to the function g
(G1) g:R; — R, is a differentiable function such that

g(0) >0, b-— BTg(s)ds =A>0, (4.3)

(G2) There exists a non-increasing differentiable function ¢ : R, — R, such that
()< —COglt), >0 and [((H)dt = oo (4.4)
0
We introduce the new variable as in [39]

z2(z, p,t) = Oz, t — 7p), z e (0,1),p€(0,1),¢t>0. (4.5)
Then, we have
T2z, p,t) + 2p(x, p,t) =0, xz € (0,1),p€(0,1),t > 0.
Hence, problem (4.1)-(4.2) is equivalent to the following system, where (z,p,t) €
(0,1) x (0,1) x R4

(

p1pu — k (9, + 1 + lw), — kol (wz — lp) =0,
p2¢tt_bl/}a:m+k(gpx+w+lw)+6_([g(t_s)wxw(s)ds:07

prwi — ko (We — l@), + Kl (0, + 1 + lw) + 70, = 0,
,0391515 - lezm + YWte — Nlet:r:p (:1:, t) — Moy (3:7 17 t) = 07
Tz(z, p,t) + 2,(z, p,t) =0,

4.2. Preliminaries
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with the following initial data and boundary conditions
(¢ (2,0) =g (2), ¢ (2,0) = ¢, (2), z € (0,1),
U (2, 0) =g () 1, (2,0) = 1y (2) z € (0,1),
w(x,0) =wo (), wt(z,0)=w (), xz € (0,1),
0 (z,0) =0y (x), 0,(x,0) =6, (2), x € (0,1), (4.7)
2z, p,0) = folz, —p7), (z,p) € (0,1) x (0,1)
2(2,0,t) = O (2, 1), (x,t) € (0,1) x (0, 400),
0 (0,1) = ¢ (1,t) =4, (0,8) = ¢, (1,£) = 0, t € (0,+00),
[ w2 (0,1) =w, (1,8) =0(0,¢t) =0(1,t) =0, te€(0,+00).

In order to be able to use Poincaré’s inequality for i) and w, integrating on [0, 1] the

second and third equations in (4.6), and using the boundary conditions, we verify that

dzj k;f k:lfl
— [Ydx + — [Ydx + — [wdx = 0,
dt?; P20 P20

and 2 1 21 1
d kl kl
— |wdr + — [wdx + — [Ydz = 0.
dt2bf P1 of Plbf

According to (4.8) we have

1 Do d2 1 11

Substituting (4.10) into (4.9), we get

d4 1 k kl2 d2 1
— [Ydr+ | —+ — )| = [¢¥dx = 0.
dt* ofw <P2 P1 ) dt? {¢

Let Iy = 4 /% + %. Then, solving the ODE (4.11), we find
1
[Ydx = ay cos(lot) + ag sin(lot) + ast + aq,
0

where ay, ..., a4 are real constants. By combining (4.10) and (4.12), we get

kl l [ [

Using the initial data of ¢ and w in (4.6), we deduce
( - |
a; = %‘({‘¢de + m{(dodl’,
1 1
_ _k Ik
a9 = m{(l/ﬁdl’ + m{wldx,
1 1

L o1 o1
Jwdz = a; (m - —) cos(lot) + as (m - —) sin(lot) — Q3,04

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

4.2. Preliminaries
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Therefore, the new variables are defined as follows

{D = 1 — (a1 cos(lpt) + ag sin(lot) + ast + aq) ,
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to check that

In this case, Poincaré’s inequality is applicable for ¢ and & in the Sobolev space H 10,1),
where
1
L2(0,1) = {wve L*0,1): /v(a:)dx =0,
0
H!(0,1) = H'Y0,1)N L(0,1),

HZ(0,1) = {ve H*0,1):v,(0) = v,(1) =0},

furthermore, (¢, 0, @, 0, z) satisfies the equations and the boundary conditions in (4.6),(4.7)
with the initial data

{ﬂo = ¥y — (a1 + aq), Yy =y — (loag + as),

N iz 1 a N 2 1 a
Wo = w0—<a1(%—7)—74), w1=w1—(azlo<%—7)—73>.

In what follows, we work with {p, @ and, respectively, write 1, w for convenience.
For completeness, we state, without proof, the following existence and uniqueness result

which can be proved by using the Faedo-Galerkin method.

Theorem 4.1 Let

(9007901)7(90791) € H(%(()?l) X L2(O> 1)7
(¢07¢1)7(w0’w1) S Hi(()?l) X Lz(ovl)v
fo € L*((0,1) x (0,1)).

Assume that || < py, (G1) and (G2) are satisfied. Then there exists a unique weak
solution (p,1,w, 0, z) of problem (4.6)-(4.7) such that

(1070 e C (R-H H(%(Oa 1)) N Ol (R-H L2(07 1)) )
77Z}7w € C (R—H H1<0a 1)) N Ol (R—H Lz([)? 1)) )

*

z € C(Ry;L%((0,1) x (0,1))) .

4.2. Preliminaries
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4.3 Energy stability result

In this section, we state and prove our energy decay result for the energy of the solution
of system (4.6)-(4.7), using the Lyapunov functional which is equivalent to the energy
functional. To achieve our goal, we need the following technical lemmas.

Lemma 4.1 Let (p,1,w, 0, z) be the solution of (4.6)-(4.7). Then the energy functional,
defined by

1 1

1
E@) = [ |l + poti + puoi + pobi + [ 2 (@, p,t)dp + 16}
0 0

(0t 0+ 1)+ R (w0 — 1)+ Blg 01, + (b — Mtg(s)ds)wi} dz,
0

(4.14)
satisfies, for some Cy > 0,
/ B, B2 2 [2
0 0 0
where
T lug| <& <T(20y — [pal)- (4.15)

Proof. Multiplying Equation (4.6); by ¢, , (4.6)3 by 1, (4.6)3 by w, and(4.6)4 by 0; and
integrating over (0,1)and (4.6)5 by (£/7)z and integrating over (0,1) x (0, 1)with respect

to p and x, we get after summing up

1 1 1
5 p10; + poli + prwi + psti + &2 (2, p, t)dp + 167 + b2
0 0

1
+k (o, + 9+ lw)2 + ko (we — l<p)2} dx + ul/efzd:cx
0
1 é‘ 11 1 t
[ 2(2,1,0)00de + 2 [ [22,(x, p, )dpde + B[, [ g(t = 5)tby,(s)dsdx
0 00 0 0

= 0. (4.16)

Now, we estimate the last three terms on the left-hand side of the above equation. By
using (1.6), we obtain

8[un0) folt = )b ()isas = T g0+ oo [0

|

& (Joasfezon) S ow)

0 (4.17)

4.3. Energy stability result
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g1l €11 ¢
2 [ [zz)(z, p,t)dpde = = [ [—2*(z, p,t)dpdz
700 2dp

Too

- %{1[2’2(1‘, 1,t) — 2*(z,0,t)]dx

= 257({1 (z,1,t)dx — —f92 dr, (4.18)

—u2fz x,1,t)0;dx < l1z2] (fG dx+fz x,l,t)d:v) (4.19)

So, we conclude
1
B() < 56 ov) - Zo0)] s —( -2 ) o

B
2
3 |N2> : 2
= 2%(x,1,t)d
(%)
Using (4.15), we have, for some Cy > 0,

B

E’(t)gg(g'ow ——g fw dx—C’()(fH dx+fz x,l,t)dx)ﬁ().

Now, we introduce the multiplier p given by the solution of the Dirichlet problem

—Puz = Yy, p<0) = p(l) =0,

then we can obtain the following inequality

fp dr < fpmdq: < fz/Jtd:c (4.20)

1 1 1 1
/ pde §/ prde §/ i dx g/ Vid, (4.21)
0 0 0 0

and we define the functional
1

1 T 1
I (t) = —po [hipada — L[ (polt), — prewr) [p(y)dydz + py [ppda. (4.22)
0 0 0 0
So, we have the following lemma.

Lemma 4.2 Let (¢, %,w,0) be a solution of (4.6)-(4.7). Then we have for any €1 > 0,

L) < —(X—4b?) fzp dm+4bf9 dz + C; (e fwtd:v
+81fwtda:+51f<p dx—i—Cf go,) (4.23)

where Cy (e1) = (P2 T 451 L+ pal? + 61151 )

4.3. Energy stability result
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Proof. By differentiating the expression of [;, using the first and second equations of

(4.6), and integrating by parts, we obtain

’

1 1 1 1
L = _P2f¢tptwdx + bfw$p$xdx - Bf (g *1,) peedr + P1f‘Ptptd37
0 0 0 0

1 1
+bl2{%pdx — l{ (B1l (g * ©,) —0;) pdx

1

—lof (palthy — pyrws) Of pe(y)dydz.

Using the fact that p,, = —,,we get

!

1 1 1 1
L(t) = _p2f¢tptxdx - bf¢id$ + 5f (g% v,) Y, do + Plf%ptptdfl?
0 0 0 0
1 1 1
O [pide + 91 [Oupdz — B[ (9 % ¢2) pde
1
—pol fz/thpt Ydydz + pllfwtfpt Ydydzx, (4.24)
by using Young’s inequality, Poincaré’s inequality, (4.20) and (4.21), we obtain
1
Bf (g% 1,)¢,dr = (fg d$>f¢ dw—ﬂf go,)d
0
B2 1
40 4

< 59f¢ dl’+5f¢ dr+—= [ (go,)dz, (4.25)

1 1 1
— ﬁlQbf (9% 1,)pde = 6120f (9 * pye) pdz = —6120f (g % pa) pada

= ﬁl2f1 (g0 pe) pedr — BI? <}g(s)d5> jpidm‘

214 1
< 6l2f (g ¢ ps) puda < 5fprd:c+ 4; (gop.)’ dr
< ofude+ Sf (gou.)d (4.26)
0 0
’ 1 2 P% ’ 2
pr[opedr < &1 [pidr + 4—f1/}tdx, (4.27)
0 0 €10
7 thpda: < bl f¢ dr + I f@2 dz, (4.28)

4.3. Energy stability result
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and
22 1

pllfwtfpt Ydydx < 51fwfdx —|— f@bt (4.29)

We obtain the result by substituting these last 1nequa,ht1es in (4.24). m

Lemma 4.3 Let (p,9,w, 0, z) be a solution of (4.6)-(4.7). Then the functional

1 t
1t) = = o (fote = w0 - w(s)as) (4.30)
satisfies for any eo >0 and 0 < 9§ < 1
B < = (sfoas o) f¢$dx bea (L g?) Ve
0 0
59 (0) ¢
45 S g ov.)

Of1 (got,) (4.31)

1
Feaf (or 0+ lw)? da —

where C (g5) = & (b* 4+ 287 + k* + 4e3) .
Proof. Taking the derivative of Is, using the second equation in (4.6), we obtain

’

I = —pzbm (¢ o) dz — py (fg (5) ds) Of¢§dx

1

1
+b0f (90 %,) ¥ dz + kof (b + ¥ +1lw)(goy)dx

1

By using Young’s inequality, (1.7) and (1.8), we get, for any es >0 and 0 < 6 < 1
; ; p29(0) ¢
— [, (g o) da < 6 [Yidr — === [ (g 0 4),) (4.33)
0 0 40 g
1 ]{72 1
k[ (pg + 1+ w) (go ) de <82f (¢, + 1 +lw)? d$+—f go,)dx (4.34)
0
1 L, gh? 1
bbf (go,) v, dr < 52{wxdx 4—0f go,) (4.35)

and

1 1 2 1
—mbf (g*9,) (got,)dr < 62§20f¢ida: +37 (52 + ﬂ) [(gov,)dr. (4.36)

282 0

Combining (4.32)-(4.36), we obtain the desired result. m

4.3. Energy stability result
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Lemma 4.4 Let (p,9,w, 0, z) be a solution of (4.6)-(4.7). Then the functional
1
I3 (t) = —po [ (o, +wwy) da, (4.37)
0

satisfies, for any 0 < § < 1, the estimate

/

1 1
L) < —plfgofdx plfwfdx—l— 2k + ¢d) [ (p, + 1 + lw)? d
0

1
+ (ko + ¢6) [ (w dx+(k+ )f¢dx+ fede
) 4 5,
(4.38)
Proof. Taking the derivative of I3, by using equations in (4.6), we get
, 1 1 1 )
L) = —p [eide —p, [wide + k[ (o, + 10 + lw) dx
0 0 0
1 ) 1 1
+ko [ (we — L) dx — v [Ow,dr — k[ (p, + ¢ + lw) Yd.
0 0 0
(4.39)

We obtain the result by using (1.10), Young’s and Poincaré’s inequalities to estimate
the last two terms on the right-hand side of (4.39), as follows

1

1 l{}l
—kf(<p$+w+lw)zpdx§kf(g0$+w+lw)2d:c+1fwidx,
0 0 0

1 1 421
— [Owodr < 6§ [widr + -~ [07dx
0 0 407
n

Lemma 4.5 Let (p,1,w,0, z) be a solution of (4.6)-(4.7), and let k = ko. The functional
14 defined by

1

Ii(t) = —plof (waz — lp) Ofx wi(y)dydr — plbf sotbf (0, + 1 + lw) (y)dydz, (4.40)

satisfies, for any 0 < < 1,

/

1 1
I,(t) < plfwtdx+p1l—1fg0dx+ lfzb?dm—i—lfﬁfdm

1

+(07 — ko) [ (wz — lp) d:):+kf (0, + 9 + lw)? d.
0

(4.41)
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Proof. By differentiating /5, then exploiting the first and third equations in (4.6), under

the condition k = ko, we get

!

1 1
L) = plfwfda:—plfgpfdx k;of — 1) dm—l—kf (0, + 9 + lw)’ da

—,01f90tf¢t Ydydz + *yf Wy — L) Oyd. (4.42)

By using Young’s and Poincaré’s inequalities, we obtain

1
—plf sotf i) dydar < pllf el + 3 [, (4.43)
0
and ) , ,
V[ (wa — 1) Opdr < 67 [ (wa — lp)* da + %f@fdm. (4.44)
0 0 0

Combining (4.42)-(4.44), we obtain the desired result. m

Lemma 4.6 Let (¢,v,w,0,z) be the solution of (4.6)-(4.7) and let k = ko. Then, the

functional

1 1
Is(t) = —p1 [, (we — L) dx — py [wy (0, + 9 + lw) dz, (4.45)
0 0
satisfies the estimate
1 1
L) < —kolf (wo—lp)>dz + pyl fgo dr + —— fe + 2 rydr
) 2kl T,
3%l 1 ) L,
+——[ (¢ + ¥ + lw)” dz — —fwt dx. (4.46)
29 29
Proof. A simple differentiation of I5, using the first and third equations in (4.6), leads
to
, 1 ) 1 1 ,
I(t) = —kolf (w, —lp)" dx + pyl [ide + K[ (p, + 1 +lw) da
0 0 0
1 1 1
—pil fwidz + 5 [0 (0, + ¥ + lw) dx — py [with,dz. (4.47)
0 0 0

Use of Young’s inequality for the last two terms in the right-hand side of (4.47) , we get

kil
yfﬁw (pp + ¥ +lw)dx < ?f(gox+¢+lw) dr + klf02 dz, (4.48)
0
and
. pil o P1
—py furpde < B [utde + & fwt (4.49)
0 0

By combining these last three relations, we obtain the desued result, under the condition
k= k‘(). |

4.3. Energy stability result
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Lemma 4.7 Let (p,1,w,0,z) be the solution of (4.6)-(4.7), and let k = k:o,% = b,
Then the functional

ls(t) = P2f¢t Op + P+ lw) dx—i— f@tw dx

t

6'01 T e alt = ), (s)dsda. (4.50)

satisfies, for any €3 >0 and 0 < § < 1, the estimate

1
I(t) < —k[ (g, + 9+ lw)? dx+5fgpda:+153fwtdx
0

+ (lC’(sg) + 59(0)> Ofo,bidx + ( Py + —) [rdx

1 62 =21
F2les[ (wr —lo) do + 5 [(g 0w )da
0
b 1
+ (% - pz) [eutda - Cf (g0 v.) (4:51)
0 O

2 222
where C(e3) = 4[’?3 + 52793.

Proof. By differentiating I, then exploiting the first and second equations in (4.6), and
for k = ko;% = %, we get
1

I(t) = —kf(p,+v+ lw)2 dx + P2}¢t2dx
0

0

1 1
+p2lf¢twtdx + blfwx (we — lp) dx

50111 (¢" x1,) p,dx — lﬁf g*x,) —ly)dz. (4.52)

Estimate (4.51) follows thanks to Young’s inequality and the fact that

pal L
psl fwtwtdx <les fw dr + ; [idx, (4.53)
30
1 1 9 lb2 1
bl [, (we — 1) dr < les [ (we — lp)” do + e, [w2dx, (4.54)
0 0 30

Bpi ¢ _ bBim L Bin 1 !
(g s v pds = /O W ov) e =2 [ g/ (o)is [ v,pa

IN

1 2.2 2 1

Bpig (0) 1 (
s (9 00.,) dr, (4.55)
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and

—wofl@wx) (o —lp)de = 18, / (g0 1,) (s — ) da

—18, / / — 1)1, da

52 E
< ey j = Ofwxdx
l
+i—gf/0 (go,)dz. (4.56)

Lemma 4.8 Let (¢,1,w, 0, z) be the solution of (4.6)-(4.7). Then the functional

1
K(t)= [ <p399t + %95 + 79%) d, (4.57)
0
satisfies, for any 0 < § < 1, the estimate
1
K'(t) < (p3 + ) [07dx + (5 — 1) [02dx
0
u2 1
+4—;f22(:z:, 1, t)dx + e [ (g, + ¢ + lw)* da
0 0
1 1
66 [ (we — lp)? da + 6 [2d. (4.58)
0 0

Proof. Using the fourth equation of (4.6) and repeating similar computations as above,

we arrive at

!/

1 1 1 1
K (t) = p3 [07dz — 1 [02dx — py [0,2 (2, 1,t) do + 7 [Qw,dx, (4.59)
0 0 0 0

by using Young’s inequality and (1.10), we get

1 21 1
v [Orw,dr < %f@fdm + e [ (g, + 1 +1w)? + (w, — lp)* + 2] do, (4.60)
0 0 0
and
1 1 u2
—pty [0,2 (2, 1,t) dx < 5 [02dx + 4—§fz2(x, 1,t)dz. (4.61)
0 0 0

Combining (4.59)-(4.61), gives the desired result. m
Lemma 4.9 Let (¢,¢,w,0,2) be the solution of (4.6)-(4.7). Then the functional R
defined by
11
R(t) = [[e ™2*(x, p, t)dpdz, (4.62)

00
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satisfies

R (t) < —R(t) ——szLﬂm+dex (4.63)

Proof. By differentiating R, then by using (4.6)s, and integrating by parts, we get

R (t) = ij}e_Tpizz(x p,t)dpdz
T oo dp o 7
we have
—-11L14 9rp 9 1Ll d ,
— | |— (e “Pz*(z,p,t)) dpdx = R(t) — — | e "P—2"(x, p, t)dpdzx,
=] (R ) 0= 2 [ [T )
S0
, 11Ld
R(t) = — = [[— (e77"2*(z, p, 1)) dpda
Too dp
< —f (z,1,t)dx + f@ dz,
0
forCy>0. m

Now, we are ready to state and prove the main result of this section.

Lemma 4.10 We define a Lyapunov functional L as follows
L(t) +§:N1 t) + R(t), (4.64)

satisfies, for N;, i = 1,2,...,6 are positive constants to be proprerly chosen later, with
sufficiently large N,
a B(t) < L(t) < apB(t), Vt >0, (4.65)

where oy and g are positive constants.

Theorem 4.2 Let (¢,1,w,0, z) be the solution of (4.6)-(4.7) and assume that (G1), (G2)
(3) and py > |psy| hold. Then, the energy functional (4.14) satisfies,

t
—Bf{(s)ds

E(t) < Ae to , Yt >ty, (4.66)

where A and B are positive constants.
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Proof. A combination of the estimates of the previous lemmas and using f 0?dx < f 07 da

gives

o 2
L'(t) < —|Nofg(s)ds— NiCy(e1) — N5t — Ny (pp + 22 ) = PLn, fwtdrc
) 21 dey) Al

- (A—4bl2)N1—§N3—52( +5%) Ny — NglC(e 1f¢d:c

kl L
— kNﬁ — 2]€N3 — 37]\% N2€2 — kN4:| f (QOQC + ¢ + lw)2 dx
0

—_

1
- [kZOZN5 + ]C()N4 - l{ioNg - 2l€3N6 f dl‘ - ] f@idm
0 0

—[p1 N3 — Niex — Nspil — py (I — 1) Ny fgo?d:v
0

I 1
— |:p1N3 —e1Ny + Ng,plé — legNg — p1N4] [widz — R(t)
0

2 2 1 1 C
_[Nﬂl_z—bz\fl—mg—m—pg T} Ofe2 do — [NCU+ l}fz (z,1,t)dz

62r2 L B
0

0

+0 /01 [e(N3 + 1) (¥2 + (0, + ¥ + w)?) + (N3 + Ny + 1) (ws — lp)?

1
+No} + Ne + 02dx] + < [ [—c(N2 + Ne) (¢ 0 1),,)
0

Q’zIH

%(N3+N4+1)9m+cg( ) Netp? +’jf A(x,1,1)| da
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By setting Ny = N3 and N5 = %Ng we arrive at

L'ty < — szg(s)dS—N101(€1)—N3,01 (%4‘%)_1\[6/)2 <1+4_>} Jvide
L 0

— ()\—4bl2) Nl—gNg—ﬁg (1+§2) N2 NGZC 53 :| f,lvb dx

- 9 .
— |kNg — él{?Ng — N2€2} [ (@y + 0+ lw)* dz — 1] f@idm (4.67)
L 0
1
— [k(]Ng — 21€3N6 f ZQD d.’B — [,01 (1 — l) Ng — N1€1 f(ptdl'
0
1 9 4
— §p1N3—51N1 lesNg fwtd:c— NC'0+ fz (x,1,t)dx
N~ LN - N 2— H feza +Nﬁf(’ozp)d
Hy = BT s P3 — Y €T = 9 z) AT

2
+<CN1+C(€2>N2+619 )f1901/}
0

/

1
_CN27N37N6E (t)

+5CN3,N2,N6E(t) - 5

; _ 1 _ 1 _ 1 - A
First, let us take €1 = 7, €2 = w5, €3 = R, and choose | < mln{l, E} .

Next, we select N3 large enough such that

21 1 2+2l}
Eipp(T=10)7 py 7

then, we choose Ny, Ng sufficiently large so that

N3 > rnax{

9 1
Ng > =N3+ —
6> 5 3+k’
k b + 255
(A= 4bI%) Ny > 2Ny + 1+ g + NGl (%ﬁg)

After that, we pick Ny very large so that

1 1 l

Finally, we choose N sufficiently large to satisfy

t

Ny [g(s)ds > (N1P2 +
0

2
1

Nipi

2 2
gl gl 1
NU1_@N1_N3ﬁ_P3__>Oa
C
NCy+ — >0
T
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Therefor, (4.67) takes the form
’ 1 AQ ’
L) £ =(Ao = Ona o N60) B (1) + A1 [ (g 0 45)dx — = E (1),
0

for some positive constant \g, A1, \e, C. At this point, we take § < 22 So for some m > 0,
c

we obtain

L(t) < —mE(t) + Al_.f(g o, e — 22 (1) (4.68)

Multiplying (4.68) by ((t) gives

!

1
COL (1) < =mC()E() + M((t) [ (g 09, )da — —C( VE (). (4.69)
0
The second term can be estimated, using (G2), as follows

AC(t) [(got,)de = MC(t ffg (t = 5) ($a(t) = u(s))” dsda

o— .

C(OL(t) < =mC()E(t) — AE (1) — =C(H) E (t). (4.70)

It is clear that

L0 =<0 (20 + 280) +60) (L0 + 2E0) <c) (L0 + 280
Ly(t) < —=m((t)E(t) = A E (1),
Now, we set
Ly(t) = La(t) + A3E(t) ~ E(t),

gives

Ly(t) = Ly(t) + M E'(t) < —mC(DE(1). (4.71)

4.3. Energy stability result
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A simple integration of (4.71) over (to,t) leads to

t
—mf((s)ds
Lg(t) < Lg(to)e to . (472)

Recalling (4.65), estimate (4.72) yields the desired result (4.66). =

4.3. Energy stability result
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