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| Abstract in English

The existence and uniqueness of solutions for a second-order

iterative differential equation with two point boundary conditions

The main objective of this work is to study the existence and uniqueness
of solutions of an iterative second-order differential equation with boundary
conditions using Schauder’s fixed point theorem. We converte the given
equation into an integral one in order to create an operator that satisfies the
conditions of Schauder’s theorem. After that, we define a convex, closed and
bounded set of the Banach space of continuous functions over compact in
order to prove that the operator associated to the integral equation has a

fixed point, which is a solution of the initial equation.

Keywords:Existence, fixed point theorem, iterative differential equation,

uniqueness

v



| Abstract in French

L’existence et 'unicité des solutions pour une équation différentielle itérative du

second ordre avec des conditions aux limites

L’objectif principal de ce travail est d’étudier 'existence et 1'unicité des
solutions d’une équation différentielle itérative du second ordre avec des con-
ditions aux limites utilisant le théoréme du point fixe de Schauder. Nous
convertissons 1’équation donnée en une équation intégrale afin de créer un
opérateur qui satisfait aux conditions du théoréme de Schauder. Ensuite
nous définissons un ensemble convexe, fermé et borné de 1’espace de Banach
des fonctions continues sur un compact afin de prouver que I'opérateur asso-
cié a I’équation intégrale a un point fixe, qui est une solution de ’équation
initiale.

Mots-clés: Existence, théoréme du point fixe, équation différentielle itérative,

unicité
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l General introduction

terative functional differential equations (IDEs) have gained considerable
Iinterest by many scholars due to their ability to create more realistic
models for many processes that depend on the composition of the state with
itself as many times as needed. They arise in various real-world applications,
for example, in biology, more specifically in blood cell production, ecology,
more specifically in population growth, in epidemiology like the infection
disease transmission, in classical electrodynamics like the description of the
motion of charged particles with retarded interactions, and so on. The general
form of the iterative differential equations of first order can be written as

follows:

d 2 n
Za(t) = f (o(t),a™ (1), o2 (1))

To the best of our knowledge, first iterative problems are studied by Babbage



General introduction

[2], Schroder [20] and Abel [I] in the early of the last century. This kind of
equation which relates an unknown function, its derivatives and its iterates
can be deemed as a particular type of the class of time and state-dependent

delay differential equations (SDDEs) of the following form:

)= f(tx@t),z({t—T1(t,21)), ...zt —7.(t,2(1)))),

or advanced differential equations with state-dependent deviating arguments

of the following form:

)= f(tx@t),z(t+T7(t2())), ...zt + Ta(t, z(t)))).

Indeed, in many cases the iterates can be yielded from time and state depen-
dent deviating arguments, whether delayed or advanced ones which in turn
result from many factors such as the competition for food and habitat during
larval stages in insect population growth and the dependence on the history
of the mature cell populations in hematopoiesis models and so on.

During the recent years, many authors have paid a lot of attention to
studying this kind of equations. As a result, a growing number of models
that involve iterations of the state, have been proposed in order to gain insight
into the dynamics of many phenomena. Unfortunately, IDEs of second order
are generally not easy to be studied and they have been investigated only
by a few researchers. This thesis attempts to overcome the possible and

unexpected hurdles by virtue of the fixed point theory that allows us to




General introduction

establish the existence and uniqueness of the solutions for a second order

iterative differential equation with boundary conditions.

Problem statement
he theory of iterative delay differential equations is a young and slow-

Tgrowing area comparing with the theory of functional differential
equations (FDEs). Indeed, such equations still deserve particular attention
since despite the multiplicity of works carried out on this direction, the theory
still remains emergent and not yet well developed.

Questions that will be addressed include the following:

(1) What are the criteria that guarantee the existence of solutions?

(77) Does the problem have a unique solution?

Objectives

his work focuses on studying a second order iterative differential equa-
Ttion with two point boundary conditions. Its key aim resides in the
application of the fixed point theory with the help of some functional analy-
sis tools to derive a set of sufficient conditions that ensure the existence and

uniqueness of solutions for the problem at hand.




General introduction

Methodology

The study of iterative differential equations poses challenging ques-

tions for scholars and practitioners alike, especially for those of order
greater than one. Their theory which is not yet well developed, was and still
is deemed unpopular area among researchers. Perhaps this is due to the dis-
tinctive characteristics of such equations and also their iterative terms which
usually hamper the employment of usual methods.

Our principal purposes in the present thesis is to prove the existence and
uniqueness of solutions for two-point boundary value problem that involves
an iterative source term. The approach used here is based on the fixed point
theory that has significant applications in diverse fields. In order to reach the
desired target, it is necessary to go through the following steps: firstly, driven
by the desire to make the problem as easy to handle as possible, the steps
of the proof begins by constructing the cornerstones which are an appropri-
ate Banach space and a subset of it that will facilitate our task whether in
controlling the iterative terms or in applying the used fixed point theorems.
Secondly, we transform the problem at a fixed point one by converting it into
an integral equation before defining an integral operator that fulfil the re-
quirements of the fixed point theorems. Thirdly, we apply the Schauder fixed
point theorem under which the existence of solutions is guaranteed. Finally,

under an additional condition, the Banach fixed point theorem ensures the

4



General introduction

existence of a unique solution.

Layout of the thesis

he thesis contains a general introduction, three chapters, a conclusion,
Tand a bibliography. It begins with a brief overview of the topic, the
research objectives, the studied problem, the methodology to be used, the
steps to be gone through. The rest of the manuscript is furnished as follows:
In the first chapter, some basic definitions and necessary results are given such
as the Ascoli-Arzela theorem and the fixed point theorems used to establish
the main findings. The second chapter provides the requisite mathematical
background necessary to grasp the topic being covered. It includes a brief
overview on iterative differential equations and some iterative models. In
the third chapter, the existence and uniqueness of solutions for the following

problem:

" (t) = f(t,x (), 2P (t), ..., 2l (1)), t € [a, 0],

z(a) =x1, x(b) = xg,
where 2% (t) = ¢, 2N (t) =z (¢), 22 (t) = 2 (x (), ..., 2" (t) = 2"V (2 (1))
denote the iterates of the function z (t), are established using the Schauder
and the Banach fixed-point theorems. Finally, we end with a general conclu-

sion that recaps the steps of the approach used in this thesis.




CHAPTER 1

Preliminary notions

Contents
[1.1 Notation and preliminaries|. . . . . ... ... .. 5
1.2  Fixed point theorems| . . . . . . ... ... .... 9

r:l:1he aim of this chapter is to provide the necessary background for
ready reference and certain concepts that will be used through the
thesis, including necessary functional analysis tools and notions, two fixed

point theorems, the notion of Green’s function, and so on.



Chapter 1. Preliminary notions

This chapter is mainly going to focus on providing some background def-
initions and the basic knowledge necessary for a better understanding of the
chapters which follow without concentrating too much on the proofs of some
results. We strive to introduce the necessary notions, some well-known re-
sults and tools from functional analysis that will be crucial in our arguments.
Next, we introduce two fixed point theorems that will subsequently be used

in our proofs.

1.1 Notation and preliminaries

In this section we collect the useful definitions and preliminary notions and

tools.

1.1.1 Convex subset in a vector space

Definition 1.1 [I0] Let X be a vector space over F. A convex subset of X
is a subset Ml C X such that for every pair of points x,y € M and for every
a € [0, 1] we have that

ar+ (1 —a)y € M.

Elements of the form ax + (1 — «)y are called Convexr Combinations of x

and .




Chapter 1. Preliminary notions

1.1.2 Bounded, closed and compact subset in a normed
vector space

Let (X, ].]¢) be a normed vector space over F.

Definition 1.2 [I8] A subset M of X is said to be bounded if there exists
C > 0 such that

|zl < C,Vz € M.

Theorem 1.1 [18] A set Ml C X is closed if and only if, whenever (), oy

15 a sequence in M which converges to an element x € X, then x € M.

Definition 1.3 [I8]A set M C X is called compact if every sequence in M

has a subsequence that converges to a point in M.

Definition 1.4 [I8] The closure of a set M C X (denoted by M) is the

smallest closed set that contains M.

Definition 1.5 [I8] A set M C X is called relatively compact if its closure

M is compact.

Corollary 1.1 [18] A set M C X is relatively compact if and only if every

sequence in M has a subsequence that converges to a point in X.




Chapter 1. Preliminary notions

1.1.3 Continuous, Lipschitz continuous and compact
operators

Let (X, |.[x) and (Y, ||.|ly) be two normed vector spaces over the same field

F.

Definition 1.6 [I2] An operator S : X — Y is said to be continuous at a
point o € X if

lim Sz = Suxy.
r—x0
The continuity at xg € X could be characterized as follows:

Ve > 0,30 >0,Vz € X, (|lz — xollg <) = (||Sz — Sxolly < €).

If S is continuous at every point of X, then § is said to be continuous on X.

The continuity on X could be characterized as follows:
Ve > 0,Ve € X, 30> 0,¥y € X, (|fr — yll, < 9) = (|Sz - Syll, <<).

Definition 1.7 [I9] A map S : X — Y is called Lipschitz continuous if

there is a positive constant C' such that

Va,y € X : Sz = Sylly < Clla —ylly
If C €10,1], S is called a contraction mapping,.
Remark 1.1 If § : X — Y then

S is a contraction = § is Lipschitz continuous = § is continuous on X.
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Theorem 1.2 [I§] A continuous function on a closed bounded interval is

bounded and attains its bounds.

Remark 1.2 The above theorem is hidden in the proof of many theorems
and lemmas in the rest of this thesis where we integrate a continuous function

over a compact interval.

Definition 1.8 A map § : X — Y is said to be compact if and only if S

maps bounded sets into relatively compact sets, i.e.,
[S compact] <= |VM C E, (M bounded) = (S (M) compact)] :

Equivalently, S is compact if and only if for every bounded sequence (z,,),, oy

in X, the sequence (Sx,,) has a convergent subsequence in Y.

neN

1.1.4 The Banach space of continuous real-valued func-
tion on [a, b

Theorem 1.3 Let [a,b] be a closed bounded interval. Let Cla,b] be the
normed space of continuous real-valued function on |a,b|, equipped with the

sup norm. Then C [a,b] is a Banach space.
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1.1.5 Arzela-Ascoli theorem

Let X be a compact subset of a normed vector space over F and let C (X) be
the normed vector space of real valued continuous functions on X with the

Sup-norm
[fllo =sup|f (z)].
zeX

Let F be a collection of functions in C (X).

Definition 1.9 [4] The collection F is said to be equicontinuous if for every
e > 0 there exists 0 > 0 so that for all f € F and z,y € X with ||z — y[|x <9

we have |f (z) — f (y)] <¢, i.e.,
Ve >0, Vo2 € X,30 >0, Vy € X, [llz —yllx <] = [Vf € F, [f(z) - f(y)] <el.

Definition 1.10 [4] The collection F is said to be uniformly bounded if

there is an M > 0 so that ||f|| = sup,ex |f (z)| < M for all f € F, ie.,
M >0 [[fll., = sup|f (1) < M, Vf € F.
zeX

Theorem 1.4 []] If F is a collection of uniformly bounded and equicontin-

uous functions in C (X), then F is relatively compact in C (X).

1.2 Fixed point theorems

Fixed point theory is designed to be used in studying different types of equa-

tions arising in various fields.




Chapter 1. Preliminary notions

Definition 1.11 [I19] Let (X, ||.||) be a normed vector space over F. A fixed
point of a mapping S : X — X of X into itself is an x € X which is mapped

onto itself, that is

S(z) ==

1.2.1 Schauder’s fixed point theorem

The Schauder fixed point theorem relies on the compactness of the operator

in Banach spaces.

Theorem 1.5 [19] Let M be a non-empty bounded closed convex subset of
a Banach space (X, ||.]|) and let S : M — M be a compact and continuous

mapping. Then S has a fized point in M.

An alternative version of the Schauder fixed point theorem can be stated

as follows:

Theorem 1.6 [19] Let M be a non-empty compact convex subset of a Banach
space (X, ||.]|) and let S : M — M be a continuous mapping. Then S has a

fized point in M.

1.2.2 Banach’s fixed point theorem

One of the very helpful tools which is broadly applicable in proving the exis-

tence and uniqueness of solutions, is the well-known Banach fixed point theo-

10



Chapter 1. Preliminary notions

rem (also known as the contraction mapping theorem or contractive mapping

theorem).

Theorem 1.7 [19] Let (X, ||.|lx) be a Banach space and let S : X — X be a

contraction on X. Then § has a unique fixed point x € X such that

S(z) ==

Theorem 1.8 [7]/ If M is a closed subset of a Banach space X and § : Ml —

M is a contraction, then S has a unique fixed point in M.

11
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Chapter 2. Iterative Functional Differential Equations

2.1 Notion of Iterations

Definition 2.1 The composition x o y of the function z with the function y
is

(woy)(t) =z (y(t),
The domain of x oy is the set of all ¢ in the domain of y such that y (¢) is in

the domain of z.

Definition 2.2 For z : E — F, the n'" iterate of function x, denoted by

z[" for some nonnegative integer n, is defined recursively by
I[O] = ]dE,

and

S
where Idg is the identity map on E.
Definition 2.3 [7] Let 2 = ¢, 2l = 2(¢), 28 = 2 (2 (1)),..., 2l =
z ("1 (t)) be the iterates of the function z (t). When the derivatives and

the iterates of an unknown function appear in a well defined functional rela-

tion, we are then dealing with an iterative functional differential equation.

Now, we present a useful estimate that will help us later.

13



Chapter 2. Iterative Functional Differential Equations

Lemma 2.1 Let
Q : ={zxel(a,b],[a,b]):x(a) =21, x(b) = x2,

|ZL' (tl) — 1’('[?2)| < M|t1 —t2| 11,10 € [a,b]},

(1) 2 is a convez, closed, and compact subset of C ([a,b] ,R).

(2) If x,y € Q, then

k-1
|2 -y < ZMJ‘ lz—yll, k=1,2,...

J=0

where ¥ =z oxo...ox k times.

Proof.

(1) Qs a convex: Let a € [0,1] and z,y € Q. We have

(ax+ (1 —a)y) (1) = azx (21) + (1 — @)y (1) = azx (1) +y (x1) — ay (21),

and

(az + (1= a)y) (z2) = az (z2) + (1 — @) y (12) = oz (2) +y (v2) — ay (z2).

Since x,y € Q then z (11) = 1, y (1) = 71, 2 (z2) = 23, and y (12) = 5. So
(az + (1 — a)y) (z1) = az + 21 — azy = 21,

and

(azx 4+ (1 —a)y) (x2) = axy + T2 — axy = 3.

14



Chapter 2. Iterative Functional Differential Equations

On the other hand

((az + (1 = a)y) (t) = (az + (1 = a)y) ()]
= |(ax) (t1) + (L — )y (t1) — (o) (t2) + (1 — ) y (2)|

Salz(t) -z )|+ (1 -a)ly(t) -y (k)]
Since z,y € €2 then
|z (t1) —x (ta)| < M |ty — o], and |y (t1) —y (t2)| < M |t; — to|.
So

[(ez+ (1 —a)y) (t1) — (ez+ (1 —a)y) (t2)] < aM [ty —to| + (1 —a) M [t —to

== M’tl—t2|

Thus, (2 is a convex.

Q is a closed: Let (x,),.y C € be a converge sequence to x € C ([a,b],R),

then
Ty (1) = 71 and z, (x2) = x9,
SO
nh_)nolo z, (1) = 2 (21) and nh_)nolo Ty (x2) = (29) .
But

lim z, (z1) = 27 and lim z, (x2) = z2,
n—oo n—oo

15



Chapter 2. Iterative Functional Differential Equations

SO

z(x1) = x1, and z (22) = zo.
On the other hand
[z (t2) —x (t)| = |2 (ta) — 0 (t2) + 0 (t2) — 0 (t1) + 20 (1) — 2 (1)

< o (ta) = @ ()] + |2 (t2) — 20 (G| + 2 (01) — 2 (1))

< (t2) = @ ()]

IA

Mty —t].

So xz € Q and (2 is closed.

Q) is a compact: In view that

]| < max {laf, [b]} and |z (1) =2 (t2)] < M |t — 15|,

Q) is uniformly bounded and equicontinuous and is relatively compact by
the Arzela-Ascoli theorem. Therefore, €2 is a closed, convex and relatively
compact subset of the Banach space C ([a, b], R).

(2) We will prove this inequality by induction. So, the proof will now proceed
in two steps:

(2) We will prove this inequality by induction. So, the proof will now proceed
in two steps:

The basis step: For £ = 1, we have

lz =yl < llz =yl

16



Chapter 2. Iterative Functional Differential Equations

then, the inequality holds for &k =1
The inductive step: Now, we assume that the inequality holds for a given

k = m and we want to show that it also holds for £ = m + 1. Suppose that
m—1
Hx[m] _ y[m]” < Z M |z -y,
§=0
then

)y @] < e @ 0) 2 (6 0)] 4 2 (6 0) — v (0 0)]

< M) =y @] + |2 (" @) —y ("™ 0)]

SO

=)< A )y o = )
m—1
< MY Mz -yl + |z -yl
=0
mj—l
< (ZMJ’“H) Iz =y
=0

< SO0 o —yl.
j=0

By induction we deduce that
m—1
oo < S ko vl vmen.
j=0

which finishes the proof. =

17



Chapter 2. Iterative Functional Differential Equations

2.2 Some Examples of Iterative Functional

Differential Equation

Example 2.1 [I1] Let consider the the following second order iterative dif-

ferential equation:

o+ f (@), 23 @), .., 2 (1) =0, 0<t <b,

1
I(O):O,a/ z(s)ds =z (b) withn € (0,b), a € R*,
0

where 22 (t) = z (2 (t)) and f [a,b] x R” — [0, 00) is a continuous function
with respect to its arguments. This equation describes diffusion phenomena
with a source or a reaction term. For instance, in thermal conduction, it
can be interpreted as the one-dimensional heat conduction equation which
models the steady-states of a heated bar of length b with a controller at
x = b that adds or removes heat according to a sensor, while the left endpoint
is maintained at 0°C' and f is the distributed temperature source function
depending on delayed temperatures. We refer the interested reader to [5], 6,

16] and the references therein for more details.

Example 2.2 [§] Let consider the the following third order iterative differ-

18



Chapter 2. Iterative Functional Differential Equations

ential equation:

" 4 f (t,[L’ (t) ’w[Z] (1), _“73:["} (t)) =0, 0 <t <,

x(O):$"(0):0,a/0n:v(s)ds:x(b) with n € (0,b), a € R

where f is a continuous function with respect to its arguments.This problem
includes many important models. For instance, it arises in the modeling of
draining or coating fluid flow problems, electromagnetic waves, thin film flow

and gravity-driven flows (see [21 22]).

19



CHAPTER 3

Existence and uniqueness results of a second order

iterative differential equation

Contents
8.1 Introduction| ... ............ . ..., 22
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3.4 Examples| ... ........... 000000, 34

In this chapter we prove the existence and uniqueness of solutions of a

second order iterative differential equation under general boundary value
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Chapter 3. Existence and uniqueness results of a second order iterative
differential equation

conditions by the fixed point theorems of Schauder and Banach.
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Chapter 3. Existence and uniqueness results of a second order iterative
differential equation

3.1 Introduction

terative differential equations which is a relationship between a function,
Iits derivatives and its iterates can be considered as special type of the
class of differential equations with state-dependent deviating arguments that
occur in many real phenomena such as infectious disease transmission models
and the two-body problem of classical electrodynamics.

The study of iterative differential equations can be traced back to the
works of Babage [2], Eder [13] and Petuhov [I7]. At that time, most studies
were concerned with first-order iterative equations, which were later devel-
oped to include second-order and higher-order iterative equations. There has
been a special of interest in these equations especially those of second order

such as the following equation:

= (0 0,0 00 ),

or its particular cases with solutions satisfying some boundary conditions,
where 2@ (1) = z (2 (t)) and 2 (t) = 2 (2" (1)).
In 2018 and by using Green’s function, E. R. Kaufmann [I5] investigated

the second order equation involving 2-th iterates

" =f(ta@), 22 @), ... 2" (), t € [a,]
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associated with the boundary value conditions
z(a)=a, x(b)=0bor z(a) =0, z(b) =a,

He gave the sufficient conditions for the existence and uniqueness of solutions
by fixed point theorems. In 2020, A. Bouakkaz and R. Khemis [3] They
studied the existence of positive periodic solutions for the following class of

second-order iterative differential equations

d? d d

PR (t) +p(t) prid t)+qt)x(t) = p (t,x (t) ,zl? (1), i (t))

+ i ¢ )2 (1),

where p and q are positive continuous real-valued functions and the functions
f: R*"™! — R is continuous with respect to its arguments. The main results
of this work are obtained by virtue of a Krasnoselskii fixed point theorem
and some useful properties of a Green’s function. In 2022, S. Chouaf et al
[11], the authors they used the Schauder fixed point theorem to study the
existence, uniqueness and dependance continuous of solutions of the following
nonlinear second order differential equation with iterative source term and

integral boundary conditions

2" f (), 2P (1), 2 (1) =0, 0 <t <,

1
x(()):(),oz/ x(s)ds = x (b) withn € (0,b), a € R* .
0
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In [9], the authors they investigated the following second-order iterative dif-

ferential equation with boundary conditions
2" =h(tz(t), 22 @), ...a" @), —b<t <y,
associated with the boundary value conditions

x (=b) =y, x(b) = 1,

The results of existence and uniqueness of solutions are obtained by the

principle of contraction mappings and the Schauder’s fixed point theorem.
In this chapter we study the equation involving n — th iterates, together

with the general boundary value condition, that is, the two-point boundary

value problems

is discussed, where the different points x1, x5 € [a,b]. Using an auxiliary in-
tegral equation without the help of Green’s functions, we prove the existence
and uniqueness of solutions by the fixed point theorems of Schauder and

Banach, respectively. Our theorems generalize and revise the related result
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3.2 Integral equation

Lemma 3.1 The boundary value problem is equivalent to the C° solu-

tion of the integral equation

xz(t) = bm;:zxz + bﬁa'/ (b—s) [ (s,z(s) 2l (s), .., al (s)) ds
Tog — X7 b 2
t— ! (b—s)f(s,x(s),x”(s), , (s)) ds

b—a

Proof. An integration of equation (3.1)) from a to ¢ leads to

/at a" (s)ds = /atf (s,2(s) Lzl (s), L a (5)) ds.

Hence

Integrating again from a to t, we get

/atx'(S)ds:/at:v’(a)ds+/at {/:f(S,I(S),m[Q](s),.,,,x["} (s)) ds| ¢,

which implies that

z(t) = x(a)+2'(a)(t—a)

+/ (t—s)f (s,x (s) ,x? (s), i (s)) ds. (3.3)

Since x (a) = 1 and x (b) = x5 we obtain

z(t) =z +2' (a) (t — a) —i—/ (t—s)f(s,z(s) 2 (s), .,z (s)) ds,
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and
(b)) = zy=x1+2" (a)(b—a)
—l—/ (b—s) f(s,z(s) 2l (s), ..z (s)) ds (3.4)
Thus
Ty — I1 b 2 n
' (a) = o bia/a (b—3s)f (s,2(s), 2 (s), ..., a1 (s)) ds.

The substitution of (3.4) in (3.3)) gives

To — T t—a

z(t) = 1+ (t—a) P _b—a/ (b—s)f(s,x(s),x[z](s),...,x[”}(s))ds
+/ (t—s)f(s,x(s),xm (s),...,x[”] (s)) ds

bri — axs a

= +b—a/a (b—s)f(s,x(s)jxm(3),‘”73;[71](5))d8

To — X1 t

b
+t — _b—a/a (b—s)f(s,a:(s),xm(3),...,a7["](s))d3

+/ (t—s)f(s,z(s), 2 (s),...,al" (s5)) ds.

Conversely, from (3.2]) we get

bri — axs a

b
z(a) = — +b—a'/a (b—s)f(s,x(s),a:m(s), o x["](s))ds

To — T a

+ g 0T b—a'/ (b—s)f(s,:c(s);cm (s), ..., zl" (s)) ds
—l—/a (a—s)f (s,x(s) Pl (s), ..,z (s)) ds

bri —are 19— T1
= a = .

b—a b—a
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and

T1 — AT a b 2 n
z(b) = bb—a —I—b_a/ (b—s)f(s,a:(s),:pu(s),...,a:[](s))ds

b
+bxz:§1 - bfa/ (b—3s)f(s,2(s), 2 (s),...,al" (5)) ds

—i—/ (b—s)f (s,x (s) (s), i (s)) ds

bri — axs To — T
N b—a 0 b—a
b
() [ =9 (e )27 ) e () s
= I3.
The derivation
_ 1 b
) = B =9 (0 (0) ) () (1) ds
+/tf (s, (s), 2P (s), ...zl (s)) ds
— 1 t
- xz_jl + b—a'/a (S—Q)f(sw(s),x[z] (s),..., xl" (s)) ds
1 b
i [0 95 (9 () s () s

then

() = f(ta(t), 22 @), ....al" (1))

and the proof is completed. =
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3.3 Existence results

In this section, we apply the Schauder’s fixed point theorem to prove the
existence of a CY solution of (3.1). In order to meet the requirements of
Schauder’s fixed point theorem we consider the subset {2 of the Banach space

C ([a,b] ,R) defined by

Q : ={zxeC(a,b],|a,b]):z(a) =1z, x(b) =z,

|LIZ‘ (tl) — I(tg)‘ < M ‘tl — tg’ ,tl,tg & [a,b]}, (35)

where

|$2 —1’1|

M =
b—a

+2L.(b—a). (3.6)

and we defined an operator T : [a,b] — R by

(Tz)(t) : = — —i—b_a./ (b—s)f(s,:c(s),xm(s),...,:c["](s))ds

+/ (t—s)f (s, x(s) ,zl? (8) .y 2" (s)) ds. (3.7)

Theorem 3.1 Suppose that f : [a,b]""" — R is a C° function and satisfies

|f (tauh 7un) - f (t,U, "'avn)| < ZLZ |uz - Ui| ) (38)
=1
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for some constants L; > 0. If

|29 — a1

L<——, 3.9
(b—a)’ (3:9)
where
L:= ||f||[a,b]”+1 = max " |f (w0, urs oy un)| (3.10)
(w0 ,u1 eyt ) E[a,b]™
then the boundary value problem has at least a solution x on Q.
Proof. The proof will be made in two steps.
Step 1. We first show that Tz € 2 for any x € ). We have
bry — axs a b 2] ]
(Tz) (a) : = + ] =5)f(s,x(s), 2P (s),...,a™ (s)) ds
b—a b—a J,
b
To— T a
2_ al 4= a'/ (b—s) f (s,z(s) 2l (s), .,z (s)) ds
+/ (a—s)f(s,2(s), 2P (s),...,2l" (s)) ds
_ bri—ary  wy—m1
= b a + b—a a = T, (311)
and
bry — axy a b 2] ]
(T'z) (b) = + A b=38)f(s,x(s), 2% (s),...,a™ (s)) ds
b—a b—a J,
To — X1 b b n
P— b— - a'/ (b—s) f(s,z(s) Ll (s), . 2 (s)) ds

+/ (t—s)f (s,x (s) ,zl? (s), e (s)) ds

bri —ars Ty — I3
= + b
b—a b—ua

(1) [0 (50657 (). () s

= . (3.12)
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Moreover,
Ty ) = 2200 L [ g (s a(s), 2 (s), o al) () ds
b—a b—a J,
1 b
i / (b—3s) f (s,z(s) 2 (s), .., 2 (s))ds.  (3.13)
Since
Ty () > -z L (b—a)? L (b—a)?
~ b—a b—a 2 b—a 2
_ ?:§V+w—@L>o. (3.14)

for z9 > z; and

To — X1 L (b—a)’ L (b—a)?

/
> — . — .
(Tz) (1) 2 b—a b—a 2 b—a 2
- ﬁ_x9+w—@L<o. (3.15)
— Qa

for xo9 < x4, it follows from (3.11))-(3.12)) that

Tz : [a,b] — |a,b].
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Now, for any ty,t3 € [a, b], we have

|(T) (t1) = (Ty) (t2)]

_|_/ 1 (tr—8) f (s, (s),2°(5),...,a™(s)) ds
_/ ’ (ty — ) f (s,x(s) 2% (s), ..., a™ (S)) ds

<|x2_
<=z

+

t1

—m.’tl—tg‘—f‘
a

L (b—a)
b—a 2

/2 (th—8) f (s, (s),2°(s), ...,a™(s)) ds
/ 1 (t1 —ta) f (s,x(s) 2% (8), ., 2™ (s)) ds

+
t2
To — X b—a
g%.ﬁl—mwb |t — to]
2
t1 —t
+L.%+L.|tl—t2|.|t2—a|
|zg — 21| b—a
< —|t; =t L——|t; =t
S . [ty — to] + 5 |ty — o
b—a
+L B .]tl—t2|+L.(b—a).\t1—t2]

b—a

- <M+2L.(b—a)) Jt — o

= M. |t — t].

Those relations imply that Tz € €, i,e.,T" is a self-mapping.

t — o]

(3.16)
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Step 2. We show that T is continuous. For any x,y € €2, using Lemma

2.1 we have

IA

IN

IA

| T2 — Ty
max |2 t. /b (b—3s) f (s,21(s) 2 (s), ...,z (s))
relon|b—a J, ! ’ e

—f (s.y(s) . 4 (s),....y" (9)) ds

+/at (t=5) (f (s;2(s), 2P (s) .., 2l (s))

—f (5,9(5) .97 (5), sy (s)) ds|

| [0 9 (7 (56,2 6) .o 9)
—f (5,9(5) 5P () sy () s

fmar | [ (05 (7 (5:(5) 2 (), 5)
—f (s,y(5),y? (s) ...,y (5))) | ds

(b—a)?* . max |f(t,z (), 22 (), .., 2 (1))

te(a,b)

—f(ty ). y" @),y ()]
(b —a)’ ZLZ <ZM9> lz —yl,

which implies that7" is continuous.

(3.17)

In view of Lemma Q) is a closed, convex and relatively compact subset

of the Banach space C ([a,b],R) and since T' is a continuous operator. By

Schauder’s fixed point theorem 7" has a fixed point x € €2, which is a solution
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x € Q of (3.1) and the proof is completed. m

Theorem 3.2 Suppose that all conditions of Theorem[3.1] hold. If

n =1
(b—a)*.> L <Z Mj> <1, (3.18)
i=1 j=1
where M is defined by (@ Then the boundary value problem has a

unique solution x(t) on |[a, b].

Proof. It is known from (3.17)) and (3.18) that 7" is a contractive operator,
and the remainder is same as that of Theorem Then, the problem (|3.1))
has a unique solution x € €2 from Banach fixed point theorem and the proof

is completed. m

Remark 3.1 From the assumption

|f (t,ur,v1) — f(t,ug,v2)| < Ly|uy — ug| + Lo jv1 — vel,
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we can get

1 (s ()2 () = f (5,5 (5) .4/ ()]

< Lyfz(s) =y (s)] + La 2 (s) = ¢ (9)]

< Lyfx(s) =y (s)| + La (|2 () = w0y ()| + |z oy (s) — 4 ()])
< L ||z — yll + Lz |22 (s) = w0y ()| + La |z — y|

< Lyllz—yl + Lo |2 — 2 o y| + Lo || — o]

< Lyllz =yl + LiLy Iz =yl + Lz |z — y]

=Li|lz—y||l+ (L1 +1) Ly ||z — ]| (3.19)

3.4 Examples
We give two examples to illustrate our main results.
Example 3.1 Consider the problem

{x” (t) = kcos (c1z (t) + cox? (t) + c32® (1)), (3.20)

x(0) =z, 2 (1) = X9,

where k, ¢; (1 =1,2,3) € R and z1, x5 € [0, 7] and
f(t 2 () Lzl (t), 2B (t)) := kcos (e (t) + oz (1) + gzl (t)).

Clearly

LFIF < 1%],
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and

|f(t @1 (t) w2 (), w3 (5)) — f (Lm0 (1), 92 (5),y3 (s))]
< lexk] |y (8) = w1 ()] + |e2k] - w2 (8) — w2 (1))

+ |esk| - |zs (t) — y3 ()]

From Theorem [3.1] problem (3.20) has at least a solution z(t) defined on

[0, 7] if

|[L’2 — T

k<

7

When

$1:071'2:7'(,61:0,02:1,03:0, (321)
then example (3.20) is reduced to Example 3.3 of [15], i.e.,

{1:” (t) = kcos (2% (1)), t € [0, ). (3.22)

Example 3.2 Consider the problem (3.20)) again. We have

(b—a)® ZL (iMﬂ)

Jj=0

= (b—a)* (L + Ly (1+ M) + Ly (1 + M + M?))

=1 (Jerk| + eak] (14 M) + |esk| (1+ M + M?))

3 i—1
= |k el (ZMJ) ,
j=0

i=1
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where

|72 — 1]
M : =—+4+2L.(b—
y—, T2L.(b-a)
— M_i_Q’k"ﬁ
T

|y — 21| + 2 |k| 72
- .

By using Theorem we know that the problem (3.20)) has a unique solution

x(t) on [0, ] if

3 i—1
w2 k[ e (ZMj> <1 (3.23)
i=1 j=0

For instance, choose
1 =0,29 =,

note that

3 1—1
RS e (ZMJ’)
i=1 j=0

= 0.296 94

<1,

so the problem

t) +a° (),

~—~

{x” (t) = —15 cos 53 (z (t) — 2?
x(0) =0,z (m) =

3
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has a unique solution z(t) on [0, 7].
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l Conclusion

oundary value problems for second-order iterative differential equa-
Btions can be encountered in the modelling of many phenomena in
various scientific and engineering fields.

This thesis dealt with a class of second-order iterative differential equa-
tions with two point boundary conditions. The method used here is an
attractive technique based on the fixed point theory. The essence of this ap-
proach lies in transforming the problem at hand into an equivalent integral
equation which helped us in constructing an integral operator before employ-
ing the Schauder fixed point theorem and hence proving the existence of at
least one solution of the iterative boundary value problem.

Furthermore, besides the previously established conditions we added an
extra condition under which the Banach fixed point theorem can be applied

to ensure the existence and uniqueness of solutions.
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