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ABSTRACT IN ENGLISH

In this thesis, we study the various problems of nonlinear wave equations with source
terms and variable coefficients, sometimes with damping and sometimes with viscoelas-
tic terms, under suitable assumptions on variable coefficients. At the beginning, we
presented a series of summaries of some previous works by several researchers and the
results they have obtained.

We have studied several results. In the first problem, we proved the existence and
uniqueness of the solution, and then we proved that the solution blows up in finite
time. To verify our theoretical results, we conducted some numerical tests in the form
of figures, and their results matched the theoretical analytical study. As for the second
problem, we proved the existence and uniqueness of the solution and showed its global
existence in the presence of positive initial energy, also demonstrated energy decay
when time is sufficiently large, we relied on the Nehari space. The third problem, we
proved blow-up in finite time in the both the analytical and numerical results of the
solution. In the forth problem, we proved the existence of a local solution and also
proved that the local solution is global. Finally, stability of the solution was obtained
using a very important result known as the Komornik’s condition, and a numerical
example was given to illustrate the result, which also matched the analytical results.
In fact, Galerkin-Faedo approximations and fixed point theory were used to establish
the existence and uniqueness of the solution. At the end of the thesis, we provided a
conclusion and perspectives.

Keywords: Viscoelastic term, Variable exponent, Source term, Faedo-Galerkin ap-
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Abstract in English

proximation, Local solution, Blow up, General decay, Global existence.
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ABSTRACT IN FRENCH

Dans cette these, nous étudions des différents problemes des équations d’ondes non
linéaires avec des coefficients variables et des termes sources, parfois avec amortisse-
ment et parfois avec des termes viscoélastiques, sous des hypotheses appropriées sur les
coefficients variables. Au début, nous avons présenté une série de résumés de certains
travaux antérieurs réalisés par plusieurs chercheurs et les résultats qu’ils ont obtenus.
Nous avons étudié plusieurs problemes. Dans le premier probléeme, nous avons prouvé
I’existence et I'unicité de la solution, puis nous avons démontré que la solution explosée
en temps fini. Pour vérifier nos résultats théoriques, nous avons réalisé quelques tests
numériques sous forme de figures, et leurs résultats ont concordé avec I’étude analytique
théorique. En ce qui concerne le deuxieme probleme, nous avons prouvé l'existence et
I'unicité de la solution et montré son existence globale en présence d’une énergie initiale
positive, démontrant également la décroissance de ’énergie lorsque le temps est suff-
isamment grand, en nous appuyant sur I’espace de Nehari. Pour le troisieme probleme,
nous avons prouveé I’explosion en temps fini dans les résultats analytiques et numériques
de la solution. Dans le quatrieme probleme, nous avons démontré ’existence d’une so-
lution locale et également prouvé que la solution locale est globale. Enfin, la stabilité
de la solution a été obtenue en utilisant un résultat tres important connu sous le nom
Lemme de Komornik, et un exemple numérique a été donné pour illustrer le résultat,
qui correspondait également aux résultats analytiques. En fait, des approximations de
Galerkin-Faedo et la théorie des points fixes ont été utilisées pour établir I'existence

et I'unicité de la solution. A la fin de la these, nous avons fourni une conclusion et

v



Abstract in English

perspectives.
Mots-clés: terme viscoélastique, exponent variable, terme source, Approximation de

Faedo-Galerkin, Solution locale, Explosion, d “ecroissance générale, I'existence globale.
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ABSTRACT IN ARABIC
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INTRODUCTION

Literature Review

He natural phenomena are often translated into simple or complex differential
T equations, as well as linear or nonlinear ones. Many researchers have been inter-
ested in this problem due to its significant importance in understanding the behavior
of a certain phenomenon, thereby modeling the physical phenomenon into differential
mathematical equations of first, second, and higher orders. The differential equations
can be classified from second-order equations to elliptic differential equations, hyper-
bolic differential equations, and parabolic equations. This thesis focuses on hyperbolic
differential equations of higher orders due to their various applications in many fields
of science and technology especially in physics, specifically in the science of electro-
magnetism and acoustics.

Considerable effort has been devoted to the study of the wave equation in the case
of constant exponent as well as the variable exponent nonlinearities.
Case of constant exponent.

The following equation, with initial and Dirichlet-boundary conditions,
pie — Dp+ap o T =0lp P p,  (x,t) € QxR (1)

where a,b > 0,p,7 > 2, and  is a bounded domain of R",(n > 1) with a smooth
boundary 0f2. has been studied by many researchers. For a = 0, the source term

b|p|"~* p causes finite time blow-up of solutions with negative initial energy (see [1],
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General introduction

[24], [28], [29]). When b = 0, it is known that the damping term ap; |p;|"”" ensures
global existence for arbitrary initial data (see [22], [20]).

The interaction between the damping and the source terms was considered for the
first time by Levine [28], [29] in the case of linear damping (r = 2). His results show
that solutions with negative initial energy blow up in finite time. Recently, Georgiev
and Todorova [19] have extended the result of Levine to the non-linear case (r > 2).
In their work the authors introduced a different method and determined appropriate
relations between r and p, for which there is global existence or, alternatively, finite
time blow-up. Precisely: If » > p they showed that solutions with negative energy
have global existence in time and blow up in finite time if p > r. Recently, this result
has been extended to an abstract setting and to unbounded domains by Levine and
Serrin [27] and Levine, Park and Serrin [30]. In these papers, the authors showed that
there is no solution with negative energy that can be extended to on [0,00) if p > 7
and proved several noncontinuity theorems. This generalisation allowed them to apply
their result also to quasilinear situations, of which problem (1.1) is a special case.

By combining the arguments from [19] and [27], Vitillaro [58] extended these results
to situations where the damping is nonlinear and the solution has positive initial energy.
with only negative initial energy Messaoudi [35] extended the blow-up result of [19)].

Liet al. [31] considered the Petrovsky equation with strong damping term as follows

Pt + Azp — Ap + py ’Ptr_l = |P|p_2 p, (x,t) € Qx R*. (2)

The authors established the blow-up of solutions, existence and decay of the problem
(2). Then the global existence and decay of solutions were proved by Polat and Piskin
[49).

In [36], Messaoudi studied the Petrovsky equation as follows

Pt + A2P + ap; ’pt’T_Q = ‘P‘p_Q P (xat) € QxR (3)

He investigated the blow-up result in finite time for p > r. and the global existence for
r>p
In [61] Tsai and Wu have shown that the solution for equation is global. They also

established the blow-up result in finite time for the non-negative initial energy.
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General introduction

In the case when r = 2 following Petrovesky equation with memory and nonlinear

source term

t
o — A2 /Og<t—s>A2p<x,s>ds:|p|P1p, (e.) €QxRY. ()

Was investigated by Tahamatani et al [56]. They showed the existence of weak
solutions with initial value conditions and proved that there are solution under certain
conditions on initial data which blow up in finite time with non-positive initial energy
as well as positive initial energy and gave the lifespan estimates of solutions. In the
absence of a nonlinear source term, Rivera et al. in [53] considered in a bounded domain
2 C R", and showed that the energy of solution decays exponentially, the relaxation
function g provided decays exponentially.

Ouaoua et all in [42] considered a nonlinear Timoshenko equation:
pu+Dp—Dp+pilp " =1pl"p,  (2,1) € QX RY (5)

they proved the local existence, then under suitabel assumption with positive initial
energy, proved that solution is global in time. By using komornik’s inequality they
established the stability result.

Recently, Algarabli [1], investigated the stability of the solutions to a viscoelastic

plate equation with a logarithmic nonlinearity of the form

pu—D%+p— [ g(t—s) A% (x,s)ds =kpln|p|, inQ

p(2,0) =po(x), pe(2,0)=p1 (), in 2 (6)
p(z, t)=0, %:0, on I'.

Gorka in [20] inquired the following initial boundary value problem

Ptt_AP+P:5plog|p|27 QL’EQ7 te (07 T)
p(2,0)=po(x), pr(2,0)=p1(x), z€ Q (7)
p(x,t) =0, red, te (0, 7).

He proved many different results like as global existence and infinite time blow up in
the different cases of initial energy. The absence of the term p and remplaced the

source term by plog | p|k, equation of becomes

pie — Ap = plog |P|’C : (8)

3



General introduction

Cazenave and Haraux established in [I3] the existence and uniqueness of a solution to
the Cauchy problem for the equation in R3. In [8], Bortkowski and Gorka obtained
the existence of classical solutions and studied weak solution for the related initial value
problem of the equation in one dimension case. Lian et al. in [33] proved the global
existence and infinite time blow of the solition at low energy level E (0) < d by using
potential well, and with additional some conditions, studied the blow up of a solution
with arbitrary positive initial energy.

Concerning the higher-order wave equation with constant exponents:

pu+ (=A)" p+ap; |pt\r71 =b ]p]%2 p, (x,t) € QxR (9)

where m > 1, we can cite the works of Brenner et al. [I1] and Pecher [4§].

Yaojun Ye [62], studied the following initial boundary value problem

t

P+ (—A)" p - /0g(t—s)(—mwx,s)ds:\p\p—%, (r.t) € Qx R*.  (10)

case of m > 1, the existence of global weak solutions to this equation is established
by using the Galerkin method, under suitable conditions on the relaxation function g
and the positive initial energy as well as non-positive initial energy, it is proved that
the solution blows up in finite time.

In [23] Kafini studied the equation:

i+ (=AD" p— [T gt —s)(=A)" p(x,8)ds +p. = plp|” *In|p|", 2 €R", ¢t >0

p(:L‘,O):po(aﬁ), pt<x70):p1($)7 r € R",
(11)

where m > 1, p > 2 is real number, under certain conditions on the initial data with
negative initial energy and with certain classes of relaxation functions, he proved a
finite time blow-up result.

For more related results about the existence, blow-up and asymptotic properties of
solutions, the readers are also referred to [2], 12} 40, 44, [46], 45] 53, 59, [63]

Case of Variable exponent

In recent years much attention has been given to the study of nonlinear models of
hyperbolic, parabolic and elliptic equations with variable exponents, of nonlinearity.

For example, some models of physical phenomena such as flows of electro-rheological

4



General introduction

fluids or fluids with temperature dependent viscosity, filtration processes in porous
media, nonlinear viscoelasticity and image processing. More details on this topic can
be found in [6] and [5].

For hyperbolic problems of the type nonlinearities, only a few papers have appeared.

For example, Antontsev [3] considered the equation
Pt — div (CL(ZL’, t) |Vp|Q(W»t)*2 Vp) + aApt = b(ZE, t) |p|}7($,t)*2 Ps in 2 X (07 T) : (12)

in a bounded domain 2 C R"™ where o > 0 is a constant and a, b, ¢, p are given functions.
For certain conditions on a, b, ¢, p, he proved some blow-up results, for certain solutions
with negative initial energy. He also discussed the case when a = 0 and proved a blow-
up result. Later, Antontsev [4] discussed the same equaton and proved a local and
a global existence of some weak solutions under certain hypotheses on the functions
a,b,q,p. He also established blow-up results for certain solutions with non-positive
initial energy.

Guo and Gao [21] studied the same problem as [6] and obtained several blow-up
results for certain solutions associated with negative initial energy. Specifically, they
took p(x,t) = p > 2, a constant, and obtained a result for the blow-up in a finite
amount of time. For the case p(x,t) = p(x), they claimed the same blow up result, but
no proof was given. This work is considered to be an improvement on that of [3].

In [55], Sun et al. looked into the following equation
pu — div (a(z, 8)Vp) + ez, t)pel oo 07 = bla, 8) [pI" "7 p, i @ x (0,T)  (13)

2 bounded domain, with Dirichlet boundary conditions, and established a blow-up
result for solutions with positive initial energy. They also gave lower and upper bounds
on the blowup time and provided a numerical example of their result.

Messaoudi and Talahmeh [37] studied
pu — div ([Vp|"72) + pp = [p["™ 2 p, in Q@ x (0,7) (14)
The same authors in [38] extended the letter results to an equation of the form

pit — div (|Vp]"®72) 4 apy|p|" @72 = b[p|" 2 p, in Q x (0,T) (15)




General introduction

where a,b > 0 are constants and the exponents of the non-linearity ¢, r and p are given
functions. They proved that the solutions blow-up in finite-time with negative initial
energy as well as with positive energy.

Most recent Messaoudi et al. [39] studied
pre — Ap + apy D72 = b|pP ™2 p, in Q x (0,T) (16)

they established the existence of a unique weak solution using the Faedo-Galerkin
method. under suitable assumptions on the variable exponents r and p. They also
proved the finite-time blow up of solutions and gave a two-dimension numerical example
to illustrate the blowup result.

Ouaoua et all.[43] considered following p-Kirchhoff type hyperbolic equation with

variable exponents

pu M (/ Vo [P dw) App+ pil a2 = [p| ", in Q x (0,7) (17)
Q

where M(s) = a + bs with positive parameters a,b, A,p = div(|Vp [P72 Vp), the
authore proved the global existence and stability results.
Yunzhu Gao and Wenjie Gao [I7] studied a nonlinear viscoelastic equation with

variable exponents
' 2
ptt—Ap—APtt+/ g(t—s)Dp(x,8)ds+[p]" 2 p, = [p|" 7 p, in Qx(0,T) (18)
0

They proved the existence of weak solutions using the Faedo-Galerkin method under
suitable assumptions
some other authors investigate hyperbolic type equation with variable exponents (see

[18, 132, 44, (50, 54, 15, [16].

Organization of the thesis

Apart from the introduction, this dissertation is divided into fourth chapters.
In chapter 1: we recall some notations and we review some mathematical concepts

that will be used throughout this thesis.
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In chapter 2: We investigate boundary value problem:

t
put (=0)" p= [ g (t =) (=A)" p(s)ds + p = [pI") 2 p, in O,
0

(@) =0,22=0i=1,2 m—1, on T, (19)
p(l’,O):po (Q:)a Pt (3770):/)1 (Q?), in Q7

where m > 1 is a natural number, €2 is a bounded domain in R™, n > 1, 92 is smooth
boundary of ©, Q; = Q xRt Ty = 00 xR*, g is the relaxation function satisfying some
condition. p (.) is given measurable functions on €2, Using a technique that combines the
Faedo-Galarkin and Banach fixed point theorems, we first demonstrate the existence
and uniqueness of the local solution. We also demonstrate that the solution blows
up in a finite amount of time. In conclusion, we present a numerical example in two
dimensions to illustrate the blow-up result.

In chapter 3: We consider the following boundary value problem:

t
pi — Ap — Apy + fg (t—s5)Ap(s)ds+ |Pt’m(m)_2 pt = |p|p($)_2 p, in Q,

0
p(z,t) =0, xe 0, te(0,7),

p(x,0)=po(z), p(,0) =p1(z), in €,
(20)

where Q = Q2 x (0,7) and €2 is a bounded domain in R™,n > 2 with smooth boundary
0. p(.) and m (.) are given measurable functions on 2 First, we prove that the problem
has a unique local solution for a suitable conditions by using Faedo Galerkin methods,
and we also prove that the local solution is global in time. Finally, we demonstrate
that the solution with positive initial energy decays exponentially.

In chapter 4: we study a value problem related to the following higher-order wave
equation:

t
it + (A" p— [g(t—s) (=A)" p(s)ds+ p; = [p|"™ 2 pln|p[*, in Q,
0

pat)=0,2%=0i=1,2 . m—1, onT, (21
P(CU,O):PO (il'), Pt (.CC,O):pl (iL’), n Qa

where m > 1 is a natural number, 2 is a bounded domain in R (n > 1), 92 is smooth
bouandary of ©, Q, = Q x RT, I', = 000 x R*, g is the relaxation function and k is

positive constant. p (.) is given measurable functions on €,

7
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We demonstrate that the solution blows up in finite time under suitable conditions
for the relaxation functions g and p(.). We also provide a numerical example in two
dimensions to demonstrate the blow-up result.

In chapter 5: We focus on a class of fourth-order nonlinear wave equations:

pu+ D% — Dp+ ™ py = 1o p, () € Qx(0,T),
p(x,t) =0, (z,t) € 90 x (0, T), (22)
p(ZL‘,O):pO(:E), pt(va):pl(x)v z €,

where €2 is a bounded domain in R", n > 1 with smooth boundary 09. m(.) and
r(.) are given measurable functions on 2. Under suitabel conditions on the variable
exponents, we proved the existence of a local solution, then we proved that it is global

in time. We also demonstrated the stability result both theoretically and numerically.




CHAPTER 1

PRELIMINARIES

The topic of this chapter is variable exponent Lebesgue and Sobolev spaces, which
differentiate from classical spaces LP and WP by the fact that exponent p is a function
from () rather than a constant. In this chapter, we review some mathematical concepts

a that will be used throughout this thesis.

1.1 Functional spaces with variable exponents

1.1.1 Lebesgue space with variable exponents

Definition 1.1 [14] Let (w,X, ) be a o-finite, complete measure space. We define
P(w, 1) to be the set of all u— measurable functions. p: w — [1, + oo] be a measurable
function. We refer to The function p € P(w, ut) as variable exponents on w.

We define

1 <p;:=essinfp(z) < p(x) < ps = esssupp () < o0,

TEW TEW

if po < oo then p is said to be a bounded variable exponent.

If p € P(w, ) , then we define p’ by

! + ! 1, wh ! 0
—— + —— = 1, where — =
p(z)  p'(z) 00

The function p’ is called the dual variable exponent of p.



Chapter 1. Preliminaries

Definition 1.2 [I4] We define the Lebesgue space with a variable-exponent p by
LY(Q) = {p : 0 — R : measurable in €, g, (Ap) < +00, for some A > O} ,

where

op() (p) = / p ()" da.

Q

The set LP0) () equipped with the Luxemburg’s norm

p(z)
de <1,

s [ |ele)
o[,y ==nf ¢ A>0: / ‘T
Q

LP0) (Q) is a Banach space [14].

Lemma 1.1 [T} If p(x) = p, where p is a constant. Then

B =

12 o=l 2 llp= o = ( / )

Definition 1.3 [I4] we say that a function ¢ : Q@ — R is log Hélder continuous. If

there exists A > 0 and 0 < { < 1 such that

A

e E— for all $1,$2€Q,W1th‘$1—$2| <C
log | 21 — 9 |

| q(w1) — q(22)] <

The following lemma gives the relation between the function, called modular function,

and the norm
Lemma 1.2 [T}/ If £ is a mesurable function on Q satisfying:

1<& = essingfzﬁ (x) <€ (x) < & :=esssupé (x) < oo,
re z€Q

then we have
min {|lolS,) . 161E, } < oe (o) < max {ollE, . 101}
for any p € L1V (Q).

As in the case of the constant exponent, we have the following Young’s and Holder’s

inequalities inequalities.

10



Chapter 1. Preliminaries

Lemma 1.3 [7]/(Young’s Inequality)

Let p,q,s > 1 be measurable functions defined on ) such that

1
W o) T e vEE

then for all a,b > 0,

(ab)© _ () ) (b)90)

s() = p() q(.)

Given s =1 and 1 < p,q < 0o, for any € > 0, we have
ab < ea®? + C.0%,Va,b >0

where
C. =1/q(ep)?

with p = q = 2, we have the following:
b2

b<ea?+—
a_ea—|—4€

Lemma 1.4 [Tj//Hélder’s inequality Let p,q, s be measurable functions defined on
Q which satisfy the following conditions

1 1 1
W) ) Tl e vEl

if f € LPO(Q)andg € L1 (Q)thenfg € L*V(Q) and

I fallsoy=< 2 flloey I 9llac)-

We have the Cauchy-Schwartz inequality by taking p = q = 2.

1.1.2 Sobolev space with variable exponents

Definition 1.4 [14] Let k be € N. We define the Sobolev space W*?()(Q) of the

variable exponent as follows:
WhrO(Q) = {pe LPO(Q)  suchthat 01%p e LPV(Q) with |a| < k}
equipped with the norm

- p
I Pl = it {2 >0 oo (5) <1p = 37 1 apllr;

0<al<k

11



Chapter 1. Preliminaries

where
ka,pm(g)(P) = Z QL’W)(J(Q)(aap)
0<al<k
Clearly
WOVP(-)(Q) - LP(-)(Q)
and

WPl (Q) = {pe LPV(Q) such that Vp exists and | Vp| € Lp(')(Q)}
equipped with the following norm

| pHW’WU(Q) =l pllpcy+ | Vollp)-
Theorem 1.1 [T} Let p € P(2). The space W*PU) is a Banach space which is:
e Separable if p is bounded
o Reflexive if 1 < p; < py < 400

Definition 1.5 [14] Let p € P(Q2)andk € N. The zero-boundary Sobolev space Wf’p(')

is the closure of the set of W*P() functions with compact support, i.e.
Wéc’p(’)(ﬂ) ={pe WhPO(Q) : pyxfor a compactK C Q}
Furtheremore,
o C2°(Q) in the space WEPY(Q) is denoted by Hi? ()

e the dual space W,” (')(Q) is indicated as W, * () as well as usual Sobolev

spaces, where :z% + i =1
Remark 1.1 1. Hg’p(‘)(Q) C Wéfap(.)(Q)
2. W:’p(')(Q) = Hg’p(')(Q), if p is log-Holder continuous on 2

The variable exponent version of the Poincaré inequality is given in the following the-

oreimm

12
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Theorem 1.2 [7j]/(Poincare’s Inequality) Let Q C R", p satisfies the log-Hdlder

inequality on € then
Il pllpy < C || Vpllpy forall pe W(}’p(J(Q)

where the constant C' = 0 depends on  and p(.) only. The equivalent norm of the

space Wol’p(')(Q) is given bylog-Holder inequality on 2 then

I ollyyreo = Vollp)

Lemma 1.5 [T}/ Let Q C R™ be a bounded domain with smooth boundary 02 Assume
that p : 0 — )0, 00| such that

l<p <plxr)<ps<oo forae x€0

if p(x) < ¢*(x) with

@) ot
. — 5, if ¢~ <n
g'(x) ="

+oo if ¢t >n

Then, the embedding W) — L10) s continuous and compact.

Corollary 1.1 Let 2 C R* be a bounded domain with smooth boundary 0QAssume

that p : Q — 0,00 is a continuous function such that

2n
-2

2<p1<p($)<pz<n ,n =3

Then, the embedding H} < LPY) is continuous and compact.

13



CHAPTER 2

LOCAL WELL-POSEDNESS AND BLOW-UP OF

SOLUTION FOR A HIGHER-ORDER WAVE EQUATION
WITH VISCOELASTIC TERM AND
VARIABLE-EXPONENT

The main aim of this work is to study the existence and uniqueness of the local solution
under suitable conditions for the relaxation function g and variable exponent p(.), using
a method which is a mixture of the Faedo-Galarkin and Banach fixed point theorem,
and also prove that the solution blows up in finite time. Finally, to illustrate the blow-
up result, we give a two-dimensional numerical example.

The results presented in this chapter have been published in[I0].

14



Chapter 2. Local well-posedness and blow-up of solution for a higher-order wave equation
with viscoelastic term and variable-exponent

2.1 Setting the problem

We are concerned with the following initial-boundary-value problem:
t
pu+(=A)"p = [g(t—s)(=A)" p(s)ds+pr = [p|" 7 p, in Q,
0

ple,t)=0,22=0,i=1, 2,..,m—1, on T},

(2.1)

P(%O):PO (I‘), Pt(IaO):pl (I‘), in Q7
where m > 1 is a natural number, €2 is a bounded domain in R", n > 1, 92 is smooth

boundary of Q, Q; = Q x RT, I, = 9Q x R™.
Assumption:

g : the relaxation function satisfying:

1—/tg(s)ds:ﬂ>0, g (t) <0fort >0, (2.2)
0

p(.): is measurable functions on 2, satisfying

2 <p1 <p(x) <py <p*forn<2m,

(2.3)
2<p <p(x) <py <p*forn>2m,
with
. oo, if n < 2m,
p =
2’5 ,if n > 2m,
n—zm
where

p1 = essgeqinf (p(x)), p2 = esseeqsup (p ()
We also assume that p(x) satisfy the log-Hélder condition (definition

(L.3)).

Befor to state and proof our result we need to define the functional

energy of poroblem [2.1] as follow

EO=3ln0l+3 (1= [ 96)ds) ID"0 (015 + 500 ") 1)

_ /L lp ()P d, (2.4)

p(z)
0

15
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with viscoelastic term and variable-exponent

where (go D™) (t) = [{ g(t —s)||D™v (t) — D™v (s)||* ds.

Now, we show that the energy functional is a nonincreasing function

along the solution of (2.1)) in the next lemma.

Lemma 2.1 Suppose (2.2)and (2.3) hold. Then E (t) decreases, which

, 1 . 1 m
E (1) = 5 (g'oD™p) (t) — 59 O 1D™p ()l5 = llpell3 < 0,
furthermore,
E(t)— E(0) <0, t>0. (2.5)

Proof. Multiplying the first equation in (2.1)) by p; and integrating over
), we get

t

/ptpttdaf + /pt (—A)" pdz — /m/g (t—35)(=A)" p(z,s)dzxds + /p?dx

Q Q Q0 Q
= / pep ol 2 da

)
then use integration par parts, yields

t

th /'pt| dx+/|Dmp‘ dx _/g(t—s)/Dmpt(t)Dmp(s)dxds

0 Q

d 1
2de = — /— ") e | 2.
+/ptw o p(x)\pl z (2.6)
Q

Q
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with viscoelastic term and variable-exponent

The third term in (2.6)) can be estimated as:
¢

/g(t—S)/Dmpt (t) D™p(s) dzds

0

_ / g(t—s) / D" pi (). (D"p (s) = D"p (1)) dds
0 Q

. j g(t— ) / D™y (1) D™ p (¢) drds

0

Q
t
——1/ (t - >i/|Dm (s) = D"p (t) ded
5 |9 s) = p(s p xds
Q

0
t

d1
+/g(t—s) %5/@%@)\% ds
Q

0

t
1d 2
_ - . DM _pm
- /g@e s>/| p(s) = D™ (1)[? duds
0 Q

t

+%/9’ (t—S)/|Dmp(s)—Dmp(t)l2d$d8
0 Q

1d m m
_|_§E / ds/\D (t)|? dxds ——g /\D () da. (2.7)
Insert ( - in (2.6) to get

dip . 1 ) 1 o

hal - - Dm - plx

83 ol [ 1D et [ o as
) ) Q

1t

+§/g(t—$)/|Dmp(s) ()] da:ds——/g ds/]Dm ] dx
0 0

= %/g’ (t—S)/IDmp(s) — D"p (t)\2dxds—%g (t)/‘Dmp(t)Fdx—/p%dx’
0

Q Q Q

17
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hence, using (2.4]), we obtain

1 N 1 - )
E’(t)=§(g’oD p) =59 WD plly = llpel|” < 0.

Using integration of last inequality, we get
E(t) < E(0). (2.8)

Lemma 2.2 [38] Suppose that(2.3)), and the log-Holder continuity con-
dition (definition (1.3)) hold and E (0) < 0.Then the solution of (2.1))

satisfies

/Q PP de > e pl (2.9)

2.2 Existence of weak solutions

In this section, we will prove the nonexistence global solution of ({2.1)),
we state the following lemma witch can be obtained by using the Faedo-

Galerkin method by combining the argument of [39, 47, (60}, 62].

Lemma 2.3 : Assume that (2.3)) and the log Hélder continuity condition
(definition (1.3))) hold and (po, p1) € (H{* (Q), L* () and give f (¢, z)

a fized function on Q x (0,t). Then there existe a unique local solution

p of
, Ptt+(—A)mP—j9(t—3) (=A)"p(s)ds+p = f(t,x), in Q,
Y p(z,t)=0,22=0,i=1, 2,..,m—1, on T
L 2 (2,0) = po(z), pi(2,0) = p1(z), in Q,

(2.10)
Satisfying p € L> ((0, T), HJ (), u; € L>((0, T), L? (Q))NL? (Q x (0, T)),
where f € L? (2 x (0, T)).

18
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Now, we prove the local existence of (2.1)) by using the method of Banach

fixed point theorem.

Theorem 2.1 : Suppose that (2.3)) holds. Suppose further that

2(n—m)

2 < <plx) < <
_p1_p( )_Pz_ n—om

, (n>2m) (2.11)

and (po, p1) € (H{" (), L*(Q)). Then there existe T > 0, such that
1) has unique local solution

peL((0, T), Hy" (), pe € L¥((0, T), L*(2))NL* (2 x (0, T)).
Proof. Let v € L® ((0,T), H(Q)) and f (v) = [v|"” v, we have

I1f (@)% :/yvﬁﬂx)—?dx < /|v|2p2_2dx+/]v]2pl_2 dr < 00,
Q Q Q

Since

2p1 —2<2py —2<

> 2m).
s (n>2m)

So,
fv) € L ((0,8), Hy" () € L* (2 x (0, T)).

Therefore, for each v € L* ((0, T'), H}"(Q2)), there existe a unique
p€LX((0, T), Hy (), pe € L*((0,T), L*(Q)NL* (2 x (0, T)).

Satisfying the following problem

( t
pit + (=D)"p— [g(t—s) (=A)" p(s)ds+ p; = [ (v), in €,

0
Y oz, )=0,22=0i=1,2.,m—1, on T,
. p(l’, O)ZPO(x)? pt(xa O):pl(‘r>7 in Q.

(2.12)
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Let a map G : X7 — X7, by G (v) = p, where

Xr = {we L (0,T), HJ'(9)),w; € L¥((0.T), L*(2))}.
X7 is Banach space with respect to the norm
1 2 1 m 2
ol = 5sup el + Stsup [ D™ w?.
(0,7) (0,7)

Multiplying the equation (2.12)) by p; and integrating over 2 x (0,t), to
get

g +5 (1= [[9)) 1" 01 + 502" 0

t 1 . 1 . t
-/ [§<g'oD P (5) = 295D p(s)ﬂz] ds + / /Q Pdrds
0
1 2 1 m 2 ! 2p(x)—2
o+ 5 1Dl [ [ e opdsds (2.13)

Using the Young and the Sobolev-Poincare inequalities, we obtain

N 5 4 N
/ o 2 opdz| < S oI+ 5 / o[22 gy
QO 5 QO

4 _ _
<2+ 2 / o2 4z + / o[22 da

0 2, 4, m, ||2p2—2 m, 12p1—
< 2o @3+ == (1070l + [ Dol 7)

(2.14)

Thus by (2.13) and (2.14)), we get

1 1 0T )
o I3 + 511D p (I3 < ko + o o 01
e, g || 222 4 m, ||2P1—2
+ 5 HD |3 HD || ds.
Then we have
1

. 5T
5 5w o (13 + 51 sup D79 (O3 < Ko+ - sup [l (1)
2 2 4
(0, T) (0, T) (0, T)

4c, T DP2— 1 g p1—1
+WU lolly, /O loll, | -
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Where ko = 3 leﬂg + 1 HDmpOH; and ¢, is the embedding constant.
Taking 0T = 1, we get

1 s 1 8¢, 1 1
— sup t)||5+ =l sup [|[D"p < Yo { Pl 1 1o } .
2(07T)Hpt()Hz 5 (QT)H (t)]l3 < 2ko s VI + vl
Then

lollx, < K +Ta [l + ol
Choosing M, large enough and T Sufficiently small such that
Ipllx, < K +2TaMi™ * < M.

If K<MZand T <Tp< g%g_
0

Thus, we have G : A — A, where
A= {w € Xr, ||lwlx, < Mg}

Next, we show that G is contraction. For this purpose, let p; = G (v1)

and ps = G (v2) and set p = p; — po satisfyies

)
i+ (=8)" = [ (¢ = 9) (=8)" p(5)ds-+ (pu = pa)
) = o1 P72 0y — |uoPP 2y in Q x (0,t).
p(x,t)=0,24=0i=1,2,...,m—1, on Ty,
\ p(z, 0)=p(x, 0) =0, in €.
(2.15)
Multiplying by pr = p1t — por and integrate on Q x (0,1), we get

sl 01+ (1= [ o6)as) 1" Ol + 592070 0

t 1 t
- [ 3o - Sae10ms B ds+ [l pulPas
0

t
+/ \vl\p D72y — |wgP )2 ’02) prds.
0

l\DI»—\

{O
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Then, we have

o ()12 + 510" (1) < / / (01) — b (v) prdeds,  (2.16)

where h (s) = |s['™ 2 s.

Now, we estimate

]:/Ot/g(h (01) — h (v)) prdads.

We get

h(v1) — h(v9)) prdads

I< (
0 Q
sLm&mwwmwa

where v = v; —wvy and £ = avy + (1 — @) ve, 1 > a > 0. By the Young

inequality implies

5 2 [
<5 In O+ 3 [ 1P o da
2 5 Jq

5 2 (py — 1)° o)
s—wmm@+—@L—l/FWrw1—mWﬂﬂ>”mﬂm
2 5 ),
5 2 _1 2n n:?m n ) — n
< Sl + 2220 ([ ol o /Wmn+<1—QMMmW>2>
2 5 0
5 n— 2m
§§||Pt()|\2+65 (/ \v\nmd:v) [/ lavy + 1—04)1)2\7” d:z:+
/ lavy + (1 — a) | m P27 dx} : (2.17)
Q

Since 2 <p; <p(x) <p < 27(1"22), (n>2), we get
Y 9 — m. 1 2(pa—2 m. 12(p—2
1< 2o @3 + ese D03 (ID™ 015772 + D™ 5
m 2(p2—2 m 2(p1—2
+ Dl 4+ | D)

o 2(p2—2) || ym., |2
< 5 loe @I + desse Mg [ D5
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Therefore, (2.16]) takes the form

1 1 .
= sup ||p; (t)|5+ =lsup |[D™p (t)|I5
20, 1) 2 (0,1
6 1 2 m
< o= sup [|pe (815 + desie. oMy >~ sup [|D™]3.
2 20,1 T

Then, we arrive at
lollx, < 6Tollpllx, +8esieTodMy ™ o], -
We take ¢ small sufficient, we obtain

Ipllx, < ATol[olx, -

There existe Ty small for that A7y < 1, then we get
loly, <Olllly,, 0<6<1.

Then, G is a contraction maping. Thus, implies that the unique solu-
tion p € A satisfied G (p) = p. Thus, p is nonglobal solution of (2.1)).
Uniqueness: All that remains is to prove its uniqueness.

Let p', p? be two solutions in the class described in the statement of this

theorem, and w = p' — p?. Then w satisfies

t
m m x)—2 z)—2
wy+(—A) w—/g(t—s)(—A) w () dstwy = |p'|" 7 pt=| 2772 2

’ (2.18)

and

w(x,0) =wg (), w(x,0)=w(x)
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Multiplying (2.18)) by wy, then integrating with respect to x, we get

+ 5 (g o D™w) (1) —% (g' o me> (s)ds + 1/g (s) |!me|!§d8+ /wtz

2
_ // <‘p1‘p(:v)—2 ol — |p2’p(w)—2 ,02> wydzds

0 Q
0 Q

This implies

t

1 1
§/|wt\2d:ﬂ+§ 1_/9(s>d8 |D"wll;

Q 0

< C// <‘p1|p(x)_2 pl — |,02|p(x)_2 p2> wydxds. (2.19)

0 Q

By repeating the estimate as in [39], and the fact || Vwl]3 < ¢ || D™w|3,

we arive at

t
/\wt|2da;+ | D™ wlf; < c/ /\wt|2da:—|— |ID™wl|; | ds.  (2.20)
) 0 \Q
Gronwall’s inequality, yields
[ il do -+ 1Dl =0,
0

Thus, w = 0. The shows the uniqueness.

2.3 Blow up of solution

The main result of this section addresses the blow up at finite time of

weak solutions.
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We start by establishing several lemma needed for the proof of our main

result

Lemma 2.4 [65] Assme p(t) is a twice continuously differentiable sat-

1sfying
" (1) + @' (t) > CP' (1), t,C,a>0
)+ @ (1) 2 Co (1) .
¢ (0) >0, ' (0) > 0.
Then, ® (t) blows up in finite time.
Now, we state our main result.
Theorem 2.2 Suppose that 2.2] holds. Assume further
t
—2
/ g(s)ds < %2), vt > 0, (2.22)
0 (p1—1)

and the initial condition
(po, p1) € H' () x L* (),

satisfying
FE (0) <0 and pop1 > 0.

Then the solution of (2.1)) blows up in finite time.
Proof. To apply the Lemma [2.4], the following is defined:

@@:éﬁmuwﬁm.

Therefore,

o' (t) = /Q ppidz, 7 (t) = /Q <pptt+|pt|2> dz. (2.23)
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By using the first equation of (2.1]), the second equation of (2.23) be-

comes

@”()—/ (PPtt‘HPt\ )dx—/PPttd«%""/\Pt\ dx

— [z [ o0 —<—A>mp<t>+jg<t—s><—A>mp<s>ds

0
—p+ p O p (1)) do

= [l = [l [ o pdes [lp@F d
+jg(ts)/Dmp(t) D"p(s)dxds.
0 Q

t

We add and substract the term [ g (t —s) [ D™p(t) .D"p(t) dzds, and
0 0

we take account that

t

j g(t—s) / D™ (£) .D"p (£) dads — / g(t—s)ds / D" (1) .D"p (£) da,

o
o)

we obtain

o) = [l de— [0 e [ ppdes [ 1o e

26
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t t
We recall that fg (t—s)ds = fg ) ds, then

" (¢ /|pt| dx—/|Dm,o\ d:c—/pptdx+/!plp
+/g(s) ds/Dmp (t).D"p(t)dx
0 Q
/tg(tg)/Dmp (t).(D™p(t) — D"p(s))dxds

So that,

()= [1- / g(s)ds / D" p ()] da

- j g(t—>s) / D"p(t).(D"p(t) — D" p(s)) dxds
0 Q
-l—/g\p|p<x) dx+/9\pt\2dx—/9pptdx- (2.24)

Using the following Young inequality

< 502 _2
ab < da” + 46b

for a, b € R, and 6 > 0, we estimate

/ g(t=s) / D"p(t).(D"p(t) — D" p(s)) dads
0

= [ D7) [ gt =5 (D"p(6) - D" (5)) dsd
Q

0

IA

/5\Dm t)] dx+/415 /g(t—s) (D"p(t) —D"p(s))ds | dx
0

Q Q
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Using the Holder inequality, we get

/ (t—s) /Dm o (t) = D™ (s)) dads < 5/\Dmp(t)\2dx

1
+E / (t—s)d g(t—s)|D"p(t) — D"p(s)|*ds | dx
Q \0

0

t
—g/uw O ot o | [at=s9ds| [ott=s) 1D (0) - Do (s) e
0

We deduce that
t

- /9 (t—s) / D"p(t).(D"p(t) — D™p(s))dzds

0 Q
4

> 5/\Dm ) de — — 45 /g(s) ds | (go D"p)(t). (2.25)

0

By combining ([2.24]) and (2.25]), we get

()2~ (145- [gds | 10"~ 5 | [9()ds | o Do) 1)

0 0
—|—/\p\p(x)dx+/|pt|2d:c—/pptdx.
0 0 0
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Now, we exploit ([2.4) to substitute for | D™ p||5, Therefore,

t

<I>”(t)+<1>’(t)2—% 1+5—/g(3)ds E ()
/ 1+5—ftg(3)d$
0 2

\

/1+5—ftg(s)ds

PL (2.26)

+cl1—-2
B ol
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At this point 6 > 0 is chosen so that:

t
1+6— [g(s)ds
0

1 ([e)

1+5—jg(s)ds

cl1-2 0 > 0.
5]?1

This is, of course, possible by (2.22)). Thus by using (2.5)) and the nega-
tive initial energy, (2.26]) becomes:

" (t) + ' (t) = v ol » (2.27)

1+57ft g(s)ds

. _ 0
where vy =c | 1 2—6191

Now, we use Holder’s inequality to estimate

P1—2

/\P!2da:§ (/ o™ d:z:) i (/ 1d:1:) o
Q Q Q

Where || is measure of the doman €2, then

2

( Lo dx) " ( / |p|2d:c) Ve
Q Q
Lol o> ( / \pfd:c) o (2.28)
Q 9]

From the expression of @ (t) = 1 [, |p (=, t)|? da,we get

So,

20 (1) :/Q|p<x,t)\2da;.

Then

P1
2

ol

(20 (1))

~([lotwnra) . (2.29)
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Combining (228), (2:29),and (2:27) yield

O (1) + O (£) > 2% (D (1)) 7 |

We simplify the last inequality, we arrive at
" (1) + P (t) > wd' T (t) (2.30)
where

p1— 2
2

p 2-p1
o =277 >0, a=

Therefore @ (t) blows up in the finite time.

2.4 Numerical example

Now, we present an example to illustrate numerically the result of The-
orem . For solve problem ([2.1), we consider m = 1, n = 2 where the
domain is taken to be Q = [—1, 1]°>. We chosen g (t) = Ae™", (0 < A < 1),
po (x1,T2) = p1 (@1, 22) = 3(2 — 2% + 23), such that F (0) < 0, pop1 > 0,
and we take p (1, x9) = 4.8, which satisfy condition ({2.3]).

2.4.1 Numerical method

We first choose a suitable numerical scheme to discretize using finite
differences for the time variable ¢ and the space variable x = (x1, z3).
Comprehensive details about the finite difference methods, see in [52]
51]. We subdivide the time interval [0, T] into N equal subintervals
[tho1, tn], th=nodt, n=1,2,...,N+ 1, where §t is the time step.
Let p" (z) = p (x1, 29, t,), and use the finite-difference formulas:

&jpn (l‘) _ pn (213) _ pn—l (ZU)

ot ’
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and

Oup™ (1) — P () — 22;52;) +p" (2)

Then the discrete problem of (2.1)) reads: Let py and p;, calculate

{p?, p*,...,p" "} such that

’

1 1

P n+l __ 2p"—p" " pt—p"”
T A o
) I gt = ) Ap () ds [P0, in @
Pt =0, on 012,

n+1

(2.31)

P’ =po, pt=p"+ (0t) p1, in €.

\

Problem (2.31]) is solved iteratively by using the history data p™ and p" !

in the second side of the equation, satisfies the boundary-value problem:

n+1

P _ n+l _ n n—1 : Q
G A= E ) i, (2.32)
Pt =0, on 0y,
where:
n n— n__ n—1 n__ n—1 tn 1 n n T1,T2 72 n
F(p", o) = e == [0 g (b — ) Ap" () st [ 72

2.4.2 Numerical results

Now, we present the results of the numerical scheme(2.31)). The numer-
ical results are obtained using the Matlab codes. The parameters that

have been set up for numerical expirements are:
e Number of discretisation points is: 100 x 100;
e Time step is: ot = 0.01;

e The spatial discretisation step h ~ 0.01;
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o \=1073.

Figures. 1, 2, 3 and 4 present p" for iterations n = 16 (¢t = 0.16), n = 26
(t=0.26), n =29 (t = 0.29) and n = 30 (t = 0.30) respectively.

Figure. 4 present p" for iteration n = 30 (¢ = 0.30), which the blowup.
In conclusion, the previous numerical example verifies and agrees with

the results of Theorem 2.2].
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CHAPTER 3

GLOBAL EXISTENCE AND GENERAL DECAY OF

SOLUTION FOR A NONLENEAR WAVE EQUATION
WITH VARIABLE EXPONENTS AND MEMORY TERM

This work deals with viscoelastic wave equation with damping and source
terms involving variable exponents nonlinearity.

The main prupose is to prove with suitable assumptions on the variable
exponent the local solution by using Faedo-Galerkin methods, and also
prove that the local solution is global in time. Then, we demonstrate that
solution with positive initial energy decay exponentially. The outcomes

that appear in this context have been published in [9].
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Chapter 3.  Global Existence and general decay of solution for a nonlenear wave equation
with variable exponents and memory term

3.1 Setting the problem

We consider the following boundary value problem:

;

t
pr— Dp—Dpyu + [g(t =) Ap(s)ds + |2 pr = o' p, in Q,
0

p(x,t) =0, re 09, te(0,7),

[ P (2,0) =po(2), pi(z,0)=p1(z), in Q,
(3.1)

where @ = Q2 x (0,7) and €2 is a bounded domain in R",n > 2 with
smooth boundary 92. p(.) and m (.) are given measurable functions on
Q) satisfying

2<0”<0(x) <07 <0 (3.2)

0" :=essinff (), 67 := esssupl (x)
x€l) 20

and

oo, if n =2,

0 = (3.3)

20 if n > 3.
We also assume that p (.) and m (.) satisfy the log-Holder continuity con-
dition (definition [1.3).
Equation (3.1]) can be viewed as a generalization of the evolutional equa-
tion

t

ptt—Ap—APtt+/9 (t =) Ap(s)dstw ™ pr = blp|" " p, in Qx(0,T)
0

with the constant exponent of nonlinearity, m, r € (2, oo), which ap-

pears in various physical contexts.
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We denote the total energy related to problem ({3.1))

t

1 1 1 1
B(0) = 5ol +519nl3+5 (1= [o@)ds | IVol+ 5 (g0 Vo) (0
0

@ g
ép(x) o) s, (3.4

where

(goVp)( // (t—s)|Vp(t) = Vp(s)| duds.

We also introduce the following functionals:

t

1 1 1
B(t) = 5lol+ 51903+ 5 (1= [9()d

0
1 / p(x)
p dx, 3.5
- A | (3.5)

t

1 1 1
(1) = 5lol+ 51903+ (1= [9()d

IVl + 5 (90 V) (1

V2

IVl + 5 (90 V) (1

S
0
_ i | ‘P(x) dx (3 6)
p_|_ IO ) *
Q
t
1= 1= [o@ds | IVl + (g0 Vo) /W e (37)
0
and
1 t
10 =5 1= [s)ds | 1Val+ 5 (g0 el ——/W
0
(3.8)

we show that

EW)<E®)<E(). (3.9)
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Assumptions:

(A): ¢g:RT — R is a bounded C! function satisfying

1—/g($)ds:l>0andg/(t)S—g(t). (3.10)
0
(Ag) : Assume that
I(0) >0, (3.11)
and
Br 2p~ gt 2p~ =N B
Mazx l <l(p——2)E(O)) 7 <l(p——2)E(0)> =<1
(3.12)

Lemma 3.1 [7])] If p is a measurable function on § satisfying (3.2) and
(3.3)), then the embedding H} (Q) — LPU) (Q) is continuous and compact.

From the Lemma [3.1], there exists the positive constant B satisfying
lell) < BlIVolly,  for p e Hy ().

Theorem 3.1 Suppose that m(.), p(.) € C(Q) and verify the log-
Hélder continuity condition (definition (1.3)) with

n—1

2<p <pl@)<p <2—, ifn=>3 (3.13)
p(x) >2 if n =2,
and
_ + n_l .
2<m <m(zx)<m" <2 5 ifn>3 (3.14)
n_
m(x) > 2 ifn=2
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Then for any (po, p1) € H} () x HY (), problem (3.1) has a unique

weak local solution

p €L ([0, T); Hy (),
pe €L (0, T); Hy ()N L") (Qx[0,T)),

Pt € L2 ([O, T) ; H& (Q)) .

3.2 Existence of weak solutions

In this section we are going to obtain the existence of weak solutions to
the problem (3.1)). We will use Faedo- Galerkin’s method.

Existence: To prove that a local solution exists, we take several steps.
e Step 1. Approximate problem.

Let {v;};-, be a basis of H} () wich constructs a complete orthonormal
system in L? (). Denote by Vi = span{vi, v, ..., v} the subspace
generated by the first k vectors of the basis {v;},°, . By the normalization,
we have [|v;|| = 1, for any given integer k, we consider the approximation

solution .
pr(t) =D pu (1) v,
I=1

where py is the solutions to the following Cauchy problem

t

(st (0, w) = Bo ). )= (B (®), 0) = [9(t=5) (Do (). w)ds
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k
pr(0) = por = > (px(0), ) vs = po in Hy (2)  (3.16)
k
o (0) = prv =D (P (0), w) v = pr i HG (92). (3.17)
=1

Note that, we can solve the system (3.15))-(3.17) by a Picard’s iteration
method in ordinary differential equations. Hence, there exists a solution
in [0, 7}) for some T, > 0 and we can extend this solution to the whole
interval [0, T for any given T' > 0 by making use of the priori estimates

below.
e Step 2: Apriori estimates

Multiplying equation (3.15) by py, (t) and summing over [ from 1 to k,

t

i el + 5 llval, <5 (1= fo@ads ) IVas+ 5 02 Va0 @
— | = = — 11— s)ds —(go
dt20k2 5 Pk2 9 9 Pkll2 29 Pk
0
1 , |m(e) 1/ 1

_ P g | — d _< v >t—— OV rll2.

[tz ) == [[o] " dorg (570 90) =50 0 1901

Q Q

(3.18)
Then by virtue of (3.4)), assumption (A;) and definition of the expression
(g/ o Vpk) (), we will have

m(z)

1/ 1
dr+5 (g0 Vi) () = 59 () Vil < 0.

P

E ()=~ [

Q
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Integrating (3.18]) over (0, t), we obtain the estimate
t

Ly 12 1o 2 1 , 1
sl + 5 [ weil, =5 (1= [otsrds | 19a5 + 5 (90 Vo) )
0
1 t () 1t
[ Hmw Ry
/p(x) [Pk dfﬂ-i-// P dxds 2/ <g onk> (s)ds
Q 0 Q 0
t
1 2
+5 [9(9)IVprll3ds < B (0). (3.19)
0

Since I (0) > 0, then there exists T, < T by continuity such that I (¢) >
0, for all t € [0, T]. We get from (3.6) and (3.7]) that

t

Ty =221~ /g<s>ds IV oell? + (g0 Vo) () +pif<t>.

2p~
0
(3.20)
Then
o) = "= ({1 [oas | IVl + (g0 9o )
0
(3.21)
Hence, we have
t
2 2p~
1= o | IVpli < 5T ey, G2
0
From (3.4), (3.5) and (3.7)), we obviosly have
T(pr (1)) < E(pr (1)) < E(pi (1) < E(0) Vi€, T.].
Thus, we obtain
t
2 2p~
1= [g(s)ds | 19ml < B (0), (3.23)

0
Before the rest of the proof, we need
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Lemma 3.2 Suppose that (3.2) and assumptions (A1), (As) hold, then

op) () <1 IVl (3.24)

where 1 is defined in (3.10)).
Proof. By the Lemmas [I.2] and [3.1, we have
0n) (o) < max {pul ), Nlonlll |
< max {Bp IVoully” . B IVl |-
and from assumptions (A;), ) and (3.23)), we get

_ +_
o) (1) < max { B [ Vpell3 x IVl 2, B [9ull3 x [ Volls 2

Br 2p~ =S
< : E
< max [ Vol 7 (2o )
B [ 2p =
1% ? 2
z ; E (0 <1 .
19mls < 2 (g 2 0) ) <119

From ([3.24)), the inequality (3.19)) becames

t

T2 1 12 1 1 1

- 2_|_§Hvlgk + (5—;> 1—/g($)d8) IV x5 + (gOVpk)()
0

+Z£

|
— sup
2te(0 T,)

(2) 1 ; 1
duds — 5 [ (g V) (s + 5 [o(6) IVmnli3ds < B (0)
0

2 1
Ly o]
2ic00, T))

11
(5 _ __> 1— /g (s)ds | sup |Vpll3
D A te(0, T.)

1
+§(gonk //’pk dmds——

t

w5 [ 19plds < E ). (3:25)

g o V,Ok> (s)ds

R
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From (3.25]), we conclude that

pr is uniformly bounded in L ([0, T'), Hg (),

py, is uniformly bounded in L ([0, T), H} (Q2)) N L™Y (2 x [0, T)).
(3.26)

Furthemore, we have from Lemma (3.1)) and (3.26]) that

{‘pk]p(””)_Q Pk} is uniformly bounded in L™ ([0, T), L*(Q),

{

By (3.26)) and (3.27)), we infer that there exists a subsequence p, of py

!

Pl

m(z)—2
pk} is uniformly bounded in Lo L(Qx [0, T)). (3.27)

and a function p such that

(
pr — p weakly star in L> ([0, T'), Hj (),
¢ pp — p weakly star in L ([0, T), H} (), (3.28)

rym(x)—2

pr — 1 weakly in L (2 x [0, T)).

\

By the Aubin-Lions compactness Lemma [34], we conclude from (3.28)
that
pr — p strongly in C ([0, T), Hy ().
Which implies
pr — p everywhere in [0,7] x €. (3.29)

It follow from ({3.28 - ) and ( - ) that
o972 oy = o7 p weakly in L ([0 T), L*(9)),

s (3.30)
p weakly in Lo T(Qx[0,T)).

/ m(m)

p

!
Pr —

Next, multiplying the equation (3.15) by p;, () and summing over [ from

i [7

43
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t

+ / g(t—r) / Vi (1) Vpy, (t) dedr + / o2 prprda. (3.31)
0 Q Q

From the Young’s inequality, we have

/Vprkdfc <5HkaH + IVpkllg, (3.32)

g(t—7) [ V(7)) Vp, () dedr
[re0]

¢ 2

g&vaHJr //gt—TVpk; dr | de

0
t

t
2 1
<4 ||Vpy +E/g ds/gt—T/]Vpk )|? dadr
0 0
t
1" 2
<s||vail + / IV 00 (7)1 dr, (3.33)
0

and

/ P + o / 10" (3.34)

From (3.31))-(3.34)), the inequality (3.31]) becames

m(z)

dx

Pr

1 5 |2 1 25 |2 d
=0+ el + 5 {

1 2 (1—l)g(0)/ 2 1/ 2(p(z)—1
< AL S
< 45\\VpkH2+ s Vi (7)]] d7+45 | k|
0 Q

(3.35)
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We have py € L ([0, T), H}(2)), then

Q) Q Q

since, 2(p~ — 1) < 2(p(z) — 1) < 2(pt — 1) < 2. We chosen § small

enough for that we find A constant positive such that

t t
1 2 " 2 ]_ /! m(x)
/‘ Pk 2ds + /\/ HV,okszs—l— /m(x) P de < C. (3.36)
0 0 0
Then
py, is bounded in L ([0, T), Hy (). (3.37)
Similarly, we have
pp — p weakly star in L ([0, T), Hy (). (3.38)

e Step 3: Passing to the limit

Setting up & — oo and passing to the limit in (3.15]), we obtain

t

(0" @) ) = o). )= (890, ) = [alt=9)(2p(s). wds

(3.39)
Since {v;};-, be a basis of Hj (), we deduce that p satisfies the equation
of 3.1 From [3.28] B.30} [3.3§ and Lemma 3.1.7 in [64] with B = H} (Q)

in the both cases, we infer that

pi. (0) = p(0) weakly in Hy (),

/

| (3.40)
. (0) = p (0) weakly in Hj (Q).
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We get from (3.16) and (3.40) that p(0) = po, p (0) = py. Thus, the

proof of existence is complete.

Uniqueness: Now it remains to prove uniqueness.
Let p!, p? be two solutions in the class described in the statement of this

theorem, and w = p! — p?. Then w satisfies

t
wi — Aw — Awy + /g (t —s5)Aw(s)ds +w (‘pHm(I)
0

_ ‘p1‘p(a:)—2 ol — ’pzlp(w)—Q 2 (3.41)

= 1ot"" 7 4t)

and
w(x,0) =wy (x), w(z,0)=w ()

Multiplying (3.41)) by wy, then integrating with respect to x, we get
t
1 2 1 2 1 2
5 lwy|” da + 5 |Vuw,|” dx + 5 1— [g(s)ds | [|Vw]|s
Q
t

0

t

1
+2(90Vw —

/ g oVw)( )ds+;/g(s) IVwll3 ds

0 0

t
+w// (|p§|m(x }pt} )wtdxds
0 Q
t
_ // <‘p1‘p(fv)—2 ol — ‘pz‘p(w)—Q ,02) wydzds
0 Q

By using the inequality

N —

(\a\m@” a— |p|™®? b) (a—b)>0
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for all a,b € R and a.e. x € ). This implies

t
1 1
§/|wt\2czx+§ 1—/g<s)ds [Vl
QO 0

t
< C// <|,01|p(x)2 ol — |,02|p(ac)72 p2) wydxds. (3.42)
00

By repeating the estimate as in [39], we arive at

t
/\wt|2da:+|\VwH§§C/ /\wt|2dx—|—|\VwH§ ds.  (3.43)
Q 0 Q

Gronwall’s inequality, yields

/ wil? dz + || V|| = 0.
Q

Thus, w = 0. The shows the uniqueness.

3.3 Global Existence

In this section, we state and prove a global existence result, we shall use

the following theorem.

Theorem 3.2 Suppose that assuptions of theorem hold, (A1) and
(A9). If (po, p1) € HF (Q)x HJ (Q), then the solution of (3.1]) is bounded

and global in time.

Proof. It is sufficient to show that ||Vp (¢)||5 + |lp¢ (t)]|3 is bounded

independently of ¢.
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To obtain this, we observe that

~ 1 1
E(0)2 E(t) 2 B () = 5 Il + 5 IVl

|1~ [g<s>ds Vol + g0 Vo) (1)) + -1 (1)

3

_|_

L2 (1Yl + (g0 Vo) (1) . (3.44)

1 1 )
= \Y
> 5ol + 5 IVl + 75

since I (t) > 0, (g o Vp) (t) are positives. Therefore,
IVollz + llpell; < CE(0),

where C' is positive constant, depends only on p~ and [ and is inde-
pendent of ¢. This infer that the solution of (3.1)) is bounded and global

in time.

3.4 Energy Decay

In this section, we prove the energy decay result by constructing a suit-
able functional.
We define

Gt)=ME({)+eO(t)+¥(1), (3.45)

where M and e are positive constants which specified later and

O(t) = /ptpda: + /th (1) Vp (t)dx, (3.46)
0 0

V)= [ Bo=p) (9t =5 (o) = p(s)) dsdz. (347
) 0
We need the following technical Lemmas in the course of our investiga-

tion.

48



Chapter 3.  Global Existence and general decay of solution for a nonlenear wave equation
with variable exponents and memory term

Lemma 3.3 Under the assumptions of Theorem (3.1)), we have

[P ae < vl (3.48)

Q
1oz < e 9. (3.49)

Proof. By Lemma (1.2, we have

2(p(z)— 2P -
/|p| P(@)=1) o < maX{H,OHQg(. ||:0H22 ;)}

Q

On the other hand, by Lemma 3.1, we have
/ o207 da < mas { B2 [p[E D B 2 D)

< max { B2V |Vp|3¥ 7, B Vol L vl

since,

2(p"—1)<2(px)—-1)<2(pt—1) <

“n—2
Using (3.44)), we obtain

/|p| Y dx <

max {BQ@U (7 pE <o>)p__2,32<p*—1> (l(f'ﬁm))m} 1Vl

2
< clIVplly.

Stmilarly, we get

1oz < |9
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Lemma 3.4 Let p € L* ([0, T'); Hj (), then, we have

2

t

[ [st-900-pnis| de<a-nE2Vp0). (G50

Q 0

where ¢ 1s Sobolev-Poincaré constant.

Proof. By Holder inequality, we get

/ ]gu—s)(p(t)—p(s))ds de
Q 0

t t

< [ [ot=sas| | [ote=s) o) - po)as | as

Q 0 0
t

<@-0¢ 5= 91900 - Vols)3ds

0

<(1-=0)c(goVp)(t).

Lemma 3.5 Let p be solution of (3.1)), then there exists two positive

constants By and By such that
B1E(t) < G(t) < ByE (t). (3.51)

Proof. By Young's inequality, we have

1

2 2

/ptpdﬂ? <3 lpells + == llpll3
46

0

C
< lpells + o I¥ll3 (3.52)

and

1
[ Vorvpda| <5 1903 + 55 19015 (35
Q

20
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It following from ([3.47)) that

t

W(t) = / Vo / g(t—s) (Vp(t) - Vp(s)) dsda
Q

0
t

= o [at= 96 - p(s) dsd (3.54)

Q 0
By Young's inequality and Holder inequality, the first term on the right-
hand side of (3.54) can be estimated as

t

- / Vo / g(t—5)(Vp(t) — Vp(s)) dsdz

Q 0

t 2

%valg 3| o=@ =Vt as | aa

Q 0

LIVl + 5 (90 V) (1) (3.59)

DO —

Appliying similar arguments as in deriving ($3.55) and then using Lemma

(3.4), we have

<slodies [ | [ot=s9) 6@ -p@)as) a
Q 0
< SlolE+ 5= (g0 Vo) (). (3.56)
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Hence, by using (83.52)-(3.56]), we have the following inequalities from
(3.45))

G(t) <M E(t)+eO(t)+ V(1)
<M E(t) + M lpell3 + X2 IV ell3 + As [ Vpll3 + As (g0 Vi) (2)

< M E (1) + s (Il + Vo3 + IV pll3 + (g0 Vo) (1)) (3.57)

Where)\1:%+e5,)\2:%+e5, Agz%,)\4:17_l(1+02).0nthe

other hand, we have
¢ ()= M E ()~ (o3 + 1Vl + 196l + (90 Vo) (1)) . (3.58)

where A5 = max (A1, Ao, A3, A\g).
Thus, from the definition of E (¢) and (3.44]), we can chosing M suffi-
ciently large and e small enough, there exist two positive constants B;
and By such that

BiE(t) < G(t) < BoE(t).

Theorem 3.3 Let (py, p1) € HY (Q) x H} () be given. Suppose that
(A1) and (As) hold. Then fort >ty the solution energy of (3.1) satisfies

Et) <ke st 1> (3.59)

where C is a positive constant.

Proof. In order to obtain the decay result of £ (¢). To this end, we

need to estimate the derivative of G (¢). It follows from (3.46)) and first
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equation of (3.1]) that
' (1) = Il + 19l = 15 = [ 1”2 popc + [ 11
& Q
t
+ /Vp/g (t —s)Vp(s)dsdz. (3.60)
Q 0

The last term on the right-hand side of (3.60]) can be estimated as

t

Vo [g(t—s)Vp(s)dsdx
[/

Q 0
t

S/ [gu_s)vp(s)—wu)ms dx+/g<s>ds||wn§

Q 0

<(1+n) / g(s) dsnvm\%%(govm (0
0
< 4n) =DVl + ﬁ (goVp) (), forn>0.  (361)

Also, by Holder inequality, Young inequality, we get

milx)— 1 mlx)—
/ " | < ol + - / a2 g (3.62)
QO Q

Substitution of (3.61]) and (3.62)) into (3.60)), yields
/ 1
O (t) < llpull + IV el = I9pllz + (L +2) (1 = 1) [Vl + s (g0 Vp)(t)

1 mix)— X
ool + / e / 1P da. (3.63)
0O Q

Next, we would like to estimate W' (¢). Taking the derivative of W (¢)
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in (3.47) and using the first equation of (3.1]), we get

- / 30 / g(t—s) (Vp(t) - Vp(s)) dsda
Q 0

-/ (/gu—s)w(s)ds) (/g<t—s><w<t>—w<s>>ds) i
0

Q 0
t

= L1 g9 (0 0) = p () s

0 0
Jocfd =900 o) dsda
- (/9 (s) dS) IV pill5 — (/9 (s) ds) ol
/th/ (t—3)(Vp(t)—Vp(s))dsdz. (3.64)

Similar to (3.63)), in what follows we will estimate the right-hand side of
(3.64)

t

/ vp / g(t—5)(Vp(t) — Vp(s)) dsdz
Q 0

<5IVol3+ 55 / (/g (t—5) (Vo (t) —Vp<s>>ds) o

Q 0

<5 IVplE+ =t (g0 V) (1), (3.65)
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(/g<t—s>w<s>ds) (/g<t—s><w<t>—w<s>>ds) dx

0 0

and

/

Q

< e .
(5[14- 45[2, (3 66)

where

and

:/ (]g (t— ) [Vp(t) p(s)ds)2dx

0

By Holder inequality, Young's inequality, for n > 0, we obtain

t

/(/9 (t—=15)(|Vp(s) — p(t)|—|—|vp(t)|)d3> dr

0

/(/g(t—s)Vp(s)—V (t)ds>2d$+/(]g(ts)Vp(t)ds)2d;1;

<
0
t ¢
-I-2/</gt—s|Vp ds) /gt—s\Vp ds)
o \o 0

IN

(/9(8) ) IV pll3 + /([gt—s ({gt—SIV/J — Vp (t)[ ds

0

+77/ (]g(t—S)IVp(t)lds) dx + = /(]g (t—s)[Vp(s p(t)d8)2da
0

Q 0

< (L) (102 |Vpl2 + (1 " %) (1=1)(g0Vp) (1), (3.67)
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and
L= [ [at-91¥0)-Volds| dr<a-Digovn ).
Q 0

(3.68)
Taking n = 15 in (3.67) and using (3.68), we then get from (3.66)

t

‘/ ]g@s)ws)ds [ot=9(p(0) = Vo(o)ds | ds

<=0 (319l + (54 35) =000 @), (3.60)

By the Hélder inequality, Young's inequality and Poincaré’s inequal-

ity, we have

/ ) /<t—s><p<t>—p<s>>dsdx
<6 [ 1P 2 + CDC govpm. e

and

<o [P A=De ovp) ). (3.71)

Using the Young's inequality and (A;) to deal with the last term of
(3.64)), we have

/th/g (t—3s)(Vp(t)—Vp(s))dsdx

<519l 12 (4 0 V) (1), (3.72)
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Exploiting again Young's inequality and (A1) to estimate the fiveth term,

we get

t

o4 6= 960 - p(s)) dsia
Q 0

t
1 /
sl 55 [ [d =9l = (o) dsia
Q0

<5l ~ 20 (5 0 vp) 1), (3.73)

Then, combinig these estimates (3.65))-(3.73)), (3.64]) becomes

V() < 6 llolla + SV pills + (1= 1) 8[| Vpll;

+5/\ pi| ) dx+5/|p\2p

rovalt+ P o v )

+(7455) - 0R @ VA0

La=00 (g0 Vp) (1) + %62 (90 Vp)(t)

~ 20 (g ovp) (- L0 (o vp) 1

_ (/g (s) ds) IVl — (/g (s) ds) pel|2 (3.74)

0 0

By (3.74) and Lemma [3.3] we obtain
V(1) < cillpdly + e2 Vel + e Vol

+ei(goVp) (1)~ s (g0 V) (1), (3.75)

where
o = <(5—Zg(s)ds> Ly = (5+05—Zg(s)ds> e =((1—1)6+ 6+ cd),
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- -1 c?
Cy = ((% + 4%) (1-— l)2 + (146) + 2(}1(5 )62) and c; = (%g) + —g(g(); ) .

Since ¢ (1) is positive and continuous, then for any ¢, > 0, there exists

q1, go for that

t to

g(t) > g1 and /g<s>dsz /g<s>ds:go, —— (3.76)
0 0

Hence, we conclude from ([3.45)), (3.63)), (3.75)) and (3.76]) that for any

t >ty >0,

G(t)=ME (t)+€0 (t)+ ¥ (t)

M , €ec
< (5 -a) (@ o) O+ redlali+ (et i) 1T

2
+ <C4 + i) (9o Vp)(t)+e / p[' da.
Q

M
+ (-—91 +c3—e+een+ (1—n)(1— l)) HV“H;

However, ¢ (t) < —g (t) by (4;), thus, we see that
/ €C
6 <= ) lplf - (~e- = 52 ) IVmS

M
(Mg e 1-m-0) 19

M € .
— <7—C4—C5—%> (gon)(t)+e/|p\p()dx.
0

At this point, we take § =€, n = v/ and we choose € small enough for
that go > (c+ 2) e + cy/e.

One € fixed, we pick M sufficiently large so that <% —Cy — C5 — i) > ()
and (Xg1 —cs+e—en—(1—n)(1—1)) > 0.
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Therefore, for any t > ¢y, we have

/ 2 2 2
G (1) < —(es llpelly +er [[Varlly + es IV ol

ey (goVp)(t) —c / PP da), (3.77)

where

( ) ec
cg=(—€—c1),cr=|—€—Ccp— —
6 1),Cr 2 )

2 2
Combine Lemma [3.5] with (3.44) and (3.9)) to get

M M
cg = (—91—63+6—€cn—(1—77)(1—[)),and09: (——64—65—5).
n

G (t) < —c1oE (1) < —%G(t), (3.78)

for some positive constant ¢19 > 0. The integration of (3.78)) over (ty, t),
gives

G(t) <Gty e B0 >

Again, by virtue of Lemma [3.5],

E(t) <

This, completes the proof.
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CHAPTER 4

A BLOW-UP RESULT FOR A HIGHER-ORDER
NONLINEAR WAVE EQUATION WITH LOGARITHMIC

SOURCE TERM: ANALYTICAL AND NUMERICAL
RESULTS

this chapter is devoted to the study of blows up in finite time of the
solution for the higher-order wave equation with logarithmic source term.
We gave a two-dimensional numerical example to illustrate the blow-up

result. (submission)
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Chapter 4. A blow-up result for a higher-order nonlinear wave equation with logarithmic
source term: Analytical and numerical results

4.1 Setting the problem

We consider the following boundary value problem:

( t
e+ (D) p— [g(t—s)(=A)"p(s)ds + py = |p]"" " pIn[p]*, in O

o

< p(x,t) =0, g;’Z:O,z:L 2,...,m—1, on I';
. p(il?,O):,Oo(CL"), pt(xa()):pl(x)) in ()
(4.1)

where m > 1 is a natural number,  is a bounded domain in R"” (n > 1),
00 is smooth bouandary of 0, ; = Q x R, I'; = 90 x RT, ¢ is the
relaxation function satisfying some condition to be specified later and k

is positive constant. p (.) is given measurable functions on €2, satisfying

2<p <p(x) <py <ooforn < 2m,

o (4.2)

2<p1§p(:c)§p2<n_;2:z)forn>2m.

Where
p1 = esSgeqinf (p(x)), po = esszeqsup (p(x)) .
We also assume that p (z) satisfy the log —Holder continuity condition
(definition [1.3] ). Let us assume that
(H) g € C! ([0, +00)) is non-negative function satisfaying

t
1—/g(s)d3:l>0, g (t) <0 fort>0. (4.3)
0

It necessary to state the local existence theorem for problem wich

can be established by combining the argument of [57, 52 [65]

Theorem 4.1 Assume that g, p(.) satisfy (H), (4.2) respectively. Then

for any given

(po, p1) € HE' () N H*™ () x H™ (),
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problem (4.1) has a unique local solution

peC((0.1), Hy" ()

pr € C((0,T), H"(Q)).

In the proof of our main result, we define the energy functional by

B0 =3 ln0l+5 (1= [ 9)ds) 1D 01+ 5 90 ") 1)
k@ g — [ @ 1y ol g
+£ﬁ@ﬂmm d KZM@”']”d' (4.4

Where (go D™0) (t) = [1g(t —s) D™ (t) — D™ (s)||" ds, Yo € HJ (Q).

Lemma 4.1 Assume that (H), (4.2)) hold, and let p be the solution of
problem [A.1. Then E (t) decreases, which

/ 1

E(t)=5(g' o D"p)(t) - %9 &) I1D™p )z = llpell; < 0.

furthermore,

E(t) < E(), forallt>0.

Proof. By multiplying the equation in (4.1]) by p; and integrating over
Q, we get

t

/ o + / o (= A" pda — / o / gt —3) (—AY" p(x, 5) duds + / Pda
Q

Q Q Q 0

— [ 1ol ]l d.
Q
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then use integration par parts, yields

t

- /m1m+/wnwmm = [att=s) [ D) D (5 e

0 Q
d

Q Q

1
©) 4o P@) 1y dr | . 4.5
!p(p ol" (4.5)

The third term in the left side of can be estimated as follows.

t

/g(t—s)/Dmpt (t) D"p(s) dzds
0

0

= [9lt=9) [ D0 t). (D" (5) = D" p (1) dods
0 Q)

+ /g(t —3) Q/Dm,ot (t).D"p(t)dxds

0

t
1 d m m 9
=5 [ott=9% [1D70() — D" 1) dods
0 Q

t

+/ (t—s) dt2/‘D ) dz | ds

0

t
1d ,
- _ - . Dm _pm
2 /@@ sy/\ p(s) = D™ (1)[? dads
0 QO

jg’ (t—s)/\Dm (s) — D" p (t)|* dzds

di /\Dm 9)|? dads ——g /|Dm DPde. (46)

N)I»—\

_l_

1
2
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Insert (4.6) in (4.5) to get

d |1 ) 1 ) / k @
il de+ = [ ID™pli2d @) g
o 29/|pt| x+29/| Pl x+Q ) |p[™ dx

]‘ x x
—/mlp\p”lnlp\p”dw
Q

1t "p(s xs—1 " xds
+—O/g<t—s>Q/|Dp<> "o (1) ded /g d/\D P ded
:%/ (t—s) /|Dm —D"p (1)) d:cds——g /\Dm 8| da— /p%da:,

()

hence, using -, we obtain "
B () = 5 (¢ o D™0) — 59 (1) ID"0l]* ~ [l < 0.
Using integration of last inequality, we get
E(t) < E(0) (4.7)

Lemma 4.2 [f0] Assume that(4.2)), the log-Hélder continuity condition
( definition (1.3) ) hold and E (0) < 0.Then the solution of (4.1)), satisfies

for some ¢ > 0,

1o da = el (48)

4.2 Blow up of solution

Lemma 4.3 [59] Suppose that & (t) is a twice continuously differen-

tiable satisfying

D" (t) + @ (t) > Co® (1), t>0,Co>0,a>0

(4.9)
o (0) >0, ¥ (0) > 0.
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Then, ® (t) blows up in finite time.

Our main result as follows

Theorem 4.2 Assume that (H) holds. Assume further

/Otg (s)ds < %, vt > 0, (4.10)

and the initial condition
(po, p1) € Hy' (Q) x L* (),
with compact supports, satisfying
E (0) < 0 and pop1 > 0.

Then any solution of [4.1] blows up in finite time.

Proof. We define the following function

o (1) = ¢ / 1p (2, 1) da.

Therefore,

o' (t)Z/Qpptdfv, " (1) Z/Q(pptﬁlptIZ) dz. (4.11)

Multiplying the equation of (4.1)) by p(¢) and integrating over €2, gives

/ppttd:v= —/ \DmpIQdfc—/ppth/ o™ In | p|* dev
Q Q Q) Q

t

+/g(t—3)/Dmp (t) D"p (s) duds.
Q

0

We have
t

jg(t—s)/Dmp (t) D™p (s) dvds = /g(s)/|Dmp|2dx
0 i 4

t

Q
T / g(t— ) / D" p(t) (D" p(s) — D™p (1)) dacds.

0
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The second equation of (4.11)) becomes:

o7 (1) = - 1—]9(8) /IDmp\2d$
0 Q

t
_ / gt — ) / D"p(t). (D™ (s) — D™p (t)) duds
0 Q
+/\p|p<x)ln\p|kd:ﬁ—|—/|pt\2d::r;—/pptdx. (4.12)
Q Q Q

Using Young’s inequality, we estimate

= [ote=s) [ D7p(0).(D"p(5) ~ D" (1) s
0 Q

t

> 5/me,)| d:c—415 /g(s) (o D™p) (1), ¥6>0. (4.13)

By combining (4.12)) and (4.13)), we get

t t
1
" (1) = - 1+6—/g<s>ds 107l - /g<s>ds (g0 D" p) (1)
0 0
T / 1P 1n | plf der + / a2 da — / opude.
Q Q QO

Now, we exploit (4.4]) to substitute for /|p|p(x) In |p|* da,

/ 1" 1n |pf* da
Q

> [glelt 5 (1= [aGs)ds | 1Dl + 5 (g0 D" / ol

0

t
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Using Lemma [4.2], leads to:

t

p pr 1 m
(1) + @' 1) = (1+5) ol + |5 - 5 /g<s>ds (90 D"p) (1)
0
t k
P1 2 PirRC
+ (= -1 1—/ s)ds | =46 [|ID"pll5 + —— l|p|I?*.
(5-1) Og<> 10"l + =5 o,
(4.14)

At this point, we aim to have

t

%—%(/Otg(s)d8>>0and (5-1) 1—/g(s)ds —5>0.
' (4.15)

So, from the first part of (4.15]), we need

t

(5>L /g(s)ds

2p1
0

and from the second part of (4.15)) that

§< (B -1 1—t (s)ds |,
<(2 ) O/g

or
t t

2%91 /g(s)ds <5<(%—1) 1—/9(8)d5 ;

0 0
this implise that

t 4

2%01 /g(s)ds <<%—1> 1—/9(3)d5

0 0
or
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where it guaranteed by (4.15). Therefore, the estimate (4.14]) becomes

(1) + ¥ (1) = 7]l (4.16)

where v = p 1]“ . Now, we use Holder’s inequality to estimate

p1—2

fes (o)’ (f)

where |(2| is the measure of the doman €2, then

([ dw) > ([l r) 10,
L= ([ p|2dx)p21 o (117)

From the definition of ® (¢) ,we have

(20 (1)) 2 = (/Qp(sc,t)de)p;. (4.18)

Combining (.17),(I-18), and (L.16), yicld

P1 2-py

O (1) + @' () > 2% ( (1)) 7 Q]

So,

It is easy to verify that the requirements of Lemma [4.3| are satisfied by:

p1— 2

Co=27~|Q| 2 >0, a= :

Therefore @ (t) blows up in the finite time.

4.3 Numerical study

In this section, we present an application to illustrate numerically the

blowup result of Theorem [4.2] For this purpose, we numerically solve
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problem (4.1)), for m = 1, n = 2, k = 2, where the domain is taken
to be Q = [—1, 1]*. We chosen g (t) = Ae™", (0 < X < 1), po (@1, x2) =

p1 (11, 29) = 4+ 523 — 323, where will be chosen such that E (0) < 0 and
pop1 > 0, we take the exponent function p (z1,79) = [z1]* + 4.8, which

satisfy condition (4.2)), where [.] denotes the greatest integer function.

4.3.1 Numerical method

We first introduce a suitable numerical scheme to discretize (4.1)) using
finite differences for the time variable ¢ € [0,7T] and the space variable
r = (x1,22) € Q. Comprehensive details about the finite difference
methods are available in [52], 51]. We subdivide the time interval [0, T
into N equal subintervals [t,_1, t,], ¢, =ndt, n=1 2 ...N+1,
where 0t is the time step.

Let p" (x1,22) = p(x1,22, t,), and use the finite-difference formulas:

the first-order backward difference for
p" (w1, 29) — p" !
ot

(21, 22)

atpn (xla $2) —

and the second-order center difference for

n+1 ( n—1 (

T, T9) — 20" (11, 22) + p
(5t)°

P 331,1132)

Oup" (1, 22) =
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Then the time discrete problem of (4.1) reads: Given py and p;, find

{p?, p*,...,p""} such that

p
n—1 n n—1

2p" — —
O Apttl = 2 ptp

(6t)° (61)2 3t
)~ f(fnﬂ g (ther — ) Ap™ (s)ds + \p”|p(3“’a”2)_2 " In |p”|2 . inQ

n+1

Pl =, on 0f2
\ p' = po(x1,22), pt=p"+ (6¢) p1 (21, 22), in €
(4.19)

"1 which is achieved by

Note that the above problem is linear in p
using the history data p™ and p"~! in the second side of the equation.
Problem(4.19)) is solved iteratively as for given regular p", the solution

"1 satisfies the boundary-value problem:

Pn+1 _ A n+l _ F n n—1 in O
p Py P R S Y2
(5%) g ( ) (4.20)
Pt =0, on 0%,
where
. . 2pn . pn—l pn . pn—l tnt1 .
F(p", p"") = G w g (tnr1 — 8) Ap" (s)ds

n|p(r1,22)—2 n n|2
+ " P g n [P

4.3.2 Numerical results

In this subsection, we present and discuss the blow up results of the
numerical scheme(4.19). The numerical results are obtained using the
Matlab codes.

The parameters that have been set up for numerical expirements are:

e Number of discretisation points is: 300 x 300;
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10
5.
0
1 1
0 g
A X

¥

Figure 4.1: p° Figure 4.2: p*

%10
100,
10

a0,

Figure 4.3: p* Figure 4.4: p*
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e Time step is: 6t = 0.01;

e The spatial discretisation step h = 0.003;

o k=

3.

Figures. shows the graphs of the initial data ug. Figures. [4.2]
and present the solution of p™ from iterations n = 39 (¢t = 0.39),
n =44 (t = 0.44) and n = 45 (t = 0.45) respectively .

Figure. present the solution p" for iteration n = 45 (t = 0.45),
which the blowup.
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CHAPTER b

WELL-POSEDNESS AND STABILITY RESULTS FOR A
CLASS OF NONLINEAR FOURTH-ORDER WAVE
EQUATION WITH VARIABLE-EXPONENTS

In this chapter, we consider a class of nonlinear wave equations of the
fourth order with damping and source terms of the variable exponent
type. First, under suitable conditions on the variable exponents m(.)
and 7(.), we establish local existence. Then we prove that the local
solution is global. Finally, using the Komornik inequality to estimate
the stability of the solution.

The results, which appear in this context, have been published in[41].
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Chapter 5. Well-posedness and stability results for a class of nonlinear fourth-order wave
equation with variable-exponents

5.1 Setting the problem

We consider the following boundary value problem:

p

pr+ D — Ap+ |2 o = | p, (wt) € Q% (0,7),
p(z,t) =0, (z,t) € 0Qx (0, T),

- N

\p(a},O):pO(aZ),pt(x,O):pl(Z’), z € 1,
(5.1)

where () is a bounded domain in R”,n > 1 with smooth boundary 0f2.

m (.) and r (.) are given measurable functions on €2, satisfying

—1
2<fr1§fr’(:€)§r2<2n—2, if n >3,
n_

2 <r(x) < oo, ifn=1, 2,

2<m1§m(x)§m2<2L2, if n > 3,
n_

2 <m(x) < oo, ifn=1, 2,
and
ry = essinfr (x), ry:=esssupr(z),
zel z€Q
my = essinfm (z), my:= esssupm (x),
Sy z€

We also assume that m (.) and r(.) satisfy the log-Holder continuity
condition (definition (|1.3))).

Lemma 5.1 [1] If p is a measurable function on Q satisfying (defini-
tion (1.3))) , then the embedding H} (Q) — LPY) (Q) is continuous and

compact.
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From the Lemma [5.1], there exists the positive constant ¢, satisfying
ol < ellVplly,  for p € Hy ().

Lemma 5.2 [25] Let G : Ry — R, be a non-increasing function and

assume that there are two constants o« > 0 and C' > 0 such that

(0. ¢]

/ GOl (s)ds < CG™ (0) G (s), Vit € R,.
t

Then we have

G (1) < G(0) (gi%) Covisc

Theorem 5.1 Suppose that r, m € C (ﬁ) and satisfies the log-Holder

continuity condition (definition (1.3))). Then, for any (po, p1) € H* (Q)N
H*(Q) x L*(Q), problem (5.1)) has a unique weak local solution

peL>((0,T), H*(Q)),
pr € L ((0,T), L*(Q)) N L™V (Q x (0, T)),

pu € L= ((0,T), L*(Q)).

In the order to state and prove our result, we define the potential energy

functional and Nehari’s functional, by the following

E0) = E(o(t) = 5 (I 01 + IV 0 + 120 O1) = [ 5 1o 00 d
Q

(5.2)
O =1®) = Vo @l + 18O - [ 1oV (53)
Q

70 =7 0) =5 (INp 03+ 120 (0)]2) - / (O da.

r(z)
Q
(5.4)
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Lemma 5.3 Under the assumptions of theorem [5.1, we have

/

zuwzi/mmw@msa telo, T
Q

and

E(t) < E(0).

Proof. We multiply the first equation of (5.1) by p; and integrating

over the domain €2, we get

d 1 ) ) 2 . -
= 5(VM@M+WVMﬂb+ﬂAMﬂ2)—{;Gﬂmw()m
[ n (01" ds,
Q
then
E(t)=—[|p )" dz < 0. (5.5)
/

Integratying (5.5)) over (0, ), we obtain

E(t) < E(0).

Lemma 5.4 Assume that the assumptions of theorem[5.1 and E (0) > 0
hold,

and
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where

7”1—2

0, := amax {071‘1* (7“1 TQE (0)> ; ng* (7“1 TQE (0)> } ;

r1—2 rg—2
. 2r 2 2r 2
0 := (1 — @) max {02}* (7”1 _12E (0)> , Coly (7”1 _12E (0)> } )

with 0 < o < 1, c14 and ¢y, are the bests embedding constants of

H} (Q) <= L™ (Q) and HZ () — L' (Q) respectively, then I (t) > 0,
for allt €10, T).

Proof. By continuity, there exists T}, such that
I(t)>0, foralltel0, Ti]. (5.7)

Now, we have for all t € [0, T,] :

70)=7(00) =5 (I OB+ 18 0I) = [ =IO s

Q

> SINp @I + 3180 @1 - = (190 @13+ 180 )13~ 1)

> 2 (Ve I3+ 180 1) + -1 (1),

1

using ((5.7)), we obtain

27“1
7’1—2

IVoOIE+ 2 I < —L-J(t), foralltelo, T.. (5.8)

By Lemma 5.3, we get

2 2
By < 20

e IO e 140 (5.9)

Vo (2 + 120 (#)]l; <
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On the other hand, by Lemma [1.2] we have

/\p

Vdw < Max {0 Ol lo @I}

—a Maz {lo O3, o ®)I7)]

(1= a) Maz {llo @7, > 1007, }-

By the embedding of H} (Q) — L'V (Q) and HZ (Q) — L'0(Q), we

obtain
/|p Y dr < a Maz {2, IVp Ol . 2. Vo )7}
(1 - o) Maz {5, [Ap (D5 52 1 2p (D5}
<a Maz {e [Vp ()57, 2 Vo5 } < V0 (13
+ (1= a) Maz { e, [Ap ()57, e 180 O x 120 ()]
r 27“1 7"12—2 o 27“1 %
< a Maz { () o (Z25E0) }
<1V (1)
r 27“1 TlQ_Q o 27“1 T22_2
+ (1 —a) Max {027* (?“1 — 2E (O)> , Cy <7°1 — 2E (0)) }
< [1ap (1)
Then, we get

/\p

de <61 |[Vp(D)l;+0:18p (1), forall t €0, To].

(5.10)

Since 67 + 65 < 1, then

/\p

Ddr < [Vl + Ap ()5, forallte [0, T.]. (5.11)
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This implies that

I(t)>0, for all t € [0, T].

By repeating the above procedure, we can extend T to T.

5.2 Existence of weak solution

In this section we are going to obtain the existence of local solution to
the problem (j5.1)). We will use the Faedo- Galerkin’s method.
Existence:

We take several steps to prove the existence of a local solution to problem
D).

e Step 1: Approximate problem.

Let {v;};-, be a basis of H§ () wich constructs a complete orthonormal
system in L? (2). Denote by Vi = span{vi, v, ..., v} the subspace
generated by the first k vectors of the basis {v;},°, . By the normalization,
we have [|v;|| = 1, for any given integer k, we consider the approximation

solution .
pr(t) = > pu () o,
=1

where py is the solutions to the following Cauchy problem
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k
pr(0) = poe = D (px (0), w)ur = po in H () N HH (), (5.13)
k
P (0) = pre = > (6, (0) wr) v — py in L2(Q). (5.14)

I=1
Note that, we can solve the system (5.12)-(5.14)) by a Picard’s iteration

method in ordinary differential equations. Hence, there exists a solution
in [0, T}) for some T, > 0 and we can extend this solution to the whole
interval [0, T for any given T > 0 by making use of the priori estimates

below.
e Step 2: A priori Estimates.

The first estimate. Multiplying equation (5.12)) by u;, (t) and summing

over [ from 1 to k,

| , 1 ) 1 , (@)
4 Ly S A dy — — dz.
- 5 190+ 5 18nl3 - /m) ol ) do = [ | s
0
(5.15)
Then
: ; |mle)
E (p(t) = — dx < 0.
0
Integrating (5.15)) over (0, ¢), we obtain the estimate
12 1 , 1 )
- - A
i, + 5 19005 + 5 1 amel
t
/ ! (@) 4 +//"‘mmdd < E(0) (5.16)
— T xds : :
7"(1?) Pk —
0 00
Then, from (5.11)), the inequality ([5.16)) becomes
1 2 r — 2 ) ™ — 2
— sup sup ||Vprlls + —— sup ||Aps
t(0, T) 2 2r1 e, 1) | Iz 2r1 e, 1) | I
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I

From ([5.17)), we conclude that

m(x)
dxds < FE(0). (5.17)

P

{pr} is uniformly bounded in L ([0, T], H§ (2)),

{p;} is uniformly bounded in L* ([0, T], L?(Q)) N L™ (Q x [0, T]).
(5.18)

Since { p/k} is uniformly bounded in L™® (Q x [0, T7),

then { )2 plk} is bounded in Lt (Q x [0, T])
m(z)—

Pr

0 ? p, — ® weakly in LG (Qx [0, T]).

As in [39], we have to show that ® = |p

from Lemma [5.1| and ((5.18]) that

{]pk|T(x)2 pk} is uniformly bounded in L ([0, T], L*(Q)). (5.19)

hence, up to a subsequence,

/ m(x)

-2
p'. Furthermore, we have

By (5.18)) and (5.19), we infer that there exists a subsequence of py
(denote still by the same symbol) and a function p such that

;

pr — p weakly star in L> ([0, T, HE (),
pp — p weakly star in L* ([0, T], L?(Q2)) and weakly in L") (Q x [0, T7)
| 1ol o, — W weakly in L= ([0, T], L? ().

- N

(5.20)
By the Aubin-Lions compactness Lemma [34], we conclude from
that
pr — p strongly in C ([0, T], Hj(2)),

which implies

pr — p everywhere in 2 x [0,77]. (5.21)
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It follow from ((5.20) and (5.21)) that

ok "2 pi = |pI" 7 p weakly in L ([0, T], L*(Q)).  (5.22)

The second estimate. Now, we would like to get more estimates. In

doing so, differentiating ((5.12)) with respect to ¢, we get
(b (), w) + (A% (1), v) = (Ap (1), )
, m(a:)—? "
F(m@ =D ]ao| ), v

= (@ =Dl O o), u), =12,k (5.23)

Next, multiplying the equation (5.23)) by p;k (t) and summing over [ from

1 to k, we get

1d /
2dt

"

2 )12 )12
P dx+/’Apk‘ dx+/’Vpk’ dx

Q Q Q
/ m(x)—2 "
+ [m@ - i
Q
~ [0@ =Dl e (5.24)

Q

We have from Holder’s inequality that

r(z)—2 ' " r(x)—2
[ 0@ =101 pipida] < 2= D Il |
Q)

"

Pl Py

2(r(z)—1) ‘
(5.25)

2

We have p, € L ([0, T], HZ(Q)), then

/|10k‘27‘(33)—2dle < /|pk|27’1—2dx+/|pk|27“2—2d$ < +o0,
Q Q Q
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since, 2(r; —1) < 2(r(z) —1) < 2(rp —1) < 2-"5. The inequality

(5.25), becomes

[ 0@ =10l ppida] <
Q

(5.26)

2(r(z)-1)
We have from Young’s inequality and Poincare’s inequality that
T(I)—Q roon / 2 " 2
[ 0@ =0l sgds] < co||varf, +o|lif, G20

0
Substituting (5.27) into (5.24) and integrating over (0, t) for all ¢t €

[0, T, we obtain

/ /‘Aplkrdx—l—/‘Vp;frdx

Q Q Q

t

2 , 2 , 2 N2
o, 4t @[+ [wo @[+ f (74
0

1 2
H )ds
2

(5.28)

It follows from and the fact ||Vp, (0 H2 < c3]|Ap, (0 )H; that
li 2 li
hoffsiofa  om

where ¢4 is a positive constant independent of k. Multiplying both sides
of (5.12)) by py, (t), and then summing over over [ from 1 to k and putting

t =0, we get
o )+ (8% 00, 5 @)~ (20 0). 51 0))
+ (" A0 5 ©) = (I Or a0, o)

We have from Young’s inequality, (5.13) and (5.14]) that

L) <o (5.30)
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where c5 is a positive constant independent of k.

By (5:29) and (5:30), (5:28) becomes

" 2 !/ 2 !/ 2
/pk d:c+/)Apk‘ da:+/’Vpk’ dx

Q Q Q
t

11 2 ! 2 !
<corer [ ([all, + vt + |
0
We gain from ([5.31)) and Gronwall’s lemma that

for all ¢t € [0, T, and cg is a positive constant independent of k.

We conclude from (5.32)) that

z> ds. (5.31)

|2 112 /)12
il + Jaai], + |7, < e (5:32)

{p;g} is uniformly bounded in L™ ([0, T], HZ (Q)),

, (5.33)
{p} is uniformly bounded in L> ([0, T], L*(12)).
Similarly, we have
p, — p weakly star in L ([0, T], HZ(2)), (5.34)

pp — p weakly star in L* ([0, T], L*()).
Setting up kK — oo and passing to the limit in (5.12)), we obtain

!

(7' 0 )+ (0% w) = o). o+ ([5 @ @), )

= (@I p), w), 1=1 2.k (5.35)
Since {v;};-, be a basis of H (), we deduce that p satisfies the equation

of (5.1)). From (5.20), (5.34) and Lemma 3.1.7 in [64], with B = H3 (Q2)
and L? (), respectively, we infer that
pi. (0) = p(0) weakly in Hg (Q),

/ , (5.36)
p;. (0) = p (0) weakly in L*(Q).
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We get from (5.13), (5.14) and (5.36) that p (0) = po, p (0) = p1.

Thus, the proof of existence is complete.

Uniqueness:
Now it remains to prove uniqueness.
Let p!, p? be two solutions in the class described in the statement of this

theorem, and w = p! — p?. satisfies

wy + A%w— Aw+’pt} _ ‘pg‘m(fU)—? 02— ’p1}r(w)—2 s ‘pg,r(aﬁ)—Q
(5.37)

and
w(x,0) =wy (x), w(x,0)=w(x)

Multiplying (5.37) by w;, then integrating with respect to x, we get

/|wt\ dx + /\Aw\ dx + /\Vw\ dx

¥ / [t k= 2 wadads
00
t

— // (’p1’7"(93)2 P }p2}r(x)f2 p2) widwds
00

By using the inequality
(‘a‘m(x)_Qa — \b|m(x)_2 b> (a—0) >0,Va,b € R and a.e.x € Q.
This implies

2 2 2
[wil3 dz + [[Awl]; 4 [[Vwll;

t
< C// (‘pl‘r($)_2 ol — ‘p2‘r(x)_2 ,02) wydxds (5.38)
00
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By repeating the estimate as in [39], we arive at
t
/|wt\2da:—|—\|AwH§+||VwH§ < c/ /|wt\2dx—l— [Vwll3 | ds (5.39)
0 o \'0

Then

t
/ |wt\2da:+|mwu§+nwn§sc/ / jwnl? d + | Aw]lZ + [Voll? | ds
0O QO

’ (5.40)

Gronwall’s inequality yields
2 2 2
[wellz + [[Aw]l; + [[Vwllz = 0.

Thus, w = 0. The shows the uniqueness.

5.3 Global existence

In this section, we state and prove a global existence result.

Theorem 5.2 Under the assumptions of lemma [5.4] the local solution
of (5.1) is global.

Proof. We have

. 1 2 2 2\ 1 r(x)
E o) =5 (o O+ 10 @1 + 1280 OI) = [ 25 (0] d.
Q
1 9  T1—2 9  T1—2 2
> — .
> Sl @I + 5= IV Ol + "5 18 (0]
So that
lpe ()15 +1IVp (B3 < C E(t). (5.41)
By Lemma [5.3, we obtain
lo: (0)]l5 + Vo (t)]l5 < C E(0). (5.42)
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This implies that the local solution is global in time.

5.4 Stability result

In this section our main result is based a Komornik’s inequality [14]

We start our main results by introducing the following lemma:

Lemma 5.5 Suppose that the assumptions of Lemma hold, then,

there exists a positive constant ¢ such that
/ (" dz < ¢E (1)
)

Proof.

[0 e < arae o @1, - o @1}

Q

= o Maz { oI, oI
+ (=) Maz {Jo O, oI}

By the embedding of H} (Q) — L™ (Q) and HZ (Q) — L™V (Q), we

obtain
/ PO d < o Maz {N* Vo (Ol5" . X2 [V (£)]5°)

(1= a) Maz {052 [Ap ()5, A2 180 (8)]5°}
W52} < IVp )13
(1= a) Maz {52 180 O, A5 120 0I5} x 14p (1)1

m1—2 TI’LQ—Q

2 2 2 2
SaMax{A??;( M) A (2MEo) }><|Vp<t>|§

< a Maz {0\ [V (8)]3",

1%

m1—2 m1—2
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9 m12—2 9 m22—2
+ (1 —a) Max {)\’2”?,1 (mlwil2E (O)) ;Ao < my E(O)) }

mi — 2
< 18 (1)1

2 2
= [[Vp(@)lz + 2 |1Ap (@)]];-
By using (5.9)), we obtain

/ P ()" dx < ¢E (1),
Q

Theorem 5.3 Let the assumptions of Lemma [5.4, then, there ezists a

positive constant C' > 0, such that

C
E({t) < ————, forallt>0.
(1 +1t)m2
Now, we carry out the proof of theorem [5.3|
Proof. Multiplying first equation of (5.1)) by p () B (t) and inte-

grating over 2 x (S, T), we obtain

T

/ E*5 (1) / p(t) {ptt () + A% (1) = Ap (t) + |pe ()] "2 py <t>} dudt

S

Q
T
_ / B (1) / o (O dardt.

S Q
So that
JEF @ [ [0@ o), = o F + 120 OF +1p 0
S Q

mo

T
(1) |1 (072 ] ot = / B (1) / P (O dadt.
S Q
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We add and substract the term

/E%QGX/PHVP@F+HMAM@F+@+ﬁy+@ﬂmﬂwyhﬁ,
S Q

and use (5.10)), to get

(1-6) / B (1)
S

[ 9o @r + o 0] dode

Q
(16 [ @) [ 180 @F + o0 0] ded
feve o
/ / (30— 0 OF]
+[E 0 [0 1001 1 0 o
S Q

0 / 0019 (0 + 02189 (O — |p (1)) drt < 0

(5.43)

93]
2

Amw?ﬂmgVIMﬁ, (5.44)
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where v = Min ((1 —6,), (1—#65)). By (5.43), (5.44) and definition
of E(t), we get

T T

V/E"? (t) dt

IA
|
ey
3
"I,
-
N—
@\
~
he
-
N—
>
-
N—
.
S
Q.
~

/|pt )|? dadt. (5.45)

S ET 0 [ronw dx) — B () [ (0 (1), do
Q Q
T
$ 2 2 / B %E () / o () py (1) davdt. (5.46)
S Q
Then, inequality (5.45]), becomes
T T
v [EFWar< - [5 B © [p@nidn) d
S S Q
T
= [E 0 [p@ 10 01" 1 0 o
S Q
T
+ m22— 2/Em222 /p pr (1) dxdt
Q
T
+(3—6, — 6y) /E t)/|pt )] dedt.  (5.47)
S Q

We estimate the terms in the right-hand side of (5.47)) as follow:
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For the first term, we have

. / % E™5 (1) / p (1) pu (t) do | dodt
S Q

<EF )| [p@S) plnS) |+ BF ()| [ 1) (0. T)d
Q Q
< cE? (S)+cEZ (T)<cE 2 (0)E(S)
<cE(S). (5.48)

For the second term, we use the following Young inequality:

1
XYgAEXM+ —Y™ X, Y >0, e 0and L4 &1,

1 Ao o3 At Ao

with Ay () =m (z), Ay (x) = % By Lemma |5.3 and Lemma |5.5, we

obtain

s
T
S/Em222 (t) sc/\p dl"f—Cg/’pt x| dt
s 0
T

E™%5 (1) / lp ()™ dzdt + c. /

Q S

=0 (—E’ (t)) dt
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By Young’s, Poincare’s inequalities and ((5.41]), we obtain

TWQQ/E“f*uE%Ew/%ummwMﬁ
S Q

smg”/fﬁf*um—ﬂuﬂjfém0|+ m<n)mw
S QO

<c|E™ (1)) dt

/ )

< cE? (S)— E7 (T)

< cE7 (0)E(S) < cE (S) (5.50)

For the last term of ( - we have

(3 — 91—92/ /\pt ) dadt

T n% 7“31
«JE%@></mem: +(ﬂmUWW at

S i O Ot

T i " o
<w/ﬂ%u></mawmw +t/mwwwm dat

S i Q 9]

Q
<c [ B (1) (-E’ (t)) " 4 e Z B (1) (—E’ (t)) gt (5.50)
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First, we use Young’s inequality with \; = my/ (mg — 2) and Ay = my/2,

we have
T , T T
/Em22—2 (t) (—E’ TT c/E”ﬁ2 t)dt + cE/ (—
S s S
This implies
T , T
/ B (1) (—E’ (t))’"? dt < ec / EF () dt+c.E(S).  (5.52)
S S
On the other hand, we use the Young’s inequality A\ = =3,

to obtain

/Em222 (1) <—E’ (t)) it < e

S

()dt+cg/< £ (1) dr
S

mq(mg—2

ESES (1) dt + e B (S).

We notice that ";E%Q_;?)

my | ma—my
5 T o then

m

E7 (t)dt 4 c.E (S)

\bﬂ

T
/ E*F (1) (—E’ (t)) "Lt < ec(E(S)) iz
S

mo—mj

< ec(E(0)) m

m

E% (t)dt + c.E(S)

Cl)\’ﬂ wn

T

< ec / B (£)dt + ¢.E (S). (5.53)

s
We substituting (5.52) and (5.53)) in (5.51]), we obtain

T T
(3— 06, —6,) /E /\pt )| dxdt<gc/E’"£2 (t)dt 4+ c.E ().
S Q S

(5.54)
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By insert ((5.48), (5.49), (5.50)) and (5.53) in (5.47)), we arrive at

T T
V/E";Q(t)dtgsc/E"?(t)dtJrcgE(S).
S S

Choosing ¢ small enough for that
T
/E”? (1) dt < cE(S).
s

By taking T goes to oo, we get

oo

/E”? (t)dt < cE(S).
S
By Komornik’s integral inequality yields the result.

5.5 Numerical example

In this section, we present an application to illustrate numerically the
stability result of Theorem [3.3] For this purpose, we numerically solve

problem (p.1]), for n = 2 where the domain is taken to be Q = [—1, 1]2.
We chosen pg (z1,22) = (21 + 1) (z1 — 1) (x2 + 1) (x2 — 1) and py (21, 29) =
0, where will be chosen such that £ (0) > 0, we take the exponent func-
tion 7 (z1, x9) = 4, and m (z1, x2) = 212 +192+2.5 which satisfy condition

(1.3]), where my = 4.5. We numerically verify that

El)<C(1+1)"%,

5.5.1 Numerical method

We first introduce a suitable numerical scheme to discretize (5.1)) using

finite differences for the time variable ¢t € [0,7] and the space variable
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r = (21,22) € 2. We subdivide the time interval [0, T into N equal

subintervals [t,_1, t,], t,=mndt, n=1,2 .. N+ 1, where §t is the
time step.
Let p" (x1,x9) = p (21,2, t,), and use the finite-difference formulas:

the first-order backward difference for
p" (w1, 29) — p" !
ot

(21, 22)

atpn (xla x?) —

and the second-order center difference for

P (21, w9) — 20" (@1, 22) + P (1, 22)

(61)°
Then the time discrete problem of (5.1) reads: Given uy and py, find
{p*, P ....p"t'} such that

Oup" (1, w2) =

y

% . pn—i-l _ % - \th”\m(xl’xQ)_Q Oy p"
) —A2p" 4 ‘pn|7“(w17$2)—2 o, in 0
Pt =0, on 02
| P =m0 (@wa), pt=pl o+ (01) pr (1, 32) in 2

(5.55)

n+1

Note that the above problem is linear in p"™, which is achieved by

using the history data p” and p"~! in the second side of the equation.
Problem([5.55) is solved iteratively as for given regular p", the solution
p" 1 satisfies the boundary-value problem:

pn+1

W _ Apn—H — F (pn’ pn—l) ’ in Q,

Pt =0, on O,

(5.56)

where F (IOn7 pn—l) _ 2" —p"

e 2 R Ve o
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5.5.2 Numerical results

In this subsection, we present and discuss the stability results of the

numerical scheme([5.55). The numerical results are obtained using the

Matlab codes.

500
600
700
600
500
400
300

200
0

W7
800
700 ¢
600

500

400
0
t
Figure 5.2: Polynomial
Figure 5.1: Energy: E(t) decay:z=E(t)(1+t)°

The parameters that have been set up for numerical expirements are:

e Number of discretisation points is: 100.

e Time step is: ot = 0.01.

Figures. 1 and 2 presents the energy E(t) and E(t)(1 + t)%® re-

spectively for the times t,, € {1, 2,...,100} . The numerical solutions of

problem (j5.1)) make the energy function F(t) satisfy

Et)(1+1)" <9 x 102

In conclusion, the above numerical application verifies and agrees with

the stability results of Theorem [3.3]
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CONCLUSION AND PERSPECTIVE

In this thesis, we have solved many problems related to differential equa-
tions of different orders. We tackled both lower-order and higher-order
equations using various methods. Specifically, we utilized the concavity
method to solve problems involving higher-order wave equations, con-
sidering cases where the source terms, once with variable exponent and
once with logarithmic variable exponent, along with the total energy
technique related the equation. We observed that the solution blow up
in finite time in both cases. As for the remaining problems, we intro-
duced the Nihari spaces as well as the total energy technique associated
to the equation, which led to stabilizing the solution either based on the
stability of the solution in terms of the decay exponential of the total
energy or based on the stability of the solution in terms of the decay
polynomial of the energy total of the problem. All that comes to mind
for future work is attempting to study the same previous problems using
alternative methods, for instance, the method of semi-groups, which is

considered an additional method due to some potentially advantageous
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features for dealing with such cases.
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