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Abstract

In this memory we study a class of hyperbolic-parabolic problems in perforated domains
with a homogeneous Newmann condition on the boundary of the holes. We focus on
the homogenezation of these equations by the periodic unfolding method in perforated
domains.

Key words : hyperbolic-parabolic equation; perforated domains; homogenization; peri-
odic unfolding method

Résumé

Nous tudions dans cette mémoire une class de Problème hyperbolique-parabolique dans
un domaine perforé avec des petits trous avec des conditions de Newmann hmogène.
Nous nous concentrons sur l’homogenisation de ces équation pour la méthod d’eclatement
periodique dans les domaines perforés.

Mots clés : problème hypèrbolique-parabolique, domaines perforés, homogénéisation,
méthode déclatement périodique.
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INTRODUCTION

In this memory, we adapt the periodic unfolding method to time-dependent problems in pe-

riodically perforated domains with small holes of the same size as the period. Then we apply

the method to prove some homogenization and corrector results for the hyperbolic-parabolic

equations in these domains.

The periodic unfolding method was first introduced in Cioranescu, Damlamian and Griso

[4] for the case of fixed domains (see [7]for more details) and then extended to perforated

ones in Cioranescu, Donato and Zaki [5]. Later, this method was adapted to two-component

domains which are separated by a periodic interface in Donato, Nguyen and Tardieu [8].

Recently, Cioranescu, Damlamian, Donato, Grisco and Zaki [9] gave a comprehensive pre-

sentation of the periodic unfolding method for perforated domains, both when the unit hole

is a compact subset of the open unit cell and when this is impossible to achieve.

Concerning the time-dependent periodic unfolding method for the fixed domains, we refer

to Gaveau [11], where some elementary results were listed without proofs. Here, in order

to treat the time-dependent problems in perforated domains, we adapt the results in [9] to

time-dependent functions. For simplicity, we only treat the perforated domains when the

unit hole is a compact subset of the open unit cell.

When working in perforated domains, the main diffculties are related to the fact that the

equations and their solutions are defined on domains, which strongly dpend on ε. In order
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to speak about convergence when ε −→ 0 that is to ”homogenize” ), one needs to intro-

duce extension operators to fixed domain and to construct test functions, specific for each

situation. To do that, several restrictions on the geometry of the holes and of the domain

are necessary.

These difficulties are solved by the periodic unfolding method ([4] and [9]), as can be seen

for example, in Cioranescu et al . [9]. The aventage of the unfolding method, it is the fact

that is separates the scales. So one can treat in particular, holes at different scales in the

same period. Such kind of problems, because of their complexity, cannot be solved by the

classical methods in homogenization.

More precisely, we introduce the time-dependent unfolding operator T ∗
ε , which map func-

tions defined on the oscillating domain into functions defined on the fixed domain. As shown

in [9] and [5], the unfolding operator T ∗
ε can, in some sense, replace the extension operator.

We also state some related results needed in this work and give their proofs for the sake of

completeness. And we give the example the application of this method for the wave equation

with homogenous Dirichlet-Newman boundary condition.

The aim of this work is to study the hyperbolic-parabolic equation with homogenious

Dirichlet-Newman boundary in the perforated domain.

This problem models many kinds of phenomena arising in electricity and magnetism, in the

theory of elasticity, in vibrations theory and in hydrodynamics [14, 15].

The main purpose of this paper is to derive the homogenization result under these assump-

tions, which are weaker than those imposed in Migorski [12]. Our method is also quite

different.

The work of Migorski [12] was done by the Tatar’s oscillating test function method, while our

study mainly relies on the time-dependent periodic unfolding method in perforated domains

[10]. This method was originally introduced in Cioranescu, Damlamian and Griso [4] (see [9]

for more details) and extended to perforated domains in Cioranescu, Donato and Zaki [5, 6]

(see Cioranescu, Damlamian, Donato, et al. [9] for more general situations and see [10] for

the time-dependent case).

This memory is organized as flows: In the first chapter, we define first the periodic unfolding

for one and two parameters in perforated domains and some properties.

In the second chapter, we define the time periodic unfolding in perforated domains and some
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properties and we treat an the hyperbolic model problem with a Robin boundary condition.

Finally, in third chapter we are concerned with the asymptotic behavior of hyperbolic-

parabolic problem in perforated domains with small holes.



CHAPTER

1

THE PERIODIC UNFOLDING METHOD

IN PERFORATED DOMAINS

In this chapter we recall the definition and some properties of the periodic unfolding operators

in perforated domains Tε for the classical homogenization.

1.1 The periodic unfolding operator Tε

In this section, we introduce the case of perforated domains introduced by Cioranescu et all

In the following we denote:

• Ω an open set in RN .

• Y =
N∏
i=1

[0; li[ the reference cell li > 0 for all 1 ≤ i ≤ N , or more generally a set

having property to a basis (b1, ..., bN) defining the periods .

• T an open set included in Y such that ∂T does not contain the summits of Y .
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We can be, sometimes, transported to this situation by a simple change of period, we define:

Tε =
⋃

ξ∈ZN

ε(ξ + T ) and Ωε = Ω\Tε.

We assume in the following that Ωε is a connected set and we take the regularity hy-

pothesis

| ∂Ω |= 0,

and we define :

Ξϵ = {ξ ∈ ZN , ε(ξ + Y ) ⊂ Ω}.

To do so, let us first define the following domain:

Ω̃ε = int

 ⋃
ξ∈Λε

(ξ + Y )

 ,
where

Λε =
{
ξ ∈ ZN ; ε(ξ + Y ) ∩ Ω 6= ∅

}
.

The set Ω̃ε is the smallest finite union of εY cells containing Ω.

Fig. 1. The sets Ω̂ε,Ω and Λε

In the sequel, we will use the following notation:

• φ̃ for the extention by 0 outside Ωε for any function φ ∈ Lp(Ωε).
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• χε for the charasteristic function of Ωε.

By analogy to the 1D notation, for z ∈ RN , [z]Y denotes the unique integer combination

Σj=N
j=1 kjbj , such that [z]Y belongs to Y .Set zY = z−[z]Y Then , for almost every x ∈ RN ,

there exists a unique element in RN , denoted by
[
x

y

]
Y

, such that:

x− ε

[
x

y

]
Y

= ε

{
x

y

}
Y

, (1.1)

where {
x

y

}
Y

∈ Y.

This decomposition (1.1) is essential in the definition of the unfolding operator in the next.

definition 1.1 Let φ ∈ Lp(Ωε), p ∈ [1,+∞]. We define the function

Tε(φ)(x, y) = φ̃

(
ε

[
x

y

]
Y

+ εy

)
, (1.2)

for every x ∈ RN and y ∈ Y .

Remark 1.1 Notice that the oscillations due to perforations are shifted into the second

variable y which belongs to the fixed domain Y , while the first variable x belongs to RN .

One see immediately the interest of the unfolding operator. Indeed, when trying to pass to

the limit in a sequence dfined on Ωε one needs first, while using standard methods, to extend

it to a fixed domain. With Tε, such extensions are more necessary.

The main properties given in [3] for fixed domains can easily be adapted for the perforated

ones without any major difficulty in the proofs. These properties are listed in the proposition

below. To do so, let us first define the following domain:

Ω̃ε = int

 ⋃
ξ∈Λε

(ξ + Y )

 ,
where

Λε

{
ξ ∈ ZN ; ε(ξ + Ȳ ) ∩ Ω 6= ∅

}
.

The set Ω̃ is the smallest finite union of εY cells containing Ω.



1.1 The periodic unfolding operator Tε 11

Proposition 1.1 [3] The unfolding operator Tε has the following properties:

1. Tε is a linear operator.

2. Tε
(
x,
x

ε

)
Y

= φ(x); ∀φ ∈ Lp(Ωε) and x ∈ RN .

3. Tε (φψ) = Tε(φ)Tε(ψ), ∀φ,ψ ∈ Lp(Ωε) .

4. Let φ in Lp(Y )or Lp(Y ) be a Y-periodic function. Set φε(x) = φ(
x

ε
). Then,

Tε(φε)(x, y) = φ(y), a.e.in Ω̃ε.

5. One the integration formula:

∫
Ωε

φdx =
1

| Y |

∫
Ω̃ε∗Y

Tε(φ)dxdy, ∀φ ∈ L1(Ω)ε.

6. For every φ ∈ L2(Ωε) , belongs to L2(RN ∗ Y ) . It also belongs to L2(Ω̃ε ∗ Y ).

7. For every φ ∈ L2(Ωε), one has :

‖ Tε(φ) ‖L2(RN ∗Y )=
√

|Y | ‖ φ ‖L2(Ωε) .

8. 5Tε(φ)(x, y) = εTε(5xφ)(x, y) for every (x, y) ∈ Ω × Y .

9. If φ ∈ H1(ω̃ε), then Tε(φ) is in L2(RN ,H1(Y )).

10. One has the estimate:

‖ ∇yTε(φ) ‖(L2(Ω×Y ))N = ε
√

|Y | ‖ ∇xφ ‖(L2(Ωε))N .

Proof.

1. Let α, β ∈ R and φ,ψ ∈ L2(Ωϵ)

Tε(αφ+ βψ) = αφ+ βψ

(
ε
[x
ε

]
y

+ εy

)

= αφ

(
ε
[x
ε

]
y

+ εy

)
+ βψ

(
ε
[x
ε

]
y

+ εy

)

= αTε(φ) + βTε(ψ).
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Then Tε is a linear operator.

3. Let φ,ψ ∈ L2(Ωε) we have by definition 1.1

Tε(φψ) = φψ

(
ε
[x
ε

]
y

+ εy

)

= φ

(
ε
[x
ε

]
y

+ εy

)
ψ

(
ε
[x
ε

]
y

+ εy

)

= Tε(φ)Tε(ψ).

4. and by definition for all φε = φ(
x

ε
), φ ∈ L2(Y ), we have:

Tε (φε) (x, y) = φ

ε

{x
ε

}
ε

 + ε


{x
ε

}
ε




= φ
{x
ε

}
= φ(y).

5. according to the definition 1.1 we have :

1
|Ȳ |

∫
Ω×Y

Tε(φ)(x, y)dxdy =
1

|Y |

∫
Ω̃ε×Y

Tε(φ)(x, y)dxdy

=
1

|Y |
∑
ξ∈Ξε

∫
(εξ+εY )×Y

Tε(φ)(x, y)dxdy,

on each set (εξ + εY ) × Y whith ξ ∈ Ξε,the function Tε(φ)(x, y) = φ(εξ + εy) is

constant in x, it is consquence of (2.1). So, for each integral in the sum of the right member,

we have : ∫
(εξ+εY )×Y

Tε(φ)(x, y)dxdy = |εξ + εY |
∫
Y
φ(εξ + εy)dy

= εN |Y |
∫
Y
φ(εξ + εy)dy

= |Y |
∫

(εξ+εY )
φ(x)dx,

(1.3)

we suppose x = εξ + εy,this implies dx = εNdy =⇒ dy =
1
εN
dx

by suming in Ξ ,the right member be
∫
Ω̃ε

φ(x)dx

so we get:
∑
ξ∈Ξ

εN |Y |
∫

(εξ+εY )
φ(x)

1
εN
dx =

∫
Ω̃
φ(x)dx.

Now we remplace this expretion in (1.3), we get the result.
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7. for all φ ∈ L2(Ωε),

‖Tε(φ)‖L2(RN ×Y ) =
(∫

|Tε(φ)|2dxdy
)1

2

=
(

1
∫

Ω×y
|φ|2dxdy

)1
2

=
(∫

1dy
)1

2
(∫

|φ|2dx
)1

2

=
√

|y|‖φ‖L2(Ωε).

8. for all φ ∈ L2(Ωε),

∇yTε(φ)(x, y) = ∇yφ

(
ε
[x
ε

]
y

+ εy

)

= ε∇xφ

(
ε
[x
ε

]
y

+ εy

)

= εTε(∇xφ)(x, y).

10. we applay proposition 2.1, we obtain:

‖∇yTε(φ)‖(L2(Ω×Y ))N = ‖εTε(∇xφ)‖(L2(Ω×Y ))N

= ε
√

|Y |‖∇xφ‖(L2(Ωε))N .



CHAPTER

2

THE TIME-DEPENDENT UNFOLDING

OPERATOR

2.1 The time-dependent unfolding operator in perfo-

rated domains

In this section, we adapt the unfolding operator in [9] to time-dependent functions. We

present the unfolding operator T ∗
ε which maps functions defined on the oscillating domain

Ω∗
ε × (0, T ). into functions defined on the fixed domain Ω × Y ∗ × (0, T ). This avoids the

use any extension operator. We also give some properties by extending the previous ones

(see [9] for more details and [7] for classical unfolding theory).

For any z ∈ Rn, we use [z]Y to denote the unique integer combination
n∑
j=1

kjbj of the period

such that z − [z]Y ∈ Y . Set

{z}Y = z − [z]Y ∈ Y a.e for z ∈ Rn.
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Then for each x ∈ Rn, we have:

x = ε
([x
ε

]
Y

+
{x
ε

})
a.e. for x ∈ Rn.

Let us first recall unfolding operator Tε for the fixed domain Ω × (0, T ) introduced in [11],

where the properties of Tε are shown without proofs.

definition 2.1 For p ∈ [1,+∞) and q ∈ [1,∞], let ϕ be in Lq(0, T ;Lp(Ω)). The

unfolding operator Tε : Lq(0, T ;Lp(Ω)) 7−→ Lq(0, T ;Lp(Ω × Y )) is defined as follows:

T (ϕ)(x, y, t) =


ϕ
(
ε
[x
ε

]
Y

+ εy, t
)

a.e. for(x, y, t) ∈ Ω̃ε × Y × (0, T ),

0 a.e. for(x, y, t) ∈ Λε × Y × (0, T ).

In a similar way, we extend the unfolding operator for the perforated domain Ω∗
ε to the

following operator T ∗
ε for the perforated domain Ω∗

ε × (0, T ).

definition 2.2 For p ∈ [1,+∞[ and q ∈ [1,∞[, let ϕ be in Lq(0, T ;Lp(Ω∗
ε)). The

unfolding operator T ∗
ε : Lq(0, T ;Lp(Ω)∗

ε) 7−→ Lq(0, T ;Lp(Ω×Y ∗)) is defined as follows:

T ∗
ε (ϕ)(x, y, t) =


ϕ
(
ε
[x
ε

]
Y

+ ε, yt
)

a.e for(x, y, t) ∈ Ω̃ε × Y ∗ × (0, T ),

0 a.e for(x, y, t) ∈ Λε × Y ∗ × (0, T ).

From this defintion, the following properties are immediate:

(i) T ∗
ε (vw) = T ∗

ε (v)T ∗
ε (w), ∀v,w ∈ Lq(0, T ;Lp(Ω∗

ε)),

(ii) T ∗
ε (ψφ) = φT ∗

ε (ψ), ∀ψ ∈ Lp(Ω∗
ε) and φ ∈ Lq(0, T ),

(iii) ∇y(T ∗
ε (ϕ)) = εT ∗

ε (∇ϕ), ∀ϕ ∈ Lq(0, T ;W 1,p(Ω∗
ε)).

(2.1)

Remark 2.1 Conserning Tε and T ∗
ε , we have the following:

T ∗
ε (ω |(Ω∗

ε×(0,T )) = Tε(ω) |Ω×Y ∗×(0,T ),

T ∗
ε (ψ) = Tε(ψ̃) |Ω×Y ∗×(0,T ) .

Where ω and ψ are defined on Ω × (0, T )and Ω∗
ε × (0, T ) , respectively.
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In definition 2.1 and definition 2.2 , if ϕ is independent of t, then Tεand T ∗
ε are the classical

unfolding operator defined in [4] and [9], respectively. For simplify, we always write T ∗
ε (ϕ)

instead of T ∗
ε (ϕ |Ω∗

ε×(0,T )) for any function ϕ defined in Ω × (0, T ).

Next we liste some properties of the unfolding operator T ∗
ε used in this paper. The proofs

are essentially the same as those in [9] and [7].

Proposition 2.1 For p ∈ [1,+∞) and q ∈ [1,∞] the operator T ∗
ε is linear and con-

tinious from Lq
(
0, T ;Lp(Ω∗

ε)
)

to Lq (0, T ;Lp(Ω × Y ∗)). Let ϕ ∈ Lq
(
0, T ;L1(Ω∗

ε)
)

and

w, v ∈ Lq
(
0, T ;Lp(Ω∗

ε)
)

.

For a.e t ∈ (0, T ), we have :

• (i)
1

| Y |

∫
Ω×Y ∗

T ∗
ε (ϕ)(x, y, t)dx dy =

∫
Ω̃ε

∗ ϕ(x, t)dx =
∫

Ω∗
ε

ϕ(x, t)dx−
∫

Λ∗
ε

ϕ(x, t)dx,

• (ii) ‖ T ∗
ε (w) ‖Lp(Ω×Y ∗)=| Y |

1
p ‖w‖

Lp(Ω̃∗
ε) ⩽| Y |

1
p ‖w‖Lp(Ω∗

ε).

Proposition 2.2 For q ∈ [1,+∞], let ϕεbe in Lq
(
0, T ;L1(Ω∗

ε)
)

and satisfy

∫ T

0

∫
Λ∗

ε

| ϕε | dx dt −→ 0,

then

∫ T

0

∫
Λ∗

ε

ϕεdx dt−
1

| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (ϕε)dx dy dt −→ 0.

As usual, this convergence is denoted by

∫ T

0

∫
Λ∗

ε

ϕεdx dt ⋍
1

| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (ϕε)dx dy dt.

Moreover, we have the following convergences:

Proposition 2.3 (i) For p, q ∈ (1,+∞] , let ϕε ∈ Lq
(
0, T ;Lp(Ω∗

ε)
)

and ψ ∈

Lq
(
0, T ;Lp′(Ω∗

ε)
) (1
p

+
1
p′ = 1,

1
q

+
1
q′ = 1

)
such that

‖ ϕε ‖Lq(0,T ;Lp(Ω∗
ε))≤ C, and ‖ ψ ‖Lq′ (0,T ;Lp′ (Ω∗

ε))≤ C, (2.2)
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then ∫ T

0

∫
Ω∗

ε

ϕεψdxdt ⋍
1

| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (ϕε)T ∗

ε (ψ)dx dy dt.

(ii) For p, q ∈ [1,+∞[, let ϕε ∈ Lq(0, T ;Lp0(Ω∗
ε)) and ψε ∈ Lq

′

(0, T ;Lp0(Ω∗
ε))(

1
p

+
1
p0
< 1,

1
q

+
1
q′

= 1
)

such that

‖ ϕε ‖Lq(0,T ;Lp(Ω∗
ε))≤ C, and ‖ ψε ‖Lq′ (0,T ;Lp0 (Ω∗

ε))≤ C, (2.3)

then ∫ T

0

∫
Ω∗

ε

ϕεψεdxdt ⋍
1

| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (ϕε)T ∗

ε (ψε)dx dy dt.

Proof

(i) For a.e x ∈ Ω, notice that 1Λ∗
ε

−→ 0 holds true. For a.e. t ∈ [0, T ], in view of (2.1) ,

it follows from the Lebesgue dominated convergence theorem that

∫
Λ∗

ε

| ψ |p
′

−→ 0

and ∫ T

0

(∫
Λ∗

ε

| ψ |p
′

dx

) q
′

p
′

dt −→ 0

This implies ∫ T

0

∫
Λ∗

ε

| ϕεψ | dxdt −→ 0

hence statement (i) holds true due to Proposition 2.2.

(ii) Let
1
p′

+
1
p

= 1. By (2.2) and the Hölder inquality, we have

∫ T

0

∫
Λ∗

ε

| ϕεψ | dxdt ≤ C

∫ T

0

[∫
Λ∗

ε

| ψε |p
′

dx

] q
′

p
′

dt


1
q′

≤ C

∫ T

0

[∫
Λ∗

ε

| ψε |p0 dx

] q
′

p0
dt


1
q

′

. | Λ∗
ε |

1−
(

1
p

+ 1
p0

)

≤ C | Λ∗
ε |

1−
(

1
p

+ 1
p0

)
.
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As ε tends to zero, we get ∫ T

0

∫
Λ∗

ε

| ϕεψε | dxdt −→ 0

Which implies that statement (ii) holds true, due to Proposition 2.5

Proposition 2.4 (Some convergence properties)

(i) For p, q ∈ [1,+∞), let ω ∈ Lq(0, T ;Lp(Ω)). Then

T ∗
ε (ω) −→ ω, strongly in Lq(0, T ;Lp(Ω × Y ∗)).

(ii) For p, q ∈ [1,+∞), let {ωε} be a squence in Lq(0, T ;Lp(Ω)) such that

ωε −→ ω, strongly in Lq(0, T ;Lp(Ω)),

then

T ∗
ε (ωε) −→ ω, strongly in Lq(0, T ;Lp(Ω × Y ∗)).

(iii) For p ∈ (1,+∞) and q ∈ (1,+∞], let {ωε} be a squence in Łq(0, T ;Lp(Ω∗
ε)) such

that

‖ ωε ‖Lq(0,T ;Lp(Ω∗
ε))≤ C.

If

T ∗
ε (ωε) ⇀ ω̃ weakly in Lq(0, T ;Lp(Ω × Y ∗)),

then we have

ω̃ε ⇀ θ MY ∗ (ω̃) weakly in Lq(0, T ;Lp(Ω)).

For q = ∞, the weak convergences above are replaced by the weak* convergence, respectively.

Proof

(i) using Proposition 2.4 and (2.1), we have

‖ T ∗
ε (ω) − ω ‖Lq(0,T ;Lp(Ω×Y ∗))

=‖ T ∗
ε (ω − ϕφ) + T ∗

ε (ϕφ) − ϕφ+ ϕφ− ω ‖Lq(0,T ;Lp(Ω×Y ∗))

≤ 2 | Y |
1
p ‖ ϕφ− ω ‖Lq(0,T ;Lp(Ω)) +(T ∗

ε (ϕ) − ϕ)φ ‖Lq(0,T ;Lp(Ω×Y ∗))

for any ϕ ∈ D(Ω) and φ ∈ D(0, T ).Since
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T ∗
ε (ϕ) −→ ϕ strongly in Lp(Ω × Y ∗), then

(
T ∗
ε (ϕ) − ϕ

)
φ ‖Lq(0,T ;Lp(Ω×Y ∗))−→ 0

Consequently, we have

lim sup
ε−→0

‖ T ∗
ε (ω) ‖Lq(0,T ;Lp(Ω×Y ∗))≤ 2 | Y |

1
p ‖ ϕφ− ω ‖Lq(0,T ;Lp(Ω)),

which implies statement (i) due to the density of D(0, T ) ⊗D(Ω) in Lq(0, T ;Lp(Ω)).

(ii) From 2.3, we have

‖ T ∗
ε (ωε − ω) ‖Lq(0,T ;Lp(Ω×Y ∗))≤| Y |

1
p ‖ ωε − ω ‖Lq(0,T ;Lp(Ω)) .

Hence statement (ii) follows from statement (i) (iii) Let ψ ∈ Lq
′(0, T ;Lp′(Ω))(

1
p

+
1
p′

= 1,
1
q

+
1
q′

= 1
)

. From 2.4 (i)

lim
ε−→0

∫ T

0

∫
Ω
ω̃εψdx dt = lim

ε−→0

∫ T

0

∫
Ω∗

ε

ωεψdxdt

= lim
ε−→0

1
| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (ωε)T ∗

ε (ψ)dx dy dt.

Since statement (i) gives

T ∗
ε (ψ) −→ ψ strongly in Lq′(0, T ;Lp′(Ω × Y ∗)),

then we get

lim
ε−→0

∫ T

0

∫
Ω
ω̃εψdxdt =

∫ T

0

∫
Ω

{
1

| Y |

∫
Y ∗
ω̃ dy

}
ψdxdt

= θ
∫ T

0

∫
Ω
µY ∗(ω̃)ψdxdt

which implies the desired result.

Now, we complete this section with a convergence result related to the space Lq(0, T ;W 1,P (Ω∗
ε)).

This proof can be obtained from that of Theorem 2.1 in [9]

Proposition 2.5 For p ∈ (1,+∞) and q ∈ (1,+∞], let ϕε belong to Lq(0, T,W 1,p(Ω∗
ε))

and satisfy

‖ ϕε ‖Lq(0,T ;Lp(Ω∗
ε)) +ε ‖ ∇ϕε ‖Lq(0,T ;Lp(Ω∗

ε))≤ C
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Then, there exists ϕ ∈ Lq(0, T ;Lp(Ω;W 1,p(Y ∗))), such that, up to a subsequence,

T ∗
ε (ϕε) ⇀ ϕ weakly in Lq(0, T ;Lp(Ω;W 1,p(Y ∗))),

εT ∗
ε (∇ϕε) ⇀ ∇yϕ weakly in Lq(0, T ;Lp(Ω × Y ∗)). For q = ∞, the weak convergences

above are replaced are by the weak∗ convergences, respectively.

2.2 The time-dependent averaging operator in perfo-

rated domains

In this section, we adabt the averaging operator in [9] to time-dependent functions.

Then we show some properties needed in this paper.

definition 2.3 For p ∈ [1,+∞) and q ∈ [1,+∞], let φ be in Lq(0, T ;Lp(Ω×Y ∗)).

The averaging operator U∗
ε : Lq(0, T ;Lp(Ω × Y ∗)) 7→ Lq(0, T ;Lp(Ω∗

ε)) is defined as

follows:

U∗
ε (ϕ)(x, t) =


1

| Y |

∫
Y
ϕ
(
ε
[x
ε

]
Y

+ εz,
{x
ε

}
Y
, t
)
dz a.e. for(x, t) ∈ Ω̃∗

ε × (0, T ),

0 a.e. for(x, t) ∈ Λ∗
ε × (0, T ).

Remark 2.2 (i) If ψ ∈ Lq(0, T ;Lp (Ω × Y ∗)and ω ∈ Lq (0, T ;Lp(Ω × Y )) ,then

we have 
U∗
ε (ψ) = Uε(ψ̃) |Ωε×0,T ,

Uε(ω |Ω×Y ∗×(0,T )) = Uε(ω) |Ω∗
ε×Y ∗×(0,T ),

(2.4)

where Uε is the averging operator for the fixed domain Ω × Y × (0, T ) in [11].

(ii) The operator U∗
ε is almost a left-inverse of T ∗

ε . That is to say, any ϕ ∈ Lq
(
0, T ;Lp(Ω∗

ε)
)
,

U∗
ε

(
T ∗
ε (ϕ)

)
(x, t) =


ϕ(x, t) a.e. for(x, t) ∈ Ω̃∗

ε × (0, T ),

0 a.efor(x, t) ∈ Λ∗
ε × (0, T ).

(2.5)

By remark 2.2 (i) and the fact that Uε is the adjoint of Tε, we get that U∗
ε is actually the
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adjoint of T ∗
ε . namely,

∫ T

0

∫
Ω∗

ε

U∗
ε (v)udxdt =

1
| Y |

∫ T

0

∫
Ω×Y

T ∗
ε (u)vdxdydt,

where u ∈ Lq
(
0, T ;Lp(Ω∗

ε)
)

and v ∈ Lq
′ (0, T ;Lp′(Ω × Y ∗)

) (1
p

+
1
p′

= 1,
1
q

+
1
q′

= 1
)
.

This implies the following estimate:

Proposition 2.6 For p ∈ [1,+∞) q ∈ [1,∞], the operator U∗
ε is linear and continious

from Lq(0, T ;Lp′(Ω × Y ∗)) to Lq(0, T ;Lp′(Ω∗
ε)) and

‖ U∗
ε (ϕ) ‖Lq(0,T ;Lp(Ω∗

ε))≤| Y |− 1
p ‖ ϕ ‖Lq(0,T ;Lp(Ω×Y ∗)) .

Next we show some convergence properties related to U∗
ε whose proofs are essentially same

as those in [9] and [4]

Proposition 2.7 Let p, q ∈ [1,+∞).

(i) For ω ∈ Lq(0, T ;Lp′(Ω)),

‖ U∗
ε (ω) − ω ‖Lq(0,T ;Lp(Ω∗

ε))−→ 0.

(ii) Let {Φε} be a sequence such that Φε −→ Φ strongly in Lq(0, T ;Lp(Ω × Y ∗)). Then

T ∗
ε (U∗

ε (Φε)) −→ Φ strongly in Lq(0, T ;Lp(Ω × Y ∗)).

(iii) If ωε ∈ Lq(0, T ;Lp(Ω∗
ε)) and ω ∈ Lq(0, T ;Lp(Ω × Y ∗)), then the following two

assertions are equivalent:

• (a)T ∗
ε (ωε) −→ ω strongly in Lq(0, T ;Lp(Ω × Y ∗)) and ‖ ωε ‖Lq(0,T ;Lp(Λ∗

ε))−→ 0,

• (b) ‖ ωε − U∗
ε (ω) ‖Lq(0,T ;Lp(Ω∗

ε))−→ 0.

(iv) If ωε ∈ Lq(0, T ;Lp(Ω∗
ε)) and ω ∈ Lq(0, T ;Lp(Ω × Y ∗)), then the following two

assertions are equivalent:

• (a) T ∗
ε (ωε) −→ ω strongly in Lq(0, T ;Lp(Ω × Y ∗)).

• (b) ‖ ωε − ω ‖Lq(0,T ;Lp(Ω̃∗
ε))−→ 0.
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Furthermore, (a) together with ‖ ωε ‖Lq(0,T ;Lp(Λ∗
ε))−→ 0 is equivalent to

‖ ωε − ω ‖Lq(0,T ;Lp(Ω∗
ε))−→ 0.

Proof

(i) From (2.5) and Proposition 2.6,

‖ U∗
ε (ω) − ω ‖Lq(0,T ;Lp(Ω∗

ε)) ≤‖ U∗
ε (ω) − U∗

ε (T ∗
ε (ω)) ‖Lq(0,T ;Lp(Ω̃∗

ε)) + ‖ ω ‖Lq(0,T ;Lp(Λ∗
ε))

≤| Y |− 1
p ‖ T ∗

ε (ω) − ω ‖Lq(0,T ;Lp(Ω×Y ∗)) + ‖ ω ‖Lq(0,T ;Lp(Λ∗
ε)) .

Combining this with Proposition 2.4 (i) and the convergence

‖ ω ‖Lq(0,T ;Lp(Λ∗
ε))−→ 0,

we get the desired result.

(ii)In view of Proposition 2.2 (ii) and Proposition2.6, we have

‖ T ∗
ε (U∗

ε (Φε)) − Φ ‖Lq(0,T ;Lp(Ω×Y ∗)) ≤ T ∗
ε (U∗

ε (Φε)) − T ∗
ε (U∗

ε (Φ)) ‖Lq(0,T ;Lp(Ω×Y ∗))

+ ‖ T ∗
ε (U∗

ε (Phi)) − Φ ‖Lq(0,T ;Lp(Ω×Y ∗))

≤‖ Φε − Φ ‖Lq(0,T ;Lp(Ω×Y ∗))

+ ‖ T ∗
ε (U∗

ε (Φ)) − Φ ‖Lq(0,T ;Lp(Ω×Y ∗)) .

Hence it is sufficient to prove that

T ∗
ε (U∗

ε (Φ)) −→ Φ strongly in Lq(0, T ;Lp(Ω × Y ∗)). (2.6)

To do that, we first prove that, for any ψ ∈ D(Ω × Y ∗) and φ ∈ D(0, T ),

T ∗
ε (U∗

ε (ψφ)) −→ ψφ strongly in Lq(0, T ;Lp(Ω × Y ∗)). (2.7)

In fact, we deduce from (2.1)(ii) and Definition 2.3 that

T ∗
ε (U∗

ε (ψφ)) = φT ∗
ε (U∗

ε (ψ)).
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This, together with the fact (see [9]) that

T ∗
ε (U∗

ε (ψ)) −→ ψ strongly inLp(Ω × Y ∗),

give (2.7).

By virtue of Proposition 2.1(ii) and Proposition 2.6,

T ∗
ε (U∗

ε (Φ)) − Φ ‖Lq(0,T ;Lp(Ω×Y ∗)) ⩽‖ T ∗
ε (U∗

ε (Φ)) − T ∗
ε (U∗

ε (ψφ)) ‖Lq(0,T ;Lp(Ω×Y ∗))

+ T ∗
ε (U∗

ε (ψφ)) − ψφ ‖Lq(0,T ;Lp(Ω×Y ∗))

+ ‖ ψφ− Φ ‖Lq(0,T ;Lp(Ω×Y ∗))

⩽ 2 ‖ ψφ− Φ ‖Lq(0,T ;Lp(Ω×Y ∗))

+ ‖ T ∗
ε (U∗

ε (ψφ)) − ψφ ‖Lq(0,T ;Lp(Ω×Y ∗)) .

Hence (2.6) follows from (2.7) , due to the density of D(0, T ) ⊗ D(Ω × Y ∗)

in Lq(0, T ;Lp(Ω × Y ∗)).

(iii) From (2.5) and Proposition 2.6, we have

‖ ωε − U∗
ε (ω) ‖Lq(0,T ;Lp(Ω∗

ε)) ⩽‖ ωε − U∗
ε (ω) ‖Lq(0,T ;Lp(Ω̃∗

ε)) + ‖ ωε ‖Lq(0,T ;Lp(Λ∗
ε))

=‖ U∗
ε (T ∗

ε (ωε)) − U∗
ε (ω) ‖Lq(0,T ;Lp(Ω̃∗

ε)) + ‖ ωε ‖Lq(0,T ;Lp(Λ∗
ε))

⩽ C ‖ T ∗
ε (ωε) − ω ‖Lq(0,T ;Lp(Ω×Y ∗)) + ‖ ωε ‖Lq(0,T ;Lp(Λ∗

ε)),

which gives (a) =⇒ (b).

Now we prove the converse (b) =⇒ (a). In fact, (b) implies that

‖ ωε − U∗
ε (ω) ‖Lq(0,T ;Lp(Ω̃∗

ε))−→ 0 and ‖ ωε ‖Lq(0,T ;Lp(Λ∗
ε))−→ 0.

Moreover, the first convergence, due to Proposition 2.1(ii), gives

‖ Tε(ωε) − T ∗
ε (U∗

ε (ω)) ‖Lq(0,T ;Lp(Ω×Y ∗))−→ 0.
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Thanks to statement (ii), we get the first convergence in (a).

(iv)Making use of (2.5) and Proposition 2.6, we have

‖ ωε − ω ‖Lq(0,T ;Lp(Ω̃∗
ε)) ⩽‖ ωε − U∗

ε (ω) ‖Lq(0,T ;Lp(Ω̃∗
ε)) + ‖ U∗

ε (ω) − ω ‖Lq(0,T ;Lp(Ω̃∗
ε))

⩽ C ‖ T ∗
ε (ωε) − ω ‖Lq(0,T ;Lp(Ω×Y ∗)) + ‖ U∗

ε (ω) − ω ‖Lq(0,T ;Lp(Ω̃∗
ε)) .

Hence (b) follows from statement (i) and (a).

Now we prove the converse (b) =⇒ (a). In fact, (b) and Proposition 2.1 (ii) give

‖ T ∗
ε (ωε) − T ∗

ε (ω) ‖Lq(0,T ;Lp(Ω×Y ∗))−→ 0.

This together whith Proposition 2.4 (i), implies (a).

Owing to

|‖ ωε − ω ‖Lq(0,T ;Lp(Ω∗
ε)) − ‖ ωε − U∗

ε (ω) ‖Lq(0,T ;Lp(Ω∗
ε))|⩽‖ U∗

ε (ω) − ω ‖Lq(0,T ;Lp(Ω∗
ε))

and statement (i), we obtain that

‖ ωε − ω ‖Lq(0,T ;Lp(Ω∗
ε))−→ 0 ⇔‖ ωε − U∗

ε (ω) ‖Lq(0,T ;Lp(Ω̃∗
ε))−→ 0

Combining this with statement (iii), we get the last statement.

We end this section with a convergence result related to the averging operator U∗
ε , which

will be used to get the corrector result in the the last section. The proof of this convergence

result is a direct consequence of proposition 1.7 in [9]

Proposition 2.8 For p, q ∈ [1,∞) , let f ∈ Lq(0, T ;Lp(Ω)) and g ∈ L∞(Ω;Lp(Y ∗)).

Then we have

‖ U∗
ε (fg) − Uε(f)U∗

ε (g) ‖Lq(0,T ;Lp(Ω∗
ε))−→ 0. (2.8)

Proof

From the proof of Proposition1.7 in [9] , we have

‖ U∗
ε (fg) − Uε(f)U∗

ε (g) ‖pLp(Ω∗
ε)⩽

1
| Y |

‖ f − Uε(f) ‖pLp(Ω∗
ε)‖ g ‖L∞(Ω,Lp(Y ∗)),
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which gives

‖ U∗
ε (fg)−Uε(f)U∗

ε (g) ‖Lq(0,T ;Lp(Ω∗
ε))⩽

1
| Y |

‖ f−Uε(f) ‖Lq(0,T ;Lp(Ω))‖ g ‖L∞(Ω,Lp(Y ∗)) .

Combining this with the convergence

‖ f − Uε(f) ‖Lq(0,T ;Lp(Ω))−→ 0

given by proposition 1.6 of [9] , we get (2.8).

2.3 The time-dependent macro-micro decomposition

and some convergence results

To treat time-dependent functions defined in the perforated domains, we adapt the scale-

splitting operators Q∗
ε and R∗

ε for the perforated domains, originaly introduced in [5] and

[9]. Some estimates are directly listed since the proofs are the same as those in [9].

moreover, we give some specific convergence results to the time-dependent case, which will

play a crucial role in the study of the homogenization result.

To do that, we first recall some notations in [9]. Let

K = the set of vertices of Y,

Y = interior

⋃
l∈K

(l + Y )

 ,ΞY
ε = ξ ∈ Ξε | ε(ξ + Y) ⊂ Ω,

Ω̂Y
ε = interior

 ⋃
ξ∈ΞY

ε

ε(Ξ + Y )

 ,ΛY
ε = Ω \ Ω̂Y

ε .

definition 2.4 For p, q ∈ [1,+∞], let ϕ be in Lq(0, T ;Lp(Ω∗
ε)).

(i) The operator Q∗
ε : Lq(0, T ;Lp(Ω∗

ε)) 7→ Lq(0, T ;W 1,∞(Ω̂Y
ε ))is defined as follows:

Q∗
ε(ϕ)(εξ, t) =

1
| Y ∗ |

∫
Y ∗
ϕ(εξ+ εz, t)dz = Mεξ+εY ∗(ϕ), ∀ξ ∈ ΞY

ε + K, ∀t ∈ (0, T ),

and for a.e. t ∈ (0, T ),Q∗
ε(ϕ)(x, t) is the Q1-interpolate of the values of Q∗

ε(ϕ)(x, t) at
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the vertices of the celle ε
[x
ε

]
Y

+ εY for every x ∈ Ω̂Y
ε .

(ii) Let Ω̂∗∗
ε = Ω̂∗

ε ∩ Ω̂Y
ε Define R∗

ε(ϕ) by

Rε∗(ϕ) = ϕ− Q∗
ε(ϕ) a.e. in Ω̂∗∗

ε × (0, T ).

Proposition 2.9 Let q ∈ [1,+∞].

(i) For p ∈ [1,+∞], let ϕ ∈ Lq(0, T ;Lp(Ω∗
ε)). Then


‖ Q∗

ε(ϕ) ‖
Lq(0,T ;L∞(Ω̂Y

ε ))⩽ Cε− n
p ‖ ϕ ‖Lq(0,T ;Lp(Ω∗

ε)),

‖ Q∗
ε(ϕ) ‖

Lq(0,T ;Lp(Ω̂Y
ε )) ⩽ C ‖ ϕ ‖Lq(0,T ;Lp(Ω∗

ε)),

where C only depend on n, Y and Y ∗.

(ii) Let p ∈ [1,+∞). Then there exists a constant C independent of ε and q such that

for any ϕ ∈ Lq(0, T ;W 1,p(Ω∗
ε)),



‖ ∇Q∗
ε(phi) ‖

Lq(0,T ;Lp(Ω̂Y
ε ))⩽ C ‖ ∇ϕ ‖Lq(0,T ;Lp(Ω∗

ε)),

‖ Rε∗(ϕ) ‖Lq(0,T ;Lp(Ω̃∗∗
ε )) ⩽ εC ‖ ∇ϕ ‖Lq(0,T ;Lp(Ω∗

ε)),

‖ ∇Rε∗(ϕ) ‖Lq(0,T ;Lp(Ω̃∗∗
ε ))⩽ C ‖ ∇ϕ ‖Lq(0,T ;Lp(Ω∗

ε)) .

(iii) Let p ∈ [1,+∞). Thene there exists a constant C independent of ε such that

‖ ϕ ‖Lq(0,T ;Lp(Ω∗
ε))⩽ C ‖ ∇ϕ ‖Lq(0,T ;Lp(Ω∗

ε)), ∀ϕ ∈ Lq(0, T ;W 1,p
0 (Ω∗

ε; ∂Ω)).

Now we focus on the action of the unfolding operator on some sequences in Lq(0, T ;W 1,p
0 (Ω∗

ε; ∂Ω)),

where W 1,p
0 (Ω∗

ε; ∂Ω)) is defined by

W 1,p
0 (Ω∗

ε; ∂Ω) = {ϕ inW 1,p
0 (Ω∗

ε) | ϕ = 0 on ∂Ω}.

To do that, we first prove the following convergences.

Lemma 2.1 For p ∈ (1,+∞) and q ∈ (1,+∞], let {wε} be a sequence in

Lq(0, T ;W 1,p
0 (Ω∗

ε; ∂Ω)).
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(i) If

‖ wε ‖Lq(0,T ;W 1,p(Ω∗
ε))⩽ C,

then there exists w ∈ Lq(0, T ;W 1,p
0 (Ω∗

ε) such that, up to subsequence,

(i) Tε(Q̃∗
ε(wε)) ⇀ w weakly in Lq(0, T ;Lp(Ω;W 1,p(Y ))),

(ii) Tε([∇Q∗
ε(wε)]) ⇀ ∇w weakly in Lq(0, T ;Lp(Ω × Y )).

(2.9)

For q = ∞, the weak convergence above are replaced by the weak∗ convergences, respectively.

(ii) If q belongs to (1,+∞) and

‖ wε‖Lq(0,T ;W 1,p(Ω∗
ε ))

⩽ C, ‖
∂wε

∂t
‖Lq(0,T ;Lp(Ω∗

ε))⩽ C,

then (2.9) holds and

Tε(Q̃∗
ε(wε)) −→ w strongly in Lq(0, T ;Lploc(Ω;W 1,p(Y ))). (2.10)

Proof

(i) From Proposition 2.9, we get that {Q̃∗
ε(wε)} and {[∇Q∗

ε(wε)]̃ } are bounded in

Lq(0, T ;Lp(Ω)). Then there exist w ∈ Lq(0, T ;Lp(Ω)) and g ∈ Lq(0, T ;Lp(Ω)) such

that, up to a subsequence,

(i) Q̃∗
ε(wε) ⇀ w weakly in Lq(0, T ;Lp(Ω)) (weakly∗ for q = ∞)

(ii) [∇Q∗
ε(wε)]̃ ⇀ g weakly in Lq(0, T ;Lp(Ω)) (weakly∗ for q = ∞)

(2.11)

Let ω be a relatively compact open subset in Ω and let Φ be in (D(Ω) × D(0, T ))n.

For ε sufficiently small, we have ω ⊂ Ω̃Y
ε . Hence,

∫ T

0

∫
Ω

[∇Q∗
ε(wε)]̃.Φ dx dt =

∫ T

0

∫
ω
[∇Q∗

ε(wε)]̃.Φ dx dt,

= −
∫ T

0

∫
Ω

Ω̃∗
ε(wε) divx Φ dx dt.

Passing to the limit and getting that

∫ T

0

∫
Ω
g . Φ dx dt = −

∫ T

0

∫
Ω
w divx Φ dx dt,
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which implies g = ∇w. This shows that w belongs to Lq(0, T ;W 1,p(Ω)).

Notice that ∇y[Tε(Q̃∗
ε(wε))] is of order ε. Since w does not depend on y, then convergence

(2.11)(i) implies convergence (2.9)(i).

To prove (2.11) (ii), we concider the sequence Q∗
ε(wε) |ω. Since it is bounded inLq(0, T ;W 1,p(ω)),

there exists ŵω ∈ Lq(0, T ;Lp(Ω;W 1,p
per(Y ))) such that , up to a subsequence,

Tε,ω(∇Q∗
ε(wε) |ω) ⇀ ∇w+∇yŵω weakly in L

q(0, T ;Lp(Ω×Y )) (weakly∗ for q = ∞).

where Tε,ω is the unfolding operator associated with ω × (0, T ).

For a.e. x ∈ ω and t ∈ (0, T ), the definition of Q∗
ε implies that ŵω(x, y, t) is a polynomial

with degree less or equal to one with respect to y1, ...yn. Notice also that ŵω is Y-periodic,

we get that ŵω does not depend on y. Together with the boundedness of Tε([5Q∗
ε(wε)]̃)

Lq(0, T ;Lp(Ω × Y )), convergence (2.9)(ii) follows from convergence (2.11)(ii).

It remains to prove that w vanishes on ∂Ω × (0, T ). To do that, we consider an open

set Ω′ containing Ω. wε. Observe that the regularity of ∂Ω implies that wε belongs to

Lq(0, T ;W 1,p((Ω′)∗
ε)). Consequently, arguing as we did for getting (2.11), we obtain that

there exists w0 ∈ Lq(0, T ;W 1,p(Ω′)) sush that, up to a subsequence,

Q̃∗
ε(wε) ⇀ w0 weakly in Lq(0, T ;W 1,p(Ω′)) (weakly∗ for q = ∞).

Moreover, we get w0 |Ω×(0,T )= w and w0 |Ω′\Ω×(0,T )= 0 which imply that w vanishes on

∂Ω × (0, T ).

(ii) From proposition 2.9(i), we have

∥∥∥∥∥ ∂∂t [Q∗
ε(wε)]

∥∥∥∥∥
Lq(0,T ;Lp(Ω̂Y

ε ))
⩽ C.

Then for ε small enough, we get

∥∥∥Q̃∗
ε(wε) ‖Lq(0,T ;W 1,p(ω))⩽ C and

∥∥∥ ∂
∂t

[Q̃∗
ε(wε)] ‖Lq(0,T ;Lp(ω))⩽ C. (2.12)

By the classical compactness result (see [13] and the references therein), Q̃∗
ε(wε) is relatively
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compact in Lq(0, T ;W 1,p(ω)) and C0(0, T ;Lp(ω)). Combining this with (2.11), we have


Q̃∗
ε(wε) −→ w strongly in Lq(0, T ;W 1,p

loc (Ω)),

Q̃∗
ε(wε) −→ w strongly in C0(0, T ;Lploc(Ω)).

(2.13)

Observe that Tε,ω(Q̃∗
ε(wε)) is bounded inLq(0, T ;Lp(ω,W 1,p(Y ))) and 5y[Tε,ω(Ω̃∗

ε(wε)]

is of order ε. Hence convergence (2.10) follows from (2.13).

For the convergences related to the sequence {R∗
ε(wε)}, using Proposition2.5 and Proposi-

tion 2.9(ii), we follow the proof of Lemma2.1 in [9] to get the following result.

Lemma 2.2 For p ∈ (1,+∞) and q ∈ (1,+∞], let {wε} be a sequence in Lq(0, T ;W 1,p(Ω∗
ε)))

such that

‖ ∇wε ‖Lq(0,T ;Lp(Ω∗
ε))⩽ C.

Then there exists ŵ ∈ Lq(0, T ;Lp(Ω,W 1,p
per(Y

∗))) such that, up to subsequence,

(i) ε−1T ∗
ε (R̃∗

ε(wε)) ⇀ ŵ weakly in Lq(0, T ;Lp(Ω,W 1,p(Y ∗))),

(ii) T ∗
ε ([∇R∗

ε(wε)]̃) ⇀ ∇yŵ weakly inLq(0, T ;Lp(Ω × Y ∗)),

(iii) T ∗
ε (R̃∗

ε(wε)) ⇀ 0 strongly in Lq(0, T ;Lp(Ω,W 1,p(Y ∗))).

(2.14)

For q = ∞, the weak convergences in (2.14) are replaced by the weak∗ convergences respec-

tively.

Remark 2.3 For p ∈ (1,+∞) and q ∈ (1,+∞], let {ϕε} be a sequence in Lq(0, T ;W 1,p(Ω∗
ε; ∂Ω))

such that

‖ ∇ϕε ‖Lq(0,T ;Lp(Ω∗
ε))⩽ C.

If there exists ϕ ∈ Lq(0, T ;W 1,p
0 (Ω))) such that

T ∗
ε (ϕε) ⇀ weakly in Lq(0, T ;Lp(Ω × Y ∗)),

then by Remark 2.1 , Lemma 2.1(i) and Lemma 2.2(iii), we have

T ∗
ε ([∇Q∗

ε(ϕε)]̃ |Ω∗
ε
) ⇀ ∇ϕ weakly in Lq(0, T ;Lp(Ω × Y ∗)).
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For q = ∞, the weak convergences above are replaced by the weak∗ convergences, respectively.

Now we are in a position to state the following convergence theorem which is crucial to

obtaining our homogenization result.

Theoreme 2.1 For p ∈ (1,∞), let {wε} be a sequense in L∞(0, T ;W 1,p
0 (Ω∗

ε; ∂Ω))

such that

‖∇wε‖L∞(0,T ;Lp(Ω∗
ε)) ⩽ C and

∥∥∥∥∥∂wε

∂t

∥∥∥∥∥
L∞(0,T ;Lp(Ω∗

ε))
⩽ C. (2.15)

Then there exist w ∈ L∞(0, T ;W 1,p
0 (Ω)) with

∂w

∂t
∈ L∞(0, T ;Lp(Ω)) and ŵ ∈

L∞(0, T ;Lp(Ω;W 1,p
per(Y

∗))) with My∗(ŵ) ≡ 0, such that, up to a subsequence,

(i) T ∗
ε (wε) ⇀ w weakly∗ in L∞(0, T ;Lp(Ω;W 1,p(Y ∗))),

(ii) T ∗
ε (∇wε) ⇀ ∇w + ∇yŵ weakly∗ in L∞(0, T ;Lp(Ω;W 1,p × Y ∗)),

(iii) T ∗
ε

(
∂wε

∂t

)
⇀

∂w

∂t
weakly∗ in L∞(0, T ;Lp(Ω;W 1,p × Y ∗)),

(iv) T ∗
ε (wε) −→ w strongly inLq(0, T ;Lp(Ω;W 1,p(Y ∗))),

(v) ‖ wε − w ‖Lq(0,T ;Lp(Ω∗
ε))−→ 0,

(2.16)

where q is any number in (1,+∞).

Proof

By Proposition 2.9 and Lemmas 2.1-2.2, we argue as that in the proof of there exist w ∈

L∞(0, T ;W 1,p
0 (Ω)) and ŵ ∈ L∞(0, T ;Lp(Ω;W 1,p

per(Y
∗))) with My∗(ŵ) ≡ 0, such that,

up to a subsequence,

(i) T ∗
ε (wε) ⇀ w weakly∗ in L∞(0, T ;Lp(Ω;W 1,p(Y ∗))),

(ii) T ∗
ε (wε) −→ w strongly∗ in Lq(0, T ;Lploc(Ω;W 1,p(Y ∗))),

(iii) T ∗
ε (∇wε) ⇀ ∇w + ∇yŵ weakly∗ in L∞(0, T ;Lp(Ω;W 1,p × Y ∗)).

(2.17)

This gives convergences (2.16)(i)(ii). Moreover, convergence (2.16)(iii) holds true due to

(2.15).

Let Ω1 and Ω2 be open sets of Rn such that

Ω ⊂ Ω1 ⊂ Ω1 ⊂ Ω2
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to get the other convergences in (2.16), we extend wε by zero to (Ω2)∗
ε × (0, T ) and this

extention is denoted by wε. Arguing as we did for getting (2.17), we get that there exists

w1 ∈ Lq(0, T ;W 1,p(Ω2)) such that, up to subsequence,

T ∗
ε,Ω2

(wε) −→ w1 strongly in Lq(0, T ;Lploc(Ω2;W 1,p(Y ∗))), (2.18)

where T ∗
ε,Ω2

is the unfolding operator associated with (Ω2)∗
ε × (0, T ). By the fact that

T ∗
ε (wε) = T ∗

ε,Ω2
(wε1Ω̂ε

) |Ω×Y ∗×(0,T ), convergence (2.17)(i) implies w = w1 |Ω×(0,T ).

Hence convergence (2.16)(iv) follows from (2.18).

Making use of Proposition 2.7(iv) and (2.18), we obtain

‖ wε − w1 ‖
Lq(0,T ;Lp(Ω̂1)∗

ε)−→ 0.

For ε small enough, notice that Ω∗
ε is contained in (Ω̂1)∗

ε, we get convergence (2.16) (v).

Remark 2.4 If the functions considered in this chapter are independent of time parameter

t, all results coincide with those in [9], respectively.

2.4 Application of hyperbolic problems

In this section, we use the adapted unfolding method presented in Chapter 2 to study the

asymptotic behavior of a class of hyperbolic problems in perforated domains.

To introduce the coeffecient matrix, we define, for α, β ∈ R with 0 ≤ α ≤ β, the set

M(α, β,O) of the n× n matrix-valued functions in L∞(O) such that

(A(x)λ, λ) ≥ α | λ |2, | A(x)λ |≤ β | λ |

for any λ ∈ Rn and a.e. an O. For any ε , we suppose that


Aε ∈ M(α, β,Ω),

Aε symmetric.

(2.19)
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Consider the following hyperbolic problem with homogeneous Dirichlet-Neumann boundary



u
′′

ε − div(Aε∇uε) = fε in Ω∗
ε × (0, T ),

uε = 0 on ∂Ω × (0, T ),

Aε∇uε.nε = 0 on ∂Sε × (0, T ),

uε(x, 0) = u0
ε , u

′

ε(x, 0) = u1
ε in Ω∗

ε,

(2.20)

where nε is the outward unit normal vector field defined on ∂Sε.

We suppose that 

u0
ε ∈ V ε,

u1
ε ∈ L2(Ω∗

ε),

fε ∈ L2(0, T ;L2(Ω∗
ε)).

(2.21)

Set

Wε =
{
vε | vε ∈ L2(0, T ;V ε), v′

ε ∈ (0, T ;L2(Ω∗
ε))
}

(2.22)

with

V ε =
{
v ∈ H1(Ω∗

ε) | v = 0 on ∂Ω
}

with the norm defined by

‖ vε ‖Wε
=‖ vε ‖L2(0,T ;V ε) + ‖ v′

ε ‖L2(0,T ;L2(Ω∗
ε)) .

2.4.1 Variational Formulation

We multiply (2.20) by a test function v where v in D(Ω) , we get

u
′′

εv − div(Aε∇uε)v = fεv,

we integrate on Ω∗
ε × (0, T ) we get

∫
Ω∗

ε

u
′′

εvdx−
∫

Ω∗
ε

div(Aε∇uε)vdx =
∫

Ω∗
ε

fεvdx, (2.23)
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we apply the Green’s formula on the second integral in above equation we get

−
∫

Ω∗
ε

∆uεvdx =
∫

Ω∗
ε

∇uε∇vdx−
∫
∂Ω

∂uε

∂η
vdΓ,

subtituting this formula into (2.23) we get

〈
u

′′

ε , v
〉

(V ε)′,V ε
+
∫

Ω∗
ε

∇uε∇vdx =
∫

Ω∗
ε

fεvdx.

The variational formulation of problem (2.20) is to fined uε ∈ Wε such that



〈
u

′′

ε , v
〉

(V ε)′,V ε
+
∫

Ω∗
ε

Aε∇uε.∇vdx =
∫

Ω∗
ε

fεvdx

in D′(0, T )for all v ∈ V ε

uε(x, 0) = u0
ε , u

′

ε(x, 0) = u1
ε in Ω∗

ε.

(2.24)

For every fixed ε, classical results provide that problem (2.24) has a unique solution uε such

that

uε ∈ C0([0, T ];V ε) ∩ C1([0, T ];L2(Ω∗
ε)).

In order to study the homogenzation of problem (2.20), we suppose that there exists a matrix

A = (aij)1≤i,j≤n such that

T ∗
ε (Aε) −→ A strongly in (L1(Ω × Y ∗))n×n, (2.25)

which implies A ∈ M(α, β,Ω × Y ∗) (see also [9] and [7] ).

Concerning the initial data, we assume that



∥∥∥u0
ε

∥∥∥
V ε

≤ C,

ũ0
ε ⇀ θu0 weakly in L2(Ω),

ũ1
ε ⇀ θu0 weakly in L2(Ω),

f̃ε ⇀ θf weakly in L2(0, T ;L2(Ω),

(2.26)
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where C is a constant independent of ε. Under these assumptions, classical results show

that problem (2.24) has a unique solution uε with the following uniform estimate:

‖uε‖L∞(0,T ;H1(Ω∗
ε)) +

∥∥∥u′

ε

∥∥∥
L∞(0,T ;L2(Ω∗

ε))
≤ C, (2.27)

where the constant C does not depend on ε.

Now we state the main theorem of this section.

Theoreme 2.2 Let Aε satisfy (2.19) and (2.24). Suppose that uε is the solution of

problem (2.20) with (2.21) and (2.25). Then there exist u ∈ L∞(0, T ;L2(ω,H1
per(Y

∗)))

with MY ∗(û = 0), such that



T ∗
ε (uε) ⇀ u weakly∗ in L∞(0, T ;L2(Ω,H1(Y ∗))),

T ∗
ε (u′

ε) ⇀ u′ weakly∗ in L∞(0, T ;L2(Ω × Y ∗)),

T ∗
ε (∇uε) ⇀ ∇u+ ∇yû weakly

∗ in L∞(0, T ;L2(Ω × Y ∗)),

T ∗
ε (uε) −→ u strongly∗ in L∞(0, T ;L2(Ω,H1(Y ∗))),

‖uε − u‖Lq(0,T ;L2(Ω∗
ε)) −→ 0,

(2.28)

where q is any number in (1,+∞). The pair (u, û) with MY∗(û) = 0 is the unique

solution of the following problem :



θ
∫ T

0

∫
Ω
uΨφ′′

dx dt+
1

| Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ) φ dx dy dt

= θ
∫ T

0

∫
Ω
fΨφdx dy dt,

for any Ψ ∈ H1
0 ,Φ ∈ L2(Ω,H1(Y ∗)) and φ ∈ D(0, T ), u = 0 on Ω × (0, T ),

u(x, 0) = u0, u
′(x, 0) = u1 in Ω.

(2.29)

We also have

û =
n∑
j=1

∂u

∂xj
Xj, (2.30)
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with Xj ∈ L∞(Ω;H1
per(Y

∗))(j = 1, ..., n) being the solution of the cell problem



−divy(A∇y(Xj + yj)) = 0 in Y ∗,

A∇y(Xj + yj).n1 = 0 on ∂S,

MY ∗(Xj)(x, .), Xj(w, .) Y − periodic.

(2.31)

Moreover,
(i) ũε ⇀ θu weakly∗ in L∞(0, T : L2(Ω))

(ii)Aε∇̃uε ⇀ θA0∇u weakly∗ in L∞(0, T : L2(Ω)),
(2.32)

and u is the unique solution of the following homogenized wave equation



u
′′ − div(A0∇u) = f in Ω × (0, T ),

u = 0 on ∂Ω × (0, T ),

u(x, 0) = u0, u
′(x, 0) = u1 in Ω,

(2.33)

where the homogenized matrix A0 = (a0
ij)1≤i,j≤n is defined by

a0
ij(x) = MY ∗

(
aij +

n∑
k=1

aik
∂Xj

∂yk

)
. (2.34)

Remark 2.5 Observe that the homogenized matrix A0 here, as defined in [9], differs from

the classical one (see for instance [1]) by a factor of θ−1. We also notice that here A0

depends upon x while the one in [1] does not.

Proof of Theorem 2.2

In view of (2.27) and Theorem 2.1, we get that there exist u ∈ L∞(0, T ;H1
0 (Ω)) with

u
′ ∈ L∞(0, T ;L2(Ω)) and û ∈ L∞(0, T ;L2(Ω,H1

per(Y
∗))) with MY ∗(û) = 0, such

that, up to subsequence (still denoted by ε ), (2.28) holds. From Proposition 2.4(iii) , we

further get that

û ⇀ θMY ∗(u) weakly∗ in L∞(0, T ;L2(Ω)),

Aε∇̃uε ⇀ θMY ∗ [A(∇u+ ∇yû)] weakly∗in L∞(0, T ;L2(Ω)).
(2.35)
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Since u is independent of y, then convergence (2.32) (i) holds true for the above subsequence.

Let Ψ,Φ ∈ D(Ω) and ψ ∈ H1
per(Y

∗). Set

vε(x) = Ψ(x) + εϕ(x)ψε(x) with ψε(x) = ψ
(x
ε

)
. (2.36)

Then

∇vε = ∇Ψ + εψε∇ϕ+ ϕ (∇yψ)
( .
ε

)
. (2.37)

By Proposition 2.4 (ii), we have

T ∗
ε (vε) −→ Ψ strongly in L2(Ω × Y ),

T ∗
ε (ϕψε) −→ Φ strongly in L2(Ω × Y ) with Φ = ϕ(x)ψ(y),

T ∗
ε (∇vε) −→ ∇Ψ + ∇yΦ strongly in L2(Ω × Y ).

(2.38)

Let φ(t) ∈ D(0, T ), and vεφ a test function in the problem (2.24)

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt+
∫ T

0

∫
Ω∗

ε

Aε∇uε∇ (vεφ) dx dt =
∫ T

0

∫
Ω∗

ε

fεvεφdx dt, (2.39)

then

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt+
∫ T

0

∫
Ω∗

ε

Aε∇uε
(

∇Ψ + εψε∇ϕ+ ϕ∇yψ
ε
( .
ε

)
φ
)
dx dt

=
∫ T

0

∫
Ω∗

ε

fεvεφdx dt,

then

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdxdt+
∫ T

0

∫
Ω∗

ε

Aε∇uε(∇Ψ + ϕ+ ϕ∇yψ
εφ)dx dt

+ ε
∫ T

0

∫
Ω∗

ε

Aε∇uε∇ϕψε
(x
ε

)
φ)dxdt =

∫ T

0

∫
Ω∗

ε

fεvεφdxdt

(2.40)

We pass at the limit in Problem (2.40) term by term.

We start by the first term

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′′

εvεφ dx dt = lim
ε−→0

∫ T

0

∫
Ω∗

ε

uεvεφ
′′
dx dt.
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By the unfolding operator T ∗
ε and we use the Definition 2.2(i)(ii) we get

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′′

εvεφ dx dt = lim
ε−→0

1
| y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (uε)T ∗

ε (vε)T ∗
ε (φ′′)dx dt,

On the other hand for ε −→ 0 we have vε −→ Ψ, now by Proposition 2.4 we have the

following convergence

T ∗
ε (vε) −→ Ψ. (2.41)

By this convergence and the convergence (2.28) we get

∫ T

0

∫
Ωε

uεvεφ
′′
dx dt =

1
| y |

∫ T

0

∫
Ω×Y ∗

uψφ
′′
dx dt. (2.42)

Now, we obtain

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt = lim
ε−→0

∫ T

0

∫
Ω
uψφ

′′
dx dt. (2.43)

For the second term we use the unfolding operator T ∗
ε and by definition 2.2(i)(ii) we get

lim
ε−→0

∫ T

0

∫
Ω∗

ε

Aε∇uε(∇Ψ + ϕ∇yψ
ε)φ dx dt

= lim
ε−→0

1
| y |

∫ T

0

∫
Ω×Y ∗

Tε(Aε)Tε(∇uε)Tε(∇Ψ + ϕ∇yψ
ε)φ dx dt.

By (2.25) we have

T ∗
ε (Aε) −→ A strongly in (L1(Ω × Y ∗))n×n, (2.44)

and by convergence (2.28) we get

T ∗
ε (∇uε) −→ ∇u+ ∇yû strongly in L∞(0, T ;L2(Ω × Y )). (2.45)

using proposition 1.1 (1, 4) we get

T ∗
ε (∇Ψ + ϕ∇yψ

ε) = T ∗
ε (∇Ψ) + T ∗

ε (ϕ∇yψ
ε)

= ∇Ψ + ϕ∇yψ(y).
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For simplifiy the notation we denote Φ = ϕ(x)ψ(y). This imply ∇yΦ = ϕ(x)∇ψ(y).

Now, we have

Tε(∇Ψ + ϕ∇yψ
ε) = ∇Ψ + ∇yΦ. (2.46)

Finally by (2.28), (2.17) and (2.44) we get the following limit

lim
ε−→0

∫ T

0

∫
Ω×Y ∗

Aε∇uε(∇Ψ + ϕ∇yψ
ε)φ dx dt

=
1

| Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φdx dy dt.
(2.47)

For the last integral we also use the unfolding operator Tε and by Definition 2.2 (i), (ii).

lim
ε−→0

∫ T

0

∫
Ω∗

ε

fεvεφdx dt = lim
ε−→0

1
| Y |

∫ T

0

∫
Ω×Y ∗

Tε(fε)Tε(vε)φ dx dy dt.

By (2.28) and (2.32) we get

lim
ε−→0

1
| Y |

∫ T

0

∫
Ω×Y ∗

Tε(fε)Tεφ dx dy dt = lim
ε−→0

1
| Y |

∫ T

0

∫
Ω×Y ∗

fψφdx dy dt.

by Fubini theorem we obtaine:

lim
ε−→0

∫ T

0

∫
Ωε

fεvεφdx dt = θ
∫ T

0

∫
Ω
f ψ φ dx dt. (2.48)

Now, we can pass at the limit in expretion (2.39) using (2.42) , (2.46) and (2.47) we get

θ
∫ T

0

∫
Ω
uψ φ

′′
dx dt+

1
| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt

= θ
∫ T

0

∫
Ω
fΨφdx dt,

setting Ψ = 0 we get

1
| y |

∫ T

0

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇y Φ)φdx dy dt = 0,

we obtain

divyA(∇u+ ∇yû) = 0.
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Since u is independent of y and MY ∗(û) = 0 we obtain (2.30) Moreover, we have the

following identity

∫
Y ∗
A(∇u+ ∇yû)∇Ψ dx dy =

∫
Y ∗
A∇u∇Ψ dy +

∫
Y ∗
A∇yû∇Ψ dy

= ∇u∇Ψ
∫
Y ∗
A dy

= ∇u∇Ψ
| Y ∗ |
| Y ∗ |

∫
Y ∗
A dy

= ∇u∇Ψ | Y ∗ |
1

| Y ∗ |

∫
Y ∗
A dy

from (2.34) we obtain

∫
Y ∗
A(∇u+ ∇yû)∇Ψ dx dy =| Y ∗ | A0∇u∇Ψ. (2.49)

Substituting (2.30) and (2.49) into (2.29), we get that

u
′′ − div(A0∇u) = f in Ω × (0, T ).

Wich gives the equation in (2.33) and u′′ ∈ L2(0, T ;H−1(Ω)). Hence from classical results,

we have

u ∈ C0([0, T ] ;L2(Ω)) and u
′ ∈ C0([0, T ] ;H−1(Ω)).

Now, in order to check the initial conditions, let vε be given by (2.36) and φ ∈ C∞([0, T ])

with φ(0) = 1 and φ(T ) = 0. Choosing vεφ as test function in the variational formulation

(2.24) we have

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt =
∫ T

0

〈
u

′′
, vεφ

〉
V

′
ε ,Vε

dx dt (2.50)

we integate by parts we give

∫ T

0

∫
Ω∗

ε

u
′′

εvεφ
′
dx dt =

∫
Ω∗

ε

[
φu

′
vε
]T

0
−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt

=
∫

Ω∗
ε

u
′

ε(x, 0)vεφ(0) dx−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt
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substituting this formula into (2.50) we get

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt

=
∫

Ω∗
ε

u
′

ε(x, 0)vε dx−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt.

(2.51)

By similar method above passing to the limit into expretion (2.51), using (2.28), (2.17) and

(2.44)

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt

+θ
∫ T

0

∫
Ω
fΨφdx dt = −θ

∫
Ω
u1Ψdx− θ

∫ T

0

∫
Ω
u

′Ψφ′
dx dt,

by integration by parts for the last integral we get

1
| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

− θ
∫

Ω
u1Ψ dx+ θ

∫
Ω
u

′(x, 0)Ψ dx+ θ
∫

Ω

〈
u

′′
,Ψ

〉
H−1(Ω),H1

0 (Ω)
φ dt,

Combining this with (2.24) we have

u
′(x, 0) = u1.

Choosing φ ∈ C with φ(0) = φ(T ) = φ
′(T ) = 0, φ′(0) = 1 and taking vεφ as test

function in the variational formulation (2.24) we have

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt =
∫ T

0

〈
u

′′
, vεφ

〉
V

′
ε ,Vε

dx dt, (2.52)

we integate by parts we give

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt =
∫

Ω∗
ε

[
φu

′
vε
]T

0
−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt

= −
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt,
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by integration by parts we give

−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt = −

∫
Ω∗

ε

u(x, 0) +
∫ T

0

∫
Ω∗

ε

uεvεφ
′′
dx dt,

by similar method we give

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
1

| Y |

∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt

= θ
∫

Ω∗
ε

u
′

ε(x, 0)vε(x) dx−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt.

(2.53)

By similar method above passing to the limit into expretion (2.19), using (2.24), (2.25) and

(2.48)

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

= −θ
∫

Ω
u0Ψdx− θ

∫ T

0

∫
Ω
uΨφ′′

dx dt.

by integration by parts for the forth integral we get

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

− θ
∫

Ω
u0Ψ dx+ θ

∫
Ω
u(x, 0)Ψ dx+ θ

∫ T

0

∫
Ω
u

′′Ψφ dt.

Combining this equation with (2.53) we have

u(x, 0) = u0.



CHAPTER

3

HOMOGENIZATION OF THE

HYPERBOLIC-PARABOLIC EQUATIONS

IN DOMAINS WITH SMALL HOLES

In this chapter, we study a class of hyperbolic-parabolic problems in periodically perforated

domains with a homogeneous Neuman condition on the boundary of holes. We focus on the

homogenization of equations (3.1). The proof is based on the periodic unfolding method in

perforated domains.

we consider the hyperbolic-parabolic equation with homogenious Dirichlet-Neumann bound-

ary in the perforated domain, namely:
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

u
′′

ε + u
′

ε − div(Aε∇uε) = fε, on Ω∗
ε × (0, T ),

uε = 0, in ∂Ω × (0, T ),

Aε∇uε.nε = 0, on ∂Sε × (0, T ),

uε(x, 0) = u0
ε , u

′

ε(x, 0) = u1
ε , in Ω∗

ε,

(3.1)

where Ω ⊂ Rn is an open and bounded set with Lipchitz continious boundary, Sε is a set

of ε-periodic holes of size ε and Ω∗
ε = Ω\Sε, nε is the outward unit normal vector field

defined on ∂Sε.

For the unitial data, we always assume u0
ε ∈ H1

0 (Ω), u1
ε ∈ L2(Ω∗

ε) and fε ∈ L2(0, T ;L2(Ω∗
ε)).

The coefficient matrix Aε satisfies the following assumptions:


Aε ∈ M(α, β,Ω),

Aε symmetric,

(3.2)

where M(α, β,Ω) is the classical set of the n× n matrix-valued functions (see [2]).

We need to introduce some necessary assumptions. In what follow, we suppose that the

coefficient matrix Aε satisfies

Tε(Aε) −→ A strongly in(L1(Ω × Y ))n×n, (3.3)

where Tε is the unfolding operator in fixed domains [4] . These assumptions recover the

classical periodic coefficient case mentioned above.

For the initial data, we make the following assumptions:



(i)u0
ε ⇀ u0 weakly in H1

0 (Ω),

(ii)ũ1
ε ⇀ u1 strongly in L2(Ω),

(iii)f̃ε ⇀ f weakly in L2(0, T ;L2(Ω)).

(3.4)

Set

Wε =
{
vε | vε ∈ L2(0, T ;V ε), v′

ε ∈ L2(0, T ;L2(Ω∗
ε))
}
, (3.5)
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with

V ε =
{
v ∈ H1(Ω∗

ε) | v = 0 on ∂Ω
}
,

with the norm defined by

‖ vε ‖Wε
=‖ vε ‖L2(0,T ;V ε) + ‖ v′

ε ‖L2(0,T ;L2(Ω∗
ε)) .

3.1 Variational formulation

we multiply the equation of problem (3.1) by a test function v where v ∈ D(Ω) and we

integer on Ω∗
ε, we get

∫
Ω∗

ε

u
′′

εv dx+
∫

Ω∗
ε

u
′

εv dx−
∫

Ω∗
ε

div(Aε∇uε)v dx =
∫

Ω∗
ε

fεv dx, (3.6)

Now, we apply the Green’s formula on third integral in above equation we get:

−
∫

Ω∗
ε

Aε 4 uεv dx =
∫

Ω∗
ε

Aε∇uε∇v dx−
∫
∂Ω∪∂Sε

Aε
∂uε

∂η
v dΓ, (3.7)

the last integral equal to zero because
∫
∂Sε

Aε
∂uε

∂η
v dΓ = 0 and v = 0 on ∂Ω are

essential conditions.

Substituting the formula (3.7) into (3.5) we get:

〈
u

′′

ε , v
〉

(V ε)′,V ε
+
〈
u

′

ε, v
〉

(V ε)′,V ε
+
∫

Ω∗
ε

∇uε∇vdx =
∫

Ω∗
ε

fεvdx.

The variational formulation of problem (3.1) is to fined uε ∈ Wε such that



〈
u

′′

ε , v
〉

(V ε)′,V ε
+
〈
u

′

ε, v
〉

(V ε)′,V ε
+
∫

Ω∗
ε

Aε∇uε.∇vdx =
∫

Ω∗
ε

fεvdx,

in D′(0, T )for all v ∈ V ε,

uε(x, 0) = u0
ε , u

′

ε(x, 0) = u1
ε in Ω∗

ε.

(3.8)



3.1 Variational formulation 45

For every fixed ε, classical results provide that problem (3.6) has a unique solution uε such

that :

uε ∈ C0([0, T ];V ε) ∩ C1([0, T ];L2(Ω∗
ε)).
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3.2 Homogenization of hyperbolic-parabolic equation

In this section we state our homogenization result of problem (3.1), the main result of the

homogenization give by the next theorem.

Theoreme 3.1 Let Aε be a matrix satisfying (3.2) and (3.3). Suppose that uε is the

solution of problem (3.1) with (3.4). Then there exist u ∈ L2(0, T ;H1
0 (Ω)) with

u
′ ∈ L2(0, T ;L2(Ω)) and û ∈ L2(Ω,H1

per(×Y ∗)) with MY ∗(û) = 0, such that



T ∗
ε (uε) −→ u strongly in L2(0.T ;L2(Ω,H1(Y ∗))),

Tε∗(u′
ε) ⇀ u′ weakly in L2(0, T ;L2(Ω × Y ∗),

T ∗
ε (5uε) ⇀ ∇u+ ∇yû weakly in L

2(0, T ;L2(Ω × Y ∗)),

‖ uε − u ‖L2(0,T ;L2(Ω∗
ε)−→ 0.

(3.9)

The paire (u, û) with M∗
Y (û) = 0 is the unique solution of the following problem:



θ
∫ T

0

∫
Ω
uΨφ′′

dx dt+ θ
∫ T

0

∫
Ω
uΨφ′

dx dt

+
1

| Y |

∫ T

0

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt

= θ
∫ T

0

∫
Ω
fΨφ dx dt

for any Ψ ∈ H1
0 (Ω),Φ in L2(Ω;H1

per(Y
∗)) and φ ∈ D(0, T ),

u = 0 on Ω × (0, T ),

u(x, 0) = u0, u
′(x, 0) = u1 in Ω.

(3.10)

We also have

û =
n∑
j=1

∂u

∂xj
Xj, (3.11)

with Xj ∈ L∞(Ω;H1
per(Y

∗))(j = 1, ..., n) being the solution of the cell problem



−divy(A∇y(Xj + yj)) = 0, inY ∗,

A∇y(Xj + yj).n1, on ∂S,

M∗
Y (Xj)(x, .) = 0, Xj(x, .) Y − periodic.
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Moreover, u is the unique solution of the following homogenized hyperbolic-parabolic equation



u
′′ + u

′ − div(A0∇u) = θ−1f, in Ω × (0, T ),

u = 0, on ∂Ω × (0, T ),

u(x, 0) = u0, u
′(x, 0) = u1, in Ω,

(3.12)

where the homogenized matrix A0 = (a0
ij)1⩽i,j⩽n is defined by

a0
ij(x) = MY ∗

(
aij +

n∑
k=1

aik
∂Xj

∂yk

)
. (3.13)

In addition, we have the following convergences:


(i)ũε ⇀ θu weakly∗ in L∞(0, T ;L2(Ω)),

(ii)Aε∇̃uε ⇀ θA0∇u weakly∗ in L∞(0, T ;L2(Ω)).
(3.14)

We would like to mention that the effective matrix filed A0 depends on x, while the classical

matrix is constant

Proof

The proof of theorem 3.1 is fondamentally based on the periodic unfolding method .Our

starting point is following variational formulation of problem (3.1).

Find uε ∈ L2(0, T ;V ε) with u′

ε ∈ L2(0, T ;L2(Ω∗
ε)) and u′′

ε ∈ L2(0, T ; (V ε)′) such that

(3.8).

For every ε, we have the following uniforme estimates:

‖ uε ‖L∞(0,T ;V ε) + ‖ u′

ε ‖L2(0,T ;L2(Ω∗
ε)⩽ C. (3.15)

In view of (3.15) and Theorem 2.1, we get that there exist u ∈ L∞(0, T ;H1
0 (Ω)) with

u
′ ∈ L∞(0, T ;L2(Ω)) and û ∈ L∞(0, T ;L2(Ω,H1

per(Y
∗))) with MY ∗(û) = 0, such

that, up to subsequence (still denoted by ε ),the convergence in (3.9) hold. From Proposition
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2.4(iii) , we further get that

û ⇀ θMY ∗(u) weakly∗ in L∞(0, T ;L2(Ω)),

Aε∇̃uε ⇀ θMY ∗ [A(∇u+ ∇yû)] weakly∗in L∞(0, T ;L2(Ω)).
(3.16)

Now let Ψ,Φ ∈ D(Ω) and ψ ∈ H1
per(Y

∗). Set

vε(x) = Ψ(x) + εϕ(x)ψε(x) with ψε(x) = ψ
(x
ε

)
. (3.17)

Then

∇vε = ∇Ψ + εψε∇ϕ+ ϕ (∇yψ)
( .
ε

)
. (3.18)

By Proposition 2.4 (ii), we have

T ∗
ε (vε) −→ Ψ strongly in L2(Ω × Y ),

T ∗
ε (ϕψε) −→ Φ strongly in L2(Ω × Y ) with Φ = ϕ(x)ψ(y),

T ∗
ε (∇vε) −→ ∇Ψ + ∇yΦ strongly in L2(Ω × Y ).

(3.19)

Let φ(t) ∈ D(0, T ), we take vεφ a test function in the problem (3.1) we get

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt+
∫ T

0

∫
Ω∗

ε

u
′

εvεφdx dt+
∫ T

0

∫
Ω∗

ε

Aε∇uε∇ (vεφ) dx dt

=
∫ T

0

∫
Ω∗

ε

fεvεφdx dt,

(3.20)

then

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt+
∫ T

0

∫
Ω∗

ε

u
′

εvεφdx dt

+
∫ T

0

∫
Ω∗

ε

Aε∇uε
(

∇Ψ + εψε∇ϕ+ ϕ∇yψ
ε
( .
ε

)
φ
)
dx dt =

∫ T

0

∫
Ω∗

ε

fεvεφdx dt,

then

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdxdt+
∫ T

0

∫
Ω∗

ε

u
′

εvεφdxdt+
∫ T

0

∫
Ω∗

ε

Aε∇uε(∇Ψ + ϕ∇yψ
ε)φdx dt

+ ε
∫ T

0

∫
Ω∗

ε

Aε∇uε∇ϕψε
(x
ε

)
φdxdt =

∫ T

0

∫
Ω∗

ε

fεvεφdxdt.

(3.21)
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We pass at the limit in Problem (3.21) term by term.

We start by the first term

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′′

εvεφ dx dt = lim
ε−→0

∫ T

0

∫
Ω∗

ε

uεvεφ
′′
dx dt. (3.22)

By the unfolding operator T ∗
ε and we use the Definition 2.2(i)(ii) we get

lim
ε−→0

∫ T

0

∫
Ωε

u
′′

εvεφ dx dt = lim
ε−→0

1
| y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (uε)T ∗

ε (vε)T ∗
ε (φ′′)dxdy dt,

by convergence (3.19) and the convergence (3.9) we get

∫ T

0

∫
Ω∗

ε

uεvεφ
′′
dx dt =

1
| y |

∫ T

0

∫
Ω×Y ∗

uΨφ′′
dx dy dt,

by fubini theorem we get

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt = θ
∫ T

0

∫
Ω
uΨφ′′

dx dt. (3.23)

For the second integral, we use the unfolding operator T ∗
ε and by Definition 2.2(i)(ii) we

get

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′

εvεφ dx dt = lim
ε−→0

1
| y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (uε)T ∗

ε (vε)T ∗
ε (φ′)dx dy dt,

by convergence (3.19) and the convergence (3.9) we get

∫ T

0

∫
Ω∗

ε

uεvεφ
′
dx dt =

1
| y |

∫ T

0

∫
Ω×Y ∗

uΨφ′
dxdy dt.

Now, by Fubini theorem we obtain

lim
ε−→0

∫ T

0

∫
Ω∗

ε

u
′

εvεφdx dt = θ
∫ T

0

∫
Ω
uΨφ′

dx dt. (3.24)
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For the third term we use the unfolding operator T ∗
ε and by definition 2.2(i)(ii) we get

lim
ε−→0

∫ T

0

∫
Ω∗

ε

Aε∇uε(∇Ψ + ϕ∇yψ
ε)φ dx dt

= lim
ε−→0

1
| y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (Aε)T ∗

ε (∇uε)T ∗
ε (∇Ψ + ϕ∇yψ

ε)φ dx dt.

By (3.3) we have

T ∗
ε (Aε) −→ A strongly in (L1(Ω × Y ∗))n×n, (3.25)

and by convergence (3.9) we get

T ∗
ε (∇uε) −→ ∇u+ ∇yû strongly in L∞(0, T ;L2(Ω × Y )), (3.26)

using proposition 1.1 (1, 4) we get

T ∗
ε (∇Ψ + ϕ∇yψ

ε) = T ∗
ε (∇Ψ) + T ∗

ε (ϕ∇yψ
ε)

= ∇ψ + ϕ∇yψ(y).

For simplifiy the notation we denote Φ = ϕ(x)ψ(y) This imply ∇yΦ = ϕ(x)∇ψ(y).

Now we have

T ∗
ε (∇Ψ + ϕ∇yψ

ε) = ∇Ψ + ∇yΦ. (3.27)

Finally by (3.25), (3.26) and (3.27) we get the following limit

lim
ε−→0

∫ T

0

∫
Ωε×Y ∗

Aε∇uε(∇Ψ + ϕ∇yψ
ε)φ dx dt

=
1

| Y |

∫ T

0

∫
Ωε×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φdx dy dt.
(3.28)

The forth integral go to 0 as ε go to 0.

For the last integral in equation (3.21) we also use the unfolding operator T ∗
ε and by Defi-

nition 2.2 (i), (ii)

lim
ε−→0

∫ T

0

∫
Ω∗

ε

fεvεφdx dt = lim
ε−→0

1
| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (fε)T ∗

ε (vε)φ dx dy dt.
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By (3.4) and (3.19) we get

lim
ε−→0

1
| Y |

∫ T

0

∫
Ω×Y ∗

T ∗
ε (fε)T ∗

ε φ dx dy dt =
1

| Y |

∫ T

0

∫
Ω×Y ∗

fΨφdx dy dt,

by Fubini theorem we obtaine:

lim
ε−→0

∫ T

0

∫
Ω∗

ε

fεvεφdx dt = θ
∫ T

0

∫
Ω
f Ψ φ dx dt. (3.29)

Now, we can pass at the limit in expretion (3.19) using (3.23) , (3.24), (3.28) and (3.29) we

get

θ
∫ T

0

∫
Ω
uΨ φ

′′
dx dt+ θ

∫ T

0

∫
Ω
uΨφ′

dx dt

+
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt = θ
∫ T

0

∫
Ω
fΨφdx dt,

(3.30)

setting Ψ = 0 we get

1
| y |

∫ T

0

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇y Φ)φdx dy dt = 0,

we obtain

divyA(∇u+ ∇yû) = 0.

Since u is independent of y and MY ∗(û) = 0 we obtain (3.11) Moreover, we have the

following identity

∫
Y ∗
A(∇u+ ∇yû)∇Ψ dx dy =| Y ∗ | A0∇u∇Ψ. (3.31)

Substituting (3.11) and (3.31) into (3.10), we get that

u
′′ + u

′ − div(A0∇u) = f in Ω × (0, T ).

Wich gives the equation (3.12) and u′′ ∈ L2(0, T ;H−1(Ω)). Hence from classical results,
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we have

u ∈ C0([0, T ] ;L2(Ω)) and u
′ ∈ C0([0, T ] ;H−1(Ω)).

Now, in order to check the initial conditions, let vε be given by (3.17) and φ ∈ C∞([0, T ])

with φ(0) = 1 and φ(T ) = 0. Choosing vεφ as test function in the variational formulation

(3.8) we have

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt =
∫ T

0

〈
u

′′
, vεφ

〉
V

′
ε ,Vε

dx dt

+
∫ T

0

〈
u

′
, vεφ

〉
V

′
ε ,Vε

dx dt,

(3.32)

we integate by parts ( for the variable t ) the first integral in the other side of the equation

(3.32) we get

∫ T

0

∫
Ω∗

ε

u
′′

εvεφ
′
dx dt =

∫
Ω∗

ε

[
φu

′
vε
]T

0
−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt

=
∫

Ω∗
ε

u
′

ε(x, 0)vε(x)φ(0) dx−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt,

substituting this formula into (3.32) we get

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt

=
∫

Ω∗
ε

u
′

ε(x, 0)vε(x) dx−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt+

∫ T

0

∫
Ω∗

ε

u
′

εvεφdx dt.

(3.33)

By similar method above, passing to the limit in the expretion (3.32), using (3.9) ,(3.24) ,

(3.28) and (3.29) we get

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

= −θ
∫

Ω
u1Ψdx− θ

∫ T

0

∫
Ω
u

′Ψφ′
dx dt+ θ

∫ T

0

∫
Ω
u

′Ψφdx dt,
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also, using the integration by parts for the forth integral we get

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

− θ
∫

Ω
u1Ψ dx+ θ

∫
Ω
u

′(x, 0)Ψ dx+ θ
∫

Ω

〈
u

′′
,Ψ

〉
H−1(Ω),H1

0 (Ω)
φ dt

+ θ
∫ T

0

∫
Ω
u

′Ψφdx dt.

Combining this equation with (3.30) we have

u
′(x, 0) = u1.

Now for the second intial condition Choosing φ ∈ C

with φ(0) = φ(T ) = φ
′(T ) = 0, φ′(0) = 1 and taking vεφ as test function in the

variational formulation (3.8) we have

∫ T

0

∫
Ω
fεvεφdx dt−

∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt

=
∫ T

0

〈
u

′′
, vεφ

〉
V

′
ε ,Vε

dx dt+
∫ T

0

〈
u

′
, vεφ

〉
V

′
ε ,Vε

dx dt.

(3.34)

The integration by parts gives

∫ T

0

∫
Ω∗

ε

u
′′

εvεφdx dt =
∫

Ω∗
ε

[
φu

′
vε
]T

0
−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt

= −
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt.

We use it for the second time integration by parts we get

−
∫ T

0

∫
Ω∗

ε

u
′

εvεφ
′
dx dt = −

∫
Ω∗

ε

uε(x, 0)vεdx+
∫ T

0

∫
Ω∗

ε

uεvεφ
′′
dx dt,

by sabstituting this expretion into (3.34) we get

∫ T

0

∫
Ω∗

ε

fεvεφdx dt−
1

| Y |

∫ T

0

∫
Ω∗

ε

Aε∇uε∇vεφdx dt

= θ
∫

Ω∗
ε

uε(x, 0)vε(x) dx−
∫ T

0

∫
Ω∗

ε

uεvεφ
′′
dx dt+

∫ T

0

∫
Ω∗

ε

u
′

εvεφdx dt.

(3.35)
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By similar method above passing to the limit into expretion (3.2), using (3.9), (3.3) and

(3.25)

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

= θ
∫

Ω
u0Ψdx− θ

∫ T

0

∫
Ω
uΨφ′′

dx dt+ θ
∫ T

0

∫
Ω
u

′Ψφdx dt.

by integration by parts two time for the forth integral we get

−
1

| Y |

∫
Ω×Y ∗

A(∇u+ ∇yû)(∇Ψ + ∇yΦ)φ dx dy dt+ θ
∫ T

0

∫
Ω
fΨφdx dt

− θ
∫

Ω
u0Ψ dx+ θ

∫
Ω
u(x, 0)Ψ dx =

∫
Ω
u(x, 0)dx+ θ

∫ T

0

∫
Ω
u

′′Ψφ dt

+ θ
∫ T

0

∫
Ω
u

′Ψφdx dt.

Combining this equation with (3.35) we have

u(x, 0) = u0.



CONCLUSION

In this memory, we have treated asymptotic behavior of hyperbolic-parabolic problem with

boundary condition in perforated domain in small holes, to the so, we used the periodic

unfolding method we get that the pair (u, û) with M(û) = 0 is a unique solution of

problem (3.1), this implie that all convergence in theorem (3.1) hold for the hole sequence.
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