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Abstract v

The objective of this work is to study some differential problems with frac-
tional orders,in Banach space by applying some fixed point theorems, where we
dealt with two problems:

The first problem is a CaputoKatugampola fractional Cauchy problem, We
used the fixed point theorem of Banach to show the existence of the solution.

And the second problem is a Caputo derivative problem, wher we relied in
prove the existence of the solution on the fixed point theorem of Banach and then
schauder.

Then we proposed an approximate solution to the two problems and showed
that the proposed numerical solution converges towards the exact solution of each
problem.

Keywords: Caputo -Katugampola fractional derivatives , Caputo fractional
derivative , Fractional differential equation, Existence of solution, fixed point the-

orems, the exact solution, the approximate solution.
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Résumé vi

L’objectif de ce mémoire est d’étudier quelques problemes différentiels ordres
fractionnaire, dans espace de Banach en appliquant quelques théorémes de point
fixe, ou nous avons traité deux problemes:

Premier probléme est un probleme de Cauchy fractionnaire de type Caputo-
Katugampola.Nous avons utilisé le théoreme du point fixe de Banach pour mon-
tré lexistence de la solution.

et le deuxiéme probléme est un probleme fractionnaire de la dérivée de caputo
,ou l'on s’est appuyé pour prouver l'existence de la solution sur le théoreme du
point fixe de Banach puis de Schauder.

puis on proposé une solution approchée aux deux problemes,et on a montré
que la solution numérique proposée converge vers la solution exacte de chaque
probleme.

Mots-clés: dérivée fractionnaire au sens de Caputo-Katugampola , dérivée
fractionnaire au sens de Caputo, equation differentielle fractionnaire, existence

de la solution, théoremes du point fixe, la solution exacte, la solution approchée.
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Introduction 1

Fractional calculus is a mathematical branch investigating the properties of
derivatives and integrals of non-integer orders (called fractional derivatives and
integrals, briefly differintegrals). In particular, this discipline involves the no-
tion and methods of solving of differential equations involving fractional deriva-
tives of the unknown function (called fractional differential equations). The his-
tory of fractional calculus started almost at the same time when classical calculus
was established. It was first mentioned in Leibnizs letter to 1Hospital in 1695,
where the idea of semiderivative was suggested. During time fractional calculus
was built on formal foundations by many famous mathematicians, e.g. Liouville,
Grlunwald, Riemann, Euler, Lagrange, Heaviside, Fourier, Abel etc. A lot of them
proposed original approaches, which can be found chronologically in [I6]. The
theory of fractional calculus includes even complex orders of differintegrals and
left and right differintegrals (analogously to left and right derivatives).

The fact, that the differintegral is an operator which includes both integer-
order derivatives and integrals as special cases, is the reason why in present frac-
tional calculus becomes very popular and many applications arise. The fractional
integral may be used e.g. for better describing the cumulation of some quantity,
when the order of integration is unknown, it can be determined as a parameter
of a regression model as Podlubnt’y presents in [I8]. Analogously the fractional
derivative is sometimes used for describing damping.

Other applications occur in the following fields: fluid flow, viscoelasticity, con-
trol theory of dynamical systems, diffusive transport akin to diffusion, electri-
cal networks, probability and statistics, dynamical processes in self-similar and
porous structures, electrochemistry of corrosion, optics and signal processing, rhe-
ology etc.

In this memoir we consider only the most common definitions named after

Univ. de Skikda CHIDOUH Samra



Introduction 2

Riemann and Liouville, Caputo, katugampola which will be introduced in chapter
1.

In this memoir, we study analytically and numerically some differential prob-
lems with fractional orders.

The first chapter contains some definitions of basic functions (the function
Gamma, Beta, Mittag-Leffler) ,the integration and derivation fractional of Riemann-
Liouville and caputo, their properties, finely some fixed point theorems such as
Banach, Schauder, Leary Schauder .

In the second and third chapter we prove the existence and numerical solution

of the following problems :

DMx(t) = f(Lx (1), te (ab),

x (a) = xp.

Where «,0 € (0,1) and CD'X’f denotes the left Caputo-Katugampola fractional
Y a p gamp

derivatives, and f : R x R — R is given function.
DLy () = fty(®), te(ab),
y(@)=yo, ¥ (a)=w1

Where 1 < B < 2 and CDf . denotes the left Caputo fractional derivative, and

f:R xR — Ris given function.

Univ. de Skikda CHIDOUH Samra
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1.1 Functional spaces 4

We introduced some useful definitions, properties and lemmas that will be

used in the remainder of this thesis, for more details see [9, 1T, 17, 18, 19, 271, 22, ?4]

1.1 Functional spaces

1.1.1 Space for continuous and absolutely continuous functions

Definition 1.1.1. Let Q) = [a; 0], (—c0 < a < b < o), a finite interval, we denote

by AC(]a, b])the space of primitive functions of integrable functions, that is to say

FeAC(ab]) = {f :3p € L([a,b]) : f(x) = c + /ax(p(t)dt}.

and we call, AC([a, b]) the space of absolutely continuous functions on [a, b].

Definition 1.1.2. for n € IN we denote by AC"([a,b]) the space of functions f

having derivatives up to order (n — 1) absolutely continuous on [a, b] such as

AC™([a,b]) = { f:[a,b] — Csuch that f*D € AC([a, b])}

In particular AC!([a,b]) = AC([a,b]).

1.1.2 C" space

Definition 1.1.3. Let Q = [4,b], (—o0 < a < b < ), and n € N , we designate

by C"(Q) the space of functions f which have their derivatives of a lower order

Univ. de Skikda CHIDOUH Samra



1.2 Special functions 5

or equal to n continue on (), provided with the standard:

- Zmax‘f(i)(x)‘.

i—0 xeQ)

’f(i)

flen =Y.
i=0

In particular
if n = 0, C%(Q)) = C(Q) the space of continuous functions fon provided with the

standard: || f||. = max |f(x)]
xeQ)

1.2 Special functions

The more important functions used in fractional calculus is the Gamma function
of Euler. Its interpretation is simply the generalization of the factorial n! and it

allows 7 to take non-integer values.

1.2.1 The Gamma function

Definition 1.2.1. For every x > 0 ,the gamma function I'(x) is defined by
—+o00
I'(x)= / et ldt,
0

which converges for x > 0.

Lemma 1.2.1. For every x € R’ and n € IN* we have:
1T (x+1)=xI(x)
2T (n+1) =n!

3 .The Euler’s reflextion: Vx ¢ Z,T (x)T (1 —x) = sin (%)

Univ. de Skikda CHIDOUH Samra



1.2 Special functions 6

L HE -

i=0

Forexamples: T (2) =1 , T (1> —Ji, T <§> _Vr

1.2.2 The Beta function

Definition 1.2.2. For every x,y € R, ,the beta function B (x, y) is defined by

1
B(x,y) = / P — b)Y
0

Lemma 1.2.2. For every x,y € R’ we have:
1.B(x,y) = B(y,x)

2.B(x,y+1) = %B (x+1,y)
3.B(x+1,y) = > B (x,y)

X+y
An interesting formula relating the gamma and beta functions is

I'(x)T (y)

L

1.2.3 Mittag-Leffler functions

Definition 1.2.3. The one-parametric Mittag-Leffler function (M-L for short) E,(z)
is a special function of z € C which depends on the complex parameter « and is
defined by the power series

0 j

Ev(z) = )7

7 121
LT+ 1) (2

Univ. de Skikda CHIDOUH Samra



1.2 Special functions 7

One can see that the series 21 converges in the whole complex plane for all
R(a) > 0.
A first generalization of E,(z) is the two-parametric M-L function of z € C defined
by the series

Z

When B =1, E, g (z) coincides with the Mittag-Leffler function in (I2T)

Ey1(z) = Ea (2).
When a = 18 =1: El,l (Z) = E1 (Z) = e~

Lemma 1.2.3. (Integration of the Mittag-Leffler function)
Let QO = [a;b], (—00 < a < b < 00), a finite interval, integrating (LZ2) term-by-term,

we obtain:

[ Eup(st) 715 = (v = 0P Eupn (A (x—0)") , (>0, p>0) (123)

Relationship (L2Z3) is a particular case of the following more general relationship obtained

by the fractional order term-by-term integration of the series (LZ2), for (x > 0, > 0, > 0)

X

s [ ) B (1% s = ()T B (A )

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 8

Whenoa = =1:

X

ﬁ / (x — 5)7_137\sds = (x— a)’YEl,’Y-H A(x—a)) , (v >0) (1.2.4)

1.3 Fractional integrals and Fractional derivatives

1.3.1 Fractional integrals

Let O = [a,b],(—0 < a < b < +00), a finite interval on the real axis R and
f €L ([a b))

Definition 1.3.1. The fractional (arbitrary) order integral of a function f of order

« € Ry is defined by:

(15:1) ) = 77 / (x—s) Y (s)ds  (x>a) (1.3.5)

When & = n € IN the definition (C335) coincide with the n th integrals for the

forme

(I'f) (x) = /xd51 7&152... 71f (sn) dsy,
- T 1 o /x(x — )" f (s) ds

Example 1.3.1 if« > 0,8 > —land f (x) = (x —a)P , (x > a)
X

(18:) () = 7 [ (= 9)* s — )P

a

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 9

By using the following change of variable s = a + (x — a)y we find

(Ittzx‘*‘f) (x) = T (Dé)

_ et
- %B(ﬁﬂ,@

And by applying Lemma 22 we find

I% (x — a)f = J;ﬁ—;%(x — )P (1.3.6)

Lemma 1.3.1. Let f € L' ([a,b]) and a, B € R, : (1;; olP, f) (x) = (1;’:_* g ) (x)

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 10

1.3.2 Fractional derivative

Definition 1.3.2. The Riemann Liouville fractional derivative D/, of a function f

of order « € R is defined by

(Dg+f) (x) = (%)n (I"%f) (x)

X

where [«] mean the right portion for
In particular, whena« = m € N, (DI, f) (x) = £ (x) where f0™ (x) is the usuel

derivative of f (x) of order m

Example 1.3.2. if & > 0,8 > —land f(x) = (x—a)f , (x > a), we have
d\", .., d\" ,_ : .
(D4 f) (x) = (%) (I"7%f) (x) = (ﬂ) I (x — a)P. According to equality

(C38) we find

O3 1) ) = (55) T gy =0

L TEE) (et f et B (n ()t B) i
I'n—a+p+1)

_ I (ﬁ + 1) B—u
T
that’s mean . .
D%, (x — a)f = %(x _g)fe (13.7)

In particular , if B = 0 then the Riemann-Liouville fractional derivative of a con-

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 11

stant is, in general, not equal to zero:

(x—a)™"

22 —
ol = I(1—«)

Lemma 1.3.2. Let « > 0, and n = [R(a)] + 1 the equality D}, f (x) = 0 is valid, if
and only if

n
Z x—a)*,

where cj € R, j=1,2,..,nisarbitrary constant.

Lemma 1.3.3. (semigroup property) Let f € L' ([a,b]) and «,p € R then, the

(1tff) () = (17PF) ()

hold almost everywhere on [a, b).

equation

Lemma 1.3.4. Let f € L' ([a,b]) and a € R then, the following equality

(Dg+ I3 f) (x) = f(x)

hold almost everywhere on [a, b).
In general case for « > B we have (DfJ;@f) (x) = (IZ:%”) (x).

Lemma 1.3.5. Let « € R, f € L' ([a,b]) and f,_,(x) € AC"|[a, b] then, the equality

(15 D% f) (x) = f (x) + im(x—a)“_j (1.3.8)
at~at - j:11_.(lx_].+1) .

hold almost everywhere on [a,b], where fy,_o = 1" " f be the fractional integral of f of

order n — .

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 12

Definition 1.3.3. For a function f € L! ([a,b],R) , the Caputo fractional derivative
of order « € R of f is defined by

(CDsf) () = ( .

Lemma 1.3.6. For a function f € AC" ([a,b],R), then the Caputo fractional derivative

(CDZ‘+ f ) (x) exist almost everywhere on [a, b], with

f(x)-f_lf(j).(”)w—a)"]), (=11, ¥>a)

(CD2f) (@) = (1) (x)
- ﬁ [=9" ) ds,  (n=[a] +1, ¥ >a)

a

In particular, when « = m € IN : <CDg‘+f> (x) = £ (x)

Example 1.3.3. ifa >0, > —land f (x) = (x—a)? , (x > a)

(CD2f) (@) = (1) ()

X

ST R

- B(B— 11)"(71(‘5;)(” —-1)) /(x _ S)n—tx—l(s _ ﬂ)'B_ndS

a

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 13

By using the following change of variable s = a + (x — a) y we obtain

1
(Cors) (0 = BEEE G [ o oy

X ((x—a) )P~ (x — a) dy

1
_ :B (:B — 1) (,B — (Tl — 1)) n—o— n—x—
- o) 0/(x—a) 1y
x (x —a)P " TyP oy

1

_ :B(:B_l) (:B_ (n_l)) - -n n—e—
- )t [Py

0
_BB-1).. (- (n-1)) —a
= T(n—a) (x—a)f “B(B—n+1,n—n)

And by applying Lemma 22 we find

D%, (x —a)f = (x —a)P ™ (1.3.9)

in particular, CDZ‘+1 =0

Lemma 1.3.7. Let « > 0, and n = [R(«)] + 1 the equality * D%, f (x) = 0 is valid, if
and only if

n—1 )
fx) =) ci(x—a),
j=0

where ¢GeER, j=12,.,nis arbitrary constant.

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 14

Lemma 1.3.8. Let w € Ry and f € AC"[a,b] or f € C"[a, b] then, the equality

n—=1 ¢(j) a )
(I;i CD;af) (x) =f(x)+ ), ) (1 ay (1.3.10)

= I

hold almost everywhere on [a, b].

1.3.3 Generalized fractional integrals and fractional derivatives

In this section we introduced new type of fractional derivative called Katugam-

pola fractional derivative

Definition 1.3.4. (Katugampola fractional integrals) Let a,b be two real and f :
[2,b] — R be an integrable function. The Katugampola fractional integrals of

order « € (0,1), parameter p > 0, of f is defined as

YOF(x —pl_a ' 7 s)ds
A =y /| ey

1-a (b go—1
L7 f(x) = ‘;(zx)/x ( ' —f () ds.

s — xP)
Definition 1.3.5. (Katugampola fractional derivative) Let 0 < a < b < oo be

two real f : [4,b] — R be an integrable function. The Katugampola fractional

derivative of order « > 0, and parameter p > 0, is defined as

wppy - P apd /’“L
DS == "ax ), oy O

and

a0 _ =P 14 /b st~ 1
Dyf ) =ra=g™ "ax ), mow O

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 15

The relation between these two fractional operators is the following:

Y
DYff(x) =PI f ()

and

. o d -,
DY (x) =~ 1 ()

Also,when « > 0 is an integer, these fractional integrals are generalizations of the

n-fold integrals

X 51 Sp—1
—1 -1 -1
/ Sli) dsl/ sg dsz.../ sh f(sn)dsn
a a a

and

b, b, b,
/51 dsl/ sh dsz.../ su  f(sn)dsy
X

51 Sn—1
respectively. Motivated by those definitions, we introduce a new fractional deriva-

tive as follows.

Proposition 1.3.1. We have the following properties for Katugompola fractional integral

and derivative.

Dt (L) f (x) = f (x),

0F (189 £ (x) = 7P f (x),

Univ. de Skikda CHIDOUH Samra



1.3 Fractional integrals and Fractional derivatives 16

lim DYF () = oy (2) [ (s s

1.3.4 Caputo-Katugampola fractional derivative

Definition 1.3.6. (Caputo-Katugampola fractional derivative) Let 0 < a < b < o0
f : [a,b] — R be an integrable function, and « € (0,1) and p > 0 two fixed
reals. The left and right Caputo-Katugampola fractional derivative of order a are

defined by

DY f(x) = Dyf[f(x)— f(a)]

« x -1
e s [ e )~ @l

xP — sP)
and
D f(t) = Dyf [f(x) = f(b)]
_plX . d b Sp—l
= i "in ) ey SO - FO]as
respectively

Theorem 1.3.1. [1]. Let f € C! ([a, b]) Then,

o

Dff () = p =gy [, ) s

and
4

CDZ;Pf (x) = F(I—fi“) /xh (sf — xP)—oc f’(s)ds

Univ. de Skikda CHIDOUH Samra



1.4 Fixed point theorems 17

Theorem 1.3.2. Let f € C ([a,b]). Then,

“DELEf(x) = f (x)

1.4 Fixed point theorems

In this section we present some important fixed point theorems which we use for

proving the existence and uniqueness of solutions of our problems

Theorem 1.4.1. Ascoli-Arzela theorem

Let F C C([a,b]), for certain a < b, then F is relatively compact in C ([a,b]) if and
only if F is equicotinuous ( that's mean for all e > 0, their exist &6 > 0 such that for
all f € Fand x, x' € [a,b] with |x —x'| < 6 we have |f (x) — f (x)| <€), and
uniformly bounded (that’s mean their exist C > 0 such that ||f||, < C forall f € F ).

Theorem 1.4.2. Banach fixed point theorem

Let N be a contraction on a Banach space E , then N has a unique fixed point in E.

Theorem 1.4.3. Schauders fixed point theorem
Let E be a Banach space. U be a closed, convex and nonempty subset of E. Let N : U — U
be a continuous mapping such that N'(U) is a relatively compact subset of E. Then N

has at least one fixed point in U.

Univ. de Skikda CHIDOUH Samra
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2.1 Existence of solutions 19

2.1 Existence of solutions

In this section we study the existence of solutions for the following initial value
problem:
DPx(t) = f(t,x(t)), te€(ab), (2.1.1)

x (a) = xo. (2.1.2)

Where a,p € (0,1) and CDZ’f denotes the left Caputo-Katugampola fractional
derivatives, and f : R x R — R is given function.

firstly we solve the following linear problem:

Difx(t)=h(t), te(ab), (2.1.3)

x (a) = xo. (2.1.4)

Lemma 2.1.1. Assume that x € AC' ([a,b],R), then x is a solution to the linear bound-
ary value problem (13)-(T4) if and only if x satisfies the integral equation

t -1
x(t) = x4+ F /u T jpsp)lrxh(s)ds (2.1.5)

Define the Banach space E = C ([4,b],R) . We introduce the following hypothesis
(H1) f : [a,b] x R — R is a continuous function
(H2) There exist p,q € C ([a,b], R) such that

|f(t,x)] <p(t)|x|+q(t), foreacht € [a,b], and x € R.

Univ. de Skikda CHIDOUH Samra



2.1 Existence of solutions 20

(H3) There exists Ly > 0 such that

|f(t,x) = f(ty)] < Lg|lx—y|, foreachte€ [a,b] andall x,y € R.
Note that if (H1) and (H3) are satisfied then (H2) is satisfied.
Theorem 2.1.1. Assume that (H1) and (H3) hold, with

p~“Ly

m (bP — 61‘0)“ < 1. (216)

then there exists a unique solution of the problem (ZT1)-(ZT2).

Proof. We consider the operator F : E — E defined by

1-a  pt -1
F(x(t) = xq+ ﬁ(“)/a T jpsp)l_“f(SIX(S))ds

we have

[F (x(£)) = F (y (1))]
1—a -1 1—a -1
ﬁ(w) /at ( - =/ (5,%(s))ds — ﬁ(a) /at ( = = f(s,y(s))ds

t — sP) t —sf)

1—« t -1
S L ATEr =GO OIS

- 5P)

1—a —1
[Y Lf/t sP
< x(s) —y(s)|ds
<P | e ) v
p_aLf o
< S (pP P —
< gy = k=l

Univ. de Skikda CHIDOUH Samra



2.2 Numerical solutions 21

it implies that

IF () = E 0l < Al (b — 0)* =
®~T(e+1) 0
By T, the operator F is a contraction. Hence, by Banach’s contraction principle,
F has a unique fixed point which is a unique solution of the problem (ZTT)-(Z1-2).

]

2.2 Numerical solutions

Theorem 2.2.1. Let x : [a,b] — R be a function of classe C?, and N > 1 an integer.
Define the quantities

ool N T(k—1+a)

_ P
AN_F(Z—D()]E T(x— 1)kl

B " T(k—1+«) B .
b=t ore—ye-nr LN

and function Vy; [a,b] — R by
! k-1
Vi(t) :/ (s — a1 ¥ (s)ds, k=1,...,N;
a
Then

N
CDLx(t) = An(t0 — af) =017 (1) — ) Brg(# — af)' ™" KVi(#) + En (1)
k=1

with
lim Ex(t) =0, Vi [ab]
N—oo
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Proof. set
u'(s) = (tF —sP) %=1 ando(s) = s' 7P/ (s).

Then, integrating by parts we obtain

CDIPx(t) = L) /t(tp —s”) %X (s)ds

I[(l—uw
a—1 a—1 t
= o e ) 4 B [ s ()

Using,the generalized binomial theorem, we get the decomposition

P go\ 17
p_go\l—a — (4o _ poyl—a (T T
(17 —sP) (tP —aP) (1 tP—aP)

= (t —af)12 i I(k—1+a) (sP _ap>k

= T(a—1)k! \tF —af

Substituting this series into the expression of the fractional derivative,we obtain

CDerPx (t) _ pa_l (tP_aP)lf’x al_px/ (a)+ plx_l /t (tp_ap)lia
" ['(2-a) r2—a)/a
NT(k—1+a) (s¢—af\*d /,
2o (1P
ng) I'(a—1)k! (tp—ap> ds (S * (S)>dS+EN(t)'

“—1 gt & Tk=1+a) (sP—a’\*ad
EN(t)ZIsz—oc)/a(tp_ap)1 k_%l T(a— 1)k! <tP—aP> gs(s " (9)ds
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2.2 Numerical solutions 23

Now, let us split the sum into k = 0 and k=1,...,N, that is,

CDYx(t) = A (#0 — )8 PPy (1) + et (10 — gp)l"
at (2 ) F(2—p¢)
N -1 +“) t k d Iy
;I‘ 06—1 k! (tp—ap)k/a (s? —af) 7s (sl Ox (s)) ds+ En (t).

Setting ;
u(s) = (s — a?)*,ando’(s) = g(sl_Px’(s))

and then integrating by parts, we obtain

a1 NT(k—1+a)

1+ Y ——2
k; T (x—1)k!

CDYx(t) = (0 —af) T e (1)

r2—a)

tX

N (k—1+«) ek [t 'y
k;r a—1) (k_1)!(tp_”p)1 k/a (s¢ —a’) ¥ (s)ds + En (t) .

It remains to show that

lim En(t) =0, Vt € [a,b]

N—oo

and to do this we determine an upper bound for the error. Since s € [a, t|,we have

i T(k—1+a) (sP—aP)k i eXP((l—“)ZJrl—tX)
| Ta—1)k \tp—a0 ) | = &, k2—«

wexp ((1—a)+1—ua exp ((1—a)*+1—a
S/N ( k2o >dk: <N1—“(1—oc) )
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2.2 Numerical solutions 24

Taking

7

M (t) := max
s€(a,t]

we get the following upper bound:

exp <(1 —a)*+1- oc) o1 t .
En(H)] < M(p) N F(Z—oc)/a (10— aP) !~ ds

exp <(1 — oc)2 +1-— oc) p"‘_1
NI-¢(1—a)T (2 —a)

(t —a®)' " (t—a),

which converges to zero as N goes to oo, for al t € [a, b]. O

Theorem 2.2.2. Let x : [a,b] — R be a function of classe C*, and N > 1 an integer,
Define the quantities

ol N T(k—1+4a)

_ P
An = I(2—a) kg T(a—1)k!

B — p*T(k—1+«)
NEZ TR =a)T(a—1)(k—1)V

k=1,...,N;

and functions W(t) : [a,b] — R by
b k-1
W, () =/ ( — )W (s)ds,  k=1,...,N;
t
Then

N
CDyfx(t) = —An(b° — ) 1P (1) + Y B (0° — #0)1 KW (1) + En (1)
k=1
Such that
lim En(t) =0, Vi € [a,b]

N—oo
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The solution of the problem T T-P T2 can be rewritten as:

x(t) = x(a) +¢ D, " [ / t f(s,x(s))s"\ds| .

Applying the decomposition formula given in Theorem, we obtain

x(t) = x(a) + AN(t —af)* f(t, x(t)) — % Bn (1 — af ) KV (t) + En(t), (2.2.7)
k=1

where

P N r(k—a)

AN = I(1+a) kzzl T'(—a)k!

B, o T (k —a)
NEZ T+ )l (—a)(k—1)

Sfork € {1+, N}

Vi(t) = /at(sf’ — a1 f (s, x(s))s° " ds, fork € {1,--- N},

and the error is bounded by the formula

En(t)] < M(n 2R 0

(7 — aP)*(t —a)

aN“T(1—a)
with
d
M@fﬁﬁ%@mw

In order to an approximated solution,x, we truncate the formula up to order N,receiving

N

N (t) = x(a) + An(t — a®)" f(t, xn(8)) — kZ Bt —af ) FVn(t)  (228)
=1
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where t
Vin(t) = / (s* —af)* 1 f (s, xn(s))s" " 'ds, fork € {1,--- ,N}

(we remark that xy(a) = x(a) )

Theorem 2.2.3. Let f : [a,b] X R — R be a continuous function and Lipschitz with
respect to the second variable. For N € IN, let x and xy be given by conditions 24 and
78, respectively. Also, let T € R be a real in the open interval

ere (wep (M)

Then, forall t € [a, T),xn(t) — x(t) as N — oo.

Proof. Starting with relations 2277 and 28 we have

() —x ()] < |AN[(# = af)" [f (£ xn (1) — £ (£, x (1))

N
+ Y [Baxl (#f —a®) " F [ Vin (8) — Vi (8)] + |En (1)
k=0

forall t € [a, T]. Define
dxy = max |xn(t) — x(t)].

te(a,T]

As a consequence of the following relations:

|f (b xn (8) = f (£ x (5)] < Llxn () —x (8)] < Loxn
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Vi (0= Vi) = | [ 67 =) If (500 5)) = (5, (5))| s

LéxN

(1 — o)t

! k-1
< LéxN/ (s —af) ' sP1ds =
a

Al — p " NT(k—a)

‘N|_rm+nkﬂre@m
p I'(N+1—«)

IF'(a+1)|T(—a)]” al (N+1)
p I'(N+1—«)

F'a+1)T(1—a) T(N+1)

1 T(N+1-—u)

ptart’ T(N+1)

IN

by the Euler’s reflection formula and equation (3) in [I[1]

N
Y Bl (= af)* ™ [Viw (1) — Vi ()]
k=1
Loxy (t° —af)* X T (k—a)
“ T (14a) T (—a) k; k!
Léxy (t° —af)* [T(N+1—a) B
= fio;r(1+a)|r(—a)| { ocF(N1+1)) +Ir( "‘”]
XN « —
ST (# =) o T(N+1) +ru+my

we conclude that

L&JCN
pa

2 T(N+1—a) 1

R [an' FNT1)  T(+a)

|+ lEw o

forall t € [a, T|. Taking the maximum, over ¢ € [a, T], on both sides of the inequal-
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ity,we get

L(SXN

o

2 I'(N+1- 1
o] 2 TINT1-0) + max |Ey (t)].

Sxn < .
N = an T(N+1) T+ X
(2.2.9)

(TP —aP)

It is obvious that
lim |Eyn (t)| = 0.

N—o0

Moreover, as a consequence of the Stirling’s formula (see e.g.[23]),we have

_ T(N+1-ua)
lim — -~ % _g
NS TN D

Therefore, setting N — oo in 229 we obtain

. L
lim 5XN |:1 — W

TP —af)"| <0,
N—oo 0(-|—1)( a)]_

and by the definition of T', we must have éxy — 0.
From Eq. 279 we obtain that

L 2 T(N+1—«) 1
(TP — P | A < .
oxy |1 = (TF —af) Lm T(N+1) r(a+1)H—f§}2}‘]|EN(t>|
since
L
O<E(Tp—ap)"‘<r(1+oc),
we have
_2F(1+tx)I’(N+1—tx)§1_£(Tp_ap),x i'F(N—Fl—a) 1 <1
artl (N +1) % at. T(N+1) ['(e+1)
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Therefore, for N sufficiently large, by

fim LV FI—8)

0,
Noeo T(N+1)

we get that there exists a function C (depending on «, p, t, but independent of N )

such that
Sxy < CN* 1.
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3.1 Existence of solutions

In this section we study the existence of solutions for the following nonlinear

boundary value problem:

DPy(t)=f(ty(t), te(ab), (3.1.1)

y(@ =yo, Y (a)=y1 (3.1.2)

Where 1 < B < 2 and CDf + denotes the left Caputo fractional derivative, and
f:R xR — Ris given function.

firstly we solve the following linear problem:

DPy(t)=n(t), te(ab), (3.1.3)

v(@) =y, Y (a)=w1. (3.1.4)

Lemma 3.1.1. Assume that y € AC*([a,b],R), then y is a solution to the linear bound-
ary value problem (B.13)-(B.T4) if and only if y satisfies the integral equation
1/t p-1 ! k
V() =z [ (=9 he)ds + L il =),
k=0
Define the Banach space E = C ([a, b],R) . We introduce the following hypoth-
esis

(H1) f : [a,b] x R — R is a continuous function
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3.1 Existence of solutions 32

(H2) There exist p,q € C ([a,b], Ry ) such that
f(t,y) <p(t)|ly|+q(t), foreacht € [a,b], andy € R.
(H3) There exists Ly > 0 such that
If(t,x) = f(t,y)] <Lglx—y|, foreacht€ [a,b] andall x,y € R.

Note that if (H1) and (H3) are satisfied then (H2) is satisfied.

Theorem 3.1.1. Assume that (H1) and (H3) hold, with

<1 (3.1.5)

then there exists a unique solution of the problem (B11)-(B12).

Proof. We consider the operator N : E — E defined by

N0 = i [ 6= fyends+ Dut—af, 619

k=0
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B N A S R SR P :
i 9 RN — s [ -9 fGsy(s)

<1 [ =9 () — Fls ) s
Ly ot
<y o 09" R6) —y() s

Lf(b—a)ﬁ
> m ||x _y”oo/

it implies that
Lp(b—a)f
A TP
N®llo < g1y 17 ¥l

By B135, the operator N is a contraction. Hence, by Banach’s contraction principle,

IN (x) =

N has a unique fixed point which is a unique solution of the problem (BTT)-(B12).
(]

Theorem 3.1.2. Assume that (H1) and (H2) hold, then the problem (B11)-(B-L2) has

a fixed point in Bg, where

Br = {y € E, such that ||y|., < R}.

(b—a)f
with 1 > W 1P|l
(b—a)P ! (b—a)f -
R > (m 191l oo +k§] |l (b= ﬂ)k> (1 ) ||P||oo> . (B17)

Proof. Let the operator N defined in (BTH). We shall show that N satisfies the
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3.1 Existence of solutions 34

assumption of Schauder’s fixed point theorem. The proof will be given in several
steps.
Step 1, We prove that N is a continuous operator.

Let (y,) be a sequence converges to y in E. Then, for every ¢ € [a, b] we have

IN (yn (£)) = N (y (£))]

- ‘%ﬁ) /at (t=9)P"" F(5,yn(s))ds — ﬁ /at (t =) f(s,y(s))ds
< g 9 G e) — Fs (s ds

1 £ _
< G O) = F Gy Ol gy | (050

—a)P
< L I ) = F Gy D

It implies that, || Ny, — Ny||,, — 0, when n — oo, since f is a continuous function
Step 2, We prove that N(Bgr) C Bg.
For any y € Bg and t € [a,b] we have

1t 1
N = |=— e s,Y(s))ds —a)k
NGO = |r [ =9 fyEDds+ D udi—a)
< s [P Gy s+ L el ()
T &
L (= )P s ds 1 b—a)k
< g 0T PO WOl g ds+ L bl (0-a)
(b_a)‘B R ! bh— k
<ty IPlsR+ Dol + X lud 0 =)
< R
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Step 3, We prove that N(Bg) is equicontinuous sets of E.
Let t1,t; € (a,b) such that t; < f; and y € Bg, then, we have

IN (v (t2)) — N (y (t1))]

=i, (2= = (=) (sl s

Lon — )P f(s,y(s))| ds 1 — )k — (t; —a)k
Frgg ), 9 Ty s+ Kl [ - )~ (1~ a)'
(Pl R+ 1) (1p) 16— (1 ) 4 & o (t— af
< o (=0 = (=) + Xl | (2 =) = (1 -]

Ast; — ty the right-hand side of the last above inequality tends to zero. By Arzela-
Ascoli Theorem we conclude that N(Bg) is relatively compact. As a consequence
of Schauders fixed point Theorem, we deduce that, N has a fixed point y € Bg
which is a solution of the problem (BTT)-(B12). l

3.1.1 Ulam stability

We consider the following inequality
‘CDf+x () — f (t,x (t))‘ <e, fort € [a,b] and e > 0. (3.1.8)

Definition 3.1.1. Equation (BTT) is Eg-Ulam-Hyers stable if there exists ¢ > 0
such that for each € > 0, and for each solution x € C ([a,b],R) of (BI8) there
exists a solution y € C ([a,b],R) of equation (B-IT) with

x(8) =y (1)] < cBp (Lg (t—a)f ) . (3.1.9)

Remark 3.1.1. Let x be a solution of the inequality (BXI-8) then x is a solution of
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3.1 Existence of solutions 36

the following integral inequality

¢ 1 elb—a B
x(t) - (ﬁ / (t =)0 Fls,x(s))ds + ) xi(t —‘1)")‘ = %

k=0

Theorem 3.1.3. Assume that (H1) and (H3) hold. Then the equation (BZL1) is Eg-
Ulam-Hyers stable.

Proof. Let x be a solution of inequality (BT8) and y the unique solution of the
following Cauchy problem

Therefore,

y(t) = T3 /at (t—s)P 7 f(s,y(s))ds + Y x(t —a)k. (3.1.10)
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By using (H3), Remark BT and Corollary 2 in [?5] we obtain

(-] < |x() (ﬁ/j(t—s)ﬁlﬂ () ds+k20xkt—a)>
< ()—(L/t(t—s)ﬁ Lf(s x(s))d5+tx(t—a)k>
N r(;B) a ' k=0 ‘

—a)B t
< e(fﬁﬁ) +rL(g)/a (t—s)P"[x(s) — y(s)| ds
o elb— )P

NCESRG (Lt =a)?).

Thus, [x (t) —y (t)| < cEg <Lf (t— a)5> e, forall t € [a,b], where ¢ = (
The proof is complete.
3.2 Numerical approach

Theorem 3.2.1. Let N > 1 an integer and y : [0,1] — R, be a function of class AC"H,

Let consider

1 NT(k+pB-2)
AN_r(3—5)k§ T (B—2)k'’

By =

I'k—2+8
rG-pTr2-p)
and functions Vy : [a,b] — R by

0
) k=1,2,..,N,
(k—1)¥
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Then
Cpp 2 al K
Dfy(t) = An(t—a)* Pyl Y Bt —a)* P (1) + En (1)
k=1
where
I\l}lil’(l)QSN(t):O

Proof. We have

t—a
k
. 2-B (k 24+ ,3) S—a
= (t— .
(t=a) Z T(B—2)kl \t—a
Substituting the last above equality into the expression of the fractional derivative,
we find
1 _
Dhy(t) = s—q -0 5y<2> (@)
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where
— 1 ! B = Tk+p-2)(s—a k
A A k§£1FW—2Mﬂ<t—a)y6N”d&
It implies that
ery( t) = T(31— B) (t—a)z_ﬁy@) (t)
1 B 2/3 (k+pB—2) ts—ak(3)s .
i I'— ﬁ)t kzlr(ﬁ Zk'(t—a) /( )y (s)ds +En(t).

Setting u (s) = (s — )", and o' (s) = y® (s) and by integrating by parts, we get

o 1 ; ST (k+ f-2)
DLy) = g -0 (§W>

N - t
o L e [ T @ ds e ).

We determine an upper bound for the error. From [[], we find that Vs € [a, t]

2 T(k+p-2) (s—a\"_exp(2-B)>+2-8)
k_%l T(B—2)K <t—a) =T NP

Taking M(t) = sup

13 (s) ‘ It implies that

s€(a,t]
] < Mo SEe ﬁ);@z B[ ap b
exp ((2 242 ,B) _
< MO e g
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which converges to zero as N goes to co. The proof is finished. O

The problem (B1-3)-(BT-4) can be rewritten as

v = o+t = a)+ D2 P2 ([ (sy(s))as)

Using the decomposition formula given in Theorem B2T, we find

y(t) =yo+yi(t—a)+ Ay (t—a)f! (/atf(s,y(s))ds)
(3.2.11)
— Y Bug(t—a)P V() + En (1),

~—~

where

.1 ETr(k-g+1)

A= L Ta pr
s T(k-p+1
FETA Pk T)

% k=1,2,..,N,

Ve(s) = /ﬂt(s—a)k_l (/asf(r,y(r))dr) ds

= £ [ (=0~ =) sl yt)s

and the error £y satisfies

exp ((13_1)2+;B_1) (t—a)ﬁ,

En ()] < M) =TG5 557 (3)

where M(t) = sup |f(s,y(s))].

s€(a,t]
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We take the formula of approximate solution, yy by

yn () =yo+uyi(t—a)+ Ay (t—a)f ™! (/atf (s,yN(s))dS)

N (3.2.12)

— Y Bui(t—a)P 1V (),
k=1

where

Ven (1) = %/t ((t —a)f—(s— a)k) F(s,yn(s))ds, for k=1,2,...,N.

Theorem 3.2.2. Let f : [a,b] x R — R be a function which satisfies (Hz). For N € N,
let y and yy as in (BZZT1) and (BZ12) respectively. If

1

cvcormn (TO)F (rO)FT] o

Then, yn(t) tends to y(t) as N tends to co.

Proof. It follows from (B2211) and (B-212) that

e 0=y O < [ Aw] (=) (17606 = s 005D s

7

N
— Y [Bug| (= a)P K VN (B) = Vi(B)] + [En (1)
k=1

for all t € [a, b]. Define

Oy = t) —y(t)].
YN trg[%lyw() y(t)]
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Then, we have

f (byn (8) = f (LY ()] < Ly lyn (8) =y ()] < Ldyy,

Vin (8) = Vi (1)]

IA
=1
=

3
VRS
—~
-
|
N
N~—
%
|
~
»n
|
)
SN—
%
N—
-

—~

2

~

<
zZ
~~

»n

SN—

N—

|

-
—~~
N
<
—~

»n
N—
SN—

QU

»n

IN

As a similar estimation in [[1], we obtain that

. 1 | ETk-B+1)
- TR Ta o pH
1 T(N+2-8)
(B—1)m T(N+1) !

IN

and

N ~ ~

Y B (t = a)P T Ve n () — Ve(t))|
k=1

1 TI(N+2-8) 1
§L5yw(f—”)ﬁ{(ﬁ_1)n T(N+1) F(ﬁ)]'

1 T(N+2-p) 1
B—1)r T(N+1) @ T(8)

(o) = y(0)] < maxf (- ), -0 [
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It implies that

s £ max{ (0=, 0 | MR s [ 6w 0

4

(3.2.14)
. . . [IN+2-§)
where |Ey (t)| — 0as n — oo. By using that fact I\lfli}I(l)o TINTD) =0, (see e.g.
[23] ) and setting N — oo in BZZT4 we get
lim 6y, |1 — —2maxd (b—a)f, (b —a)P 1| <0
N—oo N F(ﬁ) ’ -
from the definition of b , we obtain 4,,, — 0 as N — oo. O
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Conclusion 44

In this memory, a fractional boundary value problem with Caputo-Katugampola
derivative and fractional Cauchy problem with Caputo derivative are provided. A
numerical technique based on a decomposition formula for Caputo-Katugampola
derivative and Caputo derivative. Furthermore, the convergence analysis of the
method is achived.

The field remains open for further study and research on this topic.
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